UC Berkeley
SEMM Reports Series

Title
Finite Element Formulations for Problems of Finite Deformation of Elasto-Viscoplastic Beams

Permalink
bttgs:ggescholarshiQ.orgéucgitem48k59t5vg
Authors

Simo, Juan

Hjelmstad, Keith
Taylor, Robert

Publication Date
1983

eScholarship.org Powered by the California Diqgital Library

University of California


https://escholarship.org/uc/item/8ks9t5v0
https://escholarship.org
http://www.cdlib.org/

REPORT NO. STRUCTURAL ENGINEERING AND
UCB/SESM-83/01 STRUCTURAL MECHANICS

FINITE ELEMENT FORMULATIONS FOR
PROBLEMS OF FINITE DEFORMATION
OF ELASTO-VISCOPLASTIC BEAMS

by
JUAN C. SIMO
KEITH D. HIELMSTAD

ROBERT L. TAYLOR

JANUARY 1983 DEPARTMENT OF CIVIL ENGINEERING
UNIVERSITY OF CALIFORNIA
BERKELEY, CALIFORNIA




Finite Element Formulations for Problems of
Finite Deformation of Elasto-Viscoplastic Beams

Juan C. Simo

Keith D. Hjelmstad
and

Robert L. Taylor

Structural Engineering and Structural Mechanics
Department of Civil Engineering
University of California, Berkeley
Berkeley, Califernia



FINITE ELEMENT FORMULATIONS FOR
PROBLEMS OF FINITE DEFORMATION
OF ELASTO-VISCOPLASTIC BEAMS

J. C. SIMO.
K. D. HIELMSTAD
R. L. TAYLOR
Depariment of Civil Engineering. University of California, Berkeley.

1.- INTRODUCTION

We consider in this paper problems involving finite deformation of elasto-viscoplastic
beams from a numerical standpoint, with special emphasis on the effect of shear deformation.
In treating these problems two aliernative approaches may be followed. One can directly
employ the three dimensional theory without taking advantage of the particular geometry of the
body. Or, alternatively, one can exploit the simple aspects of the geometry involved by intro-
ducing a kinematic assumption to constrain the general (three dimensional) theory, and thereby
develop a restricted (more tractable) theory in a systematic way. Here we will follow the latter
approach, the success of which clearly depends upon the nature of the kinematic assumption.
in the context of the non-linear theory, the formal use of generalized projection methods have

been proposed by Antman [1] to consistently develop kinematics assumptions.

By far the most widely used kinematic constraint is the assumption that cross sections
normal to the line of centroids in the undeformed configuration remain plane in the deformed
configuration. Under this assumption, shear deformation can be approximately taken into
account by decoupling the rotation of the cross section from the slope of the deformed line of
centroids. Although fully non-linear theories can be developed on the basis of this assumption
[1,2.3], they are incapable of reproducing the exact solution of the (linear) Saint Venant’s
problem [5], a test proposed by Novozhilov [1, references therein] as an assessment of the
accuracy of a beam theory. Within the framework of the linear theory and based on early work
of Cowper [6],a kinematic assumption was developad by Simo [3] which renders the exact solu-

tion of Saint Venant’s problem. The two kinematic assumptions described above are employed



in this paper and the resulting theories are compared.

From a numerical point of view, two approaches may be followed within the scope of {or-
mulations restricted by a kinematic constraint. One can directly impiement each theory entirely
formulated in terms of stress resultants and their conjugate strain measures. Alternatively, one
can use the kinematic constraint in conjunction with the the three dimensional field equations
to obtain a one dimensional formulation by mumerically integrating the equations over the cross
section of the beam. In this paper we shall consider the numerical implementation of both

approaches, and compare their performances through an extensive set of examples.
In the stress resultant approach the following topics are examined:

(i) We first consider a simple fully non-linear stress resultant formulation, proposed in (3],
capable of modeling finite stretching, shearing and bending of a beamn. This formulation,
which employs the "plane sections” hypothesis is used to exhibit the methodology and is
subsequently compared with a second order approximation to the three dimensional non-
linear theory, in terms of stress resultants, developed in [4], which accounis for

transverse warping of the cross section of the beam.

(ii) The formulation discussed in (i), is then extended to treat the elasto-viscoplastic problem.
Such an extension involves the development of an objective rate of change of stress resul-
tants, together with the formulation of an appropriate plastic flow potential in order to

characterize the inelasticity of the material.

(iti) The numerical treatment of the problem is accomplished by first integrating the time
dependence of the non-linear constitutive equations using the unconditionally stable
scheme proposed by Hughes and Taylor [7]. However, our approach differs from that
proposed in [7] in that the non-linear equations that result from the time integration are

exactly satisfied at the Jocal level within each global iteration of each time step.

The main drawback of an inelastic, stress resultant beam theory is the way in which the
inelasticity is manifested. The use of a plastic flow potential, while technically correct, has the
disadvantage that processes which are local to the cross section, such as the propagation of an
elastic-plastic interface, cannot be captured. Furthermore, for many cross sectional geomeiries

of interest it is difficult to obtain any reasonable expression for the potential.

(iv) The limitations of the stress resultant formuiations are partially overcome by employing
the procedure of numerical integration over the cross section as previously described.
The displacement field developed in [3], which is exact for Saint Venant's problem, is

employed as the kinematic constraint.

This approach, while maintaining some of the simple features of a one dimensional

theory, is capable of rendering information at a local level. Previous attempts in this direction



have employed the "plane sections” hypothesis [8] which is inadeguate to treat problems involving
high shear since the constant distribution of shear siresses obtained from this hvpothesis pre-
cludes the propagation of an elastic-plastic interface from the middle fibers of the beam.

Several numerical examples, presented in Section 4., illustrate this point.

The approach of numerically integrating over the cross section permits the consideration
of general three dimensional constitutive models which are difficult, if not impossible, to realize
in a stress resultant formulation. In particular, the model linearly relating the second Piola-
Kirchhoff stress tensor to the Lagrangian strain tensor, which is widely used both for computa-
tional purposes and in the derivation of approximate nonlinear stress resultant models 7 is
implemented in Example 5. The example suggests that this relationship may lead to results of

questionable physical significance.

i.- STRESS RESULTANT FORMULATION

Throughout this paper, we consider an initially straight rod of length L with cross section
1 C R a bounded open set with smooth boundary 8. Prior to the formulation of the equili-
brium equations in terms of stress resultants, we shall examine some geometric notions
involved in a formulation of the field equations suitable for the consideration of the effect of
shear. Appropriate constitutive equations in terms of the stress resultants will be considered

later.

