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ABSTRACT OF THE DISSERTATION
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Let U be the quantum group associated to a Cartan matrix indexed by a set I. There is

a remarkable family (θi)i∈I of symmetries of U giving rise to the action of a braid group.

The goal of this dissertation is to explain how to categorify these symmetries. The quantum

group is categorified by a certain 2-category U introduced by Khovanov-Lauda and Rouquier.

We propose two constructions providing a categorification of the symmetry θi on U .

First, there is a complex Θi in U . We prove that Θi is invertible in the homotopy category

of U , and that there are homotopy equivalences ΘiEi ' FiΘi[−1], where Ei, Fi denote the

Chevalley generators of U . Hence, conjugation by Θi provides an auto-equivalence of the

homotopy category of U . This auto-equivalence decategorifies to the symmetry θi. To obtain

these results, we prove a faithfulness property for the 2-representations of U .

Second, we construct a monoidal functor Ti by defining it on generators and checking

relations. We prove that this functor decategorifies to the symmetry θi on a certain subalge-

bra of the positive part of U . Our approach is based on categorifying the formulas defining

the symmetry θi on U . These formulas involve the adjoint action of U , of which we also

construct a categorification.
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CHAPTER 1

Introduction

1.1 Categorification and Higher Representation The-

ory

The term categorification can be broadly defined as the process of finding higher levels of

structure, usually categorical in nature. Decategorification refers to the inverse process of

forgetting higher levels of structure. While these terms are recent, the ideas behind cate-

gorification have long been used in many areas of mathematics. For instance, the category

of finite sets can be seen as a categorification of the set of non-negative integers. In this

example, decategorification consists of taking the cardinality of a finite set, and the higher

structure is given by functions between sets. Certain equalities between integers can be

proved using bijections between sets: this is the most elementary application of the idea of

categorification. Another classical example of topological nature is homology. The homology

groups of a manifold can be thought of as a categorification of its Euler characteristic, which

is recovered by taking the ranks of homology groups. Continuous maps between manifolds

induce linear maps in homology. This provides a higher level of structure, resulting in a finer

topological invariant.

This dissertation will be focused on categorification in the context of representation theory.
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Representation theory is the study of actions of algebras, or more generally 1-categories,

on vector spaces by linear maps. With that perspective, higher representation theory or

2-representation theory can be described as the study of actions of monoidal categories,

or more generally 2-categories, on additive categories by additive functors. The higher

level of structure is given by natural transformations between functors. In this context,

decategorifying means taking split Grothendieck groups (that is, taking isomorphism classes

of objects).

The motivations behind higher representation theory are more than mere abstraction. A

first one is that higher levels of structure shed a new light on the categorified objects. For

instance, some classical algebras and their representations have canonical bases. In these

bases, the structure constants are usually non-negative integers. Then, it is expected that

these canonical bases arise from isomorphism classes of indecomposable objects in a suitable

categorification. This can provide an explanation, or even a proof, for the integrality and

positivity properties. For example, this strategy was employed by Elias and Williamson

[EW14] to prove Soergel’s conjecture about Kazdhan-Luzstig bases of Hecke algebras.

A second motivation for higher representation theory is that many of the categorical struc-

tures appearing in concrete examples are of inherent interest, independently of the objects

that they categorify. For instance, categories of modular representations of symmetric groups

are endowed with induction and restriction functors. These functors give rise to actions of

type A affine Lie algebras on Grothendieck groups (see [Ari96]). This fact motivated the

seminal work of Chuang and Rouquier on categorification of representations of sl2 [CR08].

Chuang and Rouquier introduce a notion of 2-representations of sl2 and prove strong struc-

tural properties about them. Applying these results to symmetric groups leads to a proof of

Broué’s abelian defect group conjecture for symmetric groups, a long-standing problem in

modular representation theory.

This last example also illustrates an important subtlety in categorification. A categori-
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fication of an object, if it exists, has no reason to be unique. In general, the difficulty in

pinning down how to categorify an object is to find the appropriate higher structure to ensure

that the resulting theory has desirable properties. The key insight in [CR08] is to control

the higher structure with actions of Hecke algebras.

Following the work of Chuang and Rouquier, higher representation theory developed

quickly in multiple directions. Our work will mainly focus on the higher representation

theory of quantum groups. Other related directions include finitary 2-categories and their 2-

representations ([MM11], [MM16b], [MM16a]), Heisenberg categorifications ([Kho14], [BSW20])

and higher representations of Soergel bimodules ([MT19], [MMM+21]).

1.2 Quantum Groups

Generalizing the work of Chuang and Rouquier on sl2, the ideas of categorification were

applied to quantum groups of arbitrary types. Let us start by giving some motivation for

why it is expected that these objects should have an interesting categorification.

� Quantum groups are one of the main examples of quasi-triangular Hopf algebras which

are neither commutative nor cocommutative. As a result, their categories of repre-

sentations inherit the structure of braided monoidal categories. This structure can

be used to construct 3-dimensional topological quantum field theories [RT91]. Crane

and Frenkel [CF94] conjectured that there should exist a categorification of quantum

groups and their representation theory leading to the construction of 4-dimensional

topological quantum field theories.

� Several categories of interest are known to be equipped with endofunctors inducing

actions of quantum groups on their Grothendick groups. The classical example seen

above is the category of modular representations of symmetric groups. Other exam-

ples of such phenomena include the category O of the general linear Lie algebra, which
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categorifies tensor powers of the standard representation of sl2 (see [BFK99]), or cat-

egories of representations of zig-zag algebras, which categorify adjoint representations

of quantum groups (see [HK01]). These various examples hint at a unified theory of

actions of quantum groups on categories.

� Quantum groups and their finite dimensional representations have canonical bases.

These can be constructed via the geometry of quiver varities (see [Lus10, Part II]), or

using Kashiwara’s crystals (see [Kas91]). The structure constants in these bases are

non-negative integers. It is then expected that these canonical bases should arise as

isomorphism classes of indecomposable objects in a suitable categorification.

These ideas became a concrete program with the work of Khovanov-Lauda [KL09], [KL11],

[KL10] and Rouquier [Rou08], [Rou12]. More precisely, let U be the quantum group asso-

ciated to a symmetrizable Cartan matrix. In [KL11] and [Rou08], an algebra H depending

on U and a family of coefficients is introduced. This algebra is known as the quiver Hecke

algebra, or Khovanov-Lauda-Rouquier (KLR) algebra. The most remarkable property of H

is that its category of projective modules is monoidal and categorifies the positive part of

U . More precisely, let U+ be the category of finitely projective H-modules. It is shown in

[KL11] that there is an isomorphism of algebras

K0

(
U+
)
⊗Z C ' U+,

where K0 denotes the split Grothendieck group. A lot of the structure of U+ can then be

recovered from H. For instance, the crystal structure can be described with in terms of

H-modules (see [LV11]). In types ADE, it was also proved in [Rou12], [VV11] that the

indecomposable projective H-modules recover the canonical basis of U+.

Furthermore, Khovanov-Lauda and Rouquier introduce a 2-category U which categorifies

Beilinson-Lusztig-MacPherson’s idempotent version of the quantum group U̇ . While the
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definitions of the 2-categories in [KL10] and [Rou08] differ on a few points, it was shown by

Brundan that they are actually isomorphic (see [Bru16]). Hence, there is a unique 2-quantum

group or categorified quantum group U associated to a symmetrizable Cartan matrix. This

2-category has the remarkable property of decategorifying to the idempotent form of the

quantum group. That is, there is an isomorphism of categories

K0(U)⊗Z C ' U̇

proved by Khovanov-Lauda [KL10] and Dupont [Dup21]. The higher representation theory

of U is very rich and categorifies much of the representation theory of U̇ . For instance, the

simple representations of U̇ arise from 2-representations of U on cyclotomic quotients of H

(see [KK12], [Web17]).

1.3 Braid Group Actions

Quantum groups and their representations have remarkable symmetry properties encoded by

actions of braid groups. Let us start by describing the case of sl2. The standard Chevalley

generators of this Lie algebra are e = ( 0 1
0 0 ) and f = ( 0 0

1 0 ). If V is an integrable representation

of sl2, we obtain an action of the Lie group SL2 on V via the exponential map exp : sl2 → SL2.

In particular, the reflection

θ =

0 −1

1 0

 = exp(−e)exp(f)exp(−e)

induces an automorphism of V . This fact generalizes to the quantum case. If V is an in-

tegrable representation of the quantum group U associated with sl2, there is a quantum

deformation of θ providing an automorphism of V . We will also denote this quantum defor-
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mation by θ for simplicity.

For a quantum group of general type, there is a set I of simple roots (in the case of

sl2, this set is just a singleton). For each simple root i ∈ I, there is a subalgebra Ui of

U generated by Chevalley generators ei, fi. This subalgebra is isomorphic to the quantum

group associated with sl2. Thus, the construction described above yields an automorphism

θi on every integrable representation of U . Let us summarize the main facts about these

automorphisms.

� For V an integrable representation of U and λ a weight, the automorphism θi induces

an isomorphism between weight subspaces Vλ
∼−→ Vsi(λ). Here si denotes the action of

the Weyl group of U on the weight lattice.

� The action of θi on integrable representations lifts to a compatible algebra automor-

phism of U . This means that there exists an algebra automorphism θi of U , and that

for an integrable representation V of U , we have θi(uv) = θi(u)θi(v) for all u ∈ U and

v ∈ V . These automorphisms are sometimes referred to as Lusztig’s symmetries.

� The collection (θi)i∈I of automorphisms satisfies the braid relations. This means that

for all simple roots i, j, we have a relation of the form

θiθj · · · = θjθi · · · ,

where the number of terms on each side of the equality can be deduced from the Cartan

matrix of U . Hence the braid group associated with the Cartan matrix acts compatibly

on U and its integrable representations.

One of the most remarkable features of the work of Chuang and Rouquier is that there is

a categorification of the automorphisms θi acting on integrable representations. There is a

complex Θi of 1-morphisms of the 2-category U whose action on integrable 2-representations
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decategorifies to θi. Furthermore, if V is an integrable 2-representation of U , then Θi induces

an auto-equivalence of the homotopy category K(V). Just as representations of U decompose

into weight subspaces, 2-representations of U decompose into weight subcategories Vλ. Then

the auto-equivalence Θi restricts to equivalences K(Vλ)
∼−→ K(Vsi(λ)). For simply-laced

quantum groups, Cautis and Kamnitzer show that the complexes (Θi)i∈I satisfy the braid

relations up to homotopy [CK12].

The equivalences provided by the complexes Θi are the main ingredient in the proof of the

abelian defect group conjecture for symmetric groups by Chuang and Rouquier [CR08]. An-

other important application is the construction of braid group actions on derived categories

of coherent sheaves on Nakajima quiver varietes [CKL13], [CK12].

However, a categorification of the compatible action of the braid group on U is still

missing. In other words, we would like to have 2-auto-equivalences of the 2-quantum group U

(or its homotopy category) decategorifying to the automorphism θi. These auto-equivalences

should satisfy a certain compatibility with the complexes Θi, which would categorify the

compatibility of the actions of the braid group on U and its representations. The main goal

of this dissertation is to provide answers to this problem.

1.4 Summary of Results

Before we can explain our approach to solving this question, we need to give more details

about the construction of braid group actions on quantum groups. For a simple root i, the

automorphism θi can be constructed in two ways. The first one is to work in a completion of

U . Then one can express θi as an invertible element of the completion, and the braid group

action can be obtained by conjugation with θi (see [KS98, Chapter 4]). The second way is to

define the action of θi explicitly on the generators of U . The formulas appearing involve the

adjoint action of U . While this approach is more explicit, it requires lengthy computations
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to check that all desired relations hold (see [Lus10, Part VI], [Jan96, Chapter 8]). We will

show that both of these constructions can be categorified.

In Chapter 3, we explain a categorification of the first construction. The complex Θi is a

natural categorical lift of the element θi of the completion of U . Thus, our goal is to explain

to what extent it is possible to conjugate by Θi. Our main result is the following.

Theorem 1.4.1 (Theorem 3.2.10). The complex Θi is invertible in the homotopy category

of U .

This means that there exists a complex Θ∨i of 1-morphisms of U and homotopy equiv-

alences ΘiΘ
∨
i ' 1 ' Θ∨i Θi. Hence, conjugation by Θi gives an auto-equivalence of the

homotopy category of U , which descends to the action θi when decategorifying. Note that

by construction, this auto-equivalence is compatible with the action of Θi on integrable

2-representations.

The proof of Theorem 1.4.1 is based on faithfulness properties for the 2-representations

of U . There is a remarkable family of 2-representations of U called simple 2-representations.

These categorify the finite dimensional simple representations of U . For the 2-category U as-

sociated with sl2, we prove that the simple 2-representations satisfy the following faithfulness

property.

Theorem 1.4.2 (Theorem 3.1.3). Let U be the 2-category associated to sl2.

1. Let C be a complex of 1-morphisms of U . If the image of C in every simple 2-

representation is null-homotopic, then C is hull-homotopic.

2. Let f be a morphism between complexes of 1-morphisms of U . If the image of f in every

simple 2-representation is a homotopy equivalence, then f is a homotopy equivalence.

This gives a categorification of the well-known faithfulness of simple representations of

quantum groups: if z ∈ U acts by zero on every simple representation of U , then z = 0.
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Using this property, we can prove the invertibility of the complexes Θi by checking it in

the simple 2-representations, where explicit computations are manageable. As an another

application of Theorem 1.4.2, we prove a categorification of the relation θe = −fθ in sl2.

Theorem 1.4.3 (Theorem 3.2.14). Let U be the 2-category associated to sl2. There is a

homotopy equivalence ΘE ' FΘ[−1], where E,F denote the 1-morphisms of U lifting the

Chevalley generators e, f .

The results of Chapter 3 also appear in our preprint [Ver20b].

In Chapters 4 and 5, we propose a second construction for the braid group action on the

2-category U based on explicit formulas. In the decategorified case, the automorphism θi

can be defined by

θi(ej) = ad(−ci,j)
ei

(ej) (1.4.1)

for a simple root j 6= i. Here, ad denotes the adjoint action of U on itself coming from the

Hopf algebra structure, and ci,j denotes the entry (i, j) of the Cartan matrix. To be able

to categorify this formula, we must first explain how to categorify the operator adei . This

is the object of Chapter 4. We define a quotient H i of the quiver Hecke algebra H and an

endofunctor adEi of the category H i−mod. We show the following results regarding these

objects.

Theorem 1.4.4 (Theorems 4.2.1, 4.3.1 and 4.4.13). 1. For all M ∈ H i−mod, there is a

short exact sequence

0→MEi → EiM → adEi(M)→ 0.

The concatenation denotes the monoidal structure in H−mod. This categorifies the

relation adei(y) = eiy − yei in U .

2. The category H i−mod is monoidal, and for all M,N ∈ H i−mod we have a short exact

9



sequence

0→M adEi(N)→ adEi(MN)→ adEi(M)N → 0.

This categorifies the relation adei(yz) = adei(y)z + yadei(z).

3. The functor adEi sends projective modules to projective modules and induces a structure

of 2-representation of sl2 on H i−proj.

4. The algebra K0(H i−proj) is isomorphic to a subalgebra of U+ which is integrable for

the action of adei and maximal for this property.

The necessity to restrict to a subalgebra of U+ comes from finiteness constraints. Indeed,

the higher representation theory of quantum groups is only well-suited for integrable repre-

sentations. Despite these restrictions, this subalgebra contains the Chevalley generators ej

for j 6= i. Thus, our results are enough to categorify formula (1.4.1).

A key feature of our work is the compatibility of the structure of 2-representation and the

monoidal structure, expressed in statement 2 of Theorem 1.4.4. It is used in a crucial way

to simplify computations. To our knowledge, this is the first example of a 2-representation

with such structure.

The results of Chapter 4 also appear in our preprint [Ver20a].

In Chapter 5, we apply these results to construct a partial categorification of Lusztig’s

symmetry θi. We start by resolving the H i-modules ad
(n)
Ei

(Ej) in terms of H-modules. This

yields complexes Ad
(n)
Ei

(Ej) of objects of U+. Then, we prove the following result.

Theorem 1.4.5 (Theorem 5.2.1). There is a monoidal functor Ti : U+
I\{i} → Kb (U+) such

that

Ti (Ej) = Ad
(−ci,j)
Ei

(Ej) .

This functor decategorifies to Lusztig’s symmetry θi.
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In this theorem, U+
I\{i} denotes the subcategory of U+ generated by the Ej for j 6= i. It is

necessary to restrict to this subcategory for technical homological reasons. Indeed, proving

that Ti is a well-defined monoidal functor involves checking many relations in the homo-

topy category. Using the fact that the complexes Ad
(−ci,j)
Ei

(Ej) are projective resolutions,

computations simplify significantly. We can only use this trick when restricting to U+
I\{i}.

Theorem 1.4.5 holds for quantum groups of arbitrary types. In the simply-laced case,

a functor Ti : U → K(U) extending ours is constructed in work in preparation of Abram,

Lamberto-Egan, Lauda and Rose [ALELR]. Their approach is different than ours; it is based

on checking relations by explicitly giving out homotopies. Consequently, the computations

involved are rather long and difficult, and it seems unlikely that they could be generalized

as such to arbitrary quantum groups.

Both approaches to categorifying θi have their own advantage: the first one provides

the compatibility with the action on 2-representations automatically, while the second one

provides explicit formula. We expect that they coincide up to homotopy. More precisely, we

make the following conjecture.

Conjecture 1. For every simple root j 6= i, there is a homotopy equivalence

ΘiEj ' Ad
(−ci,j)
Ei

(Ej) Θi.

11



CHAPTER 2

Categorified Quantum Groups

In this chapter, we introduce the main objects of interest for this dissertation.

2.1 Basic Notation and Defintions

For the rest of this dissertation, we fix a field K. We use the symbol ⊗ to mean ⊗K .

Graded Categories

A graded category is a K-linear category C together with an auto-equivalence C → C

called the shift functor. We denote by qM the shift of an object M of C. An example

of graded category is the category gVectK of finitely generated graded K-vector spaces with

homogeneous K-linear maps. In that case, the shift functor defined by (qV )k = Vk−1 for

V = ⊕k∈ZVk ∈ gVectK . More generally, given a graded K-algebra A, the category A−mod

of finitely generated graded A-modules and its full subcategory A−proj of graded projective

modules are graded. Their shift functor is the restriction of that of gVectK . Given a Laurent

polynomial p =
∑

`∈Z p`q
` ∈ N[q, q−1] and M an object of a graded category C, we put

pM =
⊕
`∈Z

q`M⊕p` .
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For two objects M,N of a graded category C and k ∈ Z, we define

Homk
C(M,N) = HomC

(
M, q−kN

)
.

The elements of Homk
C(M,N) are said to be morphisms of degree k from M to N . We can

then define a graded K-vector space Hom•C(M,N) by

Hom•C(M,N) =
⊕
k∈Z

Homk
C(M,N).

Then, as graded vector spaces we have

Hom•C(M, qN) = qHom•C(M,N),

Hom•C(qM,N) = q−1Hom•C(M,N).

Graded Dimensions

A graded K-vector space V = ⊕k∈ZVk is said to be locally finite if each Vk is finite dimen-

sional. In this case, its graded dimension is the formal series defined by

grdim(V ) =
∑
k∈Z

dim(Vk)q
k ∈ N((q, q−1)).

We have grdim(qV ) = q grdim(V ). If M,N are two objects of a graded category C and if

Hom•C(M,N) is locally finite, we put

〈M,N〉 = grdim (Hom•C(M,N)) .

Then we have 〈M, qN〉 = q 〈M,N〉 and 〈qM,N〉 = q−1 〈M,N〉. In the case M = N , we use

the notation |M | = 〈M,M〉.

13



2-Categories

We refer to [Lei98] for a concise introduction to 2-categories. We recall here the definitions

of the basic notions that will be used throughout this dissertation. A (strict) 2-category C

is the data of

� a class O of objects,

� for all a, b ∈ O, a category HomC(a, b) whose objects and morphisms are called 1-

morphisms and 2-morphisms of C respectively,

� composition functors HomC(b, c) × HomC(a, b) → HomC(a, c), (G,H) 7→ GH for all

a, b, c ∈ O,

� 1-morphisms 1a ∈ EndC(a) called identity 1-morphisms for all a ∈ O,

such that

1. G1(G2G3) = (G1)G2G3 for all a, b, c, d ∈ O, G1 ∈ HomC(c, d), G2 ∈ HomC(b, c) and

G3 ∈ HomC(a, b),

2. 1bG = G = G1a for all a, b ∈ O and G ∈ HomC(a, b).

As an example, the strict 2-category Cat is defined as having categories as objects, functors

as 1-morphisms and natural transformations as 2-morphisms. A strict 2-category with a

singleton as set of objects is simply a strict monoidal category.

Given two 1-morphisms G,H of a 2-category with same source and target, we will denote

by HomC(G,H) the set of 2-morphisms G→ H. The identity 2-morphism of a 1-morphism

G will be simply denoted by G when no confusion is possible. We will call a 2-category

K-linear (resp. graded, resp. idempotent complete) when its morphism categories are K-

linear (resp. graded, resp. idempotent complete) and the compositions functors respect that
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structure. For instance, the 2-category LinK of K-linear graded categories, with additive

graded functors as 1-morphisms, is K-linear and graded.

Given two strict 2-categories C,D with respective classes of objects OC, OD, a strict 2-

functor Φ : C→ D is the data of

� a map Φ : OC → OD,

� functors Φ : HomC(a, b)→ HomD(Φ(a),Φ(b)) for all a, b ∈ OC,

such that Φ(GH) = Φ(G)Φ(H) for any composable 1-morphisms G,H of C and Φ(1a) = 1Φ(a)

for any object a of C.

Homological Algebra

Let C be a K-linear category. We denote by Comp(C) the category of (cochain) complexes

of C. That is, the objects of Comp(C) are of the form

M = (· · · →M r drM−−→M r+1 dr+1
M−−→M r+2 → · · · ),

with dr+1
M drM = 0 for all r ∈ Z. For M ∈ Comp(C), its homological shift M [1] is defined by

(M [1])r = M r−1 with differential drM [1] = −dr−1
M for all r ∈ Z. Note that when C is graded,

Comp(C) has two compatible gradings: the one coming from C and the homological grading.

Let M,N ∈ Comp(C) and let f : M → N be a morphism of complexes. The cone of f is

the object Cone(f) of Comp(C) defined by Cone(f)r = M r+1⊕N r with differential given by

drCone(f) =

 −dr+1
M 0

f drN

 .
We denote by K(C) the homotopy category of C. If C is abelian, we denote by D(C) its

derived category. In that case, we denote by Hr(M) the rth cohomology object of a complex

15



M .

2.2 Quantum Groups

We recall the essential definitions and facts about quantum groups. We refer to [Lus10] or

[Jan96] for a more detailed introduction to the subject.

2.2.1 Root Datum

A Cartan datum (I, ·) is the data of a non empty set I, whose elements are referred to as

simple roots, and a symmetric bilinear form · : ZI ⊗Z ZI → Z such that

� for all i ∈ I, i · i ∈ 2Z>0,

� for all i, j ∈ I, 2
i · j
i · i
∈ Z60.

A root datum (X, Y ) of type (I, ·) is the data of finitely generated free abelian groups X (the

weight latice) and Y (the dual weight latice), together with a perfect pairing 〈·, ·〉 : Y ⊗ZX →

Z and injective set maps (I ↪→ X, i 7→ i) and (I ↪→ Y, i 7→ i∨) satisfying the condition

〈i∨, j〉 = 2
i · j
i · i

for all i, j ∈ I. Let ci,j = 〈i∨, j〉 and di = i·i
2

. For all i ∈ I, there is an automorphism si of

the lattice X defined by si(λ) = λ− 〈i∨, λ〉 i for λ ∈ X. The root lattice is Q = ⊕i∈IZi, and

we let Q+ = ⊕i∈IZ>0i. Given an element β =
∑

i∈I nii of Q+, the integer n =
∑

i∈I ni is

called the height of β, and denoted |β|. We also let

Iβ =
{

(j1, . . . , jn) ∈ In,
n∑
k=1

jk = β
}
.
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2.2.2 Quantum Groups

Let us start by introducing some notation in Q(q). For all i ∈ I, we let qi = qdi . For k ∈ Z,

the quantum integer [k]i is defined by

[k]i =
qki − q−ki
qi − q−1

i

.

If k > 0, we define the quantum factorial [k]i! by

[k]i! =
k∏
`=1

[`]i .

For 0 6 ` 6 k, we define the quantum binomial coefficient by

 k

`


i

=
[k]i!

[`]i![k − `]i!
.

It can be checked these are actually all elements of N [q, q−1] (see [KC02] for a proof).

Definition 2.2.1. The quantum group U associated to the above root datum is the unital

Q(q)-algebra on the generators ei, fi for i ∈ I, kµ for µ ∈ Y , subject to the following relations.

1. For all µ, µ′ ∈ Y , k0 = 1 and kµkµ′ = kµ+µ′ .

2. For all i ∈ I and µ ∈ Y , kµei = q〈µ,i〉eikµ and kµfi = q−〈µ,i〉fikµ.

3. For all i, j ∈ I,

eifj − fjei = δi,j
ki − k−1

i

qi − q−1
i

,

where ki = kdii∨ .
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4. For all i 6= j ∈ I,

−ci,j+1∑
`=0

(−1)`e
(`)
i eje

(−ci,j+1−`)
i = 0,

−ci,j+1∑
`=0

(−1)`f
(`)
i fjf

(−ci,j+1−`)
i = 0,

where the elements e
(`)
i and f

(`)
i are called the divided powers and are defined by

e
(`)
i =

1

[`]i!
e`i , f

(`)
i =

1

[`]i!
f `i .

The algebra U is Q-graded with ei in degree i and fi in degree −i for all i ∈ I, and kµ

in degree 0 for all µ ∈ Y . Furthermore, U has a structure of Q-graded Hopf algebra, with

coproduct ∆, counit ε and antipode S defined by the following formulas

∆(ei) = ei ⊗ 1 + k−1
i ⊗ ei, ∆(fi) = fi ⊗ ki + 1⊗ fi, ∆(kµ) = kµ ⊗ kµ,

ε(ei) = 0, ε(fi) = 0, ε(kµ) = 1,

S(ei) = −kiei, S(fi) = −fik−1
i , S(kµ) = k−1

µ ,

for all i ∈ I and µ ∈ Y .

For categorification purposes, we are only interested in type 1 weight representations of

U . These are the representations V of U such that

V =
⊕
λ∈X

Vλ,

where

Vλ =
{
v ∈ V, ∀µ ∈ Y, kµv = q〈µ,λ〉v

}
.

In this situation, it is more convenient to introduce the idempotent form of U .

Definition 2.2.2. The idempotent form of the quantum group is the Q(q)-linear category

U̇ defined by the following data.
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� The set of objects of U̇ is X.

� Given λ, λ′ ∈ X, the morphisms λ → λ′ are Q(q)-linear combinations of words of the

form en1
i1
fm1
j1

. . . enrir f
mr
jr

, with r, nk,mk ∈ N and ik, jk ∈ I such that

λ′ − λ =
r∑

k=1

(nkik −mkjk).

Composition of morphisms is given by concatenation of words, and the identity mor-

phism of λ is the empty word, denoted 1λ. When we want to specify that a word y

has source λ (resp. target λ′), we will write y1λ (resp. 1λ′y). On these morphisms, we

impose the following relations.

1. For all i, j ∈ I and λ ∈ X, (eifj − fjei) 1λ = δi,j [〈i∨, λ〉]i 1λ.

2. For all i 6= j ∈ I,

−ci,j+1∑
`=0

(−1)`e
(`)
i eje

(−ci,j+1−`)
i = 0,

−ci,j+1∑
`=0

(−1)`f
(`)
i fjf

(−ci,j+1−`)
i = 0.

With this definition, type 1 weight representations of U are in one-to-one correspondence

with functors U̇ → VectQ(q).

2.3 Quiver Hecke Algebras

2.3.1 Symmetric Groups and Polynomial Rings

Let n ∈ N. We denote by Sn the symmetric group on the set {1, . . . , n}. Given two

distinct integers k,m ∈ {1, . . . , n}, we denote by sk,m the permutation (k m) of Sn. We put

sk = sk,k+1. For k 6 m, we denote by S[k,m] the subgroup of Sn generated by sk, . . . , sm−1.

Given a sequence k = (k1, . . . , kr) of elements of {1, . . . , n − 1}, we put sk = sk1 . . . skr .
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If k 6 `, we denote by [k ↑ `] the sequence (k, k + 1, . . . , `) and by [` ↓ k] the sequence

(`, ` − 1, . . . k). If k > `, [k ↑ `] and [` ↓ k] are understood to be the empty sequence ∅, in

which case s∅ = 1.

Let ω ∈ Sn. A reduced expression of ω is a finite sequence k = (k1, . . . , kr) such that

ω = sk and r is minimal. The integer r is then called the length of ω and denoted l(ω). The

longest element of S[k,m] is denoted ω0[k,m]; it has length (m−k)(m−k+1)
2

.

We denote by Pn the K-algebra K[x1, . . . , xn]. The group Sn acts on Pn by permuting

the variables x1, . . . , xn. For k 6= m two integers in {1, . . . , n}, the Demazure operator or

divided difference operator is the PSn
n -linear operator ∂k,m on Pn defined by

∂k,m(f) =
f − sk,m(f)

xm − xk
.

The Demazure operators are conjugate under the action of Sn. This means that for k 6= m

and ω ∈ Sn, we have ω ∂k,m ω
−1 = ∂ω(k),ω(m). We put ∂k = ∂k,k+1. Given a sequence

k = (k1, . . . , kr), we put ∂k = ∂k1 . . . ∂kr . The Demazure operators satisfy the following

relations:

∂k,m(fg) = ∂k,m(f)g + sk,m(f)∂k,m(g), (2.3.1)

∂2
k,m = 0, (2.3.2)

∂k∂` = ∂`∂k if |k − `| > 1, (2.3.3)

∂k∂k+1∂k = ∂k+1∂k∂k+1 if k < n− 1. (2.3.4)

For all ω ∈ Sn, we can define an operator ∂ω in the following way: take k a reduced expression

of ω, and let ∂ω = ∂k. Since the Demazure operators satisfy relations (2.3.3) and (2.3.4),

this does not depend on the choice of the reduced expression. As a graded PSn
n -module, Pn
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is free of graded rank q
n(n−1)

2 [n]!. The following sets are bases

{xa11 . . . xann , 0 6 ai 6 n− i} ,
{
∂ω(x2x

2
3 . . . x

n−1
n ), ω ∈ Sn

}
.

2.3.2 Quiver Hecke Algebras

Definitions

We follow [Rou08, Subsection 3.1] (see also [Rou12]). We fix a root datum (X, Y ) of type

(I, ·). For all i, j ∈ I, we fix a polynomial Qi,j(u, v) ∈ K[u, v]. We assume that this data

satisfies the following conditions.

� For all i ∈ I, Qi,i(u, v) = 0.

� For all i, j ∈ I, Qi,j(u, v) = Qj,i(v, u).

� For all i 6= j ∈ I, there are invertible elements ti,j and tj,i of K such that Qi,j(u, v) has

the form

Qi,j(u, v) ∈ ti,ju−ci,j + tj,iv
−cj,i +

∑
s,t>0

dis+djt=−i·j

Kusvt.

This last condition ensures that Qi,j(u, v) is homogeneous of degree −2(i · j) when u, v

are variables of respective degrees i · i, j · j.

The quiver Hecke algebras are a family of K-algebras attached to the data of these polyno-

mials.

Definition 2.3.1. Let β be an element of Q+ of height n. The quiver Hecke algebra Hβ is

the unital K-algebra with generators 1ν for ν ∈ Iβ, x1, . . . , xn and τ1, . . . , τn−1 subject to the

following relations.

1. For all ν, ν ′ ∈ Iβ, 1ν1ν′ = δν,ν′1ν , and
∑

ν∈Iβ 1ν = 1β, where 1β is the unit of Hβ.
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2. For all ν ∈ Iβ and k ∈ {1, . . . , n}, xk1ν = 1νxk.

