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ABSTRACT OF THE DISSERTATION

The tt-geometry of permutation filtered modules

by

Colin Ni
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2026

Professor Paul Balmer, Chair

We study the derived category of permutation filtered modules. We focus on the case
Dy(pfmod(E)) of an elementary abelian group E. Our key insight is to consider for each
subgroup N < FE a relative subcategory pfmod(E, N) C pfmod(E) of permutation filtered
modules and a relative category pgmod(E, N) of permutation graded modules. The case
N =1 recovers the original categories. We show that the spectrum Spc Dy, (pfmod(E, N)) as
a set consists of a copy of the spectrum Spc Dy, (pgmod(FE, N)) and a colimit colimy~ y Uy, of
open subsets Uy, C Spc Dy, (pfmod(E, L)) coming from smaller relative subcategories. This

allows an inductive analysis of Spc Dy, (pfmod(E)).
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1 Introduction

Spc Dy, (pfmod (C5?))
[ J [ J ([ ] [ [ ]
SI)(jD\)(pmod((/';z)) [ o @ e SKerennnns @:reeiien @:reneiee @:enetnnns
2 [ J
[ J [ J [ J [ J [ J [
[ J [} [
?
Up e S rrorer ©omoccen ©peroecs O oo
[ ]

[ ]

1.1 Notation. In this introduction, let p be a prime number, let k be a field of characteristic
p, let I' be a profinite group, let G be a finite group, let E be an elementary abelian p-group,
let F be a field, and let G = Gal(F*® /F) denote the absolute Galois group of F. By H <T
we mean an open subgroup of T, that is, a closed subgroup of finite index, and by N < T we

mean a normal open subgroup.

Permutation modules

Permutation kI'-modules are some of the simplest kI'-modules that one can describe: they are
the k-linearized I'-sets or, in other words, a direct sum of kI'-modules of the form k(I'/H) for
open subgroups H <T. The finitely generated permutation kI'-modules only form an additive
category, whose idempotent completion we denote by pmod(I'), so the derived category

Dy (pmod(T")) is nothing but the homotopy category of pmod(I).
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Nevertheless, permutation modules have been under fire from Balmer—Gallauer for years
now. One reason is for their relationship to motives, which we will discuss momentarily.
Another reason is that the derived category Dy (pmod(G)) is shockingly rich and is in fact
more complex than the usual derived category Dy, (mod(G)) of the abelian category mod(G)
of finitely generated kG-modules. For example, every object in mod(G) admits a finite
resolution by objects in pmod(G), and one then deduces (Example 7.14) that Dy(mod(G))

is the Verdier quotient of Dy,(pmod(G)) at the complexes that are mod(G)-acyclic:
T: Dy(pmod(G)) — Dy(mod(G)).

Geometrically Spce Dy, (mod(G)) embeds as an open set in Spc Dy, (pmod(G)), which is called

the cohomological open.

Balmer-Gallauer determined the spectrum of Dy(pmod(G)) in its entirety in [BG25a].

To determine it as a set, they introduced the modular fixed points functors
T Dy (pmod(G)) — Dy (pmod(G /H)) —s Dy (mod(G JH)) (1.2)

which, as H € sub,(G)/G varies over the p-subgroups of G up to conjugacy, partition the

spectrum Spc Dy, (pmod(G)) as a set:

| | SpcDu(mod(G/H)) —— SpcDy(pmod(G)). (1.3)
Hesuby(G)/G

To determine specializations, they reduced to the elementary abelian case and used a certain

twisted cohomology ring.

For example, in the Klein four case E = C5? the spectrum is [BG25a, Example 16.16]:

Spc Dy (pmod(E))

(1.4)



Here the cyan region is the cohomological open, which is the vanishing locus of the mod(G)-
acyclic complexes, and the magenta region is the support of these acyclics. For details about

how to read pictures such as these, see Running Example 6.36.

Artin, Tate, and Artin-Tate motives

Understanding Voevodsky’s derived category DM(F;Z) of motives is a grand problem in
algebraic geometry. More tractable is the problem of understanding the derived category
DM®(F'; k) of geometric motives with coefficients in k, and even more tractable are the

problems of understanding the thick subcategories of Artin, Tate, and Artin-Tate motives:

DAM®™(F; k) = thick{M(L) | L/F finite separable} C DM®"(F; k)
DTM®™(F; k) = thick{ M(F')(w) | w € Z} C DM®"(F; k)
DATM®™(F; k) = thick{M(L)(w) | L/F finite separable,w € Z} C DM®™(F; k),
where given a finite separable extension L of F, we denote by M(L) € DM®"(F; k) the

motive of Spec(L). Indeed, these derived categories can be expressed algebraically, as we

now discuss.

Voevodsky established [Voe00] that the derived category of Artin motives is equivalent

to the derived category of finitely generated permutation kG p-modules:
DAM®™(F; k) = Dy(pmod(GF)).

Balmer—Gallauer use this to determine Spc DAM®"(F; k) in [BG25b]. Namely, they write

the derived category of permutation kG p-modules as a colimit

Dy, (pmod(Gr)) = colim Dy (pmod(Gr/N)) (1.5)

NLGr
of derived categories of permutation modules over finite groups, and then they use continuity

of Spc and the computation of Spc Dy,(pmod(G)) (see (1.3)) to conclude

Spe Dy (pmod(Gr)) = lim SpcDy(pmod(Gr/N)). (1.6)

NG
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For example, in the case where F is a finite field so that G = Z is the profinite integers,

the spectrum can be illustrated as [BG25b, Theorem 1.4]

Spc DAM®™"(F'; k)

In a similar vein, Positselski considered the exact category fmod(Gr,Gp) of filtered
finitely generated kG p-modules whose associated graded is a direct sum of twists of k [Pos11,
Sections 3 and 9.3] (see also [Gall9, Proposition 7.3]). Positselski established that, in the

case k = F,, the derived category of Tate motives is equivalent
DTM®"(F; k) = Dy(fmod(Gr, GF)) (1.7)

to the derived category of this exact category fmod(Gp, Gr). Gallauer used this in [Gall9,
Theorem 8.6] (see also [Gall8]) to determine Spc DTM®™(F; Z[1/p]) when F is algebraically
closed and has rational motivic cohomology groups satisfying a certain vanishing condition

[Gall9, Hypothesis 6.6]:

Spc DTM®™(F; Z[1/p])

® (] s [ ] cee } mod-£ motivic cohomology
° ° s [ ] s } mod-¢ étale cohomology
) } rational motivic cohomology

Here ¢ runs through the primes different from p.

Going one step further, Positselski considered the exact category pfmod(Cy) of filtered
finitely generated kCy-modules whose associated graded is permutation (vacuously), where
a kernel-cokernel pair in pfmod(C5) is defined to be short exact if and only if its associated
graded in pmod(Cs) is short exact (split exact) [Posl1, Sections 3 and 9.3]. Balmer—Gallauer
established that, in the case p = 2 and F' = R (so that Gr = (), the derived category of



Artin-Tate motives is equivalent
DATM®™(F; k) = Dy(pfmod(Cy)) (1.8)

to the derived category of this exact category pfmod(Cs) [BG22b, Proposition 9.2]. They
then use this to determine Spc DATM®"(F; k), namely by computing Spc Dy, (pfmod(Cy))
[BG22b, Theorem 7.9]:

Spc Dy (pfmod(Cy))
° ¢ (1.9)

Permutation filtered modules

In full generality [Pos11, Sections 3 and 9.3], we consider the exact category pfmod(Gr) of fil-
tered finitely generated kG p-modules whose associated graded is permutation, where the ex-
act structure is pulled back along the total associated graded functor ung gr: pfmod(Gp) —

pmod(Gr), in the sense that a kernel-cokernel pair

in pfmod(GF) is short exact if and only if its total associated graded

ung gr(A;) 220 yng gr(Ay) 2P ing gr(As)

in pmod(GF) is short exact (split exact). The derived category of Artin-Tate motives is

expected to be equivalent
DATM®™"(F; k) = Dy(pfmod(GF)) (1.10)

to the derived category of this exact category pfmod(Gp). It is true, as we saw, in the case
of [BG22b], and more generally it follows from the main conjecture of Positselski in [Pos11]

(see [Posll, Section 9.2]).



In this work, we will not be so concerned with this conjecture, and instead we focus on

studying the spectrum of Dy, (pfmod(Gr)). Much like (1.5) and (1.6), we have

Dy, (pfmod(Gr)) = colim Dy (pfmod(Gr/N)), (1.11)
NdGp
hence
Spc Dy (pfmod(Gr)) = lim SpcDy(pfmod(Gr/N)). (1.12)
N<QGp

In this fashion, we reduce to the case Spc Dy (pfmod(G)) of a finite group G. We may also
reduce to the case of a p-group G, for example by observing that pfmod(—) is a cohomological

Mackey 2-functor (see for example Proposition 4.1 and [BD24, Theorem 5.10]).

As a reminder, the purpose of computing the spectrum of a tt-category is to classify
the objects in the category up to tt-equivalence: two objects have the same support in the
spectrum if and only if they can be built from one another using triangles and retracts and
by tensoring with arbitrary objects. Thus, in other words we aim to classify the objects of

Dy, (pfmod(G)) up to tt-equivalence.

In a nutshell, for an elementary abelian p-group E, our main results in this work imply
that two objects X,Y € Dy(pfmod(F)) are tt-equivalent only if they satisfy the following

three necessary conditions:
(7) They have tt-equivalent total associated graded objects:

supp(ung gr(X)) = supp(unggr(Y)) in  SpcDy(pmod(E)).
(17) They have tt-equivalent underlying objects:

supp(unf(X)) = supp(unf(Y’)) in  SpcDy(mod(E)).

(737) For every subgroup N < E for which X and Y are complexes of modules over the

filtered monoid radf y(kFE), the objects X and Y have tt-equivalent complexes of associated



graded modules over the graded monoid grradfy(kE): if X,Y € Dy(pfmod(E, N)) for some
N < F, then

supp(gr(X)) = supp(gr(Y)) in  SpcDy(pgmod(£, N)),

where the relative categories pfmod(E, N) and pgmod(E, N) will be discussed in the next

subsection and are officially introduced in Sections 14 and 15.

In fact, our main results assert that in some sense these conditions are also sufficient: the

spectrum Spc Dy, (pfmod(E)) is comprised of points coming from these spectra.

The first two conditions (i) and (éi) are quite natural. Given a filtered object, the two
obvious things we can do with it are forget the filtration and take the total associated graded,
and we should expect these two operations to preserve tt-equivalence. The third condition
(73i) is more striking and contains (i) as the special case N = 1. In this introduction we
will only give a rough explanation of condition (7i7), starting in the setting of our running

example.

Introduction to the running example

1.18 Running Ezample. We take our group G to be the Klein four group C;?, and we
assume our field k is algebraically closed with characteristic p = 2. Note that E = C,* is
an elementary abelian 2-group with rank 2. We fix a minimal set x,y € E of generators of
E, and we denote by X = x — 1 and Y = y — 1 the corresponding elements of the radical
rad(kE) C kE so that

k[X,Y]

EF~——
N eR )

We write Nji.o) = (), Npaj = (2y), and Nyg.q) = (y) for the rank 1 subgroups of £ generated
respectively by z, xy, and y.

In this subsection, we adopt the notation in Running Example 1.13, and we investigate

this example by describing some non-tt-equivalent objects in Dy, (pfmod(£)) using our con-
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ditions (7), (i7), and (4i7) from the previous subsection. We will see in the next subsection

that their supports are indeed different.

The usual way of drawing kF-modules, where the X-action is depicted by a single line
and the Y-action is depicted by a double line, extends nicely to a way of drawing objects of

pfmod(F). For example, we can draw the following permutation filtrations of kE:

fr kE radf(kE) gap' radf(kE)  radfyy, (KE)
—_—. . B — filt. weight O
7\ /\ NN e (119)
\_/ . . filt. weight 2
\ / filt. weight 3.

From left to right, we put kE entirely in filtration zero; we filter kE by the powers of the
radical rad(kE) = (g — 1| g € E) = (X,Y); we insert a gap at filtration weight 1 into
the previous filtration; and we filter KE by the powers of the Nj-radical rady,,, (kE) =
(n—=1|n € Npaj) = (Y). Similarly, we have the following permutation filtrations of the
permutation module k(E/Nj.1):

fz k(E/Njo.1) radf k(E/N.) gap! radf k(E/Nj.1)

«-——

filt. weight O

~/ / filt. weight 1

filt. weight 2.
Given a non-Fy-rational point [a : b] € P}, we also have the following objects in pfmod(E):
) Al[f:g]z A[V;:gt} radf(Clas))
. . . filt. weight O 1.15
\’_/. NL a Jo filt. weight 1 (1.15)

¢ N- filt. weight 2.

Here (a,b) € k? is a representative of [a : b], and the a and b labels on the X- and Y-actions
indicate that the actions are scaled by a and b respectively. Up to tt-equivalence, these
objects only depend on [a : b] € Pj.

By placing the objects we have seen thus far in homological degree 0, we obtain objects
in the derived category Dy(pfmod(FE)), but we also have the following two complexes that

are not concentrated in homological degree 0:

8



fz kOSE(N[Ozl])
_ . filt. weight 0.
hom. degree 2  hom. degree 1 =~ hom. degree 0

cone(3)
- filt. weight O (1.16)
\> . filt. weight 1.
hom. degree 1 hom. degree 0
We now turn our attention to discussing why these objects in Dy,(pfmod(E)) are all non-
tt-equivalent, using conditions (i), (i), and (i7i) from the previous subsection. Consider the

table on the following page.

By considering the total associated graded and underlying objects, which are tabulated
in the second and third columns and which correspond to conditions (i) and (ii), we easily
see that many pairs of these objects are not tt-equivalent. In fact, the only pairs of objects
that these invariants cannot distinguish are the pair radf(kE) and gap' radf(kE), the pair
radf k(E/Njp.q) and gap' radf k(E/Np.;), and the pair A[V;:Et} and radf(Cla.)-

Let us now give our rough explanation of condition (#ii), which is partially tabulated
in the fourth and fifth columns. For details about the relative categories pfmod(FE, N) and
pgmod(E, N), we again refer the reader to Sections 14 and 15. We start with the subgroup
N = E, in which case radf y(kE) = radf(kE). A module A € pfmod(E) being a module over
this filtered monoid radf(kE) means that the elements X,Y € kE act with filtration weight
1 on the module A: if a € A, then Xa,Ya € A”T!. We then write A € pfmod(E, E). The
associated graded module gr(A) € pgmod(FE, E) is a graded module over the graded monoid
grradf(kE), so the elements X,Y € grradf(kE) act with grading 1 on gr(A): if b € gr(A)Y,
then Xb,Yb € gr(A)“*!. For example, we have radf(kE), gap' radf(kFE) € pfmod(E, E), and

their associated graded modules grradf(kFE), gr gap! radf(kE) € pgmod(FE, E) are respec-



X
€ Dp(pfmod(FE))

ung gr(X)
€ Dy(pmod(E))

unf(X)
€ Dp(mod(E))

ung gr(X)
€ UUA_U_\ZOQA@“ Z_OHZVV

ung gr(X)
€ Dy(pmod(E, E))

fzkE kE kE not in subcategory not in subcategory
radf(kE) ko4 kE k(E/Np.)®? kE

gap! radf (kE) ko4 kE k%2 & k(E/Np.q) ko QL(k)

radfn,,, (kE) k(E/N.1))® kE kE not in subcategory
fz k(E/Np.1)) k(E/Np.1) k(E/Np.1) k(E/Nip.1) not in subcategory
radf k(E/Nip.1)) k&2 k(E/Np.) k®? k(E/Np.)

gap’ radf k(E/Ny.q)) | k2 k(E/Np.1) kP2 k©2

\»Wm% k(E/Nig.1)®? unf T»Wo%v unf T»Wo%v not in subcategory
Ave k92 @ k(E/Np.1)) | unf (A7) unf (A7) not in subcategory
radf(Clq.p)) k&2 Cla:p) k(E/Ni1.q)) Cla:p)

fz kosg(Np.1) kosg(N:.1) 0 kosg(N:11) not in subcategory
cone(p) ko2 0 k&2 k®2

10



tively
grradf(kE) grgap! radf(kE)

. grading 0

'< >' grading 1 (1 : 17)
\- -\ /- grading 2
\- grading 3.

When we forget the gradings, we get the kFE-modules
ung grradf(kE) ~ kE  and  unggrgap' radf(kE) ~ k & Q'(k).

For this reason, radf(kFE) and gap' radf(kE) are not tt-equivalent.

Similarly, let us now consider the subgroup N = Nj.;j = (y). A module A € pfmod(£)
being a module over the filtered monoid radfy,,, (k&) means that the element Y € kE acts
with filtration weight 1 on A. We then write A € pfmod(E, Njo.11). The associated graded
module gr(A) € pgmod(E, Njp.1)) is a graded module over the graded monoid grradfy,,, (kE),
so the element Y € grradfy, (kE) acts with grading 1 on gr(A). For example, we have
A[V(ffbt],radf(C’[a:b]) € pfmod(E, Njo.1)), and we may compute the associated graded modules
gr(AfE), grradf(Cles) € pgmod(E, Nypa)) to be respectively

gr A[V;};f] grradf(Cia.)

grading 0 1.18
N.L-N ->>b grading 1 ( )

grading 2.

When we forget the gradings, we get the kFE-modules
ung gr(A‘[’:fbt]) ~unf(Ajyy) and  unggrradf(Cas) = k(E/Npu),

and this shows that A7) and radf(Cles)) are not tt-equivalent.

Intuitively, given A € pfmod(E, N), the object gr(A) € pgmod(£, N) and its underlying
kE-module ung gr(A) express how the N-radical elements (n — 1 | n € N) C kE act across
the filtration of A, not just on the total associated graded or the underlying object. This
gives rise to a functor gr: pfmod(E, N) — pgmod(E, N) defined on the relative subcategory

pfmod(E, N). There is no obvious way to extend this functor to one defined on the entire

11



category pfmod(E); for example, if we view A € pfmod(E, N) as an object in pfmod(F),
then the N-radical elements act trivially on gr(A) € pgmod(E).

Summary of main results

Let us now state our four main theorems. The first two are from Part II, and the final two

are from Part III.

Our first main theorem from Part I concerns the categorical properties of our permuta-
tion filtered modules pfmod(G). We would like pfmod(G) to be Frobenius exact so that, in
particular, it has enough projectives. In our setting, this is equivalent to the existence of a
projective pre-cover P — 1 of just the unit in pfmod(G) (Proposition 5.29(77)). One may
naively attempt to use the object fz kG € pfmod(G) given by putting kG in filtration zero;
this is indeed a projective object in pfmod(G), but fz kG does not admit an admissible epi
to the unit because the augmentation kG — k is not split exact (unless G = 1). Luckily,

our wish is granted for our elementary abelian p-group E.

1.19 Main Theorem (Theorem 9.13 and Corollary 9.14). In pfmod(E) there exists a pro-
jective pre-cover radf(kE) — 1 of the unit. Consequently, pfmod(E) is a Frobenius exact

rigid tensor category.

This projective object radf(kE) € pfmod(E) is the radical filtration (Example 3.44) of
the projective module kE € mod(E), and the admissible epi radf(kE) — 1 is induced by
the augmentation map kE — k. In fact it is even a comonoid in pfmod(E) (Example 3.45).
This theorem seems to be mostly exclusive to the elementary abelian case E. For general
groups G, the radical filtration radf(kG) € pfmod(G) is not necessarily projective, and it is

unclear whether pfmod(G) even has enough projectives (Example 9.21).

Our other three main theorems concern the spectrum Spc Dy, (pfmod(G)), so let us first
describe our overall strategy for studying this topological space. On the one hand, we make

the following assumption, which gives us a complex P € Dy (pfmod(G)) concentrated in

12



homological degree 0.

1.20 Notation. For the remainder of this introduction, we assume that there exists a projec-
tive comonoid P € pfmod(G) whose counit is a pre-cover £: P — 1 of the unit. For example,

by the above discussion we may take G = E and P = radf(kE).

On the other hand, we have the object cone(f) € Dy (pfmod(G)) which we depicted in (1.16).
To study Spc Dy (pfmod(G)), we divide and conquer using the two objects P and cone(f)
(Method 6.11). In particular, we partition Spc Dy, (pfmod(G)) as a set into

open(cone(/3)) U supp(P & cone(f)) U (open(P) Nsupp(cone(fH))). (1.21)

Our second main theorem from Part II concerns the subspace
open(cone(3)) U supp(P ® cone(f)) = open(cone(S)) U supp(P)

of Spe Dy, (pfmod(G)). We determine it entirely.

1.22 Main Theorem (Propositions 10.9, 12.11, 13.8, 13.10, and 13.12 and Theorem 11.5).

Assume Notation 1.20. The subspace
open(cone(/3)) Usupp(P) C Spc Dy (pfmod(G))

is a copy of the spectrum SpcDy(pmod(G)) [BG25a] along with a doubling (downward) of

its cohomological open.

In fact Spc Dy (pmod(G)) embeds as supp(P ®cone(f)), and open(cone()) is simply the dou-
bled copy of its cohomological open. They embed respectively via the total associated graded
functor unggr: pfmod(G) — pmod(G) and via the unfiltering functor unf: pfmod(G) —
mod(G) (Remark 5.23). This subspace witnesses the conditions (i) and (7).

For example, in our Running Example 1.13 where we may take P = radf(kFE), we have

the following picture:

13



Spc Dy, (pfmod(E))

( ] ( ] ( ] () @ supp(radf(kE) ® cone(p))

® open(cone(f))

.......... S P - ST S SR

[ J
supp(gap' radf(kE)) supp(fz k(E/Njp.)) supp(Ajyiy)
supp(fz kE) supp(fz kosg(Np.1))) supp(radf(Ca.4))).

In this picture, we have highlighted in respectively cyan, magenta, and yellow the three
regions open(cone(f3)), supp(radf (kE)®cone()), and open(radf(kFE)) (compare with (1.21)).

Note that the magenta region, being the complement of
open(radf(kE)) U open(cone(f)) = open(radf(kE) ® cone(p)),

must be disjoint from the cyan and yellow regions, but the cyan and yellow regions overlap
to form the green region. (Contrary to popular belief, mixing blue and yellow does not make
green; mixing cyan and yellow does.) We have also depicted with the colored dots around
the points the supports of some of the objects from the previous subsection that conditions
(i) and (4i) could not distinguish: in this region, radf(kF) and gap' radf(kFE) have the same
support, as do A[V(ffbt} and radf(Clq.y).

Our two main theorems in Part III concern the vanishing locus open(P) in the spectrum
Spc Dy (pfmod(G)); this vanishing locus is the spectrum Spcst(pfmod(G)) of the stable cat-
egory of pfmod(G). Our key insight is that we should consider, for each normal subgroup
N < G, the relative subcategory pfmod(G, N) C pfmod(G) of permutation filtered modules
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whose associated graded has trivial N-action (Proposition 14.9). When N = 1, we recover

the original pfmod(G, 1) = pfmod(G).

Having faith that everything will work out, we bravely set out to determine the spec-
tra Spc Dy, (pfmod(G, N)) for all N < G, but we compromise by focusing solely on the
elementary abelian case: G = FE. Our strategy is to divide and conquer the spectrum
Spc Dy, (pfmod(E, N)) (Method 6.10), but this time we select the single object radf k(E/N)®
cone((3) in Dy (pfmod(E, N)).

Our first main result in Part III concerns the support of radf k(E/N) ® cone(f) in
Spc Dy (pfmod(E, N)). As we alluded to in the previous subsection, we have an associated
graded functor

gr: pfmod(E, N) —— pgmod(E, N)
to a relative category pgmod(E, N) of permutation graded modules where the N-action
has grading 1. Passing to their derived categories and then to their spectra, we show that it
induces a homeomorphism between Spc Dy, (pgmod(E, N)) and the support of radf k(E/N)®

cone(3). We then use a graded version of the modular fixed points functors (1.2) to study
Spc Dy (pgmod(E, N)).

1.23 Main Theorem (Proposition 18.14 and Theorem 19.13). The support
supp(radf k(£ /N) ® cone(f)) C Spc Dy (pfmod(E, N))
is a copy of the spectrum SpcDy(pgmod(E,N)). A graded version of modular fized points

produces points in the spectrum Spc Dy (pgmod(E, N)), including all of the closed points.

One of the modular fixed points functors, namely the one for the subgroup H = 1,
captures our idea from the previous subsection (for example (1.17) and (1.18)) that forgetting

the grading on a graded module in pgmod(E, N) produces a kE-module (see Section 17).

For the rest of this introduction, we assume our conjecture that these graded versions of
modular fixed points produce all of the points in Spc Dy, (pgmod(E, N)) (Conjecture 18.15).

For example, in our Running Example 1.13, we have the following picture:
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SpC Db(pngd<E7 N[O:l]))

supp(gz kosg (No.1])) “@ ® open(gzkosg(No.1]))
[ ( ] [ ]
([ ]
supp(gr radf(Cla))) supp(gr(Ajh)) supp(gr radf k(E/Np.q)))

We see that the tt-category Dy (pgmod(E, Ny.1j)) can distinguish gr radf(Ci,.) from gr(A[V;:?}),
even in the stable category whose spectrum is the complement of supp(grradf k(E/Np.q))
which is depicted by the yellow markers in the picture. Similarly, for our running example

we also have

Spc Dy (pgmod(E, E))

® open(gzkosg(l))

supp(grradf(kE)) supp(gr gap' radf(kE)) supp(grradf k(E/Np.q)))

We see that Dy,(pgmod(E, E)) can distinguish grradf(kE) from gr gap' radf(kE).

Our second main result in Part III concerns the vanishing locus of radf k(E/N) ® cone(f)
in Spc Dy, (pfmod(E, N)), namely the complement of the closed subset determined in Main
Theorem 1.23. In the case N = FE, this vanishing locus is simply open(cone(f)) which is
as usual a copy of SpcDy(mod(FE)), so we have already determined Spc Dy (pfmod(E, E))
(compare (1.7)) entirely by Main Theorem 1.23. For example, in our running example we

have the following picture:
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Spc Dy (pfmod(E, E))

®  supp(cone(s))

°
°
.......... *...-........-........-......u-u.u.
® open(cone(f))
supp(radf(kE)) supp(gap’ radf(kE)) supp(radf k(E/Np.q))

This kicks off the inductive process described in our final main theorem. For N < L < F,

we denote by inclY : pfmod(E, L) ~ pfmod(E, N) the inclusion.

1.24 Main Theorem (Proposition 20.5 and Corollary 20.16). Let N < E. For each sub-

group L > N, there exist open sets Ur, and Vi, as depicted below, such that Spc(inclJLV) s a

homeomorphism
Spe(incly)
Spc Dy (pfmod(E, N)) Spc Dy (pfmod(E, L))
Y c(incld U
UL o (N ) > VL

and such that the union of the Uy, is the vanishing locus of radf k(E/N) @ cone(f):

open(radf k(E/N) & cone(3)) = colim Uy, 2 colim Spe(incly ) (V7).
L>N L>N

Thus, inductively assuming we have determined Spc Dy (pfmod(E, L)) for all L > N, this
final main theorem asserts that the open sets V7, glue together to give us the vanishing locus

of radf k(E/N) ® cone() in Spc Dy, (pfmod(E, N)).

For example, for the subgroup N = Njp.q; in our running example, Main Theorem 1.24

produces the following picture:
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Spc Dy, (pfmod(E, Njg.1)))

o e supp(radf k(E/Njg.1)) ® cone(B))

® open(cone(f))

supp(radf(Cla)) supp(Ajyy) (conj.) supp(radf k(E/N.0)))

Here there is only one subgroup L strictly containing N, namely £, so the orange region
comes straight from the spectrum Spc Dy (pfmod(E, E)) and is precisely Ug. The purple
region is the spectrum Spc Dy, (pgmod(E, Njp.1))). The support of A[Vael;f] is known in the purple
and cyan regions, but it is conjectural in the purely orange region. Nevertheless, this is
enough for us to see that the tt-category Dy, (pfmod(E, Njo.1))) can distinguish radf(Cias))
from A‘[’;rbt] because their supports differ in the purple region. The spectra Dy(pfmod(E, N))
for the other rank 1 subgroups Nji.o) and Ny are the same but with the punctures instead
at [1:0] and [1: 1].

We have determined Spc Dy, (pfmod(E, N)) for the nontrivial subgroups N > 1, so Main
Theorem 1.24 enables us to determine the vanishing locus open(radf(kE)) in the spectrum

of Dy (pfmod(E)) = Dy(pfmod(E, 1)):
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Spc Dy, (pfmod(E))

o (] [ ] [ ] [ ]
supp(radf(kE) ® cone(B)) “@ ° e 2 o Keeeannin o9 o9 oD
? °
?
e o o [} [} [ )
?
° ° FCO e X @oceem o @ open(cone(f3))
[ ]
®
T, T~ Keveaernn oF-..... (oo Crovercony,
[
supp(radf(Cla)) supp(Ajyy) (conj.) supp(radf k(E/Np.q))
supp(gap' radf(kE)).

This time, we have three open sets Uy corresponding to the three rank 1 subgroups N of E,
and they are glued together along Ug to form the yellow region. The picture at the start of
this introduction highlights Uy, and Ug more clearly. In the present picture, the open set
Ug is the three-punctured projective line in the purely yellow region together with the cyan
region.

The nine additional points at the top of the yellow region are the points picked up from the
rank 1 subgroups N and come from the stable categories st(pgmod(E, N)), one triplet from
each of these rank 1 subgroups N. The support of A[V;fgj is known in the triplet coming from
st(pgmod(E, Nip.1))), but it is conjectural in the two triplets coming from st(pgmod(E, Np.q)))
and st(pgmod(E, Nj1.17)). Nevertheless, again this is enough for us to see that the tt-category
Dy, (pfmod(E)) can distinguish between radf(Cl..)) and A[Vjﬁf]
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Recapitulation

In this subsection we take a step back in order to highlight why our main results are so
surprising.

Several works have computed the spectra of tt-categories of filtered objects of some sort.
Most generally, given a big tt-category T, Aoki [Aok23] computed the spectrum of the tt-
category Fun(Z, T)¢: it is a doubling (Terminology 12.8) of the spectrum Spc(T¢). With Tate
motives in mind (recall (1.7)), Gallauer [Gall8] computed the spectrum of perfect complexes
of filtered modules over a ring T it is a doubling of the Zariski spectrum Spec(T'). Even
in this work (Section 12), we compute the spectrum of the derived category Dy (fmod(G))
of filtered kG-modules where the tensor is over k: it is yet again a doubling, this time of

Spc Dp(mod(G)).

These doublings are perhaps expected. They amount to saying that having tt-equivalent
associated graded objects and underlying objects (conditions (i) and (¢i)) are not only nec-
essary for tt-equivalence of objects but also sufficient. Since in these cases the associated
graded objects and underlying objects live in the same categories, a doubling is the most

natural guess for the spectrum, both as a set and as a topological space.

Once we move to permutation filtered modules, one may doubt whether this pattern
continues to hold. After all, the associated graded objects live in Dy, (pmod(G)) whereas the
underlying objects live in Dy,(mod((G)), which is only homeomorphic to the cohomological
open in Dy(pmod(G)). However, recall (from (1.9)) that Balmer—Gallauer computed the
spectrum of Dy, (pfmod(C>)) with Artin-Tate motives (1.8) in mind and found that it is yet

again a doubling:
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Spc Dy (pfmod(Cs))

® @ supp(radf(kC2) ® cone())

[ ® open(cone(f))

Even though the associated graded objects live in Dy, (pmod(Cs)) which has a three-point
spectrum and the underlying objects live in Dy,(mod(Cy)) which has a two-point spectrum,
Balmer—Gallauer found a sixth point which completed the doubling. This sixth point in the
purely yellow region was elusive, and pinning it down required intricate ideas, many of which

were specific to the case G = Cs.

Our main results show that this doubling pattern generalizes to C, for odd p but breaks
down for higher rank elementary abelian groups. Indeed, Spc Dy, (pmod(F)) embeds in the
spectrum Spc Dy, (pfmod(E)) as the closed support supp(radf(kE) ® cone(/3)), but it has no
hope of being doubled for dimension reasons. On the one hand, the cohomological open in
Spc Dy (pmod(E£)) has Krull dimension ¢ — 1, and its complement, the support of the acyclics,
consists of pieces that have strictly smaller Krull dimension. On the other hand, already the
open set Ug in Spc Dy (pfmod(£)) has two pieces with Krull dimension ¢ — 1. One of them
doubles the cohomological open, but the other is the complement of the rational hyperplanes
in Pf;l and cannot possibly double the support of the acyclics. We can see this in our running

example, where there is a doubled copy of P}, but then an additional three-punctured one.

Outline

We wind down this introduction by giving an outline of this work. It is divided into three

parts.

Part I lays the foundation for both Parts II and III. In Section 2 we fix and clarify ter-

minology. In Section 3 we discuss rigid tensor categories of modules over Hopf monoids, and
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in Section 5 we introduce and study the notion of pulling back exact structures. The moti-
vation is that ultimately we express pfmod(G) and pfmod(G, N) (and our other categories)
as certain pullbacks
pmed(G, N) Resg/N
—s

pfmod(G/N)
fmod(G, N) e |

fmod(G/N)

pfmod(G) —— pgmod(G)

A A
fmod(G) —=— gmod(G)

(1.25)

of exact rigid tensor categories, where fmod(G), gmod(G), and gmod(G, N) are categories of

modules over Hopf monoids in certain ambient categories.

Sections 4, 6, 7, and 8 in Part I are more optional. In Section 4 we record some compu-
tations that we use repeatedly throughout this work, and in Section 6 we gather tt-geometry
recollections and put a spin on some of them. In Section 7 we exposit a theory of finite
resolutions that is used in Sections 13 and 15, and in Section 8 we present a proof of a

general tt-geometry fact that is crucial to Section 20.

Part II determines the subspace open(cone(f)) U supp(P) (Main Theorem 1.22). In
Section 9 we prove that such a P exists in the elementary abelian case (Main Theorem 1.19).
In Section 10 we determine the vanishing locus open(cone(f)) by expressing the Verdier
quotient Dy,(pfmod(G))/(cone(B)) as a central localization, and in Section 11 we determine
supp(P ®cone(f3)) by proving a detection of nilpotence result for the total associated graded
functor

ung gr: Dy(pfmod(G)) —— Dy (pmod(G)).

The remainder of Part II is dedicated to determining the specializations from open(cone(f3))
to supp(P ® cone(f)). In Section 12 we compute the spectrum of Dy, (fmod(G)) entirely using
a filtered version of m-points. In Section 13 we embed this spectrum in Spc Dy, (pfmod(G))

using the theory from Section 7, and once we do this, the specializations follow easily.

Part III studies the vanishing locus open(P), mainly in the elementary abelian case.

