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Paul Dutton Grannis 

Lawrence Radiation Laboratory 
Uhiversity of California 
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ABSTRACT 

· The ~olarization ~ameter in ~roton-~roton scattering has been 

measured at incident ~roton kinetic energies of 1.7, 2.85, 3.5, 4.0, 

5.05, and 6.15 BeY for four-momentum-transfer squared between 0.1 and 
I 

1.0 (BeV/c)2• The experiment was done with an un~olarized ~roton beam 

from the Bevatron striking a ~olarized ~roton target. Both final state 

~rotons were detected in coincidence and the asymmetry in counting rate 

for target ~rotons ~olarized ~rallel and anti~rallel to the scatter-

ing normal was measured. The maximum ~olarization was observed to 

decrease from 0.4 at 1.7 BeV to 0.2 at 6.1 BeV. The maximum of the 

~olarizat~on at all energies studied occurs at a, four-momentum-transfer 

squared of 0.3 to 0.4 (BeV/c) 2• 
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I. miRODUCTION 

One of the central problems in high energy physics is the study 

of the nucleon-nucleon interaction, owing to its importance in the 

understanding of the nuclear force and to the fact it is at least 

representative of the strong interaction in general. The two-

nucleon interaction is easily studied experimentally since proton 

(and to lesser extent neutron) targets and beams are easily achieved. 

Further, the spin ~ character of the nucleon allows the measurement 

of a wide number of experimentally distinct parameters. 

At low energies many of the parameters measuring expectation 

values and correlations of spins have been studied. However, measure-

ments of the spin parameters in the multi-BeV range have been hampered 

by the lack of'ade~uate polarized beams and the generally diminishing 

elastic differential cross section. This dissertation describes an 

experiment to measure the polarization parameter P(e) in elastic 

proton-proton scattering from 1.7 BeV to 6.1 BeV. The method employed 

is to study the scattering of an unpolarized proton beam from the 

Bevatron on a target containing polarized protons. The advantages 

of this method ar~ that relatively high polarizations in the target 

can be achieved (about 40%-50% during this experiment) and that 'no 

second scattering is necessary. Furthermore the polarization can be 

measured over a range of angles at the same time. 

While; the results of this experiment, c'oupled with previous 

measurements of the elastic differential proton-proton cross section 

and the total cross section, canno~ completely determine the proton-
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proton scattering matrix, it is possible to discuss the data in terms 

of various dynamical models. In particular, evidence is obtained 

wbich tends to confirm the general predictions of the Regge pole model 

as applied to nucleon-nucleon scattering. 

,. 

~,--' '· 
' . 
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II. PHENOMENOLOGICAL DESCRIPriON OF N-N SC.ATrERING 

The complexity of the two-nucleon interaction stems to a large 

degree from the fact that both particles in the interaction have spin 

1/2 •. Any experimental or theoretical work which seeks to elucidate 

. the dynamical content of the two-nucleon interaction must then first 

choose some way of describing the spin complications in such a way 

that they do not obscure the aYnamical issue. The choice of frame-

work for describing spins can be made on several different grounds; 

for example, ease of application to a dynamical theory, ready use in 

testing the conservation laws or symmetry principles, or 1convenient 
r 

contact with some other formalism such as partial wave analysis. 

Usually the framework for describing the spin structure of the 

interaction makes essential use of the symmetries thought to hold in 

N-N scattering. In this approach, one seeks to parametrize the 

interaction with the minimum number of operators in the spin space, 

each spin operator being multiplied by a function of the dynamical 

variables (e.g. energy and angle). Two widely used formalisms which 

wil b i 1,2,3 
1 e d scussed here are the Wolfenstein parametrization and 

the helicity repr~sentation of Jacob and Wick. 4 

Independently of the problem of characterizing the interaction, 

one needs to describe any spin state of a two nucleon system including 

cases of partial polarization. We shall make use of the density matrix 

for this purpose; let us first choose a set of orthonormal basis func

tions { '}(,1-L \ 1 1-L = 1 , ... , 4 which Sl)8.n the composite spin space of. 

two spin 1/2 particles. Each "f..I-L is ,'3. 4-component column vector. 

v:
.l 'i]o 
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The spin-space wave function for th~ nth pair of. interacting particles 

can be expanded in terms of this set: 