3. For all ν ∈ Iβ and k ∈ {1, . . . , n− 1}, τk1ν = 1sk(ν)τk.

4. For all k, ` ∈ {1, . . . , n}, xkx` = x`xk.

5. For all ν ∈ Iβ and k ∈ {1, . . . , n− 1}, τ 2
k1ν = Qνk,νk+1

(xk, xk+1)1ν .

6. For all ν ∈ Iβ, ` ∈ {1, . . . n} and k ∈ {1, . . . , n− 1},

(
τkx` − xsk(`)τk

)
1ν =


1ν if ` = k + 1 and νk = νk+1,

−1ν if ` = k and νk = νk+1,

0 otherwise.

7. For all k, ` ∈ {1, . . . , n− 1} such that |k − `| > 1, τkτ` = τ`τk .

8. For all k ∈ {1, . . . , n− 2} and ν ∈ Iβ,

(τk+1τkτk+1 − τkτk+1τk) 1ν = δνk,νk+2
∂k,k+2

(
Qνk,νk+1

(xk+2, xk+1)
)

1ν .

Convention. We will number components of tuples ν ∈ In from the right to the left. Namely,

we will write ν = (νn, . . . , ν1) for ν ∈ In. We let the symmetric group Sn act on In

accordingly. For instance, if ν = (c, b, a) ∈ I3, we have s1(ν) = (c, a, b) and s2(ν) = (b, c, a).

For a sequence k = (k1, . . . , kr) of elements of {1, . . . , n− 1}, we put τk = τk1 . . . τkr . We

also define K-algebras Hn and H by

Hn =
⊕
β∈Q+

|β|=n

Hβ,

H =
⊕
n∈N

Hn.
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The algebra Hn is unital only when I is finite, while the algebra H is not unital. There is a

grading on Hn, defined as follows.

� For all ν ∈ In, 1ν is in degree 0.

� For all ν ∈ In and k ∈ {1, . . . , n}, xk1ν is in degree νk · νk.

� For all ν ∈ In and k ∈ {1, . . . , n− 1}, τk1ν is in degree −νk · νk+1.

Affine Nil Hecke Algebra

A case of particular importance is that of root datum of type A1 (that is, when I is a

singleton). The quiver Hecke algebras are then known as the affine nil Hecke algebras, and

we will denote them by H0
n. For more clarity, we give the definition in that case.

Definition 2.3.2. The affine nil Hecke algebra H0
n is the K-algebra on the generators

x1, . . . , xn and τ1, . . . , τn−1, subject to the following relations.

1. For all k, ` ∈ {1, . . . , n}, xkx` = x`xk.

2. For all k ∈ {1, . . . , n− 1}, τ 2
k = 0.

3. For all k ∈ {1, . . . , n− 1} and ` ∈ {1, . . . n},

τkx` − xsk(`)τk =


1 if ` = k + 1,

−1 if ` = k,

0 otherwise.

4. For all k, ` ∈ {1, . . . , n− 1} such that |k − `| > 1, τkτ` = τ`τk.

5. For all k ∈ {1, . . . , n− 2},

τk+1τkτk+1 − τkτk+1τk = 0.
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The algebra H0
n is graded, with x` in degree 2 for all ` ∈ {1, . . . , n}, and τk in degree

−2 for all k ∈ {1, . . . , n − 1}. For all ω ∈ Sn, we can define an element τω ∈ H0
n in the

following way: choose k a reduced expression of ω, and let τω = τk. By relations (4) and (5)

in Definition 2.3.2, this does not depend on the choice of the reduced expression.

The algebra H0
n can be given a explicit realization as an algebra of operators on Pn. There

is an isomorphism of graded K-algebras ([Rou08, Proposition 3.4])


H0
n

∼−→ End•
PSn
n

(Pn),

xk 7→ xk,

τk 7→ ∂k.

(2.3.5)

In particular, H0
n is isomorphic the algebra of (n!)×(n!) matrices with coefficients in PSn

n . The

H0
n-module Pn with action given by (2.3.5) is the unique indecomposable graded projective

Hn-module up to isomorphism and grading shift. Define

en = x2x
2
3 . . . x

n−1
n τω0[1,n],

e′n = (−1)
n(n−1)

2 τω0[1,n]x
n−1
1 xn−2

2 . . . xn−1.

These are orthogonal primitive idempotents ofH0
n. We have isomorphisms of graded (Hn, P

Sn
n )-

bimodules:  Pn
∼−→ qn(n−1)Hnen,

1 7→ τω0[1,n],
and

 Pn
∼−→ Hne

′
n,

1 7→ e′n.

Hence we have Morita equivalences

 H0
n−mod

∼−→ PSn
n −mod,

M 7→ enM,
and

 H0
n−mod

∼−→ PSn
n −mod,

M 7→ e′nM.
(2.3.6)

In the following chapters, we will often have to make computations in affine nil Hecke
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algebras. The following lemma records the basic facts that we will use.

Lemma 2.3.3. Let n ∈ N.

1. For all k ∈ {1, . . . , n− 1} and P ∈ Pn we have

τkP − sk(P )τk = ∂k(P ).

2. For all ω1, ω2 ∈ Sn we have

τω1τω2 =

 τω1ω2 if l(ω1ω2) = l(ω1) + l(ω2),

0 otherwise.

3. Let k a finite sequence of elements of {1, . . . , n− 1}. For all P ∈ Pn we have

τkPτω0[1,n] = ∂k(P )τω0[1,n].

Proof. For the first statement, consider the maps

 Pn → H0
n,

P 7→ Pτk − sk(P )τk,
and

 Pn → H0
n,

P 7→ ∂k(P ).
.

They are both skew derivations, in the sense that they satisfy relation (2.3.1) with respect

to the automorphism sk. Furthermore, by relation (3) in Definition 2.3.2, they coincide on

x1, . . . , xn, which are algebra generators of Pn. Hence the two maps are equal, proving the

statement.

For the second statement, the case l(ω1ω2) = l(ω1) + l(ω2) follows from the definition of

τω. If l(ω1ω2) < l(ω1) + l(ω2), then we can decompose ω1 in the form ω1 = ωskω
′ where

l(ω′ω2) = l(ω′) + l(ω2) and ω′ has maximal length for this property. Since skω
′ < ω′, there
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is a reduced expression of ω′ of the form (k, . . .). Hence, τω′ω2 ∈ τkH
0
n, so τkτω′ω2 = 0 by

relation (2) in Definition 2.3.2. The result follows.

For the last statement, by induction on the length of the finite sequence k, it suffices to

treat the case where k has length 1. If k ∈ {1, . . . , n− 1}, then for all P ∈ Pn we have

τkPτω0[1,n] = sk(P )τkτω0[1,n] + ∂k(P )τω0[1,n]

by statement (1) of the Lemma. However, τkτω0[1,n] = 0 by statement (2) of the Lemma.

Hence we have τkPτω0[1,n] = ∂k(P )τω0[1,n], which completes the proof.

Polynomial Representation

We now go back to quiver Hecke algebras of arbitrary types. The action of H0
n on Pn has an

analogue in that general case. Let β ∈ Q+ and consider the commutative algebra

Pβ =
⊕
ν∈Iβ

P|β|1ν ,

where (1ν)ν∈Iβ forms a system of orthogonal idempotents. Also choose polynomials Pi,j(u, v)

for all i, j ∈ I such that Qi,j(u, v) = Pi,j(u, v)Pj,i(v, u). One possible choice is to fix a total

order < on I and let

Pi,j(u, v) =

 Qi,j(u, v) if i > j,

1 otherwise.
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Associated to this data is an action of Hβ on Pβ defined by the following formulas:

1µ · f1ν = δν,µf1ν ,

xk · f1ν = xkf1ν ,

τk · f1ν =

 ∂k(f)1sk(ν) if νk = νk+1,

Pνk,νk+1
(xk+1, xk)sk(f)1sk(ν) otherwise.

This representation is faithful ([Rou08, Propostion 3.12]). As a consequence, we can deter-

mine the center and bases of Hβ.

Theorem 2.3.4 ([Rou08, Theorem 3.7]). The K-algebra Hβ is free as a K-module. Let

n = |β| and let T be a complete set of reduced decompositions of elements of Sn. Then the

following sets are bases over K for Hβ:

{
τωx

a1
1 . . . xann 1ν | ν ∈ Iβ, a1, . . . , an > 0, ω ∈ T

}
,{

xa11 . . . xann τω1ν | ν ∈ Iβ, a1, . . . , an > 0, ω ∈ T
}
.

This theorem is known as the PBW Theorem for quiver Hecke algebras. In particular, it

implies that the commutative subalgebra of Hβ generated by x1, . . . , xn and 1ν for ν ∈ Iβ is

isomorphic to Pβ. Furthermore, Hβ is free of rank n! as a left (or right) module over Pβ. A

basis is given by {τω|ω ∈ T}, for T any set of reduced expressions for the elements of Sn.

Proposition 2.3.5 ([Rou08, Proposition 3.9]). The center of Hβ is the subalgebra PSn
β ,

where the action of Sn on Pβ is defined by ω(f1ν) = ω(f)1ω(ν).
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2.4 Categorified Quantum Groups

2.4.1 Positive Part

Recall that we have fixed a root datum (X, Y ) of type (I, ·), and polynomials (Qi,j)i,j∈I

satisfying certain conditions. We define now a graded monoidal category U+ attached to

this data, following [Rou08].

Definition 2.4.1. Let U+ be the K-linear, graded and idempotent complete strict monoidal

category defined as follows. The objects of U+ are generated by Ei for i ∈ I. The morphisms

of U+ are generated by xi : Ei → Ei of degree (i · i) and τi,j : EiEj → EjEi of degree −(i · j)

for all i, j ∈ I. On these generating morphisms we impose the following relations.

1. τi,j ◦ xiEj − Ejxi ◦ τi,j = δi,j = xjEi ◦ τi,j − τi,j ◦ Eixj.

2. τj,i ◦ τi,j = Qi,j(xi, xj).

3. τj,kEi ◦ Ejτi,k ◦ τi,jEk − Ekτi,j ◦ τi,kEj ◦ Eiτj,k = δi,k∂1,3(Qi,j(xi, xj)).

A concise way to restate these relations is to say that the generating morphisms of U+

induce a graded action of quiver Hecke algebras on the objects of U+. More precisely, given

β ∈ Q+ of height r, consider the object Eβ of U+ defined by

Eβ =
⊕
ν∈Iβ

Eν , where Eν = Eνr . . . Eν1 .

Then there is an isomorphism of graded K-algebras:


Hop
β → End•U+(Eβ),

xk 7→
⊕

ν∈Iβ Eνr . . . Eνk+1
xνkEνk−1

. . . Eν1 ,

τk 7→
⊕

ν∈Iβ Eνr . . . Eνk+2
τνk,νk+1

Eνk−1
. . . Eν1 .
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It follows that there is an equivalence of categories

U+ '
⊕
β∈Q+

Hβ−proj.

Under this equivalence, the generating object Ei corresponds to the free Hi-module of rank

1. The monoidal structure on U+ corresponds to an induction product for quiver Hecke

algebras that we describe now. For β, γ ∈ Q+, there is a (non-unital) morphism of K-

algebras rβ+γ
β : Hβ → Hβ+γ (called right inclusion) defined by

rβ+γ
β (1ν) =

∑
µ∈Iγ

1µν , rβ+γ
β (xk) = xk, rβ+γ

β (τ`) = τ`

for all ν ∈ Iβ, k ∈ {1, . . . , |β|} and ` ∈ {1, . . . , |β|−1}. Here, µν denotes the concatenation of

µ ∈ Iγ with ν ∈ Iβ. We also have a (non-unital) morphism of K-algebras lβ+γ
β : Hβ → Hβ+γ

(called left inclusion) defined by

lβ+γ
β (1ν) =

∑
µ∈Iγ

1νµ, lβ+γ
β (xk) = x|γ|+k, lβ+γ

β (τ`) = τ|γ|+`

for all ν ∈ Iβ, k ∈ {1, . . . , |β|} and ` ∈ {1, . . . , |β| − 1}. By Theorem 2.3.4, right and left

inclusions are injective. There is an injective morphism of K-algebras:

 Hβ ⊗Hγ → Hβ+γ,

y ⊗ z 7→ y � z = lβ+γ
γ (y)rβ+γ

β (z).

This defines a binary operation � on H, which is simply the tensor product operation in

U+. We let 1β,γ = 1β � 1γ and Hβ,γ = Hβ ⊗ Hγ. Note that this morphism is not unital in

general, since 1β,γ 6= 1β+γ unless β and γ are both multiples of the same simple root. Still,

this endows Hβ+γ1β,γ with a natural structure of (Hβ+γ, Hβ,γ)-bimodule. This bimodule is
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free as a right Hβ,γ-module, and by Theorem 2.3.4 it decomposes as

Hβ+γ1β,γ =
⊕
ω∈T

τωHβ,γ, (2.4.1)

where T denotes a set of minimal length representatives of left cosets of S|γ|×S|β| in S|β+γ|.

Given M an Hβ-module and N an Hγ-module, we can then define

MN = Hβ+γ1β,γ ⊗Hβ,γ (M ⊗N).

If M and N are projective, then so is MN . This defines the monoidal structure of U+ in

terms of representations of quiver Hecke algebras. As a consequence of (2.4.1), we have the

following lemma which will be useful in the subsequent chapters.

Lemma 2.4.2. Let m,n ∈ N and let T be a complete set of reduced expressions of minimal

length representatives of left cosets of Sm ×Sn in Sm+n. Let ω0 be the longest element in

T . Then for all y ∈ Hn and z ∈ Hm we have

(y � z)τω0
− τω0

(z � y) ∈
∑

ω∈T\{ω0}

τωHm,n.

As an important consequence of the action of quiver Hecke algebras on the objects of U+,

we can define the divided powers E
(n)
i for all i ∈ I and n ∈ N. First, remark that we have an

isomorphism of K-algebras H0
n = Hni ' End•U+(En

i )op. Thus, the idempotent en ∈ H0
n acts

on En
i , and we can define

E
(n)
i = q

n(n−1)
2

i (En
i )en,

where we write the action of Hopp
n on En

i on the right. When seen as a graded projective

Hni-module, we have simply E
(n)
i ' q

−n(n−1)
2

i Pni, where the action on Pni is given by the
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polynomial representation. Then we have isomorphisms

En
i ' [n]i!E

(n)
i , (2.4.2)

E
(a)
i E

(b)
i ' [ a+b

a ]iE
(a+b)
i . (2.4.3)

2.4.2 2-Categories Associated to Root Data

We now define a 2-category U categorifying the integral idempotent version of the quantum

group. The 2-category U will be defined as the idempotent completion of a 2-category U ′

that we define first.

Definition 2.4.3. Define a strict 2-category U ′ by the following data.

� The set of objects of U ′ is X.

� Given λ, λ′ ∈ X, the 1-morphisms λ→ λ′ are direct sums of shifts of words of the form

En1
i1
Fm1
j1

. . . Enr
ir
Fmr
jr

, with r, ni,mi ∈ N and i1, j1, . . . , ir, jr ∈ I such that

λ′ − λ =
r∑

k=1

(nkik −mkjk).

Composition of of 1-morphisms is given by concatenation of words, and the identity

1-morphism of λ is the empty word, denoted 1λ. When we want to specify that a word

X has source λ (resp. target λ′), we will write X1λ (resp. 1λ′X).

� The 2-morphisms of U ′ are generated by xi : Ei → Ei of degree (i·i), τi,j : EiEj → EjEi

of degree −(i · j), ηi : 1λ → FiEi1λ of degree di(1 + 〈i∨, λ〉), and εi : EiFi1λ → 1λ of

degree di(1− 〈i∨, λ〉) for all i, j ∈ I and λ ∈ X. On these 2-morphisms we impose the

following conditions.

1. The morphisms xi and τi,j satisfy the relations of Definition 2.4.1.
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2. We have the relations Ei = εiEi ◦ Eiηi and Fi = Fiεi ◦ ηiFi.

3. For all i 6= j and λ ∈ X, we add formal inverses to certain 2-morphisms σi,j and

ρi,λ. These 2-morphisms are defined as follows. Given i, j ∈ I, we define σi,j by

σi,j = FjEiεj ◦ Fjτj,iFj ◦ ηjEiFj : EiFj → FjEi. (2.4.4)

If 〈i∨, λ〉 > 0, we define ρi,λ by

ρi,λ =



σi,i

εi

εi ◦ xiFi
...

εi ◦ x〈i
∨,λ〉−1

i Fi


: EiFi1λ → FiEi1λ ⊕ [〈i∨, λ〉]i 1λ. (2.4.5)

If 〈i∨, λ〉 6 0, we define ρi,λ by

ρi,λ =
[
σi,i ηi Fixi ◦ ηi . . . Fix

1−〈i∨,λ〉
i ◦ ηi

]
: EiFi1λ⊕[−〈i∨, λ〉]i1λ → FiEi1λ.

(2.4.6)

Definition 2.4.4. The 2-category U is the idempotent completion of U ′. This means that

U has the same set of objects as U ′, and that for all λ, λ′ ∈ X, the category HomU(λ, λ′) is

the idempotent completion of the category HomU ′(λ, λ
′).

In particular, the divided powers E
(n)
i of U+ induce 1-morphisms 1λ+niE

(n)
i 1λ in U . Con-

dition (2) in Definition 2.4.3 means that we have adjoint pairs
(
Ei1λ, q

−1−〈i∨,λ〉
i Fi1λ+i

)
with

unit and counit of adjunction given by ηi and εi. Using these adjunctions, we obtain an

action of quiver Hecke algebras on products of Fi’s. We can then define the divided power

F
(n)
i by

F
(n)
i = q

n(n−1)
2

i e′n(F n).
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Then, there are adjoint pairs
(
E

(n)
i 1λ, q

−n(〈i∨,λ〉+n)
i F

(n)
i 1λ+ni

)
.

Remark 2.4.5. This definition of U is due to Rouquier. Khovanov and Lauda define special-

izations of the quiver Hecke algebras introduced here and a different 2-category, see [KL09],

[KL11], [KL10]. The main differences are that Khovanov-Lauda’s version requires adjoint

pairs
(
q

1+〈i∨,λ〉
i Fi1λ+i, Ei1λ

)
and the inverses of the maps σi,j and ρi,λ are given explicitly in

terms of the unit and counit of this second adjunction. However, Brundan proved in [Bru16]

that the 2-categories of Khovanov-Lauda and Rouquier are isomorphic. In particular, in

the 2-category U that we defined, the 2-morphisms Ei1λ and Fi1λ have both left and right

adjoints.

Given λ ∈ Z we define

U1λ =
⊕
λ′∈Z

HomU(λ, λ′).

This is a K-linear, graded and idempotent complete category. In U1λ, there are isomorphisms

E
(a)
i F

(b)
i 1λ '

min{a,b}⊕
k=0

[ 〈i∨,λ〉+a−b
k

]
i
F

(b−k)
i E

(a−k)
i 1λ if 〈i∨, λ〉 > b− a, (2.4.7)

F
(b)
i E

(a)
i 1λ '

min{a,b}⊕
k=0

[ −〈i∨,λ〉−a+b
k

]
i
E

(a−k)
i F

(b−k)
i 1λ if 〈i∨, λ〉 6 b− a. (2.4.8)

They can be constructed using the isomorphisms ρi,λ (see [Rou08, Lemma 4.14] for details).

2.4.3 Categorification Theorems

We now relate the monoidal category U+ and the 2-category U to the quantum group U .

Let A = Z [q, q−1]. We denote by f the Q(q)-subalgebra of U generated by ei for i ∈ I, and

by fA the A-subalgebra of f generated by e
(n)
i for i ∈ I and n ∈ N.

Consider the split Grothendieck group K0(U+). This is abelian group generated by iso-

morphism classes [M ] of objects M ∈ U+ modulo the relations [M ] + [N ] = [M ⊕ N ] for
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all M,N ∈ U+. Since U+ is graded and monoidal, K0(U+) inherits the structure of an

A-algebra, via the formulas q[M ] = [qM ], [M ][N ] = [MN ] for all M,N in U+.

Theorem 2.4.6 ([KL11, Theorem 8]). There exists a unique isomorphism of A-algebras

γ : fA
∼−→ K0(U+)

such that γ
(
e

(n)
i

)
=
[
E

(n)
i

]
for all i ∈ I and n ∈ N.

Similarly, we denote by U̇A the A-linear subcategory of U̇ whose morphisms are generated

by e
(n)
i and f

(n)
i for i ∈ I and n ∈ N. The split Grothendieck group K0(U) is the A-linear

category with same set of objects as U , and with HomK0(U)(λ, µ) = K0 (HomU(λ, µ)) for all

objects λ and µ.

Theorem 2.4.7 ([KL10], [Dup21]). There exists a unique isomorphism of A-linear categories

γ̇ : U̇A
∼−→ K0(U)

such that γ̇
(
e

(n)
i 1λ

)
=
[
E

(n)
i 1λ

]
and γ̇

(
f

(n)
i 1λ

)
=
[
F

(n)
i 1λ

]
for all i ∈ I, n ∈ N and λ ∈ X.

2.4.4 2-Representations

Definition 2.4.8. A 2-representation of U is a strict 2-functor U → LinK , where LinK

denotes the strict 2-category of graded K-linear categories. More explicitly, the data of a

2-representation V of U is equivalent to the following.

� Categories Vλ ∈ LinK for each λ ∈ X.

� Functors Ei : Vλ → Vλ+i and Fi : Vλ → Vλ−i for each λ ∈ X and i ∈ I.

� Natural transformations xi : Ei → Ei of degree (i · i), τ : EiEj → EjEi of degree
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−(i · j), εi : EiFi1λ → 1λ of degree di(1 − 〈i∨, λ〉), and ηi : 1λ → FiEi1λ of degree

di(1 + 〈i∨, λ〉), such that the conditions of Definition 2.4.3 are satisfied.

An abelian 2-representation is a 2-representation V for which the category Vλ is abelian

for all λ ∈ X. In that case, the functors Ei, Fi are automatically exact on V since they are

both left and right adjoints. A 2-representation V is said to be integrable if for every M ∈ V

and i ∈ I, we have Ek
i (M) = F k

i (M) = 0 for some k ∈ N.

Given 2-representations V ,W , a morphism of 2-representations D : V → W is the data

of:

� functors D : Vλ →Wλ for all λ ∈ X,

� natural isomorphisms αi : DEi
∼−→ EiD and βi : DFi

∼−→ FiD for all i ∈ I,

such that αi and βi are compatible with the 2-morphisms xi, τi,j, εi and ηi of U . This

compatibility condition means that the following diagrams commute:

DEi
Dxi //

αi
��

DF

αi

��
EiD xiD

// EiD

DEiEj
Dτi,j //

Eiαj◦αiEj
��

DEjEi

Ejαi◦αjEi
��

EiEjD τi,jD
// EjEiD

DEiFi
Dεi //

Eiβi◦αiFi
��

D

EiFiD

εiD

;; D
Dηi //

ηiD ##

DFiEi

Fiαi◦βiEi
��

FiEiD

Then, given D a morphism of 2-representations and C a complex of 1-morphisms of U , we

have a canonical isomorphism of complexes of functors DC ' CD.

35



2.5 Diagrammatic Calculus

Morphisms in monoidal categories have naturally two compatible multiplicative operations:

composition and tensor product. It is sometimes convenient to represent morphisms using

planar diagrams to take advantage of the inherent two-dimensionality of the algebraic struc-

ture. Then, composition is then given by vertical stacking, and the monoidal structure is

given by horizontal stacking. We refer to [Sav18] for a general introduction to diagrammatic

techniques for categorification.

2.5.1 Diagrammatic Presentation of U+

The general idea of representing morphisms by planar diagrams can be applied to the

monoidal category U+. In what follows, we define a diagrammatic notation to represent

the elements of the quiver Hecke algebra H, which act on the objects of U+ by right multi-

plication. Given two elements h, h′ of H, the diagram corresponding to hh′ will be obtained

by stacking the diagram of h on top of that of h′. The diagram corresponding to h � h′

will be obtained by concatenating the diagram of h to the left of that of h′.This principle is

illustrated by the following diagrams:

h ◦ h′ =
h

h′
, h ⊗ h′ = h h′ .

We now define the diagrams corresponding to the generating morphisms of U+. Given

i ∈ I, we represent the identity morphism of Ei as a vertical strand labeled by i:

i

.

When multiple simple roots are involved, we sometimes draw their respective strands with
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different colors for the sake of clarity. For example, the identity morphism of EiEjEi is

represented by the diagram

i ij

.

where we have assigned the color black to i and blue to j. The morphism xi ∈ End•U+(Ei) is

represented by decorating the strand corresponding to the identity with a dot:

xi =

i

.

Powers of xi are simply indicated by labeling the dot with an integer:

xki =

i

k .

If P ∈ Pn and ν ∈ In, we represent the morphism P (xν1 , . . . , xνn)1ν by the following diagrams

P

νn ν1

· · ·

· · ·
= P

ν

.

The second one will be a shorthand for the first one. The morphism τi,j ∈ Hom•U+(EiEj, EjEi)

is represented by a crossing of the strands:

τi,j =

j i

.

Similarly, given ν ∈ In and µ ∈ Im, we have a morphism τν,µ : EνEµ → EµEν obtained

by composing the morphisms τi,j to permute the factors to Eν to the right of Eµ. This
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morphism is represented by

τν,µ =

µ ν

.

With these notations, the defining relations of U+ take the following form:

i j

−

i j

= δi,j

i j

=

i j

−

i j

,

i j

= Qi,j

i j

,

i j k

−

i j k

= δi,k ∂3,1(Qj,k)

i j k

.

2.5.2 Thick Diagrammatic Calculus

It is convenient to further develop this diagrammatic to include strands labeled by divided

powers. This extension is known as thick calculus and was originally introduced in [KLMS12]

and [Sto19]. Given i ∈ I and n ∈ N, the identity morphism of E
(n)
i is represented by a vertical

strand labeled by (n)i:

(n)i

.
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Given n1, n2 ∈ N, the inclusion E
(n1+n2)
i ↪→ E

(n1)
i E

(n2)
i is represented by

(n1)i (n2)i

(n1 + n2)i

.

The morphism τω0[1,n1+n2]ω0[1,n2]−1ω0[n2+1,n1+n2]−1 : E
(n1)
i E

(n2)
i � E

(n1+n2)
i is represented by

(n1)i (n2)i

(n1 + n2)i

.

We can then define the crossing E
(n1)
i E

(n2)
i → E

(n2)
i E

(n1)
i by

(n2)i (n1)i

(n1)i (n2)i

=

(n2)i (n1)i

(n1)i (n2)i

.

Remark 2.5.1. When no confusion is possible, we omit certain labels on the strands. For

instance, we often use the following shorthands:

(n1)i (n2)i

,

(n1)i (n2)i

.

2.5.3 Basic Results

In this subsection, we give some elementary results about diagrammatic calculus which will

be used in subsequent chapters.

Lemma 2.5.2 ([KLMS12, Proposition 2.4]). Let n1, n2, n3 ∈ N and let i ∈ I. The following
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equalities hold:

(n1)i (n2)i (n3)i

(n1 + n2 + n3)i

=

(n3)i(n2)i(n1)i

(n1 + n2 + n3)i

,

(n1)i (n2)i (n3)i

(n1 + n2 + n3)i

=

(n3)i(n2)i(n1)i

(n1 + n2 + n3)i

.

Lemma 2.5.3 ([Sto19, Proposition 3]). For i ∈ I, ν ∈ In and a, b ∈ N we have

ν(a)i (b)i

=

ν(a)i (b)i

,

ν (a)i (b)i

=

ν (a)i (b)i

,

ν(a)i (b)i

=

ν(a)i (b)i

,

ν (a)i (b)i

=

ν (a)i (b)i

.

Lemma 2.5.4 ([KLMS12, Proposition 2.5]). For i ∈ I and a, b, c ∈ N, the following equali-

ties hold:

(a+ c)i (b)i

(b+ c)i (a)i

=

(a+ c)i (b)i

(b+ c)i (a)i

,
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(a+ c)i(b)i

(b+ c)i(a)i

=

(a+ c)i(b)i

(b+ c)i(a)i

.

We now state multi-strands versions of the quadratic and braid relations from Definition

2.4.1. For these, we need generalizations of the polynomials Qi,j. Let i ∈ I, n ∈ N and

ν ∈ Ir for some r ∈ N. We define a polynomial Qni,ν ∈ Pn+r by

Qni,ν(x1, . . . , xr, xr+1, . . . , xr+n) =
∏

16`6n
16k6r
νk 6=i

Qi,νk(xr+`, xk). (2.5.1)

There is a symmetrically defined polynomial Qν,ni.

Lemma 2.5.5. 1. Let i ∈ I, n ∈ N and ν ∈ (I \ {i})r for some r ∈ N. The following

relations hold:

(n)i ν

= Qni,ν

(n)i ν

,

(n)iν

= Qν,ni

(n)iν

.

2. Let i ∈ I and let n, k ∈ N. Then for all P ∈ PSk
k and Q ∈ PSn

n we have

P Q

(n+ k)i

= ∂ω0(P �Q)

(n+ k)i

,

where ω0 = ω0[1, n+ k]ω0[1, n]−1ω0[n+ 1, n+ k]−1.

Lemma 2.5.6. 1. Let i ∈ I and ν ∈ (I \ {i})r for some r ∈ N. The following relation
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holds:

i ν i

−

i ν i

= ∂r+2,1(Qν,i)

i ν i

.

2. Let i ∈ I, let j1, j2 be elements of I \ {i} and let and let n ∈ N. The following relation

holds:

j1 (n)i j2

−

j1 (n)i j2

= δj1,j2 ∂n+2,1(Qni,j2)

j1 (n)i j2

.
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CHAPTER 3

Invertiblity of the Categorified Reflection

In this chapter, we work with the root datum of type A1. This means that X = Y = Z,

the simple root is 2, and the simple coroot is 1. The paring between X and Y is simply the

multiplication. This root datum corresponds to the Lie algebra sl2. Recall that if V is an

integrable weight representation of sl2, the reflection

θ =

0 −1

1 0

 = exp(−e)exp(f)exp(−e)

induces an automorphism of V restricting to isomorphisms Vλ
∼−→ V−λ between weight spaces

of opposite weights (see [Hum78, 21.2]). Furthermore, there is an explicit formula for the

action of θ of V . For all v ∈ Vλ, we have (see [CR08, Lemma 4.2])

θ(v) =
∑

r>max(0,−λ)

(−1)rf (λ+r)e(r)(v).

These facts generalize to the quantum case. If V is an integrable representation of the

integral quantum group U̇ associated with sl2, there is a quantum deformation of θ providing

isomorphisms Vλ
∼−→ V−λ. Explicitly, for v ∈ Vλ, we have (see [Lus09, Lemma 2.2] or [CKL13,
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Proposition 2.3])

θ(v) =
∑

r>max(0,−λ)

(
−q−1

)r
f (λ+r)e(r)(v).

At the categorical level, the reflection θ lifts to a complex Θ of 1-morphisms of U . The

necessity to work with complexes is expected given the alternating sums appearing in the

formulas above. We now define the complex Θ.

Definition 3.0.1. Given λ ∈ Z, the complex Θ1λ is the complex of objects of 1−λU1λ

defined as follows.

� For all r ∈ Z, the rth component of Θ1λ is Θr1λ = q−rF (λ+r)E(r). (We put F (`) =

E(`) = 0 if ` < 0.)

� The differential of Θ1λ is the composition

F (λ+r)E(r) F (λ+r)ηE(r)

−−−−−−−→ F (λ+r)FEE(r)
τ[1↑λ+r]⊗τ[r↓1]−−−−−−−−→ F (λ+r+1)E(r+1).

The fact that the differential squares to zero follows from the commutativity of the

following diagram:

1λ F 2E21λ

F 2E21λ F 2E21λ.