2.1.- Kinematic Considerations.

Our notaiion is summarized as follows. Coordinates in the reference configuration
B = (0,L)xQ are designated by {X'} with coordinate vector fields {£,} taken to be the stan-
dard basis in R’ {X¥2 X3 are assumed to be principal axes of inertia of . The fixed spatial
coordinate system {x’} with associated basis {é,} is taken as collinear with {X’}. Although
{e,} = &}, it will prove convenient to maintain the notational distinction. The deformation
map is denoted by ¢ :BCR®— IR3 Points in B are designated by X and points in the

deformed configuration ¢(B) by x. Following standard practice, the deformation gradient is

designated by F(X) = g;% In addition, if {8/} = {X7o¢ !} is the convected coordinate system
covering @(B)CR? the convected coordinate vector fields may be defined as [9]
Li(x) =FE;2¢ 1(x), for any x=¢(X). By a slight abuse of notation, X € B and x €$(B) will be

identified by their position vectors X and x.

fSeeﬁ for example, Ciartet [30].



Consider an arbitrary cross section £ at any X'€(0, L) regarded as fixed. The deformed
cross section () is then a surface in R’ defined by the map ¢IX,NFLM :Q — R’ thereby
parametrized by the material coordinates (¥? X3, At each x€¢(Q), the vector fields
11961 41 s, ar€ tangent to the coordinate lines on ¢({) obtained by setting X" = Constani
(I'=2,3) and, therefore, tangent to @(Q). In addition, we introduce the vector field n(X) 7
normal to #(£}) at x, and given by A{X) =J F 7, Denoting by C =F'F is the right

Cauchy-Green tensor, the frame composed by the unit vector fields {g,} defined by

5., Tm P_SX) o dm - .
[ T " " pvea B
1O
= x F(X)IX'mFm(j (no sum on ¥'=2,3) (1)

BT T \/"'”

characterizes the local geometry of the deformed cross section ¢(Q) and is often referred to as
Gaussian or intrinsic frame in the context of differential geometry [10]. This frame plays a key
role in the subsequent developments. Its relationship to the fixed spatial frame {é,} will be

written as
B)=A"00 &) (2)

For coplanar problems, for example, where g3 = &;, the transformation A may be defined as

(3,4]

cosyp —sindgy 0

AW(X)) = |sing cosy 0O (3)
0 0
FE(X
where y(X) = ~}—%EX§ depends, in general, upon X', and X2
3

A systematic procedure for developing rod theories employs the general three dimensional
theory as the point of departure and subsequently constraints the position vector x of particles
x in the deformed configuration by introducing a kinematic hypothesis. Clearly, the resuiting
restricied theory depends upon the nature of the assumed kinematic constraint. Following this
procedure, we discuss kinematic assumptions suitable for the consideration of the effect of

shear.

The "Plane Sections Remain Plane” Assumption. Consider the classical hypothesis stat-

ing that plane sections normal to the line of centroids remain plane after deformation. In accordance

fStrlctly speaking, n 15 a2 one-form. Our choice of coordinates makes the distinction irrelevant.
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Fig. 1. Kinematic assumption, ignoring the effect of transverse warping.

with this assumption, the Goussian ("moving”) frame {g,} is independent of the transverse
coordinates and thus its orientation remains invariant on any (deformed) cross section ¢(£).

For coplanar systems, the deformation map then takes the form

$(X) = ¢, (XD + X2 g,(XY) (4a)
where ¢, = ¢(X)| y2.p the position vector of the line of centroids in the deformed
configuration, and §,(X") are expressed as (Fig. 1)

$, (XY = (X' +u(XN)E; + viXDe,

g2(X") = —sing(X1é, + cosy(XNé, (4b)
For future reference, note that as a result of (4) we have the expressions

J, = del(F)|Xz,x0 = (14+u')cosy + v'sinyg

Ciy = Ep.(CEy) = —(14u)sing + v'cosys (5)

Assumption (4) allows for arbitrarily large rotations, shearing, and extension of the beam.
However, this kinematic assumption compietely ignores the transverse warping of the cross sec-
tion of the beam, which necessarily appears as a result of shear deformation, and hence leads io
a restricted theory which is incapable of reproducing the exact solution of Saint-Venant’s prob-

lem. To examine the effect of transverse warping we restrict our atiention momentarily to the



linear theory.

The Exact Linearized Kinematics for Sainit-Venant’s Problem. Based upon the solution
for Saint-Venant's problem, it is possible to formulate a more slaborate kinermatic assumption
which accounts for the effect of transverse warping. As shown in [3], the exacr linearized

kinematics for this problem may be expressed as an expansion of the form
ul(X) = 0 (X)) — XX — «® (X2 X)BXY)
UK = VXY + 0@ (XXX — o X2 (XY (6)
udX) = v®(X2XHY (XY — v XX

where the kinematic variables (i1, v, ﬁ, 5} are defined by

#(x) = L [uao; i) = = fu0a0
Q Q Q Q

p(XH = —}--szul(X)dQ; B =7 — 4 (N
20

The coordinate functions ® (X2 X%, (i=1,2,3) can be expressed in terms of Love’s flexure

function [5] x :{ — R as [3]

- wyn2_ L A v X ) 2
P, = ST, x+XX) Qj;[xm X)4d 0 12£IX+X(X%4X 40
=1 » oy L
P, = 2{()‘(2) (X°) (8)

¢, = X

where [, = f(X")de are the principal moments of inertia, v is Poisson’s ratio, and the
(¢

coefficient « may be defined in terms of &, :Q ~ R as

K = ! (9)

and can be shown to correspond to the expression for the shear coefficient first derived by
Cowper [6]. An explicit expression for A consistent with (6), now depending upon the
iransverse coordinates X2 X3, can be found in [4]. This explicit dependence upon the

transverse coordinates occurs as a result of the warping and Poisson’s effects.
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The kinematics (6) may be regarded as an expansion resulting from the application of the
projection method due to Kantorovich [11] in terms of coordinate functions which are
L2—orthogonal over {1. Such an expansion is optimal in the sense that it is capable of repro-
ducing the exact stress solution corresponding to Saint-Venant’s problem [3,4]. Based upon (6)
an exact second order solution to Saint-Venant’s problem within the framework of three dimen-
sional nonlinear elastostatics was derived in [4] by means of the method of successive approxi-

mations.

