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ABSTRACT OF THE DISSERTATION

Categorified Quantum Groups and Braid Group Actions

by

Laurent Vera

Doctor of Philosophy in Mathematics
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Professor Raphaél Alexis Rouquier, Chair

Let U be the quantum group associated to a Cartan matrix indexed by a set I. There is
a remarkable family (6;);c; of symmetries of U giving rise to the action of a braid group.
The goal of this dissertation is to explain how to categorify these symmetries. The quantum
group is categorified by a certain 2-category U introduced by Khovanov-Lauda and Rouquier.
We propose two constructions providing a categorification of the symmetry 6; on U.

First, there is a complex ©; in . We prove that ©; is invertible in the homotopy category
of U, and that there are homotopy equivalences ©;F; ~ F;0,;|—1|, where E;, F; denote the
Chevalley generators of U. Hence, conjugation by ©; provides an auto-equivalence of the
homotopy category of U. This auto-equivalence decategorifies to the symmetry 6;. To obtain
these results, we prove a faithfulness property for the 2-representations of .

Second, we construct a monoidal functor 7; by defining it on generators and checking
relations. We prove that this functor decategorifies to the symmetry 6; on a certain subalge-
bra of the positive part of U. Our approach is based on categorifying the formulas defining
the symmetry 6; on U. These formulas involve the adjoint action of U, of which we also

construct a categorification.
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CHAPTER 1

Introduction

1.1 Categorification and Higher Representation The-
ory

The term categorification can be broadly defined as the process of finding higher levels of
structure, usually categorical in nature. Decategorification refers to the inverse process of
forgetting higher levels of structure. While these terms are recent, the ideas behind cate-
gorification have long been used in many areas of mathematics. For instance, the category
of finite sets can be seen as a categorification of the set of non-negative integers. In this
example, decategorification consists of taking the cardinality of a finite set, and the higher
structure is given by functions between sets. Certain equalities between integers can be
proved using bijections between sets: this is the most elementary application of the idea of
categorification. Another classical example of topological nature is homology. The homology
groups of a manifold can be thought of as a categorification of its Euler characteristic, which
is recovered by taking the ranks of homology groups. Continuous maps between manifolds
induce linear maps in homology. This provides a higher level of structure, resulting in a finer
topological invariant.

This dissertation will be focused on categorification in the context of representation theory.



Representation theory is the study of actions of algebras, or more generally 1-categories,
on vector spaces by linear maps. With that perspective, higher representation theory or
2-representation theory can be described as the study of actions of monoidal categories,
or more generally 2-categories, on additive categories by additive functors. The higher
level of structure is given by natural transformations between functors. In this context,
decategorifying means taking split Grothendieck groups (that is, taking isomorphism classes
of objects).

The motivations behind higher representation theory are more than mere abstraction. A
first one is that higher levels of structure shed a new light on the categorified objects. For
instance, some classical algebras and their representations have canonical bases. In these
bases, the structure constants are usually non-negative integers. Then, it is expected that
these canonical bases arise from isomorphism classes of indecomposable objects in a suitable
categorification. This can provide an explanation, or even a proof, for the integrality and
positivity properties. For example, this strategy was employed by Elias and Williamson
[EW14] to prove Soergel’s conjecture about Kazdhan-Luzstig bases of Hecke algebras.

A second motivation for higher representation theory is that many of the categorical struc-
tures appearing in concrete examples are of inherent interest, independently of the objects
that they categorify. For instance, categories of modular representations of symmetric groups
are endowed with induction and restriction functors. These functors give rise to actions of
type A affine Lie algebras on Grothendieck groups (see [Ari96]). This fact motivated the
seminal work of Chuang and Rouquier on categorification of representations of sly [CRO8].
Chuang and Rouquier introduce a notion of 2-representations of sly and prove strong struc-
tural properties about them. Applying these results to symmetric groups leads to a proof of
Broué’s abelian defect group conjecture for symmetric groups, a long-standing problem in
modular representation theory.

This last example also illustrates an important subtlety in categorification. A categori-



fication of an object, if it exists, has no reason to be unique. In general, the difficulty in
pinning down how to categorify an object is to find the appropriate higher structure to ensure
that the resulting theory has desirable properties. The key insight in [CROS8] is to control
the higher structure with actions of Hecke algebras.

Following the work of Chuang and Rouquier, higher representation theory developed
quickly in multiple directions. Our work will mainly focus on the higher representation
theory of quantum groups. Other related directions include finitary 2-categories and their 2-
representations ([MM11], [MM16b], [MM16a]), Heisenberg categorifications ([Khol4], [BSW20])

and higher representations of Soergel bimodules ([MT19], [MMM*21]).

1.2 Quantum Groups

Generalizing the work of Chuang and Rouquier on sly, the ideas of categorification were
applied to quantum groups of arbitrary types. Let us start by giving some motivation for

why it is expected that these objects should have an interesting categorification.

e Quantum groups are one of the main examples of quasi-triangular Hopf algebras which
are neither commutative nor cocommutative. As a result, their categories of repre-
sentations inherit the structure of braided monoidal categories. This structure can
be used to construct 3-dimensional topological quantum field theories [RT91]. Crane
and Frenkel [CF94] conjectured that there should exist a categorification of quantum
groups and their representation theory leading to the construction of 4-dimensional

topological quantum field theories.

e Several categories of interest are known to be equipped with endofunctors inducing
actions of quantum groups on their Grothendick groups. The classical example seen
above is the category of modular representations of symmetric groups. Other exam-

ples of such phenomena include the category O of the general linear Lie algebra, which



categorifies tensor powers of the standard representation of sly (see [BFK99]), or cat-
egories of representations of zig-zag algebras, which categorify adjoint representations
of quantum groups (see [HK01]). These various examples hint at a unified theory of

actions of quantum groups on categories.

e Quantum groups and their finite dimensional representations have canonical bases.
These can be constructed via the geometry of quiver varities (see [Lus10, Part II]), or
using Kashiwara’s crystals (see [Kas91]). The structure constants in these bases are
non-negative integers. It is then expected that these canonical bases should arise as

isomorphism classes of indecomposable objects in a suitable categorification.

These ideas became a concrete program with the work of Khovanov-Lauda [KL09], [KL11],
[KL10] and Rouquier [Rou08], [Roul2]. More precisely, let U be the quantum group asso-
ciated to a symmetrizable Cartan matrix. In [KL11] and [Rou08], an algebra H depending
on U and a family of coefficients is introduced. This algebra is known as the quiver Hecke
algebra, or Khovanov-Lauda-Rouquier (KLR) algebra. The most remarkable property of H
is that its category of projective modules is monoidal and categorifies the positive part of
U. More precisely, let U be the category of finitely projective H-modules. It is shown in

[KLL11] that there is an isomorphism of algebras

Ko (U") ®@,C~U",

where K denotes the split Grothendieck group. A lot of the structure of Ut can then be
recovered from H. For instance, the crystal structure can be described with in terms of
H-modules (see [LV11]). In types ADE, it was also proved in [Roul2], [VV11] that the
indecomposable projective H-modules recover the canonical basis of U™.

Furthermore, Khovanov-Lauda and Rouquier introduce a 2-category U which categorifies

Beilinson-Lusztig-MacPherson’s idempotent version of the quantum group U. While the
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definitions of the 2-categories in [KL10] and [Rou08] differ on a few points, it was shown by
Brundan that they are actually isomorphic (see [Brul6]). Hence, there is a unique 2-quantum
group or categorified quantum group U associated to a symmetrizable Cartan matrix. This
2-category has the remarkable property of decategorifying to the idempotent form of the

quantum group. That is, there is an isomorphism of categories

proved by Khovanov-Lauda [KL10] and Dupont [Dup21]. The higher representation theory
of U is very rich and categorifies much of the representation theory of U. For instance, the
simple representations of U arise from 2-representations of U on cyclotomic quotients of H

(see [KK12], [Webl7]).

1.3 Braid Group Actions

Quantum groups and their representations have remarkable symmetry properties encoded by
actions of braid groups. Let us start by describing the case of sly. The standard Chevalley
generators of this Lie algebra are e = (§{) and f = (9§). If V is an integrable representation
of sly, we obtain an action of the Lie group SL, on V' via the exponential map exp : sl — SLs.