FηE◦η

FηE◦η τ⊗τ

F 2τ2=0

The goal of this chapter is to prove that Θ is invertible in the homotopy category of U . In

Section 3.1, we introduce a family (L(n))n∈N. of 2-representations of U . These categorify the

finite dimensional simple representations of sl2. We prove that this family satisfies certain

faithfulness properties. In Section 3.2, we apply these properties to prove the invertibility of

Θ up to homotopy and a compatibility property with Chevalley generators.
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3.1 Faithfulness of Simple 2-Representations

3.1.1 Simple 2-Representations

We now define the simple 2-representations of U , following [Rou08, Subsection 5.2]. For

n ∈ N, and k ∈ {0, . . . , n}, we denote by H0
k,n the subalgebra of H0

n generated by PSn
n ,

τ1, . . . , τk−1 and x1, . . . , xk. We have an isomorphism of algebras H0
k,n ' H0

k ⊗ P
Sn−k
n−k , and a

tower of algebras

PSn
n = H0

0,n ⊆ H0
1,n ⊆ · · · ⊆ H0

n,n = H0
n.

The 2-representation L(n) of U is defined as follows.

� For k ∈ {0, . . . , n}, we define L(n)−n+2k = H0
k,n−proj, the category of finitely gener-

ated, graded and projective H0
k,n-modules.

� The functor E : L(n)−n+2k → L(n)−n+2(k+1) is ind
H0
k+1,n

H0
k,n

and the functor F : L(n)−n+2k →

L(n)−n+2(k−1) is q2k−n−1res
H0
k,n

H0
k−1,n

.

� The morphism x : E → E is right multiplication by xk+1 on ind
H0
k+1,n

H0
k,n

, and the mor-

phism τ : E2 → E2 is right multiplication by τk+1 on ind
H0
k+2,n

H0
k,n

.

� The morphisms ε and η are the counit and unit of the canonical adjunction between

induction and restriction.

Proposition 3.1.1 ([Rou08, 5.2.3]). The above data defines a 2-representation of U on L(n).

Define

L(n)−bim =
⊕

06k,`6n

(
H0
k,n, H

0
`,n

)
−bim,

where
(
H0
k,n, H

0
`,n

)
−bim is the category of finitely generated graded

(
H0
k,n, H

0
`,n

)
-bimodules.

The structure of 2-representation of U on L(n) induces functors Φn : U1λ → L(n)−bim for
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all λ ∈ Z. For k ∈ {0, . . . , n} and a ∈ {0, . . . , k} we have

Φn

(
Ea1−n+2(k−a)

)
= H0

k,n as
(
H0
k,n, H

0
k−a,n

)
-bimodules,

Φn

(
F a1−n+2k

)
= qa(2k−n−a)H0

k,n as
(
H0
k−a,n, H

0
k,n

)
-bimodules.

Let us now describe explicitly the images of the divided powers under Φn. Given two integers

r < ` ∈ {1, . . . , n}, we put

x[r,`] = xr+1x
2
r+2 . . . x

`−r
` ∈ Pn,

x′[r,`] = (−1)
(`−r)(`−r−1)

2 x`−rr x`−r−1
r+1 . . . x`−1 ∈ Pn,

e[r,`] = x[r,`]τω0[r,`] ∈ H`,n,

e′[r,`] = τω0[r,`]x
′
[r,`] ∈ H`,n.

Note that e[r,`] and e′[r,`] are orthogonal idempotents of H`,n. Then we have

Φn

(
E(a)1−n+2(k−a)

)
= q

a(a−1)
2 H0

k,ne[k−a+1,k] as
(
H0
k,n, H

0
k−a,n

)
-bimodules,

Φn

(
F (a)1−n+2k

)
= qa(2k−n−a)+

a(a−1)
2 e′[k−a+1,k]H

0
k,n as

(
H0
k−a,n, H

0
k,n

)
-bimodules.

A crucial fact about the simple 2-representations is the following universal property.

Theorem 3.1.2 ([Rou08, Proposition 5.15]). Let V be an integrable 2-representation of

U , and let M ∈ Vn be such that E(M) = 0. Then there is a unique morphism of 2-

representations RM : L(n) → V such that RM(Pn) = M , where Pn is seen as an object of

L(n)n with action of Hn given by the polynomial representation.
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3.1.2 Faithfulness

The goal of this subsection is to prove the following faithfulness result.

Theorem 3.1.3. 1. Let C be a complex of 1-morphisms of U . If Φn(C) is null-homotopic

for all n ∈ N, then C is null-homotopic.

2. Let f be a morphism between complexes of 1-morphisms of U . If Φn(f) is a homotopy

equivalence for all n ∈ N, then f is a homotopy equivalence.

Generalities About Krull-Schmidt Categories

Theorem 3.1.3 will be a consequence of a general result about representations of Krull-

Schmidt categories. Let us start by recalling some basic facts. A K-linear category C is

called Krull-Schmidt if every object of C is isomorphic to a finite direct sum of objects whose

endomorphism algebra is local. If C is Krull-Schmidt, then the indecomposable objects are

precisely the objects whose endomorphism algebra is local, and every object decomposes

uniquely as a finite direct sum of indecomposable objects up to reordering of the terms. We

will also say that a 2-category C is Krull-Schmidt if for all objects λ, µ of C the category

HomC(λ, µ) is Krull-Schmidt. In other words, C is Krull-Schmidt if every 1-morphism of C

decomposes as a finite direct sum of 1-morphisms whose 2-endomorphism algebra is local.

The general theorem that we will prove regarding representations of Krull-Schmidt cate-

gories is the following.

Theorem 3.1.4. Let A be a non-empty set. Let C, (Da)a∈A be Krull-Schmidt categories, and

let (Φa : C → Da)a∈A be linear functors. Assume that for any finite collection M1, . . . ,Mn of

indecomposable and pairwise non-isomorphic objects of C, there exists a ∈ A such that:

1. Φa(M1), . . . ,Φa(Mn) are indecomposable and pairwise non-isomorphic,
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2. for all k ∈ {1, . . . , n}, the morphism of K-algebras EndC(Mk) → EndDa(Φa(Mk))

induced by Φa is local.

Then for all C ∈ Comp(C), C is null-homotopic if and only if for all a ∈ A, Φa(C) is

null-homotopic.

Let us introduce some terminology that will be used throughout the proof. With the

notations of Theorem 3.1.4, given a finite collection M1, . . . ,Mn of indecomposable and

pairwise non-isomorphic objects of C, we say that an element a ∈ A is adapted to M1, . . . ,Mn

if conditions (1) and (2) of Theorem 3.1.4 are satisfied. Similarly, given an object M of C,

we say that a ∈ A is adapted to M if it is adapted to the indecomposable summands of M .

Given an arrow f : M → N of C, we say that a ∈ A is adapted to f if it is adapted to

M ⊕N .

The first step to prove Theorem 3.1.4 is to prove a lifting result for split injections and

split surjections. This will be based on the following lemma.

Lemma 3.1.5. Let C be a Krull-Schmidt category, and let f : M → N , g : N → L be

morphisms in C. Assume given a decomposition N = ⊕jNj into indecomposable objects.

Denote by ij : Nj → N, pj : N → Nj the inclusion and projection morphisms associated to

this decomposition.

1. Assume that L is indecomposable and that gf is a split surjection. Then, there exists

j such that gij is an isomorphism and pjf is a split surjection.

2. Assume that M is indecomposable and that gf is a split injection. Then, there exists

j such that gij is a split injection and pjf is an isomorphism.

Proof. We prove the first statement, the second one being similar. Fix a right inverse u of

gf . Then we have ∑
j

gijpjfu = idL.
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Since EndC(L) is a local K-algebra, there exists j such that gijpjfu is invertible. Thus

gij is a split surjection. Since Nj is indecomposable and L 6= 0, it follows that gij is an

isomorphism. Hence pjfu is invertible, so pjf is a split surjection.

Proposition 3.1.6. Let C,D be Krull-Schmidt categories, and let Φ : C → D be a functor

such that:

1. for any indecomposable object X ∈ C, Φ(X) is indecomposable and the morphism of

K-algebras EndC(X)→ EndD(Φ(X)) induced by Φ is local,

2. for any indecomposable objects X, Y ∈ C, X ' Y if and only if Φ(X) ' Φ(Y ).

Let f : M → N be a morphism in C. Then f is a split surjection (resp. split injection) if

and only if Φ(f) is a split surjection (resp. split injection).

Proof. We treat the case of split surjections, the case of split injections being similar. If f

is a split surjection, it is clear that Φ(f) is a split surjection. Conversely, assume that Φ(f)

is a split surjection. We proceed by induction on the number of indecomposable summands

of N . The result is clear if N = 0.

Assume that N 6= 0 and fix a decomposition N = N1 ⊕ N ′ with N1 indecomposable.

Denote by p : N → N1 the projection associated with this decomposition. We also fix

a decomposition M = ⊕mj=1Mj into indecomposable objects, and we denote by ij : Mj →

M, pj : M →Mj the inclusion and projection morphisms associated with this decomposition.

The composition Φ(M)
id−→ Φ(M)

Φ(pf)−−−→ Φ(N1) is a split surjection and Φ(N1), (Φ(Mj))j

are indecomposable by assumption (1). Thus by Lemma 3.1.5, there exists j such that

Φ(pfij) is an isomorphism. Without loss of generality, we can assume that j = 1. Then

Φ(N1) and Φ(M1) are isomorphic, so by assumption (2) N1 and M1 are isomorphic. Fix an

isomorphism g : N1
∼−→M1. The morphism EndC(N1)→ EndD(Φ(N1)) induced by Φ is local

and Φ(pfi1g) is invertible. Thus pfi1g is invertible, and pfi1 is invertible as well.
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Hence, if we let M ′ = ⊕j>1Mj, in the decompositions M = M1 ⊕M ′ and N = N1 ⊕ N ′

we can write f as a matrix

f =

 α β

γ δ

 ,

with α = pfi1. Since α is an isomorphism, there exist automorphisms u of N and v of M

such that

ufv =

 α 0

0 f ′


for some morphism f ′ : M ′ → N ′. Since Φ(f) is a split surjection and u, v are invertible,

Φ(ufv) is a split surjection as well. Thus, Φ(f ′) is a split surjection. The number of

indecomposable summands of N ′ is one less than that of N . By induction, we deduce that

f ′ is a split surjection. It follows that ufv is a split surjection. So f is a split surjection.

Corollary 3.1.7. Let C, (Da)a∈A be Krull-Schmidt categories, and let (Φa : C → Da)a∈A be

functors satisfying the same assumptions as in Theorem 3.1.4. Let f : M → N be a mor-

phism in C. Then, the following assertions are equivalent.

1. f is a split surjection (resp. injection).

2. There exists a ∈ A adapted to f such that Φa(f) is a split surjection (resp. injection).

3. For all a ∈ A, Φa(f) is a split surjection (resp. injection).

Proof. Denote by Cf the smallest full subcategory of C containing M ⊕N and closed under

direct sums and direct summands. This is a Krull-Schmidt category with finitely many

isomorphism classes of indecomposable objects. By assumption, we can fix a ∈ A adapted

to f . Then the functor Cf → Da induced by Φa satisfies the assumptions of Proposition

3.1.6. The result follows from Propostion 3.1.6.

We can now prove Theorem 3.1.4 for complexes that are bounded above or below.
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Proposition 3.1.8. Let C, (Da)a∈A be Krull-Schmidt categories, and let (Φa : C → Da)a∈A

be functors satisfying the same assumptions as in Theorem 3.1.4. Let C ∈ Comp(C) be

bounded above or below. Then C is null-homotopic if and only if for all a ∈ A, Φa(C) is

null-homotopic.

Proof. We treat the case where C is bounded above, the bounded below case being similar.

If C is null-homotopic, it is clear that for all a ∈ A, Φa(C) is null-homotopic. Conversely,

assume that for all a ∈ A, Φa(C) is null-homotopic. Since C is bounded above, it has the

form

· · · → Cj dj−→ Cj+1 → · · · → C`−1 d`−1

−−→ C` → 0,

with ` such that Cj = 0 for all j > `. We inductively construct maps hj ∈ HomC(C
j, Cj−1)

for j 6 `, such that hj+1d
j + dj−1hj = idCj .

By assumption, Φa(d
`−1) is a split surjection for all a ∈ A. Hence d`−1 is a split surjection

by Corollary 3.1.7. We define h` to be a right inverse to d`−1. Assume that the hk are

constructed for k > j. From hj+1d
j + dj−1hj = idCj and djdj−1 = 0, we get that e = hjd

j−1

is an idempotent of Cj−1. Hence there is a decomposition Cj−1 = im(e) ⊕ im(1 − e). We

have edj−2 = 0 and dj−1(1− e) = 0. Thus C has the form

· · · → Cj−2
dj−2=( 0

δ )
−−−−−−→ im(e)⊕ im(1− e) dj−1=( ? 0 )−−−−−−−→ Cj → · · ·

for some morphism δ : Cj−2 → im(1 − e). For all a ∈ A, Φa(δ) is a split surjection since

Φa(C) is null-homotopic. Thus, δ is also a split surjection by Corollary 3.1.7. Let δ′ be a

right inverse to δ, and define hj−1 = ( 0 δ′ ) : im(e)⊕ im(1− e)→ Cj−2. By construction, we

have hjd
j−1 + dj−2hj−1 = idCj−1 , which completes the induction.

To finish the proof of Theorem 3.1.4, we show how to extend this result to unbounded

complexes. We will need the following standard lemma.
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Lemma 3.1.9 (Gaussian elimination). 1. Let C be an additive category, and let C ∈

Comp(C). Assume that C has the form

C = · · · → Ci−1 → X ⊕ Y

(
α β
γ δ

)
−−−−→ Z ⊕W → Ci+2 → · · · ,

with α an isomorphism. Then C is homotopy equivalent to a complex of the form

· · · → Ci−1 → Y → W → Ci+2 → · · · .

2. Let C be an idempotent complete category, and let C ∈ Comp(C). Assume that C has

the form

C = · · · → Ci−1 → Ci (αγ )
−−→ Z ⊕W → Ci+2 → · · · ,

with α a split surjection. Then C is homotopy equivalent to a complex of the form

· · · → Ci−1 → Y → W → Ci+2 → · · · .

where Y is an object of C such that Ci ' Y ⊕ Z.

3. Let C be an idempotent complete category, and let C ∈ Comp(C). Assume that C has

the form

C = · · · → Ci−1 → X ⊕ Y (α β )−−−→ Ci+1 → Ci+2 → · · · ,

with α a split injection. Then C is homotopy equivalent to a complex of the form

· · · → Ci−1 → Y → W → Ci+2 → · · · .

where W is an object of C such that Ci+1 ' X ⊕W .

Proof. 1. Since α is an isomorphism, there exists an automorphism p of X ⊕ Y , an auto-
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morphim q of Y ⊕ Z and a morphism δ′ : Y → W such that

q
(
α β
γ δ

)
p = ( α 0

0 δ′ ) .

Hence C is isomorphic to

· · · → Ci−1 → X ⊕ Y
(α 0

0 δ′ )−−−−→ Z ⊕W → Ci+2 → · · · .

Since α is a isomorphism, the compositions Ci−1 → X ⊕ Y � X and X ↪→ X ⊕ Y →

Ci+1 are zero. Hence C is isomorphic to a direct sum

(
· · · → Ci−1 → Y

δ′−→ W → Ci+2 → · · ·
)⊕(

0→ X
α−→ Z → 0

)
.

The complex 0 → X
α−→ Z → 0 is homotopy equivalent to zero since α is an isomor-

phism. The result follows.

2. Fix a right inverse α′ of α. Then α′a is an idempotent of EndC(C
i). Put X = im(α′α)

and Y = im(1 − α′α). We have a decomposition Ci = X ⊕ Y and α induces an

isomorphism X
∼−→ Z. The result then follows from (1).

3. The proof is similar to (2).

Proof of Theorem 3.1.4. For C ∈ Comp(C), we denote by n(C) the number of summands in

a decomposition of C0 into indecomposable components. Assume that for all a ∈ A, Φa(C) is

null-homotopic. We start by proving that d0
C = 0 or C is homotopy equivalent to a complex

C ′ with n(C ′) = n(C)− 1.

Fix a ∈ A adapted to d−1
C and d0

C . If Φa(d
0
C) = 0, then Φa(d

−1
C ) is a split surjection since

Φa(C) is null-homotopic. By Corollary 3.1.7, we deduce that d−1
C is a split surjection. Thus,
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d0
C = 0. Assume now that Φa(d

0
C) 6= 0. Fix a decomposition into indecomposable summands

C0 = ⊕jMj. Since Φa(C) is null-homotopic, there exists a split injection u : M → Φa(C
0)

with M ∈ Da indecomposable such that Φa(d
0
C)u is a split injection. By Lemma 3.1.5, there

exists j such that Φa(d
0
Cij) is a split injection, where ij : Mj → C0 is the inclusion associated

with the decomposition of C0. By Corollary 3.1.7, we deduce that d0
Cij is a split injection.

Thus, by Lemma 3.1.9, C is homotopy equivalent to a complex C ′ with n(C ′) = n(C)− 1.

Hence, if Φa(C) is null-homotopic for all a ∈ A, we have proved that d0
C = 0, or C is

homotopy equivalent to a complex C ′ with n(C ′) = n(C)−1. By induction, it follows that C

is homotopy equivalent to a complex C ′ such that d0
C′ = 0. Hence, C is homotopy equivalent

to a direct sum C1 ⊕ C2, with C1 bounded above and C2 bounded below. For all a ∈ A,

Φa(C1) and Φa(C2) are null-homotopic since Φa(C) is as well. So by Proposition 3.1.8, C1

and C2 are null-homotopic. Hence, C is null-homotopic. Conversely, if C is null-homotopic,

it is clear that for all a ∈ A, Φa(C) is null-homotopic.

Corollary 3.1.10. Let C, (Da)a∈A be Krull-Schmidt categories, and let (Φa : C → Da)a∈A be

functors satisfying the same assumptions as in Theorem 3.1.4. Let f : C → D be a morphism

between complexes of objects of C. Then f is a homotopy equivalence if and only if for all

a ∈ A, Φa(f) is a homotopy equivalence.

Proof. It suffices to apply Theorem 3.1.4 to the complex Cone(f).

Application to Simple 2-Representations

To prove our faithfulness result, we show that the collection of simple 2-representations of

U satisfies the assumptions of Theorem 3.1.4. In particular, we need to know the indecom-

posable 1-morphisms of U and their 2-endomorphism algebra. These have been determined

by Lauda in [Lau10].
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Theorem 3.1.11 ([Lau10, Propositions 9.8 and 9.10]). The 2-category U is Krull-Schmidt.

A complete set of pairwise non-isomorphic indecomposable 1-morphisms of U is given by

{
qsE(a)F (b)1λ, λ 6 b− a, s ∈ Z

}
∪
{
qsF (b)E(a)1λ, λ > b− a, s ∈ Z

}
.

Furthermore, for X an indecomposable 1-morphism of U we have |X| ∈ 1 + qN[q].

The first step to check the assumptions of Theorem 3.1.4 is to study the images of the

indecomposable 1-morphisms of U in the simple 2-representations. We start by proving some

preliminary results.

Lemma 3.1.12. Let k, `, r ∈ N and put n = k + `+ r. Then the multiplication map

PSk+`×Sr
n ⊗ PSk×S`+r

n → PSk×S`×Sr
n

is surjective.

Proof. Let B be the image of the multiplication map. We denote by εj the elementary sym-

metric polynomial of degree j. As a K-algebra, PSk×S`×Sr
n is generated by εj(x1, . . . , xk),

εj(xk+1, . . . , xk+`) and εj(xk+`+1, . . . , xn) for j ∈ N. Since the multiplication map is an algebra

map, it suffices to prove that εj(x1, . . . , xk) ∈ B, εj(xk+1, . . . , xk+`) ∈ B and ε(xk+`+1, . . . , xn) ∈

B for all j ∈ N. It is clear that εj(x1, . . . , xk) ∈ B and ε(xk+`+1, . . . , xn) ∈ B for all j ∈ N,

so let us now prove that εj(xk+1, . . . , xk+`) ∈ B for all j > 1. For j = 1, we have

ε1(xk+1, . . . , xk+`) = ε1(x1, . . . , xk+`)− ε1(x1, . . . , xk) ∈ B.

In general, we have:

εj+1(xk+1 . . . , xk+`) = εj+1(x1 . . . , xk+`)−
j+1∑
i=1

εi(x1, . . . , xk)εj+1−i(xk+1, . . . , xk+`),
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and the result follows by induction on j.

Proposition 3.1.13 ([Lau10, Proposition 9.8]). Let V be a 2-representation of U . Denote

by W the category of endofunctors of V. Let λ ∈ Z and denote by Φ : U1λ →W the functor

induced by the structure of 2-representation on V. Let a, b, c, d ∈ N be such that a−b = c−d.

If λ > b− a, there is an isomorphism

Hom•W
(
Φ
(
F (b)E(a)1λ

)
,Φ
(
F (d)E(c)1λ

))
'

min{a,c}⊕
k=0

q(a+c−k)(λ+a+c−k)
[
λ+a+c
k

] [
b+c−k
b

] [
a+d−k

d

]
End•W

(
Φ
(
F (a+d−k)1λ+2(a+c−k)

))
.

If λ 6 b− a, there is an isomorphism

Hom•W
(
Φ
(
E(a)F (b)1λ

)
,Φ
(
E(c)F (d)1λ

))
'

min{b,d}⊕
k=0

q(b+d−k)(b+d−k−λ)
[
b+d−λ
k

]
[ a+d−k

a ] [ b+c−kc ] End•W
(
Φ
(
E(a+d−k)1λ−2(b+d−k)

))
.

Using the previous two results, we can now study the images of the indecomposable

1-morphisms of U in the simple 2-representations.

Proposition 3.1.14. Let M be an indecomposable object of U1λ for some λ ∈ Z. If n is

large enough and of the same parity as λ, then |Φn(M)| ∈ 1 + qN[q].

Proof. We start by proving the result for M = E(a)1λ for some a ∈ N. Let n > |λ|+2a be an

integer of the same parity as λ, and let k = λ+n
2

. Then Φn

(
E(a)1λ

)
= q

a(a−1)
2 H0

k+a,ne[k+1,k+a]

as a graded
(
H0
k+a,n, H

0
k,n

)
-bimodule. By the Morita equivalences from (2.3.6), we have an

isomorphism of graded K-algebras

End•(H0
k+a,n,H

0
k,n)

(
H0
k+a,ne[k+1,k+a]

)
' End•(

P
Sk+a×Sn−k−a
n ,P

Sk×Sn−k
n

) (e′[1,k+a]H
0
k+a,ne[1,k]e[k+1,k+a]

)
.

56



There is an isomorphism of
(
P

Sk+a×Sn−k−a
n , P

Sk×Sn−k
n

)
-bimodules

 P
Sk×Sa×Sn−k−a
n ' e′[1,k+a]H

0
k+a,ne[1,k]e[k+1,k+a],

f 7→ τω0[1,k+a]f.

By Lemma 3.1.12, P
Sk×Sa×Sn−k−a
n is cyclic generated by 1 as a

(
P

Sk+a×Sn−k−a
n , P

Sk×Sn−k
n

)
-

bimodule. It follows that

End•L(n)−bim

(
Φn

(
E(a)1λ

))
= PSk×Sa×Sn−k−a

n .

Thus, the result holds for M = E(a)1λ. The case M = F (a)1λ is similar.

Assume now that M = qsF (b)E(a)1λ for s ∈ Z and λ > b− a. By Proposition 3.1.13, we

have

∣∣Φn

(
F (b)E(a)1λ

)∣∣ =
a∑
`=0

q(2a−`)(λ+2a−`) [ λ+2a
`

] [
a+b−`
b

]2 ∣∣Φn

(
F (a+b−`)1λ+2(2a−`)

)∣∣ .
Let us find the lowest degree term in that expression. The lowest degree term of

[
λ+2a
`

]
is

q−`(λ+2a−`), and that of
[
a+b−`
b

]2
is q−2b(a−`). It follows that the lowest degree term of

q(2a−`)(λ+2a−`) [ λ+2a
`

] [
a+b−`
b

]2
is q2(a−`)(λ+2a−b−`). For ` = a, this term is 1. For ` < a, we have (a− `)(λ+ 2a− b− `) > 0

since λ > b − a. Now using the first part of the proof, we know that for n large enough

and of the same parity as λ, the lowest degree term of
∣∣Φn

(
F (a+b−`)1λ+2(2a−`)

)∣∣ is 1 for all

` ∈ {0, . . . , a}. Putting all this together, we indeed have

∣∣Φn

(
F (b)E(a)1λ

)∣∣ ∈ 1 + qN[q],
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when n is large enough and of the same parity as λ. The case M = qsE(a)F (b)1λ with

λ 6 b− a and s ∈ Z is proved similarly.

In particular, if M is an indecomposable object of U1λ and n is large enough and of

the same parity as λ, then Φn(M) is indecomposable and the morphism EndU(M) →

EndL(n)−bim(Φn(M)) induced by Φn is local, since both sides are equal to K. The next

step is to check that the simple 2-representations distinguish non-isomorphic indecompos-

able 1-morphisms of U .

Proposition 3.1.15. Let M,N be indecomposable objects of U1λ for some λ ∈ Z. Assume

that M and N are not isomorphic. Then, for n ∈ N large enough and of the same parity as

λ, Φn(M) and Φn(N) are not isomorphic.

Proof. Assume M = F (b)E(a)1λ and N = F (d)E(c)1λ with λ > b− a = d− c, and a 6= c. By

Proposition 3.1.13 we have

〈Φn(M),Φn(N)〉 =

min{a,c}∑
k=0

q(a+c−k)(λ+a+c−k)
[
λ+a+c
k

] [
b+c−k
b

] [
a+d−k

d

] ∣∣Φn

(
F (a+d−k)1λ+2(a+c−k)

)∣∣ .
The lowest degree term of of q(a+c−k)(λ+a+c−k)

[
λ+a+c
k

] [
b+c−k
b

] [
a+d−k

d

]
is

q(a+c−k)(λ+a+c−k)−k(λ+a+c−k)−b(c−k)−d(a−k).

Let us rewrite the exponent. We have:

(a+ c− k)(λ+ a+ c− k)− k(λ+ a+ c− k)− b(c− k)− d(a− k)

= (a− k)(λ+ a+ c− k) + (c− k)(λ+ a+ c− k)− b(c− k)− d(a− k)

= (a− k)(λ+ a+ c− d− k) + (c− k)(λ+ a− b+ c− k)

= (a− k)(λ+ 2a− b− k) + (c− k)(λ+ 2c− d− k).
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Since the roles of (a, b) and (c, d) are symmetric in this last expression, we can assume

without loss of generality that a > c. Then using k 6 c < a and λ > b − a = d − c we see

that (a− k)(λ+ 2a− b− k) > 0 and (c− k)(λ+ 2c− d− k) > 0. By Proposition 3.1.14, we

have
∣∣Φn

(
F (a+d−k)1λ+2(a+c−k)

)∣∣ ∈ N[q] for all k ∈ {0, . . . ,min(a, c)} if n is large enough and

of the same parity as λ. Hence, 〈Φn(M),Φn(N)〉 ∈ qN[q] for such an n. By symmetry, we

also have 〈Φn(M),Φn(N)〉 ∈ qN[q] if n is large enough and of the same parity as λ.

Thus, we can fix n ∈ N such that 〈Φn(M),Φn(N)〉 , 〈Φn(N),Φn(M)〉 ∈ qN[q] and Φn(M),

Φn(N) are indecomposable. Then, a composition Φn(M) → Φn(N) → Φn(M) of homo-

geneous morphisms of arbitrary degrees is zero or of positive degree. In particular, it is

not invertible. Hence, Φn(M) and Φn(N) are not isomorphic. The same argument holds if

M = qsF (b)E(a)1λ and N = qrF (d)E(c)1λ for some r, s ∈ Z. The case of M = qsE(a)F (b)1λ

and N = qrE(c)F (d)1λ is proved similarly.

Proof of Theorem 3.1.3. Note that every complex of 1-morphisms of U can be written as a

direct sum of complexes of objects of U1λ, for λ ranging over Z. Hence, it suffices to prove

the result for complex of objects of U1λ. By Propositions 3.1.14 and 3.1.15, the family of

functors (Φn : U1λ → L(n)−bim)n∈N satisfies the assumptions of Theorem 3.1.4. Thus, the

result follows from Theorem 3.1.4 and Corollary 3.1.10.

3.1.3 Extension to the Derived Category

The goal of this subsection is to show that the conclusions of Theorem 3.1.3 still hold if

the null-homotopic assumption and the homotopy equivalence assumption are weakened to

acyclic and quasi-isomorphism respectively, modulo some finiteness conditions.

Theorem 3.1.16. 1. Let C be a complex of 1-morphisms of U such that for every inte-

grable 2-representation V and M ∈ V, the complex C(M) is bounded. Assume that for

all n ∈ N, Φn(C) is acyclic. Then C is null-homotopic.
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2. Let f be a morphism between complexes of 1-morphisms of U that satisfy the same

condition as in (1). Assume that for all n ∈ N, Φn(f) is a quasi-isomorphism. Then

f is a homotopy equivalence.

The first step is the following result from [CR08]. Since this result is not explicitly singled

out in [CR08], we provide a proof. However all of the arguments are taken from [CR08],

with slight modifications to change from the abelian setup of minimal 2-representations to

simple 2-representations.

Proposition 3.1.17. Let C be a complex of 1-morphisms of U such that for every integrable

2-representation V and M ∈ V, the complex C(M) is bounded. Assume that for all n ∈ N,

Φn(C) is acyclic. Then for any abelian integrable 2-representation V and M ∈ V, the complex

C(M) is null-homotopic.

Proof. Let V be an abelian integrable 2-representation of U . The first step is to show that

for every highest weight object N ∈ V and i > 0, the complex C(F iN) is null-homotopic.

Denote by n the weight of N . By Proposition 3.1.2, we have a morphism of 2-representations

RN : L(n) → V sending Pn to N . The complex of projective modules C(F iPn) is bounded

and acyclic by assumption. Hence C(F iPn) is null-homotopic. It follows that C(F iN) '

RN(C(F iPn)) is null-homotopic as well.

The second step is to show that for any M ∈ V , C(M) is acyclic. LetX = C∨C(M), where

C∨ denotes the right dual of C. Since EndD(V)(C(M)) ' HomD(V)(M,X), it suffices to show

that X is acyclic. Assume it is not, and denote by j the smallest integer such that Hj(X) 6= 0.

Let k be the maximal integer such that EkHj(X) 6= 0. Put N = EkHj(X) ' Hj(EkX), a

highest weight object of V . Then we have

HomD(V)

(
F kN,X[−j]

)
' HomD(V)

(
N,EkX[−j]

)
6= 0,
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the isomorphism begin up to a degree shift. However, by the first step we have

HomD(V)

(
F kN,X[−j]

)
' HomD(V)

(
C(F kN), C(M)[−j]

)
= 0,

which is a contradiction. Thus C(M) is acyclic.

Finally, we prove that C(M) is null-homotopic. By [CR08, Corollary 5.33], there exists an

algebra A, a 2-representation of U on A−mod restricting to a 2-representation on A−proj,

and a morphism of 2-representations S : A−mod → V such that M is a direct summand

of S(A). Applying the previous step to the 2-representation A−mod and the object A, we

obtain that C(A) is acyclic. Since it is also a bounded complex of projective A-modules, we

conclude that C(A) is null-homotopic. Hence, C(S(A)) ' S(C(A)) is null-homotopic, from

which we deduce that C(M) is null-homotopic.

Proof of Theorem 3.1.16. Let n ∈ N. The 2-representation of U on L(n) induces a 2-

representation of U on L(n)−bim by tensoring on the left. Consider the object

Mn =
n⊕
k=0

H0
k,n ∈ L(n)−bim,

where each summand H0
k,n is seen as a

(
H0
k,n, H

0
k,n

)
-bimodule with left and right actions given

by multiplication. If C is a complex of 1-morphisms of U then we have C(Mn) = Φn(C) as

objects of L(n)−bim.

Assume now that for every integrable 2-representation V and M ∈ V , the complex C(M)

is bounded, and that Φn(C) is acyclic for all n ∈ N. By Proposition 3.1.17, the complex

C(Mn) is null-homotopic. Thus Φn(C) is null-homotopic. The first statement then follows

from Theorem 3.1.3. We deduce the second statement by applying the first one to C =

Cone(f).
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3.2 Application to the Complex Θ

Recall that for λ ∈ Z, the complex Θ1λ is defined by

Θ1λ = 0→ F (λ) → · · · → q−rF (λ+r)E(r) → q−r−1F (λ+r+1)E(r+1) → · · · .

