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Abstract

Smart Data-Driven Decision-Making with Uncertainty: Methods and Applications in
Supply Chain Management

by

Meng Qi

Doctor of Philosophy in Engineering - Industrial Engineering and Operations Research

University of California, Berkeley

Professor Zuo-Jun (Max) Shen, Chair

The past decade has seen tremendous growth in the availability of voluminous high-
quality data in many modern decision systems such as supply chain management. Big data
provides new opportunities to tackle one of the main di�culties in decision-making systems
– uncertain behavior driven by some unknown ground truth probability distribution. My
dissertation mainly focuses on answering the following question:

How do we use (non-perfect) data samples generated from the unknown distribution to
make more automatic and reliable decisions, especially for supply chain management and
retail operations?

In Chapter 2, this dissertation study a practical multi-period inventory management
problem faced by online retailers and propose a practical, data-driven, end-to-end (E2E)
framework for multi-period inventory management that leverages the power of deep learning.
Instead of adopting the two-step approach that first forecasts demand and vendor lead-time
(VLT) separately and then, based on the predictions, solves for a solution that minimizes
inventory costs, we directly learn the underlying mapping from features to the optimal
solution by adopting a supervised learning approach.

In Chapter 3, we propose an integrated conditional estimation-optimization (ICEO)
framework that uses statistical learning theory to estimate the underlying conditional distri-
bution while considering the structure of the optimization problem. This method provides
a generic learning framework and applies to a broad class of convex contextual stochastic
optimization problems with uncertainty in the objective. We provide statistical performance
guarantees and address the computational challenges that arise in performing this frame-
work.

In Chapter 4, we focus on data-driven distributionally robust optimization (DRO) meth-
ods. We examine the conditional quantile prediction problem, which is equivalent to the
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contextual newsvendor problem, and propose a DRO framework. In contrast to the tradi-
tional setting where the design points are considered as random and i.i.d., we consider a
fixed-design setting, which is more suitable for cases when features are pre-designed, such as
through a series of controlled experiments.

Chapter 5 continues our study on the contextual newsvendor problem and considers
inter-temporal correlations and moderate non-stationarities in the contextual demand pro-
cess. Under these comparatively more realistic assumptions, we provide performance guar-
antees in the form of out-of-sample generalization bounds.
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Chapter 1

Introduction

In the past decade, the greatest innovation in retailing business has arguably been digital-
ization. Digital technology and big data have arguably drawn the attention of practitioners
and renovated their operations strategies. Figure 1.1 shows the relative Google search fre-
quencies of three key phrases related to supply chain management over the past 10 years
(compiled from Google Trends). For decades, researchers and practitioners have been em-
ploying operations research (OR) techniques in optimizing their operations. In the supply
chain context, a large part of this methodology is synonymous with the phrase supply chain
optimization. With digitalization, data analytics has quickly become a core element of sup-
ply chain management. Figure 1 shows that the popularity of supply chain analytics has
rapidly grown, and surpassed supply chain optimization (the search frequency for which has
stayed relatively flat) in around 2014 to 2015. While it can be rightfully argued that supply
chain analytics is a broader concept that subsumes supply chain optimization as a subset,
this observation still suggests that many (especially practitioners) now embrace data-driven
(analytics) approaches for supply chain management and began to investigate operations
problems from a data-driven, analytical lens.

Therefore, key technologies such as artificial intelligence (AI) plays an important role.
As shown in Figure 1.1, the interest in supply chain AI has grown from practically zero a
decade ago to about half the level of supply chain optimization today. Most AI, or in other
words, machine learning (ML), techniques are designed for predictive analytics. Predictive
analytics mainly focuses on finding correlations to make forward-looking projections from
historical observations. However, predictive analytics is not enough for operations manage-
ment because what we really need is decision-making. This dissertation combines tools and
concepts from optimization, machine learning, and statistics to investigate methodological
techniques and practical methods. The main focus of this dissertation is to answer the
following question:

How do we use (non-perfect) data samples generated from the unknown distribution to
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Figure 1.1: Relative Search Frequencies for Key Supply Chain Phrases on Google

make more automatic and reliable decisions, especially for supply chain management and
retail operations?

To answer this question, we investigate three interconnected topics: (i) end-to-end meth-
ods that combine prediction and optimization, (ii) distributionally robust data-driven meth-
ods, and (iii) learning for decision-making when data is not independent and identically
distributed (i.i.d.).

In Chapter 2, this dissertation studies a practical multi-period inventory management
problem faced by online-retailers and propose a practical, data-driven, end-to-end (E2E)
framework for multi-period inventory management that leverages the power of deep learning.
While big data allows online retailers to o↵er a larger variety of products and fast delivery,
it also provides new challenges in how to derive more automatic, data-driven solutions for
inventory management. In this chapter, we propose a E2E model that leverages the power
of deep learning. Instead of adopting the two-step approach that first forecasts demand and
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vendor lead-time (VLT) separately and then, based on the predictions, solves for a solution
that minimizes inventory costs, we directly learn the underlying mapping from features to
the optimal solution by adopting a supervised learning approach. The main challenge is the
lack of training data because the optimal solutions for historical orders are not available.
We propose a labeling method that e�ciently constructs the target decisions for a large-
scale dataset. In numerical experiments, the E2E method outperforms multiple baseline
models, including predict- then-optimize methods and common practices in industry. We
implemented this algorithm at a leading online retailer for the replenishment of thousands
of products and conduct a field experiment. With this method, inventory costs have been
reduced by up to 25%. The content of this chapter correspond to the material in our paper
[117].

In Chapter 3, I continue my research on methodologies for end-to-end decision-making.
Instead of focusing on practical solutions, we model the conditional distribution of the ran-
dom parameter given the contextual feature and then estimate it with an objective that
aligns with the ultimate optimization problem. To the best of our knowledge, this is the first
model that includes the conditional distribution, which allows us to fundamentally capture
the correlation between the contextual features and the random parameter, especially when
there are model misspecification and feature distribution shift. We show that our framework
is asymptotically consistent under moderate regularization conditions and further provide
finite-sample performance guarantees in the form of generalization bounds. With the help
of an approximated solution oracle, we address the issue of non-di↵erentiability, which is the
main di�culty encountered while training end-to-end learning models. Distinguished from
existing methods, our work is the first attempt to address the non-di↵erentiability issue
in optimal solution mapping with a performance guarantee. We also provide exact solution
methods when the nominal optimization problem adopts a semi-algebraic objective function.
The content of this chapter correspond to the material in the paper [58].

Chapter 4 focuses on data-driven distributionally robust optimization (DRO) methods.
We examine the conditional quantile prediction problem, which is equivalent to the con-
textual newsvendor problem, and propose a DRO framework. In the existing literature, a
common assumption is that the design points (features) are randomly generated in an i.i.d.
manner, which is often unrealistic especially when features are pre-designed, such as through
a series of controlled experiments. In contrast to the traditional setting, we consider a fixed-
design setting, which is more suitable for cases when features include prices, promotions,
or drag doses. As the data samples are not i.i.d. in the fixed design setting, existing DRO
methods no longer apply. To overcome this di�culty, we propose a two-step regress-then-
robustify method and construct the ambiguity set based on a surrogate empirical distribution
of the regression residuals. We then prove the measure concentration results, which leads to
finite-sample performance guarantees and asymptotic consistency. To the best of our knowl-
edge, this is the first attempt to investigate DRO solutions with the fixed design setting.
The content of this chapter correspond to the material in [115]. Together with Ying Cao, we
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came up with the idea and results in this chapter (an earlier version of the results covered
in Sections 4.1-4.7 are also stated in Ying’s dissertation [30]).

Chapter 5 continues the study on the contextual newsvendor problem. This chapter inves-
tigates the performance guarantees for solving data-driven contextual newsvendor problems
when the contextual data contain intertemporal dependence and non-stationarities. Most
existing work assume that the contextual data are independent and identically distributed
(i.i.d), but such assumptions are often violated in real operational systems. By accommodat-
ing these naturally-arising setting, our work adopts comparatively more realistic assumptions
and provides performance guarantees in the form of out-of-sample generalization bounds.
The contents of this chapter correspond to the material in our paper [116].
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Chapter 2

A Practical End-to-End Inventory
Management Model with Deep
Learning

2.1 Background and Motivation

Inventory management has been an active research topic in management science for over
a century. For comprehensive coverage on this topic, please refer to textbooks such as [156,
134]. However, in today’s digital and fiercely competitive world, e-commerce companies are
facing new challenges in inventory management owing to the increasing level of customer
diversity, the increasing variety of products, and the higher level of service required. For
example, on large e-commerce platforms (such as Amazon and JD.com), hundreds of millions
of products are simultaneously sold, with various demand patterns that require di↵erent
replenishment strategies. Hence, it is critical to develop a framework that would be able
to identify the optimal/close-to-optimal strategy automatically for di↵erent demand, since
they can’t manage these many products e�ciently by current practices.

Motivated by the previously mentioned requisite, we provide a framework that automat-
ically outputs the replenishment decisions for a large number of SKUs. More specifically,
we consider the multi-period inventory management problem over a finite horizon, while
both demand and vendor leadtime (VLT) are considered to be stochastic. The study of
this kind of problem starts from [73] and [41], where the merit of (s, S) policies and my-
opic base stock policies are demonstrated. However, implementing such policies requires an
estimation/prediction of certain parameters/random variables then incorporating the esti-
mation/prediction into those policies (see [141, 145, 154] as represnetatives ). This type of
solution paradigm where first predicting random variables of interest then incorporating the
forecast results into optimization stage is the so-called predict-then-optimize (PTO) solu-
tion framework ([44]). Although being widely adopted, it decouples the prediction stage and
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optimization stage. Consequently, the optimization step does not use the input data in an
optimized manner and useful information can be substantially lost in the PTO process.

Instead of implementing a conventional two-step framework, we propose a data-driven,
end-to-end (E2E) framework for this problem. The term “end-to-end” means training a
model to output the inventory replenishment decision directly from input data without any
intermediate steps. The integration of prediction and optimization has been investigated
in several existing works about inventory management [10, 109]. Both [10] and [109] focus
on the feature-based newsvendor problem, which is essentially a quantile regression problem
of demand and a direct recipe is provided by statistical learning theory [80]. However,
the multi-period replenishment problem is substantially di↵erent from newsvendor problem
in two aspects: first, it adopts a multi-period setting where current decisions a↵ect the
future instead of the single-period setting in newsvendor problem; second, there are two
types of uncertainties (stochastic demand and stochastic VLT), while newsvendor problem
only considers one source of uncertainty (stochastic demand). Therefore, the multi-period
inventory problem is an essentially more complicated problem and there is no simple closed-
form solution for the optimal replenishment decision.

The lack of proper labels makes a fundamental challenge for developing an end-to-end
supervised learning framework in the multi-period setting. To overcome it, we propose a
labeling method by solving a dynamic programming problem and label each sample of order
with the optimal decision under its realization (Theorem 1). As for the choice of model
structure, we design a modular deep learning framework where we have an individual pre-
diction block (a recurrent neural network) for demand and an individual prediction block (a
multiple layer perceptron) for VLT respectively. Then these two blocks join together with
other features such as review period and initial inventory, to produce the final replenishment
decision output. Compared with a fully connected neural network over all features, our de-
sign reduces the computational complexity in magnitudes, while providing convenience on
explanation and good performance as well. Such a modular-designed framework, together
with the labeling process, could form a general recipe for developing End-to-End learning
models for other large-scale supply chain management problems. We conduct a series of
thorough numerical experiments that consist of both o↵-line comparisons and a field ex-
periment. In o↵-line numerical experiments, we compare the performance of the proposed
E2E model with existing PTO benchmarks using real-world datasets from JD.com. The
results demonstrate that the E2E model could reduce the total inventory management cost
compared with multiple PTO methods.

The E2E algorithm has been implemented at JD.com for some SKUs in “tea set” and
“pastry essentials & seasoning” categories starting from February 2020. As JD.com gradually
expanding the number of SKUs with E2E algorithm implemented, we conduct a systematic
field experiment for 30 days from March 30, 2020 to April 30, 2020. The experiment involved
61430 orders placed in 12 distribution centers for 9308 SKUs. We compare the performance
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of the E2E algorithm with that of the retailer’s current replenishment algorithm. The results
show that the E2E algorithm dominates the current algorithm across all performance mea-
sures. More specifically, the average holding cost, stockout cost, and total inventory cost for
the treatment group are all reduced by more than 25% compared with those for the control
group, while two other metrics, the turnover rate and stockout ratio, are reduced by 8.8%
and 34.6%, respectively. Hypothesis tests conducted confirm that all observed reductions
are statistically significant. To further verify the e↵ect of the E2E algorithm, we adopt a
di↵erence in di↵erences approach. The field experiment results demonstrate the immediate
applicability of the E2E method at JD.com.

Our work distinguishes itself from the existing literature in the following three aspects:

1. We are the first to propose an end-to-end framework for the multi-period replenish-
ment problem. Based on a labeling method that we proposed, our framework outputs
replenishment decisions directly from input features. We believe this could be a general
recipe for end-to-end models while the optimization stage is complicated.

2. The proposed end-to-end learning framework automatically decides the replenishment
strategy for various demand patterns. Our approach outperforms multiple baseline
models, including the current practice of a leading online retailer in both o✏ine simu-
lations with real-life data and the field experiment. The field experiment verifies the
applicability of our algorithm for real-world inventory management in the e-commerce
industry.

3. We also innovate the design of deep neural networks structure by designing two modules
for demand and VLT uncertainty separately. Our design reduces the computational
complexity and the number of weights in magnitudes while achieving good perfor-
mance. We also perform a comprehensive sensitivity analysis in Appendix B.

The remainder of this chapter is organized as follows: In Section 2.2, we review the
related literature. In Section 2.3, we state the detail of problem setting and the E2E model.
In Section 2.4, we test our E2E model by conducting o↵-line numerical experiments with real-
world data. In Section 2.5, we demonstrate the design and results of the field experiment.
Finally, we conclude in Section 2.6 and propose some potential future research directions.
Moreover, Appendix A gives the detailed proof of Theorem 1. Sensitivity analysis of neural
network architectures, datasets, and model covariates are provided in Appendix B.

2.2 Literature Review

In this section, we first briefly review existing methods for multi-period replenishment
problem and classic two-step PTO algorithms. After that, we discuss some existing litera-
ture on data-driven approaches, as well as the emerging idea of integrating prediction and
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optimization for inventory management problems, which is mainly based on the Newsvendor
setting. Finally, we introduce the development and applications of end-to-end approaches
in other fields, which serves as the incubator for the proposed E2E inventory management
framework.

Multi-period inventory management problem has been studied in decades since [73]. Us-
ing dynamic programming, [73, 41] established the optimality conditions for base stock and
(s,S) policies under finite and infinite horizons, respectively. Although the optimality of base
stock policies has been proven under di↵erent settings ([65, 54, 105]), calculating the opti-
mal parameter of such policy remains computationally intractable under general cases [92].
In order to get computationally tractable algorithms, one option is to use approximation
algorithms. For example, [92] provided 2-approximation algorithms using dual-balancing
techniques. The other option is to use heuristic algorithms such as myopic policies (see [142,
65, 64] as representative works).

However, all these aforementioned policies assume certain knowledge of demand and VLT
(e.g., demand and VLT follow certain distributional models and the parameters of the model
are known). In practice, such information is often unveiled to decision-makers. Therefore, a
two-step predict-then-optimize (PTO) framework is widely adopted in industry for inventory
management. The PTO framework first forecasts demand and VLT then incorporates the
prediction into certain decision rules such as base stock and (s, S) policies stated above.

In the stage of prediction, there are two di↵erent types of forecasting methods for de-
mand and VLT. The output of forecasting can be a point estimator or a distribution of the
random variable. The first type of forecasting is widely adopted in industry since in some
cases accurate prediction can be achieved by machine learning models (e.g., [53]). How-
ever, point estimation of random variables can lead to information loss, which a↵ects the
subsequent optimization stage. In contrast, if we can make perfect forecast of the random
variable distribution, we have all the information in order to solve the following stochastic
optimization problem. Recently, there are works that develop distributional/probabilistic
forecasting models. When the random variable does not depend on external features, the
distribution can be fitted by simply using empirical distribution of historical observations
or by kernel density estimation ([133]). When the random variable depends on covariates,
distributional/probabilistic forecasting becomes more di�cult. A recent work by [18] uses a
non-parametric method to approximate the distribution of the random variable conditioned
on covariates by weighted empirical distribution. However, this benchmark is not applicable
to numerical experiments using real-world dataset that includes time series features, due to
computationally di�culty. [24] forecast multiple quantiles of demand to gain more distribu-
tional information. Their approach is similar to the benchmark BM1 in our o✏ine numerical
experiments. [6] propose another nonparametric method for conditional density estimation
using kernel mixture network. In their work, densities are assumed as linear combinations
of a family of kernel functions and the weights are determined by a deep neural network.
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Therefore, it requires a lot of computational e↵ort thus not applicable in our setting. More-
over, we want to highlight the fact that, due to the multi-period setting in our problem,
even though we have a practical method for estimating the conditional distribution, solving
corresponding stochastic dynamic programming is also computationally di�cult (we refer to
[92] for a more detailed review).

Since the traditional two-step approaches that separate the prediction from the opti-
mization often lead to sub-optimality, there has been a trend to perform these two steps
simultaneously in the recent literature on data-driven inventory management [10, 109, 96,
36, 18]. Such integration attempts could be realized through operational statistics. [96]
demonstrated the existence of improved operational statistics (in contrast to the use of
the maximum likelihood estimator) by integrating the prediction and optimization steps
on several demand distributions; [36] further studied how to obtain the optimal operational
statistics in a Bayesian framework. Both [96] and [36] only studied the Newsvendor problem.

[10, 109] investigated the concept of integration in the feature-based Newsvendor situ-
ation, where one has access to past demand observations, as well as to a large number of
related features. [10] studied this problem with the Newsvendor loss function and assumed
a linear relationship between the features and the Newsvendor quantile (i.e. the solution).
They analytically showed that their approach can perform better than the SAA and the
separated estimation and optimization method. [109] adopted a multiple-layer perceptron
model that optimized the order quantity. However, all the aforementioned works have been
focused on the Newsvendor problem, in which neither the connection between the periods
nor the vendor lead time has been considered, which are both important factors in practice.

Beyond inventory problems, [18, 44] studied the “integration” philosophy for general
optimization problems. [18] combined machine learning and optimization techniques for
decision-making purposes when features (referred to as auxiliary quantities in the paper) were
available. Their idea was to construct weight functions from data through machine-learning
methods and to incorporate these weights to the objective in the optimization procedure.
Under the context of linear programming, [44] proposed a “smart PTO” framework that
directly leveraged the optimization problem structure forming the loss function.

Another branch of research that served as an impetus for our work originated from the
machine-learning community. In recent years, there has been a dramatic increase in the
number of systems built on “E2E learning” [39]. This term refers to a learning framework,
the ultimate goal of which is directly predicted from raw inputs rather than from intermediate
steps. This concept has been successfully applied to a wide range of tasks, such as finance [14],
image recognition [144] and robotics manipulation [93]. These lines of works have provided
certain valuable inputs to us in terms of integrating prediction and optimization; however,
such an “E2E” approach has not yet been studied with a focus on the general supply-chain
management problem.
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2.3 Model

In this section, we first describe the multi-period replenishment problem; In Section 2.3.1,
this problem is presented with a dynamic programming framework. In Section 2.3.2, we
explain our E2E model with emphasis on its two key components, the property of the optimal
dynamic programming solution and the deep learning network structure.

2.3.1 The Multi-Period Replenishment Problem

In this work, we consider the multi-period inventory management problem with stochastic
demand and VLT. The details are as follows: for a single item at a single location, we consider
a finite horizon of discrete periods 1, . . . , T , where T is the end of the horizon. Over the
T periods, there is a sequence of random demands, denoted by Dt, 8t = 1, . . . T . Let It
denote the inventory level at the beginning of period t. The inventory level can be positive
if we have inventory excess on hand or negative if we have an inventory shortage and, hence,
backorders. As a result, at the end of each period, we either incur a holding cost of h for
each excess unit or a stock-out cost of b for each back-ordered unit.

We consider periodic review policies and assume that review periods are given as a
sequence of dates. That is, we assume there are totally M orders from period 1 to T that are
placed at tm, 8m = 1, . . . ,M . This assumption is aligned with the real-world practice, where
a fixed schedule is typically held for order placement (e.g., one can place orders on Tuesdays
and Fridays). In this problem, we consider the stochastic VLT. That is, the mth order placed
at period t arrives at period t + L, where L is a random variable that only takes positive
integer values. Hence, the arrival time of orders, denoted by vm = tm +Lm, 8m = 1, . . . ,M ,
are also random variables. Moreover, we assume there are no crossing-over of order arrivals.
Although some of the aforementioned assumptions may be unrepresentative (such as back-
order and no crossing-overs), in section 2.4.2 we relax some of them and test our proposed
method under a more realistic setting.

Hereafter, Dt and Lm will denote the random variables; dt and lm denote the realization
of demand at period t and the realization of VLT of the mth order, respectively. At each
period, the system first updates the inventory level by checking if any order has arrived;
then, demand occurs. Let am denote the order quantity for the mth order. At the end of the
period, either a holding cost or back-order cost occurs. The inventory level updates follow
the equation below,

It+1 = It �Dt +
MX

m=1

am {t = tm + Lm}. (2.1)
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Let the cost that occurred at period t be denoted by St, we have

St = h[It �Dt +
MX

m=1

am {t = tm + Lm}]+ + b[�It +Dt �
MX

m=1

am {t = tm + Lm}]+. (2.2)

where [·]+ denotes max{·, 0}.

Our aim is to minimize the expected cost during the finite horizon by choosing the order
quantities at given periods, that is

min
a1,...,aM

E
"

TX

t=1

St

#
. (2.3)

St is defined by (2.2) and the updates of It follow (2.1). Note that the expectation is taken
over the joint distribution of the demand {Dt}Tt=1

and the VLT {Lm}Mm=1
.

2.3.2 End-to-End (E2E) Model

The goal of the replenishment problem is to determine the best order quantity, a : f(x) 2
R at each given review point, after having observed all the features, x. Such features can
include historical demand, VLT, item specifications, and temporal information (day, month,
season).

To find the mapping function f(·), we first train the model with historical data. For each
historical replenishment time point, with observed feature vector xi, we need to compute
a⇤
i
, which is the corresponding optimal order quantity. This step is referred to as “labeling”

for supervised learning algorithms (Section 2.1.4 [66]). We will describe the details of
the labeling method in Section 2.3.2.1. When the associated label for each observation is
completed, we can establish the mapping with the following training objective:

min
f :X!R

NX

i=1

L(f(xi); a
⇤

i
) , (2.4)

where N is the total number of training data, L is the loss function that is defined based
on the di↵erence between the model prediction f(xi) and the optimal order quantity a⇤

i
. In

particular, we consider neural network models for function f and we will describe the details
of the neural-network structure in Section 2.3.2.2.

2.3.2.1 Labeling the optimal order quantity

Unlike the newsvendor problem, for which the optimal solution is the b

b+h
quantile of

demand distribution, the optimal solution of the multi-period inventory problem is not
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straightforward to calculate. In this section, we will analyze the properties of the optimal
order solution, hence producing labels a⇤

i
, i = 1, ..., N for the training set.

Given the order place and arrival time, and the demand at every time step, we can
compute the optimal quantity for each order using the dynamic programming framework.
It should be noted that within periods 1, . . . , T , there are M orders placed. Moreover,
tm 2 {1, . . . , T},m = 1, . . . ,M denotes the time period in which the mth order is placed (the
quantity can be 0). In a similar manner, let vm denote the time when the mth order arrives.
It should be stressed that we assume no crossover of lead time. With given demand, we can
formulate the recursion as

Vm(Ivm) = min
am�0

vm+1�1X

s=vm

h[Ivm+am�d[vm,s]]
++b[d[vm,s]�Ivm�am]++Vm+1(Ivm+am�d[vm,vm+1�1]),

(2.5)
where Vm(Ivm) is the optimal cost over interval [vm, vm+1 � 1], d[i,j] :=

P
j

t=i
dt.

The following theorem describes the closed-form solution of (2.5); hence, it provides an
e�cient approach to label the training and testing data set.

Theorem 2.3.1. The optimal multi-period inventory replenishment problem described by
(2.5) is decomposable, i.e., a⇤⇤

m
:= argmin

am�0

�P
vm+1�1

s=vm
h[Ivm + am � d[vm,s]]+ + b[d[vm,s] �

Ivm � am]+ + Vm+1(Ivm + am� d[vm,vm+1�1])
 
= argmin

am�0

P
vm+1�1

s=vm
h[Ivm + am� d[vm,s]]+ +

b[d[vm,s]�Ivm�am]+. In addition, the closed form of the optimal solution is a⇤⇤
m

= max{d[vm,s⇤]�
Ivm , 0}, where s⇤ = b b(vm+1�vm)

h+b
c+ vm.

Remark. Theorem 2.3.1 indicates that labeling using ex-post optimal order quantities is
practical, i.e. computationally e�cient for large dataset. If, instead of deterministic dynamic
programs, stochastic dynamic programs are solved to get labels, the labeling process becomes
computationally intractable.

2.3.2.2 Neural-network structure

When the associated labels for training data are obtained, we train a neural-network
model f by solving the optimization problem in (2.4). The general structure of the neural-
network model is shown in Figure 2.1.

The inputs of the E2E model include five parts, where Input DF and Input VLT represent
features related to demand and VLT, respectively; Input basic is the set of general item-
level features, such as product categories, warehouse locations, and brand names. The
remaining two features, review period and initial stock level, are directly fed into one of the
hidden layers because they are not intended to generate any cross terms with other features.
The E2E model has three outputs, where the main output Out1 2 R represents the final
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Figure 2.1: Neural network structure of the E2E Model.

replenishment decision. In addition, there are two accessory outputs Out2 as the demand
forecast and Out3 as the VLT forecast.

All hidden layers, except for DF submodule, are fully connected layers with rectified lin-
ear unit (ReLU) activation function and dropout layers [136] to prevent overfitting. The
DF submodule is designed as a multi-quantile RNN (MQRNN), which receives multiple time
series (e.g., demand time series, promotion time series) as inputs and produces a daily de-
mand prediction over a set of quantiles as outputs. We use MQRNN because of its demon-
strated performance in demand forecasting in the e-commerce industry [148, 47].

The training objective function is defined as

min
✓

NX

i=1

n
L(Out1i; a

⇤

i
) + �1L̂1(Out2i, a

⇤

DF,i
) + �2L̂2(Out3i, a

⇤

V LT,i
)
o
, (2.6)

where ✓ is the set of neural network parameters to be optimized, N is the total number
of training data, and �1, �2 are two small positive constants penalizing the demand and
VLT prediction error. A few reasons lead us to include three terms in (2.6), rather than
only the first term. First, the optimization of the two forecasting outputs (i.e., Out2 as the
demand forecast and Out3 as the VLT forecast) act as a guide for faster model training.
Without them, it becomes more di�cult for each submodule of the network to be trained
as desired. Moreover, Out2 and Out3 can be used for monitoring the model performance.
While running the E2E model in real-time, the observation of any anomalies in these two
outputs can help decision-makers detect any abnormal output on replenishment amounts
and analyze the reason behind it.



CHAPTER 2. A PRACTICAL END-TO-END INVENTORY MANAGEMENT MODEL
WITH DEEP LEARNING 14

The above network structure is designed with the knowledge that the replenishment
decision would be made using the information of the demand and the VLT, whose feature
sets hardly overlap and are barely related. Thus, compared with a fully connected network
over all features, our design reduces the computational complexity and the number of weights
in magnitudes, while providing convenience on explanation and good performance as well.

2.4 Numerical Experiment

In this section, we test the performance of E2E model using real-world data. In Sec-
tion 2.4.1, we introduce several common two-step predict-then-optimize (PTO) benchmarks.
In Section 2.4.2, we evaluate the performance of E2E model with di↵erent PTO benchmarks,
and highlight the benefits of both the one-step decision framework and the deep learning
architecture. In all experiments, we use real data from JD.com, one of the largest online
retailers in China. It owns hundreds of warehouses to manage inventory and has replenish-
ment agreements with tens of thousands of vendors. All neural networks are implemented
in PyTorch [111] and trained on a server with an NVIDIA Tesla P40 GPU. We refer to
Appendix B for more details of model parameters and a sensitivity analysis.

2.4.1 Comparison with Two-Step Replenishment Methods

In order to show the performance of our E2E model, we compare the E2E model with
several currently in-use two-step PTO methods.

We start with two widely adopted base stock policies. In “Normal” base stock, the daily
demand is assumed to be independent and identically distributed (i.i.d.) and follows the
Normal distribution. Thus, the base-stock level is computed as

BMnormal = µD(R + µV LT ) + ��1(
b

b+ h
)
q

(R + µV LT )�2

D
+ µ2

D
�2

V LT
, (2.7)

where R is the review period. The mean (µD, µV LT ) and the standard deviation (�D,
�V LT ) are estimated using historical data that contains the demand and the VLT of the
past 180 days. Similarly, in “Gamma”, daily demand is assumed to be i.i.d. and follows
Gamma distribution. Hence, the sum of (R+ µV LT ) days of demand, denoted by D̄, follows
Gamma((R + µV LT )k, ✓), where ✓ and k are estimated using the demand data of the past
180 days. The base-stock level is computed as

BMgamma = Qgamma

D̄
(

b

b+ h
), (2.8)

where QD̄ denotes the quantile function of D̄.

In addition to the two base-stock policies, we also want to compare the E2E model
with PTO benchmarks. As mentioned earlier in Section 2.2, there are two di↵erent types
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forecasting in PTO method: one type of PTO method estimate a point prediction of the ran-
dom variable while the other type predicts the distribution of the random variable. If a PTO
method succeeds to achieve perfect prediction of the joint conditional distribution of demand
and VLT, then theoretically, (2.3) can be solved to optimality. However, as we reviewed in
Section 2.2, there barely exists applicable method for our problem setting. Moreover, even
with reliable forecastings of the joint distribution, we still need to solve a corresponding
stochastic dynamic programming problem, which is computationally intractable.

Therefore, we construct the following two PTO benchmarks using a MQRNN for demand
forecasting and a MLP for VLT prediction for fair comparison.

1) BM1. First, we let d̂m =
P

vm+1�1

t=tm
dt denote the total demand within two adjacent

order-arrival times, namely tm and vm+1. Note that vm can be calculated based on
VLT prediction. Then the b/(b+h) quantile of d̂m is predicted, equivalent to solve the
following problem:

min
am�0

E
d̂m
[b(d̂m � am � Itm)

+ + h(am + Itm � d̂m)
+], (2.9)

BM1 then can be considered as a PTO method with point prediction of VLT and dis-
tributional forecasting of demand. In the optimization stage, the multi-period problem
is approximated by a single-period Newsvendor problem.

2) BM2. An alternative PTO method is to first sequentially forecast the future demand
within two adjacent order-arrival times, that is dtm , dtm+1, ..., dvm+1�1, and then cal-
culate the optimal decision, am, by minimizing the following accumulated inventory
cost

min
am�0

vm+1�1X

t=vm

h[Itm + am � d[tm,t]]
+ + b[d[tm,t] � Itm � am]

+. (2.10)

where vm is estimated as v̂m = tm + l̂m, and vm+1 is estimated as v̂m+1 = tm+1 + l̂m
as well. Notice that l̂m comes from Out3 as the VLT forecast and dt is the demand
forecast. BM2 can be viewed as a PTO method with point prediction for both VLT
and demand, but in optimization stage, the multi-period problem setting is kept.

The minimizers of (2.9) and (2.10) are denoted by a⇤
Bm1,m

(BM1) and a⇤
Bm2,m

(BM2),
respectively. Two benchmarks are employed because each of them emphasizes on di↵erent
stages as a two-step model. First, because predicting the total demand within a time interval
is more likely to reach the desired accuracy than predicting a sequence of demands for each
day, the first benchmark could yield better results in the prediction stage. However, by
noticing that the objective in (2.9) contains a newsvendor loss rather than the one in our
multi-period setting, one can expect that the second benchmark would yield results of higher
accuracy in the optimization stage.
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Method Total cost Holding cost Stockout cost

OPT 3022.60 1925.70 1096.91

E2E RNN 3766.52 (+24.6%) 2689.02 1077.50

BM1 4207.09 (+39.2%) 2502.55 1704.54

BM2 4157.03 (+37.5%) 2254.99 1902.04

Normal 4576.05 (+51.4%) 3369.21 1206.84

Gamma 4476.17 (+48.1%) 2821.87 1654.30

E2E GBM 4017.82 (+32.9%) 2109.93 1907.89

Figure 2.2: Left: demand forecast for three example SKUs via MQRNN. Blue line is the ground

truth, 10% and 90% quantile forecasts are the lower and upper boundary of the forecast band,

and 50% (median) is the orange line within the band. The shaded area is the forecast within the

current order place time and next order arrival time. Right: average inventory cost under di↵erent

E2E and PTO polices over 30 days per SKU.

2.4.2 Results

We test the performance of E2E method and the four PTO policies using real-world
data, a 24,333 SKUs dataset under the Food & Snack Category. The input vector for each
replenishment sample contains SKU profile features, daily sales, and historical VLT, which
is a 132-dimensional vector. The entire dataset are split into a training and a testing dataset
according to the creation date of each sample. We use the first 30-day replenishment-order
data as the training and validation set, where 80% of the data are used for training and the
remaining 20% are used for validation. The validation set is used to evaluate the performance
of the neural network model for di↵erent combinations of hyper-parameter values, which
helps to choose the optimal hyperparameters and prevent over-fitting. The remaining 30
days of data for all SKUs serves as the testing set. The performance of E2E model and
benchmarks are evaluated by total inventory management cost, holding cost and stockout
cost, defined via (2.2). By default, the values of b and h were set to 9 and 1, respectively.

The total inventory management cost, holding cost and stockout cost of di↵erent models
over the test period are listed in Figure 2.2 (right). The averaging holding cost and stock-
out cost were computed as in (2.2). “OPT” refers to the optimal replenishment decisions
obtained by solving the replenishment problem with known demand and VLT, which is the
same approach that is used for the labeling of the data, as described in Section 2.3.2.1. For
the two PTO methods “BM1” and “BM2”, we use the same neural network architecture as
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the E2E model, that is an MQRNN1 for demand prediction and a 2-layer feedforward neural
network for the VLT prediction. In this experiment, the MQRNN model outputs Q = 6
quantile prediction, including mean and quantile levels at 10%, 60%, 70%, 80%, 90% and
95%. The results for BM1 and BM2 are reported based on the best quantile with the lowest
total cost.

Figure 2.2 shows that the proposed E2E deep learning model is the best compared to all
benchmarks. The advantages of end-to-end deep learning model are two-fold. On one hand,
the benefit of using end-to-end framework rather two-step PTO framework can be observed
by comparing the cost of E2E RNN against BM1 and BM2. Since all three algorithms use
the same deep learning structure for demand and VLT prediction, while E2E RNN adopts
one-step decision framework and BM1, BM2 use two-step framework. We suspect that
the prediction errors of demand and lead time compound in the optimization stage. To
avoid the accumulation of error, the end-to-end framework shortens the decision process
while targeting the ultimate optimization goal. On the other hand, the benefit of deep
learning model versus other statistical learning models can be observed when comparing
the E2E RNN cost and E2E GBM cost. E2E GBM denotes the performance of the end-
to-end LightGBM [75] model, which is a decision tree based algorithm that widely used
in industry. Since the tree-based models are not able to process time-series features (e.g.,
historical demand series), we use statistical summary of demand as features including the
mean, standard deviation and temporal di↵erences. Both E2E RNN cost and E2E GBM
algorithms use the end-to-end decision framework, while the deep learning model has better
representation capacity and RNN is more powerful in modeling time series data.

2.5 Field Experiment

The proposed E2E algorithm has been implemented in JD.com since February, 2020. As
of October 2020, there are more than 7,000 SKUs adopts the E2E algorithm for inventory
management, showing significant inventory cost saving in production. JD.com is also working
on expanding the E2E method to more categories.

In this section, we demonstrate the design and results of a 30 days field experiment
conducted in JD.com’s logistics system from March 30, 2020 to April 30, 2020.

2.5.1 Overview of JD.com’s Auto-Replenishment System

JD.com maintains a logistics network in China that consists of about 500 Distribution
Centers (DC) national-wide. Each DC manages its inventory using JD’s inventory replenish-
ment system. JD’s current inventory replenishment algorithm can be viewed as a two-step
(PTO) decision-making process empowered by machine learning techniques and industry ex-

1
Predicting the total demand for Benchmark 1 and predicting the daily demand for Benchmark 2.
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pertise. In the first step, the demand and VLT are predicted using state-of-the-art machine
learning methods considering seasonality, geographic e↵ect, SKU and vendor heterogene-
ity. [47] describes an e↵ort to the retailer’s advanced demand forecast using deep learning
techniques. In the second step, the inventory replenishment decision is made based on the
predictions from the first step. Service level used in current practice of JD.com is decided
by a hyper-parameter called “critical ratio” which is consistent with the hyper-parameters
b and h in E2E model. Generally speaking, the critical ratio for di↵erent product category
doesn’t have to be the same.