In particular, the reflection

o— — exp(—€)exp(f)exp(—e)

induces an automorphism of V. This fact generalizes to the quantum case. If V' is an in-
tegrable representation of the quantum group U associated with sly, there is a quantum

deformation of # providing an automorphism of V. We will also denote this quantum defor-



mation by 6 for simplicity.

For a quantum group of general type, there is a set I of simple roots (in the case of
sly, this set is just a singleton). For each simple root ¢ € I, there is a subalgebra U; of
U generated by Chevalley generators e;, f;. This subalgebra is isomorphic to the quantum
group associated with sl,. Thus, the construction described above yields an automorphism
0; on every integrable representation of U. Let us summarize the main facts about these

automorphisms.

e For V an integrable representation of U and A a weight, the automorphism 6, induces
an isomorphism between weight subspaces V) = Vi.(n)- Here s; denotes the action of

the Weyl group of U on the weight lattice.

e The action of ; on integrable representations lifts to a compatible algebra automor-
phism of U. This means that there exists an algebra automorphism 6; of U, and that
for an integrable representation V' of U, we have 6;(uv) = 6;(u)6;(v) for all u € U and

v € V. These automorphisms are sometimes referred to as Lusztig’s symmetries.

e The collection (6;);e; of automorphisms satisfies the braid relations. This means that

for all simple roots 7, j, we have a relation of the form

where the number of terms on each side of the equality can be deduced from the Cartan
matrix of U. Hence the braid group associated with the Cartan matrix acts compatibly

on U and its integrable representations.

One of the most remarkable features of the work of Chuang and Rouquier is that there is
a categorification of the automorphisms #; acting on integrable representations. There is a

complex O; of 1-morphisms of the 2-category U whose action on integrable 2-representations



decategorifies to ;. Furthermore, if V is an integrable 2-representation of U/, then ©; induces
an auto-equivalence of the homotopy category K (V). Just as representations of U decompose
into weight subspaces, 2-representations of U decompose into weight subcategories V. Then
the auto-equivalence ©; restricts to equivalences K (V) = K(Vs,). For simply-laced
quantum groups, Cautis and Kamnitzer show that the complexes (0;);c; satisfy the braid
relations up to homotopy [CK12].

The equivalences provided by the complexes ©; are the main ingredient in the proof of the
abelian defect group conjecture for symmetric groups by Chuang and Rouquier [CRO8]. An-
other important application is the construction of braid group actions on derived categories
of coherent sheaves on Nakajima quiver varietes [CKL13], [CK12].

However, a categorification of the compatible action of the braid group on U is still
missing. In other words, we would like to have 2-auto-equivalences of the 2-quantum group
(or its homotopy category) decategorifying to the automorphism 6;. These auto-equivalences
should satisfy a certain compatibility with the complexes ©;, which would categorify the
compatibility of the actions of the braid group on U and its representations. The main goal

of this dissertation is to provide answers to this problem.

1.4 Summary of Results

Before we can explain our approach to solving this question, we need to give more details
about the construction of braid group actions on quantum groups. For a simple root 7, the
automorphism 6; can be constructed in two ways. The first one is to work in a completion of
U. Then one can express 6; as an invertible element of the completion, and the braid group
action can be obtained by conjugation with 6; (see [KS98, Chapter 4]). The second way is to
define the action of 6; explicitly on the generators of U. The formulas appearing involve the

adjoint action of U. While this approach is more explicit, it requires lengthy computations



to check that all desired relations hold (see [Lusl0, Part VI, [Jan96, Chapter 8]). We will
show that both of these constructions can be categorified.

In Chapter 3, we explain a categorification of the first construction. The complex ©; is a
natural categorical lift of the element 6; of the completion of U. Thus, our goal is to explain

to what extent it is possible to conjugate by ©;. Our main result is the following.

Theorem 1.4.1 (Theorem 3.2.10). The complex ©; is invertible in the homotopy category
of U.

This means that there exists a complex ©; of 1-morphisms of & and homotopy equiv-
alences 0,07 ~ 1 ~ ©70,;. Hence, conjugation by O, gives an auto-equivalence of the
homotopy category of U, which descends to the action #; when decategorifying. Note that
by construction, this auto-equivalence is compatible with the action of ©; on integrable
2-representations.

The proof of Theorem 1.4.1 is based on faithfulness properties for the 2-representations
of U. There is a remarkable family of 2-representations of U called simple 2-representations.
These categorify the finite dimensional simple representations of U. For the 2-category U as-

sociated with sly, we prove that the simple 2-representations satisfy the following faithfulness

property.
Theorem 1.4.2 (Theorem 3.1.3). Let U be the 2-category associated to sly.

1. Let C be a complex of 1-morphisms of U. If the image of C in every simple 2-

representation 1s null-homotopic, then C s hull-homotopic.

2. Let f be a morphism between complexes of 1-morphisms of U. If the image of f in every

simple 2-representation is a homotopy equivalence, then f is a homotopy equivalence.

This gives a categorification of the well-known faithfulness of simple representations of

quantum groups: if z € U acts by zero on every simple representation of U, then z = 0.



Using this property, we can prove the invertibility of the complexes ©; by checking it in
the simple 2-representations, where explicit computations are manageable. As an another

application of Theorem 1.4.2, we prove a categorification of the relation e = — f6 in sl,.

Theorem 1.4.3 (Theorem 3.2.14). Let U be the 2-category associated to sl,. There is a
homotopy equivalence OF ~ FO[—1], where E, F denote the 1-morphisms of U lifting the

Chevalley generators e, f.

The results of Chapter 3 also appear in our preprint [Ver20b].

In Chapters 4 and 5, we propose a second construction for the braid group action on the
2-category U based on explicit formulas. In the decategorified case, the automorphism 6;
can be defined by

92-(6]-) = ad(jc"'j)(ej) (141)

e,

for a simple root j # ¢. Here, ad denotes the adjoint action of U on itself coming from the
Hopf algebra structure, and ¢; ; denotes the entry (7,7) of the Cartan matrix. To be able
to categorify this formula, we must first explain how to categorify the operator ad.,. This
is the object of Chapter 4. We define a quotient H® of the quiver Hecke algebra H and an
endofunctor adg, of the category H'—mod. We show the following results regarding these

objects.

Theorem 1.4.4 (Theorems 4.2.1, 4.3.1 and 4.4.13). 1. For all M € H'—mod, there is a
short exact sequence

0— ME; - E;M — adg,(M) — 0.

The concatenation denotes the monoidal structure in H—mod. This categorifies the

relation ad.,(y) = e;y — ye; in U.

2. The category H'—mod is monoidal, and for all M, N € H'—mod we have a short exact



sequence

0 — Madg,(N) = adg,(MN) — adg,(M)N — 0.
This categorifies the relation ade,(yz) = ade,(y)z + yad,,(z).

3. The functor adg, sends projective modules to projective modules and induces a structure

of 2-representation of sly on H'—proj.

4. The algebra Ko(H'—proj) is isomorphic to a subalgebra of U™ which is integrable for

the action of ad., and mazimal for this property.

The necessity to restrict to a subalgebra of Ut comes from finiteness constraints. Indeed,
the higher representation theory of quantum groups is only well-suited for integrable repre-
sentations. Despite these restrictions, this subalgebra contains the Chevalley generators e;
for j # . Thus, our results are enough to categorify formula (1.4.1).

A key feature of our work is the compatibility of the structure of 2-representation and the
monoidal structure, expressed in statement 2 of Theorem 1.4.4. It is used in a crucial way
to simplify computations. To our knowledge, this is the first example of a 2-representation
with such structure.

The results of Chapter 4 also appear in our preprint [Ver20a].

In Chapter 5, we apply these results to construct a partial categorification of Lusztig’s
symmetry ;. We start by resolving the H'-modules adg?(Ej) in terms of H-modules. This

yields complexes Ad%?(Ej) of objects of UT. Then, we prove the following result.

Theorem 1.4.5 (Theorem 5.2.1). There is a monoidal functor T; : U

iy K (U") such

that

T, (E;) = Ady, 7 (B;) .

This functor decategorifies to Lusztig’s symmetry 6;.

