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ABSTRACT OF THE DISSERTATION
Perverse Equivalences in the Dg-Stable Category
by

Jeremy Rollin Bundick Brightbill
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2020

Professor Raphael Alexis Rouquier, Chair

Let A be a finite-dimensional self-injective algebra, graded in non-positive degree. We define
A-dgstab, the differential graded stable category of A, to be the quotient of the bounded derived
category of dg-modules by the thick subcategory of perfect dg-modules. We prove that A -dgstab
is the triangulated hull of the orbit category A -grstab /€(1), which allows computations in the dg-
stable category to be performed in the graded stable category. We provide a sufficient condition for
the orbit category to be equivalent to A -dgstab and show this condition is satisfied by Nakayama
algebras and Brauer tree algebras. When A is a symmetric algebra with socle concentrated in

degree —d < 0, we show that A -dgstab has Calabi-Yau dimension —d — 1.

Chuang and Rouquier [CR17] describe an action by perverse equivalences on the set of bases
of a triangulated category of Calabi-Yau dimension —1. We develop an analogue of their theory
for Calabi-Yau categories of arbitrary negative dimension and apply this theory to the dg-stable

category.

As an example, we analyze the dg-stable category of a Brauer tree algebra, with an arbitrary
non-positive grading. We compute the Auslander-Reiten quiver, then develop a combinatorial
model for A-dgstab, which we use to describe the action of perverse equivalences. Using our

model, we show that perverse equivalences act transitively on the set of bases.
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CHAPTER 1

Introduction

1.1 Perverse Equivalences

Perverse equivalences are equivalences of triangulated categories performed with respect to a strat-
ification. They were first used by Chuang and Rouquier [CROS8] in their proof of Broué’s abelian
defect conjecture for symmetric groups; the theory of perverse equivalences was later formalized
by the same authors in [CR17]. In this work, Chuang and Rouquier define an action of perverse
equivalences on a collection of t-structures—parametrized by tilting complexes—in the bounded
derived category of a symmetric algebra A. The further study of this action is the primary motiva-

tion of this dissertation.

The bounded derived category of A has many t-structures, and the action of perverse equiv-
alences exhibits braid-like relations, twisted by some other structure. To investigate this extra
structure, one natural approach would be to quotient out the braid relations, which correspond to
certain autoequivalences of the bounded derived category. These autoequivalences are given by
tensoring with certain complexes of projective bimodules. In the stable category, these complexes
become isomorphic to zero and thus the braid relations vanish. However, t-structures need not exist
in the stable category, hence the definition of the action must be modified. Chuang and Rouquier
successfully adapt their action to the stable module category and, more generally, to Calabi-Yau
categories of dimension —1; in this setting, perverse equivalences act on the set of bases of the

category.

In this work, we adapt the action of Chuang and Rouquier to a new setting. First, we introduce
a grading on the algebra A, which we view as a dg-algebra with zero differential. We then define

the dg-stable category of A, A-dgstab, to be the quotient of the bounded derived category of finite-



dimensional dg-modules by the thick subcategory generated by A (i.e., the perfect dg-modules).
The dg-stable category is a generalization of the ordinary stable module category; when the alge-
bra is concentrated in degree zero, the two notions coincide. In the dg-stable category, there are
nontrivial interactions between the grading data of A and the homological structure of A-dgstab.
By viewing the grading data as a parameter, one obtains a family of triangulated categories on

which the action of perverse equivalences can be defined.

1.2 The Dg-Stable Category

If A is a self-injective k-algebra, then A -stab, the stable module category of A, admits the structure
of a triangulated category. This category has two equivalent descriptions. The original description
is as an additive quotient: One begins with the category of A-modules and sets all morphisms
factoring through projective modules to zero. More categorically, we define A-stab to be the
quotient of additive categories A-mod /A -proj. The second description, due to Rickard [Ric89a],
describes A -stab as a quotient of triangulated categories. Rickard obtains A -stab as the quotient
of the bounded derived category of A by the thick subcategory of perfect complexes. Once this
result is known, the triangulated structure on A -stab is an immediate consequence of the theory of
triangulated categories. When translated back into the additive description, the homological shift
functor [—1] inherited from D’(A-mod) becomes identified with the syzygy functor 2, which
maps each module to the kernel of a projective cover. The triangulated description provides a
well-behaved technical framework for transferring information between A -stab and the derived
category, while the additive description allows computations of morphisms to be performed in
A-mod rather than D’(A-mod). If A is made into a graded algebra, analogous constructions

produce two equivalent descriptions of the graded stable category A -grstab.

If A is a dg-algebra, we use the triangulated description to define the differential graded stable
category A -dgstab. More precisely, A -dgstab is defined to be the quotient of the derived category

D}, g(A) of dg-modules by the thick subcategory of perfect dg-modules.

The most immediately interesting feature of the dg-stable category is the presence of non-trivial
interactions between the grading data and the triangulated structure. In Dgg(A), the grading shift
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functor coincides with the homological shift functor, and so in A -dgstab the grading shift functor
(—1) can be identified with ). This phenomenon does not occur in the graded stable category,

since the grading shift and homological shift functors in D?( A -grmod) are distinct.

However, working with dg-modules introduces new complications. Dg-modules need not arise
from complexes of graded modules, which poses an obstacle to obtaining a simple additive defi-
nition of A-dgstab, without which computation of morphisms becomes much harder, as it must
be done in the triangulated setting. We shall consider the problem of finding a simple additive

description of A -dgstab.

The dg-stable category has been studied by Keller [KelO5], using the machinery of orbit cate-
gories; our approach is motivated by his work. In Chapter 3, we consider the case where A is a
non-positively graded, finite-dimensional, self-injective algebra, viewed as a dg-algebra with zero
differential. There is a natural functor A -grstab — A -dgstab which is faithful but not full. This
is due to the fact that X = QX (1) for all X € A-dgstab; the corresponding isomorphism al-
most never holds in A-grstab. To recover the missing morphisms, we turn to the orbit category
C(A) := A-grstab /2(1). The objects of C(A) are those of A -grstab, and the morphisms X — Y
are finite formal sums of morphisms X — Q"Y' (n) in A-grstab. Orbit categories need not be
triangulated, but Keller proves they always fit inside a “triangulated hull”. We shall construct a
fully faithful functor F4 : C(A) — A-dgstab whose image generates A -dgstab as a triangulated
category and show that A -dgstab is the triangulated hull of C(A).

F4 is an equivalence of categories precisely when it identifies C(A) with a triangulated sub-
category of A-dgstab. This is in general not the case, as there is no natural way to take the cone
of a formal sum of morphisms with different codomains. We provide a sufficient condition for F'y
to be an equivalence and show that this condition is satisfied by self-injective Nakayama algebras.

An example for which F4 is not an equivalence is also provided.

A triangulated category (7, X) is said have Calabi-Yau dimension w if the % is a Serre functor
for 7. The stable category of any finite-dimensional self-injective algebra is (—1)-Calabi-Yau. We
show that if A is symmetric and graded with socle in degree —d for some integer d > 0, then

A -dgstab has Calabi-Yau dimension —d — 1.



Having defined the dg-stable category, in Chapter 4 we adapt the action of perverse tilts to this
new setting. Since projective modules become zero in the dg-stable category, we can no longer
use tilting complexes as the basis for the action. Instead, the correct notion is that of a basis. Just
as the summands of a tilting complex mimic the behavior of projective generators in the derived
category, a basis of a (—1)-Calabi-Yau triangulated category is a collection of objects which behave
analogously to the set of simple modules in the stable category. Chuang and Rouquier show that
perverse equivalences act on the set of bases of a (—1)-Calabi-Yau category. For any w < 0, we
define the analogous notion of a |w|-basis for a w-Calabi-Yau category and show that the action of

perverse equivalences is defined in this context.

1.3 Brauer Tree Algebras

In the second half of this work, we investigate the dg-stable category of non-positively graded
Brauer tree algebras. A Brauer tree is the data of a tree, a cyclic ordering of the edges around each
vertex, a marked vertex (called the exceptional vertex) and a positive integer multiplicity associated
to the exceptional vertex. The data of a Brauer tree determines, up to Morita equivalence, an
algebra whose composition factors reflect the combinatorial data of the tree. When the graph in
question is a star, the resulting Brauer tree algebra is a Nakayama algebra, i.e. all indecomposable
modules are uniserial. We refer to Schroll [Sch18] for a detailed introduction to the theory of
Brauer tree algebras and their appearance in group theory, geometry, and homological algebra, but
we mention here one application which is of particular relevance. Khovanov and Seidel [KS02]
link the category DY g(A), where A is a graded Brauer tree algebra on the the line with n vertices,
to the triangulated subcategory of the Fukaya category generated by a chain of knotted Lagrangian
spheres. The braid group acts on Dgg(A) by automorphisms, and the category A-dgstab can be

viewed as the quotient of D} (A) by this action.

In Chapter 5, we show that C(A) is equivalent to A -dgstab for any Brauer tree algebra. When
A corresponds to the star with n edges and multiplicity one, we classify the objects and morphisms
of A-dgstab, producing the category’s Auslander-Reiten quiver. Since all Brauer tree algebras

are derived equivalent to the star, their dg-stable categories are also equivalent, hence this result
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describes all (basic) Brauer tree algebras of multiplicity one.

Having described the dg-stable category of a Brauer tree algebra, in Chapter 6 we turn our
attention to the action of perverse equivalences. We develop a combinatorial model of A -dgstab,
in which objects are represented by interlocking beads of varying lengths on a circular wire. In
this model, a basis corresponds to maximal non-overlapping configurations of beads, and perverse
equivalences act via physically intuitive transformations of beads. Our main result establishes
transitivity of the action: every basis can be obtained by applying successive perverse equivalences

to the original collection of simple A-modules.



CHAPTER 2

Notation and Definitions

2.1 Triangulated Categories

A triangulated category is the data of an additive category 7, an automorphism 3 of 7 (called
the suspension or shift), and a family of distinguished triangles X — Y — Z — Y X obey-
ing certain axioms. For more details on the definition and theory of triangulated categories, see

Neeman [NeeOl].

In a triangulated category, any morphism X Iy ¥ can be completed to a triangle X Ly &
Z — X|[1]. We refer to Z as a cone of f; it is unique up to non-canonical isomorphism. Abusing
notation, for any morphism f : X — Y in a triangulated category 7, we shall write C'(f) to refer
to any choice of object completing the triangle X Ly ¢ (f) — X][1]. This will cause no

confusion.

An additive functor F' : 7; — 75 is said to be exact or triangulated if it commutes with
the suspension functor and preserves distinguished triangles. A full additive subcategory Z of
7T is called triangulated if it is closed under isomorphisms, shifts, and cones. A triangulated
subcategory Z of 7 is thick if Z is closed under direct summands. Given a thick subcategory, one
can form the quotient category 7 /Z by localizing at the class of morphisms whose cone lies in Z.

There is a natural functor 7 — 7 /Z which is essentially surjective and whose kernel is Z.

A Serre functor of 7 is an autoequivalence S of 7 such that there exists an isomorphism

Hom(X,Y) = Hom (Y, SX)* which is natural in X and Y.
T is said to be w-Calabi-Yau for some w € Z if XV is a Serre functor for 7.

If S is any subcategory of T, we define S* = {X € Ob(T) | Hom(Y, X) = 0 forall Y € S}



and S = {X € Ob(T) | Hom(X,Y) =0 forall Y € S}.

2.2 Complexes

If A is any additive category, we write Comp(.A) for the category of (cochain) complexes over
A. We shall write our complexes as (C*, dg,), where dft : C™ — C™*! for all n € Z. We write
Ho(A) for the category of complexes and morphisms taken modulo homotopy. If A is an abelian
category, we let D(.A) denote the derived category of .A. On any of these subcategories, we shall
use the superscript b (resp., +, —) to denote the full, replete subcategory generated by the bounded

(resp., bounded below, bounded above) complexes.

If A = A-mod for some algebra A, we shall write Ho?*"/(A-mod) (resp., DP*"/(A-mod))
for the thick subcategory of Ho(A-mod) (resp., D(A-mod)) generated by A. The objects are
those complexes which are homotopy equivalent (resp., quasi-isomorphic) to bounded complexes

of projective modules; we refer to them as the strictly perfect (resp., perfect) complexes.

On any of the above categories, we let [n] denote the n-th shift functor, defined by (C*[n])" =
C™" and dg, = (=1)"dg. We write H"(C*) := ker(d)/im(dy ") for the n-th cohomology
group of C°.

Given a morphism of complexes f : X* — Y*, we define the cone of f to be the complex

ds 0

C(f)* = X°[1] ® Y* with differential X . We obtain an exact triangle X Ly &
Sl dy

C(f) = X[1] in Ho(A).

We write T<,,, T>pn, T<n, T>n for the truncation functors on D(.A) defined by the canonical t-
structure. More explicitly, if X*® is a complex, the kth term of 7<,, X*® is X* if k < n, 0if k > n,
and ker(d%) if k = n. 7-,X* is defined analogously; here the nth term equal to im(d% ). We
also denote by X=" the complex whose kth term is X* for k& < n and 0 for k > n. We denote

X=zn, X <" X>" similarly, and refer to these complexes as the sharp truncations of X°.



2.3 Modules and the Stable Category

If A is an algebra over a field £, let A-mod denote the category of finitely generated right A-
modules, and let A-proj denote the full subcategory of finitely generated projective modules.

A-Mod and A-Proj will denote the categories of all modules and projective modules, respectively.

Given an A-module X, we define the socle of X, soc(X) to be the sum of all simple submod-
ules X. We define the radical of X, rad(X), to be the intersection of all maximal submodules of
X, and we define the head of X to be the quotient hd(X) = X/rad(X). We note that rad(A),
where A is viewed as a right module over itself, is equal to the Jacobson radical of A. If X is

finitely generated, then rad(X) = Xrad(A).

An algebra A is said to be self-injective if A is injective as a right A-module. In a self-injective
algebra, the classes of finitely-generated projective and injective modules coincide. A is said to be
symmetric if there is a linear map A : A — k such that ker(\) contains no left or right ideals of

A, and A(ab) = A(ba) for all a, b € A. All symmetric algebras are self-injective.

We let A -stab denote the stable module category of A. The objects of A -stab are the objects
of A-mod, and Hom 4 4.5 (X, Y') is defined to be the quotient of Hom 4 _,0q(X, Y) by the subspace
of morphisms factoring through projective modules. There is a full, essentially surjective functor
A-mod — A-stab which is the identity on objects. If A is self-injective, then A-stab admits
the structure of a triangulated category, and it has been shown by Rickard [Ric89a] that A -stab is

equivalent as a triangulated category to D°( A-mod)/DP"/(A-mod).

For a more detailed introduction to the theory of finite-dimensional algebras, see for instance

Benson [Ben91].

We say that an additive category C is a Krull-Schmidt category if every object in C is isomor-

phic to a finite direct sum of objects with local endomorphism rings.

If A is finite-dimensional, both A-mod and A-stab are Krull-Schmidt. Any indecomposable

object of A-stab is the image of an indecomposable object in A -mod.



2.4 Graded Modules

Let A be a graded algebra over a field k. We denote by A -grmod (resp., A -grproj) the category of
finitely generated graded right modules (resp., finitely generated graded projective right modules).
We shall use upper case letters when the modules are not required to be finitely generated, in

analogy with Section 2.3.

The graded stable module category A -grstab is defined analogously to A -stab. When A is

self-injective, A -grstab can be given the structure of a triangulated category and which is equiva-

lent to D?(A-grmod)/DP¢"/ (A -grmod).

If X is a graded A-module, we write X* to denote the homogenous component of X in degree
1. (If X* is a complex of graded modules, we shall denote the degree : component of the nth term
of the complex by (X™)".) On any category of graded objects, we define the grading shift functor

(n) by X (n)" = X" If x € X is a homogeneous element, we let |z| denote the degree of .

For a graded module X, we define the support of X to be the set supp(X) = {n € Z|X"™ # 0}.
We also define maz(X) = sup(supp(X)) and min(X) = inf(supp(X)). Note that if A is
finite-dimensional and X is a finitely generated nonzero A-module, then X is a finite-dimensional

k-vector space, therefore supp(X) is a finite, nonempty set and max(X) and min(X) are finite.

Given graded modules X and Y, define Hom% ,,,,,4(X,Y’) to be the graded vector space
whose degree n component is the space Hom 4 _grmod(X, Y (n)) of degree n morphisms. If X is
a graded left B-module for some graded algebra B, then Hom} ,,,,q(X,Y’) is a graded right

B-module.

2.5 Differential Graded Modules

A differential graded algebra is a pair (A, d4), where A is a graded k-algebra and d 4 is a degree 1
k-linear differential which satisfies, for all homogenous a, b € A, the equation d4(ab) = d4(a)b+

(—1)lelad 4 (b) .

If (A,da) is a differential graded k-algebra, a differential graded right A-module (or dg-



module, for short) is a pair (X, dx) consisting of a graded right A-module X and a degree 1
k-linear differential dx : X — X satisfying dx(za) = dx(x)a 4+ (—1)lzd4(a) for all ho-
mogeneous elements + € X,a € A. A morphism of differential graded modules is defined to
be a homomorphism of graded A modules which commutes with the differential. We denote by
A-dgmod the category of finitely-generated right dg-modules. As above, we shall write A-dgMod

for the category of arbitrary dg-modules.

As with complexes, we write H'(X) for the ith cohomology group of X, i.e. the degree ¢

component of ker(dx)/im(dy).

Any graded algebra A can be viewed as a differential graded algebra with zero differential. In
this case, for any dg-module (X, dx), dx is a degree 1 morphism of graded modules, and so the
kernel and image of d x are dg-submodules of X with zero differential. In this paper, we shall work

exclusively with dg-algebras with zero differential.

The grading shift functor (n) can be extended to dg-modules by (X, dx)(n) := (X(n), dx()).
where dx () = (—1)"dx(n).

There is a faithful functor ~ : Comp(A-grmod) — A-dgMod sending the complex (X*, d%)

to the dg-module ()? ,dg) whose underlying graded module is X = P, ., X"(—n) and whose

ne”L

differential d ¢ restricts to dy (—n) on X" (—n). If A is finite-dimensional, ~ restricts to a functor

—

Comp®(A-grmod) — A-dgmod. Note also that X*[k] = X (k).

Identifying graded modules with complexes concentrated in degree zero yields a fully faithful
functor A-grmod — Comp®(A-grmod). The restriction of ~ to A -grmod is fully faithful. Note

—_—

that X (k) = X (k).

If f,g : X — Y are morphisms of dg-modules, we say f and g are homotopic if there is a
degree —1 graded morphism h : X — Y such that f — g = hodx +dy o h. We write Hog,(A) for
the category of right dg-modules over A and homotopy classes of morphisms. By formally invert-
ing the quasi-isomorphisms of Hog,(A), we obtain D4, (A), the derived category of dg-modules.
We again use the superscript b (resp., +, —) to denote the full subcategory whose objects are iso-

morphic to dg-modules with bounded (resp. bounded below, bounded above) support. We write

H ogzrf (A) (resp., DZ;”C (A)) for the thick subcategories of Hojj (A) (resp., D, (A)) generated by

10



the dg-module A. We refer to the objects of H O‘ZZTf (A) (resp., D’d’zrf (A)) as the strictly perfect

(resp., perfect) dg-modules.

If P is strictly perfect, then Homp,, 4)(P, X) = Homp, 4)(P, X) for any dg-module X.
In addition, if A is a finite-dimensional, self-injective graded algebra with zero differential, then
Homy,,, 1) (X, P) = Homp, (a)(X, P). Any perfect dg-module is quasi-isomorphic to a strictly

perfect dg-module.

If P* € Comp~(A-grproj), then HomHOdg(A)(ﬁ, X) = Hodeg(A)(ﬁ, X) for any dg-module

X. If Ais finite-dimensional, self-injective, and has zero differential, then Homp,,, 4 (X, 1) =

~

Homp, (4)(X, I) for any I* € Comp*(A-grproj, X € A-dgmod.

We define the differential graded stable module category, or dg-stable category, of A to be
the quotient A -dgstab := DZQ(A)/DZSTf(A).

If A is finite-dimensional, we have essentially surjective functors A-dgmod — H OZQ(A) —»
DZQ(A) — A-dgstab, each of which is the identity on objects. By composing with the inclusion
A-grmod — A-dgmod, we obtain an additive functor A-grmod — A-dgstab whose kernel

contains A -grproj. Hence this functor factors through A -grmod — A -grstab.

Given a morphism of dg-modules f : X — Y, we define the cone of f to be the complex
f(1) dy

C(f) = X(1) @ Y with differential . We obtain an exact triangle X Ly &

C(f) — X(1) in Hogy(A).

2.6 Functors and Resolutions

Let A be a finite-dimensional, self-injective graded algebra.

Let m : A®” ®; A — A denote the multiplication map, viewed as a morphism of graded
(A? @) A)-modules, and let I = ker(m). We define the functor Q := — ®4 [ : A-grmod —
A-grmod. Note that €2 has a right adjoint €2 := Hom% ,,,,,q4(1, —).

Since [ is projective both as a right and left A-module, €2 is exact and Q(A-grproj) C

A-grproj. Thus Q lifts to D?(A-grmod) and descends to A-grstab. Additionally, {2 preservers

11



the thick subcategory (DP*"/(A-grmod)). The complex P* =0 — [ < AP ®, A - A — 0
is an exact complex of projective right A-modules, hence is homotopy equivalent to zero. Then
for any X € A-grmod, we have that X ®4 P*® is homotopy equivalent to zero, hence exact. But
X®R4P=20— QX - X®,A—> X — 0, hence QX is the kernel of a surjection from a
projective right A-module onto X. Thus € is an autoequivalence of A -grstab and is isomorphic
to the desuspension functor for the triangulated structure. In A-grstab, (2X is isomorphic to the

kernel of a projective cover of X.

Similarly, for any complex X*® € Comp®(A-grmod), we have a short exact sequence of com-
plexes 0 — Q(X°®) — X* ®;, A - X* — 0. From the resulting triangle in D’(A-grmod),
we obtain a natural transformation [—1] — . Since X*® ®, A € DP*"/(A-grmod), this natural

transformation descends to a natural isomorphism [—1] — Q in A-grstab.

By a similar argument, €) defines a functor A-dgmod — A-dgmod which is exact and pre-
serves direct summands of A. Thus Q lifts to D} (A) and preserves Dgzrf (A), and so (2 descends
to A-dgstab. We also have a natural transformation (—1) — € of endofunctors of D} (A) which

descends to an isomorphism in A -dgstab.

Similarly, ' is exact and preserves projective modules, and so descends to A-grstab and
A-dgstab and lifts to D*(A-grmod) and D} (A). Since €' is right adjoint to €2, we have that

is quasi-inverse to {2 in A -grstab and A -dgstab.

For any X € A-grmod, we can construct a projective resolution (P, d%. ) of X, such that
coker(dp™") = Q"(X) for any n > 0. More specifically, for n > 0, we let Py" = Q"X @y, A,
and for n > 1 we let dp; be the composition Py" = Q"X ®@; A — Q"X — Pyt Likewise,
we can construct an injective resolution (1%, d5, ) such that ker(d7, ) = (©')"(X) for all n > 0.
We let I} = Hom} g04(A% @ A, (€)"(X)) and define the differential analogously. Joining
Py and I via the map Py — X < I, we can define an acyclic biresolution (B%,d}, ) with
BY% = I% forn > 0 and BY = Pyt for n < 0. We refer to these resolutions as the standard

resolutions of X.

12



2.7 Dg-categories

We give a brief introduction to the terminology and machinery of dg-categories. For more details,

the reader may consult Keller [Kel06].

A differential graded category or dg-category over a field k is a category enriched over
k-dgMod. A dg-functor between two dg-categories is a functor of categories enriched over
k-dgMod. Thus morphism spaces in a dg-category have a natural structure of complexes of k-
vector spaces, and dg-functors induce morphisms of complexes on these Hom spaces. Let dgcaty,

denote the category of all small dg-categories over the field k.

Given a dg-category A, we define the homotopy category of A to be the category H°(A)
whose objects are the objects of A and whose morphsms are given by Hompo4)(X,Y) :=
H°(Homu(X,Y)). Similarly, we define Z°(.A) to be the category with the same objects whose

morphisms are the closed degree 0 morphisms of A.

A dg-functor ' : A — B is called a quasi-equivalence if F' induces quasi-isomorphisms on
all morphism spaces and H°(F) : H°(A) — H°(B) is an equivalence. By inverting the quasi-
equivalences in dgcaty, we obtain the homotopy category of dg-categories, denoted Ho(dgcaty,).

Define the dg-category of dg k-modules % -dgMod,,, as follows: The objects of k£ -dgMod,,,
are the differential graded k-modules. The degree n piece of Homy, _qgnod i (X,Y) is defined to be
P, Homy, (X’ Y*™), and the differential is d,,(f;) = dyn+i fi + (—1)" fidxi-1.