In JD’s replenishment system, the performance of a replenishment algorithm is quantified
by five key metrics: stockout rate, turnover rate and the three metrics we used in Section 2.4.2
including the total inventory management cost, holding cost and stockout cost. The stockout
rate is defined as the percentage of days that stockout occurs during the experimental period,
i.e. it measures the frequency of stockouts. The inventory turnover rate is calculated by
dividing the average inventory level of each day by the average demand.

2.5.2 Experiment Design

To test whether the proposed E2E algorithm leads to better replenishment decisions, we
conducted a field experiment during a 30 days period, from March 30, 2020 to April 30,
2020. The experiment involved 61430 orders placed in 12 DCs for 9308 SKUs. The SKUs
are from 18 third-level categories, which belong to two second-level categories, ”tea set” and
”pastry essentials & seasoning”. The details of the categories that are involved in the field
experiment are listed in Table 2.1.

Table 2.1: Details of Categories Involved in the Field Experiments

Second level categories Tea set Pastry essentials & Seasoning

Third level
categories

Tea set combination Baking supplies
Tea cup Flour
Tea kettle Mixed-grains
Tea tray Rice
Tea can Oil
Tea bowl Seasonings

Tea accessories Dry foods
Tea-ware decoration Convenience foods

Co↵ee set
Tea travel set

An E2E model is trained for the second-level category, tea set, and for each third-level
category in the second-level category, pastry essentials & seasoning. In this experiment, we
use h = 12 and b = 88, which is consistent with the critical ratio in these categories. The field



CHAPTER 2. A PRACTICAL END-TO-END INVENTORY MANAGEMENT MODEL
WITH DEEP LEARNING 19

experiment contains all replenishment orders placed after March 30, 2020 for each (SKU,
DC) pair in the aforementioned categories and twelve DCs. A treatment group involves 1052
SKUs and 6097 (SKU, DC) pairs in total, are selected. The replenishment decisions of these
(SKU, DC) pairs are made according to the proposed E2E algorithm starting from March
30, 2020. For the remaining (SKU, DC) pairs, replenishment decisions are made following
JD’s current algorithm. The treatment group of (SKU, DC) pairs was chosen by JD.com’s
managers based on business criteria. We select a control group that also include 6097 (SKU,
DC) pairs using propensity score matching in order to reduce the possibility of selection bias
in this process (with details stated in Section 2.5.2.1). We collect daily inventory levels, daily
sales, replenishment order placement and arrival dates for all (SKU, DC) pairs in the field
experiment to calculate the performance metrics including the average holding cost, average
stockout cost, average total cost, average turnover rate and average stockout rate.

Moreover, JD’s logistics system adopts less restrictive setting compared to Section 2.3.2.
Instead of fully back-order, demand that can not be fulfilled by current inventory will be
considered as back-ordered only if it can be fulfilled by open purchased orders. (Open
purchase orders refer to those orders that have been placed but haven’t arrived, in other
words, replenishment that is on the way.) If it can not be fulfilled by open purchased orders,
it will be considered as lost sales. In addition, there may be cross-over of orders, i.e. orders
may not arrive in the same sequence as they are placed. Therefore, the field experiment can
test the performance of the proposed E2E algorithm in real-world setting.

2.5.2.1 Propensity score matching

As explained earlier, the treatment group contains 6097 (SKU, DC) pairs, selected based
on voluntary response, and all remaining (SKU, DC) pairs from the categories listed in Table
2.1 are the candidate control group. In order to address the issue of potential selection bias,
we choose (SKU, DC) pairs in the control group by using propensity score matching (see
[123] and [125] for references). For propensity score matching, we use demand and VLT as
cofounder variables. Figure 2.3 visualizes the propensity score of control and treatment sets
before and after matching. After matching, we have a control group with same size as the
treatment group.

2.5.3 Results

In this subsection, we first compare the performance of the two algorithms during the
test period using a two-sample t-test. Then to further adjust the potential di↵erences in
the treatment and control groups, we train linear regression models for each outcome metric
and check the significance of the coe�cients. Moreover, we evaluate the performance of both
treatment and control groups before the test period and apply the di↵erence in di↵erences
technique to further confirm the e↵ect of applying the E2E method.
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(a) Propensity score before matching (b) Propensity score after matching

Figure 2.3: Propensity Score Matching. The overlap of the histogram and density plot in

Fig (2.3b) demonstrates that the propensity score has been perfectly matched.

2.5.3.1 T-test results

Table 2.2: Comparison of Performance of Two Algorithms: t-test Results

Holding Cost Stockout Cost Total Cost Turnover Rate Stockout Ratio
Treatment
Group

598.20 496.34 1094.54 18.59 0.17

Control Group 809.54 1027.93 1837.47 20.39 0.26
Di↵erence -211.34(-26.1%) -531.59 (-51.7%) -742.93(-40.4%) 1.8(-8.8%) 0.09(-34.6%)
t-test p-value < 0.001**** < 0.001**** < 0.001**** 0.0102** < 0.001****

Note: ⇤p < 0.1; ⇤ ⇤ p < 0.05; ⇤ ⇤ ⇤p < 0.01; ⇤ ⇤ ⇤ ⇤ p < 0.001.

Table 2.2 demonstrates the results of t-test for the comparison of five performance metrics:
holding cost, stockout cost, total inventory cost, turnover rate, and stockout ratio. The E2E
algorithm significantly reduces all five metrics with four out of five t-test p-values < 0.001
and one p-value < 0.05. In particular, the E2E algorithm can reduce the average holding cost
by 26.1% and average stockout cost by 51.7%, compared to JD.com’s current replenishment
method. Not surprisingly, the total cost is reduced by 40.4%. The average turnover rate has
also been reduced by 8.8% and the stockout ratio reduced by 34.6%.

2.5.3.2 Linear regression

Furthermore, one may have the concern that the treatment group and the control group
having slightly di↵erent average demand and average VLT might lead to unreliable t-tests.
To address this concern, we further consider the following linear regression model for the
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outcomes of each metric,

Outcome = ✓0 + ✓1Is-E2E + ✓2Ave-Demand + ✓3Ave-VLT, (2.11)

where Is-E2E is a binary independent variable that represents if a SKU orders using E2E
algorithm, Ave-Demand is an independent variable that represents the average demand of a
SKU and similarly Ave-VLT represents the average VLT of a SKU.

The linear regression model plays a similar role as the t-tests. It aims to provide a better
comparison of the treatment and control groups’ average outcome by considering covariates
that may a↵ect the outcome of the metrics. Table 2.3 demonstrates the coe�cients and
p-values of Is-E2E.

Table 2.3: Comparison of Performance of Two Algorithms: Linear Regression

Holding Cost Stockout Cost Total Cost Turnover Rate Stockout Ratio
Coe�cient -211.33 -531.53 -742.86 -1.16 -0.09

t-test p-value < 0.001**** < 0.001**** < 0.001**** 0.007*** < 0.001****

Note: ⇤p < 0.1; ⇤ ⇤ p < 0.05; ⇤ ⇤ ⇤p < 0.01; ⇤ ⇤ ⇤ ⇤ p < 0.001.

Table 2.3 indicates that using the E2E algorithm leads to significant reductions on all
five metrics - holding cost, stockout cost, total cost, turnover rate and stockout ratio.

2.5.3.3 Di↵erence-in-di↵erences estimation

To further study the e↵ect of E2E algorithm on all five metrics, we consider a di↵erence
in di↵erences (DiD) approach. To be more specific, we evaluate the performance of the
treatment and control groups from February 29, 2020 to March 29, 2020. We denote this
period as the pre-experiment period. Then compare the performance with that of the post-
experiment test period, March 30, 2020 to April 30, 2020. During the pre-experiment period,
both treatment and control group adopt JD’s current replenish algorithm and during the
post-experiment period, the treatment group adopt the E2E algorithm while the control
group still follows JD’s algorithm.

Table 2.4 demonstrates the DiD comparison of the e↵ect of E2E algorithm implemen-
tation. In Table 2.4, the terms “Pre-Exp” and “Post-Exp” denote the pre-experiment and
post experiment periods, respectively. The results indicate that the implementation of our
proposed E2E algorithm improves all five metrics. The readers may notice that, in the
control group, there is a slight increment of the post-experiment metrics compared to the
pre-experiment metrics. Our conjecture is that, as the economics in China begins to recover
in March 2020, both demand and supply have a larger scale in April compared to March.
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Table 2.4: Di↵erence-in-Di↵erences Estimation of E2E algorithm

Treatment Group Control Group
Pre-Exp Post-Exp Change Pre-Exp Post-Exp Change DiD t-test p-value

Holding Cost 688.13 598.20 -89.93 786.68 809.54 22.86 -112.79 < 0.001****
Stockout
Cost

880.50 496.34 -384.16 887.64 1027.93 140.29 -524.45 < 0.001****

Total Cost 1568.63 1094.54 -474.09 1674.32 1837.47 163.15 -637.24 < 0.001****
Turnover
Rate

16.41 18.59 2.18 16.40 20.39 3.99 -1.81 0.041**

Stockout
Rate

0.24 0.17 -0.07 0.22 0.26 0.04 -0.11 0.044**

Note: ⇤p < 0.1; ⇤ ⇤ p < 0.05; ⇤ ⇤ ⇤p < 0.01; ⇤ ⇤ ⇤ ⇤ p < 0.001.

2.6 Conclusions

In this work, we propose an E2E framework with deep learning models for multi-period
replenishment problems, without prior assumptions on future demands and on the VLT.
The model is trained to capture the behavior of optimal solutions from a perfect knowledge
of the future. Collaborated with an industrial partner, our proposed E2E model has been
implemented in production and we conduct a series of numerical experiments including a
field experiment to demonstrate the advantage of the proposed E2E model over conventional
two-step PTO approaches and current practices in industry. Our model, as well as the
“E2E” philosophy, can be practically useful for the industry because it shortens the decision
process and provides a more automatic inventory management solution. With the possibility
of scaling and generalization, the proposed E2E model enables higher inventory-management
accuracy with a lower operational cost and fewer labor e↵orts.

Moreover, we suggest several opportunities for future research in the E2E concept for
supply-chain management. For instance, one potential direction would be trying to generalize
the E2E model to more general inventory management settings, such as multi-echelon cases
and inventory allocation problems. Another appealing direction would be constructing an
E2E solution for jointly deciding order quantity and ordering time.
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Chapter 3

Integrated Conditional
Estimation-Optimization

3.1 Background and Motivation

Two fundamental aspects of decision-making under uncertainty are estimation and op-
timization. Classically these two aspects are treated separately, with statistical and/or ma-
chine learning methodologies used to estimate the distributions of uncertain parameters
based on data, resulting in a stochastic optimization problem to be solved for making a
decision. In recent years, researchers and practitioners have increasingly recognized the sig-
nificance of considering estimation and optimization in tandem ([18, 72, 39, 44]). Another
salient feature of modern decision-making under uncertainty is the presence of contextual
information, usually in the form of features/covariates, that can be leveraged to improve
the estimation of the uncertain parameters. For example, contextual information such as
temporal information, the presence of promotions, and economic indicators can be leveraged
to refine the estimation of uncertain demand for products. The refined demand distribu-
tion estimates would then be used for making inventory and supply chain decisions through
optimization models. Contextual stochastic optimization (CSO) has recently emerged as a
general paradigm describing this situation, with applications in supply chain management,
finance, transportation, energy systems, and many other areas.

In this work, we consider the CSO problem in a data-driven setting where one has avail-
able historical data consisting of realizations of the uncertain parameters paired with con-
textual feature information. As mentioned, the classical method of solving CSO given data
is a two-step procedure, where in the first step either a point prediction of the parameter or
an estimation of its distribution is built based on data. (Although the phrases “prediction”
and “estimation” are often synonymous or not clearly distinguished in the literature, herein
we specifically let “prediction” denote point predictions of the random parameter and let
“estimation” refer to any methodology, either parametric or non-parametric, for estimating
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the conditional distribution of the random parameter given the context.) Modern machine
learning techniques are often utilized in the first step to provide more granular results, and
these models are usually fit based on statistical objectives such as measures of prediction
error or likelihood. Then in the second step, given the prediction or estimation, an optimiza-
tion problem is solved. A major drawback of these standard predict-then-optimize (PTO)
and estimate-then-optimize (ETO) approaches is that they do not consider the decision er-
ror – the cost with respect to the downstream optimization problem due to an imperfect
prediction – when fitting a statistical model.

We propose an integrated conditional estimation-optimization (ICEO) approach that
estimates the underlying conditional distribution of the random parameter based on mini-
mizing the ultimate decision error. We propose a highly flexible framework that models the
conditional distribution using a hypothesis class and apply ideas from statistical learning to
do estimation. As compared to existing approaches, our approach uses a generic learning
framework based on specifying a hypothesis class and applies to a broad class of convex
contextual stochastic optimization problems with uncertainty in the objective. Many previ-
ous approaches either rely heavily on the structure of the downstream problem, for example
a linear ([44]) or newsvendor ([10]) problem, or propose a variation on a specific learning
algorithm like random forests ([70]). In addition, related approaches based on “end-to-end
learning” (see, e.g., [39, 150]) usually do not directly model the conditional distribution of un-
certain parameters as we do in the ICEO framework and lack strong theoretical guarantees.
We further discuss the relationship between the ICEO framework and existing approaches
in Section 3.1.1.

In addition to proposing the flexible ICEO framework that models the conditional distri-
bution of uncertain parameters in a way that accounts for the downstream optimization cost,
we consider the statistical and computational properties of our approach. In particular, we
prove asymptotic consistency in terms of risks, decisions and hypotheses. Asymptotic consis-
tency is highly desired for data-driven methods because it guarantees that, as the amount of
data increases, our solutions and estimated models converge to their optimums given full in-
formation of the true distribution of contextual features and uncertain parameters. We prove
asymptotic consistence of the ICEO risk and induced decisions only under the assumption
that the hypothesis class is compact, and consistency of the hypothesis requires an additional
assumption related to the uniqueness of the true hypothesis. We also provide generalization
bounds to quantify the out-of-sample performance when data is limited to a finite sam-
ple. To induce desirable generalization properties, we introduce a strongly convex decision
regularization function to stabilize the ICEO decision and to eliminate potential multiple
optimal decisions. The strongly convex regularization guarantees the Lipschitz property of
the regularized optimal solution mapping, and the resulting generalization bounds are con-
structed based on multi-variate Rademacher complexity. In terms of computation, the core
training problem of the ICEO framework is non-convex and even non-di↵erentiable in many
cases. In fact, due to the presence of constraints in the downstream problem, it is often
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the case that the optimal decision oracle has a piece-wise constant shape, which leads to
poor local minima that are very hard to escape when applying gradient-based methods. For
these reasons, we propose two computational approaches: (i) a highly practical approach
that involves approximating the regularized optimal solution oracle with a smooth function
and then applying gradient algorithms, and (ii) a polynomial optimization approach when
the downstream problem has a semi-algebraic objective and we approximate the optimal
solution oracle with a polynomial function.

Our key contributions are summarized as follows:

1. We propose the ICEO framework, wherein we directly estimate the underlying condi-
tional distribution of uncertain parameters given contextual information using a hy-
pothesis class. In contrast to two-step ETO methods, we learn the conditional distri-
bution in a way that integrates with the downstream optimization goal. ICEO o↵ers
more flexibility compared to most existing related approaches.

2. We prove asymptotic consistency of the ICEO method when the model i specified cor-
rectly (Theorem 3.3.1). More specifically, we show the consistency of ICEO risk, ICEO
decisions, and ICEO hypothesis when the hypothesis class contains the correct condi-
tional distribution function. The consistency in risk and decisions hold for arbitrary
compact hypothesis classes. To guarantee the consistency in hypothesis, we require an
additional assumption related to the uniqueness of the true hypothesis.

3. To quantify the out-of-sample performance with finite samples, we provide generaliza-
tion bounds for the ICEO method based on the multi-variate Rademacher complexity
of the hypothesis class used to learn the conditional distribution (Theorem 3.3.3). The
generalization bound is based on the Lipschitz property of the regularized optimal
decision oracle (Proposition 3.3.1.1).

4. The ICEO training problem is non-convex and non-di↵erentiable. Non-di↵erentiability
poses a serious concern when applying gradient-based algorithms, like (stochastic) gra-
dient descent, to solve the ICEO training problem as the presence of constraints can
lead to local minima that are hard to escape (visually illustrated in Figure 3.1). To
address this issue, we approximate the oracle using di↵erentiable function classes with
a guaranteed approximation error (Proposition 3.4.1.1, Proposition 3.4.1.2). We then
provide corresponding generalization bounds when training ICEO method using the
approximated oracle (Theorem 3.4.1). In addition, for the case where the nominal op-
timization problem is semi-algebraic, we propose an exact solution algorithm (Propo-
sition 3.4.1.3).

The remainder of this chapter is organized as follows. In Section 3.1.1, we review related
methods in literature. The details of our proposed ICEO framework are introduced in
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Section 3.2. In Section 3.3, we provide performance guarantees in terms of asymptotic
consistency and generalization bounds. In Section 3.4, we discuss the main di�culties in
solving the ICEO formulation and provide solution methods. Empirical performance of the
ICEO method is demonstrated in Section 3.5.

3.1.1 Relevant Literature

The fusion of prediction models based on data and the optimization problems has become
more and more widespread in recent years. In the remainder of this section, we will discuss
existing works related to this topic and contrast them with our proposed ICEO approach.

The first stream of research focuses on providing a prescriptive solution by approximating
the conditional distribution of the random parameter given a feature vector, with the help
of various machine learning tools. [18] first proposed prescriptive models that approximate
the conditional distribution with a weighted empirical distribution of the uncertainty. The
weights can be achieved based on multiple machine learning models, including k-nearest
neighbors (KNN), kernel methods, tree-based methods, etc. A later work [19] investigates
these prescriptive methods in the multi-period problem setting. [16] follows the same idea
and propose a tree-based algorithm that balances the optimality of the prescription and
accuracy of the prediction. [70] consider a random forest model for the prescriptive solution.
In contrast to the standard way of splitting the feature space, the authors consider the down
stream optimization quality while constructing the partitions. [61] considers the regularized
Nadaraya-Watson approach and establish performance guarantees using moderate deviations
theory.

Another stream of related work investigates adjusting the loss function to meet the ul-
timate optimization goal while training the machine learning models to predict the random
parameters. [10] investigates the Newsvendor problem, which is inherently equivalent to a
quantile prediction problem. The authors learn the feature-to-decision mapping from data by
adopting a loss function that characterizes the newsvendor inventory cost, and is equivalent to
the quantile loss function. Following a similar setting, [116] discuss the performance guaran-
tees of such an approach when there are inter-temporal dependencies and non-stationarities.
[44] consider the case when the downstream optimization problem has a linear objective. The
authors propose a “smart predict-then-optimize” (SPO) framework with a tractable convex
surrogate loss function (SPO+) to integrate the ultimate optimization problem structure.
They prove Fisher consistency of SPO+ and demonstrate its strong numerical performance
on di↵erent problem classes. [9] later provide finite-sample performance guarantee of the
SPO loss in the form of generalization bounds. Recently, [95] have strengthened the consis-
tency of SPO+ by providing risk guarantees and a calibration analysis in the polyhedral and
strongly convex cases. [43] propose a method to train decision trees using the SPO loss and
demonstrate strong numerical performance and improved model complexity over standard
decision tree methods (e.g., CART) that minimize prediction error.
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Other existing studies aim to learn the task-based end-to-end learning models with dif-
ferentiable optimization layers. [39] consider a general setting where the optimization stage
involves a convex optimization problem and adopt the objective in the optimization stage
as the loss function to achieve an end-to-end training for the machine learning models. The
main issue in such end-to-end learning models is to address the non-di↵erentiability of the
optimal solution mapping (the mapping from a contextual feature vector to the optimal
decision). [7] introduce the di↵erentiable optimization layers for the end-to-end training
approaches and propose a method of approximating the gradient of the optimal solution
mapping by the solution of a group of equations representing the KKT conditions. [2]
further provide a method to convert convex programs to the canonical forms that can be
implemented at the optimization layer and implemented their grammar in CVXPY for ease
of use. [149] and [150] further consider more di�cult combinatorial problems. They pro-
pose end-to-end models that map from the graph structure to a feasible solution and train
them with the quality of the solution. [149] consider continuous relaxations of the discrete
problem to propagate gradients through the optimization procedure. [97] consider mixed
integer linear programs and consider a homogeneous self-dual formulation of the LP and
show that the gradients are related to an interior point step. [15] instead consider stochas-
tically perturbed optimizers to evaluate the gradients required for back-propagation. [98,
49, 113] also discuss how to approximate the gradients when training end-to-end models for
combinatorial problems. As our work focuses on convex optimization problems, we skip the
details and refer to [85] for a detailed survey. Although demonstrated to be competitive in
numerical experiments, these end-to-end learning models based on optimization layers and
their extensions to combinatorial cases lack strong performance guarantees in theory. More-
over, learning the feature-to-decision mapping lacks flexibility in the way that it handles
constraints. Indeed, constraints restricts the hypothesis class that can be used to learn the
data-to-decision mapping. In contrast, our ICEO framework learns the conditional distribu-
tion and use the optimal solution mapping to obtain the decision, which is more flexible in
handling constraints.

We also comment on the di↵erence between the problem setting of ICEO and the joint
estimation-optimization (JEO) model ([68, 3, 67, 107]). The major di↵erence is that, in the
JEO model, there is no contextual information considered as predictors of the uncertainty.
Besides, several JEO models focus on solving an online convex optimization problem in the
optimization stage, while we consider a stochastic optimization problem. We would also like
to point out the di↵erences in the problem setting of ICEO and the operational statistics
method, in which the downstream optimization goal is considered in finding the optimal
operational statistic ([96, 36, 121]). We include the contextual information in our problem
setting which is not considered in the classic operational statistics literature. Moreover, we
aim to learn the underlying conditional distribution rather than finding the best statistic.
We also consider constraints in the downstream optimization problem.

Other related works include [108], which investigates the relationship between the pre-
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diction part to the performance of the optimization part, mainly in the case of the least
squares loss function. [28] focuses on the mean-variance portfolio optimization problem and
integrates regression based predictive models with the optimization setting. The authors
provide closed-form analytical solutions for the unconstrained cases. [117] instead focuses
on a multi-period inventory management problem with random demand and leadtime, and
provide a practical end-to-end learning framework empowered by deep learning models. The
authors demonstrate the empirical success of this approach in practice by conducting a field
experiment in industry.

3.2 Contextual Stochastic Optimization and the
ICEO Approach

In this section, we review the basic ingredients of contextual stochastic optimization
problems, which is a fundamental model for applying machine learning in many operational
contexts, and we formally describe our ICEO approach. We consider a convex CSO, which
models a downstream decision-making task. The feasible region for the decision variable
w 2 Rd, denoted by S ⇢ Rd, is assumed to be known with certainty. We additionally assume
that S is a convex and compact set. Although the feasible region of our optimization task
is known with certainty, the objective function c(·, ⇠) : S ! R is stochastic and depends
on a random parameter ⇠. We assume that, for all values of ⇠, c(·, ⇠) is a convex function
of w. While the precise value of ⇠ is not known at the time when a decision must be
made, we assume that the decision maker observes an associated contextual feature vector
x 2 X ✓ Rp (sometimes the components of x are referred to as covariates) that can be used
to learn information about the objective function. Let D denote the joint distribution of x
and ⇠. Then, given an observed x 2 Rp, the decision maker’s goal is to solve the contextual
stochastic optimization problem:

min
w2S

E⇠[c(w, ⇠)|x], (3.1)

where the expectation above is with respect to the conditional distribution of ⇠ given x.

It is important to emphasize that the distribution D, and hence the conditional distribu-
tion of ⇠ given any x, is typically unavailable in practice. Instead, a data-driven approach
to solving (3.1) is much more viable. Indeed, one often has available a training dataset
{(xi, ⇠i)}ni=1

consisting of historically observed pairs of feature vectors xi 2 X and associated
parameter values ⇠i. If the dataset {(xi, ⇠i)}ni=1

is an independent and identically distributed
sample from the distribution D, for example, then it may be possible to learn enough infor-
mation about the conditional distribution to solve problem (3.1). Note also that, as pointed
out by [18] for example, due to the nonlinearity of the objective function, a point estimate for
a prediction of ⇠ given x usually does not provide enough information about the conditional
distribution to produce a reasonable solution of (3.1). In general, without any additional
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structural assumptions, e.g., on either the random parameter ⇠, the distribution D, or the
cost functions c(·, ·), adequately learning the conditional distribution for all relevant x may
be an intractable problem.

In this work, we consider the case where the random parameter ⇠ has finite discrete
support, i.e., ⇠ 2 ⌅ := {z̃1, z̃2, . . . , z̃K}. Then, for any x 2 X , the conditional distribution
of ⇠ given x is characterized by a probability vector p⇤(x) 2 �K , where �K := {p 2 RK :P

K

k=1
pk = 1, p � 0} denotes the (K � 1)-dimensional unit simplex. That is, p⇤

k
(x), the k-th

component of p⇤(x), is defined by p⇤
k
(x) = P⇠(⇠ = z̃k|x), for all k = 1, . . . , K. Using this

notation as well as the shorthand notation ck(·) := c(·, z̃k) for all k = 1, . . . , K, problem (3.1)
can be equivalently written as

min
w2S

E⇠[c(w, ⇠)|x] = min
w2S

KX

k=1

p⇤
k
(x)ck(w). (3.2)

3.2.1 The ICEO Approach

Let us now describe the major ingredients of our ICEO approach, as well as the formu-
lation of our ICEO training problem.

3.2.1.0.1 Hypothesis Class of Conditional Probability Estimators It is evident
from the right side of (3.2) that learning the conditional distribution p⇤(x) is the most critical
part of our contextual stochastic optimization setting. We adopt standard ideas from learning
theory to learn p⇤(x), whereby we employ a compact hypothesis class H of conditional
probability estimators. That is, H is a compact set (e.g., with respect to the uniform norm)
of functions f : X ! �K . The hypothesis class H is the first major ingredient of our ICEO
approach. Note that the constraint on the output of f 2 H, namely f(x) 2 �K for all x 2 X ,
is not standard in most learning problems but is necessitated by our setting. Fortunately,
this constraint can be accommodated in a number of ways. A straightforward approach
is to consider the softmax operator soft : RK ! RK defined by softk(v) = exp(vk)P

K

j=1 exp(vj)
for

v 2 RK . Then, given any hypothesis class H̃ of unconstrained functions f̃ : X ! RK ,
we can define H as the composition class soft � H̃. Note that, due to the di↵erentiability
properties of the softmax operator, soft � H̃ naturally inherits di↵erentiability properties
from H̃, which can be very useful from a computational perspective. For another example,
consider H defined by a decision tree partitioning algorithm. Then, for any given x, f(x) can
be constructed from the empirical distribution of ⇠ restricted to the subset of the partition
of the training data for which x lies in. Finally, a third approach, which we expand upon
in Section 3.4.3, is to let H be a constrained linear hypothesis class whereby H = {f :
f(x) = Bx 2 �K for all x 2 X}. Depending on the structure of X , it may be possible to
e�ciently model the constraint Bx 2 �K for all x 2 X , and we discuss specific examples
in Section 3.4.3. We would like to emphasize two points about our approach for estimating
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the conditional distribution using a hypothesis class H. First, by directly estimating the
conditional probability our proposed method has more flexibility in handling constraints as
compared to methods that learn a mapping ⇡ directly from features x to decisions w. In
particular, the approach of learning a mapping from features to decisions requires that the
output of the mapping ⇡ be feasible in the region S, which may severely constrain the feasible
set of ⇡. On the other hand, our approach of composing a user-specified hypothesis class
H with the regularized optimal solution mapping w⇢(·) allows for a very general selection of
H. In particular, the only requirement to achieve asymptotic consistency is compactness of
H, and, to provide a generalization bound, we further need H to have bounded multivariate
Rademacher complexity.

3.2.1.0.2 Regularized Optimization Oracle. As mentioned previously, we assume
that the functions ck(·) = c(·, z̃k), for all k = 1, . . . , K, are all convex functions of w on
the convex and compact feasible region S. We additionally assume that these functions are
computationally tractable in practice, in the sense that any weighted combination of these
functions can be e�ciently optimized. Furthermore, we presume that we can additionally
work with a decision regularization function �(·) : S ! R, which is non-negative and strongly
convex with respect to some norm k · k on Rd. Given any p 2 �K and ⇢ > 0, define the
regularized optimal solution mapping:

w⇢(p) := argmin
w2S

KX

k=1

pkck(w) + ⇢�(w). (3.3)

Note that, due to the strong convexity of �(·), w⇢(p) is uniquely defined. Furthermore, we
can show that w⇢(·) is a continuous mapping as demonstrated in Lemma B.1.1. These regu-
larity properties induced by the use of the regularization term �(·) are crucial for developing
our ICEO methodology as well as for proving associated theoretical guarantees. For com-
putational purposes, we assume that w⇢(p) can be e�ciently computed in practice for any
p 2 �K and ⇢ > 0. For example, we may compute w⇢(p) using a commercial solver or a
specialized algorithm that depends on the structure of the ck(·) and �(·) functions. Ideally,
the function �(·) should be chosen so that the complexity of computing w⇢(p) is not greatly
increased as compared to when ⇢ = 0. Note that our performance guarantees developed in
Section 3.3 hold for any choice of �(·) that is strongly convex. When �(·) is not present
there may be multiple optimal solutions of (3.3), and we use the notation W (p) to refer to
the set of such optimal solutions, i.e., W (p) := argmin

w2S

P
K

k=1
pkck(w).

3.2.1.0.3 ICEO Methodology. We are now ready to describe our ICEO methodology
and corresponding training problem, whereby we consider an integrated approach that es-
timates a hypothesis f 2 H in consideration of the downstream optimization goal. We
presume that we have collected a training dataset {(xi, ⇠i)}ni=1

consisting of historically ob-
served pairs of feature vectors xi 2 X and associated parameter values ⇠i. We also presume
that the decision maker uses the regularized optimal solution oracle w⇢(·) defined in (3.3).
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We adopt the empirical risk minimization (ERM) principle with respect to the regularized
in-sample cost induced by the regularized oracle:

min
f2H,w1,...,wn2S

1

n

nX

i=1

c(wi, ⇠i) + ⇢�(wi) (ICEO-⇢)

s.t. wi = w⇢(f(xi)),

where ⇢ > 0 is a given value of the decision regularization parameter, which can be cho-
sen with cross validation for example. Let f̂ 2 H denote a computed optimal solution of
(ICEO-⇢). Then, for any newly observed feature vector x 2 X , the decision maker imple-
ments the decision w⇢(f̂(x)) 2 S formed by composing w⇢(·) with f̂(·).

Let us contrast the ICEO approach with two more standard approaches: predict-then-
optimize (PTO) and estimate-then-optimize (ETO). Note that the phrases “predict” and
“estimate” are closely tied in the literature and there is no agreed upon consistent way
to distinguish between the two. In our context, we specifically use “predict” to refer to
point predictions of the random parameter ⇠ and “estimate” to refer to any methodology
for estimating the conditional distribution of ⇠ given any x 2 X . Specifically, in the PTO
approach, a machine learning model ĝPTO : X ! ⌅ is built, using the training data, to
predict the parameter ⇠ based on the feature vector x. Then, given any new x 2 X , the
decision maker implements a decision from the optimal solution set argminw2S c(w, ĝPTO(x)).
As mentioned previously, due to the nonlinearity of the objective, a point estimate for a
prediction of ⇠ is generally too simplistic to provide a reasonable solution of (3.1). Indeed,
unless the conditional distribution is guaranteed to be a point mass, then the PTO approach
is not suitable for nonlinear problems. In the case when the objective is linear, a point
estimate is actually su�cient and PTO approach is viable. In this linear case, [44] propose
a “smart predict-then-optimize (SPO)” approach that aims to minimize the downstream
optimization cost. Furthermore, in this linear case the ICEO approach proposed herein
(without regularization) reduces to the SPO problem proposed by [44].

Returning to the nonlinear case studied herein, the ETO approach learns a model f̂ETO :
X ! �K for estimating the conditional distribution of ⇠ given x. Then, given any new x 2 X ,
the decision maker implements a decision from the optimal solution set W (f̂ETO(x)). Thus,
the ETO approach is more aligned with the ICEO approach. The main distinction is that the
traditional ETO approach learns the model f̂ETO in a way that is completely oblivious to the
downstream optimization task. For instance, given a hypothesis class H, the ETO approach
might select the hypothesis by minimizing the empirical cross-entropy loss, defined for any
f 2 H and any observed (x, ⇠ = z̃k) by `ce(f(x), ⇠ = z̃k) := � log(fk(x)). Alternatively, one
may consider a purely non-parametric method for estimating the conditional distribution
such as the k-nearest neighbors or CART algorithms for example. In these cases, and
several others, [18] demonstrate asymptotic consistency properties of the ETO approach. [70]
consider using a (non-parametric) random forests estimator of the conditional distribution in
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a way that is trained with respect to the cost of the downstream optimization task, akin to
the ICEO approach. On the other hand, the ICEO approach directly models the underlying
conditional distribution using a hypothesis class H. Thus, while [70] only provide asymptotic
consistency results, we are able to prove both asymptotic consistency and generalization
bounds for a wide variety of hypothesis classes.

Additional Notation. Due to the compactness of S, the cost function c(·, ·) is bounded
and we define c̄ := sup

w2S,⇠2⌅
|c(w, ⇠)|. Because of the compactness of S, we can define

diameters of S. We let diamj(S) := sup
u,v2S

|uj�vj| to denote the coordinate-wise diameter

of the feasible region S. We further let diam(S) :=
P

d

j=1
diamj(S) denote the summation

of the coordinate-wise diameter of all coordinates. Given a norm k · k defined on Rd, the
distance from a point w 2 Rd to a set W ✓ Rd is denoted by dist(w,W ) := infu2W kw� uk.
For a convex function h(·) : S ! R, we let @h(w) denote the set of subgradients of h(·)
at w. Let � denote the composition of functions. For example, with f : X ! �K and
w : �K ! S, then w � f is the function from X to S with (w � f)(x) := w(f(x)) for
all x 2 X . This function composition notation also extends naturally to function classes.
For example, for a class H of functions f : X ! �K , we let w � H denote the class of
functions {w � f : f 2 H}. We denote the set of non-negative integers a N0 and let Nk

0

denote the set of all k-dimensional vectors with each component is a non-negative integer.
1 denotes the K-dimensional vector with all coordinates taking the value of one. We let
TV(P ,Q) denote the total variation between two probability measures P and Q supported
on the K-dimensional simplex �K . TV(P ,Q) :=

P
A2B

|P(A) � Q(A)| where B denote
the class of Borel sets in �K . In Section 3.4.1, we will use an equivalent expression of
TV(P ,Q) = 1

2
sup

f :�![�1,1]
(
R
�K

f(p)dP(p)�
R
�K

f(p)dQ(p)).

3.2.2 Motivating Examples

In this section, we present a few motivating examples for the ICEO framework, some of
which will be revisited in our numerical experiments in Section 3.5.

Example 3.2.1 (Multi-item Newsvendor). The multi-item Newsvendor problem aims to find
the optimal replenishment quantities for d di↵erent products. We let ⇠ := (⇠1, . . . , ⇠d) denote
the random demand of d products and let w 2 Rd denote the associated order quantities.
The demand values ⇠ might be related to contextual information such as promotions, holiday
seasons, brand information, etc. The objective of this problem is the total inventory cost
including the holding costs hl and stockout costs bl, which characterize the over-stock and
under-stock, respectively. The objective cost can be formulated as

c(w, ⇠) :=
dX

l=1

hl(wl � ⇠l)
+ + bl(⇠l � wl)

+, (3.4)

where the function (·)+ is defined as max{·, 0}. Moreover, we consider a budget capacity
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constraint C > 0 on the total order quantities and formulate the feasible set as

S := {w :
dX

l=1

wl  C,w � 0}.

Example 3.2.2 (Risk-Averse Portfolio Optimization). We consider the problem of finding
an optimal risk-averse portfolio of d assets. We denote the random vector of asset returns
by ⇠ 2 Rd, which may be associated with the contextual information such as economic
indicators, news headlines, etc. The decision maker aims to find the best allocation of assets
w 2 Rd that optimizes a weighted combination of the expected return and variance of the
portfolio. By introducing an auxiliary variable w0 2 R, we formulate the objective as

c(w,w0, ⇠) := ↵

 
dX

l=1

wl⇠l � w0

!2

�
dX

l=1

wl⇠l, (3.5)

where ↵ > 0 is a trade o↵ parameter. Note that the expectation of the first term in

(3.5) is ↵E⇠

h
(
P

d

l=1
wl⇠l � w0)2

i
, which represents the variance of the investment return

Var(
P

d

l=1
wl⇠l) when w0 is optimally selected as w0 = E⇠

hP
d

l=1
wl⇠l

i
, while the second

term is the return of the portfolio. Therefore, E⇠[c(w,w0, ⇠)] trades o↵ between minimizing
the variance and maximizing the expected return of the portfolio. As is standard in the
classical portfolio optimization problems, we constrain the portfolio decision in the simplex
�d = {w 2 Rd :

P
d

l=1
wl = 1, w � 0} and we have

S := {(w,w0) : w 2 �d, w0 � 0, 0  w0  ⌅̄},

where ⌅̄ � 0 is a known upper bound the maximum of the returns k⇠k1.