10



In this theorem, L{R (i)

necessary to restrict to this subcategory for technical homological reasons. Indeed, proving

denotes the subcategory of U™ generated by the Ej; for j # 4. It is

that T; is a well-defined monoidal functor involves checking many relations in the homo-
topy category. Using the fact that the complexes Ad(EZCi‘j ) (E;) are projective resolutions,
computations simplify significantly. We can only use this trick when restricting to L{R (i)

Theorem 1.4.5 holds for quantum groups of arbitrary types. In the simply-laced case,
a functor T; : U — K(U) extending ours is constructed in work in preparation of Abram,
Lamberto-Egan, Lauda and Rose [ALELR]|. Their approach is different than ours; it is based
on checking relations by explicitly giving out homotopies. Consequently, the computations
involved are rather long and difficult, and it seems unlikely that they could be generalized
as such to arbitrary quantum groups.

Both approaches to categorifying #; have their own advantage: the first one provides
the compatibility with the action on 2-representations automatically, while the second one
provides explicit formula. We expect that they coincide up to homotopy. More precisely, we

make the following conjecture.

Conjecture 1. For every simple root j # i, there is a homotopy equivalence

11



CHAPTER 2

Categorified Quantum Groups

In this chapter, we introduce the main objects of interest for this dissertation.

2.1 Basic Notation and Defintions

For the rest of this dissertation, we fix a field K. We use the symbol ® to mean Q.

Graded Categories

A graded category is a K-linear category C together with an auto-equivalence C — C
called the shift functor. We denote by ¢M the shift of an object M of C. An example
of graded category is the category gVect of finitely generated graded K-vector spaces with
homogeneous K-linear maps. In that case, the shift functor defined by (¢V'), = Vi_; for
V = ®rezVi € gVect,. More generally, given a graded K-algebra A, the category A—mod
of finitely generated graded A-modules and its full subcategory A—proj of graded projective
modules are graded. Their shift functor is the restriction of that of gVect,. Given a Laurent

polynomial p = >",., peq* € N[g,¢7!] and M an object of a graded category C, we put

pM = @ gt MEPe,

e’

12



For two objects M, N of a graded category C and k € Z, we define
Hom§(M, N) = Home (M, g *N).

The elements of Hom"é(]w7 N) are said to be morphisms of degree k from M to N. We can

then define a graded K-vector space Homg (M, N) by

Homg (M, N) = @ Hom¢(M, N).

keZ

Then, as graded vector spaces we have

Homp (M, gN) = gHomp (M, N),

Hom¢(¢M, N) = ¢ "Hom{ (M, N).

Graded Dimensions

A graded K-vector space V = @pezV} is said to be locally finite if each Vj, is finite dimen-

sional. In this case, its graded dimension is the formal series defined by

grdim(V) = > dim(V;)¢* € N((g,¢7")).

We have grdim(¢V') = ggrdim(V). If M, N are two objects of a graded category C and if

Hom{ (M, N) is locally finite, we put
(M, N) = grdim (Homg(M, N)) .

Then we have (M, qN) = q(M,N) and (M, N) = ¢ ' (M, N). In the case M = N, we use

the notation |M| = (M, M).

13



2-Categories

We refer to [Lei98] for a concise introduction to 2-categories. We recall here the definitions
of the basic notions that will be used throughout this dissertation. A (strict) 2-category €

is the data of
e a class O of objects,

e for all a,b € O, a category Homg(a,b) whose objects and morphisms are called 1-

morphisms and 2-morphisms of € respectively,

e composition functors Homg(b, ¢) X Homg(a,b) — Home(a,c), (G, H) — GH for all

a,b,c € 0,
e l-morphisms 1, € Endg(a) called identity 1-morphisms for all a € O,
such that

1. G1(G2G3) = (G1)GyG3 for all a,b,e,d € O, Gy € Homg(c,d), Go € Homg(b, ¢) and

Gs € Homg(a, b),
2. 1,G =G =G, for all a,b € O and G € Homg(a, b).

As an example, the strict 2-category €at is defined as having categories as objects, functors
as l-morphisms and natural transformations as 2-morphisms. A strict 2-category with a
singleton as set of objects is simply a strict monoidal category.

Given two 1-morphisms G, H of a 2-category with same source and target, we will denote
by Home(G, H) the set of 2-morphisms G — H. The identity 2-morphism of a 1-morphism
G will be simply denoted by G when no confusion is possible. We will call a 2-category
K-linear (resp. graded, resp. idempotent complete) when its morphism categories are K-

linear (resp. graded, resp. idempotent complete) and the compositions functors respect that

14



structure. For instance, the 2-category Ling of K-linear graded categories, with additive
graded functors as 1-morphisms, is K-linear and graded.
Given two strict 2-categories €,® with respective classes of objects O¢, Op, a strict 2-

functor ® : € — ® is the data of
e amap ¢ : Oy — Oy,
e functors ® : Homg(a, b) — Homg (®(a), (b)) for all a,b € O,

such that ®(GH) = ®(G)®(H) for any composable 1-morphisms G, H of € and ®(1,) = la(q)

for any object a of €.

Homological Algebra

Let C be a K-linear category. We denote by Comp(C) the category of (cochain) complexes

of C. That is, the objects of Comp(C) are of the form

dr ditt
M:(...%MT%MTJ’&L>MT+2_>...)’

with dyf'dy, = 0 for all » € Z. For M € Comp(C), its homological shift M[1] is defined by
(M[1])" = M™! with differential Ay = —dy; ! for all 7 € Z. Note that when C is graded,
Comp(C) has two compatible gradings: the one coming from C and the homological grading.

Let M, N € Comp(C) and let f: M — N be a morphism of complexes. The cone of f is

the object Cone(f) of Comp(C) defined by Cone(f)" = M""!' @ N" with differential given by

—dyt 0

fody

Acone(f) =

Cone

We denote by K(C) the homotopy category of C. If C is abelian, we denote by D(C) its

derived category. In that case, we denote by H"(M) the " cohomology object of a complex

15



2.2 Quantum Groups

We recall the essential definitions and facts about quantum groups. We refer to [Lusl0] or

[Jan96] for a more detailed introduction to the subject.

2.2.1 Root Datum

A Cartan datum (I,-) is the data of a non empty set I, whose elements are referred to as

simple roots, and a symmetric bilinear form - : ZI ®y ZI — Z such that
o foralli eI, i i€ 27,
- i-j
e foralli,jel, 2— € Z.
i1

A root datum (X,Y) of type (1, -) is the data of finitely generated free abelian groups X (the
weight latice) and Y (the dual weight latice), together with a perfect pairing (-,-) : Y ®7 X —
Z and injective set maps (I < X,i+> i) and (I < Y,i+ ") satisfying the condition
i
<Z 7]> Z .Z'
for all i, j € I. Let ¢;; = (i¥,j) and d; = % For all ¢ € I, there is an automorphism s; of
the lattice X defined by s;(A) = A — (i¥, \)i for A € X. The root lattice is Q = ®;e;Zi, and
we let QT = @®ye1Zsoi. Given an element § = > .. n;i of Q, the integer n = Y., n; is

el el

called the height of 3, and denoted |3|. We also let

n

15— {(jl,,_.,jn) eIy ji= 5}-

k=1
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2.2.2 Quantum Groups
Let us start by introducing some notation in Q(q). For all i € I, we let ¢; = ¢%. For k € Z,

the quantum integer [k]; is defined by

k —k
q; — 4g;

[k]z = -1
qi — q;

If £ > 0, we define the quantum factorial [k],! by
k
(k]! = H [£]; -
=1

For 0 < ¢ < k, we define the quantum binomial coefficient by

It can be checked these are actually all elements of N[g, ¢~!] (see [KC02] for a proof).

Definition 2.2.1. The quantum group U associated to the above root datum is the unital

Q(g)-algebra on the generators e;, f; for i € I, k,, for u € Y, subject to the following relations.
1. Forall p,p/ € Y, ko =1 and k, k= Ky
2. Foralli€ I and u €Y, kue; = ¢*Ve;k, and k, f; = ¢~ f;k,,.

