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Abstract
In this paper, a gray-box dynamic modeling approach for direct-expansion cooling systems is presented. The overall approach
incorporates a multi-stage training procedure that consists of 1) identification of component sub-models from quasi-steady-state
performance data, 2) system model integration with estimation of refrigerant charge and 3) fine tuning of thermal capacitances
of the evaporator and condenser to capture the system dynamic responses. Compared to traditional physics-based models, the
proposed modeling approach has advantages including reduced engineering efforts in the model development phase, improved
computational efficiency and enhanced prediction accuracy. The modeling method was validated using a 3-ton variable-speed
heat pump and proved to be capable of accurately predicting the system transient behaviors over a wide range of operating
conditions. The established dynamic model was then applied for control stability analysis, with a specific goal of determining
a proper control execution time step. The case study results showed that the stable control execution time step could change
significantly, from 3 sec to 19 sec, as the operating conditions and control settings vary, and a proper selection of the execution
time step is critical to ensure stable and reliable operations.
Keywords: Gray-box model; multi-stage training; control execution time step; control stability analysis.
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𝛼

heat transfer coefficient (W/K/m2 )

𝜒𝑡𝑡

Martinelli parameter

𝛿, 𝛿ˆ

piece-wise constant/ discrete time EXV opening (Step)

𝜂𝑐𝑜𝑚𝑏

combined isentropic efficiency

𝜆

refrigerant specific heat ratio

𝜔

compressor speed (RPM)

𝜌𝑓

saturated liquid phase refrigerant density (kg/m3 )

𝜏

time constant (s)

𝜐𝑠𝑢𝑐

specific volume of refrigerant at sucition port (m3 /kg)

Other Symbols
Δ𝑇

control execution time step (s)

Δ𝑇𝑐

critical execution time step (s)

𝑇ˆ𝑠ℎ,𝑒

discrete-time superheat error (K)

𝑇ˆ𝑠ℎ,𝑚

discrete-time measured superheat (K)

𝑇ˆ𝑠ℎ,𝑠

superheat setpoint (K)
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𝐴

heat transfer area (m2 )

1. Introduction

𝐶𝑑

mass flow coefficient

𝐸

tube wall energy (J)

ℎ

enthalpy (J/kg)

𝐾𝑒

DC gain of surrogate model (K/Step)

𝐾𝑖

I gain for PI controller (Step/K/sec)

𝐾𝑝

P gain for PI controller (Step/K)

𝑚

mass flow rate (kg/s)

𝑃

pressure (Pa)

𝑄

heat transfer rate (W)

𝑞

refrigerant quality

𝑅𝑒

Reynolds number

𝑇

temperature (K)

𝑈

refrigerant internal energy (J)

𝑉

volume (m3 )

𝑇𝑠𝑏

subcooling temperature (K)

Vapor compression cycles are predominantly used for air
conditioning, heat pump and refrigeration systems, which together consume more than 20% of electricity generated in the
U.S. (EIA, 2020) Optimized control is a critical step to achieving maximum energy efficiency, reducing carbon footprint and
improving operational reliability of a vapor compression system (VCS). Design of optimal VCS controllers calls for robust
dynamic models that can capture system transient behaviors
with moderate computational requirements.
Given that the dynamics associated with the heat transfer
processes in evaporators and condensers play a dominant role
in the overall system transience, dynamic performance characterization of heat exchangers has been a primary focus of prior
dynamic modeling efforts, especially on the two-phase flow
dynamics which to a large extent affect the evolution of system pressures (Bendapudi and Braun, 2002, Rasmussen, 2012).
Catano et al. (2013) proposed a lumped-parameter dynamic
model of direct-expansion (DX) systems to facilitate development of gain scheduling controllers. The entire heat exchangers were assumed to operate under two-phase and quasi-steadystate models were adopted for the compressor and electronic
expansion valve (EXV). Although the obtained model is computationally efficient with very few governing equations, the
lumped approach results in low performance prediction accuracy and is not able to capture important dynamics, e.g.,
phase transition point oscillations at low superheat. Through
division of a heat exchanger according to the different phase
regimes, the moving boundary (MB) method seeks to capture
the major dynamics of multi-phase heat exchangers while preserving the simplicity of the lumped approach. For example,
Chen and Deng (2006) developed a MB-based dynamic model
of variable-air-volume DX systems for control analysis, with
an empirical heat transfer correlation for each phase regime of
the heat exchangers. The nonlinear dynamic features such as
hysteresis and dead band were also taken into consideration.
The major drawback of the MB method lies on the numerical
instability when a single phase region disappears or reappears;
to this end, an improved version of the MB approach, termed
switched MB, was proposed by Li and Alleyne (2010), which
switches between the two-region and one-region model forms
for the evaporator by comparing the length of the single-phase
region to a pre-determined threshold. A natural extension of
the MB approach is the finite control volume method that utilizes a larger number of control volumes to capture system dynamic characteristics at a higher granularity and thus, offers
improved model accuracy. Kapadia et al. (2009) presented a finite control volume model of DX air conditioning systems to
predict system transient characteristics during system startup. Beghi and Cecchinato (2009) used a similar finite control
volume model to assist design of an auto-tuned PID controller
for EXV, where actuation constraints such as upper bound and
hysteresis were accounted for explicitly.
Dynamic models have been successfully used for VCS operational stability analysis. Root causes of VCS instability can
be classified into two groups: the first is associated with in-