In the next section we formulate the local form of the equilibrium equations in terms of
stress resultants, based upon both assumptions (4) and (6). The implications of each assump-

tion are discussed.

2.2.- Eguilibrium Eguations. Local Form.

The equilibrium equations of the non-linear theory may be expressed in terms of the first

Piola-Kirchhoff stress tensor as

DIV P(X,V$) + pBX) =0, FP =PF’ (10)

For an arbitrary cross section {, the resuitant force R{X") and moment A (X') acting on

#{({3) are given by (summation convention is implied)

R=[Pida =RE M=&f6Xx)xPi do (11)
Q [4]

where x, = ¢(X) | y2g The prescribed forces acting on the rod are assumed to be contained in
the plane of symmetry X'—X? of the rod and thus R} = 0. If one neglects the effect of
transverse warping then A(y), as given by (3), is independent of the transverse coordinates
X7 X? and it trivially follows that {R[} = A(WI[N V 0]7, where R = N§, + V§,, It can then
be shown [3] that the counterpart of equations (10) in terms of the normal and tangential stress

resultants N and V respectively, takes the form

p(xXhH
;,“;TA(‘/') Vil + g (XDt =0
0 0
»5%41 + UV~ CpN =0, (12)

where t(X') = p(X)é,; + ¢(XDé, are the transversally applied forces. For simplicity, we

assume p{X") = 0 in the sequel.



Using (6) as a point of departure, it is possible to develop a second order approximation
to the nonlinear squations {10) in terms of stress resultants N, V., M. However, due io the
dependence of A on the transverse coordinaies this development requires some further results.

Here, we state the final resuli and refer the reader to [4] for details of the derivation.
N — g V=0
[V + () (7 — g} NI =0 (13)

M+0+a)V -k~ N=0

Making use of (5) one can easily develop a second order approximation io the equilibrium
equations (12) based upon assumption (4) which ignores the effect of transverse warping.
Comparing this result with the second order equilibrium equations (13), the following conclu-

sions are obtained [3]

(i) As a result of the effect of transverse warping, the additional term (1—x) (+' — ¢) N
appears in (13), The physical interpretation of this result is that the resultant N of nor-
mal stresses acting on ¢( 1) no longer remains normal to the (average) plane of bending
defined by the angle (X,

(ii) The second order approximation to the last term in (12}, differs from the corresponding

term in (13), by a factor «, which again is the result of the iransversal warping effect.

Conclusions (i) and (i1) show that restricted rod theories based upon either the approxi-
mate kinematic hypothesis which ignores the effect of transverse warping (4) or, alternatively,
on the exact displacement field for Saint-Venant’s problem (6), lead to different expression of
the second order equilibrium equations in terms of stress resuitants. Mumerical examples are
presented in section 4. which illustrate these differences. In the rest of this section, equations
(12) are employed in the development of our formulation in terms of stress resultants. The
details of stress resultant formulation employing the kinematics (6) and equilibrium equations

(13) paraliels the development that follows and can be found in [3,4].

2.3.- Equilibrium Fguations. Weak Ferm.

The following notation is introduced for convenience and employed in the following

development.
w=[(X'+u(XH) v(xY xHIT

R, =I[R" R? M]T R, =IN ¥V MIT (14a)



The set of components B, and R, with respect to the spatial and Gaussian frames are
related by R, =A(y) R, In addition, we introduce the linear operator
IFIHY0, L)1 — [LY0, L)}’ defined by

w— Flw) ={(0+u) v @17 (14b)

where a "prime" designates d/dX'. To further simplify the notation, let us designate by 8, the
directions at either X' =0 or X! = L along which some or all the components of w are
prescribed to values designated by w. Similarly, 8y will designate the directions at X' =0, [
along which entries in R, are prescribed to have values R,. We require 0w )0r = @. The

linear space of kinematically admissible variations (test functions) may then be defined as

W={nelHO D] 5], =0} (15)

The equilibrium equation (12), for the bending moment M can, in view of (5), be writ-

ten as

T
AM | pry A (R, =0 (16)

dx! dy

Combining (16) with the equilibrium equation (12), for the components N and V of the resul-

tant force R, the weak form of the equilibrium equations takes the form

7

L
Glnw = [ R, IATWFG + 0 (@) ax
0

dy

L
- f g (XN (XN dx — [n.ﬁxfax =0, forany €W (17

0

Upon defining
tu'—cosy ’
pw) = AT v-sing | = AT (WIFw — il (18)
v

where #(X1) is given by (3), the weak form (17) can be written as

1 L
G(mw)w—“{ R, D W) d¥ — [ gnadX — IR0y =0, foramy neW  (19)
0

where DA (w).m is defined in the usual manner as

D, W) =~ (A (tan) F(w+am)] (20)
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We therefore conclude that kg(wL as defined by (18), are the measures of deformation dual to

the generalized forces R,

Remarks

()

(i)

Since h,(w) are the strain measures associated with R,, and R, = A($)R,, equation
(18) shows that [F(w) — fi] are the strain measures associated with the components R,.

Obviously, [WF(w) — il and A, define the same object A in different coordinate systems.

A, admits a stmple geometrical interpretation. The stretching of the line of centroids is

given by

8= F]x?-xof‘:l = (14+u)8 + v'é (21)
The axial stretching in the normal direction f = g, and the shearing in the tangential
direction @, then have ihe expressions

&, = 8.8, = (1+u')cosy + vsings = J,

5, = 8.8, =—U+using + veosy = C;y (22)

!

Hence, a comparison between equations (18) and (22) shows that A, = [6,—1 &, ¢1T.
g 7 v

If the rod undergoes pure bending (Fig. 2}

T+ u —cosypg = v ~sing =0 <=> 3§, =8, =

and, therefore, N = V = 0 in agreement with our intuition.

2.4.- Constitutive Equations.