Given a dg-category A, we define a right dg .A-module to be a dg-functor M : A? —
k-dgMod,,. A morphism of dg .A-modules is a natural transformation of dg-functors. We let
A-dgMod denote the category of dg .A-modules. Moreover, we can define the dg-category of dg
A-modules, A-dgMod,, in analogy to k-dgmod,,.

Each object X of A defines a dg A-module X : Y — Homy(Y, X),and A : X +— X" defines
a fully faithful dg-functor from A to A-dgMod,,. We say a dg-module M is representable if it is
isomorphic to a dg-module in the image of A. We can define the shift M[n] of a dg-module M by
Mn|(X) = M(X)[n]. Similarly, we define the cone of a morphism of dg-modules f : M — N
to be the dg-module given by C'(f)(X) = C(fx). The homology of a dg-module is also defined

13



object-wise.

Note that when A has one object, %, we can identify 4 with the dg-algebra A = End 4(%); in

this case a dg .A-module is the same data as a dg A-module.

Localizing A -dgMod at the quasi-isomorphisms, we obtain the derived category D, (A) of
dg A-modules. Each dg-functor F' : A — B defines an .A°? ® B-module given by Xr : (A, B) —
Homp(B, FA). Denote by rep(A, B) the set of objects X € Dy, (A @ B) such that for all
A e A, X(A,—) is isomorphic in Dy,(B) to a representable 3-module. The correspondence
F +— XF defines a bijection between the morphisms .4 — B in Ho(dgcat) and the isomorphism
classes of objects in rep(.A, B). This correspondence respects composition, where composition of

bimodules is given by the derived tensor product.

A dg-category A is pretriangulated if for every X € A and n € Z, the dg-module X"[n]
is representable, and for any closed morphism f of degree zero, C'(f") is representable. If .4
is pretriangulated, then H°(A) is a triangulated category, with shift and cone induced from A.
Every dg-category A embeds into a pretriangulated hull PreTr(A). The pretriangulated hull
has an explicit construction, due to Bondal and Kapranov [BK91], in terms of one-sided twisted
complexes. (Note that [BK91] uses the notation PreTr*(.A) for this construction.) Every mor-
phism in Ho(dgcaty) from a dg-category A to a pretriangulated dg-category B factors uniquely
through PreTr(A), and if A is already pretriangulated then it is quasi-equivalent to PreT'r(.A).
Define the triangulated hull of A to be the triangulated category Tr(A) := H°(PreTr(A)).
H°(A) < Tr(A) generates Tr(.A) as a triangulated category; if A is pretriangulated, then H%(A)

is equivalent to 7r(.A).

Given a dg-category A and a full dg-subcategory B, there is a dg-category A /B, called the dg-
quotient of A by B. The dg-quotient is obtained by “setting all objects of B to zero” by formally
adjoining a morphism Ep for each object B € B satisfying d(€p) = idp. (See Drinfeld [Dri04]
for details.) The dg-quotient generalizes the Verdier quotient in the sense that 7r(.A)/Tr(B) =
Tr(A/B). 1t is characterized by the universal property that any morphism .4 — C in Ho(dgcaty,)
sending each object of B3 to a contractible object in C factors uniquely through A/B (Tabuada,

[Tab10]).
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Given a dg-category A and F' € rep(A, A), one can define the dg-orbit category P : A —
A/ F. This category is characterized by the universal property that for any dg-category B and any
G € rep(A, B) such that G o F' = @G, G factors through P. For a more precise description, see
Keller [Kel05, Section 9.3].

2.8 Autoequivalences and Automorphisms

Given any category C and an autoequivalence F' : C — C, there is a category C,an automorphism
F:C — C,and an equivalence of categories 7 : C — CsuchthatToF = For. Identifying C with

C, we can assume without loss of generality that the autoequivalence £ of C is an automorphism.

2.9 Left Dg-Modules

In this paper, we work exclusively with right dg-modules. All the results presented are valid for
left dg-modules, but minor adjustments must be made to account for numerous unpleasant sign

conventions. We describe the necessary adjustments here.

If (A, d4) is a differential graded k-algebra, we define a left differential graded A-module (or
dg-module, for short) to be a pair (X, dx ) consisting of a graded left A-module X and a degree 1 k-
linear differential dx : X — X satisfying dx (ax) = da(a)x+(—1)%ladx () for all homogeneous
a€ A,xe X. Welet A-dgmod; denote the category of left dg-modules over A.

If Ais a graded algebra, we define the algebra (A, o) to be the set A with multiplication given by
aob = (—1)lll(gb). Similarly, if M is a graded right A-module, we denote by (M o) the graded
right A-module with M as the underlying set and the operation given by m o a = (—1)™ll?lma.
We define M similarly for left graded modules. The functor sending M to M and acting as the
identity on morphisms defines an isomorphism between A -grmod and A -grmod.

Let A% denote the opposite algebra. We call A™ the graded opposite algebra. If (A,da)
is a dg-algebra, then (A™,d,) is also a dg-algebra. If (M, dy) € A-dgmod, then (M, dy,) €

A%* -dgmod,, and this defines an isomorphism of categories.
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As before, there is a faithful functor = : Comp(A -grmod;) — A-dgMod, sending the complex
(M?®,d3,) to the dg-module (M ,dy7). The underlying graded module (H ,*) is given by M =
@D,,., M"(—n); the operation * is defined by a * m = (—1)!“"am, where m € M"(—n). The
differential dy; restricts to d’y;(—n) on M"(—n). This definition of ~ is equivalent to converting to
complexes of right A”’-modules, applying the original definition of ~, and then converting back to

left dg-modules over A.

If M is a left dg-module, define the dg-grading shift functor (n) : (M, dy) — (M(n), darny)-
The underlying set of the left graded module (M (n), -,) is M (n), and the operation -, is given by
a -, m = (—1)l%"am. The differential is given by dsny = (—1)"das. Triangles in the homotopy
or derived categories take the form X — Y — Z — X(1). For M* € Comp(A-grmod,) we have
that ]\m = J\/4\<n> and ]\7(\n) = ]\//T(n)

If X and Y are graded modules, we say that a function f : X — Y is a graded skew-
morphism of degree n if it is a degree n k-linear map such that f(ax) = (—1)"af(z) for all
x € X and all homogeneous a € A. We say two morphisms of left dg-modules f,g : X — Y
are homotopic if there is a graded skew-morphism & : X — Y of degree —1 such that f — g =

h o dx + dy o h. We also note that if A has zero differential, then d 4 is a graded skew-morphism

of degree 1.

2.10 Rooted Plane Trees

A tree is a connected graph without cycles. We write V and E for the sets of vertices and edges,
respectively, in 77; the subscripts will be omitted when there is no risk of confusion. A rooted tree
is a pair (7, r) where r € Vp; r is called the root of 7. Each vertex v admits a unique minimal
path v, to the root; the depth, d(v), of v is the number of edges in this path. If a vertex u # v lies
on 7,, we say that u is an ancestor of v and that v is a descendant of u. Each vertex v # r has
a unique adjacent ancestor, called the parent of v, denoted p(v). For any vertex v, we say u is a
child of v if v is the parent of u, and we denote by c(v) the set of children of v. We say v is a leaf
if v has no children.

For a finite rooted tree (7', 7), we define the weight 17/ (v) of v to be the number of vertices of
16



the subtree consisting of v and its descendants; thus W (r) = |Vr| and W (v) = 1 if and only if
v is aleaf. It is clear that W (v) is given recursively by W (v) = 1+ 3° .,y W(u). There is a
one-to-one correspondence between the edges of (7', ) and the non-root vertices, with each edge
corresponding to the incident vertex of greater depth. Using this bijection, we define the weight of

an edge W (e) to be the weight of the corresponding vertex.

When we wish to emphasize the dependence on a choice of root, we will write d,.(v), p.(v),

W,.(v), etc.

Let 7" be a tree with n edges. We say a rooted tree (7', 7) is balanced if for all v € ¢(r) (or,
equivalently, for all v # r), W(v) < |2 ]. If v is a child of r in (T, r), we say the rooted tree

(T, v) is a rebalancing of (7, r) in the direction of v.

A plane tree is a tree 7" together with a cyclic ordering of the edges incident to each vertex.

One can specify this data by drawing 7" in the plane such that each vertex is locally embedded.

Let 7,, denote the set of (isomorphism classes of) trees with n edges. Let P7T,, denote the set

of (isomorphism classes of) plane trees with n edges.

Example 2.10.1. Let T be a line with n edges. If n is even, then (7', r) is balanced if and only if r
is the middle vertex of T If n is odd, then (7', r) is balanced if and only if r is either of the vertices

incident to the middle edge of 7.

Proposition 2.10.2. Let T' be a tree with n edges. Then there exists r € Vp such that (T,r)

is balanced. Either T' has a unique balancing root, or it has exactly two balancing roots r and

n+1

1. In the latter case, n is odd, v and r' are adjacent and the edge joining them has weight "=

n+1

Conversely, if n is odd and the rooted tree (T, r) has an edge r — 1" of weight “3=, then r and 1’

are both balancing roots of T

Proof. Choose a vertex r € Vp such that the quantity max{W,(w) | w € ¢.(r)} is minimized.
Suppose that (7', 7) is not balanced. Choose the (necessarily unique) vertex v € ¢,.(r) such that
W, (v) > [*+!], and consider the tree (T',v). We will show that W, (w) < W,(v) = maz{W,(w) |

w € ¢, (r)} for all w € ¢,(v), which will contradict the minimality of r.
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For all w € ¢,(v) — {r}, we have that W, (w) = W,.(w) < W,(v). Finally,

Wr)=1+ 3 Wyw)=1+ Y Wiw)=n+1-W,()
wECy (1) weer(r)—{v}
n+1 n + 11
2

hence W, (r) < |2+ | < W,(v). We have obtained our contradiction, thus (7T, r) is balanced.

Next, suppose (7', 7) and (7, ') are balanced, with  # /. Let v be the parent of 7’ with respect

to (7, r). Then, since (T, ') is balanced, we have that

WT(’]”/> = 1 + Z Wr(w) = 1 + Z W7J<w) =N —|— 1 — Wr,(v>
weey(r') wee,s (r')—{v}

n—+1 n+1

=

But since (7',7) is balanced, we have that W, (r') < [28] < [2H]. Thus 2] = [2H],

hence n is odd. Furthermore, W, (v) > W, (') = 2!, which implies that v = . Thus r and

7' are adjacent, and the edge between them has weight W, () = 25

. Since the total weight of
the children of r is n, there can be no other children of weight ”T“ hence r and r’ are the only

balancing vertices of 7.

For the final statement, suppose r and 1’ are adjacent vertices in 7" such that W, (r') = &L
The other children of r have weight at most n — 4+ = "L hence (T r) is balanced. We have
already seen that W, (r) = n + 1 — W, (r') = 2£!; a symmetric argument then shows that (7', 1)

is also balanced. O
Remark. One can find the balancing root(s) of a tree 7" via a simple algorithm: Pick an arbitrary
vertex r as the root. If the tree is not balanced, rebalance the tree in the (unique) direction of the

highest weighted child of 7, until the tree is balanced. If the balancing root has an incident edge of

weight 2+

, then both vertices incident to this edge are balancing roots.
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CHAPTER 3

The Dg-Stable Category

3.1 A Structure Theorem for the Dg-Stable Category

3.1.1 Construction of the Orbit Category

Let A be a finite-dimensional, non-positively graded, self-injective k-algebra, viewed as a dg-
algebra with zero differential. In this section, we shall provide a description of the dg-stable
category of A in terms of the graded stable category. In Definition 3.1.5, we define the orbit
category C(A) = A-grstab /Q(1). In Definition 3.1.8 we define a functor 4 : C(A) — A-dgstab
and in Theorem 3.1.10 we show that F'4 is fully faithful with essential image generating A -dgstab

as a triangulated category.

We begin with some simple facts about graded A-modules.

Proposition 3.1.1. Ler X, Y € A-grmod. If supp(X) Nsupp(Y') = 0, then Hom 4 grmoa(X,Y) =
0 and Hom 4 _gystab (X, Y) = 0.

Proof. The first part of the statement follows immediately from the definition of morphisms of
graded modules. Since Hom g gstab(X,Y) is defined as a quotient of Hom 4 _grmoa(X,Y), the

second part of the statement follows from the first. 0

Proposition 3.1.2. Let X € A-grmod. Then

max(hd(X)) = maz(X)

min(soc(X)) = min(X)

Proof. The radical of A is a graded submodule of A (see Kelarev, [Kel92]), and so rad(X) =
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Xrad(A) is a graded submodule of X. Thus hd(X) = X/rad(X) is graded with supp(hd(X))
C supp(X). Therefore max(hd(X)) < maz(X).

To establish the reverse inequality, take a nonzero element z € XX If ¢ rad(X),
then the image of = in hd(X) is a nonzero element in degree max (X ), and we are done. Suppose
x € rad(X). Note that since X is finitely generated and A is finite-dimensional, X is also finite
dimensional. Thus rad®(X) becomes zero for sufficiently large k. Since x is nonzero, there is
a maximum n > 0 such that z € rad®(X) = Xrad"(A). Write x = )", x;a; for some
homogeneous a; € rad”(A), z; € X. Without loss of generality, we may assume that all terms are
nonzero and that deg(z;a;) = deg(x) for all i. Since deg(x) = maz(X) and A is non-positively
graded, we must have that deg(z;) = max(X) and deg(a;) = 0 for all i. Since each a; € rad™(A)
and = ¢ rad"™'(X), there must be some j such that z; ¢ rad(X). Thus we have obtained a

nonzero z; € X™%@X) — rqd(X), and so maz(hd(X)) = max(X).

For the second equation, note that soc(.X) is a graded submodule of X (see Nastasescu and

Van Oystaeyen, [NV85]). Thus supp(soc(X)) C supp(X) and so min(soc(X)) > min(X).

For the reverse inequality, it suffices to show that soc(X) N X™™X) =£ 0. Since A is non-

positively graded, XX A ¢ X™™X) and so X™"™X) is a submodule of X. Since X is finite-

dimensional, X™(X)

Therefore min(soc(X)) = min(X). O

has a simple submodule and thus has nonzero intersection with soc(X).

Proposition 3.1.3. Let X € Ob(A-grmod). Then

1) maz(QX) < max(X)

2) min(Q'X) > min(X)

3) max(Px"(n)) = max(2"X(n)) < mazx(X) —n

4) min(I%(—n)) = min(()"X(—n)) > min(X) +n

(See Section 2.6 for notation.)

Proof. Since I C A ®;, A, we have that maxz(l) < max(A”®? ®; A) = 0. Thus maz(QX) =
maz(X ®a 1) < max(l) +maz(X) < mazx(X).

Similarly, min(2'X) = min(Hom% (I, X)) > min(X) — max(I) > min(X).
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The last two equations follow from the first two and the definitions of the standard projective
and injective resolutions. [

Recall from Section 2.6 that the functor §2(1) is an autoequivalence of A -grstab and A -dgstab.
By replacing A -grstab and A-dgstab with equivalent categories Azg?s?ab and A:igé?ab (see
Section 2.8), we may assume without loss of generality that 2(1) is an automorphism of both
categories. We let Q! denote the inverse of €2, and we shall identify it with the isomorphic functor
Q.

Going forward, we shall write 2~" to mean (£2')" for n > 0, even on A-grmod and A -dgmod.
This is a dangerous abuse of notation as 2 is not invertible in either category. However, adopting
this convention allows us to greatly simplify certain expressions and is safe as long as we avoid

expressions of the form Q21X outside the stable category.
We obtain the following corollary of Proposition 3.1.3.

Proposition 3.1.4. Ler X|Y € Ob(A-grmod). Then Hom g grsan( X, Q2"Y (1)) = 0 for all but

finitely many n € 7.

Proof. By Proposition 3.1.3, maz(Q2Y (1)) < maz(Y (1)) = maz(Y)—1and so max(2"Y (n)) <
max(Y) — n. Thus for n >> 0, we have that maz(Q"Y (n)) < min(X). We also have that
min(Q"Y (—n)) > min(Y) + n, and so for n >> 0 we have that min(2~"Y (—n)) > max(X).

Thus Hom 4_grmoed (X, €2"Y (n)) = 0 for all but finitely many n. O]

We are now ready to state the main definitions.

Definition 3.1.5. Let C(A) be the category given by:

1) Ob(C(A)) = Ob(A-grstab)

2) For X, Y € Ob(C(A)), Homea)(X,Y) = D, e, Hom 4 _grstan (X, Q7Y (n))

3) For (fn)nez : X — Y and (¢ )mez : Y — Z, define composition by

(gm) o (fa) = (Xicz V'gj=i(i) © fi)jez-

Remark. If we do not wish to assume that {2(1) is an automorphism of A -grstab, natural isomor-
phisms &,,,,, : Q"Q™ — Q"™ satisfying the appropriate coherence conditions must be inserted

into the composition formula.
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We note that the sum in the composition formula is finite by Proposition 3.1.4. It is clear
that C(A) is an additive category. In fact, C(A) is precisely the orbit category A-grstab /(1) as
defined by Keller, [Kel05]. Keller shows that while such a category need not be triangulated, it can
always be included in a “triangulated hull”. We shall see that A -dgstab is the triangulated hull of
C(A).

Proposition 3.1.6. The orbit category C(A) is a Krull-Schmidt category.

Proof. Since A-grstab is Krull-Schmidt and the natural map A-grstab — C(A) is additive and
essentially surjective, any object of C(A) can be written as a direct sum of indecomposable objects
in A-grstab. Thus, it suffices to show that any indecomposable object X of A-grstab has local
endomorphism ring in C(A).

First, we claim that for any indecomposable X in A-grmod and any ¢ # 0, any map f : X —
QX (i) — X lies in rad(Enda_gmoa(X)). By Proposition 3.1.3, supp(X) € supp(Q¥'X (7)),
hence f cannot be surjective and thus is not an isomorphism. Since End A_grmod(X ) is a local
finite-dimensional algebra, f lies in the unique maximal two-sided ideal, which is equal to the
Jacobson radical. Since End s gstan(X) is a quotient of End 4 grmoed(X ), we also have that the

image of f lies in rad(End 4 gstan(X)).

Let X € A-grstab be indecomposable. We must show that Ende ) (X) is local. Write V,, =
Hom 4 _grstan (X, 2"(X)(n)) for the n-th graded component of Ende4)(X). We claim that the
subspace V' := rad(Vp) & €D, Va is the unique maximal two-sided ideal of Ende(a)(X).

To show V' is a two-sided ideal, take f; in the ¢th graded piece of V and g; € V}. If ¢ + 5 # 0,
then g;f; € V. Ifi = —j # 0, then g; f; : X — QX (i) — X is an element of rad(V;). Finally,
if i = j = 0, then we immediately have that g, fy € rad(Vp). Thus V' is a left ideal, and a parallel

argument shows it is a right ideal.

Clearly, Ende(a)(X)/V = Enda_gstan(X)/rad(Enda_gstan (X)), which is a division ring
since X is indecomposable. Thus V' is maximal.

To show V' is the unique maximal ideal, it suffices to show that it is equal to rad(Endc(4)(X)).

As a maximal two-sided ideal, V' contains the radical. For the reverse inclusion, it suffices to show

that every element f = (f;) € V is nilpotent, since the Jacobson radical contains every nil ideal.
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Let N be such that V; = 0 for all |i{|] > N. Then note that the i-th graded piece of f™ is a sum
of maps of the form X % Qi1 X (i) 2% Q2 X (iy) - -- 2% QX (i), where the h; are translations
of the f; by various powers of Q(1). If |i;| > N for any j, the composite map is zero, so we
may assume that [i;| < N forall1 < j < n. If n > m(2N + 1) for some m > 1, then by
the pigeonhole principle there exists —N < r < N such that 2" X (r) appears as the codomain
of one of the h; at least m + 1 times. Grouping terms, we can then express the composition as
X Q" X(r) LN QO X(r) LZNINLN Q" X(r) LEEN QX (), where the ¢, are compositions of
successive h;.

I claim that for all 1 < & < m, ¢y, lies in rad(End 4_gstan (27X ())). Note that since f; lies
in the radical of End 4 _gstan(X) and (1) is an autoequivalence, we have that Q"(f)(r) lies in the
radical of the local ring End 4 _gstab (€2 X (7). Thus, if one of the factors of ¢y, is Q"(fy)(r), then
we are done. If not, then we must have that ¢, factors through €7 X (j) for some j # r, which

again guarantees that ¢, lies in the radical.

We have shown that for n > m(2N + 1), each component of f™ is a sum of terms of the form
H?;gl i» With ¢; € rad(End g _grstan (€27 X (r))) for each 1 < ¢ < m and some —N < r < N. But

rad(End 4 gstab (€27 X (7))) is nilpotent for each r, hence f is nilpotent. O

We now define the inclusion functor 'y : C(A) — A-dgstab. The obvious choice would be
for F4 to act as the identity on objects and send the morphism (f,), : X — Y to the sum of its
components » ., ¢,y © f,, where the ¢,y : Q"Y (n) — Y are isomorphisms chosen so that all
the summands share a common domain. However, in order for this process to be functorial, the

morphisms 7, y must be satisfy appropriate compatibility conditions.

Lemma 3.1.7. There exists a family of natural isomorphisms {1, : QQ™(n) — id 4 _agstap | 1 € Z}
satisfying:
i) Yo = id A dgstab

ii) For alln,m € Z, Y, o (1, o Q™(m)) = Ynim

Proof. Let 1y : Q(1) — id 4_qgstan be the natural isomorphism defined in Section 2.6. Let ¢_; =
(1 o Q7 H(=1))"t : Q7N (=1) — ida_agstap- Let Yy = ida_qgstap. For n > 2, recursively define

Uy, = 11 0 (¥,—1 0§2(1)) and analogously for n < —2. Tt is clear that {v,, } satisfies i) and ii). [J
23



Remark. If we do not assume that (2(1) is an autormorphism of A -dgstab, we must again insert

appropriately chosen natural isomorphisms &, ,,, : 2"Q™ — Q"™ into condition ii).

Definition 3.1.8. Let ¢, : Q"(n) — id4_dgstap be the natural isomorphisms defined in Lemma
3.1.7. Let F4 : C(A) — A-dgstab be the functor given by:

1) F'4 acts as the identity on objects.
2) Given [ = (fn)nez € Homea) (X, Y), let Fa(f) = >, cp¥ny © fa

Proposition 3.1.9. F', as defined above is a functor.

Proof. Take X € C(A). The identity morphism on X is (o ,idx),. Therefore F((0 nidx)n) =

ZnEZ Y, x © 0o nidx = o, x = idx. Thus F'4 preserves identity morphisms.

Given (f)n : X = Y, (g)m : Y — ZinC(A), we have

FA(gm) ° FA(fn) = (Z wm,Z o gm) o (Z wn,Y o fn)

= D Uz 0gmotny o fa

_ Z Vm,z © Yngmzm) © L gm(n) © fr
= Z Vimin,z © V' Gm(n) o fo

- Z Uozo (3 2y 0(n) o f)

— Fallam) o ()

3.1.2 Embedding C(A) into A-dgstab
‘We now state the main theorem.

Theorem 3.1.10. F4 : C(A) — A-dgstab is fully faithful, and the image of F's generates A-dgstab

as a triangulated category.

We prove the theorem with a sequence of lemmas below.
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Definition 3.1.11. Let X, Y € A-grmod, viewed as dg-modules with zero differential. If X and Y’
are nonzero, let N = Nyy = maz{n < 0 | mazx(Q27"Y (—n)) < min(X)}. Define the bridge
complex from X to Y to be the complex RY y = B;N (see Sections 2.2 and 2.6 for notation) if

X and Y are both nonzero, and RY - = 0 otherwise.

By Proposition 3.1.3, Ny y is well-defined. We will omit the subscript when it is clear from

context.

By unwinding the definitions, we obtain a quasi-isomorphism of complexes Q" (Y)[—N] <
R%.y. In particular, HY(R%y) = Q" N(Y) and H*(R%y) = 0 for k # N. We also note that
ker(dy. )(—n) = Q"X (—n) foralln > N.

Rxy

Morphisms in A -dgstab can be represented as equivalence classes of roofs X ENy Vs Y,
where s has perfect cone. The primary challenge in understanding morphisms in A-dgstab is
that perfect dg-modules need not arise from complexes of graded projective modules. However,
by restricting our attention to dg-modules with zero differential, we can bypass this difficulty by

using the bridge complexes defined above.

Lemma 3.1.12. Let X,Y € A-grmod. Then any morphism in Hom _qgstan (X, Y') can be ex-
pressed as a roof of the form

X Y

—

T goRX,Y

where i is induced by the natural map Y — R .