The differential is given by the composition of F (λ+r)ηE(r) : F (λ+r)E(r) → F (λ+r)FEE(r)

with the projection on F (λ+r+1)E(r+1) given by the elements τ[1↑λ+r] and τ[r↓1].

We now describe the images of these complexes in the simple 2-representations. Let n ∈ N

and let k ∈ {0, . . . , n
2
}. Then, as complexes of

(
H0
n−k,n, H

0
k,n

)
-bimodules we have

Φn (Θ1−n+2k) =

0→ H0
n−k,ne[k+1,n−k] → · · · → e′[n−k+1,r]H

0
r,ne[k+1,r] → · · · → e′[n−k+1,n]H

0
ne[k+1,n] → 0.

(3.2.1)

This complex has k+1 non-zero terms, and the last non-zero term is in cohomological degree

n− k. Now let k ∈ {n
2
, . . . , n}. Then, as complexes of

(
H0
n−k,n, H

0
k,n

)
-bimodules we have

Φn (Θ1−n+2k) =

0→ e′[n−k+1,k]H
0
k,n → · · · → e′[n−k+1,r]H

0
r,ne[k+1,r] → · · · → e′[n−k+1,n]H

0
ne[k+1,n] → 0. (3.2.2)

This complex has n−k+1 non-zero term, the last one being in cohomological degree n−k. In

both cases, the differential is the composition of the inclusion with multiplication by suitable

elements τω. The main result regarding these complexes is the following.

Theorem 3.2.1 ([CR08, Theorem 6.6]). Let n ∈ N and let k ∈ {0, . . . , n}. The cohomology

of Φn (Θ1−n+2k) is concentrated in top degree n − k, and Hn−k (Φn (Θ1−n+2k)) induces an

equivalence of categories L(n)−n+2k
∼−→ L(n)n−2k.

62



In [CR08], Chuang and Rouquier prove this theorem for the minimal 2-representations,

rather than the simple 2-representations. The minimal 2-representations are abelian versions

of the simple 2-representations. They use it to prove that Θ provides derived equivalences

on integrable 2-representations of U . In Subsection 3.2.1, we give another proof of Theorem

3.2.1 in the setting of simple 2-representations. Our proof is based on finding explicit bases

for the terms of Φn (Θ1−n+2k) and computing the action of the differential in these bases.

In Subsection 3.2.2 and Subsection 3.2.3, we apply our main result on faithfulness of simple

2-representations, Theorem 3.1.16, to prove that Θ is invertible up to homotopy and that

there are homotopy equivalences ΘE1λ ' qλ+2FΘ1λ[−1] for all λ ∈ Z.

3.2.1 Action of Θ on Simple 2-Representations

In this subsection, we study the complexes (3.2.1) and (3.2.2) and give a proof of Theorem

3.2.1. To do so, we will need to compute various graded dimensions. We start by introducing

notation and recalling some elementary results.

The graded K-algebras Pn and PSn
n are locally finite and have graded dimensions given

by

grdim (Pn) =
1

(1− q2)n
, grdim

(
PSn
n

)
=

1

(1− q2) . . . (1− q2n)
.

The following notation will be convenient: given k > 0, we define a variant of the quantum

integer {k} and the quantum factorial {k}! by

{k} =
q2k − 1

q2 − 1
, {k}! =

k∏
`=1

{`} .

With these definitions, we have grdim(Pn) = grdim
(
PSn
n

)
{n}!. More generally, given two
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integers k < ` ∈ {1, . . . , n}, we have

grdim(Pn) = grdim
(
P

S[k,`]
n

)
{`− k + 1}!. (3.2.3)

From H0
n ' End•

PSn
n

(Pn), we deduce that the graded dimension of Hn is given by

grdim
(
H0
n

)
= grdim(PSn

n ){n}!{n}!, (3.2.4)

where · refers to the automorphism switching q and q−1 on formal series. If M is a finitely

generated graded H0
n-module, then M is locally finite as a K-vector space, and we have

M ' {n}! en(M) ' {n}! e′n(M)

as graded PSn
n -modules. In particular, we have

grdim(M) = {n}! grdim(enM) = {n}! grdim(e′nM). (3.2.5)

Finally, we will need the two following formulas:

∑
ω∈Sn

q2l(ω) = {n}!, (3.2.6)

∑
06u1<...<ur6n

q2(u1+...+ur) = qr(r−1) {n}!
{r}!{n− r}!

. (3.2.7)

The first one can be proved easily by induction on n, see [KC02, Theorem 6.1] for a proof of

the second one.
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Bases

Fix an integer n ∈ N. Let k, `,m be integers such that k, ` 6 m 6 n. We construct a basis

for e′[`,m]Hm,ne[k,m] as a left P
S[`,n]
n -module, which is the general form of a term of Φn(Θ).

Put

X`,m = {(a`, . . . , am), 0 6 ai 6 n− i} ,

Y`,m = {(a`, . . . , am) ∈ X`,m, a` > . . . > am} .

Note that these sets actually depend on n. Since we assume n fixed for the rest of this

subsection, we do not include the dependence on n in the notation. We denote by Sk,m

the set of minimal length representatives of left cosets of S[k,m] in Sm. For a ∈ Y`,m and

ω ∈ Sk,m, we define

bm(a, ω) = τω0[`,m]x
aτωτω0[k,m] ∈ e′[`,m]H

0
m,ne[k,m],

where xa = xal` . . . x
am
m . Our goal is to prove the following result.

Theorem 3.2.2. The set {bm(a, ω), a ∈ Y`,m, ω ∈ Sk,m} is a basis of e′[`,m]H
0
m,ne[k,m] as a

left P
S[`,n]
n -module.

We will need the following lemma in the proof of Theorem 3.2.2.

Lemma 3.2.3. The set
{
∂ω0[`,m](x

a), a ∈ Y`,m
}

is a basis of P
S[`,m]×S[m+1,n]
n as a P

S[`,n]
n -

module.

Proof. The set {xa, a ∈ X`,m} is a basis of P
S[m+1,n]
n over P

S[`,n]
n . Since the P

S[`,n]
n -linear map

∂ω0[`,m] : P
S[m+1,n]
n → P

S[`,m]×S[m+1,n]
n is surjective, the set

{
∂ω0[`,m](x

a), a ∈ X`,m

}
generates

P
S[`,m]×S[m+1,n]
n as a P

S[`,n]
n -module. Furthermore, we have ∂ω0[`,m]si = −∂ω0[`,m] for i ∈

{`, . . . ,m− 1} and ∂ω0[`,m](x
a) = 0 if there exists two indexes i 6= j such that ai = aj. Thus
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if a ∈ X`,m, the element ∂ω0[`,m](x
a) is a multiple of ∂ω0[`,m](x

b) for some b ∈ Y`,m. It follows

that the set
{
∂ω0[`,m](x

a), a ∈ Y`,m
}

generates P
S[`,m]×S[m+1,n]
n as a P

S[`,n]
n -module.

We conclude by computing graded dimensions. We have

∑
a∈Y`,m

grdim
(
P

S[`,n]
n ∂ω0[`,m](x

a)
)

= grdim
(
P

S[`,n]
n

) ∑
a∈Y`,m

q2(a`+...+am)−(m−`)(m−`+1)

= grdim
(
P

S[`,n]
n

) {n− `+ 1}!
{m− `+ 1}!{n−m}!

= grdim
(
P

S[`,m]×S[m+1,n]
n

)
,

the second equality following from (3.2.7) and the third one from (3.2.3). Hence, the result

is proved.

Proof of Theorem 3.2.2. Let us start by proving that the set {bm(a, ω), a ∈ Y`,m, ω ∈ Sk,m}

is free over P
S[`,n]
n . Let a ∈ Y`,m. In H0

m,n we have a decomposition of the form

τω0[`,m]x
a ∈ ∂ω0[`,m](x

a) +
∑
z>1

P
S[m+1,n]
n τz.

Hence, for ω ∈ Sk,m we have

τω0[`,m]x
aτωω0[k,m] ∈ ∂ω0[`,m](x

a)τωω0[k,m] +
∑
z>ω

P
S[m+1,n]
n τzτω0[k,m].

Using Lemma 3.2.3 and the fact that the set
{
τzτω0[k,m], z ∈ Sk,m

}
is free over Pn, we obtain

that the set {bm(a, ω), a ∈ Y`,m, ω ∈ Sk,m} is free over P
S[`,n]
n . To conclude, it suffices to

compute graded dimensions. On the one hand, by (3.2.4) and (3.2.5) we have

grdim
(
e′[`,m]H

0
m,ne[k,m]

)
= grdim

(
PSm×Sn−m
n

) {m}!{m}!
{m− `+ 1}! {m− k + 1}!

.

On the other hand, the left P
S[`,n]
n -submodule spanned by the set {bm(a, ω), a ∈ Y`,m, ω ∈ Sk,m}
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has graded dimension

grdim
(
P

S[`,n]
n

) ∑
a∈Y`,m

q2(a`+...+am)

 ∑
ω∈Sk,m

q−2l(ω)

 q−(m−k)(m−k+1)−(m−`)(m−`+1). (3.2.8)

By (3.2.7) we have

q−(m−`)(m−`−1)
∑
a∈Y`,m

q2(a`+...+am) =
{n− `+ 1}!

{m− `+ 1}! {n−m}!
.

By (3.2.6) we have

∑
ω∈Sk,m

q−2l(ω) =
{m}!

{m− k + 1}!
= q(m−k)(m−k+1) {m}!

{m− k + 1}!
.

Hence the graded dimension in equation (3.2.8) is equal to

grdim
(
P

S[`,n]
n

) {n− `+ 1}!
{m− `+ 1}! {n−m}!

{m}!
{m− k + 1}!

= grdim
(
P

S[1,m]×S[m+1,n]
n

) {m}!{m}!
{m− `+ 1}! {m− k + 1}!

= grdim
(
e′[`,m]H

0
m,ne[k,m]

)
,

and the proof is complete.

Combinatorics of the Differential

We now study the effect of the differential of Φn (Θ) on the bases given by Theorem 3.2.2.

On a general term of Φn(Θ), the differential has the form

dm :

 e′[`,m]H
0
m,ne[k,m] → e′[`,m+1]H

0
m+1,ne[k,m+1],

h 7→ τ[`↑m]hτ[m↓k],
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where the integers k, `,m depend on the weight and the cohomological degree. Remark

that dm is a P
S[`,n]
n -linear map. We will explicitly determine the kernel and image of dm in

terms of the bases of Theorem 3.2.2. To do so, we prove that either dm(bm(a, ω)) = 0 or

dm(bm(a, ω)) = bm+1(ϕ(a, ω)), where ϕ is an injective map that we define below. Hence the

study of the kernel and images of the map dm can be done by studying the combinatorics of

the sets Y`,m, Sk,m and the map ϕ.

We now introduce the necessary notation to define the map ϕ. Given r ∈ {0, . . . ,m− `},

we define

Y r
m,` = {a ∈ Ym,` | ∀ i 6 r, am−i = i and am−r−1 > r + 1} .

The subsets
(
Y r
m,`

)
r

of Ym,` are disjoint and we denote by Y +
`,m the complement of their union.

More explicitly, the elements of Y +
`,m are the sequences a ∈ Ym,` such that am > 0. Given

u ∈ {1, . . . ,m}, we denote by Suk,m (resp. S>uk,m, S<uk,m) the subset of Sk,m containing the

elements ω such that ω(m) = u (resp. ω(m) > u, ω(m) < u).

We now define a map ϕY : Y`,m → Y`,m+1. If a ∈ Y +
`,m we put ϕY (a) = (a, 0). If a ∈ Y r

`,m

we put ϕY (a) = (a`, . . . , am−r−1, r+1, r, . . . , 0) (so we have increased the entries am−r, . . . , am

by 1 and added a 0 as the last entry). We can now define the map ϕ as follows

ϕ :



(
Y +
`,m × Sk,m

)
∪

(
m−`⋃
r=0

(
Y r
`,m × S<m−rk,m

))
→ Y`,m+1 × Sk,m+1,

(a, ω) 7→

 (ϕY (a), ω) if a ∈ Y +
`,m,

(ϕY (a), sm−r . . . smω) if a ∈ Y r
`,m.

Proposition 3.2.4. The map ϕ is injective and has image

im(ϕ) =
m+1−`⋃
r=0

Y r
`,m+1 × S>m+1−r

k,m+1 .

Proof. The map ϕ sends Y +
`,m×Sk,m to Y`,m+1×Sm+1

k,m+1 and Y r
`,m×S<m−rk,m to Y`,m+1×Sm−rk,m+1.
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Since the Suk,m+1 are disjoint for distinct values of u, it suffices to prove that ϕ|Y +
`,m×Sk,m

and

ϕ|Y r`,m×S
<m−r
k,m

are injective. However it is clear that the maps (Sk,m → Sk,m+1, ω 7→ ω) and

(S<m−rk,m → Sk,m+1, ω 7→ sm−r . . . smω) are injective. Hence ϕ is injective.

We now compute im(ϕ). We have

ϕ
(
Y +
`,m × Sk,m

)
=

m+1−`⋃
r′=0

Y r′

`,m+1 × Sm+1
k,m+1

and

ϕ
(
Y r
`,m × S<m−rk,m

)
=

m+1−`⋃
r′=r+1

Y r′

`,m+1 × Sm−rk,m+1.

Hence,

im(ϕ) =

(
m+1−`⋃
r′=0

Y r′

`,m+1 × Sm+1
k,m+1

)
∪

(
m−`⋃
r=0

(
m+1−`⋃
r′=r+1

Y r′

`,m+1 × Sm−rk,m+1

))
.

Switching the order of the two unions in the second term gives

im(ϕ) =

(
m+1−`⋃
r′=0

Y r′

`,m+1 × Sm+1
k,m+1

)
∪

(
m+1−`⋃
r′=1

(
r′−1⋃
r=0

Y r′

`,m+1 × Sm−rk,m+1

))
.

We can isolate the term r′ = 0 in the first union and merge the two remaining unions to

obtain

im(ϕ) =
(
Y 0
`,m+1 × Sm+1

k,m+1

)
∪

(
m+1−`⋃
r′=1

(
r′⋃
r=0

Y r′

`,m+1 × Sm+1−r
k,m+1

))

=
m+1−`⋃
r′=0

Y r′

`,m+1 × S>m+1−r′
k,m+1 .
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Proposition 3.2.5. Let (a, ω) ∈ Y`,m × Sk,m. Then we have

dm(bm(a, ω)) =


0 if (a, ω) ∈

m−`⋃
r=0

Y r
`,m × S>m−rk,m ,

bm+1(ϕ(a, ω)) otherwise.

Proof. We have dm(bm(a, ω)) = τω0[`,m+1]x
aτωτω0[k,m+1]. When a ∈ Y +

`,m, it is clear that

dm(bm(a, ω)) = bm+1(ϕ(a, ω)). Assume now that a ∈ Y r
`,m. In Pn, we have

∂m . . . ∂m−r
(
xr+1
m−rx

r
m−r+1 . . . xm

)
= (−1)r+1xrm−rx

r−1
m−r+1 . . . xm−1.

Furthermore, if w ∈ S[`,m+1] and P ∈ Pn, we have τω0[`,m+1]Pτw = (−1)l(w)τω0[`,m+1]∂w−1(P ).

It follows that

τω0[`,m+1]x
a = τω0[`,m+1]x

axm−rxm−r−1 . . . xmτm−rτm−r+1 . . . τm

= τω0[`,m+1]x
ϕY (a)τm−r . . . τm.

Hence

dm(bm(a, ω)) = τω0[`,m+1]x
ϕY (a)τm−r . . . τmτωτω0[k,m+1].

If ω(m) > m − r, then sm−r . . . smω does not have minimal length in its left coset modulo

S[k+1,m]. In that case, τm−r . . . τmτωτω0[k,m+1] = 0 by Lemma 2.3.3, and we conclude that

dm(bm(a, ω)) = 0. If ω(m) < m − r, then sm−r . . . smω has minimal length in its left

coset modulo S[k+1,m+1] and τm−r . . . τmτω = τsm−r...smω. If follows that dm(bm(a, ω)) =

bm+1(ϕ(a, ω)).

From Propositions 3.2.4 and 3.2.5, we obtain bases for ker(dm) and im(dm).
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Corollary 3.2.6. The sets

{
dm(a, ω), (a, ω) ∈

m−`⋃
r=0

Y r
`,m × S>m−rk,m

}
,{

dm+1(a, ω), (a, ω) ∈
m+1−`⋃
r=0

Y r
`,m+1 × S>m+1−r

k,m+1

}

are bases of ker(dm), im(dm) respectively, as left P
S[`,n]
n -modules.

Corollary 3.2.7. For all n ∈ N, k ∈ {0, . . . , n} and ` 6= n− k we have:

H` (Φn (Θ1−n+2k)) = 0.

Proof. By Corollary 3.2.6 we have im(dm) = ker(dm+1) if m+ 1 < n. The result follows.

3.2.2 Invertibility of Θ

Top Cohomology

Let n ∈ N and k ∈ {0, . . . , n}. We give a description ofHn−k (Φn (Θ1−n+2k)) as
(
H0
n−k,n, H

0
k,n

)
-

bimodule. Using Corollary 3.2.6, we can give a basis for Hn−k (Φn (Θ1−n+2k)) as a left

P
S[n−k+1,n]
n -module. With the notations introduced previously, we have Yn−k+1,n = {(k −

1, . . . , 0)} and S<n−k+1
k,n = {σkω, ω ∈ Sk}, where σk the element of Sn sending i to i+n− k

if i 6 k, and to i− k otherwise. Then there is a decomposition as left P
S[n−k+1,n]
n -modules:

Hn−k (Φn (Θ1−n+2k)) =
⊕
ω∈Sk

P
S[n−k+1,n]
n τω0[n+1−k,n]x

k−1
n+1−k . . . xn−1τσkωω0[k+1,n]. (3.2.9)

To describe the bimodule structure, it is easier to work in terms of
(
P

Sn−k×Sk
n , P

Sk×Sn−k
n

)
-

bimodules using the Morita equivalences from (2.3.6).
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Theorem 3.2.8. There is an isomorphism of graded
(
P

Sn−k×Sk
n , P

Sk×Sn−k
n

)
-bimodules

e′[1,n−k]H
n−k (Φn (Θ1−n+2k)) e[1,k] ' qn(n−1)PSn−k×Sk

n ,

where the left action of P
Sn−k×sk
n is given by multiplication and the right action of P

Sk×Sn−k
n

is given by σk.

Proof. We view e′[1,n−k]H
n−k (Φn (Θ1−n+2k)) e[1,k] as a quotient of e′[1,n−k]e

′
[n−k+1,n]H

0
ne[1,k]e[k+1,n].

We denote by b the class of τω0[1,n] in e′[1,n−k]H
n−k (Φn (Θ1−n+2k)) e[1,k]. Consider the P

Sn−k×Sk
n -

linear map defined by

f :

 P
Sn−k×Sk
n → e′[1,n−k]H

n−k (Φn (Θ1−n+2k)) e[1,k],

1 7→ b.

Let us show that f is surjective. By decomposition (3.2.9), we have

e′[1,n−k]H
n−k (Φn (Θ1−n+2k)) e[1,k] = τω0[1,n−k]P

S[n−k+1,n]
n τω0[n+1−k,n]x

k−1
n+1−k . . . xn−1b

= PSn−k×Sk
n b.

Thus f is surjective. To conclude that f is an isomorphism, we compute graded dimensions.

By decomposition (3.2.9), we have

grdim
(
Hn−k (Φn (Θ1−n+2k))

)
= grdim

(
P

S[n−k+1,n]
n

)
q−(n−k)(n−k−1)−2k(n−k){k}!.

72



Hence we deduce

grdim
(
e′[1,n−k]H

n−k (Φn (Θ1−n+2k)) e[1,k]

)
=

grdim
(
P

S[n−k+1,n]
n

)
q−(n−k)(n−k−1)−2k(n−k){k}!

{k}! {n− k}!

= grdim
(
PSn−k×Sk
n

)
q−(n−k)(n−k−1)−k(k−1)−2k(n−k)

= grdim
(
PSn−k×Sk
n

)
q−n(n−1).

Since deg(b) = −n(n−1), we deduce that f is an isomorphism of left P
Sn−k×Sk
n -modules. All

that remains to prove is the compatibility of f with the right P
Sk×Sn−k
n -module structure,

which we do in Lemma 3.2.9 below.

Lemma 3.2.9. Keep the notations of the proof of Theorem 3.2.8. For all P ∈ PSk×Sn−k
n ,

we have bP = σk(P )b.

Proof. We prove that τω0[1,n]P − σk(P )τω0[1,n] is a coboundary of Φn (Θ1−n+2k). Using the

relations of the affine nil Hecke algebra, we have

τω0[1,n]P − σk(P )τω0[1,n] ∈
∑

ω∈Sn/Sk×Sn−k
ω<σk

Pnτωω0[1,k]ω0[k+1,n].

Since τω0[1,n] = e′[n−k+1,n]τω0[1,n], we actually have

τω0[1,n]P − σk(P )τω0[1,n] ∈
∑

ω∈Sn/Sk×Sn−k
ω<σk

τω0[n−k+1,n]Pnτωω0[1,k]ω0[k+1,n]. (3.2.10)

Let us explain why the right-hand side of (3.2.10) is contained in the image of the differ-

ential of Φn (Θ1−n+2k). Since
{
∂ω
(
xk−1
n−k+1 . . . xn−1

)
, ω ∈ S[n−k+1,n]

}
is a basis for Pn as a

P
S[n−k+1,n]
n -module, we have:

τω0[n−k+1,n]Pn =
⊕

ω∈S[n−k+1,n]

P
S[n−k+1,n]
n τω0[n−k+1,n]x

k−1
n−k+1 . . . xn−1τω.
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Hence the right-hand side of (3.2.10) has the form

∑
ω∈Sn/Sk×Sn−k, ω′∈S[n−k+1,n]

ω<σk

P
S[n−k+1,n]
n τω0[n−k+1,n]x

k−1
n−k+1 . . . xn−1τω′τωω0[1,k]ω0[k+1,n].

For ω ∈ Sn/Sk ×Sn−k, the condition ω < σk is equivalent to ω(n) > n− k. If furthermore

ω′ ∈ S[n−k+1,n], we have ω′ω(n) > n−k. Hence on the basis of Theorem 3.2.2, the right-hand

side of (3.2.10) decomposes as

⊕
ω∈Sn/Sk×Sn−k

ω<σk

P
S[n−k+1,n]
n τω0[n−k+1,n]x

k−1
n−k+1 . . . xn−1τωω0[1,k]ω0[k+1,n].

By Corollary 3.2.6, this is contained in the image of the differential of Φn (Θ1−n+2k). Hence

τω0[1,n]P − σk(P )τω0[1,n] is a coboundary, and the result follows.

Theorem 3.2.8 implies in particular that Hn−k (Φn (Θ1−n+2k)) is an invertible bimodule,

which proves Theorem 3.2.1.

Invertibility of Θ

We denote by Θ∨ the right adjoint of Θ in the 2-category U .

Theorem 3.2.10. For all λ ∈ Z, the unit uλ : 1λ → Θ∨Θ1λ and counit vλ : ΘΘ∨1−λ → 1−λ

of adjunction are homotopy equivalences. In other words, Θ1λ is invertible in K(U).

Proof. If M is an object of an integrable 2-representation of U , we have Ei(M) = F i(M) = 0

for i large enough. Hence the complexes ΘΘ∨(M) and Θ∨Θ(M) are bounded. So by Theorem

3.1.16, it suffices to check that for all n ∈ N, Φn(uλ) and Φn(vλ) are quasi-isomorphisms.

Let n ∈ N. If λ /∈ {−n + 2k, k ∈ {0, . . . , n}}, then Φn(1λ) = Φn(1−λ) = 0, so the result
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is clear. If k ∈ {0, . . . , n}, then by Corollary 3.2.7 there is a quasi-isomorphism

Φn (Θ1−n+2k) ' Hn−k (Φn (Θ1−n+2k)) [n− k].

By Theorem 3.2.8, Hn−k (Φn (Θ1−n+2k)) is invertible as a
(
H0
n−k,n, H

0
k,n

)
-bimodule. It fol-

lows that the complex Φn (Θ1−n+2k) is invertible in D(L(n)−bim). Thus Φn(u−n+2k) and

Φn(v−n+2k) are quasi-isomorphisms, which ends the proof.

3.2.3 Compatibility with Chevalley Generators

The goal of this subsection is to prove that for all λ ∈ Z, there is a homotopy equivalence

ΘE1λ ' qλ+2FΘ1λ[−1]. We start by constructing a map Gλ : ΘE1λ → qλ+2FΘ1λ[−1]. We

will then prove that Gλ is a homotopy equivalence using Theorem 3.1.16.

Given k, ` ∈ N, we define an element Gk,` ∈ H0
k ⊗ (H0

` )
op

of degree 0 by

Gk,` =
`−1∑
r=0

(−1)rxr1e
′
k ⊗ ε`−1−r(x2, . . . , x`)x[2,`]τω0[1,`],

where εj denotes the elementary symmetric polynomial of degree j. In H0
k ⊗ (H0

` )
op

, we have

Gk,` = Gk,`(e
′
k ⊗ e[2,`]) = (e′[2,k] ⊗ e`)Gk,`. Hence Gk,` defines a map

Gk,` : F (k)E(`−1)E → qk−`FF (k−1)E(`).

Lemma 3.2.11. For all k, ` ∈ N, the following diagram commutes:

F (k)E(`−1)E F (k+1)E(`)E

FF (k−1)E(`) FF (k)E(`+1).

dk,`−1E

Gk,` Gk+1,`+1

Fdk−1,`

In this diagram, dk,` : F (k)E(`) → F (k+1)E(`+1) is the composition of the unit of adjunction
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with the projection τ[1↑k] ⊗ τ[`↓1].

Proof. This is a straightforward computation. On the one hand, we have

Fdk−1,` ◦Gk,` =
(
τ[2↑k] ⊗ τ[`↓1]

)
◦ F (k)ηE(`−1)E ◦

`−1∑
r=0

(−1)rxr1e
′
[1,k] ⊗ ε`−1−r(x2, . . . , x`)x[2,`]τω0[1,`]

=

(
`−1∑
r=0

(−1)rxr1τ[2↑k]e
′
[1,k] ⊗ ε`−1−r(x2, . . . , x`)x[2,`]τω0[1,`+1]

)
◦ F (k)ηE(`−1)E.

On the other hand, we have

Gk+1,`+1 ◦ dk,`−1E =

(∑̀
r=0

(−1)rxr1τ[1↓k]e
′
[1,k] ⊗ ε`−r(x2, . . . x`+1)x[2,`]τω0[2,`+1]

)
◦ F (k)ηE(`−1)E.

The elementary symmetric polynomials satisfy the relation

ε`−r(x2, . . . x`+1) = ε`−r(x2, . . . x`) + x`+1ε`−r−1(x2 . . . , x`),

and we can rewrite the above as

Gk+1,`+1 ◦ dk,`−1E =

( `−1∑
r=0

(−1)rxr1τ[1↓k]e
′
[1,k] ⊗ x`+1ε`−r−1(x2, . . . x`)x[2,`]τω0[2,`+1]

+
∑̀
r=1

(−1)rxr1τ[1↓k]e
′
[1,k] ⊗ ε`−r(x2, . . . x`)x[2,`]τω0[2,`+1]

)
◦ F (k)ηE(`−1)E.

We have Fx ◦ η = xE ◦ η. Using this, we can take the x`+1 in the first sum to the left side
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of the tensor. We obtain

Gk+1,`+1 ◦ dk,`−1E

=

( `−1∑
r=0

(−1)rxr1τ[1↓k]e
′
[1,k]xk+1 ⊗ ε`−r−1(x2, . . . x`)x[2,`]τω0[2,`+1]

−
`−1∑
r=0

(−1)rxr+1
1 τ[1↓k]e

′
[1,k] ⊗ ε`−r−1(x2, . . . x`)x[2,`]τω0[2,`+1]

)
◦ F (k)ηE(`−1)E

=

( `−1∑
r=0

(−1)rxr1
(
τ[1↑k]xk+1 − x1τ[1↑k]

)
e′[1,k] ⊗ ε`−r−1(x2, . . . x`)x[2,`]τω0[2,`+1]

)
◦ F (k)ηE(`−1)E.

In Hk+1, we have the relation
(
τ[1↑k]xk+1 − x1τ[1↑k]

)
e′[1,k] = τ[2↑k]e

′
[1,k], and this completes the

proof.

We can now define the morphism Gλ : ΘE1λ → qλ+2FΘ1λ[−1]. On the rth component of

ΘE1λ, Gλ is defined to be the mapGλ+r+2,r+1 : q−rF (λ+r+2)E(r)E1λ → qλ+1−rFF (λ+r+1)E(r+1)1λ.

This gives a morphism of complexes by Lemma 3.2.11. Similarly, we define a morphism of

complexes Tλ : qλ+2FΘ1λ[−1]→ ΘE1λ using the elements

Tk,` =
k−1∑
r=0

(−1)rτω0[1,k]εk−1−r(x2, . . . , xk)x
′
[2,k] ⊗ e`xr1 ∈ H0

k ⊗
(
H0
`

)op
.

The fact that these give a morphism of complexes is proved as for Gλ.

Lemma 3.2.12. Let k, ` ∈ N. If ` 6 k, then Tk,`Gk,` = e′k ⊗ e[2,`]. If k 6 `, then Gk,`Tk,` =

e′[2,k] ⊗ e`.

Proof. We prove the result in the case ` 6 k, the other one being similar. We have

Tk,`Gk,` =
∑

06r6k−1
06u6`−1

(−1)r+uτω0[1,k]εk−1−r(x2, . . . , xk)x
u
1x
′
[2,k]e

′
k ⊗ ε`−1−u(x2, . . . , x`)e`x[2,`]τω0[1,`]x

r
1.
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In H0
k we have

τω0[1,k]εk−1−r(x2, . . . , xk)x
u
1x
′
[2,k]e

′
k = ∂[k−1↓1] (εk−1−r(x2, . . . , xk)x

u
1) e′k

= (−1)uδu,re
′
k.

Hence

Tk,`Gk,` = e′k ⊗
`−1∑
u=0

(−1)ue[2,`]ε`−1−u(x2, . . . , x`)τ[1↑`−1]x
u
1 .

Using the polynomial representation, it is easy to check that

`−1∑
u=0

(−1)ue[2,`]ε`−1−u(x2, . . . , x`)τ[1↑`−1]x
u
1 = e[2,`],

and the result follows.

Corollary 3.2.13. If λ > 0, then TλGλ = idΘE1λ. If λ 6 0, then GλTλ = idFΘ1λ[−1].

Theorem 3.2.14. For all λ ∈ Z, Gλ : ΘE1λ → qλ+2FΘ1λ[−1] is a homotopy equivalence.

Proof. If M is an object of an integrable 2-representation of U , the complexes ΘE(M) and

FΘ(M) are bounded. Thus, by Theorem 3.1.16, it suffices to prove that for all n ∈ N,

Φn(Gλ) is a quasi-isomorphism.

Let n ∈ N and k ∈ {0, . . . , n}. There is an isomorphism of
(
P

Sk+1×Sn−k−1
n , P

Sk×Sn−k
n

)
-

bimodules

e′[1,k+1]Φn (E1−n+2k) e[1,k] ' P
S[1,k]×S[k+2,n]
n .