Example 3.2.3 (Minimum Convex Cost Flow Problem). Many applications such as urban
tra�c system and area transfers in communication networks can be formulated as a minimum
convex cost flow problem (we refer to Chapter 14 of [4] for more details). In the minimum
convex cost flow problem, the decision-maker aims to find the maximum flow that minimizes
the associated cost on the edges. The cost is a convex function of flow and depends on a
random parameter. Suppose we consider a directed graph with d edges and the random
parameter ⇠ 2 Rd. In this problem, we consider the objective function

c(w, ⇠) =
dX

l=1

gl(wl, ⇠l)

where gl is a convex function of wl and gl can be di↵erent for di↵erent coordinates. Similar
to the standard network flow problem, we let the matrix A denotes the node-arc incidence
matrix of the graph and restrict the flow on each edge in the region [l, u]. Therefore, we have
the feasible region

S = {w 2 Rd : Aw = 0, w 2 [l, u]d}.
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3.3 Performance Guarantees

In this section, we demonstrate asymptotic consistency and finite-sample performance
guarantees of the ICEO approach. Let us first introduce some additional notation. We state
our results in terms of arbitrary policy mappings ⇡ : X ! S, which represent any mapping
from the feature space X to the set of feasible decisions S. Our main interest herein is the
class of policies that combine the optimal solution mapping and hypothesis f , i.e., ⇧ = w⇢�H.
This class of policies includes the policy learned by the ICEO approach as well as policies
learned by ETO approaches. In the remaining part of this work, we let f ⇤ : X ! �K denote
the function that maps from x to the true conditional distribution p⇤(x). We refer to f ⇤ as the
true hypothesis. Moreover, we define w(·) : �K ! S as a function that arbitrarily outputs a
value from the optimal solution set W (·), i.e., w(p) 2 W (p) = argmin

w2S

P
K

k=1
pkck(w) for

all p 2 �K .

To quantify our performance guarantees, we define the following risk functions for any
policy ⇡ and given regularization parameter ⇢ � 0:

1. R̂n(⇡; ⇢): The empirical regularized risk, for any given regularization parameter ⇢ � 0,
with respect to a given sample {(xi, ⇠i)}ni=1

, i.e.,

R̂n(⇡; ⇢) :=
1

n

nX

i=1

c(⇡(xi), ⇠i) + ⇢�(⇡(xi)).

2. R(⇡; ⇢): The expected regularized risk, for any given regularization parameter ⇢ � 0,
with respect to the underlying joint distribution D of x and ⇠, i.e.,

R(⇡; ⇢) := Ex,⇠ [c(⇡(x), ⇠) + ⇢�(⇡(x))] = Ex

"
KX

k=1

p⇤
k
(x)ck(⇡(x)) + ⇢�(⇡(x))

#
,

where p⇤
k
(x) = P⇠(⇠ = z̃k|x) for all k = 1, . . . , K.

We also use the short hand notation R̂n(⇡) := R̂n(⇡; 0) and R(⇡) := R(⇡; 0) to denote the
unregularized empirical and expected risks, respectively. Note that R̂n(·; ⇢) is the objective
function of (ICEO-⇢). We also use the notation Dx to refer to the marginal distribution of
the features x. We further define the optimal risk values for the class of policies ⇧ = w⇢ �H
that we consider herein.

1. J⇤: the optimal expected unregularized risk, i.e.,

J⇤ := min
f2H

Ex

"
KX

k=1

p⇤
k
(x)ck(w(f(x)))

#
= min

f2H

R(w � f ; 0).
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2. J⇤

⇢
: the optimal expected regularized risk for any given regularization parameter ⇢ > 0,

i.e.,

J⇤

⇢
:= min

f2H

Ex

"
KX

k=1

p⇤
k
(x)ck(w⇢(f(x))) + ⇢�(w⇢(f(x)))

#
= min

f2H

R(w⇢ � f ; ⇢).

3. Ĵn

⇢
: the optimal empirical regularized risk with any given sample Sn and a given

regularization parameter ⇢ > 0, i.e.,

Ĵn

⇢
:= min

f2H

1

n

nX

i=1

c(w⇢(f(xi)), ⇠i) + ⇢�(w⇢(f(xi))) = min
f2H

R̂n(w⇢ � f ; ⇢),

and we let f̂n

⇢
denote its optimal solution.

3.3.1 Asymptotic Consistency

We first demonstrate the asymptotic consistency of the ICEO approach. The consistency
of our approach is three-fold: the consistency of the ICEO risk, the consistency of the ICEO
decisions, and the consistency of the ICEO hypothesis. Our asymptotic consistency results
require the following conditions:

Assumption 1. For the compact hypothesis class H, we have the following:

A. (Model Specification) The hypothesis class H includes the true hypothesis f ⇤ i.e., f ⇤ 2
H.

B. (Unique true hypothesis.) There does not exists a hypothesis f 6= f ⇤ in H such that
W (f(x)) \W (f ⇤(x)) 6= ;, Dx-almost surely for all x 2 X .

Recall that if c(·) is not strongly convex, there may exist multiple optimal solutions
denoted by W (p) for any input probability vector p 2 �K . In this case, we assume that the
oracle w(p) outputs one element from the set of optimal solutions W (p). In Lemma B.1.2 in
the Appendix, we demonstrate that the value of the unregularized optimal riskJ⇤ does not
depend on the particular choice of w(·) and that f ⇤ is always the minimizer that achieves
J⇤.

To guarantee the consistency of the ICEO method, we consider a sequence of regular-
ization parameters ⇢n, depending on the sample size n, such that ⇢n converges to zero as n
grows to infinity. Theorem 3.3.1 below demonstrates the three levels of consistency.

Theorem 3.3.1 (Asymptotic Consistency of ICEO). Suppose that the training data (xi, ⇠i) is
an i.i.d. sequence from the distribution D and that the sequence of regularization parameters
⇢n satisfies limn!1 ⇢n = 0. Then, under Assumption 1.A, we have the following:
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(i) The optimal empirical regularized risk converges to the optimal expected risk, i.e.,
Ĵn

⇢n
! J⇤ with probability 1.

(ii) Dx-almost surely for all x 2 X , the sequence of ICEO decisions w⇢n(f̂
n

⇢n
(x)) converges

to the true set of optimal decisions W (f ⇤(x)), i.e., dist(w⇢n(f̂
n

⇢n
(x)),W (f ⇤(x))) ! 0

with probability 1.

(iii) Additionally, with Assumption 1.B, the sequence of ICEO hypotheses converges to the
true hypothesis, i.e, f̂n

⇢n
! f ⇤ with probability 1.

We would like to clarify the relationship between the asymptotic consistency stated in
Theorem 3.3.1 and the asymptotic optimality defined in [18]. In [18], the authors define
asymptotic optimality in terms of the decisions reaching the best objective function perfor-
mance possible. Because of the continuity of the cost function c, the convergence of ICEO
decisions, as stated in (ii) of Theorem 3.3.1, implies the asymptotic optimality property of
[18].

Proof. Proof of Theorem 3.3.1 In this proof, we slightly abuse the notation and let R(f ; ⇢)
denote R(w⇢ � f ; ⇢) for any ⇢ � 0 and R̂n(f ; ⇢) denote R̂n(w⇢ � f ; ⇢). We first show that
lim⇢!0 J⇤

⇢
= J⇤. Recall that J⇤ = R(f ⇤; 0) and J⇤

⇢
= R(f ⇤

⇢
; ⇢), and we have:

R(f ⇤; 0)  R(f ⇤

⇢
; 0)  R(f ⇤

⇢
; ⇢)  R(f ⇤; ⇢),

where the first inequality holds because the true hypothesis f ⇤ achieves the optimal value
J⇤, the second follows from the fact that � is a non-negative function, and the third follows
from the fact that f ⇤

⇢
is the optimizer of R(·; ⇢). In the meanwhile, R(f ⇤; ⇢) ! R(f ⇤; 0) as

⇢! 0. Thus,
J⇤

⇢
:= R(f ⇤

⇢
; ⇢)! R(f ⇤; 0) = J⇤.

Then we want to show that Ĵn

⇢
! J⇤

⇢
with probability 1 as n ! 1. Let li(f, ⇢) :=

c(w⇢(f(xi)), ⇠i) + ⇢�(w⇢(f(xi))), then li(·, ⇢) are i.i.d. random functions on the compact
hypothesis class H. Due to the compactness of S, both R(·; ⇢) and li(·, ⇢) are bounded.
Then we can apply the main theorem in [126] and have that 1

n

P
n

i=1
li(·, ⇢) ! R(·; ⇢) with

probability 1 for all f uniformly. Moreover, together with the continuity of R(·; ⇢), the
uniform convergence of R̂n leads to the �-convergence of l̂(·, ⇢) to R(·; ⇢) in probability ([26]).
Then we can apply the Fundamental Theorem of �-convergence so that the convergence of
minimum values Ĵn

⇢
converges to J⇤

⇢
([27]). Then for any sequence of ⇢n > 0 with ⇢n ! 0,

as n ! 1, we can find a sequence of ✏n > 0 that satisfies limn!1 ✏n = 0 and the following
conditions: J⇤

⇢n
� J⇤  ✏n and |Ĵn

⇢n
� J⇤

⇢n
| < ✏n with probability 1. Thus, |Ĵn

⇢n
� J⇤|  2✏n

for all n, which leads to Ĵn

⇢n
! J⇤ with probability 1 and (i) is proved.
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Due to the compactness of S andH, with any sequence of ⇢i ! 0, the sequence w⇢i
(f ⇤

⇢i
(x))

has accumulation points. Let w⇢t(f
⇤

⇢t
(x)) be any subsequence converging to an accumulation

point w⇢1(f ⇤

⇢1(x)) 2 S. Note that we have

J⇤ = lim
t!1

Ex[
KX

k=1

f ⇤

k
(x)ck(w⇢t(f

⇤

⇢t
(x))) + ⇢t�(w⇢t(f

⇤

⇢t
(x)))]

� lim
t!1

Ex[
KX

k=1

f ⇤

k
(x)ck(w⇢t(f

⇤

⇢t
(x)))]

� Ex[
KX

k=1

f ⇤

k
(x)ck(w⇢1(f ⇤

⇢1(x)))],

where the equality follows from J⇤

⇢
! J⇤ when ⇢ ! 0, the first inequality holds due to

the non-negativity of the regularization term �, and the second by Fatou’s lemma. Since
W (f ⇤(x)) is defined the set of optimal solutions of

P
K

k=1
f ⇤

k
(x)ck(·) for all x, then Dx almost

surely for all x, w⇢1(f ⇤

⇢1(x)) must lie in the set w(f ⇤(x)). Then dist(w⇢t(f
⇤

⇢t
(x)),W (f ⇤(x))) 

kw⇢t(f
⇤

⇢t
(x)) � w⇢1(f ⇤

⇢1(x))k. By the continuity of the norm k · k, limt!1 kw⇢t(f
⇤

⇢t
(x)) �

w⇢1(f ⇤

⇢1(x))k = k limt!1 w⇢t(f
⇤

⇢t
(x)) � w⇢1(f ⇤

⇢1(x))k = 0. Therefore, Dx-almost surely for

all x, dist(w⇢(f̂n

⇢
(x)),W (f ⇤(x)))! 0 as ⇢! 0.

Moreover, for any fixed ⇢ > 0, due to the compactness ofH and the fact that 1

n

P
n

i=1
li(·, ⇢)

converges to R(·; ⇢) uniformly with probability 1, we can apply the fundamental theorem
of �-convergence again and conclude that any accumulation point of f̂n

⇢
, denoted by f1

⇢
,

minimizes R(·; ⇢) with probability 1. Because of the strongly convexity of ck(·) + ⇢�(·), if
f1

⇢
minimizes R(·; ⇢), then w(f1

⇢
(x)) = w(f ⇤

⇢
(x)) Dx-almost surely for all x 2 X . Therefore,

given any sequence ⇢n ! 0, we can find a sequence of �n � 0 such that limn!1 �n = 0 and
satisfies both kw(f ⇤

⇢n
(x)) � w⇢n(f̂

n

⇢n
(x))k  �n and dist(w⇢n(f

⇤

⇢n
(x)),W (f ⇤(x)))  �n, with

probability 1. Therefore, with probability 1, we have

dist(w⇢n(f̂
n

⇢n
(x)),W (f ⇤(x)) = inf

u2W (f⇤(x))
kw⇢n(f̂

n

⇢n
(x))� w⇢n(f

⇤

⇢n
(x)) + w⇢n(f

⇤

⇢n
(x))� uk

 kw⇢n(f̂
n

⇢n
(x))� w⇢n(f

⇤

⇢n
(x))k+ inf

u2W (f⇤(x))
kw⇢n(f

⇤

⇢n
(x))� uk

(3.6)

 2�n, Dx � almost surely, (3.7)

where (3.6) follows from the triangle inequality, and (3.7) further leads to the conclusion in
(ii).

Finally, if we have an accumulation point of f̂n

⇢n
, denoted as f̄ , that does not equal to f ⇤,

then by (ii), we have W (f̄(x))\W (f ⇤(x)) 6= ; for all x 2 X almost surely, which contradict
to Assumption 1.B. Thus with the uniqueness assumption, the true hypothesis f ⇤ can be
recovered by f̂n

⇢n
.
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3.3.2 Finite Sample Performance Guarantees

We now provide finite sample performance guarantees of the ICEO solution f̂n

⇢n
in the

form of generalization bounds based on Rademacher complexities. In particular, our overall
strategy is as follows: (i) we demonstrate that, due to the presence of the strongly convex
decision regularization function �(·), the optimal solution mapping w⇢(·) is Lipschitz, (ii) we
use the result of [99] to bound the Rademacher complexity with respect to the cost function
of the ICEO framework by the multivariate Rademacher complexity of the underlying hy-
pothesis class H. In addition, we slightly abuse the notation and let c(·) : S ! RK denote
a vector-valued mapping, where each component ck(w) denotes the cost c(w, ⇠ = z̃k) for all
scenarios k = 1, . . . , K, as defined earlier in Section 3.2.

Before we investigate the Rademacher complexities, we first demonstrate the Lipschitz
property of the regularized optimal solution mapping w⇢(·) for any positive parameter ⇢,
based on the following assumption regarding the Lipschitz property of the cost function
c(w) and the strong convexity constant of the decision regularization function �(·).
Assumption 2. The cost function c(·) and the decision regularization function �(·) satisfy
the following conditions:

A. c(·) is Lc-Lipschitz with respect to the decision w 2 S, i.e., it holds that kc(w1) �
c(w2)k2  Lckw1 � w2k for all w1, w2 2 S.

B. The decision regularization function �(·) is a 1-strongly convex function on the compact
set S.

Note that we use the `2 norm as the norm on the space of outputs of the cost functions
c(·), while the norm on the space of decisions w remains the generic norm k · k. The reason
for focusing on the `2 norm is that we can apply the elegant vector contraction inequality
of [99] when analyzing the Rademacher complexity. It is also worth mentioning that the
Lipschitz condition in Assumption 2.A implies that the cost functions ck(·) are uniformly
Lc-Lipschitz, i.e., kc(w1)� c(w2)k1  Lckw1 � w2k.
Proposition 3.3.1.1 (Lipschitz Properties of w⇢(·) and c(·)). Suppose Assumption 2 holds.
Then, for any ⇢ > 0, the optimal solution mapping w⇢(·) is (Lc

⇢
)-Lipschitz:

kw⇢(p)� w⇢(p
0)k  Lc

⇢
kp� p0k2, 8p, p0 2 �K . (3.8)

Furthermore, c(w⇢(·)) is (L
2
c

⇢
)-Lipschitz:

kc(w⇢(p))� c(w⇢(p
0))k1  kc(w⇢(p))� c(w⇢(p

0))k2 
L2

c

⇢
kp� p0k2, 8p, p0 2 �K . (3.9)
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The proof of this Proposition follows standard arguments of Nesterov’s smoothing tech-
nique ([106]), and a related result with a similar proof style appears in [59].

Proof. Proof of Proposition 3.3.1.1 Let p, p0 2 �K be fixed. We let h⇢(·, p) : S ! R be
defined by h⇢(w, p) :=

P
K

k=1
pkck(w) + ⇢�(w). Since �(·) is a 1-strongly convex function,

then h⇢(·, p) is ⇢-strongly convex and it holds for all w 2 S and g 2 @wh⇢(w, p) that

h⇢(w
0, p)� h⇢(w, p) � gT (w0 � w) +

⇢

2
kw0 � wk2 8w0 2 S. (3.10)

Since w⇢(p) = argminw2S h⇢(w, p), the first-order optimality condition implies there exists
a subgradient g 2 @h(w⇢(p), p) such that gT (w0 � w⇢(p)) � 0 for all w0 2 S. Applying this
condition in (3.10) with w  w⇢(p) w0  w⇢(p0) yields

h⇢(w⇢(p
0), p)� h⇢(w⇢(p), p) �

⇢

2
kw⇢(p

0)� w⇢(p)k2.

Switching the role of p and p0 yields

h⇢(w⇢(p), p
0)� h⇢(w⇢(p

0), p0) � ⇢

2
kw⇢(p)� w⇢(p

0)k2.

Adding the above two inequalities together yields

⇢kw⇢(p)� w⇢(p
0)k2  h⇢(w⇢(p), p

0)� h⇢(w⇢(p
0), p0) + h⇢(w⇢(p

0), p)� h⇢(w⇢(p), p)

= [h⇢(w⇢(p), p
0)� h⇢(w⇢(p), p)]� [h⇢(w⇢(p

0), p0)� h⇢(w⇢(p
0), p)]

=
KX

k=1

(p0
k
� pk)ck(w⇢(p))�

KX

k=1

(p0
k
� pk)ck(w⇢(p

0))

=
KX

k=1

(p0
k
� pk)(ck(w⇢(p))� ck(w⇢(p

0)))

 kp� p0k2kc(w⇢(p))� c(w⇢(p
0))k2

 Lckp� p0k2kw⇢(p)� w⇢(p
0)k,

where the last inequality uses Assumption (2.A). Dividing by kw⇢(p)�w⇢(p0)k leads to (3.8),
and combining the resulting inequality again with (2.A) yields (3.9).

To establish the generalization bound for the ICEO risk, we rely on both regular single-
variate and multi-variate Rademacher complexity. In the ICEO setting, given a class of
policies ⇧, where ⇡ : X ! S for all ⇡ 2 ⇧, we can apply generalization bounds that directly
use the Rademacher complexity of the function class c �⇧. Given a sample {(xi, ⇠i)}ni=1

the
empirical Rademacher complexity R̂n(c � ⇧) of the function class c � ⇧ is defined by

R̂n(c � ⇧) := E�

"
2

n
sup
g2c�⇧

nX

i=1

�ig(xi, ⇠i)

#
= E�

"
2

n
sup
⇡2⇧

nX

i=1

�ic(⇡(xi), ⇠i)

#
,
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where �i are independent random variables drawn from the Rademacher distribution, i.e.
Pr(�i = +1) = Pr(�i = �1) = 1

2
for all i = 1, 2, . . . , n. The expected Rademacher complexity

Rn(c � ⇧) is then defined as the expectation of R̂n(c � ⇧) with respect to the i.i.d. sample
{(xi, ⇠i)}ni=1

drawn from the distribution D:

Rn(c � ⇧) = E(xi,⇠i)⇠D[R̂n(c � ⇧)].

Next, we introduce the multivariate Rademacher complexity as a generalization of the regular
Rademacher complexity to a class of vector-valued functions. In the ICEO context, we focus
on the hypothesis classH which takes values in�K . Following [18], [99] and [9], the empirical
multivariate Rademacher complexity R̂n(H) is defined in our context as

R̂n(H) = E�

"
2

n
sup
f2H

nX

i=1

KX

k=1

�ikfk(xi)

#
,

where �ik are also independent random variables drawn from the Rademacher distribution for
all i = 1, 2, . . . , n and k = 1, . . . , K. Correspondingly, the expected multivariate Rademacher
complexity Rn(H) is then defined as

Rn(H) = Exi⇠Dx
[R̂n(H)],

In the remainder of this section, we provide generalization bounds with respect to the ex-
pected single-variate and multi-variate Rademacher complexities. We note that similar re-
sults can be achieved with respect to the empirical versions of the Rademacher complexities.
Our focus on the expected versions is justified since, for many hypothesis classes H, we can
bound Rn(H) by a term that converges to 0 as the sample size n grows. For example, [9]
establish upper bounds of Rn(H) for regularized linear hypothesis classes with the rate of
O( 1

p
n
), where the O(·) notation hides dimension dependent constants that depend on the

type of regularization used.

Given a sample {(xi, ⇠i)}ni=1
, we aim to provide a high-probability bound on the out-of-

sample risk R(w⇢n � f), given the in-sample risks R̂n(w⇢n � f) and R̂n(w⇢n � f ; ⇢n), that holds
uniformly for any hypothesis f 2 H. As such, our generalization bound is constructed based
on the the classic generalization bound with Rademacher complexity due to [11], which we
restate below as specialized to the ICEO setting. Recall that c̄ := sup

w2S,⇠2⌅
c(w, ⇠).

Theorem 3.3.2 ([11]). Let ⇧ be a family of functions mapping from X to S with bounded
Rademacher complexity Rn(c � ⇧). Then, for any � 2 (0, 1], with probability at least 1 � �
over i.i.d. data {(xi, ⇠i)}ni=1

drawn from the distribution D, the following inequality holds for
all ⇡ 2 ⇧:

R(⇡)  R̂n(⇡) +Rn(c � ⇧) + c̄

s
log(1

�
)

2n
.
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The next step of our analysis is to apply the vector contraction inequality of [99] to derive
a generalization bound that depends directly on the multi-variate Rademacher complexity
of the hypothesis class H.

Theorem 3.3.3 (Generalization of ICEO). Suppose Assumption 2 holds and that the hy-
pothesis class H has bounded multi-variate Rademacher complexity Rn(H). Then, for any
� 2 (0, 1] and ⇢n > 0, with probability at least 1� � over i.i.d. data {(xi, ⇠i)}ni=1

drawn from
the distribution D, the following inequalities hold for all f 2 H:

R(w⇢n � f)  R̂n(w⇢n � f) +
p
2L2

c

⇢n
Rn(H) + c̄

s
log(1

�
)

2n
(3.11)

 R̂n(w⇢n � f ; ⇢n) +
p
2L2

c

⇢n
Rn(H) + c̄

s
log(1

�
)

2n
.

Note that the right hand side of the first inequality in Theorem 3.3.3 involves the unreg-
ularized empirical risk, which may be evaluated for any f 2 H. The right hand side of the
second inequality in Theorem 3.3.3 involves the regularized empirical risk, which is precisely
the objective function of (ICEO-⇢). As mentioned previously, one can often establish upper
bounds on Rn(H) that converge to zero, for example at the rate O( 1

p
n
). Therefore, Theo-

rem 3.3.3 suggests that we should set the sequence of regularization parameters ⇢n so that
Rn(H)/⇢n converges to zero as well, in which case the remainder terms on the right-hand
side of (3.11) converge to zero. We now state the proof of Theorem 3.3.3.

Proof. Proof of Theorem 3.3.3 Due to Proposition 3.3.1.1, in particular the Lipschitz property
of c(·) in (3.9), we can apply the vector contraction inequality from [99] which, stated in
terms of empirical Rademacher complexities, yields

R̂n(c � w⇢n �H) 
p
2L2

c

⇢n
R̂n(H).

Taking expectations of both sides of the above inequality, with respect to i.i.d. data
{(xi, ⇠i)}ni=1

drawn from the distribution D, yields

Rn(c � w⇢n �H) 
p
2L2

c

⇢n
Rn(H).

Then, a direct application of Theorem 3.3.2 yields the first inequality. Finally, for any ⇢n > 0,
note that R(w⇢n �f)  R(w⇢n �f ; ⇢n) due to the non-negativity of the decision regularization
function �(·), which yields the second inequality.
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Leveraging Theorem 3, we obtain the following corollary that provides an upper bound
for the optimality gap, in terms of out-of-sample risk evaluation, for the ICEO minimizer
f̂n

⇢n
.

Corollary 3.3.3.1. Suppose Assumption 2 holds and that the hypothesis class H has bounded
multi-variate Rademacher complexity Rn(H). Then, for any � 2 (0, 1] and ⇢n > 0, with
probability at least 1 � � over i.i.d. data {(xi, ⇠i)}ni=1

drawn from the distribution D, the
following inequality holds:

R(w⇢n � f̂n

⇢n
)�R(w⇢n � f ⇤) 

p
2L2

c

⇢n
Rn(H) + ⇢n�̄+

3c̄

2

s
2 log(2

�
)

n
,

where �̄ := sup
w2S

�(w) is the upper bound of the regularization term which is independent
of the sample size.

Remark. The generalization bound provided in Theorem 3.3.3 involves the Rademacher
complexity Rn(H) of the hypothesis class H, which returns outputs in �K. It is noteworthy
that, if H involves a softmax operator, i.e., H = soft � H̃ for some hypothesis class H̃
outputting in RK, then it is possible to obtain an identical generalization bound involving
the Rademacher complexity Rn(H̃) of the hypothesis class H̃. Indeed, since the softmax
function soft is Lipschitz ([55]) with constant 1, the Lipschitz bound (3.9) can be extended
to a bound involving the outputs of H̃ with the same (L2

c
/⇢) constant. Alternatively and

equivalently, the vector contraction inequality of [99] can be extended to a Lipschitz mapping
(such as the softmax function) that has both multivariate input and output. This extended
vector contraction inequality can be obtained by a straightforward extension of Lemma 7 and
Theorem 3 of [99] to the multivariate case.

3.4 Computational Methods

In this section, we discuss the computational di�culties of solving the ICEO formulation
(ICEO-⇢) and present multiple approaches to address them.

3.4.0.0.1 Non-convexity. First, we point out that the ICEO formulation, (ICEO-⇢), is
not a convex optimization problem even in a very simple case where both the objective and
constraints of the nominal optimization problem are linear and the decision regularization is
quadratic, as stated in Example 3.4.1.

Example 3.4.1 (Linear nominal optimization problem). Consider an example with a linear
objective function in the optimization stage, i.e., cj(w) is a linear function cT

j
w for some cj 2

Rd for all j = 1, . . . , K. Suppose we use the decision regularization function �(w) := 1

2
kwk2

2
.

For any p 2 �K , let c̄(p) :=
P

K

j=1
pjcj. Then, note that

w⇢(p) = argmin
w2S

�
c̄(p)Tw + ⇢

2
kwk2

2

 
= argmin

w2S

�
⇢

2
k(c̄(p)/⇢)� wk2

2

 
= ⇧S(c̄(p)/⇢),
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where ⇧S(·) is the Euclidean projection operator onto S. Then, (ICEO-⇢) is the problem of
minimizing a sum of linear functions composed with projection operators, which is generally
non-convex. At best, when S is a polyhedron, i.e., S := {w 2 Rd : Aw  b} and when we
adopt a linear hypothesis class H = {x 7! Bx 2 �K : B 2 RK⇥p}, we can formulate (ICEO-
⇢) as a bilinear quadratic optimization problem. Indeed, (ICEO-⇢) can be reformulated
as

min
B,wi,�i

1

n

nX

i=1

KX

j=1

( {⇠i = z̃j}(Bxi)jc
T

j
wi + (⇢/2)wT

i
wi) (ICEO-⇢-LP)

s.t.
⇢

2
wT

i
wi +

KX

j=1

(Bxi)jc
T

j
wi +

1

2
(

KX

j=1

(Bxi)jcj + AT�)T (
KX

j=1

(Bxi)jcj + AT�))

+ �T

i
b  0, 8i = 1, . . . , n

Awi  b, 8i = 1, . . . , n

�i � 0, 8i = 1, . . . , n

Note that the dual function of the nominal quadratic optimization is

�1

2
(

KX

j=1

(BTxi)jcj + AT�)T (
KX

j=1

(BTxi)jcj + AT�))� �T b

thus the dual problem becomes

min
��0

1

2
(

KX

j=1

(BTxi)jcj + AT�)T (
KX

j=1

(BTxi)jcj + AT�)) + �T b.

The first two group of constraints in (ICEO-⇢-LP) is to guarantee that wi and �i are the
optimal primal and dual solutions. The second and third group of constraints are for the
primal and dual feasibility.

As demonstrated above, even in this simplest case, (ICEO-⇢-LP) is not a convex opti-
mization problem. Besides non-convexity, a more serious issue from a practical standpoint
is the potential of non-di↵erentiability of the optimal solution mapping.

3.4.0.0.2 Non-di↵erentiability. To solve the non-convex ICEO problem (ICEO-⇢),
a default approach in machine learning is to use a gradient-based algorithm such as the
basic stochastic gradient descent method. Indeed, in practice gradient-based algorithms
are often able to deliver high quality solutions for machine learning problems, especially in
high dimensions. Unfortunately, applying these basic gradient-based methods to solve the
ICEO formulation poses an additional major di�culty due to the non-di↵erentiability of the
optimal solution mapping w⇢(·). Although w⇢(·) is a continuous function, as guaranteed for
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example by Proposition 3.3.1.1, it is generally not di↵erentiable. The non-di↵erentiability
leads to major di�culties in applying gradient-based method while solving ICEO-⇢. As
reviewed in Section 3.1.1, existing studies that focused on directly learning the optimal
solution mapping w(f ⇤(x)) also encounter the same issue of non-di↵erentiability. [150] does
not discuss much about this. [39] use the output of an automatic gradient function calculated
by back propagation of a neural network. [2] approximate the gradient by solving a group of
linear equations based on KKT conditions. However, all existing methods fail to demonstrate
theoretical reliability or performance guarantees in approximating the gradient.

The non-di↵erentiability of the optimal solution mapping mainly arises from the con-
straints and the points of discontinuity occur where there is a “jump” in the optimal solu-
tion, e.g., in the polyhedral case as in Example 3.4.1. Therefore, a non-di↵erentiable optimal
solution map may also have regions where it is constant (or close to constant), resulting in
the gradient of the ICEO objective being equal to zero. We demonstrate this poor behavior
in Figure 3.1a, where we plot the second coordinate of the optimal solution mapping w⇢(·)
with respect to the first two coordinates of the input probability vector, for the multi-product
newsvendor problem in Example 3.2.1, demonstrating the piece-wise constant shape. Such
piece-wise constant shapes will greatly impede the performance of gradient-based methods,
even if the gradient is easily calculated. This is because the gradient of the optimal solution
mapping is zero in flat regions creating poor local minima that are very di�cult to escape.

(a) 3-D plot of the optimal oracle. It is clear that

the landscape of the optimal solution mapping

has cli↵s and platforms.

(b) 3-D plot of the approximated oracle con-

structed using polynomial functions. The piece-

wise constant shape is smoothed out.

Figure 3.1: The landscape of the optimal and the approximated oracle.

To address the issue of non-di↵erentiability and its consequences leading to poor local
optima and slow convergence, we develop a framework for approximating the mapping w⇢(·)
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with a di↵erentiable function w̃⇢(·), which allows us to smooth out the optimal solution
mapping and enhance convergence to a good local optimum. Figure 3.1b is an example of
smoothing out the piece-wise constant shape by constructing an approximate oracle using
polynomial kernel regression. As noted before, gradient-based methods are often highly e↵ec-
tive at delivering high quality solutions to non-convex machine learning problems in practice.
Thus, in a practical sense, the non-di↵erentiability of the optimal solution mapping is a much
more serious concern than the non-convexity. Our general strategy of approximating the op-
timal solution mapping with a di↵erentiable function, for which we expand upon and give
examples in Section 3.4.1, greatly increases the practical viability of the ICEO approach.

3.4.1 Approximate Optimal Solution Mappings

As stated in the previous section, the major computational di�culty in solving the ICEO
training problem (ICEO-⇢) in practice is the non-di↵erentiability of the mapping w⇢(·). To
overcome this di�culty, for any given ⇢, we approximate the function w⇢(·) with a di↵eren-
tiable function w̃⇢(·) : �K ! S. Then instead of (ICEO-⇢), we solve the following problem:

min
f2H

1

n

nX

i=1

c(wi, ⇠i) + ⇢�(wi) (Approx-ICEO-⇢)

s.t. wi = w̃⇢(f(xi))

To construct such an approximation w̃⇢(·), we rely on the ability to evaluate the optimal
solution mapping w⇢(p) for any given p 2 �K , as stated in Section 3.2. We can then generate
a sequence of samples (pi, w⇢(pi)) and build an approximation function w̃⇢(·) using any class
of continuous functions with enough representation power, such as polynomial functions or
neural networks.

We consider two generic types of approximation schemes for building the mapping w̃⇢(·):
(i) uniform approximations, and (ii) high-probability approximations. Uniform approxima-
tion schemes satisfy a uniform error bound, as formalized below in Assumption 3, and can be
achieved by an interpolation method such as the Bernstein polynomial method as described
in Section 3.4.2.1. Note that, for each j = 1, . . . , K and p 2 �K , we use the notation w⇢,j(p)
and w̃⇢,j(p) to refer to the jth coordinates of w⇢(p) and w̃⇢(p), respectively.

Assumption 3 (Uniform Error Bound). For each j = 1, . . . , K, there exists a constant
Eunif

j
� 0 such that the approximate optimal solution mapping w̃⇢(·) : �K ! S satisfies:

|w⇢,j(p)� w̃⇢,j(p)|  Eunif

j
, 8p 2 �K .

The uniform error bound in Assumption 3 provides guarantees for the approximation
error over all probability vectors from the simplex �K . There are two main drawbacks
that apply to all known approaches for achieving a uniform error bound. First, achieving a
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tight uniform error bound requires exact or near-exact computations of the optimal solution
mapping w⇢(p) for all p 2 �K . In practice, we may only have an approximate optimal
solution mapping available. Second, the sample size required by a method that achieves
Assumption 3, for example an interpolations scheme, may be prohibitively large. For these
reasons we are motivated to consider a high-probability error bound, which would hold
for the more realistic approach of using a regression method, possibly with noise in the
output of w⇢(·), to fit the approximate optimal solution mapping. We consider a generic
approach that uses a hypothesis class G for the approximate optimal solution mappings.
Assumption 4 below formalizes our high-probability error bound, which holds for a wide
range of regression methods including, for example, the polynomial kernel regression method
considered in Section 3.4.2.2. In Assumption 4, we work with a reference distribution Dp on
�K that we use to generate samples {pi}mi=1

to feed into a regression method. In addition,
for any f 2 H, we later use the notation Df(x) to refer to the distribution on �K induced by
the marginal distribution Dx of x 2 X .

Assumption 4 (High-probability Error Bound). Let G be a family of candidate approximate
optimal solution mappings whereby w̃⇢(·) : �K ! S for all w̃⇢(·) 2 G. For each j = 1, . . . , K,
there exists a function Eprob

j
(·, ·;G) : N ⇥ [0, 1) ! [0,1) such that, for any distribution Dp

on �K and for any � 2 (0, 1], with probability at least 1 � � over m independent samples
drawn from Dp with empirical distribution D̂m

p
, it holds for all w̃⇢(·) 2 G that:

���EDp
[|w⇢,j(p)� w̃⇢,j(p)|]� E

D̂m
p

[|w⇢,j(p)� w̃⇢,j(p)|]
���  Eprob

j
(m, �;G).

When using an approximate optimal solution mapping with either a uniform or a high-
probability error bound guarantee, a natural question is: do the performance guarantees of
the ICEO approach developed in Section 3.3 extend to problem (Approx-ICEO-⇢)? We now
answer this question a�rmatively by extending the generalization bounds of Theorem 3.3.3
to situations with approximate mappings satisfying either Assumption 3 or Assumption 4.
We make an implicit assumption that, after solving problem (Approx-ICEO-⇢), the decision-
maker uses the correct optimal solution mapping w⇢(·) to make decisions. Therefore, the
left hand side of our bounds involve the true risk R(w⇢ � f) with the correct mapping while
the right hand sides involve the empirical risk R̂n(w̃⇢ � f) with the approximation (and the
reguarlized version thereof).