Proof. If X or Y is zero, then the result is immediate, so assume neither X nor Y is zero. Any

morphism X — Y in A-dgstab can be represented as a roof

X Y
N /
M
where M € A-dgmod, g, s € Mor(D},(A)), and there is an exact triangle P = Y = M — P(1)

in D}, (A), with P € Dszrf (A). By changing P up to quasi-isomorphism, we may assume without

loss of generality that P is strictly perfect.
25



Let p,, denote the natural map of complexes PYZ” — Py — Y andleti, : Y — C(p,) denote
the natural inclusion of complexes. If n > 1, note that p,, is the map from the zero complex to Y

and iy, is the identity map on Y. Note also that C'(py 1) = 7<%y and iNg1 = 1.

We first show that every morphism can be expressed as a roof of the form

X Y
C(pr)

for some &k < N + 1.

Since p : Py — Y is a quasi-isomorphism of complexes, we obtain a morphismptoa : P —
Py in Dg,(A). Since P € Dszrf (A), the underlying graded module of P is finitely generated. Thus
supp(P) is bounded. Note that max(Py*) = maz(Q*Y), thus by Proposition 3.1.3 the sequence
{maz(Py*(k)} is strictly decreasing. Then we may choose k¥ << 0 such that k < N —1— 1 and
maz(PE (—k 4+ 1)) < min(P). Then the short exact sequence of dg-modules 0 — Pf —
Py — Ps* — 0 yields an exact triangle Py* — Py — Psk — PZF(1) in Dyy(A). Since
ma:p(ﬁ&) = maz(PE " (—k + 1)) < min(P)

we have that Homp,,, (4) (P, P;k) = 0. Since P is strictly perfect, morphisms in the derived and

—

homotopy categories coincide, and so Homp, (a)(P, PsFy = 0.

We obtain a morphism of triangles in D4, (A):

p—“,p > 0 s P(1)
L l l B
Pzt y Py . Pk » PZR(1)

Postcomposing the left square with ﬁ;/ LN , we obtain a« = p o h. We obtain a morphism of

triangles in D}, (A):

o Py s O(pr) —— PM(1)
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Since PZ* € DZ;”C(A), the roof z'Akfl o(¢og): X — Y defines a morphism in A-dgstab. It
follows immediately from the above diagram that the roofs s~! o g and z'Ak_l o (¢’ og) are equivalent
in A-dgstab.

It remains to show that £ can be replaced by N + 1. Since £ < N + 1 by definition, we have

an exact sequence of dg-modules 0 — C(/pN\H) — @ — (PZF)=N(1) — 0 arising from the
underlying exact sequence of complexes. We also have that
maz((Py")=N(1)) = max(PY(=N)(1))
= mar(Q VY (=N +1))

< min(X)

—

The last inequality is true by definition of N. Thus Homy, (4)(X, (PZF)=N(1)) = 0 and, since

— —

(PZF)=N (1) is strictly perfect, Hom s (4)(X, (PZF)=N (1)) = 0. We obtain a morphism of trian-

gles in D (A):

X M, X > 0 » X(1)
¥ gog' l %f(l)

v v
—_— —

Clpy+1) — Clpe) —— (F7H)=N(1) —— Clpn)(1)

—_—

~ T — — 1
We also have that 7, factors as Y —— C' (pny1) — C(pg). It follows that the roof iy 41 o f
defines a morphism in A -dgstab which is equal to iAk_l o (g og). Since m = T@/F—f;y and

—_—

int+1 = i, we are done. O

Having found a convenient choice of roofs between X and Y, we now investigate maps between
X and 7<oRxy in the derived category. This investigation shall yield a method for computing

morphisms between zero-differential modules.

Lemma 3.1.13. Let X, Y € A-grmod. Then we have an isomorphism

f : HOmHOjl-g(A)(X, Rny) 1) HomA_ngtab(X, Y)

X Y
foe ¢—% /

TgoRX,Y
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. . . _— . =
where ¢ is the natural inclusion of T<oRxy into Rx y.

Proof. Let f € HomHOj ( A)(X , }?);) In order for £ to be well-defined, we must show that
9
¢~' o f € Mor(Day(A)) can be represented by a roof in D} (A). By Proposition 3.1.3, the

sequence {min(7sy R X7y)} u strictly increases with M. Since X is finitely generated, there exists

M >> 0 such that the image of f lies in 7< ]\/[/(.R\Xy) It is clear that the inclusion ¢ also factors
through 7 @y) and the inclusion of 7< my) into ﬁ;f is a quasi-isomorphism. Thus

Rx y can be replaced by the bounded dg-module 7< /(R y) in the roof ¢~ 1o f, and so we may

view ¢! o f as a morphism in Mor(D} (A)). Thus £ is well-defined.

We now prove surjectivity of £. Since R%y € Ho"(A-grproj), Homp,, a)(X, R/X\y) =

Homp,, (4)(X, R/X\y) Post-composition with ¢! yields an isomorphism:

—

HOHIHO:{Q(A) (X, R)Qy) :> HOIHDZg(A) (X, Tgovay)

fo= oof
It follows immediately from Lemma 3.1.12 that the map

Hongg(A) (X, TSORX,Y) - HomA—dgstab (X, Y)

X Y
SN e
T<oRxy

is surjective. The composition of these two maps is precisely &, which is therefore surjective.

It remains to show injectivity. Suppose that £(f) = 0. Then there exists a morphism s :
TSTR\K y — M in D} (A) such that s 0 ="' o f = 0 and C(s) is strictly perfect. We obtain a

morphism of triangles in D} (A):

X i > X > 0 > X(1)
a ¢7rof l a)
C(s)(—1) —2— 7ooRyy —>— M y C(s)




Since C'(s)(—1) is strictly perfect, we can choose to represent « by a morphism in Ho (A). From
the above diagram and the fact that RS, € Comp™ (A -grproj) it follows that f = ¢ o o a in
Hojj,(A).

Note that the natural inclusion of complexes ¢ : Q" VY [-N]| — RY% y is a quasi-isomorphism,
hence so is € : Q VY (—N) — }?X\y Since C'(s)(—1) is strictly perfect, the roof €' o ¢ o
B C(s)(=1) = QMY (=N) can be represented by a morphism ~y in Hoj, (A). Repeating the
argument of the previous paragraph, we have that ¢ o 3 = €0y in Ho}, g(A).

By the above two paragraphs, we have [ = ¢ofoa = €oyoain H OZQ(A). But this means that f
factors through Q=Y (—N) in the homotopy category. By definition of N, max(Q- VY (=N)) <
min(X) and so HomHogg (X, Q7 NY(=N)) = 0. Thus f = 0 and £ is injective. O

In the next three lemmas, we relate morphisms in C(A) to those in A -dgstab via the homotopy

category.
Lemma 3.1.14. Let X € A-grmod. Let (P*,d}) € Comp(A-grmod). Suppose that
Hom g _grmod (X, ker(dp)(—n)) =0

for almost all n. Let i,, : ker(d)(—n) < P denote the inclusion (of dg-modules). Then the map

® - P Homa_grmoa(X, ker(dp)(—n)) — Homa.gguoa(X, P)

ne”

(fadn = D inofa

n

is an isomorphism of vector spaces.

Proof. By hypothesis, the sum in the definition of & is finite, so ® is a well-defined k-linear map.
It remains to construct ®1. Given f € Hom 4 _ggnoa(X, ﬁ), we have dpo f = fodx = 0, since X
has zero differential. Thus im(f) C ker(ds) = @,, ker(dp)(—n). Let 7, denote the projection
onto the nth summand, and define ®~1(f) = (m, o f),; it is easy to verify that ®~! is inverse to

. [l

Lemma 3.1.15. Let all notation and assumptions be as in Lemma 3.1.14. Assume in addition that

P* € Comp(A-grproj) and that P* is exact at each n for which Hom 4 _gimoa (X, ker(d)(—n))
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is nonzero. Then ® induces an isomorphism:

6:@HomA_grstab(X,ker(d’})(—n)) — HomHodg(A)(X,ﬁ)

nez

(fadn = D ino f

Proof. Take (f,)n € €D, c;, Hom_grmoa (X, ker(dp)(—n)). By Lemma 3.1.14, it suffices to show
that ®( f,,) is nullhomotopic if and only if f,, factors through a projective module for all n. We also

note that d is A-linear, since d4 = 0.

Suppose that ®(f,,) is nullhomotopic and fix k € Z. Leth : X — ]3(—1) be a homotopy.
Since dx = 0, we have that ®(f,) = ds(—1) o h (as morphisms of graded modules). As a graded
module, P = @, P"(—n); let m, be the projection onto the nth summand. From the proof of
Lemma 3.1.14, we have that f;, = m, o ®(f,), and so fi = 7, o ds(—1) o h. Thus fj, factors

through the graded projective module ﬁ(— 1).

Now suppose that for each n, f, factors as X % @, LN ker(d})(—n) for some @, €
A-grproj. We shall define a nullhomotopy of ®( f,,) by constructing maps h,, : X — P"71(—n).
If f, =0, let h, = 0. If f,, is nonzero, then P* is exact at n, and so P"‘l(—n) surjects onto
ker(di)(—n) via the differential. Since Q,, is projective, b, lifts to ¢, : Q,, — P"~!(—n). Define

h, = ¢, o a,, as summarized by the diagram below.

X L Qn

“hn lbn
~ L

P (=n) —=— ker(dp)(—n)
ap i (=n)

Viewing P"~'(—n) as a graded submodule of P(—1), define h := Yonhn t X — P(-1).
Since all but finitely many of the h,, are zero, h is a well-defined morphism of graded modules. It

is easy to check that ®(f,,) = ds(—1) o h, hence ®(f,,) is nullhomotopic. O

Lemma 3.1.16. Let XY € A-grmod. Then there is an isomorphism

X : Home(a)(X,Y) = Hompo,, ) (X, Rxy)
(fa) = D inofon

30



where i, : Q"Y (—n) = ker(d}.  )(—n) — R/X\y is the natural inclusion of dg-modules for

Rxy

n > N and the zero map for n < N.

Proof. We may assume that X and Y are nonzero. We first show that the hypotheses of Lemmas
3.1.14 and 3.1.15 are satisfied by X and RY . By Proposition 3.1.3, for all but finitely many n,

we have that Hom 4 _grmod (X, ker(d’}gx’y

)(=n)) = 0. By construction, R% ;- € Comp(A-grproj)
is exact at all n # N. By the definition of N, Hom 4gmod(X, Q2 VY (=N)) = 0. Thus the

hypotheses of Lemmas 3.1.14 and 3.1.15 are satisfied.

X 1s precisely the composition of the isomorphism

Home( ) (X,Y) 5 ][ Homu gestan (X, Q7Y (—n))

neZ
(fn) = (f=n)
with ® of Lemma 3.1.15. Thus y is an isomorphism. O

We are now ready to prove Theorem 3.1.10.

Lemma 3.1.17. The functor F4 is fully faithful.

Proof. Let X|Y € A-grmod. From Lemmas 3.1.13 and 3.1.16, we obtain an isomorphism £ o x :
Home(a) (X,Y) Z Hom A-dgstab (X, Y'). It remains to show that this isomorphism is induced by

Fy.

We have that £ o x(f,) = >, i to¢ toi,o f,. Since f_, = 0 forn < N, it suffices to

show thati~' o ¢! 0 i, = ¢)_,,y forn > N, where the ¢_,, y are defined in Lemma 3.1.7.

It follows easily from the definitions that ¢_,, y- can be represented by roofs of the form

Q"Y(—n) Y
\ / for N <n <0
TS()B};H
Q"Y(—n) Y
\ / forn >0
TSnB}%O
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where all morphisms are inclusions of dg-modules and have either acyclic or perfect cones. We

then obtain commutative diagrams of inclusions:

Q™(Y)(—n) / Y
TS()BZH .
l for N <n <0
" T<o By
lqs
BzN
Y
Y
T<OBZN
/ forn >0
7_<n
B>N

Every map in the above diagrams is either a quasi-isomorphism or has perfect cone. (This is
immediate for all maps except i,. It then follows that 7,, is an isomorphism in A -dgstab, hence
has perfect cone.) Thus the above diagrams show that the roof defining 1, y is equivalent to

“Logptoi,foralln > N. O]

Lemma 3.1.18. The image of F 4 generates A-dgstab as a triangulated category.

Proof. Let T denote the full, replete, triangulated subcategory of A-dgstab generated by the im-
age of 4. Let M € A-dgstab. We have a short exact sequence of dg-modules 0 — ker(dy;) —
M — M/ker(dy) — 0 which induces an exact triangle in A-dgstab. Both ker(dys) and
(M /Eker(dyr))(—1) have zero differential and thus lie in 7. It follows immediately that M € T.

]

We conclude this section with an important consequence of the main theorem.
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Corollary 3.1.19. Let A be a finite-dimensional symmetric algebra with a non-positive grading.
Suppose the socle of A is concentrated in degree —d for some d > 0. Then A-dgstab is —(d+1)-
Calabi-Yau.

Proof. For any self-injective algebra A, A -stab has Serre functor S = Qo v, where v := A*®4 —
is the Nakayama functor. (See [ES06, Proposition 1.2] or [Ben91, Section 4.12].) Similarly, when
A is a graded self-injective algebra, A -grstab has Serre functor S = 2 o v; we omit the proof since
it is identical to that of the ungraded case. Since A is symmetric with socle concentrated in degree
—d, we have that v & (—d), hence S commutes with (1). It follows that S is a Serre functor on
C(A). Furthermore, since 2 = (—1), we have that S = (—d — 1) in C(A). Since C(A) generates
A-dgstab as a triangulated category, it follows that (—d — 1) extends to a Serre functor on all of
A-dgstab. ]

3.1.3 The Dg-Stable Category as a Triangulated Hull

Theorem 3.1.10 suggests that A-dgstab the triangulated hull of C(A). To establish this, we must

express our constructions in the language of dg-categories.

Given a category C with an automorphism ®, we define a category C,,, enriched in % -grmod,
with the same objects as C and morphisms Homg (X,Y) := Home(X,®"(Y)). The grading
shift functor (1) is an automorphism of the categories A-grmod, A-grstab, and C(A), allowing
us to define the corresponding graded categories, which we view as dg-categories. The natural
functors between these categories are all compatible with grading shifts and hence lift to functors
of dg-categories. Likewise, the functor {2 commutes with grading shifts and thus defines a dg-

endofunctor of each of these categories.

We can view the differential graded algebra A as a dg-category with one object, and we de-
note the associated dg-category of (bounded) dg-modules by A -dgmod,,. Then Z oA -dgmod,,)
= A-dgmod and H°(A-dgmod,,) = Ho},(A). There is a natural dg-functor A-grmod,, —
A-dgstab,,.

Define the dg-derived category DZQ(A) to be the dg-quotient of A-dgmod,, by the full dg-

subcategory of acyclic dg-modules. Let A-dgstab,, denote the dg-quotient of A-dgmod,, by
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the full dg-subcategory of objects which are quasi-isomorphic to a perfect dg-module. We have
that H°(D}),(A)) = D} (A), H°(A-dgstab,,) = A-dgstab, and there are natural dg-functors
A-dgmod,, — D5 (A) — A-dgstab,,.

Since the functor €2 is given by tensoring with the bimodule / defined in Section 2.6, it induces
a dg-functor A-dgmod,, — A-dgmod,,. Since this functor preserves acyclic and perfect dg-
modules, by the universal property of the dg-quotient, it descends to a dg-endofunctor of Dgg (A)
and A-dgstab,.

Since the natural dg-functor A -grmod,, — A-dgstab,, sends projective modules to zero, we
obtain an induced dg-functor A-grstab,, — A-dgstab,, which is the identity on objects. We

would like this functor to descend to C(A),,.

Proposition 3.1.20. C(A),, is the dg-orbit category of A-grstab,, by the functor ()(1).

Proof. By construction, the projection map A-grstab — C(A) is essentially surjective, and the

natural map

@ colim,~g HomA_grStabgT(Q’”X(r), QY (r +c¢) — Home(a),, (X, Y)

cEZ
is an isomorphism of dg k-modules. The result then follows by Keller’s characterization of the

orbit category ( [Kel05], Section 9.3, part d) of the Theorem). [

Write B = A-grstab,, and C = A-dgstab,,. Let Iy, : B — C denote the natural dg-
functor. Since Fj, is the identity on objects, we can identify it with the dg B’ ® C-module
(X,Y) — Home (Y, X ®4 A). Similarly, we can identify Fy;, 0€2(1) with the dg bimodule given by
(X,Y) — Home(Y, X ®4 1(1)). By construction of /, we have a closed morphism ¢ : A — I(1)
in D} (A’ ®,, A) which has perfect cone in D (A’ @y A). Thus, ¢ descends to a closed morphism
in C which becomes an isomorphism in H°(C) = A -dgstab. Thus ¢ induces a quasi-isomorphism
of dg-bimodules from F, to Fy, 0 £2(1). Thus, by the universal property of the orbit category, F,

descends to C(A)q,, and it is clear that H°(F},) is the functor F4 defined in 3.1.8.

Corollary 3.1.21. A-dgstab is equivalent to the triangulated hull T'r(C(A)g;).
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Proof. By the universal property of the pretriangulated hull, the dg-functor Fy, : C(A), —

A-dgstab,, — PreT'r(A-dgstab,,) factors through a dg-functor
F: PreTr(C(A)y,) — PreTr(A-dgstab,,)

By construction, H%(A-dgstab,,) = A-dgstab and will generate H°(PreTr(A-dgstab,,)) =
Tr(A-dgstab,,) as a triangulated category. Since A-dgstab is already triangulated, we have that
A-dgstab = T'r(A-dgstaby,).

The functor H 0(]3 ) : Tr(C(A)g) — A-dgstab is exact and restricts to 4 on the image of
C(A) inside Tr(C(A),). The image of F4 generates A-dgstab as a triangulated category, and
the image of H°(F) is triangulated, hence H°(F) is essentially surjective. Furthermore, H(F) is
fully faithful on C(A). Since C(A) generates Tr(C(A)) as a triangulated category, it follows by a
standard argument that H°(F)) is fully faithful. Thus A-dgstab is equivalent to Tr(C(A) or)- O

Having proven Corollary 3.1.21, we make a few brief remarks on when two graded algebras
A and B have equivalent dg-stable categories. If D°(A-grmod) is equivalent to D°(B -grmod),
then the equivalence can be expressed as tensoring by a tilting complex. (See Rickard, [Ric89b]).
This functor is still defined on the derived category of dg-modules and remains an equivalence.
Furthermore, this equivalence preserves the perfect dg-modules and thus induces an equivalence
between the dgstable categories. Thus, graded derived equivalence implies dg-stable equivalence.

HOWCVCI‘, W€ can say more:

Lemma 3.1.22. Let A and B be finite-dimensional self-injective algebras, graded in non-positive
degree. Suppose there is an equivalence of triangulated categories G : A-grstab — B -grstab
which commutes with grading shifts. Then G induces an equivalence between A-dgstab and

B -dgstab.

Proof. Since G is a triangulated equivalence, it commutes with (2. Thus G commutes with the
functor (1) and induces a functor C(A) — C(B). Given Y € B-grstab, there exists X €
A-grstab such that G(X) = Y in B-grstab, hence in C(B). Thus the induced functor on the
orbit category is essentially surjective. Given X,Y € A-grstab, Homy grgan (X, Q"(Y)(n)) —

Homp _grstan (G(X), "G (Y')(n)) is bijective for each n € Z, hence the map Home()(X,Y) —
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Home(p)(G(X),G(Y)) is bijective. Thus G : C(A) — C(B) is an equivalence. Similarly, G

induces an equivalence of dg-categories C(A), — C(B);.

The composition C(A), — C(B)g — PreTr(C(B),) factors through the pretriangulated
hull PreTr(C(A),.). Applying H°, we obtain an exact functor G : A-dgstab — B-dgstab

extending G. Since G is an equivalence, it follows that G is an equivalence. 0

3.2 Essential Surjectivity

3.2.1 Morphisms Concentrated in One Degree

Let A be a non-positively graded finite-dimensional self-injective algebra over a field k. Let Fy :
C(A) — A-dgstab be the functor of Definition 3.1.8. Having shown in the previous section that

F 4 is fully faithful, we now investigate conditions on A that guarantee essential surjectivity.

Since the image of C(A) generates A-dgstab as a triangulated category, F4 is essentially sur-
jective if and only if the essential image /m(F) is a triangulated subcategory of A -dgstab, if and

only if C(A) admits a triangulated structure compatible with F4. In general, this is not the case.

The primary obstacle to essential surjectivity is that there is no natural candidate for the cone
of a morphism (f,), : X — Y for which more than one f, is nonzero. The cone of such a
morphism will correspond to a dg-module that does not arise from a chain complex and need not

be isomorphic to a chain complex modulo projectives.

However, by imposing restrictions on the algebra A, we can prevent this scenario from occur-

ring. In this case, we shall see that F'4 is essentially surjective, hence an equivalence.

Definition 3.2.1. Let XY € Im(F4) C A-dgstab. We say that a morphism f : X — Y is
chain-like if C(f) € Im(F4). We say that X € Im(F},) is nice if f : X — Y is chain-like for
allY € Im(F,) and all f € Hom g _qgstan (X, Y).

Note that Im(F4) is closed under cones (and thus triangulated) if and only if all of its objects

are nice. In fact, it suffices for all the indecomposable objects of Im(F4) to be nice:

Lemma 3.2.2. Let X1, Xy € Im(Fy) be nice. Then X; @ X is nice.
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Proof. Take Y € Im(F4) and (f1 f2) : X1 & Xo — Y. Applying the octahedron axiom to the

composition f; = (f; f2) o i1, we obtain the following diagram:

f1
8 / \ /
C(f fo)
Clh)

The bottom-most triangle is exact, so C(f; f2) is the cone of g : Xy — C(f1). Since X is nice
and Y € I'm(F},), it follows that C(f;) € Im(F4). Since X5 is nice, C(f; fo) € Im(F4). Thus
X1 ® X, is nice. [

The following condition is sufficient to guarantee that all indecomposables are nice.

Lemma 3.2.3 (One Morphism Rule). Suppose, for every pair of indecomposable objects X,Y &
A-grmod, that Hom 4 _gstan (X, 2"Y (1)) # 0 for at most one n € Z. Then every indecomposable

object of Im(F ) is nice. In particular, F : C(A) — A-dgstab is an equivalence.

Proof. Let X € A-grmod be indecomposable. Let M = €}, Y; € Im(F4), with Y; indecom-
posable. Changing each Y; up to isomorphism, we may assume without loss of generality that
Hom 4 _grstab (X, 2"Y;(n)) = 0 for n # 0. Then any morphism (f,,), : X — M in C(A) is concen-
trated in degree 0 and thus can be identified with the morphism f; in A-grstab. Since F4 is fully

faithful, any morphism f : X — M in A-dgstab can be represented by a morphism in A -grmod.

Choosing a monomorphism ¢ : X < I, where [ is injective, we obtain a short exact sequence
of graded A-modules 0 — X RNy @® I — C — 0 which induces an exact triangle in D}, ,(A),
hence in A-dgstab. Since I = 0 in A-dgstab, this triangle is equivalent to one of the form
xLtm-sco- X(1). C'is acone of f and lies in the image of F4 (since it is in A-grmod).
Thus X is nice.

The second statement follows immediately from Lemma 3.2.2 and the preceding remarks. [
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Remark. The hypotheses of Lemma 3.2.3 are quite restrictive. However, we note that if A is

concentrated in degree O (that is, ungraded), then the One Morphism Rule is trivially satisfied.

In this case, any indecomposable object X € A-grmod is concentrated in a single degree n,
and so 2" X (n) is concentrated in degree 0. Thus every object of C(A) is isomorphic to an object
concentrated in degree zero, and Home(4) (X, Y") = Hom _sab (X, Y) for any two such objects X

and Y. Thus C(A) is equivalent to A -stab.

Furthermore, a dg-module over A is the same as a complex of A-modules. Thus A -dgstab =
D}, (A)/ Dggrf (A) = D*(A-mod)/DPe"f(A-mod). Thus, in the case where A an ungraded finite-
dimensional, self-injective algebra, Theorem 3.1.10 and Lemma 3.2.3 precisely yield Rickard’s
Theorem [Ric89a] that A-stab = D°(A-mod)/DP"(A-mod). Thus it is appropriate to view

C(A) as the differential graded analogue of the additive definition of the stable module category.

3.2.2 Nakayama Algebras

Definition 3.2.4. A Nakayama algebra is a finite-dimensional algebra for which all indecompos-

able projective and injective modules are uniserial.

Since every indecomposable module has an indecomposable projective cover, it follows that

every indecomposable module over a Nakayama algebra is uniserial.