4 

l~(n~ = I a~ (n) It~) 
~=1 

Here, a (n) is the amplitude for the nth pair to be in the pure state 
.~ 

~~~') The information about this state can be completely characterized 

by a (4x4) density matrix, p , constructed from these wave functions. 

N 

P =~ Ll~(n)><~(~)l 
n=l 

. 4 4 
~ _Nl· \ \- \ (n) (n)* ..; '< L L L a~ av II"'~/ i) 

n ~=1· v=l 

The sum over n means a sum over all N pairs of interacting·particles. 

The density matrix elements are 

. ·P =/'X !PIX'- =,! \ a (n)a (n)* ... 
~v ' ~ v/ N L ~ v 

n 

·due. to the orthonormality of the basis set. 

The expectation value of any operator, A 1 which is a matrix in spin 

space is 

I <~n) IAI'\-(n)) 
(A) = _n..:....--___ _ 

I <t\(n) '"'(n)) 
n 

• ,j 

,. 
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<A)= __;,;;.n~J.1..e.z..,..4_=1;;;;..... ________ _ 

I I all (n)av (n)*<~vl~) 
n JlzV=l 

·I P]J.vAv~-t 
= IJ.zV 

I pllll · 
ll 

_ Tr(pA) 
- Tr p (II-1) 

We can also cast the interaction into the density matrix formalism: 

let the final-state wave function for the nth pair, I 'irf (n'). be related 

to the initial-state wave function I 'iri (n)> by 

I "'r (n:> ·= Ml 'iri (n)) 

where M is the transition operator, a matrix in spin space. The den

sity matrix for the final state, pf , is related then to the density 

matrix for the initial state, pi • 

Pf = ~ I lwf (n) ><wf (n) I 

n 

= ~ I Mlwi (n) )( "'i (n) IMt 

n 

(II-2) 
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A. Wolfenstein Formalism . ' 

Let us now turn to the discussion of the Wolfenstein parametri-

zation of nucleon-nucleon scattering. He choose the direct product 

representation for the basis set ~'X. 1-l\ ; i.e. the states . 

are chosen to span the spin space, where for two-nucleon states 

s1 = s2 = 1/2 , ~ = ± 1/2 , m2 = ± 1/2 • The (4x4) matrices opera

ting on this space may be expanded in terms of 16 linearly indepen-. 

dent· matrices. The expansions of the initial state density matrix, 
l 

Pi. , .and the transition matrix, M , are most conveniently made in 

terms of different independent sets of matrices. 

He shall first consider the initial state density matrix; in 

general our experimental knowledge of. the spin character of the initial 

states may consist of the polarization of the two particles individu

ally and the correlations between their spins. A useful set of 16 

linearly independent matrices· for specification of.density matrices 

is ) SJ..LV 1 
SJ..LV = CJ'J..Ll ® CJ'v2 ; J..L,V = 0,1,2,3 

We have take~ the direct product of two Pauli matrices whichindivi-· 

dually act on the two-dimensional spin spa'ces of particles 1 and 2. 

Here a0 represents the (2x2) unit matrix, hence s00 represents · 

the .. (4x4) unit matrix, E • Since this choice of matrices satisfies 

Tr(S S ) = 4 o o . J..LV ACJ' . I-LA VO' 

(> 
' ,. 
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we can identify the expansion coefficients for pi in terms of the 

.. . 

3 
. 1 \ 

= 4 Tr Pi. L (II-3) 

where <(s~v)i is the expectation value of the operator S~v in the 

initial state. < '- TrpE For any state s00/ = Tr P . 

we may require that Tr pi = 1 • 

= 1 . For convenience 

The set of matrices { S~v \ is also useful in characterizing 

the types of experiments which may be done, since one can experimen-

tally measure quantities which determine the final state expectation 

values < s~v>f • 

Using (II-3) with Tr pi = 1 gives 

Defining the final state scattered intensity 



' we have 

'· ' ' 
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. 3 ·. . . 

I(s"}.:r:)f·= I <sllv)i ~ Tr [M sllv .Mt s~ .. r1 
ll,v=O 

3 

=.I <sllv)i ("}..:r: ; llv) 

ll,V=O 

We have introduced the compact notation 

(II-4) 

(II-5) 

for a measurable parameter in the scattering of a spin 1~2 by spin 1/2 

particle. In this notation, the scattered intensity for a scattering 

of unpolarized beam and unpolarized target, I 0 , is given by setting 

ll = V.= ~ = T = 0 in (II-4): 

I = (oo,oo) ~ I 0 
. ' 

Let us consider the case in which both initial state particles are 

unpolarized and no correlation exis~s ·between their spins _so that only 

(s00)i is non-z~ro, arid · (s00) = 1 

Suppose that the ith c~mponent of the particle-1 polarization is analyzed 

(i = 1,2,3) ; that is, we measure <siO>f experime~tally by rescatt 

particle 1 from a material of known a~alyzing power. From (II-4) 

I(siO)f =I ~llv>i (i~ ; 1-1v) 
llV 

= (iO ; 00) 
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·Also 
1 . 1 .j. 

I=~ Tr p = ~ Tr(MM') = (00; 00) =I 
'+ f '+ . 0 

Twice the final-state expectation value of the ith component of particle-1 

spin is Pi , the ith component of the (axial) vector polarization para

meter. Hence 

(n-6) .. 

In the present experiment, we scatter an unpolarized beam particle 

(particle 2) from a polarized target particle (particle 1). Let us 

suppose the target polarization is (PT)j =~SjO}i • Th~re is no measure

ment of final state polarizations. The initial state density matrix is 

now given by 

Putting this into (II-4) with ;\.. = 't' 

I(s00)f = I = (oo . 00) + , 

3 
=I (1 + \ . o L 

j=l 

= 0 gives 

3 

I (PT)j (00 ; jO) 

j=l 

(II-7) 

1 where Aj =I; (00.; jO) .is the jth component· of the (axial) vector 

analyzing power. We shall see that if the transition matrix M is 

time reversal invariant in addition to being space reflection invari-

ant and exchange symmetry, then (00 ; jO) = (jO ; 00) and hence 

A = p • j j 

' . 
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Since the M matrix is a function of both angle and energy 

variables, the parameter (~T;~v) is also. There are, in general, 

.44 = 256 independent parameters corresponding to the possible order-

ings of (~T; ~v) ; however. many restriction_s can be placed on the 

scattering matrix M , so that many parameters are zero and many 

others simply related. The parameter (~T;~v) is directly measure-_ 

able; consider, for example, the followi~g four experiments each of 

which measures the firial state correlation r4;~T)f = I(cr1~ fZ;J.cr2T)f ' 

but differs in initial state polarization: 

i) particle 1 fully polarized in the ~ direction an~ particle 2 

fully polarized in the v direction 

pi = ~(El + 0'1~)@ (E2 + cr2) = ~(E + 0'1~ ® E2 + El@ cr2v + 0'1~ C2) cr2) 

= (~T;OO) + (~T;~O) + (~T;Ov)_ + (~T;J..Lv) 

ii) particle· 1 fUlly polarized in·the (-~) direction and particle 2 

fully polarized in the v direction 

[I(S~T)f]II = (~T;OO) - (kr;~O·) + (~T;Ov)- (~Tj~v) 

iii) particle -1 fully polarized in ·the ~ direction_ and particle 2 

fully polarized in the (-v) direction 

fr<s~~fJIII = (~T;OO) + (~T;~O)- (~T;Ov)- (~T;~v) 

iv) ·particle 1 fully polarized in the (-~) direction and particle 2 

fully polarized in the (-v) direction 
\, 

' -r.- ' 
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The combination of these four measurements 

[I<s~,)rJ = ~{[I<~~>r1-r<~,/r)n -[I(~,)r]In + b(s~Jr]IV\ 
= (:>-.:r;1-1v) 

We may now consider the expansion of the transition M in terms 

of·a set 16 independent matrices. The choice of this set is influenced 

by the fact that we wish to build into M all of our knowledge concern-

ing the symmetries of the nucleon-nucleon interaction. To this end we 

choose a set with definite rotational properties since our first require

ment will be rotational invariance. As in the discussion of the density 
I 

matrix expansion, the basis set is constructed from direct products of 

(2x2) matrices which act individually on a single particle state. .It 

is now useful to display explicitly the form of these products. We will 

also adopt the shorthand notation for 

the explicit demonstration of the direct products will be dropped. 

There is only one matrix which we can form using no Pauli matrices 

--that is the (4x4) unit matrix E which is a scalar under rotations. 

There are two independent matrices which are linear in Pauli matrices; 

these we can write as the axial vectors 

Finally, the general second-rank tensor ~li~2j may be decomposed into 

its scalar part ((;1 .(;2) , its (axial) vector part ((;1 x (;2) , and its 

symmetric second-rank tensor part (~li~2j + ~lj~2i) • Counting the num

ber of independent matrices thus specified (1 for a scalar, 3 for a vec

tor, and 3 for a symmetric tensor) we have 16. 

" Now we may form rotational invariants from these spin tensors by 
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contracting them with co-ordinate space tensors of the same rank 

constructed from.the kinematic vectors. Let us define the three 

orthogonal unit vectors 
-+ -+ . 

A 

N = 
ki X kf 

Iii x if! 

'· 

! 
are the center-of~mass momenta of the incident beam 

particle, and forward scattered particle in the final state, respectively. 

From these vectors the 6 tensors (NiNj) , (Ni~j) , etc. can be formed. 

We may also examine the behavior of the kinematic vectors as well as 

the Pauli matrices under .various transformations. 

Let U be the space reflection operator; then. we expect that if 

the transition operator M, a matrix in spin space, takes the initial 

state 1\jri) to final state .1\jrf) 

Then parity conservation implies that 

-1 Comparing these equations· we require that. M·= II M II; ·each term 

in M must satisfY such a relation. -+ 
If k is a momentum operator 

op 
-+ 

and k is its eigenvalue, 

' ' 

Ill· 

t1"'"~ 
iK'il\211 
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kop11lr) = k11lr) 

Then the vector character of momenta implies 

or 

Simil.S.rly if 
~ 

cr is a spin operator with eigenValue op 

vector character of angular momentum implies that if 

then 

and 

-1 ~ ~ n cr :O:=+cr op op 

~ 

cr , the pseudo-

A A · A 

From the equations for N, K, and P above we can. easily see that 

n-1 fi :a = fi ; :a-1 :K :a = -:K ; n-1 P n = -P . 

If we also require invariance of M under the Wigner time-

reversal operator T , which we specify by 

T-l ki T = -kf 

T-
1 kf T = -ki 

-1 ~ ~ 
T cr T = -c.r 

we find that · 

-1 ~ ~ -1 ~ A. -1 ~ ~ 
T N T = -N ; T K T = ~ K ; T ~ T = -P 

Further, if the two particles in the elastic scattering are indist.in-

guishab1e, we require invariance of M under the particle exchange opera-
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. tor· P12 
Labelling the state with a certain particle identifies.-

tion by 1~(1,2)) 

by ·l\2 , we have 

and the M matrix for the same identification 

~2~~~ (1,2)) = ,~f(l,2)> 

Ml2 pl2,~i(l, 2 ))> = pl2,~f(l, 2))>. 

~2 1 ~i (2,1)) _ = I ~f(2,1)) 

or, alternatively ~2 = ~l . Hence particle 1 and particle 2 appear 

in the M matrix symmetrically. 

In Table I we have listed all the possible rotation~invariant 

terms and'their properties under space reflection, time reversal, 

and particle exchange. Only six of these terms are seen to satisfy 

"' all three invariances simultaneously: 

These are not independent since 

~ ~ ~ ().~ (). ~ A~ ~ ~ A~ 0 
cr •cr = cr ·~cr ·~ + cr •Pcr ·~ + cr •Ncr ·~ 1 2 1 2 1 2 1 2 

From the five independent terms we can cOnstruct the most general M. 

matrix satisfying our invariance conditions by_multiplying each term 

by a complex function of angle and energy. .The result, in Moravcsik' s 

notation5 is 

. (~ A ~ A) (~ f'r"" ~) M = a.I + ic cr1 •N+cr2 ·N + m_ cr1 ·~cr2 ·~ 

+ h(-; .p(; ·P--; .. f<(; ·K) 
1 2 1 2 

(
-+ C::"' A -+ ~ A) + g cr ·~cr ·P+cr •Kcr ·K 1 2 1 2 

(II-8) -

From. Eq. (II-6) and Eq. (II-7) we can find the polarization and 

analyzing power: 
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Table I. Properties of possible rotation invariant terms under space 
t 

reflection, time-reversal, and particle exchange. "y" means 

term is invariant; "N" means term is not invariant. 

M matrix term Space Reflection Time Reversal Particle Exchange 

I. y y y 

-+- -+-

cri•cr2 y y y 

(~i+c;2) ·K N N y 

({;1 +cr;) .p N y y· 
I. 

c;l+;2) ·fT y y y 

(-+- -+- ..:. cr1-cr2) ·K N N N 

({; _; )·P 
1 2 Cl N y N 

(-+- -+- ... cr -cr )·N 1 2 
y y N 

C;1x{;2) ·_f< N y N 

({;lx{;2) •P N N N 

-+- -+- N (cr1xcr2)· y N N 

.. .;_-./~ 

-+- N-'1- iC cr1 .Kcr2 • y y y 

-+- A-+- p cr • Per • 1 2 
y y y 

-+- A-+- A 
cr ·Ncr •N 1 2 

y y y 

\'~ -+- 1(-+- p -+- N-'1- A 
cr • cr • +cr •Per •K 1 2 1 2 

y N y 

-+- R-+- A -+- N-'1- iC cr • cr •N+cr •Ncr • 1 2 1 2 N N y 

.. -+- < A-+- N -+- A-+- A cr ·Per • +cr •Ncr •p N y y 1 2 l. 2 
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. ' . * 
= 2 Im(c (a + m)) 

. I A·iii ~I P·N 
0 o .. 

., I 0 = lal
2 

+.2lcl
2 

+ lml 2 + 2lgl
2 

+ 2lhl
2 

Component~ of A or P in the direction K or P are zero as can 

be seen from parity conservation alone. If we had required only space 

reflection and particle exchange symmetries and had kept terms which 

violate time reversal invariance alone, only one extra term would be 

added to Eq. (II-8): 

In this case the polarization and analyzing power are unequal in 

general, since 

where [A,BJ =AB-BA is the commutator. 