3. Forallz,57 €1,

i
—1>
? i

ki — k1
eifj — fiei = 5i,j+

where k)z = kdii\/'

17



4. Foralli #jel,

—c¢ij+1 —cij+1
Y4 —ci,j+1-4 l —ci,j+1-4
Z (_1)%@(‘ )ejez( j ) _ 0, Z (_1)€fi( )fjfi( i ) _ 0,
£=0 £=0

where the elements ey) and fi(é) are called the divided powers and are defined by

O_ Lo o1

[£]3!

The algebra U is Q-graded with e; in degree 7 and f; in degree —i for all ¢ € I, and £k,
in degree 0 for all 4 € Y. Furthermore, U has a structure of Q-graded Hopf algebra, with

coproduct A, counit € and antipode S defined by the following formulas

A(ez) :61®1+k;1®6“ A(fz) :fl®k’b+1®f27 A(kﬂ) :kﬂ®kﬂ7
e(ei) =0, e(fi) =0, e(ku) =1,
S(ei) = —kie, S(fi) = —fiki t, S(ky) = k'

®o?

forallie ] and p €Y.
For categorification purposes, we are only interested in type 1 weight representations of

U. These are the representations V of U such that
V=@
AEX
where
W={veV,YueY, kuo=q¢"Yo}.

In this situation, it is more convenient to introduce the idempotent form of U.

Definition 2.2.2. The idempotent form of the quantum group is the Q(g)-linear category

U defined by the following data.
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e The set of objects of U is X.

e Given A\, \ € X, the morphisms A — X\ are Q(g)-linear combinations of words of the

mi
J1

m

ni Ny
form e;’ e I

", with r,ng, my € N and i, jx € I such that
N = A= (ngix — myjr).
k=1

Composition of morphisms is given by concatenation of words, and the identity mor-
phism of X is the empty word, denoted 1,. When we want to specify that a word y
has source A (resp. target \'), we will write y1, (resp. 1yy). On these morphisms, we

impose the following relations.

1. Foralli,j € I and A € X, (e;f; — fies) In = 6;5 [(3Y, )], 1.

2. Foralli#jel,

—cij+1 —cij+1
> (felee =0, 30 (SO RATT =0
£=0 (=0

With this definition, type 1 weight representations of U are in one-to-one correspondence

with functors U — Vectq(g)-

2.3 Quiver Hecke Algebras

2.3.1 Symmetric Groups and Polynomial Rings

Let n € N. We denote by &, the symmetric group on the set {1,...,n}. Given two
distinct integers k,m € {1,...,n}, we denote by sy, the permutation (k m) of &,,. We put
Sk = Skrt1. For k < m, we denote by &, the subgroup of &,, generated by sg, ..., Sp—1.

Given a sequence k = (ki,...,k;) of elements of {1,...,n — 1}, we put s = s, ... sk

e
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If £ < ¢, we denote by [k T (] the sequence (k,k + 1,...,¢) and by [¢ | k] the sequence
(6,0 —1,...k). If k> ¢, [k1 /] and [¢ | k] are understood to be the empty sequence &, in
which case sz = 1.

Let w € &,. A reduced expression of w is a finite sequence k = (ky,...,k,) such that

w = s and r is minimal. The integer  is then called the length of w and denoted /(w). The

(mfk)(mkarl).

longest element of &,y is denoted wy[k,m]; it has length 5

We denote by P, the K-algebra K|[zi,...,x,]. The group &, acts on P, by permuting
the variables z1,...,x,. For k # m two integers in {1,...,n}, the Demazure operator or

divided difference operator is the PnG"—linear operator O, on P, defined by

f B Sk,m(f) .

L — Tk

ak,m(f) =

The Demazure operators are conjugate under the action of &,,. This means that for k # m
and w € G, we have W, w ' = Ou(k)w(m)- We put Oy = Opps1. Given a sequence
k = (ki,..., k), we put Oy = O, ...0,.. The Demazure operators satisfy the following

relations:

e (f9) = Okn ()9 + Skm(f)Okm(9), (2.3.1)
e =0, (2.3.2)
Ondy = 0y, if [k — 0] > 1, (2.3.3)
OO = Ops1OhOpr itk <n— 1. (2.3.4)

For allw € &,,, we can define an operator J,, in the following way: take k a reduced expression
of w, and let 0, = Jg. Since the Demazure operators satisfy relations (2.3.3) and (2.3.4),

this does not depend on the choice of the reduced expression. As a graded PS"-module, P,
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is free of graded rank qn(nzfl) [n]!. The following sets are bases

{aft .2, 0<a; <n—i}, {Ou(zozy.. 2l "), we B, }.

2.3.2 Quiver Hecke Algebras

Definitions

We follow [Rou08, Subsection 3.1] (see also [Roul2]). We fix a root datum (X,Y) of type
(I,-). Forall i,j € I, we fix a polynomial @Q; ;j(u,v) € K[u,v]. We assume that this data

satisfies the following conditions.
e Forallie I, Q;;(u,v) =0.
® FOI' all ’l,j € [, Qi,j(u, ’U) = Qjﬁ(?),’d).

e For all i # j € I, there are invertible elements ¢; ; and ¢;,; of K such that @; j(u,v) has

the form

Qij(u,v) € t; ju™ % 4+ t;,0" 9 + Z Ku®vt.
5,t>0
dis+djt=—i-j
This last condition ensures that @; ;(u,v) is homogeneous of degree —2(i - j) when u, v

are variables of respective degrees i -1, j - j.

The quiver Hecke algebras are a family of K-algebras attached to the data of these polyno-

mials.

Definition 2.3.1. Let 3 be an element of Q1 of height n. The quiver Hecke algebra Hg is
the unital K-algebra with generators 1, for v € I®, x1,..., 2, and 74, ..., T,,_; subject to the

following relations.

1. Forall v,v/ € 1%, 1,1, = dy1,, and Zyelﬁ 1, = 13, where 13 is the unit of Hp.
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2. Forallve I and k € {1,...,n}, 71, = 1,2.

3. ForallveIPand ke {1,...,n—1}, 71, = Loy () Th-

4. For all k, 0 € {1,...,n}, xpx, = xp2.

5. Forallve IP and k€ {1,...,n— 1}, 71, = Quyppr (Thy Tpg1) 1o

6. Forallve I°, ¢ € {l,...n}and k € {1,...,n — 1},

1, if¢l=k+1and vy = v,
(Tkl’g - xsk(e)Tk) 1, = -1, if { =k and Vi = Vg4,

0 otherwise.

7. For all k,¢ € {1,...,n — 1} such that |k — ¢| > 1, 7,7 = To7y .

8. Forallke{l,....,.n—2} and v € I”,
(Th 1Tk o1 — ThTh41Tk) Lo = Oup 0 Ok kg2 (Quk,uk+1(9€k+2, 9€k+1)) 1,.

Convention. We will number components of tuples v € I" from the right to the left. Namely,
we will write v = (vy,...,11) for v € I". We let the symmetric group &,, act on I

accordingly. For instance, if v = (¢,b,a) € I*, we have s;(v) = (¢, a,b) and sy(v) = (b, ¢, a).

For a sequence k = (ky,...,k,) of elements of {1,...,n — 1}, we put 7, = 7%, ... 7%,.. We

also define K-algebras H, and H by

H,= P H;.

BeQ™
18|=n

H:@Hn.

neN
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The algebra H,, is unital only when [ is finite, while the algebra H is not unital. There is a

grading on H,, defined as follows.
e Forall v € I", 1, is in degree 0.
e Forall v € I" and k € {1,...,n}, zx1, is in degree vy - vy.

e Forallve ["and k € {1,...,n— 1}, 71, is in degree —vy - Vg 1.

Affine Nil Hecke Algebra

A case of particular importance is that of root datum of type A; (that is, when [ is a
singleton). The quiver Hecke algebras are then known as the affine nil Hecke algebras, and

we will denote them by H?. For more clarity, we give the definition in that case.

Definition 2.3.2. The affine nil Hecke algebra H? is the K-algebra on the generators

Z1,...,%, and 71, ...,7,_1, subject to the following relations.
1. For all k, ¢ € {1,...,n}, vpx, = Tp2%-
2. Forallke{l,...,n—1}, 77 =0.

3. Forall ke {1,...,n—1} and ¢ € {1,...n},

1 ifl=k+1,
Thle — Tsp()Tk = § —1 if £ =k,
0 otherwise.