Proposition 3.2.5. Let A be a finite-dimensional, self-injective Nakayama algebra, graded in non-
positive degree. Let X € A-grmod be indecomposable and not projective. Let px : Px — X be
a projective cover of X and let ix : X — Ix be an injective hull of X. Let K = ker(px) and
C = coker(ix). Then max(K) < min(X), and mazx(X) < min(C).

Proof. Forany k > 0 and Y € A-grmod, let L*(Y) = rad*(Y')/rad**(Y) be the k-th radical
layer of Y. Let [(Y) denote the length of Y. If Y is indecomposable, then it is uniserial and so
L¥(Y) is simple for 0 < k < [(Y).

Since X is indecomposable, Py is indecomposable, hence uniserial, and we have that K =

ker(px) = radX)(Px) and X = Py /rad™® (Px). Let M = rad ™~ (Px)/rad X+ (Py).
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Then hd(M) = L'*™)=1(Px) = soc(X) and soc(M) = L'™)(Px) = hd(K) are simple. Thus,

max(K) = max(hd(K)) = max(soc(M)) = min(soc(M)) = min(M)
< mazx(M) = maz(hd(M)) = maz(soc(X)) = min(soc(X))

= min(X)

The proof of the second inequality is precisely dual, using the socle layers of [x. 0

Lemma 3.2.6. Let A be a non-positively graded, finite-dimensional, self-injective Nakayama al-

gebra. Then the conditions of Lemma 3.2.3 are satisfied. In particular, F4 is an equivalence.

Proof. Let X, Y € A-grmod be indecomposable, and suppose that there is a nonzero morphism
f: X — Q™Y)(m) in A-grstab for some m € Z. Changing Y up to isomorphism in Im(F4) C
A-dgstab, we may assume that m = 0. Then there is a nonzero morphism from X to Y in

A-grmod, and so max(hd(X)) > min(soc(Y)).

Note that 2(Y') € A-grmod has a unique (up to isomorphism) non-projective direct summand
K, which is the kernel of a projective cover of Y. Then Q(Y') = K in A-grstab, hence in Im(F}y).
Identifying ©2(Y") with K, Proposition 3.2.5 states that

max(2Y)(1)) < min(soc(Y)) < mazx(hd(X)) = min(hd(X))

Thus Hom 4 _gstan (X, 2Y(1)) = 0 and, by induction, Hom g _gstan (X, 2"Y (n)) = 0 for all n > 0.
A dual argument shows that maxz(hd(X)) < min(Q2~'Y (—1)) and so Hom 4 _gstan (X, 2"Y (n)) =
0 forall n < 0. O

3.2.3 An Example of the Failure of Essential Surjectivity

Let A = k[x,y]/(2?,y*), where k = C. We grade A by putting z in degree 0 and y in degree —1.
It is easy to check that A is symmetric, hence self-injective. Up to grading shift, A has a single
simple graded module, S, which has dimension one and upon which both x and y act by zero.

Therefore, up to grading shift, the only indecomposable projective module is A itself.
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The representation theory of A is closely related to that of the Kronecker quiver,

a
/N
U1 V2
~__
b

We let B denote the path algebra of this quiver, with a in degree 0 and b in degree —1. B has two
simple modules S and S, one corresponding to each vertex. There is a one-to-one correspondence
between the indecomposable graded A-modules, excluding the projective module, and the graded
B-modules, excluding the simple module S;. (See [Ben91, Chapter 4.3] for the ungraded case.

Note that the graded case follows from the same argument.)

The classification of graded indecomposable B-modules is known. (For instance, see [Sei04,
Section 4].) Transferring these results to A-modules, we obtain the following classification of the
indecomposable graded A-modules. Up to shift, these are:

1) The indecomposable projective module, A.

2) For n > 0, the module K™, which is of dimension 2n + 1. As a graded vector space, K" =

Ve W, where V =@  k(i), W = @, k(i), and z and y act by mapping V into W via the
01 0 1 0 0

matrices | : - and - . | , respectively. Note that in A -grstab we have that

0 0 1 0 10
K™ = Q"S for all n > 0. We shall use the notation ()" S going forward.

3) For n < 0, the module K™, which is of dimension 2n + 1. As a graded vector space, K" =

V& W, where V =@, k(—i), W = @], k(—i), and = and y act by mapping V" into W via

0 ... 0 1 0
1 0 "
the matrices and , respectively. Once again, we note that K" = Q™S
R 0 1
0 1 0 ... 0

in A-grstab for all n < 0. We shall use the notation ™S going forward.
4) For n > 0, the module M, ,, which is of dimension 2n. As a graded vector space, M, =

V@& W, where V =@, k(—i), W = @/~ k(—i), and = and y act by mapping V into W via
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0 ... 0
1 0
1 0
the n X n matrices and - , respectively.
0 1
0 10

5) For n > 0, the module M ,,, which is of dimension 2n. As a graded vector space, M, ,, =

Ve W, where V =W = @?:_01 k(—i), and x and y act by mapping V" into W via the n X n

0 1 0
1 0
matrices - and | ' , respectively.
0 1
0 1
0 .0

Note that for any of the modules described in 2-5 above, hd(X) = V and soc(X) = W as

graded modules, each with = and y acting by 0.

The following computations are straightforward; we leave them to the reader. Below, n > 0
and m > 1.

1 —m<k<-1
dim HomA-grstab(Sa QmS(k)) =

0 ow.

1 0<k<n
dim Hom 4 _gstan (S, Q™S (k

0 ow

1 0<k<m-1
dim HOII]A grstab(s M(]m

0 ow

1 0<k<m-1
dim HOTI]A grstab(s MOO m(k)) =

0 ow
—-m<k<-1
dim Hom 4 grstab(MO my S
0 ow.
-m+1<k<0
dim HomA-grstab( 00 m7
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dim HomA—grstab(Moo,ma Moo,l (k)) =

dim HOmA-grstab(MO,m7 Mo,l (k)) =

In C(A), functors 2 and (—1) are isomorphic, so our list of indecomposable objects shrinks. In
A-grstab, note that QM ,, = M, and QM ,, = M ,(1); thus My, = M, ,(1) and M, =
My ,(2) in C(A). Thus, a complete list of indecomposable objects in C(A) up to isomorphism is:
1) S(n), forn € Z.

2) Mo, form > 0.
3) Moo m(n), form > 0andn € {0,1}.

The sizes of the following Hom sets in A -dgstab are an immediate consequence of the above

computations for A -grstab and some simple counting arguments.

[2]+1 n>0
dim HomA—dgstab(S> S(n)) =
L@ ] n<o0
dim Hom 4 _qgstab (S, Mo,m) =
n=0 mod 2
dim Hom 4 _agstan (S, Moo m(
% n=1 mod 2
dim HomA-dgstab(MO,ma =m
dim Hom g _qgstan (Mo m, Mo 1) =2
| LmTHJ n—r=0 mod 2
dim HomA-dgstab(Moo,m(T)a S(n)) =
L%J n—r=1 mod 2

1 m=0 mod 2
dim HomA—dgstab(Moo,ma MOO,l) =

2 m=1 mod 2

' 1 m=0 mod 2
dim Hom 4 _qgstab(Moo,m, Moo 1(1)) =

0 m=1 mod 2

We are now ready to construct an object K of A -dgstab lying outside of C(A). From the above
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computations, we have that dim Hom 4 _ggstab (S, S(2)) = 2; for a basis we can take the unique (up
to a nonzero scalar) morphisms f_; : S — Q71(S)(1) & S(2) and f 5 : S — Q725 = S(2). Let
g = f_1+ f_o, and let K be the cone of g in A-dgstab. We shall show that K does not lie in the

image of Fy.
Proposition 3.2.7. dim Hom 4 _ggstan (K, S(n)) = 1 foralln >3

Proof. Consider the triangle S % S(2) — K — S(1) which defines K. Choosing some n > 2,
we apply Hom 4 _ggstab(—, S(n)) and observe the resulting long exact sequence. We will show that
g(—k)* : Homy _ggstab(S(2 — k), S(n)) — Hom 4 _ggstab(S(—k), S(n)) is injective for all & > 0.

From this, it will follow from the long exact sequence that

dim Hom 4 _ggstan (K (—k — 1), 8(n)) = dim Homy _ggstan(S(—k), S(n))
— dim Homy _ggstan(S(2 — k), S(n))

=1

for all £ > 0, and we will have dim Hom 4 _ggstan (K, S(n)) = 1 for all n > 3.

It suffices to show that ¢* : Hom 4 _qgstan(5(2), S(1)) — Hom 4 _ggstan (S, S(r)) is injective for
all » > 2, where r = n + k. Interpreting f_; and f_ as morphisms in A -dgstab, we have that
g" = f*, + f*,. If we are given a nonzero morphism hs : S(2) — Q°S(r + s) in A-grstab,
a straightforward computation shows that both Q= 'h,(=1)o f 1 : S — Q*1S(r + s — 1) and
QO 2hy(=2)o fo : S — Q25(r + s — 2) are nonzero morphisms in A-grstab. It follows

immediately that f*, and f*, are injective.

We now show that g* is injective. Let (hs)s : S(2) — S(r) in C(A). Note that hs can be

nonzero only when —r +2 <'s < —[Z] + 1. Therefore g*(hs)s = (as)s, where

;

Q2h_,,9(—2) 0 f_s ifs=—r
. Q  hep(—1) o foy +Q 2hgya(—2) 0 fy  if —r <s < —[F]
S Q'hora(=1) o fu if s = =[]
0 otherwise

\
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Now suppose that g*(hs) = 0. If (hs)s # 0, let N be the maximum s such that A is nonzero. By
injectivity of f*,, we have that N < —[7]+1, and by injectivity of f*,, we have that N > —r+2.

But then

0 = anN—-1 = Q_lh]\](—l) e} f—l + Q_2h]\[+1(—2) ) f_2

=0 thy(=1)of 1 +0

Injectivity of f*, implies that Q~'hx(—1) = 0, hence hy = 0. As this contradicts the def-
inition of N, we must have that h;, = 0 for all s, and so g* is injective for all » > 2. Thus

dim Hom g _qgstan (K, S(n)) = 1 forall n > 3. O

Proposition 3.2.7 and the above computations of Hom spaces show that K cannot be isomor-

phic to any object of C(A) except possibly Mo 2, Moo 2(1), Moo 1 @ My 1(1), or My ;.

Proposition 3.2.8. Hom 4 _qgstan (K, M 1(k)) = 0 for all k.

Proof. Again consider the triangle S % 5(2) — K — S(1) defining K and write g = f_; + f_o.
Applying Hom 4 _ggstab(—; Moo,1), We again show that g*(k) : Hom 4 _ggstan(S(2 + k), M 1) —
Hom 4 _ggstab (S(k), Moo 1) is an isomorphism for all k. As in Proposition 3.2.7, we shall apply
(—Fk) and work instead with g* : Hom 4 _ggstab (S(2), Moo 1(—k)) — Homa _ggstab (S, Moo 1(—k)).

Since M1 = My 1(2), it suffices to consider the cases k = 0 and k = 1.

If £ = 1, both spaces are zero, and the result is immediate. If & = 0, both spaces are
one-dimensional, so it is enough to show that ¢g* is not the zero map. The unique morphism
S(2) = M1 is (up to rescaling) of the form hy : S(2) — QM 1(1). Then g*(h1) = (rn)ns

where

(

QO hy(=1)of, ifn=0
Tn = 4 Q_2h1<—2) of, ifn=-1

0 otherwise

\

A simple computation in A-grstab shows that r_; = 0 and and r( is a nonzero element of
Hom 4 _grstab (S, Moo,1), whence g* is nonzero. Thus g* is an isomorphism in all cases, and so

I‘IOIIlA_dgstab(I(7 Mm,l(k)) = (0 for all k. OJ
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Proposition 3.2.8 eliminates all remaining possibilities for K except for M ;. This final possi-

bility can be eliminated by proving:

Proposition 3.2.9. Hom 4 _ggstan (K, Mo1) =0

Proof. Once again, we consider the triangle S % S(2) — K — S(1) defining K and write
g = fo1+ foo. We show ¢g*(k) : Homa dgstan(S(2 + k), Mo1) — Homy _agstan(S(k), Mo 1) is
an isomorphism for all k. Applying (—k) and using the identity My; = M, 1(1), we show that
g* - Homa _qgstan (S(2), Mo1) — Homa _qgstan (S, Mo,1) is an isomorphism. Since both spaces are

one-dimensional, it suffices to show that the map is nonzero.

The generator of Hom 4 _qgstab(S(2), Mo 1) is he @ S(2) — Q*My1(2), and so g*(h2) = (74)ns

where )

Qith(—1> e} f—l ifn=1

=9 Q2hy(—2) 0 fy ifn=0

0 otherwise
\

A straightforward computation shows that r; = 0 and r( generates Hom 4 _qgstan (S, Mo1). Thus

g* is an isomorphism and Hom 4 _ggstan (K, Mo1) = 0. [

Corollary 3.2.10. K does not lie in the image of F 4. In particular, F s is not essentially surjective.
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CHAPTER 4

Perverse Equivalences in a Negative Calabi-Yau Category

4.1 Basic Definitions

4.1.1 Orthogonality and Bases

Let k be a field, and let (7, %) be a k-linear, w-Calabi-Yau triangulated category, for some w < 0.
Fix a positive integer n. Let S be a collection of objects in 7.

For objects X, Y, Z € T, we say that Y is an extension of Z by X if there is a distinguished
triangle X — Y — Z — Y X. Let (S) denote the smallest full subcategory of 7 which contains
S and is closed under isomorphisms and extensions.

Following Coelho Simd&es and Pauksztello [SP18], a tuple (X, - - - X,,) of objects in 7T is called
|w|-orthogonal if dim Hom(X;, ¥7"X;) = §;=j0,—o forall1 <i,j <nand 0 <m < |w| — 1.

If, in addition, we have that 7 =({X7"X; | 1 <i <n,0 < m < |w|}), we say (X1, -+, X,)

is a |w|-basis for 7.

Definition 4.1.1. Let € be the set of all |w|-orthogonal n-tuples of objects of 7 (up to isomor-

phism). Let £ be the subset of all n-tuples which form a |w|-basis.

We shall refer to elements of € as orthogonal tuples. Elements of £ will be referred to as

bases.

Note that if (X;); € & (resp. éA’) then (3" X,;)); € € (resp. E’) forany m € Z andany 0 € G,,.
We define an equivalence relation ~ on & (resp. 3 )by (X;); ~ (Y;); if there exists m € Z,0 € &,
such that Y; = X™ X, ;) for each 7. Since we are interested in classifying and counting the members

of &, it will frequently be helpful to work modulo these symmetries.
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Remark. In practice, the triangulated category 7 will usually arise from some category of modules
over an algebra A; in this case, the number of simple A-modules is a natural choice for n. For this

reason, we suppress the dependence of £ on the choice of n in our notation.
We now introduce some terminology that will be convenient throughout the rest of this paper:

Definition 4.1.2. Let X € Ob(7). We say X is elementary if
dim Hom (X, X7 X) = fo=m
forall 0 < m < |w|.

Definition 4.1.3. Let X, Y be elementary objects of 7. We say X and Y are independent if
dim Hom(X,X7"Y) = dim Hom(Y, 27" X) = dp—mdx=y
forall 0 < m < |w|.

Thus an orthogonal tuple is a tuple of distinct elementary objects which are pairwise indepen-

dent.

4.1.2 Maximal Extensions

Chuang and Rouquier define an action of perverse equivalences on tilting complexes in the derived
category of a finite-dimensional symmetric algebra [CR17, Section 5.2], as well as for bases of
(-1)-Calabi-Yau categories [CR17, Section 7]. These actions are defined in terms of maximal

extensions.

Definition 4.1.4. [CR17, Definition 3.28] Let f : X — Y be a morphism in 7.

~

f (or X) is a maximal extension of Y by S if X7!C(f) € S and Hom(X'C(f),S) =
Hom(X~'Y, S) is an isomorphism for all S € S.

f (or Y) is a maximal S-extension by X if C(f) € S and Hom(S, C(f)) — Hom(S,XX) is

an isomorphism for all S € S.
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If X € tSN S+, Chuang and Rouquier [CR17, Lemma 3.29] prove that both maximal exten-
sions of § by X and maximal X-extensions of S are unique up to unique isomorphism (if they

exist). They also prove the following characterization of maximal extensions:

Proposition 4.1.5. [CR17, Lemma 3.30] Suppose S is closed under extensions. Let f : X — Y

be a morphism in T .

Let Hom(Y,S) = 0. Then [ is a maximal extension of Y by S if and only if S *C(f) € S and
Hom(X,S) = Hom(X, XS) = 0.

Let Hom(S, X) = 0. Then f is a maximal S-extension by X if and only if C(f) € S and
Hom(S,Y) = Hom(S,XY) = 0.

We say that 7 admits |w|-orthogonal maximal extensions if, given a |w|-orthogonal n-tuple
(Xy,---,X,),asubset S C {X;}, and X, ¢ S, both the maximal extension of X; by S and the
maximal S-extension by X exist. We will generally ignore the dependence of this definition on

the integer n, since we will be working with a fixed n throughout the paper.

We are now ready to define the action of perverse equivalences on £. We shall assume that 7
admits |w|-orthogonal maximal extensions. Let P’(n) denote the set of proper subsets of [n] :=
{1,---n}. The symmetric group &,, acts on P’(n) in the obvious way, allowing us to define the

semi-direct product = := Free(P'(n)) x &,,.

Definition 4.1.6. Define an action of = := Free(P'(n)) x &, on £, € as follows:
1) S, acts on (X;); € 3 by permutation of indices.
2) Given S € P'(n), (X;); € &, define S - (X;); = (X]); by

7

X; 1€ S
X! =
E_I(XZ')S 1 ¢ S
where (X;)s is the minimal extension of X; by S := (X, | s € S).

3) Define S7! - (X;); = (X)); by

X; 1€ 8
S(X)S ¢S
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where (X;)® is the minimal S-extension by X;.

It is not obvious that the action of = preserves the property of being an orthogonal tuple or a
basis. The former statement is proved below; the latter requires some machinery, which will be

developed in Section 4.2.

Proposition 4.1.7. Suppose T admits |w|-orthogonal maximal extensions. Then the action of = on

Eis well-defined.

Proof. Tt suffices to show that the action of Free(P’(n)) on £ is well-defined.

Take (X;); € £, S C [n]. By assumption, the minimal extension (X ;)s exists for each j ¢ S

we now verify that the tuple S - (X;); is |w|-orthogonal. Let S = ({X; | i € S}).
Fix j ¢ S. Let f; : (X;)s — X, be the morphism defining the extension. Let Y € S.

We claim that, for all 0 < m < |w|,
Hom(X7(X;)s, 27"Y) =0 (4.1)

By Proposition 4.1.5, Equation (4.1) holds for m = 0,1. For2 < m < |w
Hom(—, X~™*Y) to the triangle X'C(f;) — (Xj)s b, X; — C(fj). Since (X;); is |w|-
orthogonal, Hom(X;, X~""Y") = 0. Similarly, Hom(X*C(f;), 2"™"Y) = 0, s0 37'C(f;) €
S. It follows that Hom((X;)g, ™™ "'Y) = 0, hence Hom(X7!(X;)s, 27™Y) = 0.

, apply the functor

Next, we claim that, for all 0 < m < |w|,
Hom(Y, X" (X;)s) =0 (4.2)
By Serre duality and Equation (4.1),

Hom(Y, 7" (X;)s) 2 Hom(X "™ 1(X;)s, 2*Y)*

forall 0 < m < |w|.
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Let j, I ¢ S. We claim that, for all 0 < m < |w| — 1,
Hom(X71(X))s, 27" 1 (X;)s) & Hom(X ' X;, 8" X)) (4.3)
Apply Hom(27!(X;)g, —) to the triangle
ETC(f) = TN X)s = BTIXG = 2TO()
Y1C(f;) € S, s0 by (4.1), we have, for all 0 < m < |w| — 1, that
Hom (X7 (X))s, X7 7*C(f;)) = 0 = Hom(X7'(X1)s, 27" C(f))
Thus Hom(S~1(X))s, 5~ (X;)s) = Hom (3! (X))s, 51 X).
Next, we can apply Hom(—, ~™71X;) to the triangle X 2C(f;) — T 71(X))s — Y7'X]
— X7IC(f). X71O(f;) € S, soforall 0 < m < |w| — 1,
Hom(X72C(f,), 7™ 'X;) = 0 = Hom(X'C(f;), "' X;)
Thus Hom(X71(X))s, 2™ X;) 2 Hom (X' X}, ¥~ X;). Combining the two isomorphisms,
we obtain the Equation (4.3).

Substituting j = [ into Equation (4.3) and using the fact that X; is elementary, we have that
¥71(X;)s is elementary. When [ # j, independence of ¥~*(X)s and X7*(X;)s follows from
Equation (4.3) and the independence of X; and X;. When j ¢ S and [ € S, independence of
¥71(X;)s and X, follows from Equations (4.1) and (4.2). Thus £ is closed under the action of
S C [n].

The proof that € is closed under the action of S~ is dual.

Finally, we must show that the action of S and S~ are mutually inverse. To show that S—! -
(S (X;)i) = (X);, it is enough to show that for each j ¢ S, (X71(X;)s)” & X1 X;. It is easy
to verify that the map ¥7!(X;)s — Y 7'X; satisfies the conditions of Proposition 4.1.5, hence
371X is isomorphic to (X71(X;)s)®. The proof that S - (S~ - (X;);) = (X;); is dual. O

4.2 Filtrations

In the previous section, we proved that £ is stable under the action of Z. In this section, we show

that the subset £ is stable under this action. To accomplish this, we will need a few technical
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results.

Definition 4.2.1. Let F be a basis for 7. Let M € 7. A descending F-filtration is a sequence
of morphisms f; : M; — M;_, 1 < i < m, with M,, = M, My = 0and X 1C(f;) = %S for
some S; € F and 1 < d; < |w|. We say this filtration is nice if the sequence {d;} is non-strictly

decreasing.

Dually, define an ascending F-filtration to be a sequence of morphisms f; : M; 1 — M,,
1 <1 < m,with My =0, M,, = M, and C(f;) = ¥.~%S; for some S; € F. We say this filtration
is nice if the sequence {d;} is non-strictly increasing. For both filtrations, we shall call m the

length of the filtration.

Given a descending (resp., ascending) filtration of M, we write M = [Z*dm R ] S1la
(resp., M = [Z_dl Sty E_dem]a). If m is minimal, we shall refer to m as the descending
(resp., ascending) length of M, which we shall denote by [;(M) (resp., l,(M)). We shall drop
the modifiers and subscripts when there is no risk of confusion and refer simply to “lengths” and

“filtrations”.

We shall refer to the X~%S; as the factors of M. If a factor appears as the right-most (resp.,
left-most) term in a nice, minimal descending (resp., ascending) filtration of M, we say that factor

lies in the head (resp., socle), of M.

Intuitively, filtrations provide a triangulated analogue of composition series. An object may
have many different filtrations relative to a given basis, but filtrations of minimal length are rela-

tively well-behaved. The following lemma is adapted from [CR17, Lemma 7.1].

Lemma 4.2.2. Let F be a basis for T. Let M € T. Then:

1) M has a descending F-filtration M = [£~% S, ... S~4S\] which is both nice and of min-
imal length. Given any minimal filtration of M, there is a nice, minimal filtration of M with the
same multiset of factors.

2) Any two minimal filtrations of M have the same multiset of factors.

3) Using the notation of part 1), if Hom(M, X~4S) = 0 for some S € F, then ¥X~4S is isomor-
phic to one of the factors of M, and ¥~ S lies in the head of M.

4) For any nice, minimal descending filtration, M = [X "9 S, ... Y~4S|]| the composition
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M= M, — - — M, = X"%S, is nonzero.

The dual statements hold for ascending filtrations.

Proof. For 1), since F is a basis, every object of 7 has a finite F-filtration, hence a minimal one.
Let M = [£7S,,, -+ ,%7%5)] be one such minimal filtration. If this filtration is not nice, there

exists ¢ such that d; > d;_;. Consider the following diagram, obtained from the octahedron axiom:

Mi > i—1
RS / r
VN
\ N
\ N
\ N "
\ E*di‘i’lsi G
T C(fierf)

Since d; > d;_1, the morphism ¢ : X~%-1+1G; | — ¥1-4i+2G, is either zero or an isomorphism.
If ¢ is an isomorphism, then C'(f;_1f;) = 0, hence f;_; f; is an isomorphism. But then A/; and
M;_; can be deleted from the filtration, since the composite map f; 1 f; fir1 : M;11 — M;_5 has
cone isomorphic to C(f;11). (If i = m, one simply deletes the last two terms, since M,, o = M.)

This contradicts minimality of m, hence we must have ¢ = 0.

