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AN IMPROVED SHIFf :STRATEGY FOR THE 

* QR-ALGORITHM FOR REAL HESSENBERG MATRICES 

Ilkka Karasalo 

Lawrence Berkeley Laboratory 
University of California 

Berkeley, California 94720 

January 1976 

ABSTRACT 

LBL-4648 

We present some experimental results on the behavior of the 

QR-algorithm for real Hessenberg matrices, with shifts calculated from 

a p X p lower right-hand submatrix where p may be > 2. .We show how. one 

such shifting strategy may be conveniently implemented in a programming 

language permitting recursive procedure calls by modifying slightly 

the ALGOL procedure HQR by Martin, Peters.and Wilkinson [1]. In our 

comparison the modified procedure gives in general a 15- 20% .. reduction 

of the total operations count for transforming the Hessenberg matrix to 

block triangular form (with diagonal blocks of order ~ 2) and updating 

the product of the orthogonal transformation matrices. 

* Work performed under the auspices of the U.S. Energy Research 
and Development Administration 
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1. INTRODUCTION 

The shifted QR-algorithm by Francis [7] is perhaps the most 

effective and reliable general-purpose procedure for the matrix eigen-

value problem 

Ax = Ax (1.1) 

Here A is a teal n x n matrix, .?S_ E Rn, and A is a scalar. The algorithm 

is described by the following formulas 

Ao = A 

A k J QSRS s s 

As+l k J RSQS s = 0,1,2, .... s 

where the Q and R , s = 0,1, 2, ... , are unitary and upper triangular 
s . s 

(1. 2) 

matrices, respectively, 'arid ks, s = 0,1, 2, •.. are the scalar shifts of 

origin. It is easily seen from (1. 2) that if A
0 

=A is an upper Hessenberg 

matrix, then so is A , s = 1,2, • ... · For economy of computation, ,therefore, 
s 

in practice the original matrix of (1.1) is reduced to upper Hessenberg 

form before entering the algorithm (1.2). 

When k = 0, s = 0,1,2, ... , rather mild necessary and sufficient 
.S 

-conditions may be found (Parfett [6]) for the convergence of A as s-+oo 
s 

to a block-triangular matrix with diagonal blocks of order~ 2. The 

rate of this convergence (which is in general linear) may be drastically 

improved by choosing k appropriately [7], [4, p.525]. In fact, if k =A 
s s 

where A is an eigenvalue of A , then (A +l) 1 s s n,n- A., 

- -
and further if k = A, k +l = A, where both A and A are eigenvalues of A , 

s s s 

then (As+2) n-l, n-2 = 0 and the bottom 2 x 2 diagonal block of As+2 has 
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the eigenvalues A, A. 

In practice, of course, the eigenvalues of A are not known in 

advance. In implementations (see e.g., [1]) the shifts are commonly chosen 

to be the two eigenvalues of the bottom 2 x 2 diagonal block of A (strategy . s 

A for future reference), and the QR-steps are performed using the implic,it 

double-shift idea of Francis [4, p.525]. Other shifting strategies have 

been discussed in the literature. We mention here the "multiple-shift" 

strategy of Buurema (see ref. [5], p. 8), and the "class two shifts" of 

Dekker and Traub [3]. To our knowledge, however, there are no published 

experimental results concerning the behavior of the algorithm on real 

Hessenberg matrices with other shifting strategies than strategy A.·· In 

the case when the matrix A is tridiagonal (i.e., the original eigenvalue 

problem is symmetric) Newton iterations have been used successfully 

(Saad [ 10]) to improve the shifts; see further, Section 4 below. 

2. THE SHIFTING STRATEGY: HESSENBERG CASE 

We investigate here experimentally the following strategy for 

calculating the shifts ks and ks+l for a double QR-step: 

Let 0 .;;;;;.ljl < 1 

i) If As is n x n, put p = max'{ 2, integer part of l/J*n }. 

Let Bs be the p x p bottom right-hand submatrix of As. 

ii) If p = 2, let ks and ks+l be the eigenvalues of B8 , 

otherwise compute a matrix B', orthogonally similar to B ·, 
s s 

by performing double shifted QR-iterations on B until a .• . s 

1 x 1 or 2 x 2 diagonal block separates (to working accuracy) 
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at the_bottom right-hand corner. Then let ks and ks+l be 

the eigenvalues of the bottom right-hand 2 x 2 block of B'. 
s ... -. 