Subscripts
𝑎

air side

𝑐

condenser

𝑑𝑖𝑠

discharge

𝑒

evaporator

𝑖

inner

𝑙

liquid phase

𝑜

outer

𝑟

refrigerant side

𝑠𝑢𝑐

suction

𝑡𝑝

two phase

𝑤

wall
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herent characteristics of the two-phase flow in an evaporator
or condenser and the second category corresponds to sensing delays (e.g., superheat measurement delays) and improper
controller design or settings. The first category is closely related to the concept of minimal stable superheat (MSS) theory , which was first introduced by Huelle (1967) and has been
extensively studied since then, e.g., Huelle (1972), Chen et al.
(2002, 2008). The MSS is defined as a critical minimal superheat at which the VCS operation becomes unstable; this instability is caused by chattering of the refrigerant-to-tube wall
heat transfer coefficient due to mode changes between nucleate boiling and convective boiling. This characteristic is inherent to the evaporation heat transfer process and is not directly related to control actions. The latter category, i.e., control instability of VCS, has attracted significant research interests more recently, mainly driven by the popularization of
EXVs and variable-speed drives. Relevant research work addressed the VCS control stability issues from different perspectives, e.g., the impact of the sensing bulb dynamics in a thermal
expansion valve-controlled VCS (Eames et al., 2014), design of
control gains (Xia and Deng, 2016) and superheat nonlinearity exhibited under different operating conditions (Elliott and
Rasmussen, 2010; Xia et al., 2019). For example, Xia and Deng
(2016) investigated the influences of proportional–integral (PI)
gain settings and superheat sensing dynamics on the operational stability of a DX system, using the Nyquist diagram.
Both simulation and experimental results showed that a larger
P or I gain would lead to a higher chance of system instability,
while a larger superheat sensor time constant has the opposite effect. In a follow-up study (Xia et al., 2019), the authors
investigated the effects of superheat sensor dynamics and operating conditions on the operational stability of a DX system,
using a dynamic VCS model extended from the one developed
by (Chen and Deng, 2006) by adding a sub-model to capture
the superheat sensor dynamics. It was found through simulation tests that the increase of the time constant of temperature
sensor or the supply fan speed could provide larger stability
margins.
This paper presents a multi-stage gray-box dynamic modeling methodology for DX systems to facilitate control stability
analysis. A hierarchical training procedure is proposed with
separate estimation of the steady-state and dynamic model parameters along with a finite control volume scheme to achieve
good model identifiability while ensuring adequate prediction
accuracy. Experimental validation of the modeling methodology was conducted using a 3-ton variable-speed heat pump.
The developed dynamic model has been utilized for stability
analysis of a digital PI controller, with a particular goal of identifying the maximum EXV control execution time step to attain stable operation with minimum EXV lifetime impact. To
the authors’ knowledge, this is the first attempt in analyzing
digital control stability of VCS with respect to control decision
time steps.

2. Test unit and experimental setup
The study involves a split variable-speed DX system with
a rated cooling capacity of 3 tons to demonstrate the proposed
modeling and control analysis approaches. The outdoor unit
houses a variable-speed scroll compressor, a condenser coil
and a condenser fan, while the indoor unit packages an Ashaped evaporator coil, an (electronic commutated motor) ECMdriven supply fan and an EXV.
In the experimental rig, the indoor unit is connected to an
indoor environment test loop, which can accommodate flexible
load testing with control accuracies of 0.2◦ C for dry bulb temperature and ±0.5% for relative humidity. The outdoor unit is
located in a psychrometric chamber that can reproduce a wide
range of outdoor environmental conditions with identical control accuracies to those of the indoor test loop. The gas and
liquid lines connecting the indoor and outdoor units are both
approximately 20’ long. Details of the experimental setup and
the test unit can be found in Liu and Cai (2021a).
3. Modeling methodology
The proposed gray-box modeling methodology consists of
a hierarchical training procedure as shown in Figure 1. The
bottom layer involves identification of steady-state component
models associated with the heat exchangers (evaporator and
condenser), compressor and EXV. In the middle layer, the established component models are integrated through continuity equations to obtain a system model in which the refrigerant charge level is estimated by minimizing the mismatch
between the predicted and measured steady-state cooling capacity. The top layer transforms the steady-state system model
into a dynamic one described by state-space governing equations, in which the optimal thermal capacitances of the heat
exchanger walls are identified to best reproduce system transient responses. This hierarchical training methodology minimizes the number (only two) of estimation parameters and
the associated numerical iterations of the computationally demanding dynamic model, while the parameters pertinent to
steady-state performances (more than ten) are estimated using the fast steady-state models. This hierarchical training
approach ensures numerical feasibility for training of the dynamic VCS model. Further, decoupled estimation of parameter groups associated with the different components reduces
the risks of over-parameterization and inter-parameter correlations, which is critical for reliable model identification.
The following assumptions are made for the overall modeling approach (Liu and Cai, 2021a)
• Refrigerant-side pressure drops are neglected for both
the evaporator and condenser.
• Counter-flow heat exchange is assumed for both heat exchangers.
• Dynamics for the compressor, EXV and air-side energy
balances of heat exchangers are neglected.
3

heat transfer between the air and refrigerant is calculated with
the following energy balance equation:


𝑄 𝑗 = 𝛼𝑟,𝑗 𝐴𝑖,𝑗 𝑇𝑤,𝑗 − 𝑇𝑟,𝑗 = 𝛼𝑎,𝑗 𝐴𝑜,𝑗 𝑇𝑎,𝑗 − 𝑇𝑤,𝑗 =


(1)
𝑚𝑟 ℎ 𝑗 − ℎ 𝑗−1 = 𝐶𝑝,𝑎𝑚𝑎 𝑇𝑎,𝑗+1 − 𝑇𝑎,𝑗

Figure 1: Overall schematic diagram of the gray-box
dynamic modeling methodology.