Since ¢ = 0, C(f;_1f;) & X 4H1S; @ B-4-111G, | Let X be the cone of the composition

g: Y %18, = SC(fi 1 fi) — M. Let f/ : M; — X be the natural map into the cone. By
construction, X 71C(f/) = ¥£7%-18; ;. Furthermore, applying the octahedron axiom to g yields a
map f/ , : X — M, 5 such that X 1C(f!_,) = X~%S;. Thus replacing f; and f;_; with f/ and
! | yields a minimal filtration with 7% S; and ¥~%-1S; ; swapped. We may repeat this process
until there are no more inversions, yielding a nice, minimal filtration. Since the factors have only

been permuted, the multiset of factors remains unchanged.

For 3), let 1 < r < m be minimal such that there is a nonzero morphism M, — X~%S.
Consider the triangle =% S, — M, — M,_; — %~%*15_ Since Hom(M,_;,X"%S) = 0, the
nonzero space Hom(M,, ¥=4S) injects into Hom(X =4S, 3748). Since the filtration is nice,
dy > d,; since the Hom space is nonzero, we deduce that d, = d; and S, = S. It follows that
the composition ¥4 S, — M, — ¥~ S is an isomorphism, hence the above triangle splits and

M, 2Y" 1S P M,_,.
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Define a new filtration of M as follows. For 1 < i < r —1,let M| = YN S @ M, 4 and let
fl : M/ — M/ | be the direct sum of the identity map and f; ;. Since M, = X~4S & M,_,,
we can define f/ in the same way. Let all remaining objects and maps remain the same. It is
straightforward to verify that this is a filtration identical to the original, except that the last r
factors have been cyclically permuted, so that ¥ =% S, = 379 is the final term. It is clear that

this filtration is nice and minimal, hence =% S lies in the head of M.

To prove 4), foreach 1 < i < mletg; : M; — M; = ¥~ S, be the natural composition.
Suppose for a contradiction that g,, = 0 and let 7 > 2 be minimal such that g; = 0. Decompose
g; as M; 5 M, EEN M, and apply the octahedron axiom. We obtain a triangle ¥7'C(g) —
M; ® X415, — N=%S) — C(g). We have that X7 1C(g) = [X %S, - - - 79 S3]; by niceness of
the filtration it follows that Hom(X71C/(g), 2% ~18;) = 0. Therefore the morphism >"1C(g) —
M; @ 4-1S, factors through the inclusion of M;, hence the cone of this morphism is M, ®
yh-1G, = ¥=d2 G, This contradicts locality of End(.S,), thus g; # 0 for all i.

The proof of 2) is by induction on the length, m, of M. For m = 0,1, the result is clear.
Suppose the result holds for all lengths less than m. Given M = [L=%S, ... N~4G|] =
[2=dnS ... $~%S!] two minimal filtrations, by 1) we can rearrange the factors and assume
WLOG that both filtrations are nice. Then Hom(M,¥~4S) = 0 forany S € F,d; < d < |w| — 1.
By 4), Hom(M, »-h S7) # 0, hence d} < d;. A symmetric argument gives the reverse inequality,
hence d; = d}. By 3), Yodig  yd S/ for some 7, and we can rearrange the second filtration so
that X~% 5] is the last term. Since both filtrations now end in ¥ ~%.S;, we obtain two nice, minimal
filtrations of M’ = ¥71C(M — X ~%.5;) whose factor multisets correspond to the original factor
multisets with one copy of ¥~%S; removed. Applying the induction hypothesis to M’, we are

done. O]

The following technical lemma describes the interaction between filtrations and maximal ex-

tensions.

Lemma 4.2.3. Let F be a basis for T and let S C F. LetT € F — S and let Ts — T denote
the maximal extension of T' by S. Suppose this map factors as Tg LNST for some object
N =[Sk, -+, S, T)g, with S; € S. Suppose that Hom(N,S) = 0. Then S71C(f) € (S).
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Dually, let T — T° denote the maximal S-extension by T. Suppose this map factors as T 2
N L TS for some object N = [T, Sa, -+, Sila, with S; € S. Suppose Hom(S, N) = 0. Then
C(f) € (S).

Proof. Applying the octahedron axiom to the composition ¢ f, we obtain a triangle ¥~2C'(g) —

“1O(f) = 2710 (gf) = X71C(g), where 271C(g), 71C(gf) € (S). It follows that X~1C(f)
has a nice, minimal filtration whose factors lie in S U X71S. We have that Hom(X 7' N, ©718) =
0 = Hom(Ts,>"'S), hence Hom(X7'C(f),X7!S) = 0. It follows from Lemma 4.2.2 that
Y71C(f) can have no factors lying in ©7'S. Therefore 2~ 1C(f) € (S).

The proof of the second statement is dual. [

We are now ready to prove that & is closed under the action of =. The following result is based

n [CR17, Proposition 7.4].

Theorem 4.2.4. Suppose T admits |w|-orthogonal maximal extensions. Then the action of = on €

is well-defined.

Proof. We must show that the action of S C [n] on an orthogonal tuple preserves the property of
being a basis. Let (X;); € £ and let (X!); = S- (X;); € €. Let S = {X; | i € S}, let F = {X;},
and let 7' = {X/}. Let G = ULZ‘O_I Y 'Fand G = U'wl 'S~ F'. Then (G) = T, and we must

show that the same holds for (G').

Take a nonzero object M € 7. We first consider the special case where no ¥~%Y lies in the
head of XM, forany Y € §,0 < i < |w|. We claim that M € (G'); the proof will be by
induction on the F-length, m, of XM. If m = 1, then YM = X7'T for some T' € F — S. We
have a triangle X" 'Ty — M — XY — X~ 'Ts for some Y € (S).
Y Te, XY € G', hence M € (G').

Now suppose m > 1 and the result holds for lower lengths. By Lemma 4.2.2, > M must have
a nice, minimal descending G-filtration ending in some STy, where Ty € F—8,0<d; < lw].

There exists a maximal 0 < k < m such that there exists a minimal filtration of the form

SM =27 T, ST BT RS  BT RS, BT
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where each S; € S, and T},,1 € F — S. (If k = m, the filtration starts with Y4 S ) The
octahedron axiom gives us a triangle XM’ — YM — Y M” — Y2M’, where YM’ and X M"
have (necessarily minimal) filtrations given by XM’ = [S=%T, ... S~%T, ] and SM" =
S-Sy, - D08, XA,

Note that there is no minimal filtration of XM’ whose last factor is of the form Z*d’vHSkH,
with Sp11 € §,0 < djy1 < |w]|. If so, we could concatenate this filtration of XM’ with the given
filtration X M" to produce a new minimal filtration for ¥ A/ which would contradict the maximality
of k. Since the length of X M" is at least one, XM’ has length strictly shorter than ¥ M/. By the
induction hypothesis, M’ € (G').

We now show that M"” € (G'). By the proof of part 1) of Lemma 4.2.2, by rearranging the S; we
may assume WLOG that the filtration for ¥ M expressed above is nice. Let 1 < r < k be maximal
such that d,, = d,. We may express X M" as the triangle XN, — YM"” — YN, — Y2N;, where
YN, = [B7%S,, - 274+ ] and XNy = S74([S,, -+ Sy, T}]) are nice, minimal filtrations.

Forall r < i < k, we have thatd; < d; < |w|—1,thus Ny = [X~%71G, ... N~d+n1=1g 1 € (G').

Next, Hom((T})gs, 2S) = 0, hence the minimal extension (7})s — 77 factors through the
natural map [S,, - -+ S, T1] — T}. Note also that Hom([S,, - - - S, T1],S) = 0; otherwise by part
3) of Lemma 4.2.2, there would be some member of ¥~%S lying in the head of X N,. But this is
impossible, since any factor in the head of XN, also lies in the head of M’ and M, and the head
of M contains no such factors by assumption. The hypotheses of Lemma 4.2.3 are satisfied, and
so we obtain a triangle X7 (T})s — X7[S,, -+ Sy, T1] = Y — (T1)s, with Y € (S). Applying
¥~ to this triangle, we obtain X4 "1(T})g — Ny — S~4Y. Since 0 < |d;| < |w], both of the
outside terms lie in (G'), hence so does Ns. It follows immediately that M/” and therefore M lie in

(G'). This concludes our proof of the special case.

We are now ready to prove the general case; it suffices to show that G C (G’). By definition,
NS € G For T ¢ 8,0 < i < |w| — 1, the triangle ¥~ 1C(f) — £~Ty — LT —
Y7'C(f) shows that X7 € (G’). It remains to show that 7' € (G'); we shall reduce this problem

to the special case shown above.

Note that Hom(X'Y, T) = O forall Y € S,0 < i < |w| — 1, hence Hom(XT, S~1vH+1+y) = 0
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by Serre duality. In particular, by Lemma 4.2.2, part 4), >7" has no nice, minimal descending
filtration ending in %Y, forany Y € S, 0 < i < |w| — 1. By the special case, T € (G'), and we

are done. O]
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CHAPTER 5

The Dg-Stable Category of a Brauer Tree Algebra

5.1 Brauer Tree Algebras

In this section we shall prove that the functor F'4 of Theorem 3.1.10 is an equivalence whenever the
algebra A is any non-positively graded Brauer tree algebra. We shall work over an algebraically

closed field k.

A Brauer tree consists of the data I' = (7, e,v, m), where T is a tree, e is the number of
edges of T, v is a vertex of 7', called the exceptional vertex, and m is a positive integer, called
the multiplicity of v. To any Brauer tree [', we can associate a basic finite-dimensional symmetric

algebra Ar. For the details of this process, we refer to [Sch18].

An important special case is S = (S, n, v, m), the star with n edges and exceptional vertex at
the center. In this case, the algebra Ag is a Nakayama algebra whose indecomposable projective

modules have length nm + 1.

The following theorems are due to Bogdanic:

Theorem 5.1.1. [Bogl0, Theorem 4.3 and Lemma 4.9] Let S be the star with n vertices and
multiplicity m. Let Ag be graded so that soc(Ag) is in degree nm. Let I" be any Brauer tree with n
vertices and multiplicity m. Then Ar admits a non-negative grading such that soc(Ar) is in degree

nm, and there is an equivalence D°(Ag-grmod) — D?(Ar-grmod).

Theorem 5.1.2. [BoglO0, Section 11] Let I' be a Brauer tree with multiplicity m. Then, up to
graded Morita equivalence and rescaling, Ar possesses a unique grading. The socle of Ar lies in
degree dm for some d € 7, and the grading is determined up to graded Morita equivalence by d.

If d > 0, the grading can be chosen to be non-negative, and if d < 0 the grading can be chosen to
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be non-positive.

From these facts, we obtain the following result:

Corollary 5.1.3. Let I" be a Brauer tree. Let S be the star with the same multiplicity and number
of edges. Let Ar and Ag be graded so that soc(Ar) and soc(Ag) lie in degree d for some d € Z.
Then we have equivalences of triangulated categories D°(Ag-grmod) — DP(Ar-grmod) and

Ag-grstab — Ar-grstab.

Theorem 5.1.4. Let I" = (T, e,v, m) be a Brauer graph, and let Ar be non-positively graded with

socle in degree —d < 0. Then F4,. is an equivalence.

Proof. If T is the star, then Ar is a Nakayama algebra and the result follows immediately from
Lemma 3.2.6. If I" is not the star, let S denote the star with the same number of edges and mul-
tiplicity as I'. By Theorem 5.1.2 there is a nonpositive grading on Ag such that soc(Ag) is in
degree —d. Then by Theorem 5.1.1, D?(Ar-grmod) and D’(Ag-grmod) are equivalent as tri-
angulated categories. By a theorem of Rickard [Ric89a], this induces a triangulated equivalence
G : Ar-grstab — Ag-grstab which commutes with grading shifts. By Proposition 3.1.22, G
induces an equivalence between C(Ar) and C(Ag). Since Ag is a Nakayama algebra, it satisfies

the hypotheses of Lemma 3.2.3, hence Ar does as well. Thus F4,. is an equivalence. 0

Corollary 5.1.5. Let I be a Brauer tree, and let S be the star with the same multiplicity and
number of edges. Let Ar and Ag both be graded with socle in degree —d < 0. Then Ar-dgstab

and Ag-dgstab are equivalent as triangulated categories.

Proof. This follows from the use of Proposition 3.1.22 in the previous theorem. U

5.2 The Dg-Stable Category of the Star with n Vertices

Forn > 2,d > 0, let A = A,, ; denote the graded Brauer tree algebra, with socle in degree —d,
corresponding to the star S with n edges and exceptional vertex of multiplicity one. This specifies

A up to graded Morita equivalence; we will choose a specific grading once we have adopted some
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more notation in the section below. By the results of Section 5.1, A -dgstab is equivalent to C(A).

We shall identify the two categories throughout this section.

5.2.1 Notation, Indexing, and Grading

We index the edges of S by the set Z/nZ = {1, --- ,n}, according to their cyclic order around the
center vertex. We define a total order < on Z/nZ by 1 < 2 < --- < 7. This order is of course not
compatible with the group operation on Z/nZ.

If P is a statement with a truth value, we define dp to be 1 if P is true and 0 if P is false.

. . . T/ —1
For z,y € Z, define (x,y) to be the closed arc of the unit circle starting at e” 7 and pro-

. . ny=1 . .
ceeding counterclockwise to e“— Y. Thus (x, ) denotes a point, rather than the full circle.

With these definitions, the Ext-quiver of A is a directed cycle, C, of length n. C' has vertices
e; and edges e; — e;,7 forall i € Z/nZ. A is isomorphic to, and will be identified with,
the quotient of the path algebra of C' by the ideal generated by paths of length n 4+ 1. Changing A
up to graded Morita equivalence, we determine the grading on A by defining deg(a;) = —dd;_.
We denote by S; the simple A-module corresponding to e;, in degree 0. We denote by F; the

indecomposable projective module with head S; and socle S;(d).

The indecomposable A-modules are uniserial and determined, up to isomorphism, by their
head and socle. For i,j € Z/nZ, let sz denote the indecomposable module with head S; and
socle S7(dd;_;). More specifically, for 1 < 4, j < n, we define sz to be the module e;A/e;J!,
where J is the Jacobson radical of A and [ = ;-;n+14-j— is the length of sz The non-projective
indecomposable objects of A -grmod, up to grading shifts and isomorphism, are precisely M; for
i, € Z/nZ.

Even when working in A -grstab, it will be helpful to define the “length” of M;, for1 <i,5 <
n, to be [(M2) = bisyn + 1+ j — i,

Finally, we note that for 1 < r, 7 < n, the module ]\/[ngj(—dc%ﬁ) has length r and socle S

in degree zero; we shall make extensive use of this module later on.
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5.2.2 Structure of A-grstab

One of the desirable features of Brauer tree algebras is that the A-module homomorphisms X — Y
can be determined combinatorially from the composition towers of X and Y, allowing quick and
easy computation of morphisms. For a more general and explicit description of this procedure, we

refer to Crawley-Boevey [Cra89]. These techniques generalize easily to graded modules.

The following results about A -grstab follow from straightforward computation and are well-

known. We state them without proof.

Proposition 5.2.1. The (distinct) indecomposable objects of A-grstab are precisely Mji(k), for
anyi,j € Z/nZ,k € 7.

Proposition 5.2.2.

L 1 if{a,j) C (i,b) and k = —do,_;
dim Hom g _geeia (M2, Mi(k)) = -

0 otherwise
We shall refer to the statement (a, j) C (i, b) as the arc containment condition.

For describing composition, it will be helpful to choose a collection of generators for the above

Hom spaces. Fortunately, there are natural choices.

Definition 5.2.3. Let 1 < a,b,7,j < n, and let [ be the length of M]z

For i # j, define the canonical surjection

p;: ; ]\4jE =c;Ale:J! —— e;Afe; ] = M2

K3
G-

—I

e; | > €

For i # j + 1, define the canonical injection

b Mi=eAfep ]t —= (1] /e;1 ") (~dbg) —— M;?_T(_d(%:i)

€ ! 7 6101

For < a,j >C< i,b >, define the canonical map a?’ﬂi P ME — M%(—dékg) by

ai a1 ge N
;=4 (—dby757) -t



EE

Note, in particular, that oy

- 1s the identity map.

Proposition 5.2.4. The indecomposable maps in A-grstab are precisely the canonical surjections

and injections. Composition in A-grstab is given by the formula:

0 otherwise

o iffaf)c e

b)

Proposition 5.2.5. In A-grstab, the following formulas hold:

QM) = M (dd5,7.7)
O (M2) = MY (—ddy)

(M) = MEE(d(k + 6,7 7))

03 4k<j+k))

_ 7 k
Q*1 (M) = Mﬂjk LAk + 05,7 5 —
Q (M) = Mg (—d(k + ;7))
QM) = M (=d(k + G — 05_py1<iw)

Analogous formulas hold for the ag’;

J

forl1 <k <n.
forl1 <k <n.
forl <k <n.

forl1 <k <n.

Proposition 5.2.6. aw Mg — M: ’( dd; ;) can be completed into the exact triangle:

S.D
(5.2)
(5.3)
(5.4)
(5.5)
(5.6)



5.2.3 Structure of A-dgstab

Since 2 = (—1) in A-dgstab, and (2 is periodic in A-grstab, it follows that (1) is periodic in
A-dgstab. The period depends both on n and d. This period is the same for all indecomposable
modules except when n is odd, in which case the indecomposable modules of length "T“ have their

period halved.

Proposition 5.2.7. In A-dgstab, M = Mi((n + 1)d + 2n) for all i,j € Z/nZ. If n is odd, then

7 ~ 7 1)d
we also have M’ o~ g (dDd gy
,H_"T—l Z‘+WT—1 2

Proof. By Proposition 5.2.5 we have that Mg(—2n) = QQ”M% = M;(d(n + 1)), from which the
(—n) = Q"M M (),

n—1 =, n—1 2
2 +73

first formula follows. Similarly, if n is odd, then ME

n—1
2

from which the second formula follows. L]

Definition 5.2.8. Define the period of » € {1,--- ,n} to be

(n+1)d+2n ifr#24H2
P(r) = i

1)d .
P en it =g

We also define the period of MJE to be P(l(sz)) We define the period P(X) of an arbitrary
object X to be the maximum period of its indecomposable components. When we do not wish to

emphasize the dependence on the length of the module, we will simply write P = (n + 1)d + 2n.

For any X € A-dgstab, let 0 : X — X((n + 1)d 4+ 2n) denote the map induced by the
natural isomorphism id — ((n + 1)d + 2n), whose unique nonzero component is the identity map
in degree —2n. For any X € A-dgstab that can be expressed as a direct sum of modules of length
”TH, letp'/?: X — X (@ + n) denote the isomorphism whose unique nonzero component is

the identity map in degree —n.

Thus Proposition 5.2.7 states that for any 1 < 7,5 < n, MJz = M%(P(r)) in A-dgstab, where
r = j 4+ 1 — i 1s the length of sz
One consequence of periodicity is that we can express any M; as a suitable shift of some MZT .

Furthermore, [ can always be chosen to lie in the range 1 < [ < ", since Z(QMJE) =n+1-1 (MJZ)
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Proposition 5.2.9. Let 1 <i,r <nand1 <[ < ”TH The following identities hold in A-dgstab:

M = MY —(d+2)(i - 1)) (5.7)
ME= ML (d+2)(n+1-7)—1) (5.8)
M =M (—(d+2)(n+i—1)+1) (5.9)

Proof. We first show (5.7). If « = 1, we are done. Otherwise, Equation (5.3) of Proposition 5.2.5

yields

from which (5.7) follows.

Applying (5.7) and (5.2), we obtain

MHT-FT—F(:[) = Qil(MﬁTJJ—F)
= MIFT (=)
=~ MY (~(d+2)(n — 1) - d)
= MY —(d+2)(n+1—7)+2)
from which (5.8) follows.
(5.9) follows immediately from (5.7) and (5.8). L]

We immediately obtain the following corollary:

Proposition 5.2.10. Every indecomposable object of A-dgstab is isomorphic to one of the follow-
ing:
1) M}(k) for 1 <1< ™2 and0 <k <P

2) ML (k) for0 <k < L (if nis odd)

2

Remark. The above list of objects are in fact pairwise non-isomorphic. We shall prove this in

Theorem 5.2.12.
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Proof. By applying the identities in Proposition 5.2.9, we can express any modules M]i as JMZT (k)
forsome k € Zand 1 <[ < ”T“ By Proposition 5.2.7, we can reduce k£ mod P([) until k lies in

the desired range. O

Since A is a Nakayama algebra, Lemma 3.2.6 guarantees that every morphism between inde-
composable objects X and Y can be represented by a map X — Q™Y (m) in A-grstab for some
unique m. To compute Hom A_ngtab(MiT , M1(k)), we must determine which sz(m) admit maps
from MZT in the graded stable category, then express such sz(m) as M1 (k) using the formulas in

Proposition 5.2.9.

Proposition 5.2.11. Let 1 < [,r,j < n. Then
1 ifmaz(l,r+1—n) <j<min(r]l)

dim HomA—grstab(Ml 7Mz+ii?(k>> = and k = —d(%#F

0 otherwise
\

Proof. By Proposition 5.2.2, the dimension of the Hom space is nonzero if and only if (1, j) C
(j+1—r1)and k = —dd;_j,1_» = —dd5,. Thus it is enough to show that the inequalities in the
statement are equivalent to the arc containment condition. The arc containment condition holds

if and only if e € (1,1) and L) ¢ (I +1,1). This is equivalent to the chain of

inequalities

l—n+1<j+1-r<1<j<I

The first two inequalities are equivalent to [ +r —n < j < r. Combining these with the last two

inequalities, we see the system is equivalent to maz (1,1 4+ r —n) < j < min(r,l). O

We are now ready to give a complete description of the morphisms MZT — Mg (k) in A-dgstab,
forl < [,r < "T“ It is helpful to organize the morphisms into two families. The “short”
morphisms are those of the form f;, ; : MZT — M?T_F(m); note that the codomain is represented
by a module of length r» < ”T“ The “long” morphisms are of the form g, ; : MZT — M]Eﬁ(m);

here the codomain has lengthn +1 —1r > ”T“
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Theorem 5.2.12 (Structure of A-dgstab). Ler 1 < I,r < [2] and 0 < k < P(r). Then
Hom ,4_dgstab(l\4iT , Mg (k)) has dimension at most 1 and is spanned by:

flT,j: 7 J—>M]3+1 T( d5 ) Mg(k)

ifk=(d+2)(r—j) mod P(r) forsome1l < j < min(r!)

—— MY (A0 1) = M (K)

ifk=(d+2)(n+1—j)—1 mod P(r) for some max(1,1+1—r) <j<I

0 otherwise

fir; is an isomorphism if and only if | = r = j, in which case it is the identity map. g, ; is

an isomorphism if and only if | = r = j = ”T“ in which case g;; = W2, In particular, the
indecomposable modules listed in Proposition 5.2.10 are pairwise non-isomorphic.

n+

For r = " and any value of |, the morphisms f, j and g, . ; are defined for the same values

of j and represented by the same morphism in A-grstab. More specifically, for each such j,

Girj =10 fi, (5.10)

Forl = "T“ and any value of r, the morphisms f, . ., ny1 and g, , ; are defined for the same values
of j, and their unique nonzero components differ only by an application of Q" and a grading shifft.

More precisely, for each such j,

(n+1)d N

5 n) o /2 (5.11)

Yo fl,r,j+r—"—+1 Girj(

Apart from the above identities, all the f;, ; and g;, ; are distinct, in the sense that their unique

nonzero components cannot be transformed into one another by applying powers of () and grading

shifts.

The indecomposable morphisms in A-dgstab are, up to shifts, f1;—1,-1 for 1 <1 < L”THJ,

Sz for1 <1< |2, gz,2,1 forn even, and gni1 nir_y ni1 forn odd.
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Composition of morphisms in A-dgstab is determined by composing the unique nonzero mor-

phisms in A-grstab. In particular, we have the formulas:

fl,c,q+j—r lf1§q+j—7”§

Jrea((d+2)(r = j)) o fir; = min(c,1) (5.12)

0 otherwise

Giegri—r fmaz(l,1+1—c) <

Greq((d+2)(r =j))o fir; = g+j—r<l (5.13)

0 otherwise

(

Giegrj—c fmax(l,1+1—c) <

frea((d+2)(n+1—j)—1)og,,;= qg+7—c<l (5.14)

0 otherwise

¢ o fl,c,q+j+cf(n+1) lfl <q +] <

. n+1<
Ireq((d+2)(n+1—j)=1)og,; = (5.15)
q+j+c—1

0 otherwise

Proof. By Lemma 3.2.6, HomA_grstab(MiT, Q™ML (k + m)) is nonzero for at most one m. Thus

by Proposition 5.2.11, HomA_dgstab(MZT, M?X(k)) is nonzero if and only if Q"M (k + m)) =

M]zg%(—d(%ﬁ) in A-grstab, for some 1 < x < n, maz(l,z+1—n) < j < min(z,1), and

m € Z. The only possibles values for the length of Q"M (k + m)) are r and n 4+ 1 — 7, so we

need only consider the cases x = r and x = n + 1 — r, and verify that ]\/[@Tff(—déjﬁ) >~ M(k)
J

for the desired value of k.