Based upon the strain measures A, defined by (18), constitutive equations for isothermal

hyperelasticity are first considered. Next, the appropriate rate form of these equations is exam-

ined in order to formulate a viscoplastic constitutive model in terms of the strain measures A,

2.4.1.- Hyperelasticity

Confining our attention to iscthermal processes, it is assumed that a strain energy poten-

tial W(X' ) exists such that

2 QA R A (23)
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Fig. 2. Geometric interpretation of strain measures.

From this equation it follows that G (%, w) = %Ell(w+an)}w0 where w—1l{w) € R is the
[43

total potential energy function given by

L L
Mw) = [ wapdax — [ g(xDv(x)ax — [wR. s, (24)
0 0

with A, defined in terms of w by Eq. (18). In the sequel, attention is restricted to the simplest

model for which W is a quadratic functional in X, given by

W=£0N6,-1>+ 6Go0Msl + EI(X)(y)? (25)

Hence, we can write

R, =D, (26)

where D =diag [ £EQ YD GO xXY EIHXD .

2.4.2.- Rate Form

in order to formulate the viscoplastic problem it is necessary to consider the constitutive
equations in rate form. Objective rates of the stress resultants and their corresponding strain
measures must be obtained so that the material response may be suitably characterized. Noting

the relationship between stress and strain quantities in the fixed spatial and Gaussian frames
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given by R, = AR, and A, = A()a,, respectively;, the constitutive model (26) can be

cast in the fixed spatial frame as
T T
A R, =DA &, (27)
Taking the time derivative of this equation one arrives at the following rate form:

R.-AA'R. =ADA(, — AATA) (28)

PR

™
It is, therefore, natural to define the rate R by its components with respect to either {¢,} or {§,}

as

R,~ {%ﬂ ~A"AR, -> R~-R,-AA"R, (29)
4

Constitutive equations (26) then take the rate form

R,~Dx, or R.~ADA'x, (30)

Remarks

i)
(i) The rate R, of the "rotated" stress resultants R, admits the following interpretation. The
force vector R can be expressed in terms of its components with respect to {g,} as
R = R}g, Taking the material time derivative of R it follows that
D ’ pr |’
E[Rf} + AP AL RS }gﬁ = l—bei 85 (31)

&

Hence, the components of the material time derivative of R with respect to {g,} can be

expressed in matrix form as

DR D T ;
["’Y)TL -5 [Rg] +AT AR, (32)

A comparison of the latier with the definition of leshows; that this rate is simply the rate

of change of the components of R with respect to {g,}. Explicitly,

R~ -b%[ag], (33)

3
(ii) The physical significance of the strain rate A may be illustrated as follows. By definition,

its components with respect to {&,} are given by

Ne=he A AT N = s — Qa7
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0
Therefore, the condition h, = 0 implies #'(1+4') + v'v' = 0. Upon noting that the ele-
ment of length ds is given by ds®= [|FE |7 = (1 + 47 + v'%, one has the equivalent
condition

A=O0  <=>  ds = constant . 1 €10,00).

(i) (Material Frame Indifference and Invariance Under Superposed Rigid Body Motion) Consider
a superposed rigid body motion. The fixed spatial frame {&,;} is then transformed accord-
ing to o {81 =0 (&), where Q) is any proper orthogonal tensor. Since

= Q(1) F, it easily follows that A = Q(r) A. Taking the material time derivative of

this expression, making use of (29), and noting that R} = Q(1)R,, we arrive at the fol-
lowing transformation rules

b 1 8] i )

R.= Q1) R, R,= R, (34)

i [

While the rate R, is objective, the rate R, of the rotated stress has the stronger property
of being invariant under superposed rigid body motion. The desirability of this property

was pointed out by [12].

2.4.3.- Viscoplasticity.
We postulaie an additive decomposition of the iotal strain rate Ag into elastic and visco-
i3
plastic parts: A, = A "+ x.”, where the elastic part Ag is relatcd to R by Eq. {30). Further-
more, we assume that the evolution of the viscoplastic part }\ o is given by the rate equation
i 1 ) . 8/ .
A= (R)>--—~—~~”~'~~~ (R,) (35)
# =7 < SR> ape A
where f(R,) is the plastic flow potential in stress resultant space, 7 is the relaxation time of the
viscous process, and < x > = Y% (x + |x|) is the Macauley bracket. The proposed viscoplastic

constitutive model is then defined by the rate equation

N~ DR, + L B[R, (36)
T

Equations (17) and (36) completely describe the evolution of the system provided f is

known.

The Plastic Flow Potential. The formulation of the viscoplastic model in terms of stress
resultants relies upon the postulated existence of the flow potential f(N, V,M). The problems
associated with obtaining f have been discussed in the literature [13,14], and hence will not be

treated in detail here. However, some comments regarding assumptions surrounding the plastic



flow potential are in order:

i) The form of f(N, V., M) depends upon the geometry of the cross section; not merely the
local constitution of the material. The projections f (N, V,0) and f(N,0,M) are easily
obtained but the case of ¥ and M both nonzero presents considerable difficulty. iIn fact,
the projection f{(0,V, A) has been obtained only in a few cases. The usual approach to
the problem of estimating f 18 to employ the bounding theorems of plasticity.

(i) It is known that for certain cross sectional geometries, most notably the I-section, f is not
everywhere convex [15,16]. Since plasticity theories generally depend upon convexity of
the flow potential, some objection to the siress resultant approach might be raised. It
should be noted, however, that the regions of non-convexity seem to be confined to com-
binations of (N, V, M) not possibly attained by beams in reasonable problems (ie. prob-

lems in which the length exceeds half the depth of the section).

For the purpose of illustration attention will be confined to rectangular cross sections.
The projections F(N,0 M), 70,V M), and F(N.V,0) have been estimated for this case
[13,14]. Denoting by m=M/M,, v=V/V,, and n=N/N,, where (), indicates the fully plastic

value in the absence of the other two stress resultants, we have the following projections:
flnv,0) = nt 4 v~ 1
fn,0,m) = |{m|+ n* —1 (373

7O, v, m) = |m|+ vt -1,

The potential generating these projections is, of course, not unique. However, the follow-
ing plausible potential is suggested:
Flav,m) = |m| + o2 (1 + ) + v~ 1. (38)
The suiface f=0 and the rigorous lower bound obtained by Neal [14] are shown in Fig. 3 along
with the potential
Flnvm) =0 =D Um|+ 27 =1) +1° (39)
which was suggesied by Neal [14]. Clearly, f is in beiter correspondence with the lower bound

solution than is f However, since an upper bound solution does not exist, it is difficult to

assess the advantage of either one.
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Fig. 3. Moment-Shear-Axial force interaction diagram, rectangular section.