3.1. Steady-state model identification
Identification of the steady-state component and system
models, involved in the bottom and middle layers of the hierarchical training procedure, is based on a robust training
methodology previously developed by the authors for steadystate characterization of VCSs (Liu and Cai, 2021a). This methodology assumes simplified correlations for the different component models and incorporates two pre-training conditioning
steps to improve the model identifiability: (1) a parameter reduction step that identifies and eliminates the non-influential
estimation parameters and (2) a parameter de-correlation step
where potential correlations among the remaining parameters
are identified and reduced, resulting in further estimation parameter reduction. The model structures and key results are
summarized in this section for completeness while modeling
details can be found in (Liu and Cai, 2021a). The component
models capture the component physics through heat and mass
balances together with empirical correlations whose parameters are estimated based on performance data. The identified
component models are then integrated into a steady-state system model with the refrigerant charge level being the sole estimation parameter.

where 𝑄 𝑗 is the heat transfer rate, 𝛼𝑟,𝑗 and 𝛼𝑎,𝑗 represent the
refrigerant- and air-side HTCs, respectively, 𝐴𝑖,𝑗 and 𝐴𝑜,𝑗 are
the inner and outer heat transfer areas of the 𝑗 𝑡ℎ section of the
exchanger, respectively; 𝑇𝑤,𝑗 , 𝑇𝑟,𝑗 and 𝑇𝑎,𝑗 are the tube wall,
refrigerant and air temperatures, respectively; 𝑇𝑎,𝑗+1 and 𝑇𝑎,𝑗
are the air inlet and outlet temperatures. 𝑚𝑟 and 𝑚𝑎 are the
mass flow rates of the refrigerant and airflow, 𝐶𝑝,𝑎 is the air
specific heat and ℎ 𝑗 is the refrigerant enthalpy.
The gray-box evaporator model relies on the following correlation form to estimate the air-side HTC 𝛼𝑎,𝑒 for a given mass
flow rate 𝑚𝑎
𝛼𝑎,𝑒 𝐴𝑜,𝑒 = 𝑎 1𝑚𝑎𝑎2

(2)

where the subscript 𝑒 stands for evaporator, and 𝑎 1 and 𝑎 2 are
parameters that need to be estimated in the training process.
For estimation of the refrigerant-side evaporation HTC, a
simplified form based on the correlation of Chen (1966) is adopted
!
1
𝜃7
𝜃
+ 𝜃 6 𝜒𝑡𝑡
𝛼𝑙,𝑒
(3)
𝛼𝑡𝑝,𝑒 = 𝜃 1𝑇𝑒𝜃 2 Δ𝑇𝑠𝑎𝑡3
𝜃5
1 + 𝜃 4𝑅𝑒𝑡𝑝
where 𝜃 1 to 𝜃 7 are the estimation parameters, 𝑇𝑒 is the saturated
evaporating temperature, Δ𝑇𝑠𝑎𝑡 is the temperature difference
between of the tube wall 𝑇𝑤 and 𝑇𝑒 , and 𝑅𝑒𝑡𝑝 is the two-phase
Reynolds number. 𝛼𝑙,𝑒 is the liquid-phase convective HTC obtained using the turbulent flow correlation of Dittus-Boelter
(Bergman et al., 1996) and 𝜒𝑡𝑡 is the Martinelli parameter which
is a function of refrigerant quality 𝑞. The two-phase heat transfer dominates the total cooling effect of the evaporator while
the cooling effect occurring in the superheated region is relatively minor. Therefore, to improve the model identifiability,
the gray-box evaporator model adopts the Gnielinski correlation (Admiraal and Bullard, 1993) for the superheated phase
directly, without any training. The void fraction correlation
given in Tandon et al. (1985) is adopted to estimate the refrigerant inventory for the evaporator and condenser.
3.1.2. Condenser
The condenser energy balance shares the same form given
in Equation 1. The test unit has a fixed-speed condenser fan
and therefore, the air-side HTC 𝛼𝑎,𝑐 is a constant parameter
that can be estimated in the training process.
For estimation of the refrigerant condensation HTC 𝛼𝑡𝑝,𝑐 ,
the following simplified form derived from the Shah correlation (Shah, 1979) is used


𝛼𝑡𝑝,𝑐 = 𝛼𝑙,𝑐 𝑐 1 (1 − 𝑞)𝑐 2 + 𝑐 3𝑞𝑐 4𝑇𝑐𝑐 5
(4)

Figure 2: Schematic diagram for a counter-flow, finite control volume
model of the evaporator.