The ,shifts used in the QR-iterations on B are computed by the 
s 

same strategy, replacingA in i) with B • .. s s 

Obviously, this. strategy is well suited for progrannning oby ·recursive 

procedure .calls, .. copying the bottom p x p.,supmatrix into a working area at 

each new level of recursion. In Section 7 we show an ALGOL-procedure 

where the Martin-Peters-Wilkinson [ll .procedure HQR is modified to· use 

this strategy. The recursion depthand the amount of extra working storage 

needed are roughly given by 

Recursion depth least integer k, such that n•ljlk+l -~ 3 . 

Extra working storage = 
1jl2 

--'---- n 2 real positions . 
l-1j12 

The working storage needed for th~ QR-iterations and the updating of the 
,. 

orthogonal transformat:ion matrix is roughly 2n2 (unless advantage is taken 

of the Hessenberg form of A). Table 2.1 illustrates the above formulas: 

Recursion depth -~ 

0 1 2 3 4 5 Extra working 
;·· storage~ % 

0 00 00 00 00 00 00 0 

0.1 29 299 -- -- -- -- 0.5 

0.2 14 74 374 -- -- -- 2 ' 

0.3 9 33 113 379 -- -- 5 

0.4 7 19 49 124 . 312 --. 10 

0.5 5 ·11 23 47 95 191 16 

The entries above show the maximum matrix size allowed at 
the recursion depth and the 1jl. 
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We remark that for ljJ = 0 ·our strategy is identical to strategy A. 

3. NUMERICAL RESULTS: HESSENBERG CASE 

In the numerical experiments we have collected-data showing the 

actual computation effort, in terms of multiplications and double array 

references performed in the innermost loops of the procedure, as a function 

cif the parameter ljJ. We have deliberately avoided recording ·the actual 

computing time, since the amount of overhead needed for administration 

of the recursive' procedure calls, the allocation of storage, etc may be 

strongly machine dependent. We remark, however, that a similar strategy, 

but with the maximum recursion depth fixed in advance, .may easily be 

implemented in, e.g., FORTRAN, thus largely avoiding the extra overhead. 

Test Matrix ·1 (Parlett [ 8]): n = 40; 

A = c:: ~:) B = 2C )· 
3C 

c:: 3D) -1 1 0 0 0 
c -1 0 1 0 0 

-D 
D = -1 0 0 1 0 

-1 0 0 0 1 

0 0 0 0 

A has a well-conditioned eigenproblem with 8 real eigenvalues and 16 

pairs of complexconjugate eigenvalues. 

Initially we compute a Hessenberg matrix, unitarily similar to A, 

using a sequence of elementary Hessenberg transforms'(the procedure ORTHES 

by Peters and Wilkinson [ 2]) • In each ,row of the Tables 3.1 - .3. 3 below 
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are collected data from one complete reduction of this Hessenberg matrix 

to block triangular form with diagonal blocks of order ~ 2 using the 

QR-algorithm with implicit double shifts. The' entries in the columns 

are, respectively: 

Col. ljJ: 

Col. 1: 

Col. 2: 

Col. 3: 

Col. 4: 

Col. 5: 

TABLE 3.1 

ljJ 

0 

0.1 

0.2 

0.3 

0.4 

The parameter ljJ used in the shifting strategy, 

see p. 3 above. 

1/n * (The total number of double QR-iterations 

performed on recursion level 0 (as given by the 

parameter COUNT in the procedure HQR [1]).) 

l/n 3 * (The total number of; multiplications 

performed in the innermost loops of the Q~ 

iterations added from all recursion levels.) 

l/n 3 * (The total number of multiplications needed 

for updating of the matrix of accumulated transforms.) 

Total work as measured by the sum of the entries 

in columns 2 and 3. 

100 * (Total work) I (Total work at ljJ = 0). 

Note that ljJ = 0 corresponds to strategy A. 