Theorem 3.4.1. Suppose Assumption 2 holds and that the hypothesis class H has bounded
multi-variate Rademacher complexity Rn(H). Then, for any � 2 (0, 1] and ⇢n > 0, we have
the following:

(i) If the approximate optimal solution mapping w̃⇢(·) satisfies the uniform error bound as
stated in Assumption 3, then with probability at least 1� � over i.i.d. data {(xi, ⇠i)}ni=1
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drawn from the distribution D, the following inequalities hold for all f 2 H:

R(w⇢n � f)  R̂n(w̃⇢n � f) +
p
2L2

c

⇢n
Rn(H) + c̄

s
log(1

�
)

2n
+ Lc

dX

j=1

Eunif

j
(3.12)

 R̂n(w̃⇢n � f ; ⇢n) +
p
2L2

c

⇢n
Rn(H) + c̄

s
log(1

�
)

2n
+ Lc

dX

j=1

Eunif

j
. (3.13)

(ii) If the approximate optimal solution mapping w̃⇢(·) comes from a family G satisfying the
high probability error bound as stated in Assumption 4, then with probability at least
1 � � over i.i.d. data {(xi, ⇠i)}ni=1

drawn from the distribution D and over m inde-
pendent samples {pi}mi=1

drawn from a reference distribution Dp on �K, the following
inequalities hold for all f 2 H:

R(w⇢n � f)  R̂n(w̃⇢n � f) + Lc

dX

j=1

"
1

m

mX

i=1

|w⇢,j(pi)� w̃⇢,j(pi)|+ Eprob

j
(n, �/2d;G) + Eprob

j
(m, �/2d;G)

#

+

p
2L2

c

⇢
Rn(H) + diam(S)LcTV(Df(x),Dp) + c̄

s
log(

1

�
)

2n
(3.14)

 R̂n(w̃⇢n � f ; ⇢n) + Lc

dX

j=1

"
1

m

mX

i=1

|w⇢,j(pi)� w̃⇢,j(pi)|+ Eprob

j
(n, �/2d;G) + Eprob

j
(m, �/2d;G)

#

+

p
2L2

c

⇢
Rn(H) + diam(S)LcTV(Df(x),Dp) + c̄

s
log(

1

�
)

2n
. (3.15)

3.4.2 Approximate the Optimal Solution Oracle by Polynomials

In this section, we provide two examples of using polynomial functions to approximate the
optimal solution mapping: (i) interpolation using Bernstein polynominals, which satisfies a
uniform error bound, and (ii) polynomial kernel regression, which satisfies a high-probability
error bound.

3.4.2.1 Bernstein polynomials.

One example for approximating the optimal solution mapping is interpolation using Bern-
stein polynomials, for which we review the definition below.

Definition 3.4.1 ( Bernstein approximation ([38])). For a given function ! : �K ! R,
the Bernstein approximation with order s, Bs(!) : �K ! R, is defined by:

Bs(!)(p) :=
X

↵2I(K,s)

w̄
⇣↵
s

⌘ s!

↵!
p↵, 8p 2 �K ,

where I(K, s) := {↵ 2 NK

0
|
P

K

i=1
↵i = s}, ↵! := ⇧i↵i!, and p↵ := p↵1

1
· · · p↵K

K
.
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Using Bernstein polynomials, based on a result of [38], we can achieve a uniform bound
of the approximation error as described in Assumption 3.

Proposition 3.4.1.1. For a given ⇢ > 0, suppose that we use the Bernstein approximation
method (Definition 3.4.1) applied separately to each coordinate function w⇢,j(·) to construct
an approximate optimal solution mapping w̃⇢(·). Then, w̃⇢(·) satisfies the uniform error
bound in Assumption 3 with Eunif

j
= ⌦Lc

⇢
p
s
,where ⌦ > 0 is an absolute constant.

Proof. Proof of Proposition 3.4.1.1 This result directly follows from Theorem 3.2 in [38]
together with the Lipschitz property from Proposition 3.3.1.1.

Given the result in Proposition 3.4.1.1, we can immediately obtain a generalization bound
for the Bernstein approximation method by applying item (i) of Theorem 3.4.1. While the
Bernstein polynomial method provides a strong uniform error bound guarantee, there is a
significant drawback in the number of samples required to obtain this bound. Indeed, to
accomplish this approximation, it involves knowing function values of w⇢,j(·) on the grid
�K,s := {w 2 �K : sw 2 NK

0
} which has

�
K+s

K

�
many points in total. As such, the number

of calculations of w⇢(·) may be prohibitively large, which motivates the use of regression
methods.

3.4.2.2 Polynomial kernel regression.

In this section, we consider using the less computationally prohibitive regression methods
that lead to high-probability bounds as in Assumption 4. As an exemplary case, we consider
the polynomial kernel regression method. In this setting, we allow for the possibility of a
“noised oracle” whereby the optimal solution mapping is not computed exactly. Specifically,
the noised oracle outputs w⇢(p) + �" instead of w⇢(p), where " is a d-dimensional standard
Gaussian random vector and � is a scalar that represents the standard deviation of the noise.
The approximate oracle w̃⇢(·) is constructed on independent samples {(pi, wi)}mi=1

where pi is
drawn from the reference distribution Dp and wi is computed from the noised oracle. That is,
we assume that wi = w⇢(pi) + �"i for {"i}mi=1

that are i.i.d. realizations of Gaussian random
variables. These samples can be achieved by first generating {pi}mi=1

randomly from following
any user-chosen distribution Dp over the simplex �K and then calculating {wi}mi=1

from a
(possibly randomized) algorithm for approximating w⇢(·). Note that we do assume that the
noise is Gaussian, which may be a reasonable assumption for some algorithmic schemes for
approximating w⇢(·).

The approximate optimal solution mapping is learned using polynomial kernels k(p, p0) =
(c+pTp0)s, where s 2 N is the degree parameter. In the remaining part of this section, we let
G denote a function class induced by a polynomial kernel of degree s and let k ·kG denote any
norm defined on G. Note that G is a convex, star-shaped function class [143]. For the function
class G and a given sample {pi}mi=1

, let ⌧j(G, {pi}mi=1
, r) := infu2G:kukGr(

1

m

P
m

i=1
(u(pi) �
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w⇢,j(pi))2)1/2 denote the fitting ability for w⇢,j using the kernel function class G within a
user-defined radius r. Given the function class G and a given sample {(pi, wi)}mi=1

, the
method of kernel ridge regression estimates the approximate optimal solution mapping w̃⇢(·)
by solving:

min
u2G:kukGr

1

m

mX

i=1

(u(pi)� wi,j)
2 (3.16)

The corresponding high-probability approximation error bound for learning the noised
oracle using polynomial kernel ridge regression.

Proposition 3.4.1.2. Let G denote a function class induced by a polynomial kernel of degree
s, suppose that the noise of the output has standard deviation �, and that we construct the
approximate solution mapping w̃⇢(·) using kernel ridge regression (3.16) with a user-defined

radius r > 0. Then, there exist absolute constants c̄, c̄0 such that for all �m � c̄0
�

r

(s�1+K)!

(s�1)!K!

1

m
,

we have
1

m

mX

i=1

(w̃⇢,j(pi)� w⇢,j(pi))
2  c̄1(c̄

0

1
⌧j(G, {pi}mi=1

, r) + r2�2
m
),

with probability at least 1 � c̄2 exp(�c̄02mr
2

�2 �2
m
) for each coordinate j = 1, . . . , K. Moreover,

for any ✓m that satisfies ✓m � c̄3
q

1

m

(s�1+K)!

(s�1)!K!
, if it also holds that m✓2

m
� c̄0 log(4 log(

1

✓m
)),

then
������
Ep[(w̃⇢,j(p)� w⇢,j(p))

2]1/2 �
 

1

m

mX

i=1

(w̃⇢,j(pi)� w⇢,j(pi))
2

!1/2
������
 c̄3r

2✓m

with probability at least 1� c̄4 exp(�c̄04
m✓

2
m

r2
) for each coordinate j = 1, . . . , K.

The main body of the proof is a generalization of the result in Example 13.19 of [143].
We have the corresponding generalization bound in the following corollary.

Corollary 3.4.1.1. Suppose Assumption 2 holds and that the hypothesis class H has bounded
multi-variate Rademacher complexity Rn(H). Suppose further that we employ kernel ridge
regression (3.16) using a function class G induced by a polynomial kernel of degree s under
the same conditions as in Proposition 3.4.1.2. Then, for any � 2 (0, 1] and ⇢n > 0, the
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following inequalities hold for all f 2 H:

R(w⇢n � f)  R̂n(w̃⇢n � f) + Lc

dX

j=1

[c̄3r
2(✓m + ✓n) + ⌧j(G, {pi}mi=1

, r) + c̄0
1
r�m]

+

p
2L2

c

⇢n
Rn(H) + Lcw̄j

q
2TV(Df(x),Dp) + c̄

s
log(1

�
)

2n

 R̂n(w̃⇢n � f ; ⇢n) + Lc

dX

j=1

[c̄3r
2(✓m + ✓n) + ⌧j(G, {pi}mi=1

, r) + c̄0
1
r�m]

+

p
2L2

c

⇢n
Rn(H) + Lcw̄j

q
2TV(Df(x),Dp) + c̄

s
log(1

�
)

2n

with probability at least 1� �0 over i.i.d. data {(xi, ⇠i)}ni=1
drawn from the distribution D and

over m independent samples {(pi, wi)}mi=1
, where �0 = �+c̄2 exp(�c̄02mr

2

�2 �2
m
)+c̄4(exp(�c̄04

m✓
2
m

r2
)+

exp(�c̄0
4

n✓
2
n

r2
)) and �m, ✓m, and ✓n are chosen to satisfy the conditions in Proposition 3.4.1.2.

3.4.3 Computational Methods for the Semi-algebraic Case

In this section, we present an approach based on polynomial optimization in the case
where the objective of the downstream optimization problem is semi-algebraic and we use
a linear hypothesis class. In this case, when we additionally use a polynomial approxi-
mation w̃⇢(·), we can reformulate the approximate ICEO formulation (Approx-ICEO-⇢) as
a polynomial optimization problem, which can be solved with a hierarchy of semi-definite
optimizaiton problems. Specifically we assume that both c and � are semi-algebraic func-
tions and we consider the linear hypothesis class H = {f(x) : f(x) = Bx + b, (B, b) 2 B}
where B(X ) = {(B, b) 2 RK⇥p ⇥ RK : f(x) 2 �K 8x 2 X} ensures that the output of the
hypothesis returns a feasible probability vector. In this section, we demonstrate an exact
solution method for the semi-algebraic case by transforming the (Approx-ICEO-⇢) to a poly-
nomial optimization program. Before we reach the reformulated problem, we first review the
definitions of semi-algebraic sets and semi-algebraic functions.

Definition 3.4.2 ( Semi-algebraic set ([88])). K ⇢ Rn is a basic semi-algebraic set if

K = {x 2 Rn : gj(x) � 0, j = 1, . . . ,m}

for some polynomial functions (gj)mj=1
, i.e., (gj)mj=1

⇢ R[x], where R[x] denotes the ring of
real polynomials.

Similarly, a semi-algebraic set is defined by not only a finite sequence of polynomial
inequalities, but also equations, or finite union of these.
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Definition 3.4.3 ( Semi-algebraic function ([88])). Let K be a semi-algebraic set of Rn.
A function f : K ! R is a semi-algebraic function if its graph  f := {(x, f(x)) : x 2 K} is
a semi-algebraic set of Rn ⇥ R.

Functions generated by finitely many of dyadic operations {+,⇥,÷,_,^} and monadic
operations | · | and (·)1/q, q 2 N, on polynomials are semi-algebraic.

Note that with the linear hypothesis class, we need an additional constraint Bx+b 2 �K ,
to guarantee that the output f(x) is a valid probability vector for any x 2 X . We also assume
that X is a polyhedron, i.e. X := {x 2 Rp : Ax � a} for some A 2 Rm⇥p and a 2 Rm. Then
the problem Approx-ICEO-⇢ becomes:

min
B,b

1

n

nX

i=1

c(wi, ⇠i) +
⇢

2
�(wi) (Poly-Approx-ICEO-⇢n)

s.t. wi = w̃⇢(Bxi + b)

Bx+ b 2 �K , 8x 2 X = {x 2 Rp : Ax � a}

Note that the approximated oracle w̃⇢(·) is constructed by polynomial kernels, so the first
group of constraints are polynomial functions. Then we show that the second group of con-
straints can be reformulated to a group of linear constraints using the following proposition.

Proposition 3.4.1.3. Suppose X := {x 2 Rp : Ax � a} for some A 2 Rm⇥p and a 2 Rm,
then the constraint

Bx+ b 2 �K , 8x 2 X

can be rewritten as the following group of constraints by introducing new decision variables
yk 2 Rm, k = 1, . . . , K, z, u 2 Rm

8
>>>>>>>>>>><

>>>>>>>>>>>:

aTyk � �bk 8k = 1, . . . , K

ATyk = Bk 8k = 1, . . . , K

aT z � 1� 1T b

AT z = BT1

aTu � �1 + 1T b

ATu = �BT1

yk, z, u � 0 8k = 1, . . . , K

We have now shown that problem (Poly-Approx-ICEO-⇢n) is a problem optimizing a
basic semi-algebraic function on a basic semi-algebraic set which, by Proposition 11.10 of
[88], can be reformulated as a polynomial optimization problem, which can be solved by
solving a hierarchy of semi-definite problems.
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3.5 Numerical Experiments

In this section, we demonstrate the numerical performance of our proposed ICEO frame-
work using synthetic data. We first summarize the benchmark methods that we adopted for
comparison:

1. Sample average approximation (SAA). In this benchmark, the decision-maker simply
ignores the contextual features and minimizes the average of cost functions using em-
pirical distribution of the observations of the random parameter.

2. The two-step estimate-then-optimize (ETO) method based on cross-entropy loss (ETO-
Entropy). In this benchmark, we estimate the hypothesis f 2 H using the cross-
entropy loss function (a standard loss function for multi-class classification) instead of
the downstream optimization goal.

3. The prescriptive method (PRES) proposed by [18]. We consider the KNN-based
(PRES-KNN) and kernel-based (PRES-Kernel) variants.

4. The stochastic optimization forest (SO-Forest) method proposed by [70].

3.5.0.0.1 Data Generation Process. The synthetic data is generated in the following
manner. The features xi 2 Rp are generated independently following the multi-variate
Gaussian distribution xi ⇠ N(0,MIp) for some constant M > 0 and where Ip is an identity
matrix. Then we consider K = 4 scenarios for the random parameter ⇠i 2 R2, i.e., ⌅ =
{z̃1, z̃2, z̃3, z̃4}. Then, the corresponding conditional probability vector of ⇠i is generated
according to soft((B⇤xi + b⇤)deg), with B⇤ 2 RK⇥p, b⇤ 2 RK and deg a positive integer
being parameters set before the data generation process. Then, ⇠i takes the value of z̃k with
probability p⇤

k
(x) = soft((B⇤xi + b⇤)deg)k for all k = 1, . . . , K.

3.5.0.0.2 Optimal Solution Mapping Approximation. The optimal oracle is ap-
proximated using neural networks in the experiment. We first generate a data set {(pi, wi)}mi=1

by uniformly sampling pi from the simplex �K and then generating wi := w⇢(pi). Then we
train a neural network with one hidden layer to approximate the oracle. The neural network
is trained with respect to the mean absolute percentage error (MAPE) loss.

3.5.0.0.3 ICEO Hypothesis Learning. In this experiment, we consider two candidate
hypothesis classes for H. First, we consider a softmax function composed with a linear
function class, whereby H1 := soft � H̃1 and H̃1 := {x 7! Bx + b0 : B 2 RK⇥p, b0 2 RK}.
The other case is H2 := soft � H̃2 where H̃2 denotes a neural network with one-hidden layer.
When the degree parameter deg of the data generation process is higher than one, then
there is a model misspecification when learning the ICEO hypothesis with H1 since the true
hypothesis f ⇤(x) := soft((Bxi + b)deg) is not in the hypothesis class H1 when deg > 1. In
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both cases, we solve (Approx-ICEO-⇢) using the Adam optimization algorithm ([78]) to learn
the hypothesis.

3.5.1 Multi-item Newsvendor Problem

We consider the multi-item newsvendor problem, as in Example 3.2.1, with synthetic
data. We consider d = 2, which is the case where the newsvendor jointly decides the order
quantities of two products with an overall budget of 50. The decision variable w 2 R2 and
random demand ⇠ 2 R2 are both two-dimensional, corresponding to the order quantity and
demand of the two products. The newsvendor aims to minimize the total inventory cost as
formulated in (3.4), with unit overstock costs h1 and h2 set to 1 and 1.3 and unit stockout
cost b1 and b2 set to 9 and 8 for the two products, respectively.

3.5.1.0.1 Results and Comparisons with Benchmarks. In this experiment, we con-
sider {z̃1 := (33, 15), z̃2 := (71, 4), z̃3 := (17, 47), z̃4 := (4, 43)}. In the data generation
process, we set M = 5, deg = 1, and each element of B as an integer between 0 and
150. We set the regularization coe�cient ⇢ = 0.01. We consider multiple training set sizes
n 2 {100, 300, 500, 700} and for every value of n, we run 25 simulations. We use a valida-
tion set to tune the hyper-parameters for PRES-KNN, PRES-Kernel, ETO-Entropy and the
ICEO method. For the SO-Forest method, we adopt the default setting provided in [70]. To
evaluate out-of-sample performances of all these methods, we generate a test set including
1000 samples in each simulation. We would like to emphasize that we evaluate performance
using unregularized ICEO objective (i.e., the newsvendor cost (3.4)) rather than the ICEO
objective with regularization.

Figure 3.2 demonstrates the performance of the ICEO method and the non-parametric
benchmarks. As demonstrated in this plot, the ICEO method outperforms all benchmarks
with all training set sizes. The advantage of the ICEO method compared to the best bench-
mark (PRES-KNN) is more significant when the sample size is small (n = 100), which agrees
with our intuition that nonparametric methods should perform better with more data. When
compared with non-parametric prescriptive methods, our method shows the benefit of mod-
eling the underlying conditional distribution.

3.5.1.0.2 Results on Model Misspecification We also investigate the case of model
misspecification under the softmax linear hypothesis class H1. Since the ICEO method and
ETO-Entropy are the only two methods that involves modeling the underlying conditional
distribution using this hypothesis class, we compare the performance of just these two meth-
ods. To evaluate the performance of both methods, we consider the newsvendor cost on a
test set with size 1000 in each simulation. To better quantify the improvement of ICEO
compared to ETO-Entropy, we define the relative improvement as cost(ETO�Entropy)�cost(ICEO)

cost(ETO�Entropy)
.

In Figure 3.3a, we show the performance of the ICEO method compared to the two-step
ETO-Entropy method and Figure 3.3b demonstrates the relative improvement of the ICEO
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Figure 3.2: Comparison of ICEO with benchmark methods on the multi-item newsvendor prob-

lem.

method as compared to the ETO-Entropy method. As we can see, under model misspeci-
fication, ICEO consistently outperforms two-step ETO-Entropy method and the advantage
increases when the degree of model misspecification increases. Both plots demonstrate the
advantage of considering the ultimate optimization goal while estimating the conditional dis-
tribution. In addition, we note a decreasing trend of the out-of-sample cost for both methods
in Figure 3.3a. Indeed, as the degree of model misspecification increase, the components in
the probability vector become more concentrated on a single outcome. In other words, with
a higher degree of model misspecification, the demand becomes more deterministic, which
makes it easier for both methods to learn the conditional demand distribution and results
in smaller cost values.

3.5.2 Quadratic Cost Network Flow Problem

In this part, we consider the minimum cost network flow problem. The problem formu-
lation is as stated in Example 3.2.3, where gd(wd, ⇠d) = cd(wd � ⇠d)2. We consider a simple
network demonstrated in Figure 3.4, where there are two source nodes 1 and 2, and two sink
nodes, 3 and 4. The amount of flow that sources out of each of the source nodes 1 and 2
must be no less than a threshold equal to 10. Similarly, the amount of flow that goes into
each of the sink nodes 3 and 4 must be at least 10. We let w1, w2, w3, w4 denote the amount
of flow on arcs (1, 3), (1, 4), (2, 3), (2, 4), respectively.

3.5.2.0.1 Results and Comparisons with Benchmarks. In this experiment, we con-
sider randomly generated {z̃1 = (7.004, 8.442, 6.765, 7.279), z̃2 = (9.515, 0.127, 4.136, 0.488), z̃3 =
(0.999, 5.081, 2.002, 7.442), z̃4 = (1.929, 7.008, 2.932, 7.745)}. Furthermore, the weights of
each arc c1, c2, c3, c4 take the values of 1, 3, 2, 2 respectively. The regularization coe�cient
⇢ = 0.01 and deg = 1. We consider ETO-Entropy, SAA, PRES-KNN, PRES-Kernel as
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(a) Out-of-sample performance
(b) Improvement of ICEO compared to ETO-

Entropy

Figure 3.3: Comparison between ICEO and ETO-Entropy under model misspecification on the

multi-item newsvendor problem.

Figure 3.4: Network graph

benchmarks. We do not include SO-forest as a benchmark because there is no existing im-
plementation of SO-forest for the quadratic cost network flow problem. As in Section 3.5.1,
we consider multiple training set sizes n 2 {100, 300, 500, 700}, we run 25 simulations for
each sample size, and the test set includes 1000 samples in each simulation. To tune the
hyper-parameters for ICEO, ETO-Entropy, and the two prescriptive methods, PRES-KNN
and PRES-Kernel, we use a validation set including 1000 samples.

Figure 3.5 compares the test-set performance of the ICEO method and benchmarks. As
demonstrated in this plot, the performance of ICEO method outperforms all benchmarks.
Compared to the best benchmark (PRES-KNN), the advantage of ICEO is more significant
when sample size is limited.

3.5.2.0.2 Results on Model Misspecification. As in Section 3.5.1, we investigate the
case of model misspecification when considering the softmax linear hypothesis classH1. Simi-
lar to Section 3.5.1, we compare the test-set performances of ICEO and ETO-Entropy. Figure
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Figure 3.5: Comparison of ICEO with benchmark methods on the min-cost network flow problem.

(a) Out-of-sample performance
(b) Improvement of ICEO compared to ETO-

Entropy

Figure 3.6: Comparison between ICEO and ETO-Entropy under model mis-specification on the

min-cost network flow problem.

3.6a demonstrates the test-set performance and Figure 3.6b illustrates the improvement of
ICEO method compared to the two-step benchmark, ETO-Entropy. In each configuration,
we conducted 15 simulations. Figure 3.6a demonstrates that the ICEO method always out-
performs the two-step benchmark Entropy. According to Figure 3.6b, there is a significant
increase in the improvement of when model misspecification is introduced, which, again,
demonstrates the advantage of integrating the optimization objective into the estimation
stage. Figure 3.6b also demonstrates an appearing trend that the improvement of ICEO
compared to Entropy is increasing as the degree of model misspecification increases.
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3.6 Conclusion

In this paper, we propose a new framework for estimating the underlying conditional
distribution in contextual stochastic optimization. The proposed ICEO framework uses a
flexible hypothesis class to learn the hypothesis by incorporating the downstream optimiza-
tion goal.

The ICEO framework developed herein applies to the case where the random parameter
is a discrete random variable and the nominal optimization problem is convex. To address
the issue that the optimal solution oracle may have multiple outputs, we consider an ad-
ditional strongly convex decision regularization function for both the oracle and the ICEO
objective. We then prove that the ICEO method is asymptotically consistent and provide
finite-sample analysis in the form of generalization bounds. Moreover, we investigate the
non-di↵erentiability of the regularized optimal solution oracle which often leads to computa-
tional di�culties in calculating the gradients and poor local minima that are hard to escape.
We address this issue by approximating the regularized oracle using di↵erentiable functions.
We then provide possible approximation error bounds and the corresponding generalization
bounds when using the approximated oracle. For the cases when the nominal optimization
problem is semi-algebraic, and when the approximated oracle is constructed using polyno-
mial functions, the ICEO problem can be reformulated as a polynomial optimization problem
and thus solved for the optimal solution up to arbitrary accuracy by solving a hierarchy of
semi-definite problems.

Naturally, there are many potential directions to investigate for future work. One possible
direction is to generalize the ICEO framework to the infinite dimensional case where the
random parameter is a continuous random variable. Besides, one may also investigate the
ICEO framework in the high-dimensional setting or when the data is non-stationary.
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Chapter 4

Distributionally Robust Conditional
Quantile Prediction with Fixed
Design

4.1 Background and Motivation

The objective of quantile prediction is to estimate or predict a quantile of a random
variable. This classic yet meaningful topic has numerous applications, including in operations
research, economics, and finance. One example is the famous newsvendor problem in the
operations research community, where the solution to this problem involves predicting a
specific quantile of the random demand (e.g., see [134]). In the sector of finance, the solution
to the well-known value-at-risk(VaR) problem involves finding the quantiles of profit and
loss (e.g., see [12]). For economic policymakers, two critical indicators, namely, systemic
real risk and systemic financial risk, are defined as the quantiles of GDP growth and of
financial risk indicator, respectively ([83]). Given that these random variables of interest
depend considerably on related covariates/features, conditional quantile prediction becomes
a factor. Similar to the aim of univariate quantile prediction, that of conditional quantile
prediction is to estimate a specific quantile of a particular random variable (i.e., the response
variable, say, y 2 R ) that is conditioned on the information provided by observed related
covariates, x 2 Rp.

In practice, when historical observations {(xi, yi)}Ni=1
are available, solving the aforemen-

tioned conditional quantile prediction problem is inherently tied to the well-known quantile
regression technique (e.g., see [81, 82, 80]). In a simple linear model setting, the ⌧th condi-
tional quantile of y is assumed to be a linear combination of covariates x, for any ⌧ 2 (0, 1).
Moreover, the coe�cients are often estimated using the linear quantile regression technique
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via solving the following simple optimization problem,

min
�2Rp

NX

i=1

⇢⌧ (yi � �Txi), (4.1)

where ⇢⌧ (u) = u(⌧ � I(u0)) is the quantile loss function (see Sections 1.3 and 1.4 of [81]).
It should be noted that solving (4.1) is equivalent (up to scaling) to seeking the optimal
policy for the newsvendor problem under the setting in which demand linearly depends on
exogenous variables. This problem is also called the data-driven / big data newsvendor
problem and has been extensively studied thoroughly in existing literature (e.g., [20] and
[10]).

To establish theoretical performance bounds, current studies assume the availability of
independent and identically distributed (i.i.d.) data, where the i.i.d. assumption is made for
both the response variable and the exogenous features ([10], [81]). Although this assumption
is appropriate in some limited contexts, it is often unrealistic in many real-life problems. This
is because the external features might be predetermined or designed so that the data samples
cannot be treated as realizations of a random variable whose law follows an underlying
distribution. In these cases, the design points , x1, . . . , xn, should be treated as deterministic
rather than random. This interpretation of the design points is called the fixed design in
regression analysis (e.g., [124]). The following are some related examples:

1. Fashion goods demand: Fast fashion brands, such as Zara, H&M, and Gap, issue
hundreds of “micro-seasons” per year. This frequent delivery of new products provides
opportunities for data-driven solutions in estimating demand and managing inventory.
Suppose a fast fashion company aims to forecast sales of a new product based on
historical observations of other products. The style, color, and materials often serve as
important contextual information for predicting demand. However, these factors are
not randomly determined. Instead, they are carefully determined by fashion designers
based on certain fashion trends and principles.

2. Promotions and pricing decisions: Promotions are typically used as a price inducement
to attract price-conscious buyers who are not interested in regular-priced products. For
e-commerce companies, promotions generate more website tra�c that can be converted
to sales. Therefore, promotions and prices are non-negligible side information when
predicting sales. However, promotions and prices are carefully determined, often by
the revenue management team according to certain strategies. In fact, promotions and
prices are decision variables themselves in many cases.

3. Chemometric problems: Chemometric problems require that statistical methods be
applied to chemical data analyses. By producing and analyzing observational data,
chemometricians understand and improve industrial chemical processes when conduct-
ing food research and environmental studies. The covariates in chemometrics are often
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controlled and calibrated based on experimental principles. These settings o↵er a huge
potential for the application of functional regression tools in fixed-design settings ([52]).

4. Pharmacology analysis: In the field of pharmacology, treatment e↵ects are often esti-
mated based on collected observations of amounts of drug dose and outcomes. Thus,
it is natural to apply a fixed-design setting to pharmacology problems.

By contrast, let us assume the design points as random fall into the category of random
design. The evaluations of out-of-sample performances between fixed- and random-design
settings are di↵erent. In a random-design setting, an estimator is evaluated on a random
set of observations that are generated from the same underlying distribution as the training
observations, whereas in the fixed-design setting, an estimator is evaluated on given feature
vectors (for details, see [29]).

Adopting a fixed-design setting, we focus on proposing a robust and practical approach
for the conditional quantile prediction problem. More specifically, we consider a distribu-
tionally robust optimization (DRO) framework. Under this framework, an ambiguity set
of possible probability distributions is constructed using available data and/or other prior
information, and an objective function is formulated as to minimize the worst-case expected
cost over the ambiguity set. We construct the ambiguity set by including all the proba-
bility distributions that are su�ciently close to a nominal distribution with respect to the
Wasserstein distance ([71]). When external features are considered as random with i.i.d.
observations, existing results of a data-driven DRO (DD-DRO) approach can be applied.
These results use the Wasserstein metric as the distance measure and the empirical distri-
bution as the center/nominal distribution (e.g., [46, 57, 22]). For instance, by leveraging the
recent measure concentration results of the empirical distribution (cf. [23, 51]), [46] obtained
good out-of-sample performance guarantees. [22] also investigated similar problems under a
more general setting and derived theoretical results such as strong duality and estimation of
the tolerance region.

However, in contrast to DD-DRO studies that assume the existence of i.i.d. observations,
these data are not accessible under the fixed-design setting that we adopt. As the distribu-
tions of the samples {yi}Ni=1

depend on the exogenous features {xi}Ni=1
, which are given and

not always identically distributed, the {yi}Ni=1
are neither. By contrast, setting features as

given does not a↵ect the independence of {yi}Ni=1
.

In this study, we provide a data-driven distributionally robust approach to address the
conditional quantile prediction problem. We assume that there are accessible historical
observations of predetermined features {xi}Ni=1

and of the corresponding response variable
{yi}Ni=1

, which are independent but not identically distributed. The lack of i.i.d. samples
makes our framework non-trivially distinguishable from those proposed in existing literature.
Thus, it should not be viewed as an easy application of the existing DD-DRO works. More
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specifically, we first propose a method that carefully chooses a nominal distribution as the
center of a Wasserstein ambiguity set. We then derive the measure concentration results for
this nominal distribution under mild conditions. Such measure concentration results further
lead to finite-sample performance guarantees. Moreover, in Section 4.6, we show that for
the considered quantile prediction problem, the DRO solution with a random-design setting
coincides with the sample average approximation (SAA) solution. In other words, the SAA
solution maintains a certain level of robustness under the random-design setting. However, in
Section 4.7, we demonstrate that for applications that should adopt the fixed-design setting,
the SAA solution is no longer robust. Therefore, the proposed DRO approach is necessary
for these fixed-design circumstances.

Our contributions can be summarized as follows:

� DD-DRO with non-i.i.d. observations. Through the lens of DRO, we examine the
quantile prediction problem with observed feature information. In other words, we
assume that observations are given in a non-i.i.d. manner, such as through a series
of controlled experiments, and that features are observable or designed prior to the
decision-making process. To the best of our knowledge, this is the first time that a
distributionally robust framework has been built for this type of non-i.i.d. setting.

� A regress-then-robustify framework with performance guarantees. We propose a regress-
then-robustify framework and consider the ambiguity set as a Wasserstein ball. By
choosing a surrogate empirical distribution as the center of the Wasserstein ball, we
ensure the existence of measure concentration results. Thus, under much milder con-
ditions, we achieve finite-sample performance guarantees and asymptotic consistency.

� A polynomially solvable reformulation. Under the aforementioned construction of the
Wasserstein ambiguity set, an e↵ective and practical reformulation is achieved. The
objective function is decomposed into two simple terms, and the DRO solution is con-
sistent with the empirical quantile solution of ordinary least squares (OLS) residuals,
due to the piecewise linear property of the quantile loss. Notably, this reformulation
is polynomially solvable using linear regression followed by residual sorting.

The remainder of this paper is organized as follows. Section 4.2 reviews related literature,
and Section 4.3 describes details of the problem setting and our two-step DRO framework.
In Section 4.4, we state the simple and practical reformulation and in Section 4.5, we de-
velop the finite-sample performance guarantees as well as the asymptotic consistency. A
comparison with the conditional quantile prediction problem under a random-design setting
is demonstrated in Section 4.6. Section 4.7 reports numerical performances of our proposed
DRO method under a fixed-design setting. Section 4.8 discusses possible extensions to the
case of heteroskedasticity. Section 4.10 concludes the study.
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4.2 Literature Review

Our work extends the data-driven DRO framework to incorporate side information as
observed features when i.i.d. samples are assumed to be unavailable. Moreover, we provide
a robust data-driven solution to the quantile prediction problem with both finite-sample
performance guarantees and asymptotic consistency. Notably, the newsvendor problem,
which is one of the most popular and well-studied inventory models, essentially predicts a
certain quantile of the demand. Therefore, in this section, we first review the literature on
quantile regression and the newsvendor problem when external features are considered and
historical data are available. We then review some of the current studies on distributionally
robust approaches and end the section with an overview of the studies that considered the
non-i.i.d. process under a supervised learning framework.

From the perspective of data-driven decision making, [20] proposed linear programming
models to deal with the case in which demand is a linear combination of some exogenous
variables and a random shock. [127] then extended this approach to the case in which demand
is censored. However, in both studies, the solution involved minimizing an objective of the
in-sample cost following the empirical risk minimization idea (also known as the already
defined SAA), which essentially assumes that real demand follows the empirical distribution
of the samples. Later, [10] incorporated regularization for dimension reduction and proposed
a nonparametric approach based on kernel regression. Assuming that demand process is
bounded, that the random shock density function has a bounded support, and that samples
are i.i.d., the authors derived a high probability bound for a finite-sample optimality gap.
Similar to [10], we provide a finite-sample performance bound but through a di↵erent DRO
framework under milder conditions. Other studies that incorporated features in decision
models, including [130] and [60], investigated topics di↵erent from ours.

In addition to that described in the aforementioned work ([10]), another method to
achieve out-of-sample performance guarantees is to use the concept of robust optimization.
Its application to newsvendor/quantile prediction problems dates back to 1958, when [129]
proposed a min-max solution. Considering all the possible values of the demand, a worst-
case solution is used as the decision. Other studies that fall within this stream include [94,
118]. This approach, although it increases robustness, is too conservative in many cases.
For example, optimality may be compromised in coping with extreme values of demand that
seldom occur.

To address these issues, the DRO framework has gained popularity in recent years. In
this setting, an ambiguity set of possible probability distributions of demand is constructed,
and the objective function is formulated with respect to the worst-case expected cost over
the choice of a distribution in the set. The ambiguity set can be constructed based on either
distributional information or historical data.
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With certain distributional information, the DRO approach has been applied to the
newsvendor/quantile prediction problem. [112] studied the newsvendor problem with par-
tial information about the demand distribution (e.g., mean, variance, symmetry, and uni-
modality) and derived ordering quantities that minimize the worst-case costs. In special
cases, closed-form solutions are derived, and their relationship to entropy maximization is
established. Similarly, [155] focused on a case in which the mean of the demand and the
variance (or support) are known. Instead of the worst-case newsvendor cost, they attempt
to minimize the regret with respect to the expected cost based on complete information.
[118] incorporated conditional-VaR-based profit maximization under the assumption of an
ellipsoid or box discrete distribution; and [152] demonstrated that optimal ordering decision
with discrete demand is quite di↵erent from that with continuous demand.

The DD-DRO framework incorporates historical data points into the DRO framework.
Various approaches have been developed to construct the ambiguity set. For example, [147]
constructed an ambiguity set whereby the observed data achieves a lower-bounded empiri-
cal likelihood and [17] used the confidence region of a goodness-of-fit test. Another widely
adopted method to construct the ambiguity set is to first determine a nominal distribution
based on the observed samples (e.g. empirical distribution), and then include all probability
distributions that are close to the nominal distribution, with respect to a certain probabilistic
metric. Popular probability metrics include the �-divergence (see [13, 69, 146] ), Prohorov
metric (see [45]), and Wasserstein distance (see [46, 153, 57, 22, 21]). For example, [119] lim-
ited the variance distance between the candidate distributions and the nominal distribution;
[57] measured the distribution distance using the Wasserstein distance instead. Among these
metrics, the Wasserstein distance stands out because of two important features. The first
is its ability to characterize the distance between a discrete and a continuous distribution.
The second is the fact that it is a true distance metric that possesses nice properties such
as being symmetric with the triangle inequality holds. Thus, the Wasserstein distance has
become increasingly popular in recent years and is chosen for this study.

One important application of the aforementioned DD-DRO is to robustify the statisti-
cal/supervised learning problems. [1] applied the distributionally robust approach to logistic
regression with a Wasserstein ambiguity set. The authors provided a tractable reformulation
and encapsulated the classical regularization as special cases. [56] further established the
connection between the Wasserstein distributionally robust approaches and regularization. A
broad class of loss functions was identified for which the DRO approach with Wasserstein am-
biguity set was asymptotically equivalent to a regularization problem with a gradient-norm
penalty. [21] also showed that certain machine learning problems with regularization can be
viewed as solutions to DRO problems. The authors introduced a method known as robust
Wasserstein profile inference for select regularization parameters without cross-validation.
In addition to the Wasserstein ambiguity set, [62] applied the f -divergence to classification
problems when analyzing a distributionally robust supervised learning problem.
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Nevertheless, all of these approaches assume a stationary unchanging environment in
which the data points can be considered as i.i.d. samples. This assumption is impractical in
many real-world applications. To this end, supervised learning without the i.i.d. assumption
has been studied. [137] and [138] analyzed the case of covariate shift when the training and
test data were from di↵erent distributions. [103, 104] and [120] studied a scenario in which
observations were drawn from a stationary �-mixing or �-mixing sequence. This type of
sequence assumes dependence between observations in which the dependence weakens over
time. However, none of these studies that relaxed the assumption of i.i.d. samples considered
the robustness of their learning framework. With non-i.i.d. samples, our work is the first
to link studies in the machine learning community with those in the robust optimization
community.