In Section 14 we introduce and study the relative subcategories in general, and then in
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Section 15 we specialize to the elementary abelian case, where we have full control over the
projectives and where we find certain favorable decompositions. In Section 16 we briefly
describe the spectrum of Dy, (mod(E, N)) using m-points, and we use this in Section 17 to

study the spectrum of Dy, (gmod(E, N)) by studying the surjection
Spc(ung): SpeDy(mod(E, N)) — SpcDy(gmod(E, N))

induced by forgetting gradings. In Section 18 we study SpcDy(pgmod(F,N)) by intro-
ducing our graded version of modular fixed points, and in Section 19 we determine the
spectrum of Dy,(pfmod(FE, N)) in terms of other spectra and find that it contains a copy of
Spc Dy (pgmod(E, N)) (Main Theorem 1.23). Finally, in Section 20 we establish our reduction

theorem to the relative subcategories (Main Theorem 1.24).

Open questions

We conclude this introduction by recording some open questions. Let us start with the most

specific ones and zoom out from there.

(1) In Section 17 we get a vivid picture of Spc Dy, (gmod(E, N)), but we do not get a complete
answer. We make conjectures in Conjecture 17.23 about what the complete answer is and a

path toward it. Are these conjectures true?

(2) What is Spc Dy (fmod(E, N))? It is some open subset of Spc Dy, (pfmod(E, N)) (Propo-
sition 19.6), but it is unclear what its intersection with open(radf k(E/N)) is (this is a sub-
problem of (3)). In trying to determine it directly, the analogous version of Proposition 15.25

and hence of Section 20 fails.

(3) Leading up to Running Example 20.18, we determine in an ad-hoc manner many of the
specializations in Spc Dy, (pfmod(£)) that involve the yellow region open(radf(kE)), and we

conjecture the remaining ones in Remark 20.19. Are these conjectures true? More generally,
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what are the specializations in Spc Dy, (pfmod(E)) that involve the spectrum of the stable

category?

(4) In this introduction we reduced to the case of a p-group G ((1.11) and (1.12)), and much
of this work focuses on the case of an elementary abelian p-group E. How can we reduce

from the case G to the case E?

(5) What is the appropriate big tt-category for Dy, (pfmod(G))?

1.26 Convention. In this work, we use ~ to emphasize non-canonical isomorphisms. We
typically use A, B, and C respectively to denote filtered, graded, and plain modules and f,

g, and h respectively for morphisms between them.
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Part I

Categorical properties
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2 Terminology

In this short section, we fix our terminology, especially regarding rigid categories.

2.1 Notation. For this work, let p be a prime number, let k& be a field of characteristic p, let
G be a p-group, and let E be an elementary abelian p-group.

2.2 Terminology.

rigid Frobenius exact
| |
closed tensor exact
| — ~_ |
symmetric monoidal additive

On the left-hand side, we use the standard notion of a symmetric monoidal category. A
closed category is a symmetric monoidal category with an internal hom [—, —]: €°? x € — C,
and a rigid category is a symmetric monoidal category with a dualizing functor (—)": € —

€ such that for all z € €, the functors

z®—\H\mV®f (2.3)
¢

are tensor adjoint, by which we mean that they are adjoint and that their unit n®: 1 =

7V @2 ® (—) and counit €@ : 2 @ 1V ® (—) = 1 satisfy

D =n @y and P =Y @y (2.4)

for all objects y € C.

On the right-hand side, we use the standard notion of an additive category. An ezact
category is an additive category with an exact structure, in the sense of [Buh10, Definition
2.1], and a Frobenius exact category is an exact category with enough projectives and where

the projectives and injectives coincide.

By a tensor category we mean a symmetric monoidal additive category € where the tensor

—® —: € x € — Cis additive in both variables, and by a tensor functor we mean a strong
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unital symmetric monoidal additive functor. When we combine adjectives, we demand that
the structures are cross-compatible. For example, in a closed tensor category the internal
hom is additive in both variables; in a rigid tensor category the dualizing functor is additive;
and in an ezact rigid tensor category the tensor is exact in both variables and the dualizing

functor is exact.

When we introduce a functor with an adjective, we mean that it is a functor between
categories with those adjectives. For example, by an exact tensor functor we mean an exact

tensor functor between exact tensor categories.
Let us clarify our notion of a rigid category.

2.5 Lemma. Let C be a rigid tensor category. Then every object in C is reflexive, so (—)Y

1s a duality of tensor categories.

Proof. We will show that for any x € €, the functor z¥V ® —: € — € is not only a right
adjoint of z ® —: € — € but also a left adjoint. Then it follows by Yoneda that z = (zV)V,
and one verifies that the isomorphism is given by the canonical map x — (x")¥ and that
everything is natural.

Forz € Clet n®:1=2"®2r®— and e®: 2 ® 2" ® — = 1 denote the unit and counit

of the adjunction
e
[
C.

Then for any y € €, the following compositions are the identities:

zon(® (z)
x®y&>x®xv®x®ym>x®y

and
(@) ()
MVe zV ®e
YRy —> 1V Rrer ey — 2¥ ®y.
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We claim that o®: 1= 2® 2" ® (—) and @ : ¥ ® 2 ® — = 1 defined by

(=) . ny” v (12) v
Oy Y ————— T RIQY —— T RT XY
(x)
éw):xv®x®yﬁ>x®xv®yL>y

satisfy the unit-counit relations for z¥ ® — and z ® —. This follows from the following

commutative diagrams:

¥ 0l =) 5O _pvel®
¥Ry L e y ' RrrY y L ’ y VY @y
VRrVRry 125 rrr’aYy v
and
ol =zeng” v@py) =)
TRy - 11’ QT Ry 2 > TR Y
nio /(12> 23 el
"IV Rrrey 135 srrerY ®uy.

The four outer triangles commute by our hypothesis that x ® — and ¥ ® — are tensor adjoint

(recall (2.4)). O

2.6 Remark. A rigid category C is closed because [z,y] = ¥ ® y defines an internal hom.

Given an object z € €, we denote by ev, = 5(1:”) c 2V @2 — 1 and coev, = ngx) l—orzeaY

the evaluation and coevaluation morphisms of x, which are given by

Home(zY, z¥) = Home(z"Y ® 2, 1) Home(z, ) = Home(1,z ® zV).

and
1 > evy 1 —— coev,

Note that = = 0 if and only if ev, = 0 if and only if coev, = 0.

2.7 Remark. In a closed category €, we may define a dualizing functor (—)V: CP — €
by setting 2V = [z,1]. Let us unravel what it means for € to be a rigid category under
this dualizing functor. Let x € C be an object, and consider the natural transformation

¥ ® — = [z, —] given by s(lx) ® y under the adjunction
Hom(z" @y, [z,y]) = Hom(z" ® 2 ® y,y).
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(7) The functors * ® — and =¥ ® — are adjoint if and only if the natural transformation
x¥ ® — = [x,—] is an isomorphism. Indeed, this is by uniqueness of adjoints. In this case

the unit and counit of the adjunction are respectively 'r]iw) ® (—) and 8(1x) ® (—).

(17) If x ® — and ¥ ® — are adjoint, then they are tensor adjoint (recall (2.4)) if and only
if n((f)) and egf)) are the unit and counit of the adjunction. Indeed, this is by uniqueness of

units and counits.

2.8 Lemma. Let F': C — D be a conservative closed tensor functor. If D is rigid, then ©

18 Tigid.

Proof. Suppose D is rigid, and let x € C be an object.

To see that z®— and 2V ®— are adjoint, it suffices to show that the natural transformation
¥ ® — = [r,—] is an isomorphism (Remark 2.7(7)). Our functor F takes this natural
transformation to F(z)¥ ® — = [F(x),—], where F(z¥) = F(x)Y because F is closed. Since
D is rigid, this natural transformation is an isomorphism (Remark 2.7(7)), so since F' is
conservative, ¥ ® — = [z, —] is an isomorphism.

It remains to show that 2®— and x¥ ® — are in fact tensor adjoint (recall (2.4)). Consider
the natural transformations n((f)) and 5@). Our functor F takes these to F (77(3) = T](IE(_QJ)))
and 555((_33)), which are the unit and counit of the adjunction F(z) ® — and F(x)" ® —
(Remark 2.7(i7)). By conservativity of F, we deduce that n((f)) and 55@) are the unit and

counit of the adjunction z ® — and 2V ® —. Thus * ® — and ¥ ® — are tensor adjoint

(Remark 2.7(i1)). O
2.9 Remark. In Lemma 2.8, the converse holds when F is essentially surjective.

We conclude this section by recording the following lemma, which we will use repeatedly
throughout this work. Recall that a fully exact subcategory A C € of an exact category € is

an extension-closed full additive subcategory of € equipped with the exact structure where a
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kernel-cokernel pair in A is short exact if and only if it is short exact in € [Buh10, Definition

10.21].

2.10 Lemma. Let C and D be exact rigid tensor categories, and let F: C — D be an exact
tensor functor. Let B be a fully exact rigid tensor subcategory of D, and let J: B ~— D denote
the inclusion. The pullback, by which we mean the full subcategory A of objects C' € C such
that F(C) is isomorphic to an object in B, is a fully exact rigid tensor subcategory of C. The

diagram
AL B
g 17
c—-L-D
1s a pullback diagram in the category of exact rigid tensor categories and exact tensor func-

tors. The analogous statements also hold when C and D are only exact tensor, exact, tensor,

or additive.

Proof. This is straightforward. m

3 Rigid tensor categories

In this section we study rigid tensor categories. In particular, we construct in Definition 3.40
the following diagram of pullbacks of rigid tensor categories upon which Part I and Part II

are largely based:
pfmod(G) —£— pgmod(G) —=% pmod(G)
A A A

fmod(G) —2— gmod(G) ——=% mod(G).
To read this diagram, we recall that G is a p-group (Notation 2.1).
We start with our ambient categories.

3.1 Notation. We denote by vect the category of finite-dimensional k-vector spaces.

3.2 Notation. We denote by gvect the category of graded finite-dimensional k-vector spaces.

An object B € gvect consists of a finite-dimensional k-vector space B" for each w € Z, where
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B* = 0 for all but finitely many w. A morphism g: By — B is a k-linear map ¢*: B}’ — BY

for all w € Z.

3.3 Notation. We denote by fvect the category of exhaustive separated filtrations of finite-
dimensional k-vector spaces. An object A € fvect consists of a finite-dimensional k-vector
space A~ along with subspaces A¥ C A~ for each w € Z such that A%+t C A%; because
A~ is finite-dimensional, exhaustive means A* = A~ for sufficiently small w and separated
means A* = 0 for sufficiently large w. A morphism f: A; — Ay is a morphism f~>°: A7> —

A% in vect such that f~*(A}) C AY for all w € Z.

Let us discuss the basic functors between our ambient categories:

fz gr ung
vect «_T fvect —»T gvect —»T vect. (3.4)

3.5 Notation. We denote by gr: fvect — gvect the associated graded functor
ar(A)" = A" /A
and by ung: gvect — vect and unf: fvect — vect the forgetful functors

ung(B) = @Bw and  unf(A) = A7 = U A",
weZ weZ
which we call the ungrading and unfiltering functors. We denote by gz: vect — gvect the
section of ung: gvect — vect that puts an object in grading zero:

C w=0
gz(C)" =

0 otherwise.

Similarly, we denote by fz: vect — fvect the section of unf: fvect — vect and ung gr: fvect —

vect that puts an object in filtration zero:

C w<0
fz(C)" =

0 otherwise.
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Finally, we denote by trf: gvect — fvect the section of gr that trivially filters a graded object:
f(B)" = P B".
v>w
3.6 Remark. In the diagram (3.4), everything that can reasonably be a section is a section:
gz is a section of ung, trf is a section of gr, fz is a section of unf and ung gr, and trf gz is a

section of unf. No other paths commute.

3.7 Recollection. Our ambient categories vect, gvect, fvect are all tensor categories. The
tensor in vect is of course over k. The tensor in gvect is induced by Day convolution:
(B ® By)" = Bj @ By ™.
i€z
The tensor in fvect is also induced by Day convolution:
(A1 @ A)" =) AL ® Ay~ C unf(A;) @ unf(Ay).
iez
The functors fz, gr, ung, unf, trf, and gz in (3.4) are all tensor functors, so in particular the

unit in gvect is 1 = gz 1 and the unit in fvect is 1 = fz 1.

We now discuss twists and the morphisms between them.

3.8 Notation. We can twist objects in gvect and fvect. For w € Z, the twist B(w) € gvect of
an object B € gvect is defined by B(w)" = BY~". Similarly, for w € Z, the twist A(w) € fvect
of an object A € fvect is defined by A(w)" = A""".

3.9 Notation. For any filtered object A € fvect and integers v < w, we denote by 3: A(v) —
A(w) the morphism in fvect whose underlying morphism unf(5): unf(A) — unf(A) is the
identity. By default § means 5: 1 — 1(1).

3.10 Remark. In fvect, there are no interesting canonical maps to smaller twists; for example,
if v > w, then the only morphism 1(v) — 1(w) is zero. In gvect, there are no interesting
canonical morphisms between different twists; for example, if v # w, then the only morphism
1(v) — 1(w) in gvect is zero. This in fact shows that none of the five pairs of functors depicted

in (3.4) that can be adjoint are adjoint.
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3.11 Remark. In fvect, a morphism f is a mono (resp. epi) if and only if unf(f) is a mono
(resp. epi). For example, § is a mono and epi, but it is certainly not an isomorphism. In

particular, fvect is not abelian.

3.12 Lemma. Let f: Ay — Ay be a morphism in fvect. The following are equivalent:

(1) We have gr(f) =0 in gvect.
(1) The morphism f factors through : As(—1) — Asy:

As(-1)

Al - N A2~

(1i1) The morphism f factors through f: Ay — Ai(1):

Al L) A1
B
o
A1),

Thus we may simply say that f factors through .

Proof. Condition (i) is equivalent to having unf(f)(A¥) C AY™ for all w € Z, so we have
unf(f)(AY) C Ax(—1)" and unf(f)(A1(1)") C AY for all w € Z, which give (i¢) and (zi7).
Conversely, gr(5) = 0. O

It will be useful to know which forgetful functors are conservative and/or faithful.

3.13 Lemma. Associated graded gr: fvect — gvect is conservative but not faithful. Un-
grading ung: gvect — vect is conservative and faithful. Unfiltering unf: fvect — vect is not

conservative but is faithful.

Proof. The functor gr is conservative by the five lemma and induction on filtration length,
but it is not faithful because gr(f) = 0 and § # 0. The functor ung is clearly conservative

and faithful. The functor unf is not conservative because unf(5) is an isomorphism but g
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is not (Remark 3.11), but it is faithful because morphisms in fvect are determined on unf

(Notation 3.3). O

3.14 Remark. Although unf is not conservative in general, it is conservative on endomor-
phisms: if f: A — A is an endomorphism in fvect and unf(f) is an isomorphism, then f is
an isomorphism. Indeed, from f“(A") = unf(f)(A"¥) C A" and unf(f) being injective, we

deduce that f* is an isomorphism for all w € Z, whence f is an isomorphism.
Our ambient categories are closed, and we use this to deduce that they are rigid.

3.15 Lemma. Let Ay, Ay € fvect. For sufficiently large w € Z, the functor unf induces an
1somorphism

Homgect (A1, Ag(w)) —— Homyeer (unf(A4;), unf(Ay)).

Proof. This is due to finiteness of our filtrations. Spelling it out, the depicted map is an
injection because unf is faithful (Lemma 3.13), so let us show it is surjective. By finiteness
of our filtrations, there exists a large w; € Z such that A" = 0, as well as a small wy € Z
such that Aj? = unf(A,). Take w = w; — wy. Now, if AV # 0 for some v € Z, then v < w;

by definition of wy, so
Ay(w)’ = A7V DAY = AY? = unf(As)

by the definitions of wy and ws. Thus trivially any morphism A: unf(A;) — unf(A,) in vect

induces a morphism A; — As(w) because h(AY) C unf(As) = Az(w)” whenever A} # 0. O

3.16 Recollection. Our ambient categories vect, gvect, and fvect and the functors fz, gr, ung,

unf, trf, and gz in (3.4) are all closed. The internal homs in our ambient categories are

[Ala A2]w = Homfvect(Ala AQ(_w)) (317)
[Bh B2]w - Homgvect(Bla B2(_w))

[01, Cz] = Homvect(ch 02),

34



where we are using that vect, gvect, and fvect are enriched over vect and where [ being a
mono in fvect (Remark 3.11) ensures that

[Al, AQ]erl — [Al, A2]w

f———"—">8f

is an injection. The tensor functors in (3.4) are closed, where for unf we are using that

unf([A;, As]) = [unf(A4;), unf(As)] by Lemma 3.15.

3.18 Recollection. Our ambient tensor categories vect, gvect, and fvect are all rigid. Indeed,
vect is the classic example of a rigid category. Since gr and ung are conservative (Lemma 3.13)
closed (Recollection 3.16) tensor functors, we deduce (Lemma 2.8) that gvect and therefore

fvect are rigid as well.

We now discuss monoids and modules.

3.19 Notation. Let C be a tensor category, and let R € C be a monoid. We denote by
mode(R) the additive category of left R-modules in € [Bral4, Section 4.1]. A tensor functor
F: C — D induces an additive functor on module categories, which we still denote by
F: mode(R) — modyp(F(R)), and a morphism f: Ry — Ry of monoids in € gives rise to an
additive restriction of scalars functor which we denote by f*: mode(R2) — mode(R;). We

may abbreviate mod,es = mod.

3.20 Lemma. Let F': € — D be a tensor functor, and let f: Ry — Ry be a morphism
of monoids in C. Then F(f) is a morphism of monoids in D, and we have the following

commutative diagram of additive functors:

mode(Ry) —— modp(F(Rs))
1 1P
mode(R;) —— modyp(F(Ry)).
Proof. This is straightforward. O

3.21 Example. Let us discuss which functors from (3.4) we get on module categories. It

depends on whether we start with a monoid in fvect, gvect, or vect.
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(i) Given a monoid R € fvect, we only have the tensor functors
modyect(Unf(R)) <— modgect(L?) 25 modgyect(21(R)) 5% modyec(ung gr(R))

that start from fvect, with no sections and no guarantees about essential surjectivity or full

faithfulness.

(77) Given a monoid S € gvect, we have the tensor functors

T

m0d et (ung(S)) — modgec(t1£(S)) gﬁf modgece(S) % mod,ece(ung(S))
un tr

that start from gvect, along with the one retract gr and no other guarantees about essential
surjectivity or full faithfulness. We can think of this case as being a specific case of (i) where

the monoid R € fvect is the trivial filtration trf(S) of a monoid S € gvect.

(77i) Given a monoid T" € vect, we have everything:

modyect(T) 7= modsect (f2(T)) =% modgect(22(T)) =% modyect(T).

unf trf g7

3.22 Lemma. Let C be a tensor category where the tensor — ® — preserves epis in both
variables, and let ¢: Ry — Ry be a morphism of monoids in C such that ¢ is an epi in C.

Then the restriction of scalars ¢*: mode(Ry) — mode(Ry) is fully faithful.

Proof. Let f: Ay — Ay be a morphism in €, and consider the following diagram where the
morphisms ¢ ® 1 are epis by our hypothesis and where the left-hand square automatically

commutes:
R1®A1 L@)l) R2®A1 L) Al

ler ler 1r

R ® A, et Ry ® A, —0 As.
Unraveling definitions, f: A; — As is a morphism in mode(Rs) if and only if the right-hand
square commutes, and ¢*(f): ¢*(A;) — ¢*(Asz) is a morphism in mode(R;) if and only if the
outer rectangle commutes. Thus if f is a morphism in mode(Rs), then ¢*(f) is a morphism

in mode(R;), and the converse is also true because ¢ ® 1: Ry ® A} — Ry ® A; is an epi. [
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3.23 Terminology. We say that B € gvect is effective if BY = 0 for all w < 0, and we say
that A € fvect is effective if gr(A) € gvect is effective. The latter means that A* = unf(A)

for all w < 0.

3.2/ Erample. We can truncate either end of a module over an effective monoid in fvect or
gvect. Indeed, let R € fvect be an effective monoid, and let A € modgec:(R) be an R-module.
For any w € Z, we have two types of truncations: AS* € modgect(R) and A=Y € modgect(R)

defined respectively by

Av /ATy <w A" v > w
(A=) = and (A=)’ =

0 otherwise AY  otherwise.

Both truncations rely on R being effective in order to be well-defined. Similarly, let S € gvect
be an effective monoid, and let B € modgyect(S) be an S-module. For any w € Z, we have
two types of truncations: B=* € modgyect(S) and B=" € modgyect(S), which we can cheaply
define by

B=Y = gr(trf(B)="*) and  B=" = gr(trf(B)=").

These truncations are compatible in the sense that
gr(A=Y) = gr(A)=* and  gr(4=") = gr(A4)=". (3.25)

3.26 Example. We can insert a gap into a module over an effective monoid in fvect. Indeed,
let R € fvect be an effective monoid, let A € modgect(R) be an R-module, and let w € Z be

a filtration weight where we will insert the gap. We define gap™(A) € modgect(R) via
4
AY v<w
gap”(A)" =

\A”*1 V> W.

This definition relies on R being effective in order to be well defined, and we have
(

gr'(4)  v<w

gr(gap”(4))" =40 v=w (3.27)




3.28 Lemma. Let S be a monoid in gvect, and consider the diagrams

une()
B, — — By .. ung(Bi) — . — ung(Bs)
R 32 9 h._....} ung<B2> ung(g2)

in Mmodgyect(S) and modyect(ung(S)) respectively. If there exists h making the diagram on
the right-hand side commute, then it induces g making the diagram on the left-hand side

commute. Similarly, for the diagrams

B 9 s B
% D3
gl\ B R,
2

ung(B) i 3 ung(B;)

and
o) ng(B)

if there exists h making the diagram on the right-hand side commute, then it induces go

making the diagram on the left-hand side commute.

Proof. For the first case, we define g, : By — By at the level of k-vector spaces via
Projy,

g¥: BY »—— ung(B;) —— ung(B,) —*% BY,

where proj,, is the projection onto the wth graded piece. To verify that this is a morphism
in modgyect(5), it suffices to observe that for homogeneous elements s € S” and b € B}, we

have

sg1(b) = 591’ (b) = 5proj, (h(b)) = projy, 4, (sh(b)) = proj,;,(h(sb)) = gi(sb).
For the other case, we similarly define go: By — Bs via
gy: BY s ung(By) —"— ung(Bs) % By,
and now

592(b) = sg5'(b) = 5pr0j,, (sh(b)) = Projy,,(sh(b)) = proj,,(h(sb)) = ga(sb),

as before. ]
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3.29 Notation. Let S € gvect be a monoid, and let B € modgyect(S). Then S° € vect
is a monoid, and for any w € Z, the k-vector space B € vect inherits an S%-action:

B" € mod,e(S?).

Hopf monoids give us rigidity for free.

3.30 Recollection. A Hopf monoid R € € in a tensor category € is a bimonoid with a

morphism S : R — R called the antipode such that

R—= 1 —" 4R R—=31—" 4R
AJ/ TV and AJ/ TV
R®R 53 » RO R R®R So1 > RQ R,

where A, V| e, and n respectively denote the comutiplication, multiplication, counit, and

unit of R.

The category of modules mode(R) over R inherits a tensor structure through the comul-

tiplication on R, where given A;, Ay € mode(R), the R-action on A; ® A, is given by
R® (A1 ® Ay) LN ROIRRAI®A =2 (R®A)®(R® A) e, AL ® As.
It is classical [JS06, Proposition 6] that modyect(7') is rigid when 7" is a Hopf monoid in vect.
3.31 Lemma. Let R be a Hopf monoid in fvect. Then
modgect(R) LN modgyect (gr(R)) LI modect(ung gr(R))
1s a sequence of rigid tensor categories and tensor functors.

Proof. Our ambient categories have equalizers, so these are closed tensor categories and
closed tensor functors [Bral4d, Remark 4.1.18]. Moreover since R is a Hopf monoid in fvect,
we have that gr(R) and unggr(R) are Hopf monoids respectively in gvect and vect. Thus
modyect (ung gr(R)) is rigid (Recollection 3.30), so modgyect(gr(R)) and modgect(R) are rigid

as well (Lemma 2.8) because gr and ung are conservative. O
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3.32 Lemma. Let C be a rigid tensor category, and let R and S be Hopf monoids in C. On
the one hand, the tensor product R® S of Hopf monoids is a Hopf monoid in C, so we may
consider the rigid tensor category mode(R ® S) of modules in C over R ® S. On the other
hand, the inflation of S along the counit e: R — 1 is a Hopf monoid in the rigid tensor
category mode(R), so we may consider the rigid tensor category modmea.(r)(S) of modules

in mode(R) over that S. Then
mode(R ® S) = modmede(r)(S).

Proof. Indeed, on the left-hand side (R ® S)-action is (r ® s)c = rse, and it is associative

because the S-action is R-linear:
(res)(res))c=(rr'®@ss)e=rr'ss'c=rsr's'c=(r @ s)((r' @ s')c).
On the right-hand side we have the R-action r¢ = (r ® 1)c and the S-action sc¢ = (1 ® s)c,

and the S-action is R-linear because S is inflated along ¢: R — 1:

SRrc=s5® Z e(ray)reyc = Z £(r@y)s @ rec = Z TS @ rc=1(s® )

using Sweedler notation. O]

We now introduce the basic Hopf monoids we will be using in Part [ and Part II. In

Part 111, we will introduce more interesting ones.

3.33 Recollection. The group algebra kG is a Hopf monoid in vect. The comultiplication and

antipode in kG are given by A(g) = ¢ ® g and S(g) = g~* for g € G.

3.34 Notation. We denote by
rad(kG) = ker(e: kG — k)

the augmentation ideal of kG. To justify the notation, we recall that G being a p-group
is equivalent to kG being local: kG/rad(kG) = k. Thus rad(kG) is the Jacobson radical
of kG and hence is a nilpotent ideal. Given g € G, we denote by X, = g — 1 € rad(kG)
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the associated element of the radical. The comultiplication A and antipode S can also be

described in terms of the elements X, € rad(kG):
AX)=X,01410X,+X,®X, and S(X,)=X,. (3.35)

Consequently, if C,Cy € mod(G) and g € G, then
Xy(e1 ® ) = Xye1 @ ca + 1 @ Xyeo + Xy @ Xyeo. (3.36)

for any ¢; € C] and ¢y € Cs.

3.37 Example. Since kG is a Hopf monoid in vect, we see that gz kG is a Hopf monoid in

gvect and fz kG is a Hopf monoid in fvect.

3.38 Definition. We define

mod(G) = modyect(kG)
gmod(G) = modgyect(gz kG)
fmod(G) = modgect (2 kG)

to be the categories of modules over the Hopf monoids kG, gz kG, and fz kG, respectively.

We have the sequence
fmod(G) — gmod(G) —=% mod(G)
of rigid tensor categories and tensor functors (Lemma 3.31 and Example 3.21(4i7)).

We now introduce our permutation variants. In short, pgmod((G) is the category of graded
permutation kG-modules, and pfmod(G) is the category of filtered kG-modules whose total
associated graded is permutation. Note that because G is a p-group (Notation 2.1), we do

not need to worry about idempotent completions.

3.39 Recollection. The rigid tensor category pmod(G) of finitely generated permutation kG-
modules is the full rigid tensor subcategory of mod(G) consisting of the k-linearized finite

G-sets. As an additive category it is generated by k(G/H) for H < G.
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3.40 Definition. We define the rigid tensor categories pgmod(G) and pfmod(G) of permutation
graded modules and permutation filtered modules respectively to be the full rigid tensor

subcategories of gmod(G) and fmod(G) given by the pullbacks (Lemma 2.10)

pfmod(G) —— pgmod(G) —=% pmod(G)
S S S (3.41)
fmod(G) —2— gmod(G) ——=2—% mod(G).
Each of these categories is Krull-Remak—Schmidt. In other words, any object decomposes

into a direct sum of indecomposable objects uniquely up to permutation of summands.

3.42 Terminology. A pre-abelian category is an additive category that has all kernels and
cokernels, and a pre-abelian functor is an additive functor between pre-abelian categories

that preserves kernels and cokernels.

3.43 Lemma. The additive categories in (3.41) are all Krull-Remak—-Schmidt.

Proof. We appeal to [Sha23, Theorem 6.1]. They are all k-linear and have finite-dimensional
homs. Since the module categories fmod(G), gmod(G), and mod(G) are all pre-abelian (Ter-
minology 3.42), they are idempotent complete [Sha23, Proposition 3.10]. The permutation
variants pfmod(G), pgmod(G), and pmod(G) are thus idempotent complete since G is a

p-group (Notation 2.1). O

Let us now discuss some important examples of objects in these rigid tensor categories.

3.44 Ezxample. The radical filtration radf(C) of a module C' € mod(G) is in the permuta-
tion subcategory pfmod(G). It is defined to be the filtration of C' by powers of the radical
rad(kG); concretely radf(C)* = rad(kG)"C, with the convention that rad(kG)“ = kG for
w < 0. This produces a well-defined object radf(C') in fmod(G) because rad(kG) is nilpotent
(Notation 3.34). Moreover, since kG/rad(kG) = k, we have that grradf(C)" is a sum of
copies of k, hence permutation, so radf(C') € pfmod(G).

3.45 Example. The radical filtration of kG is a comonoid in pfmod(G). Indeed, recall that

the comonoid kG in vect is automatically a comonoid in mod(G) because its comultiplication
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and counit are both kG-linear:

A(gh) =gh®gh=gh®h)=gA(h) and &(gh)=1= gl = ge(h)
for any g, h € G. Since A: kG — kG ® kG induces a morphism A: radf(kG) — radf(kG) ®
radf (kG) by the computation (3.35), it follows that radf(kG) is a comonoid in pfmod(G).
3.46 Recollection. In this recollection, we allow G be an arbitrary finite group, as opposed
to a p-group (Notation 2.1). Every Hopf ideal of kG is of the form

ker(e: kG = k(G/N)) = I(kN)kG

for some normal subgroup N < G; this is the ideal in kG generated by the augmentation
ideal I(kN) of kN [Natl5, Example 4.6]. The ideal I(kN) is nilpotent if and only if NV is
a p-group [Pasll, Lemma 3.1.6]. Thus since (I[(kN)kG)" = I(kN)"kG by normality of N,
the ideal I(kN)kG is nilpotent when N is a p-group.

3.47 Example. For a normal subgroup N < G and a module C' € mod(G), we have the
N-radical filtration radfy(C') of C' in fmod(G). To define radf 5 (C'), we denote by

rady(kG) = ker(e: kG — k(G/N)) = rad(kN)kG

the N-radical of kG, which is the ideal in kG generated by rad(kN), and we define radf 5 (C')
to be the filtration of C' by the powers of rad v (kG). By Recollection 3.46 and our assumption

in Notation 2.1 that GG is a p-group, we have
rady(kG)Y = rad(kN)"kG (3.48)

since rad(kN) is the augmentation ideal of kN, so rady(kG) is a nilpotent ideal. Thus
radf 5 (C) is a well-defined object in fmod(G).

3.49 Remark. In Example 3.47, the object radf 5 (C) is not necessarily in pfmod(G) (compare

with Example 3.44). For example, take £ = C%, let z,y € F be a minimal set of generators
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so that kE = k[X,Y]/(X3,Y?), take N = (y) < E, and let C = (X) C kE be the submodule
of kE generated by X. Then

grradf y(C) = %(1) ® lg()g( )& é{)[()g (3)

is not in pgmod(E) because the only indecomposable permutation modules in pmod(E) have

k-dimension 1, 3, or 9.

3.50 Example. In contrast with Remark 3.49, the object radf 5 (kG) is in pfmod(G). Indeed,
the multiplication map rad(kN)* @y kG — rad(kN)“kG is an isomorphism because apply-
ing — ®gn kG to the inclusion rad(kN)* — kN produces an injection rad(kN)" ®@xn kG —
kG (recall that kG is free over kN) with image rad(kN)“kG. Thus, applying — ®@xn kG to

the short exact sequence
0 — rad(kN)**! — rad(kN)¥ — grradf(kN)Y — 0

in mod(/NV) produces the commutative diagram

0 — rad(EN)*" @y kG — rad(kN)Y @y kG — grradf(kN)¥ @y kG — 0

Js I2 |
0 — rad(kN)*"kG ——— rad(kN)“kG —— grradf(kN)" Qi kG — 0

in mod(G). We deduce that

grradf y(kG)" = rady (kG)"/rady (kG)"“ ™!
=~ rad(kN)“kG/rad(EN)“ kG (by (3.48))
= grradf(kN)" @iy kG (previous diagram)

~ k(G/N)EBdimk grradf(kN)™

because grradf(kN)Y is a direct sum of copies of k.

4 Elementary abelian computations

In this short section we perform some computations, especially in the elementary abelian

case. We recall that GG denotes a p-group and that £ denotes an elementary abelian p-group
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(Notation 2.1).

4.1 Proposition. Let H < G. Frobenius reciprocity extends to pfmod:

pfmod(H)
nd§ (=) TResG ()
pfmod(G).
Induction Ind$, (=) and restriction Res$ (=) are defined weight-wise: for A, € pfmod(H)
and As € pfmod(G), we have

Ind% (A" = Ind5(AY)  and  Res§(A)" = Res$(AY). (4.2)

In particular

Ind% Res$(Ay) = f2k(G/H) ® As. (4.3)

Proof. In this proof, we denote by Fun(Z°?, mod((G)) the category of functors from Z° to
mod(G). Observe that fmod(G) is equivalent to the full subcategory of Fun(Z°P, mod(G))
consisting of the functors that take morphisms to monos. Now, we upgrade the usual Frobe-

nius reciprocity, depicted on the left, as follows:

mod(H) Fun(Z°?, mod(H)) fmod(H)
Indg\ljl\Resg Fun(Z°P,Ind§ )\LTFun(ZOP,ReSg) Fun(Z°P,Ind§ )\LTFun(ZOP,Resg)
mod(G) Fun(Z°P, mod(G)) fmod(G).

Applying Fun(Z°P, —) preserves the adjunction because Z°° is small, so this gives the ad-
junction in the middle and explains (4.2). Now recall that Res$ and Ind$ are both exact.
Thus we may restrict to fmod using that Resg and Indg preserve monos, and this gives
the adjunction on the right. Moreover, we may restrict to pfmod using that Resfl and Indfl
preserve cokernels and take permutation modules to permutation modules. To see (4.3),

observe that
Ind% Res$(A3)" = Ind% Res§ (AY) = k(G/H) @ AY = (f2k(G/H) ® Ay)"

for any w € Z by (4.2) and [Ball3, Proposition 3.16(c)]. O
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4.4 Lemma. Let N < G. If H < G is normal, then the tensor product fzk(G/H) ®
radf y(k(G/H)) is a direct sum of twists of fzk(G/H).

Proof. Write (Proposition 4.1)
fz k(G/H) @ radf 5 (k(G/H)) = Ind% Res (radf y (k(G/H))),

and observe that Res$;(radfy(k(G/H))) is a direct sum of twists of the unit because H is

normal. The result then follows from the formula (4.2) for Ind%(—). O

Let us begin discussing the elementary abelian case, which we will eventually focus on.
In this case, there is a lever which lets us make concrete computations: we can pick minimal

sets of generators of our group F.

4.5 Notation. If we denote an element of E with a lowercase letter, then we denote by the
uppercase letter the corresponding element of the radical (recall Notation 3.34). For example

if z€ E,then Z =X, =z —1 € rad(kE).