Results for test matrix 1: (n = 40) 

1 2 3 4 5 

1.575 5.10 4. 30 .. 9.40 100.0 

1.525 4.60 3.95 8.55 91.0 

1.400 4.26 3.49 7.85 83.5 

1.275 4.57 3.35 7.92 84.3 

1.125 4.73 2.81 7.54 . 80.2 
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Test Matrix 2 (Parlett [8]): n= 64 

c: 2B) cc 3:} A B = 
3B · 5C 

6D -D D 0 -2 2 2 2 

8D 0 D 2D -3 3 2 2 
c = 0 D 2D D 

-2 0 4 2 

5D . -D -D D -1 0 0 5 

A has a wel1-"conditioned eigenproblem and all eigenvalues are complex. 

TABLE 3.2 Results for test matrix 2: (n = 64) 

tjl 1 2 3 4 5 

0 1.297 3.63 3.26 6.89 100 

0.2 0.922 2.99 2.52 5.51 80.0 

0.3 0.922 3.06 2.38 5.44 79.0 

0.5 0.859 3.68· 2.02 5.70 82.7 

Test Matrix 3 (Martin, Peters, Wilkinson [1]): n= 13 

where a .. - { :~.1-j 
1J Jl 

0 

i .;;;;;; J 

A i = j + 1 

t>j+l 

It can be shown that if A is an eigenvalue to A, then so is A -l. The · 

eigenvalues with small moduli are ill~conditioned. 

TABLE 3.3 Results for test matrix 3: (n = 13) 

tjl 1 2 3 4 5 

.. 0 1.462 6.36 4.45 10.81 100 

0.5 1.154 7.07 3.14 10.21 94.4 
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It may be expected that the errors i:n the eigenvalues due to rounding 

should decrease as the number of recursion level 0 QR-iterations are 

reduced (cf. Saad [10]). We illustrate this effect by showing in Table 

3.4 the relative errors in the computed approximations of the ill-conditioned 

eigenvalues of test matrix 3 for ljJ = 0 and ljJ = 0. 5. The length of the 

mantissa in the computer word was 48bits (CDC-6600). 

TABLE 3.4 Relative errors in computed values of the 
ill-conditioned eigenvalues of test matrix 3. 

Ev. nr. ljJ = 0 ljJ = 0.5 

1 9.1 • 10-5 2.0 . fo-s 

2 1.3 • 10-~ 2.3 . 10- 5 

3 5.9 . 10~ 5 6.9 . 10-6 

4 .9.2 • 10-6 1.6 . 10- 7 

5 3.9 • 10-7 . 1.7 . 10-1 

4. THE SHIFTING STRATEGY: THE TRIDIAGONAL CASE 

For symmetric, tridiagonal matrices the QR algorithm usually proceeds 

in single steps with the shift k chosen to be the eigenvalue of the bottom 
s 

2 * 2 block, closest to (A ) (Kahan, Varah [9]) (strategy AS for reference). 
s n,n 

In this case, our shifting strategy takes the form: 

i) 

. Let 0 ~·ljJ < 1 

If A isnxn, put p =max{ 2, integer part of ljJ*n}. 
s 

Let Bs be the p x p bottom right-hand submatrix of As. 

~ii) If p = 2, let ks be the eigenvalue of Bs, closest to 
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(B) , otherwise compute a matrix B', orthogonally similar s pp s . 

to B by performing shifted QR-iterations on B until a 1 '" 1 s s 

diagonal blo'ck separates (to working accuracy) at the bottom 

right-hand corner. Then let k ·be (B') . 
s s pp 

The shifts used in the QR-iterations on B are computed by the s 

same strategy, replacing A in i) with B . . s s 

Obviously, for l/J = 0 our strategy is identical to strategy AS. 

We implemented our strategy in the ALGOL procedure STDQR by Kahan and 

Varah (9], again using recursive procedure calls, cf. Section 6. In the 

test examples shown below we compare our strategy to the following strategy 

proposed by. Saad ([10], p.528, strategy SS): 

Let E be the n x p matrix of the last p columns of the identity matrix and 
p 

= 
T 

det[EP (J\ - xi)Ep] 

T 
det [Ep-l (~- xi)Ep-l] 

~ (x) 
= X -

Rk' (x) 
p 

i.e., ~(x) is a rational function with zeroes at the eigenvalues of the 

k 
p x p bottom right-hand submatrix of ~, and Np (x) is an approximation 

of such a zero obtained by one Newton-step starting at x. 