This fact has been the basis of proposals
6 

for testing time 

reversal invariance in the strong interactions; experimental measure-

ments of P and .A at the .same angle. and energy have indicated no 

t 7 
evidence for time reversal non-invariant effects. 

Moravcsik5 has listed the dependence of the independent experi-

mental parameters in terms of the M matrix of Eq. (II-8). The use

fulness of the Wolfenstein formalism lies in the. fact that experi-

mental observables can be easily calculated due to the dependence. of 

M on Pauli matrices, and in its ready application to tests of invari-
. '; 8 9 

ance princip~es. ' 

.-, ., 

·l 

y. 

... 

. .. :: ....,_ 
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B. Helicity Representation 

We now give a brief description of another way of specifying the 

spin characteristics of nucleon-nucleon scattering, using the helicity 

representation. Instead of introducing some fixed quantization axis 

for all spins, we may take the quantization axis along the direction 

of motion for each particle individually. The spin component along 

this axis is called the helicity. The properties of the helicity 

representation are worked out by Jacob and Wick4 and are applied to 

10 nucleon-nucleon scattering by Goldberger, Grisaru, MacDowell and Wong. 

We quote the .result that the scattering amplitude or transition 
. ! 

matrix element may be expanded in a particularly' simple partial-wave· 

expression 

MC\'Ad)('Aa\) = ~P I (2J+l) d~I-L (e) ('Ac'Ad!TJ(p) l~a\ > (II-9) 

where 'Aa , \ , 'A , 'Ad are the helicities for particles 
.c 

a , b , c , d 

undergoing the reaction a+b ~ c+d ; A= 'Aa-\ and 1-L = 'Ac-'Ad ; e is 

the center-of-mass (c.m.) scattering angle; p the c.m. momentum; and 

d~(e) is matrix representation of dimension (2J+l) of the rotation 

through angle e .ll < 'Ac Ad I TJ (p) I "a\ J is the transition matrix ampii

tude for total angular momentum J • 

We can now apply the invariance principles to the amplitudes for 

particular J • 

i) Reflection invariance 

If II is the reflection operator and l~a~') is a helicity 

since the quantization axis is 
; 

reverse9- by reflection • 
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Thus, if parity is conserved, 

<A.cA.diTJ(p)IA.a~l = <A.cA.dln-:I..rJ(p)niA.a~) = <-A.c-:\diTJ(p)I-A.a-~) • 

ii) Time Reversal invariance 

Let T be the time reversal operator; if the interaction is 

time-reversal invariant 

iii) Exchange symmetry 

TWo nucleons can be in a state of total spin S=O (singlet) 

or S=l (triplet). Due to conservation of isotopic spin in strong 
l 

interactions, the initial and final states both have the same 

symmetry character in spin and co-ordinate space. However the 

co~ordinate space symmetry cannot change due to conservation of 

parity; hence both initial and final states have the same total 

spin S • Thus the matrix element is invariant under interchange 

1· of particle labels since initial and final states either remain 

the same (S=l) or both change sign (S=O). 

< A.cA.diTJ(p) IA.a~) = (;x..dA.ciTJ(p) I~A.a > 
We may now use these properties of the partial wave amplitudes 

to determine the number of independent terms in the M matrix. We 

choose a definite set of helicity states \X.I-L\ , !J.=l , ••• , 4 . 

11-1) = I++) ' 1}2') = 1+-) ' I~) = 1-+) ''and ~~4) = 1--)' 
where for example I+-) means particle 1 has helicity + 1/2 and particle 2 

has helicity - 1/2. From the properties of the <1-L (e) w~ find 

I-~~' 
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In terms of our choice of states we may write a matrix 

Mu ~ MJ.3 MJ.4 

~1 ~2 ~3 ~4 
M = 

M:?l . ~2 ~3 ~4 

M41 M42 M43 M44 

But 

1 ~ dg0(e) ( ++ITJ(p) I++) (2J+l) Mll = 2p L 
J 

1 

I dg0 (e) <--1 TJ (p) 1--> (2J+l) = 2p 

J 

= M44 

where the second equality is a result of reflection invariance. 

Similarly 

~3 =~2 
I 

o/23 ·= ~2 

Ml2 = ~P I a_f0 (e) ( ++ITJ(p) 1+-) (2J+l) 

J 

= ~P I df0Ce) <'++ITJ (p) 1-+) (2J+l) 

J 

1 ~ J / J . . 
= - 2P L d_10(eh .. ++IT (p) 1-+) (2J+l) 

J 

=- ~1 • 

(II-10) 
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In a similar way one may show, using reflection symmetry, time reversal 

invariance, and exchange symmetry that . 

. M:J.2 = - M:l_3 = - ~1 = M;1 = M42 = - M43 = M;4 = - 1>124 

We have been forced to define five independent helicity amplitudes, 

which we may label cpi (i = 1, 5) ; thus confirming the result found in 

the Wolfenstein parametrization. 

Explicitly: 

cpl = <++I M I++ > 
cp2 = (++IMI--) 

cp = (+-IMI+-) 3 . . 

cp4 = <+-I M I ~+ > 
cp5 = <++I M I +~ > 

And the . M matrix has the ·ronn 

cpl . cp5 

-cp cp3 
M 5 = 

cp5 cp4 

cp2 cp5 

(II-11) 

-cp5 cp2 . 

cp4 -cp ' 
5 

(II-12) 
cp3 cp5 

-cp5_ cpl 

As can be seen from the definitions of the. { cp11 , the amplitudes cpi 

and cp
3 

involve no helicity change between initial and final state; 

cp2 and cp4 involve helicity flips for both particles; and cp
5 

involves 

helicity flip for just one particle. 

;) 

·-Y 

.. . 
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Using the helicity representation, we can again constrUct the 
• 

density matrix out of the direct product of the density matrices for 

e~ch of the particles. 

One must remember that the quantization (z) axis is chosen separately 

for each particle as its direction of motion. Furthermore we have 

implicitly defined the scattering normal in the y direction through 

our use of the rotation matrices Let us find explicitly the 

initial density matrix for particle 2 unpolarized and particle 1 

polarized to the extent PT in the direction of the normal N 0 

i 1 1r1o] 
~2 = 2 E = 2Lo 1 

The total initial-state density matrix is explicitly 

1 0 -iP T 0 

1 
0 1 0 -iP T 

pi =4 
i·P T 0 "1 0 

0 iPT 0 1 

where we implied the same choice of basis vectors used to construct 

M • 

Using our expression for the scattering matrix M , the unpolarized 
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and the cross section for our scattering from a polarized target is 

where P , the vector polarization parameter COID.J?Onent a~ong the 

normal (the only nonvanishing .component), is given by 

rm(~5(~1~2~3-~4)*] 
p = I 

0 
(II•l3) 

Other ex~erimental observables can be worked out directly in the 
! 

helicity representation from the appropriate density matrix. In 

Appendix A we give the explicit transformation matrix relating the 

five helicity amplitudes to the five parameters of Eq. (II-8) for 

the Wolfenstein representation. These relations may be used, together 

with the known dependence of the observables on the parameters of 

(II-8),5 to give the observables in the helicity representation. 

. \ 

i} 
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c. Relativistic Considerations 

There is a point which should be clarified concerning the foregoing 

spin formalisms in the relativistic region; namely, what exactly do we 

mean by the spin? The spin is an inherently non-relativistic quantity 

since it is a )-vector. One can generalize to a four vector quantity 

which reduces, in a rest frame of reference to the :?-vector spin.12 ' 13 

Using the 4-vector quantity has disadvantages, however, since in any 

other than a rest frame, the :?-vector part and the fourth component are 

· mixed together in a rather complex way and neither admits to a simple 

physical meaning. 

The alternative which is usually chosen is to specify that when we 

mention the spin of a particle, we mean the spin in the rest frame of 

the particle. Since there are an infinity of rest frames related by a 

rotation, we must also specify our method of getting to the rest frame. 

This we do by a pure velocity Lorentz trans·formation backward along the 

particle's momentum direction. Such a pure velocity Lorentz transforma-

tion (without any rotation) we shall refer to as a boost. 

This method does not remove all of the problems, however, since by 

this convention, S:n experimentalist, working in the lab frame, will 

. refer to the sPin measured in the rest frame obtained by a boost from 

the lab frame, while a theorist will refer his spin to the rest system 

obtained by a boost from the center of mass system. Let us denote by 

l ... sr.,) a spin state in the rest system obtained by boost from the lab, 

.and by Is*> the rest state obtained from the c.m. 

~ ~ 'il~'· 
''! 'f{ 
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fsL) ·= u-1(L(Ap *)u(A)U(L(p*)) is*). 
A is the Loreni;;z transformation connecting the lab to the 

~ 
. L(Ap ) 

-* is a boost from rest to the c.m. momentum p , 

-+* ~L is a boost from.rest to· the lab momentum Ap · = p 

c.m. 

The U's are the representations of the Lorentz group in the 

Hilbert space of particle states. 

But 

where 

u-1 (L(AP*))U(A)U(L(p*)) 

. = U [ L-1(xp)A L(p*)] 

. = U [Rw(~)] 
1~ ~-

R (~) = L- (Ap )A L(p ) 
w . 

. I 

is just a rotation (the Wigner rotation)since it relates two rest states. 

The rotation angle t . -* 
can be seen to depend only on the vectors p , 

~* L . . 
. Ap = p and the transformation velocity between c.m. and lab systems, 

and hence is independent of spin direction. The magnitude of this 

· rotation angle is calculated in Appendix B and is given by 

* * * t * 
sin ~= (r~)(y ~ ) sine (l+r +z+r ) 

(1+7)(1+7*)(l+rL) 
(II-15) 

where 1 7 = ---- and ~ is the velocity of the c.m. as seen in the lab. 
1-~2 

* * ~ and 7 .refer to the particle motion in the c.m. 

~L and 7L refer to the particle motion in the lab 

* ~ -* and e is the angle between ~ and ~ The rotation axis is perpen-. 

dicular to ]3 and '(" (and ~ence also to ]3L); with. the above sign for 
.. 

sin t , the axis is just the scattering normal. 

Hence for relativistic experiments in which we polarize or analyze 
,. 

only those components parallel to the normal there is no rotation of spins. 
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III. EXPERIMENTAL APPARATUS 

A. Beam 

This experiment was performed in the external proton beam at 

the Bevatron. After the beam was accelerated to the desired energy 

the radio frequency was controlled so as to take the beam gradually 

to larger radius where beam protons struck a few nylon threads. On 

subsequent passages through the nylon threads there was sufficient 

energy loss that the protons lost their phase stability and slowly 

spiralled to smaller radius (as magnetic field slowly increased) 

where they struck a target without showing strong rf bunc,hing. 
' 

This target deflected particles into the beam extraction magnets 

within two of the straight sections. Outside the Bevatron, the 

transport system consisted of one horizontally deflecting magnet, 

one vertically steering magnet and two quadrapole doublets. A focus . 

. in both horizontal and vertical planes was achieved !ive feet behind 

the polarized target. Figure 1 shows a schematic drawing of the beam 

layout. 

The beam spot was roughly circular with an estimated full .. width· 

at half .. maximum intensity of one inch. A picture of the beam as 

recorded immediately behind the target with medical x-ray film is 

shown in Fig. 2. The beam was transported in a vacuum to within 

ten feet of the polarized target, the last portion of the trajectory 

being in ~ir. 

The energy of the particles in the beam was determined from the 

magnet current at the start of flattop. The.beam kinetic energies at 



Fig. 1. 

-26-

Main Bevatron 
shielding wall 

(concrete) 

• 

Schematic Diagram of the beam transport system. 
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ZN-5099 

Fig. 2. Beam spot as recorded with x-ray film behind the 
target showing the outline of the crystals and micro
wave cavity . 
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which the data were taken·were 6.15.;. 5.05, 4.0, 3.5, 2.85, and 1.7 .BeV. 

The estimated error in beam energ'ies is .05 BeV based on variations 

in the timing of the start of flattop from one period of running to 

another. 

The symmetry of the Bevatron and its beam-extraction equipment was 

such that, in principle, there might have.been a small amount of beam 

polarization in the .;ertical direction but no polarization component in 

the horizontal direction. Si~ce the experiment described here utilized 

a scattering plane that was vertical it could only have be·en perturbed 

by a horizontal component of polarization. Hence, we ma~ assume that 

the beam of protons from the Bevatron may be treated as unpolarized. 

B. Polarized Target 
. -· . 14 

The polarized proton target has been fully described elsewhere. 

It. consists of four single crystals of Nd-doped La2Mg
3

(No
3

)12 ·24 H20 

in which the free protons in the waters of hydration constitute 3% of 

the total weight. The crystals are stacked within a.cylindrical 

volume of one-inch diameter and.one-inch length whose axis is parallel 

to the beam. The .Polarization of the free protons, typically about 