2.5,- Solution Procedure. Linearization .

The linearization of the weak form of the equilibrium equations about a intermediate
configuration plays a key role in numerical implementations employing an iterative solution pro-
cedure. A complete account of linearization procedures in the general context of infinite dimen-
sional manifolds can be found in [9].

Consider an intermediate configuration w (R — R’ Let Aw (/R — R’> be a superposed
infinitesimal deformation; that is, a vector field covering w(X'). The linear part of G (g, w) at

#(X") will be denoted by LIGI,. Introducing the notation

dA

dA = .
Ag = 0;- W ZW»R‘%’ . B = A®) (40)
‘?R";‘QEC%«@) ¥ ). dﬁ @) R, H‘T(W).«‘—g—%@)
and defining the linear operator B :[#'(0, L)P—[L*(0,L)]* by
w—Bw =[F(w) ¢l (41a)

the linearized weak form of the equilibrium equations may be conveniently written in matrix

noiation as

L
LIG); = [ BT () AR, B(Aw) dX
0
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L
+ [ B7(w) B®) DR,(@).Aw dX + G(n,W) (41)
0

The first two terms in (41) give rise to the tangent stiffness at the configuration W(X"),
the firsi term being the geometric part. The last term, representing the residual or out-of-

balance force at the configuration w(X"), has the explicit expression
L s
~ Gl W) = IRy, — [ B () BT R, aX (42)
0

and vanishes identically if W(X') is an equilibrium configuration. By seiting LGl = 0 for any
m€ W in (41) and introducing the expressions for R, and the Frechet differential DR, (W) Aw,
one obtains a classical wvariational problem from which the incremental deformation

Aw IR — R’ such that Aw(X'") + #%(X') € W, may be obtained.

Hyperelasticity. From the constitutive equation (26} it follows that

DR, (#).Aw = D 2@ B(Aw) (43)

and R, is given directly by (26) in terms of A,.

Viscoplasticity, Due to the time dependence ¢

procedure first involves the time integration of the constitutive equations (36). For each
discrete interval [1,. t,+Ar], the last term in equation (36) is integrated numerically by setting

(7]

1 At
= f B(R,) dt = ~'B(R,) (44)

where we have used the notation

R, = (l“a)RgU +aRy 0 <1 (45)

The subscripts "o" and "/" refer to values of functions at £, and ¢ = 1,+A¢, respectively. Sub-

stitution of (44) into (36), noting the simple form of the expression for the rate, leads to

W=, -A) + DR, R+ 2 AR, =0 (46)

From this equation it immediately follows that the term DR, (W).Aw appearing in the

weak form (41) is given at any configuration w(X') by

DR, (W) .Aw = D™ + aélﬁm%)r‘ (W) B(Aw) = 0, 57 B(Aw) @7
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In view of (36) and (40) it is clear that knowledge of the value ﬁgi at (X'} completely
determines the linearized weak form (41) of the equilibrium equations. Hence, its solution Aw
defines the subsequent configuration w(X') = %(X") + Aw(X"). From a numerical point of
view, the only difference between the elastic and the viscoplastic model under consideration is

that the later requires the solution the non-linear squation (46) to obtain Rgl given A, whereas
in the former R, is directly given by R, = ——(———

Hughes and Taylor {7] have proposed estimating ﬁg by its finear part. Such a procedure
can be viewed as a simultaneous globaliteration on the linearized momentum balance and con-
stitutive equations. This approach gives rise to the constitutive residual ¥, defined by (46),

which must vanish when the solution is achieved.

The procedure advocated by [7] is modified here, on the other hand, to employ global
iteration only on the linearized weak form of equilibrium equations, with "exact” satisfaction of
the non-linear constitutive equation (46) at each intermediate configuration. “"Exact” satisfac-
tion of the constitutive equation is achieved by localiteration on its linearization with respect to
the stress. Our motivation for this procedure is that in a finite element displacement model, the
only independent variables are the incremental displacemenis. The constitutive equations are
regarded as a set of constraints which must be satisfied point-wise when the weak form of
momentum balance 15 solved by an iterative procedure. From a computational point of view,
the procedure proposed here results in a considerable savings in the required storage and leads

to a reduction in the total number of global iterations required to achieve convergence.

The numerical treatment of the weak form (41) by a finite element technigue involves
the spatial discretization of the open interval (0,1), and the interpolation of n€ W and Aw by
means of shape functions. Since 7 lies in A'(0,1), C°shape functions are sufficient [18]. Fol-

lowing standard procedures [17,18], the final result may be expressed as

K, AW, =1, (48)

where K, is the global tangent stiffness, AW, is the vector of incremental nodal displacements,

and f, is the residual force vector at the current configuration. K, and f, are given by

L
K. =3 [ B 1A, + 87 075 Bf ax
e 0

f~F, - zf B B R, ax (49)
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where ¥, is the vector of specified nodal forces, and B/ is given in term of the shape functions
in the obvious manner. The proposed algorithm is summarized in Table 1. The superscripis

"o" refer to nodal values of the variables within a typical element e.

TABLE 1.
Algorithm for Elasto-Viscoplasticity

Initiate Solution at ¢ = ¢,

For Each ¢ = 1, + nar, while ||f,]] > o/

Form K, and f,

Solve K, AW, = f,

Update W, — W, + AW,

For Fach Element e, while ||¥?|| > rof
Compute )‘5,’ ¥/, and )/

Update R — R{ — @/ ¥/

3.- STRESS COMPONENT FORMULATION

In this section, we consider the elasto-viscoplastic problem in a three dimensional setting.
The weak statement of the equilibrium equations (10) together with the local form of the con-
stitutive equations, comprise the field equations suitable for a numerical treatment by the finite
element method. Since the development of these equations is well known [9), we restrict our

presentation to an outline of the relevant results.

3.1.- Weak Form of Momentum Balance. Ceonstitutive Equations.

Following standard procedures [9] the weak form of the non-linear equilibrium equations

(10) may be expressed as

G(nx) = [P:GRAD 9dV ~ [p,, BmadV — J?.ndS =0 (50)
B B B,

for any kinematically admissible variation % satisfying homogeneous conditions on the part of

the boundary 08, where the deformation map is prescribed. For the problem at hand
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B =10, L)xQ and 8B, = 9, ) 80, where 3, is that part of the boundary where tractions are
prescribed.