4. For all k, ¢ € {1,...,n — 1} such that |k — ¢| > 1, 77y = 775

5. Forall k€ {1,...,n— 2},

Tht1ThTh+1 — ThTht1Tk = 0.
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The algebra H? is graded, with z, in degree 2 for all £ € {1,...,n}, and 7 in degree
—2 for all k € {1,...,n —1}. For all w € &, we can define an element 7, € H? in the
following way: choose k a reduced expression of w, and let 7,, = 7. By relations (4) and (5)
in Definition 2.3.2, this does not depend on the choice of the reduced expression.

The algebra H? can be given a explicit realization as an algebra of operators on P,. There
is an isomorphism of graded K-algebras ([Rou08, Proposition 3.4])

HY = End;fn(Pn),

Ty > Tk, (2.3.5)

Tk > 0k

In particular, H? is isomorphic the algebra of (n!)x (n!) matrices with coefficients in PS». The
H?-module P, with action given by (2.3.5) is the unique indecomposable graded projective

H,-module up to isomorphism and grading shift. Define

_ 2 n—1
€n = Xo2xg...0T, Two[1,n]>

/ n(n—1) n—1_mn—2
e, = (1) 7 Tyopal Ty T

These are orthogonal primitive idempotents of H?. We have isomorphisms of graded (H,,, PS")-

bimodules:

P, = ¢"VH e, P, = H,e,

and

1 — Twoll,n] 1 — 6;.

Hence we have Morita equivalences
H’—mod = PS"—mod, H’—mod = PS"—mod,
and (2.3.6)
M — e,M, M — e M.

In the following chapters, we will often have to make computations in affine nil Hecke
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algebras. The following lemma records the basic facts that we will use.
Lemma 2.3.3. Let n € N.

1. Forallke{1,...,n—1} and P € P, we have

TkP - Sk(P>Tk = 8k(P)

2. For all wy,wy € &,, we have

Tonws U Hwiws) = l(wr) + U(ws),

T Twy =

0 otherwise.

3. Let k a finite sequence of elements of {1,...,n— 1}. For all P € P, we have

TEPTOJO[LH] = a&(P)Two[l,n]'

Proof. For the first statement, consider the maps

P, — HY, P, — HY,
and

P — P, — sp(P)7, P — 0k(P).
They are both skew derivations, in the sense that they satisfy relation (2.3.1) with respect
to the automorphism s;. Furthermore, by relation (3) in Definition 2.3.2, they coincide on
x1,...,%,, which are algebra generators of P,. Hence the two maps are equal, proving the
statement.
For the second statement, the case [(wjws) = l[(wy) + l(ws) follows from the definition of
T If l{wiwe) < l(wy) + [(we), then we can decompose w; in the form w; = wspw’ where

l(w'we) = (W) + l(wy) and w’ has maximal length for this property. Since spw’ < w’, there
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is a reduced expression of w’ of the form (k,...). Hence, 7, € TxH., SO TpTw, = 0 by
relation (2) in Definition 2.3.2. The result follows.
For the last statement, by induction on the length of the finite sequence k, it suffices to

treat the case where k has length 1. If k € {1,...,n — 1}, then for all P € P, we have
TkPTwo[l,n] - Sk(P)TkTwo[l,n] + ak(P>Tw0[1,n]

by statement (1) of the Lemma. However, 7,71, = 0 by statement (2) of the Lemma.

Hence we have 75, PT[1,n] = Op(P)Tuwo[1,n), Which completes the proof. O

Polynomial Representation

We now go back to quiver Hecke algebras of arbitrary types. The action of H® on P, has an

analogue in that general case. Let 5 € Q1 and consider the commutative algebra

Ps =P P,

velb

where (1,),¢7s forms a system of orthogonal idempotents. Also choose polynomials P; j(u,v)
for all 7,5 € I such that Q; ;(u,v) = P, ;(u,v)P;;(v,u). One possible choice is to fix a total

order < on I and let
Qi,j(u7 U) if ¢ > j7

1 otherwise.

PiJ(“? ?)) =
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Associated to this data is an action of Hz on Ps defined by the following formulas:

1, - fl, = 5,,7Mf11,,
xp - f1, = a1 f1,,
Ok () Lse) if vy = vy,

T+ flu =
Py v (Trr1, Tx)sk(f) s, ) otherwise.

This representation is faithful ([Rou08, Propostion 3.12]). As a consequence, we can deter-

mine the center and bases of Hg.

Theorem 2.3.4 ([Rou08, Theorem 3.7]). The K-algebra Hz is free as a K-module. Let
n = |B| and let T be a complete set of reduced decompositions of elements of &,,. Then the

following sets are bases over K for Hg:

{Tgx’fl...xZ"l,,]VEI’B, al,...,anQO,geT},

{x‘fl...xfl”@lyh/elﬁ, al,...,an20,g€T}.

This theorem is known as the PBW Theorem for quiver Hecke algebras. In particular, it
implies that the commutative subalgebra of Hs generated by z, ..., z, and 1, for v € I? is
isomorphic to Pg. Furthermore, Hys is free of rank n! as a left (or right) module over Psz. A

basis is given by {7,|w € T'}, for T" any set of reduced expressions for the elements of &,,.

Proposition 2.3.5 ([Rou08, Proposition 3.9]). The center of Hg is the subalgebra PBG",

where the action of &, on Pz is defined by w(f1,) = w(f)luw)-
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2.4 Categorified Quantum Groups

2.4.1 Positive Part

Recall that we have fixed a root datum (X,Y’) of type (I,-), and polynomials (Q; )i jer
satisfying certain conditions. We define now a graded monoidal category U™ attached to

this data, following [Rou08].

Definition 2.4.1. Let /™ be the K-linear, graded and idempotent complete strict monoidal
category defined as follows. The objects of U™ are generated by E; for ¢ € I. The morphisms
of U are generated by z; : E; — E; of degree (i-i) and 7, ; : E;E; — E;E; of degree —(i - j)

for all 7,5 € I. On these generating morphisms we impose the following relations.
1. Ti,j e} Z[‘ZE] — EJJJZ o Ti,j = (517] = JJJE,L e} Ti,j - Ti,j e} EZSUJ
2. Tj,i e} Ti,j = Qi,j(mia .lej).
3. Tj,kEi o Eﬂi,k o Ti,jEk - Eszi,j o TiJcEj o EiTj,k = 5i,k31,3(Qi,j(lUi> %))

A concise way to restate these relations is to say that the generating morphisms of U™
induce a graded action of quiver Hecke algebras on the objects of ™. More precisely, given

B € Q7 of height r, consider the object Es of U™ defined by

Ey=EDE, where E,=E, .. E,.

velb
Then there is an isomorphism of graded K-algebras:
ng —  Endj;+ (Ej),

v = Dyers Bun- By w2y Ey . By,

e = Do Lo EuuToeen By - Euy
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It follows that there is an equivalence of categories

T~ @ Hg—proj.

peQt

Under this equivalence, the generating object E; corresponds to the free H;-module of rank
1. The monoidal structure on U™t corresponds to an induction product for quiver Hecke
algebras that we describe now. For 8,7 € @Q7, there is a (non-unital) morphism of K-

algebras Tﬁﬂ Hyz — Hg,y (called right inclusion) defined by

B+7 Z 1, T§+w (zx) = i, §+W (10) = 7
nel
forallv € I°, k€ {1,...,|B|} and £ € {1,...,|8|—1}. Here, uv denotes the concatenation of

p € I with v € 1. We also have a (non-unital) morphism of K-algebras lgﬂ :Hg — Hpyy

(called left inclusion) defined by

+ +v +
Z”B V Z 11/“, 2 33k) = L|y|+k; l§ K (Tz) = Tly|+¢
pel”

forall v € I?, k € {1,...,|B]} and £ € {1,...,|8] — 1}. By Theorem 2.3.4, right and left

inclusions are injective. There is an injective morphism of K-algebras:

Hg® Hy — Hpyy,

YRz = Yoz = lf”(y)rgﬂ(z).