If x = r, then the condition on j simplifies to 1 < j < min(r,[). For each such j we obtain

the morphism f; , ; whose nonzero component is O‘ZT;; T ]\47T — M]zg_?(—déjﬁ). If j #r, by
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substituting ¢ = n + 1 — (r — j) into Equation (5.7) of Proposition 5.2.9 we obtain

MZFT (—d) 2 MH(—(d+2)(n = (r = j)) — d)
= M(d+2)(r—7) — (n+1)d — 2n)
= MY((d+2)(r - )
If 7 = r, then the desired identity is immediate.
If z = n+1—r, then the condition on j simplifies to max(1,1+1—1r) < j < . For each such
J we obtain the morphism g, . ; whose nonzero component is all I MZT — Mjf”"( d05 4z 1 7)-

If j # n+ 1 —r, applying Equation (5.9) of Proposition 5.2.9 with the substitutions ¢ — j 4+ and

[ — r, we obtain

MITT(=d) = M} (~(d+2)(n+j) +1 - d)
= MY —(d+2)(n+j)+1—d+2(n+1)d+4n)

MY(d+2)(n+1—j)—1)
If j = n+ 1 —r, the restrictions on j, r, and [ imply that j = [ = r = ”—“' the desired identity
then follows from direct substitution and the fact that P(r) = (nH) + n. This establishes the

descriptions of the Hom spaces.

We now determine the isomorphisms of A-dgstab. Note that a morphism is an isomorphism
in C(A) if and only if its unique nonzero component is an isomorphism in A-grstab. If f;, ; is an
isomorphism, all J+=T ]\4T — M;H_F(—dé;ﬁ) must also be an isomorphism. From Proposition
5.2.1, we have that j = r = [. Conversely, direct substitution shows that f;;; is the identity map.

1]+r .

Similarly, if g;, ; is an isomorphism, then its unique nonzero component g —

=

M]i”(—déﬁﬁ +1_7) is also an isomorphism. Proposition 5.2.1 then forces j = r = [ = 2.

Conversely, if j =r =1 = ”“ , direct substitution shows that the nonzero component of g;;; :
MZT — Ml((”H) + n) is the identity map. Thus g;;; = /2.

This completes the description of the isomorphisms of A -dgstab. It follows immediately that
MZT >~ MI(k) if and only if { = r and k = 0 mod P(l). Thus the indecomposable objects of
Proposition 5.2.10 are pairwise non-isomorphic.

If r = 2t the identity g;,; = 1'/? o f;,; follows immediately from direct substitution, as

does the fact that f and g are defined for the same values of j. (We note that both morphisms have
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the same domain, codomain, and nonzero component.) If [ = "TH, the corresponding statement

follows from similar computations.

To show distinctness, suppose that we can transform the nonzero component f; . ; into that of
g, by applying grading shifts and 2™ for some even integer m. We shall show that [ = /',
j=j,andr =1 = ”T“ In order for the domains to be equal, we must have that [ = [’ and m
is a multiple of 2n. By using periodicity of €2 and changing the grading shift, we can also assume
without loss of generality that m = 0. For the codomains to be equal, we must have in particular
that MJZ?H_F = MJJ,ZJFF/ in A-grstab, hence j = j'andr =1’ = ”TH

Similarly, suppose we can transform the nonzero component of f;, ; into that of f , ; by
applying a grading shift and )™ for some even m. By observing the domain and codomain we
once again see that m can be taken to be zero, and we immediately obtain [ = [, r = 1/, and
j = j'. The same argument also applies to g, ; and gy, ;.

Next, suppose that we can transform the nonzero component f; . ; into that of gy, ;» by apply-

ing grading shifts and 2" for some odd integer m. We shall show that [ = [' = ”T“, r =1/, and

j=7+r - ”T“ In order for the domains to be equal, their lengths, n + 1 — [ and I’, respectively,

must be equal. This implies that n is odd and | = ' = ”T“ Furthermore, m must be an odd

multiple of n; without loss of generality, we may assume that m = n by periodicity. Observing the
yRIES Y

codomains, we must have that Mfii
J—r

. Comparing the top indices and using the previous equation, we

= Mji,/”' in A-grstab. Comparing the bottom indices,

sy
2

we have that j = j/ + 7 — 2

have that 7 = 7/, hence r = 7’. From the restrictions on the ranges of the indices, we deduce that

j=j +r — 2 as desired.

If we can transform the nonzero component of f;, ; into that of fy, ; by applying a grading
shift and Q2™ for some odd m, by considering the lengths of the domain and codomain, we must

havethat =1' =r =1' = "T“ We can again assume that m = n. Observing the codomains, we

Santl
must have that M’ —

I

and gy ,» ;. Thus all the morphisms are distinct, except for the listed identities.

= MJ?:*T*W. It follows that j = j'. A parallel argument applies to g; . ;

A morphism ]\47T — ]\/[FT (k) is indecomposable if and only if its nonzero component is inde-

composable in A -grstab. Thus, up to a degree shift, the indecomposable morphisms of A -dgstab
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are those f;,; and g;, ; whose nonzero component is a canonical injection or surjection. Since the
domain must be MZT , the only possible values for these nonzero components are pzT forl <1< "T“
and LZT forl <[] < "T“ From the definitions, ]oiT is the nonzero component of f;;_;;_; for all
1 <1< and LI is the nonzero component of f; ;.1 forall 1 <1 < [%:]. When n is even,

|2t ] = 2 and L— is the nonzero component of gz » ». When n is odd, |“#*] = %1, and /L

2 22 +1

is the nonzero component of gni1 ni1_ ns1. These are precisely the indecomposable rnorphlsms
2 72 ’2

listed in the statement.

To verify the composition formulas, we translate them into statements about A -grstab and use

Proposition 5.2.4.

We start with Equation (5.12). A tedious but straightforward computation using Proposition

5.2.5 shows that the only possible nonzero component of

Freal(d+2)(r =) o firy: Mf = MI(d+2)(c = (g+j — 7))

is a j J;lﬂr (T ) +1= “(=dbjz)0 oz%j 177 Then by Proposition 5.2.4, this composition is nonzero if
and only if (1, g+j—7) C ((¢+j—r)+1—c, 1), in which case itis equal to o; (gi;)ﬂ °. Since the

codomain of this morphism has length ¢, it follows that the resulting morphism, if nonzero, is equal
t0 ficq+j—r- It remains to verify that the arc containment condition is equivalent to the desired
inequality. If ¢ + j — r < 1, then the restrictions on ¢, j, 7, and [ imply thatl —n < g+ 7 —1r < 1,
hence both the desired inequality and the arc containment condition are false. If ¢ + 7 —r > 1,
the restrictions on ¢, j,/,r, and r imply that 1 < g+ j —r <nandc+ [ —n < 1. We can then
apply Proposition 5.2.11 and conclude the arc containment condition is equivalent to the inequality

1 <q+j7—r <min(c ). Thus Equation (5.12) holds.
Proceeding to Equation (5.13), the only possible nonzero component of

Grea((d+2)(r =) firs: M — MI((d+2)(n+1—(q+j—7)) —1)

GH1—7,(g+5— T‘)+C( d(sj;ér) o a?ﬁ‘l’T*?

isaz_ o 1 . This composition is nonzero if and only if (1,q+j — 1) C
((g+ 7 —r) + ¢, 1), in which case it is equal to 041 (j;i "¢ The codomain of this component has

length n + 1 — ¢, hence the composition, if nonzero, is equal to g; ¢ 4+;—». The same argument as
above shows that the arc containment condition is equivalent to the inequality max(1,1+1—c¢) <

q + j —r <. Thus Equation (5.13) holds.
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For Equation (5.14), the only possible nonzero component of

Jrea(d+2)(n+1—j) = 1) og;: M = Mi((d+2)(n+1—(g+j—c)—1)

is a?;gi (—=do54m47-7) © a;’g *7. This composition is nonzero if and only if (1,q + j — ¢) C
(q+7,1),in which case it is equal to %ng_a- The codomain of this component has length n+1—c,

hence the composition, if nonzero, is equal to g;  4+;—.. The same argument as above shows that
the arc containment condition is equivalent to the inequality maxz(1,1+1—¢) < g+ j—c < L.

Thus Equation (5.14) holds.

For Equation (5.15), the only possible nonzero component of

rea(d+2)(n+1=j) = 1) 0 gy : M} = MI(d+2)(2(n+1) —q—j) —2)

is O‘%igié—i(_d i or) © a{ EJ 7. This composition is nonzero if and only if (1,q+j+c—1) C
(q + 7,1), in which case it is equal to azl ggw—i' It is clear that the desired inequality implies

the arc containment condition; we now show the converse. Due to the restrictions on ¢, 7, and c,
wehavethat 2 < ¢+ 7 < q+j+c—1<lIl+4+nandg+j <n+1. Thusifqg+ 75 < |,
we have that 1 < ¢ + 7 < [, and the arc containment condition fails. Thus we must have that
l<qg+j7<n+1Ifl<q+j+c—1<n+1,then the arc containment condition fails, hence
we must also have n + 1 < ¢ 4+ j + ¢ — 1. The desired inequality follows immediately. Thus the
arc containment condition and the desired equality are equivalent. If both hold, the codomain of
the nonzero component has length ¢. We also have that 1 < ¢+ j+c¢— (n+ 1) < min(c,l). Thus
the composition is equal to 1) o f ¢ g4 j+c—(n+1)- To explain the presence of ¢ in this formula, note

that the grading shift of the codomain of the composition is
(d+2)2n+1)—qg—j)—2=[d+2)(c—(¢+j+c—(n+ 1))+ [(n+ 1)d+ 2n]
The factor of 1) accounts for the second bracketed term. L]

Computing the cones of the morphisms in Theorem 5.2.12 is straightforward, since the com-

putations can be done in A -grstab.
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Proposition 5.2.13. For all values of |, r, and j for which it is defined, f,, ; can be completed to

the exact triangle:

Jirg

ME(d+2)(r - j)

55 ML+ 2)(r = ) © 65 s ME((d+ 2)(n+ 1= ) — 1)

(5.16)

ho

-

M)

where I — O s frr—jr—i((d+2)(r — 7)) and
05.49r1—jr((d +2)(r — j))
= (V05 0r— i (A +2)(r = 5)), 0 050 fijua—i((d+2)(n +1—7) = 1))

For all values of I, r, and j for which it is defined and such that j + r > ”“ , Gir,; can be

completed to the exact triangle:

lm
(5.17)

®
M- ((d+2)(n+1—j5) = 1)

MI(1)

l

47 £TYrn+1—(j+r) 'I‘((d + 2)(” +1- j) - 1> and

where hs =
iafri-gi-i((d+2)(n+1—7) —1)
hy = (V7205 s 9nt1—(4r)ims1—G+r) (d +2)2(n + 1) = (5 + 7)) — 2),
(T ;élfl —jni—i(([d+2)(n+1—j)—1))
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For all values of I, r, and j for which it is defined and such that j + r < ”H , Gir,j can be

completed to the exact triangle:

MI((d+2)(n+1—j)—1)

. (5.18)
07 My (A4 2)(n+1) = 1) @ G55 M ((d + 2)(n+1 = j) = 1)
he
M)

Girpifrjrrr((d+2)(n+1—7) = 1)
05fri—ji—i((d+2)(n+1—7j)—1)
he = (U 054t fipraa(d +2)(n 4+ 1) = 1),97 054 fijua—g((d+2)(n + 1 = j) — 1))

n+1
2

where hs = and

Triangles (5.17) and (5.18) are equivalent when j + r =

Proof. Note that triangles in A -grstab induce triangles in A-dgstab. By Proposition 5.2.6, the

nonzero component of f; .. ; fits into an exact triangle

E

hf
G5z MET T (—d) @ 5]#M’( d)
hy
ML(—d)
oIt do;
where b} = aFgE ( ) , and

J

y = (el T ) 5500l ().

57&,@”1 " (—db5 )
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Using the identities in Proposition 5.2.5, it follows immediately that this triangle is isomorphic

to the triangle (5.16).

The other two cases are proved analogously. 0

We have described the indecomposable objects and morphisms of A -dgstab in Theorem 5.2.12;

by two easy counting arguments (n even and n odd), there are % indecomposable objects in

A-dgstab. A description of the Auslander-Reiten quiver A -dgstab follows easily.

Definition 5.2.14. For positive integers N, M, let )y s denote the quiver with vertex set V =
Z/NZ x {1,--- , M} and arrows of the form (z,y) — (z + 1,y + 1) for 1 < y < M and
(x,y) = (z,y—1)for1l <y < M.

Corollary 5.2.15. If d is even, the Auslander-Reiten quiver of A-dgstab is the cylinder Q) P o Ifd
is odd, the Auslander-Reiten quiver is the Mobius strip Qp,,/T, where T is the involution sending
(x,y)to (x —y+ #, n+1—1y). The indecomposable morphisms representing the arrows can
be chosen such that all squares commute (up to powers of 1), and a composition of arrows out of
vertex (x,y) is zero if and only if the composition contains at least y vertical arrows or at least

n + 1 — y diagonal arrows.

Example 5.2.16.
3

l/l/l/l/l/l/l/l
l/l/l/l/l/l/l/l

The Auslander-Reiten quiver of A-dgstab forn = 3,d = 2.

Corresponding numbered vertices are identified.

S
S
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The Auslander-Reiten quiver of A-dgstab forn = 3,d = 1.

Corresponding numbered vertices are identified.

Proof. An easy counting argument shows that there are exactly % indecomposable objects in
A-dgstab (regardless of parity of n), and that there are % vertices in the corresponding candidate

quivers. We first make explicit the bijection between vertices and indecomposable objects.

Fordeven,z € Z/£7Z,and 1 < y < n, associate the vertex (z, y) with the object Mg((d+2)x);
the isomorphism class of this object is independent of the choice of representative of = since d + 2
is even. For "] < y < n, note that Mg((d +2)z) = MLTy((d +2)(z+n+1—-y)—1),
withl <n+1—y < [®]. Since (n + 1)(d + 2) = 2 in Z/PZ and both d and P are even, we
have that (d + 2) = (2) is an index 2 subgroup of Z/PZ. Thus, for fixed 1 < y < %+, the above
mapping sends {(z,y) | 0 < z < £} onto {Mg(%) |0<i<Z} Forfixedl <n+1—y< 2,
the mapping sends {(z,y) | 0 < = < £} onto {M1(2i + 1) | 0 < i < £}. If nis odd, then d + 2
generates Z/£7 and so {(z, ™) | 0 < = < £} maps onto {ML_(i) | 0 < i < £}. Thus the
above mapping establishes a bijection between the indecomposablz objects of A-dgstab and the

vertices of Qg n

When d is odd, associate the vertex (x,y) of Qp,, to the object Mg ((d+ 2)z). Note that d + 2
isodd and (d+2) D (2) in Z/ PZ; therefore d + 2 generates Z/ PZ. Thus, for each 1 < y < n, the
above mapping establishes a bijection between {(z,y) | 0 < z < P} and {Mg(z) | 0 <i< P}
In particular, we have a two-to-one map from the vertices of ()p,, to the indecomposable objects
of A-dgstab. Furthermore, a straightforward computation using Equation (5.8) of Lemma 5.2.9
shows that (x, y) and 7(z, y) have the same image. Thus the map defines a bijection between the

vertices of ()p,,/T are the indecomposable objects of A -dgstab.

It remains to show that the edges of the candidate quivers correspond to the indecomposable
morphisms. For d of arbitrary parity, every length one indecomposable object of A-dgstab has
one indecomposable morphism in and out; all other objects have two indecomposable morphisms
in and out. Thus the degrees of the vertices in the Auslander-Reiten quiver agree with the degrees
of the vertices of the candidate quivers. Note that both candidate quivers are symmetric about

. For a vertex (x,y), let y = min{y,n + 1 — y}. For vertices (z,y)

the central line y = "TH
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which do not lie on the central line, it is straightforward to verify that shifts of the indecomposable
morphism fj ;151 correspond to the arrows exiting (z,y) and pointing away from the central
line. Similarly, shifts of the morphism fj 515 correspond to the arrows pointing towards the
central line, and shifts of g» = » correspond to arrows crossing the central line. For vertices of the
form (z, 2£+), when d is even associate fnTH7nT+1_1’nT+1_1 to the vertical arrow and gng1 nt1 g 1
to the diagonal arrow. When d is odd, it is necessary to make this assignment in the quiver Q) p,,
since 7 swaps vertical and diagonal arrows. The resulting assignment is compatible with 7 by

Equation (5.11). This establishes the isomorphism of directed graphs between the Auslander-

Reiten quiver and the candidate quivers.

With the above assignment of morphisms to the arrows of the Auslander-Reiten quiver, it fol-
lows directly from the composition formulas in Theorem 5.2.12 that all squares commute, up to

powers of 1.

To determine when a composition is zero, it suffices to consider compositions starting at the
vertex (0,y), 1 < y < n. Suppose d is even, and choose a composition of morphisms starting at
(0,y) and consisting of s vertical arrows and ¢ diagonal arrows. We may choose to represent the
vertex (0, y) by the module Mg ; In this case a vertical arrow has as its unique nonzero component
the canonical morphism Mg — ng in A-grstab, and a diagonal arrow has unique nonzero

component Mg — Mg(—d). Thus a morphism consisting of 0 < s < y vertical arrows and

0 <t <n+1—y diagonal arrows has the canonical morphism Mg — Mﬁ(—détw) as its
unique nonzero component. When s = y, the composition becomes zero in A-grmod, and when
t = n+ 1 —y, it becomes zero in A-grstab; in either case, the morphism vanishes in A -dgstab.
For s > yort > n+ 1 —y, the morphism factors through a morphism with s = yort =n+1—y,

hence is zero.

When d is odd, the automorphism 7 sends vertical arrows to diagonal ones and vice-versa,
hence the notion of “vertical” and “diagonal” arrows are only locally defined. However, once a
local choice of definition is made at the vertex (0, y), the argument in the preceding paragraph

applies without change. 0
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CHAPTER 6

A Combinatorial Model for Perverse Equivalences

6.1 Construction of the Model

In this chapter, we shall study the action of perverse equivalences on the category A-dgstab,
where A is the Brauer tree algebra described in Chapter 5. By construction, the socle of A is
concentrated in degree —d, for a fixed d > 0. By Corollary 3.1.19, A-dgstab is a (—d — 1)-
Calabi-Yau category, hence we may study the theory of perverse equivalences as defined in Chapter
4. In this chapter, we shall study the action of the group = on the sets £ (resp., g) of bases
(resp., orthogonal tuples) in A-dgstab (see Definitions 4.1.1 and 4.1.6). To accomplish this, we
shall construct a combinatorial model for A -dgstab, in which objects are represented by beads of
varying lengths on a circular wire. In this model, elements of £ will correspond to certain maximal
non-overlapping arrangements of beads. Our main result is Corollary 6.2.21, in which we show

that £ = &.

For the action of = to be well-defined, we must show that A -dgstab admits (d + 1)-orthogonal
maximal extensions. Rather than do so directly, we will instead define the action of = on the set of

bead arrangements, and show that the induced action of £ agrees with our original definition.

All notation will be as in Chapter 5, with one exception. For simplicity, we shall write the
indecomposable A-modules as M ¢ rather than sz since we will not use the order on Z/nZ in

this chapter, the simpler notation will cause no confusion.
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6.1.1 Beads on a Wire

We now begin construction of our combinatorial model. We shall associate indecomposable objects

of A-dgstab to beads of varying lengths on a circular wire.

We consider the set Z /P 7, viewed as a collection of evenly-spaced points on a circular wire
of length P = (n + 1)(d + 2) — 2. For integers ¢, j, we shall denote by [[7, j]] the image of the
closed interval [i, j] N Z in Z /P Z.

Definition 6.1.1. Let i, [ be integers, with 1 < [ < n. Define B;(7) to be the interval [[i—[(d+2), i]].
We refer to B;(i) as a bead of type [ in position i. We refer to the interval [[i —(d+2)+1,i— 1]]
as the well of B(i). The intervals [[i — I(d + 2),i — {(d + 2) + 1]] and [[i — 1, ¢]] are the ridges of
B,(i), and the points i — {(d + 2) and ¢ are the endpoints of B(7).

Remark. We shall often identify the integer i in the above definition with its image in Z / P Z. This
shall cause no confusion, as the definition depends only on the image of i. We shall also view (j)

as a shift operator on the set of beads, so that B;(i)(j) = Bi(i + 7).

The total length of a bead of type [ is I(d + 2). Geometrically, we view the beads as possessing
an interior well, a depression of length [(d+ 2) — 2 into which other (smaller) beads may be placed.
This well is surrounded by two ridges of length one, over which other beads cannot be placed. We
give an illustration in Figure 6.1. Since no beads can fit in the well of a bead of type 1, we will

depict these beads without ridges or a well; this is a purely aesthetic choice.

Definition 6.1.2. Let 1 < r <[ < n, and leti,j € Z. We say the beads B;(i) and B,(j) do not
overlap if one of the following holds:

D[[j—r(d+2),j]] Cli—I1(d+2)+1,i—1]]; thatis, B,(j) is contained within the well of B;(7).
2) [[j —r(d+2),4]] C [[i,i—I(d+2)+ P]); that is, B,(j) lies outside of B;(i) (though the beads’

endpoints may touch).

Remark. Note that condition 2) is symmetric with respect to B;(¢) and B, (j), and condition 1) can

only occur if r < [.

In Figure 6.1, none of the beads overlap with one another. Bead B;(5) lies inside the well of

By(7). Bead B;(0) lies outside of By (7).
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Figure 6.2: A bead and its partner; n = 3,d = 1

Since the length of the wire is P = (n + 1)(d + 2) — 2, there is not quite enough room on the
wire for two beads of types [ and n + 1 — [. However, two such beads can be placed on the wire in
such a way that they intersect precisely along their ridges. This motivates the following definition

and proposition:

P

Definition 6.1.3. Let B;(i) be a bead. Define the partner of B;(i) to be the bead B;(i) :=
Bpy1(t —U(d+2) + 1).

—_~—

It is easy to verify that B;(i) and B(i) intersect precisely along the ridges of both beads, and

that the function taking a bead to its partner is an involution. See Figure 6.2.

If B;(i) and B,.(j) are two beads, note that B,.(j) lies in the well of B;() if and only if B,.(j)

—_—~—

lies outside Bl\(z/) In this case, then B,.(j) and B;(i) will necessarily overlap, and B;(7) will lie in

—_——

the well of B,.(j).
We now relate beads to the indecomposable objects of A-dgstab.
Definition 6.1.4. Given a bead B(i), define the associated object of B;(i) to be the object

M}!(i) € A-dgstab. Let ® be denote the function mapping a bead to (the isomorphism class

of) its associated object.

Remark. Note that B;(i+ P) = By(7) for any 1, so that ® is well-defined when viewed as a function

of [ and 7.
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Proposition 6.1.5. ® defines a two-to-one map from the set of beads onto the set of (isomorphism

classes of) indecomposable objects of A-dgstab. Each bead has the same image as its partner.

Proof. By Proposition 5.2.10, every object of A-dgstab is isomorphic to M} (i) = ®(By(4)) for
some 1 <[ < L”THJ 0 <4 < Pj; thus @ is surjective. A straightforward counting argument
shows that there are n P beads, and Corollary 5.2.15 shows that A -dgstab has % indecomposable
objects, up to isomorphism.

—_—
[

A straightforward calculation using Proposition 5.2.9, Equation (5.8) shows that ® (M (7)) =
Q@ (M} (2))(1) = ®(M}(i)). Since every indecomposable object has at least two preimages under

®, it follows by the pigeonhole principal that ® is two-to-one. U

Remark. Note that if [ < ”T“ each M (i) is the associated object of a unique bead of type [ and
a unique bead of type n + 1 — [. When [ = ”TH (note this requires n to be odd), both preimages
of M} (i) are beads of type “+. Taking the partner of a bead corresponds to applying (1) to its

associated object.

Proposition 6.1.6. Ler 1 < r <1 < |®EL|. Then the beads B,(i) and B, (j) do not overlap if and
only if ®(By(i)) and ®(B,(j)) are distinct and independent.

To prove the above Proposition, it will be helpful to reformulate Definition 6.1.2.
Lemma 6.1.7. Let 1 < r < [ < n. Two beads B,(i) and B,(j) do not overlap if and only if

[j=r(d+2)+1,7]]n{i—=1(d+2)+1,i} = 0 (as subsets of Z.] PZ).

Proof. Note that changing 7 and j by a multiple of P does not affect the statement of the lemma.