40% to 6o% during this experiment, was achieved by dynamic nuclear 

. orientation.15 This involves keeping the crystals in an environment 

consisting of a uniform magnetic field (18.75 kg), low temperature . 

(1.2°K), and a high-frequency monochromatic radiation bath (71 kMc/sec). 

The target polarization, both magnitude and sign, was continuously 

monitored by detecting the proton nuclear-magnetic-resonance signal 

J 
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Fig. j. Cutaway drawing showing the construction of the 
microwave cavity and the rf detection coil structure. 

r f co i I 

Septum 

NU-28653 
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· at 79 Me/sec. 

The target protons are polarized either parallel to the magnetic 

field (positive polarization) or anti-parallel (negative polarization);' 

the change in sign can be achieved within fifteen minutes by a slight 

shift in the microwave frequency. The geometry of the experiment was 

such that the polarization axis was parallel to the scattering normal. 

The method of measuring the target polarization for large polari-
. . . 14 16 17 

zations has been descr~bed elsewhere, ' ' but since some of the 

major uncertainties in the present experiment stem from this measure-

ment . we shall review the major points·. 

The crystals are located within the sensitive volume Of an rf 

sensing coil and both crystals and coil structure are within a copper 

cavity (Fig. 3). The coil is driven at the nuclear-magnetic-resonance. 

(n.m.r.) frequency and produces a magnetic field in the plane per-Pendi

cular to the primary field. The resulting proton spin-flips either 

remove or add energy to a tuned rf circuit depending on whether the 

lower or upper proton spin level is more heavily populated (+ or -

polarization). 

This energy ~ifference is detected by a Q-meter detection circuit 

(Fig. 4). The frequency of the rf oscillator is varied slowly and a 

complete traversal of the proton resonance is recorded on a paper 

chart in about two and one-half minutes. 

The area under the resonance curve with the target polarized is. 

compared to the area l.lllder the resonance at thermal equilibrium. Know-· 

ledge of the temperature at thermal eq1rllibrium allows calibration of 

• 

: ,1' 

. ··-. 
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Fig. 4. Schematic diagram of the Q-meter detection circuitry. 

Pen recorder 

rn 
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the areas. in terms of polarization, since the thermal-equilibrium 

polarization can be calculated reliably in terms of the Boltzmann 

factor. 

C. Counter Geometry 

Detection of p-p elastic scatters was made by coincidence 

between signals from two scintillation counters. The forward~ 

scattered proton (in the center of mass frame) was detected in one 

of ten counters above the out-going beam while the backward-scattered 

proton~ (in the c.m.) was detected in one of ten lower coupters. The 

plane containing these two counter arrays also contained the beam 

direction. This greatly reduced the primary source of background--

scattering from bound protons in the target crystals--since even a 

small component of struck-particle Fermi momentum transverse to the 

scattering plane WaS sufficient to cause one or both final particles 

to miss the arrays. The arrangement of the counters relative to the 

target and its magnet is shown in Fig. 5. The size and positions of · 

.the counters were determined from several considerations: the finite 

size of the target, multiple scattering of.the slower protons within 

the target, and. the requirement that the two arrays subtend the same 

azimuthal angle as seen from the target. 

In order to obtain the scattering angle e for which the polari-

zation was measured, accurate position.measurements as well as field 

contour maps of the target magnet were necessary. The latter were 

required to 1ind the orbits through th~ field; the detailed. angle 
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MU.35856 

Fig. 5. Schematic diagram of counter arrangement. 
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calculations' were done by computer. Hand calculations, based on 

photographs of the deflected beam spot, were in agreement with the 

c~mputer results. 

There were several monitoring schemes used to obtain the norma-

lization of counting rates. An ion chamber was placed in the incident 

beam, but was not valuable for.monitoring except over a short period 

of time since the intensity profile was variable from day to day, 

causing variations in the effectiveness with which the target was 

illuminated by the beam. A pair of counters (E1 ,E2) forming a 

telescope receiving scatters from the ion chambers had the advan
' 

tage that it could be electronically gated along with the primary 

logic. The third monitoring scheme, the one actually used, consisted 

of a coincidence in COlli~ts from the target defining counter Dd , a 
.., 

water Cerenkov ·counter 9 ,. and a c.ounter Dt showing that a particle 

had passed through the lower array. This monitor was designed to be 

sensitive primarily to pions and was observed to be independent of 

target polarization. 

D. Electronics 

A primary coincidence was formed from the sum of signals from 

10 

10 upper counters LUi , the o;erlay count~r on the uppe~ array 

i=l 

. u0 , the target defining counter Dd , the sum of the lower array 

10 

counters I D j. , and the lower array overlay counter • D0 • Upori 

u.=l 

' 
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Fig. 6. Logic diagram of the event-processing circuitry. 
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receipt of this c-oincidence; a logical interrogation procedilre was 

initiated which checked that one and only one counter gave a pulse 

in each of the upper and lower arrays. The hundred possible combina-

tions of one counter above and one below were given a coded address; 

each event accepted was sent, along with its address, to a pulse 

height analyzer and was stored there in one of a hundred locations. 

A schematic diagram of the logic circuitry is given in Fig. 6. 

At the end of a running period, typically twenty minutes, the 

contents of the pulse height analyzer were printed out on a typewriter 

and punched on paper tape. These records served as the P;rimary data 

for later computer analysis. 

In general, the sign of the target polarization was reversed 

after every second run to eliminate possible systematic changes induced 

by beam drift, intensity changes, or electronics variations. In addition, 

several runs were made at each energy and counter setting under identi-

cal circumstances except for a dummy target replacing the crystals. 

This dummy target was similar to the crystals in composition, density 

and thickness, except that no free protons were present. These data 

were used for a s~btraction of the background. The relative normali-

zation of dummy target and crystal data was made by requiring both to 

give the_ same counting rate in those "channels" (combinations of up 

and·down counters) kinematically inaccessible for scattering from free 

protons. 

Figure 7 shows a typical collection of data; we have shown the nuni-

ber of e~en~~ in ten channels corresponding to oneupper array cqupter 

·' • 
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7 

6 BeV, sma II angles, U6 

6 ~Negative enhancement 
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5 IIJ Dummy target -· fC') 
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MU-33098 
Fig. 7• Sample set of data. Coincidences between up counter 

U6 and each down counter are shown for e~ual numbers of 
positive and negative target polarization runs. The 
dUil'lJllY' target runs have been normalized to the off peak 
chann~ls. • 
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and all ten lower array· counters. The data have been added over 

several runs comprising equal counting time with dummy target.and 

crystal target polarized positively and negatively. 

For the typic~l beam intensities (about 10
8 

protons in a 500 msec 

pulse) the accidental counting rate was not high. The number of re~ 

jected triggers was recorded for each run; rejects occurred either 

when two or more counts occurred within one array or when there. was. 

no signal from any of the counters in an array. In general, the frac- · 

tion of rejected events was about 2% and in no case was it higher than 

5% during data runs. In the data analysis, equal number~ of positive 
. ' 

and negative r.uns were used for any ·given accidental rate. · 

The lower limit to the momentum transfers at which data could be 

taken was set by range of the recoil proton. This protori had to escape · 

' from the crystal and cryostat and pass through several counters before 

making an acceptable event; this corresponded to the recoil particle 

momentum being greater t.han 350 Mev;c. At the high momentum transfers, 

the limitation was set by the decrease of the decreasing elastic cross

section. For example, in the 6·.15 BeV data, the cross sections for 

quasi-elastic background} accidental background, and elastic scatter

ing all became equal at a value of about 0.2 mb/sr c .m. (at a c :m. , 

scattering angle of about 35°). 

··' 



-39-

IV. .ANALYSIS OF THE DNrA 

A. Calculation of the Polarization Parameter 

The data from a set of runs taken for si. milar circumstances 

(beam energy, counter position, and target polarization) may be 

displayed in a two dimensional array which is divided into a 

.10 x 10 matrix (Fig. 8) • 

. Here the up counter varies from · u1 to u10 from top to 

bottom; down counter goe$ from D1 to n10 left to right. The 

up counters may be thought of as determining the scattering angles 

and u10 is nearest to the beam. We may find a physica~ interpre

tation of this matrix then by noting that the momentum transfer 

2 * * squared -t = 2q (1-cos e ) , or the c.m. scattering angle, e 
' 

(q is the c.m. momentum) increases from bottom to top; the abscissa 

is related to the component of the struck particle momentum along the 

incident beam direction, ptgt'kin • The locus defined by elastic 

scattering kinematics is then a line through the array; due to multiple 

scattering, finite counter size, and the focussing effect of the magne-

tic field on downward-going protons, this line is broadened to a swathe. 

The analysis.proceeds by summing the counts in the region accessi

ble to elastic scattering, subtracting the background counts, and com-

paring the counting rate for positive and negative target polarization. 

The background is obtained from the data runs with dummy target, norma-

lized so that the dummy target counts in regions A and B of the 

matrix are equal to the crystal target events in the same regions. 
~ :!!' 

The data are:: analyzed for each of the 10 up counters so that it is 
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A 

ptgt o k.inc e> 

Fig. 8. Display of the lOxlO matrix of up-down channels 
showing the r"egion of elastic scattering and the tvro - "' 

MU-35858 

background regions A and B. The q_uantity P tgt•kinc 
is the comp0nent of struck particle momentum in the 
beam direction. 

~·. 

.. 
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possible to· get polarization data at 10 angles simultaneously. 
I 

Let us denot~ by Ni(Ua) the number of counts in the elastic 

region during the ith run recorded by all channels including ~he up 

array counter Ua • The set of runs included consists of all runs 

at the same conditions (energy, counter position, beam profile, etc.). 

Since this c.ounter corresponds to a definite c .m. angle or momentum 

transfer, Ni = Ni(t) • Then from (II-7) 

where 

Ni = Mi I0(t) [1 + Ti P(t)] + Bi (IV-1) 

th Mi = number of monitor counts .during the i run 

I 0(t) = unpolarized cross section times the solid 

angle subtended by Ua , normalized to unit 

monitor 

Ti = average algebraic value of target polarization 

during the i th run 

P(t) = polarization at 4-momentum-transfer t 

Bi = contribution of the background counts in .the. 

~th ... run. 

Now the number of background counts is obtained from the number of 

dummy target counts in the elastic region, Di , normalized to the 

off-elastic P?rtion of the matrix. 

where b is the number of background counts per unit monitor obtained 

from 
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I INi L INi I 
'IDj 

b 1 A i 
+ 

B i peak j 
=-2 

I IDj I·IDj IMi 
A j B j i 

I ID. J 

~R 
;eeak j (IV-2) 

IMi 

R = ratio of crystal to dummy target counts in the off-peak regions and 

Dj = number of counts in the jth dummy target run. 
1 

• 

The sums over i and j denote sums of all crystal and dummy 

target runs respectively; the sums over A and B mean sums over 

the off-elastic channels. 