This defines a binary operation ¢ on H, which is simply the tensor product operation in
Ut. Welet 15, = 1g0 1, and Hg, = Hg ® H,. Note that this morphism is not unital in
general, since 1g. # 1g4, unless B and « are both multiples of the same simple root. Still,

this endows Hgy1s., with a natural structure of (Hg,., Hg . )-bimodule. This bimodule is
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free as a right Hs,-module, and by Theorem 2.3.4 it decomposes as

Hﬁ_;,_,yl/g;y = @TgHﬁﬂ, (241)

weT

where T" denotes a set of minimal length representatives of left cosets of G}, x &5 in Gg4|.

Given M an Hg-module and N an H,-module, we can then define
MN = Hg 15, ®p, (M @ N).

If M and N are projective, then so is M N. This defines the monoidal structure of U™ in
terms of representations of quiver Hecke algebras. As a consequence of (2.4.1), we have the

following lemma which will be useful in the subsequent chapters.

Lemma 2.4.2. Let m,n € N and let T be a complete set of reduced expressions of minimal
length representatives of left cosets of &, X &, in &yy4y. Let wy be the longest element in

T. Then for ally € H,, and z € H,, we have

(Y0 2)Tw, — Tw,(20Y) € Z TwHmn-
weT\{wy}
As an important consequence of the action of quiver Hecke algebras on the objects of U™,
we can define the diwvided powers EZ-(”) for all i € I and n € N. First, remark that we have an
isomorphism of K-algebras H? = H,; ~ End},; (E")°P. Thus, the idempotent e, € H acts

on £, and we can define

where we write the action of P on E on the right. When seen as a graded projective
_n(n=1)

H,;-module, we have simply EZ.(") ~q

P,;, where the action on P,; is given by the
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polynomial representation. Then we have isomorphisms

E! ~ [n];'E™, (2.4.2)

Ei(a)Ez'(b) ~ [o+b]. Elath) (2.4.3)

(2 K3

2.4.2 2-Categories Associated to Root Data

We now define a 2-category U categorifying the integral idempotent version of the quantum
group. The 2-category U will be defined as the idempotent completion of a 2-category U’

that we define first.
Definition 2.4.3. Define a strict 2-category U’ by the following data.
e The set of objects of U is X.

e Given A\, ) € X, the I-morphisms A — )\ are direct sums of shifts of words of the form

EET L CEPETY with rong,mg € Noand iy, gy, - i, Jr € 1 such that
T
)\/ — A= Z(nkzk — mkjk)
k=1

Composition of of 1-morphisms is given by concatenation of words, and the identity
1-morphism of A\ is the empty word, denoted 1,. When we want to specify that a word

X has source A (resp. target \'), we will write X1 (resp. 1y X).

e The 2-morphisms of i’ are generated by z; : E; — E; of degree (i-3), 7, ; : E;E; — E;E;
of degree —(i - j), m; : 1x — FiE;1, of degree d;(1+ (i¥,\)), and ¢; : E;F;1y, — 1, of
degree d;(1 — (¥, \)) for all 4,5 € I and A € X. On these 2-morphisms we impose the

following conditions.

1. The morphisms z; and 7; ; satisfy the relations of Definition 2.4.1.

31



2. We have the relations E; = ¢;F; o Ein; and F; = Fie; o n; Fj.

3. For all ¢ # j and A € X, we add formal inverses to certain 2-morphisms o; ; and

pix- These 2-morphisms are defined as follows. Given i,j € I, we define o;; by

055 = P}Eigj o -FjTj,i-Fj o T]JEZFJ : EZP} — .F].E'z (244)

If (i¥,\) > 0, we define p; » by

054
€
Pix = giox; F cEiFL, = FEL @ (17, N)]; 1y (2.4.5)
g; O l’§iv’)\>71Fi
If (¥, \) <0, we define p; \ by
pir= o m Faion ... Far " Nonl: EF1L@- (Y, iy — FEl.
(2.4.6)

Definition 2.4.4. The 2-category U is the idempotent completion of ¢4’. This means that
U has the same set of objects as U’, and that for all A\, € X, the category Homy (A, \) is

the idempotent completion of the category Homy (A, \').

In particular, the divided powers Ei(n) of U induce 1-morphisms 1 HmEi(n)l »in U. Con-
dition (2) in Definition 2.4.3 means that we have adjoint pairs <Ei1)\, q;17<iv”\>Fi1)\+i> with
unit and counit of adjunction given by 7; and ¢;. Using these adjunctions, we obtain an

action of quiver Hecke algebras on products of F;’s. We can then define the divided power

F’i(”) by



Then, there are adjoint pairs (Ei(")l,\, q;"(@v”\H")Fi(n)le).

Remark 2.4.5. This definition of U is due to Rouquier. Khovanov and Lauda define special-
izations of the quiver Hecke algebras introduced here and a different 2-category, see [KL09],
[KL11], [KL10]. The main differences are that Khovanov-Lauda’s version requires adjoint
pairs (qll +<iv’/\>Fi1 ariy, Fil ,\) and the inverses of the maps o;; and p; ) are given explicitly in
terms of the unit and counit of this second adjunction. However, Brundan proved in [Brul6]
that the 2-categories of Khovanov-Lauda and Rouquier are isomorphic. In particular, in
the 2-category U that we defined, the 2-morphisms E;1, and F;1, have both left and right

adjoints.

Given M\ € Z we define

Ul = @ Homy, (A, \).
NEZ

This is a K-linear, graded and idempotent complete category. In U1y, there are isomorphisms

min{a,b}

R L~ @[OS FEVETV L @) 2 -, (24.7)
k=0
min{a,b}

FUE L~ @ [Tt EVENPL V) <b-a (2.48)
k=0

They can be constructed using the isomorphisms p; y (see [Rou08, Lemma 4.14] for details).

2.4.3 Categorification Theorems

We now relate the monoidal category U™ and the 2-category U to the quantum group U.
Let A= Z[q,q"']. We denote by f the Q(q)-subalgebra of U generated by e; for i € I, and
by f4 the A-subalgebra of f generated by el(”) fori € I and n € N.

Consider the split Grothendieck group Ko(U™). This is abelian group generated by iso-

morphism classes [M] of objects M € U™ modulo the relations [M] + [N] = [M @ N] for
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all M;N € UT. Since U" is graded and monoidal, Ky(U") inherits the structure of an

A-algebra, via the formulas ¢[M] = [¢M], [M][N] = [MN] for all M, N in Y.

Theorem 2.4.6 ([KL11, Theorem 8)). There exists a unique isomorphism of A-algebras
vifa = KoUT)

such that ~ <e§”>> = [EZ(”)} for alli €I andn € N.

Similarly, we denote by U4 the A-linear subcategory of U whose morphisms are generated

by e™ and fi(") for i € I and n € N. The split Grothendieck group Ky(Uf) is the A-linear

(2

category with same set of objects as U, and with Hom (A, 1) = Ko (Homy (A, 1)) for all

objects A and pu.

Theorem 2.4.7 ([KL10], [Dup21]). There exists a unique isomorphism of A-linear categories

~

o UA — K()(Z/{)
such that (egn)b\> = [Ei(n)l,\} and (fi(n)l,\) = [Fi(n)h} forallie I, neNand A € X.

2.4.4 2-Representations

Definition 2.4.8. A 2-representation of U is a strict 2-functor U — Ling, where Ling
denotes the strict 2-category of graded K-linear categories. More explicitly, the data of a

2-representation V of U is equivalent to the following.
e Categories V, € Ling for each A € X.
e Functors F; : V, = Voo and F; : V\ — V,_; for each A € X and 7 € [.

e Natural transformations z; : E; — E; of degree (i -1i), 7 : E;E; — E;E; of degree
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—(i-j), & : E;F;1y, — 1, of degree d;(1 — (i¥,\)), and n; : 1y, — F;E;1, of degree

d;(1+ (¥, \)), such that the conditions of Definition 2.4.3 are satisfied.