4.6 Example. Let N, H < E. Recalling that F is the same data as a finite-dimensional F-
vector space, we may pick a minimal set of generators w;, z;, y;, z; of E such that the elements

z; form a minimal set of generators of NN H, and similarly y;, z; for N and z;, z; for H. Then

LE ~ kWi, X3, Vi, Zi]
B (Wz‘p> Xz‘pv Yz‘p7 ZZP)
k(E/N) ~ —fv[vvz ;(i,% K(E/H) ~ —(’“V[VVZ}Z])
KE/(N N H)) ~ —(];[vaé;]> K(E/NH) ~ ’(f%)]

not only as monoids in vect but also as modules in mod(F) where the actions of W;, X;, Y;,

and Z; are the obvious ones.

4.7 Example. In Example 4.6, the radical and N-radical ideals of kE are respectively
rad(kE) = (W;, X;,Y;, Z;)  and  rady(kE) = (Y5, Z;).
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Thus for example
kWi, Yi]
(W, YP)

is the filtration of k[W;,Y;]/ (WP, Y?) by the powers of the ideal (W;,Y;), whereas

radfy(k(E/H)) ~ radfy (%) ~ f, (’E%;) ® radf (’ZE[/Y;) € pfmod(E)

7

radf k(E/H) ~ radf < > € pfmod(E)

is the filtration of k[W;, Y;]/(W/F,Y?") by the powers of the ideal (Y;), both with the obvious

k E-actions.

4.8 Lemma. Let N, H < E. The tensor product fz k(E/NH)®radf k(E/H) is a direct sum
of twists of radf y(k(E/H)).

Proof. We use the identifications in Example 4.6. Let us denote by W* a monomial in the
variables W;; here a is a tuple of nonnegative integers a;, one for each W;, and we write
la| = )", a;. Note that the x;,y;, 2; form a minimal set of generators for NH, so restricting
to N H amounts to forgetting the W;-actions; for example

o KLY o kY
Resior 7 ~ Dy (49)

where the sum is over the monomials W, Thus
fz k(E/NH) ® radf k(E/H) ~ Indy , Resk ; radf < W > (by (4.3))
>~ Ind%, @ radf (
k[Yi]
i~ fz ( ) X adf( ) (lal)
EB (Y?)

~ @radi (E/H))(|a)), (Example 4.7)

(filtered version of (4.9))

as claimed. O

4.10 Lemma. Let N, H < E. The tensor product radf k(E/N) @ radf k(E/H) in pfmod(FE)
is a direct sum of twists of radf k(E/(N N H)).
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Proof. We use the identifications in Example 4.6, and we denote by X° a monomial in the
variables X; and similarly for Y¢ as in the proof of Lemma 4.8. Since k(E/N), k(E/H),
and k(E/(N N H)) all involve the variables W, for the sake of clarity we denote by W* a
monomial in k(E/N) or k(E/(N N H)) and by W¢ a monomial in k(E/H). We define a
morphism
f: @radfk(E/N NH)(|d|) —— radf k(F/N) @ radf k(E/H) (4.11)
W

in pfmod(£) by defining on underlying modules

unf(f): >
g@ (W7, X7, YY) (Wr, X7) — (W YP) (4.12)
1wd [ > 1 ® Wd

in mod(E), where the direct sum in the source is taken over all monomials W in k(E/H)
and where 1y« denotes the element 1 in the copy of k(E/(N N H)) corresponding to W¢.
Note that f is indeed a morphism in pfmod(E) by (3.36).

To show that f is an isomorphism, it suffices (Lemma 3.13) to show that gr(f) is an

isomorphism. Consider the wth graded component of gr(f):

gr(f)v: GB grradf k(E/N N H)(|d])" — gr(radf k(E/N) @ radf k(E/H))".

The monomials W2X°Y 14 where |a| + |d| = w form a basis of the left-hand side, and the

monomials W2X° ® YW? where |a| + |d| = w form a basis of the right-hand side.
Observe that the element unf(f)(Waly.) = W1 @ W?), which we can expand us-
ing (3.36), has a nonzero coefficient for W @ W if and only if a = a’. It follows that
unf(f)(WX Y “Lypa) = WOXY(1 @ W) = WHX* @ YW

has a nonzero coefficient for W X¥ @YW if and only if (a, b, ¢) = (a’, V', ¢/). Since moreover
the coefficient of f(WeX Y *“1lya) for W XY @ YWY can be nonzero only for d' > d, we

deduce that gr(f) is an isomorphism. O
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4.13 Remark. The isomorphism (4.12) is not the isomorphism

B kG/(NNH) —— k(G/N)® k(G/H)
gGN\G/H (414)

lg: >y 1®g

given by the Mackey formula. Indeed, in terms of our identifications (4.14) reads

(W7, X7, Y7) S (whxh T (whY!Y

wa

1a ¥ y 1@ w?

where w? denotes a monomial in the elements w; € E. This does not induce a morphism
in pfmod(E) of the form in (4.11) because 1 ® w? is nonzero in gr(—)% it only induces a
morphism

@D radf k(E/N N H) —— radf k(E/N) @ radf k(E/H)
wd
in pfmod(F), which cannot be an isomorphism in general because the k-dimensions of gr(—)°

do not agree.

5 Frobenius exact structures

In this section, we study pulled back exact structures and Frobenius exact rigid tensor

categories. In particular, in Definition 5.21 we upgrade our diagram

pfmod(G) —== pgmod(G) —2% pmod(G)
Y Y Y (5.1)

fmod(G) —=— gmod(G) ——— mod(G)

to a diagram of pullbacks of exact rigid tensor categories and exact tensor functors where
the exact structures are pulled back along gr and ung. In reading this diagram, we recall

that G is a p-group (Notation 2.1).

We introduce the notion of pulling back an exact structure.
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5.2 Notation. Let A be an additive category. By a short complex (i,p) in A we mean a pair

of composable morphisms in A such that pi = 0.

5.8 Definition. Let A be an additive category, let B be an exact category, and let F': A — B
be an additive functor. A short complex (i,p) in A is a pulled back short exact sequence
if (F(i), F(p)) is short exact in B. If the pulled back short exact sequences form an exact
structure on A, then we say that we can pull back the exact structure, and we call the resulting

exact structure the pulled back exact structure.

5.4 Remark. In Definition 5.3, we can pull back the exact structure only if F': A — B is
conservative. Indeed, if f: A; — A is a morphism in A such that F(f) is an isomorphism,
then F'(A;) — F(A2) — 0 is short exact in B, so (f,0) is short exact in A, which implies f

is an isomorphism.

5.5 Lemma. In the setting of Definition 5.3, if we can pull back the exact structure along F,
then the pulled back exact structure on A is the mazximal one among those making F': A — B

ezxact.

Proof. This follows easily from the definition. m

5.6 Lemma. Let

A r — ¢
G\ B H
be a commutative diagram of exact categories. If A and B have the pulled back exact struc-
tures (Definition 5.3) along G and H respectively, then A has the pulled back exact structure

along F. If A and B have the pulled back exact structures along F' and H respectively, then

A has the pulled back exact structure along G.

Proof. This follows easily from the definition. O]
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5.7 Recollection. In an exact category, a morphism f: A; — A, is strict if it admits a

factorization

Al ! 2 AQ.

~

If the factorization exists, it is unique up to unique isomorphism [Buhl0, Lemma 8.4]. A

sequence (f1, fa) of strict morphisms is acyclic if in

bj! f2
Al ? A2 2 Ag
\ Il / \» 12 /
the sequence I; — Ay — I is short exact, and a complex is acyclic if every consecutive pair

of morphisms is acyclic.

5.8 Recollection. Every morphism f: A; — A, in a pre-abelian (Terminology 3.42) exact

category has an analysis

Ay ! > A

T T —

T
ker(f) coim(f) —— im(f) coker(f).

By the uniqueness in Recollection 5.7, it follows that f is strict if and only if the map

coim(f) — im(f) is an isomorphism.

5.9 Lemma. Let F': A — B be a pre-abelian (Terminology 3.42) exact functor where A has
the pulled back exact structure (Definition 5.3).

(1) A morphism [ in A is an admissible mono (resp. admissible epi) in A if and only if F(f)
is an admissible mono (resp. admissible epi) in B.
(17) A morphism f in A is strict in A if and only if F(f) is strict in B.

(1ii) A sequence (f1, f2) of strict morphisms in A is acyclic in A if and only if (F(f1), F(f2))

is acyclic in B.

Proof. For (i), let us prove the admissible mono case, as the other one is dual. The forward

direction is immediate by exactness of F) so let f be a morphism in A such that F(f) is an
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admissible mono in B. On the one hand, there exists a morphism p’ in B such that (F(f),p’)
is short exact in B. On the other hand, there exists a cokernel p of f in A because A is
pre-abelian, and F'(p) = p’ because F' is pre-abelian. Thus, since (f,p) is a short complex
in A and (F(f), F(p)) = (F(f),p’) is short exact in B, we see that (f,p) is short exact in A

by virtue of A having the pulled back exact structure. Therefore f is an admissible mono.

For (ii), since F is pre-abelian, it takes an analysis of f to an analysis of F(f), so the

statement follows from Recollection 5.8 and conservativity of F' (Remark 5.4).

For (iii), the statement is well-defined by (ii) and immediate from A having the pulled

back exact structure and conservativity of F' (Remark 5.4). O

Let us point out a couple of obstructions to being able to pull back an exact structure.

5.10 Remark. In Definition 5.3, in order for the pulled back short exact sequences to form an
exact structure on A, the pulled back short exact sequences (i, p) need to be kernel-cokernel

pairs.

5.11 Remark. The existence of certain pullbacks and pushouts is also an obstruction for
being able to pull back an exact structure. For example, let A be the additive category of
abelian groups whose torsion is only 2-torsion, let B be the exact category of abelian groups

with the abelian exact structure, and let F': A — B be the inclusion. Then

Z—7Z » Z/2

is a pulled back short exact sequence in A, but the pushout
zZ—>2 7z
" "
Z/2 —— Z/4

does not exist in A.

Let us discuss the exact structures on modgect(R), modgyect(S), and modyect (1), where

R, S, and T are monoids in respectively fvect, gvect, and vect.
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5.12 Lemma. Let C be a pre-abelian (Terminology 3.42) exact tensor category, and let R
be a monoid in C. We can pull back the exact structure (Definition 5.3) along the forgetful
functor U: mode(R) — C.

Proof. See [Kell8, Proposition 2.1.69] for a more general statement in terms of monads.
Alternatively, this is a straightforward verification. For example, suppose (7,p) is a pulled
back short exact sequence in mode(R) where i: A — As, and let f: A; — Aj be a morphism
in mode(R). Consider the following commutative diagram in € where the front face is a

pushout:

RoUA) 2" 4 ReU(A,)

S \4

a

18U(f) U(Ay) »
1®f’
U(f)
R®U(Ay) —— ——+R®m l
Pt y
U(A;3) » . > Ay

Note that Ay is the cokernel of d = <_l{](8)> Since R ® — is pre-abelian, R ® A4 is the
cokernel of R ® d, so the back face is also a pushout, which produces the dotted morphism
1. One verifies that p endows the pushout A4 in € with an R-module structure and that it

makes the diagram
A1 —Z> A2

£l 1

Az — Ay
in mode(R) commute. This diagram in mode(R) is a pushout: given a test object A and
morphisms A; — A and A3 — A in mode(R), we use the pushout A, in € to get the factoring
morphism U(Ay) — U(A), and we check that is a morphism in mode(R) by again using that
R ® Ay is a pushout in C. H

5.13 Fxample. We equip vect with its abelian exact structure, and we equip gvect and fvect

with the pulled back exact structures along ung: gvect — vect and then along gr: fvect —
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gvect:

modect(R) i Modgyect(gr )  modgyect (S) i MOodyect(UNg.S)  modyect(T)
l 1 l 1 l

fvect ————— gvect gvect ——— vect vect.

It is standard that these are well defined; see for example [NO82, Theorem III.3] and [SS16,
Theorem 3.9]. We equip modgect(R), modgyect(S), and modyect(7") with the exact structures
pulled back along the forgetful functors to our ambient categories (Lemma 5.12). It follows
(Lemma 5.6) that the exact structures on modgyect(S) and modgect(R) are also pulled back
along ung: modgyect(S) — modyect(ung S) and gr: modgect(R) — modgyect(gr R).

5.14 Example. Our categories modgect(R), modgyect(S), and mode(T") are all pre-abelian,
so we can check admissibility of monos and epis separately, as described in Lemma 5.9(%).

Indeed, modgyect(S) and modyect(7") are abelian, and modgect(R) is quasi-abelian.

5.15 Remark. Lemma 3.28 gives a quick proof of the fact that
ung: modgyect(S) — modyect(ung(s))

reflects projectives and injectives. Indeed, since the exact structure on modgyect(S) is pulled
back along ung, we may easily verify the lifting property against admissible epis and extension

property along admissible monos using the lemma.

5.16 Example. By truncating (Example 3.24), we obtain short exact sequences that will
let us induct on filtration or grading length. Let R be an effective monoid in fvect. For
A € modget(R) and w € Z, we have a short exact sequence A% — A — AS¥~! functorial
in A. By choosing w to be the maximal integer such that A" # 0, we obtain a short exact

sequence

fz(AY)(w) —— A s ASwL (5.17)
Similarly, let S be an effective monoid in gvect. For B € modgyet(S) and w € Z, we have a

short exact sequence B=* »— B — B=""! in modgyect(S). By choosing w to be the maximal

integer such that B # 0, we obtain a short exact sequence

gz(BY)(w) —— B » BSwl (5.18)
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We can pull back a pulled back exact structure in a pullback.

5.19 Proposition. Let
AL B
s ) (5.20)
¢——D

be a pullback of additive categories (Lemma 2.10) where J and I are fully faithful. Suppose

that F' and J are exact functors and that the exact structure on € is pulled back from D

along F.

(1) We can pull back the exact structure (Definition 5.3) from B to A along Fy.

(i1) The exact structure on A that is pulled back along Fy is the unique one that makes (5.20)

a pullback diagram of exact categories (Lemma 2.10).

(131) Let us equip A with the pulled back exact structure along Fy and assume F is pre-abelian
(Terminology 3.42). Then a morphism f in A is an admissible mono (resp. admissible epi)

if and only if Fo(f) is an admissible mono (resp. admissible epi).

Proof. For (i), we will show that the pulled back short exact sequences are stable under
pushouts; the other verifications are dual or much easier. Let (i,p) be a pulled back short
exact sequence in A from B where i: Ay — Ay, and let f: A; — A be a morphism. We need
to show that the pushout i’ of i against f exists in A, that i’ is part of a pulled back short

exact sequence

in A, and that (i,p) and (¢, p’) are both kernel-cokernel pairs.
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For the first claim, consider the following diagram:

7 Fo(i Fy

Al > A2 b > Ag " FO(Al) >i> FU(AQ) ﬁ» FU(Ag)

7l o L rol | =

A —— O o Cs F(A) » > By » Bj

1] IE

I(A) » D 1(Az) 2% 1(A) TRy(A) 2 TFy(A) ™% T Fy ()
1} ol 1= — TN G 1=
I(A) » — (s o Cs JFy(Ay) —— J(By) —» J(Bs).

On the one hand, (Fy(7), Fy(p)) is short exact in B since (i,p) is a pulled back short exact
sequence, so we may push out against Fy(f) to construct the top-right corner (see [Buhl0,
Proposition 2.12] if necessary). Applying J to this diagram produces the bottom-right corner,
using that exact functors preserve pushouts of admissible monos. On the other hand, consider
(1(7),1(p)), which is short exact since € has the pulled back exact structure and since (5.20)
commutes. We may push out against I(f), which produces the bottom-left corner. Since
F(Cy) is a pushout of FI(i) and FI(f), again using that exact functors preserve pushouts of
admissible monos, we have F'(Cy) = J(B3) by uniqueness of the pushout. Thus Cs, C3 € A
because (5.20) is a pullback, and moreover C; is the pushout of ¢ and f in A because I is
fully faithful. We have constructed the diagram, hence shown that the pushout i’ of i against

f exists in A.

Let us justify the other two claims. The short complex A — Cy — Cj5 is a pulled
back short exact sequence from B because applying F'I = JFj to it produces a short exact
sequence in D and because J is fully faithful. Moreover, (i,p) and (¢/,p’) are both kernel-
cokernel pairs because (I(7),I(p)) and (I(i"), I(p")) are short exact and hence kernel-cokernel

pairs in € and because fully faithful functors reflect limits and colimits.

For (ii), suppose we equip A with the pulled back exact structure along Fy, and suppose
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we are given a test exact category T and exact functors G and H as follows:

There exists an additive functor 7' making the diagram commute because (5.20) is a pullback
of additive categories. It is straightforward to check that T is exact. Indeed, if (i, p) is short
exact in T, then (G(i), G(p)) = (FoT(i), FoT(p)) is exact in B, so since (T'(i), T(p)) is a short
complex and A has the pulled back exact structure, (7'(z), T'(p)) is short exact. Conversely,

if (5.20) is a pullback of exact categories for some exact structure on A, then testing with

B
Al 1

GT>®’

where T is the additive category A equipped with the pulled back exact structure along
Fy, shows that the exact structure on A is at least as big as the one on T. By maximality

(Lemma 5.5), we conclude that A has the pulled back exact structure.

For (iii), we will only show the admissible mono case, as the other one is dual. The
forward direction is immediate, so let f be a morphism in A such that Fy(f) is an admissible

mono in B. Consider the following diagram:

f Fo(f !

y Ay —25 0 Y Fy(4) SO, Fy(Ay)) 22— B

11 IJ

I(A) 2D 1) 2 € TR(A) R TR (4) 28 5(B).

A

Let p' be a morphism in B such that (Fy(f),p’) is short exact in B. Since FI(f) = JFy(f)
is an admissible mono and using that F' is pre-abelian, Lemma 5.9(i) tells us I(f) is an

admissible mono, so let p be a morphism in € such that (I(f),p) is short exact in C. By
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uniqueness of the cokernel of FI(f) = JFy(f) and again using that F' is pre-abelian, we
deduce that F'(p) = J(p'), so p is in A because (5.20) is a pullback. Since JFy(p) = F(p) =
J(p') and since J is fully faithful, we see that Fy(p) = p’. We now have a short complex (f, p)
in A such that (Fo(f), Fo(p)) = (Fo(f),p) is short exact in B, so because A has the pulled
back exact structure along Fy, we conclude that (f,p) is short exact in A, hence that f is

an admissible mono in A. O

We now officially define our exact structures on our main rigid tensor categories.

5.21 Definition. We equip mod(G), gmod(G), and fmod(G) with their usual exact structures
(Example 5.13), and we equip pmod(G) with its split exact structure. To equip pgmod(G)
and pfmod(G) with exact structures, we use the diagram

pfmod(G) —== pgmod(G) —2% pmod(G)
Y Y Y (5.22)

fmod(G) —=— gmod(G) ——=+ mod(G)
of pullbacks of rigid tensor categories (Lemma 2.10) and Proposition 5.19(i) to pull back
the exact structure (Definition 5.3) along ung: pgmod(G) — pmod(G) and then along
gr: pfmod(G) — pgmod(G). In other words, the squares in (5.22) are pullbacks of exact
rigid tensor categories (Proposition 5.19(ii)).

5.28 Remark. We have the following exact functors

pmod(G) — pfmod(G) & pgmod(G) % pmod(G)

trf

Y om0y Y Y

mod(G) «&f fmod(G) g:»rf gmod(G) & mod(G).
un: tr Z

Note that both unf functors are exact by the five-lemma and induction on filtration length

and that unf: pfmod(G) — mod(G) escapes the permutation variants.

5.2/ Example. We have the following generators as extension-closed subcategories:
pfmod(G) : twists of fzk(G/H) for H < G fmod(G) : twists of the unit 1
pgmod(G) : twists of gzk(G/H) for H < G gmod(G) : twists of the unit 1

pmod(G) : k(G/H) for H < G mod(G) : the unit 1
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This follows from our short exact sequences (5.17) and (5.18) which are still short exact in

respectively pfmod(G) and pgmod(G).
Let us transition to discussing Frobenius exact structures.

5.25 Lemma. In an exact rigid tensor category €, the dual of a projective object is injective,

and the dual of an injective object is projective.

Proof. It P is projective, then by rigidity we have Homg (P, (—)Y) = Homg(—, PV). This is
exact because P is projective and (—)Y is exact (Terminology 2.2), and this shows PV is
injective. Similarly, if I is injective, then we have Homg (1Y, —) = Home((—)", I) by rigidity
and using that (—)" is a duality (Lemma 2.5). Again this is exact because [ is injective and

(—)Y is exact (Terminology 2.2), and this shows IV is projective. O

5.26 Lemma. For an exact category € and a set of objects J C &, the extension-closed
subcategory of € generated by J is comprised of the objects A € € that admit a sequence of

admissible monos

0=A,:1 > > A, >

~
Y
~
s
—
N
2\
i
[e=]
|
N

(5.27)
such that coker(A; 1 — A;) € J for alli=0,... n.

Proof. Let us call a sequence of admissible monos as in (5.27) a J-filtration of length n.
Observe that if A — B is an admissible epi with kernel in J and B admits a J-filtration of
length n, then A admits a J-filtration of length n + 1 by pulling back the filtration.

We can describe the objects in the extension-closed subcategory generated by J as
UnZO J, where Jy = J and J,4; is the set of objects B € &£ that fit in a short exact se-
quence of the form A — B — C in & where A,C' € J,. We will show by induction that
every object in J, admits a finite J-filtration. Certainly this is true for n = 0, so suppose

n > 1, and let B € J,; fit in a short exact sequence A — B — C' in € where A,C € J,.
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Consider the following diagram:

A/
I
A" —— Bj » C.

o W«
Q

Using our inductive hypothesis, let A; — A be the first step in a finite J-filtration of A, and
let A’ denote the cokernel in J. Pushing out produces the short exact sequence A" — B’ — C
where A" € J and C € J,,. Again by our inductive hypothesis, let j: C7 — C be the first step
in a finite J-filtration of C. Pulling back produces the short exact sequence A’ — B| —
where C) € J,_; and A" € J. Thus B] € J,. Using our inductive hypothesis one last time
to get a finite J-filtration of B, we may compose it with ¢ to get a finite J-filtration of B’.

Finally, by our observation at the beginning of this proof, we are done. O]

5.28 Terminology. For an exact category € and an object A € €, a projective pre-cover of A
is an admissible epi P — A from a projective object P € €, and an injective pre-envelope of

A is an admissible mono A — [ into an injective object I € &.

5.29 Proposition. Let & be an exact rigid tensor category whose unit admits a projective

pre-cover w: P — 1.

(1) The projectives form a thick additive tensor ideal (P) generated by P.
(17) The exact category € is Frobenius exact.

(i43) Let J C & be a set of generators of € as an extension-closed subcategory. Then (P) is

the thick additive subcategory generated by J @ P.

Proof. For (i), the projectives certainly form a thick additive subcategory, and they form a
tensor ideal by rigidity: if @ € € is projective and A € &, then
Homg (A ® @, —) = Home(Q, AY @ —)
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is exact because () is projective and — ® — is exact in both variables, so A ® @) is projective.
Since P is projective, it suffices to show that any projective is in (P). Observe that in fact

any object A € € receives an admissible epi from a projective, namely
lom: AQ P —» A. (5.30)

In particular, if @) is projective, then 1@ 7: Q® P — ) admits a section, so Q) | QR P € (P).

For (iz), the projective pre-cover (5.30) shows that € has enough projectives, and the

projectives and injectives coincide by Lemma 5.25 and Lemma 2.5.

For (iii), let us denote by 8 the thick additive subcategory generated by J ® P. Then
(P) D 8 because (P) is thick and additive by (i) and because (P) D J® P by virtue of every
object in J ® P being projective. For the converse, it suffices to show that for any A € &,
we have A® P € 8. Indeed, then if Q € (P) is projective, we would have Q | Q ® P € 8. Let
A € €. Since J generates € as an extension-closed subcategory, by Lemma 5.26 there exists

a sequence of admissible monos

V
v
\E
X

-
|
NE
N

o

I
s

0=A,1> > A,

such that coker(A;,; — A;) € Jforalli =0,...,n. Tensoring this sequence with P produces

a sequence
0=A4,19P—— A, QP »—— -+ —— A{/QP —— Ay Q P=AQ®P
of split monos where coker(4;;1 @ P — A; ® P) € J® P. Thus A® P € 8. O

We now show that pgmod(G), pmod(G), fmod(G), gmod(G), and mod(G) are Frobenius
exact. We will show Section 9 that pfmod(F) is Frobenius exact in the elementary abelian

case.

5.831 Example. Let R, S, and T" be monoids in respectively fvect, gvect, and vect. In the

categories modgect(R), Modgyect(S), and modyect(T'), the objects R, S, and T are projective
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because as k-vector spaces

HommOdfvect(R) (R7 A) = AO
Hommodgvect(S) (57 B) = BO

Hommodvect(T) (T, O) = (Ol

Thus when R, S, and T" are Hopf monoids, the counits e: R - 1,e: S » 1, ande: T — 1

are projective pre-covers of the units.

5.32 Ezample. The exact categories pgmod(G), pmod(G), fmod(G), gmod(G), and mod(G)
are all Frobenius exact because we have the following projective pre-covers of units (Propo-

sition 5.29(7)):

e: fzkG - 1 in fmod(G)
1:1—»1 in pgmod(G) e: gzkG —» 1 in gmod(G)
1:1—-1 in pmod(G) e kG - 1 in mod(G).

Indeed pgmod(G) and pmod(G) have the split exact structure, so every object is projective.
The other three are from Example 5.31.

5.33 Remark. The projective pre-covers fz kG — 1 in fmod(G) and gz kG — 1 in gmod(G)
are not projective pre-covers in pfmod(G) and pgmod(G) when G # 1 because in these exact
subcategories they are not admissible epis. Indeed, the augmentation map kG — k is not

split exact in mod(G) because G is a p-group.

5.834 Ezample. The projectives in fmod(G) are the direct sums of twists of fz kG, and the
projectives in gmod(G) are the direct sums of twists of gz kG. This follows from Proposi-
tion 5.29(ii7) and Example 5.24. In particular, if A € fmod(G) is projective, then unf(A) €

mod(Q) is projective, and if B € gmod(G) is projective, then ung(B) € mod(G) is projective.
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6 tt-geometry recollections

In this section we recall the tools from tt-geometry that we will be using for the rest of
this work. In particular, we discuss 7-points, and we upgrade some of our results from the

previous sections into the world of tt-categories.

6.1 Recollection. A tensor triangulated category is a triangulated category with a tensor
structure where the tensor —® — is triangulated in each variable (and the additive structures
agree). By a tt-category K we mean an essentially small tensor triangulated category. A
tt-ideal of X is a thick triangulated tensor ideal of K, and for objects xy,...,z, € K, we
write (z1, ..., z,) for the tt-ideal they generate. We say a tt-ideal is finitely generated if there
exist such objects. A prime tt-ideal of X is a proper tt-ideal P C XK such that if z®@y € P for
some objects x,y € K, then x € P or y € P. By a tt-functor we mean a tensor triangulated

functor.

6.2 Recollection. The tt-categories in this work all arise from bounded derived categories
of exact tensor categories or stable categories of Frobenius exact tensor categories in the

following fashion:

exact rigid tensor ML rigid tt- <>~ Frobenius exact rigid tensor
| | |

Db t .
exact tensor ¢ b bt — i Frobenius exact tensor
[ | |

D . t .
exact —— triangulated «—>—— Frobenius exact.

Given an exact category &, the bounded derived category Dy(€) of € is the triangulated
category given by the Verdier quotient of the bounded homotopy category K, (&) of € by
the triangulated subcategory of acyclic complexes [Buh10, Section 10.4]. Given a Frobenius
exact tensor category &, the stable category st(&) is the triangulated category is given by
the additive quotient of € by the full subcategory of projective objects [Kra2l, Section 3.3].
An exact tensor functor F': € — F induces a tt-functor F': Dy(€) — Dy (F); if € and F are
Frobenius exact and F' preserves projectives, then F' induces a tt-functor F': st(&) — st(F)

on stable categories.
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6.3 Recollection. The spectrum Spc(XK) of a tt-category K is the topological space of prime

tt-ideals in XK, as follows. For an object = € K, the support supp(z) of = is

supp(z) = {P € Spc(X) | z ¢ P};

we say that x € K has full support if supp(x) = Spc(X), for example the unit z = 1. The
topology on Spc(XK) is generated by the basis of closed subsets supp(z) for z € K. We say that
XK is local if its spectrum Spc(XK) has a unique closed point. The spectrum Spc is functorial.
In particular, a tt-functor F': X — £ induces a continuous map Spc(F'): Spc(£L) — Spe(K)
on spectra given by pulling back primes: Spc(F)(Q) = F~1(Q). Moreover, an equivalence of
tt-categories induces a homeomorphism on spectra because naturally isomorphic tt-functors

induce the same map on spectra.

6.4 Recollection. Given a tt-ideal 3 C K in a tt-category K, we denote by U(J) = {P €
Spce(XK) | I € P} the subspace of primes containing J. If I = (x4, ...,x,) is finitely generated
as a tt-ideal, then by thickness J = (z) where z = 21 & --- & x,,. Thus U(J) is an open set

in Spc(XK), and we write
open(z) = open(J) = Spc(XK) \ supp(z) = {P € Spe(X) | z € P}.

We call this the vanishing locus of x.

6.5 Recollection. The induced map Spc(F'): Spc(L) — Spe(XK) on spectra by a tt-functor

F: KX — £ satisfies the following formula for any x € X:

supp(F(x)) = Spe(F)~" (supp(z)).

Thus we have the following:

(i) If F(z) € £ has full support, then Spc(F') factors through supp(z):

Spe(F): Spe(L) —— supp(z) C Spe(K).
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(i1) If F(x) =0 € £ for some x € K, then Spc(F) factors through open(z):

Spce(F): Spe(L) —— open(z) C Spe(X).

We will frequently need to know when a tt-functor induces an injective or surjective map

on spectra of some sort.

6.6 Recollection. In the following situations, a tt-functor F': X — £ induces an injection on

spectra of some sort:

(i) If F is essentially surjective, then Spc(F') is an injection [Bal05, Corollary 3.8].

(17) If F admits a section (thus is essentially surjective), then Spc(F') is a split injection by

functoriality, hence is a homeomorphism onto its image.

(23i) If F' is the Verdier quotient F': X — K/J = £ at a finitely generated tt-ideal J C X,

then Spc(F') induces a homeomorphism
Spe(F): Spe(£) —— open(J) € Spe(K)
of Spc(£) with the vanishing locus of J [Bal05, Proposition 3.11].

6.7 Recollection. Let F': KX — £ be a tt-functor, and let x € X be an object in K. We say
that a morphsim f in K vanishes on z if f ® x = 0. We say that F' detects nilpotence on x
if for any morphism f in X such that F(f) = 0, there exists m > 0 such that f®™ vanishes
on z. If we only need m = 1, then we say that F' is faithful on x, and if x = 1, then we say

that F' detects nilpotence.

6.8 Recollection. Let K be a rigid tt-category. In the following situations, a tt-functor

F: X — L induces a surjection on spectra of some sort:

(1) Let x € K. If F detects nilpotence on z, then Spc(F') surjects supp(x) ([Ball8, Theorem
1.3] and [BG22b, Corollary 7.8]), in the sense that the image of Spc(F') contains supp(x).

For example, if F' is faithful, then Spc(F’) is surjective.
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(i7) The tt-functor F' is conservative if and only if Spc(F') surjects the closed points of
Spe(X) [Ball8, Theorem 1.2].

We record some reductions for later use.

6.9 Lemma. Let K be a rigid tt-category, let F': KX — L be a tt-functor, and let x € K be

an object in K.

(1) The tt-functor F detects nilpotence on x if and only if for any morphism f: 1 — y in K

such that F(f) =0, there exists m > 0 such that f™ vanishes on x.

(17) Let ¢ € K be another object. Then F detects nilpotence on x @ c if and only if for any
morphism f: 1 — y in K such that F(f) =0, there exists m > 0 such that

®Xm
AN

Xm
> Y

€eVy
¥ Qx 31

(Remark 2.6) vanishes on ¢

Proof. For (i), the forward implication is trivial. For the reverse implication, let f: y — z

be a morphism in K, and consider

Homy (y, z) = Homg(1,z®y")

f— (f ®y")coev,

where (f ® y¥)coev, is the morphism
coevy v foyY v
1l —yRy’ — z2y".
By our hypothesis, we have

(fo" @ (y®™)Y @ z)(coevyen @ x) = ((f @y )coev,)*™ @z =0

for some m > 0. Thus

Homy (y®™ @ 2,29 @ x) =  Homg(z, (y*™)V @ 2™ @ x),

@ ——— (fO" @ (y*")" @ z)(coevyem ® x) =0
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so f" @z = 0.

For (ii), let f: 1 — y be a morphism in K such that F(f) = 0, and let m > 0. By (i),
it suffices to show that f” ® x ® ¢ = 0 if and only if (f®" ® ¢)(ev, ® ¢) = 0. Consider the

following commutative diagram in X:

Y RrRc eveBe e
f®m®mv®x®0i lf‘g’m@c
®Xm Vv Xm
yrrRrt r®c oy ® c.
Since
Homy (z ® ¢, y®™ @ x ® ¢) o Homy(z¥ ® z ® ¢, y®™ & ¢),
ffm@rec—— (Y ®ev, @) ([ RV @1 ®c)
we are done. O

We will frequently combine these tools as follows.

6.10 Method. Let us describe a divide and conquer strategy that we will repeatedly employ
in this work. Given an object z € X, its support and vanishing locus partition the spectrum:
Spc(K) = supp(x) U open(z). Thus we can determine the subspaces supp(z) and open(z)
separately and then determine the specializations from open(z) to supp(x); there are no
specializations the other way because supp(z) is closed. To determine supp(x) and open(z)

we typically do the following:

(i) To determine supp(z), we find a tt-functor G: X — £ such that G(x) has full support,
G admits a section, and G detects nilpotence on x. Then G induces a homeomorphism

(Recollection 6.5(3), Recollection 6.6(iz), and Recollection 6.8(%))
Spe(G): Spe(L) —— supp(z) C Spe(X).

(77) To determine open(x), we find a tt-functor U: K — M such that U(z) = 0 and such that
the induced tt-functor U: K /{x) — M is an equivalence. Then U induces a homeomorphism

(Recollection 6.5(i7) and Recollection 6.3)
Spc(U): Spe(M) —— open(z) C Spe(X).
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6.11 Method. We may even divide and conquer using two objects. Given objects x,y € K,

we have
Spe(X) = (open(x) U open(y)) U supp(z & y).

In this situation, we only need to determine the specializations from open(x,y) to open(z) \
open(z,y) and open(y) \ open(z,y) and from open(z) and open(y) to supp(z ®y). Note that
open(x) \ open(z,y) is the support of y in the Verdier quotient K/(x) (Recollection 6.6(7i7))
and similarly for open(y) \ open(z,y).