From (1) we .can form the number of elastic scatters per unit 

monitor, Hi 

Now a leas~ squares analysis may be made to determine I 0 and P 

by minimizing the quantity 

That is we require 

J =I Mi[Hi - Io(l+TiP}]2 
i 

o.r _ oJ _ 0 di
0 

-. dP -

(IV-3) 

(IV-4) 

·In (3), the factor Mi is a weighting factor, chosen because it is 



.. 
. th . 

proportional to the effective counting time during the i run • 

The two conditions (4) allow a solution for the polarization P 

as a funct.ion of the various observed counting rates and target 

polarizations. This solution is in practice obtained by computer. 

A sample calculation and some explicit formulation of the analysis 

is shown in Appendix c. 

In this way, groups of rm1s corresponding to similar experi-

mental conditions were analyzed together. Care was taken to include 

equal numbers of runs with positive and negative target polarization 

within each group in order to nrl.nimize the effect of any !systematic 

error in the polarization calculation. When more than one group of 

runs were used to give the polarization at some energy and angle, an 

average was taken, weighted by the appropriate numbers based upon 

statistical errors. 

The angle variable was calculated for each energy and counter 

setting by a computer program which demanded as input both co-ordi-

nates specifying the counter array positions and the magnetic field 

contours of the target magnet. The invariant four-momentum-transfer, 

t , and the center-of-mass scattering angle, e , were tabulated for 

each up array counter. 

The target polarization was calculated·separately; at least once 

during ~very run the derivative of proton n.m.r. line and the reson-

ance line itself were traced out on chart paper. Since the shape of 

the line is quite different for large polarizations than for thermal 

equilibrium, it is not possible to use the resonance signal maximum 

V; 
r. 'i)o 'i 
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am:pli tude as a measuxe of :polarizatio-n •14 ' Instead one compares the 

area under the resonance cuxve for the cases of-thermal eqUilibrium 

and :polarized target. This area is obtained by digitizing about 

sixty :points on the resonance signal with the measuxing machine ·. 

OSCAR. These :points were then used as input to a computer program 

which reconstructed the curve and :performed the integrations with 

suitable corrections for the detection circuitry folded in, to obtain 

the area in arbitrary units~ It was determined that the accuxacy 

of the measurement :process was sufficiently great to make this source 

of error less than those intrinsic in the detection system. These 
I 

errors are discussed in Section B. 

The ratio of the areas for the target :polarized and at thermal 

equilibrium, coupled with the knowledge of absolute :polarization at 

thermal equilibrium then gives the absolute :polarization for each_ 

integrated signal. Since the signal which is digitized is not 

necessarily representative of the run of which it is a :part, the 

:polarization for that run is obtained by multi:plying_by the factor 

average:peak amplitude for the run) 
:peak amplitude for measured signal 
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B. Error Analysis 

There are a variety of experimentally measured quantities which 

enter into the calculation of the polarization; in this section we 

wish to identify those which are independent and.the way they enter 

the analysis. 

1) There is a statistical error due to fluctuations in the num-

ber of counts, N. , in the elastic peak region. This error is computed 
~ 

for each up counter, hence for each angle. 

2) Similarly, there is a statistical error for each up counter in 

the number of background counts in the peak, Di , obtain~d tram dummy 

target data. 

3) A statistical error in the number of monitor counts, Mi , is 

common to all of the up counters for any given set of runs. 

4) The factor R used to normalize the dummY target data to the 

crystal data contains the ratio of dummy target to crystal target counts 

in the off-peak regions A and B of the lOxlO matrix. There is an 

independent statistical error in this ratio due to the total number of 

counts in regions A a'nd B for dummy and crystal data. This error 

is common to all ~ounter positions for a given set of runs. 

5) There are errors in the measurement of the target polari~at~on 

which result from several causes. 

run is given by 

T = T i TE 

(Area). 
~ 

th The target polarization for the i 

~Peak Amplitude/i 

(Peak Amplitude measured). 
~ 

(IV-5) 
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where 

. (Peak amplitude measured) is the maximum excursion from zero of 

the differentiated proton magnetic resonance signal--for that 
.-

' signal which was integrated by computer. 

(Peak Amplitude). is the average of the same quantity for the 
J. 

th i run. 

(Area). is the computer integrated area for the measured signal 
J. 

th of the i run. 

(Area)TE is the best average of a set of thermal equilibrium sig

nal areas, recorded at .some time before or after the ith run. 
i 

TTE is the average proton polarization during those signals 

' recorded for use in (Area)TE • The TE polarization is obtained 

from a knowledge of the temperature of the liquid helium bath 

through a measurement of the equilibrium vapor pressure. 

There is some error .in each of the five quantities entering into the 

calculation for Ti , plus an overall systematic error to be discussed 

below. 

a) The error in the measured peak amplitude is taken to be negli-

gible since it is possible to read to about .02" in a 3" amplitude. 

b) The average peak amplitude is subject to some error since typi-

cally the size of the signal is recorded only five or six times 

per run and the magnitude of the signaL ~s subject to changes with 
...... :-. 

time. The size of this error has been e_s:i;imated at 4%, the error 
. . .. ·; . ·::.-·~ 

. . . ~ ~!' .. 

in ea~J:i counting period being treated. .. as independent of the error 

in a di£ferent period of counting. 
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c) The error in the computed area for the signals from polarized 

target due to measurement accuracy is about 2%. A further area 

uncertainty is introduced by the fact that the polarization of 

the target changes as a result of the measuring process; this 

comes about from the depolarizing effect of the rf field at the 

proton resonance frequency.and is estimated at 5%. 
d) The major uncertainty is due to inaccurate knowledge of 

(Area)TE • The measurement error is somewhat larger than for 

the enhanced area since the signal-to-noise ratio is worse; it 

has been found to be of the order of 4% from repeated measure-

ment of the same signal. 

A further error in this factor stems from the fact that 

-
the TE Areas taken at different times during·the experiment do 

not agree. This is due in part to a tendency toward changes in 

the rf circuitry and in the response of the Q-meter detection 

system. The lack of agreement of, TE areas indicates that a 

10% relative systematic error should be applied to all the data. 

e) The knowledge of the TE polarization is limited by the 

measurement of He vapor pressure. This contributes a 3% 
relative systematic error to all the data. 

The errors a) to c) were added in quadrature and applied to the calcu-

lation of the error in polarization for each counter position and energy. 

Errors d) and f) were added in quadrature along with the systematic error 

described in the next section to give a total systematic error. 
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c. Correction for Non-Unifonn Target Polarization . 

It has been determined from calibration runs that the polarization 
. . . . . 

· of the target is not uniform throughout the crystal volume. This fact, 

coupled with the nonuniformity of both "beam and n.m.r. detection effi-

ciency leads to the necessity of applying a .correction to the target 

polarizations. This section.is devoted to a discussion of this factor; 

which amounts to about a 25% correction. 

'· Let us establish a right-handed co-ordinate system with origin at 

.the center of the crystal volume; the z axis is the beam direction and 

the x axis is the primary magnetic field direction (Fig. 9). We need 

three distribution functions: 

.Target polarization, T ·= T(x,y,z) 

Beam flux density, B = B(x,y) 

., 

rf detection efficiency (sensing function), S = S(x,y,z) 

Each of these functions is dete~ined independently: 

1. The crystals are non-uniformly .polarized for several reasons. 

In this experiment the four crystals and the aluminum septum were cemented 

together with Kel-F fluorinated grease to protect the crystals from mois-

ture. This prevented contact with the liquid helium temperature bath on 

all but the outside surfaces. Since the crystals have a low thennal 

conductivity and there was an extended heat source within the crystal 

volume from absorption of microwave radiation, a therrnal gradient was 

set up. This gradient implies ~ corresponding polarization gradient. 

It is a~so known that radiation damage to the crystals produces 
~ . 

lattice impe~~ections which compete with the paramagnetic centers 



-49-

y 

/ 

Fig. 9. Layout of the crystals, septum, and rf coil 
showing the co-ordinate system used for calculating 
the correction factors. 

X 
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MU-35857 
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responsible for polarizing the protons. Since the beam flux density 

varies across .the crystal, an additional non-uniformity is introduced. 

A measurement of the crystal polarization non-uniformity was made· 

·during a subseq_uent p-p polarization experiment at the 184" cyclotron 

With the same target geometry.17 A small beam spot of approximately 

1/4' inch diameter (full width at half-ma.Ximum) was directed on the 

target center, several points on the perimeter, and two intermediate 

positions. The asymmetries in counting at a fixed set of angles were 
') 

compared for these different small beam spots. Figure 10 shows the 

results of this measurement, together with the calculated! variation 

assuming various target polarization distributions. It was found that 

the distribution 
2 

T - T e4r - 0 

.! 2 2 . 2 
r = V (x + y + z ) 

made the best fit to the data. 

(IV-6) 

(in inches) 

2. The beam flux density was determined frqm the medical x-ray 

film exposures of the beam spot; which were made freq_uently during 

the experiment. In the calculations, 'the density function was taken 

to have the Gaussian form. 
. 2 2 

(x-xo) + (y-yo) 

2cl 
(IV-7) 

Here x0 and y0 determine the center of the beam sp9t and cr its 

width. The full width at half-maximum, 2cr , varied from o. 75" at 6.1 BeV 

to 1.1" at l~:J BeV. 

.. 
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0 

0 

Halfway Edge of crystal 

Fig. 10. Variation of P(e) across the cross-section of the 
target. The. solid circles are the measured variation; 
the computed variA,tion for various functions T(r) are 
given by; 0, T.CCr2; rJ, T~exp(r2); 6, T~l+4r2; A, 
TQ(.l+2r+2r2; o, T<-l+lOr. 
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). The sensing function, S , was determined empirically in the 

plane x = 0 ·• The intersection of the se~, cavity walls, and rf 
' . 

coil with this plane were represented by strips and dots of conducting 

paint on a sheet of resistive carbon paper (Fig. 11). A constant emf 

was applied to the dots representing the coil and the equipotential 

lines were mapped out on the paper. By formal analogy using Maxwell is 

'equations, these equipotentials are the same as the lines of magnetic 

flux. Thus the rf magnetic flux density could be computed and the 

sensing function was taken to be proportional to the square of density 

of lines. In this way the sensing function was determin~d tq be 
' 

(IV-8) 

where, for x, y, z in inches 

- 6 5 4 A = 4 , B - 2. 2 X 10 , C = 4.1 X 10 , 

and the-crystal is contained in the region 

. 0 ~ lzl ~ 1/2 

05 IYI $ 1/2 (IV-9) 

05 2 lxl ~ 1-y 

Making use of these functions .T , B , and S , two quantities are 

of interest: the effective polarization measured by the rf detection 

circuit 

· J TS dv 

v 
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...... ..... _ 2 

Fig. ll. ':Gross section of the microwave cavity showing 
the rf magnetic field lines (solid lines) and the 
lines of constant field (dotted lines). 
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and the target polarization to be used with asymmetry calculations 

j TB dv 

T 
v = beam JB dv 

v 

Here V is ~he crystal volume as defined by Eq. (IV-9). 

We see that we must apply a multiplicative factor to all the tar-
. •" 

get polarizations at a given energy to correct for the difference between 