Hence, by Corollary 3.2.7 and Theorem 3.2.8, there is an isomorphism of
(
P

Sn−k−1×Sk+1
n , P

Sk×Sn−k
n

)
-
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bimodules

e′[1,n−k−1]H
` (Φn (ΘE1−n+2k)) e[1,k] =

 P
S[1,k]×S[k+2,n]
n if ` = n− k − 1,

0 otherwise,

where the left action is given by σ−1
k+1 in the first case. Similarly, there is an isomorphism

e′[1,n−k−1]H
` (Φn (FΘ1−n+2k)) e[1,k] =

 P
S[1,n−k−1]×S[n−k+1,n]
n if ` = n− k,

0 otherwise,

where the right action is given by σk in the first case. Now remark that there is an isomor-

phism of
(
P

Sn−k−1×Sk+1
n , P

Sk×Sn−k
n

)
-bimodules

sn−k−1 . . . s1σk : P
S[1,k]×S[k+2,n]
n

∼−→ P
S[1,n−k−1]×S[n−k+1,n]
n .

Hence the cohomology bimodules of Φn (ΘE1λ) and Φn (FΘ1λ[−1]) are isomorphic as graded

K-vector spaces. Furthermore by Lemma 3.2.13, for all `, H` (Φn(Gλ)) is either a split

surjection or a split injection. Since the source and target of H` (Φn(Gλ)) are locally finite

and have the same graded dimension, we conclude that H`(Φn(Gλ)) is an isomorphism.

Hence Φn(Gλ) is a quasi-isomorphism, and the proof is complete.
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CHAPTER 4

Categorification of the Adjoint Action

We now return to the case of a general root datum (X, Y ) of type (I, ·), and the associated

quantum group U and 2-quantum group U . For each i ∈ I, the subalgebra Ui of U generated

by ei, fi and ki is isomorphic to the quantum group Usl2 of type A1 (up to changing the

parameter from q to qi in the definition of Usl2). In particular, if V is an integrable repre-

sentation of U̇ , we obtain a collection (θi)i∈I of automorphisms of V . These automorphisms

induce isomorphisms between weight spaces θi : Vλ
∼−→ Vsi(λ) for all i ∈ I and λ ∈ X. Fur-

thermore, Lusztig [Lus10, Chapter 37] also defined automorphisms (θi)i∈I of U compatible

with the action on integrable representations. These automorphisms, commonly known as

Lusztig’s symmetries are defined by the formulas

θi(ej) =

 −kifi if j = i,

ad(−ci,j)
ei

(ej) otherwise.
(4.0.1)

In this equation, ad denotes the adjoint action of U coming from the Hopf algebra structure.

For a Hopf algebra A with coproduct ∆ and antipode S, the left adjoint representation

of A on itself is defined by

adz(y) =
∑

z(1)yS(z(2))
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for all y, z ∈ A. Here we use Sweedler’s notation for the coproduct

∆(z) =
∑

z(1) ⊗ z(2).

In the case of the quantum group U , there are simple formulas for the adjoint action of the

algebra generators of U . For y ∈ U homogeneous of degree β ∈ Q+, i ∈ I and µ ∈ Y we

have

adei(y) = eiy − q−〈i
∨,β〉

i yei, adfi(y) = (fiy − yfi)k−1
i , adkµ(y) = q〈µ,β〉y. (4.0.2)

The object of this chapter is to explain what the elements ad(−ci,j)
ei

(ej) appearing in the

right-hand side of equation (4.0.1) should be at the categorified level. To achieve this, we

undertake the task of categorifying the adjoint action of U . Stated at this level of generality,

this task is unreasonable. Indeed, our setting for categorification is only well-suited for

integrable weight representations of U , while the adjoint action of U on itself is not integrable.

To see this, observe for that for all m ∈ N we have

admei (ei) =

( m∏
k=1

(1− q2m
i )

)
em+1
i 6= 0. (4.0.3)

Therefore, it is necessary to make some restrictions in order to obtain an integrable repre-

sentation from the adjoint action. The first restriction we will make is to fix a simple root

i ∈ I and consider the adjoint action of Ui only. The second restriction is to consider the

adjoint action of Ui on a subalgebra f [i] of f that is integrable for the adjoint action of Ui and

maximal for this property. The subalgebra f [i] is studied by Lusztig in [Lus10, Chapter 38]

and can be described explicitly: it is generated by the elements ad(n)
ei

(ej) for n ∈ N and

j ∈ I \ {i}. In this chapter, we categorify the adjoint action of Ui on f [i].

The subalgebra f [i] will be categorified by projective modules over an algebra H i. In
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Section 4.1, we introduce this algebra and define an endofunctor adEi : H i−mod→ H i−mod.

Then, in Section 4.2, we prove that there are natural short exact sequences

0→ q
−〈i∨,β〉
i MEi → EiM → adEi(M)→ 0.

These categorify the equation adei(y) = eiy− q−〈i
∨,β〉

i yei and imply strong structural results.

One of the consequences of these sequences is that adEi induces a structure of 2-representation

of sl2 on H i−proj. Section 4.3 is devoted to proving that result. Our approach is similar

to that of Kang-Kashiwara [KK12] for categorification of highest weight modules. The

algebra H i that we introduce can be seen as an analogue of the cyclotomic quiver Hecke

algebras for the adjoint action. However, it behaves quite differently: for instance, it is

infinite dimensional, while the cyclotomic quiver Hecke algebras are always finite dimensional.

Finally, in Section 4.4 we identify the Grothendieck group of this 2-representation and prove

that it recovers the adjoint action of Ui on f [i].

4.1 Adjoint Action of Ei

4.1.1 The Algebras H i
β

Definitions

Definition 4.1.1. For β ∈ Q+, let H i
β be the graded K-algebra defined by H i

β = Hβ/(1β−i,i),

where (1β−i,i) is the two-sided ideal of Hβ generated by 1β−i,i (when β − i /∈ Q+, we put

1β−i,i = 0). For n > 0, let H i
n be the graded K-algebra defined by

H i
n =

⊕
β∈Q+

|β|=n

H i
β.
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We also let

H i =
⊕
n∈N

H i
n.

Equivalently, for n > 1 we can define H i
n as the quotient of Hn by the two sided ideal

generated by the elements 1νi for ν ∈ In−1. If I is finite and β, γ ∈ Q+, then the right

inclusion rβ+γ
β : Hβ → Hβ+γ satisfies

rβ+γ
β (1νi) =

∑
µ∈Iγ

1µνi ∈ (1ρi)ρ∈Iβ+γ−i .

Hence, we have an induced morphism rβ+γ
β : H i

β → H i
β+γ. However, the left inclusions do

not induce morphisms at the level of the algebras H i
n.

We will use the following notation to denote the categories of modules over H and H i:

H =
⊕
β∈Q+

Hβ−mod,

Hi =
⊕
β∈Q+

H i
β−mod.

We view Hi as a full subcategory of H. With this perspective, if M ∈ Hβ−mod, then M is

an object of Hi if and only if 1β−i,iM = 0.

Example 4.1.2. If j ∈ I \ {i}, we have H i
i+j ' K[x1, x2]/Qi,j(x2, x1). In particular, H i

i+j is

either zero (in the case i · j = 0) or not finite dimensional.

We say that a subcategory of a graded abelian category is a Serre subcategory if it is

non-empty, full and closed under subquotients, extensions and degree shifts.

Proposition 4.1.3. The category Hi is a Serre and monoidal subcategory of H.
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Proof. Let β ∈ Q+. The functor

 Hβ−mod 7→ 1β−i,iHβ1β−i,i−mod,

M 7→ 1β−i,iM.

is exact. Hence its kernel is a Serre subcategory of Hβ−mod. If follows that Hi is a Serre

subcategory of H.

Let M ∈ H i
β−mod and N ∈ H i

γ−mod, where β, γ ∈ Q+ have respective heights m,n.

Then by (2.4.1) we have a decomposition

MN =
⊕
ω∈T

τω1β,γ ⊗Hβ,γ (M ⊗N),

where T is a complete set of reduced decompositions for minimal length representatives of

left cosets of Sm ×Sn in Sm+n. If ω ∈ T , then s−1
ω (1) ∈ {1, n}. Hence we have

1β+γ−i,iτω1β,γ =

 τω1β−i,i,γ if s−1
ω (1) = n,

τω1β,γ−i,i if s−1
ω (1) = 1.

Since both 1β−i,i,γ and 1β,γ−i,i act by zero on M ⊗N , we conclude that 1β+γ−i,iMN = 0, and

MN ∈ Hi. Thus Hi is a monoidal subcategory of H.

Proposition 4.1.4. Let M ∈ H. Then, M ∈ Hi if and only if for all N ∈ H,

HomH(NEi,M) = 0.

Proof. Assume that M is an Hβ-module for β ∈ Q+. Then the condition 1β−i,iM = 0 is

equivalent to HomHβ−i(N, 1β−i,iM) = 0 for all N ∈ Hβ−i−mod. The functor (−)Ei is left

adjoint to the functor 1β−i,i(−). Thus, this last condition is equivalent to HomHβ(NEi,M) =

0 for all N ∈ Hβ−i−mod.

84



The inclusion functor Hi ↪→ H has a left adjoint πi : H → Hi, which will play an

important role in the constructions of this chapter. Explicitly, for a module M ∈ Hβ −mod,

we have

πi(M) = M/(1β−i,iM),

where (1β−i,iM) denotes the Hβ-submodule of M generated by 1β−i,iM . We denote by pM

the canonical quotient morphism M � πi(M). This is the unit of the adjunction between

πi and the inclusion of Hi in H. There is a canonical isomorphism of H i
β-modules

 H i
β ⊗Hβ M

∼−→ πi(M),

1β ⊗m 7→ m+ (1β−i,iM).

Note that πi(M) = M if and only if M ∈ Hi. The following lemma gives compatibilities

between the functor πi and the monoidal structure. It will be used repeatedly below.

Lemma 4.1.5. Let M,N ∈ H. Then the canonical quotient morphism

πi(MpN) : πi(MN)→ πi(Mπi(N))

is an isomorphism. If M ∈ Hi, then this provides an isomorphism πi(MN) 'Mπi(N).

Proof. Assume that M ∈ Hβ−mod and N ∈ Hγ−mod for β, γ ∈ Q+. We have canonical

isomorphisms

πi(MN) ' H i
β+γ1β,γ ⊗Hβ,γ (M ⊗N),

πi(Mπi(N)) ' H i
β+γ1β,γ ⊗Hβ,γ (M ⊗ πi(N)).
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Under these identifications, the morphism πi(MpN) : πi(MN)→ πi(Mπi(N)) is given by

 H i
β+γ1β,γ ⊗Hβ,γ (M ⊗N) → H i

β+γ1β,γ ⊗Hβ,γ (M ⊗ πi(N)),

1β,γ ⊗ (m⊗ n) 7→ 1β,γ ⊗ (m⊗ (n+ (1γ−i,iN))).

Since H i
β+γ1β,γ−i,i = 0, this morphism has a well-defined inverse, so it is an isomorphism.

This proves the first statement. If M ∈ Hi, then we have Mπi(N) ∈ H[i]. So πi(Mπi(N)) =

Mπi(N), and the second statement follows.

Polynomial Annihilators

Let β ∈ Q+. Since H i
β is a quotient of Hβ, it is naturally an Hβ-bimodule, and in particular

a Pβ-bimodule. Contrary to Hβ,H i
β is not a faithful Pβ-module. The goal of the following

results is to determine explicitly some elements of Pβ which act by zero on H i
β. This will be

an important ingredient in the proofs of the main theorems of this chapter.

We start with some general results about affine nil Hecke algebras. For a K-algebra A,

consider the K-algebra A ⊗ H0
n. It contains the K-algebra A[x1, . . . , xn] = A ⊗ Pn as a

subalgebra. The action of H0
n on Pn given by the isomorphism (2.3.5) induces actions of H0

n

and A⊗H0
n on A[x1, . . . , xn].

Lemma 4.1.6. Let J be a two-sided ideal of A⊗H0
n.

1. As a left A[x1, . . . , xn]-module, J decomposes as

J =
⊕
ω∈Sn

(J ∩ A[x1, . . . , xn]) τω.

2. J ∩ A[x1, . . . , xn] is an H0
n-submodule of A[x1, . . . , xn].

Proof. We start by proving the first statement. Let h ∈ J . We have h =
∑

ω∈Sn hωτω for

some hω ∈ A[x1 . . . , xn]. We prove that for all ω ∈ Sn, hω ∈ J . We proceed by induction
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on the length of ω. For the base case, notice that hτω0[1,n] = h1τω0[1,n]. Thus h1τω0[1,n] ∈ J .

However, in H0
n we have 1 ∈ Pnτω0[1,n]Pn. Hence h1 ∈ Pnh1τω0[1,n]Pn, from which we deduce

that h1 ∈ J . Assume now that ω ∈ Sn and that hy ∈ J for all y ∈ Sn such that l(y) < l(ω).

Then we have ∑
y∈Sn

l(y)>l(ω)

hyτy ∈ J.

We have τyτω−1ω0[1,n] = 0 unless y 6 ω. Hence, by multiplying the previous equation by

τω−1ω0[1,n] we obtain hωτω0[1,n] ∈ J . Then, the same argument as in the case ω = 1 implies

that hω ∈ J . This completes the induction and proves the first statement.

For the second statement, consider the isomorphism of H0
n-modules

 A[x1, . . . , xn]
∼−→ (A⊗H0

n) τω0[1,n],

P 7→ Pτω0[1,n].
(4.1.1)

It induces an injection J ∩ A[x1, . . . , xn] ↪→ Jτω0[1,n]. By the first statement, we also have

Jτω0[1,n] = (J ∩ A[x1, . . . , xn])τω0[1,n]. Hence, the isomorphism of H0
n-modules (4.1.1) maps

J∩A[x1, . . . , xn] bijectively to Jτω0[1,n]. Since Jτω0[1,n] is an H0
n-submodule of (A⊗H0

n)τω0[1,n],

it follows that J ∩ A[x1, . . . , xn] is an H0
n-submodule of A[x1, . . . , xn].

Corollary 4.1.7. 1. Let p ∈ Z(A)[x1, . . . , xn], and let J be the two-sided ideal of A⊗H0
n

generated by p. Then we have

J ∩ A[x1, . . . , xn] = (A⊗H0
n) · p,

where (A⊗H0
n) · p denotes the (A⊗H0

n)-submodule of A[x1, . . . , xn] generated by p.

2. Let M be a left (resp. right) (A⊗H0
n)-module, and let p ∈ A[x1, . . . , xn] be such that

pM = 0 (resp. Mp = 0). Then (H0
n · p)M = 0 (resp. M(H0

n · p) = 0), where H0
n · p

denotes the H0
n submodule of A[x1, . . . , xn] generated by p.
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Proof. For the first statement, by Lemma 4.1.6 we have

(J ∩ A[x1, . . . , xn]) τω0[1,n] = Jτω0[1,n]

= (A⊗H0
n)p(A⊗H0

n)τω0[1,n].

We have H0
nτω0[1,n] = Pnτω0[1,n], and p is central in A[x1, . . . , xn] by assumption. Hence

(A⊗H0
n)p(A⊗H0

n)τω0[1,n] = (A⊗H0
n)pτω0[1,n]. However for all h ∈ A⊗H0

n we have hpτω[1,n] =

(h · p)τω0[1,n]. Hence we have proved that

(J ∩ A[x1, . . . , xn])τω[1,n] = ((A⊗H0
n) · p)τω[1,n]

and the first statement follows.

For the second statement, let J be the annihilator of M in A⊗H0
n. Then J is a two-sided

ideal of A ⊗ H0
n. Hence J ∩ A[x1, . . . , xn] is an H0

n-submodule of A[x1, . . . , xn] by Lemma

4.1.6. The result follows.

We now return to our problem of constructing elements of Pβ which act by zero on H i
β.

Recall that for ν ∈ In, we have defined in equation (2.5.1) a polynomial

Qi,ν(u, v1, . . . , vn) =
∏

16k6n
νk 6=i

Qi,νk(u, vk).

Proposition 4.1.8. Let n > 1, let ν ∈ In and let a ∈ {1, . . . , n} be such that νa = i. Then

Qi,ν(xa, x1, . . . , xn)1ν acts by zero on H i
n.

Proof. The proof is by induction on n. Assume that n = 1. If ν1 = i, 1i is zero in H i
1, so the

result holds. If ν1 6= i, there is no a such that νa = i, and the result holds too.

Assume that the result is proved for n > 1. Let ν ∈ In+1. We write ν in the form

ν = (νn+1, ν
′) with ν ′ ∈ In. We consider two cases depending on whether νn+1 6= i or
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νn+1 = i.

Case 1: if νn+1 6= i, then we have a < n+ 1 and

Qi,ν(xa, x1, . . . , xn+1)1ν = Qi,νn+1(xa, xn+1)Qi,ν′(xa, x1, . . . , xn)1ν

= Qi,νn+1(xa, xn+1)rn+1
n (Qi,ν′(xa, x1, . . . , xn)1ν′)1ν .

By induction, Qi,ν′(xa, x1, . . . , xn)1ν′ is zero in H i
n. Hence Qi,ν(xa, x1, . . . , xn+1)1ν is zero in

H i
n+1.

Case 2: If νn+1 = i, then we consider three subcases: (i) a < n + 1, (ii) a = n + 1 and

νn = i, and (iii) a = n+ 1 and νn 6= i.

� Sub-case (i): if a < n+ 1, then we have

Qi,ν(xa, x1, . . . , xn+1)1ν = Qi,ν′(xa, x1, . . . , xn)1ν

= rn+1
n (Qi,ν′(xa, x1, . . . , xn)1ν′)1ν .

By induction, Qi,ν′(xa, x1, . . . , xn)1ν′ is zero in H i
n so Qi,ν(xa, x1, . . . , xn+1)1ν is zero in

H i
n+1.

� Sub-case (ii): if a = n+ 1 and νn = i, then we have

Qi,ν(xn+1, x1, . . . , xn+1)1ν = Qi,ν′(xn+1, x1, . . . , xn−1, xn+1)1ν

= sn(Qi,ν′(xn, x1, . . . , xn))1ν .

By induction Qi,ν′(xn, x1, . . . , xn)1ν = rn+1
n (Qi,ν′(xn, x1, . . . , xn)1ν′)1ν is zero in H i

n+1.

Since νn+1 = νn = i, there is a natural structure of left (H0
2 ⊗K[x1, . . . , xn−1])-module

on 1νH
i
n+1, for which the polynomial Qi,ν′(xn, x1, . . . , xn) acts by zero. By Corollary

4.1.7, sn(Qi,ν′(xn, x1, . . . , xn)) also acts by zero, thus Qi,ν(xn+1, x1, . . . , xn+1)1ν is zero
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in H i
n+1.

� Sub-case (iii): if a = n+ 1 and νn 6= i, let ν ′′ = (i, νn−1, . . . , ν1). Then we have

Qi,ν(xn+1, x1, . . . , xn+1)1ν = Qi,νn(xn+1, xn)Qi,ν′′(xn+1, x1, . . . , xn−1, xn+1)1ν

= τ 2
nQi,ν′′(xn+1, x1, . . . , xn−1, xn+1)1ν

= τnQi,ν′′(xn, x1, . . . , xn−1, xn)τn1ν

= τnr
n+1
n (Qi,ν′′(xn, x1, . . . , xn)1ν′′)τn1ν .

By induction, Qi,ν′′(xn, x1, . . . , xn)1ν′′ is zero in H i
n, hence Qi,ν(xn+1, x1, . . . , xn+1)1ν is

zero in H i
n+1.

The polynomials Qi,ν(u, v1, . . . , vn) have important symmetry properties. For β ∈ Q+ of

height n, let

Qi,β(u, x1, . . . , xn) =
∑
ν∈Iβ

Qi,ν(u, x1, . . . , xn)1ν ∈ Pβ[u].

Lemma 4.1.9. Let β ∈ Q+ of height n. As an element of Pβ[u], the polynomial Qi,β has

coefficients in PSn
β .

Proof. Let ω ∈ Sn. We have

ω(Qi,β(u, x1, . . . , xn)) =
∑
ν∈Iβ

( ∏
16k6n
νk 6=i

ω(Qi,νk(u, xk))

)
ω(1ν)

=
∑
ν∈Iβ

( ∏
16k6n
νk 6=i

Qi,νk(u, xω(k))

)
1ω(ν).
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Doing the re-indexation ν ′ = ω(ν) in this last sum yields

ω(Qi,β(u, x1, . . . , xn)) =
∑
ν′∈Iβ

( ∏
16k6n
ν′
ω(k)
6=i

Qi,ν′
ω(k)

(u, xω(k))

)
1ν′

=
∑
ν′∈Iβ

( ∏
16`6n
ν′` 6=i

Qi,ν′`
(u, x`)

)
1ν′ ,

where the second equality follows from doing the re-indexation ` = ω(k) in the product.

Hence Qi,β(u, x1, . . . , xn) is invariant under the action of Sn and the result is proved.

4.1.2 The Endofunctor adEi

Definition

Consider the functor adEi : Hi → Hi defined by:

adEi(M) = EiM/(1β,iEiM) = πi(EiM).

for M ∈ H i
β−Mod. So adEi is the composition of the left i-induction functor with the

functor πi. Left i-induction is an exact endofunctor of H, and πi is right exact since it is a

left adjoint. Hence, the functor adEi is right exact. We will prove below that it is actually

exact.

Proposition 4.1.10. 1. For n > 0, there is a natural isomorphism in M ∈ Hi

adnEi(M) ' πi (E
n
i M) .

2. For all n > 0, there is a morphism of graded algebras

Hop
ni → End•Hi

(
adnEi

)
.
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Hence, the affine nil Hecke algebra Hni acts on adnEi.

Proof. We construct the isomorphism in (1) by induction on n. For the case n = 0, we have

πi(M) = M for M ∈ H[i], and the canonical isomorphism is just the identity. Assume that

we have constructed the natural isomorphism adnEi(M)
∼−→ πi(E

n
i M) for some n > 0. Then

we have an isomorphism

adn+1
Ei

(M)
∼−→ adEi(πi(E

n
i M)) = πi(Eiπi(E

n
i M)).

By Lemma 4.1.5, there is a canonical isomorphism πi(Eiπi(E
n
i M))

∼−→ πi(E
n+1
i M), which

completes the construction of (1).

For (2), notice that we have an action of Hop
ni on En

i by right multiplication, so we get an

action of Hop
ni on the functor M 7→ En

i M . By horizontal composition, we get an action of

Hop
ni on the functor M 7→ πi(E

n
i M), which is canonically isomorphic to adnEi by (1), whence

the result.

For the rest of this dissertation, we fix the action of Hop
ni on adnEi to be the one constructed

in the proof of Proposition 4.1.10 via the canonical isomorphism adnEi(M) ' πi(E
n
i M). In

particular, one can define the divided power ad
(n)
Ei

. Recall that the element en = x2 . . . x
n−1
n τω0[1,n]

is a primitive idempotent of Hni. Then the functor ad
(n)
Ei

is defined by

ad
(n)
Ei

= q
−n(n−1)

2
i en

(
adnEi

)
.

By construction, for all M ∈ Hi there is an isomorphism

ad
(n)
Ei

(M) ' πi
(
E

(n)
i M

)
which is natural in M .
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Induction

Let us now give another description of the functor adEi as an induction functor. For β ∈ Q+,

the right inclusion induces a (possibly non-unital) morphism H i
β → H i

β+i. This endows

H i
β+i1i,β with a structure of (H i

β+i, H
i
β)-bimodule, and we get an induction functor

ind
Hi
β+i

Hi
β

:

 H i
β−mod → H i

β+i−mod,

M 7→ H i
β+i1i,β ⊗Hi

β
M.

Proposition 4.1.11. There is an isomorphism

adEi '
⊕
β∈Q+

ind
Hi
β+i

Hi
β
.

Proof. Let β ∈ Q+ and let N ∈ Hβ+i−mod. We have isomorphisms

adEi(M) = πi(EiM)

' H i
β+i ⊗Hβ+i (EiM)

' H i
β+i ⊗Hβ+i Hβ+i1i,β ⊗Hβ M

' H i
β+i1i,β ⊗Hβ M.

Since the left (resp. right) action of Hβ on M (resp. H i
β+i1i,β) factors through H i

β, we have

H i
β+i1i,β ⊗Hβ M ' H i

β+i1i,β ⊗Hi
β
M,

which concludes the proof.
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The Morphism τEi,M

We now describe of the functor adEi as the cokernel of a natural transformation. For β ∈ Q+

of height r and M ∈ H i
β −mod, we define a morphism τEi,M : MEi → EiM as follows:

τEi,M :

 MEi → EiM,

h1β,i ⊗Hβ m 7→ hτ[1↑r]1i,β ⊗Hβ m.

This morphism τEi,M is an analogue of the morphism P in [KK12, Theorem 4.7]. Similar

morphisms also appear in [BKM14].

Proposition 4.1.12. The map τEi,M is a well-defined morphism of Hβ+i-modules of degree

−i · β.

Proof. By adjunction, it suffices to check that the map

 M → 1β,iHβ+i1i,β ⊗Hβ M,

m 7→ τ[1↑r]1i,β ⊗Hβ m,

is a morphism of Hβ-modules. To check this, we need to prove that for all y ∈ Hβ we have

(
(y � 1i)τ[1↑r] − τ[1↑r](1i � y)

)
1i,β ⊗Hβ M = 0.

Let Z =
(
(y � 1i)τ[1↑r] − τ[1↑r](1i � y)

)
1i,β. By Lemma 2.4.2, the element Z can be written in

the form

Z =
r+1∑
k=2

τ[k↑r]zk
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for some zk ∈ Hi,β. However, Z = 1β,iZ1i,β and 1β,iτ[k↑r] = τ[k↑r]1β,i when k > 1. So

Z = 1β,iZ1i,β

=
n+1∑
k=2

τ[k↑r]1β,i1i,βzk

=
n+1∑
k=2

τ[k↑r]1i,β−i,izk.

Since 1β−i,iM = 0, we deduce that Z⊗HβM = 0. Hence τEi,M is well-defined. The statement

about the degree follows from the definition of the grading on quiver Hecke algebras.

It is clear that the morphism τEi,M is natural in M . Hence, τEi,(−) : (−)Ei → Ei(−) is a

natural transformation of functors Hi → H. We now relate τEi,(−) and adEi .

Proposition 4.1.13. For β ∈ Q+ and M ∈ H i
β−mod, we have adEi(M) = coker(τEi,M).

Hence, we have an exact sequence which is natural in M

q
−〈i∨,β〉
i MEi

τEi,M−−−→ EiM → adEi(M)→ 0.

Proof. Denote by r the height of β. We show that im(τEi,M) = Hβ+i1β,i(EiM). Let h ∈ Hβ+i

and m ∈M . We have

τEi,M(h1β,i ⊗Hβ m) = hτ[1↑r]1i,β ⊗Hβ m ∈ Hβ+i1β,i(EiM).

So im(τEi,M) ⊆ Hβ+i1i,β(EiM). Conversely, by (2.4.1) we have

EiM =
r+1⊕
k=1

τ[k↑r]1i,β ⊗Hi,β (Ei ⊗M).
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Note that

1β,iτ[k↑r]1i,β =

 τ[k↑r]1i,β−i,i if k > 1,

τ[1↑r]1β,i if k = 1.

Since 1β−i,iM = 0, we deduce that

1β,i(MEi) = τ[1↑r]1i,β ⊗Hi,β (Ei ⊗M) ⊆ im(τEi,M).

Hence Hβ+i1β,i(EiM) ⊆ im(τEi,M). So we have proved that im(τEi,M) = Hβ+i1β,i(EiM),

from which we deduce that adEi(M) = coker(τEi,M).

A key property of τEi,(−) is that it is compatible with the monoidal structure of Hi, in

the following sense.

Proposition 4.1.14. For all M,N ∈ H[i], we have τEi,MN = τEi,MN ◦MτEi,N .

Proof. Assume that M ∈ H i
β−mod with β of height m, and that N ∈ H i

γ−mod with γ of

height n. Let

y = h1β,γ ⊗Hβ,γ (a⊗ b) ∈MN,

where h ∈ Hβ+γ, a ∈M and b ∈ N . Let

z = 1β+γ,i ⊗Hβ+γ y ∈MNEi.

Such elements z generate MNEi as an Hβ+γ+i-module. Hence, it suffices to prove that

τEi,MN(z) = τEi,MN(MτEi,N(z)). On the one hand, we have

τEi,MN(z) = τ[1↑m+n]1i,β+γ ⊗Hβ+γ y

= τ[1↑m+n](1i � h)1i,β,γ ⊗Hβ,γ (a⊗ b).
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On the other hand, we have

MτEi,N(z) = MτEi,N
(
(h � 1i)1β,γ,i ⊗Hβ,γ (a⊗ b)

)
= (h � 1i)τ[1↑n]1β,i,γ ⊗Hβ,γ (a⊗ b).

So

τEi,MN(MτEi,N(z)) = (h � 1i)τ[1↑s]τ[n+1↑m+n]1i,β,γ ⊗Hβ,γ (a⊗ b)

= (h � 1i)τ[1↑m+n]1i,β,γ ⊗Hβ,γ (a⊗ b).

Hence, it suffices to prove that

(
(h � 1i)τ[1↑m+n] − τ[1↑m+n](1i � h)

)
1i,β,γ ⊗Hβ,γ (M ⊗N) = 0.

Let Z =
(
(h � 1i)τ[1↑m+n] − τ[1↑m+n](1i � h)

)
1i,β,γ. By Lemma 2.4.2, we have

Z ∈
m+n+1∑
k=2

τ[k↑m+n]Hi,β+γ1i,β,γ.

Let S be a complete set of reduced expressions for minimal length representatives of left

cosets of Sm ×Sn in Sm+n. By decomposition (2.4.1) we have

Hβ+γ1β,γ =
⊕
ω∈S

τωHβ,γ.

Hence Z can be written in the form

Z =
∑

1<k6m+n+1
ω∈S

τ[k↑m+n](1i � τω)hk,ω
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for some hk,ω ∈ Hi,β,γ. However Z = 1β+γ,iZ, so

Z = 1β+γ,iZ

=
∑

1<k6m+n+1
ω∈S

1β+γ,iτ[k↑m+n](1i � τω)hk,ω

=
∑

1<k6m+n+1
ω∈S

τ[k↑m+n]1β+γ,i(1i � τω)hk,ω.

For ω ∈ S, we have s−1
ω (1) ∈ {1, n+ 1}. It follows that

Z =
∑

1<k6m+n+1
ω∈S, s−1

ω (1)=1

τ[k↑m+n](1i � τω)hk,ω1i,β,γ−i,i +
∑

1<k6m+n+1
ω∈S, s−1

ω (1)=n+1

τ[k↑m+n](1i � τω)hk,ω1i,β−i,i,γ.

Since both 1β−i,i,γ and 1β,γ−i,i act by zero on M ⊗N , we deduce Z⊗Hβ,γ (M ⊗N) = 0, which

completes the proof.

Adjoint Action on Chevalley Generators

In this example, we describe the modules ad
(n)
Ei

(Ej) for n > 0 and j ∈ I \ {i}.

Proposition 4.1.15. As left graded Pn+1-modules, we have

Hj+ni1j+(n−1)i,i(E
n
i Ej) =

(⊕
ω∈Sn

Jn+1(τω � 1j)1ni,j

)
⊕

( ⊕
ω∈Sn
16k6n

Pn+1τ[k↓1](τω � 1j)1ni,j

)
,

where Jn+1 is the ideal of Pn+1 generated by the ∂[k↓2](Qi,j(x2, x1)) for k ∈ {1, . . . , n}.

Proof. Call L the left hand-side of the equality, and L′ the right-hand side. Let us start

by proving that L′ is an Hj+ni-submodule of Hj+ni1ni,j. It is clear that L′ is stable by the

left action of Pn+1. Furthermore, note that Jn+1 is the (H0
n ⊗K[x1])-submodule of Pn+1

generated by Qi,j(x2, x1). Using this and the fact that τ 2
1 1ni,j = Qi,j(x2, x1), we see easily
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that L′ is also stable by left multiplication by τ1, . . . , τn−1. Hence L′ is an Hj+ni-submodule.

By the same argument as in the proof of Proposition 4.1.13, L is the Hj+ni-submodule

of Hj+ni1ni,j generated by the τ[1↑k]1ni,j for k ∈ {1, . . . , n}. Since τ[1↑k]1ni,j ∈ L′ for k ∈

{1, . . . , n}, we have L ⊆ L′.

Conversely, it is clear that

⊕
ω∈Sn
16k6n

Pn+1τ[k↓1](τω � 1j)1ni,j ⊆ L.