We preempt our discussion about w-points by discussing the effect of rigidity on the

lattice of tt-ideals.

6.12 Recollection. Let K be a tt-category. Recall that the radical v/J of a tt-ideal 3 C K is

the intersection of the primes P € Spc(X) that contain J:

Vi= () P

JCPeSpe(K)

(1) We have /(a) N /(b) = +/(a®b) for any objects a,b € K. This follows from [Bal05,
Theorem 4.10].

(17) If K is rigid, then every tt-ideal is its own radical [Bal05, Remark 4.3 and Proposition
4.4].

6.13 Notation. Let K be a rigid tt-category. We denote by ideals(XK) the lattice of tt-ideals
in K. Given J1,J, € ideals(X), their join is the tt-ideal generated by J; and J5 and their meet
is their intersection. If J; and Jy are finitely generated, then there exist objects z1,x9 € K
such that J; = (z1) and Jy = (x2) (Recollection 6.4), in which case the join of J; and J, is

(x1 @ x9) and the meet is (21 ® z2) (Recollection 6.12(7) and Recollection 6.12(iz)).

6.14 Lemma. Let X be a rigid tt-category. If X is generated as a triangulated subcategory
by its unit, then the prime tt-ideals of K are precisely the prime elements in the lattice of

thick subcategories of K.
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Proof. Note that in this situation, the tt-ideals of K are precisely the thick subcategories of
XK. Thus we are reduced to showing that the prime tt-ideals of X are precisely the prime
elements in ideals(X). Let P be a prime tt-ideal, and suppose J,J € ideals(X) are tt-ideals
of X such that 3 ¢ P and § ¢ P. Then for a € I\ P and b € J\ P, we have a®@b € (INJ)\ P
because J and J are tt-ideals and P is prime. Thus INJ ¢ P. Since J and J were arbitrary,
we conclude that P is a prime element in ideals(X). Conversely, let P € ideals()X) be a prime
element, and suppose a,b € K are such that a ® b € P. Then by Notation 6.13 we have
(a) N (b) = (a®b) C P, so (a) C P or (b) C P by our hypothesis on P. Hence a € P or
beP. O

We now discuss the example Dy, (mod(kG)) where G is a finite group scheme.

6.15 Notation. Given a topological space X, we denote by X the one-point compactification

of X and by 0 € X the unique closed point.

6.16 Recollection. Let G be a finite group scheme over k. We denote by k3G the group algebra

of G; this is a finite-dimensional co-commutative Hopf algebra over k. We denote by

Extrq(k, k) p=2
H* (G k) — kg (

even part of Extpg(k, k) p>2
(the commutative part of) the cohomology of G; this is a commutative finitely-generated
algebra over k.
The spectrum of Dy, (mod(kG)) is homeomorphic via the comparison map to the homo-
geneous spectrum Spec® H*(G, k) of the cohomology of G [Ball0a, Proposition 8.5]:
{M | Anngegr(H*(S, M)) € p} <— p
Spcst(mod(kG)) «———— ProjH*(G, k).

Spe Dy (mod(kG)) ———— Spech H*(G, k)

comp

Our motivation for using 7-points is to give a more explicit description of the spectrum

Spc Dy (mod(kG)). We begin with the most general case.
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6.17 Recollection. A m-point (o, K) of G is the data of a field extension K/k and a flat map
of K-algebras av: KC),, = K Gk that factors through the group algebra KCx C K Gk of some
abelian subgroup scheme Cx C Gx. We emphasize that the factorizing condition is the only

part of the definition that uses the coalgebra structure on k£G.

6.18 Notation. For a field extension K /k, we write vectg, gvect, and fvecty for the ambient
categories over K and modg(G) = modyet, (KG) and so on. We also use a subscript K to
denote a base change to K; for example for C' € mod(G), we write Cx = C®; K € modg (G).

We implicitly base change constant group schemes.

6.19 Recollection. On the one hand, a w-point («, K') induces a restriction map on cohomol-

ogy which we denote by

H*(a, K): H*(Sk, K) —— H*(C,, K),
and its kernel in H*(G, k) is a homogeneous prime ideal:

H*(G, k) Nker H*(a, K) € ProjH*(G, k).
On the other hand, a m-point (o, K) induces a triangulated functor which we denote by

(o, K)*: st(mod(kG)) =25 st(modyect, (KSx)) - st(modx(C,)), (6.20)
and its kernel in st(mod(k9)) is a prime tt-ideal:
ker(ar, K)* € Spest(mod(k9)).

These associations are surjective, and we define the space I1(G) of m-points of G to be the
set of m-points of § modulo the equivalence relation and equipped with the topology that

makes the back face of the following diagram commute:

(9)

IT
H*®(G,k)Nker H*(—)
ker(f)*l% ~

11(9) N Spcst(mod(kG)) «—— ProjH*(S, k)
o~ = / _
= —

Spc Dy(mod(k9)) Tzuﬂ Spect H*(G, k).
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We artificially map 0 € I1(G) (Notation 6.15) to 0 € Spe Dy(mod(kG)) and to the irrelevant
ideal H (G, k) € Spec® H*(G, k). For details, see [Bal05, Corollary 5.10] and [FP07].

We now specialize all the way to the elementary abelian case.

6.21 Notation. Once and for all, we let ¢ denote the rank of F, and we pick a minimal set of

generators zq,...,z of E.

6.22 Notation. We denote

1 p=2
q:
p p>2.

6.23 Recollection. Every m-point for E (thought of as a constant group scheme) is equivalent
to one of the form (a., K) [FP05, Proposition 2.2 and Lemma 4.1] where ¢ € K*\ {0} and
K[T] \K[Zlv"th]
(17) (A7)

Tl—>C1Z1—|—"'+CtZt

a.: KC, ~ ~ KF.

We can describe the kernel ker(a., K)* € Spcst(mod(E)) concretely as the full subcategory
of objects C' € mod(E) such that the K-linear map given by multiplication by ¢; 21+ - -+¢;Z;

on C'k has rank precisely

rankg (121 + -+ 2y C — Cg) = p dimg (Ck). (6.24)
It is standard [Bal21, Lemma 3.11] that
1 p=2
H*(E,k) ~ k[Uy,...,U;] where |Uj] = (6.25)
2 p>2

for some Uy, ..., U; such that the induced map on cohomology by the m-point (a., K) is

H (0, K): H*(Ex, K) ~ K[Uy,....U] — K[T] ~ H*(C,,K).

U T
Thus ker(H*(aw, K)) = (Uy — ¢, ..., Uy — ¢}).
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6.26 Recollection. For any point x € P’,;_l, there exists a field extension K /k and a K-rational

closed point [c] € Pi!(K) such that

[(] ———— x
P! ——— P! (6.27)

I I
Spec(K) —— Spec(k).

Indeed, we may take for K the residue field x(x)/k of . We denote [c|x/r = .
6.28 Notation. For k algebraically closed, we denote

p. Pt _Fob  piol = ProjH*(E, k) ———— Spcst(mod(E))

(=23 4

ek —— [k —— (Ur —cf,..., Uy — ¢f) ——— ker(ac, K)*

using Recollection 6.26. An object C' € mod(E) is in P([c]x/x) if and only if its base change

C satisfies (6.24), and this in particular shows that P is well defined.

As an example of this notation, we recall how the case of a finite group reduces to the

case of an elementary abelian group.

6.29 Recollection. In this recollection, we assume k is algebraically closed, and we allow G to
be any finite group. Quillen stratification asserts that, roughly speaking, Spcst(mod(G)) is
a gluing of the spectra Spcst(mod(E’)) where E' < G runs through the elementary abelian
p-subgroups of GG; more precisely

Spest(mod(G)) = E,E%?%icn;lab) Specst(mod(E"))

as described in [Ball6, Theorem 0.1]. In particular, in st(mod(G)) every prime tt-ideal is of
the form Spc(Resg ) (P([c]x/k)), where [c]x/x € Py " and E' < G is an elementary abelian
p-subgroup of rank r.

6.30 Remark. In general, m-points depend on the comultiplication on kG, as we emphasized

in Recollection 6.17. However, in the case of a finite group G (Recollection 6.29), we observe

that the m-points do not depend on the comultiplication on kG at all. We can explain this
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phenomenon using tt-geometry in the case where G is a p-group. Indeed, in this case the unit
generates st(mod(kG)), so the prime tt-ideals can be characterized (Lemma 6.14) without

reference to the tensor structure.
We describe an alternative to Carlson modules for linear subspaces.

6.31 Lemma. Assume k is algebraically closed. Then closed points and rational points are
the same thing, and the closed subsets of P',;_l are determined by the rational points that they

contain.

Proof. Here rational points are the same thing as closed points since P';_l is a scheme over k
locally of finite type and k is algebraically closed. Thus the second statement is claiming that
the closed subsets are determined by the closed points that they contain. This is because

for any field k, the underlying space of the scheme P}Z_l is Jacobson. O]

6.32 Ezample. Assume k is algebraically closed. Let [¢] € Pifl be a closed point, and
let us denote by [c]* C PZ’l the closed subset given by the orthogonal complement of
[c] (recall Lemma 6.31). There exists a p-dimensional module Cjy. € mod(E) such that
supp(Cigr) = P([c]*}). Indeed, pick a representative ¢ € K*\ {0} of [¢]. We may let Cpye be
the p-dimensional k-vector space with basis vy, ..., v, and with kFE-action defined by

CjUit1 1 <1< p

Zjvi =

0 1=0p

for j =1,...,t. Then for d € K*\ {0}, we have
(d121 + -+ dtZt)UZ' = (Cldl + 4 Ctdt)vi—i-l (633)

for 1 <4 < p, so P([d]) € supp(Cy,r) if and only if [d] is orthogonal to [c].

6.34 Erample. Continuing Example 6.32, for any linear subspace P C P’,i_l, we can tensor
together objects of the form Cj . € mod(E) to get an object Cp € mod(E) whose support

is P. Indeed, any hyperplane in P';_l is the orthogonal complement of a point, and P is
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an intersection of hyperplanes. If P = {[c]} for some [c] € P. ! then we simply write
Cg = Ciay-
6.35 Remark. In fact, one can show that if P is spanned by F,-rational points, then Cp €

pmod(E) is an indecomposable permutation module.

6.36 Running Erample. We return to our running example, which we set up in Running
Example 1.13. We take our generators 21,2, € Cy? (Notation 6.21), to be z,y € C)?

respectively. Then we have the following picture of Spc Dy, (mod(E)) = PL.

Spc Dy (mod(E))
® supp(kE)
.......... Merrensea@ersennna@iesanns @aennnssan: ()pen(/ﬁ’,E)
[ ]
supp(Cla:p)) supp(k(E/Niv.0)) supp(k(E/Npi.1)))

Supp(k(E/N[ozl]))-

Let us explain this picture in detail, as we will be re-using the notations for future pictures.

The long dotted line represents the closed points of P;, and the three e points on it are
in particular the three Fo-rational points [1 : 0], [1 : 1], and [0 : 1] in that order. The x
point represents an arbitrary non-Fa-rational point [a : b] € P}. The point at the bottom is
the generic point of P}, and the point at the top is the unique closed point 0 € P,lC in the

one-point compactification (Notation 6.15) of Pj.

The grey lines indicate specializations. They always connect a lower point to a higher
point, and this conveys that the lower one specializes to the higher one. The undulated
(squiggly) line to and from the * point means that all of the non-Fs-rational points have

that behavior. In this case, all non-Fo-rational points on P all generalize to the generic
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point of P and all specialize to the unique closed point 0 € PL. Of course, having no grey

line between two distinct points indicates that neither specializes to the other.

Finally, the highlighted regions illustrate our divide and conquer strategy, and the colored
markers on the points display the supports of some important objects. In this case, we are
displaying the supports of the 2-dimensional indecomposable permutation modules and the
support of the module Cl,;) from Example 6.34 which was constructed to have support

{la : b]} in Spcst(mod(E)).
We wrap up this section by upgrading some of our previous results to derived categories.

6.37 Lemma. Let F': € — F be a pre-abelian (Terminology 3.42) exact functor where the

exact structure on € is pulled back along F. Then F: Dy(E) — Dy (F) is conservative.

Proof. Recall that X € Chy(&) is zero in Dy(€) if and only if it is acyclic in &, which
means that every differential is strict and every consecutive pair of differentials is acyclic

(Recollection 5.7). Thus the lemma is immediate from Lemma 5.9(4i). O

6.38 Lemma. Let € be a rigid tensor exact category whose unit admits a projective pre-cover
P — 1. Then & is Frobenius exact, and the composite & — Dy (€) — Dy (€)/(P) induces an
equivalence of tt-categories st(€) = Dy (€)/(P).

Proof. This is Proposition 5.29() and Proposition 5.29(i7) together with [Kra21, Proposition
4.4.18]. O

6.39 Example. Let R and S be effective monoids in fvect and gvect respectively. For a
complex X € Chy(modgect(R)), applying our short exact sequence (5.17) degree-wise to
X produces a distinguished triangle in Dy, (modgect(R)). In particular, if w is the maximal

integer such that X® # 0 € Chy,(modgect(R)), then

fz(X™) (w) > X y X=wl s f7( X)) (w)[1] (6.40)
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is a distinguished triangle in Dy (modgect(R)). Similarly, for Y € Chy(modgyect(.5)), if w is
the maximal integer such that Y # 0 € Chy(modgyect(S)), then applying (5.18) degree-wise

produces a distinguished triangle

e2(Y¥) (w) —— ¥V —— Y0l (V) (w)[1] (6.41)

in Db (modgvect (S) ) :

6.42 Recollection. Let € be an exact category, and let J be a set of generators of € as an
extension-closed subcategory. Then the set J generates Dy, (&) as a triangulated subcategory.
Indeed, a short exact sequence A; — Ay — Ajz in € induces a distinguished triangle A; —
Ay — A3 — Aq[1] in Dy(€), so by Lemma 5.26 and induction on the number of admissible
monos in the sequence (5.27) we see that any object in homological degree zero is in the
triangulated subcategory generated by J. The claim then follows by induction on complex

length, by taking cones and suspensions.

6.43 Example. We have the following generators as triangulated subcategories:

Dy (pfmod(G)) : twists of fzk(G/H) for H < G
Dy (pgmod(G)) : twists of gzk(G/H) for H < G
Dy(pmod(G)) : k(G/H) for H < G
Dy (fmod(G)) : twists of the unit 1
Dy(gmod(G)) : twists of the unit 1
Dy(mod(G)) : the unit 1.

Indeed, this follows from Recollection 6.42 and Example 5.24.

7 Finite resolutions

7.1 Notation. For this section, let T: € — F be a fully faithful exact functor.
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7.2 Terminology. The kernel ker(Y) of the triangulated functor Y: Dy(€) — Dyp(F) is a
thick subcategory. We call the objects X € Chy, (&) in this kernel the F-acyclic objects, and
we denote by

Dy, (€)

T: ker(Y)

the induced functor from the Verdier quotient at the F-acyclic objects.

In this section we mildly generalize an idea from [BG23] in order to give a sufficient
condition for T to be an equivalence. The main result is Proposition 7.13. In [BG23], the

authors were considering the case Y: pmod(G) — mod(G).
We begin by giving some motivation.

7.3 Recollection. A morphism f in Ch(¥F) is a quasi-isomorphism if cone(f) € Ch(F) is

acyclic (Recollection 5.7) with respect to the exact structure on 7.

7.4 Recollection. Suppose F has enough projectives. Then any complex Y € Chy,(F) admits
a bounded-below projective resolution, which is a bounded-below complex P € Ch,(¥)
of projectives along with a quasi-isomorphism 7: P — Y in Ch,(¥). Thus we have an

isomorphism
Home(g) (K Y/) — HOIHK+(3P) (P, Y/)

f y fm

7.6 Remark. The dream case to keep in mind is where every object in F admits a finite

(7.5)

resolution by projective objects that are in the essential image of Y. In this case T: Dy(€) —
Dy (F) is certainly essentially surjective, and it is fully faithful by Recollection 7.4, noting
that an object in € is projective if it is projective in &F. Thus T is an equivalence, and
automatically T is as well. However, if  is Frobenius exact, then an object A € F admits a
finite resolution by projective objects if and only if A is itself projective. Indeed, given such

a resolution

dn
P, —— P, o > Py > By » A,

the admissible mono d,, admits a retract because P, is injective, and we argue by induction.
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Thus for the original example T: pmod(G) — mod(G) where mod(G) is Frobenius exact,

the authors of [BG23] needed to relax the condition of having a finite projective resolution.

We now proceed to give the sufficient condition.

7.7 Definition. Let Y € Chy(F) be a complex in F. An E-resolution of Y is a complex
X € Chy(€) together with a quasi-isomorphism Y (X) — Y in Chy,(5).

7.8 Remark. Let A € F be an object. An E-resolution Y(X) — A of the object A, viewed
as a complex in Chy,(F) concentrated in homological degree zero, is a weaker notion than
a resolution of A by objects in € because the complex X need not be concentrated in

nonnegative homological degrees.

7.9 Definition. For m € Z, we say that a complex in Chy,(F) is m-projective if it is projective
in homological degrees i < m for all i. We say that an E-resolution Y(X) — Y is m-projective

if T(X) € Chy(F) is m-projective.

7.10 Notation. For this section, we denote by 8§ C Dy(F) the full subcategory of objects

Y € Chy(F) that admit m-projective E-resolutions for all m > 0.

7.11 Lemma. The subcategory 8 of Dy(F) is a triangulated subcategory contained in the

essential image of Y.

Proof. The subcategory 8 is triangulated by [BG23, Lemma 2.6, Proposition 2.7, and Propo-
sition 2.8], which go through almost word-for-word. That 8 is contained in the essential image

of T is clear from the definition of 8. m

7.12 Lemma. Consider the following pullback (Lemma 2.10) of triangulated categories:
R——m S8
' !

T
T

Dy, (€)
ker(Y)

The restriction Y: R — 8 is an equivalence of triangulated categories.
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Proof. Lemma 7.11 ensures that it is essentially surjective. It is fully faithful by the second

half of the proof of [BG23, Theorem 4.3], which again goes through almost word-for-word. [

7.13 Proposition. Suppose there exists a set J of generators of Dy(F) as a triangulated
category such that for every Y € J, the complex Y admits an m-projective E-resolution for

allm > 0. Then
Dy, (€)

T ker(T)

e Db(?)

is an equivalence of triangulated categories.
Proof. Immediate from Lemma 7.11 and Lemma 7.12. O]

Let us revisit the original example.

7.14 Ezxample. The inclusion T: pmod(G) — mod(G) induces an equivalence

— Dylpmod(@)) -
T bker(T)

> Dp(mod(G)) (7.15)

of triangulated categories. Indeed, the unit in mod(G) admits an m-projective pmod(G)-
resolution for all m > 0 [BG23, Theorem 3.1 and Prop 3.10]. Since the unit generates
Dy(mod(G)) as a triangulated subcategory (Example 6.43), we conclude (Proposition 7.13)

that T is an equivalence.

7.16 Remark. Example 7.14 was a result in [BG23] that was independently discovered by
Rouquier in [Rou06]. In fact [BG23] proves the following remarkable theorem that gives the
paper its name: every finitely generated kG-module admits a finite resolution by permutation

modules. This is somewhat stronger than Example 7.14 by Remark 7.8.
We record a tangential fact for later use.

7.17 Lemma. Suppose € has enough projectives and that T: & — F preserves projectives.

Then T: Dy(€) — Dyp(F) is fully faithful.
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Proof. Let X1, X5 € Chy(€), and let P — X; in K, (&) be a projective resolution (Recollec-

tion 7.4) of X7, using that £ has enough projectives. Then

Homp, (&) (X1, X5) = Homy, () (P, X2) (by (7.5))
=~ Homg (5 (YT (P), T(X2)) (follows from Y being fully faithful)
= Homp, ) (T(X1), T(X3)),

(by (7.5), using that T preserves projectives)

as we claimed. ]

8 Localizing a fully faithful tt-functor

8.1 Notation. In this section, let K be a rigid tt-category, let F': X — £ be a fully faithful
tt-functor, and let x € K be a fixed object in X.

In this section, we show that the Verdier quotient of F' at the object x is fully faithful
(Proposition 8.9).

Our main ingredient is the following key observation of [Ballg|.

8.2 Notation. Choose a homotopy fiber &, : w, — 1 of the coevaluation morphism coev,: 1 —

¥ ® x (Remark 2.6) so that we have the following distinguished triangle in X:

& 1 coevy

Wy > y ¥ @ —— Yw,. (8.3)

8.4 Recollection. The tt-ideal (x) C K generated by x is the full subcategory of K on which
&, is ®@-nilpotent [Ball8, Corollary 2.11]:

() ={2 €K | 2" ® 2z =0 for some n > 1}.

The morphism &, in X is invertible in K/(x) because cone({,) = ¥ ® x € (x). In fact,

&, is universal with respect to such morphisms, in the following sense.
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8.5 Lemma (Balmer). Let s: ¢ — a be a morphism in X such that cone(s) € (x). Then
there exists n > 1 and a morphism t: wS™ @ a — ¢ in K such that the following diagram

commutes:
wd" ®a

o e
C ——5— a.
Proof. Since cone(s) € (x), there exists n > 1 such that (Recollection 8.4)

£2™ @ cone(s) = 0. (8.6)

Tensoring the distinguished triangle

c sy 4 —— cone(s) — Xc
with the morphism £2": w®™" — 1 produces the morphism
n wi" @ n wi"® RN RN
we" @ ¢ B P @ a =t w" ® cone(s) —— L(wE" ® c)

§”®1l t(*> l§§>n®1 legrei=o DGR
c > a 1 » cone(s) ——— Y

s

of distinguished triangles. The third vertical morphism vanishes by (8.6), so the dotted

morphism ¢ exists and makes the triangle (%) commute because s is a weak kernel of ¢. [
We then have the following description of morphisms in K/(x).
8.7 Lemma (Balmer). For any objects a,b € K, we have
Homy/(zy(a, b) = co}lim Homy (w" ® a,b),
where the transition maps in the colimit are given by tensoring with &,: w, — 1:

& ® —: Homg (w8 ® a,b) —— Homx(wf("ﬂ)

[ » & ® f

® a,b).
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Proof. Consider the map ¢ defined by

©: cohm Homy (w" @ a,b) ———— Homg 1, (a, b).
(8.8)

9@l

(w?”@ai)b): > (a4 w?"@ai)b)

This is well-defined: the target morphism is well-defined because &, is invertible in X/(x),

and this indeed induces a map on the colimit since the commutative diagram

®(n+1
inthg  We £.0f
= l&w@l > b
135 "®1 ®n ® a

shows that (&, @ f) = p(f).

To see that ¢ is injective, let f: w®™ ® a — b be a morphism in K such that

o(f): (a&w?"@ai)b)

is zero in K /(x). Then there exists s: ¢ = w%" ® a such that cone(s) € (x) and fs =01in K

(see [NeeOl, Lemma 2.1.26] if necessary). Using Lemma 8.5, we may amplify this to

wd™ R a
®Xm
c— " ®a 2 b

f

in K for some m > 1, so £¥™ ® f = 0 by commutativity of the diagram and because fs = 0.
We conclude that f = 0 in the colimit.

-1

Similarly, to see that ¢ is surjective, observe that any morphism fs™:a < ¢ — b in

K /(z) where cone(s) € (z) can be amplified using Lemma 8.5 to

®n
w, " &K a

Kn

z &1

S N
a <— c

f [4 b

for some n > 1, so o(ft) = fs~L. O
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8.9 Proposition (Balmer). The induced functor on Verdier quotients

is fully faithful.

Proof. Applying our tt-functor F' to our distinguished triangle (8.3) produces a distinguished

triangle in £, namely the bottom row of the following diagram:

COGVF(QL.)

W (z) > 1 > F(ZE)V X F(l‘) E— pr(x)
ul = H 1= ~su
e F(é) F(coevy) M

F(w,) > 1 > F(2Y @x) —— YF(w,).

The top row is constructed as in Notation 8.2 by taking a homotopy fiber of coevp(,). By

basic triangulated category theory, the morphism u exists and is an isomorphism.

Let a,b € X, and consider the following commutative diagram:

£a®—

Homg (w®" ® a, b) y Homy(ws ™™ @ a, b)
~|F ~|F
Homy (F(w,)®" © F(a), F(b)) —5%7 Homg (F(w,)2™) @ F(a), F(b))
Nl (u®m®1) Q\I/ o(u® D @1)
EF(a)®—

Hom, (wiy(r/ Y @ F(a), F(b)).

Homﬁ(wF(w) ® F(a), F(b))
The vertical maps are isomorphisms because F' is fully faithful and « is an isomorphism.
By Lemma 8.7, the colimit of the first row is isomorphic to Homg(y(a,b) via (8.8) and
the colimit of the third row is isomorphic to Homy /(p(2)) (F'(a), F(b)) via the analogous (8.8)
using the homotopy fiber {p(). Thus the induced map on colimits is an isomorphism, and

it remains to verify that it is the same map as the one induced by F, which amounts to

verifying that the following diagram commutes:

Homg (w®™ @ a, b) ‘ > Homy /(1 (a, )
~|F
Homy (F(w,)®" @ F(a), F(b)) F

NJ/ u®n®1
Homyg (wif,) @ F(a), F(b)) —— Homg,(py (F(a), F(b)).
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This is straightforward: for f € Homg(w$" ® a,b), we have

Fw2" ® a)

F(E?"@ﬂ)/ 1 \F(f)

F(a) +— F(w,)®" ® F(a) —— F(b)
£30, 81 on - F(f)o(u®"®1)
Wiy © F(a)

where the morphisms in the middle are essentially forced. O]

8.10 Corollary (Balmer). Let J be a finitely generated tt-ideal in K. Then the induced
functor on Verdier quotients

— X L
F: 7 —_—

(F(9))
18 fully faithful.

Proof. See Recollection 6.4 if necessary. O
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Part 11

The support of the projectives
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9 Projective radical filtrations

In this section, we prove the crucial fact (Theorem 9.13) that the radical filtration radf(kE)
(Example 3.44) is projective in pfmod(£). This implies (Corollary 9.14) that pfmod(E) is
Frobenius exact. Here E denotes our elementary abelian p-group E (Notation 2.1), and at

the end of the section we discuss why these results seem to be exclusive to £ (Example 9.21).

We start by establishing a sufficient condition in terms of a normal subgroup N < G
in order for radfy(kG) € pfmod(G) to be projective. We recall that G denotes a p-group
(Notation 2.1) and that for any normal subgroup N < G, the N-radical filtration radf 5y (kG)
is a well defined object in pfmod(G) (Example 3.50).

9.1 Recollection. Let T € vect be a monoid, let I C T be a two-sided ideal, and let C' €
mOdyect(7"). The annihilator Ann;(C) = {c € C'| I¢ =0} of I in C is a submodule of C.

9.2 Notation. For C' € mod(G) and a normal subgroup N < G, we denote by socy(C) =
Ann,,q, (ke)(C) the annihilator of the ideal rady(kG) in C.

9.3 Definition. Let N < G be a normal subgroup. In this definition, we describe a technical
condition for N that we leave unnamed. The condition is that for any subgroup H < G,
integer w > 1, and morphism h: rady(kG)" — k(G/H) in mod(G), there exists a morphism
h: kG — k(G/H) in mod(G) making the following diagram commute:

kG

k(G H) (9.4)

\»

rady (kG)Y —— k(G/H) — k(G/H)/socy(k(G/H)).

Let us isolate how we will use this technical condition. In the following lemma, we think of
the obs;(h) as being the obstructions in a particular filtration weight to h being a morphism

of filtered modules.

9.5 Lemma. Let A € pfmod(G), let w > 1, and let h: kG — unf(A) be a morphism in
mod(G) such that h induces a morphism radfy(kG)S*~1 — ASY=1 4n pfmod(G). Write

86



gr(A)¥~! as a finite direct sum of permutation modules k(G /H;), using that A € pfmod(G),

and consider the morphisms

obsi(h): rady (kG)*~' C kG —ly A1 — 5 gr(A)e—t 2 k(G/H)
in mod(G) where proj; denotes the projection onto the ith factor. Then h induces a morphism
radf y (kG)SY — ASY in pfmod(G) if and only if

k(G/H;)
socy (k(G/H;))

giobsi(h): rady (k@)= M k(G ) 2y
vanishes for all i.

Proof. Recall that h induces a morphism radf y(kG)<* — AS* in pfmod(G) if and only if
h(rady (EG)") C AY for all 0 < v < w. This is already satisfied for 0 < v < w — 1 by our
assumption, and the case v = w being equivalent to g;obs;(h) vanishing for all i is clear from

Notation 9.2. O

9.6 Proposition. Let N < G be a normal subgroup satisfying Definition 9.3, let A €
pfmod(G), and let g: gzk(G/N) — gr(A) be a morphism in pgmod(G). Then there exists a
morphism f: radf y(kG) — A in pfmod(G) such that gr(f)° = ¢° in pmod(G) or, in other
words, such that the following diagram in pgmod(G) commutes:

gzk(G/N)
o1
grradf y (kG) - gr(A).

Proof. We will show that for all w > 1, there exists a morphism h,,: kG — A° in mod(G)
such that h, induces a morphism radfy(kG)S%¥ — ASY in pfmod(G) and such that the

following diagram commutes in mod(G):

rady (kG) —— Al
! [
kG — ey A
e 4
R(G/N) —5— er(A)".

(9.7)
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This suffices because for sufficiently large w, the morphism h,, in mod(G) induces a morphism
f: radfy(kG) — Ain pfmod(G), and (9.7) ensures that gr(f)° = g. We proceed by induction
on w.

For w = 1, we pick any lift ¢ ( )€ A% of g°(1) € gr(A)° and set hy(1) = gfo\(/l). Then (9.7)
of course commutes, so h;(rady(kG)) C A' automatically because the columns are short

exact. Thus h; induces a morphism radf y (kG)=! — ASL

Let w > 2, and suppose inductively that we have h,_1: kG — A. As in Lemma 9.5
write gr(A)*~! as a finite direct sum of permutation modules k(G/H;), and consider the

obstructions
obsi(hu_1): rady(kG)"~! € kG 22t Av—1 —y gr(A)e—t 2 k(G/H,).

We now clear these obstructions. For each i, we do the following. Using that N satisfies

Definition 9.3, let ¢;: kG — k(G/H;) be a morphism in mod(G) making the following diagram

commute:
Aw—l
LG gr(A)w1
x @roji (98)

qi

rady (hG)"™ s K(G/H:) ——> K(G/H;)/ socn (K(G/Hy)).

We take a lift ¢; of ¢; as depicted, using that kG is projective. We now define
ho =y — Y G kG — A°.
Let us verify that this works. It is important that the target of ¢; is A¥~! C A!. Indeed,

then (9.7) commutes for our h,, due to our inductive hypothesis that it commutes for h,_1,

and moreover h,, still induces a morphism radf x (kG)=*~! — AS*~! To see that h,, induces
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a morphism radf y (kG)=* — ASY, we compute

giobs;(h.) = g;obs; (hw—l -y 5})
j

= q;obs;(hy_1) — Z qiobs;(¢;) (obs;(—) is k-linear)
J
= q;0bs;(hy_1) — q;0bs;(¢;) (¢; factors through ;)
= 0. (by (9.8))
We now appeal to Lemma 9.5. O

9.9 Proposition. If N < G is a normal subgroup satisfying Definition 9.3, then the N -
radical filtration radf N (kG) is projective in pfmod(G).

Proof. Let p: A — radfx(kG) be an admissible epi in pfmod(G); it suffices [Buh10, Propo-
sition 11.3] to show that p has a section. Since p is an admissible epi, gr(p)® is a split epi.
Pick a section s: k(G/N) — gr(A)° of gr(p)®: gr(A)” - k(G/N) in pmod(G), and consider
the morphism

g: g2k(G/N) 22 gzgr(A°) —— gr(A)

in pgmod(G). By applying Proposition 9.6 to the morphism ¢, we obtain a morphism
f: radfy(kG) — A in pfmod(G) such that gr(f)° = ¢° = s in pmod(G). Thus we have

gr(pf)’ = gr(p)’ gr(f)” = gr(p)’s = 1: k(G/N) = k(G/N).

We have shown that unf(pf): kG — kG is an isomorphism modulo rady (kG), so unf(pf) is
an isomorphism modulo rad(kG). This implies unf(pf) is an isomorphism because rad(kG)
is the Jacobson radical of kG. We conclude (Remark 3.14) that pf is an isomorphism in
pfmod(G). O

We now seek to apply this sufficient condition in the elementary abelian case.

9.10 Proposition. For E elementary abelian, any subgroup N < E satisfies Definition 9.35.
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Proof. Let H < E,let w > 1, and let h: rady(kE)" — k(E/H) be a morphism in mod(FE).
We want to show that there exists a morphism /: kE — k(E/H) in mod(E) making the

diagram (9.4) commute.

We start by making some identifications. Let 7" denote the monoid k(E/H) in vect, and
let us also write 7' € mod(FE) for the inflation along the augmentation kE — T. We adopt

Example 4.6 so that in particular

kW, X, Y, Z; kW, Yi
LE ~ (Wi, X3, Y3, Zi] T ~ M and  socy(T) =~ (HY{D_1>

(W’Lp’X’Lp7}/2p’le)7 (I/I/Y’LP’Y;Z))7
in mod(£). The diagram (9.4) becomes
KE

\ (9.11)

T
hT % —
(ILY"™)

(}/;7 Zl)w

in mod(E). Moreover, under these identifications T is also a subalgebra of kFE, so we let

Resr: mod(E) — modyet(T') denote the restriction of scalars to 7.

We now study the morphism Resy(h): Resr((Y:, Z;)") — T in modyect(T). Let us call
a monomial pure if it only involves the variables W;,Y; and contaminated (by the X;, Z;)
otherwise. Observe that Resr((Y;, Z;)") decomposes as a direct sum P @& C' in modyect(7")
where P is spanned by the pure monomials in (Y;, Z;)* and C' is spanned by contaminated
monomials in (Y;, Z;)". Indeed, multiplying by W;,Y; € T does not contaminate a pure

monomial and cannot purify a contaminated monomial. We may therefore write

Resr(h): Resp(Y;, Z)" =~ PaC 4

for some morphisms u,v in modye(7"). Moreover, since P is canonically a submodule of

T = k[W;,Y;]/ (WP YP) in mod,et(T) and since T is a self-injective algebra, we may extend

)
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u: P — T to a morphism u: T — T such that the diagram
P—=T
v
T

commutes in modyect (7).

Finally, we define

h: kE 5 T

in mod(E), where again we write u for the inflation of @ along the augmentation kE — T.