Based on our results as presented in Section 4.3, the solution of our approach is consistent
with that of a currently used procedure in industry in which the quantile of the response
variable is estimated by ranking the residuals of a regression model ([34, 151] ). This method
is easy to implement and has good performance in practice in many di↵erent fields. For
instance, [42] used the percentiles of residual ranks to estimate childhood obesity, and [50]
used the same approach to study the growth of student test scores.

A similar idea to that of our two-step framework has been adopted for conformalized pre-
diction. A conformalized prediction involves first training a regression model on a training set
and then using residuals on a validation set to estimate the uncertainty of a future prediction
(readers may refer to [132] for a detailed review). [122] and [79] independently investigated
the conformalized quantile regression (CQR) method, which combines the method of confor-
malized prediction and quantile regression. The CQR method provides confidence intervals
for quantile estimators with a high probability. [140] then extended the CQR method un-
der the setting of covariate shift. Our work is di↵erent from this stream of research in two
respects. First, CQR methods have been used to solve for a confidence interval of quantile
estimators, whereas we investigate this problem from an optimization viewpoint and provide
an upper-bound of the out-of-sample objective cost with high probability. Moreover, the
aforementioned works all assumed the training dataset to be exchangeable or i.i.d., whereas
we adopt a fixed-design setting in which the exchangeability and i.i.d. assumption do not
hold.

4.3 Problem Formulation

In this work, we consider a linear model as follows:

y = �T

0
x+ ", (4.2)

where y 2 R is the response variable of interest, x 2 Rp is a vector of explanatory variables
without an interception term, �0 2 Rp is the vector of linear coe�cients and " 2 R is a
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random innovation. In addition, " is assumed to be independent of x and is i.i.d. in all
instances with zero mean and unknown variance �2. Note that the distribution of " is not
necessarily normal. Since we adopt a fixed-design setting, all feature observations {xi}Ni=1

are treated as deterministic rather than random.

Note that the ⌧th quantile of a random variable y is defined as

Q⌧ (y) = inf{q : P(y  q) � ⌧}. (4.3)

Under the fixed-design setting that we adopt, we are concerned with out-of-sample perfor-
mance with some given feature vector x = c. By the linear model (4.2) and the independence
between x and ", the conditional quantile admits the following form for any c:

Q⌧ (y|c) =Q⌧ (�
T

0
c+ "|c)

=�T

0
c+Q⌧ (")

=�T

0
c+ s⌧ (4.4)

where s⌧ := Q⌧ (") is defined as the ⌧th quantile of ".

In addition to the definition (4.3), Q⌧ (y) can also be defined as the solution of a stochastic
optimization problem:

Q⌧ (y) = argmin
q

E[⇢⌧ (y � q)] (4.5)

where ⇢⌧ is the quantile loss function (also called the check function) which takes the form
of

⇢⌧ (u) = u(⌧ � I(u0)) =

(
⌧u if u > 0,

(⌧ � 1)u if u  0.
(4.6)

When no intercept term exists in x, equation (4.4) is identifiable. Thus, �0 and s⌧ are
the unique solution to the following stochastic optimization problem, for any fixed value c,

�0, s⌧ = argmin
�,s

Ey|c[⇢⌧ (y � �T c� s)], 8c 2 Rp,

= argmin
�,s

E[⇢⌧ (�T

0
c+ "� �T c� s)], 8c 2 Rp.

(4.7)

Note that the expectation is taken over the randomness of ". The first equation follows
when q is replaced by �T c+ s in (4.5) and the identifiable property of �0 and s⌧ . The second
equation holds because the only randomness of y comes from the noise term ", and " does
not depend on c.

However, the conditional distribution of y|c is not available because neither the value
�0 nor the distribution of " is recognized. Under the random-design setting, a common
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treatment is to consider the following stochastic optimization problem instead:

min
�,s

E(x,y)[⇢⌧ (y � �Tx� s)]. (4.8)

We then apply the SAA approach, where

�̂SAA, ŝSAA = argmin
�,s

NX

i=1

⇢⌧ (yi � �Txi � s). (4.9)

This is also recognized as quantile regression ([81]). Under the random-design setting, SAA
is essentially equivalent to replacing the real joint distribution of (x, y) by its empirical
distribution, which converges to the real underlying data generating distribution as the
sample size increases.

However, in the fixed-design setting that we explore, this converging empirical distri-
bution property no longer holds, as our data points are not i.i.d. To obtain a robust yet
not-too-conservative solution, we consider the DRO approach which hedges against a chosen
set of candidate distributions and incorporates the feature information as well:

�̂DRO, ŝDRO = argmin
�,s

sup
Qy2Py

EQy
[⇢⌧ (y � �T c� s)], (4.10)

where Qy is a candidate conditional distribution of y given the feature vector c and Py is
an ambiguity set constructed through observed data points {(xi, yi)}Ni=1

. Similarly, Py also
depends on c, the feature vector of interest. Equivalently, we can rewrite the formulation to
the expectation with respect to " as we assume that it is the source of randomness and is
independent of c:

�̂DRO, ŝDRO = argmin
�,s

sup
Q"2P"

EQ"
[⇢⌧ (�

T

0
c+ "� �T c� s)], (4.11)

where Q" and P" denote the candidate distribution and ambiguity set of ", respectively. As
reviewed in Section 4.2, various criteria can be used to construct P". In this research, we
adopt P" constructed using the Wasserstein distance.

Compared with the traditional random interpretation of the feature vector x, a major
di�culty arises with the fixed-design setting. The process " is the only process that has
i.i.d. realizations. However, this process is not explicitly observable. Instead, we can obtain
only realizations of {yi}Ni=1

where yi = �T

0
xi + "i and the value of �0 is also unknown. To

decouple the two sources of unknownness, we introduce a new quantity, "(�) = "+(�0��)T c.
Its distribution is the same as that of " but shifted by a constant (�0 � �)T c. Then, the
distributionally robust optimization formulation (4.11) can be rewritten as:

�̂DRO, ŝDRO = argmin
�,s

sup
Q"(�)2P(�)

EQ"(�)
[⇢⌧ ("(�)� s)], (4.12)
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where Q"(�) and P(�) are the corresponding candidate distribution and ambiguity set of
"(�), respectively. It should be emphasized that our ambiguity set relies not only on the
data points and vector c, but also on the value of �, which in turn must be determined.
Therefore, with the intention of employing the Wasserstein ambiguity set, both the center
and radius of the Wasserstein ball depend on the value of �. Hence, jointly determining the
optimal value of � and s cannot be accomplished.

To simplify the problem described in (4.12) and to obtain a tractable solution, we proceed
with a regress-then-robustify framework by first providing a good estimation of �0 and then
solving an approximated distributionally robust problem. For any estimator of �, we can
construct surrogate samples of " with the residuals associated with �, defined as{("i(�) =
yi � �Txi)}Ni=1

. Then, the ambiguity set is constructed as a Wasserstein ball centered at
a discrete distribution with equal mass on the surrogate samples (we call it the surrogate
empirical distribution) (i.e. P(�) := BrN

�
P̂N(�)

�
with P̂N(�) = 1

N

P
N

i=1
�("i(�)), where

�("i(�)) denotes the unit mass on "i(�)). In this section, we start by using the least squared
estimator �̂N

OLS
from the classical linear regression as the value for estimating �0. It is well-

known that, under certain conditions, �̂N

OLS
is a consistent estimator of �0, and has a nice

closed-form solution with well-studied properties which is expressed as:

�̂N

OLS
= (XTX)�1XTY, (4.13)

where X 2 Rn⇥p is the design matrix with xi being its ith row and Y 2 Rn being a column
vector that stores {yi}Ni=1

.

Let us further define "0 = "+(�0� �̂N

OLS
)T c with unknown distribution P"0 (i.e., P" shifted

by (�0 � �̂N

OLS
)T c). Then, the corresponding surrogate samples are {"OLS

i
}N
i=1

with "OLS

i
=

yi � (�̂N

OLS
)Txi and the surrogate empirical distribution is P̂N(�̂N

OLS
) = 1

N

P
N

i=1
�("OLS

i
).

The surrogate empirical distribution leads to a Wasserstein ball ambiguity set P(�̂N

OLS
) :=

BrN

�
P̂N(�̂N

OLS
)
�
, where the definition of the Wasserstein distance is provided in Section 4.3.1.

Note that "OLS

i
is the linear regression residual of the ith data point, but is not an actual

realization of the random variable "0. Thus, compared with existing studies, the ambiguity
set of our formulation is no longer centered at an empirical distribution of a random variable.
Instead, it centers at the surrogate empirical distribution based on OLS residuals. Finally,
we aim to solve the following distributionally robust optimization problem:

min
s�0

sup
Q

"02P(�̂N

OLS
)

EQ
"0 [⇢⌧ ("

0 � s)], (4.14)

where ŝN denotes the optimal solution of (4.14).

4.3.1 Preliminaries

Under our problem setting, we introduce the definition of the Wasserstein distance as
follows:
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Definition 4.3.1 (Wasserstein distance). Let P andQ denote two distributions supported on
a set ⌅. Let M(⌅2) denote the set of probability distributions on ⌅⇥⌅. The (1-)Wasserstein
distance between P and Q is defined as

dW (P,Q) := inf
⇧2M(⌅2)

�Z

⌅2

d(⇠, ⇠0)⇧(d⇠, d⇠0) : ⇧(d⇠,⌅) = Q(d⇠),⇧(⌅, d⇠0) = P(d⇠0)
 
,

(4.15)
where d(⇠, ⇠0) is a metric on ⌅.

We remark that the definition stated above is for the 1-Wasserstein distance which is
a special case of the a generalized p-Wasserstein distance with p � 1. In this section, we
exclusively focus on the 1-Wasserstein distance as given in Definition 4.3.1. From Section
4.3 to Section 4.5, our analysis focuses on the case in which ⌅ = R and thus admits the
absolute di↵erence |⇠ � ⇠0| as d(⇠, ⇠0). In addition, we should mention that the Wasserstein
metric can also be defined in a dual representation.

Lemma 4.3.1 ([46], Theorem 3.2). For any distributions P,Q 2M(⌅) we have

dW (P,Q) = sup
f2L

�Z

⌅

f(⇠)P(d⇠)�
Z

⌅

f(⇠)Q(d⇠)
 
,

where L denotes the space of all Lipschitz functions with |f(⇠) � f(⇠0)|  d(⇠, ⇠0) for all
⇠, ⇠0 2 ⌅. d(⇠, ⇠0) denotes the metric on ⌅ that is used in Definition 4.3.1.

Because our DRO solution relies on the OLS estimator, its performance depends on
how e↵ective �̂N

OLS
is as a proxy for �0. Thus, we review the important assumptions for

guaranteeing the performance of �̂N

OLS
together with some properties of the OLS estimator.

Throughout our analysis in this study, we also make the same assumptions.

Assumption 5. The design matrix X is of full rank. This ensures the invertibility of matrix
XTX, so that the closed-form solution (4.13) is well-defined.

Although we proceed with the fixed-design setting in which {xi}Ni=1
should not be regarded

as i.i.d. samples, we still require the design matrix X to have certain asymptotic properties.

Assumption 6. As sample size N goes to infinity, the p⇥ p matrix

Mxx = lim
N!1

N�1XTX = lim
N!1

N�1

NX

i=1

xix
T

i
(4.16)

exists and is finite nonsingular.
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This assumption immediately leads to the observation that cT (XTX)�1c! 0 as N goes
to infinity for any bounded vector c because

lim
N!1

cT (XTX)�1c = lim
N!1

cT (N�1XTX)�1c

N

=
cT (limN!1 N�1XTX)�1c

limN!1 N

=
cTM�1

xx
c

limN!1 N

= 0.

(4.17)

Moreover, with the aforementioned two assumptions held, by applying the Markov law of
large numbers (Theorem A.9 from [29]), one can prove that �̂N

OLS
is a (strongly) consistent

estimator.

Lemma 4.3.2. Under Assumptions 5 and 6, the OLS estimator is strongly consistent, i.e.,

�̂N

OLS

a.s.��! �0.

Closely related to linear regression is the so-called N ⇥ N “hat matrix”, that is, the
projection matrix defined as

H = X(XTX)�1XT . (4.18)

Its diagonal elements {hii}Ni=1
are widely known as the leverage scores of data points, mea-

suring how far away the feature vectors of each observation are from those of the other
observations. We state some additional useful properties of the leverage scores in the follow-
ing lemma.

Lemma 4.3.3 ([32]). Let hii denote the ith diagonal element of the projection matrix H
defined in (4.18), where X 2 Rn⇥p is the design matrix. Then, the following results hold:

1. 0  hii  1, 8i = 1, 2, . . . , N.

2. trace(H) =
P

N

i=1
hii = p.

4.4 Tractable Reformulation

In Section 4.3, we proposed a DRO formulation for solving a linear conditional quantile
prediction problem. However, formulation (4.14) is a seemly intractable optimization prob-
lem with infinite-dimensional constraints. To assure that our formulation is computationally
tractable, we further demonstrate that it can be rewritten as a convex program with de-
coupled components and can thus be solved by OLS regression followed by sorting of the
residuals. The following theorem provides a tractable reformulation.
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Theorem 4.4.1. For any rN � 0, (4.14) can be reformulated as

min
s,��max{⌧,1�⌧}

�rN +
1

N

NX

i=1

⇢⌧ ("
OLS

i
� s). (4.19)

Proof. Proof of Theorem 4.4.1: By our construction of the ambiguity set, P(�̂N

OLS
)) :=

BrN
(P̂N(�̂N

OLS
)), for a fixed s, we have

sup
Q

"02BrN
(P̂N (�̂N

OLS
))

EQ
"0 [⇢⌧ ("

0 � s)]

=

(
supQ

"02M(R) EQ
"0 [⇢⌧ ("

0 � s)]

s.t. dW (Q"0 , P̂N(�̂N

OLS
))  rN

=

8
><

>:

sup
⇧

R
R ⇢⌧ ("

0 � s)Q"0(d"0)

s.t.
R
R⇥R |"

0 � ⇠|⇧(d"0, d⇠)  rN
where "0 ⇠ Q"0 , ⇠ ⇠ P̂N(�̂N

OLS
), and "0, ⇠ has joint distribution ⇧,

(4.20)

where the equality (4.20) holds due to the definition of Wasserstein distance (Definition
4.3.1). Let Qi denote the conditional distributions of "0 given ⇠ = "OLS

i
, 8i = 1, . . . , N and

let �("OLS

i
) denote the Dirac distribution of ⇠ at ⇠ = "OLS

i
. Then, for any joint distribution of

(⇠, "0), denoted as ⇧, we can find Qi that satisfy ⇧ = 1

N

P
N

i=1
�("OLS

i
)⌦Qi, where ⌦ denotes

the product of �("OLS

i
), a measure of ⇠, and Qi, a measure of "0. Thus, (4.20) can be further

reformulated as

(4.20) =

(
supQi2M(R)

1

N

P
N

i=1

R
R ⇢⌧ ("

0 � s)Qi(d"0)

s.t. 1

N

P
N

i=1

R
R k"

0 � "OLS

i
kQi(d"0)  rN

(4.21)

= sup
Qi2M(R)

inf
��0

1

N

NX

i=1

Z

R
⇢⌧ ("

0 � s)Qi(d"0) + �(rN �
1

N

NX

i=1

Z

R
k"0 � "OLS

i
kQi(d"0))

(4.22)

 inf
��0

sup
Qi

�rN +
1

N

NX

i=1

Z

R
(⇢⌧ ("

0 � s)� �|"0 � "OLS

i
|)Qi(d"0). (4.23)

Problem (4.22) follows from (4.21) by adding a dual multiplier �, and the inequality (4.23)
reduces to equality by strong duality which is guaranteed by Theorem 1 of [22].

In addition, the optimal Qi that solves

sup
Qi

1

N

NX

i=1

Z

R
(⇢⌧ ("

0 � s)� �|"0 � "OLS

i
|)Qi(d"0)
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is the Dirac distribution Qi = �("⇤
i
), where "⇤

i
solves

sup
"02R

⇢⌧ ("
0 � s)� �|"0 � "OLS

i
|.

Because both ⇢⌧ (·) and | · | are piece-wise linear functions, only their slopes, i.e. ⌧ , ⌧ � 1
and �, play a role in determining the supremum of the function value. It can be easily
shown that "⇤

i
= "OLS

i
if � � max{1� ⌧, ⌧}. Otherwise, sup

"
⇢⌧ ("0 � s)� �|"0 � "OLS

i
| =1.

Moreover, because this is a minimization problem and we can easily identify a feasible value
(e.g. � = 1) for the objective value to be finite, the optimal value should be finite. Therefore,
we add the constraint � � max{⌧, 1� ⌧}. We then have

(4.14) = min
s,��0

�rN +
1

N

NX

i=1

(
⇢⌧ ("OLS

i
� s), if � � ⌧ and � � 1� ⌧,

1, o.w.
(4.24)

= min
s,��max{⌧,1�⌧}

�rN +
1

N

NX

i=1

⇢⌧ ("
OLS

i
� s). (4.25)

The aforementioned theorem provides a convex program reformulation of (4.14) with two
decomposed components. This reformulation further leads to a simple closed-form solution
where �̂N = max{⌧, 1 � ⌧} and ŝN = argmin

s

1

N

P
N

i=1
⇢⌧ ("OLS

i
� s). In particular, �̂N

is essentially the Lipschitz constant of ⇢⌧ , and ŝN is the ⌧th sample quantile of the OLS
residuals {"OLS

i
}N
i=1

. This solution can be obtained in polynomial time by sorting the linear
regression residuals.

It is worth mentioning that sorting the linear regression residuals is a currently used
procedure in linear model quantile prediction. In fact, it achieves good practical performances
in many di↵erent fields including healthcare (see [42]) and education (see [34, 50]). Theorem
4.4.1 thus shows that this procedure has certain robustness and explains its empirical success
from the perspective of DRO.

Furthermore, Theorem 4.4.1, combined with Section 4.5, indicates that under a linear
fixed design, a simple upper-bound for the out-of-sample quantile loss of our conditional
quantile predictor can be calculated by summing the minimal empirical risk of linear re-
gression residuals and a constant term, max{⌧, 1� ⌧}rN . This finding aligns with Theorem
10 of [86], which states that for a convex Lipschitz loss function, the worst-case risk with
Wasserstein-DRO formulation coincides with Lipschitz-regularized empirical loss.

4.5 Performance Guarantees

Although Theorem 4.4.1 demonstrates that (4.14) has a simple and practical solution, the
robustness of the solution still remains to be shown. To do this, in this section, we provide
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theoretical performance guarantees for the proposed distributionally robust solution. We
first develop measure concentration results for the surrogate empirical distribution. With
finite sample points, we provide su�cient conditions for choosing the Wasserstein ball radius
such that the out-of-sample quantile loss can be bounded from above with high probability.
We then prove the asymptotic optimality of our proposed DRO solution.

4.5.1 Notation and Assumptions

To clarify our analysis, we first introduce the following notation:

� J⇤: the optimal expected cost which we target at, i.e.,

J⇤ = min
�,s

Ey|c[⇢⌧ (y � �T c� s)] = min
�,s

EP"(�)
[⇢⌧ ("(�)� s)]. (4.26)

� ĴN : the in-sample cost achieved by the distributionally robust optimization formulation
(4.14), i.e.,

ĴN = min
s

sup
Q

"02P(�̂N

OLS
)

EQ
"0 [⇢⌧ ("

0 � s)],

"0 = "+ (�0 � �̂N

OLS
)T c.

(4.27)

� Joos: the expected out-of-sample cost achieved by our DRO solution (ŝN , �̂N

OLS
), i.e.,

Joos = EP
"0 [⇢⌧ ("

0 � ŝN)]. (4.28)

The feasibility of (ŝN , �̂N

OLS
) to the original problem (4.11) implies that J⇤  Joos. How-

ever, our primary concern is to obtain an upper-bound of Joos. Recall that the DRO formu-
lation minimizes the worst-case in-sample cost ĴN among the ambiguity set and that both
ĴN and P(�̂N

OLS
) are random due to the randomness of the data samples. ĴN bounds Joos

from above if and only if the ambiguity set we constructed includes the real distribution P"0 .
Thus, we examine the ambiguity set

P(�̂N

OLS
) := BrN

�
P̂N(�̂

N

OLS
)
�

:=
�
Q 2M(R) : dW (P̂N(�̂

N

OLS
),Q)  rN

 
,

(4.29)

where the ambiguity set consists of all distributions within a Wasserstein ball that has
radius rN and center P̂N(�̂N

OLS
). Note that P̂N(�̂N

OLS
) is not constructed with i.i.d. samples.

Therefore, the measure concentration results from [51] cannot be directly applied. This
means that the performance guarantees demonstrated in existing literature (e.g., [57] and
[46]) no longer hold. To reestablish the desired performance guarantees, we follow a “divide
and conquer” approach and apply the attractive properties of �̂N

OLS
. Throughout this section,

we make the following additional assumption:
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Assumption 7 (Light-tailed assumption). There exists an exponent a > 1 such that

A := EP"
[exp(k"ka)] <1.

We also assume that A > 1.

This light-tailed assumption requires the tail of the distribution of " to decay at an
exponential rate and implies that the variance of " is finite. In particular, to derive an
upper-bound for the variance �2, we have the following result:

Lemma 4.5.1. Under Assumption 7, the variance of ", denoted by �2 can be upper-bounded
by light-tail coe�cients:

�2  (2(A� 1))
1
a .

Proof. Proof of Lemma 4.5.1: Since |"| � 0, by Taylor’s expansion, we have

A := EP"
[exp(|"|a)] � EP"

[1 + |"|a + 1

2
|"|2a] (4.30)

� 1 +
1

2
EP"

[|"|2a] (4.31)

� 1 +
1

2
�2a (4.32)

where the second inequality is a consequence of |"| � 0 as well. The last inequality holds
due to Jensen’s inequality.

Thus, we can assume that we know a constant  such that �2  .

4.5.2 Finite-sample Performance Guarantees

In our problem setting, the measure concentration results of [51] no longer hold because
the ambiguity set is centered at the surrogate empirical distribution. Therefore, we first
investigate the measure concentration of the surrogate empirical distribution and then use
it as a building block for establishing finite-sample performance guarantees.

Theorem 4.5.2 (Measure Concentration). Suppose Assumptions 5, 6 and 7 hold, then for
any ⌘ 2 (0, 1), there exists rN such that rN ! 0 as N !1 and

PN{dW (P"0 , P̂N(�̂
N

OLS
)) � rN}  ⌘,

where PN(·) denotes the joint distribution of the N samples of ".

Corollary 4.5.2.1 (Finite-sample Performance Guarantee). It follows immediately from
Theorem 4.5.2 that ĴN upper-bounds Joos with high probability. i.e.,

PN(Joos  ĴN) � 1� ⌘.
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We first introduce the following lemmas to prove Theorem 4.5.2 using a “divide and
conquer” approach.

When � takes its real value �0, P̂N(�0) boils down to an empirical distribution of " based
on i.i.d. samples. Thus, the result from [51] holds for P̂N(�0).

Lemma 4.5.3 ([51] and [46]). If Assumption 7 holds, then for any ⌘0 2 (0, 1), we can set
r1,N such that

PN

"
{dW (P", P̂N(�0)) � r1,N}  ⌘0

for all N � 1, where

r1,N(⌘
0) :=

(
( log(c1⌘

0�1
)

c2N
)
1
2 if N � log(c1⌘

0�1
)

c2

( log(c1⌘
0�1

)

c2N
)
1
a if N < log(c1⌘

0�1
)

c2

(4.33)

where c1, c2 are positive constants that only depend on a and A (see Theorem 2 of [51] for
details regarding choice of c1 and c2). Note that r1,N chosen according to (4.33) converges
to 0 as N !1.

We further investigate the Wasserstein distance between the real empirical distribution
P̂N(�0) and its approximation by the surrogate empirical distribution P̂N(�̂N

OLS
).

Lemma 4.5.4. If Assumptions 5, 6 and 7 hold, then by setting r2,N =
p

p

N

1

⌘0 , we have

P"{dW (P̂N(�0), P̂N(�̂
N

OLS
)) � r2,N}  ⌘0 (4.34)

for all ⌘0 2 (0, 1), and that r2,N ! 0 as N !1.

Proof. Proof of Lemma 4.5.4: Let "OLS

i
denote the linear regression residual of the ith data

point, then

dW (PN(�0),PN(�̂
N

OLS
)) = sup

f2L

{ 1

N

NX

i=1

f("i)� f("OLS

i
)}

 1

N

NX

i=1

|"i � "OLS

i
|

=
1

N

NX

i=1

|(�̂OLS

N
� �0)

Txi|

=
1

N

NX

i=1

|xT

i
(XTX)�1XT"|, (4.35)
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where the first equality follows from the dual representation of the Wasserstein metric
(Lemma 4.3.1) and the following inequality is justified by f being a 1-Lipschitz function. We
then stack the realizations of random noises, {"i}Ni=1

, in vector ". To simplify the notation,
let Vi = xT

i
(XTX)�1XT". Then, with X being fixed and independent of ", we have

E(Vi) = xT

i
(XTX)�1XTE(") = 0

and
Var(Vi) = �2xT

i
(XTX)�1xi

 hii,

where  is an upper-bound of �2 as defined in Lemma 4.5.1 and hii = xT

i
(XTX)�1xi is the

leverage of the ith data point in linear regression as defined in lemma 4.3.3. It follows that
(4.35) can be bounded from below as

P( 1
N

NX

i=1

|Vi| > r2,N) 
E[ 1

N

P
N

i=1
|Vi|]

r2,N
(4.36)


1

N

P
N

i=1

p
EV 2

i

r2,N
(4.37)

=
1

N

P
N

i=1

p
Var(Vi)

r2,N
(4.38)



q
1

N

P
N

i=1
Var(Vi)

r2,N
(4.39)



q
1

N

P
N

i=1
hii

r2,N


r

p

N

1

r2,N
. (4.40)

The inequality (4.36) follows from Markov’s inequality. (4.37) and (4.39) both hold according
to Jensen’s inequality. The equality (4.38) is a consequence of the fact that E[Vi] = 0. Finally,
when Lemma 4.3.3 is applied, (4.40) holds. We then have

P"{dW (P̂N(�0), P̂N(�̂
N

OLS
)) � r2,N}  P( 1

N

NX

i=1

|Vi| > r2,N)


r

p

N

1

r2,N
.

Thus, with r2,N =
p

p

N

1

⌘0 , we can bound the distance, dW (P̂N(�0), P̂N(�̂N

OLS
)), with any

desired probability (1� ⌘0) 2 (0, 1). Because both p and  are finite constant, for any given
value of ⌘0, we have r2,N ! 0 as N !1.
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Finally, it remains to bound the distance between the underlying true distributions of "
and "0 = "+ (�0 � �̂N

OLS
)T c, where the latter is simply the former shifted by a constant. We

then have the following lemma:

Lemma 4.5.5. If Assumption 7 holds, then for any ⌘0 2 (0, 1), we can set

r3,N =

s
cT (XTX)�1c

⌘0

so that
P"{dW (P",P"0) � r3,N}  ⌘0. (4.41)

Note that r3,N ! 0 as N !1 by (4.17).

Proof. Proof of Lemma 4.5.5: Noting the fact that given the OLS estimator, �̂N

OLS
, "0 is

simply the random variable " shifted by a constant. We show that a general case of Lemma
4.5.5, as stated in Lemma 4.5.6, holds.

Lemma 4.5.6. Let µ and ⌫ denote two probability measures supported on R. Suppose d⌫(x+
t) = dµ(x) for all x 2 R with a constant t. Then it holds that

dW (µ, ⌫) = |t|

Proof. Proof of Lemma 4.5.6: Because of the symmetry of this problem, without loss of
generality, we may assume t � 0. For any joint density function h(x, y) that has marginal
µ(x) and ⌫(y), if d⌫(x+ t) = dµ(x), then we have

Z

R
h(y, x+ t)dy =

Z

R
h(x, y)dy := g(x).

Thus,

inf
h2M(R2)

Z

R⇥R
|x� y|h(x, y)dxdy � inf

h2M(R2)

Z

R⇥R
(y � x)h(x, y)dxdy (4.42)

= inf
h2M(R2)

(

Z

R
yh(x, y)dxdy �

Z

R
xh(x, y)dxdy) (4.43)

= inf
g2M(R)

(

Z

R
yg(y � t)dy �

Z

R
xg(x)dx) (4.44)

= inf
g2M(R)

(

Z

R
(y + t)g(y)dy �

Z

R
yg(y)dy) (4.45)

= t (4.46)
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Here, we slightly abuse the notation and let M(R2) denote the set of probability density
functions of all probability distributions on R⇥R. Similarly, we let M(R) denote the set of
density functions of all marginal distributions on R.

We then show that the aforementioned inequality reduces to equality by specifying a
joint distribution that achieves the lower-bound. Consider h(x, y) = �(y = x + t)dµ(x)/dx,
where � denotes the delta function. Using the fundamental property of the � function,R
R h(x, y)dy = 1y=x+tdµ(x)/dx. Thus, with this specific h(x, y),

Z

R⇥R
|x� y|h(x, y)dxdy =

Z

R
tdµ(x) = t.

Thus, by applying Lemma 4.5.6 to the left-hand-side of (4.41), we obtain the Wasserstein
distance between P" and P"0 as

dW (P",P"0) = |(�0 � �N

OLS
)T c|.

Then, by Chebyshev’s Inequality, we have

PN(|(�0 � �̂N

OLS
)T c| > r3,N) 

Var(|(�0 � �̂N

OLS
)T c)|)

(r3,N)2

 Var((�0 � �̂N

OLS
)T c))

(r3,N)2

=
Var(((XTX)�1XT")T c)

(r3,N)2

=
�2cT (XTX)�1c

(r3,N)2

 

(r3,N)2
(cT (XTX)�1c).

It thus su�ces to select r3,N =
q

cT (XTX)�1c

⌘0 so that P"{dW (P",P"0) � r3,N} is bounded by

⌘0. With Assumption 7, ⌘0 converges to zero as N goes to infinity.

Based on previously stated lemmas, we then prove the measure concentration results for
P̂N(�̂N

OLS
).

Proof. Proof of Theorem 4.5.2: By triangle inequality, the Wasserstein distance between
P"0 , which is the underlying true distribution of "0, and P̂N(�̂N

OLS
), which is the surrogate
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empirical distribution, can be decomposed into the following three components

dW (P"0 , P̂N(�̂
N

OLS
))  dW (P", P̂N(�0)) + dW (P̂N(�0), P̂N(�̂

N

OLS
)) + dW (P"0 ,P"), (4.47)

where the three components are bounded by Lemma 4.5.3, 4.5.4 and 4.5.5, respectively,
with certain probability. In particular, for any ⌘ 2 (0, 1), we can first select ⌘0 = ⌘

3
and

then select r1,N , r2,N , and r3,N according to the aforementioned Lemmas. Thus, by setting
rN = r1,N + r2,N + r3,N , we have

PN(P"0 2 BrN
(P̂N(�̂

N

OLS
))) =PN(dW (P"0 , P̂N(�̂

N

OLS
))  rN)

�1� P(dW (P", P̂N(�0)) > r1,N)� P(dW (P̂N(�0), P̂N(�̂
N

OLS
)) > r2,N)

� P(dW (P"0 ,P") > r3,N)

�1� 3⌘0

=1� ⌘.

4.5.3 Asymptotic Consistency

Section 4.5 demonstrated that, with properly chosen rN , ĴN is an upper-bound of the
expected out-of-sample cost Joos with any desired probability with finite data points. It still
remains to explore the limiting behavior of this upper-bound when the sample size tends to
infinity. Hereafter, we study the asymptotic behavior of the DRO solution and show that
the gap between ĴN and J⇤ asymptotically converges to zero.

Theorem 4.5.7 (Asymptotic Consistency). Suppose that Assumptions 5,6 and 7 hold and
that a sequence ⌘N 2 (0, 1) satisfies

P
1

N=1
⌘N <1 and limN!1 rN(⌘N) = 0 (e.g., a possible

choice is ⌘N = exp {�
p
N}). Then

a) ĴN # J⇤ as N !1 where J⇤ is the optimal value of (4.26);

b) Any accumulation point of {(ŝN , �̂N

OLS
)} is P1

"
-almost surely one of the optimal solution

for (4.26).

Proof. Proof of Theorem 4.5.7: We first show that, with a sequence ⌘N described in the
theorem statement, P̂N(�̂N

OLS
), N 2 N, converges under Wasserstein metric to P"0 almost

surely with respect to P1

"
. Theorem 4.5.2 implies that PN{dW (P"0 , P̂N(�̂N

OLS
))  rN(⌘N)} �

1 � ⌘N . As
P

1

N=1
⌘N < 1, then the Borel–Cantelli Lemma ([77], Theorem 2.18) can be

applied and we have

P1

"
{dW (P"0 , P̂N(�̂

N

OLS
))  rN(⌘N) for all su�ciently large N} = 1. (4.48)
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Then since limN!1 rN(⌘N) = 0, limN!1 dW (P"0 , P̂N(�̂N

OLS
)) = 0 almost surely.

As the DRO solution is feasible for the original stochastic program (4.26), we always have
J⇤  Joos. In addition, for any sequence of ⌘N 2 (0, 1), we can choose rN(⌘N) based on the
conditions derived from Theorem 4.5.2 and Lemma 4.5.3-4.5.5 such that

PN{J⇤  ĴN} � PN{Joos  ĴN} � 1� ⌘N , 8N 2 N (4.49)

Then we apply the Borel–Cantelli Lemma and have

P1

"
{J⇤  ĴN , 8 su�ciently large N} = 1,

and
P1

"
{Joos  ĴN , 8 su�ciently large N} = 1. (4.50)

Next, it still remains to show that

P1

"
{lim sup

N!1

ĴN  J⇤} = 1. (4.51)

According to Theorem 4.4.1, recall that s⌧ is the ⌧ -th quantile of ",

lim sup
N!1

ĴN = lim sup
N!1

rN max{⌧, 1� ⌧}+min
s

EP̂N (�̂N

OLS
)
[⇢⌧ ("� s)]

 lim sup
N!1

rN max{⌧, 1� ⌧}+ EP̂N (�̂N

OLS
)
[⇢⌧ ("� s⌧ )] (4.52)

= lim sup
N!1

rN max{⌧, 1� ⌧}+ EP"
[⇢⌧ ("� s⌧ )] + EP̂N (�̂N

OLS
)
[⇢⌧ ("� s⌧ )]� EP"

[⇢⌧ ("� s⌧ )]

= lim sup
N!1

rN max{⌧, 1� ⌧}+ EP"
(⇢⌧ ("� s⌧ )) + dW (P", P̂N(�̂

N

OLS
)) (4.53)

 lim sup
N!1

rN max{⌧, 1� ⌧}+ EP"
(⇢⌧ ("� s⌧ )) + dW (P",P"0) + dW (P"0 , P̂N(�̂

N

OLS
))

(4.54)

=EP"
(⇢⌧ ("� s⌧ )) P1

"
-almost surely (4.55)

=J⇤,

where (4.52) follows from the feasibility of s⌧ , (4.53) holds due to the dual representation
of Wasserstein distance as defined in Lemma 4.3.1 and the fact that ⇢⌧ (·) is 1-Lipschitz.
Inequality (4.54) follows from the triangle inequality of Wasserstein distance. Moreover, we
further notice that dW (P",P"0)! 0, P1

"
-almost surely, due to the almost surely convergence

of �̂N

OLS
. Then according to (4.48) and the fact that rN ! 0, (4.55) holds. Finally, the claim

lim sup
N!1

ĴN  J⇤ then leads to the conclusion that ĴN # J⇤.

We next want to show that any limit point of (ŝN , �̂N

OLS
), if exists, is an optimal solution

of J⇤. In fact, as a quantile of a random variable minimizes its expected quantile loss, we
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know that s⌧ , �0 is the minimizer to (4.26) and that it is unique when the quantile function
is identifiable. Because of the strong consistency of �̂N

OLS
from Lemma 4.3.2, i.e. �̂N

OLS
! �0,

P1

"
-almost surely, it remains to show that s̄, any limit point of ŝN , if exists, is s⌧ .

Since J⇤ is the optimal objective value and s̄ is a feasible solution, we have

J⇤  EP"
[⇢⌧ ("� s̄)]

= EP"
[ lim
N!1

⇢⌧ ("� ŝN)] (4.56)

 lim inf
N!1

EP"
[⇢⌧ ("� ŝN)] (4.57)

= lim inf
N!1

EP
"0 [⇢⌧ ("

0 � ŝN)] (4.58)

 lim
N!1

ĴN

= J⇤,

where (4.56) follows because s̄ is an accumulation point and ⇢⌧ is a continuous function.
Moreover, (4.57) follows from the Fatou’s Lemma and (4.58) holds due to the almost surely
convergence of �̂N

OLS
to �0.