Furthermore, Qi,j(x2, x1)1ni,j = τ 2
1 1ni,j ∈ L. By Corollary 4.1.7, we deduce that Jn+11ni,j ⊆

L, and it follows that L′ ⊆ L.

Corollary 4.1.16. As left graded Pn+1-modules, we have

adnEi(Ej) =
⊕
ω∈Sn

(Pn+1/Jn+1) (τω � 1j)1ni,j,

ad
(n)
Ei

(Ej) = q
−n(n−1)

2
i (Pn+1/Jn+1) (τω0[1,n] � 1j)1ni,j.

In particular, we have a simple formula for the graded dimensions of adnEi(Ej) and

ad
(n)
Ei

(Ej). They are given by

grdim(adnEi(Ej)) =
1

(1− q2
i )
n(1− q2

j )

(
n−1∏
k=0

(
1− q2(−ci,j−k)

i

))(∑
ω∈Sn

q
−2l(ω)
i

)
,

grdim(ad
(n)
Ei

(Ej)) =
q
n(n−1)

2
i

(1− q2
i )
n(1− q2

j )

(
n−1∏
k=0

(
1− q2(−ci,j−k)

i

))
.

A consequence of these formulas is the following vanishing criterion:

adnEi(Ej) = 0 ⇔ n > −ci,j. (4.1.2)
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4.2 Short Exact Sequences Associated to the Adjoint

Action

The goal of this section is to prove the following theorem.

Theorem 4.2.1. For all β ∈ Q+ and M ∈ H i
β−mod, the morphism τEi,M is injective.

Hence, we have a short exact sequence which is natural in M

0→ q
−〈i∨,β〉
i MEi

τEi,M−−−→ EiM → adEi(M)→ 0.

In particular, this theorem gives a categorification of the relation adei(y) = eiy−q−〈i
∨,β〉

i yei

for y ∈ U+ of degree β ∈ Q+. Before proving Theorem 4.2.1, we give some corollaries.

4.2.1 Exactness of adEi

Theorem 4.2.1 is the analogue of [KK12, Theorem 4.7] for cyclotomic quiver Hecke algebras.

It can be used formally in the same way to prove that the functor adEi is exact.

Corollary 4.2.2. Let β ∈ Q+. The right H i
β-module H i

β+i1i,β is projective.

Proof. As in [KK12], we use the following lemma.

Lemma ([KK12, Lemma 4.18]). Let A be a K-algebra and let N be an A[x]-module. Assume

that the following properties hold.

1. The projective dimension of N as an A[x]-module is at most 1.

2. There exists p(x) ∈ Z(A)[x] with invertible leading coefficient such that p(x)N = 0.

Then N is projective as an A-module.
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We use this lemma with A = H i
β and N = H i

β+i1i,β. By Theorem 4.2.1 applied to

M = H i
β, we have a short exact sequence of (Hβ+i, Hi ⊗H i

β)-bimodules:

0→ Hβ+i1β,i ⊗Hβ H i
β → Hβ+i1i,β ⊗Hβ H i

β → H i
β+i1i,β → 0.

Note that the compatibility with the right
(
Hi ⊗ H i

β

)
-module structure comes from the

naturality. Since Hi ⊗H i
β ' H i

β[x], we can view this sequence as an exact sequence of right

H i
β[x]-modules.

Since Hβ+i1β,i is free as a right Hβ,i-module, Hβ+αi1β,i ⊗Hβ H i
β is free as a right H i

β[x]-

module. Similarly, Hβ+i1i,β ⊗Hβ H i
β is free as a right H i

β[x]-module. Hence, H i
β+i1i,β has

projective dimension at most 1 as a right H i
β[x]-module. Let

p(xn+1) = Qi,β(xn+1, x1, . . . , xn)1i,β =
∑
ν∈Iβ

( ∏
16k6n
νk 6=i

Qi,νk(xn+1, xk)

)
1i,ν ∈ Pβ+i.

When considered as an element in Hβ[xn+1], p(xn+1) has coefficients in Z(Hβ) by Proposition

4.1.9. Furthermore, H i
β+ip(xn+1) = 0 by Proposition 4.1.8. Hence the lemma applies and

the result follows.

Corollary 4.2.3. The functor adEi is exact and sends projective modules to projective mod-

ules.

Proof. This follows immediately from Proposition 4.1.11 and Corollary 4.2.2.

4.2.2 Compatibility with the Monoidal Structure

In general, the adjoint action of a Hopf algebra A on itself is compatible with the multipli-

cation, in the following sense: for all y, y′, z ∈ A we have

adz(yy
′) =

∑
adz(1)(y)adz(2)(y

′).
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In the case of the quantum group, the compatibility with the product takes the form of the

following “q-Leibniz rule”

adei(yz) = adei(y)z + q
−〈i∨,β〉
i yadei(z),

adfi(yz) = q
−〈i∨,γ〉
i adfi(y)z + yadei(z)

(4.2.1)

for all i ∈ I and y, z ∈ U homogeneous of respective degrees β, γ ∈ Q+. Hence, adei and

adfi can be thought of as “q-derivations” of the algebra U . We prove that this property

categorifies in the form of short exact sequences.

Corollary 4.2.4. Let β, γ ∈ Q+ and let M ∈ H i
β−mod and N ∈ H i

γ−mod. There is a short

exact sequence which is natural in M,N

0→ q
−〈i∨,β〉
i M adEi(N)→ adEi(MN)→ adEi(M)N → 0.

Proof. This a consequence of the following elementary statement: given morphisms f =

f2 ◦ f1 in an abelian category, we have an exact sequence

coker(f1)→ coker(f)→ coker(f2)→ 0.

The first morphism is induced by f2, and the second morphism is the quotient map. Fur-

thermore, if f2 is injective, then the morphism coker(f1)→ coker(f) is injective as well. By

Proposition 4.1.14 and Theorem 4.2.1, the statement applies to f = τEi,MN , f1 = MτEi,N

and f2 = τEi,MN , yielding the result.

We can think of this result as expressing the fact that adEi is a “categorical derivation”.

This feature does not appear for cyclotomic quiver Hecke algebras, as there is no monoidal

structure in that case.

More generally, Corollary 4.2.4 can be applied repeatedly to construct an interesting
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filtration of adnEi(MN). To describe it, let us set up some notation. Given an integer k ∈ N

and its binary expansion

k =
∑
`>0

k`2
`

where k` ∈ {0, 1} are almost all 0, we define its binary weight ζ(k) as the number of k` that

are equal to 1. There are inductive relations for the binary weight function: for all k > 0 we

have  ζ(2k) = ζ(k),

ζ(2k + 1) = ζ(k) + 1.
(4.2.2)

We also define a function σ by

σ(k) =
∑
`>0

`k` −
ζ(k)(ζ(k)− 1)

2
.

There are simple recursive relations for the function σ: for all k > 0 we have

 σ(2k) = σ(k) + ζ(k),

σ(2k + 1) = σ(k).
(4.2.3)

With these notations, we can now state and prove the result.

Proposition 4.2.5. Let M ∈ H i
β−mod, N ∈ H i

γ−mod with β, γ ∈ Q+, and let n ∈ N.

Then, there is a filtration of adnEi(MN)

0 = V−1 ⊆ V0 ⊆ · · · ⊆ V2n−1 = adnEi(MN),

with quotients given by

Vk/Vk−1 ' q
(ζ(k)−n)〈i∨,β〉−2σ(k)
i ad

ζ(k)
Ei

(M)ad
n−ζ(k)
Ei

(N).
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Proof. We proceed inductively on n. The case n = 0 is clear. Assume that for some n we

have a filtration of adnEi(MN)

0 = V−1 ⊆ V0 ⊆ · · · ⊆ V2n−1 = adnEi(MN),

with quotients given by

Vk/Vk−1 ' q
(ζ(k)−n)〈i∨,β〉−2σ(k)
i ad

ζ(k)
Ei

(M)ad
n−ζ(k)
Ei

(N).

Since adEi is exact by Corollary 4.2.3, we can apply adEi to the filtration above to get a

filtration of adn+1
Ei

(MN)

0 = adEi(V−1) ⊆ adEi(V0) ⊆ · · · ⊆ adEi(V2n−1) = adn+1
Ei

(MN),

with quotients given by

adEi(Vk)/adEi(Vk−1)
∼→
pk
q

(ζ(k)−n)〈i∨,β〉−2σ(k)
i adEi

(
ad

ζ(k)
Ei

(M)ad
n−ζ(k)
Ei

(N)
)
.

By Corollary 4.2.4, there are short exact sequences

0→ q
−〈i∨,β〉−2ζ(k)
i ad

ζ(k)
Ei

(M)ad
n+1−ζ(k)
Ei

(N)
fk−→ adEi

(
ad

ζ(k)
Ei

(M)ad
n−ζ(k)
Ei

(N)
)

→ ad
ζ(k)+1
Ei

(M)ad
ζ(k)
Ei

(N)→ 0.

We can use them to refine the filtration of adn+1
Ei

(MN). More precisely, for k ∈ {−1, . . . 2n+1−

1} let

Wk =

 adEi(V(k−1)/2) if k is odd,

p−1
k/2(im(fk/2)) if k is even.
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We get a filtration of adn+1
Ei

(MN) of the form

0 = W−1 ⊆ W0 ⊆ · · · ⊆ W2n+1−1 = adn+1
Ei

(XY ),

with quotients

Wk/Wk−1 '


q

(ζ((k−1)/2)−n)〈i∨,β〉−2σ((k−1)/2)
i ad

ζ((k−1)/2)+1
Ei

(M)ad
n−ζ((k−1)/2)
Ei

(N) if k is odd,

q
(ζ(k/2)−n)〈i∨,β〉−2σ(k/2)−〈i∨,β〉−2ζ(k/2)
i ad

ζ(k/2)
Ei

(M)ad
n+1−ζ(k/2)
Ei

(N) if k is even.

The conclusion follows from the recursive relations (4.2.2) for ζ and (4.2.3) for σ.

4.2.3 Integrability

Proposition 4.2.6. Let β ∈ Q+. If si(β) /∈ Q+, then H i
β = 0.

Proof. We write β in the form β = γ + ni, with γ ∈
⊕

j 6=iNj and n > 0. Since si(β) /∈

Q+, we have n > −〈i∨, γ〉. Consider an idempotent of H i
β of the form 1n1i,ν1,...,nki,νk with

n1 + . . .+ nk = n, and ν1 . . . νk ∈ Iγ. Then

H i
β1n1i,ν1,...,nki,νk = πi(E

n1
i Eν1 . . . E

nk
i Eνk)

' πi (E
n1
i πi(Eν1 . . . E

nk
i Eνk))

by Proposition 4.1.5. Furthermore by Proposition 4.1.10, we have isomorphisms

πi (E
n1
i πi(Eν1 . . . E

nk
i Eνk)) ' adn1

Ei
(πi (Eν1 . . . E

nk
i Eνk))

' adn1
Ei

(Eν1πi (E
n2
i Eν2 . . . E

nk
i Eνk))

where the second isomorphism is obtained by applying Proposition 4.1.5. Hence there is an
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isomorphism

H i
β1n1i,ν1,...,nki,νk ' adn1

Ei
(Eν1πi (E

n2
i Eν2 . . . E

nk
i Eνk)) .

This procedure can be repeated inductively and we obtain an isomorphism

H i
β1n1i,ν1,...,nki,νk ' adn1

Ei

(
Eν1adn2

Ei

(
Eν2 . . . adnkEi(Eνk) . . .

))
.

Using Proposition 4.2.5 repeatedly, we see that H i
β1n1i,ν1,...,nki,νk has a filtration whose quo-

tients are shifts of modules of the form admrEi (Ejr) . . . adm1
Ei

(Ej1) for some m1, . . . ,mr ∈ N

such that m1 + . . .+mr = n and (jr, . . . , j1) ∈ Iγ. Let us prove that such a quotient is zero.

Since

m1 + . . .+mr = n > −〈i∨, γ〉 = −〈i∨, j1〉 − . . .−−〈i∨, jr〉 ,

there exists an index ` such that m` > −〈i∨, j`〉. But then by the vanishing criterion (4.1.2),

we have adm`Ei (Ej`) = 0, and admrEi (Ejr) . . . adm1
Ei

(Ej1) = 0. Hence, all the quotients in the

filtration of H i
β1n1i,ν1,...,nki,νk are zero. So H i

β1n1i,ν1,...,nki,νk = 0. Since 1β is the sum of all

idempotents of the form 1n1i,ν1,...,nki,νk , we conclude that H i
β = 0.

Corollary 4.2.7. The functor adEi is locally nilpotent on Hi.

Proof. Let β ∈ Q+. For n ∈ N, we have si(β + ni) = si(β)− ni. In particular, if n is large

enough, then si(β + ni) /∈ Q+, so H i
β+ni = 0. Thus, for such an n and for M ∈ H i

β−mod,

we have adnEi(M). The result follows.

4.2.4 Proof of Theorem 4.2.1

We start by introducing the notation that we will use throughout the proof. Let I be the full

subcategory of Hi whose objects are the modules M for which τEi,M is injective. Our goal is

to show that I = Hi. We denote by S the Serre and monoidal subcategory of Hi generated
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by the modules ad
(n)
Ei

(Eν) for ν ∈ (I \ {i})r and n, r ∈ N. To prove that Hi = I, we will first

prove that S ⊆ I and then that Hi = S. The first step is to prove formal properties of I.

Lemma 4.2.8. The category I is a monoidal subcategory of Hi and is closed under exten-

sions. The restriction of adEi to I is exact and is a categorical derivation in the sense of

Proposition 4.2.4.

Proof. Let M,N ∈ I. By Proposition 4.1.14, we have τEi,MN = MτEi,N ◦ τEi,MN . Since the

monoidal structure is bi-exact, MτEi,N and τEi,MN are injective. So τEi,MN is injective as

well. Hence I is a monoidal subcategory of Hi.

Consider now a short exact sequence 0 → L → M → N → 0 with L,N ∈ I. We obtain

a commutative diagram with exact rows:

0 LEi MEi NEi 0

0 EiL EiM EiN 0.

τEi,L τEi,M τEi,N

Since τEi,L and τEi,N are injective, τEi,M is also injective by the Four Lemma. Hence I is

closed under extensions. Now remark that the previous commutative diagram extends to a

commutative square

0 0 0

0 LEi MEi NEi 0

0 EiL EiM EiN 0

0 adEi(L) adEi(M) adEi(N) 0

0 0 0 .

τEi,L τEi,M τEi,N

in which the first two rows are exact and the three columns are exact. By the Nine Lemma,
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the last row is also exact. This proves that the restriction of adEi to I is exact. The fact it

is also a derivation follows from the same formal proof as that of Proposition 4.2.4.

To prove that S ⊆ I, we construct a quasi-left-inverse τ(−),Ei to τEi,(−) for the objects of

S.

Definition 4.2.9. For β ∈ Q+ of height r and M ∈ H i
β−mod, we define

τM,Ei :

 EiM → MEi,

h1i,β ⊗Hβ m 7→ hQi,β(xr+1, x1, . . . , xr)τ[r↓1]1β,i.⊗Hβ m.

Lemma 4.2.10. The map τM,Ei is a well-defined morphism of Hβ+i-modules and is natural

in M .

Proof. Let P = Qi,β(xr+1, x1, . . . , xr). To check that τM,Ei is well-defined, we need to prove

that for all y ∈ Hβ, we have

(
(1i � y)Pτ[r↓1] − Pτ[r↓1](y � 1i)

)
1β,i ⊗Hβ M = 0.

Let Z =
(
(1i � y)Pτ[r↓1] − Pτ[r↓1](y � 1i)

)
1β,i. The element P is central in Hi,β by Proposition

4.1.9, so we have Z = P
(
(1i � y)τ[r↓1] − τ[r↓1](y � 1i)

)
1β,i. By Proposition 2.4.2, there are

elements zk ∈ Hβ,i such that

Z = P

r−1∑
k=0

τ[k↓1]zk1β,i =
r−1∑
k=0

τ[k↓1]Pzk1β,i.
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However

P1β,i =
∑
ν∈Iβ

( ∏
16k6r
νk 6=i

Qi,νk(xr+1, xk)

)
1i,ν1β,i

=
∑

µ∈Iβ−i

( ∏
16k6r−1
µk 6=i

Qi,µk(xr+1, xk+1)

)
1i,µ,i

=
∑
ρ∈Iβ
ρr=i

Qi,ρ(xr+1, x2, . . . , xr+1)1ρ,i

=

(∑
ρ∈Iβ
ρr=i

Qi,ρ(xr, x1, . . . , xr)1ρ

)
� 1i.

By Proposition 4.1.8, Qi,ρ(xr, x1, . . . , xr)1ρ acts by zero on M for all ρ ∈ Iβ such that ρr = i.

So Z ⊗Hβ M = 0, and the morphism τM,Ei is well defined. The naturality of τM,Ei follows

immediately from its definition.

Proposition 4.2.11. Let n ∈ N and let ν ∈ (I \ {i})r for some r ∈ N. Let M = ad
(n)
Ei

(Eν).

Then τEi,M is injective.

Proof. Let β be the element of Q+ such that M is an H i
β-module. We compute the compo-

sition τM,Ei ◦ τEi,M and prove that it is injective. It is given by

τM,Ei ◦ τEi,M :

 MEi → MEi,

h1β,i ⊗Hβ m 7→ hτ[1↑n+r]Pτ[n+r↓1]1β,i ⊗Hβ m,

where P = Qi,β(xn+r+1, x1, . . . , xn+r)1i,β. The Hβ+i-module E
(n)
i EνEi is cyclic and generated

by the element τω0[r+2,n+r+1]1ni,ν,i. Since MEi is a quotient of E
(n)
i EνEi, it is also cyclic. The

class c of τω0[r+2,n+r+1]1ni,ν,i is a generator of MEi. We start by computing τM,Ei ◦ τEi,M(c).

Let

z = τ[1↑n+r]Pτ[n+r↓1]e[r+2,n+r+1]1ni,ν,i,
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so that τM,Ei ◦ τEi,M(c) = τω0[r+2,n+r+1]zx[r+2,n+r+1]c. We compute a new expression of z

using diagrammatic calculus. We view z as an endomorphism of E
(n)
i EνEi. Then we have

z = P

(n)i ν i

= ∂[r+1↑n+r](P )

(n)i ν i

(n)i ν i

(Lemma 2.5.5)

=

s[1↑r]∂[r+1↑n+r](P )

(n)i ν i

(n)i ν i

(relation (3) in Definition 2.3.1)

=

s[1↑r]∂[r+1↑n+r](P )

(n)i ν i

(n)i ν i

(Lemma 2.5.4)

= s[1↑r]
(
∂[r+1↑n+r](P )

)
∂[n+r↓r+2]∂r+2,1 (Qν,i) e[r+2,n+r+1]1ni,ν,i
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+

s[1↑r]∂[r+1↑n+r](P )

(n)i ν i

(n)i ν i

(Lemma 2.5.6).

This last diagram lies in Hβ+i1(n−1)i,ν,2iHβ,i. In particular, it acts by zero on MEi. Hence

we have proved that τM,Ei ◦ τEi,M(c) = z′c where

z′ = s[1↑r]
(
∂[r+1↑n+r](P )

)
∂[n+r↓r+2]∂r+2,1 (Qi,ν) 1ni,ν,i ∈ Pβ+i1ni,ν,i.

The polynomials P and Qi,ν are symmetric in the variables labeled by ν by definition.

Furthermore, the Demazure operators in the definition of z′ ensure that z′ is also symmetric

in the variables labeled by i. Hence z′ is fixed by the stabilizer Stab(ni, ν, i) of the sequence

(ni, ν, i) in Sn+r+1. Now let

Z =
∑

ω∈Sn+r+1/Stab(ni,ν,i)

ω(z′) ∈ Pβ+i.

Since z′ is fixed by Stab(ni, ν, i), Z is fixed by Sn+r+1. By Proposition 2.3.5, this implies

that Z is a central element of Hβ+i. Thus, multiplication by Z is an endomorphism of

Hβ+i-module of MEi. Furthermore, we have

Zc = Z1ni,ν,ic = z′c = τM,Ei ◦ τEi,M(c).

Hence τM,Ei ◦ τEi,M and multiplication by Z agree on c. Since c generates MEi, we conclude

111



that τM,Ei ◦ τEi,M(x) = Zx for all x ∈MEi. Now remark that Z1β,i has the form

Z1β,i ∈ txk11β,i +
∑
`<k

(
Pβ � x`1

)
1β,i

for some integer k and t ∈ K×. It follows that multiplication by Z1β,i is an injective

endomorphism of M ⊗ Ei. Furthermore, there is a decomposition

MEi =
n+r⊕
k=0

τ[k↓1]1β,i ⊗Hβ,i (M ⊗ Ei).

Since Z is central, multiplication by Z acts diagonally along this decomposition. The action

of Z on each summand M ⊗ Ei is given by multiplication by Z1β,i. We conclude that

multiplication by Z is an injective endomorphism of MEi. Hence τEi,M is injective.

Corollary 4.2.12. Let n ∈ N and let ν ∈ (I \ {i})r for some r ∈ N. Let N be a subquotient

of M = ad
(n)
Ei

(Eν). Then τEi,N is injective.

Proof. We can fit N in a diagram

N ↪→ N ′ �M

for some H i
β-module N ′. By naturality, τN ′,Ei ◦ τEi,N ′ is multiplication by Z, where Z is the

central element from the previous proof. By the same argument as above, multiplication by

Z is injective on N ′Ei. Hence τEi,N ′ is injective. By naturality, τEi,N is the restriction of

τEi,N ′ to NEi. Thus, it is injective as well.

Proposition 4.2.13. We have S ⊆ I and S is stable under adEi.

Proof. Denote by G the class of subquotients of modules of the form ad
(n)
Ei

(Eν) for ν ∈

(I \ {i})r and n, r ∈ N. By definition, the subcategory S is generated by G under extensions

and tensor products. Furthermore, the elements of G are objects of I by Corollary 4.2.12,

and I is closed under extensions and tensor products by Lemma 4.2.8. It follows that S ⊆ I.
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Hence, adEi restricts to an exact categorical derivation S → Hi. Denote by G ′ the class

of modules of the form ad
(n)
Ei

(Eν) for ν ∈ (I \ {i})r and n, r ∈ N. We have adEi(G ′) ⊆ S

since adEi

(
ad

(n)
Ei

(Eν)
)
' [n+ 1]i ad

(n+1)
Ei

(Eν). Furthermore, S is generated by G ′ as a Serre

and monoidal subcategory. The fact that the restriction of adEi to S is an exact derivation

then implies that adEi(S) ⊆ S.

Proposition 4.2.14. We have Hi = S.

Proof. Let M ∈ Hi and let N be its projective cover in H. Since πi is right exact and

πi(M) = M , M is a quotient of πi(N). Furthermore, every projective indecomposable

module of H is a summand of a module of the form Eν for ν ∈ Ir and r ∈ N. Hence, to

prove that M ∈ S, it suffices to prove that for all r ∈ N and ν ∈ Ir, we have πi (Eν) ∈ S.

We proceed by induction on r.

For r = 1, we have πi(Ej) = Ej if j 6= i and πi(Ei) = 0. In all cases, we have πi(Ej) ∈ S.

Assume now that πi(Eν) ∈ S and let j ∈ I. We prove that πi (EjEν) ∈ S. Consider two

cases.

� If j 6= i, then πi(EjEν) ' Ejπi(Eν) by Lemma 4.1.5. Since S is a monoidal subcategory

of Hi, we have πi (EjEν) ∈ S.

� If j = i, we have πi(EiEν) ' adEi(πi(Eν)) by Lemma 4.1.5. Since S is stable by adEi

by Proposition 4.2.13, we deduce that πi (EjEν) ∈ S.

This completes the induction and proves that Hi = S.

Now Proposition 4.2.13 and Proposition 4.2.14 imply Theorem 4.2.1.

4.2.5 Generating Objects

As an immediate consequence of Proposition 4.2.14 and Proposition 4.2.5, we get the follow-

ing generating result for Hi.
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Corollary 4.2.15. As a Serre and monoidal full subcategory of H, Hi is generated by the

objects ad
(n)
Ei

(Ej) for n > 0 and j ∈ I \ {i}.

Corollary 4.2.15 is a categorification of the definition of f [i] as the subalgebra generated

by the ad(n)
ei

(ej) for n > 0 and j ∈ I \ {i}. Lusztig also proves that f =
∑

n>0 f [i]e
(n)
i [Lus10,

Lemma 38.1.2]. We finish this section by proving a similar result for H.

Proposition 4.2.16. The Serre subcategory of H generated by the subcategories HiE
(n)
i for

n > 0 is equal to H.

Proof. Let H′ be the Serre subcategory of H generated by the subcategories HiEn
i for n > 0.

Since H is generated as an abelian category by the modules of the form Eν for ν ∈ Im, it

suffices to prove that Eν ∈ H′ for all m ∈ N and ν ∈ Im. Since 1 ∈ H′, it suffices to prove

that H′ is stable under the multiplication functors Ej(−) for all j ∈ I. Since these functors

are exact, it suffices to prove that they send HiEn
i to H′ for all n ∈ N.

Assume that j 6= i. Then Ej ∈ Hi, so EjHi ⊆ Hi and EjHiEn
i ⊆ H′. For j = i and

M ∈ H[i], we have an inclusion EiMEn
i ↪→MEn+1

i by Theorem 4.2.1. Hence EiMEn
i ∈ H′.

This proves that H′ = H.

4.3 Structure of 2-Representation

4.3.1 Data

The goal of this section is to prove that the endofunctor adEi induces a 2-representation

of sl2 on Hi. Let us start by defining the data giving rise to this structure. The weight

subcategories of Hi are the subcategories Hi
λ, λ ∈ Z, defined by

Hi
λ =

⊕
β∈Q+

〈i∨,β〉=λ

H i
β−mod.
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We consider a pair (adEi , adFi) of endofunctors of Hi. The functor adEi is the one we studied

in Section 4.1. The functor adFi is defined by

adFi =
⊕
β∈Q+

q
〈i∨,β〉−1
i res

Hi
β

Hi
β−i
.

More precisely, if M ∈ H i
β−mod, we have adFi(M) = q

〈i∨,β〉−1
i 1i,β−iM , viewed as an H i

β−i-

module via the right inclusion H i
β−i → 1i,β−iH

i
β1i,β−i. Finally, there are natural transforma-

tions x ∈ End•(adEi) and τ ∈ End•(ad2
Ei

) defined by Proposition 4.1.10.

Theorem 4.3.1. This data defines a 2-representation of sl2 on Hi.

Proof. We must prove that the conditions in Definition 2.4.8 are satisfied. The action of the

affine nil Hecke algebra on powers of adEi was proved in Proposition 4.1.10. The adjunction

between adEi and adFi follows from their definition. Hence, all that remains to be proved is

the invertibility of the maps (ρλ)λ∈Z defined in equations (2.4.5) and (2.4.6). We do this in

Theorem 4.3.4 below.

4.3.2 Mackey Formulas

The Quiver Hecke Algebra Case

We follow [KK12, Section 3]. Let β ∈ Q+ and i ∈ I. The left i-induction is the functor

defined by  Hβ−mod → Hβ+i−mod,

M 7→ EiM ' Hβ+i1i,β ⊗Hβ M.

We define the left i-restriction functor Fi as its right adjoint. It is given by

 Hβ+i−mod → Hβ−mod,

N 7→ Fi(N) = 1i,βN.
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There is a Mackey type result for left i-induction and left i-restriction.

Proposition 4.3.2 ([KK12, Theorem 3.6]). Let β ∈ Q+. There is an isomorphism of graded

Hβ-bimodules

 q−2
i

(
Hβ1i,β−i ⊗Hβ−i 1i,β−iHβ

)
⊕Hi,β → 1i,βHβ+i1i,β,

((y ⊗ y′), z) 7→ (1i � y)τ|β|(1i � y′) + z.

It induces a natural isomorphism in M ∈ Hβ−mod

q−2
i EiFi(M)⊕M [Xi]

∼−→ Fi(EiM),

where Xi is a formal variable of degree 2di. More explicitly,

M [Xi] = M ⊗K[Xi] '
⊕
k∈N

q2k
i M.

Right i-induction and right i-restriction functors are defined similarly and satisfy an

analogous Mackey type decomposition. Finally, there is a Mackey type result for right i-

induction and left i-restriction.

Proposition 4.3.3 ([KK12, Theorem 3.9]). Let β ∈ Q+. There is a short exact sequence of

graded Hβ-bimodules

0→ Hβ1β−i,i ⊗Hβ−i 1i,β−iHβ
R−→ 1i,βHβ+i1β,i

S−→ q
−〈i∨,β〉
i Hβ,i → 0.

It induces a short exact sequence which is natural in M ∈ Hβ−mod

0→ Fi(M)Ei
RM−−→ Fi(MEi)

SM−−→ q
−〈i∨,β〉
i M [Xi]→ 0.
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Let us describe explicitly the morphisms R and S. The morphism R is given by

 Hβ1β−i,i ⊗Hβ−i 1i,β−iHβ → 1i,βHβ+i1β,i,

y ⊗ y′ 7→ (1i � y)(y′ � 1i).

To describe the morphism S, we use decomposition (2.4.1) to write

Hβ+i1β,i =

|β|⊕
k=0

τ[k↓1]Hβ,i.

If z ∈ 1i,βHβ+i1β,i, then we can thus decompose z as

z =

|β|∑
k=0

τ[k↓1]zk

for some unique z0, . . . , z|β| ∈ Hβ,i. Then S(z) = z|β|. Equivalently, we can also compute

S(z) by decomposing along

1i,βHβ+i =

|β|+1⊕
k=1

Hi,βτ[|β|↓k]

and taking the coefficient of τ[|β|↓1] (see [KK12, Corollary 3.8]).

Mackey Formulas in Hi

We can now prove the invertibility of the maps ρλ, λ ∈ Z.

Theorem 4.3.4. Let M ∈ H i
β−mod with β ∈ Q+, and let λ = 〈i∨, β〉. Then the morphism

ρλ gives an isomorphism


adEiadFi(M)

ρλ−→
∼

adFiadEi(M)⊕ [λ]iM if λ > 0,

adEiadFi(M)⊕ [−λ]iM
ρλ−→
∼

adFiadEi(M) if λ 6 0.

The rest of this section is devoted to the proof of this Theorem. It mirrors that of [KK12,
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Theorem 5.2] for cyclotomic quiver Hecke algebras and is based on two ingredients: the short

exact sequence of Theorem 4.2.1 and the Mackey decompositions for quiver Hecke algebras.

One difference, as in the proof of Theorem 4.2.1, is that we only do explicit computations for

modules of the form adnEi(Eν), which is enough since they generate Hi by Theorem 4.2.14.

Lemma 4.3.5. Let M ∈ H i
β−mod with β ∈ Q+, and let λ = 〈i∨, β〉. There is a commutative

diagram with exact rows which is natural in M :

0 qiFi(M)Ei qiFi(MEi) q1−λ
i M [Xi] 0

0 qλ−1
i EiFi(M) qλ+1

i Fi(EiM) qλ+1
i M [Xi] 0.

RM

τEi,Fi(M)

SM

Fi(τEi,M ) ΦM

TM WM

(4.3.1)

Proof. The maps RM and SM are those of Proposition 4.3.3, and the maps TM and WM

are those induced by the isomorphism of Proposition 4.3.2. The exactness of the two rows

also follows from Propositions 4.3.2 and 4.3.3. The map ΦM is defined by commutativity

of the diagram. So the only statement to prove is that the leftmost square of the diagram

commutes.

Let y = 1β−i,i ⊗Hβ−i 1i,β−im ∈ Fi(M)Ei, with m ∈M . We have

τEi,Fi(M)(y) = τ[1↑|β|−1]1i,β−i ⊗Hβ−i 1i,β−im,

TM(τEi,Fi(M)(y)) = τ[1↑|β|]12i,β−i ⊗Hβ m,

and

RM(y) = 1i,β−i,i ⊗Hβ m,

Fi(τEi,M)(fM(y)) = τ[1↑|β|]12i,β ⊗Hβ m.