We now argue that this makes our diagram (9.11) commute. Observe that by construction
it commutes on the pure monomials in (Y;, Z;)", so it suffices to show that h sends any
contaminated monomial m in (Y;, Z;)* to the socle ([[,Y?~") C T. Let us fix ¥; so that we
are reduced to showing Y;h(m) = 0. Since m is contaminated, some X; divides m or some Z;
divides m. If X; divides m, then we may write m = X;m/' for some monomial m’ € (Y, Z;)",
whence

Yih(m) = Yih(X;m') = X,Yih(m') = 0

since X acts trivially on 7" € mod(E). Suppose Z; divides m so that m = Z;m’ for some
monomial m’ € (Y;, Z;)“~!. Note that the exponent has decreased by one to w — 1 > 0, so
we now need to be mindful that the source of the morphism % is (Y;, Z;)¥ C (Y;, Z;)V~!. We
have

Y;h(m) = Y;h(Z;m') = h(YiZ;m') = Z;h(Yim') = 0
since Z; acts trivially on 7" € mod(E) and where importantly Y;m' € (Y;, Z;)". O

9.12 Proposition. For any subgroup N < E, the N-radical filtration radf y(kE) is projective
in pfmod(FE).

Proof. Immediate from Proposition 9.9 and Proposition 9.10. O

9.13 Theorem. The radical filtration radf(kE) is projective in pfmod(E).
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Proof. This is the special case N = E in Proposition 9.12. O]

We record some corollaries of Theorem 9.13.

9.14 Corollary. The exact category pfmod(E) is Frobenius, and the projective-injective
objects form a thick additive tensor ideal (radf(kE)) generated by radf(kE).

Proof. The augmentation e: radf(kE) — 1 is a projective (Theorem 9.13) pre-cover of the

unit, so this follows from Proposition 5.29(iz). O

9.15 Corollary. The projective objects in pfmod(E) are precisely the sums of twists of objects
of the form radfy(kE) for N < E.

Proof. We need to show that (radf(kE)) = S, where S denotes the set of sums of twists
of objects of the form radfy(kE) (Corollary 9.14). Note that (radf(kE)) D S; indeed,
fzk(E/N) @ radf(kE) € (radf(kFE)) is a sum of twists of radfy(kFE) by Lemma 4.8, so
radf y(kE) € (radf(kE)).

To see that (radf(kE)) C S, it suffices to show that S is a thick additive tensor ideal
since radf(kF) € S. Obviously S is additive, and it is thick because the objects radf y(kE)
are indecomposable (its underlying modules kE are indecomposable) and pfmod(E) is Krull-
Remak—-Schmidt (Lemma 3.43). To show that it is a tensor ideal, let A € pfmod(E). Since S
is additive and closed under twists, it suffices to fix N < E and show that radf v (FE)® A € S.
For the same reason, we may assume A is effective. We proceed by induction on the filtration
length of A. If A has filtration length 1, then A is a sum of fzk(E/H) for H < E, so one
verifies using Lemma 4.8 again that radfy(kE) ® fzk(E/H) € S. To induct on filtration
length, we tensor (5.17) with radfy(kE). O

9.16 Notation. We let ¢ denote the Loewy length of kG, which is the minimal integer
lc € Z such that rad(kG)% = 0. Thus for radf(kG) € pfmod(G) we have grradf(kG)° =
grradf(kG)e—1 = k.
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9.17 Corollary. The dual radf(kE)Y of the projective object radf(kE) € pfmod(E) is
radf (kE)(—(g + 1).

Proof. The dual radf(kE)" is projective by Corollary 9.14 (see Lemma 5.25 if necessary),
and gr(radf(kE)Y) = gr(radf(kE))" is a sum of twists of the unit concentrated in degrees
—lp+1,...,0 (see (3.17) if necessary). Thus Corollary 9.15 implies it is a twist of radf(kE),
and by definition of /g it must be the twist —(g + 1. H

We conclude this section with some counterexamples that elucidate why we are focusing

on the elementary abelian case.

9.18 Ezample. Let n > 2, let G = Cpn be the cyclic group order p", and let N < G be
a subgroup of order p’ where ¢ > 2. Then N does not satisfy Definition 9.3. Indeed, take
H < G to be the unique subgroup of order p, and take w = 1. Let us write [m] for the

m-dimensional indecomposable kG-module so that
kG =[p"], Kk(G/H)=[p"'], and rady(kG)=[p" —p" .
We also have
socy(k(G/H)) =2 [p™™ and k(G/H)/socy(k(G/H)) = [p" ' —p" ] #0

using that ¢ > 2. Take h: rady(kG) — k(G/H) to be a surjection:

" =] = ] s [ =

There does not exist & as required in Definition 9.3 because the composite along the bottom

row is a surjection whereas the other composite cannot be.

9.19 Lemma. If P is a projective object in pfmod(G), then its underlying object unf(P) is

a projective object in mod(G).
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Proof. Suppose P € pfmod(G) is projective, and consider the following lifting problem in

mod(G):
Gy
b (9.20)

unf(P) T> CQ.

Let w be large enough so that unf induces isomorphisms (Lemma 3.15)
Hompfmod(c) (P, radf(Ch ) (w)) = Hommoq(q) (unf(P), Ct)

and

Homymod(c) (P; radf(Co) (w)) —— Hommod(c) (unf(P), Ca).
Since p induces an admissible epi p: radf(C;) — radf(Cs) in pfmod(G), we have a lift

radf(C)(w)
Lo
P —— radf(Cy)(w).

in pfmod(G). Now unf(f) solves the lifting problem (9.20). O

9.21 Example. Let

2 p>2

3 p=2,
and let G = Cpn. Suppose we have a projective object P € pfmod(G) that admits a projective
pre-cover P — 1 of the unit. By Lemma 9.19, we know that unf(P) € mod(G) must be
projective, but unfortunately unf(P) cannot be kG itself. Indeed, consider the filtration
A € pfmod(G) of kG such that the sequence of gr(A)* for w = 0,1,...,n(p — 1) is the
sequence of indecomposable permutation modules

p—1 times p—1 times p—1 times p—1 times
7\ 7\ 7\ 7\

™~ 7~ Ve

0,0 L L L T B L

This exists because kG ~ k[X]/(XP") by picking a generator x of G' (Notation 4.5). Let N <
G be the order p subgroup. We have a morphism f: A — f2k(G/N)(1) in pfmod(G) such
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that unf(f) is the augmentation, but there does not exist a morphism f: A — radf y(kG)(1)

in pfmod(G) such that unf(f) is the identity because
AP — (1] £ 0 = radf y (kG)(1)"P~),

where n(p—1)—1 > p by our assumption on n. Thus A € pfmod(G) is not projective because

it fails to lift
radf 5 (KG)(1)

A T> f2k(G/N)(1).

However, by testing
. A

P—1
we may argue that in order for P € pfmod(G) to be projective with unf(P) = kG, we must
have P = A.

10 The vanishing locus of cone()

10.1 Notation. For this section, we assume our p-group G (Notation 2.1) is such that
pfmod(GG) has enough projectives. For example, we may take G = F to be elementary

abelian (Corollary 9.14).

In this section we study the vanishing locus of cone(f) € Dy, (pfmod(G)) in the spectrum
Spc Dy (pfmod(G)). In particular, we show in Proposition 10.9 that it is homeomorphic to
Spc Dp(mod(G)) (Recollection 6.29) via unfiltering.

Let us isolate how we use our assumption in Notation 10.1 that pfmod(G) has enough

projectives.

10.2 Lemma. Let X,Y € Chy(pfmod(G)). For w > 0 sufficiently large, the tt-functor

unf: Dy (pfmod(G)) — Dy(mod(G)) induces an isomorphism

unf: Homp, (pfmod(c)) (X, Y (w)) — Homp, (mod(cy) (unf (X), unf (Y (w))).
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Proof. Let m: P — X be a projective resolution in Chy(pfmod(G)) (Recollection 7.4). We

claim that for w sufficiently large, we have

Homp, (pfmad(c)) (X, ¥ (w)) = Hom, pfmod(cy) (P Y (w))
= Homk , (mod(c)) (unf(P), unf(Y))

= Homp, (mod(c)) (unf (X ), unf(Y)).

The first isomorphism is (7.5). The second isomorphism is induced by unf for w > 0
sufficiently large: it is a surjection by applying Lemma 3.15, and it is an injection by applying
Lemma 3.15 on a nullhomotopy. The third isomorphism is again (7.5), where unf(P) is a
complex of projectives by Lemma 9.19 and where unf(r): unf(P) — unf(X) is a quasi-

isomorphism in Chy,(mod(G)) by exactness of unf (Remark 5.23). O

The limiting behavior in Lemma 10.2 arises in the colimit of the abelian groups

Homp, (pfmod(c)) (X, Y (w))
where the transition maps are given by . These are the homs in the central localization at
B.
10.3 Recollection. Let K be a tt-category, let u € K be a ®-invertible object with trivial
central switch u®? — u®2, and let 8: 1 — u be a morphism from the unit. We denote by
XK[B7Y] the central localization at B. Tt is the tt-category whose objects are the objects in X,

whose morphisms are given by the colimits
Homgg-1)(X,Y) = col>i£n Homy (X, Y ® u®") (10.4)

of abelian groups with transition maps f — (f, and whose tt-structure makes X — X[37!] a
tt-functor. There exists an equivalence K[57] — K/(cone(3)) making the following diagram

of tt-categories and tt-functors commute:

XK
| ™ "
X[ >

= (cone(B))

96



Indeed, this is [BallOa, Theorem 3.6] together with [Ball8, Proposition 2.10]; see also
[BG22b, Proposition 6.16].

10.5 Lemma. We have
Home(pfmod(G))/(cone(ﬁ)) (X, Y) = colim Home(pfmod(G)) (X, Y(w)) (106)

w>0

where the transition maps in the colimit are given by f — [Bf.

Proof. Observe that

1 ® cone(f): 1 — 1(1)
ﬂ®cone(6)l lﬁ Ll J/B
1(1) ® cone(p): 1(1) —— 1(2)

exhibits a nullhomotopy of § ® cone(). Thus (Recollection 10.3) the Verdier quotient
Dy (pfmod(G))/(cone(B)) is the central localization of Dy (pfmod(G)) at 3, so (10.6) is given
by (10.4). O

10.7 Remark. The transition maps in the colimit in (10.6) are not necessarily injective. For

example, for the nonzero morphism

1(1): 1(1)
£l {5
cone(f): 11— 1(1)

in Dy, (pfmod(G)), we have Sf = 0 in Dy (pfmod(G)).
We need one final ingredient.

10.8 Lemma. The tt-functor unf: Dy(pfmod(G)) — Dy(mod(G)) is essentially surjective.

Proof. This is straightforward using Lemma 3.15 and Example 3.44. Briefly, given a com-
plex Z € Chp(mod(G)), we define X € Chy(pfmod(G)) to have objects of the form X; =
radf(Z;)(w;) € pfmod(G), where the twists w; are chosen so that each differential Z; — Z; 1
in mod(G) induces a morphism X; — X, in pfmod(G). Then unf(X) = Z. O
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10.9 Proposition. Unfiltering unf: pfmod(G) — mod(G) induces an equivalence of tt-

categories
——  Dy(pfmod(G))
U cone()

Geometrically, Spc(ﬁ) mduces a homeomorphism

» Dy(mod(G)). (10.10)

Spe(unf): SpeDy(mod(G)) —— open(cone(8)) < SpeDy(pfmod(Q)).

Proof. Note that unf(cone(f)) = 0 because unf(5) = 1. The geometric statement is im-
mediate from the algebraic one (Method 6.10(ii)), so let us explain why unf is an equiv-
alence. It is essentially surjective by Lemma 10.8. To see that it is fully faithful, con-
sider an arbitrary hom-set colim,>oHomp, (pfmod(c)) (X, Y (w)) (Lemma 10.5). Applying
unf, the transition maps stabilize (Lemma 10.2), so the colimit is the stabilizing object

Homp, (mod(cy) (unf (X)), unf (Y (w))). O

10.11 Running Example. We return to our Running Example 1.13. The following illustrates

the region of the spectrum Spc Dy, (pfmod(E)) that Proposition 10.9 determines.

Spc Dy (pfmod(E))

supp(radf(kE) ® cone(f3))

® open(cone(f))

[ ]
supp(radf(Cla.y))) supp(fz k(E£/Njo.1))) supp(radf k(£/Njo.11))
supp(gap’ radf(Cia)) supp(fzkosg(1)) supp(gap' radf k(E/N.1p))-

The highlighted regions illustrate our overall strategy (see (1.21)) to divide and conquer the
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spectrum Spc Dy, (pfmod(E)) using the objects P and cone(/5); in this case P = radf(kFE)
(Corollary 9.14). The question marks denote unknown points and specializations. In par-
ticular, here there are no specializations between the purely yellow and purely cyan region
regions because the yellow and cyan regions are both open sets. The cyan region is the
region that we have just determined, and it distinguishes between objects that have different
underlying objects in D,(mod(£)). For example, it can distinguish between radf(Cas)) and
radf k(E/Nj.1)). However, it cannot distinguish between the various filtrations fz k(E£/Njo.11),
radf k(E/N.1)), and gap' radf k(E/Nj.jj) (recall Example 3.26) of the indecomposable per-
mutation module k(E/N.y), and it cannot distinguish radf(Cey) from gap' radf(Cpay))
(note fz Cla,y) € fmod(E) is not an object in pfmod(E)). It also cannot distinguish fz kosg(1)

from the zero object 0.

11 The support of P ® cone(f)

11.1 Notation. In this section, we assume that our p-group G' (Notation 2.1) is such that
pfmod(G) has an effective comonoid P whose counit e: P — 1 is a projective pre-cover
of the unit. We emphasize that P is a comonoid in pfmod(G), not just in our ambient
category fvect. For example, we may take G = F to be elementary abelian (Corollary 9.14

and Example 3.45).

In this section we study the support of P ® cone(f) in Spc Dy,(pfmod(G)). In particular,
we show in Theorem 11.5 that it is homeomorphic to the spectrum Spc Dy,(pmod(G)) of the
homotopy category of permutation kG-modules, namely by the map on spectra induced by

ung gr. The proof of Theorem 11.5 is the most intricate proof in this work.

Let us unravel what it means for a morphism in Dy, (pfmod(G)) to vanish when tensored

with cone(3). Compare the following to Lemma 3.12.

11.2 Lemma. Let K be a tt-category, and suppose B: u — v is a morphism where v is ®-

invertible and where f® cone(8) = 0. A morphism f: X — Y in X satisfies f @ cone() = 0
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if and only if there exists v such that

X®ov
Yo
L lrev

Proof. Consider the following diagram in X in which the top and bottom rows are distin-

guished triangles:

Xou—-L Xou— X ® cone(ff) —— X ® u[l]
f®ul k'Y lf@v l{f@cone(ﬁ) l/f@u[l]
Y ®u a5 Y ®v —— Y ®cone(f) —— Y @ ul[l].

If f® cone(fB) = 0, then there exists v as described because Y ® f is a weak kernel of
Y ® v = Y ® cone(f). For the converse, observe that

f®cone(B) = f® (v®v® ") ®@cone(B) = (Y ®B)y) ®v® ! @ cone(B) =0,

where we have used that 8 ® cone() = 0 and that v is ®-invertible. [

We will use iterates of the comultiplication on P.

11.8 Notation. For m > 1, we denote by A,,: P — P®™ the (m — 1)st iterate of the

comultiplication A: P — P®2.
11.4 Lemma. For any morphism f: 1 — A in pfmod(G) and any m > 1, we have
e l=((fo)*"®@1)An: P —— A" ® P.
Proof. Simply recall that (¢ ® 1)A =1 for any comonoid. ]

We now give the most intricate proof in this work.

11.5 Theorem. The tt-functor unggr: Dy(pfmod(G)) — Dy(pmod(G)) detects nilpotence

on P ® cone(f). Geometrically, Spc(ung gr) induces a homeomorphism
Spc(ung gr): Spe Dy (pmod(G)) —— supp(P @ cone(3)) C Spe Dy, (pfmod(G)).
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Proof. The algebraic statement implies the geometric one (Method 6.10(¢)). Indeed, the

counit e: P — 1 being an admissible epi implies 1 | ung gr(P), so
ung gr(P ® cone(f)) = ung gr(P) ® (1 & 1[1)) (11.6)

has full support. Moreover fz: Dy(pmod(G)) — Dy, (pfmod(G)) is a section of ung gr.

Let f: Y — X be a morphism in Chy,(pfmod(G)) and s: 1 — X be a quasi-isomorphism
in Chy,(pfmod(G)) so that the fraction s7'f: 1 — X < Y represents an arbitrary morphism
1 — Y in Dy(pfmod(G)). Let us assume unggr(s~'f) = 0 in Dy(pmod(G)). It suffices
(Lemma 6.9(i)) to show (s f)®™ @ P ® cone(3) = 0 in Dy (pfmod(G)) for sufficiently large

m.

In the remainder of this proof, we will show that for sufficiently large m, there exists a
morphism t: P — X®™(—1) in Chy(pfmod(G)) such that the following diagram commutes
in Ky, (pfmod(G)):

(t®1)A P
e Lo en A (11.7)

X®m @ P(—1) —5 X®m @ P.
To see that this suffices, note that ((fe)*" ® 1)Ap41 = f" ® P (Lemma 11.4), so the
existence of (t ® 1)A in (11.7) is equivalent to f®™ ® P ® cone(3) = 0 in Ky (pfmod(G))

(Lemma 11.2). Then certainly (s™1f)®*™ @ P @ cone(3) = 0 in Dy (pfmod(G)).

We begin by giving the obvious names to our morphisms:

P: > 0 > P > 0 >

el l \Z l

1: > 0 > 1 > 0 > (11.8)
1l l Lo l

X: e —— Xy d1>X0 dO>X_1 >

Now we construct a morphism A': P — X, in pfmod(G). Our hypothesis that the mor-
phism ung gr(s~! f) vanishes in Dy (pmod(G)) implies ung gr(f): 1 — ung gr(X) vanishes in
Ky (pmod(G)) because pmod(G) is equipped with the split exact structure. Since the unit
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1 is concentrated in grading zero, in fact gr(f)°: 1 — gr(X)? vanishes in Ky, (pmod(G)), so

there exists a nullhomotopy h: 1 — gr(X;)° making the diagram

> 0 > 1 > 0

l Lh lgr(fo)o l (11.9)

- — gr(X1)0 m gI'(Xo)O m gI’(X,1>O —_—

in pmod(G) commute. We construct h': P — X; in pfmod(G) using the following diagram

in pfmod(G) and projectivity of P:

Xq
h/ oy X°
P=1 — fz gr(XY?).
By applying gr(—)°, we see that
gr(h)° = hgr(e)’. (11.10)

We now construct the morphism ¢: P — X®™(—1) in Chy(pfmod(G)), which is the crux
of our goal (11.7). Consider the morphism #: P — X in Chy(pfmod(G)) defined by

t6 = f0€ — dlhll P— XO (1]_]_]_)

in pfmod(G). This is well-defined because

do foe = 0 (11.12)
in pfmod(G) by (11.8) and hence
doth = do foe — dodyh = 0 (11.13)
in pfmod(G). Observe that
gr(ty)? = gr(foe — dih)° (by definition (11.12))
= gr(fo)’ gr(e)” — gr(d1) hgr(e)’ (by (11.10))
— 0. (by (11.9))
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Thus gr(ty>™)*: gr(P)®™ — X§$™ is zero for gradings w = 0, ..., m—1 because P is effective
(Notation 11.1). We therefore see that for sufficiently large m > 1, the morphism
Qm
A, P —Bn pom 0, xem
in pfmod(G) is such that gr(ty™A,,) = 0; it follows (Lemma 3.12) that ¢{>"A,, factors
through g in pfmod(G), and hence so does t*™A,, in Chy,(pfmod(G)). We define ¢ to be the
factoring morphism in Chy,(pfmod(G)):
g L
e e, (11.14)
X®m(—-1) —5 xXem,

Finally, having constructed ¢: P — X®™(—1), we now show that (11.7) commutes in

Ky (pfmod(G)), which simply means that the morphism
(fe)*" @ 1)Apn — Bt 1A P —— X®" QP

in Chy,(pfmod(G)) is nullhomotopic. We need to find a morphism h: P — (X®™ ® P); in

pfmod(G) that defines a nullhomotopy

P: > 0 > P > 0 o
l((f€)®m®1)Am+1—B(t®l)A l h l((f050)®m®1)Am+l_5(t0®1)A
o
X®n @ P '”_><X®m®P)1d_1>(X®m®P)1d_O>(X®m®P)—1_>”"

Behold:

h=S ((foe) & I @t @ 1)Apsr: P — (X @ P),.
=0

This is well-defined because A’ is a morphism P — X in pfmod(G) whereas foe and t{, are

morphisms P — Xj in pfmod(G). It is indeed a nullhomotopy by the following computation,
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where in the second line there are no signs because fye is a morphism P — X:

m

dih=dy ((foe)™ @ W @ 15" @ 1A

=0

((fo2)% @ (dyh') @t ) @ 1) Appss (by (11.12) and (11.13))

[
Ms

1=0

(fo2)® @ (foe —ty) @ tg ") @ 1) Ay (by (11.11))

[
INgE

i=0
= ((foe)*" @1 —t5" @ 1)Appy (telescoping sum)
= ((foe)®™ @ 1)Apy1 — B(to @ 1)A. (by (11.14))
This concludes the proof. n

11.15 Running Example. We return to our Running Example 1.13 of the Klein-four group
E = Cy*. The spectrum SpcDy(pmod(E)) of the derived category of permutation kFE-
modules was one of the main examples of [BG25al, and we depicted the spectrum in (1.4)

in our introduction. Here is a more detailed picture:

Spc Dy (pmod(E))
supp(kosp (1)) ‘@ ° ° ° °
~ o e oot Ve S S
@ “open(kosp(1)
supp(resol. of Cla)) supp(k(E/Ni.11)) supp(k(E/Np.a))
SUPP(kOSE(N[O:l])) SUPP(kOSE(N[M]))-

Note that the red markers depict the support of a permutation resolution of Cj,.), by which
we mean an object in Dy(pmod(E)) that is isomorphic in Dy(mod(E)) to Clap (see Exam-

ple 7.14); we assume it is minimal so that it has the depicted support.

Thus, the following illustrates the region of the spectrum Spc Dy, (pfmod(E)) that Theo-

rem 11.5 determines, namely the magenta one:
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Spc Dy, (pfmod(E))

supp(radf(kE) ® cone(s3)) @ o @ e SKeenensen of -, ol ¢ orroor

® open(cone(f))

supp(fz(resol. of Clay))) supp(fz k(E/Njo.1)) supp(radf k(E/Njp.1)))

supp(gap’ radf (kE)) supp(fz kosg(Np.1))) supp(gap’ radf k(E/N.a))-

It distinguishes between objects that have non-tt-equivalent associated graded objects in
Dy(pmod(E)). Together with the cyan region, these regions can distinguish between, for
example, the objects fz(resol. of Clay)), f2 k(E/Np.y), radf k(E/Njo.1)), fzkosg(Np.a), and
0. However, they still cannot distinguish radf k(E/N.1)) from gap' radf k(E/Njp.1j) or even
radf(kE) from gap! radf(kE).

We wrap up this section by observing that the points in the image of Spc(unggr) are

generated in filtration weight zero.

11.16 Proposition. For P € Spc Dy, (pmod(G)), we have Spc(ung gr)(P) = (fz P).

Proof. Certainly Spc(unggr)(P) D fzP because fz is a section of unggr. Conversely, let
X € Dyp(pfmod(G)) be such that unggr(X) € P. We may assume without loss of generality
that X is effective, and we proceed by induction on the filtration length of X. If X has
filtration length 1, then X = fzunggr(X) € (fzP) because ung gr(X) € P. To induct, we use
the distinguished triangle (6.40) where ung gr(X=*"1) = unggr(X)s*~! € P and the fact

that (fzP) is triangulated and closed under twists. O
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12 Filtered {z kG-modules

In this section we study the derived category Dy(fmod(G)) of plain filtered kG-modules.
In particular, we determine its spectrum in Proposition 12.11 by dividing and conquering
(Method 6.10) using the object cone(5) € Dy(fmod(G)) and using a filtered version of -

points to determine specializations. We recall that G denotes a p-group (Notation 2.1).

We begin by determining open(cone(/3)) and supp(cone(5)) in Spc Dy, (fmod(G)).

12.1 Proposition. Unfiltering unf: fmod(G) — mod(G) induces an equivalence of tt-

categories
—— Dy (fmod(G))
U cone(®))

Geometrically, Spc(unf) induces a homeomorphism

» Dy(mod(G)).

Spc(unf): Spe Dy (mod(G)) —— open(cone(8)) € Spe Dy (fmod(G)).

Proof. The statement of the proposition is almost identical to that of Proposition 10.9, and
we can prove it in almost exactly the same way. An alternative proof will also drop out of

the proof of Proposition 13.10 (see (13.11)). O

12.2 Proposition. The tt-functor unggr: Dy(fmod(G)) — Dy(mod(G)) is faithful on the

object cone(3). Geometrically, Spc(ung gr) induces a homeomorphism
Spe(ung gr): Spe Dy (mod(G)) —— supp(cone(8)) C Spe Dy (fmod(G)).

Proof. Since unggr(cone(f)) = 1[1] @ 1 has full support and fz is a section of unggr, the
geometric statement follows from the algebraic statement (Method 6.10(¢)). Let f: 1 — X
be a morphism in Dy (fmod(G)) such that ung gr(f) = 0 in D,(mod(G)). Since gr(1) is con-
centrated in grading zero, this simply means gr(f)%: 1 — gr(X)? is zero in Dy(mod(G)).
Consider the following diagram in Dy, (fmod(G)), where the bottom triangle is the distin-
guished triangle induced by the short exact sequence A=! »— AZ% — gr(A)Y in fmod(G)
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degree-wise:
1 f; 0
2 r(f)0=0
X2t —— X200 —— f7(gr(X)?) —— X=1].
Since fzgr(f)° = 0, we see that f° factors through X=!' — X=9 In other words, f factors
through f: X(—1) — X, which is equivalent (Lemma 11.2) to f ® cone(8) = 0, as we

wanted. O

12.8 Remark. If we assume Notation 11.1, then we can deduce the geometric part of Propo-

sition 12.2 from the geometric part of Theorem 11.5.

So far, we have seen that the regions open(cone()) and supp(cone(f)) in the spectrum
Spc Dy (fmod(G)) are both homeomorphic to Spe Dy(mod(G)). Before discussing specializa-
tions, let us push our understanding of these points. First, we can use m-points to produce

residue functors.

12.4 Lemma. The points of Spc Dy,(fmod(G)) are precisely the kernels of the tt-functors

G
Res7

Dy,(fmod(G)) —2%5 Dy, (mod(G)) —— D

G
Resj

Dy, (fmod(G)) —55 Dy(mod(G)) —— D

p(vect)

p(vect)

and of the triangulated functors

Dy, (fmod(G)) % Dy (mod(G)) —— st(mod(G)) “XL st(mods(C,))
Dy, (fmod(G)) —2 Dy (mod(G)) —— st(mod(GQ)) 220 st(mody (C,))
over the mw-points (a, K) up to equivalence.
Proof. This is Proposition 12.1, Proposition 12.2, and Recollection 6.19. O

In fact we can pair up these points using a filtered version of m-points, and this produces

for each pair a specialization from the lower point to the upper point.
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12.5 Lemma. Let K/k be a field extension. The spectrum of st(fmodg(C,)) is

0
Spest(fmodg (C)) = |

{cone(p3)).

The closed point 0 has residue field functor gr: st(fmodx(C,)) — st(modg(C,)), and the
non-closed point (cone(B)) has residue field functor unf: st(fmodg(C,)) — st(modg(C))).

Proof. Note that st(fmod(C,)) = Dy,(fmod(C,))/(fz kC,) (Lemma 6.38 and Example 5.31),
and of the four points in Dy, (fmod(C),)) described in Lemma 12.4, only two of them contain

fz kC,. The residue field functors are clear from Lemma 12.4. ]

12.6 Construction. Given a m-point (a, K) of G, we construct the triangulated functor
(v, K)*: st(fmod(G)) —EnK st(fmod (G)) =225 st(fmod (C,)).
This is well-defined by Example 5.34. It is compatible with the triangulated functor
(a, K)*: st(mod(G)) — st(modk(C,))

from (6.20) in the sense that

st(fmod(G)) “5 st(fmodg (C,)) st(fmod(G)) 2% st(fmody (C,))
Jumeer o Jumeer and Junt o Junt
st(mod(G)) AGELYN st(modg (Cp)) st(mod(G)) RGN st(modk (C)))

commute. [t follows from Lemma 12.5 that the triangulated functor (o, K)* induces a

continuous map on spectra, which we denote by
(a, K)**: Spest(fmodg (Cp)) — Spest(fmod(G)).
12.7 Proposition. The points of Spc Dy,(fmod(G)) are precisely the images of

Spc(Res$): Dy(fmod(1)) —— Dy, (fmod(G))
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and

(e, K)**: Spest(fmodg(C,)) —— Spest(fmod(G)) C Spe Dy, (fmod(G))

for the m-points (o, K) of G up to equivalence. Moreover, for every point P in the spec-
trum Spc Dy (mod(G)), the point Spc(unf)(P) in SpcDy(fmod(G)) specializes to the point
Spc(ung gr)(P) in Spc Dy (fmod(G)).

Proof. Immediate from Lemma 12.4, Construction 12.6, and the fact that continuous maps

preserve specializations. O

Conversely, these are the only specializations.

12.8 Terminology. The Sierpinski space is the following two-point topological space:

A doubling of a topological space X is the product of X with the Sierpiniski space.

12.9 Remark. In the following (Lemma 12.10), we will take M = SpcDy(mod(G)), F =
Spc Dy (fmod(G)), U = open(cone(f)), g = Spe(gr), u = Spc(unf), and z = Spe(fz). Note
that then '\ U = supp(cone(f3)).

12.10 Lemma. Let M and F' be topological spaces. Suppose there exists an open set U C F
and continuous maps g, u: M — F that induce homeomorphisms g: M — F\U andu: M —
U, and suppose u(m) specializes to g(m) for every m € M. If there ezists a continuous map

z: F'— M such that g and u are both sections of z, then F' is a doubling of M.

Proof. Let {0,1} be the Sierpiriski space, where 0 is the closed point. Then
x: FF— {0,1}
p: M x{0,1} —— F
0 f¢u and (m, 0) ———— g(m)

fr—
1 feU (m, 1) ——— u(m)
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are continuous. Indeed, Y is continuous because x ' ({0}) = F'\ U is closed. To see that ¢ is
continuous, note that by our assumptions on g and u, any closed subset of F' is of the form

g(T) Uu(S) for closed sets S C T' C M. Thus
P (g(T) Uu(S8)) = (T x {0}) U (S x {1}),
which is closed in M x {0, 1} because S C T and 1 specializes to 0. Thus
ZXX
F ? M x{0,1}
are inverse continuous maps. 0

12.11 Proposition. The spectrum of Dy,(fmod(G)) is a doubling of Dy(mod(G)).

Proof. Proposition 12.1 and Proposition 12.2 describe open(cone(/3)) and supp(cone(f3)) re-
spectively, and Proposition 12.7 and Lemma 12.10 (see also Remark 12.9) determine the

specializations from open(cone(/3)) to supp(cone(f3)). See Method 6.10 if necessary. O

12.12 Running Example. We return to our Running Example 1.13. The following illustrates
the spectrum Spc Dy, (fmod(E)) as described by Proposition 12.11:

Spc Dy (fmod(E))

® supp(cone(p))

°
®. open(cone(8))
.......... erere@errers @eoees e
°
supp({z Clay)) supp(fz k(E/N.))) supp(radfy,,,, (kE))
supp(radf(Cla.))) supp(radf k(£ /N.)) supp(radf(kE)).
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Recall that a * point represents an arbitrary non-Fy-rational point [a : b] of P;. The tripled
line between the * points indicates a doubling between the non-Fs-rational points; given such
a point [a : b] in the lower copy, the only such point to which it specializes in the higher copy

is [a : b]. Note that fz C, is an object in fmod(£) but not in pfmod(E).

13 The vanishing locus of fmod(G)-acyclics

In this section, we study the fmod(G)-acyclic objects in Dy(pfmod(G)). In particular, in
Proposition 13.8 we use the theory of finite resolutions from Section 7 to show that the
vanishing locus of fmod(G)-acyclic objects is homeomorphic to the spectrum of Dy, (fmod(G)).

We will determine Spc Dy, (fmod(G)) in Section 12.

13.1 Notation. We recall that G denotes a p-group (Notation 2.1). In this section, we let T
denote many things, such as the fully faithful exact tensor functors T: pfmod(G) ~— fmod(G)
and T: pmod(G) — mod(G), as well as their induced tt-functors on derived categories. We
depict them in the following commutative diagrams:
pfmod(G) =% pmod(G) Dy, (pfmod(G)) —5% Dy, (pmod(G))
Ir Ir $T $T (13.2)
fmod(G) —=25 mod(G) Dy, (fmod(G)) ——225 Dy (mod(G)).
Note that we have prematurely decorated Y: Dy (pfmod(G)) — Dy(fmod(G)) as a Verdier

quotient; this will be shown in Proposition 13.8.

13.3 Recollection. The fmod(G)-acyclic objects (Terminology 7.2) are the objects in the
kernel ker(Y) C Dy (pfmod(G)). Since both of the tt-functors unggr are conservative (Ex-
ample 5.13 and Lemma 6.37), in fact this kernel can be written ker(Y) = ker(Y unggr) =

ker(unggr T).

We begin by introducing the Koszul object kosg(1) € Dy(pmod(G)), which generates the
mod(G)-acyclics in Dy, (pmod(G)).

111



13.4 Recollection. For each subgroup H < G, we have a Koszul object kosg(H ) in the derived
category Dy, (pmod(G)) [BG25a, Construction 3.15]. They are of the form
kosq(H): 0= NK(G/H) = - = N k(G/H) - N°k(G/H) — 0,

k(G/H) ——— 1

(13.5)

where these exterior products are permutation by [BG23, Lemma 3.8]. Every Koszul object is
mod(G)-acyclic, but in fact kosg(1) alone generates the tt-ideal of mod(G)-acyclics [BG25a,
Proposition 3.22]:

ker(T) = (kose(1)) C Dp(pmod(G)).
If N < G is normal, then Inﬂg/N kosg/n (1) = kosg (V).

The obvious guess for a generator of ker(T) C Dy (pfmod(G)) works.

13.6 Lemma. The Koszul object fzkosg(1) € Dy(pfmod(G)) in filtration zero generates the
tt-ideal of fmod(G)-acyclics:

ker(T) = (fzkosg(1)) C Dy(pfmod(G)).

Proof. Certainly ker(T) D (fzkosg(1)). Conversely, let X € ker(Y), which is equivalent
to having Tunggr(X) = 0 in Dy(mod(G)) (Recollection 13.3). In order to show X €
(fzkosg(1)), we proceed by induction on the filtration length of X, and we may assume with-
out losing generality that X is effective. If X has filtration length 1, then this follows from
the observation X = fzunggr(X) and Recollection 13.4. To induct, we use the distinguished
triangle (6.40) where Y ung gr(X=*"!) = T ung(gr(X)=*~!) = 0 since YT ung gr(X) = 0, and

we use the fact that (fzkosg (1)) is triangulated and closed under twists. O

We now invoke Proposition 7.13.