3.1.1. Evaporator
A finite control volume approach is adopted for modeling
of the evaporator and condenser. A schematic diagram for the
evaporator is given in Figure 2. This method divides a heat
exchanger into multiple control volumes and characterizes the
heat exchange of each control volume according to the local
refrigerant and air properties. For the 𝑗 𝑡ℎ control volume, the

where 𝑐 1 to 𝑐 5 are the estimation parameters, 𝑇𝑐 is the saturated
condensing temperature, and 𝛼𝑙,𝑐 is the liquid phase convective
HTC. When the quality 𝑞 approaches zero in Equation 4, the
condensation HTC converges to 𝛼𝑙,𝑐 . Therefore, Equation 4
4

guarantees a smooth HTC transition at the interface between
the two-phase and subcooled regions and can capture the heat
transfer characteristics for both regions. Similar to the evaporator case, the gray-box model assumes the Gnielinski correlation for the desuperheated region with no training required.

3.1.5. Steady-state model accuracy
56 steady-state data points were collected in the laboratory covering a range of operating and control conditions. Out
of the 56 steady-state tests, 46 points were used to train the
steady-state model and 10 points were utilized for validation.
Figure 3 depicts the steady-state system model prediction accuracy against the measurements, where different markers are
used to distinguish the training and validation points. The
predictions achieve very good agreements with the measurements, with validation root mean square relative errors (VRMSRE) of 3.29% for cooling capacity and 3.86% for compressor
power, and with validation root mean square errors (VRMSE)
of 0.71K for the saturated evaporating temperature and 0.61K
for the saturated condensing temperature. Again, details of
the steady-state modeling method can be found in Liu and Cai
(2021a).

3.1.3. Compressor
The compressor model estimates the refrigerant mass flow
rate 𝑚𝑟 with
𝑉𝑠 · 𝜔
(5)
𝑚𝑟 =
60𝜐𝑠𝑢𝑐
where 𝜐𝑠𝑢𝑐 is the specific volume of refrigerant at the suction
port, 𝜔 is the compressor speed (round per minute or RPM),
and 𝑉𝑠 represents the swept volume of the compressor, which
is an estimation parameter. Equation 5 assumes a volumetric
efficiency of unity, which is reasonable for scroll compressors
(Winandy et al., 2002). For other compressor types, empirical
correlations for the volumetric efficiency can be adopted.
The compressor power is modeled based on refrigerant enthalpy gain in a polytropic compression process corrected by
a combined isentropic efficiency and a heat loss ratio (Reindl
and Klein, 2000):
𝑃𝑜𝑤𝑒𝑟 · (1 − 𝑓ℎ𝑙 ) 𝜂𝑐𝑜𝑚𝑏 = 𝑚𝑟 (ℎ𝑑𝑖𝑠 − ℎ𝑠𝑢𝑐 ) 𝜂𝑐𝑜𝑚𝑏 =
#)
"   𝜆−1
(
𝑃𝑐 𝜆
𝜆
𝑃𝑒 𝜐𝑠𝑢𝑐
−1
𝑚𝑟
𝜆−1
𝑃𝑒

(6)

where 𝜂𝑐𝑜𝑚𝑏 is the combined isentropic efficiency, 𝑓ℎ𝑙 is the
heat loss ratio, ℎ𝑑𝑖𝑠 and ℎ𝑠𝑢𝑐 are the discharge and suction enthalpies, respectively, 𝜆 is the refrigerant specific heat ratio at
the compressor inlet, and 𝑃𝑐 and 𝑃𝑒 denote the condensing and
evaporating pressures, respectively. The following two correlations are used to estimate the compressor isentropic efficiency and heat loss ratio (Chen et al., 2000; Liu and Cai, 2021a):
 
 
𝜂𝑐𝑜𝑚𝑏 = 𝑑 1 + 𝑑 2 In 𝑃𝑃𝑒𝑐 + 𝑑 3𝜔 + 𝑑 4 In 𝑃𝑃𝑒𝑐 · 𝜔
(7)
𝑓ℎ𝑙 = 𝑒 1 + 𝑒 2𝜔 + 𝑒 3𝑇𝑠

(8)

where 𝑑 1 to 𝑑 4 and 𝑒 1 to 𝑒 3 are estimation parameters, and 𝑇𝑠 is
the outdoor air temperature.
3.1.4. Integrated model
In the bottom layer, the component models described in
Section 3.1.1 to Section 3.1.3 are trained separately using quasisteady-state performance data. In the middle layer, the identified component models are integrated to establish a system
model through continuity constraints between the connected
components, e.g., the compressor discharge enthalpy of the refrigerant is equal to the condenser inlet enthalpy. Note that
the EXV model is not required for steady-state system model
integration; instead, an equality is utilized to enforce the predicted superheat to match the measured value. This treatment
does not cause accuracy degradation but can reduce the computational complexity of the model training procedure. The
model integration stage only involves the identification of the
total refrigerant charge level and a simple line search is implemented to find the charge level achieving the minimum root
mean square relative error of the total cooling capacity.
5

where 𝐴 is the throat area of the EXV when it’s fully open
and 𝜌 𝑓 is the saturated liquid refrigerant density at the condensing pressure. 𝑌 is the expansion factor capturing volume
expansion of the refrigerant when two-phase refrigerant enters the EXV; the expansion factor is dependent on the refrigerant pressure ratio and thermal properties, e.g., specific heat
(Davies and TC, 1973). When sub-cooled refrigerant enters the
EXV (i.e., subcooling is nonzero), the expansion factor is unity.
The mass flow coefficient 𝐶𝑑 is a dimensionless variable that
changes with the valve opening 𝛿 and subcooling 𝑇𝑠𝑏 . The following polynomial is found appropriate to capture the EXV
behavior from the experimental data:
 