An abelian 2-representation is a 2-representation V for which the category V) is abelian
for all A € X. In that case, the functors F;, F; are automatically exact on V since they are
both left and right adjoints. A 2-representation V is said to be integrable if for every M € V
and i € I, we have E¥(M) = FF(M) = 0 for some k € N,

Given 2-representations V, W, a morphism of 2-representations D : )V — W is the data

of:
e functors D : V\ — W, for all A € X,
e natural isomorphisms «; : DE; = E;D and 3; : DF;, = F,;D for alli € I,

such that «; and §; are compatible with the 2-morphisms z;,7; ;,¢; and n; of Y. This

compatibility condition means that the following diagrams commute:

DE; 25 DF DE,E; 2™+ DE,E,

ail lai E,L'OéjOOziEjl lEjaiOOt]’Ei

DEF, 2. D D2 DEE,
EiﬁioaiFil ) miD LFiaioﬂiEi

E,F;D F,E;D

Then, given D a morphism of 2-representations and C' a complex of 1-morphisms of U, we

have a canonical isomorphism of complexes of functors DC' ~ CD.
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2.5 Diagrammatic Calculus

Morphisms in monoidal categories have naturally two compatible multiplicative operations:
composition and tensor product. It is sometimes convenient to represent morphisms using
planar diagrams to take advantage of the inherent two-dimensionality of the algebraic struc-
ture. Then, composition is then given by vertical stacking, and the monoidal structure is
given by horizontal stacking. We refer to [Sav18] for a general introduction to diagrammatic

techniques for categorification.

2.5.1 Diagrammatic Presentation of /"

The general idea of representing morphisms by planar diagrams can be applied to the
monoidal category UT. In what follows, we define a diagrammatic notation to represent
the elements of the quiver Hecke algebra H, which act on the objects of U+ by right multi-
plication. Given two elements h, h’ of H, the diagram corresponding to hh’ will be obtained
by stacking the diagram of h on top of that of A’. The diagram corresponding to h < b’
will be obtained by concatenating the diagram of h to the left of that of A’.This principle is

illustrated by the following diagrams:

h

We now define the diagrams corresponding to the generating morphisms of U*. Given

1 € I, we represent the identity morphism of E; as a vertical strand labeled by i:

When multiple simple roots are involved, we sometimes draw their respective strands with
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different colors for the sake of clarity. For example, the identity morphism of E;E;E; is

represented by the diagram

where we have assigned the color black to i and blue to j. The morphism z; € End;« (E;) is

represented by decorating the strand corresponding to the identity with a dot:

If P € P, and v € I", we represent the morphism P(z,,, ..., z,, )1, by the following diagrams

The second one will be a shorthand for the first one. The morphism 7; ; € Hony,. (E;E;, E;E;)

is represented by a crossing of the strands:

Similarly, given v € I" and p € I™, we have a morphism 7,,, : E,F, — E,FE, obtained

by composing the morphisms 7;; to permute the factors to £, to the right of E,. This
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morphism is represented by

T = >< .

wov

With these notations, the defining relations of U™ take the following form:

X-R-ol|-X-%
U A A U A A

iJ

2.5.2 Thick Diagrammatic Calculus

It is convenient to further develop this diagrammatic to include strands labeled by divided
powers. This extension is known as thick calculus and was originally introduced in [KLMS12]
and [Sto19]. Giveni € I and n € N, the identity morphism of El-(n) is represented by a vertical

strand labeled by (n)i:
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Given ny,ny € N, the inclusion Ef"ﬁm) — Ei(m)EZ-(nz) is represented by

(n1 + na)i
(n)i (o)
The morphisSm T, (1,n; +najwo([Lne]~wolna+1,n1+ns] -1 - EM™E™) _ EMF2) is represented by
(na)i (no)i
(n1 + ng)i

Remark 2.5.1. When no confusion is possible, we omit certain labels on the strands. For

instance, we often use the following shorthands:

(m)i  (n2)i

(n)i (n2)i

2.5.3 Basic Results

In this subsection, we give some elementary results about diagrammatic calculus which will

be used in subsequent chapters.

Lemma 2.5.2 ([KLMS12, Proposition 2.4]). Let ny,ns,n3 € N and let i € I. The following
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equalities hold:

(77,1 “+ no + 77,3)7, (n1 + no + ’77,3)7;

(n1)i (na)i  (ng)i (n1)i  (n2)i (ng)i
(ny 4 n2 + ng3)i (n1 4+ ng + ng)i

Lemma 2.5.3 ([Sto19, Proposition 3]). Fori € I, v € I" and a,b € N we have

—
s
~
=
—
=
~
=
<
—~
S
—
=
—~
=
~
=
]
]
—
S
~
=
—
=
~
=
]
—
S
=
=
—
=
~
=

—
S)
=
=
—
S
~
=
<
—
S
—
=
—
<
~
=
<
<
—
S
=
=
—
S
—~
=
<
—
S
=
=
—
S
~
=

Lemma 2.5.4 ([KLMS12, Proposition 2.5]). Fori € I and a,b,c € N, the following equali-

ties hold:
(b+c)i  (a)i (b+c)i  (a)i
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(a)i (b+c)i a)i (b+c)i
b)i (a+c)i b)i (a+ c)i
We now state multi-strands versions of the quadratic and braid relations from Definition

2.4.1. For these, we need generalizations of the polynomials @);;. Let i € I, n € N and

v € I" for some r € N. We define a polynomial @i, € P4, by

Qnin(T1, oo Ty Tyt ooy L) = H Qi (Trye, Tk (2.5.1)

1<l<n
1<k<r
Vi 7£’L

There is a symmetrically defined polynomial Q) ;.

Lemma 2.5.5. 1. Leti € I, n € Nand v € (I\{i})" for some r € N. The following

relations hold:

2. Leti €I and let n,k € N. Then for all P € PS’“ and Q € PS" we have

-:m [0.,(PoQ)|

(n+ k)i (n+ k)i

where wy = wo[1,n + klwe[1,n] two[n + 1,n + k]

Lemma 2.5.6. 1. Leti € I and v € (I\{i})" for some r € N. The following relation



holds:

[ 7

2. Leti € 1, let j1, jo be elements of I\ {i} and let and let n € N. The following relation

Ef\ >2

1 (n)i jo i1 (n)i jo J1 (n)i jo

holds:

||
n+2 1(an ]2) .
|
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CHAPTER 3

Invertiblity of the Categorified Reflection

In this chapter, we work with the root datum of type A;. This means that X =Y = Z,
the simple root is 2, and the simple coroot is 1. The paring between X and Y is simply the
multiplication. This root datum corresponds to the Lie algebra sly,. Recall that if V' is an

integrable weight representation of sly, the reflection
0 -1
0= = exp(—e)exp(f)exp(—e)
1 0
induces an automorphism of V restricting to isomorphisms Vy — V_y between weight spaces

of opposite weights (see [Hum78, 21.2]). Furthermore, there is an explicit formula for the

action of @ of V. For all v € V), we have (see [CR08, Lemma 4.2])

o)=Y (=170 (),

r>max(0,—\)

These facts generalize to the quantum case. If V' is an integrable representation of the
integral quantum group U associated with sly, there is a quantum deformation of 6 providing

isomorphisms V), — V_,. Explicitly, for v € V), we have (see [Lus09, Lemma 2.2] or [CKL13,
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Proposition 2.3])

9(?}) _ Z (_q—1>7"f()\+r)e(r)(v)'

r>max(0,—\)
At the categorical level, the reflection # lifts to a complex © of 1-morphisms of U. The
necessity to work with complexes is expected given the alternating sums appearing in the

formulas above. We now define the complex ©.

Definition 3.0.1. Given A\ € Z, the complex O1, is the complex of objects of 1_,U1,

defined as follows.

e For all r € Z, the r* component of ©1y is ©"1, = ¢ "FAMMEM (We put F) =

E®W =0if ¢ <0.)
e The differential of ©1, is the composition

FO+r)pp() FO+) PR E® T+ O 1] FO+r+1) p(r+1).

FAE) pr)
The fact that the differential squares to zero follows from the commutativity of the

following diagram:

1, —En, PRy,

FnEonl l‘r@f

F2E21>\ FQT—ZZE F2E21>\.