13.7 Lemma. For all m > 0, there exists an m-projective pfmod(G)-resolution of the unit

1 € fmod(G).
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Proof. Let m > 0. Recall that there exists an m-projective pmod(G)-resolution 7: T(X) — 1
of the unit in Chy(mod(G)), where X € Chy,(pmod(G)) (Example 7.14). Then

far: fz7(X) — 1

is an m-projective pfmod(G)-resolution of the unit in Chy(fmod(G)). It is m-projective
because fz kG is projective in fmod(G) (Example 5.31), and it is a quasi-isomorphism in
Chy,(fmod(G)) because the exact structure on fmod(G) is pulled back along ung gr, of which

{z is a section. O

13.8 Proposition. The tt-functor Y induces an equivalence

T. Dy, (pfmod(G))

(2 kosa(1)) > Dy (fmod(G)) (13.9)

of tt-categories. Geometrically, Spc(Y) induces a homeomorphism
Spe(T): SpeDy(fmod(G)) —— open(fzkosg(1)) € Spe Dy (pfmod(G)).

Proof. The twists of the unit generate Dy,(fmod(G)) as a triangulated subcategory (Exam-
ple 6.43), and twisting the resolutions from Lemma 13.7 produces m-projective fmod(G)-
resolutions of the twists of the unit. Thus we may invoke Proposition 7.13. Finally, we

identify ker(Y) = (fzkosg(1)) using Lemma 13.6. O

We wrap up this section by showing that in the spectrum Spc Dy, (pfmod(G)), the van-
ishing locus open(fzkosg (1)) of fmod(G)-acyclics covers the vanishing locus open(cone(f3))

embedded by unfiltering.

13.10 Proposition. We have fzkosg(1) € (cone(8)) C Dy(pfmod(G)). Geometrically, in
Spc Dy, (pfmod(G)) we have open(cone(3)) C open(fzkosg(1)).

113



Proof. This follows from chasing equivalences in the following diagram:

. Dy(pfmod(G))

Dy (pfmod(G)) > i kosa(D) T Dy(fmod(G))
| L |
Dy, (pfmod(G)) _ Dy(pfmod(G)) _ Dy (fmod(G)) (13.11)

(cone(p)) > 7 (cone(p), fzkosg (1)) = ’ (cone(p))

%\} 1=

o Dy(mod(G)).

unf
The top-right square arises from localizing both sides of the equivalence (13.9) at cone(f).
The three tt-functors pointing to Dy,(mod(G)) are all induced by unf. The left-most one is
the equivalence (10.10); since unf(fzkosg(1)) = 0 in Dy(mod(G)), the middle one is also an
equivalence, hence so is the one on the right. Thus, we deduce that the bottom tt-functor

in the top-left square is an equivalence. O

To establish our second main result from Part II, we will need to know that there are no

other specializations from open(cone()) to supp(fzkosg(1) ® cone(f)).

13.12 Proposition. Let P € supp(kosg(1)) C Spe Dy(pmod(G)) and Q € Spc Dy,(mod(G)).
Then Spc(ung gr Y)(Q) specializes to Spe(ung gr)(P) if and only if Spc(unf Y)(Q) does.

Proof. The forward implication is immediate from Proposition 12.11. Conversely, suppose
Spc(ung gr)(P) C Spc(ung gr T)(Q). Recall (Proposition 11.16) that Spc(ung gr)(P) = (fz P),
so f2P C Spc(ung gr ¥)(Q). Thus

unf Y f2(P) = T(P) = unggr T z(P) C Q,

or in other words fzP C Spc(unf Y)(Q). Again using Proposition 11.16, this means that
Spc(ung gr)(P) C Spe(unf 1)(Q). O

13.18 Running Frample. We return to our Running Example 1.13. The following illus-
trates the information in Spc Dy (pfmod(F)) that we obtain from Proposition 12.11, Propo-
sition 13.8, and Proposition 13.12 together:
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Spc Dy, (pfmod(E))

( ] [ ] [ ] () @ supp(radf(kE) ® cone(p))

® open(cone(f))

.......... Serrnrnes@errernns@urrnrees@errsnnnna

supp(fz(resol. of Cla4))) supp(fz k(E£/Njo.1))) supp(radf k(£/Njo.11))

supp(gap’ radf(kE)) supp(fz kosg(Np.1))) supp(gap’ radf k(E/N.a1))-

Namely, we have a doubling downward from the cohomological open in supp(cone(5) ®
cone(f3)) to the vanishing locus open(cone(3)), and there are no other specializations from
the cyan region to the magenta region. Note that the progress we have made since Running
Example 11.15 was finding specializations. In particular, we have not found any new points,
so we still have the problem of distinguishing between, for example, gap!radf(kFE) and

radf (kE).
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Part I11

The spectrum of the stable category

116



In this part we study the vanishing locus open(P) C Spc Dy, (pfmod(G)) of the projectives,

in the language of Notation 1.20. We will quickly specialize to the elementary abelian case.

14 The relative subcategories

In this section we introduce relative versions of our Frobenius exact rigid tensor cate-
gories (5.1). The main construction is summarized in Proposition 14.9. Importantly, we
will see that the relative versions pfmod(G, —) of pfmod(G) form a poset of subcategories of

pfmod(G) (Proposition 14.13). We recall that G denotes a p-group (Notation 2.1).

For intuition, recall the filtrations (1.14) of KE in our running example as well as the
example computations (1.17) and (1.18) of associated graded modules. Roughly speaking,
for a normal subgroup N < G, the relative subcategory pfmod(G, N) C pfmod(G) consists
of the objects in pfmod(G) where the radical elements X,, = n — 1 for n € N act with
filtration weight 1, and the associated graded functor gr: pfmod(G, N) — pgmod(G, N) on
this subcategory takes values in a category of graded modules where the elements X,, =n—1

for n € N act with grading 1.

14.1 Terminology. A normal complement (N, o) in G is a normal subgroup N < G such that
G ~ N x G/N along with a choice of section

l/\
1 » N —— G » G/N —— 1. (14.2)

14.8 Terminology. We denote by nc(G) the poset category of normal complements in G,
constructed as follows. If (N,oy) and (L, o) are normal complements in G where N < L <
G, then a morphism oy : (N,ox) — (L, 07) is the data of a section o : G/L — G/N of the
quotient map G/N — G /L making the sections in the following diagram commute:

ON

1 > N » >G/j:G/N—»1
I | oo Lot
1 > L > >GqG/L—>1.




14.4 Remark. Let us mention two related notions. One is the standard notion, which we will
not use at all, of a normal p-complement of a finite group G, which is a normal subgroup
N < G of order coprime to p such that G/N is a p-group. The other is the poset category
cs(@G) of complementary subgroups in G whose objects are pairs (N, Qy) of complementary
subgroups in G and whose morphisms (N, Qx) — (L, Q) consist of inclusions N < L and
Qr < Qn. We have forgetful functors

nc(G) —— sub(G) cs(G) —— sub(G) cs(G) — sub(G)

(N,o) ——— N (N,Qn) ———— N (N,Qn) —— Qn

to the category sub(G) of subgroups of G whose morphisms are the inclusions of subgroups.
For finite abelian groups G the categories nc(G) and cs(G) are equivalent because then the
conjugation action of G/N on N is trivial, but certainly nc(G) and cs(G) are not equivalent

in general.

14.5 Remark. Given a normal subgroup N < G, the following augmentation morphisms ¢ all

admit sections, but the first two depend on a choice of a normal complement (N, o) € nc(G):

radi (kG) grradf 5 (kG) ung grradf y (kG)

ﬂ SR | A (140

k(G/N) f2k(G/N) gz k(G/N) k(G/N)

On the one hand, the section o: G/N — G defines a non-canonical inclusion o: k(G/N) —
kG of Hopf monoids in vect that is a section of the augmentation morphism e¢: kG —
k(G/N). This in turn induces a non-canonical inclusion o: fzk(G/N) — radfy(kG) of
Hopf monoids in fvect that is a section of the augmentation morphism e: radfy(kG) —
fzk(G/N). On the other hand, since gr(radfy(kG))? = k(G/N), there is a canonical inclu-
sion gz k(G/N) — grradfy(kG) of Hopf monoids in gvect that is a section of the augmen-
tation morphism e: grradfy(kG) — gz k(G/N). This canonical inclusion can be realized as

gr(o: fzk(G/N) — radf y(kG)), independent of the choice of o.

We now explain the constructions.
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14.7 Recollection. For a normal subgroup N < G, we denote by radfy(kG) the filtration
of kG by powers of the ideal rady(kG) = rad(kN)kG. This is a Hopf monoid in fvect
(Recollection 3.46) because G is a p-group. So grradfy(kG) is a Hopf monoid in gvect and

ung grradf 5 (k@) is a Hopf monoid in vect.
14.8 Definition. We define
fmod(G, N) = modgect (radf x (kG))
gmod(G, N) = modgyect(grradf y (kG))
mod(G, N) = mod,ec (ung grradf y (kG))

to be the exact (Lemma 5.12) rigid tensor categories of modules over these Hopf monoids
(Recollection 14.7). For a normal complement (N, o) € nc(G) in G, we write

Resz;/y: fmod(G, N) — fmod(G/N)

Resg/n: gmod(G, N) — gmod(G/N)

Resg/n: mod(G, N) —— mod(G/N)
for the restrictions of scalars along the inclusions in (14.6); they are essentially surjective

because the inclusions are sections (Remark 14.5).

Note that in the following proposition, the horizontal functors in the front face are es-
sentially surjective whereas the ones in the back face are not necessarily. This is explained

by Example 3.21(7) and Example 3.21(4ii).

14.9 Proposition. Let (N, o) € nc(G) be a normal complement in G. We have the following
diagram of exact rigid tensor categories, where each one of the seven upright squares is a
pullback of exact rigid tensor categories (Lemma 2.10):

pfmod(G, N) —> pgmod(G, N) — 2 pmod(G, N)

ResG/N SG/N
\ SG/N \ T \9

pfmod(G/N) = pgmod(G/N) —£— pmod(G/N)
(14.10)
fmod(G, N) —— gmod(G, N) ==~ | —— mod(G, N)

Res, N\ Resg /N\A ReSG/N\B

fmod(G/N) ———— gmod(G/N) ——57—> mod(G/N).
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Proof. The two squares in the front face

pfmod(G/N) £ pgmod(G/N) =% pmod(G/N)

| | |

fmod(G/N) —z gmod(G/N) —5z» mod(G/N)

ung

are given in (5.22). We recall that the exact structures along the bottom are pulled back and
that both of these squares are pullbacks of exact rigid tensor categories (Definition 5.21).

Thus the exact structures along the top are also pulled back (Proposition 5.19(iz)).
We construct the bottom face
pfmod(G/N) —=— pgmod(G/N) —==2—% pmod(G/N)

ung

fmod(G, N) 2| — gmod(G, N) — mod(G, N)

Resg/N\ ReSG/N\ ReSG/N\B

fmod(G/N) ——4— gmod(G/N) ——5— mod(G/N).

The restrictions were defined in Definition 14.8, and we may construct
fmod(G, N) —— gmod(G, N) —25 mod(G, N)

using Lemma 3.20 and the following diagram (Remark 14.5):

radf v (kG) grradf y(kG) ung grradf y (kG)

| \ | \
o I gr 7 L ung 7

f2(k(G/N)) gz(k(G/N)) k(G/N).

Note that in the bottom face, all exact structures are all pulled back because the exact
structures are pulled back from the ambient categories (Lemma 5.12); if necessary, recall the

two-out-of-three property for pulled back exact structures (Lemma 5.6).

We now construct the exact rigid tensor categories pfmod(G, N), pgmod(G, N), and

pmod(G, N) by using Proposition 5.19(i) to pull back along the restrictions Resg; y and
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Resg/n:

Resg/n

G/N Resg/n
\ gr T \ ung T

pfmod(G/N) ——— pgmod(G/N) ——— pmod(G/N)

ung

fmod(G, N) —=—|—— gmod(G, N) —— mod(G, N)

Res"G/N\ ReSG/N\/A ReSG/N\N

fmod(G/N) ——— gmod(G/N) ——— mod(G/N).

Because they are pullbacks, we obtain the exact tensor functors
pfmod(G, N) —£— pgmod(G, N) —=+ pmod(G, N) (14.11)

making the diagram commute. We observe that as rigid tensor categories, each square
in the back face is a pullback because the other three upright faces (in its cube) are pull-
backs. Moreover, the exact structures are pulled back in (14.11) by applying two-out-of-three
(Lemma 5.6) to the top faces. We conclude that the squares in the back face are therefore
pullbacks as exact rigid tensor categories, using our characterization of pullbacks of exact

categories (Proposition 5.19(ii)). O

The relative categories pfmod(G, N) form a poset of subcategories of pfmod(G), where

pfmod(G, 1) = pfmod(G) recovers our original category.

14.12 Notation. A morphism of normal complements o7 : (N,oy) — (L,0r) in nc(G) in-
duces a morphism

oV radfy(kG) — radfy (kG)

of Hopf monoids in fvect given by the identity on underlying monoids. We denote by
incly = (oM)*: fmod(G, L) —— fmod(G, N)

the restriction of scalars along o .
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14.13 Proposition. Let oY : (N,on) — (L,01) be a morphism of normal complements in
nc(G). The ezxact rigid tensor category pfmod(G, L) is a fully exact rigid tensor subcategory
of pfmod(G, N):

incl) = (o¥)*: pfmod(G, L) »— pfmod(G, N). (14.14)

The same is true for fmod(G,—) C fmod(G), and we have the following commutative dia-
gram:
pfmod(G, L)

. IN
incly)

pfmod(G, N)
(14.15)

fmod(G, L)

inclg
f

mod(G, N).

Proof. Note that ol is an epi in fvect since unf(oY) = 1 is an epi (Remark 3.11), so incl? is
fully faithful (Lemma 3.22). Consider the following commutative diagram, where the front

and back faces are pullbacks of exact rigid tensor categories (see (14.10)):

Resg/r ung gr

pfmod(G, L) » pmod(G/L) | o/~
A

Y G/L
inclg oA Resg/n ung gr
pfmod(G, N) pmod(G/N)
(14.16)
fmod(G, L) » mod(G/L) | o/
e/ r
in;g\" ~
fmod(G, N) T mod(G/N).
This shows that (14.14) is well-defined, and (14.15) is the left face. O

14.17 Remark. The restrictions of scalars along the morphisms of monoids gr(c?) and

ung gr(o¥) are not necessarily fully faithful because these morphisms are not epis in gvect
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and vect in general, but we do obtain the following commutative diagram:

pfmod(G, L) l—> pgmod(G, L) —> pmod(G, L)
incly) gr O’L ung gr( o'L
/\ Ir T \ un T \
pfmod(G, N) 2——— pgmod(G, N) ==2—— pmod(G, N)
(14.18)

ung

fmod(G, L) —— gmod(G, L) —— mod(G, L)

incli\ gr(olL\’)*\ ung gr(U]LV)*\A

fmod(G, N) ———— gmod(G,N) ——— mod(G, N).
14.19 Remark. Let us offer some intuition about these relative subcategories pfmod(G, V).

In the Hopf monoid radfy(kG), for any n € N, the element
X, =n — 1€ rady(kG) = radf y (kG)*

is in filtration weight 1. Thus, for a module A € pfmod(G, N), if a € A" for some w € Z,
then X,a € A¥T!. Verbally, we say that X,, increases the filtration weight of a. If we view
A € fmod(G), then we can alternatively phrase this in terms of the associated graded by
saying that N acts trivially on unggr(A) € pmod(G) or, in other words, that unggr(A) is
inflated from pmod(G/N). This is what the diagram (14.16) expresses.

We wrap up this section by discussing generators and acyclics. We will use our dis-
tinguished triangles (6.40) and (6.41) that let us induct on filtration and grading length,
respectively. They work for any effective monoid in fvect and gvect, hence in particular for

our radf y(kG) and grradfy(kG).

14.20 Exzample. We have the following generators as triangulated subcategories:

Dy (pfmod(G, N)) : twists of fzk(G/H) for N < H < G
Dy (pgmod(G, N)) : twists of gzk(G/H) for N < H < G
Dy(pmod(G, N)) : k(G/H) for N< H< G
Dy (fmod(G, N)) : twists of the unit 1
Dy(gmod(G, N)) : twists of the unit 1
Dy(mod(G, N)) : the unit 1.
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Indeed, this is analogous to Example 6.43.

14.21 Lemma.

(1) The tt-ideal of the fmod(G, N)-acyclics (Terminology 7.2) in Dy(pfmod(G, N)) is gener-
ated by the object fzkosq(N) € Dy (pfmod(G, N)).

(17) The tt-ideal of the gmod(G, N)-acyclics (Terminology 7.2) in Dy(pgmod(G, N)) is gen-
erated by the object gzkosg(N) € Dy(pgmod(G, N)).

Proof. For (i), this is similar to Lemma 13.6, but let us spell it out. Let us denote
T: Dy(pmod(G/N)) — Dy(mod(G/N)).

The tt-ideal of fmod(G, N)-acyclics contains (fzkosg(N)) (Recollection 13.4). Conversely,
suppose X € Dy(pfmod(G, N)) is fmod(G, N)-acyclic, which means T Resg/n ung gr(X) =0
in Dy(mod(G/N)) (Proposition 14.9). In order to show X € (fzkosg(N)), we proceed
by induction on the filtration length of X, and we may assume without losing generality
that X is effective. If X has filtration length 1, then this follows from the observation

X = fzunggr(X). To induct, we use the distinguished triangle (6.40) where
T Resg/n ung gr(X=""") = T Resg,n ung(gr(X)=""') =0

since T Resg /v unggr(X) = 0, and we use the fact that (fzkosg(NN)) is triangulated and

closed under twists.

For (i7), this is entirely analogous to (7). O

15 The elementary abelian case

In this section we specialize to the elementary abelian case G = E; we recall that E denotes
an elementary abelian p-group (Notation 2.1). In particular, we choose complementary

subgroups in a compatible way (Notation 15.2) so that our Hopf monoids decompose into
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tensor products of Hopf monoids (Lemma 15.6). This will allow us to show that all of our

categories are Frobenius exact (Proposition 15.17).

We begin by choosing a complementary subgroup QQn < F for each subgroup N < F
in a compatible way. Recall that nc(F) = cs(F) (Remark 14.4) and that we have fixed a

minimal set of generators z1,...,2 € E (Notation 6.21).

15.1 Lemma. There exists a section

nc(E) = cs(F)
T (=e0)
sub(FE)

of the forgetful functor cs(E) — sub(FE) such that Qy is generated by a subset of z1,. .., z.
Proof. Our minimal generating set z1,..., 2 of E gives rise to a complete flag
ISEi<E<--<E=F

of E defined by E; = (z1,..., ). Let us dictate what Q(_y does to objects N € sub(F).

Given a subgroup N < FE, we construct the flag

IS N <Ny << N,=N
of N defined by N; = N N E; and also the flag

1< <Q<-<Qr=Qn

where (); < F is the subgroup of E defined as follows. We set Qg = 1. If N;_; = N; so that
zi ¢ N, then Q; < E is the subgroup generated by Q;—1 and z;, and otherwise Q; = @Q;_1.
Observe that ;N N; = 1 for all i and Q;N; = F;. Thus Q;N = E, and we may put Qn = Q.
For the morphisms, we see that if N < L, then Qr < Qy. O

15.2 Notation. Once and for all, we fix a choice of the data in Lemma 15.1. In particular,

if we have N < FE, then we let s denote the rank of N. We then have a complementary
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subgroup Qn < E of rank r = ¢t — s that is generated by a subset x1,...,x, of our fixed
generators z1, ...,z (Notation 6.21). When N < L < E, the following diagram describes

the compatibility morphisms, where the sections commute and where the retracts commute:

E N
TN o1
l/_\ )/_\r
1 » N ——r— E — Qn ——» 1
N a1
ik Sr’ﬁ v H o} q]LvDa]Lv (15.3)
Y
1 > L A/E\ E » QL > 1.
'L ap

15.4 Running Example. We return to our Running Example 1.13. Our choice of complemen-
tary subgroups, following the proof of Lemma 15.1, are
E
N = (z) Ny = (zy) Ny = (y)

Qr=1
i S
Qu:oy = () Quuy= () Q1= ()
~_ _—

h=FE

where we abbreviate Q1. = QN[I:O]’ Qo] = QN[M]; and Q.1 = QN[M]-
We now study the ramifications this has on our categories.

15.5 Notation. For the rest of this section, we fix a subgroup N < FE.

Each of our Hopf monoids radfy(kE), grradfy(kE), and unggrradfy(kE) (Recollec-

tion 14.7) decomposes into a @ y-factor and an N-factor.

15.6 Lemma. We have the following decompositions of Hopf monoids, which are induced
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by our sections o and inclusions i% in (15.3):

radf y (kE) = {2 kQy ® radf(kN) in fvect (15.7)
grradf y(kFE) = gz kQn @ grradf(kN) in gvect
ung grradf y (kE) = kQy ® ung grradf(kN) in vect.
Let yy,...,ys be a minimal set of generators of N. Then on the one hand
radfy (kE) >~ (Yj)-adic filtration of k[X;, Y;]/ (X7, Y}) in fvect, (15.8)
where the comultiplication is given by
AX)=X,21+10X,+ X, ® X, (15.9)

AY;))=Y,;014+1QY;+Y,®Y].
And on the other hand

grradfy(kF) ~ k[X; Y}]/(Xfayjp) where | X;| = 0,]Y}] =1

ung grradf y (K E) =~ k[X;, V)] /(X7 Y])

where the comultiplications are given by

AX)=X;21+1 X, + X, ® X;

AlY;))=Y;@1+1RY].
In particular, as monoids in fvect we have (Notation 3.5)
radf y(kE) ~ trf grradf y (kE).
Proof. Indeed, the isomorphism

oN il
kQn @ kN 22X ppe2 Y, kg
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in vect

(15.11)

(15.12)



in vect identifies the Hopf ideal kQy @ rad(kN) C kQn ® kN with rady(kE) C kE. Thus it

induces an isomorphism
oN @ik
f2kQn @ radf(EN) 22X radfy (kE)®2 —Y— radfy(kE)

in fvect, and applying gr and then ung produces two more isomorphisms. These are the

decompositions in (15.7).

With the generators yi,...,ys € N, the decompositions (15.8) and (15.10) follow from
Example 4.7. Let us discuss the comultiplications. The comultiplication A: radfy(kE) —
radf y (kE)®? is induced by the comultiplication A: kE — kE®? which is given by (15.9).

Importantly, the comultiplication on grradfy(kE) is given by
gr(A): grradfy(kE) — grradf y(kE)®?

and gr(A)(Y;) is the class of A(Y;) =Y; ® 14+ 1®Y;+Y; ®Y; in grradf y(kE)' because Y;
has grading 1. But since Y; € radf y(kE)!, the class of Y; ® Y} in gr(radf y(kE))! is zero, so

gr(A)(Y;) =Y, @1+ 1®Y; € grradfy(kE)".
This explains (15.11).
Finally, (15.12) is clear from (15.8) and (15.10). O

15.13 Convention. We implicitly inflate objects from the Q) y-factor or from the N-factor.

Let us elaborate. The morphisms
ar’ TN
fzkQn «— f2kQN @ radf(kN) —— radf(kN)

of Hopf monoids in fvect induces the following inflations

N\ * ,,,E *
fmod(Qn, 1) *%Ls fmod(E, N) <% fmod(N, N),

fzkQn ————— Z2kQy
radf(kN) «—— radf(kN)
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and we simply write radf(kN), fzkQy € fmod(E, N) as depicted. We similarly simply write
gz kQy,grradf(kN) € gmod(E, N) and kQy,unggrradf(kN) € mod(E, N). Note that in
fact gz kQy € gmod(E, N) and kQx € mod(E, N) are already canonical (Remark 14.5).

15.14 Lemma. The restrictions of scalars Resg, along the various inclusions oi¥ of the

Qn-factors in (15.7) induce the following adjoint pairs of functors:

pfmod(E, N)  Resq, pgmod(FE, N) Resqg
T Q},\
I—@radf(kN) pfmod(Q ) I@grradf(kN) pgmod(Qy)
(15.15)
fmod(E, N) \»RGSQN I gmod(E, N) Q»QN I
—@radf(kN)  fmod(Qx) —@grradf(kN)  gmod(Qy)
pmod(E, N) Resg

I —®ung grradf(kN) med(QN)
mod(E, N) Reso I
—®ung grradf(kN) mOd(QN)

Proof. On the module categories fmod(E, N), gmod(E, N), and mod(E, N), the restrictions
of scalars Resg, are well-defined and right adjoint to the extensions of scalars — ®¢, g,
radf y(kE), — ®g,0, grradfy(kE), and — ®¢, unggrradfy(kE) because our monoids are
commutative (see [Bral4, Remark 4.1.11]). Using our decompositions (15.7), we may write
these extensions of scalars in the forms depicted in (15.15). Moreover, since the functors
Resg, are restricting scalars along the inclusions o7 defined in (15.3) as group homomor-
phisms, they induce functors on the permutation categories pfmod(E, N), pgmod(E, N),
and pmod(E, N), as depicted. It follows immediately that their right adjoints on the module

categories restrict to right adjoints on the permutation subcategories. O

We now state our setup for the elementary abelian case.

15.16 Notation. Having chosen a section oi: E/N — E in Notation 15.2, we now write

Resg, : pfmod(E, N) — pfmod(Qx).
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15.17 Proposition. Our diagram (14.10) simplifies to

pfmod(E, N) —2 % pgmod(E, N) ——=— pmod(FE, N)

Resg N Resq N
\/A T \ ung T

pfmod(Qx) gr—l» pgmod(Q ) —l» pmod(Qy) : )
15.18
fmod(E, N) -2 —|— gmod(E, N) —-| —— mod(E, N)

Resg N\/g Resg N\/g Resq N\g

fmod(Qn) ———F%— gmod(Qn) ——5z—» mod(Qn).

ReSQN

The exact rigid tensor categories in this diagram are all Frobenius exact. In fact, we have

the following projective pre-covers of units (see Convention 15.13):

e: radf(kE) - 1 in pfmod(E, N)
e: grradf(kN) - 1 in pgmod(E, N)
e: unggrradf(kN) — 1 in pmod(E, N)
e: radfy(kE) — 1 in fmod(E, N)
e: grradfy(kE) - 1 in gmod(E, N)
e: unggrradfy(kE) — 1 in mod(E,N).

Proof. Note that now the gr functors in the back face are essentially surjective due to (15.12)
and Example 3.21(zi). To see that these categories are all Frobenius exact, by Proposi-
tion 5.29(ii) we only need to verify that the depicted pre-covers are indeed projective.
For the module categories fmod(E, N), gmod(FE, N), and mod(E, N), this is immediate by
Example 5.31. For the permutation subcategories, we use the adjoint pairs of functors
in (15.15), recalling that a functor with an exact (Proposition 14.9 and Terminology 2.2)
right adjoint preserves projectives. In pgmod(Qy) and pmod(Qy) the units are projec-
tive, so grradf(kN) and unggrradf(kN) are projective in pgmod(E, N) and pmod(E, N)
respectively. In pfmod(Qy), the object radf(kQy) is projective by 9.13, so radf(kE) =
radf (kQn) ® radf(kN) (Lemma 4.10) is projective in pfmod(E, N).

O
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15.19 Remark. Alternatively, for pfmod(Q ) we may simply use the inclusion
incly : pfmod(E, N) — pfmod(FE)

from (14.14) to argue that radf(kF) € pfmod(FE) is automatically projective.

15.20 Remark. The decompositions (15.7) permit us to define our categories in terms of the

Qn and N factors, without reference to E. We introduce the following alternative notation

for (15.18):
pfmod[QN,N]R—»gr pgmod[Qn, V] . SN pmod[QN,N]R
esQ esQ esqQ
\ N . T \ N . T N
pfmod(Qn) ———— pgmod(Qn) ———— pmod(Qx)

|

fmod[Qn, N] —=—|— gmod[Qx, N] —— mod[Qxy, N]

Resg N\ Resg N\/9 Resg N\B

fmod(Qn) ———F%— gmod(Qn) ——z—* mod(Qn).

ung

15.21 Proposition. We have the following equivalences of Frobenius exact rigid tensor

categories:

fmod[Qn, N| = modsmod(qy) (radf (kN))
gmod[Qn, N| = modgmed(qy)(gr radf (kN))
mod[Qn, N] = modmed(q,) (ung grradf(kN))
pfmod[Qn, N] = modyfmod(qy) (radf (kN))
pgmod[Qn, N] = modygmod(qu) (gr radf (k)

pmod[Qn, N] = modpmed(g,) (ung grradf (kN)).

Proof. At the level of rigid tensor categories, the first three are immediate from Lemma 3.32
and our decompositions (15.7) of our Hopf monoids, and the last three follow from the first
three. For the exact structures, note that on the left-hand side they are pulled back along
the restrictions Resg, and on the right-hand side they are pulled back along the forgetful

functors, so they agree. O
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We wrap up this section with some concrete examples and discussions that we will use

later. The following is a corollary of Proposition 15.17.

15.22 Corollary. For each of our relative categories, its projective objects are precisely as

follows:

pfmod(E, N): sums of twists of radfy(kQy) @ radf(kN) where H < Qn
pgmod(E, N): sums of twists of gzk(Qn/H) @ grradf(kN) where H < Qn
pmod(E, N): sums of k(Qn/H) ® ung grradf(kN), and possibly more
fmod(E, N): sums of twists of radf y(kE)
gmod(E, N): sums of twists of grradfy(kE)
mod(E, N): sums of unggrradf y(kE).

Consequently if P € pfmod(E, N) is projective, then gr(P) € pgmod(E, N) is projective.

Proof. The proofs for pfmod(FE, N) and pgmod(F, N) are very similar to the proof of Corol-
lary 9.15 because we may use our short exact sequences (5.17) and (5.18). For pmod(E, N),
we do not have an obvious analogous short exact sequence, so there may be more projective

objects, as we have stated. The others are clear. O

15.23 Remark. The converse of the consequence of Corollary 15.22 is false when N <
E. Indeed, if N < E, then radf(kN) € pfmod(E,N) is not projective because kN =
unf radf(kN) € mod(F) is not projective (Corollary 9.15), whereas the object grradf(kN) €
pgmod(E, N) is. In fact, we claim without proof (we will not use it) that the converse is

true when Qn = 1.

15.24 Example. Let H, L, K < E. Then radf; k(E/H) € pfmod(FE, K) if and only if K <
HL. In particular, we always have radf k(E/H) € pfmod(F, K), whereas fzk(E/H) €
pfmod(E, K) if and only if K < H.
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15.25 Proposition. Let N < L < E. The inclusion incl} : pfmod(E, L) ~— pfmod(E, N)
induces a fully faithful tt-functor

incly : Dy(pfmod(E, L)) = Dy(pfmod(E, N)).

Proof. This is Lemma 7.17, using Corollary 15.22. O]
15.26 Lemma. Let m > 0. Recall Definition 7.9.

(1) There is an m-projective pfmod(E, N)-resolution of the unit in fmod(E, N).

(17) There is an m-projective pgmod(E, N)-resolution of the unit in gmod(E, N).

(1ii) There is an m-projective pmod(E, N)-resolution of the unit in mod(E, N).

Proof. For (i), in fmod(C,, 1) we have the 1-projective pfmod(C,, 1)-resolution

R: 1 —— 2kC, —— f2kC,

(15.27)
| l
1 1

of the unit, so R®™ is an m-projective pfmod(C), 1)-resolution of the unit. Similarly, in

fmod(C,, C,), we have the 1-projective pfmod(C,, C,)-resolution

S: 1(p) —— radf(kC,)(1) —— radf(kC,)
I 1 (15.28)
1 1

of the unit, so S¥™ is an m-projective pfmod(C,, C},)-resolution of the unit.

We now inflate these from the C), factors of N and )y and tensor them together. Spelling
it out, for each generator x; in our minimal set of generators xy,...,z,. € Qn, let R; — 1 be
the inflation in pfmod(E, N) of R — 1 along the quotient £ — (z;) = C,, (by the subgroup
generated by N and x; for j # 4). Similarly, let yi,...,ys be a minimal set of generators of
N. For each generator y;, let S; — 1 be the inflation in pfmod(£, N) of S — 1 along the

o~

quotient £ — (y;) = C, (by the subgroup generated by Q)n and y; for i # j). Then

T

®Rz®m ® ®Sj®m —1
j=1

i=1
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is an m-projective pfmod(E, N)-resolution of the unit in fmod(E, N) (Lemma 15.6 and

Proposition 15.17). In particular, the projective terms are all sums of twists of radf y(kE).
For (ii), apply gr: pfmod(E, N) — pgmod(E, N) to the resolution in (7). Since the object
grradf y(kE) is projective in gmod(E, N) (Proposition 15.17), it becomes an m-projective
pgmod(E, N)-resolution of the unit in gmod(E, N).
For (#ii), similarly apply unggr: pfmod(£, N) — pmod(E,N) to the resolution in (7).
Since unggrradfy(kE) is projective in mod(E, N) (Proposition 15.17), this produces an
m-projective pmod(F, N)-resolution of the unit in mod(E, N). ]

15.29 Remark. We have the following exact functors (compare with Remark 5.23):

pfmod(E, N) gﬁf pgmod(E, N) —%5 pmod(E, N)
nf tr
m Y ¥ 1

mod(E) 4—— fmod(E, N) gﬁf gmod(E, N) — mod(E, N).
un tr

They are all exact tensor except for the trf functors. The unf functors are tensor because
the comultiplication on radfy(kF) is induced by the comultiplication on kF, and they are
essentially surjective because as usual radf(C) € pfmod(E, N) and unfradf(C) = C for any
C € mod(E).

15.30 Example. Let us compare our relative categories to our original categories by discussing
some specific objects and morphisms. Consider the following diagram extracted from (14.18):

pfmod[Qn, N] LN pgmod|[Qy, V]

Iincl}\, J/gr(o{v)*
pfmod(E) —2—— pgmod(E).

(i) Consider the object radf(kN) € pfmod|[@Qn, N| in our relative subcategory. The object
grradf(kN) € pgmod[Qy, N] is indecomposable and generated as a module over gzkQy ®
grradf(kN) by the element 1 € grradf(kN)" since Y; has grading one in grradfy(kFE). Up
to twists on both sides and scalar multiples, the only nontrivial morphisms in pgmod|Q n, V]

that grradf(kV) admits to and from the unit 1 are respectively (recall Notation 9.16)

e: grradf(kN) —» 1 and  n:1>—— grradf(kN)(—ly +1).
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(i4) Consider the object incly radf(kN) € pfmod(E) in our original category, which we
simply denote by radf(kN) € pfmod(E). The object grradf(kN) € pgmod(FE) is a direct
sum of twists of the unit since Y; has grading zero in gz kE. Thus, even up to twists on
both sides and scalar multiples, there are many nontrivial morphisms in pgmod(FE) that

grradf(kN) admits to and from the unit 1. We denote by
m: grradf(kN) — 1 and  ¢: 1 —— grradf(kN)(—{(y + 1).
the extreme ones. These are respectively

gr(e: radf(kN) — 1) and  gr(n: 1 —— radf(kN)(—{y + 1)).