Let 0 .:;;; l/J < 1 and x be the shift proposed for A by strategy AS. 

i) If "'= 0, 

ii) If 0 < 

. 2 
pl = \jJ *n; 

then put 

l/J2*n..;; 2, 

p2 = \)J*n. 

k = x. s 

then put 

Use the 

p
1 

= p2 = n J otherwise put 

shift k = Nk( Nk ( Nk (x) )) • 
s n\:p2 pl 
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5. NVMERICAL RESULTS: TRIDIAGONAL CASE 

The entries in the last two columns of the tables below are 1/n * 
(total nr. of single QR-steps at recursion level 0 needed to transform 

the tridiagonal matrix to diagonal form). This quantity is, of course, 

an adequate measure of the total computing effort only if the matrix of 

accumulated transforms is updated simultaneously with the QR-iterations 

(cf. the tables in Section 3). In fact, using improved shifting strategies 

when only the eigenvalues of a symmetric tridiagonal matrix are sought, 

does not seem worthwhile. 

Test Matrix 4 (Kahan): n = 50 

0 

A 

0 

where a. 0 i = 1, ,n 
1 

.. 

b. = .J i(n- i) i = 1, ... ,n-1 
1 

Test Matrix 5 (Kahan, Varah [9]) 

a. = (-1) i-1 i = 1, ,n 
1 

b. 1 i 
1 

= 1, ..• ,n-1 
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TABLES.l Results for test matrix 4 

Average single QR-steps I eigenvalue 

Recursive % Saad % .. 

0 2.10 100 2.10 100 
) 

0.2 2.00 95 l. 78 85 

0.3 1.98 94 1~82 87 

0.4 1.98 94 1. 80 86 
o. 5. 1.94 92 1.80 86 

•,:· 

TABLE 5.2 Results for test matrix 5 
: ., 

Average single QR-steps I eigenvalue .. 
1jJ -

Recursive % Saad % 

0 2.16 100 2.16 100 

0.2 1.96 91 1.82 84 

0.3 1.98 92 1.82 84 

0.4 1.92 89 1.84 85 

0.5- 1.94 90 1.84 85 

6. CONCLUDING REMARKS 

In the symmetric case, our algorithm does not· seem.:to be quite 

competitive with Saad's. As a curiosity we mention here that Saad's 

algorithm in the. above version with 1jJ = 0. 2 (i.e • ; when n =; 50, three Newton 

iterations using Rk(x)) never gave worse results, in average number of 
n . 

QR-stepsleigenvalue, than using precomputed "exact" (to working accuracy) 

eigenvalues as shifts. However, there appears to be no equally effective 
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way to use Newton improvement of the shifts in the Hessenberg case, and 

we conclude that the results of Section 3 are positive enough to motivate 

an interest in our algorithm. 

7. ALGOL- PROCEDURE 

In this section we show the ALGOL-procedure used for the 

computations. of Section 3. The procedure is based on the procedure HQR 

by Martin, P.eters and Wilkinson [1], and modified so as'to implement our 

shifting strategy. The part performing the updating of the matrix of 

accumulated transforms is not included below. 

procedure.QR (A, N, PSI, WR, WI, DIVER); 

value N; integer N; real PSI; 

real array· A, WR, WI; label DIVER; 

comment 

begin 

Finds the eigenvalues of an N x N real upper Hessenberg 

matrix stored in A. PSI is aii input parameter to be 

used for the shifting strategy, see p. 3 above. Real 

parts of the eigenvalues are returned in WR, imaginary 

parts in WI. At convergence failure exit is made to 

DIVER; 

integer K, NEV; 

real T, X, Y, W, MACHEAS, P; Q, R, S, Z; 

Boolean FAIL; 

procedure QRITER (A, N, NEV, T); 

value N; integer N, NEV; real T; 

real array A; 
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comment Performs shifted double QR-iterations on the N x N 

principal diagonal block of the upper Hessenberg 

matrix stored in A, until a diagonal block of 

size NEV*NEV, where NEV" 2 separates at the bottom. 