Isothermal hyperelasticity. The coostitutive equations may be expressed in terms of the
second Piola-Kirchhoff stress tensor S(X,E) = FOOP(LF) as : S =p,, ——o, where

W(X,E) is the strain energy potential expressed in terms of the Lagrangean sirain itensor
E =1(C — 1), We restrict our atiention to a rate form of this constitutive equation expressed

as
S(E) = D(E).E (51)

where D = DA {f &F @R «®F, | is a forth-order material tensor.

Viscoplasticity. The formulation of the viscoplastic model is accomplished by postulaiing
an additive decomposition of the Lagrangean strain rate into elastic an viscoplastic parts:
E=XE +E” Sucha decomposition may be justified on thermodynamic grounds {19, refer-
ences therein]. The elastic part is given by (51) and the evolition of the viscoplastic part is

assumed to be given by ihe rate equation [8]

B =L < pg) > -gg} = Lg(s) (52)
T T

where /(8) is the viscoplastic flow potential expressed in terms of §. The rate squation (52) is
formally correct, simple, and clearly motivated by the "infinitesimal” theory [20]. The validity
of (52) may be physically questionable in the range of truly large deformations, and hence we
restrict its use to second order problems. Inasmuch as (52) reduces io the appropriate rate for
an isotropic material in the linearized theory, it appears to be reasonable for second order prob-
lems. The function F(8) and the relaxation time 7, reflect the viscous properties of the partic-

ular material. Suitable choices for well known materials have been discussed in the literature

[20]. For simplicity, a Von-Mises type of potential f = %”[S:S - émtrz(S)] — k2 will be

assumed. Inclusion of isotropic or kinematic hardening may be accomplished by introducing
internal variables [20]. Rate independent plasticity can be obtained from model (52) as the
inviscid Iimit when the relaxation time = — 0. Such a limiting process may be viewed a the

enforcement of the consistency condition by a penalty procedure. The function F(8) then

needs to satisfy the condition Iirzln ~1~<F(S) > = A, where X is indeterminate. A rigorous ireat-
bl T
ment of this limiting process can be found in [21]. Here, the choice F = 7([; will be adopted.

The viscoplastic constitutive model is then expressed in rate form as

E=D'S + %r B(S). (53)
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3.2.- General Solution Procedure.

Formally, the solution procedure is equivalent to that discussed in the previous section.
The linearization of the weak form of momentum balance (50) about an intermediate
configuration ;5 ‘B — R’ leads to the expression [9]

SO
LIGl; = [GRAD 9.(5®1 + F' l_—-~
$ {’ 9E

F)GRAD (8g)dV + G (9,%) (54)
$

where a superposed ™ designates the corresponding variable evaluated at the configuration

%= ¢(X), and A¢ :B — R’ the incremental motion, a vector field covering ¢ :B — R*

Hyperelasticity. Equation (54) together with the constitutive equation § = p,,, ——

leads, in the static case, to a classical variational problem which can be treaied by standard finite
element techniques [17,18].

Viscoplastic model. The solution of the viscoplastic problem requires first the time
integration of the constitutive model (53) over an incremental time step 1y, ¢+Ar]. Following

[7], the result may be written as

W, = —(E, + E,) + DS, - §,) + 28(S,) =0 (55)
T

where we have again set
Se = (1—-a) §, + ' S, 0 €<l (56)
Hence, for the viscoplastic constitutive model one obtains

g’% =D+ (1%&{" g (57)
and a solution procedure similar to that outlined in Table 1, with the obvious changes in noia-
tion, may be employed.

By introducing the kinematics expressed in Eq. (6), one considerably simplifies the task of
solving the three dimensional formulation discussed so far. In this way, one essentially treats a
one dimensional problem (ie. the kinematic variables depend only upon X') without completely
giving up the ability to discern local phenomena, such as propagation of yieiding throughout a
cross section. Solution of specific problems using this approach generally can only be carried
out by employing numerical integration over the cross sectional domain, as outiined in the fol-

lowing section.



3.3.- Numerical integration over the Cross Section.

Making use of the method of successive approximations, it is possible to show that only
linear strain measures are explicitly involved in the second order approximation to the equili-
brium equations (10) {4]. Consequently, the linearized kinematics given by (6), which are
capable of accounting for the effect of transverse warping due to shear deformation and the
Poisson’s effect, can be used to develop a second order approximate solution. If this approach
is followed, the deformation gradient F(X) appearing in the linearized weak form (54) is then

expressed in terms of the set of kinematic variables {7, 7, z:ﬁ /§},

For analytical purposes, it is advaniageous to regard the kinematic variable ﬁ(Xl) as a
dependent variable through the relationship ,E =y - J; From a numerical standpoini, how-
ever, il is convenient to maintain the simple structure of a C° interpolation, which can be
achieved if B is regarded as an independent variable. In the context of Kantorovich’s projection
method [11], both situations are admissible (although not exactly equivalent [111), ihe
difference being that in the former, stress boundary conditions on 8§ are enforced at the
outset. Regarding B(X") as independent, and assuming that v’ = 07 the deformation gradient

can be interpolated over a typical element ¢ as

Nodes )
FOX) =1+ % BI(X) U~ (58)

a=]

where the dispiacement variables n(X) =% v B 17 are interpolated from the nodal

displacements U= [ U V ¥ BT as

Nodes
ul¥h = ¥ a0 Ue (59)

e |

and the matrix BS(X) is a third order tensor defined by

numerical formulation.
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/’I ,Cy O M_XZ h ja ““"”“Kq)] h ,a
0 h, 0 "‘””'K%%’zk “
0 0 0 59 p,
Ef
g 0 ""i!?a "'”K(i]'l»i)hw
BAX) = || 0 0 wdpyh, 0
0 §] Vq)lzh ’11 0
0 0 () '"K(Di»i?ha
0 0 v®, 3k, 0
0 0 v®34, 0

Mote that each submatrix of BS corresponds to a column of the matrix F°, and that the nota-
od : . .
tion @, ; = wi/-f- has been used. Knowing the expression for the matrix B¢, the tangent

stiffness and right-hand-side can be computed as in Eq. (49), with the appropriate reinterpreta-

tion of notation.