𝑇𝑠𝑏
(10)
𝐶𝑑 = 𝑓1 + 𝑓2𝛿 + 𝑓3𝛿 2 + 𝑓4𝛿
𝑇𝑐

(a)

where 𝑇𝑐 is the critical temperature of the refrigerant, and 𝑓1
to 𝑓4 are estimation parameters.
Figure 4 shows the EXV model performance, with the same
training and validation data sets. The model is able to predict
the refrigerant mass flow rate with a VRMSRE of less than 7%.
The prediction error is higher than those of the other component models, due to higher uncertainties in the OEM EXV
characteristics: small offsets in the refrigerant mass flow were
observed across multiple repeated tests with exactly the same
control and operation settings. Despite the uncertainty, the
overall EXV mass flow prediction is still satisfactory.

(b)

(c)

Figure 3: Comparisons of system model predictions and experimental results
for (a) cooling capacity (VRMSRE=3.29%), (b) power consumption
(VRMSRE=3.86%) and (c) saturation temperatures (VRMSE=0.71K for 𝑇𝑒 and
VRMSE=0.61K for 𝑇𝑐 ).

Figure 4: Comparison of predicted and measured refrigerant mass flow rate
through the EXV (VRMSRE=6.95%).

3.2.2. Dynamic heat exchanger model
The evaporator dynamic model extends the steady-state
one by incorporating explicit conservation differential equations for the refrigerant energy, mass and tube wall energy of
each control volume, given in Equation 11 to Equation 13.

𝑈¤ 𝑗 = 𝑚 𝑗−1ℎ 𝑗−1 − 𝑚 𝑗 ℎ 𝑗 + 𝛼𝑟,𝑗 𝐴𝑖,𝑗 𝑇𝑤,𝑗 − 𝑇𝑟,𝑗
(11)

3.2. Dynamic model identification
3.2.1. EXV model
EXVs are increasingly used in modern VCS because of their
fast and accurate response to control actuation and adaptability to time-varying operating conditions. An EXV model is not
required in the steady-state model as the measured superheat
is used as an input variable. However, a dynamic VCS model
ought to characterize the dynamics of superheat (an output
variable) and should incorporate an EXV model. This study
assumes the following orifice equation to calculate the refrigerant flow through the EXV (Li, 2013)
q
𝑚𝑟 = 𝐶𝑑 𝐴𝑌 2𝜌 𝑓 (𝑃𝑐 − 𝑃𝑒 )
(9)

(12)

𝑚¤ 𝑒,𝑗 = 𝑚 𝑗−1 − 𝑚 𝑗


𝐸¤ 𝑗 = 𝐶𝑡ℎ,𝑤 𝑗 𝑇¤𝑤,𝑗 =𝛼𝑎,𝑗 𝐴𝑜,𝑗 𝑇𝑎,𝑗 − 𝑇𝑤,𝑗
− 𝛼𝑟,𝑗 𝐴𝑖,𝑗 𝑇𝑤,𝑗 − 𝑇𝑟,𝑗



(13)

where 𝑈 𝑗 is the refrigerant internal energy; 𝑚 𝑗−1 and 𝑚 𝑗 represent the inlet and outlet mass flow rates of refrigerant, respectively; 𝑚¤ 𝑒,𝑗 is the time derivative of the refrigerant mass held
6

in the 𝑗 𝑡ℎ control volume; 𝐸 𝑗 is the tube wall energy and 𝐶𝑡ℎ,𝑤
denotes the thermal capacitance of the heat exchanger tube
wall, which is estimated in the training process. The HTCs
and areas assume the values identified in the bottom and middle layers so the evaporator dynamic model only involves a
single estimation parameter.
Based on the relationship between the refrigerant specific
internal energy 𝑢 and enthalpy (𝑢 = ℎ − 𝑃𝜌 ), the time derivative of the refrigerant internal energy in Equation 11 can be
decomposed into terms of time derivatives with respect to the
pressure and enthalpy using the chain rule:
!
! #
"
𝜕𝜌 𝑗
𝜕𝜌 𝑗
ℎ¤ 𝑗 ℎ 𝑗 −
𝑃¤𝑒 +
𝑈¤ 𝑗 = 𝑉𝑗
𝜕𝑃𝑒 ℎ 𝑗
𝜕ℎ 𝑗 𝑃𝑒
(14)
¤
¤
𝑉 𝑗 𝑃𝑒 + 𝑉 𝑗 𝜌 𝑗 ℎ 𝑗