T will contain the accumulated exceptional shifts 

used, T = 0 unless convergence is slow (cf. [1]). 

QRITER is called from the main procedure QR and 

recursively from the procedure SHIFT declared below; 

begin integer I, J, K, L, M, NA, COUNT; Boolean NOTLAST; 

procedure SHIFT; 

comment This procedure returns shifting information in 

x, y, w, to be used in a double QR-step on the 

diagonal block between positions L and N of 

the matrix A in the. parameter list of QRITER; 

begin integer I, J, K, NEWN; 

NEWN: = ENTlER (PSI* (N- L+ 1)); 

it NEWN > 2 then begin 

real TS; real array ACOPY [l:NEWN, l:NEWN]; 

K: = N - NEWN ; TS : = 0; 

for I: = 1 step 1 until NEWN do 

for J: ~ 1 step 1 until NEWN do 

ACOPY [I, J]: = A[K+ I, K+ J]; 

QRITER (ACOPY, NEWN, I, TS); 

comment At iteration failure op recursion levels ~ 1 we 

use a strategy A-shift; 
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if 1 FAIL then begin 

X: = X + TS; Y: = Y + TS end 

·end NEWN > 2; 

if NEWN ~ 2 or FAIL then begin 

X: = A[N,N]; Y: = A[NA,NAl; 

W: = A['N.,NA] * A[NA,N]; FAlL: = false end 

. end SHIFT; 

NA: = ~- 1; FAIL: = false; COUNT: = 0; 

c ..• 

comment Look for single small sub-diagonal element; 

NEXTIT: 

for L: = N. step- 1 until 2 do 

if ABS (A [L ~ L ...: 1]) ~· MACHEPS * (ABS (A [L - 1, L - 1])) 

+ ABS (A[L, L])) then goto CONT 1; 

L: = 1; 

CONT 1: 

x: =A[N,N]; 

if NA.> 0 then begin 

Y: = A[NA;,NA]; W: ,;, A[N,NA] * A[NA,N] 

NEV: = N - L + 1; 

if NEV < 3 then goto EXIT; 

end; 

if COUNT = 30 then begin FAIL: .· = true; 

goto EXIT end; 

':-: 
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if COUNT = 10 or COUNT = .20 then begin 

comment Form exceptional shift, cf [1]; 

T: = T+X; 

for I: = 1 step 1 until N do A[I,I]: = A[I,I]- X; 

S: ABS(A[N,NA]) + ABS(A[NA,N- 2]); 

X: = Y: = 0. 7 5 * S ; W: = -0. 4 3 7 5 * S * S 

end else 

SHIFT; 

COUNT; = COUNT + 1 ; 

comment Look for two consecutive small sub-diagonal elements; 

comment From here, the code is identical to Martin, Peters 

and Wilkinson [1, p.224-225] and we skip this part; 

CONT 3: end K· 
' ' 

goto NEXTIT; 

EXIT: end QRITER; 

T: = 0; 

cotriment MACHEPS should be set to the smallest possible 
,· 

machine number, such that l+MACHEPS > 1, cf. [1, 

p.223]. 
-14 

In our computations we used MACHEPS = 10 

in a computer with 48-bit mantissa for real numbers; 

-14 MACHEPS: = 10 ; 
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if N = 0 then go to FIN; 

QRITER (A, N, NEV, T); 

if FAIL then goto DIVER else· 

if NEV = 1 then begin 

comment" One eigenvalue found; 

WR(N]: = X+T;. WI[N]: = 0; 

N: = N - 1; go to NEXTW end else begin 

comment · Two eigenvalues found; 

P: = (Y- X)/2; Q: = P * P+N; Y: = SQRT(ABS(Q)); 

X: =X+T; 

if · Q > 0 then begin 

comment Real pair; 

if . P < 0 ~ Y: = -Y; 

Y: = Y + P; wR [N - 1] : = X+ Y; 

WR(N]: = X- W/Y; 

WI[N]: = WI[N.,.. 1]: =· 0 end else begin 

comment Complex pair; 

WR[N-1]: = WR[N]: = X+P; WI[N-1]: = Y; 

Wl[N]: = -Y end; 

N: = N- 2: goto NEXTW . end; 

FIN: end QR; 

.. . 
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