4.6 Comparison with the Random-design Setting

In this section, we investigate the direct application of distributionally robust optimiza-
tion using the Wasserstein metric in solving newsvendor problem under the random-design
setting. When covariates are considered as random, we let ⇣ denote the joint random vari-
able (x, y), and {⇣i}Ni=1

:= {(xi, yi)}Ni=1
are i.i.d. samples. This section describes a direct

application of the methods developed by [46] to address the conditional quantile prediction
problem with random-design setting.

The ambiguity set is centered at the empirical distribution P̂N := 1

N

P
N

i=1
�(⇣i) and it

follows that the DRO formulation would be

min
�

sup
Q2BrN

(P̂N )

EQ[⇢⌧ (y � �Tx)], (4.59)

where rN is determined by Theorem 3.4 in [46], and certain performance guarantees and
asymptotic consistency directly follow. Recall that the Wasserstein distance (4.15) integrates
a metric d(·, ·) on the support ⌅. Under the random-design setting, (x, y) is the multivariate
random variable of interest and ⌅ = Rp⇥R. Thus, selecting di↵erent distance metrics leads
to di↵erent reformulations.

We want to focus on the case in which L1-norm is selected as the distance matrix. The
following proposition shows that, under this case, the reformulation also admits a neat and
simple form, where the optimal solution coincides with the SAA solution.
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Proposition 4.6.0.1. If k((x, y), (x0, y0)k1 :=
P

p

j=1
|xj � x0

j
| + |y � y0| is considered as the

metric on Rp ⇥ R, (4.59) can be reformulated as

min
�

rN max{⌧, 1� ⌧}+ 1

N

NX

i=1

⇢⌧ (yi � �Txi). (4.60)

Similar to Theorem 4.4.1, the aforementioned reformulation also consists of decoupled
terms, because of the piece-wise linearity of both the L1-norm and ⇢⌧ (·). Moreover, the
second term 1

N

P
N

i=1
⇢⌧ (yi��Txi) coincides with the objective function of the SAA approach.

Therefore, the solution of (4.60) is essentially the same as the SAA solution, and an upper-
bound of the optimal objective value can be derived by adding the term rN max{⌧, 1 � ⌧}
to the SAA objective value.

This result derives from the Lipschitz property of ⇢⌧ (·) and aligns with Theorem 10
of [86]. In Section 4.7, we investigate the numerical performance of the solution of (4.60)
(equivalent to the SAA solution) under a circumstance in which the fixed-design setting is
more suitable. The numerical results show that, although the solution of (4.60) is robust
under the random-design setting, its numerical performance is very unstable and therefore
no longer robust in cases in which the fixed-design setting should be adopted.

Proof. Proof of Proposition 4.6.0.1: Let ⇣ := (x, y) and l⌧ (⇣) := ⇢⌧ (y � �Tx),

sup
Q2BrN

(P̂N )

EQ[⇢⌧ (y � �Tx)] (4.61)

=

(
sup

⇧,Q
R
⌅
l⌧ (⇣)Q(d⇣)

s.t.
R
⌅⇥⌅
k⇣ � ⇣ 0k1⇧(d⇣, d⇣ 0)  rN

(4.62)

=

(
supQi

1

N

P
N

i=1

R
⌅
l⌧ (⇣)Qi

s.t. 1
N

P
N

i=1

R
⌅
k⇣ � ⇣ 0k1Qi  rN

(4.63)

= inf
��0

sup
Qi

�rN +
1

N

NX

i=1

Z

⌅

(l⌧ (⇣)� �k⇣ � ⇣ik1)Qi(d⇣) (4.64)

= inf
�

rN�+
1

N

NX

i=1

sup
⇣

(l⌧ (⇣)� �k⇣ � ⇣ik1) (4.65)

= inf
�

rN�+
1

N

NX

i=1

l⌧ (⇣i) (4.66)

The last equality holds since ⇣ solves sup
⇣
(l⌧ (⇣)��k⇣� ⇣ik1), and the other equalities follow

from the proof of Theorem 4.2 in [46].
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4.7 Numerical Experiments

In this section, we validate the theoretical results by conducting numerical experiments
using a dataset that is simulated based on real-world data. Our objective is to forecast
aggregated bike demand during a certain hour of the day based on external information
such as temperature and wind speed. An accurate prediction of the quantiles of the random
demand process will facilitate better inventory management of bikes. Section 4.7.1 describes
the data generating process and verifies the fixed-design setting using hypothesis testing.
Section 4.7.2 gives a thorough performance comparison between the proposed DRO and
the standard SAA methods. Finally, Section 4.7.3 compares the DRO method with several
data-driven prescriptive methods proposed by [18] and [10].

4.7.1 Data

The data used in our experiments are simulated based on a real dataset obtained from
[48]. By selecting all observations recorded on weekdays from their training set, we obtain a
dataset with 7, 412 instances. We further preprocess the dataset by extracting features that
include hour of the day and day of the week. Subsequently, dummy variables are created for
the categorical features. Some features are removed to eliminate the multicollinearity issue.
Thus, we eventually have a design matrix X with 28 features.

Feature Type Quantity Description
weather Binary 2 Dummy variables for three di↵erent types of weather

temperature Numeric 1 Temperature
humidity Numeric 1 Humidity
windspeed Numeric 1 Wind speed

hour Binary 21 Dummy variables indicating the hour of the day1

wday Binary 1 Dummy variable indicating if the data is observed on
weekdays

timeperiod numeric 1 Time period index
1
Some hours are consolidated together as they do not show significance in the fitted linear model.

Table 4.1: A Summary of Features

Table 4.1 summarizes the information of the features in the design matrix. Since the
observations correspond to periods of time, the observations should not be viewed as i.i.d.,
and we should consider the fixed-design setting. Table 4.1 shows that most of the features
are time series or are generated based on some trend over time. Therefore, the observations
should not be viewed as i.i.d. and we should apply the fixed-design setting. Firstly, we
conduct a linear regression model on the aforementioned preprocessed dataset. We then
discard the demand column of the dataset and only keep the columns of features. After



CHAPTER 4. DISTRIBUTIONALLY ROBUST CONDITIONAL QUANTILE
PREDICTION WITH FIXED DESIGN 83

that, we construct a partial-synthetic data set by reconstructing the demand column using
simulation. More specifically, in simulation, we first take the estimated coe�cients as the
coe�cients for the underlying true linear relationship (�0). Then demand observations are
generated by adding i.i.d. simulated noise, that is,

di = �T

0
xi + "i. (4.67)

Regarding the time-series nature of the dataset, we divide the observations into training
and test sets based on time periods. More specifically, we select observations from the most
recent 500 time periods for testing. Next, for any particular size N , the training set consists
of N observations, counting backwards from the earliest test set observation. Figure 4.1
visualizes our train–test splitting method.

Figure 4.1: Train-test Splitting Method

Typically, the dummy variables for temporal events, namely, hour, wday, and timeperiod
are not generated by a random process. In addition, according to the time-series nature
of our data, the remaining feature variables, namely weather, temperature, humidity, and
windspeed, should be closely correlated within days close to one another and should not be
viewed as i.i.d. samples from a random distribution. This dataset thus serves as a practical
example of when the random-design assumption fails, and the fixed-design setting is more
appropriate.

To validate further the non-i.i.d. nature of this dataset, we use hypothesis tests to check
whether any of weather, temperature, humidity, or windspeed can be treated as independently
generated from a random distribution. To be more specific, we perform a one-sample runs
test on training observations for each of the aforementioned features. The null hypothesis
of this test is that the values are independent, random observations (we refer readers to
Section 4.5 of [135] for a detailed description of the one-sample runs test). We then perform
a two-sample (Wald–Wolfowitz) runs test for each of the aforementioned features on both
training and test observations. The null hypothesis of this test is that the two samples come
from the same unspecified distribution (cf. Section 6.5 of [135]). All of the resulting p-values
take the value < 0.0001 which indicate that for each of the aforementioned features, the
training and test observations do not originate from the same distribution, and the training
observations themselves are not from some underlying random distribution.
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We additionally emphasize that, for our numerical experiments as well as any other cases
in which the observations are time-related and split into training and test sets by time,
the random-design setting is no longer valid because the observations cannot be viewed
as randomly generated from an underlying distribution. Therefore, in these cases, it is
more appropriate to adopt the fixed-design setting, which does not include any randomness
assumptions of the design matrix.

4.7.2 Comparison with SAA

In this part, we evaluate the performance of the DRO method and compare it with the
SAA method. Using the SAA method as a benchmark algorithm has a twofold objective:
it conforms with its use as a widely adopted method in existing literature ([127, 10]) and
it represents the solution of standard Wasserstein DRO method under the random-design
setting as demonstrated in Section 4.6. In addition, since the distribution of the noises and
�0 are known in the experiments, we can evaluate the optimal solutions.

For each run of the experiments, with a given size of the training set, namely, N , the values
of the response variable in training set are generated by applying (4.67) to the training feature
vectors. Thus, N feature vectors exist that correspond to N data points in the training set.
The DRO and SAA methods are trained using training set. For each of the 500 feature
vectors in the test set, i.i.d. noises are simulated 50 times, resulting in 500 ⇥ 50 = 25, 000
data points in the test set. In other words, each of the 500 di↵erent features vectors in the test
set results in 50 data points when di↵erent simulated noises are added. The out-of-sample
performances of the optimal solution, the SAA and DRO methods are evaluated by the
average cost on the test set, denoted by J oos opt, J oos saa, and J oos dro, respectively.

Figures 4.2 and 4.3 visualize the out-of-sample performances of di↵erent methods under
di↵erent configurations of N , �, and the quantile ⌧ . The subplots indicate that the proposed
DRO approach outperforms the SAA method under all scenarios, particularly when the
sample size is small. As sample size increases, both the DRO and SAA methods converge
to the optimal solution. Moreover, the SAA method exhibit unstable performances and is
dominated by the DRO method, particularly when a small sample size is employed. Since
the data points in the training and test sets are not randomly generated in an i.i.d. manner,
the performance guarantees no longer hold for either the SAA method (e.g., [10]) or the DRO
method under the random design (e.g., [86]). Therefore, it is not surprising that the SAA
benchmark (equivalently, the random-design DRO) is unstable under this setting. Table
4.2 shows the quantified out-of-sample performances. In this table, the percentage values
stated in the parentheses correspond to the improvements of our DRO strategy over the SAA
approach, which are calculated as J oos dro�J oos saa

J oos saa
. These values indicate that our proposed

DRO policy achieves better quantile predictions.
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Figure 4.2: Comparison of optimal, SAA and DRO approaches with Gaussian noises.

4.7.3 Comparison with Non-parametric Prescriptive Methods

In the second part of the numerical experiments, we compare the proposed DRO method
with two additional benchmark algorithms proposed in [18] and [10]. We employ the non-
parametric method motivated by k-nearest-neighbors regression (we refer to Section 2.1 in
[18] for details of this method) and the method motivated by Nadaraya-Watson kernel re-
gression (we refer to Section 2.2 in [18] and Section 2.3.2 in [10]) for details of this method).
For the Nadaraya-Watson kernel regression method, we use the Gaussian kernel in the ex-
periments. The two aforementioned benchmarks are denoted by KNN and KR, respectively,
in the remaining part of this section.

Figures 4.4 and 4.5 visualize the out-of-sample performances of the optimal solution, and
solutions by SAA, DRO, KR and KNN methods. Table 4.3 summarizes the corresponding
out-of-sample costs of these methods. The hyper-parameters of KR and KNN methods,
namely the bandwidth of KR and the number of clusters of KNN, are tuned by enumerating
over a grid and selecting the values associated with best test-set performances. We should
mention that, although the tuning of hyper-parameters is di↵erent from the standard cross-
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Figure 4.3: Comparison of optimal, SAA and DRO approaches with Uniform noises.

validation approaches, it consistently yields a better out-of-sample result than that of cross-
validation, and is thus biased in favor of the benchmark methods (KNN and KR).

In both Figures 4.4 and 4.5, Joos kr 1 and Joos kr 2 correspond to the best two test-set
performances achieved by the KR method from among all candidate bandwidths. Similarly,
Joos knn 1 and Joos knn 2 correspond to two best two test-set results achieved during the tun-
ing procedure employed for KNN. Table 4.3 reports the out-of-sample performances of the
optimal solution, SAA, our proposed DRO, as well as the best test-set performances of KR
and KNN from among all candidate hyper-parameters.

Table 4.3 and Figures 4.4 and 4.5 demonstrate the advantages of the proposed DRO
method. Compared with the SAA method, which is also asymptotically consistent, the
DRO method is observed to be more stable and performs better, particularly when sample
size is small. Moreover, even though our reporting criterion is biased in favor of the KR and
KNN methods, the DRO method consistently outperforms these benchmarks regardless of
the sample size.
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Noise � N
OPT SAA DRO

⌧ = 0.3 0.5 0.7 ⌧ = 0.3 0.5 0.7 ⌧ = 0.3 0.5 0.7

Gaussian

0.2
100 0.069 0.079 0.070 38.27 64.87 40.88 0.087 (�99.8%) 0.096 (�99.9%) 0.092 (�99.8%)
500 0.069 0.080 0.069 0.247 0.261 0.086 0.070 (�71.7%) 0.083 (�68.2%) 0.072 (�16.3%)
1500 0.069 0.080 0.070 0.071 0.082 0.071 0.070 (�1.4%) 0.081 (�1.2%) 0.071 (�0.0%)

2.0
100 0.695 0.799 0.691 42.79 55.88 40.57 0.949 (�97.8%) 0.943 (�98.3%) 0.827 (�98.0%)
500 0.699 0.801 0.698 1.621 1.030 0.766 0.711 (�56.1%) 0.834 (�19.0%) 0.722 (�5.7%)
1500 0.694 0.796 0.699 0.723 0.810 0.721 0.707 (�2.2%) 0.802 (�1.0%) 0.708 (�1.8%)

20.0
100 6.970 7.967 6.921 44.33 59.29 44.796 18.89 (�57.4%) 9.358 (�84.3%) 7.999 (�82.1%)
500 6.917 7.975 6.920 7.361 9.06 8.495 7.183 (�2.4%) 8.169 (�9.8%) 7.106 (�16.4%)
1500 7.016 8.016 6.987 8.231 8.138 7.183 7.068 (�14.1%) 8.171 (+0.4%) 7.033 (�2.1%)

Uniform

0.2
100 0.073 0.087 0.072 43.63 54.71 41.66 0.088 (�99.8%) 0.105 (�99.8%) 0.084 (�99.8%)
500 0.072 0.086 0.073 0.093 0.242 0.078 0.074 (�20.4%) 0.087 (�64.0%) 0.075 (�3.8%)
1500 0.072 0.086 0.073 0.075 0.088 0.075 0.073 (�2.7%) 0.087 (�1.1%) 0.074 (�1.3%)

2.0
100 0.729 0.865 0.726 47.23 53.56 42.17 0.864 (�98.2%) 0.969 (�98.2%) 0.879 (�97.9%)
500 0.724 0.864 0.725 0.950 1.960 0.803 0.743 (�21.8%) 0.877 (�55.3%) 0.742 (�7.6%)
1500 0.725 0.861 0.734 0.737 0.898 0.753 0.730 (�0.9%) 0.869 (�3.2%) 0.746 (�0.9%)

20.0
100 7.275 8.631 7.240 46.27 48.58 42.97 8.906 (�80.8%) 9.424 (�80.6%) 8.124 (�81.1%)
500 7.274 8.651 7.230 9.19 9.176 10.30 7.424 (�19.2%) 8.827 (�3.8%) 7.539 (�26.8%)
1500 7.279 8.692 7.276 7.67 9.439 7.791 7.350 (�4.2%) 8.776 (�7.02%) 7.379 (�5.3%)

Table 4.2: Comparison of optimal, SAA and DRO approaches

When comparing the performances of SAA, KR, and KNN, we note some additional
findings: the KR and KNN are more stable than the SAA method. This is one of the ad-
vantages of the nonparametric prescriptive methods because in these methods, more weights
are placed on training samples that are close to test set feature vectors. However, both KR
and KNN have much slower convergence rates than those of SAA and DRO, and we fail to
observe the convergence to the optimal solution with the given data. Therefore, in general,
when the sample size is small, KR and KNN may outperform the SAA method; however,
with a larger sample size, the SAA method seems to perform better. Based on our training-
test splitting method, the later observations in the training set are more likely to be similar
to vectors in the test set. Since both the KR and KNN method emphasize training data
points that have similar feature vectors as the test set features, as N increases (training data
includes samples from earlier time periods), these methods may not be able to gain much
useful information from additional training samples. As our currently used tuning method
already favors the benchmark algorithms, the previously mentioned findings will still hold
should the hyper-parameters be tuned with cross-validation.

4.8 Extension to Heteroskedasticity

In this section, we discuss possible extensions to heteroskedastic linear models in which
the i.i.d. assumption of noises "is is relaxed. Under the setting of heteroskedastic models, the
variance of "i varies and may depend on the feature vector xi. Let ⌃ := E((y�Ey)(y�Ey)T )
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Figure 4.4: Out-of-Sample Comparison with Gaussian noises, ⌧ = 0.3 and � = 50.

Figure 4.5: Out-of-Sample Comparison with Uniform noises, ⌧ = 0.3 and � = 50.

denote the covariance matrix of {yi}Ni=1
, which may depend on covariates {xi}Ni=1

. We suppose
that with the given feature vector c, the variance of test set noise "(c) takes the value of �2.
We can then rewrite ⌃ = �2⌦ with a positive semi-definite matrix ⌦.

Our approach can be extended to the case in which the matrix ⌦ is known and the test
set noise "(c) is independent of training set noises {"i}Ni=1

. Under such a setting, we let W
denote the square root matrix of ⌦�1 (i.e. ⌦�1 = W TW ). Then, instead of using X and
Y as described in Section 4.3.1, we consider X̃ = WX and Ỹ = WY . Moreover, the OLS



CHAPTER 4. DISTRIBUTIONALLY ROBUST CONDITIONAL QUANTILE
PREDICTION WITH FIXED DESIGN 89

Noise � N
OPT SAA DRO KR KNN

⌧ = 0.3 0.7 ⌧ = 0.3 0.7 ⌧ = 0.3 0.7 ⌧ = 0.3 0.7 ⌧ = 0.3 0.7

Gaussian

5.0
100 1.74 1.74 41.42 10.54 2.13 2.08 9.64 13.67 23.20 11.76
500 1.73 1.73 1.84 2.32 1.78 1.85 7.19 6.67 6.73 7.42
1500 1.72 1.74 1.81 1.80 1.75 1.76 5.80 6.95 6.36 5.94

50.0
100 17.37 18.13 48.69 36.78 21.04 20.54 24.41 25.92 63.44 68.65
500 17.39 18.17 25.56 19.26 18.00 18.49 21.76 21.32 20.53 20.91
1500 17.39 18.16 17.79 18.74 17.56 18.28 19.41 20.39 20.05 20.84

Uniform

5.0
100 1.82 1.81 44.15 29.80 2.24 2.10 21.98 12.38 53.31 41.48
500 1.81 1.82 1.97 2.01 1.85 1.85 7.17 6.61 7.18 6.56
1500 1.81 1.82 1.88 1.90 1.84 1.84 6.58 6.87 5.69 5.69

50.0
100 18.23 18.13 53.16 36.79 23.53 20.54 25.31 25.93 58.51 68.65
500 18.22 18.18 19.49 19.26 18.96 18.49 20.91 21.32 22.49 20.76
1500 18.21 18.16 18.81 19.72 18.30 18.56 19.75 20.35 20.46 20.26

Table 4.3: Comparison of optimal, SAA, DRO and Nonparametric Benchmarks

estimator �̂N

OLS
should be replaced with the generalized least squares estimator (GLS)

�̂N

GLS
= (X̃T X̃)�1X̃T Ỹ = (XT⌦�1XT )�1XT⌦�1Y.

The proposed framework can then be directly applied to X̃ and Ỹ if Assumptions 5 and 6
hold with respect to X̃ and Ỹ .

One example of the aforementioned case is the multiplicative heteroskedasticity model.
Under the setting of the multiplicative heteroskedasticity model in which yi = �T

0
xi+ui and

the noise ui also depends on the corresponding covariate xi. More specifically, according to a
given function h(xi, ✓), ui = h(xi, ✓)"i with i.i.d. "i, i = 1, . . . , N and parameter ✓. When the
function h(·, ✓) is known, both ⌦ and �2 := h(c, ✓)V ar("i) are known, our proposed method
can be applied accordingly.

If the distribution of noise has a richer dependence on the covariates, for example, when
the test set noise depends on the training set noises, our approach is no longer applicable.
This is because Q⌧ (y), the ⌧th quantile of y, depends not only on covariate c (as stated
in (4)–(6)), but also on all noises realized in training set {"i}ni=1

. Therefore, under these
circumstances, the problem requires a di↵erent formulation/approach.

4.9 Extension to a General Lipschitz Objective
Function

The finite-sample performance guarantees provided in Theorem 4.5.2 and Corollary 4.5.2.1
can be directly extended to the case where the objective function ⇢⌧ is replaced by any ob-
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jective function ⇢ that is 1�Lipschitz. Herein, we slightly abuse the notation and redefine
J⇤, ĴN , and Joos as:

� J⇤: the optimal expected cost which we target at, i.e.,

J⇤ = min
�,s

Ey|c[⇢(y � �T c, s)] = min
�,s

EP"(�)
[⇢("(�), s)].

� ĴN : the in-sample cost achieved by the distributionally robust optimization formula-
tion, i.e.,

ĴN = min
s

sup
Q

"02P(�̂N

OLS
)

EQ
"0 [⇢("

0, s)],

"0 = "+ (�0 � �̂N

OLS
)T c.

� Joos: the expected out-of-sample cost achieved by our DRO solution (ŝN , �̂N

OLS
), i.e.,

Joos = EP
"0 [⇢("

0, ŝN)].

The asymptotic consistency can also be easily extended to this case. Herein, we de-
scribe how the proof can be adjusted to accommodate any 1-Lipschitz objective function ⇢.
Note that Equations (4.49)-(4.50) still hold. In the following two lemmas, we prove that
lim sup

N!1
ĴN  J⇤ when ⇢⌧ is replaced by ⇢.

Lemma 4.9.1. With any 1-Lipschitz objective function ⇢, lim sup
N!1

ĴN  J⇤.

Proof. Proof of Lemma 4.9.1: Because ⇢ is 1-Lipschitz continuous in ", we are able to choose
any � > 0 with a �-optimal decision s� such that

EP"(�)
[⇢("(�), s�)]  J⇤ + �,

and a �-optimal distribution QN 2 P(�̂N

OLS
) such that

sup
Q

"02P(�̂N

OLS
)

EQ
"0 [⇢("

0, s�)]  EQN
[⇢("0, s�)] + �.

Then, we have

lim sup
N!1

ĴN  lim sup
N!1

sup
Q

"02P(�̂N

OLS
)

EQ
"0 [⇢("

0, s�)]

 lim sup
N!1

EQN
[⇢("0, s�)] + �

 lim sup
N!1

EP"(�)
[⇢("0, s�)] + dW (P"(�),QN) + �

= EP"(�)
[⇢("0, s�)] + � = J⇤ + 2�.
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The third inequality holds because of the dual representation as defined in Lemma 4.3.1 and
the first equality holds due to the convergence of distributions as stated in (4.48). As � is
an arbitrary positive constant, we have lim sup

N!1
ĴN  J⇤.

With Lemma 4.9.1, the asymptotic consistency result in Theorem 4.5.7 can be easily
re-established with any 1-Lipschitz objective function ⇢.

4.10 Conclusion

This work studies the quantile prediction problem under the setting in which the response
variable is a linear function of some covariate variables plus an i.i.d. random noise. In
addition, the values of the covariates are given before predictions are made.

We explore the problem in a data-driven environment with the goal of developing a DRO
solution. In contrast to the random-design setting widely adopted in the literature, we pro-
ceed with a fixed-design setting. We demonstrate that this fixed-design setting is a better
fit for many real-life applications because features may be pre-designed or temporaly corre-
lated thus should not be treated as i.i.d. samples. Then, by leveraging the OLS estimators
of linear coe�cients, we develop a regress-then-robustify distributionally robust framework
when samples are no longer i.i.d.

By deriving new concentration inequalities, we bound the expected out-of-sample cost
with any desired probability and demonstrate that the solution is asymptotically optimal as
the sample size increases. In addition, we show that the proposed distributionally robust
framework achieves a neat and practical reformulation that can be solved in polynomial
time. We also discuss the equivalence of the SAA approach and existing Wasserstein DRO
approaches under the random-design setting.

We conduct numerical experiments to evaluate the performance of the proposed DRO
method and then compare it with the SAA method (equivalently, the DRO method with
random design) and two nonparametric prescriptive methods. The results reveal that the
proposed DRO solution outmatches the benchmarks under a fixed-design setting. We also
discuss possible extensions of our proposed method when the i.i.d. assumption of noises is
relaxed.
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Chapter 5

Learning Newsvendor Problems with
Intertemporal Dependence and
Moderate Non-stationarities

5.1 Background and Motivation

The newsvendor problem is one of the most classical models in inventory management.
To solve the newsvendor problem it often relies on the characterization of the unknown
demand in a specific time period. We investigate the newsvendor problem in the case where
there are also contextual information available on which the distribution of the demand
depends. To characterize or predict the stochastic demand in each period, the contextual
information may include both static information, such as product-level information (brands
and category), and sequentially updated information, such as weather, historical demands,
economic or popularity indicators, and observable strategies of a competitor.

In a big-data environment where rich and high-quality observations of demand and con-
textual information are available, classic procedures of solving the newsvendor problem
adopts two steps: first, predicting demand given the contextual information, and subse-
quently, solving for the optimal decision based on the predicted demand. This two-step
framework, despite being illustrative, may lose information owing to the decoupling of the
two steps. Recently, an alternative approach has been established for solving data-driven
contextual optimization problem. Such approaches combine the two steps by learning a
data-to-decision mapping that involves directly mapping data (contextual information) to
decisions. Because the contextual information may vary in di↵erent time periods, an ef-
fective data-to-decision mapping allows a decision-maker to use any contextual information
as input and directly obtain a well-performed decision. Such a data-to-decision mapping is
usually constructed using machine learning techniques together with a common assumption
that observed data are independent and identically distributed (i.i.d.). In most cases, this
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i.i.d. assumption is highly restrictive in real-world situations, because historical data are
generated and recorded sequentially in a time-ordered approach, instead of being collected
from independent sources or experiments. Therefore, temporal dependencies frequently arise
from the sequential nature of data. Moreover, historical observations may also present mod-
erate nonstationarities across di↵erent periods. For instance, weather and product popularity
frequently play serve as contextual information, both exhibit a certain trend and seasonal-
ity. This work considers such comparatively more realistic scenarios where intertemporal
dependence and moderate non-stationrities exist.

Reliable out-of-sample performance guarantees are crucial for such data-to-decision solu-
tions. This is because the out-of-sample performance guarantees measure the performance
of the e↵ective decisions generated by machine learning algorithms in a future contextual pe-
riod. For this purpose, one key performance guarantee is to control the generalization error
([91, 90, 10, 18, 9]). More specifically, the generalization error quantifies the di↵erence be-
tween the performance of a learning algorithm evaluated on training samples and on unseen
data. Because the performance on a training sample is typically known, the generalization
error measures how good an algorithm performs with the outcomes in the future. We aim
to develop generalization bounds, which provide the bounds of the generalization error with
a desired probability. Classic generalization bounds are developed with one (or both) of the
assumptions: (i) the observed data are i.i.d.; and (ii) the demand process is bounded with
a known upper-bound. However, in most cases of real operations, the demand process is
neither i.i.d. nor bounded. Even under the cases in which uncertainties are bounded, it can
be di�cult for decision-makers to evaluate the exact value of the bound without being loose.
To address these issues, we analyze the generalization error of the learned data-to-decision
mapping under relatively more realistic settings that includes intertemporal correlations and
unbounded randomness.

In this study, we investigate using machine learning methods to learn the data-to-decision
mappings for the newsvendor problem, and develop out-of-sample performance guarantees
when the standard assumptions of i.i.d. and boundedness are relaxed. Our technical contri-
butions can be summarized as the following:

1. First, we relax the independent assumption and develop out-of-sample performance
guarantees when data generated in real operations are stationary with intertemporal
dependences. Specifically, we consider scenarios referred to as mixing, in which such
an intertemporal dependence between two time periods drops as the distance between
these two time periods increases. It is aligned with the intuition that for the charac-
terization of the contextual uncertainties in the future, more recent historical data are
generally more informative.

2. We provide performance guarantees in the form of generalization bound. Compared
to the existing generalization bound provided in [104] for bounded mixing process,
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we generalize the existing result to the scenario of unbounded data. To achieve this,
we propose the concept of truncated coupling samples while the corresponding perfor-
mance guarantee depends on the selection of truncated threshold. This concept and
techniques also can to be applied to a general case other than newsvendor problem.

3. Moreover, we relax both the independent assumption and the identically distributed
assumption and consider moderate nonstationarities. We develop out-of-sample gener-
alization bounds for scenarios in which the underlying data sequence can be viewed as
a nonhomogenenous Markov process with moderate non-stationarities in the evolution
dynamics.

The remainder of this paper is organized as follows. Section 5.2 reviews the related
literature and Section 5.3 describes the learning framework for the contextual newsvendor
problem. In Section 5.4, we state the out-of-sample performance of the solution learned from
data generated by a stationary, intertemporally dependent process. In Section 5.5, we con-
sider non-stationary processes and provide the performance bound using the data generated
from nonhomogeneous Markov processes. In section 5.6, the numerical performances demon-
strate the benefits of including intertemporally dependent features. Section 5.7 summarize
our findings and concludes this paper.

5.2 Contribution to Literature

Data-driven newsvendor problem with performance guarantees. Newsvendor
problem is one of the most popular and well-studied inventory models. The study of data-
driven newsvendor problem dates back to [20] who investigated the newsvendor problem in
the case where demand is a linear combination of contextual variables and a random shock,
without investigating any out-of-sample performance. [90, 91] then analyze the newsvendor
problem and propose a sample average approximation (SAA) approach under the assumption
of i.i.d. demand. [91] show that the SAA method is approximately optimal (with respect to
the relative regret) with a high probability. [90] further tighten the bound proposed in [91].
Both [91] and [90] provide high-probability bounds for a relative out-of-sample cost under
the setting of nonconsideration of contextual information. The most closely related literature
to our work is [10], which use SAA with regularization and nonparametric methods to learn
the data-to-decision mapping for newsvendor problem. While the performance guarantees
provided by [10] can only be applied to the case when data is i.i.d., our results are applicable
to the case with intertemporal dependence and nonstationarities. Moreover, we also relax
the assumption that the demand is upper-bounded.

Data-driven solutions with performance guarantees have also been developed for con-
textual decision making without contextual information. [36] related the estimation and
optimization using a technique called “contextual statistics” for the newsvendor problem.
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This approach involves certain distributional assumptions and leads to better parametric
estimation and optimization solution compared with traditional approach.

Data-driven Newsvendor problem with non-i.i.d. data. Our work is not the
first to analyze data-driven solutions without assuming that data are generated in an i.i.d.
manner. [5] examine the newsvendor problem with stationary autoregressive demand in
a dynamic forecast-based method using mean squared error (MSE). [33] also consider the
autoregressive demand and developed a robust optimization approach for demand forecast-
ing. [31] investigate newsvendor problem with non-stationary demand. The authors pro-
pose a DPFNN-Based quantile auto-regression method that is applicable to stationary and
non-stationary time series demand. Although the authors provide asymptotic analysis of
their method, they did not provide any finite-sample performance guarantees. [114] propose
a distributionally robust framework for quantile prediction (equivalent to the newsvendor
problem) when the data are generated independently but not identically distributed. The
authors provide both asymptotic and finite-sample performance guarantees. However, they
only focus on the case where the demand is a linear function of the feature and a random
noise term. [76] investigates the multi-period newsvendor problem with non-stationary de-
mand as well as a random shock. The authors propose a moving window ordering policy
that proved to have a regret with the smallest possible rate under certain conditions. Our
problem setting is di↵erent from [76] in three fold: first, we consider the contextual informa-
tion associated with the random demand; second, we investigate the single-period instead of
the multi-period newsvendor problem; third, [76] consider a random shock besides random
demand.

General frameworks for learning the data-to-decision mapping Numerous stud-
ies have examined methods to construct a mapping from the contextual information to
decision, based on historical data. One of such approaches is the prescriptive learning, first
proposed by [18]. Motivated by various machine learning models, including k-nearest neigh-
bors and kernel regression methods, the prescriptive learning method first approximates
the conditional distribution of contextual uncertainties and subsequently solves the corre-
sponding stochastic optimization problem to yield the optimal decision based on a given
contextual information. Another method focuses on directly learning the data-to-decision
mapping by applying machine learning techniques. [110] apply the deep learning models
to learn the newsvendor problem. [44] and [9] propose the smart Predict-then-Optimize
(SPO) framework that leverages the optimization problem structure while forming the loss
function. Thus a data-to-decision mapping can be constructed by learning using the SPO
loss. The SPO framework can be applied to linear and piece-wise linear problems, which
include the newsvendor problem.[39] adopt an end-to-end learning framework which directly
use the objective function in the optimization stage as the loss function for learning the
data-to-decision mapping. [117] propose a di↵erent end-to-end learning framework for a
multi-period inventory management problem.
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Among all previously-mentioned frameworks, only the prescriptive learning proposed by
[18] and the SPO proposed by [44] have performance guarantees (the performance guarantees
for SPO is derived in a later work [9]), both in a the form of generalization bounds. [9] con-
sider i.i.d. samples while [9] also consider samples that are stationary but have intertemporal
dependence. Our work distinguish from the result of [9] by considering non-i.i.d. samples and
di↵er from the result of [18] by considering unbounded demand process and non-stationary
demand process.

Machine learning methods with non-i.i.d. data. The issue of non-i.i.d. data has
been investigated in the machine learning literature, mostly for the tasks of predicting a
response variable with given features. [104] investigate the generalization ability of learn-
ing algorithms with the assumptions that samples are drawn from a �-mixing or �-mixing
stationary stochastic process and that both data and loss function are bounded. However,
these assumptions may not represent the real requirements in contextual decision making,
in which the tail behavior of a random quantity, e.g., demand, may significantly impact the
decisions. Our study accommodates unbounded uncertainties and analyze how their tail
behaviors a↵ect the learning performance. The boundedness was relaxed in another study
as well ([101]), in which the performance guarantees for learning methods are derived using a
stationary, univariate autoregressive (AR) model. The authors only consider this specific AR
process model, and the proofs rely on controlling the Gaussian complexity of the AR model.
For comparison, our study only requires a light-tail property instead of the knowledge of
the Gaussian complexity, and our method accommodates a more general class of time series
models.

As performance guarantees, the studies of the generalization bounds for non-stationary
data generating processes has also been reported in the machine learning literature. [87]
provide the generalization bounds for time series predictions with a non-stationary mixing
stochastic process, where the non-stationarity is characterized by the concept of discrepancy.
The authors derive the generalization bound based on Rademacher complexity. Our results
in Section 5.5 distinguish from those of [87] in two aspects: First, [87] obtain generalization
results based on Rademacher complexity, whereas we do not require knowledge about the
Rademacher complexity and provide a bound based on McDiamid inequalities. Second, [87]
quantify the non-stationarity using discrepancy, which is defined as the supreme di↵erence
between the expected path-dependent generalization error at two periods. However, this
measure of the non-stationarity discrepancy is not entirely natural in the settings for oper-
ations management and is computationally intractable. Real operations generate a natural
property in that, even in presence of non-stationarity, the more recent historical data are
more informative about future contextual uncertainties. Our analysis exploits this property
to derive the generalization bounds when the non-stationarity is moderate, whereas we do
not make structural assumptions on the specific forms of non-stationarity.
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5.3 Learning the Contextual Newsvendor Problem

In this section, we describe the learning framework for the data-driven contextual newsven-
dor problem. We denote the demand of a product by d 2 R and x 2 Rp denotes the vector
of contextual information or features that may be informative for the demand distribution.
For both x and d, historical observations {xi}ni=1

and {di}ni=1
are respectively available. The

available data are generated sequentially from real operations, where the index i denotes
data generated from a period, e.g., a day or an hour. Therefore, {(xi, di)}ni=1

can be viewed
as realizations from a random process {(Xi, Di)}. We let u denote the order decision within
the decision space U . Subsequently, in the i-th time period, there is a inventory cost c(di, u)
incurred, including both back-ordering and holding costs. The inventory cost takes the form
of

c(d, u) := b(d� u)+ + h(u� d)+, (5.1)

where b and h are unit back-ordering and holding costs, respectively.