Hence TM(τEi,Fi(M)(y)) = Fi(τEi,M)(RM(y)). Since such elements y ∈ Fi(M)Ei generate
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Fi(M)Ei as an Hβ-module, we deduce that TM ◦ τEi,Fi(M) = Fi(τEi,M) ◦RM .

Keep the notation of the previous lemma. The morphism τEi,Fi(M) is injective by Theorem

4.2.1, and its cokernel is adEi(Fi(M)) = q1−λ
i adEi(adFi(M)). Since the left i-restriction

functor Fi is exact, we also know that Fi(τEi,M) is injective, and its cokernel is Fi(adEi(M)) =

q−λ−1
i adFi(adEi(M)). Hence, by the Snake Lemma, there is a short exact sequence which is

natural in M ∈ H i
β−mod:

0→ ker(ΦM)→ adEiadFi(M)
TM−−→ adFiadEi(M)→ coker(ΦM)→ 0. (4.3.2)

Lemma 4.3.6. For all M ∈ H i
β−mod with β ∈ Q+, the map TM : adEiadFi(M) →

adFiadEi(M) in the sequence (4.3.2) is equal to the map σ defined in equation (2.4.4).

Proof. We prove this by chasing the diagram giving rise to the sequence (4.3.2). Let y be

an element of adEiadFi(M) of the form y = 1i,β−i ⊗Hi
β−i

1i,β−im, for m ∈ M . We can write

y as the image of the element z = 1i,β−i ⊗Hβ−i 1i,β−im ∈ EiFi(M) by the canonical quotient

morphism. Then we have

TM(z) = τ|β|12i,β−i ⊗Hβ m.

Hence

TM(y) = τ|β|12i,β−i ⊗Hi
β
m = σ(y).

So σ and TM coincide on elements y of the form given above. Since these generate adEiadFi(M)

as an Hβ-module, we deduce that σ = TM .

We now want to compute explicitly the kernel and cokernel of the map ΦM . An element

y of M [Xi] will be written formally in the form

y =
∑̀
k=0

mkX
k
i ,

119



where ` ∈ N, and m0, . . . ,m` ∈ M . Our discussion up to this point is valid for any module

in Hi, but we now restrict to the generators of Hi to simplify the computations.

Proposition 4.3.7. Let n ∈ N and let ν ∈ (I \ {i})r for some r ∈ N. Let M = ad
(n)
Ei

(Eν).

Denote by β the element of Q+ such that M is an H i
β-module and let λ = 〈i∨, β〉. Then

there exists an invertible element b of K such that for all m ∈M and k > 0 we have

ΦM

(
mXk

i

)
∈ bmXk−λ

i +
∑
`<k−λ

MX`
i ,

where we put X`
i = 0 when ` < 0.

Proof. The module M is cyclic, generated by the class c of τω0[r+1,n+r]1ni,ν ∈ E
(n)
i Eν . So

it suffices to prove the result for m = c. Let ck = xkn+r+1τ[n+r↓1]1β,i ⊗Hβ c ∈ Fi(MEi).

Then cXk
i = SM(ck) by definition of S. Since the rightmost square in the diagram (4.3.1)

commutes, ΦM(cXk
i ) = WM(τEi,M(ck)). We have

τEi,M(ck) = xkn+r+1τ[n+r↓1]τ[1↑n+r]1i,β ⊗Hβ c

= τω0[r+1,n+r]x
k
n+r+1τ[n+r↓1]τ[1↑n+r]e[r+1,n+r]1(n+1)i,ν ⊗Hβ x[r+1,n+r]c,

the second equality coming from the fact that c = τω0[r+1,n+r]e[r+1,n+r]x[r+1,n+r]c. Let

c′k = xkn+r+1τ[n+r↓1]τ[1↑n+r]e[r+1,n+r]1(n+1)i,ν ,

so that τEi,M(ck) = τω0[r+1,n+r]c
′
k ⊗Hβ x[r+1,n+r]c. To compute WM(τEi,M(ck)), we must find

the component of c′k on Hi,β in the direct sum decomposition

1i,βHβ+i1i,β = Hi,β ⊕ (1i �Hβ)τn+r(1i �Hβ)

given by Proposition 4.3.2. We do this using the diagrammatic calculus for quiver Hecke
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algebras. We view c′k as a endomorphism of EiE
(n)
i Eν . Then we have

c′k =

k

i (n)i ν

= Qi,ν

k

i (n)i ν

(Lemma 2.5.5)

= ∂[n+r↓r+1](Qi,ν)

k

i (n)i ν

i (n)i ν

(Lemma 2.5.5).

Before we continue the computation, we write ∂[n+r↓r+1](Qi,ν) in a more explicit way.

First, given the assumptions on the form of the polynomials Qi,j, we can write Qi,ν in the

form

Qi,ν ∈ tx2n−λ
r+1 +

∑
`<2n−λ

x`r+1K[x1, . . . , xr],

where t is an invertible element of K. Hence

∂[n+r↓r+1](Qi,ν) =
∑
`6n−λ

x`n+r+1p`
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for some p` ∈ Pβ1ni,ν , with pn−λ = (−1)nt1ni,ν an invertible element of K. Hence we have

c′k =
∑
`6n−λ

p` ·
k + `

i (n)i ν

i (n)i ν

(Lemma 2.5.4)

=
∑
`6n−λ

p`∂[r+1↑n+r]

(
xk+`
n+r+1

)
e[r+1,n+r]1(n+1)i,ν

+
∑
`6n−λ

p` · k + `

i (n)i ν

i (n)i ν

(Lemma 2.3.3).

In this last expression, the second term lies in (1i �Hβ)τn+r(1i �Hβ), while the first one

lies in Hi,β. Hence, the component of c′k on Hi,β is given by the first term, which has the

form

pn−λx
k−λ
n+r+1e[r+1,n+r]1(n+1)i,ν +

∑
`<k−λ

x`n+r+1(1i �Hβ).

It follows that

ΦM(cXk
i ) = WM(τω0[r+1,r+n]c

′
k ⊗Hβ x[r+1,n+r]c)

∈ pn−λcXk−λ
i +

∑
`<k−λ

MX`
i ,

which proves the result.

Remark 4.3.8. Since the map ΦM is natural in M , Proposition 4.3.7 actually holds for M

any subquotient of a module of the form ad
(n)
Ei

(Eν).

As an immediate consequence of Proposition 4.3.7, we get an explicit description of the

kernel and cokernel of ΦM .
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Corollary 4.3.9. Let M be a subquotient of ad
(n)
Ei

(Eν) for some ν ∈ (I \ {i})r and n, r ∈ N.

Denote by β ∈ Q+ the weight of M and let λ = 〈i∨, β〉. Then we have



ker(ΦM) = q1−λ
i

(
λ−1⊕
k=0

MXk
i

)
= [λ]iM and coker(ΦM) = 0 if λ > 0,

ker(ΦM) = 0 and coker(ΦM) = q1+λ
i

(
−λ−1⊕
k=0

MXk
i

)
= [−λ]iM if λ 6 0.

With this proved, we can now show that the maps ρλ are isomorphisms. We separate two

cases depending on whether the weight is positive or negative.

Proposition 4.3.10. Let n ∈ N and let ν ∈ (I \ {i})r for some r ∈ N. Let M be a

subquotient of ad
(n)
Ei

(Eν). Denote by β ∈ Q+ the weight of M and let λ = 〈i∨, β〉. Assume

that λ 6 0. Then ρλ is an isomorphism.

Proof. Given Lemma 4.3.6 and Corollary 4.3.9, the short exact sequence (4.3.2) becomes

0→ adEiadFi(M)
σ−→ adFiadEi(M)→ [−λ]iM → 0. (4.3.3)

We also have a commutative diagram:

q1+λ
i Fi(EiM) q1+λ

i M [Xi] [−λ]iM

adFiadEi(M) coker(ΦM) .

WM ⊇

∼

The map WM admits a right inverse AM given by the direct sum decomposition

1i,βHi+β1i,β = Hi,β ⊕ (1i �Hβ)τn+r(1i �Hβ).

This right inverse provides a map AM : [−λ]iM → adFiadEi(M) that splits the short exact
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sequence (4.3.3) above. Let us compute the map AM . Let y ∈ [−λ]iM . We view y as an

element of q1+λ
i M [Xi] that we write in the form

y =
−λ−1∑
k=0

mkX
k
i ,

where m0, . . . ,m−λ−1 ∈M . Then we have

AM(y) =
−λ−1∑
k=0

xkn+r+11i,β ⊗Hβ mk.

So

AM(y) =
−λ−1∑
k=0

xkn+r+11i,β ⊗Hi
β
mk

=
−λ−1∑
k=0

xkn+r+1ηM(mk).

Hence, AM is exactly the component of ρλ on [−λ]iM . So ρλ is an isomorphism.

Proposition 4.3.11. Let n ∈ N and let ν ∈ (I \ {i})r for some r ∈ N. Let M be a

subquotient of ad
(n)
Ei

(Eν). Denote by β ∈ Q+ the weight of M and let λ = 〈i∨, β〉. Assume

that λ > 0. Then ρλ is an isomorphism.

Proof. Given Lemma 4.3.6 and Corollary 4.3.9, the short exact sequence (4.3.2) becomes

0→ [λ]iM
δ−→ adEiadFi(M)

σ−→ adFiadEi(M)→ 0,

where δ is the connecting map given by the Snake Lemma. Let Γ : adEiadFi(M)→ [λ]iM be

the component of ρλ on [λ]iM . To prove that ρλ is an isomorphism, it suffices to prove that

Γδ is an isomorphism. To this end, we prove that there exists an invertible element b ∈ K
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such that for all m ∈M and k ∈ {0, . . . , λ− 1}, we have

Γδ
(
mXk

i

)
= bmXλ−1−k

i +
∑

λ−1−k<`6λ−1

MX`
i . (4.3.4)

By naturality, it suffices to prove this for M = ad
(n)
Ei

(Eν). In this case, M is cyclic, generated

by the class c of τω0[r+1,n+r]1ni,ν ∈ E
(n)
i Eν . Thus, it suffices to treat the case m = c.

We start by computing δ(cXk
i ), which we do by chasing the diagram (4.3.1). We resume

the computations done in the proof of Proposition 4.3.7. Recall that cXk
i = SM(ck) with

ck = xkn+r+1τ[n+r↓1]1β,i⊗Hβ c. We proved that τEi,M(ck) = τω0[r+1,r+n]c
′
k⊗Hβ x[r+1,r+n]c, where

c′k =
∑
`6n−λ

p`τ[r+1↑n+r]x
k+`
n+re[r+1,n+r]1(n+1)i,ν

+
∑
`6n−λ

p`∂[r+1↑n+r]

(
xk+`
n+r+1

)
e[r+1,n+r]1(n+1)i,ν ,

with p` ∈ K[x1, . . . , xn+r] and pn−λ ∈ K×. Since cXk
i ∈ ker(ΦM), the second sum vanishes

(this is also a straightforward consequence of the fact that k 6 λ− 1). Thus we have

τEi,M(ck) = TM

( ∑
`6n−λ

p`τ[r+1↑n+r−1]1i,β−i ⊗Hβ−i 1i,β−ix
k+`
n+rc

)

and

δ(cXk
i ) =

∑
`6n−λ

p`τ[r+1↑n+r−1]1i,β−i ⊗Hi
β−i

1i,β−ix
k+`
n+rc.

So

Γδ(cXk
i ) =

∑
`6n−λ
u6λ−1

p`τ[r+1↑n+r−1]x
k+`+u
n+r cXu

i

=
∑
`6n−λ
u6λ−1

p`∂[r+1↑n+r−1](x
k+`+u
n+r )cXu

i .

125



We have ∂[r+1↑n+r−1](x
k+`+u
n+r ) = 0 unless u > λ− 1− k. This implies

Γδ(cXk
i ) = pn−λcX

λ−1−k
i +

∑
λ−1−k<`6λ−1

MX`
i .

Since pn−λ ∈ K×, we have established equation (4.3.4). So Γδ is an isomorphism and the

proof is complete.

Hence, we have proved that Theorem 4.3.4 holds for any subquotient of a module of the

form ad
(n)
Ei

(Eν). To conclude that Theorem 4.3.4 holds for every module in Hi, we apply the

following elementary lemma.

Lemma 4.3.12. Let C,D be abelian categories, let G,G′ : C → D be exact functors, and let

α : G → G′ be a natural transformation. Assume that we have a collection M of objects of

C such that C is generated by M under extensions and that αM is an isomorphism for all

objects of M. Then α is an isomorphism.

By Theorem 4.2.14, subquotients of modules of the form ad
(n)
Ei

(Eν) generate Hi under

extensions. Since Theorem 4.3.4 holds such objects, we conclude that it holds for every

module in Hi. This finishes the proof of Theorem 4.3.4.

4.4 Categorification Theorem

4.4.1 Adjoint Action on the Positive Half

Before we state and prove a categorification theorem, we explain the decategorified case.

Recall that f denotes the positive part of the quantum group U , and fA denotes the A-

subalgebra of f generated by e
(n)
j for j ∈ I and n ∈ N, where A = Z [q, q−1].

Definition 4.4.1. Let f [i] be the subalgebra of f generated by ad(n)
ei

(ej) for j ∈ I \ {i} and

n ∈ N.
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Proposition 4.4.2 ([Lus10, Lemma 38.1.2 and Proposition 38.1.6]). The subalgebra f [i]

contains precisely the elements y ∈ f such that (zei, y) = 0 for all z ∈ f . Furthermore, we

have a decomposition

f =
⊕
n∈N

f [i]e
(n)
i .

Intuitively, Hi is a categorical analogue of f [i]. In that light, we have categorified the

definition of f [i] and its properties in Propositions 4.1.4, 4.2.15 and 4.2.16. However, to state

a precise categorification result about Grothendieck groups, it is necessary to introduce an

integral version of f [i].

Definition 4.4.3. We denote by fA[i] the A-subalgebra of fA generated by the elements

ad(n)
ei

(
e

(m)
j

)
for all j ∈ I \ {i} and m,n ∈ N.

Lemma 4.4.4. We have a decomposition

fA =
⊕
n∈N

fA[i]e
(n)
i .

Proof. Denote by s the right-hand side. It is clear that s ⊆ fA. Let us prove the reverse

inclusion. We have e
(n)
j ∈ s for all j ∈ I and n ∈ N. Hence it suffices to prove that s is

stable under multiplication, which is equivalent to showing that e
(n)
i f [i]A ⊆ s for all n ∈ N.

We prove this by induction on n. The case n = 0 is clear. Now observe that

e
(n+1)
i fA[i] ⊆ ad(n+1)

ei
(fA[i]) +

∑
k6n

e
(k)
i fAe

(n+1−k)
i .

Since fA[i] is stable under ad(n+1)
ei

by definition, the result follows.

From Proposition 4.4.2 and Lemma 4.4.4, we obtain the following alternative description

of fA[i].

Corollary 4.4.5. We have fA[i] = fA ∩ f [i].
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We now relate fA[i] to the adjoint action.

Proposition 4.4.6. The subalgebra fA[i] is stable under the adjoint action of U̇i,A. The

adjoint action of U̇i,A on fA[i] is integrable and fA[i] is maximal for this property.

Proof. We need to prove that fA[i] is stable under ad(n)
ei

and ad
(n)
fi

. Since adei and adfi satisfy

formulas (4.2.1), it suffices to prove that ad(n)
ei

(y), ad
(n)
fi

(y) ∈ fA[i] for y an algebra generator

of fA[i].

Let y = ad(m)
ei

(
e

(`)
j

)
for m, ` ∈ N and j ∈ I \ {i}. Then

ad(n)
ei

(y) = [ n+m
m ]i ad(n+m)

ei

(
e

(`)
j

)
∈ fA[i].

Hence fA[i] is stable under ad(n)
ei

. To prove that ad
(n)
fi

(y) ∈ fA[i], we remark that

adfi(ej) = 0.

The commutation relation between e
(m)
i and f

(n)
i then implies that ad

(n)
fi

(y) ∈ fA[i].

Hence we have a representation of U̇i,A on fA[i]. Let us check that this representation is

integrable. The set of elements y ∈ fA[i] on which adei and adfi act nilpotently is an U̇i,A-

submodule and also a subalgebra by relations (4.2.1). By relation (4) in Definition 2.2.1, adei

and adfi act nilpotently on every e
(m)
j for j ∈ I \ {i} and m ∈ N. Since these generate fA[i]

as an algebra and U̇i,A-module, we conclude that the action of U̇i,A on fA[i] is integrable.

Finally, we prove the maximality of fA[i] with respect to these properties. Let y ∈ fA be

such that admei (y) = 0 for some m ∈ N. By Proposition 4.4.4, we can write y in the form

y =
N∑
`=0

y`e
(`)
i

for some elements y0, . . . , yN of fA[i] with yN 6= 0. Assume N > 0. Using equations (4.2.1)
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and (4.0.3), we see that for all ` > 0 we have

admei (y`e
(`)
i ) ∈ a`y`e(`+m)

i +
∑

k<`+m

fA[i]e
(k)
i

for some a` ∈ Q(q) non-zero. Hence

0 = admei (y) ∈ aNyNe(N+m)
i +

∑
k<N+m

fA[i]eki .

By the uniqueness part of Proposition 4.4.4, we have yN = 0, which is a contradiction. So

N = 0, and the result follows.

4.4.2 Functorial Resolutions

Recall that there is an isomorphism of A-algebras γ : fA
∼−→ K0(U+). The functor πi

induces a surjective morphism of A-modules K0(U+) � K0 (H i−proj). Hence we obtain

a surjective morphism of A-modules fA � K0 (H i−proj). We want to find a right inverse

of this surjection and identify its image. To do so, we functorially resolve the objects of

H i−proj as H-modules. We start by introducing the category in which our resolutions will

lie.

Definition 4.4.7. Let U+[i] be the full subcategory of Kb(U+) whose objects are the com-

plexes C for which the canonical projection pC : C → πi(C) is a quasi-isomorphism.

Proposition 4.4.8. The subcategory U+[i] is thick and stable under left multiplication by

Ej for all j ∈ I \ {i}.

Proof. It is clear that U+[i] is closed under shifts and direct summands. Let C,D ∈ U+[i]
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and let f : C → D be a morphism of complexes. We obtain a commutative diagram

C D Cone(f)

πi(C) πi(D) Cone(πi(f))

pC pD pCone(f)

where the two rows give distinguished triangles in Kb(U+). Taking the long exact sequences

in cohomology, we obtain a commutative diagram of H-modules:

Hk(C) Hk(D) Hk (Cone(f)) Hk+1(C) Hk+1(D)

Hk(πi(C)) Hk(πi(D)) Hk (Cone(πi(f))) Hk+1(πi(C)) Hk+1(πi(D)).

Hk(pC) Hk(pD) Hk(pCone(f)) Hk+1(pC) Hk+1(pD)

Since C,D ∈ U+, the two leftmost and rightmost vertical arrows are isomorphisms. By the

Five Lemma, we deduce that Hk
(
pCone(f)

)
is an isomorphism. This proves that U+[i] is a

thick subcategory of Kb (U+).

Let j ∈ I \ {i} and let C ∈ U+[i]. Consider the following commutative diagram:

EjC πi(EjC)

Ejπi(C) πi(Ejπi(C)).

pEjC

EjpC πi(EjpC)

=

By Lemma 4.1.5, πi
(
pEjπi(C)

)
is an isomorphism of complexes, and EjpC is a quasi-isomorphism

since C ∈ U+[i]. It follows that pEjC is a quasi-isomorphism. Hence U+[i] is stable under

left multiplication by Ej.

The key ingredient to construct projective resolutions is to define a variant of the adjoint

action on U+[i].

Definition 4.4.9. For C ∈ U+[i], let τ̃Ei,C be the unique element of End•K(U+)(CEi, EiC)
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such that the following diagram commutes:

CEi EiC

πi(C)Ei Eiπi(C).

τ̃Ei,C

pCEi EipC

τEi,πi(C)

The definition of τ̃Ei,C is valid because the vertical arrows in the above diagram are quasi-

isomorphisms. For each C ∈ U+[i], we choose a morphism of complexes τEi,C : CEi → EiC

lifting τ̃Ei,C and fix this choice for the rest of this chapter. Then we define

AdEi(C) = Cone (τEi,C) .

Proposition 4.4.10. Definition 4.4.9 yields a well-defined endofunctor AdEi of U+[i]. Fur-

thermore, for all C ∈ U+[i], there is a quasi-isomorphism AdEi(C) ' adEi(πi(C)).

Proof. As a complex of projective H-modules, we have AdEi(C) = CEi[−1] ⊕ EiC with

differential
(
−dCEi 0
τEi,C EidC

)
. There is a morphism of complexes gC : AdEi(C) → adEi(πi(C))

defined by

gC : CEi[−1]⊕ EiC
[0 pEiπi(C)◦EipC]
−−−−−−−−−−−−→ πi(Eiπi(C)).

If fits into a commutative diagram in K(U+):

CEi EiC AdEi(C)

πi(C)Ei Eiπi(C) adEi(πi(C)).

pCEi EipC gC

The first row is a distinguished triangle by definition of AdEi(C), and the second one is too

by Theorem 4.2.1. Since pCEi and EipC are quasi-isomorphisms, gC is a quasi-isomorphism.

This proves the second claim of the Proposition.

To prove the first claim, we start by proving that AdEi(C) is indeed an object of U+[i].
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Observe that there is a commutative diagram:

AdEi(C)

πi(AdEi(C)) adEi(πi(C))

πi(EiC) πi(Eiπi(C)).

pAdEi
(C) gC

= =

πi(EipC)

By Lemma 4.1.5, πi(EipC) is an isomorphism of complexes. Since gC is a quasi-isomorphism,

we deduce that pAdEi (C) is a quasi-isomorphism as well. Hence AdEi(C) ∈ U+[i].

We now define AdEi on morphisms. Given a morphism f : C → D in U+[i], we define

AdEi(f) to be the unique morphism of U+[i] making the following diagram commute:

AdEi(C) AdEi(D)

adEi(πi(C)) adEi(πi(D)).

gC

AdEi (f)

gD

adEi (πi(f))

This is valid definition since gC , gD are quasi-isomorphisms. This concludes the proof.

We can now define projective resolutions. We define an object Rν ∈ U+[i] for all n ∈ N

and ν ∈ In by induction on n. We let R∅ = 1∅. If Rν is defined and j ∈ I, then we define

Rjν =

 AdEi(Rν) if j = i,

EjRν otherwise.

Proposition 4.4.11. For all n ∈ N and ν ∈ In, πi(Rν) = πi(Eν) as complexes of H-modules.

In particular, Rν is a resolution of πi(Eν) by projective H-modules.

Proof. We proceed by induction on n. The result is clear if n = 0. Assume now that

π(Rν) = πi(Eν). Let j ∈ I. If j 6= i, then by Lemma 4.1.5 we have isomorphisms of
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complexes

πi(Rjν) ' Ejπi(Rν)

= Ejπi(Eν)

= πi(Ejν).

Assume now that j = i. Then Riν = AdEi(Rν) = RνEi[−1] ⊕ EiRν as H-modules. It

follows that πi(Riν) = πi(EiRν). By Lemma 4.1.5, we deduce that there is an isomorphism

of complexes πi(Riν) ' adEi(πi(Rν)). By induction, πi(Rν) is a complex concentrated in

degree 0 and equal to πi(Eν). The result follows.

We can now define a projective resolution functor Ψ : H i−proj → U+[i]. The objects of

H i−proj are direct sums of direct summands of objects of the form πi(Eν) for ν ∈ In and

n ∈ N. Hence, the value of the additive functor Ψ on objects is uniquely determined by the

complexes Ψ(πi(Eν)). We define

Ψ(πi(Eν)) = Rν .

By Lemma 4.4.11, there are canonical isomorphisms

HomH (πi(Eν), πi(Eν′))
∼−→ HomU+[i] (Rν , Rν′) .

This defines Ψ on morphisms.

Proposition 4.4.12. The functor Ψ satisfies the following properties.

1. For all M ∈ H i−proj, Ψ(M) is a resolution of M by projective H-modules.

2. For all M ∈ H i−proj, Ψ (adEi(M)) = AdEi(Ψ(M)).

3. For all M,N ∈ H i−proj, there is a homotopy equivalence Ψ(MN) ' Ψ(M)Ψ(N).
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Proof. By construction, the first two properties hold for M = πi(Eν) for all ν ∈ In. Since

such objects generate H i−proj under direct sums and direct summands, the result follows.

For the last property, observe that Ψ(MN) and Ψ(M)Ψ(N) are both projective resolutions

of M . Hence they are homotopy equivalent.

We are now ready to prove a categorification result for the adjoint action.

Theorem 4.4.13. There is a unique isomorphism of A-algebras

γi : K0

(
H i−proj

) ∼−→ fA[i]

such that

� for all j ∈ I \ {i} and n ∈ N, γi

([
E

(n)
j

])
= e

(n)
j ,

� for all z ∈ K0 (H i−proj), γi ([adEi ] (z)) = adei(γi(z)).

Proof. Recall that there exists a unique isomorphism of A-algebras γ : fA
∼−→ K0 (U+) such

that γ
(
E

(n)
j

)
=
[
E

(n)
j

]
for all j ∈ I and n ∈ N. This induces a surjection

[πi] ◦ γ : fA � K0

(
H i−proj

)
.

We define a right inverse γi and prove that its image is fA[i]. We define γi as the composition

K0

(
H i−proj

) [Ψ]−→ K∆
0

(
U+[i]

)
→ K0

(
U+
) γ−1

−−→ fA,

where K∆
0 denotes the triangulated Grothendieck group. The morphism K∆

0 (U+[i]) →

K0 (U+) is the natural morphism of A-algebras taking the class of a complex to the alter-

nating sum of the classes of its components. By Proposition 4.4.12, γi is a morphism of

A-algebras. By construction of Ψ and AdEi , is it clear that γi satisfy the two properties of

the theorem and that [πi] ◦ γ ◦ γi = 1.
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We now prove that the image of γi is fA[i]. Notice first that im (γi) is stable under the

adjoint action of Ui,A. Furthermore, im (γi) is integrable for this action by Corollary 4.2.7.

By Proposition 4.4.6, this proves that im(γi) ⊆ fA[i]. For the converse inclusion, we have

ad(n)
ei

(
e

(m)
j

)
= γi

([
ad

(n)
Ei

(
E

(m)
j

)])

for all j ∈ I \ {i} and m,n ∈ N. Since such elements generate fA[i] as an A-algebra, we

obtain im(γi) = fA[i].
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CHAPTER 5

Categorification of Lusztig’s Symmetries

Recall that for a simple root i ∈ I, there is an automorphism θi of the quantum group U .

For j 6= i, this automorphism is defined by the formula

θi(ej) = ad(−ci,j)
ei

(ej) .

In this chapter, we propose a partial categorification of θi based on our work on the adjoint

action in Chapter 4. Recall that in Section 4.4, we defined complexes of objects of U+

denoted Ad
(m)
Ei

(Ej) and decategorifying to ad(m)
ei

(ej). The goal of this chapter is to construct

a monoidal functor Ti such that Ti(Ej) = Ad
(−ci,j)
Ei

(Ej).

The complexes AdmEi (Ej) were constructed abstractly by taking projective resolutions of

the objects of H i−proj. In Section 5.1, we first give an explicit construction of the complexes

AdmEi (Ej) and Ad
(m)
Ei

(Ej). In Section 5.2, we use these complexes to define the functor Ti.

Proving that Ti is a well-defined monoidal functor involves checking several relations, which

we do in Section 5.3.
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5.1 Projective Resolutions

In U , there are simple formulas for adnei and ad(n)
ei

in the form of alternating sums. For all

y ∈ U of weight β ∈ Q+, we have

adnei(y) =
n∑
k=0

(−1)kq
−k(n−1+〈i∨,β〉)
i [ nk ]i e

n−k
i yeki ,

ad(n)
ei

(y) =
n∑
k=0

(−1)kq
−k(n−1+〈i∨,β〉)
i e

(n−k)
i ye

(k)
i .

(5.1.1)

These formulas can be easily obtained by induction. Therefore, it is natural to expect that

for M ∈ H i
β−proj, the complexes AdnEi(M) and Ad

(n)
Ei

(M) have the form

AdnEi(M) =

0→ q
−n(n−1+〈i∨,β〉)
i MEn

i → · · · → q
−k(n−1+〈i∨,β〉)
i

 n

k


i

En−k
i MEk

i → · · · → En
i M → 0,

Ad
(n)
Ei

(M) =

0→ q
−n(n−1+〈i∨,β〉)
i ME

(n)
i → · · · → q

−k(n−1+〈i∨,β〉)
i E

(n−k)
i ME

(k)
i → · · · → E

(n)
i M → 0.

In this section, we define such complexes AdnEi(M) and Ad
(n)
Ei

(M). We prove that their

cohomology is concentrated in top degree, and is equal to adnEi(M) and ad
(n)
Ei

(M) respectively.

This proves that up to homotopy, they coincide with the abstract construction done in Section

4.4.
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5.1.1 Adjoint Action as a Complex

We start by constructing the complex AdnEi(M) for M ∈ Hi. To do this, we need to express

the qi-binomial coefficients in a combinatorial way. Let Pkn be the set of subsets of {1, . . . , n}

containing k elements. For S ∈ Pkn, we let Σ(S) be the sum of the elements of S. Then we

have (see [KC02, Theorem 6.1])

 n

k


i

= q
k(n+1)
i

∑
S∈Pkn

q
−2Σ(S)
i .

With this expression, we can rewrite adnei(y) as

adnei(y) =
n∑
k=0

(−1)kq
−k〈i∨,β〉
i

∑
S∈Pkn

q
−2(Σ(S)−k)
i

 en−ki yeki . (5.1.2)

We construct a complex which categorifies this alternating sum. The construction is based

on the following elementary lemma, which follows immediately from the relations of the

quiver Hecke algebra.

Lemma 5.1.1. Let i ∈ I and let ν ∈ Im for some m ∈ N. Then in Hm+2 we have the

relations

i i ν

=

i i ν

iiν

=

iiν

Definition 5.1.2. Let M ∈ H i
β−mod, let n ∈ N and put λ = 〈i∨, β〉. We define a complex
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AdnEi(M) of Hβ+ni-modules of the form

0→ q
−n(λ+n−1)
i MEn

i → · · · →
⊕
S∈Pkn

q
−kλ−2(Σ(S)−k)
i En−k

i MEk
i → · · · → En

i M → 0

where En
i M is in cohomological degree 0. To define the differential of AdnEi(M), we first

define a map

dS,S′ : q
−kλ−2(Σ(S)−k)
i En−k

i MEk
i → q

−(k−1)λ−2(Σ(S′)−k+1)
i En+1−k

i MEk−1
i

for any S ∈ Pkn and S ′ ∈ Pk−1
n . The definition of dS,S′ is as follows.

� If S ′ is not a subset of S, then dS,S′ = 0.

� If S ′ = S \ {`}, let a be the number of elements of S which are greater than `. Then

we define

dS,S′ = (−1)a
(
τ[1↑`−1−a]MEk−1

i

)
◦
(
En−k
i τEi,ME

k−1
i

)
◦
(
En−k
i Mτ[k−a↑k−1]

)
=

 En−k
i MEk

i → En−k+1
i MEk−1

i ,

1(n−k)i,β,ki ⊗Hβ m 7→ (−1)aτ[k−a↑k−a+`+|β|]1(n−k+1)i,β,(k−1)i ⊗Hβ m.

Notice that dS,S′ has indeed the required degree −di(λ+ 2(`− 1)).

Then, the differential of AdnEi(M) is defined to be the direct sum of all maps dS,S′ . This ends

the definition of AdnEi(M).

It can be checked directly using Lemma 5.1.1 that the differential we defined on AdnEi(M)

indeed squares to 0. Alternatively, we can also notice that AdnEi(M) can be constructed

inductively, as the following proposition explains.
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Proposition 5.1.3. Let M ∈ H i
β−mod and let n ∈ N. There is a morphism of complexes

τEi,AdnEi
(M) : q

−〈i∨,β〉−2n
i AdnEi(M)Ei → EiAdnEi(M)

defined on the component of cohomological degree −k as the direct sum over S ∈ Pkn of the

maps

τS =
(
τ[1↑n−k]MEk

i

)
◦
(
En−k
i τEi,ME

k
i

)
◦
(
En−k
i Mτ[1↑k]

)
=

 En−k
i MEk+1

i → En−k+1
i MEk

i ,

1(n−k)i,β,(k+1)i ⊗Hβ m 7→ τ[1↑n+|β|]1(n−k+1)i,β,ki ⊗Hβ m.