I 

rf-weighted polarization and beam-weighted polariz~tion. The quantity 

T 
a:= rf 

T beam 

is the factor by which the polarization parameter P(t) must be scaled 

since 

where 

P(t) = a a a: 
Tbeam = Trf 

, where a is the experimental asymmetry 

N = number of counts with the target polarized positively and 
+ 

N = number of counts with the target polarized negatively, and T f . r 

is the rf detected target polarization. Table II gives these correc-

tions for various beam widths. 

The correction factor has an error due to the difficulty of calcu

lating the parameters in the functions T , B , S • Variation of these 
\ 

parameters over reasonabl~ ranges leads to relative error in the factpr 

a: of 5%. This error is treated as a systematic error and is added in · 
!k·?·,:: 

.;.·~1-f.': 

quadrature td'.the systematic error of Section B. 

'f ·•. 
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Table II. Correction factors for non-uniform target polarization 

using Eq. (IV-6) for T and Eq. (IV-8) for S The 

beam density is that of Eq. (IV-7) centered at x0=y0.=0 

.• 
Full width, half-maximum (2·cr) Correction factor (a:) 

1.30 inches 1.217 

1.00' 1.238 

0.85 1.258 

0.70 1.292 

0.50 1.)96 

' . 
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V. RESULTS 

The polarization parameter has been analyzed in the manner outlined 

in IV and!: exemplified in Appendix II. The results are shown graphically 

in Ftts ;.,~12 through 17; . the numbers are presented in Tables III through 
. . :- ·: . ~ .. :, 
.. -.... :~·':~~~· :~}~/ . . . . 

VII~H;;:;.~ote that the errors indicated by the flags are statistical only; 
~ _./(~.(- .---~~---= 

.. the,i.~~ystematic error arising from the thermal equilibrium polarization 
.···~ . 
~;~ . . 

m;¢asurement and the non-uniform polarization correction has. been indi-
t·-

(~' :bated in each figure. The numerical factor by which the data have been 
':'•.':\ ,_. '~ . 

·' 

9orrected for the non-uniformity is listed in the tables. This factor 
· .... _· 

·is~ngeneral different for different ~nergies and for.the high and low 
:·· .. ·:· . I · . . : .. .... 
.·.·: .. ; .... , 

· .. ·.• 

momentum transfer measurement. This comes about since the bea'in ~:i;;()t 
.. : .. :.·-:~:. . . .'• ... 

diameter changed from one running period to the next. 

As we can see from·the data of.this exp~riment the polarization 

maximum at high energies is quite broad and is approximately station-
. . 2. 

ary at a momentum transfer t ~ -0.3(BeV/c) • 

Figure 18 shows the present data in comparison with other measure-

ments of polarization. We have plotted the maximum polarization as a 

function of beam kinetic energy. 

.... I~- . ·. 

,· '· ·-.:.• 

···:,.-

.~ 

'W· 



'•· 

0.5 

p ( t) 

03 • 

-57-

o~· ----~~----~----~----~ 
0 0.2 

2 
(BeV/c> 

Fig. 12. Polarization parameter P(t) as a function of the four 
momentum transfe1· squared, t, at a incident proton kinetic 
ene~gy of 1.7 BeV. R.S.E. is the relative systematic error. 
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Table III. Polarization parameter P(t) in·p-p sCatteririg for incident 

lab· kinetic energy of 1. 7 B~V. o: is the correc'tion factor for non-

uniform target polarization. · 6P(t) is the statistical error to which 

must be added a relative systematic error of 12%. 

2).3 

29.0 

28.7 

31.4 

34.1 

36.7 . 

-t [ (B~V)2] 
± .01 

.129 

.161 

.196 

.233 

.273 

.315 

P(t) 

.431 

.389 

.423 

.404 

·396 

.362 

6P(t) 0: ., 

.021 1.235 

.014 

.015 

.016 

.017 

.020 .12)5 
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p (t} 

0.2 

T p = 2.85 BeV 

f ' 6 I T 
1 r 1 

0 ~~----~----~--~~----~--~--~~----~~ 
0 0.2 0.4 

(- t ) 
0.6 0.8 

2 ( BeV jc} 
LO 

MU-36057 

Fig. 13. Polarization parameter P(t) as a function of the four 
momentum transfer squared) tJ at a incident proton kinetic 
energy of 2.85 BeV. R.S.E. is the relative systematic error. 
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Table IV. Polarization parameter P(t) in p-p scattering for inciden:t 

lab kinetic energy of 2.85 EeV. a is the correction factor for ~on~ 

uniform target polarization. &(t) is the statistical error to which 

must be added a relative systematic error of 12%. 

-t [CB~V)2] P(t) &(t) a 
.± .015 

16.6 .111 .151 .085 1.245 

19.0 .146 .188 .020 

21.5 .185 .237 .015 

23.9 .228 .245 .015 

26.2· .275 .255 .017 

28.6 .326 .260 .020 

31.0 .380 .221 .022 . 1.245 

32.0 .405 .270 .019 1.240 

33.3. .438 .283 .028 1.245 

34.3 .463 .242. .022 1.240 

36.5 .524 .225 .023 

38.8 .·588 .196 .027 

41.0 .655 .142 .031 

43.2 -724 .218 .036 

45.4 ·796 .156 .040 

47.0 .869 .130 .042 

49.7 ' .943. .171 .055 
.~. 

51.8 
~;~ 

1.02 .104 .092 1.240 
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Fig. 14. Polarization parameter P(t) as a function of the four 
momentum. tr.ansfer squared: t, at a incident proton kinetic 
energy of 3.5 BeV. R.S.E. is the relative systematic error. 
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Table V. Polarization parameter P(t) in p-p scattering for incident lab 

kinetic energy of ).5 BeV. a is the correction factor for non-uniform 

target polarization. &( t) is the statistical error to which.must be 

added a relative systematic error of 12%. 

* [CB~V)2) P(t) &( t) e -t a 
± 10 

± .02 

20.8 .215 .171 .019 1.250 

22.8 .257 .203 .021 

24.8 .)04 .203 .024 

26.8 .)53 .218 .028 

28.8 .405 .207 .0)0 

)0.1 .461 .224 .0)5 

)2.6 .519 .1)1 .o46 

)4.5 .580 .123 .o44 

)6.4 .643' .083 .• 054 

)8.) .709 .127 .06) 1..250 

,.,. 
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Fig. l5. Polarization parameter P.(t) as a function of the four 
momentum transfer squared,t, at a incident proton kinetic 
energy of 4.0 BeV. R.S.E. is the relative systematic error. 
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Table VI. Polarization parameter P(t) in p-p scattering for incident 

lab kinetic energy of 4.0 BeV. a is the correction factor for non-

uniform target polarization. ~(t) is the statistical error to which 

must be added a relative systematic error of 12%. 

-t [<~V)2] P(t) ~(t) 

± .02 

15.6 .1)8 .144 .025 1.260 

17.6 .176 .191 .016 

19-7 .218 .211 .015 

21.7 .264 .193 .017 

2).6 .)14 .217 .020 

25.6 .)68 .181 .022 

27.6 .425 .194 .026 1.260 
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0.4 Tp = 5.05 BeV 

0.2 

I 
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MU-36056 

Fig. 16. Polarization parameter P(t) as a function of the four 
momentum .transfer squared, t,·at a incident proton kinetic 
energy of 5.05 BeV. R.S.E. is the relative systematic error. 
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Table VII. Polari·zation parameter P(t) in p-p scattering for incident 

lab kinetic energy of 5.05 BeV. a is the correction factor for n?n~ 

uniform target polarization. 6P(t) is the statistical error to which 

must be added a·relative systematic error of 12%. 

-t t (B~V)2J P(t) · 6P(t) a 

± .03. 

12.5 .112 .089 .100 1.275 

14.3 .147 .152. ·.o24 

16.1 .186 .166 .019 

18~0 .229 .153 .019 

19.7 .277 .178 .022 

21.5 .329 .185 .027 

23-3 .384 .. 136 .030 1.275 

23.7 -398 .226 .054 1.260 

25.0 .444 .138 .034 1.275 

25.4 .459 .201 .059 1.260 

27.2 .523 .145 .. 055 

28.9 .591 .008 . .062 

30.7 ~662 .231 .087 

32.4 .736 .206 .100 

34.1 .814 .100 .121 

36.2 .914 .041 .138 1.260· 

~: ~-... 

" 
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Fig. 17. Polarization parameter P(t) as a function of the four 
momentum transfer squared, t, at a incident proton kinetic 
energy of 6.15 BeV. R.S.E. is the relative systematic error. 
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Table VIII. Polarizati,on parameter P( t) in :p-:p scattering for incident 

lab kinetic energy of 6.15 BeV. a is the correction factor for non-

uniform target :polarization. 6P(t) is the statistical error to which 

must be added a relative systematic ~rror of 12%. 

-t [ (B~V)2] P(t) 6P(t) a 
± .03. 

13.2 .152 .112 .049 1.28 

15.0 .195 .177 .031 

16.7 .242 .196 .028 

18.4 _.295 .177 . .031 

20.1 ·352 • 262 .037 

21.8 .413 .160 .042 1.28 

23.1 .461 .169 .027 1.27 

23.5 .480 .157 .053 1.28 

24.7 .529 .117 .032 1.27 

25.2 .550 .077 .064 1.28 

26.4 .602 .085 .042 1.27 

28.1 .679 .142 .053 

29.7 -759 .002 .074 1.27 

-_ _;--< 
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Fig. 18. Maximum polarization as a function of beam kinetic energy. 
The points ~elow 600 MeV are representative. 

0 , data from this experiment; 'V , data from Ref. 18; 0 , 
data from Ref. 19; 6, <iata from Ref. 20; 0, data from Ref. 17; 
¢ , data from Ref. 21, ~ , data from Ref. 22; ~ , data from 

Ref. 23 (the length of the bar indicates the range of values 
consiste~t with systematic error); ~, data from Ref. 24; A, data 
from Ref. 25; e, data from Ref. 26; I@, data from Ref. 27. 
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VI. DISCUSSION OF TBE DATA 

Several general comments may be given on the data presented in v . 

. The polarization parameter P(t) is seen to have relatively simple 

behavior both in its energy and angle dependences in the regions studied. 

We see that the'polarization achieves a rather broad maximum in the ... ~ . 

vicinity of t= -0.3 to -0.4(BeV/c) 2 for each of the energies studied; 

also the shape of the curve P vs. t seems to be the same throughout 

the r~nge of energies 1.7 to 6.1 BeV. The dependence of the maximum 

polarization on the·energy variable also seems to be rather simple; at 

present we may note the maximum polarization decreases a~ energy increases. 

This point.will be considered in more detail below. 

A complete reconstruction of the amplitude for proton-proton scat-

tering is one of the primary objectives of an experimental program •. 

This reconstruction has been attempted at some of the lower energies 

through a determination of the relevant phase shifts. It is clear 

however that such a program is untenable at.energies above 1 BeV due 

to the large number of partial waves expected to' .contribute (e.g. approxi-

mately 50 at 6~ BeV). 
' ' 

Furthermore, the present status of experimental 

work is that only. two types of experiments have been. performed--the 

differential cross section and the polarization whereas a complete' 

reconstruction of the p-p amplitude reQuires irr principle at least · 

eleven experiments.
28 

Thus any meaningful analysis done with the 

presently available data must make use of a reasonably restrictive 

dynamical model. 
. . ~ ·i~~ 

One modei which has had reasonable success in explaining the 

proton-proton scattering data involves the assumption that high-energy 

.., 
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behavior is controlled by exchange· of Regge poles (although the descrip-

tion of np and pp interactions with a Regge model has not been so 

favorable). For a summary of the theoretical development of Regge poles 

we refer to Frautschi's monograph. 29 The application to nucleon-nucleon 

scattering has been made by several authors,30,)l,32,33 and we s~ll 

review only those points pertinent to the analysis of polarization. 

Originally, the discussion of Regge poles was based on the partial 

wave equation in non-relativistic quantum mechanics. The scattering 

amplitude was studied under the generalizations that both energy and 

angular momentum were allowed to become complex variables!" .. Within 

such a framework, Regge's original analysis showed the existence of poles 

in the scattering amplitude for complex angular momentum, £ , and complex 

momentum k • If the momentum is required to be physical (positive and 

real) these poles move about in the complex angular momentum plane; for · 

certain values of k the pole position is near the physical region 

(positive integer £) and the result .is a resonance (or bound state) in 

the scattering for that £. and k • In general, as the energy increases 

in the region of interest, the pole position moves to the right in the 

complex angular mo~entum plane; the locus of these positions is called 

the Regge trajectory and the family of resonant states generated from 

this trajectory are called Regge recurrances. They have similar internal 

quantum numbers and differ only in their angular momentum and energy. 

Since the strong int~ractions are known to have rather strong exchange 

character, t~e forces in even and odd angular momentum states are differ
;~. 

ent. In te~s of Regge poles this means that we should assign different 

trajectories to the even and odd angular momentum states and the Regge 

; \ 
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recurrences connect states at intervals of ~ = 2 • Each pole contri~ 

butes in a known way to the scattering amplitude, f(k, cos e) : 

N 
i1L \ f(k, cos e) = 2k ~ 

j=l 

pa (-cos e)(2a.+l) 
j ' J 

+non pole terms. 