Suppose By(i) and B,(j) do not overlap. Suppose condition 1) of Definition 6.1.2 holds, that

is, B,.(j) lies in the well of B;(z). Then ¢ and j may be chosen so that
i—Ud+2)+1<j—r(d+2)+1<j<i<i+l(d+2)+1+P

Thus neither i nor i — I(d + 2) + 1 lies in [[j — 7(d + 2) + 1, j]], hence the intersection is empty.

If condition 2) holds (i.e., B,.(j) lies outside of B;(7)), then i and j may be chosen so that

i<j—rd+2)+1<j<i—Ild+2)+P<i—Il(d+2)+1+P<i+P
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Once again, the intersection is empty. This proves the forward direction.

For the reverse direction, suppose the intersection is empty. Then, of the six potential cyclic
orderings of {j — r(d + 2) + 1,4,i — I(d + 2) + 1,i} inside Z /P Z, the only two consistent
possibilities are:

i—=ld+2)+1<j—r(d+2)+1<j<i<i—Il(d+2)+1+P
or

j—rd+2)+1l<j<i—-ld+2)+1<i<j—r(d+2)+1+P
The first case implies that B,.(j) lies in the well of B;(4). The second implies that B,.(j) lies outside
of By(7). In both cases, B;(i) and B,.(j) do not overlap. O

We now prove Proposition 6.1.6.

Proof. ®(B,(i)) and ®(B,(j)) are distinct and independent in A-dgstab if and only if, for all
0<m<d,

Hom(M;' (i), M, (j — m)) = Hom(M, (7), M; (i —m)) = 0
Since A-dgstab is —(d + 1)-Calabi-Yau, we can rewrite the above condition as
Hom (M}, M!(j —i —m)) = Hom(M}, M}(j —i+m —d—1)) =0
for all 0 < m < d. This can be further simplified to
Hom (M}, M}(j —i—m)) =0

forall0 <m <d+1.

By Theorem 5.2.12 this holds if and only if, forall 0 < m < d + 1,

j—i—m ¢{(d+2)(r—k)|1<k<rju
{d+2)(n+1—-Fk)—1|1+1—-7r<Ek<I}

|}
j—1 ¢[[0,(d+2)(r — 1) +d + 1]]U
[(d+2)(n+1—=0)—=1,(d+2)(n+7r—1)+d]
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j—i ([0, (d+2)r = U [[—(d+2)I +1,(d +2)(r — 1)]]
0

j—i,j—i+1l(d+2)—-1 ¢[[0, (d +2)r — 1]]

ivi—1(d+2)+1 ¢llj—r(d+2)+1,7]

where the above sets are viewed as subsets of Z /P Z if r < "L and as subsets of Z /(L) Z if

n+1

="

Ifr < "T“, the last condition is precisely that which appears in Lemma 6.1.7, and we are done.
Ifr = ”T“, then necessarily | = ”TH In this case, B,(j) and By(i) always overlap, since the
length of both the well and the outside of By(i) is “*(d + 2) — 2, which less than the length of
B,.(j). Thus it suffices to show that there are no pairs of distinct, independent objects of length
24l Since —r(d +2) + 1 = —Z, the interval [[j — 7(d + 2) + 1, j]] is equal to Z /(%) Z, hence

there can be no pairs of distinct, independent objects of length "T“ [

Proposition 6.1.6 can be partially extended to beads of unrestricted length.

Proposition 6.1.8. Let 1 < r, | < n. If B)(i) and B,(j) do not overlap, then ®(B,(i)) and

®(B,.(j)) are distinct and independent.

Proof. Without loss of generality, we may assume r < [. By Proposition 6.1.5, a bead and its part-
ner have the same associated object, so we can replace any bead with its partner without affecting
the conclusion of the Proposition. We shall reduce to the case where r < [ < VLTHJ and apply

Proposition 6.1.6.

We may assume that [ > || Since r < [, note that either B,(j) is contained in the

well of B;(i) or lies outside. In either case B;(i) and B,(j) do not overlap, and B;(i) has type

n+1—1< |2 Thusif r < | ], we have completed the reduction. Otherwise, 7 > [ %],

o~ —~— -~

hence B,.(j) is longer than B;(i). Repeating the same argument as above, B,.(j) and B;(i) do not
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overlap, and both beads have type less than L"T“J , hence their associated objects are distinct and

independent. [

Remark. The converse to Proposition 6.1.8 is false. Given a pair of non-overlapping beads, by
replacing beads with their partners we can obtain four distinct pairs of beads with the same image

under ®. Of these four pairs, exactly one will overlap.

6.1.2 Bead Arrangements

We now translate the notion of an orthogonal tuple into the language of beads.

Definition 6.1.9. A colored bead arrangement is an n-tuple whose entries are mutually non-
overlapping beads. An (uncolored) bead arrangement is a set of n mutually non-overlapping
beads. A free bead arrangement is a bead arrangement, taken up to a rotation of the wire. We let
CBA (resp. BA, FBA) denote the set of all colored bead arrangements (resp. bead arrangements,

free bead arrangements).

Definition 6.1.10. Let B be a bead in a (colored, uncolored, or free) bead arrangment A. Define
the height H(B) of B in A to be the number of beads B’ in A such that B C B’. If Bisina
colored bead arrangement, we define the color of B to be the integer i € {1,--- ,n} such that B

is the ith entry of the tuple.

Figure 6.1 shows an uncolored free bead arrangement. The height of B;(5) is 2, and the height

of the other two beads is 1.

The following statement is an immediate corollary of Proposition 6.1.6.

Proposition 6.1.11. ¢ induces surjections

CBA —» £

FBA — &/ ~

Proof. Choose (X;); € E. By Proposition 6.1.5, for each i there exists a bead B* of type [, 1 < [ <

|21 ], such that ®(B’) = X;. By Proposition 6.1.6, the B’ are mutually non-overlapping, since
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the X; are mutually independent. Thus (B?); is a colored bead arrangement and ®(B*); = (X;);.
If C' is a bead obtained from B° by a rotation of the wire, then ®(C?) is a shift of ®(B?). Thus the

second function is well-defined, and it is clear from the above argument that it is surjective. [

We would like to further restrict the class of bead arrangements so that the surjective maps
defined above become bijections. The above proof suggests that we restrict our attention to ar-

rangements in which only beads of type 1 < [ < L"T“J are permitted. For n even, this is the

correct solution, as ¢ induces a bijection between the beads of type 1 < [ < ”T“ and isomor-
phism classes of indecomposable objects of length [. However, if n is odd, and [ = "T“, then ¢
is two-to-one on the set of beads of type [. To resolve this issue, we introduce a new object to our

combinatorial model.

P

Definition 6.1.12. A circlet is a set C'(i) = {BnTH (1), B (1)} consisting of a bead of type "+

and its partner.

Geometrically, we interpret C'(7) as both beads, glued along their overlapping boundaries. (See
Figure 6.3.) Thus, C/(i) divides the ring into two wells of length 1 (d + 2) — 2, separated by the
two ridges [[i — 1,4]] and [[i — 2 (d + 2), i — %+ (d + 2) + 1]]. Note that we can apply ® to C(7),

since both elements of C'(7) have the same image under ®. Furthermore, ® establishes a bijection

between the set of circlets and the set of isomorphism classes of indecomposable objects of length

n+1
— -

Definition 6.1.13. A bead B,(j) and a circlet C(i) do not overlap if B, (j) does not overlap with
either bead in C'(3).

Note that if » > ”T“, B,.(j) will always overlap with at least one of the beads in any circlet
C(i), and if r < ™, then if B,(j) does not overlap with one of the beads in C'(¢), it will not

overlap with either.

Definition 6.1.14. A (colored, uncolored, or free) bead arrangement is called reduced if all beads
in the arrangement have type 1 < ! < |t ], and any bead B a1 (7) is replaced by the correspond-
ing circlet C'(i). We denote by RCBA (resp. RBA, RFBA) the set of reduced colored bead

arrangements (resp. reduced bead arrangements, reduced free bead arrangements).
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By (5) B1(0)

Figure 6.3: The reduced colored bead arrangement (C(7), B1(5), B1(0));n =3,d =1

Note that since any two beads of type ”T“ overlap, there can be at most one circlet in any
type of reduced bead arrangement. A reduced colored bead arrangement with a circlet is shown in

Figure 6.3.
Proposition 6.1.15. ® induces bijections

RCBA < &

RFBA < &/ ~

Proof. Surjectivity of both maps follows immediately from the proof of Proposition 6.1.11. Since

n+1

® induces a bijection between beads of type 1 < [ < *7= and isomorphism classes of indecompos-

able objects of length [, as well as between circlets and isomorphism classes of indecomposable

n+1

objects of length *3

, it follows that both maps are injective. [

6.1.3 Counting &

In this section, we determine the cardinality of E. By Proposition 6.1.15, it suffices to count the
number of reduced colored bead arrangements. It is easy to reduce the problem to counting the

reduced free bead arrangements.

Proposition 6.1.16. |[RCBA| = n!- P - |RFBA|

Proof. The canonical map RC'BA — RBA sending an n-tuple to a set is clearly surjective and
n!-to-one. The canonical map RBA — RF BA sending a bead arrangement to its equivalence

class under rotation is clearly surjective and P-to-one. [

Given a bead arrangement, one can draw a plane tree by associating a vertex to each bead and

drawing an edge to each bead sitting directly on top of it.
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Definition 6.1.17. Given an uncolored bead arrangement A, define the rooted plane tree (P(A), r4)
as follows: The vertices of P(A) are the beads of A, plus a new vertex, 74, associated to the wire.
The vertex 74 is defined to be the root of the tree. Draw edges between 4 and each bead of height
1. Draw an edge between B;(i) and B,.(j) if and only if the difference in height between the two
beads is 1 and one bead contains the other. Associating the vertex B;(i) with i € Z/PZ, the natural
cyclic ordering on Z/PZ induces a cyclic ordering of all non-root vertices. This induces a cyclic
ordering of the edges around each vertex of height # 1. For a vertex B (i) of height one, the edge

incident to 74 is ordered as though it had value .

We refer to (P(A),r4) as the tree associated to A. The isomorphism class of (P(A),r4) (as

a rooted plane tree) is called the class of A.

We give two examples of bead arrangements and their associated trees in Figure 6.4. The root
of each tree is the bottom-most vertex. Note that the two trees in Figure 6.4 are isomorphic as
trees, but not as plane trees, hence the two arrangements do not have the same class. Intuitively,
two bead arrangements will have the same class if and only if they differ by a rigid motion, where
beads are allowed to move along, but not through, each other. In particular, it is straightforward to

check that P(A) is invariant under rotation of the wire, hence the map A +— (P(A),r4) is defined

===

N e
E/

for free bead arrangements.

Figure 6.4: Two bead arrangements and their associated plane trees; n = 4,d = 1

The following properties of the map A — (P(A),r4) are straightforward to verify. We refer

to Section 2.10 for terminology.
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Proposition 6.1.18. Ler A be a (free or uncolored) bead arrangement, and let By(i) be a bead in
A. Then:

1) The depth of the vertex B (i) in P(A) is equal to the height of By(i) in A.

2) The weight of By(i) in (P(A),r4) is l.

3) If B,(i) has height one, let A’ denote the bead arrangement obtained by replacing By(i) with
its partner. Then there is a canonical isomorphism of plane trees P(A) = P(A') induced by
identifying the trees’ common non-root vertices. Identifying the two trees via this isomorphism,

(P(A"),r4) is a rebalancing of (P(A),r4) in the direction of By(i).

Proof. Given two beads B and B’ in A, B is an ancestor of B’ in (P(A),r,) ifand only if B’ C B.

The first statement follows.

For the second statement, we first prove that W (B;(i)) < [, by induction on [. If | = 1, then
the statement is immediate, since B (¢) contains no bead but itself and is therefore a leaf. Suppose
the result holds for beads of type & < I. Suppose the children of B;(i) are {B,,(y;)}5-,. Since
a bead of type k has length k(d + 2), and since the beads B,,(y;) are mutually non-overlapping
beads inside the well of B;(i), we have that ;oj <1 —1. Thus,

W(B —1+ZW ) <1+ w <l 6.1)

J

and the inductive step is complete.

Note that (6.1) remains true if B;(7) is replaced by r4, and [ by n + 1, since the ring has the
same length as the well of a (hypothetical) bead of type n + 1. Furthermore, if equality holds in
(6.1), then W(B,,) = z; for all j. Thus, equality at a vertex v implies equality at all descendants

of v. Equality holds at 74 by construction, hence at all vertices. This proves the second statement.

The isomorphism in the third statement identifies r4 with B;(i) and By(7) with 74/; the re-
maining vertices are shared by the two trees. The rest of the statement follows directly from

definitions. L]

Motivated by the previous proposition, if A is a (free or uncolored) bead arrangement, and A’

is a bead arrangement obtained from A by replacing a height one bead B;(i) by its partner, we
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say that A’ is a rebalancing of A in the direction of B;(i). Thus, the third statement of the pre-
vious proposition can be restated as saying that the rebalancing operation commutes with taking
the associated tree of a bead arrangement. By repeatedly rebalancing a tree in the direction of
vertices of weight greater than L”T“J, one eventually obtains a balanced tree. Performing the cor-
responding operation on bead arrangements, we see that reduced bead arrangements are precisely

the analogues of balanced trees. More precisely:

Corollary 6.1.19. Let A be a free bead arrangement. Then A defines a reduced free bead arrange-
ment A if and only if (P(A),r 4) is balanced. In this case, A contains a circlet C' = { B, B} if and
only if P(A) has two balancing roots. In this case, let A’ be the other free bead arrangement defin-
ing A, with B € Aand B € A'. After identifying P (A) and P(A") via the canonical isomorphism,

B and B are the two balancing roots of the tree.

Proof. A defines a reduced free bead arrangement if and only if every bead is of type at most "T“
By Proposition 6.1.18, this holds if and only if P(A) is balanced. If A defines a reduced free bead
arrangement, A contains a circlet if and only if A contains a height one bead of type "T“, if and
only if P(A) contains a depth one vertex of weight "T“ By Proposition 2.10.2, this happens if
and only if P(A) has two balancing roots. In this case, A’ is a rebalancing of A in the direction of

B and A is a rebalancing of A’ in the direction of B. Identifying the two trees, B and B’ are the

vertices incident to the edge of weight ”T“ and thus are the two balancing roots. 0

By Corollary 6.1.19, the map A +— P(A) is well-defined for reduced free bead arrangements,
if we interpret P(A) as an isomorphism class of plane trees. We define P(A) to be the class of A,

as for free bead arrangements.

We are now ready to count the reduced free bead arrangements. The key result is the following

lemma:

Lemma 6.1.20. Let (T, ) be a rooted plane tree with n edges. Then the number of free bead
arrangements A of class (T, r) is
d+le(r)] —1 d+ |e(v)]
Nr, = 6.2
p ( y 11 p (6.2)
veVr—{r}
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Proof. We describe a choice procedure for constructing an arbitrary free bead arrangement of
class (7',r). Starting with the root and working upwards, we associate beads to the children of

each vertex of the tree.

First, we specify the placement of the height one beads. Write c(1) = {v; < v < -+ < vy <
vy } as a cyclically ordered set. (Note k = |c(r)|.) We shall place beads of type W (vy), W (va), - - -,
W (vy,) sequentially on the wire, so that their right edges form an increasing sequence in Z/PZ.
Since a free bead arrangement is defined up to a rotation of the wire, we assume without loss of
generality that the right edge of the bead corresponding to v; is at position 0. Since the ¢th bead
has type W (v;), and 3-F_ W (v;) = n, the k beads take up a total of n(d + 2) space on the wire,
which has total length n(d + 2) 4 d. Thus, to uniquely specify the position of the height one beads
(up to rotation of the wire), we need to distribute the d empty spaces amongst the & gaps between

beads. There are (d+2_1) = (d+|cg)|_l) such choices.

Next, given any vertex v corresponding to a bead B of type [ already placed by our choice
procedure, we must place the beads which lie in the well of B and have height H(B) + 1. It is
clear that the number of such placements depends only on the type of B and is independent of its
horizontal placement. Thus we may identify the well of B with the interval [0, [(d + 2) — 2]. Since
v#r, Cv) ={w <--- < w} is totally ordered (i.e., the parent of v lies between wy, and w,
in the cyclic ordering). As before, we place beads of type W (wy), -+ , W (wy) sequentially, from
left to right. Once again, there is a total of d empty space in the well of B, and uniquely specifying
the position of the beads in the well is equivalent to distributing d empty spaces amongst the £ + 1

gaps found between the k beads and the two walls of B. There are (*1*) = (**“")l) such choices.

It is clear that this choice procedure uniquely specifies all free bead arrangements of class
(T, r). Since the choices made at each vertex are independent of previous choices, this establishes

the formula. ]

Corollary 6.1.21. Let (T, r) be a rooted plane tree. The quantity N, is independent of r.

Proof. 1t suffices to show that N, = Ny, for adjacent vertices r and r’. Let X, denote the set of
free bead arrangements of class (7', ), and similarly for . For each arrangement A € X, there

is a unique bead B of height 1 corresponding to the vertex r’; let A’ denote the rebalancing of A
88



in the direction of B. By Proposition 6.1.18, the map A — A’ defines a function [ : X, — X,.
By rebalancing A’ in the direction of B, we recover A; thus A’ — A is a well-defined inverse of f.

Thus NT,r = |X7" = ’Xr/| = NT,T‘/' —

Remark. In view of Corollary 6.1.21, we shall drop the r from the subscript and simply refer to
the quantity Np. It is not difficult to prove Corollary 6.1.21 directly, without reference to bead

arrangements.
We are now ready to state the main result of this section.

Theorem 6.1.22.

€/ ~|=|RFBA|= Y Nr (6.3)
TePTn

€] = [RCBA|=(n!)- P+ Y Nr (6.4)
TePTn

Proof. The left-hand equalities were proved in Proposition 6.1.15. By Proposition 6.1.16, Equa-
tion (6.4) follows immediately from Equation (6.3). Thus it suffices to prove that |RFBA| =

ZTGPTn Nr.

If T" has a unique balancing root r, then by Corollary 6.1.19 the free bead arrangements of class
(T, r) are in bijection with the free reduced bead arrangements of class 7', hence by Lemma 6.1.20

there are Ny reduced free bead arrangements of class 7'.

If T has two balancing roots r and 7/, then by Corollary 6.1.19 the free bead arrangements
of class (7, r) are in bijection with the free bead arrangements of class (7, ') and also with the
reduced free bead arrangements of class 7'. Therefore there are again Ny reduced free bead ar-

rangements of class 7. ]

6.2 The Action of Perverse Equivalences

6.2.1 Bead Collisions and Mutations

So far, our combinatorial model has allowed us to determine the size of £. Our next task is to

describe the action of = on & (see Definition 4.1.6). We have not yet shown A-dgstab admits
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(d+1)-orthogonal maximal extensions; instead, we shall define an action on C'B A which descends

to &. , and show that this is the desired action.

The intuition behind this action is as follows: given a colored bead arrangement A, aset S C [n]
acts on A by sliding all beads of color i ¢ S one unit in the counterclockwise direction. The
resulting tuple of beads need not be a colored bead arrangement, as some of the beads may now
overlap. When this happens, we apply various “mutations” to the moved beads by extending or

shrinking them depending on the nature of the collision.

Definition 6.2.1. Let BT be the set of all n-tuples of beads (with overlaps allowed). Define an
action of = on BT as follows. Leto € &,,, S C [n],and T = (B',--- , B") € BT. Then:

o-T:=(B°W, ... B°M)

Y

ST :=(B"(—bigs), -+, B"(—0ngs))

S7H-T = (B'(digs), ++ » B"(ngs))
We refer to this action as the naive action on bead tuples.

Clearly, CBA C BT is not stable under the naive action. However, we are able to classify the

ways in which collisions can occur between beads.

Definition 6.2.2. Let B! and B? be beads.

We say that B! has a left collision of Type I with B? if B! N B? is precisely the left ridge of
B! and the right ridge of B2.

We say that B* has a left collision of Type II with B2 if the left ridge of B* coincides with the
left ridge of B?, and B'(1) lies in the well of B.

We say that B! has a left collision of Type III with B? if the right ridge of B! coincides with
the right ridge of B2, and B? lies in the well of B*(1).

We define the mirror notion of right collisions by reversing all instances of “left” and “right” in
the above definitions, and replacing all positive shifts with negative shifts. We shall work almost
exclusively with left collisions throughout this paper. When we do not specify left or right, we

shall always mean a left collision.
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We shall say B! is Type I, 11, or III left adjacent to B2 if B(—1) has a Type I, I, or III left

collision with By. We define right adjacency analogously.

Remark. Let A = (B',--- B") be a colored bead arrangement and S C [n]. It is clear that for
any B' and B? in A, B'(—1) and B’(—1) do not overlap; thus two beads in S - A can overlap
only if one is moved by S and the other remains stationary. It is easy to verify that a moved bead
B'(—1) and a stationary bead B’ in S - A overlap if and only if B*(—1) has a left collision with
BJ. Similarly, a moved bead B?(1) and a stationary bead B’ in S™! - A overlap if and only if B*(1)

has a right collision with B’.

For = to define an action on C'B A, we must develop a means of correcting collisions. For each

type of collision, we introduce a corresponding mutation that resolves the collision.

Definition 6.2.3. Let B! = By, (i1), B> = By, (i) be beads.

If B! has a Type I left collision with B?, define the Type I left mutation of B' to be the bead
M;(BY) = By, 11, (i1).

If B! has a Type II left collision with B2, define the Type II left mutation of B* to be the bead
Mi(BY) = By, 1, (is — 1).

If B! has a Type III left collision with B2, define the Type III left mutation of B* to be the
bead Myy1(B) = By, u, (i1 — lo(d + 2)).

Right mutations are defined analogously. As with collisions, we shall simply write “mutations”

when referring to left mutations.

If A= (B',---,B") € BT, and for some i there is a unique j such that B* has a Type r
collision with B’, define M (A) to be the tuple obtained from A by replacing B’ with M, (B").

Each of the three types of mutation corresponds to an intuitive physical transformation of the

bead.

In a mutation of type I, we extend the length of B!, keeping the right endpoint fixed, until B?
lies in its well. B? will be Type II left adjacent to M;(B*'). This process is illustrated in Figure 6.5

below.
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B? B!

Mi(BT)

Figure 6.5: Top: A Type I left collision of B* with B2
Bottom: A Type I mutation of B!,
n=3d=1

In a mutation of type II, we “reflect” B! inside the well of B2. B? will be Type III left adjacent
to M;;(B*), and the left ridge of M;;(B*) will coincide with the right ridge of B. M;;(B") could

be described as the “partner of B*, relative to B2”. This is illustrated in Figure 6.6.

Bl

B2

M]](Bl)

B2

Figure 6.6: Top: A Type II left collision of B! with B2.
Bottom: A Type II mutation of B!,
n=3d=1

In a mutation of type III, we shorten B, keeping the left endpoint fixed, until B2 no longer

overlaps with it. B? will be Type I left adjacent to M;;;(B'). This is illustrated in Figure 6.7.
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BQ
Bl

V)| B

Figure 6.7: Top: A Type I left collision of B! with B2
Bottom: A Type III mutation of B!.
n=3d=1

We are now ready to define an action of = on C'BA.

Definition 6.2.4. Leto € &,,, S C {1,---n},and A = (B',--- | B") € C BA. Define an action
of = on C'BA according to the following procedure. We denote this action by o to distinguish it
from the naive action - defined in 6.2.1.

HletSoA:=S-Aif S-A e CBA.

2)If S - A ¢ CBA, apply Type I left mutations to S - A until there are no Type I left collisions
between beads in S - A. The mutations may be applied in any order. Call the resulting tuple
M (S - A).

3) Apply Type III left mutations to M;(S - A) until there are no Type III left collisions between
beads in M;(S - A). The mutations may be applied in any order. Let M;;; M;(S - A) denote the
resulting tuple.

4) Apply Type II left mutations to M ; M (S - A) until there are no Type II left collisions between
beads in M M;(S - A). The mutations may be applied in any order. Call the resulting tuple
My My Mi(S - A).

5) Apply Type III left mutations to My MM (S - A) until there are no Type III left collisions
between beads in My M M;(S-A). The mutations may be applied in any order. Call the resulting
tuple S o A.

6) Define S~! o A in analogy with 1-5) above, but replacing the word “left” with “right”.

NLletocoA:=0c-A.
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This action is illustrated in Figure 6.8 below. If the red bead in the upper figure is moved to the

left, it undergoes mutations of Type I, III, II, and III, which produces the lower figure.

Remark. The procedure for computing the action is chosen to simplify the proof that S o A is
a well-defined colored bead arrangement. In fact, one can apply mutations to resolve collisions
in any order. The final colored bead arrangement remains the same, as does the total number of

mutations. However, we do not prove this.