At the beginning of the i-th time period, the newsvendor has access to the context xi

and makes an order decision accordingly. After the decision making, the demand of the day,
di, is revealed. The goal of a decision-maker is to exploit the observed dataset {(xi, di)}ni=1

to learn a data-to-decision mapping denoted by h(·), which can be considered as a mapping
from X to the contextual decision space U . In this work, we consider a general case where
h(·) is from a general hypothesis class H. This is di↵erent from the setting in [10] where the
authors consider a linear hypothesis class. Then, when a new context in the (n+ 1)-th time
period Xn+1 is revealed, a decision can be made by simply evaluating the mapping h.

The hypothesis h(·) is often constructed by applying certain machine learning techniques
to data samples S := {(x1, d1), . . . , (xn, dn)}. Thus, in the remaining part of this work, we
let hS(·) denote the hypothesis constructed based on samples S. Candidates of such learning
algorithms include various machine learning models, such as kernel regression and random
forest.

Therefore, the contextual newsvendor problem can be viewed as a machine learning
problem that adopts the quantile loss, which is equivalently to the newsvendor cost up to
scaling. The essential of the problem is to identify the data-to-decision mapping hS that
minimizes the expected newsvendor cost:

min
hS :X!U

E[c(Dn+1, hS(Xn+1))|S], (5.2)

where the expectation is taking over the joint distribution of (Xn+1, Dn+1), conditioning on
samples S. Since E[c(Dn+1, hS(Xn+1))|S] is unknown, the objective function is often ap-
proximated by the in-sample average loss 1

n

P
n

i=1
c(di, hS(xi)). Therefore a data-to-decision



CHAPTER 5. LEARNING NEWSVENDOR PROBLEMS WITH INTERTEMPORAL
DEPENDENCE AND MODERATE NON-STATIONARITIES 98

mapping can be identified by solving

min
hS :X!U

1

n

nX

i=1

c(di, hS(xi)). (5.3)

After a hS has been obtained by solving (5.3), it is critical for a decision-maker to evalu-
ate the performance of hS on out-of-sample unseen data. This is in relation to the objective
of making a decision for a future case, i.e., the objective of (5.2). To quantify such a per-
formance, we evaluate the gap between Remp(hS) and R(hS), i.e. |R(hS)�Remp(hS)|, where
Remp(hS) :=

1

n

P
n

i=1
c(di, hS(xi)) and R(hS) = E[c(Dn+1, hS(Xn+1))|S] denote the in-sample

cost and out-of-sample cost, respectively. This gap is also referred to as the generalization
error. Note that this generalization error is itself a random variable since it involves uncer-
tainties in a future period. In this study, we provide bounds of the generalization error with
any desired probability.

We would like to highlight that, in this work, we discard two unrealistic but extensively
adopted assumptions. The first one is the i.i.d. assumption which assumes that {(xi, di)}ni=1

are generated in an i.i.d. manner. However, in real contextual decision making systems,
the i.i.d. assumption is rarely satisfied because the system often has a time-series nature.
Dependence across pairs may exist. For example, demand is often predicted using previous
sales records. Besides, as there is often a volatile environment, the demand process is often
non-stationary. Therefore, in this study, we discard the unrealistic but extensively adopted
i.i.d. assumption and consider inter-temporal dependence and moderate non-stationarity.
The other assumption that is often adopted when investigating the out-of-sample perfor-
mance of the demand process is that both demand and the contexts are bounded with a
known upper-bound ([10, 101, 87]). However, it is di�cult to impose such a known upper
bound of uncertainties arising in real operations. Therefore, instead of boundedness, we use
a weaker assumption that the demand adopts a light-tailed distribution. This assumption is
more general and is satisfied by many common demand distributions, for example, Gaussian
distribution.

5.4 Performance Guarantees under Intertemporal
Dependence

In this section, we first relax the “independent” assumption and focus on intertemporal
dependence when provide an out-of-sample performance guarantee. We further assume that
the intertemporal dependence decays as the distance of two time periods gets further apart,
which is quite natural. Intuitively, this assumption describes that the future depends more
on data in the recent history than on data in the older history. One way to formally capture
this property is through the concept of “mixing” for a stationary stochastic process ([40]).
To fix our ideas, we state the definition for stationarity and mixing.
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Definition 5.4.1 (Mixing). Let {Zt}1t=�1
be a stationary sequence of random variables. For

any i, j 2 Z \ {�1,+1}, let �j

i
denote the �-algebra generated by the random variables

Zk, i < k < j. Then, for any positive integer k, the �-mixing coe�cients of the stochastic
process Z are defined as

�(k) = sup
n

A2�
1
n+k

B2�
n
�1

��Pr[A|B]� Pr[A]
�� (5.4)

and Z is said to be �-mixing if �(k)! 0 as k !1.

Definition 5.4.2 (Stationarity). A sequence of random variables {Zt}1t=�1
is said to be

stationary if for any t and non-negative integersm and k, the random vectors (Zt, . . . , Zt+m)
and (Zt+k, . . . , Zt+k+m) have the same distribution.

Definition 5.4.3 (Mixing). Let {Zt}1t=�1
be a stationary sequence of random variables. For

any i, j 2 Z \ {�1,+1}, let �j

i
denote the �-algebra generated by the random variables

Zk, i < k < j. Then, for any positive integer k, the �-mixing coe�cients of the stochastic
process Z are defined as

�(k) = sup
n

A2�
1
n+k

B2�
n
�1

��Pr[A|B]� Pr[A]
�� (5.5)

and Z is said to be �-mixing if �(k)! 0 as k !1.

Commonly used form of the mixing coe�cients include algebraic mixing and exponen-
tially mixing. The algebraically mixing means that there exist real numbers �0 > 0 and
� > 0 such that �(k) = �0k�� for all k while the exponentially mixing denotes the case
where there exists �0 > 0, s, and k such that �(k) = �0sk. Intuitively speaking, if an con-
textual uncertainty process is �-mixing, then its intertemporal dependence from two time
periods, say t1 and t2 decays as the interval between t1 and t2 increases. In the remaining
part of this section, we adopt the following assumption:

Assumption 8 (Stationarity and mixing property). The data sequence {(xi, di)}ni=1
is a

stationary and �-mixing process {(Xt, Dt)}1t=�1
.

As an illustration, the case of i.i.d. data is a special case that satisfies Assumption 8,
so as data generated by a bounded auto-regressive (AR) process and a Markov modulated
process (MMP). For more commonly used examples that satisfy Assumption 8, we defer to
Section C.1.

We also relax the typical assumption of boundedness of demand as it is rarely bounded
in real-world applications, and even if they are bounded, it is unrealistic to identify the exact
upper bound for future unseen demand. Therefore, instead of the boundedness assumption,
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we extend to assume that {(Xt, Dt)}1t=�1
are light-tailed distributed with respect to the

maximum norm k · k1.

Assumption 9. (Light-tailed distribution) There exists a scalar a > 1, such that

A := E[exp((k(Xt, Dt)k1)a)] <1. (5.6)

This light-tailed assumption requires the tail of the distribution decay at an exponential
rate. Under the light-tailed assumption, we provide the generalization bound for unbounded,
mixing uncertainty processes.

5.4.1 Generalization Bound with Unbounded Demand Processes

We further assume the uniform stability of the machine learning algorithms adopted. In
the following, we introduce the definition of uniform stability of a learning algorithm.

Definition 5.4.4. (Uniform Stability) An algorithm has uniform stability �̂ with respect to
the loss function c if the following holds

8S 2 X n ⇥ Yn, 8i 2 {1, . . . , n}, sup
x,y

|l(hS, (x, y))� l(hS\i , (x, y))|  �̂(n), (5.7)

where n denotes the sample size, S\i is defined as the sample S with the ith point removed,
and l(hS, (x, y)) := c(y, hS(x)) is the loss function.

The stability coe�cient �̂ is a function of sample size n and an algorithm is said to be
uniformly stable when �̂(n) decreases as 1/n.

In the newsvendor problem, the cost function c is defined as 5.1 Thus, loss function
is convex and �-Lipschitz with � := max{b, h}. For example, if the hypothesis class is a
reproducing kernel Hilbert space with kernel bounded by , then a L2-regularized learning
algorithm is uniformly stable with � = �

2

2

2�n
(Theorem 22 in [25]). Then Theorem 5.4.1

presents the generalization bound when data are generated by stationary mixing process on
an unbounded support.

Theorem 5.4.1. Suppose hS is returned by a �̂(n)-stable algorithm trained on data sample S
and suppose that S is drawn from a stationary �-mixing distribution satisfying Assumption 9.
Then for any m 2 {0, · · · , n} and any " > 0, the following generalization bound holds:

Pr
S

⇥��R(hS)�Remp(hS)
�� > "+ (6m+ 2)�̂(n) + 6M(n)(b _ h)�(m)

⇤

 2 exp
� �2"2(1 + 2

P
n

i=1
�(i))�2

n(2(m+ 2)�̂(n) + 2M(n)(b _ h)�(m) + M(n)(b_h)

n
)2

�
+ A exp(lnn�Ma(n)) (5.8)
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where �̂(n) is the uniformly stable coe�cient, M(n) is a large number as a function of sample
size that can be tuned according to di↵erent mixing coe�cients.

The generalization bound stated in Theorem 5.4.1 is derived based on a coupling sample
which is defined as the original sample truncated by a sample-dependent large numberM(n).
By applying existing generalization result to the coupled truncated copy and carefully ad-
justing the truncated threshold, we can bound the generalization error from an unbounded
mixing process.

Before introducing the proof of Theorem 5.4.1, we first construct the coupling example.
In the remaining part of this paper, we let Zt denote the abbreviation of the contextual
process (Xt, Dt). Similarly, we let zi denote the abbreviation of the observations (xi, di).
Then the training sample can be represented as S = {z1, . . . , zn}. For any training sample
S, we define a coupling sample

S̃ := {z̃1, z̃2, . . . , z̃i, . . . , z̃n} (5.9)

with respect to the sample
S := {z1, z2, . . . , zi, . . . , zn} (5.10)

where z̃i is defined as

z̃i =

(
z̃i = zi, if kzik1 M(n)

(z̃i)k,l = min{(zi)k,l,M(n)} o.w.
(5.11)

The coupling sample S̃ is defined by truncating the original sample S with respect to M(n)
which is carefully calibrated and is an increasing function of sample size n. It is easy to
check that, if {zi} is generated from a �-mixing process, then {z̃i} is also �-mixing, due to
the fact that �1

n+k
(Z̃) ⇢ �1

n+k
(Z). Then the following lemma bounds the probability of S

being di↵erent of S̃.

Lemma 5.4.2. Suppose S is a n-sized sample set generated by �-mixing process, and the
marginal distribution is light-tailed as described in Assumption 9. Then the following holds:

Pr
S

(S̃ 6= S)  nA

exp(Ma(n))
(5.12)

The proof of Lemma 5.4.2 can be found in the Appendix. Based on the result stated in
Lemma 5.4.2, we deliver the proof of Theorem 5.4.1.

Proof of Theorem 5.4.1. Consider the truncated coupling we constructed earlier in this sec-
tion, the loss function l(hS, zi) is upper bounded by M(n)(b_h) due to its Lipschitz property.
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By applying the generalization bound from [104] for mixing process with bounded loss func-
tion, we have

Pr
S

⇥��R(hS)�Remp(hs)
�� > "+ (6m+ 2)�̂(n) + 6M(n)(b _ h)�(b)

⇤

 2 exp
� �2"2(1 + 2

P
n

i=1
�(i))�2

n((m+ 2)2�̂(n) + 2M(n)(b _ h)�(m) + M(n)(b_h)

n
)2

�

for any m 2 {0, · · · , n} and any " > 0.

Then the desired result can be achieved by applying Lemma 5.4.2 to bound the probability
of S 6= S̃. Thus, PrS

⇥
|R(hS)�Remp(hS)|

⇤
 Pr

S̃

⇥
|R(h

S̃
)�Remp(hS̃

)|
⇤
+Pr(S 6= S̃) leads to

the result of Theorem 5.4.1.

With more knowledge of mixing coe�cient and uniformly stable coe�cient, the gener-
alization bound can be further tightened by carefully choosing m and M(n). In particular,
under the case of exponential mixing data (when �(k) = �0sk) and uniformly stable algo-

rithm (with �̂(n) = �̂

n
), an optimized generalization bound is

Theorem 5.4.3. Suppose the light-tail parameter a = 1 and hS is returned by a �0

n
-stable

algorithm trained on a sample S drawn from an exponentially �-mixing stationary distribu-
tion,i.e. �(k) = �0sk for some 0 < s < 1. The marginal distribution of sample set satisfies
the light-tail assumption, i.e. Assumption 9 as well. Hence, for any " > 0, and n large
enough, the following generalization bound holds by setting M(n) = n

1
3 :

Pr
S

⇥��R(hS)�Remp(hS)
�� > "+ (6m⇤ + 2)�0/n+ 6�0/(n ln

1

s
)
⇤

 2 exp
�
� 2"2(1� s)2

(1� s+ 2�0)2
n

(2�0(m⇤ + 2) + 2 �0

ln
1
s

+ (b _ h)n1/3)2
�
+ A exp

�
lnn� n1/3

�
.

(5.13)

where m⇤ = �0

b0�0n
1+1/3 ln

1
s

.

Asymptotically, the right-hand side converges with rate ⇠ exp(�na/(a+2)), while the error
term on the left hand side converges by rate ⇠ 1

n
.

5.4.2 Comparison with Results from [10]

In this section, we adopt the same assumptions as [10]. We summarize and list these
assumptions as the following:

Assumption 10. Key assumptions adopted in [10]:
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1. The samples {(xi, di)}ni=1
are i.i.d. in i.

2. The contextual information, X, is bounded by Xmax, i.e., X  Xmax.

3. Demand, D, is bounded by D̄, i.e., D  D̄.

4. Demand, D, linearly depends on x, i.e., D = hTx+ ", where " is a random noise.

We consider the ERM-2 learning algorithm proposed in [10] for further comparison. The
ERM-2 learning algorithm can be viewed as the quantile regression with L2-regularization.
Specifically, a data-to-decision mapping hS(x) can be achieved by solving

min
hS2H

1

n

nX

i=1

c(di, hS(xi)) + �khSk, (5.14)

where H denotes the set of linear functions and each hS 2 H corresponding to a linear
function of x, say, hTx for some h 2 Rp. � represents a hyper parameter of regularization
and khSk := khk2 denotes the L2-norm of the linear function coe�cient vector h. As a
quantile regression with L2 regularization, the ERM-2 algorithm is proved to be uniformly
stable with coe�cient �̂  �

2

2

2�n
, where � = b _ h,  = Xmax

p
p and � denotes the coe�cient

for regularization ([25]).

Corollary 5.4.3.1 (Learning Newsvendor problem with i.i.d. data). Suppose Assumption
10 holds, based on Theorem 12 of [25], Theorem 6 in [10] can be further recovered as:

Pr
S

(|R(hS)�Remp(hS)| > "+
(b _ h)2X2

maxp

n�
)  2 exp

�
� 2n"2

(2(b_h)
2X2

maxp

n�
+ D̄(b _ h)))2

�
, (5.15)

where n denotes the sample size.

However, the i.i.d. assumption on {(x1, d1), . . . , (xn, dn)} may limit the scope of applica-
tions in real operations. For example, an important feature that can be used to inform the
future demand uncertainty is the historical demand. That is, to predict the stochastic de-
mand dj in the j-th time period, it is often helpful to include d1, . . . , dj�1, demands observed
from the previous time period as feature, which means that the contextual information xj

may contain dj�1. In the simplest case is the AR(1) model, where data samples {(xi, di)}ni=1

take the form of {(di�1, di)}ni=1
. It is evident that, although used as a motivating example

in [10], samples {(xi, di))}ni=1
that generated by the AR(1) model do not satisfy the i.i.d.

assumption. Therefore, the performance guarantees provided by (5.15) are no longer valid.
Note that the AR(1) model satisfies the �-mixing property defined earlier. In fact, for the
AR(1) model, we can find �0 and � such that �(k)  �0k��.

Therefore, we relaxed the first term of Assumption 10 and instead consider the case
in which the demand-feature process is stationary and algebraically �-mixing, i.e., �(k) =
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�0k��. Together with the remaining term (2.–4.) of Assumption 10, Corollary 5.4.3.2 pro-
vides an alternative performance guarantee.

Corollary 5.4.3.2. (Learning newsvendor problem with algebraically �-mixing data) When
learning the newsvendor problem, suppose 2. � 4. of Assumption 10 hold and data samples
are generated by an algebraically �-mixing process, i.e., �(k) = �0k��, then the following
performance guarantee holds:

Pr
S

���R(hS)�Remp(hS)
�� > "+ (6u⇤ + 2)

(b _ h)2X2

maxp

2�n
+ 6(� + 1)D̄(b _ h)�(u⇤)

�

 2 exp
�
� 2n"2(1 + 2�0�/(� � 1))�2

( (u
⇤+2)(b_h)2X2

maxp

�
+ 2n(� + 1)D̄(b _ h)�(u⇤) + D̄(b _ h)

�2
�
, (5.16)

where u⇤ = ( (b_h)X
2
maxp

2�n��0D̄
)�1/(�+1).

Compared to (5.15), (5.16) is looser, which is quite intuitive, since correlation among
samples leads to an inaccurate learning. In addition, if the demand-process is i.i.d., then
u⇤ = 0, �(k) = 0 for all k and �0 = 0 and (5.16) recovers (5.15).

5.5 Performance Guarantees under Moderate
Non-stationarity

In addition to relax the “independent” assumption, we further relax the assumption of
stationarity, which is an adaption of “identically distributed”. To simplify the analysis,
we instead assume that the demand process adopts a Markovian structure. To take non-
stationarities into consideration, the corresponding Markov chain can be nonhomogeneous,
which means the transition kernel may vary across di↵erent time period. We formally state
these assumptions as follows:

Assumption 11. Suppose {zi}ni=0
is generated by a (nonhomogeneous) Markov chain {Zt}nt=0

.
Let p0(·) denote the initial probability distribution of Z0 and pi(·|·), 1  i  n� 1 denote its
transition kernel. Then

P{(Z1, . . . , Zi) = (z1, . . . , zi)} = p0(z1)⇧
i�1

j=1
pj(zj+1|zj). (5.17)

Suppose the contraction property holds and the i-th contraction coe�cient is denoted by

✓i = sup
z0,z002S

kpi(·|z0)� pi(·|z00)kTV . (5.18)

We consider the measure space (⇧n

k=1
⌦k,⇧n

k=1
F) on {Z1 . . . , Zn}ni=1

, and denote P as a
measure on this space with Pj as its marginal on (⇧j

k=1
⌦k,⇧

j

k=1
F). Then, for any i < j, the

following lemma holds:
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Lemma 5.5.1. Suppose Assumption 11 holds, then we have

kPj(·|Fi)� PjkTV  ⇧j

l=i+1
✓l (5.19)

where ✓l is the contraction coe�cient defined in (5.18).

Proof of Lemma 5.5.1. Considering the definition of ✓i and the quantity ⌘j
i
which is defined

as
(⌘j

i
)2 = sup

z0,z002S
kPj(Zj|Zi = z0)� Pj(Zi|Zi = z00)kTV ,

by the result (Equation 2.9) of [128], we have (⌘j
i
)2  ⇧j

l=i+1
✓l, which leads to the desired

results.

Similar to previous parts, we let S = {(xi, di)}ni=1
denote the training samples and con-

sider a �̂-stable learning algorithm that output a hypothesis hypothesis hS. The empirical
loss is defined as Remp(hS) =

P
n

i=1
c(di, hS(xi)). For the out-of-sample cost, instead of the

expected cost for (Xn+1, Dn+1), i.e., R(hS) = E[c(Dn+1, hS(Xn+1))], we consider a more
general case in which the out-of-sample cost might be evaluated at period n+ r + 1, i.e.,

Rn+r+1(hS) = E[c(Dn+r+1, hS(Xn+r+1))]. (5.20)

Note that R(hS) defined in Section 5.3 is a special case of (5.20) with r = 0. In the remaining
part of this section, we define �(S) = Remp(hS) � Rn+r+1(hS) and consider the case with
bounded loss function for simplicity. Then Theorem 5.5.2 demonstrates the generalization
bound:

Theorem 5.5.2. Suppose the cost function c is upper-bounded by M and we define Mn :=
max1in�1(1 + ✓i + ✓i✓i+1 + · · ·+ ✓i . . . ✓n�1), then 8b 2 {0, 1, . . . , bn

2
c}

P{|Remp(hS)�Rn+r+1(hS)| � "+ 4b�̂ +
2M

n� 2b

n�bX

i=b+1

(⇧i

l=i�b+1
✓l + ⇧

i+b

l=i+1
✓l + ⇧

n+r+1

l=n+1
✓l) +�}

 2 exp
� �"2M�2

n

2n((4 + 4b)�̂ + 2M

n
+ 2M⇧n+r+1

l=n�b+1
✓l)2

�
(5.21)

In order to prove Theorem 5.5.2, we first show the Lipschitz property of � with respect
to Hamming metric in the following lemma:

Lemma 5.5.3. Suppose S = {x1, . . . , xi, . . . , xn} and Si = {x1, . . . , x0

i
, . . . , xn} are two

sequence generated by a contractive Markov chain with only on di↵erent sample zi and z0
i
.

Then �(S) is Lipschitz with respect to the hamming metric:

|�(S)� �(Si)|  4�̂ + 2
M

n
+ 2M⇧n+r+1

l=n+1
✓i (5.22)
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Since the Markov chain is non-stationary, we use the total variation of the marginal
distributions for two di↵erent time steps, denoted by �i,j := kPi � PjkTV , to quantify the
nonstationarity. For stationary process as a special case, �i,j is zero, so that there is no
nonstationarity. We further adopt the following assumption to make sure that the nonsta-
tionarity does not explode.

Assumption 12. Suppose �m+k

m
= 1

m

P
m

i=1
�i,m+k is bounded by � for any m, k and �m+k

m
!

0 as m!1.

With this characterization of nonstationarity, we then provide an upper-bound for E[�(S)]
with the following lemma.

Lemma 5.5.4. With Assumption 11 and Assumption 12, E[�(S)] can be bounded by the
following results

E[�(S)]  4b�̂ + 2M(⇧i

l=i�b+1
✓l + ⇧

i+b

l=i+1
✓l + ⇧

m+r+1

l=m+1
✓l) +� (5.23)

The proof of Lemma 5.5.3 and Lemma 5.5.4 can be found in the Appendix.

Proof of Theorem 5.5.2. The result of Theorem 5.5.2 can be achieved by Theorem 1.2 in [84]
together with Lemma 5.5.3 and Lemma 5.5.4.

Moreover, if the transition kernel pi(·|·) varies periodically, i.e. pi(·|·) = pi mod T (·|·), 8i,
the result stated in Theorem 5.5.2 can be further simplified by plugging inMn := max1iT (1+
✓i + ✓i✓i+1 + · · ·+ ✓i . . . ✓n�1) and ⇧

j

l=i
✓l  ⇥i,j := max1tT ✓t✓t+1 . . . ✓t+j�i.

Corollary 5.5.4.1. Suppose the items 2-4 of Assumption 10 hold and samples {(xi, di)}ni=1

are generated from a nonhomogeneous Markov chain, the performance guarantee of the n+1
period can be stated as

P{|Remp(hS)�Rn+1(hS)| � "+ 2m
(b _ h)2X2

maxp

n�
+

2b _ hDmax

n� 2m

n�mX

i=b+1

(⇥i�m+1,n�m +⇥
i+m
i+1 + ✓n+1) +�}

 2 exp
� �"2M�2

n

2n((2 + 2m)
(b_h)2X2

maxp
n� + 2

b_hDmax
n + 2b _ hDmax⇥n�b+2,n+1)

2

�
.

(5.24)

Noted that the result stated in (5.24) depends on the contraction coe�cients ✓t for each
time period t. Generally speaking, � ⇠ O(1). Therefore, (5.24) is generally looser compared
to (5.16) with an inevitable error term � in the left-hand side owing to the nonhomogeneity
of the Markov chain. This result is also quite intuitive, since in a non-stationary environment,
it is more di�cult to learn a good data-to-decision mapping from historical data.
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5.6 Numerical Experiments

In this section, we present the numerical benefits of including intertemporal dependent
features when learning data-to-decision mappings. More specifically, we consider the fea-
tures that are generated from the historical observations of the contextual uncertainty, i.e.,
in time period i, the feature vector xi contains or depends on previous observations of de-
mand d1. . . . , di�1. We show that including such features in learning contextual decisions can
significantly improve the decision performance via machine learning tools, thereby confirm-
ing our premise to build rigorous performance guarantees for machine learning tools using
intertemporally dependent data.

We consider the newsvendor example stated in Section C.1 with real-world sales data
from a large e-retailer in China. Given daily demand data and external information records,
the objective is to determine the optimal stock level according to the newsvendor problem.
Our data include the sales and external information of a duration of 917 days, from January
1, 2016 to July, 6, 2018. The dataset consists of the data of seven stock keeping units (SKU)
among eight distribution centers (DC). There are 51352 total samples for both daily sales
and external information. Among all the available data, the training and test sets are split
according to time periods, where the data from the most recent 217 days are used as the
test period, and the data from the previous 700 days constitute the training set. Therefore,
there are 44800 samples in the training set and 6552 samples in the test set.

We consider two di↵erent learning algorithms, the linear model and gradient boosting,
as representatives of parametric and non-parametric methods, respectively, for learning the
data-to-decision mapping. Specifically, the data-to-decision mapping, hS, is determined by
a linear function or a gradient boosting model, respectively.

We consider two di↵erent sets of features. The first set of features only includes exter-
nal information, which are not temporally correlated. External information includes SKU-
and DC-level information, such as the dummy variables generated based on SKU ID and
DC ID. The second set of features includes the features that are generated from historical
observations, such as the so-called auto-regressive (AR) and moving average (MA) features.
The AR features denote historical sales of the past m days, for some value of m. In this
experiment, we take m = 7. The MA features denote the average sales over a time period in
the past. Particularly, for each time period i, the MA features include 5 average demands
over a 30-day period counting back from the period i � 7. Specifically, the MA features
consist of the average demand from period i � 37 to i � 8, from i � 67 to i � 38, from
i� 97 to i� 68, from i� 127 to i� 98, and from i� 157 to i� 128. In the remaining part
of this section, we denote the two sets of features as EI and HO features, respectively, for
abbreviation. Notably, the EI features are often considered as generated independently and
identically distributed. However, the HO features are generated in time-series manner and
are intertemporally dependent.
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In the numerical experiments, we consider the newsvendor problem in which the param-
eter b, the cost of unit back-order cost, takes the value of b = 9 and the parameter, h, the
cost of unit holding cost, takes the value of h = 1. The test set performances are evaluated
as the averaged test set inventory cost, which includes both holding and back-order costs.

In Table 5.1 demonstrate test set performances of the LR models with di↵erent sets
of features. For each of the methods, we summarize the features included, the average
newsvendor cost over the test set, and the relative saving compared to the model that only
involves EI features. Not surprisingly, the best linear model is the one that includes both
EI and HO features. The best linear model achieves a substantial improvement ( 32.72%)
compared to the model that only involves external information. The results also indicate
that a similar performance (30.56% improvement) can be achieved with HO features only.

Method External information Historical Observations Average Cost Relative Saving
LR-EI Yes No 6.02 N/A
LR-HO No Yes 4.18 30.56%
LR-ALL Yes Yes 4.05 32.72%

Table 5.1: Summary of Results Using Linear Methods

Method External information Historical Observations Average Cost Relative Saving
GB-EI Yes No 4.68 N/A
GB-HO No Yes 3.96 15.38%
GB-ALL Yes Yes 3.90 16.67%

Table 5.2: Summary of Results Using Gradient Boosting

Table 5.2 summarizes the results obtained when the data-to-decision mapping is learned
using gradient boosting. The best out-of-sample performance is also achieved by the model
including both EI and HO features. The gradient boosting model that only involves HO
features also achieves a substantial improvement (15.38%), whereas the best model achieves
a similar improvement of 32.72%.

To summarize, the results in Tables 5.1 and Table 5.1 demonstrate that, there are sub-
stantial benefits of considering intertemporally dependent features into consideration, for
the two learning algorithms, which can be viewed as representatives of the parametric and
nonparametric, and the linear and nonlinear methods, respectively. Owing to the signifi-
cant benefits of including intertemporally dependent features, it is crucial to develop valid
performance guarantees accordingly.
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5.7 Conclusion

This study focusing on investigating the performance guarantees of learning a data-to-
decision mapping for the newsvendor problem. The performances of such a framework on
unseen future scenarios is often studied relying on assumptions that are highly restrictive
in real contextual environments. Such assumptions include that the observed data are i.i.d.
and adopt values in a bounded range.

By relaxing such unrealistic assumptions, we provide theoretically justified performance
guarantees for two more realistic settings. First, we relax the bounded assumption and
develop generalization bounds for a case in which the data samples are generated from a
stationary but intertemporally dependent process characterized by the �-mixing property.
The �-mixing property is validated using models that are commonly used to characterize
contextual uncertainties and we provide a general recipe to evaluate this property in practice.
Then we further relax the stationary assumption and develop generalization bounds for
scenarios in which the underlying data samples are generated through a nonhomogeneous
Markov process.

Numerical experiments are conducted to demonstrate the benefit of including intertem-
porally dependent contextual information when learning data-to-decision mapping. The nu-
merical results further validate the significance of studying a learning framework considering
intertemporal correlations.
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[25] Olivier Bousquet and André Elissee↵. “Stability and generalization”. In: Journal of
machine learning research 2.Mar (2002), pp. 499–526.

[26] Andrea Braides. “A handbook of Gamma-convergence”. In: Handbook of Di↵erential
Equations: stationary partial di↵erential equations. Vol. 3. Elsevier, 2006, pp. 101–
213.

[27] Andrea Braides et al. Gamma-convergence for Beginners. Vol. 22. Clarendon Press,
2002.



BIBLIOGRAPHY 112

[28] Andrew Butler and Roy Kwon. “Integrating prediction in mean-variance portfolio
optimization”. In: Available at SSRN 3788875 (2021).

[29] A Colin Cameron and Pravin K Trivedi.Microeconometrics: methods and applications.
Cambridge university press, 2005.

[30] Ying Cao. Data-driven Approaches to Inventory Management. University of Califor-
nia, Berkeley, 2019.

[31] Ying Cao and Zuo-Jun Max Shen. “Quantile forecasting and data-driven inventory
management under nonstationary demand”. In: Operations Research Letters 47.6
(2019), pp. 465–472.

[32] Carla Cardinali. “Observation influence diagnostic of a data assimilation system”. In:
Data Assimilation for Atmospheric, Oceanic and Hydrologic Applications (Vol. II).
Springer, 2013, pp. 89–110.

[33] Emilio Carrizosa, Alba V Olivares-Nadal, and Pepa Ramırez-Cobo. “Robust newsven-
dor problem with autoregressive demand”. In: Computers & Operations Research 68
(2016), pp. 123–133.

[34] Katherine Elizabeth Castellano and Andrew Dean Ho. “Contrasting OLS and quantile
regression approaches to student “growth” percentiles”. In: Journal of Educational
and Behavioral Statistics 38.2 (2013), pp. 190–215.

[35] Anna Choromanska et al. “The loss surfaces of multilayer networks”. In: Artificial
Intelligence and Statistics. 2015, pp. 192–204.

[36] Leon Yang Chu, J George Shanthikumar, and Zuo-Jun Max Shen. “Solving opera-
tional statistics via a Bayesian analysis”. In: Operations Research Letters 36.1 (2008),
pp. 110–116.

[37] Yurii Aleksandrovich Davydov. “Mixing conditions for Markov chains”. In: Teoriya
Veroyatnostei i ee Primeneniya 18.2 (1973), pp. 321–338.

[38] Etienne De Klerk, Dick Den Hertog, and G Elabwabi. “On the complexity of op-
timization over the standard simplex”. In: European journal of operational research
191.3 (2008), pp. 773–785.

[39] Priya Donti, Brandon Amos, and J Zico Kolter. “Task-based end-to-end model learn-
ing in stochastic optimization”. In: Advances in Neural Information Processing Sys-
tems. 2017, pp. 5484–5494.

[40] Paul Doukhan. Mixing: properties and examples. Vol. 85. Springer Science & Business
Media, 2012.

[41] Richard Ehrhardt. “(s, S) policies for a dynamic inventory model with stochastic lead
times”. In: Operations Research 32.1 (1984), pp. 121–132.

[42] Kenneth J Ellis, Steven A Abrams, and William W Wong. “Monitoring childhood
obesity: assessment of the weight/height2 index”. In: American journal of epidemiol-
ogy 150.9 (1999), pp. 939–946.



BIBLIOGRAPHY 113

[43] Adam Elmachtoub, Jason Cheuk Nam Liang, and Ryan McNellis. “Decision trees
for decision-making under the predict-then-optimize framework”. In: International
Conference on Machine Learning. PMLR. 2020, pp. 2858–2867.

[44] Adam N Elmachtoub and Paul Grigas. “Smart “predict, then optimize””. In: Man-
agement Science (2021).
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Appendix A

Supplementary material for Chapter 2

A.1 Proof of Theorem 2.3.1

In order to prove Theorem 1, we need the following lemma.

Lemma A.1.1. Consider the total inventory cost within time period [t1, t2] as f(a) =P
t2

s=t1
h[It1 + a � d[t1,s]]

+ + b[d[t1,s] � It1 � a]+, where h is the unit holding cost and b is
the unit back-order cost. The optimal order quantity which minimizes the total cost is de-
rived by argmin

a2R f(a) = a⇤ = d[t1,s⇤] � It1 where s⇤ = b b(t2+1�t1)

h+b
+ t1c.

Proof. Proof of Lemma A.1.1: First we show that a⇤ takes the form of d[t1,s] � It1 , for some
s 2 [t1, t2]. It is evident that f(a) is convex and piece-wise linear, hence the optimal solution
should be one of the extreme point, which is d[t1,s] � It1 for some s. Now we need to choose
s⇤ such that s⇤ = argmin

s2{t1,...,t2}
{f(d[t1,s] � It1)}. Note that for s 2 {t1, . . . , t2}, choosing

to satisfy one unit of demand that occurred at period s generates a holding cost h(s � t1),
while choosing not to satisfy one unit of demand generates back-order cost b(t2 + 1 � s),
we will choose to satisfy the demand unit that occurs at period s such that h(s � t1) 
b(t2 + 1� s) = b(t2 + 1� t1)� b(s� t1). The above analysis is valid for all units that occurs
in period s, hence we will choose to satisfy either all demand units that occurs at period s
or non of them. Hence we have s  s⇤ for all s such that h(s� t1)  b(t2+1� t1)� b(s� t1),
which lead to the final solution s⇤ = b b(t2+1�t1)

h+b
+ t1c.

Lemma A.1.1 leads to our final result of Theorem 1, on the optimal order quantity under
the realization of each sample data.

Proof. Proof of Theorem 2.3.1: First, we relax the constraint am � 0 and start from
the last decision aM . By Lemma A.1.1, a⇤

M
= mins2{vM ,...,T}{d[vM ,s] � IvM} and s⇤ =

argmin
s02{vM ,...,T}

P
T

s=vM
h[dvM ,s0 � d[vM ,s]]+ + b[d[vM ,s] � dvM ,s0 ]+. It should be noted that s⇤
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only depends on the sequence {dt}Tt=vM
. Hence, f ⇤

M
:= f(a⇤

M
) =

P
T

s=vM
h[dvM ,s⇤ � d[vM ,s]]+ +

b[d[vM ,s] � dvM ,s⇤ ]+ does not depend on IvM ; hence, the decision of a⇤
M

is independent to the
decision of a⇤

M�1
. By recursion, we can decompose the decisions {a⇤

m
}M
m=1

with corresponding
period [vm, vm+1).

Now we consider the constraint am � 0. It is not di�cult to verify that with constraint
am � 0, we can still compute a⇤

m
use a⇤

m
= argmin

am�0

P
vm+1�1

s=vm
h[Ivm + am � d[vm,s]]+ +

b[d[vm,s]�Ivm�am]+ in the sequence of a1, a2, . . . , aM . We let a⇤⇤
m

denote the optimal solution
with constraint am � 0. Note that under this constraint, f ⇤

m+1
depends on Ivm+1 . In fact, it

is a non-decreasing function of Ivm+1 , hence, a non-decreasing function of am. Suppose for
m, following the above method, we have a⇤

m
< 0, then a⇤⇤

m
= 0 is not only the minimizer of

fm(am) but also a minimizer of f ⇤

m+1
.

A.2 Sensitivity Analysis

In this part, we conduct various sensitivity analysis to demonstrate the robustness and
generalization ability of proposed E2E model under di↵erent hyper-parameter choices, data
size and model covariates.

A.2.1 Sensitivity Analysis for Network Hyper-parameters

We first provide details of the neural network structure and hyper-parameters used in
the E2E model. In the training stage, we sweep through di↵erent combinations of hyper-
parameters within the considered range and use the validation set to choose the best hyper-
parameter values, which is shown below as the “Default Value” column.