Here a. = a.(k) is the position of the jth pole iJ:.l the complex 
J J 

angular-momentum plane, ~.(k) is the residue of that pole, and 
J 

: P (-cos e) is the analytic continuation of the Legendre function· 
aj 

for complex aj • In the high energy situation one takes over the 
l 

foregoing properties of Regge poles and adds crossing symmetry. ·We 

examine a diagram for proton-proton scattering where the s channel 

is the process pp ~ pp and the t channel, related by crossing sym-

- -metry, is pp~pp. The kinematic invariants s , and t are defined: 

2 (~ - k;)2 s = (kl + k2) ' ' 
t = 

(s channel) 4E 2 2 - cos e ) s = ' t = -2k (l s s s 

(t channel) s = -2kt2 ~1 - cos et) ' 
·t = 4E 2 

t 
, 

1mere Es , ks , es are the energy and momentum in the c.m. and the 

c.m. scattering angle and similarly for Et , kt , et • It·is customary 

to replace the usual scattering amplitude with the invariant amplitude 

A(s,t) =fs f(k, c'os e) • 

Now let us look for Regge poles which may affect the high energy 

p-p amplitude by trying to identify resonant states lying on trajectories. 

In the s-channel the only bound or resonant states known are very near 

·'· zero. energy and should not affect high energy· scattering. In the 
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t-channel the quantum numbers are baryon number = 0 , strangeness = 0 , 

charge = 0 , I-spin = 0 : 1 , parity even or odd, and G parity even 

or odd. Any of the non-strange mesons may then lie on Regge trajec-

tories contributing to the t-channel amplitude. The contribution to 

the amplitude from the nth Regge pole in the t channel is 

We can again build in the exchange force by separating even and odd 

+ 
amplitudes, A~(s,t) • 

(VI-1) 

We may now use the crossing symmetry and assume analyticity of the 

amplitude to find the amplitude in the s-channel. To do this we need 

the asymptotic behaviox of the Legendre function 

PI'V(z) _,._ za • 
"" z -+ 00 

Thus PI'V(z) ± P ( -z) --~ za(l ± e -i 1! a) and the amplitude then "" a z-+oo 

becomes, in the limit of large s (i.e. high energy s channel, t < 0) 

+ . 
A~(s,t) [ 1 + -i1!CX (t) ( )P'n ~ 2a t +1 - t l+-re n - _s_ 

s-+ oo n( ) ~n( ) sin n a (t) 2 
n 2kt 

(VI-2) 

"i = ~ for ( ~~~n) angular momentum states 

There are several important points to be made about this formula: the 
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Fig. 19. Diagram for p-p scattering. k1 and k2 are the 
· s channel initial particle four-momenta; k3 and k4 are 
the corresponding final particle four-momenta. 
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~ole ~osition a (t) is real for t ~ 4m2 ; the residue function is 
n 

also real, so that the only ~hase factor in the ex~ression for 

is the so called signature factor tn 

( -i1LCX ( t)) _1+-re n _ 
~n = sin ~a (t) 

n 

The de~endence of A (s,t) on s is also ~rticularly sim~le; 
n 

A (s,t) "' sa:n 
n 

A (s,t) 
n 

(VI-3) 

so that only the ~oles with the largest a will contribute to high 

energy scattering . 

. Now, to this ~oint, we have not ex~licitly considered that the two 

nucleons have s~in. As we have seen in II this fact leads us to define 

five inde~endent helicity am~litudes in nucleon-nucleon scattering.· 

These five am~litudes may be redefined through the crossing matrix 

to give five am~litudes in the t channel. Since each Regge trajectory 

in the t channel can be characterized by certain quantum numbers (~rity, 

G ~rit·y, I s~in, and signature -r) it will contribute to some of the 

crossed channel amplitudes and not others. The inverse crossing rela-

tions may be em~loyed to give the s channel helicity am~litudes in terms 

of the ~ole ~rameters. These helicity am~litudes have the structure 

of (VI-2) where the 
+ 

t3~(t) now include additional real kinematical 

fE!-ctors introduced by the s~in compJ_ications. The im~ortant ~oint is 

that the contribution of the nth Regge pole in the t channel to all 

five s channel helicity amplitudes contains the same ~hase factor tn 

·Thus, in the limit of very high energy where only one ~ole contributes 

to the helicity am~litudes ~l , there is no ~olarization since 
. ~ :,-

p ~~ = Im [ ~5(~1~2~3-~4)] (VI-4) 
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If. we make the assumption that the energy is high enough that we 

need consider only two poles with positions '\ > cx2 in the complex 

angular momentum plane, we get from (VI-2) 

using 

P dcr = f(t) 
dt 

dcr ~ 4:rr dcr __ 4:rr I ( ) 12 4:rr I ( ) 12 dt = s dQ 
8 

f s,t = :2· A s,t , 
s 

where f(t) is some function of t only, containing the residue 

functions or the coupling strengths and kinematical factors. 
I 

In order to test the energy dependence of the polarization using 

( ) · dcr VI-5 we may approximate dt in the same spirit--that is we keep only 

the l~ading term 

~~ = f' (t) 
20J_(t)-2 

s 

cx
2 

( t ) -a.. ( t ) 
p = f"(t) s l. (VI-6) 

In Fig. 20 to Fig. 22 we have plotted log P vs. log s for values of 

t = -0.2 , -0.3 , and -0.4 • According to Eq. (VI-6) we expect such a 

plot to be linear in the asymptotic region, with a·slope of (a2 - cx1 ) . 

The points in Fig. 20 to 22 were obtained by first making a least sq_uares 

fit to the curves P(t) vs. t at each energy (Fig. 12 to 17) of the form: 

4 

P(t) = I a tn 
n 

n=l 
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2 5 10 15 20 
s (BeV)

2 

MU-36050 

Fig. 20. Polarization parameter for fixed t = -0.2(~V)2 

as a function of s. The straight line is a least 
s~~qres fit to the data witp s > 8(BeV)2 of the form 
log P = [a2 - ~] log s +constant and the fitted 
value is [02 - Oi] = -0.75 ± .31. 
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MU-36054 

Fig. 21. Polarization parameter for fixed t = -0.3(BeV/c)2 

as a function of s •· The straight line is a least sq_liares 
fit to the data with s > 8(Bev)2 of tne form . · . 
log P = [02 - al] log s + constant and the fitted value 
is [<::l2- a1J =.0.73 ± .31. 
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MU-36055 

Fig. 22. Polarization parameter for fixed t ;, -o.4(BeV/c)2 as 
function of s. The straight line is a least squares fit 
to the data of the form log P = [02- a,] logs+ constant 
and the fitted value is [02 - Ol] = -0.81 ± .42. 
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The fitting errors were added in quadrature to the statistical errors 

d(log P) 
of the measured points. A least sqv~res fit to the slope d (log s) 

was then made, using only the points taken at Tp :;::. 2.85 BeV(s ~ 8.87(BeV) 

The slopes so obtaihe~ are essentially the same at the three values of· 

momentum transfer, t , examined and have the value 

with rather large error. 

It would seem that these data are not compelling in their confirma-

tion of Regge behavior though they certainly do not disagree with this 
! 

hypothesis. The values for the slopes would indicate that the separation 

of the two leading poles, (OJ_ - a2) , is about - ~ and is not varying 

rapidly as a function of t • If vre assume t!l.at the leading pole with 

position OJ_ is on the Pomeranchon trajectory, then the trajectory 

interfering with it would be expected to have a2 (t=O) ~ .• 25 ± .35 • It 
' . 

is known that the w and P' trajectories couple strongly to the pp 

channel and have positions at . . . 36 
t = 0 of approximately 0.5. Our 

polarization data is thUs consistent with the assumption that the inter-

ference is between the Pomeranchori and P' or w , though we would 

favor a lower position at t=O for the competing pole. A more complete 

study.of nucleon-nucleon scattering using a Regge pole approach has been 

initiated by Phillips and Rarita which vrill include all the available 

high energy data.37 

We.wish to emphasize that~ with the Regge pole hypothesis, the 

polarization parameter becomes small at high energy because the phases 

of all five Belicity amplitudes become the same when just one pole is 

2 ~. 
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exchanged. In terms of the five helicity amplitudes in the limit of 

high energy (where the Pomeranchon dominates)3° 

<p = <p = lcplli1jr 
1 3 

i1jf 
<p2 = -<p4= l<p21e 

<p5 = lcp5lei1jr 

and all five remain finite. 

It would be an interesting further check of the Regge hypothesis 

to see whether the decrease of polarization should indeed be interpreted 

as resulting from the amplitudes tending to the same phase or from the 

spin dependence of the interaction becoming small. The latter possi-

bility might arise as the more natural explanation from an optical-

type model. The natural method of testing this point is to measure 

a parameter which depends on the real part of an interference and hence 

does not .vanish if all five amplitudes go to the same phase of high energy, 

yet does contain spin dependence in an essential way. 

The parameter C = (NN;OO) and Dt = (W?;ON) have the correct . NN 

form but can be s~own to be zero for Pomeranchon exchange alone, due to 

the factorization of the residues; 40 a better choice would be to measure 

the parameters (KO;KO) , (KO;PO) , and (PO;PO) (or e~uivalently, R , 

R r , and A in Wolfenstein' s notation3). 
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APPENDICES 

A. Relationship :Between Helicity Amplitudes and Wolfenstein Amplitudes 

In view of the fact that the experimental observables in nucleon-

nucleon scattering are most convenient.ly worked out in terms of the 

direct product representation of the transition matrix MJ as discussed 

in Section (II-A)J whereas the crossing matrix and hence the discussion 

of dispersion relations and Regge poles generally employ the helicity 

representation) it is useful to have an explicit table of the transfer-

mation between these two representations. In this section we give the 

relationship between the five independent amplitudes for 1nucleon-nucleon 

scattering which were identified in (II-A) for the Wolfenstein represen

tation and in (II-:S) for the helicity representation of Jacob and Wick. 

A complete listing of the experimental observables in terms of the former 

set of five amplitudes is given by Moravcsik.5 

Let us establish a fixed right-handed co-ordinate system for conven-

A -+ -+;-+ -+1 ience with its z-axis along P = (ki + kf) lki + kf ) and y-axis along 

the normal N = (ki x kf)/lki + kfl • 

In the helicity representation) each particle state is ~uantized 

along its direction of motion; hence for each initial and final particle 

the transfurmation to the fixed co-ordinate system involves a rotation 

through a different angle. 

Furthermore) we must pay attention to the particular phase convention 

employed by Jacob and Wick in obtaining a two particle state. The two 

particle state in which particle 1 has helicity ~ and particle 2 has 

helicity A2' is 
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where *pA is a one particle helicity state quantized along the particle 

'motion, p is the momentum, and s the spin. To transform the initial 

state for particle 1 to the fixed co-ordinate representation state 

ls1~) ,. we have simply a rotation through ang+e a= ej2 , where e 

is the c.m. scattering angle and a is the angle between k. and · P . 
~ 

.io:J (1) . . ) 
= e Y I *u/\ . 

" 1 

For the particle 2 initial state 

. . (2) 
I > = -i(1r-a)J 

1
,1, > s2m2 e Y ~ A 

p 2 

Hence the initial two particle state in the ~ixed co-ordinate represen

tation is connected to the helicity state through the unitary (4x4) matrix 
' ' ' 

., 

iaJ (1) i~ (2) s2-/\2 
Ri· = e y· ® e y ( -1) 

.a (1) . a (2) s 2-/\2 = e~2 °y @ e~ 2 °y ( -1) 

In a similar way the f:inal two·particle helicitystate 

related to the fixed-co-ordinate state I s
5
s 4m

5
m4 ) 

'. '• 

.... 
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through the unitary matrix Rf 

Since the matrix elements expressed in either representation are equal, 

we have 

<wpA3A41MHiwpAlA2) = <s3s4m3m41Mwlsls2~m2 > 
= < w A A I Rf t Mvl R. I 'ljr A A > 

p 3 4 1 p 1 2 . 

where MW is the transition matrix (II-8) and MH is the transition 

matrix in the helicity representation (II-12). Thus 

w· 
The matrix M (II-8), in the particu.lar $et of co-ordinates we have 

chosen is 

a+g+h c c -m+g-h 

Mw = 
" -c a-g-h m+g-h '·.C 

-c m+g-h a-g-h c 

-m~g-h -c -c a+g+h 

Using the form of the matrices Rf and Ri given above, performing 

the matrix multiplication, and making the identification with the five 

.... 
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independent he1icity· amplitud~s \ cpi 1 we get 

cp1 = -(a+m) sin 
2 §_+ (a+g+h) sin e 

2 - c 

cp2 = -(a+m) sin 
2 e (-m+g-h) - c sin e 2-

cp
3 

= -(a+m) sin 
2 !!..+ (a-g-h) - c sin e 2. 

cp4 = (a+m) sin
2 ~ - (m+g-h) + c sin e 

1 
cp5. =- 2 (a+m) sine·- c cos e 

The inverse relations are 

1 
a = 4 (cp1+cp2+cp3-cp4) 

1 
· m = 4 (cp1 +cp2+cp3-cp4) 

. g = f ( cp1-cp2 -cp3-cp4) . 

1 
h = 4 (cpl +cp2-cp3+cp4) 

1 
cos e + 4 (cpl-cp2+cp3+cp4) - cp5 