(1ii) Let H < Qu, and let us further decompose kQn ~ k(Qn/H) ® kH so that kE ~
k(Qn/H)®kH®EN (see Lemma 15.6). The objects fz k(Qx/H) and radf k(Qy/H) behave
the same way in both categories. Indeed, in both categories pgmod|Qy, N] and pgmod(E),
the object gzk(Qn/H) is indecomposable and generated as a module over the monoid
gzkQn ® grradf(kN) by the element 1 € gzk(Qy/H)? and the object grradf k(Qun/H)

is a sum of twists of the unit. We denote by
m: grradf k(Qn/H) — 1 and ¢ 1 »— grradf k(Qn/H)(—lgy/u +1).
the extreme morphisms. These are respectively

gr(e: radf k(Qn/H) — 1) and  gr(n: 1 = radf k(Qn/H)(—Lloy/m +1)).

(iv) Let H < Qu, and consider the object fzk(Qn/H) @ radf(kN) € pfmod[Qy, N]|. Com-

bining the arguments in (i) and (éiz), we deduce that
gz k(Qn/H) @ grradf(kN) € pgmod|[Qn, N]|

is indecomposable and generated as a module over gzkQ@Qy ® grradf(kN) by the element
1®1 € (gzk(Qn/H)@radf(kN))® and that, up to twists on both sides and scalar multiples,
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the only nontrivial morphisms in pgmod[@y, N] that it admits to and from the unit 1 are

respectively

e: gzk(Qn/H) ® grradf(kN) — 1

and

n:1—— gzk(Qn/H) @ grradf(kN)(—{n + 1). (15.31)

16 m-points for ung grradfy(kF)

16.1 Notation. For this section, we fix a subgroup N < F of our elementary abelian p-group

E (Notation 2.1).

In this short section we describe the spectrum of Dy(mod(FE, N)). In particular, with a
careful choice of generators, we show in Proposition 16.5 that it is homeomorphic to P}:“s’l

and that we can describe the points using m-points.

Recall our description from Section 6 of m-points in the elementary abelian case, which

we will now extend.

16.2 Notation. For this section, we fix a minimal set of generators yi,...,ys of N. Recall
(Notation 15.2 and Lemma 15.6) that we then have a complementary subgroup Qn < E, a

minimal set of generators xi,...,z, of @y, an isomorphism of monoids

K[X1,..., X, Yq,...,Y)]

ung grradf y(kE) ~ 7 XTY7. YD) (16.3)
in vect, and an isomorphism of monoids
k[Xh"'vX’r‘aYVla"’)}/s]
grradfy(kE) ~ 07 XTY7. Y7 where | X;| =0 and |Y;| =1 (16.4)

in gvect.

We denote by [a : b]x/x an arbitrary point of P ™51 where K/k is a field extension and
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(a,b) € K™%\ {0}, so that the following diagram commutes (Recollection 6.26):

[a: D] ——— [a: bl
P?sfl PZJrsfl

I I
Spec(K) —— Spec(k).

Given such a point [a : bk /i, we will often do the following things:

(1) We may write a € K" and b € K*, in which case we are implicitly choosing a represen-
tative (a,b) € K"\ {0} of [a : b] and asserting that the choice of representative does not

matter in the context of the discussion.
(ii) We may split the point [a : b € P51 into points [a] € Pio! and [b] € P35 of the
one-point compactifications (Notation 6.15).

(17i) We may abbreviate aX = a1 X7 + -+ + @, X, and bY = ;Y] + - -+ + b,Y5, as elements
in either ung grradfy(kE) or grradf y(kE).

16.5 Proposition. We have the following commutative diagram of spaces:

Prs=l = SpcDy(mod(E, N))
1 1
Pyt —2 5 Spest(mod (B, N)).
Given [a : bk, € P71, the prime tt-ideal P(a : blgx) C st(mod(E, N)) consists of the
objects C' € mod(E, N) such that the K-linear map on Ck given by multiplication by a X +bY

has rank precisely

—1
ranky (aX +bY: O — Ox) = 2= dimge(Cr). (16.6)
Proof. In (16.3) we may further identify (Example 4.6)
kX, X, V1,000, Y] ~LE.

(XP, . XEYP . YP)
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Let h: unggrradfy(kFE) — kE denote the composite isomorphism. Then the restriction of
scalars h*: Dy(mod(E)) — Dy(mod(E, N)) is an equivalence of triangulated categories that
identifies the units in these tt-categories. Since both tt-categories are rigid and generated
by their units, A* induces a homeomorphism on spectra (Lemma 6.14). The description in
terms of P is a matter of chasing these identifications and recalling the concrete description

of the prime tt-ideals given in Recollection 6.23. O

16.7 Remark. Let us clarify the role of the comultiplication on unggrradfy(kE) in vect.
We described it explicitly in (15.9), and it determines the tensor structure in mod(£, N)
(Recollection 3.30). However, the proof of Proposition 16.5 argues that the spectrum of
st(mod(E, N)) only depends on the monoid structure of ung gr radf y(kE), so the statement
of Proposition 16.5 hides the comonoid structure on ung grradf 5 (kE) once and for all. Even
though we are hiding it, we would like to remark that the Hopf monoid ung gr radf y(kE) is
not completely artificial. It is isomorphic as a Hopf algebra to the group algebra of the finite

group scheme
@n % (Ga)) ™",

where we recall that Q) is elementary abelian and where G,,) denotes the nth Frobenius
kernel of the additive group G, over k. This is quite similar to a quasi-elementary group

scheme, which is one of the form
Q X Ga(s)

for () elementary abelian and which play an important role in the theory of m-points for

general finite group schemes, for example in [FP07].

17 Graded grradfy(kFE)-modules

17.1 Notation. For this section, we fix a subgroup N < E of our elementary abelian p-group

E (Notation 2.1), and we adopt Notation 16.2.
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In this section we study the spectrum of Dy (gmod(E, N)). In particular, we summarize

in Corollary 17.16 that ungrading induces a surjection

Spc(ung

pres=t _ 2, SpeDy(mod(E, N)) —2" Spe Dy, (gmod(E, N))

and that we can describe the behavior of this surjection on closed points when k£ is alge-

braically closed.

To study Spc Dy, (gmod(E, N)), we divide and conquer (Method 6.10) using gr radf y (kE).
In studying the support, we deduce that Dy,(gmod(E, N)) is local, which means its spectrum

has a unique closed point.

17.2 Lemma. The tt-category Dy(gmod(E, N)) is local. The unique closed point 0 is the
only point in the support of grradf n(kE), and it is the kernel of

Res;: Dyp(gmod(E, N)) —— Dy(gvect). (17.3)

Proof. The tt-category Dy(gmod(E, N)) is indeed local (Recollection 6.8(i7)) because Res;
(in (17.3)) is conservative (Lemma 6.37) and SpcDy(gvect) = {0}. To see that there are
no other points in the support of grradfy(kFE), we will show that any nonzero tt-ideal in
Dy (gmod(E, N)) contains grradfy(kE). Observe first that for B € gmod(E, N), we have
(Proposition 15.17 and Corollary 15.22)

grradfy(kF) ® B = grradf y(kFE) ®; Res;(B),

where grradf y(kE) @5 —: gvect — gmod(E, N) is extension of scalars (see [Bral4, Remark

4.1.11]). Thus we have a commutative diagram

gmod(E, N) grradiv (WE)e > gmod(E, N)
R$ gvect /grzadfzv(kE)m—

of exact categories and hence a commutative diagram

grradf vy (kE)®—

Dy(gmod(E, N))

> Dp(gmod(E, N))

7
RF Dy, (g\/ect) grradf y (kE)®—
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of triangulated categories. Now, suppose Y € Chy(gmod(E, N)) is a nonzero object in
Dy(gmod(E, N)); since we have seen that Res; (in (17.3)) is conservative, this is equivalent
to saying Res; (Y") is isomorphic to a nontrivial sum of shifts of twists of the unit in Dy, (gvect).
Thus

grradf y(kF) @ Y = grradf y (kE) @ Res; (Y)

in Dy (gmod(E, N)) is isomorphic to a sum of shifts of twists of the object grradfy(kE). We
conclude that grradfy(kE) € (V). O

Thus by Proposition 15.17, the vanishing locus of grradfy(kFE) is the spectrum of the
stable category st(gmod(E, N)). To capture it, we use ung.

17.4 Proposition. The tt-functor ung: st(gmod(E, N)) — st(mod(E, N)) is faithful. Ge-

ometrically,

Spc(ung

prts—t —>z Spcst(mod(E, N)) _Spelune) | Spcst(gmod(E, N)) (17.5)

1S @ surjection.

Proof. The geometric statement follows from the algebraic one (Recollection 6.8(7)). Let
f:1 — X be a morphism in gmod(F, N) such that ung(f) = 0 in the stable category
st(mod(E, N)). It suffices by rigidity (Lemma 6.9(7)) to show that f = 0 in st(gmod(E, N)).
Our hypothesis that ung(f) = 0 in st(mod(E, N)) means ung( f) factors through a projective
in mod(E, N). Such a projective is a sum of copies of ung gr radf y (kE) (Corollary 15.22), but
we may assume by linearity that it is simply ung grradfy(kE) so that we have the following

commutative diagram in mod(E, N):

1

ung(f)
: ung(X).
— /h g(X)
ung grradf y (kE)
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By Lemma 3.28, there exists g: grradfy(kE) — X such that we have the following commu-

tative diagram in gmod(E, N):

f A
L) — X.

grradf y(kE) !

Since grradf y(kFE) is projective in gmod(E, N), we conclude that f = 0 in st(gmod(E, N)).
L]

We are now ready to study the surjection (17.5). Much of the remainder of this section

is dedicated to proving the following proposition.

17.6 Proposition. Assume k is algebraically closed, let K/k be a field extension, and let
[a: O]k x and [c : d) i be points in PLT*~" both from K /k. Consider the following statements:

Spe(ung)(P(la : blwyrk))
(A) | in Spcst(gmod(E, N)),

Spe(ung)(P([e = dlx/r))
(B) | in pr-t and | n Pt

The reverse implication (A) <= (B) is true for any field extension K/k, and the forward
implication (A) = (B) is true for K = k.

We will deal with the two implications in Proposition 17.6 separately, starting with the

reverse implication.

17.7 Remark. Let us isolate the structure that gmod(E, N) affords us. For simplicity, suppose
we are given B € gmod(FE, N) and a rational closed point [a : b] € P;™"'. Then the k-
linear maps aX: B — B and bY: B — B, which (16.6) leads us to consider, are severely
constrained by the graded structure of B. Indeed, recall that aX € grradfy(kE)? whereas
bY € grradfy(kE)'. If we decompose B = @, ., B" as k-vector spaces according to its
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grading, then our k-linear maps restrict to
ung(aX): BY —— B*  and  ung(bY): BY —— Bv'!

for all w € Z. In other words, they induce morphisms aX: B — B and bY: B — B(—1) in

gvect.

17.8 Lemma. Let By, By € gvecty, and let X: By — By and Y: By — By(—1) be mor-
phisms in gvecty. The following hold:

(i) rankg(ung(X)) < rankg(ung(X) + ung(Y))

(17) rankg(ung(Y)) < rankg (ung(X) + ung(Y))

(737) rankg(uung(X) 4+ vung(Y)) = rankg (ung(X) 4+ ung(Y')) for any u,v € K*.
Proof. For (1), observe that for any morphism f in fvecty, we have

rankx (ung gr(f)) < rankg (unf(f)).
Applying this to trf(X) + Strf(Y): trf(B;) — trf(Bs) gives

rank g (ung (X)) = rankg (ung gr trf(.X))
= ranky (ung gr(trf(X) + S trf(Y)))
< rankg (unf(trf(X) + gtrf(Y)))

(

= rankg (ung(X) + ung(Y)).

For (ii), set By = By(—1) so that Y: By — Bs and X: B; — Bs(1). Now flip the
gradings, and apply (7).

For (7i7), by dividing by u # 0, it suffices to show that

rank g (ung(X) + tung(Y')) = rankg (ung(X) + ung(Y’))
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for any nonzero t € K. Let L be the invertible linear operator on ung(Bs) that scales BY by

t*, and let R be the invertible linear operator on ung(Bj) that scales B by ¢t=*. Then
ung(X) + tung(Y) = L(ung(X) + ung(Y))R
has the same rank as ung(X) + ung(Y’), as claimed. O

Proof of (A) < (B) in Proposition 17.6. Suppose |¢] specializes to [a] in Pj- (K) and [d]

specializes to [b] in P (K). We have three cases:

(1) [b] = 0, in which case [a] = [c] € P!

(2) [a] =0, in which case [b] = [d] € P} "

(3) [a] and [b] are both nonzero, in which case [a] = [c] € P} ! and [b] = [d] € P35

Recall that we want to show Spc(ung)(P([a : blx/x)) C Spe(ung)(P([c : d|k/x)). Thus, in
case (1), let B € Spc(ung)(P([a : 0]x/x)). Then

dimg (ung(Bg)) = rankg (ung(aX)) (by (16.6))

< rankg (ung(aX +dY)) (Lemma 17.8(%))

= rankg (ung(cX +dY)), (Lemma 17.8(7ii) and Notation 16.2(7))

so B € Spc(ung)(P([c : d]k/k)). Case (2) is the same up to symmetry, and case (3) is similar

and easier. O

For the forward implication, we construct objects with certain prescribed supports. To
do this, we carry over Example 6.32 to the setting of gmod(F, N), with the caveat that we
must be careful to not mix the X; and Yj. This construction is where we use the hypothesis

that k is algebraically closed.

17.9 Notation. For the remainder of this section, we assume k is algebraically closed, and

we freely describe closed subsets of PZJFS_I using their closed points (Lemma 6.31).
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17.10 Notation. For closed subsets X C Py ' and Y C P{™!, we denote by
X xY Cc Pyt
the ruled join of X and Y [FP07, Example 8.4.5] which has the closed points
(X «Y)(k) = {[uz :vy] | [u:v] €Ps, € X(k), y € Y(k)} C Py 1. (17.11)

17.12 Remark. Intuitively, the ruled join X %Y is the union of all lines in Pzﬂfl from points
in X to points in Y, where we view X as living in the first r coordinates and Y in the last
s coordinates. Except for the points in X and Y, every point in X %Y is on a unique such
line, so using (17.11) we may verify that intersections and ruled joins commute: for closed

subsets X1, Xy C Py ' and Y}, Y, C Pi!, we have

17.14 Proposition. For any irreducible subvariety P C P};’l and linear subspace ) C PZ’l,

there exists an object Bpg € gmod(E, N) such that
supp(ung(Bpg)) = P(P * Q) C Spcst(mod(E, N)).

Proof. The proof proceeds in four steps. Step 1 is for the )y-direction, steps 2 and 3 are

for the N-direction, and step 4 combines the two directions.

Step 1 (Qn-direction): There exists an object Bpp:-1 € gmod(E, N) such that
supp(ung(BRPZ_l)) = P(P xP;™") C Spcst(mod(E, N)).

Indeed, ¢ € Pz_l be the generic point of P, and let L € mod(Qn) be the Carlson module

for ¢ so that supp(L¢) = P. Then we may take BP7P271 =gz L.

Step 2 (N-direction): For any closed point [b] € P{™', there exists a p-dimensional module

Bpr—1 s € gmod(E, N) such that
supp(ung(Bpr-1 1)) = P(Pr~! % [b]F) C Spest(mod(E, N)).
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Indeed, take Bpr—1 . = gr radf(Cpr) where Cppjr € mod(N) is our p-dimensional module

from Example 6.32. Using (16.6), we see that ung(BPZ_17[b] 1) = Cppe has the claimed support.

Step § (N-direction): For any linear subspace P C P, ', there exists an object B ppi-1 €
gmod(E, N) such that

supp(ung(BRPZfl)) = P(P *P{™") C Spcst(mod(E, N)).

Indeed, as in Example 6.34, we tensor together objects of the form B[a}J_ng—l € gmod(FE, N),

and we invoke the formula (17.13) for intersections of ruled joins.

Step 4 (combining directions): The object
Bpq = Bpps-1 @ By pr-1 € gmod(E, N)
is such that

supp(ung(Bpq)) = supp(ung(Bpp:-1)) N supp(ung(Bpr-1))
=P((P+P; )N (P +Q)) (P is a homeomorphism)
=P(P Q) (by (17.13))

C Spest(mod(E, N)),
as we wanted. [
The forward implication in Proposition 17.6 is now straightforward.

Proof of (A) = (B) in Proposition 17.6. Suppose
Spc(ung)(l?([a - b1) in Spcst(gmod(E, N)). (17.15)
Spe(ung) (P([e - d]))

Suppose for now that ¢ # 0 and d # 0 so that we may set P = {[c|} C Py ' and Q = {[d]} C
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P:~. For Bpg € gmod(E, N) as in Proposition 17.14, we have

Spc(ung) ! (supp(Bpg)) = supp(ung(Bpg)) (Recollection 6.3)
= P({[c]} = {[d]}) (definition of Bpg)

C Spcst(mod(E, N)).

Observe that since Spc(ung)(P([c : d])) is in the closed set supp(ung(Bpg)), the point
Spc(ung)(P([a : b])) is as well by our hypothesis (17.15). Thus P([a : b]) € P({[c]} * {[d]}),
whence [a : b] = [uc : vd] for some [u : v] € P}, because P is a homeomorphism. We conclude
that [¢] specializes to [a] in P}~! and [d] specializes to [b] in P57,

Let us now discuss the degenerate cases. Recall (16.3). If ¢ = 0, then d # 0, so we set
@ = {[d]} and use the object

KX, ... X,]

Byp=——F—"—+
YO (XYL XD)

® Bpr15 € gmod(E, N)

which has supp(ung(By,g)) = {P([0 : d])}. Similarly, if d = 0, then ¢ # 0, so we set P = {[c]}

and use the object
KYi, ... Y]

Bro = Bre @ 7 77 10)

€ gmod(E, N)
which has supp(ung(Bpp)) = {P([c : 0])}. In both cases, we argue as in the previous para-

graph. O

Let us describe our answer in a more geometric way.

17.16 Corollary. The map

Spc(ung

pres=t 2, SpeDy(mod(E, N)) —2""y Spe Dy (gmod(E, N)) (17.17)

1s a surjection, and only 0 is mapped to 0. When k is algebraically closed, for closed points
[a: b],[c:d] € P;™7! we have Spe(ung)(P([a : b])) = Spc(ung)(P([c : d])) if and only if
[a] = [¢] in P and [b] = [d] in P57L.

Proof. Follows from Proposition 17.6 and Lemma 17.2. O
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The following non-rigorous picture illustrates the following notation and lemma:

pres=t 2, GpeDy(mod(E, N)) — 2 Spe Dy (gmod(E, N))

o

0 0
° [
[ pst
L[a:b]
............... [a] (5]
[@:0] i la: b] i0:9)
@ P e
Ma:b]
(lal, o)
. o _ _
Pk: Pk PZ ! XSpeC(k) Pk 1

17.18 Notation. For this discussion, let V' C P’,;J“s_l be the closed subset with closed points
Pt (k) UPs (k) C Pit*~! where we view P, (k) and P{~'(k) as respectively living in the
first r and last s coordinates. Let U C P! denote the open complement of V, which has
closed points

Uk) = {la: 4] | [a] € P, o] € P,
Let us fix [a : b] € U. The orbit

{[ua : vb] € Pt~ | [u:v] € Py}

of [a : b] € U gives rise to a copy of P} C P};*S’l which intersects V' in precisely two points:
la : 0] and [0 : b]. We denote this copy of P}, by L, and we denote its generic point by
Na:b]-

17.19 Lemma. Let U,V C P;"*7" be as in Notation 17.18, and let f denote the map (17.17).
The images f(U(k)) and f(V(k)) are disjoint. On V(k), the map f is injective, and on
U(k), the map f factors through the k*-action Aa : b] = [Aa : b]. Thus for any [a : b] € U,
the image (L)) consists of precisely three points: f([a : 0]), f([0 : b]) € f(V(k)) and
f(a) € FU(K)).
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Proof. Indeed we have f([Aa : b]) = f([a : b]) (Corollary 17.16). The claim about f(L.)
then follows from the following observation: if X is a spectral space and g: Py — X is
a continuous map that is constant on the closed points U(k) of a nonempty open subset
U C P}, then g is constant on U. To prove the observation, let g(U(k)) = {z} for some
r € X, and let n denote the generic point of Pj. Since U is dense in P}, we have g(n) € m

Conversely z € {g(n)} because continuous maps preserve specializations. Since X is spectral,

we conclude that g(n) = . O

Before we return to our running example, we make one quick observation that is a

corollary of Proposition 17.6.

17.20 Corollary. Assume k is algebraically closed. The surjection (17.5) takes closed points

to closed points.

Proof. Let [c : d] € Py " be a closed point, let [a : b/ € P, be an arbitrary point,
and suppose we have a specialization
Spc(ung)(P([a : blxsk))
| in  Spcst(gmod(E, N)).
Spc(ung) (P([c : d]))
Since Spc(ung)®P is a surjection, it is enough to show that these are in fact equal. Let
[a': V'] € P! be a closed point to which [a : b] /. specializes. Then
Spc(ung)(P(la’ - b))
|
Spc(ung)(P([a : blx/r)) in  Spcst(gmod(E, N)). (17.21)

|
Spe(ung) (P([e - d]))

By the forward implication in Proposition 17.6, we see that

(']

: Sr—1 : 5s—1
| in P, and | in P, .

[c] [d]
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In other words [a’ : V'] € Li..q, and we deduce that [a : D]y, is either ny.q or [c : d]. In either
case, we may plug [c : d] for [a' : ¥'] into (17.21) and read off that Spc(ung)(P([c : d])) and

Spc(ung)(P([a : b]) k/x) specialize to each other, so they are indeed equal. O

17.22 Running Fxample. We return to our Running Example 1.13. When N = 1, we have
Spce Dy (gmod(E, 1)) = Spe Dp(mod(E)), so nothing is new. For N with rank 1, let us just
consider N = Njp.q] = (y) so that Qp.) = (), as the other two are similar. Our surjec-
tion (17.5) is

Spc(ung

PL —2 Spest(mod(E, Nig)) —=2L5 Spe st(gmod(E, Nigu))),

and moreover L.;] = P,le. Thus we get the following picture:

Spc Dy (gmod(E, Nip.1p))

® supp(gr 1'3(]["\«[“_ 1 (kE))

° e. open(grradfy, . (kE))

supp(gr radf(Cla))) supp(gr radf(kNp.))

supp(gr(Afif)) supp(gr(Ajsy)) supp(gz kQ[.1])-

Following our convention of putting @) before N, note that our coordinates [a : b] € PZJFS_I =
P} are with respect to the generators z,y. Thus the Pz_l = PY is on the left-hand side, and
the PZ’I = PY is on the right-hand side. In other words, the point on the left-hand side is
Spc(ung)(P([1 : 0])), and the point on the right-hand side is Spc(ung)(P([0 : 1])). The point
on the bottom is the image under Spc(ung) of any other point in P}, including the generic

point (Lemma 17.19). The objects Ahozlz and Aj7) were defined in (1.15).

la:
When N = E, our surjection (17.5) is

Spc(ung

P, —— Spcst(mod(E, E)) _Spelung) Spcst(gmod(E, E)),
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and it is not only an injection on closed points (Corollary 17.16) but also takes closed points
to closed points (Corollary 17.20). We deduce that it is a homeomorphism. (When E has

rank > 2 it is unclear whether it is still a homeomorphism). This gives the following picture:
Spc Dy (gmod(E, E))
® supp(grradf(kE))

.......... Kerrerres@ureress @rrrnssns@eussnsenns ODEN (gr' radf'(kE))

supp(gr radf(Cla))) supp(gr radf £(E/Np.q)))

supp(gr radf k(E /Nyo.1))) supp(grradf k(E/Np.q)))-

We conclude this section with a conjecture.

17.23 Conjecture. For simplicity, we assume here that p is odd. Consider the ®-invertible
objects u = 1[2] and v = 1[2](p) in Dy(gmod(E, N)) and the bi-graded cohomology ring

H..(E, N) = @ Home(gmod(E’N))(l, U®a &® U®b>.
a,beZ

For eachi =1,...,r, we have an element U;: 1 — u with bidegree (1, 0) from the usual group
cohomology of @y arising from (15.27) (see also (6.25)). Similarly, for each j =1,...,s, we
have a morphism V;: 1 — v with bi-degree (0, 1) arising from (15.28). We conjecture that

this cohomology ring is
H**(E,N) = k[Uy,..., U, W,..., V]
and that there exists a comparison map
comp: SpcDy(gmod(E, N)) —— Spec H**(E, N)

that is a homeomorphism. The homogeneous spectrum of this bi-graded ring is some sort of

product of If’};_1 and If’z_l.
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18 Graded modular fixed points

18.1 Notation. For this section, we fix a subgroup N < E of our elementary abelian p-group

E (Notation 2.1).

In this section we study Dy, (pgmod(E, N)). In particular, in this special case of an el-
ementary abelian p-group, we see that the story is analogous to [BG25a]. Each spectrum
Spc Dy (pgmod(E, N)) contains a vanishing locus of acyclics homeomorphic to the spectrum
Spc Dy (gmod(E, N)) (Proposition 18.2), and a graded version (Definition 18.8) of modular

fixed points captures the support of the acyclics.

Crucially, we will work in terms of our complementary subgroup @ (Notation 15.2)
and N rather than in terms of E and N by writing pgmod(E, N) = pgmod|[Qy, N] (Re-
mark 15.20). To study Spc Dy(pgmod[@Qy, N]), we divide and conquer (Method 6.10) using
the object gzkosg, (1) (Recollection 13.4). The following proposition shows that the vanish-

ing locus of gz kosg, (1) is the spectrum of Dy,(gmod[Q n, N]), which we studied in Section 17.

18.2 Proposition. The tt-functor T: Dy(pgmod|[@n, N]) — Dy(gmod|[Qn, N]) induced by

the inclusion YT : pgmod[Qn, N] — gmod[Qn, N] induces an equivalence

7. Do(pgmod(Qy, N])
" (gzkosqy (1))

> Dp(gmod[Qy, N))

of tt-categories. Geometrically, Spc(Y) induces a homeomorphism
Spe(T): SpeDy(gmod[Qn, N]) — open(gzkosg, (1)) € SpcDy(pgmod[Qy, N]).

Proof. We invoke the theory of finite resolutions (Proposition 7.13). The twists of the unit
generate Dy(gmod|[@y, N]) as a triangulated subcategory (Example 14.20), and twisting
the resolutions in Lemma 15.26(iz) exhibits the required resolutions. Note that we may
identify the gmod[Qn, N]-acyclics ker(Y) C Dy(pgmod[Qn, N]|) with (gzkosg, (1)) using
Lemma 14.21(i1). O
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We now introduce a graded version of the modular fixed points functors from [BG25a,

Section 5].

18.83 Recollection. In this recollection, we allow G to be any finite group. Let H < G be a

p-subgroup [BG25a, Warning 5.1]. We have the modular H-fized points functor
U Dy(pmod(G)) —— Dy(pmod(G/H)), (18.4)
where G/ H denotes the Weyl group N (H)/H, and its composite
U Dy(pmod(G)) v, Dy(pmod(GJH)) — Dy(mod(GJ/H)) (18.5)

with the Verdier quotient (7.15) at the mod(G/ H)-acyclics. The functor (18.4) is in fact

defined at the level of exact rigid tensor categories
UH: pmod(G) —— pmod(GJH) (18.6)

in order to satisfy U7 (kX) = k(X*) for every finite G-set X. For any subgroup K < G,
the map Spc(¥H): Spc Dy,(pmod(G/H)) — Spc Dy (pmod(G)) on spectra interacts with the
Koszul object kosg(K) € Dy(pmod(G)) (Recollection 13.4) as follows:

(1) If no conjugate of H is contained in K, then im Spc(¥#) C supp(kosg(K)).

(44) If some conjugate of H is contained in K, then im Spc(¥#) C open(kosg(K))
Indeed these follow respectively from [BG25a, Lemma 5.21(a) and (b)] (see Recollection 6.5
if necessary, and recall (13.5) for intuition). One deduces, much like we will in Proposi-

tion 18.13, that over the subgroups H < G up to conjugacy, the maps Spc(¥) are injective

with disjoint images. In fact, these images partition the spectrum as sets

| | SpeDy(mod(G//H)) —— SpeDy(pmod(G)) (18.7)
Hesub(G)/G

because the functors W collectively detect nilpotence [BG25a, Corollary 7.2].
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18.8 Definition. Let H < Qx be a (p-)subgroup of our elementary abelian p-group Q. We
will define the N-graded modular H-fixed points functor

U Dy (pgmod[Qn, N]) —— Dy(pgmod[Qn JH, N]). (18.9)

As in Recollection 18.3, we begin at the level of exact rigid tensor categories. Applying U#

grading-wise in pgmod(Q)y) gives rise to an exact tensor functor

U pgmod(Qn) —— pgmod(Qn /H)

and thus to an exact tensor functor (Lemma 3.32 and Lemma 5.12)

U pgmod|[Qy, N| > pgmod[Qny /H, N|
lg lg
MOdpgmod(Qx) (grradf(kN)) —— MOdpgmod(Q /H) (grradf(kN)).

Passing to derived categories gives (18.9). In line with (18.5), we denote by

U4 Dy(pgmod(Qn, N]) LN Dy,(pgmod[Qx / H, N])
L (18.10)

Dy (gmod|Qn / H, N])

the composite with the Verdier quotient at the gmod[Qx/ H, N]-acyclics.
On spectra, W induces a map
Spe(W): Spe Dy, (gmod[Qn /H, N]) —— Spc Dy, (pgmod[Q, N1). (18.11)
Note that we studied the spectrum Spc Dy, (gmod[Qy /H, N]) in Section 17.

18.12 Lemma. Let H < Qn be a (p-)subgroup, and let K < Qn be a subgroup. Consider
the image im Spc(WH) C Spc Dy (pgmod[Qx, N]) of (18.11).

(1) If (every conjugate of) H is not contained in K, then

im Spc(WH) € supp(gzkosg,, (K)).
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(12) If (some conjugate of ) H is contained in K, then
im Spc(W) € open(gzkosg, (K)).

Proof. This follows from the commutative diagram

Spe(TH

Spc Dy (pmod(Qy)) S Spe Dy(mod(Qn /H)

TSpc(gZ) TSPC(gZ)

Spe Dy (pgmod(Qu, V1) Z-Y) Spe Dy (gmod[Quy // H, N))

together with Recollection 18.3(7) and Recollection 18.3(i7) (see Recollection 6.5 if necessary).
[

18.13 Proposition. The maps Spc(VL), for (p-)subgroups H < Qn, enjoy the following

properties:

(i) The map Spc(WR) is a homeomorphism onto its image.

(i1) A point in im Spc(WL) specializes to a point in im Spc(VUX) only if (some conjugate of)

H s contained in K.
(i43) The images im Spc(VE) are disjoint.

Proof. For (i), since inflation pgmod(Qy) — pgmod[Qy, N] is a section of WX the map
Spc(PH) is a homeomorphism onto its image (Recollection 6.6(4i)). From the definition
(18.10), we observe that the map Spc(W4) is the inclusion of an open subset (Recollection 6.6
and Proposition 18.2) followed by this homeomorphism, so it is also a homeomorphism onto
its image.

For (i), suppose Spe(¥5)(Q) € Spe(W)(P) for some P € Dy,(gmod[Qy /H, N]) and Q €
Dy, (gmod[Qn /K, N]). Note that we have gzkosg, (K) € Spc(¥X)(Q) (Lemma 18.12(i4)),
so gzkosg, (K) € Spc(UH)(P) by our assumption. Thus we deduce that H < K using
Lemma 18.12(3).
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For (i), if Spc(UH)(P) and Spc(¥X)(Q) are equal, then they specialize to each other,
so H = K by (i1). O

We now show that our graded modular fixed points functors surject the closed points
of Spc Dy (pgmod[@n, N]), and in analogy with (18.7), we conjecture that they surject the

spectrum entirely.

18.14 Proposition. The tt-functors \Pﬁ for (p-)subgroups H < Qn are collectively con-
servative. Geometrically, the maps Spc(VA) for (p-)subgroups H < Qn surject the closed
points in Spc Dy (pgmod|[Qn, N]).

Proof. The geometric statement follows from the algebraic one by using Recollection 6.8(i7).

To prove the algebraic statement, consider the following commutative diagram of tt-functors:

Di(pgmod[Q. N]) ——205 Dy (pgmod(Q)) — =5 Dy (pmod(Qy))
vl Lan

ReSQN//H

Suppose X € Dy (pgmod[Qy, N]) is such that W (X) = 0 in Dy(gmod[Qy /H, N]) for all
(p-)subgroups H < Qy. Then

U ung Resg, (X) = ung Resg, yg YN (X) =0

for all H < Qu by commutativity of the diagram. Since the tt-functors ¥ collectively
detect nilpotence (recall (18.7)), in particular they are collectively conservative, so we have
ung Resg, (X) = 0. By conservativity of the horizontal tt-functors (Lemma 6.37), we con-

clude that X = 0. OJ

18.15 Congecture. The graded modular fixed points functors \i/g for (p-)subgroups H < Qn
collectively detect nilpotence. Geometrically, the images im Spc(¥4) for (p-)subgroups H <

@y (up to conjugacy) partition the spectrum as sets:

|_| Spc Dy, (gmod[Qn /H, N]) = Spe Dy (pgmod[Qn, N]). (18.16)
Hesubp(Qn)/QN

155



We assume this conjecture from now on. We now illustrate the spectrum for our running

example.

18.17 Running Fxample. We return to our Running Example 1.13. When N = 1, we have
pgmod(E, 1) = pgmod(FE), so we get the spectrum Spc Dy, (pgmod(E)) = Spc Dy, (pmod(E))
of [BG25a] (see Running Example 11.15).

For N of rank 1, let us again just consider N = Njp.1) = (y) so that Q. = (z), as the

other two are similar. Recall that we write

pgmod(E, Ni.1) = pgmod[Qo.1], Njo:1))

and that the spectrum of Dy, (pgmod[Qo.1), Njo.1j]) is partitioned (Conjecture 18.15) by the

graded modular fixed points functors
Spc(i’}v[m)i Spc Dy,(gmod[Qjo.1), Npo-1j])) — Spe Dy, (pgmod[Qo.11, Njo:1)])
Spc(\i/giiﬂ): Spc Dy, (gmod[Qo.1), Njo:1)]) —— Spc Dy, (pgmod[1, Njo.1j]).
We obtain the following picture:

Spc Dy, (pgmod(E, Njo.1)))

supp(gz kosg (A\'m: 1] ) ‘@ ® open(gzkosy (Nm: 1] )
° ° °
°
supp(gr radf(Cla.y))) supp(grradfy,,  (KE)) supp(gr radf (kN.1)))
supp(gr(Apif)) supp(er(Ajs)) supp(gz kQpa))-

Note that the cyan region is the vanishing locus of the gmod|Qo.1], Njo.1j]-acyclics and also
the image of Spc(\i/}v[ozl]), and note that the magenta region is the support of these acyclics

and also the image of Spc(@%iﬂ) The objects AP and A} were defined in (1.15).
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We owe an explanation for the two specializations between the strata. Note that there
can only be specializations from the cyan to the magenta region, and by the computa-
tion of supp(gr(A}[la‘fi]Z)), we are reduced to considering the left-hand point and the bottom
point of the cyan region. From the homeomorphic copy of SpcDy,(pmod(Qj.1))) given by
Resgy,,,» we deduce the specialization for the left-hand point. For the bottom point, let us
restrict our attention to the spectrum of the stable category st(pgmod(E, Njg.11)), which is
open(grradf(kNjy.1y)). Since it must be connected, there must be a specialization from one

of the two points in the cyan region to the point in the magenta region. But the higher point

in the cyan region is in supp(gz k@), hence admits no other specializations.