was divided into 20 control volumes, i.e., 𝑁 = 20. The differential equations were solved numerically using the fourth-order
Runge-Kutta solver with a fixed time step of 0.05 s (Greenberg,
1988).
The governing equations for the condenser dynamics assume exactly the same form, although a different tube wall
thermal capacitance is identified through training.
3.2.3. Dynamic system model
In addition to the integration of the EXV model, the VCS
dynamic system model is an natural extension of the steadystate system model established in the middle layer, by incorporating the governing differential equations for the evaporator
and condenser dynamics introduced in Section 3.2.2. Since the
dynamics of the compressor and EXV are fast and negligible
compared to those of the heat exchangers, their steady-state
models carry over directly to the dynamic system model. The
dynamic system model is established by connecting the component models in a ping-pong scheme: the output of an upstream component for the previous time step is used as the
input to calculate the current state of the downstream component. Mass balance is always preserved in the governing differential equations. However, an initialization step is needed
to estimate the initial values of the state variables through trial
and error so that the total system refrigerant charge of the dynamic model matches the charge level estimated for the steadystate counterpart in the middle layer.
As part of identification of the dynamic system model, thermal capacitances of the heat exchanger tube walls are estimated so that the predicted superheat matches the experimental data with the minimum RMSRE. Superheat is used as the
regression variable since superheat stability is a key requirement for controller design of variable-speed VCS.
To illustrate the impact of heat exchanger thermal capacitances on the overall system dynamics, the comparisons between the predicted superheat with different evaporator thermal capacitance values and the measured superheat for the test
unit are shown in Figure 5, where 𝐶𝑡ℎ,𝑟 denotes the reference
evaporator tube wall thermal capacitance calculated from detailed coil geometries provided by the manufacturer. The estimated thermal capacitance is 30% higher than the reference
value, possibly because the model also tends to capture the
thermal inertia of the temperature sensor (thermocouple installed in the suction line with a metal sheath). The estimated
thermal capacitance leads to transient behaviors in best agreement with the measured dynamics. It can be seen from Figure 5 that a small thermal capacitance (0.5𝐶𝑡ℎ,𝑟 ) leads to fast
responses while a large capacitance (2𝐶𝑡ℎ,𝑟 ) results in slow system dynamics.

where 𝑉𝑗 represents the tube internal volume for the 𝑗 𝑡ℎ control volume and the evaporating pressure 𝑃𝑒 is assumed to be
identical across all control volumes (no pressure drops). Similarly, the mass balance Equation 12 can be re-written as
"
!
! #
𝜕𝜌 𝑗
𝜕𝜌 𝑗
𝑚¤ 𝑒,𝑗 = 𝑉𝑗 𝜌¤𝑗 = 𝑉𝑗
𝑃¤𝑒 +
ℎ¤ 𝑗
(15)
𝜕𝑃𝑒 ℎ 𝑗
𝜕ℎ 𝑗 𝑃𝑒
Equation 14 and Equation 15 allow the following reformulation
of the governing equations using the evaporation pressure and
enthalpy as state variables:
 𝑃¤𝑒 


 ℎ¤1 


 .. 
 . 


Z  ℎ¤ 𝑁  =
 𝑇¤𝑤,1 


 . 
 .. 


𝑇¤𝑤,𝑁 


(16)



𝑚𝑖𝑛 (ℎ𝑖𝑛 − ℎ 1 ) + 𝛼𝑟,1𝐴𝑖,1 𝑇𝑤,1 − 𝑇𝑟,1




..


.

 
 𝑚𝑖𝑛 (ℎ 𝑁 −1 − ℎ𝑜𝑢𝑡 ) + 𝛼𝑟,𝑁 𝐴𝑖,𝑁 𝑇𝑤,𝑁 − 𝑇𝑟,𝑁





𝑚
−
𝑚
𝑖𝑛 
𝑜𝑢𝑡

 
 𝛼𝑎,1𝐴𝑜,1 𝑇𝑎,1 − 𝑇𝑤,1 − 𝛼𝑟,1𝐴𝑖,1 𝑇𝑤,1 − 𝑇𝑟,1





..


.




𝛼𝑎,𝑁 𝐴𝑜,𝑁 𝑇𝑎,𝑁 − 𝑇𝑤,𝑁 − 𝛼𝑟,𝑁 𝐴𝑖,𝑁 𝑇𝑤,𝑁 − 𝑇𝑟,𝑁 


where Z is the transformation matrix that is dependent on the
evaporation pressure and refrigerant enthalpy of each control
volume. The detailed structure of the matrix can be found in
Gupta (2007). 𝑁 denotes the total number of control volumes.
𝑚𝑖𝑛 and 𝑚𝑜𝑢𝑡 are the inlet and outlet refrigerant mass flow
rates for the evaporator, respectively. Solving the nonlinear
differential Equation 16 requires inversion of the transformation matrix, the size of which depends on the number of dynamic state variables (2𝑁 + 1). The computational complexity
for (non-sparse) matrix inversion increases cubically with 𝑁 ,
i.e., 𝑂 (𝑁 3 ). In the case study, to seek a trade-off between the
model accuracy and computational efficiency, the evaporator
7

(a)

Figure 5: Comparisons of superheat dynamics associated with different
evaporator thermal capacitance values.

3.2.4. Dynamic system model accuracy
The final dynamic system model was validated with experimental data collected in a continuous test that consisted of a sequence of different operation settings. The comparisons of the
measured and predicted cooling capacity, compressor power
consumption, evaporator/condenser saturation temperatures
and superheat are depicted in Figure 6. The results demonstrate that the identified dynamic model could accurately capture the system dynamics. For this specific validation data set,
the model prediction RMSREs are 1.1% for cooling capacity,
3.7% for compressor power consumption, less than 0.8K for the
saturated evaporation/condensation temperatures and 0.9K for
the superheat.