cos e - t (cp1-(p2+cp3+cp4)- cp5 

1 
c = - 4 (cp +cp +cp -cp4 ) sin e - cp

5 
cos e . 

. 1. 2 3. 

siJ e 

sin e 

~-
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B. Relativistic Effects in N-N Scattering 

We have seen that the convention adopted in Section II concerning 

the specification of spins leads to a difference in the direction of 

the spin or polarization as seen in two different frames of reference. 

This rotation of spin direction was attributed formally to the Wigner 

rotation 

R (~) = L-l(~)L(A)L(~) w . 
~ ~- ~L 

where p is the c.m. momentum, Ap = p is the lab momentum, and 

A is the Lorentz transormation connecting the lab to the c.m.; that 

L * is,the_ lab and c.m. four momenta are related by P =A 1.P • The 
Jl JlV V 

rotation angle ~ is what we wish to find in this Appendix. 

In order to find the form of the rotation, we must first find the 

relativistic extension of polarization. We will be be brief in this 

and refer to several works for complete discussions.12:37:38 

The starting point is the study of the inhomogeneous Lorentz 

group, with its generators PJ.I. and M (J.L,v = 0, ••• , 3) • J.!.V 

Here PJ.I. is the four momentum and the generator of space-time 

translations. The antisymmetric tensor components MJ.I.V are the genera

tors of the genera.lized rotations in 4-space. They contain the space

like components Mik(i,k, = 1,2,3) , the angular momentum operators and 

generators of )-space rotations, and the mixed components Mio , the 

generators of boosts. 

One then studies the four vector S defined by 
p 

s p 
1 

=- E M P 
2m J.!.Vp/\ J.I.V A 'I 
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2 where· m is the mass of the particle, m = P P , and E ~ is the 
!l !l !.LVP" 

completely antisyrnmetric fourth-rank tensor: e0123 = 1 • The form 

of this four vector in the particle's rest frame is simple and can be 

seen intuitively since there 

P!l = (m,o) 

and therefore the antisymmetric product picks out only the space part 

of the ~v • But this is just the total angular momentum which in the 

rest frame is the particle spin. The four.vector SP in the particle's 

rest frame is then 

srest frame = (o, s) 
and thus S is a suitable generalization for the spin of a massive p 

particle. SP transforms according to the usual rules for four-vectors. 

We may now turn to a derivation of the rotation angle ~ • · From 

the form of the Wigner rotati an we see that ~ may depend only on the 

momenta in the c.m. and·the lab frames plus the velocity of the c.m. 

frame in the lab (and not the angle of the spin in lab or c.m.). 

We define the angles as shown in Fig. 23. 
·, 

~ ~ ~ ~ ~ 

kf - k. ki + kf ki X kf 
K ~ A A A A A 

= p = N = PxK=N 
/kf - kil lki + kfl ' lki X kfl ' 

~ 

ki = initial state c.m. momentum 
~ 

kf = final state c.m. momentum 

eL =.lab scattering angle= a- o 

* e = c.m. scattering angle = 2a 

where a and o are defined for convenience; o is just the deviation 
: :,~ 

of the lab scattering angle from its non-relativistic value. 
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4L 

k c. -----

Fig. 23. Definition of angles for +elativistic nucleon
nucleon scattering. 



-90-
, 

We further define the quantities 

velocity of final state particle in the lab 

~L = ~L(cos o P - sin o K) 
velocity of final state particle in c.m. 

~* '*< "" "" ~ = ~ cos a P + sin a K) 

velocity of c.m. in the lab 

~ = ~(cos a p - sin a K) 

spin in the rest frame obtained by a boost from the lab 

SL = S(cos cp K + sin cp P) 

. spin in the rest frame obtained·by a boost from theic.m. 

s* = s(cos w K + sin w P) 
The spin rotation angle s is· then 

* * Consider the invariant S V , where V is the velocity of the c.m. 
IJ. IJ. 

frame (a velocity four~vector is just PIJ./m where m is the invariant 

mass of the system under consi~eration) • 

In the c.m. 
.J(-

(1, 0) v = 
2 

<r *t* .sx-, -* -* * -*-* s = s + ~ .;-- ~ •S ) 
'l +1 

* = (y,y~) v In the lab 

S = (yTrgL ·SL ~L 
L2 

' s 
+ f3L L_ f3L.SL) 

L 'l +1 

* Equating SIJ.VIJ. ·in the c.m. and lai? gives 

r*~* sin(a+~)=y 'lL~L sin(cp-5)- 'l~ sin(cp-a)-~ cos(~-8) s~n(cp-o) 

(B:.i) 

.. 

(': 
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Similar consideration of the invariant S V L where .yL is the 
1..1. 1..1. 

four velocity of the lab system gives 
*2 *2 

yL~L sin(~-o)= y r*~* sin(a+v)+ ~ sin(w-a)+ ~ cos 2a y *~ sin(a+w) 
r +1 

(13-2) 

Three useful identities can easily be derived from the transforma-

tions of the momenta alone: 

L * -x- * r = r r + r~r ~ cos 2a 

z* = Y YL -y~yL~L cos (a-o) 

LL ( ) ** . y ~ sin a-o = r ~ sin 2a • 

(B-3) 

. (B- 4) 

(13-5) 

We now use expressions (13-1) through (13-5) together with ~he fact that 

s is independent of w (or ~) • We set w = -a (and ~ = s - a) in 

(13-1) and (13-2) to get 
L2 L2 

r rL~L. sin(~-o)- r~ sin(s-2a)- r~ Z ~ cos(a-o) sin(~-o)~o (13-1)' 
L r +1 

yL~L sin(~-o)=- ~sin 2a (13-2)' 

Substituting (13-2)' into (13-1)' and using (13-4) and (13-3) gives 

* * { *\ .sin s = YLY ~ ~ cos s -~ sin 2a 
r -r r r +1 · 

(13-6) 

In the same way, setting ~ = o in (13-1) and (B-2) and manipulating, we 

get 

sin s = y YL~ ~L f y+yL - cos sl sin 2a 
L * * r r -r r +l 

Now eliminating cos ~ from (13-6) and (13-7) gives 

* * * ( L *) sin ~ = ~ y ~ y sin el+z+r +y 
(l+z)(l+r*)(l+rL) 

(13-7) 

(13-8) 

• 
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This· is just the formula for the rotation quoted in Section. II-C. 

In our initial assumption that the rotation of the spins was in the 

scattering plane we rely· on the fact that the component of three· ve·ctor 

spin perpendicular to the scattering plane 'Will be unaffected.by the 

Lorentz transformations comprising the Wigner rotation~ 

We~ may also relate the angle o , the departure of the lab scatter

ing angle from its non-relativistic value, to the spin rotation angle 

s • Put <P. = o(<Jr = o.- S) into (B-1) to get 

* * "/ t3 sin(q>-(s-o)) =.'Yt3 sin(a-o) 

Now assume we are scattering equal mass parti.cles so that · 
I 

* * rt3 =rt3 

Then (B-9) implies s-o = o , or 

s = 25 

{B-9) 

(B-10) 

Thus the spin rotates· twice as far as the scattering angle devi·ates from 

its non-relativistic value. 

As an example, let us see how the. relativistic c:orrections enter in 

the measurement of the Wolfenstein R parameter in nucleon-nucleon scatter-

ing. Diagrammatically this experiment is represented in the lab frame as 

shown in Fig. 24a. 

The directions of the initial beam polarization and the scattered 

particle polarization which is analyzed are indicated by the double-

shafted arrows. 

We wish to relate the R parameter to the parameters in the M 

matrix. (II-8) which is defined in the c .m. frame. 
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---- -~\' 

1\ 

K 

(b) 

Fig. 24. Relavistic R-parameter measurement. The polari
zation components are indicated by double shafted arrows. 
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Hence we need to know what component of polarization in the c .• m •. frame 

-J>L 
transforms into the component perpendicular to kf in the lab. We know 

that the spin rotates through an angle (20) going from c.m. to lab in 

the sense (:K -Jo P) • Thus the c.m. polarization component which is 

analyzed is the one shown in Fig. 24b. The final polarization in the 

c.m. is seen to be 
~ A A 

Pf = Pf cos o K - Pf sin o p 

and is parallel to the v.ector 1 ; defined in Fig. 24b • 

Then R I 0 '= i Tr(M(o.q)MtCcr·£)) 
..: 

= (to; qO) in the notation introduced in Sectfon II-A. 

Working out the geometry gives 

R I 0 = -(PO;PO) sin ex sin o - (PO;KO)cos ex sin o 

+(KO;PO) sin ex cos o + (KO;KO)cos ex cos o 

In terms of theM-matrix amplitudes (c.f. Moravcsik5 for tabulation of 

(PO;PO) etc.) 

R I 0 = D.a [2 
- [m[

2
] cos(e* -if') - 4 Re(tb)cos eL 

2 Re [c * (a-m)J sin(e* -eL) •. 

Thus the the measurement of the R parameter relativistically measures 

a different combination of M~matrix coefficients than in. the non-relati-

vistic case. If we denote by ~ and R'NR that combination of.M~ 

matrix coefficents measured by R and R' non-relativistically, we 

have 

R = ~ cos o -R 'NR sin o . 
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C. Sample Polarization Calculation 

In Section IV we established the conditions for a least squares fit 

to the data: 

where 

and 

The conditions (C-1) 

cJ cJ 
~ =~=0 
OJ.o oP 

J = L Mi [Hi -Io(l+TiP)] 2 
i 

give the equations 

0 =I (N. -B. )T. -
~ ~ ~ Io LMiTi - IOP I MiTi2 

i i i 

0 = I (Ni -Bi)Ti - Io L Mi - IrJI MiTi 
i i i 

which, when solved for P , give 

i i 

Here 

<Tn) (n = 1,2) is 

<T'= I MiTin/LMi 
i 

(C-1) 

(C-2) 

(C-3) 
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We may caei'i:ne the deviation of the target polarization, :Ti , from. its 

average ( T') as a new variable · Q. ·: 
~ 

and·we:note that 

The polarization :parameter may then be expressed simply as 

where 

\ (N.-B. }Q. L ~ .~ J. 

i E = _--.;. _____ _ 

< Q2) I (Ni -Bi) 

i 

(c-4) 

(C-5) 

Here, ·as in Section Dl, R is theratio. of crystal COUllts to dummy target 

colJllts in the off-peak region and D. is the .number of dummy target colJllts 
CJ 

As an example of·the calcUlation of P., we will consider the data 

at incident proton kinetic .eneTgy of 2.85 BeV and the COUllter :position 

corresponding to low momentum transfer. These data are but a ·part of the f'. 

total accumulation at this energy and were later folded in with the rema,in• 
~ ~. 

der to· give the points of Fig. '13. \>le shall show the calculation for upper 
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0 array counter u

7 
only, corresponding to a c.m. angle of 19.0 and 

. ~. 6 (BeV)2 four-momentum transfer squared - .14 .. -- · • In this sample, there 
c 

are four runs with positive target polarization, four with negative 

and we include the two runs of d~y target data. Elastic scattering 

coincidences occur between u7 and D5 , and u7 and n6 . The off

peak regions for normalization of the dummy target data are u
1 

to 

u10 , D1 to D3 and u1 to u10 , DB to D10 . Table IX shows the 

pertinent experimental quantities for these runs. 

The ratio R (of crystal data to dummy data off the elastic peak) 

is 

R _ ! [ 21710 6 342l = 
- 2 506) + 1649 -

the average target polarization <:T:> is 

IMi T. 
1. 

(T)= 
i +.04125 = 

Ill\ 
i 

and 

4.o66 ; 

Q
2 

=<T
2> -<T>

2 
= 0.2300 

We may now calculate E from Eq. (C-5): 

E = -.1457 ; 

from which we obtain the polarization 

p = ~ ) = -~1466 1-E T 

The minus sign does not worry us, since our choice for the direction of 
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Table IX. Summary of' primary data for crystal target runs 196 to 204 

and dummy target runs 269 and 270. 

Run number i 

196 - 0.44 

197 - 0.44 

198 + 0.47 

199 + 0.56 

201 - 0.41 

202 + 0.50 

203 + 0.55 

204 - 0.46 

-. 
270 

4 X 105 

4 ~ 105 

. 4 X 105 

4 X 105 

4 X 105 

4 X 105 

4 X 105 

4 X 105 

1346 

1404 

1208 

1177 

1409 

1265 

1266 

1277 

357 

380 

.. 

....-c~ .. 
l 'illol' 
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positive target polarization is antiparallel to the scattering normal. 

The correction factor for non-uniform target polarization at this energy 

is 1.24) so the corrected polarization parameter is 

p = .182 

The polarization error} oP } due to the various independent errors 

can also be calculated) using 

It is readily verified that the second term gives negligible contibution 

and we neglect it for this calculation. From the values of < T) and E ) 

Our discussion in Section IV identified five sources of error: 

1) 

region 

Statistical error in the number of counts) N. ) in the peak 
~ 

ar 1 
= C>E: <c:t) L z;: Nl-R ~1\) 

• { ~N;Q~ + [:R ~1\ ~fNi1(t~:~~r~il Jf 
= o.ot/'(i4. 
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2) Statistical error due to dummy target count·s, Dj , in the peak. 

= o.ooZ21 

3) Statistical. error due to the number of monitor counts, M1 . 

=- o.oo17o 



"' •' 
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4) Error in the ratio R giving the background normalization 
'· 

5) The error in the target polarization, T. • Here we do not . ~ 

include the systematic errors in target polarization. 

-==- o, oo01o 
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The errors 1) to 5) add in quadrature to 
(jp 

oP ~d€ oE = o.o3oo4 

This error is multiplied by the non-uniform target polarization factor, 

1.24, to give the final statistical error of 0.0373. The relative systema- ~· 

tic error of 12% has been ignored in this calculation. 

The result of this sample calculation 

p = .182 ± .037 

was added to the result from ten additional pairs of positive and nega-

tive runs to give the final result at this angle and energy, P = .188 ± .020, 

shown in Table IV. 
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