In the case N = E, we only have one graded modular fixed points functor, so we have

the following picture:

Spc Dy, (pgmod(E, E))

® open(gzkosg(l))

supp(grradf(Cla.))) supp(gr gap! radf(kE)) supp(grradf k(£ /Np.q)))

supp(gr radf k(E/Nyo.11)) supp(gr radf k(E/Np.1)).

After all, this is not surprising at all because pgmod(E, E) = gmod(E, F).

18.18 Remark. We can easily generalize this section to the category pgmod|[G, N| of modules
in gvect over the Hopf monoid gz kG ® grradf(kN). Indeed, we still have a cohomological

open by generalizing Proposition 18.2 and Lemma 15.26(#7) using Example 7.14.
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19 The support of radf(kQy) in the relative subcategory

19.1 Notation. For this section, we fix a subgroup N < F of our elementary abelian p-group

E (Notation 2.1).

In this section we finally begin determining the spectrum of Dy (pfmod(E, N)). Our
strategy is to divide and conquer (Method 6.11) using the object radf(kQy) ® cone(p)
in Dy, (pfmod(F, N)). By pushing our methods from Part 11, we will see that the support of
radf(kQn) ® cone(p) is a copy of Spc Dy,(pgmod(E, N)) induced by gr: Dy (pfmod(E, N)) —
Dy (pgmod(E, N)) (Theorem 19.13). We will also see that the vanishing locus of cone(f) in
the spectrum Spc Dy, (pfmod(E, N)) is, as usual, a copy of SpcDy(mod(E)) induced by unf
(Proposition 19.3).

19.2 Remark. We illustrate the significance of this section using the following rough picture,

where we depict open(radf(kQy)) and open(cone(3)) separately:

Spc Dy (pfmod(E, N))

supp(radf(kQn) ® cone())

? ?

open(radf(kQn)) ® open(cone(f))

Since we are considering radf(kQy) instead of radf(kE), we shift our colors somewhat.
We keep the cyan open(cone(3)), but now we use orange for open(radf(kQy)) and pur-
ple for supp(radf(kQy) ® cone(3)). In this picture, we have included the vanishing locus
open(radf(kE)) in its usual yellow. Note that open(radf(kQy)) C open(radf(kE)) because
radf (kQy) @ radf(kN) ~ radf(kE).
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Let us first discuss the extreme cases. When N = FE so that (Qy = 1, the orange and
cyan regions agree, so this section entirely determines the points in Spc Dy, (pfmod(E, E)).
However, when N = 1 so that radf(kQy) = radf(kE), this section contains nothing new
because in Part I we have already determined open(cone(f)) and supp(radf(kE) @ cone(5))
in SpcDy(pfmod(E)). Recall that in this case we were unable to determine anything in

open(radf(kE)) outside of the cyan region.

In the non-extreme cases where 1 < N < FE, the spectrum of the stable category
open(radf(kE)) is both nonempty and is larger than open(radf(kQy)) because (radf(kE)) C
(radf(kQy)). The significance of this section is that now we are able to determine something
in open(radf(kE)) outside of the cyan region, namely the slice of open(radf(kE)) marked by
a double-exclam that invades the purple region. This may seem like an empty accomplish-
ment because these double-exclam slices only live in the spectra Spc Dy, (pfmod(E, N)) of the
relative subcategories, but we will see in the next section that in fact these double-exclam

slices leak into the spectrum Spc Dy, (pfmod(E)) of our original tt-category.

We begin by deducing as much as we can from our results from Part II. This will let
us determine the vanishing locus of cone(f) and the support of radf(kE) ® cone(f) in
Spc Dy, (pfmod(E, N)).

19.3 Proposition. The tt-functor unf: Dy(pfmod(E, N)) — Dy(mod(E)) induces an equiv-

alence

1%

—. Dy (pfmod(E, N))
~ (cone(f))

Geometrically, Spc(ﬁ) mduces a homeomorphism

> Dp(mod(E)).

Spe(unf): SpeDy(mod(E)) —— open(cone(3)) < SpeDy(pfmod(E, N)).

Proof. The functor unf is fully faithful because it is the composite

— Du(pfmod(E, N)) incly, Dp(pfmod(E)) = o
R e . R ) " Drlmod(E))
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Here incl), is the Verdier quotient of incly : Dy(pfmod(E, N)) » Dy,(pfmod(F)) at cone(f).
Since incl), is fully faithful (Proposition 15.25), so is the Verdier quotient at cone(3) (Propo-

sition 8.9). The equivalence in the composite is (10.10).

It follows that it is essentially surjective: its essential image is triangulated because it is
fully faithful, and the twists of the unit generate Dy,(mod(FE)) as a triangulated subcategory
(Example 6.43). O

19.4 Proposition. The tt-functor
ung gr Resg, : Dy(pfmod(E, N)) m Dy, (pfmod(Qn)) LN Dy(pmod(Qx))
induces a homeomorphism
Spc(ung gr Resg, ): Spe Dy (pmod(Qy)) — supp(radf(kE) @ cone()) (19.5)
with the support of radf(kE) @ cone(f) in Spc Dy(pfmod(E, N)).

Proof. We may easily reduce to showing (19.5) is a surjection. Indeed (recall (15.3)),

(o)* 2
— —
Dy (pfmod(E, N)) [y Dy (pfmod(Qn)) gz Do(pmod(Qn))

exhibits a section of ung gr Resg,, and the object
ung gr Resg,, (radf (kE) ® cone(f)) € Dy(pmod(Qn))

has full support, for example by (11.6). See Method 6.10(4) if necessary.

To see that (19.5) is a surjection, consider the following commutative diagram of tt-
categories:
Dy (pmod(E)) « 7% Dy (pmod(Qx))
] g,

Dy, (pfmod(E)) N Dy, (pfmod(E, N)),
lnCN
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where incly, is fully faithful by Proposition 15.25. On spectra, we have the commutative

diagram
. Spe((ef))
pc Dy (pmod(E)) » Spc Dy (pmod(Qw))
Spe(ung gr) | 2 . ISpe(unggrResq )
supp(radf(kF) ® cone(f)) Spelinely), supp(radf(kFE) ® cone(f))
N o N
Spc Dy (pfmod(E)) Spelindy) Spc Dy, (pfmod(E, N)),

where Spc(ung gr) induces the depicted homeomorphism by Theorem 11.5. The top square
shows that Spc(unggr Resg,, ) surjects supp(radf(kE) ® cone(f)) (recall Recollection 6.5 if

necessary), as we wanted. O

19.6 Proposition. The tt-functor Y: Dy(pfmod(E, N)) — Dy(fmod(E,N)) induces an

equivalence
~ Dp(pfmod(E, N))
(fzkosg, (1))

of tt-categories. Geometrically, Spc(Y) induces a homeomorphism

> Dp(fmod(E, N))

Spe(T): SpeDy(fmod(E, N)) — open(fzkosg, (1)) € SpecDy(pfmod(E, N)).

Proof. This is analogous to the proof of Proposition 18.2. Spelling it out, we invoke the the-
ory of finite resolutions (Proposition 7.13). The twists of the unit generate Dy, (fmod(E, N))
as a triangulated subcategory (Example 14.20), and in Lemma 15.26(¢) we exhibited the re-
quired resolutions of the unit. Note that we may identify the fmod(E, N)-acyclics ker(Y) C
Dy (pfmod(E, N)) with (fzkosg, (1)) using Lemma 14.21(z). O

Recall that our goals for this section are to determine supp(radf(kQy) ® cone(f)) and
open(cone()) in SpcDy(pfmod(E, N)). We have already accomplished the latter (Propo-
sition 19.3), and we have made progress on the former by determining supp(radf(kF) ®
cone(3)) (Proposition 19.4). Thus, it remains to determine the support of the object
radf(kQn) ® cone(f) in the spectrum of the stable category st(pfmod(E, N)), as illustrated
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by the double-exclam slice in Remark 19.2. We will do this now, starting with three baby
steps in the next three lemmas. Recall our notations in Example 15.30, Convention 15.13,

and Notation 3.29.
19.7 Lemma. Let A € pfmod(E), and let H < Qy. Let
g9: g2 k(Qn/H) — gr(4)
be a morphism in pgmod(E). Then there exists a morphism
f: f2k(Qn/H) @ radf(kH) @ radf(kN) —— A

in pfmod(FE) such that gr(f)° = ¢° or, in other words, such that the following diagram in

pgmod(E) commutes:

gzk(Qn/H)
1®L®LI x
gzk(Qn/H) ® grradf(kH) ® grradf(kN) gr(A).

gr(f)

Proof. In the statement of Proposition 9.6, we take the group G and its normal subgroup

N < G there to be, respectively, our £ and its subgroup HN < E here. O

19.8 Lemma. Let A € pfmod[Qn, N|, and let H < Q. Let
g g h(Qn/H) ® grradi(kN) —> gr(A)
be a morphism in pgmod|Qy, N|. Then there exists a morphism
fi f2k(Qy/H) ® radf(kH) © radf(kN) —— A

in pfmod[Qn, N] such that the following diagram in pgmod|Qn, N] commutes:

gz k(Qn/H) @ grradf(kN)

el 9 (19.9)
gz k(Qn/H) @ grradf(kH) ® gm gr(A).

gr(f)
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Proof. Consider the morphism ¢': gz k(Qx/H) — gr(A) in pgmod(FE) defined by (¢')° = ¢°.
By Lemma 19.7, there exists a morphism f: fzk(Qn/H) ® radf(kH) ® radf(kN) — A
in pfmod(E) such that gr(f)® = (¢')° in pgmod(E). Observe that in fact f is in the full
subcategory pfmod[Qy, N] C pfmod(E). Thus, we only need to verify that f makes (19.9)
commute. The indecomposable module gz k(Qy/H)®grradf(kN) over the monoid gz kQn ®
grradf(kN) is generated by the element 1®1 in grading 0 (Example 15.30(iv)), so it suffices

to verify that (19.9) commutes for this generator. This follows from ¢° = (¢')° = gr(f)°. O

19.10 Lemma. Let f: Ay — Ay be a morphism in pfmod[Qx, N|. Consider the following

statements (compare with Lemma 3.12 with Lemma 11.2):
(1) We have gr(f) =0 in st(pgmod[Qy, N]).

(1) The morphism f factors through (: As(—1) — As in st(pfmod[Qy, N]):

As(—1)
ST 18

A L

(1ii) The morphism f factors through 5: Ay — A1(1) in st(pfmod[Qx, N]):

Al;\){A2

GRS
A (D).

The statements (ii) and (iii) are equivalent, so we simply say that f factors through 5.

Moreover, (ii) and (iii) each imply (i) but not conversely.

Proof. Suppose (ii). This means there exists a morphism f’: A; — As(—1) in pfmod[Qy, N]
such that f — Bf’ factors through a projective P € pfmod[Qy, N]. Consider the following
commutative diagram in pfmod[Qy, N|, recalling if necessary that 3: Ay — A(1) is a mono

(Remark 3.11):



We deduce that f — f'(1)5 = (f(1) — 8f'(1))(—1) factors through P(—1), hence (iiz).
The reverse implication is almost identical. The rest follows from Corollary 15.22 and Re-

mark 15.23. O

19.11 Proposition. The tt-functor
gr: st(pfmod[Qy, N]) —— st(pgmod[Qx, N])
is faithful on radf(kQy) ® cone(p).

Proof. Let f: 1 — A be a morphism in pfmod[Qy, V] such that gr(f): 1 — gr(A) is zero in
st(pgmod|@n, NV]). It suffices (Lemma 6.9(i7) and Lemma 11.2) to show that the morphism

eVradf(kQN)
\
?

radf(kQy )Y ® radf (kQy) 1154

in pfmod[@Qy, N] factors through 8 (recall Lemma 19.10) in st(pfmod[@ny, V]). Recalling
(Corollary 9.17) that radf(kQn)" = radf(kQn)(—lg, + 1), we deduce using Lemma 4.10
that radf (kQy)" @radf (kQy) is a sum of twists of radf (k@ ) where exactly one of the twists
is 0 and the others are negative. The components of the morphism on the negative twists
already factor through 3 because we are passing through the unit 1, so we are reduced to

showing that the morphism

radf(kQy) —— 1 —1— A

in pfmod[@y, N] factors through S in st(pfmod[Qy, N]). This is what we now set out to

prove.

Let us unravel our hypothesis that gr(f): 1 — gr(A) is zero in st(pgmod|Qy, N|). This
means the morphism gr(f): 1 — gr(A) in pgmod|Qn, N] factors through a projective P:



By Corollary 15.22, the projective P is a sum of twists of objects of the form gz k(Qn/H) ®
grradf(kN) where H < Qn. Thus, by linearity and by Example 15.30(iv), we may assume
Pis gzk(Qn/H) @ grradf(kN)(—{y + 1) for some subgroup H < Qu and that n is the
morphism (15.31). This produces the triangle on the right-hand side of the following diagram
in pgmod[@ y, V], which extensively uses our notations in Example 15.30:

TRTR1

grradf k(Qn/H) @ grradf(k H) @ 1 ———— » 11®1
@11,
1@ grradf(kH)® 1 Tolen
n@TEn | gr(f) (19.12)

gz k(Qn/H) @ 1@ grradf(kN)(—(y + 1)

10:@1] x +
gz k(Qn/H) ® grradf(kH) @ grradf(kN)(—{(y + 1) gr(A).

gr(f')

By Lemma 19.8, there exists a morphism
f'i fzk(Qn/H) @radf(kH) @ radf (kN )(—ly +1) —— A

in pfmod|@ n, V] making the bottom triangle commute. We then easily fill in the upper-left
triangle. We define f” to be the composite

radf k(Qn/H) @ radf (kH) ® 1

$e®11
l@radf(kH)®1

In®1®n
fzk(Qn/H) @ radf(kH) @ radf (kN)(—ln) — A
so that gr(f”) is the composite along the left and bottom edges in (19.12), using Exam-
ple 15.30(i) and Example 15.30(i7). Crucially, our diagram is in pfmod[Qx, N] (as opposed

to the stable category), so we may appeal to Lemma 3.12 to see that fe — f” factors through
.

Finally, we define f” to be the factoring morphism: gf"” = fe— f”. Then fe—pgf" = f"
factors through a projective, hence is zero in st(pfmod[Qx, N]). We conclude that fe = g f"”
in st(pfmod[Qy, N]) factors through 3, which is what we set out to prove. O
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Let us make sense of these two gr functors by merging them into one.

19.13 Theorem. The tt-functor
gr: Dy(pfmod[Qy, N]) —— Dy (pgmod[@n, N])
on spectra induces a homeomorphism
Spe(gr): Spe Dy (pgmod|[Qn, N]) —— supp(radf(kQy) & cone())
with the support of radf(kQx) ® cone(3) in Spc Dy (pfmod[Qn, N]).

Proof. Recall (from (15.12)) that crucially gr admits trf as a section. Moreover, the ob-
ject gr(radf(kQy) ® cone(3)) has full support in Dy(pgmod[@y, N]), as we discussed in
Example 15.30(i27). We are therefore reduced (Recollection 6.5(7) and Recollection 6.6(it))

to showing that Spc(gr) surjects the support supp(radf(Qy) ® cone(f)).

We divide and conquer (Method 6.10) this support supp(radf(Qy) ® cone(/3)) using the
object radf(kE) € Dy(pfmod[Qy, N]). On the one hand, we have

supp(radf(kQx) ® cone(3)) Nsupp(radf(kE)) = supp(radf(kE) ® cone()),
and Proposition 19.4 ensures that Spc(gr) surjects this. On the other hand, we have
supp(radf(kQx) ® cone(3)) Nopen(radf(kE)),

which is the support of radf(kQy) ® cone(f) in the stable category, and Proposition 19.11
asserts that Spc(gr) surjects this. O

We have now determined open(cone(f3)) and supp(radf(kQy) ® cone(f)). Let us take a

moment to discuss specializations in the extreme case N = F.
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19.14 Remark. Consider the following diagram:

P7];+571 PZJrsfl
~|P
Spc Dp(mod(E, N))
o= QLSpc(ung)

Spc Dy (gmod(E, N))
ISpe(w})=Spc(T)

Spc Db(\r;md(E)) Spc Dy, (pgmod(E, N))
Spc(unf)l% %J/Spc(gr)
open(cone(f3)) supp(radf(kQx) ® cone(f3))

~

Spc Dy, (pfmod(E, N)).

Let us respectively denote by L and H (for lower and higher) the composite on the left-
hand and right-hand side. Geometrically, L is simply the embedding of open(cone(3)) into
Spc Dy (pfmod(E, N)), and H produces points in the vanishing locus of gmod(E, N)-acyclics
in Spc Dy (pgmod(E, N)) and then embeds them into Spe Dy, (pfmod(E, N)) via Spe(gr). For
the unique closed point 0 € |'32+8_1, we see that L(0) specializes to H(0) because H(0) =
ker(T gr) C ker(unf) = L(0) (Lemma 6.37). For the non-closed points P;**~! C I'DZJFS_I,
things are not so clear. On these points, P is defined in terms of m-points (Proposition 16.5)
which lend themselves naturally to stable categories, but H does not factor through stable
categories because the projectives in pgmod(E, N) are generated by grradf(kN) (Proposi-
tion 15.17) whereas radf(kN) is not projective in pfmod(E, N) (Corollary 15.22). For this

reason we consider the extreme case N = E, where the composite H does factor through
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the stable categories:

Pr+s—1 Pr+s—1
k

k L
Spcst(mod(E, E))

Pl $Spe(ung)
Spcst(gmod(E, E))
4 ISpe(w))=st(T)
Spcst(mod(E)) Spcst(pgmod(E, E))
Spe(unf) |~ = | Spe(er)
open(cone(/3)) supp(radf(kFE) ® cone(3))

/

Spcst(pfmod(E, E)).
In this case we may argue that L([a : b|x /) specializes to H([a : b]x/k).

We now illustrate the region we have determined for our running example.

19.15 Running Example. We return to our Running Example 1.13. Recall (Remark 19.2)
that the case N = 1 is what we did in Part II and that in the case N = E. we have found

all of the points. We now apply Theorem 19.13 and Proposition 19.3.

For N = E, we obtain the following picture:

Spc Dy (pfmod(E, E))

®  supp(cone(s))

® open(cone(f))

supp(radf(Cla))) supp(radf k(£ /Np.q))) supp(radf k(£/Np.1))

supp(gap' radf(kE)) supp(radf k(E/Np.))-
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The picture is claiming that we have a doubling of P,lC This is because Remark 19.14 shows
that each of the lower points specializes to its corresponding higher point, and conversely

the depicted supports show that it specializes nowhere else (besides the 0 points).
For N with rank 1, say N = Ny} = (y), we obtain the following:

Spc Dy, (pfmod(E, Ni.1)))

° ® supp(radf k(E/Ng.1)) ® cone(S))

open(radf k(E/Njg.1}) ® cone(3)) ® open(cone(f))

?
.......... SKerenenes@purrersns@uerernes@puurersnnns

[
supp(radf(Cia))) supp(radf k(E/Np.o)) supp(radf k(E/Np.q))
supp(radf kF) supp(radfn,,, (kE)) supp(radf k(E£/Njp.1)).

20 Reduction to the relative subcategories

20.1 Notation. In this section, we let N < E (Notation 2.1) be a proper subgroup.

In this section we determine the vanishing locus of radf(kQ y) ® cone(/3) in the spectrum
Spc Dy (pfmod(E, N)). In particular, we show that this vanishing locus open(radf(kQx) ®
cone(3)) is covered by smaller vanishing loci (Proposition 20.5), each of which is homeomor-
phic to a vanishing locus in a smaller relative subcategory (Corollary 20.16). Since we have
already determined the spectrum Spc Dy (pfmod(E, E)) of the smallest relative subcategory
(Remark 19.2), this lets us determine Spc Dy, (pfmod(£)) by induction.
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We begin by introducing these smaller vanishing loci. Recall (Recollection 6.12) that
in a rigid tt-category, an object is tt-equivalent to any tensor power of itself, for example

(cone(B)) = (cone(3)®™) for any m > 1. We will use this freely throughout this section.

20.2 Notation. Given a subgroup L € sub(E) such that N < L, we denote by

sub(E, N) C sub(FE) the sublattice of subgroups H € sub(F) where N < H

sub(E, N, L) C sub(F) the subset of subgroups H € sub(E) where N < H % L.

20.3 Notation. Let L € sub(E, N). For K € sub(F), which we will always take to be K = N
or K = L, we define the following finitely generated tt-ideal in Dy(pfmod(FE, K)) (recall

Example 15.24 if necessary):
Ug(N, L) = (radf k(E/H) ® cone(f) | H € sub(E, N, L)) C Dy(pfmod(E, K)).
20.4 Running FExample. We return to our Running Example 1.13. We have

UN[I:O] (N[I:O]a E) = (radf k(E/N[lo]) ® COHe(ﬁ)> C Db(pmed(E, N[I:O]))
Un,, (N, B) = (radf k(£/Np.1)) ® cone()) C Dy(pfmod(E, Npy.ap))

UN[O:I] (N[O:H’ E) = (radf ]{I(E/N[Ol]) X Cone(ﬁ)> - Db(pfmod(E, N[O:l]))

and
it N = () ) < Domon)
it ) = (TR ) ) < st
) = V) S el )  Dmonts).

We also have the simplified expression

radf k(E/Nj1.0)) ® cone(f3),
Ui (1,E) = <radfk(E/N[1;1]) ® cone(ﬁ),> C Dy (pfmod(E))
radf k(E/Njp.)) ® cone(S)
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because the tensor product of any two of the three objects radf k(E/Np.q)), radf k(E/Np.1),
and radf k(E/Nj.y)) is radf(kE).

20.5 Proposition. Let K € sub(F), and consider the functor (recall Notation 6.13)

Uk (N, —): sub(E, N) —— ideals(Dy,(pfmod(FE, K))).
(i) It preserves joins: if Ly, Ly € sub(E, N), then Ux (N, Ly1Ls) is the tt-ideal generated by
UK(N, Ll) and uK(N, LQ)

(13) It may not necessarily preserve meets, but it does satisfy

(radf k(E/N) ® cone(8)) = | Ux(N, L).

L>N

Consequently
open(radf k(E/N) ® cone(f)) = ci)li]{[n open(Ug (N, L)).
>

Proof. Note (Recollection 6.4)
Ug(N, L) = < @ radf k(E/H) ® cone(5)> : (20.6)
Hesub(E,N,L)

For (7), the direct sum
EB radf k(FE/H;) ® cone(f) & @ radf k(E/Hs) @ cone(f)
Hy€sub(E,N,L1) Haesub(E,N,Ls)
generates the same tt-ideal as
@ radf k(E/H) ® cone(/3)
Hesub(E,N,L1Ls)

because H % LiL, if and only if H 2 L, or H 2 Lo, using that F is elementary abelian.
This proves (i) by (20.6).
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For (it), we compute

ﬂ supp(Ug (N, L)) ﬂ supp @ radf k(E/H) ® cone(f3)

L>N L>N Hesub(E,N,L)
= supp ® @ radf k(E/H) ® cone(f)
L>N Hesub(E,N,L)
Consider expanding this tensor product of sums into a sum of tensor products. An arbitrary
term in the expanded sum is of the form

® radf k(E/Hy) ® cone(p) (20.7)

L>N

where for each L > N, the subgroup H; < F is such that H;, € sub(E, N, L). Since
() H.=N (20.8)
L>N
again using that F is elementary abelian, our arbitrary term (20.7) is the tensor product of
a sum of twists of radf k(E/N) (Lemma 4.10) with a tensor power of cone(/3). Thus

ﬂ supp(Ug (N, L)) = supp(radf k(E/N) ® cone(f)),

L>N

as claimed. n

20.9 Remark. In Proposition 20.5(i7), it is enough to vary over the subgroups L > N where
L/N has rank 1. Indeed, (20.8) only requires such L.

We now show that each of these smaller vanishing loci come from the spectra of smaller
subcategories. In fact we will work slightly more generally and consider smaller tt-ideals and

hence larger vanishing loci. Compare the following to Notation 20.3.

20.10 Notation. Let L € sub(E, N). For K < L, which we will always take to be K = N
or K = L, we define the following finitely generated tt-ideal in Dy(pfmod(E, K)) (recall

Example 15.24 if necessary):

Ik (N, L) = (radf, k(F/H) ® cone(B) | H € sub(E, N, L)) C Dy(pfmod(FE, K)).
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20.11 Lemma. Let L € sub(E,N), and let H € sub(E, N, L). In the Verdier quotient

Dy (pfmod(E, N))
In(N, L) ’

the objects radfp k(E/H) and fzk(E/H) are isomorphic.

Proof. In this proof we forgo our convention in Notation 3.9 for abbreviating S and instead
write our morphisms out fully. Let ¢ be sufficiently large so that the identity morphism on
k(E/H) induces a morphism radf; k(E/H) — fzk(E/H)(¢) in pfmod(E, N); for example
we may take ¢ to be ¢y or, more conservatively, the filtration length of radf; k(E/H).
Consider the following diagram in the Verdier quotient Dy(pfmod(E, N))/In(N, L) where

the underlying morphisms are all the identities:

B®@radfy, k(E/H)

m
radf, k(E/H)(—{) — t2k(E/H) — radf, k(E/H) — t2k(E/H)(0). (20.12)
\_/

Bz k(E/H)
Let us show that the labeled morphisms in (20.12) are invertible. We have
cone(%") @ radf, k(E/H) € In(N, L) (20.13)
since (cone(3%)) = (cone(f3)) [Ball8, Proposition 2.10]. From (20.13) we see that
cone(8%) @ fz k(E/H) @ vadf k(E/H) € In(N, L).
This implies
cone(8%) @ fzk(E/H) € In(N, L) (20.14)

since Lemma 4.4 says fzk(FE/H) ® radfy k(E/H) is a direct sum of twists of fzk(E/H).

Now (20.13) and (20.14) show that the labeled morphisms are invertible, as we wanted.

We may now deduce that the middle morphism fzk(E/H) — radf, k(E/H) in (20.12)
is an isomorphism. Indeed, we easily use the labeled morphisms in (20.12) to construct
respectively a left and right inverse of the middle morphism, and then of course these inverses

are equal. O
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20.15 Theorem. Let L € sub(E,N). The fully faithful (Proposition 15.25) tt-functor
inclY : Dy (pfmod(E, L)) »— Dy (pfmod(E, N))

induces an equivalence

g Dy(pfmod(E, L)) =~  Dy(pfmod(E, N))
L jL(NvL) jN(NvL) ’

7

where Ix(N, L) is defined in Notation 20.10. Geometrically, Spc(incly ) induces a homeo-

morphism
Spc(incllY

Spe Dy (pfmod(E, N)) )y Spe Dy (pfmod(E, L))

1 1
open(JIy(N, L)) — > open(JL (N, L)).

R

Proof. The geometric statement is immediate from the algebraic one (Recollection 6.6(iii)).
The tt-functor inclg is fully faithful by Proposition 15.25, so W is fully faithful by Propo-
sition 8.9 (see Corollary 8.10 if necessary). It remains to show that W is essentially
surjective. Recall (Example 14.20) that the twists of fzk(E/H) for H € sub(E, N) generate
the target as a triangulated subcategory. The essential image of W is a triangulated sub-
category because we have seen that W is full, and it is also closed under twists because
1(1) and 1(—1) are in the essential image. Fix H € sub(F, N); we are reduced to verifying
that fzk(FE/H) is in the essential image.

We consider the cases H > L and H % L separately. In the former case, we have
fzk(E/H) € Dy(pfmod(E, L)) (Example 15.24), so certainly fzk(E/H) is in the essen-
tial image. In the latter case, we have H € sub(FE, N, L), and the objects radf, k(E/H)

and fzk(E/H) are isomorphic in the target of incl} by Lemma 20.11. Therefore, since
radf, k(E/H) € Dy(pfmod(E, L)) (Example 15.24) we see that fzk(E/H) is in the essential

image. [l
20.16 Corollary. Let L € sub(E, N). The fully faithful (Proposition 15.25) tt-functor
incly : Dy(pfmod(E, L)) > Dy(pfmod(E, N))
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mduces an equivalence

Dy(pfmod(E, L)) ~  Dy(pfmod(E, N))
uL(NJL) ' uN(N7L) ’

. N .
incly :

where Un(N, L) is defined in Notation 20.3. Geometrically, Spc(incll) induces a homeo-

morphism

Spc(incldY

Spe Dy (pfmod(E, N)) )y Spe Dy (pfmod(E, L))

1 Spe(incld) 1
open(Uy(N, L)) =~ open(U(N, L)).

o

Proof. Observe that indeed Jx(N,L) C Ug(N,L) by Lemma 4.8. Thus we may further
quotient the equivalence in Theorem 20.15 to Uy (N, L) and U, (N, L) respectively on each

side, and this gives the corollary. O]

20.17 Remark. Lemma 20.11 was inspired by [BG22b, proof of Lemma 6.11(b)], and Theo-
rem 20.15 was inspired by [BG22b, proof of Theorem 6.18].

To illustrate Theorem 20.15, let us determine the rest of the points of the spectrum
Dy, (pfmod(E)).

20.18 Running Example. We return to our Running Example 1.13. Let us put everything
together. Recall that we have already determined Spc Dy (pfmod(E, E)) fully in Running

Example 19.15, and recall that we are assuming Conjecture 17.23 and Conjecture 18.15.

So let us determine Spc Dy, (pfmod(E, N)) for the rank 1 subgroups N < E. Starting with
N = Njp.1}, using Corollary 20.16 for the tt-ideal (see Running Example 20.4)

Ung.yy (Nio:ay, £) = (radf k(E/Njp.1)) ® cone(3)) C Dy,(pfmod(E, Njo.1)))

and our answer for Spc Dy, (pfmod(E, E)) (Running Example 19.15), we obtain the following

picture:
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Spc Dy, (pfmod(E, Njg.1)))

° o supp(radf k(E/Ng.1]) ® cone(S))

® open(cone(fB))

°
open(radf k(E/Njg.1]) ® cone(B)) sl D (poooocen PO P
°
supp(radf(Cla))) supp(radf k(£ /Np.q))) supp(radf k(£/Np.1))
supp(radf kE) supp(radfn,, (kE)) supp(radf k(E£/Njp.1))).

We also do the same thing for Nj;.;; and Njg.qj, which give similar answers.

Finally, we determine Spc Dy, (pfmod(E)). We start by using Corollary 20.16 for the tt-
ideals Us (1, Niop), Ua(1, Nppag), Ui (1L, Nig.qp) in Dy (pfmod(E)) (see Running Example 20.4).

For example, for N = Njp.qj, this gives a copy of the vanishing locus

df k(E/Nj1.0) @ cone(}3)
open(U 1, Njp.yy)) = open | o 7
pen(Uny,, (1, Njp:y)) = open (radfk(E/N[lzl]) ® cone(f)

C SpC Db(pfmod(E, N[O:l}))

inside Spc Dy, (pfmod(E)). We get two similar copies from Np.q) and Np.1). Once we glue them

along the vanishing locus of the tt-ideal
radf k(£/Np.0) ® cone(f3),

open(Ui (1, E)) = open | radf k(E/Np.i) ® cone(f), | C SpcDy(pfmod(E))
radf k(£/Njp.1)) ® cone(f3)
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we get open(radf(kFE)®cone(s)) C Spe Dy (pfmod(E)) (Proposition 20.5). The picture on the
front cover of this work depicts this; the yellow region in that picture is open(U; (1, Ny.)),

and the cyan region in that picture is open(U; (1, E)). Here is a more detailed picture of our

spectrum:
Spc Dy (pfmod(E))
° ° ° ° °
supp(radf(kE) ® cone(3)) ‘@ ° S S 1920290\
? °
?
o 0o 0 ° ° °
?
° ° [ SR Fe— @ oo (oo S open(cone(f3))
(]
[ ]
? .......... * ........ . ........ . ........ . ..........
°
supp(radf(Ca)) supp(radf k(£ /Ny.11)) supp(fz k(E£/Njo.11))
supp(gap’ radf(kE)) supp(gap’ radf kE(E/Np.ap))-

The yellow region has three distinct parts, in increasing order of height: the green part,
the purely yellow part of open(U; (1, E')) which we call the st(pgmod) points of rank 2, and
the remaining nine points which we call the st(pgmod) points of rank 1. Let us justify this
discrimination by height. The st(pgmod) points of rank 2 are higher than the green part
because it is doubled downward, according to the topology of SpcDy(pfmod(E, E)). The
st(pgmod) points of rank 1 are higher than the st(pgmod) points of rank 2 because the way
in which we divided and conquered Spc Dy (pfmod(E, N)) for rank 1 subgroups N forbade

specializations the other way.
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The dash-dotted lines and the question marks indicate missing specializations from these
parts of the yellow region to other parts of the yellow region or to the support supp(fzkosg(1))
of the acyclics in the magenta region. These are the only missing specializations because we
have determined the subspace consisting of the magenta and cyan regions, and as we just
discussed, we know the specializations from the green part to the st(pgmod) points of rank
2. Note that the intra-yellow dash-dotted lines are essentially the same dash-dotted lines in
our pictures of Spc Dy, (pfmod(E, N)) for rank 1 subgroups IV, whereas the dash-dotted lines

from the yellow region to the magenta region are truly new.

We may easily compute the supports of radical filtrations of objects in mod(E) because
they are in all of the relative subcategories. For fz k(E/Njy.1)), even though it is not in the rel-
ative subcategories pfmod(E, Npi.q)) and pfmod (£, Nj1.1)), we may confirm its membership in
primes coming from these relative subcategories by using that radf k(£/N.1)) @1z k(£ /N.1)
is a sum of twists of fz k(E/Nj.1)) (Lemma 4.4).

20.19 Remark. We conjecture that the remaining specializations and the supports of the

depicted objects (recall (1.15) if necessary) are as follows:

Spc Dy, (pfmod(E))
( (] (] (] (]
supp(radf(kE) ® cone(3)) .@ ° N oo T oo yeocio- (yocoobeco
(
o o o ( ( ]
Y ° O coommy 8% rrorors @ oo (oo S open(cone(3))
[ J
(]
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supp(fz kosg(Njo.1))

vert horz

supp(Ajzy) supp(App)-

Note that it is unclear what the support of fz kosg(Njo.1)), say, is in the st(pgmod) points of
rank 1 for the subgroups Np.q and Np.qp and the st(pgmod) points of rank 2 because this
object is not in any of the relative subcategories Dy,(pfmod(E, Nj1.7)), Dy (pfmod(E, Npy.qp)),
and Dy (pfmod(E, E)).
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