4.- NUMERICAL EXAMPLES

In this section numerical examples are presented which have been selected to emphasize
ithe important features of the preceding formulations. The five "elements" employed in the
numerical computation were implemented in the general purpose finite element program FEAP,
described in Chapter 24 of [17]. Two of the elements were devoted to the siress resuitant for-
mulations presented in Section 2; one reflecting fully nonlinear kinematics with the plane sec-
tions hypothesis and the other second order approximate kinematics allowing for the effect of
warping. The other three elements reflect the stress component formulation of Section 3. Two
of these utilize the kinematic hypothesis expressed by equation (6) and employ numerical
integration over the cross section of the beam. One of these elements is specifically for the
case of a rectangular cross section, and the other is for an I-beam. The last element is a finite
deformation, 2-d {plane stress/strain), elastic element developed in {22]. All beam elements
were implemented with the possibility of 2-node or 3-node interpolation. Reduced integration
along X, was employed to prevent "shear locking” [22]. Computations were done on a VAX

11/780 computer.
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The first three examples are well known problems of large displacement of elastic beam
stiuctures: Fuler’s elastica, pure bending of an Euler beam, and the buckling of a fixed-hinged
circular arch under a point load at its crown. FEach of these problems was solved using 4 stress
resultant beam element reflecting the plane sections hypothesis expressed by Eq. (4). The pur-
pose of presenting these examples is to show the good accuracy and convergence properties of
the large displacement formulation. Example 4, the elasto-plastic snap-through of a three-
hinged arch, involves finite rotations and strains and thereby illustrates the properties of the
rates of rotated stresses and strains discussed in section 2.4.2. It should be noted that,
inasmuch as the formulation is in terms of stress resultants, the computational costs involved
are minimal.

1.- Euler’s Elastica. The first example is a cantilever subjected to a compressive end
thrust, the so called Euler's elastica. The classical problem of Euler addresses the idealized
situation wherein the line of centroids 1s assumed to be perfectly inextensible and no shear
deformation is allowed to occur. Accordingly, in view of (22), ds/ = (1 + )2 + v? =1, and
5, = C|; = 0. These constraints can be enforced by 2 penalty procedure, simply by regarding
GQ and £ in (25) as penalty parameters, and requiring that both GQ/El — oo and
EQ/El — oo From a numerical stand point, this procedure amounts to specifying values for
G 3 and £ 1o be suitably larger than the bending stiffness £/, For general nonlinear elasios-
tatics, care must be exercised in applying the penalty procedure [23]. The post buckling

behavior of the column is shown in Fig. 4.

2.- Pure Bending of an Euler Beam. The second example is an Euler beam fixed at one
end and subjected io an applied end moment at the other. As the bending moment increases

the radius of curvature of the deformed beam decreases, the net effect being that the beam

"eurls up”. The exact solution to this problem is, of course, p = —%« Ten quadratic elements

n
were used 1o obtain the solutions shown in Fig. 5. However, exact values of end displacement

and rotation were also obtained with a single element. The solution at each load step was

obtained (in both cases) in two iterations.

3.- Buckling of a Fixed-Hinged Circular Arch. The buckling and post-buckling behavior
of a circular arch, fixed at one end, hinged at the other, and subjected to a point load applied at
the crown is shown in Fig. 6. The solution was obtained using 20 quadratic elements. The
good correspondence between the finite element solution and the exact solution obtained by
DaDeppo and Schimdt [24] can be seen in the figure. The deformed arch at various stages of

loading is also shown in Fig. 6.

Other finite element solutions of this problem have been obtained by Wood and Zienk-

iewicz Doc. cit. 17] and by Pinsky and Taylor [8]. Wood and Zienkiewicz solve the problem
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using a two dimensional Lagrangian approach. Pinsky and Taylor, on the other hand, employ a
stress component formulation |, similar to that presenied in Section 3, in conjunction with the
plane sections kinematics expressed by equation (6) and numerical integration over the cross
section. Both [17] and [8] report a value of the buckling ioad of 925, comparing with the exact
solution given by DaDeppo and Schmidt of 897, and the value of 906 obtained herein. Pinsky

and Taylor do not report values in the post buckling range.

4.- Snap-through of a Three Hinged Arch. The fourth example treated is the elastic and
elasto-plastic snap-through of a three-hinged arch point loaded at its apex. The elasto-plastic
problem involves, in addition to the massive geometric non-linearities and instability
phenomenon of the elastic problem |, rate independeni elasio-plastic material response. These
problems are, however, simple enough to allow exact solutions in both cases, which are used
here to assess the performance of the raies of rotated siress and strain, i.égand };g discussed in

section 2.4.2.

As shown in Fig. 7, the exact and computed solution {(obtained with a singie linear ele-
meni) are in agreement, confirming the observations of section 2.4.2. Note that the elastic
unloading at snap-through has been precisely captured in the computed solution of the elastic-
plastic problem.

5.- Buckling of a Beam Flexible in Shear. In this example we consider the loss of
stiffness and eventual buckling of a column extremely flexible in shear. The multilayer elas-
tomeric bearing (transversally isotropic column) [22,26,27,28] and the sandwich beam [25] with
soft core furnish two examples of practical interest in which this situation is typically found.
Expressions for the buckling load for both types of columns based on elementary beam theory
were derived by Haringx [26] and Plantema 7 [25] for the bearing and the sandwich respec-
tively, and have been found to correspond well with experimental results [25,26,27.28]. A
more refined expression for the transversally isotropic column was recently proposed by Simo

[3,41.

The resulis plotted as diamonds ( ) on curve 1, Fig. 8, were obtained with a siress resul-
tant formulation employing the kinematic assumption (4). It is clear that the results are in
complete agreement with the analytical solution of Haringx. The results represented as squares
(1) on curve 2, Fig. 8, were obtained with a stress resuitant formulation employing the
kinematic assumption (6), which includes the effect of iransverse warping. These results,
which are in complete agreement with the solution obtained by Simo [3,4] for a transversally
homogeneous beam, illustrate the important influence of the effect of warping on the buckling
of a beam [3,4]
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The resulis plotted on curve 3, Fig 8, were obtained using the three dimensional constitu-

tive model

i 13 ‘ "2'"6’7 Sl/ (/‘?*fj) {61)

where £%, v* and G¥ are independent elastic constants. The results represented by circles
(O) were obtained using the stress component formulation with the kinematic assumption (6),
and those represented by triangles (A) were obtained with a two dimensional finite deformation
element reported in 122]. The correspondence between the two elements is seen io be excel-
lent, attesting to the accuracy of the numerical integration over the cross section procedure
when the kinematics (6) are employed. These results display a remakable feature of the consti-
tutive model (61).  Both computed solutions agree completely with the analytical expression for the
response and buckling load of the sandwich beam. Clearly, (61) leads to a gross underestimate of
the stiffness and buckling load of a (transversally) homogeneous column with low shear
modulus.