(b)

(c)

(d)

Figure 6: Comparisons of system dynamic performance between simulation
and experiment for (a) cooling capacity (RMSRE=1.67%), (b) power
consumption (RMSRE=3.69%), (c) saturation temperatures (RMSE=0.73K for
𝑇𝑒 and RMSE=0.64K for 𝑇𝑐 ) and (d) superheat (RMSE=0.87K).
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4. Application of the dynamic model for control analysis
This section presents an application of the developed VCS
dynamic model for control analysis, with a specific focus on
the determination of proper EXV control execution time steps.
For a given feedback controller (e.g., proportional–integralderivative or PID controller), a short execution time step could
provide fast and accurate superheat regulation but frequent actuation may reduce the lifetime of the valve and stepper motor;
on the other hand, an excessively large execution time step setting can lead to control instability such as superheat hunting
which may trigger control oscillations of both the EXV and
compressor. Therefore, a proper setting of the control execution time step is critical to ensure reliable and efficient VCS
operations.

Figure 7: Block diagram of the digital superheat controller.

The original VCS plant model is highly nonlinear and thereby
not suitable for control analysis. To this end, a linear surrogate
model is derived for given operating conditions from step response tests conducted with the original VCS model. Based on
the test results reported in Liu and Cai (2021b), a first-order
surrogate model is assumed (this is a common assumption by
prior work, e.g., Rasmussen, 2012):

4.1. Transfer function of PI controlled VCS
This study considers a digital PI controller for superheat
regulation, which is predominantly used for industrial process
control. However, the analysis method presented here is applicable to general linear feedback controllers. Figure 7 shows
the block diagram of the digital superheat control loop, where
the PI controller accepts the superheat control error 𝑇ˆ𝑠ℎ,𝑒 between the superheat setpoint 𝑇ˆ𝑠ℎ,𝑠 and the measured superheat
𝑇ˆ𝑠ℎ,𝑚 , and generates the control command 𝛿ˆ for the EXV opening. The PI controller has the following discrete-time transfer
function:
𝐶 (𝑧) =

Δ𝑇 𝑧
𝒵{𝛿ˆ}
= 𝐾𝑝 + 𝐾𝑖
ˆ
𝑧
−1
𝒵{𝑇𝑠ℎ,𝑒 }

𝐻 (𝑠) =

ℒ{𝛿ˆ} 1 − e−𝑠Δ𝑇
=
ℒ{𝛿 }
𝑠

(19)

where 𝜏 is the time constant and 𝐾𝑒 is the DC gain of the surrogate model, which is equal to the variation of the steady-state
superheat subject to a unit step change in the EXV opening.
Note that both the time constant and the DC gain change with
operating conditions and the analysis results are only valid for
the conditions under which the surrogate model is developed.
When the operation conditions change, the surrogate model
ought to be updated. The discrete-time equivalent model of
the VCS plant with the ZOH process is:


− Δ𝑇
𝜏
𝐾
1
−
e
𝑒
ˆ
𝒵{𝑇𝑠ℎ,𝑚 }
𝐾𝐻 (𝑧) =
=
(20)
Δ𝑇
𝒵{𝛿ˆ}
𝑧 − e− 𝜏

(17)

where 𝐾𝑝 and 𝐾𝑖 are the proportional and integral gains, respectively, Δ𝑇 is the execution time step of the controller, and
𝒵 is the Z-transform operator. Note that throughout this paper, a continuous-time signal is denoted by a regular variable
while a discrete-time (sampled) signal is represented by a hatted variable.
The continuous-time transfer function of the VCS plant
model is denoted by 𝐻 (𝑠). Zero-order hold (ZOH) is applied to
the discrete-time control command 𝛿ˆ generated by the PI controller to reconstruct a continuous-time and piece-wise constant signal 𝛿 fed to the VCS plant. The ZOH operator has the
following transfer function (Landau and Zito, 2007)
𝐾 (𝑠) =

ℒ{𝑇𝑠ℎ,𝑚 }
𝐾𝑒
=
ℒ{𝛿 }
1 + 𝜏𝑠

Then, the closed-loop discrete-time transfer function for the
superheat control system is:
𝐺 (𝑧) =

𝒵{𝑇ˆ𝑠ℎ,𝑚 }
𝐶 (𝑧) 𝐾𝐻 (𝑧)
𝐵𝑧 + 𝐷
=
= 2
ˆ
1 + 𝐶 (𝑧) 𝐾𝐻 (𝑧) 𝑧 + 𝐸𝑧 + 𝐹
𝒵{𝑇𝑠ℎ,𝑠 }

(21)

where


Δ𝑇
𝐵 =𝐾𝑒 𝐾𝑝 + 𝐾𝑖 Δ𝑇 1 − e− 𝜏 ,


Δ𝑇
𝐷 = − 𝐾𝑒 𝐾𝑝 1 − e− 𝜏 ,
 


Δ𝑇
Δ𝑇
𝐸 =𝐾𝑒 𝐾𝑝 + 𝐾𝑖 Δ𝑇 1 − e− 𝜏 − 1 + e− 𝜏 ,


Δ𝑇
Δ𝑇
𝐹 =e− 𝜏 − 𝐾𝑒 𝐾𝑝 1 − e− 𝜏 .