The cone of this morphism is Adn+1
Ei

(M).

Proof. By Lemma 5.1.1, for all a, b, c, d ∈ N and ν ∈ Im we have

ai bi ci ν di

=

ai bi ci ν di

.

It follows immediately that τEi,AdnEi
(M) is a morphism of complexes. We now need to check

that the cone of this morphism is Adn+1
Ei

(M). Let λ = 〈i∨, β〉. The term of the cone in

cohomological degree −k is given by

q−λ−2n
i

 ⊕
S∈Pk−1

n

q
−(k−1)λ−2(Σ(S)−k+1)
i En+1−k

i MEk
i

⊕
⊕
S∈Pkn

q
−kλ−2(Σ(S)−k)
i En−k

i MEk
i


=

 ⊕
S∈Pk−1

n

q
−kλ−2(Σ(S)+n+1−k)
i En+1−k

i MEk
i

⊕
⊕
S∈Pkn

q
−kλ−2(Σ(S)−k)
i En−k

i MEk
i

 .

The terms of the first sum can be indexed by the S ∈ Pkn+1 such that n + 1 ∈ S, and the
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terms of the second sum by the S ∈ Pkn+1 such that n + 1 /∈ S. With this indexation, we

see that we indeed get the term of cohomological degree −k of Adn+1
Ei

(M). Finally, we check

that the differential of the cone matches that of Adn+1
Ei

(M). Let S ∈ Pkn+1 and S ′ ∈ Pk−1
n+1.

With the parametrization of the terms of the cone given above, we let d′S,S′ be the differential

of the cone from the term indexed by S to the term indexed by S ′. By definition of the cone,

we have

d′S,S′ =



τS = dS,S\{n+1} if n+ 1 ∈ S and S ′ = S \ {n+ 1},

0 if n+ 1 ∈ S and S ′ 6= S \ {n+ 1},

EidS,S′ if n+ 1 /∈ S, S ′,

−dS\{n+1},S′\{n+1}Ei if n+ 1 ∈ S, S ′.

From this, we see easily that d′S,S′ = dS,S′ . This concludes the proof.

We can now prove the main result regarding the cohomology of AdnEi .

Theorem 5.1.4. Let M ∈ H i
β−mod and let n ∈ N. Then

Hk(AdnEi(M)) '

 adnEi(M) if k = 0,

0 otherwise.

Proof. We proceed by induction on n. The result is clear if n = 0. Assume that the result

is established for AdnEi(M). By Proposition 5.1.3 there is a distinguished triangle

q
−〈i∨,β〉−2n
i AdnEi(M)Ei → EiAdnEi(M)→ Adn+1

Ei
(M)

[1]−→ .

It gives rise to a long exact sequence in cohomology

· · · → q
−〈i∨,β〉−2n
i Hk(AdnEi(M))Ei → EiH

k(AdnEi(M))→ Hk(Adn+1
Ei

(M))→ · · · .
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We deduce from this exact sequence that Hk(Adn+1
Ei

(M)) = 0 if k /∈ {0,−1}, and that there

is an exact sequence

0→ H−1(Adn+1
Ei

(M))→ q
−〈i∨,β〉−2n
i adnEi(M)Ei → EiadnEi(M)→ H0(Adn+1

Ei
(M))→ 0.

From the definition of the map q
−〈i∨,β〉−2n
i AdnEi(M)Ei → EiAdnEi(M) in Proposition 5.1.3,

we see that the induced map q
−〈i∨,β〉−2n
i adnEi(M)Ei → EiadnEi(M) is simply τEi,adnEi

(M). By

Theorem 4.2.1, this map is injective with cokernel adn+1
Ei

(M). The result follows.

5.1.2 Divided Powers Complex

We now introduce a similar complex for the divided powers.

Definition 5.1.5. Let M ∈ H i
β−mod with β of height r, and let n ∈ N. We define a

complex Ad
(n)
Ei

(M) of the form

0→ q
−n(n+λ−1)
i ME

(n)
i → · · · → q

−k(n+λ−1)
i E

(n−k)
i ME

(k)
i → · · · → E

(n)
i M → 0

where E
(n)
i M is in cohomological degree 0 and λ = 〈i∨, β〉. The differential of Ad

(n)
Ei

(M) is

defined by

dk = (−1)k−1
(
τ[1↑n−k]MEk−1

i

)
◦
(
En−k
i τEi,ME

k−1
i

)
.

More explicitly, given m ∈M , put

ckm = τω0[k+r,n+r]τω0[1,k]1(n−k)i,β,ki ⊗Hβ m ∈ E
(n−k)
i ME

(k)
i .

Such elements ckm generate E
(n−k)
i ME

(k)
i when m ranges in M . Then the morphism dk is
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given by

dk :

 q
−k(n+λ−1)
i E

(n−k)
i ME

(k)
i → q

−(k−1)(n+λ−1)
i E

(n−k+1)
i ME

(k−1)
i ,

ckm 7→ (−1)k−1τ[1↑k+r]c
k+1
m .

With thick diagrammatic calculus notation, the differential is given by

dk = (−1)k−1

(n− k + 1)iν (k − 1)i

(n− k)i (k)i

.

Let us explain why this is well-defined. First, by Lemma 5.1.1, we have

τω0[k+r,n+r]τω0[1,k]τ[k↑n+r]1(n−k+1)i,β,(k−1)i = τ[1↑k+r−1]τω0[k−1+r,n+n]τω0[1,k−1]1(n−k+1)i,β,(k−1)i,

which proves that dk indeed takes values in the summand E
(n−k+1)
i ME

(k−1)
i of En−k+1

i MEk−1
i .

Furthermore, in Hβ+ni1(n−k+2)i,β,(k−2)i we have

τω0[k+r,n+r]τω0[1,k]τ[k↑n+r]τ[k−1↑n+r] = τω0[k+r,n+r]τω0[1,k]τk−1τ[k↑n+r]τ[k−1↑n+r−1]

= 0,

where the first equality is obtained by using Lemma 5.1.1. Hence dk−1dk = 0, and we

have indeed defined a complex. Alternatively, it is possible to check this directly using
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diagrammatic calculus by remarking that for all a, b ∈ N and ν ∈ Im we have

(a)i (b+ 2)i

(a+ 2)i ν (b)i

=

(a)i (b+ 2)i

(a+ 2)i ν (b)i

(Lemma 2.5.2)

=

(a)i (b+ 2)i

(a+ 2)i ν (b)i

(Lemma 2.5.3)

= 0 (Lemma 2.5.5).

We now show, as in Theorem 5.1.4, that the cohomology of Ad
(n)
Ei

(M) is concentrated in

degree zero.

Theorem 5.1.6. Let M ∈ Hi and let n ∈ N. Then

Hk(Ad
(n)
Ei

(M)) =

 ad
(n)
Ei

(M) if k = 0,

0 otherwise.

Proof. Assume that M ∈ Hβ−mod with β ∈ Q+ of height r. The proof is by induction on n.

The result is clear if n = 0. Assume the result proved for some n ∈ N. There is a morphism

of complexes

τ
Ei,Ad

(n)
Ei

(M)
: q
〈i∨,β〉+2n
i Ad

(n)
Ei

(M)Ei → EiAd
(n)
Ei

(M)

defined as in Proposition 5.1.3. Let Υ be the cone of τ
Ei,Ad

(n)
Ei

(M)
. By the same argument as

the proof of Theorem 5.1.4, the cohomology of Υ is concentrated in degree zero and equal
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to adEi(ad
(n)
Ei

(M)).

We now prove that Ad
(n+1)
Ei

(M) is a direct summand of Υ . First, we define a morphism

of complexes V : Ad
(n+1)
Ei

(M) → Υ . On the component in cohomological degree −k, V is

defined by

V −k =

incl

0

 : E
(n+1−k)
i ME

(k)
i → E

(n+1−k)
i ME

(k−1)
i Ei ⊕ EiE(n−k)

i ME
(k)
i .

The restriction of τ
Ei,Ad

(n)
Ei

(M)
to E

(n+1−k)
i ME

(k)
i is zero, and it follows from that fact that V

is a morphism of complexes.

We define a left inverse to V . We will denote by hd the complete symmetric polynomial

of degree d. Recall the idempotent en = x2 . . . x
n−1
n τω0[1,n] ∈ Hni. We define new idempotents

fk, f
′
k in Hβ+(n+1)i by

fk = (en+1−k � 1β � ek) ,

f ′k = (−1)k−1hk−1(x1, xk+r+1, . . . , xn+r+1)
(
en+1−k � 1β �

(
e[2,k]τ[1↑k−1]

))
.

Note that fkf
′
k = fk and f ′kfk = f ′k. We have a morphism

 En+1−k
i MEk

i → E
(n+1−k)
i ME

(k)
i ,

1(n+1−k)i,β,ki ⊗Hβ m 7→ fk ⊗Hβ m,

that we will just denote fk, and similarly for f ′k. Using these idempotents, we define a

morphism W : Υ → Ad
(n+1)
Ei

(M). On the component in cohomological degree −k, W is

defined by

W−k =
[
f ′k xkn+r+1fk

]
: E

(n+1−k)
i ME

(k−1)
i Ei ⊕ EiE(n−k)

i ME
(k)
i → E

(n+1−k)
i ME

(k)
i .
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It is clear that WV = 1, so we just need to check that W is indeed a morphism of complexes.

This amounts to checking the following relations in Hβ+(n+1)i1(n+2−k)i,β,(k−1)i ⊗Hβ H i
β:

xkn+r+1fkτ[k↑n+r] = (1i � en−k � 1β � ek) τ[k↑n+r−1]x
k−1
n+r+1fk−1,

f ′kτ[k↑n+r] = (en+1−k � 1β � ek−1 � 1i)
(
τ[1↑n+r]x

k−1
n+r+1fk−1 − τ[k↑n+r]f

′
k−1

)
.

The first relation follows from the following computation

(1i � en−k � 1β � ek) τ[k↑n+r−1]x
k−1
n+r+1fk−1

= xk−1
n+r+1x[k+r+1,n+r]e[1,k]τω0[k+r+1,n+r]τ[k↑n+r−1] (en+2−k � 1β � ek−1)

= xk−1
n+r+1x[k+r+1,n+r]e[1,k]τ[k↑k+r−1]τω0[k+r,n+r] (en+2−k � 1β � ek−1)

= xk−1
n+r+1x[k+r+1,n+r]e[1,k]τ[k↑k+r−1]x

n+1−k
n+r+1

(
τω0[1,n+2−k] � 1β � ek−1

)
= xkn+r+1x[k+r+1,n+r+1]

(
τω0[1,n+1−k] � 1β � ek

)
τ[k↑n+r]

= xkn+r+1 (en+1−k � 1β � ek) τ[k↑n+r].

Note that this computation actually holds in Hβ+(n+1)i1(n+2−k)i,β,(k−1)i, without needing to

tensor by H i
β on the right.

For the second equality, we start by computing (en+1−k � 1β � ek−1 � 1i) τ[1↑n+r]x
k−1
n+r+1fk−1

and (en+1−k � 1β � ek−1 � 1i) τ[k↑n+r]f
′
k−1 separately. We have

(en+1−k � 1β � ek−1 � 1i) τ[1↑n+r]x
k−1
n+r+1fk−1

= (en+1−k � 1β � ek−1 � 1i) τ[1↑n+r]x
k−1
n+r+1 (en+2−k � 1β � ek−1)

=
(
x[1,n+1−k] � 1β � ek−1 � 1i

)
τ[1↑k+r−1]hk−1(xk+r, . . . , xr+n+1)

(
τω0[1,n+2−k] � 1β � ek−1

)
= (en+1−k � 1β � ek � 1i) τ[1↑k+r−1]hk−1(xk+r, . . . , xr+n+1)τ[k+r↑n+r].
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Now in Hβ+(n+1)i1(n+2−k)i,β,(k−1)i ⊗Hβ H i
β we have

τ[k↑k+r−1]xk+r = xkτ[k↑k+r−1]

because
(
τ[k↑k+r−1]xk+r − xkτ[k↑k+r−1]

)
1i,β,(k−1)i ∈

(
1i,β−i,i,(k−1)i

)
(this is the same argument

that we used to prove that τEi,M is well-defined in Proposition 4.1.12). Hence we conclude

that

(en+1−k � 1β � ek−1 � 1i) τ[1↑n+r]x
k−1
n+r+1fk−1

= (en+1−k � 1β � ek � 1i) τ[1↑k−1]hk−1(xk, xk+r+1 . . . , xn+r+1)τ[k↑n+r].

Similarly, we have

(en+1−k � 1β � ek−1 � 1i) τ[k↑n+r]f
′
k−1

= (en+1−k � 1β � ek−1 � 1i)hk−2(x1, xk, xk+r+1, . . . , xn+r+1)τ[1↑k−2]τ[k↑n+r].

To conclude, we use the following formula in the affine nil Hecke algebra H0
k :

τω0[2,k]τ[1↑k−1]x
a
k = τω0[2,k]x

a
1τ[1↑k−1] + τω0[2,k]ha−1(x1, xk)τ[1↑k−2].

This is easily derived by induction on a using the relation ha(x1, xk) = xa1 + xkha−1(x1, xk).
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Then we have

(en+1−k � 1β � ek−1 � 1i)
(
τ[1↑n+r]x

k−1
n+r+1fk−1 − τ[k↑n+r]f

′
k−1

)
= (en+1−k � 1β � ek−1 � 1i)

(
τ[1↑k−1]hk−1(xk, xk+r+1 . . . , xn+r+1)

− hk−2(x1, xk, xk+r+1, . . . , xn+r+1)τ[1↑k−2]

)
τ[k↑n+r]

= (en+1−k � 1β � ek−1 ◦ 1i)hk−1(x1, xk+r+1 . . . , xn+r+1)τ[1↑n+r]

= f ′kτ[k↑n+r].

This finishes proving that W is a morphism of complexes.

Thus, Ad
(n+1)
Ei

(M) is a direct summand of Υ . Hence, its cohomology is concentrated in

degree 0. Furthermore, by definition, H0(VW ) is the idempotent projecting on the summand

ad
(n+1)
Ei

(M) of adEi

(
ad

(n)
Ei

(M)
)

. Hence H0
(

Ad
(n+1)
Ei

(M)
)

= ad
(n+1)
Ei

(M).

5.2 The Functor Ti

Denote by U+
I\{i} the monoidal category from Definition 2.4.1 corresponding to the Cartan

datum on the set I \ {i} induced by the Cartan datum structure on I. For the rest of this

chapter, we make the assumption that the invertible scalars tj1,j2 appearing in the definition

of the polynomials Qj1,j2 are all equal to 1. That is, the polynomials Qj1,j2 are now assumed

to have the form

Qj1,j2(u, v) ∈ u−cj1,j2 + v−cj2,j1 +
∑
s,t>0

dj1s+dj2 t=−j1·j2

Kusvt.

Theorem 5.2.1. There is a monoidal functor Ti : U+
I\{i} → Kb (U+) such that

Ti (Ej) = Ad
(−ci,j)
Ei

(Ej) .
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This functor decategorifies to Lusztig’s symmetry θi.

The rest of this section is devoted to defining the functor Ti on the generating morphisms

of U+
I\{i}. Before doing so, we need to prove some results that we will use in the construction.

5.2.1 Preliminaries

Our construction is based on the following elementary result.

Lemma 5.2.2. Let A be a K-algebra, and let C,D ∈ K60(A−proj) be such that Hk(C) = 0

and Hk(D) = 0 if k < 0. Then the 0th cohomology functor induces an isomorphism

HomK(A)(C,D)
∼−→ HomA

(
H0(C), H0(D)

)
.

In particular, if f ∈ HomA (C0, D0) is such that f
(
im
(
d−1
C

))
⊆ im

(
d−1
D

)
, then there exists

a morphism of complexes f̃ : C → D extending f and unique up to homotopy.

By Theorem 5.1.6, this result applies to any complexes C,D belonging to the additive

and monoidal subcategory of K(U+) generated by the complexes Ad
(m)
Ei

(Ej) for m ∈ N and

j ∈ I \ {i}. The strategy to define morphisms and check relations is then clear.

� To define a morphism in HomK(U+)(C,D), it suffices to prescribe a morphism in

HomU+(C0, D0) (which we will do using diagrams) and check that this morphism sends

im
(
d−1
C

)
to im

(
d−1
D

)
.

� To prove that two morphisms defined by such a procedure are equal, it suffices to prove

the difference between these two has image lying in im
(
d−1
D

)
.

The following lemma will be useful to perform the calculations necessary to implement this

strategy.
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Lemma 5.2.3. Let i, j ∈ I and let m, ` ∈ N. Then we have

(m)i (`)ij

=

min(m,`)∑
u=0

pu

(m)i (`)i

(m)i(`)i

(u)i (u)i

j

,

where pu ∈ P(m+`)i+j has degree u(i · i)(−ci,j − u) and p0 = 1. In particular, if m > ` then

we have

(m)i (`)ij

∈ H ·

(m)i (`)ij

i

.

Proof. The minimal length representatives of double cosets S`×1×Sm\Sm+`+1/Sm×1×S`

sending `+ 1 to m+ 1 have the form:

ωu = · · · · · · ,

where there are u straight strands on each side, and u ∈ {0, . . . ,min(m, `)}. Denote by ωu

the reduced decomposition of ωu determined by the above strand diagram. Notice that

(m)i (`)ij

∈ 1`i,j,mie[1,m]e[m+2,m+`+1]H(m+`)i+jτω0[1,`]ω0[`+2,m+`+1]1mi,j,`i

=

min(m,`)⊕
u=0

1`i,j,mie[1,m]e[m+2,m+`+1]P(m+`)i+jτωuτω0[1,`]ω0[`+2,m+`+1].

Hence, the first statement follows. The statement about the case m > ` is an immediate

consequence of the first statement.
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5.2.2 Images of generating morphisms

We are now ready to define the images of the generating morphisms of U+ under Ti.

Proposition 5.2.4. Let j ∈ I \ {i}. There exists a unique morphism

Ti(xj) ∈ End•K(U+)

(
Ad

(−ci,j)
Ei

(Ej)
)

whose component in cohomological degree 0 is given by

Ti(xj)
0 =

(−ci,j)i j

.

Proof. Since i 6= j, we have

(−ci,j)i j

i

=

(−ci,j)i j

i

.

By Lemma 5.2.2, Ti(xj)
0 extends uniquely to an element of End•K(U+)

(
Ad

(−ci,j)
Ei

(Ej)
)

.

Proposition 5.2.5. Let j1, j2 ∈ I \ {i}, and put m1 = −ci,j1 and m2 = −ci,j2. Then there

exists a unique morphism

Ti(τj1,j2) ∈ Hom•K(U+)

(
Ad

(m1)
Ei

(Ej1)Ad
(m2)
Ei

(Ej2), Ad
(m2)
Ei

(Ej2)Ad
(m1)
Ei

(Ej1)
)
.

whose component in cohomological degree 0 is given by

Ti(τj1,j2)
0 =

(m2)i (m1)ij2 j1

.
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Proof. By Lemma 5.2.2, it suffices to check that

(m2)i (m1)ij2 j1

i

,

(m2)i (m1)ij2 j1

i

∈ H ·

(m2)i (m1)ij2 j1

i

+H ·

(m2)i (m1)ij2 j1

i

. (5.2.1)

Let us start with the first diagram. We have

(m2)i (m1)ij2 j1

i

=

(m2)i (m1)ij2 j1

i

(Lemma 2.5.3)

=

(m2)i (m1)ij2 j1

i

(Lemma 2.5.6)

=

(m2)i (m1)ij2 j1

i

+ p

(m2)i (m1)ij2 j1

i

(Lemma 5.2.3),

where p ∈ P(m1+1)i+j2 . We have

(m2)i (m1)ij2 j1

i

∈ H ·

(m2)i (m1)ij2 j1

i

,
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and

p

(m2)i (m1)ij2 j1

i

= s1(p � 1j1)

(m2)i (m1)ij2 j1

i

∈ H ·

(m2)i (m1)ij2 j1

i

.

This proves relation (5.2.1) for the first diagram. For the second diagram, we split the proof

into two cases. Assume first that j1 6= j2. Then we have

(m2)i (m1)ij2 j1

i

=

(m2)i (m1)ij2 j1

i

(Lemma 2.5.3)

=

(m2)i (m1)ij2 j1

i

(relation (8) in Definition 2.3.1).

In the case where j1 = j2, there is an extra term that appears when applying relation (8)

from Definition 2.3.1. This yields

(m1)i (m1)ij1 j1

i

∈

(m1)i (m1)ij1 j1

i

+H ·

(m1)i (m1)ij1 j1

i

.
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By Lemma 5.2.3, we have

(m1)i (m1)ij1 j1

i

∈ H ·

(m1)i (m1)ij1 j1

i

.

This completes the proof that relation (5.2.1) holds.

Remark 5.2.6. The morphisms Ti (xj) and Ti (τj1,j2) have degree j ·j and −j1 ·j2 respectively.

Hence, Ti will be a graded functor once we finish proving its well-definition.

5.3 Proof of the Relations

The goal of this section is to prove the following theorem.

Theorem 5.3.1. The morphisms (Ti(xj))j 6=i and (Ti (τj1,j2))j1,j2 6=i satisfy the defining rela-

tions of U+
I\{i}, that is:

1. Ti (τj1,j2) ◦ Ti (xj1Ej2)− Ti (Ej2xj1) ◦ Ti (τj1,j2) = δj1,j2

Ti (xj2Ej1) ◦ Ti(τj1,j2)− Ti(τj1,j2) ◦ Ti (Ej1xj2) = δj1,j2,

2. Ti(τj2,j1) ◦ Ti(τj1,j2) = Qj1,j2 (Ti(xj1), Ti(xj2)),

3. Ti (τj2,j3Ej1) ◦ Ti (Ej2τj1,j3) ◦ Ti (τj1,j2Ej3)− Ti (Ej3τj1,j2) ◦ Ti (τj1,j3Ej2) ◦ Ti (Ej1τj2,j3)

= δj1,j3∂1,3 (Qj1,j2 (Ti (xj1) , Ti (xj2))).

The strategy of the proof is to use Lemma 5.2.2. For each relation, we check that the

diagrams defining both sides of the equation in cohomological degree 0 are equal modulo

diagrams factoring through the differential. We start by proving a preliminary lemma that

will be used for the proof of all three relations.
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Lemma 5.3.2. For all m, ` ∈ N and i, j ∈ I we have

(m)i

(m)i

(`)i

(`)ij

∈ s[`↓1](∂ω0(Qsi,j))

(m)i (`)ij

+H ·

i

(`)i(m)i j

.

Proof. Let ω ∈ Sm+`+1/S` × 1 × Sm. We can decompose ω in the form ω = ω1ω2 with

ω1 ∈ Sm+`+1/S`×Sm+1 and ω2 ∈ S[`+1,m+`+1]/S[`+2,m+`+1]. Pick a reduced expression ω of

ω obtained by concatenating reduced expressions of ω1 and ω2. Assume that ω(`+1) = `+1.

If ω2 = 1, then ω1(` + 1) = ` + 1, so ω1 = 1. Hence, either ω = 1 or ω has the form

ω = (. . . , s`+1). Now observe that

(m)i

(m)i

(`)i

(`)ij

∈
⊕

ω∈Sm+`+1/S`×1×Sm
ω(`+1)=`+1

P(m+`)i+jτωτω0[1,`]ω0[`+2,`+m+1]1mi,j,`i.

Using the polynomial representation, it is easily seen that the coefficient of ω = 1 in this

decomposition is s[`↓1](∂ω0(Qsi,j)) . The result follows.

Proposition 5.3.3. Let j1, j2 ∈ I \ {i}. Then we have

Ti (xj2Ej1) ◦ Ti(τj1,j2)− Ti(τj1,j2) ◦ Ti (Ej2xj1) = δj1,j2 ,

Ti (τj1,j2) ◦ Ti (xj1Ej2)− Ti (Ej2xj1) ◦ Ti (τj1,j2) = δj1,j2 .

Proof. We give the proof of the first relation, the second one being proved similarly. Let
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m1 = −ci,j1 and m2 = −ci,j2 . Assume first that j1 6= j2. Then we have

(m2)i (m1)ij2 j1

=

(m2)i (m1)ij2 j1

.

In the case where j1 = j2, we have

(m1)i (m1)ij1 j1

−

(m1)i (m1)ij1 j1

=

(m1)i (m1)ij1 j1

=

(m1)i (m1)ij1 j1

+H ·

(m1)i (m1)ij1 j1

i

,

where the second equality follows from Lemma 5.3.2. For both cases, the result then follows

from Lemma 5.2.2.

Proposition 5.3.4. Let j1, j2 ∈ I \ {i}. Then we have

Ti(τj2,j1) ◦ Ti(τj1,j2) = Qj1,j2 (Ti(xj1), Ti(xj2)) .

Proof. Let m1 = −ci,j1 and m2 = −ci,j2 . By Lemma 2.5.6, we have

(m1)i (m2)ij1 j2

= Qj2,m1i

(m1)i (m2)ij1 j2
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= Q′

(m1)i (m2)ij1 j2

(m1)i (m2)i

,

where

Q′ = ∂ω0[2,m2+m1+1]ω0[2,m1+1]−1ω0[m1+2,m2+m1+1]−1(Qj2,m1i).

Given the form of Qj2,m1i, we have Q′ = 1. Thus we have

(m1)i (m2)ij1 j2

= Qj2,j1

(m1)i (m2)ij1 j2

(m1)i (m2)i

∈ Qj2,j1(x1, xm+2)

(m1)i (m2)ij1 j2

+H ·

(m1)i (m2)ij1 j2

,

where the last equality follows from Lemma 5.3.2. By Lemma 5.2.2, the result follows.

To finish proving Theorem 5.3.1, it suffices to prove the braid relations. This will be based

on the following lemma.
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Lemma 5.3.5. Let i, j ∈ I, let m, ` ∈ N, and let n > −ci,j. Then we have

(m)i (`)i(n)i j

=

(m)i (`)i(n)i j

.

Proof. By Lemma 5.2.3, there exists polynomials pu ∈ P(`+n)i+j such that

(m)i (`)i(n)i j

−

(m)i (`)i(n)i j

=

(m)i (`)i(n)i

(`)i (m)i(n)i

j

(n)i −

(m)i (`)i(n)i

(`)i (m)i(n)i

j

(n)i

=

min(m,`)∑
u=1

pu

j(n)i (`)i(m)i

(n)i (m)i(`)i

(u)i (u)i(n)i

=

min(m,`)∑
u=1

pu

j(n)i (`)i(m)i

(n)i (m)i(`)i

(u)i (u)i(n)i
(Lemma 2.5.2)
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=

min(m,`)∑
u=1

p′u

(m)i (n)i (`)ij

(m)i(`)i (n)i

(n+ u)i (u)i
(Lemma 2.5.5),

where p′u = ∂ωu(pu) with

ωu = ω0[`+m+ 2, `+m+n+ 1]ω0[`+m−u+ 2, `+m+ 1]−1ω0[`+m+ 2, `+m+n+ 1]−1.

For u > 1, the polynomial p′u has degree

deg(p′u) = deg(pu)− (i · i)nu

= (i · i)u(−ci,j − u)− (i · i)nu

= u(i · i)(−ci,j − n− u)

6 −(i · i)u2

< 0.

Hence p′u = 0, and the result is proved.

Proposition 5.3.6. Let j1, j2, j3 ∈ I \ {i}. Then we have

Ti (τj2,j3Ej1) ◦ Ti (Ej2τj1,j3) ◦ Ti (τj1,j2Ej3)− Ti (Ej3τj1,j2) ◦ Ti (τj1,j3Ej2) ◦ Ti (Ej1τj2,j3)

= δj1,j3∂1,3 (Qj1,j2) (Ti (xj1) , Ti (xj2)) .

Proof. Put mk = −ci,jk for k ∈ {1, 2, 3}. We start by treating the case j1 6= j3. Then we
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have

(m3)i (m2)i (m1)ij3 j2 j1

=

(m3)i (m2)i (m1)ij3 j2 j1

(Lemma 2.5.6)

=

(m3)i (m2)i (m1)ij3 j2 j1

(Lemma 2.5.6)

=

(m3)i (m2)i (m1)ij3 j2 j1

(Lemma 5.3.5).

Then the relation follows from Lemma 5.2.2. For the case j1 = j3, to simplify the exposition,

we will denote by ∼ the equivalence relation on H corresponding to the subspace

H ·

(m1)i (m2)ij1 j2 (m1)i j1

i

+H ·

(m1)i (m2)ij1 j2 (m1)i j1

i

+H ·

(m1)i (m2)ij1 j2 (m1)i j1

i

.

We also put B(x1, x2, x3) = ∂1,3 (Qj1,j2(x3, x2)). With these notations, we want to prove that

(m1)i (m2)i (m1)ij1 j1j2

−

(m1)i (m2)i (m1)ij1 j1j2

∼ B(x1, xm1+2, xm1+m2+3)1m1i,j1,m2i,j2,m1i,j1 .
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By Lemma 2.5.6, we have

(m1)i (m2)i (m1)ij1 j1j2

=

(m1)i (m2)i (m1)ij1 j1j2

+

(m1)i (m2)i (m1)ij1 j1j2

p ,

where p = s[m2+1↓2](∂1(Qj1,m2i(x2, . . . , xm2+2))). By Lemma 5.3.2, we have

(m1)i (m2)i (m1)ij1 j1j2

p ∼

(m1)i (m2)i (m1)ij1 j1j2

p′

=

(m1)i (m2)i (m1)ij1 j1j2

p′′ ,

where p′ = s[m1+m2+1↓m2+2](p) and p′′ = ∂ω0[2,m1+m2+2]ω0[2,m2+1]−1ω0[m2+2,m1+m2+1]−1(p′). No-

tice that p′′ has degree:

deg(p′′) = deg(Qm2i,j1)− (j1 · j1)−m1m2(i · i)

= −2m2(i · j1)− (j1 · j1) + ci,j1m2(i · i)

= −(j1 · j1)

< 0.
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Hence p′′ = 0, and we have

(m1)i (m2)i (m1)ij1 j1j2

p ∼ 0.

Thus we have

(m1)i (m2)i (m1)ij1 j1j2

∼

(m1)i (m2)i (m1)ij1 j1j2

=

(m1)i (m2)i (m1)ij1 j1j2

−B(x1, xm1+2, xm1+m2+3) ·

(m1)i (m2)i (m1)ij1 j1j2

.

Let us compute these last two summands separately. By Lemma 5.3.5, we have

(m1)i (m2)i (m1)ij1 j1j2

=

(m1)i (m2)i (m1)ij1 j1j2

.
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For the other term, we have

(m1)i (m2)i (m1)ij1 j1j2

=

(m1)i (m2)i (m1)ij1 j1j2

(Lemma 2.5.6)

=

(m1)i (m2)i (m1)ij1 j1j2

Qj1,m2i (Lemma 2.5.5)

=

(m1)i (m2)i (m1)ij1 j1j2

f (Lemma 5.3.2)

=

(m1)i (m2)i (m1)ij1 j1j2

f ′ (Lemma 2.5.6),

with f = s[m1+m2+1↓m2+1](Qj1,m2i) and f ′ = ∂ω0[1,m1+m2]ω0[1,m2]−1ω0[m2+1,m1+m2]−1(f ′). Given
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the form of Qj1,m2i, we have f ′ = 1. Now by Lemma 5.3.2, we have

(m1)i (m2)i (m1)ij1 j1j2

∼ 1.

Putting everything together, we have proved that

(m1)i (m2)i (m1)ij1 j1j2

−

(m1)i (m2)i (m1)ij1 j1j2

∼ B(x1, xm1+2, xm1+m2+3)1m1i,j1,m2i,j2,m1i,j1 ,

which is the relation we wanted.
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