One could define an alternative procedure, in which the Type II mutations occur in Step 3,
followed by Type I mutations in Step 4, with the rest of the instructions unchanged. It is easy to
check that applying M, to a bead with a Type III collision produces a bead with a Type I collision,
and that M;M;; = M;;Mpr;. Thus the two procedures diverge at Step 3 but reconverge at Step 4.
The careful reader may have noticed that the action of S~! does not actually perform the inverse
operations of the original procedure in reverse order; instead, it performs the inverse operations of
the alternative procedure in reverse order. Since the two procedures are equivalent, we have that S

and S~! act inversely.

L T

T

L
|

Figure 6.8: Shift the red bead (top figure) one to the left to produce the bottom figure. n = 5,
d=1

Proposition 6.2.5. Let all notation be as in Definition 6.2.4. The algorithm defining S o A termi-
nates and S o A € CBA. The action of = on C BA is well-defined.

If So A is well-defined, it follows by symmetry that S~! o A is well-defined. By above remarks,
the actions of S and S~! are mutually inverse, hence the action of Free(P’(n)) on CBA will be
well-defined. It is also clear that the actions of Free(P’'(n)) and &, induce an action of = on

CBA. Thus it is enough to show that S o A is well-defined. We prove this with a sequence of
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lemmas below.

We shall refer to the ith entry of any tuple obtained from S - A via a sequence of mutations as
a moved bead if i ¢ S and a stationary bead if : € S. It is clear that the only overlaps between
beads in .S - A are left collisions of moved beads with stationary beads. Furthermore, a moved bead
can have collisions with at most two stationary beads: a Type I or II collision along its left ridge,

and a Type III collision along its right ridge.

Lemma 6.2.6. M;(S - A) exists; that is, there is a unique tuple in BT which has no Type I left
collisions and is obtained from S - A by a finite sequence of Type I left mutations. The only overlaps

between beads in M;(S - A) are Type I or 11 left collisions of moved beads with stationary beads.

Proof. Write A = (B',---,B"). Let B(—1) be a moved bead in S - A which has a Type I
collision with a stationary bead B’. Apply M} to S - A. The right ridge of M;(B*(—1)) has not
moved and thus causes no new overlaps. The left ridge of M;(B?(—1)) is one unit to the left of the

left ridge of BY, so that B lies in the well of M;(B(—1)).

If M;(B%(—1)) overlaps with some bead B # B’(—1) in S - A, but not in a Type I, II, or III
collision, then one of the ridges of B intersects M;(B*(—1)) somewhere other than its left ridge.
The ridge of B cannot overlap with the left ridge of B*(—1), since B*(—1) already has a Type I
left collision with B7; the ridge of B cannot be in any other position, since this would result in
a forbidden overlap with either B/ or B(—1) in S - A. Thus M;(B’(—1)) overlaps with another
bead in M}(S - A) if and only if it has a Type 1, 11, or III collision.

Since applying M} does not move the right ridge of B*(—1), Type III collisions are not affected
by M. There are three possibilities for the left ridge:
The first possibility is that the left ridge of M;(B*(—1)) does not intersect with any other bead.

In this case, M;(B(—1)) no longer has a Type I collision with any other bead.

The second possibility is that the left ridge of M;(B*(—1)) overlaps with the left ridge of a bead
B*. Note that B* must be a stationary bead, since its left ridge is adjacent to that of the stationary
bead B. Furthermore, both B’ and B’ must lie in the well of B*. In this case, M;(B(—1)) has a

Type II collision with B*, but no longer has any Type I collisions.
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The third possibility is that the left ridge of M;(B?(—1)) overlaps with the right ridge of a bead
B*. Again B* must be a stationary bead. Then M;(B?(—1)) has a Type I collision with B*. In
this case, we apply another Type I mutation to M;(B?(—1)), repeating the process until we are
in either of the first two situations. Each time we apply a Type I mutation, a new stationary bead
is added to the well of B?(—1); since there are only finitely many such beads, this process must

terminate after finitely many steps.

We have shown that for each 4, there is some k; > 0 such that (M})* (S - A) has no Type [
collisions with any other entry. Furthermore, the only overlaps between beads in (M})* (S - A)
are left collisions of moved beads with stationary beads, and the number of beads with a Type I
collision has decreased by one. Note that the above argument applies verbatim if S - A is replaced
with (M})*i(S - A). Applying the argument at the index of each bead with a Type I collision, we
obtain the desired tuple M/ (S - A).

Uniqueness of M/ (S - A) follows from the fact that M} and M } commute for all 7 and 5. [

Lemma 6.2.7. M M;(S - A) exists; that is, there is a unique tuple in BT which has no Type I
or 111 left collisions and is obtained from M (S - A) by a finite sequence of Type III left mutations.
The only overlaps between beads in M M (S - A) are Type Il left collisions of moved beads with

stationary beads.

Proof. We use the same notation as Lemma 6.2.6.

Let B" = (M;)"(B*(—1)) be a moved bead in M;(S - A) which has a Type III collision with a
stationary bead B7. Apply M}, to M;(S- A). The left ridge of M;;;(B") is unchanged and causes
no new overlaps; in particular, M;;;(B") has no Type I collisions. The right ridge of M;;;(B") is

one unit to the right of the left ridge of B7, so the two beads no longer intersect.

Note that it is not possible for the right ridge of M;;;(B") to overlap with the left ridge of a
bead B in M;(S - A). If this were the case, then B* would overlap with either B? or B, and
neither overlap would be a collision. This contradicts our our construction of M;(S - A). More
generally, it is not possible for M;;;(B") to overlap with any bead B in M;(S - A) except in a left

’

collision. Thus, we need only consider the two possibilities for the right ridge of M;;;(B"):
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The first possibility is that the right ridge of M;;;(B") does not overlap with the right ridge of

any other bead. In this case, M;; [(Bi') no longer has a Type III collision.

The second possibility is that the right ridge of M;;;(B") overlaps with the right ridge of a
bead B*. Since the right ridge of B* is adjacent to the stationary bead B’, B must be a stationary
bead, and M H[(Bi/) has a Type III collision with B*. Since each Type III mutation removes a

bead from the well of B, there is some ; such that (A;;;)%(B") has no Type III collisions.

We have shown that for each 4, there exists /; such that (M?,;) M;(S - A) has no Type I or III
collisions with any other entry of M (S - A). The only overlap between beads in (M?;;)5 M;(S- A)
are Type II collisions of moved beads with stationary beads, and the number of beads with a Type
III collision has decreased by one. Once again, we can apply the same argument to M}} M (S-A)

at each remaining bead with a Type III collision. This produces the desired tuple M;;; M;(S - A).
Uniqueness of My M;(S - A) follows since M?;; and M } ;; commute for all ¢ and j. [l

Lemma 6.2.8. M M;;;M;(S - A) exists; that is, there is a unique tuple in BT which has no
Type I or 11 left collisions and is obtained from M M (S - A) by a finite sequence of Type II left
mutations. The only overlaps between beads in MM M;(S - A) are Type Il left collisions of

moved beads with stationary beads.

Proof. We use the notation of Lemma 6.2.7. Write B"" = M (B") for each moved bead in

M[[]M[(S . A)

If B" has a Type II collision with the stationary bead B7, then M;;(B"") lies in the well of 7.
The left ridge of M;;(B"") coincides with the right ridge of B*", and the right ridge of M;;(B"")
is adjacent to the right ridge of B’. Since B*" did not overlap with any bead except B7, the only
possible overlap for M;;(B"") is a Type III collision with a bead B* whose right edge lies at the
rightmost point of the well of B7. Since the right edge of B* is adjacent to the right ridge of the

stationary bead B’, B*¥ must be a stationary bead.

Note that B*" is the only bead in M;;;M;(C - A) which has a Type II collision with B7; if
another moved bead B”" had a Type II collision with B7, then B" and B"" would overlap, a
contradiction. In particular, for any B”" which has a Type II collision, M;;(B"") and M;;(B"") do

not overlap.
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For each 7 such that B"" has a Type II collision, apply M}, to M;;;M;(S - A); call the result-
ing tuple MM M;(S - A). We have shown that the only possible overlaps between beads in
My My M;(S - A) are Type III overlaps between moved beads which have undergone a Type 11

mutation and stationary beads.

Uniqueness of MM M;(S - A) follows since M}I and M}I commute for all 7 and j. OJ

Lemma 6.2.9. S o A exists, that is, there is a unique tuple in C BA which is obtained from

MMy M (S - A) by a finite sequence of Type III left mutations.

Proof. We use the notation of Lemma 6.2.8. Let B = M;;(B") be a moved bead inside
MMy M;(S - A) which has a Type III collision with some stationary bead B*. By the pre-
vious lemma, B*" lies in the well of a stationary bead B’. The left ridge of B*" does not overlap
with any other bead, and the right ridge of B"" is adjacent to the right ridge of B’ and coin-
cides with the right ridge of B*. It is clear that M;;;(B"") cannot overlap with another bead in
My MM (S - A), except possibly in a Type III collision with a stationary bead B! which is right
adjacent to B*. Each application of M;;; removes a bead from the well of B, hence there is

some r; such that (M;;;)" (B;») does not overlap with any bead.

Applying (M, ;)" to My M Mp(S - A) at each bead with a Type III collision, we obtain the

colored bead arrangement S o A, which is unique since Type III mutations commute. [

6.2.2 Compatibility of Actions

In this section, we show that A-dgstab admits (d 4 1)-orthogonal maximal extensions, hence =
acts on & by perverse tilts. (See Section 4.1 for definitions and terminology.) We shall also see that

the two actions are compatible via ®. We shall need the following three lemmas.

Lemma 6.2.10. Let B, B? be non-overlapping beads. Then B'(—1) has a Type « left collision
with B? for some o € {I, II, Ill} if and only if dim Hom g_qgstan(P(B'), ®(B*(1))) = 1. In this

case, any nonzero morphism fits into a triangle
O(B?) = ©(M(B'(~1)))(1) = ®(B") — ®(B*(1)) (6.5)
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Dually, B*(1) has a Type « right collision with the bead B? if and only if

dim 4 _agsta Hom(®(B?(—1)), ®(B')) = 1. In this case, any nonzero morphism fits into a triangle
O(B*(~1)) = ®(B') = ®(Ma(B'(1)))(-1) — &(B?) (6.6)

Proof. Let B! = By, (i1), B?> = By,(iy). If B}(—1) has a Type I collision with B2, we must have

that i, = iy — l;(d + 2) and 1 + I, < n. By Proposition 5.2.9, M} (—l;(d 4 2)) = Mlllljé. Thus,

Hom a gsian (®(BY), ®(B2(1))) 2 Homa ggeean (M, ML(1 — 1y (d + 2)))
= HomA-grstab<Mlll ’ QilMllllj__llg)

~ 1 1 li+1
- EXtA—grmod(Mh? Mh—i—lg)

The last space has dimension one. Any nonzero generator yields a triangle in D’(A-grmod),

which descends to the following triangle in A -dgstab:

1+ 1 1 I1+1
Ml1+12 - Ml1+l2 - Ml1 - M11+l2<1)

Applying (i;) to the triangle, we have M}, (i1) = ®(M;(B'(—1)))(1) and M;'}} (i1) =

M, (iy — 11(d 4+ 2)) = ®(B?). We have obtained the desired triangle in A -dgstab.

If B'(—1) has a Type I or I collision with B2, the proof is analogous.

Conversely, if B'(—1) has no left collision with B, then B'(—1) and B? do not overlap, hence
Hom 4 _ggstan (P(B*(—1)), ®(B?)) = 0 by Proposition 6.1.8.

The proof for right mutations is dual. ]

Lemma 6.2.11. Let A = (B',--- , B") be a colored bead arrangement. Let S C [n]. Let S o
A = (C--- ,C™). Suppose C' is a moved bead and C? = BJ is a stationary bead. Then
Hom 4 _qgstab(P(C?) (1), D(B7)) = 0.

Dually, if S™* o A = (C*,--- ,C™), with C* a moved bead and C? = B’ a stationary bead,
then Hom g _qgstan (P(B7), P(C*)(—1)) = 0.

Proof. Since C' and B’ are part of a colored bead arrangement, they do not overlap. Thus either
C'(1) and B’ do not overlap, in which case we are done by Proposition 6.1.8, or C?(1) has a Type

L, 11, or III right collision with B/,
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Write C* = By, (k;), BY = By, (k;). If there is a Type I right collision, then k; = k; — 1;(d +2),
hence ®(C(1)) = M} (1 + k; — I;(d + 2)) = M, /(1 + k;) by Proposition 5.2.9. Note that

{1 + s < n. Then,

Fom A ggstan (P(C7) (1), B(B)) = Hom_ggaean (M, 1 (1 + ky), M. ()

1+,

= HomA—dgstab(Mli:[l;v Mli (_1))
1+1; 141,

- HomA—grstab(Mliil;7 Ml * J)

—0
The other two cases follow by analogous arguments.

The proof for S~ is dual. O
Lemma 6.2.12. Let A = (B',---B") € CBA, S C {1,--- ,n}. Let S = ({®(B) | j € S}).
Write So A = (C',--- ,C"), and leti & S. Then ®(C")(1) is a maximal extension of ®(B") by S.

Dually, if S~ o A = (D%, -, D"), then ®(D")(—1) is a maximal S-extension by ®(B").

Proof. To simplify notation, we write M = ®(C")(1), N = ®(B").

For any j € S, Hom(N, ®(B’)) = 0, hence Hom(N, X) = 0 for any X € S. By Proposition
4.1.5, M = Ng if and only if we have a morphism f : M — N such that C(f)(—1) € S and
Hom(M, X) = Hom(M(—1),X) =0forall X € S.

To construct the morphism f, note that C* is obtained by applying a sequence of mutations
My, -+, M,, to Bi(—=1). For 1 < k < r, write Ny = ®(M,, --- M,,B'(—1))(1). Define
Ny = N and note that N, = M. Foreach1 < k < r, by Lemma 6.2.10 we have a morphism

gk © Ni. — Nj_, which fits into the triangle
O(BIF) = N, 25 Ny — O(B*)(1)

withjp, € S.Let f=¢g1---9.: M — N.

Since ®(B7*) € S for each £k, it follows from the octahedron axiom and induction on k that
C(f)(—1) € S. Given j € S, we have that Hom(M(—1),®(B’)) = 0 since the beads C* and
B’ do not overlap. That Hom(M, ®(B’)) = 0 is precisely the statement of Lemma 6.2.11. The

corresponding statements with B replaced by any X € S follow immediately. Thus M = Ng.
100



The proof of the second statement is dual. [

We have established the following theorem:

Theorem 6.2.13. A-dgstab admits (d+ 1)-orthogonal maximal extensions, hence = acts on € and

<‘,A’, as in Definition 4.1.6. Furthermore, ® : CBA — Eisa morphism of Z-sets.

Proof. The first statement follows immediately from Lemma 6.2.12. The lemma also shows that
P(SoA)=S-P(A) for any colored bead arrangement A and S C [n]. Itis clear thatany o € &,

commutes with ®, hence ® is a morphism of = sets. O]

6.2.3 Transitivity

We now prove that the action of = on € is transitive. It will then follow easily that £ = &, hence

every orthogonal tuple is a basis. We shall require two definitions:

Definition 6.2.14. Let A be a colored bead arrangement, and let S C [n]. f So A = S - A (i.e,
no mutations occur), we say that S - A and A differ by an elementary rigid motion. We say two
colored bead arrangements differ by a rigid motion if they are connected by a finite sequence
of elementary rigid motions. We say two uncolored or free bead arrangements differ by a rigid

motion if they are the images of colored bead arrangements which differ by a rigid motion.

Note that applying a rigid motion does not affect the class of a bead arrangement.

Definition 6.2.15. Let B be a bead in a colored, uncolored, or free bead arrangement. We say B
is right-justified if B(1) has a Type I or II right collision with another bead. We say a colored,
uncolored, or free bead arrangement A is right-justified if there exists a bead B in A such that all

beads B’ # B in A are right-justified.

The parameter d determines the amount of empty space in the well of each bead in the ar-
rangement, as well as on the ring. Thus if d = 0, all bead arrangements are right-justified.
If d > 0, then at most n — 1 beads can be simultaneously right-justified, since there will al-

ways be a bead on the wire which is not right-justified. Thus in any right-justified bead ar-
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rangement, the unique bead which is not right-justified must have height one. Note that A =

(B1, Bi(—=(d+2)),--- Bi(—n(d + 2))) is right-justified, and that ®(A) = (S1, -+, S,).

It is intuitively clear that any bead arrangement can be converted into a right-justified form via
a rigid motion: hold one bead on the wire fixed, and slide all other beads to the right as far as they

will go. More formally:

Lemma 6.2.16. Let A € C'BA. Then there exists a right-justified bead arrangement A" which

differs from A by a rigid motion.

Proof. Without loss of generality, let B! € A have height 1. I claim that there exist colored bead
arrangements { A; };>¢ such that B L ¢ A, for all i, A, differs from A; by a rigid motion, and all

beads B # B! in A’ of height at most 7 are right-justified.

Let Ay = A. Given A; = (B!, --- | B"), if every bead B’ # B! of height i+1 is right-justified,
take A;y1 = A;. Otherwise, if some B’ # B! is not right-justified, let S = {1,--- ,n} — {r |
B" C B’} and repeatedly apply S~! to A; until B’ becomes right-justified. Each application of
S~ is arigid motion; no Type I or Il right collisions occur because B’ is not right-justified, and no
Type 111 collisions occur because all beads in the well of B’ are moved by S~'. Furthermore, all
beads of height < i (excluding B') remain right justified, since we have only moved beads lying

inside their wells. Note also that B! is never moved.

Repeat the process in the above paragraph until all height 7 + 1 (except possibly B') beads are
right-justified. If 2 > 0, there is finite space in the well of each bead, so the process must terminate
after finitely many steps; if i = 0, since B' is always held fixed and the ring is finite, the process
again terminates after finitely many steps. Once all height 7 + 1 beads (except possibly B') are
right-justified, call the resulting bead arrangement A, ;. The existence of the desired family { 4;}

follows by induction. Then A, is right-justified and differs from A = A, by a rigid motion. O

Definition 6.2.17. We say that a right-justified colored bead arrangement A = (B*,--- , B")is in
standard form if:

1) After identifying each bead with its right endpoint, B* > B? > ... > B" > B! with respect to
the cyclic order on Z/ PZ.

2) For all j # 1, B’ is right-justified.
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Any right-justified colored bead arrangement A = (B',--- |, B") can be put in standard form
by permuting its entries. Furthermore, if A is in standard form, then A is uniquely determined by
two pieces of data: the associated tree (P(A), r4) and the choice of B': Once the position of B!
is known, one can reconstruct A as an uncolored bead arrangement by simply placing each bead

specified by P(A) as far to the right as possible.

Lemma 6.2.18. Up to permutation of indices, any two right-justified colored bead arrangements

of the same class differ by a rigid motion.

Proof. Let A, A’ € CBA be right-justified colored bead arrangements of the same class. Let
A= (B--- B"),A = (C',---,C™). Permuting the entries of A, we may assume without
loss of generality that A is in standard form. Permuting A’, we may assume that the isomorphism
mapping P(A) to P(A’) sends B to C" for each i. Note that A’ need not be in standard form;

condition 1) of Definition 6.2.17 will be satisfied, but not necessarily condition 2).

If condition 2) is not satisfied, then some C7* # C' is the unique bead (necessarily of height
1) which is not right justified. Let C7* > C% > ... (Y > (' be the height 1 beads of A’, ordered
cyclically by their right endpoints; note that C' = C’r for some r. Applying a rigid motion,
we may translate C7! (and all beads lying in its well) until C?* is right justified, with its right
edge adjacent to C7*. The resulting colored bead arrangement is right justified and C’2 is now the
unique bead which is not right-justified. Repeat this procedure until C/» = C' is not right-justified.

Denote the new arrangement A”; clearly A” is in standard form.

It is clear that A” differs from A’ by a rigid motion; consequently, A” has the same class as A’
and A. Since C'! has the same type as B!, we can write B! = C'(7) for some 7. Then A”(i) and
A have the same class, are both in standard form, and have the same first bead, hence A” (i) = A.

Since A and A” differ by a rigid motion, so do A and A’. O

Lemma 6.2.19. Two colored bead arrangements have the same class if and only if they differ by
a rigid motion and a permutation of indices. Two uncolored or free bead arrangements have the

same class if and only if they differ by a rigid motion.

Proof. Applying an elementary rigid motion does not change the height of any bead, nor the rela-

103



tive ordering of the beads’ right edges. Thus two bead arrangements which differ by an elementary

rigid motion have the same class, hence also for arbitrary rigid motions.

Conversely, let A, A’ be two colored bead arrangements of the same class. By Lemma 6.2.16,
after changing A and A’ up to a rigid motion, we can assume without loss of generality that both A
and A’ are right-justified. By Lemma 6.2.18, A and A’ differ by a rigid motion and a permutation,

and we are done.

The second statement follows immediately from the first. [

Theorem 6.2.20. The action of = on C'BA is transitive.

Proof. Let A = (By, B1(—(d+2)),- - Bi(—n(d+2))). We shall show that the orbit of A is C BA.
By Lemma 6.2.19, it suffices to show that the orbit of A contains one representative of every class

of colored bead arrangement.

Let (7, ) be a rooted plane tree with n + 1 vertices. Let V; denote the set of vertices of 7" of
depth ¢. Let T, denote the subtree of 7' consisting of all vertices of depth < 7. We shall construct
a sequence {A;};>o of bead arrangements with the following properties:

1) Ajx1 = ao A; for some v € =.

2) For each i, there is an isomorphism ¢; : (T<;, ) = (P(A;)<i, ra,) of rooted plane trees.
3) ¢; preserves weight; i.e., Wr(v) = Wpa,)(¢i(v)) for each vertex v € Tx;.

4) All beads in A; of height i + 1 are of type 1.

5) A; is right-justified and in standard form.

Let Ay = A. Suppose we have constructed A; = (B!,---, B") for some i > 0. Letv € T
be a vertex of height 7. (If no such vertex exists, let A;;; = A;.) Let BY = ¢;(v) (if i > 0). Let
cr(v) = {v; > -+ > v,} be the children of v. Let Ny = 1, and let Ny = 1+ >""_, Wr(v.) for
s > 1. By 3) and 4), ¢;(v) € A; has weight N,, and there are N, — 1 type 1 beads, B! > B/*2 >
-++ > BITNr=1in the well of BY. (If i = 0, then ¢;(v) = r4 and the beads B’*¢ lie on the ring.
All superscripts are then taken modulo n.) Since A; is right-justified in standard form, the beads
Bt 1 < ¢ < N, are adjacent to one another, so that B"*(—1) has a Type I left collision with

B7tst1 "and B/t is adjacent to the right ridge of B’ (if i > 0).
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Let S ={j+c|1<¢< N,c# Nyforany0 < s < r}. When we apply S to 4,
the moved beads are B’, every bead not in the well of B? (if i > 0), and each bead of the form
BitNs for 0 < s < r. Note that none of the beads outside the well of B? have collisions,
since the only stationary beads are in the well of B’. By the same reasoning, B’ can only have
a Type III left collision, and this does not happen since B’*! is also a moved bead. For each
0 < s < r, the bead B/™": undergoes Wr(v,,1) — 1 Type I left mutations, which place the beads
BitNs+1 .. BitNst1=1into its well; no Type II collisions are possible since B’ is moved, and no
Type III collisions are possible since the B/*"+ are of type 1. Thus in P(S o A;), the children
of ¢;(v) have weight Wr(vs), and are arranged in the same order as the children of v. After
performing this process at each height ¢ vertex v of 7" and converting the tuple into right-justified
standard form via a rigid motion and a permutation of indices, denote the resulting colored bead

arrangement A; ;.

By construction, A, is obtained from A; by application of an element of =, A;,; is right-
justified and in standard form, and all beads of height ¢ 4+ 2 in A;,; are of type 1. Note that
P(Ait1)<i = P(A;)<i. It follows from the preceding paragraph that the map ¢; : T<; —
P(A;11)<; can be extended to an isomorphism ¢;+1 : T<;i 1 — P(A;41)<it1 Which preserves
the weight of all vertices for which it is defined. Thus A, satisfies properties 1-5) above, hence

the sequence { 4;} exists. Then A,, is of class (7', ) and lies in the orbit of A.

This process is illustrated in Figure 6.9 below. [

' ' ; ; L
— t t U t t t u u +

L T

L

Figure 6.9: Arrangments Ag, A, Ao ;n=4,d=1

Corollary 6.2.21. The action of = on £ is transitive, and € = E.
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Proof. Transitivity follows from the fact that = acts transitively on CBA and ¢ : CBA — £ is
a surjective morphism of =-sets. Since £ C £ is nonempty and stable under Z, it follows from

transitivity that the two =-sets are equal. [
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