(18)

where ℒ is the Laplace-transform operator. A sampler is present
after the VCS plant to obtain a discrete-time superheat signal
(𝑇ˆ𝑠ℎ,𝑚 ). The discrete-time equivalent VCS plant model with the
ZOH process is represented by 𝐾𝐻 (𝑧).

Discrete-time closed-loop stability can be guaranteed if all
the closed-loop poles, which are the roots of the characteristic
equation 𝑧 2 + 𝐸𝑧 + 𝐹 , fall within the unit circle in the 𝑧-plane
(Fadali and Visioli, 2013). This stability criterion is used to analyze the effect of control execution time step Δ𝑇 on system
stability.
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4.2. Case study results on control stability
4.2.1. Surrogate model-informed stability
Figure 8 depicts the variation of the distance between the
dominant pole of the closed-loop system and the origin of the
z-plane with respect to the control execution time step, under different P/I gain settings. The analysis corresponds to the
following boundary conditions: evaporator inlet air dry-bulb
temperature of 305K and relative humidity of 35%, outdoor air
dry-bulb temperature of 300K, compressor speed at 3000 RPM
and supply air flow rate of 1200 CFM. The Ziegler–Nichols rule
(Katsuhiko, 2010) was used to fine tune the P/I gains with the
full VCS model under the same operating conditions. The P/I
gains were determined to be 2 (Step/K) and 0.09 (Step/K/sec),
respectively. Open-loop simulation tests were conducted under the same conditions and the results were utilized for estimation of the surrogate model, the time constant 𝜏 and DC
gain 𝐾𝑒 of which were identified to be 41.5 s and 7.112 (K/Step),
respectively. The results presented in Figure 8 were obtained
using the estimated surrogate model for the specific boundary
conditions. It can be observed that for all considered P/I gain
settings, the dominant pole’s distance from the origin increases
monotonically with the increase of the control execution time
step and when the control time step reaches certain threshold, the closed-loop pole crosses the unit circle and the system
becomes unstable. This threshold is termed critical execution
time step Δ𝑇𝑐 , which is a critical parameter to consider in the
design of a digital controller: the control time step needs to be
smaller than this threshold to maintain stability of the closedloop system. Another key observation is that the critical time
step varies dramatically with the P/I gain settings: the increase
of the P or I gain, which corresponds to more aggressive control reactions to superheat errors, leads to a decrease of Δ𝑇𝑐 .
This is expected as more frequent control actuation is needed
to accommodate the dramatic changes in the control command
by an aggressive PI controller.
To investigate the effect of operating conditions on the critical time step, analyses were performed for a different set of
boundary conditions: the evaporator inlet/outdoor air conditions remained the same as those in Figure 8 but the compressor speed and supply air flow rate were changed to 3500
RPM and 1800 CFM, respectively. The results are depicted
in Figure 9. The VCS response is quite different under the
new boundary conditions and the surrogate VCS model was
re-identified accordingly. The updated surrogate model has
a slightly larger time constant and a significantly smaller DC
gain. Although the curves exhibit similar trends, the critical
time step Δ𝑇𝑐 has changed quite significantly as a consequence
of the variation in system dynamics. For the nominal P/I gain
settings of 2 (Step/K) and 0.09 (Step/K/sec), the critical time
step has increased from 6.09 s to 9.45 s after the changes in
the boundary conditions. These results indicate the promise
of an improved strategy to adapt the control execution time
step with the operating conditions, which can offer benefits of
reducing control actuation and prolonging equipment lifetime
with guaranteed stability. However, this is out of the scope of
this study.

Figure 8: Variation of distance between dominant pole and the origin with
respect to the control execution time step for 𝜏 = 41.5s, 𝐾𝑒 = 7.112K/Step.

Figure 9: Variation of distance between dominant pole and the origin with
respect to the control execution time step for 𝜏 = 36.5s, 𝐾𝑒 = 3.875K/Step.

4.2.2. Experimental validation of the stability results
Experimental tests were carried out using the test unit to
validate the stability results presented in the previous subsection. The test assumed the same operating conditions as those
in Figure 8 and the nominal P/I gains of 2 (Step/K) and 0.09
(Step/K/sec). In the experiments, all boundary conditions and
P/I gains remained constant while the PI controller execution
time step was gradually increased from 2 s to 14 s with a 2 s increment. Each execution time step setting lasted 30 minutes to
ensure the system reached steady- or oscillatory-steady-state
before the next setting was applied.
Figure 10 presents the experimental results. It can be observed that the system was stable for controller execution time
steps shorter than 6 s, while unstable superheat oscillations occurred when Δ𝑇 was increased to 8 s and the control response
became more oscillatory as Δ𝑇 was further increased. These
results are consistent with the critical execution time step of
6.09 s, identified in the stability analysis of Section 4.2.1. The
dominant pole’s distance from the origin is indicated for each
10

execution time step setting in the first subplot of Figure 10,
which also proves that Δ𝑇 of 6 s is very close to the stability
threshold with the dominant pole almost falling on the unit
circle. It may be noted that a larger control execution time
step is anticipated to reduce mechanical wear and tear of the
valve and stepper motor. However, an excessively large control
time step may cause system instability and control chattering
which can even accelerate the aging of the expansion device,
as evidenced by the results in Figure 10.
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