Hyperparameter Default Value Range
DF submodule: MQRNN Hidden state size 50 {30, 40, 50, 60}
VLT submodule Layer size {50, 20} {100, 20}, {50, 20}, {30, 20}
(VLT layer 1, VLT layer 2)
Integration module Layer size {100, 100} {100}, {100, 100}, {100, 100, 100}, {100, 100, 100, 100}
(Layer 3, Layer 4)
Learning rate 0.001 {0.0001, 0.001, 0.01}
Learning rate decay 1e� 4 {1e-5, 1e-4, 1e-3}
Momentum 0.85 {0.8, 0.85, 0.9}
Mini-batch size 64 {64, 128, 256}
Weight initialization Gaussian µ = 0, � = 0.01 {Gaussian, Uniform}
Activation Rectified linear unit (ReLU) {ReLU, tanh}
Dropout rate 0.2 {0.1, 0.2, 0.3, 0.4}

Table A.1: Network hyper-parameters

In addition, in order to investigate the sensitivity of the E2E model performance stated
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in Section 2.4 with respect to the network structure and hyper-parameters, we provide three
sets of sensitivity tests with respect to the following hyper-parameters:

� Number of hidden layers

� Number of neurons/weights

� Learning rate

A.2.1.1 Number of hidden layers:

To check the sensitivity of E2E model with respect to the number of hidden layers,
we adjust the number of hidden layers in the integration module. By default, there are
two hidden layers Layer 3 and Layer 4 both of size 100. We tried three other variants:
1) keep only one hidden layer, i.e., Layer 3 of size 100; 2) have three hidden layers, i.e.,
Layer 3, Layer 4, Layer 5, each of size 100; 4) have four hidden layers, i.e., Layer 3,
Layer 4, Layer 5, Layer 6, each of size 100. We trained four di↵erent E2E models with
the four di↵erent network structures, and test their performance using the same dataset and
experiment setup as in Section 4.1.

OPT E2E (1 layer) E2E (2 layers) E2E (3 layers) E2E (4 layers)
Total cost 3022.60 4857.20 (+60.1%) 3766.52(+24.6%) 3822.69 (+26.5%) 3904.74(+29.2%)
Holding cost 1925.70 3919.17 2689.02 2453.32 2231.01
Stockout cost 1096.91 938.03 1077.50 1369.38 1673.73

Table A.2: Sensitivity of E2E model w.r.t. to the number of hidden layers

Table A.2 shows the total inventory management cost, holding cost and stockout cost
of the four E2E models with di↵erent number of hidden layers. When the hidden layer
number is 1, the end-to-end model performance is inferior to other benchmark models (in
Figure 2) due to the lack of representation capacity. In all other cases, the end-to-end models
outperform the benchmarks. As the number of hidden layers increases, the cost of end-to-
end model first decreases then increases. By having more layers, the network representation
power increases and can better fit the relationship between observation and the optimal
order decision. However, an over-complicated network may cause over-fitting in the training
set and shows less generalization capacity in test set.

A.2.1.2 Number of neurons/weights:

To investigate the model sensitivity w.r.t. the number of neurons, we sweep through
[30, 40, 50, 60] as the hidden state size of the demand prediction modile (MQRNN), and
compare the performance of the di↵erent networks.
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OPT E2E (30) E2E (40) E2E (50) E2E(60)
Total cost 3022.60 3846.28(+27.3%) 3783.32(+25.2%) 3766.52(+24.6%) 3860.99(+27.7%)
Holding cost 1925.70 2886.45 2710.71 2689.02 2185.18
Stockout cost 1096.91 959.83 1072.61 1077.50 1675.81

Table A.3: Sensitivity of E2E model w.r.t. to the number of neurons

Table A.3 reports the total cost, holding cost and stockout cost of the four E2E models
with di↵erent number of neurons. As expected, as the number of hidden neurons increases,
the E2E model cost first decreases then increases. Similar as the e↵ect of adding more
layers, by adding more neurons, the representation capacity of the neural network enhances.
However, too many neurons may lead to over-fitting in the training set and the trained
network shows worse generalization performance.

A.2.1.3 Learning rate:

Learning rate is one of the most important hyper-parameter in neural network train-
ing [89]. Table A.4 shows how di↵erent learning rate value a↵ects the performance of E2E
model on the test set. If we further increase the learning rate to 0.1 or larger, network
training process becomes unstable and the training loss oscillates which leads to much worse
performance. When learning rate is 0.0001, the learnt model is slightly better than our
default setting (lr = 0.001) but the training time increases significantly.

OPT E2E (lr =0.0001) E2E (lr =0.001) E2E (lr =0.01)
Total cost 3022.60 3744.28 (+23.9%) 3766.52(+24.6%) 4231.01(+39.9%)
Holding cost 1925.70 2424.71 2689.02 2350.98
Stockout cost 1096.91 1319.58 1077.50 1880.03

Table A.4: Sensitivity w.r.t. to learning rate

A.2.2 Sensitivity Analysis for Data Size

In order to investigate the sensitivity w.r.t. training data size, we use [20%, 40%, 60%, 80%, 100%]
of the training data to train the end-to-end model. The cost and computational time of the
E2E model with di↵erent amounts of training data are provided in Table A.5 and Figure A.1.

A.2.3 Sensitivity Analysis for b and h

All the previous simulations are based on the assumption that the ratio between unit
stock-out cost and unit holding cost is 9, which may not reflect the case in real world.
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Percentage Number of training data OPT cost E2E cost E2E Training time (s)
20% 3893 SKUs 3022.60 5608.01(+85.5%) 281.61
40% 7786 SKUs 3022.60 4765.52(+57.7%) 624.64
60% 11680 SKUs 3022.60 4226.84(+39.8%) 1022.57
80% 15573 SKUs 3022.60 3783.54(+25.2%) 1459.42
100% 19466 SKUs 3022.60 3766.52(+24.6%) 1830.36

Table A.5: E2E Model Sensitivity w.r.t. to Training Data Size

Figure A.1: E2E Model Sensitivity w.r.t. to Training Data Size

Therefore, sensitivity analysis with respect to di↵erent values of b/h is conducted below to
validate our conclusion in previous parts. It should be noted that di↵erent b/h ratios not
only lead to di↵erent measurements costs, but also change replenishment decisions for all
models.

Figure A.2: Performance of each model with di↵erent ratios on b/h.

Figure A.2 demonstrates total cost, holding cost as well as stockout cost of E2E model,
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OPT decision and two base stock algorithms under di↵erent b/h ratios. According to these
results, E2E model is stable and closest to the optimal solutions in most cases, with respect
to di↵erent choices of b/h.

A.2.4 Sensitivity for Di↵erent Neural Network Local Minima

Since the loss function of neural networks are highly non-convex and contain many local
minima, when training neural networks using stochastic gradient descent (SGD) methods
(the classical way of training neural networks), we are very likely to get stuck in one of
the local minima. However, several recent research experimenting with larger networks and
SGD suggest that, while deep neural networks do have many local minima, they consistently
give very similar performance [35, 74]. Consistent with the above results from machine
learning literature, we find the performance of our proposed E2E deep learning model has
similar property in numerical experiments. For instance, two di↵erent E2E models with the
default network structure and hyper-parameter are trained with di↵erent weight initialization
(random seeds). Figure A.3 visualizes the final weights of VLT layer 1 of the two trained
networks. And Table A.6 provides the performances of two networks on test data set. It
can be observed that although the two network weights are quite di↵erent, they have similar
performances on the test set in terms of total cost, holding cost as well as stockout cost.

Figure A.3: Network sensitivity w.r.t. local minima. The two plots show the weights of

VLT layer1 of two neural networks trained with di↵erent initialization.

A.2.5 Local Explainability for E2E Model

Finally, we exam the E2E model performance with respective to some important model
covariates, e.g., initial inventory level and review period. In particular, we check the network
performance regarding some formal specifications [131] to ensure the network performance
is aligned with the common sense for inventory management. For example, if the initial
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OPT E2E (Network 1) E2E (Network 2)
Total cost 3022.60 3766.52(+24.6%) 3800.54(+25.7%)
Holding cost 1925.70 2689.02(+39.6%) 2766.67(+43.7%)
Stockout cost 1096.91 1077.50(-1.8%) 1033.87(-5.7%)

Table A.6: Comparison of two E2E model performance with di↵erent initialization seeds.

inventory level at time t1 is strictly greater than time t2 with all other covariates being same,
then order amount at t1 should be lower than t2. Similar for the review period, the order
amount should be higher when the the review period is longer.

Figure A.4: Order quantity as a function of covariates of di↵erent input features

Figure A.4 visualizes the one-dimensional relationship between the E2E model output
(order quantity), initial inventory level and review period for 5 di↵erent SKUs. It should be
noted that the same trend holds for all SKUs, while the slope and shape might be di↵erent
for di↵erent SKUs. Notably, the sensitivity results of the end-to-end model with respective
to both initial inventory level and review period satisfy the monotonicity specification. As
the initial inventory level increases, the order quantity monotonically decreases. Once the
initial inventory reaches certain threshold, the order quantity reduces to 0 as there’s enough
inventory before next review cycle and no need for further ordering. Besides, the model
output increases monotonically with respect to review period. The longer the review period
is, the more the order quantity should be.
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Appendix B

Supplementary material for Chapter 3

B.1 Supplementary Lemmas and Proofs

B.1.1 Lemmas and Proofs for Section 3.3

Lemma B.1.1. For any ⇢ > 0, w⇢(·) is a single-valued continuous function of p 2 �K.

Proof. Proof of Lemma B.1.1 From part 2 in Theorem 9.17 of [139], the mapping w(p) :
�k ! S is a continuous function of p.

Lemma B.1.2. Suppose that Assumptions 1.A and 1.B hold, and let w(·) : �K ! S be an
optimal solution mapping such that w(p) 2 W (p) for all p 2 �K. Then, we have that: (i) f ⇤

is the unique minimizer of minf2H R(w � f ; 0); (ii) the optimal expected unregularized risk is
J⇤ := minf2H R(w �f ; 0) = R(w �f ⇤, 0), and the value of J⇤ is the same for all valid optimal
solution mappings w(·).

Proof. Proof of Lemma B.1.2 We first prove part (i). Suppose that there exists f̄ 6= f ⇤ in
H such that

Ex

"
KX

k=1

p⇤
k
(x)ck(w(f̄(x)))

#
 Ex

"
KX

k=1

p⇤
k
(x)ck(w(f

⇤(x)))

#
.

Since w(f ⇤(x)) 2 W (f ⇤(x)) and f ⇤(x) is the true hypothesis, i.e., f ⇤

k
(x) = p⇤

k
(x), we have

KX

k=1

p⇤
k
(x)ck(w(f̄(x))) �

KX

k=1

p⇤
k
(x)ck(w(f

⇤(x)))
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for all x 2 X . Combining the above two inequalities yields

KX

k=1

p⇤
k
(x)ck(w(f̄(x))) =

KX

k=1

p⇤
k
(x)ck(w(f

⇤(x))),

almost surely for all x 2 X . Hence, w(f̄(x)) 2 W (f ⇤(x)) almost surely, which contradicts
Assumption 1.B. Therefore, under Assumptions 1.A and 1.B, f ⇤ is the unique minimizer of
minf2H R(w � f ; 0).

We now show (ii). Let w(·), u(·) : �K ! S be two valid optimal solution mappings
such that w(p) 2 W (p) and u(p) 2 W (p) for all p 2 �K . Thus, w(f ⇤(x)) 2 W (f ⇤(x)) and
u(f ⇤(x)) 2 W (f ⇤(x)) for all x, which yields

P
K

k=1
p⇤
k
(x)ck(w(f ⇤(x))) =

P
K

k=1
p⇤
k
(x)ck(u(f ⇤(x)))

by the definition of W (·). Therefore, taking expectation with respect to x yields J⇤ =
R(w � f ⇤, 0) = R(u � f ⇤, 0).

Proof. Proof of Corollary 3.3.3.1 According to Theorem 3.3.3, we have

R(w⇢n � f̂n

⇢n
)  R̂n(w⇢n � f̂n

⇢n
; ⇢n) +

p
2L2

c

⇢n
Rn(H) + c̄

s
log(2

�
)

2n

with probability at least 1� �

2
. Since f̂n

⇢n
is the ICEO minimizer,

R̂n(w⇢n � f̂n

⇢n
; ⇢n)  R̂n(w⇢n � f ⇤; ⇢n)  R̂n(w⇢n � f ⇤) + ⇢n�̄.

Then we apply Hoe↵ding’s inequality and have

R̂n(w⇢n � f ⇤)  Rn(w⇢n � f ⇤) + c̄

s
2 log(2

�
)

n

with probability at least 1 � �

2
. Combining the above two inequalities leads to the desired

result.

B.1.2 Proofs for Section 3.4

Proof. Proof of Proposition 3.4.1.2 Considering the kernel function K(p, p0) = (c+pTp0)s with
p 2 RK , we first generalize the result of Example 13.19 from [143]. When the input p and
p0 are K-dimensional vectors, the empirical kernel matrix can have rank at most (s�1+K)!

(s�1)!K!
.

Therefore, the left-hand side of Inequality (13.56) from [143] can be upper-bounded by

�m
q

1

m

(s�1+K)!

(s�1)!K!
. Then we can apply Theorem 13.17 from [143] and set �m = 2�2

m
to achieve

inequality (3.4.1.2). Moreover, the empirical Rademacher complexity can be upper-bounded

by c̄
q

1

m

(s�1+K)!

(s�1)!K!
with some constant c̄. Then if we have ✓m � c̄3b

q
1

m

(s�1+K)!

(s�1)!K!
, we can apply

Theorem 14.1 from [143] and therefore have the desired result inequality (3.4.1.2).
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Proof. Proof of Corollary 3.4.1.1 The proof follow from a slight modification of the proof of
Theorem 3.4.1. We first consider

1

n

nX

i=1

kw⇢(f(xi)))� w̃⇢(f(xi))k1  Lc

dX

j=1

(
1

n

nX

i=1

|w⇢,j(f(xi))� w̃⇢,j(f(xi))|2)
1
2 .

Then noted that

EDf(x)
[|w⇢,j(p))� w̃⇢,j(p)|2]  EDp

[|w⇢,j(p))� w̃⇢,j(p)|2] + 2w̄2

j
TV(Df(x),Dp),

because |w⇢,j(p))� w̃⇢,j(p)|2 is bounded by w̄2

j
for all p 2 �K . Thus,

EDf(x)
[|w⇢,j(p))� w̃⇢,j(p)|2]1/2  EDp

[|w⇢,j(p))� w̃⇢,j(p)|2]1/2 + w̄j

q
2TV(Df(x),Dp).

Following the same reasoning of the proof in Theorem 3.4.1, the desired result follows.

Proof. Proof of Theorem 3.4.1 By Theorem 3.3.3 (i), for any ⇢, we have

R(w⇢ � f ; ⇢)  R̂n(w⇢ � f ; ⇢) +
p
2L2

c

⇢
Rn(H) + c̄

s
log(1

�
)

2n
.

Noted that

1

n

nX

i=1

|c(w⇢(f(xi)), ⇠i)� c(w̃⇢(f(xi)), ⇠i)|  Lc

1

n

nX

i=1

kw⇢(f(xi)))� w̃⇢(f(xi))k1

= Lc

dX

j=1

1

n

nX

i=1

|w⇢,j(f(xi))� w̃⇢,j(f(xi))| (B.1)

When the approximated oracle has a uniform error, we combine (B.1) and Assumption 3 to
have

1

n

nX

i=1

|c(w⇢(f(xi)), ⇠i)� c(w̃⇢(f(xi)), ⇠i)|  Lc

dX

j=1

Eunif

j
. (B.2)

When the oracle is noised, we consider two di↵erent distributions Df(x) and Dp. We let
Df(x) denote the distribution of f(x) given a hypothesis f and the distribution of x, Dx.
Moreover, we let Dp denote the distribution used to generate training samples {(pi, wi)}mi=1

for oracle approximation. Then, we apply the error bound (4) with distribution Df(x) and
Dp respectively and have

1

n

nX

i=1

|w⇢,j(f(xi))� w̃⇢,j(f(xi))|  EDf(x)
[|w⇢,j(p))� w̃⇢,j(p)|] + Eprob

j
(n, �/2d;G),
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and

EDp
[|w⇢,j(p))� w̃⇢,j(p)|] 

1

m

mX

i=1

|w⇢,j(pi))� w̃⇢,j(pi)|+ Eprob

j
(m, �/2d;G),

each with probability at least 1� �

2d
. Considering the total variation between Df(x) and Dp,

we have the following

EDf(x)
[|w⇢,j(p))� w̃⇢,j(p)|]  EDp

[|w⇢,j(p))� w̃⇢,j(p)|] + diamj(S)TV(Df(x),Dp),

where diamj(S) is the diameter of S in the j-th coordinate and TV denotes the total variation.
This result holds because |w⇢,j(·)� w̃⇢,j(·)| is continuous and bounded by diamj(S). Thus,

1

n

nX

i=1

kw⇢(f(xi)))� w̃⇢(f(xi))k1 
dX

j=1

"
1

m

mX

i=1

|w⇢,j(pi)� w̃⇢,j(pi)|+ Eprob

j
(n, �/2d;G) + Eprob

j
(m/2d, �;G)

#

+ diamj(S)TV(Df(x),Dp),

with probability at least 1� �. Therefore, we have

(B.1)  Lc

dX

j=1

"
1

m

mX

i=1

|wi,j � w̃⇢,j(pi)|+ Eprob

j
(n, �/2d;G) + Eprob

j
(m, �/2d;G)

#
+ diam(S)LcTV(Df(x),Dp),

(B.3)

with probability at least 1� �. Here we slightly abuse the notation and let diam(S) denote
the summation of coordinate-wise diameter along all coordinates.

Then (3.12) and (3.14) follow from combining (B.2) and (B.3) with Theorem 3.3.3. (3.13)
and (3.15) follow from the non-negativity of the regularization term.

Proof. Proof of Proposition 3.4.1.3: We first consider the constraintBTx+b � 0, 8x, s.t. Ax �
a is equivalent to

0  min BT

k
x+ bk (B.4)

s.t. Ax � a (B.5)

for all k = 1, . . . , K. Then consider the dual of (B.4)-(B.5)

�bk  max aTyk

s.t. ATyk = Bk

yk � 0
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which reduces to find a feasible solution of the following group of constraints
8
><

>:

aTyk � �bk
ATyk = Bk

yk � 0

(B.6)

for all k = 1, . . . , K.
Then the normalization constraint 1T (Bx+ b) � 1, 8x, s.t.Ax � a is equivalent to

1  min 1TBx+ 1T b (B.7)

s.t. Ax � a, (B.8)

similarly by considering the dual problem

1� 1T b  max aT z

s.t. AT z = BT1

z � 0,

which reduces to the following group of constraints
8
><

>:

aT z � 1� 1T b

AT z = BT1

z � 0.

(B.9)

Finally, the constraint 1T (Bx+ b)  1, 8x, s.t.Ax � a is equivalent to

1 � max 1TBx+ 1T b (B.10)

s.t. � Ax  �a (B.11)

by strong duality, it is equivalent to

1� 1T b � min � aTu

s.t. � ATu = BT1

u � 0

which reduces to
8
><

>:

aTu � �1 + 1T b

ATu = �BT1

u � 0.

(B.12)
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Appendix C

Supplementary material for Chapter 5

C.1 Illustrating Examples on Intertemporal
Dependence

In this section, we first discuss three widely used stochastic processes in contextual de-
cision making that are �-mixing. Therefore, these stochastic processes provide examples of
circumstances that the previously derived performance guarantees are applicable. Later, we
will introduce how the mixing coe�cient can be estimated in practice for these examples.

Example C.1.1 (Moving average process). The moving average model of order q, or MA(q)
model, is defined to be

yt = "t + ✓1"t�1 + ✓2"t�2 + · · ·+ ✓q"t�q, (C.1)

where the process "t is iid noise with mean 0 and finite variance �2, and ✓1, ✓2, . . . , ✓q(✓q 6= 0)
are parameters.

It is evident that if an contextual uncertainty process can be characterized as the moving
average process, then it is �-mixing. It is because that yt and yt+s are dependent for any
1  s  1 and independent for any s > q.

Example C.1.2 (Autoregressive process). An autoregressive model of order p, or AR(p)
takes the form

yt = ⇢1tt�1 + ⇢2yt�2 + · · ·+ ⇢pyt�p + "t (C.2)

where the process "t is i.i.d noise with mean 0 (not necessarily Gaussian distributed) and
finite variance �2, and ⇢1, ⇢2, . . . ⇢p are parameters.

When noises "t are bounded, the autoregressive process enjoys the property of �-mixing,
under certain conditions [8]. Herein, we state the necessary and su�cient conditions for an
autoregressive process to be �-mixing, with bounded innovations.
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Theorem C.1.1 (Conditions of AR process to be �-mixing [8]). The p-th-order autoregres-
sive process defined in C.2 is �-mixing provided:

(i) E[{log |"1|}+] <1,

(ii) the distribution of "1 has a non-trivial absolutely continuous component,

(iii) d0 is independent of "t

(iv) {"t} are i.i.d. random variables

(v) the root of the characteristic equations zp � ⇢1zp�1 � · · · � ⇢p = 0 are less than 1 in
modulus

(vi) exists a finite constant c such that |"1|  c.

On the other hand, [8] shows that an autoregressive process is not �-mixing if the noises
have an unbounded support.

Example C.1.3 (Markov modulated process). The Markov modulated process is a widely
adopted model that captures a random, fluctuating environment. According to the Markov
modulated process, the randomness of {Zt}1t=0

only depends on the state of an exogenous
Markov chain {Yt}1t=0

.

We first review the mixing property of a Markov chain, then show that the �-mixing
property of a Markov modulated process is entirely determined by the �-mixing property of
the underlying Markov chain, no matter how the distribution of {Zt}1t=0

depends on Markov
chain {Yt}1t=0

. The su�cient and necessary condition for a stationary Markov chain being
�-mixing is the uniformly ergodicity (stated in the proof of Theorem 19.1.1 in [63]).

Definition C.1.1 (Uniformly ergodicity). A positive Harris recurrent Markov chain with
transition probability kernel P and invariant distribution ⇡ is geometrically ergodic if there
exists a real number s < 1 and a M <1 on the state space ⌦ such that

kP n(x, ·)� ⇡(·)kTV Msn, x 2 ⌦ (C.3)

where kµ, ⌫kTV := sup
A2B

|µ(A), ⌫(A)| denotes the total variation distance.

Then Proposition C.1.1.1 demonstrates that the mixing property of the Markov modu-
lated process depends on the mixing property of the exogenous Markov chain.

Proposition C.1.1.1. The Markov modulated process is �-mixing if the exogenous Markov
chain that drives the demand is �-mixing.
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Proof of Proposition C.1.1.1. Let �x,t and �z,t denote the sigma fields of the Markov chain
and the contextual uncertainty process, respectively. By considering a larger sigma field, it
is clear that

sup
n

A2�
1
z,n+k

B2�
n
z,�1

��Pr[A|B]� Pr[A]
��  sup

n

A
0
2�(�

1
x,n+k

,�
1
z,n+k

)

B
0
2�(�

1
x,n+k

,�
n
z,�1

)

��Pr[A0|B0]� Pr[A0]
��

We first consider the events A0 and B0 that take the form A0 = Ã \ A and B0 = B̃ \ B,
respectively. For such events A0 and B0, we have

sup
n

A
0
=Ã\A

Ã2�
1
x,n+k

,A2�
1
d,n+k

B
0
=B̃\B

B̃2�
1
x,n+k

,B2�
n

d,�1

��Pr[A0|B0]� Pr[A0]
�� = sup

n

Ã2�
1
x,n+k

,A2�
1
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B
0
=B̃\B

B̃2�
1
x,n+k

,B2�
n

d,�1

��Pr[Ã \ A|B0]� Pr[Ã \ A]
�� (C.4)

Note that for any n and B0, by the definition of Pr[Ã \ A|B0] and Pr[Ã \ A], we have the
following results

sup

Ã2�1
x,n+k,A2�1
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Ã
P (dx|B0

)� P (dx)
�� = sup
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Therefore,

(C.4)  sup
n

Ã2�
1
x,n+k

B̃2�
1
x,n+k

,B2�
n

d,�1

��Pr[Ã|B̃ \B]� Pr[Ã]
�� = sup

n

Ã2�
1
x,n+k
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1
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��Pr[Ã|B̃]� Pr[Ã]
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Then we consider all eventsA0 andB0 such thatA0 2 �(�1

x,n+k
, �1

z,n+k
) andB0 2 �(�1

x,n+k
, �n

z,�1
).

For any B0 2 �(�1

x,n+k
, �n

z,�1
), there are countably many disjoint sets B̃i \ Bi such that

B0 = [iB̃i \ Bi. Moreover, it is possible to make all B̃is disjoint. Note that

Pr[A0|B0] =
X

i

Pr[B̃i \Bi]

Pr[B0]
Pr[A0|B̃i \Bi],

the supreme over B̃i \Bi must be obtained at a certain B̃i \Bi. Thus,

sup
n

A
0
2�(�

1
x,n+k

,�
1
d,n+k

)

B
0
2�(�

1
x,n+k

,�
n

d,�1)

��Pr[A0|B0]� Pr[A0]
�� = sup

n

A
0
2�(�

1
x,n+k

,�
1
d,n+k

)

B
0
=B̃\B

B̃2�
1
x,n+k

,B2�
n

d,�1

��Pr[A0|B0]� Pr[A0]
��.
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Then for A0 = [iÃi \ Ai, where Ãi \ Ais are disjoint and we can make Ãis disjoint as
well,

sup

A
0
2�(�

1
x,n+k

,�
1
d,n+k

)

B
0
=B̃\B

B̃2�
1
x,n+k

,B2�
n

d,�1

��Pr[A0|B0
]� Pr[A0

]
�� = sup

A
0
2�(�

1
x,n+k

,�
1
d,n+k

)

B
0
=B̃\B

B̃2�
1
x,n+k

,B2�
n

d,�1

��
X

i

(Pr[Ãi \Ai|B0
]� Pr[Ãi \Ai])

��

and the supreme can only be achieved either all terms Pr[Ãi \ Ai|B0]� Pr[Ãi \ Ai] � 0 or
all terms Pr[Ãi \ Ai|B0]� Pr[Ãi \ Ai]  0. Therefore,

sup

Ãi\Ai

Ãi2�
1
x,n+k

,A2�
1
d,n+k

)

B
0
=B̃\B

B̃2�
1
x,n+k

,B2�
n

d,�1

��
X

i

(Pr[Ãi \Ai|B0
]� Pr[Ãi \Ai])

��

= sup

Ãi\Ai

Ãi2�
1
x,n+k

,A2�
1
d,n+k

)

B
0
=B̃\B

B̃2�
1
x,n+k

,B2�
n

d,�1

X

i

��Pr[Ãi \Ai|B0
]� Pr[Ãi \Ai]

��


X

i

sup

Ãi\Ai

Ãi2�
1
x,n+k

,A2�
1
d,n+k

)

B
0
=B̃\B

B̃2�
1
x,n+k

,B2�
n

d,�1

��Pr[Ãi \Ai|B0
]� Pr[Ãi \Ai]

��


X

i

sup

Ãi2�
1
x,n+k

B̃2�
1
x,n+k

��Pr[Ãi|B̃]� Pr[Ãi]
��, by (C.5)

= sup

Ãi2�
1
x,n+k

B̃2�
1
x,n+k

��Pr[[iÃi|B̃]� Pr[Ãi]
�� = sup

Ã2�
1
x,n+k

B̃2�
1
x,n+k

��Pr[Ã|B̃]� Pr[Ã]
��.

The above result states that the �-mixing coe�cients of the contextual uncertainty process
are less than the �-mixing coe�cient of the Markov chain. Hence, if the Markov chain
is �-mixing, the contextual process that is modulated based on the Markov chain is also
�-mixing.

Note that evaluating the �-mixing coe�cients for both autoregressive and Markov mod-
ulated processes reduces to evaluating �-mixing coe�cients for Markov chains. Instead of
another mixing coe�cient, the �-mixing coe�cient, to the best of our knowledge, there is no
existing results that provide closed-form representations or consistent empirical estimators
of �(k) for a Markov chain ([100, 101]). In the following, we provide a general recipe for
calculating the �-mixing coe�cient, �(k) of a Markov chain when its transition kernel is
given.
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Although a closed-form representation is not achievable, [37] provides a closed form upper-
bound for �(k). According to Proposition 1 of [37], for a stationary homogeneous Markov
process Xt with state space (X,F), transition kernel P t

x
(dy), and stationary distribution

⇡(dx), there is an upper-bound for �-mixing coe�cients:

�(k)  2 ess sup
⇡(dx)

kP k

x
� ⇡kTV. (C.6)

Recall that it requires uniform ergodicity for a Markov chain to be �-mixing,

�(k)  2 ess sup
⇡(dx)

kP k

x
� ⇡kTV Msk, (C.7)

Then the mixing coe�cients can be bounded by Msk if the uniform ergodic coe�cient M is
available. On the other hand, when M is not given, the upper-bound of �(k) can be directly
derived by computing kP k

x
� ⇡kTV. Particularly, suppose both P k

x
and ⇡ are absolutely

continuous with respect to another measure µ with the Radon-Nikodym derivatives fx and
f⇡ respectively, we have kP k

x
� ⇡kTV = kfx � f⇡k1.

Example C.1.4 (Markov chain with finite state space). Consider a Markov chain with
state space S = {1, . . . , N}, 2  N <1 and transition probability matrix P and stationary
distribution ⇡. When P is diagonalizable, [102] provides an approach to calculate M and s:

Proposition C.1.1.2 (Theorem 4.1 of [102]). Suppose �j, j = 1, . . . , N 0 are distinct eigen-
values of P that not equals 1, and P = W�1⇤W where ⇤ is diagonal. Then s = maxj=1,...,M |�j|.
Furthermore, M = maxi=1,...,N

P
N

0

j=1
kei⇧k 6=j(P��kI)

⇧k 6=j(�j��k)
k, where ei is the probability measure con-

centrated at state i.

C.2 Supplementary Proofs for Section 5.4

Proof of Lemma 5.4.2. Firstly, we bound the probability of Zi 6= Z̃i for each i,

Pr(Zi 6= Z̃i) =Pr(kZik1 > M(n))

=Pr(exp(kZika1) > expM(n)a)

 A

exp(M(n)a)
,

where the last inequality is a result of Markov inequality and the light-tail property of Zi.
Then Pr(S 6= S̃) can be bounded by nA

exp(Ma(n))
by applying the union bound.
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Proof of Theorem 5.4.3. Since the upper bound of loss function L̄(M,n) = b0M(n), (5.8)
becomes

Pr
S

⇥��R(hS)�Remp(hS)
�� > "+ (6b+ 2)�0/n+ 6b0M(n)�0s

b
⇤

 2 exp
� �2"2(1� s)2/(1� s+ 2�0)2

n((b+ 2)2�0

n
+ 2b0�0M(n)sb + b0

M(n)

n
)2

�
+ A exp

�
lnn�M(n)

�
. (C.8)

The first step is to calculate b⇤. Since 0 < s < 1, the term 2b0�0M(n)sb decreases as b grows.
In the meanwhile, (b + 2)2�0

n
increases as b increases. By letting the derivative of the two

terms equal zero, there is b0
n
= b0�0M(n) ln 1

s
sb

⇤
. By plugging b = b⇤ to both sides, (C.8) can

be represented as

Pr
S

⇥��R(hS)�Remp(hS)
�� > "+ (6b+ 2)�0/n+ 6�0/(n ln

1

s
)
⇤

 2 exp
�
� 2"2(1� s)2

(1� s+ 2�0)
2

n

(ln(
b0�0
�0

nM(n)) 2�0

ln
1
s

+ 4�0 + 2
�0

ln
1
s

+ b0M(n))2

�
+A exp

�
lnn�M(n)

�
.

To balance the convergence rate of the two terms on the right hand side, we choose M(n) =
M0n1/(a+2) and have

Pr
S

⇥��R(hS)�Remp(hS)
�� > "+ (6b+ 2)�0/n+ 6�0/(n ln

1

s
)
⇤

 2 exp
�
� 2"2(1� s)2

(1� s+ 2�0)
2

n

(ln(
b0�0
�0

M0n1+1/(a+2))
2�0

ln
1
s

+ 4�0 + 2
�0

ln
1
s

+ b0M0n1/(a+2))2

�

+A exp
�
lnn� na/(a+2)

�
.

C.3 Supplementary Proofs for Section 5.5

In this part, we state the detailed proof of Lemma 5.5.3 and Lemma 5.5.4.

Proof of Lemma 5.5.3. We consider two possible samples S and Si that only di↵ers in the
ith point, and have

�(S)� �(Si)  |Remp(hS)�Remp(hSi)|+ |Rn+r+1(hS|S)�Rn+r+1(hSi |Si)|.

First we consider the empirical risk, due to the uniform stability

Remp(hS)�Remp(hSi)  1

n

X

j 6=i

|c(hS, zj)� c(hSi , zj)|+
1

n
|c(hS, zi)� c(hSi , z0

i
)|

 2�̂ +
2M

n
.
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Then we consider S̃ being a copy of S that is independent of zn+r+1 and Sb being S with
the last b points removed. Then we have

|Rn+r+1(hS|S)�Rn+r+1(hS|S̃)| =|E[c(hSb , zn+r+1)|Sb]� E[c(hSb , z̃n+r+1)]|+ 2b�̂

2b�̂ + 2MkPn+r+1(·|Fn�b)� Pn+r+1kTV

2b�̂ +M⌘2
n�b,n+r+1

M⇧n+r+1

l=n�b+1
✓l + 2b�̂.

The first inequality follows from uniform stability, the second inequality follows from Lemma
2 of [87], and the last inequality is achieved by applying Lemma 5.5.1. Similarly,

|Rn+r+1(hSi |S̃i)�Rn+r+1(hSi |Si)| =|E[c(hSi,b , zn+r+1)|Si,b]� E[c(hSi,b , z̃n+r+1)]|+ 2b�̂

2MkPn+r+1(·|Fn)� Pn+r+1kTV + 2b�̂

M⌘2
n�b,n+r+1

+ 2b�̂ M⇧n+r+1

l=n�b+1
✓l + 2b�̂.

Then, by uniform stability,

|Rn+r+1(hS|S̃)�Rn+r+1(hSi |S̃i)| =|E[c(hS, z̃n+r+1)]� E[c(hSi , z̃n+r+1)]|  2�̂.

By combining the above results, we have

Rn+r+1(hS |S)�Rn+r+1(hSi |Si
)

|Rn+r+1(hS |S)�Rn+r+1(hS |S̃) +Rn+r+1(hS |S̃)�Rn+r+1(hSi |S̃i)

+Rn+r+1(hSi |S̃i)�Rn+r+1(hSi |Si
)|

|Rn+r+1(hS |S)�Rn+r+1(hS |S̃)|+ |Rn+r+1(hSi |S̃i)�Rn+r+1(hSi |Si
)|

+ |Rn+r+1(hS |S̃)�Rn+r+1(hSi |S̃i)|
2M⇧

n+r+1

l=n�b+1
✓l + (2 + 4b)�̂.

Then the desired results follows:

�(S)� �(Si)  (4 + 4b)�̂ + 2
M

n
+ 2M⇧n+r+1

l=n�b+1
✓l.
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Proof of Lemma 5.5.4. For simplicity, we let P j

i
denote the marginal of P on (⇧j

k=i
⌦k,⇧

j

k=i
Fk).

E[�(S)] = 1

n

nX

i=1

(E[c(hS , zi)]� E[c(hS , zn+r+1)])  6b�̂ +
1

n

nX

i=1

(E[c(hSb
, zi)]� E[c(hSb

, zn+r+1)])

(C.9)
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6bM

n
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1

n� 3b

n�2bX
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S̃b
, z̃i)]� E[c(h

S̃b
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1

n� 3b

n�2bX

i=b+1

2M
�
EkPi(·|Fi�b)� PikTV + EkPn�b

i+b
(·|Fi)� Pn�b

i+b
kTV

+ EkPr+n+1(·|Fn�b)� Pr+n+1kTV

�
(C.10)

6b�̂ +
6bM

n
+

2M

n� 3b

n�2bX

i=b+1

(⇧
i

l=i�b+1✓l +⇧
i+b

l=i+1
✓l +⇧

n+r+1

l=n�b+1
✓l)

+
1

n� 3b

n�2bX

i=b

(E[c(h
S̃b
, z̃i)]� E[c(h

S̃b
, z̃n+r+1)]) (C.11)

6b�̂ +
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n� 3b

n�2bX

i=b+1

(⇧
i

l=i�b+1✓l +⇧
i+b

l=i+1
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l=n�b+1
✓l) +

1

n� 3b

n�2bX

i=b

kPn+r+1 � PikTV

(C.12)

6b�̂ +
2M

n� 3b

n�2bX

i=b+1

(⇧
i

l=i�b+1✓l +⇧
i+b

l=i+1
✓l +⇧

n+r+1

l=n+1
✓l) +�

Inequality (C.9) follows from the uniform stability and (C.10) is achieved by considering four
independent blocks split by three gaps with length b and apply Lemma 2 of [87]. Inequality
(C.11) and (C.12) follow from Lemma 5.5.1.
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