An explanation of the previous observation was given in [4] where an approximate correc-

tion was also proposed. If ( is taken to be the shear modulus of the linear theory, then the

‘# . - fe . . . . »,# . ) - i
value of G7 appearing in (61) is approximately given by G# = G + P/ in the presence of

axial load P. E* and »* are reasonably estimated by their counterparts in the linear theory.
The circles (O) plotted on curve 2, Fig. 8, were obtain using this correction. The agreement

with previous results should be noted.

We now turn our attention to problems involving high shear and material inelasticity. In
each of the examples presented, rate independent plasticity is obtained by a penalty approach
from the viscoplastic model by letting = ~ 0, as mentioned in Section 3.1. Numerically, the
penalty is enforced by specifying suitably small values of the relaxation iime ». It was found in
these examples that, in order to keep the values of F(S) and /f(R,) less than = 107% the
values of 7 were on the order of 10" and 107", respectively. The maximum number of local
iterations required to reduce the norm of the constitutive residual to less than 107" was gen-
erally around 10 in these examples. An improvement in convergence rate of these local itera-
tions was accomplished by saving the converged value from the previous global iteration and
using it as a starting value in the following one. Hence, as the global iterations converge, fewer

local iterations are required (usually only one near a converged solution).

6.- Collapse of a Fixed-Fixed Beam. We consider a beam fixed at both ends, point

loaded at 3L /4. The dimensions of the beam are such that the smaller span has a length equal
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to its depth. A nonuniform mesh of 13 quadratic elements was employed in the solution, the

smaller elements being located at the supports and at the point of load.

The purpose of the example is to conirast the stress resultant and stress component
approaches., As was previously mentioned, the stress resultant approach requires postulating a
yield potential in terms of the stress resultants, the stress component formulation mitigates this

problem, but at a substantial increase in computing cosi.

The response of the beam to the imposed loading is shown in Fig. 9 for both stress resul-
tants and stress components. The multi-linear character of the solution for the stress resuliants
resembles the classical elasto-plastic collapse of such a beam. The present solution, however,
reflects the influence of shear both on the deformations and the value of the collapse load. A
simple collapse analysis neglecting moment-shear interaction leads to a value of the collapse
load of 27, compared with the values of 21.8 for the stress resultant element accounting for this
effect. The stress component formulation, employing numerical integration over the cross sec-
tion of the beam, gives a smoother solution reflecting propagation of vielding throughout the
cross section, and exhibiting a collapse load of 23.5. The state of vielding for this structure at
various stages of loading is also shown in Fig. 9. The evolution of the shape of the elastic-

plastic interface 1s of considerable interest. Initial vielding occurs at the extreme fibers at on

Lo

support and under the load. The patiern of yieiding at collapse clearly shows that the cause of
collapse is a shear mechanism. A lower value of the collapse load for the stress resuliant
approach is expected since the yield potential is based on a lower bound solution to the interac-

tion problem.

7.~ Cyelically Loaded Shear Beam. An effect captured by the stress component formula-
tion that is ignored by a stress resultant approach is that of residual stress distributions over a
cross section. An example exhibiting this effect is a cantilever beam cyclically loaded with a tip
shear. The results of this example are shown in Fig. 10. One can see the increased rounded-
ness of the force deflection curve that occurs upon load reversal due to the residual stresses
locked in from the previous inelastic excursion. The stress resuliant element would, of course,
give a bilinear, perfectly plastic response and hence is not shown. It is worthy of note however
that the collapse load for the stress resultant model, which can be found directly from equation
(38) with ¥ = 0and M = V1., is 121.1, compared with 120.0 for the stress component model.
The correspondence between the two collapse ioads is better in this case than the previous
example due, perhaps, to the faci that the relationship (38) was derived specifically for the can-

tilever problem but only plausibly extended to more general situations {13,14].

8.- Cyclically Loaded I-Beam. This example points out another important advantage of
the stress component formulation utilizing numerical integration over the cross section: The

analysis of beams having cross sections of complicated shape. When it is possible ¢ obtain the



appropriate coordinate functions ®,(X”. X3), one can easily account for the two dimensional
nature of the cross section geometry. A method for computing &, has been proposed in [6] for
cross sections, such as the l-section, which can be idealized as "thin walled” or locally one

dimensional. This approach is especially appealing for cross sectional shapes for which the vield

The response of a short, fixed-fixed [-beam is shown in Fig. 11. Also shown in the figure
is the propagation of yielding in the web region (note that the flanges never vield) during the
virgin monotonic excursion. The extent of yielding when the beam is in a regime of uncon-
sirained plastic flow is especially interesting. The distribution of the stress components 5y, and
S1» have also been plotted in the figure. The distribution of stress at full plastic flow lends
credence io some of the commonly used approximations for determining the collapse load of a

beam under high shear.

5.- CLOSURE

The finite deformation, elasto-viscoplastic response of beamns has been considered from a
cussed and extended to include viscoplastic material response by introducing rate equations for
the evolution of the finite inelastic deformations. Special attention was given to the objectivity
of the rates and to the form of the plastic flow potential. An alternative one dimensional for-
mulation, obtained by introducing a kinematic constraint and numerically integrating over the
cross section of the beam, was also presented. The eflect of warping, which arises as a result of
shear deformation, was considered in both formulations using the kinematic assumption pro-
posed in [3,41.

A numerical algorithm for the time dependent problem was presented, inspired by the
one advocated by Hughes and Taylor [7], but modified so that the numerically integrated non-
linear rate equations are "exactly" satisfied at each iteration of the Newton-Raphson scheme.
The implications of the formulations discussed in this paper were illustrated through a

comprehensive set of numerical examples.
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Fig 10 Cyclically Loaded Rectangular Cantilever Beam
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