The goal of this chapter is to prove that O is invertible in the homotopy category of U. In
Section 3.1, we introduce a family (£(n))nen. of 2-representations of U. These categorify the
finite dimensional simple representations of sl;. We prove that this family satisfies certain
faithfulness properties. In Section 3.2, we apply these properties to prove the invertibility of

© up to homotopy and a compatibility property with Chevalley generators.
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3.1 Faithfulness of Simple 2-Representations

3.1.1 Simple 2-Representations

We now define the simple 2-representations of U, following [Rou08, Subsection 5.2]. For

n € N, and k € {0,...,n}, we denote by Hy, the subalgebra of H) generated by Py,

. . S
Tiy. .o Te—1 and xq, ..., 2. We have an isomorphism of algebras HY , ~ H) @ P’" ", and a

tower of algebras

pyr=Hy, CHy, C--- CHy, =H,
The 2-representation L£(n) of U is defined as follows.

e For k € {0,...,n}, we define L(n)_,4or = H},,—proj, the category of finitely gener-

ated, graded and projective HY ,-modules.

HO
o The functor £ : L(n)_nior — L(N) _piok+1) 18 indH’SH’" and the functor F' : L(n)_p1or —
k,n
0
2k—n—1

H

. k,
L(n) _niok—1) 15 q res o ”1
i

HO
e The morphism z : F — E is right multiplication by xx,; on indH’(ﬁ“’", and the mor-

0
Hk+2,n

0
Hk n

phism 7 : E* — E? is right multiplication by 7.1 on ind

e The morphisms € and 7 are the counit and unit of the canonical adjunction between

induction and restriction.
Proposition 3.1.1 ([Rou08, 5.2.3]). The above data defines a 2-representation of U on L(n).

Define
Ln)-bim= & (H{,,H;,) —bim,

0<k,b<n
where (H,g’n, H 271) —bim is the category of finitely generated graded (Hl(c],n’ H gn)—bimodules.

The structure of 2-representation of U on L£(n) induces functors ®,, : U1, — L(n)—bim for
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all A € Z. For k € {0,...,n} and a € {0,...,k} we have

o, (E“l_n+2(k_a)) = H,S,n as (H,Sm, H,S_am) -bimodules,

o, (F“l_n+2k> = @m0 [0 g (HO . HY) -bimodules.

Let us now describe explicitly the images of the divided powers under ®,,. Given two integers

r<t{ef{l,...,n}, we put

2 l—r
Tfrpg) = Trg1Tpyg. .. Ty € P,

E=n)or=1) p o pop1
)T x x| € By,

x/[r,f] = (_
€rf] = T[r0Twolrg € Hon,

el[r,é] = Two[r,é}xl[ﬁg] S Hﬁ,n~

Note that e} ¢ and e’[r [ are orthogonal idempotents of Hy,. Then we have

a(a—1)

d, (E(“)l,n+2(k,a)) =q H,gjne[k,aﬂvk] as (H,Syn,H,S_am) -bimodules,

a(a—1)

D, (FW1_, 01) = ¢"HF 073 harriHi, as (Hy_,,, Hy,,)-bimodules.

A crucial fact about the simple 2-representations is the following universal property.

Theorem 3.1.2 ([Rou08, Proposition 5.15]). Let V be an integrable 2-representation of
U, and let M € V, be such that E(M) = 0. Then there is a unique morphism of 2-
representations Ry : L(n) — V such that Ry (P,) = M, where P, is seen as an object of

L(n), with action of H, given by the polynomial representation.
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3.1.2 Faithfulness

The goal of this subsection is to prove the following faithfulness result.

Theorem 3.1.3. 1. Let C be a complex of 1-morphisms of U. If ®,,(C) is null-homotopic

for all n € N, then C' is null-homotopic.

2. Let f be a morphism between complexes of 1-morphisms of U. If ®,(f) is a homotopy

equivalence for all n € N, then f is a homotopy equivalence.

Generalities About Krull-Schmidt Categories

Theorem 3.1.3 will be a consequence of a general result about representations of Krull-
Schmidt categories. Let us start by recalling some basic facts. A K-linear category C is
called Krull-Schmidt if every object of C is isomorphic to a finite direct sum of objects whose
endomorphism algebra is local. If C is Krull-Schmidt, then the indecomposable objects are
precisely the objects whose endomorphism algebra is local, and every object decomposes
uniquely as a finite direct sum of indecomposable objects up to reordering of the terms. We
will also say that a 2-category € is Krull-Schmidt if for all objects A, u of € the category
Homg (A, 1) is Krull-Schmidt. In other words, € is Krull-Schmidt if every 1-morphism of €
decomposes as a finite direct sum of 1-morphisms whose 2-endomorphism algebra is local.
The general theorem that we will prove regarding representations of Krull-Schmidt cate-

gories is the following.

Theorem 3.1.4. Let A be a non-empty set. Let C,(Dy)aca be Krull-Schmidt categories, and
let (O, : C = Dy),cq be linear functors. Assume that for any finite collection M, ..., M, of

indecomposable and pairwise non-isomorphic objects of C, there exists a € A such that:

1. @, (My),...,P.(M,) are indecomposable and pairwise non-isomorphic,
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2. for all k € {1,...,n}, the morphism of K-algebras Endc(My) — Endp, (P,(Mg))

induced by ®, 1s local.

Then for all C € Comp(C), C is null-homotopic if and only if for all a € A, ®,(C) is

null-homotopic.

Let us introduce some terminology that will be used throughout the proof. With the
notations of Theorem 3.1.4, given a finite collection M, ..., M, of indecomposable and
pairwise non-isomorphic objects of C, we say that an element a € A is adapted to My, ..., M,
if conditions (1) and (2) of Theorem 3.1.4 are satisfied. Similarly, given an object M of C,
we say that a € A is adapted to M if it is adapted to the indecomposable summands of M.
Given an arrow f : M — N of C, we say that a € A is adapted to f if it is adapted to
M®N.

The first step to prove Theorem 3.1.4 is to prove a lifting result for split injections and

split surjections. This will be based on the following lemma.

Lemma 3.1.5. Let C be a Krull-Schmidt category, and let f : M — N, g : N — L be
morphisms in C. Assume given a decomposition N = @®;N; into indecomposable objects.
Denote by ij : Nj — N,p; : N — N, the inclusion and projection morphisms associated to

this decomposition.

1. Assume that L is indecomposable and that gf is a split surjection. Then, there exists

J such that gi; is an isomorphism and p;f is a split surjection.

2. Assume that M is indecomposable and that gf is a split injection. Then, there exists

J such that gi; is a split injection and p;f is an isomorphism.

Proof. We prove the first statement, the second one being similar. Fix a right inverse u of

gf. Then we have
Zgszjfu = ldL
J

48



Since End¢(L) is a local K-algebra, there exists j such that gi;p,fu is invertible. Thus
gt is a split surjection. Since NN is indecomposable and L # 0, it follows that g¢i; is an

isomorphism. Hence p; fu is invertible, so p; f is a split surjection. O

Proposition 3.1.6. Let C,D be Krull-Schmidt categories, and let ® : C — D be a functor

such that:

1. for any indecomposable object X € C, ®(X) is indecomposable and the morphism of

K-algebras Ende(X) — Endp(®(X)) induced by ® is local,
2. for any indecomposable objects X, Y € C, X ~Y if and only if P(X) ~ ®(Y).

Let f : M — N be a morphism in C. Then f is a split surjection (resp. split injection) if

and only if ®(f) is a split surjection (resp. split injection).

Proof. We treat the case of split surjections, the case of split injections being similar. If f
is a split surjection, it is clear that ®(f) is a split surjection. Conversely, assume that ®(f)
is a split surjection. We proceed by induction on the number of indecomposable summands
of N. The result is clear if N = 0.

Assume that N # 0 and fix a decomposition N = N; & N’ with N; indecomposable.
Denote by p : N — N; the projection associated with this decomposition. We also fix
a decomposition M = @7, M; into indecomposable objects, and we denote by i; : M; —

M, p; : M — M; the inclusion and projection morphisms associated with this decomposition.

id ) @(pf)

The composition ¢(M) — &(M ®(N1) is a split surjection and ®(N1), (P(M;)),
are indecomposable by assumption (1). Thus by Lemma 3.1.5, there exists j such that
®(pfi;) is an isomorphism. Without loss of generality, we can assume that j = 1. Then
®(N;) and (M) are isomorphic, so by assumption (2) N; and M; are isomorphic. Fix an
isomorphism ¢ : N; — M;. The morphism End¢(N;) — Endp(®(N;)) induced by @ is local

and ®(pfiyg) is invertible. Thus pfi,g is invertible, and pfi; is invertible as well.
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Hence, if we let M’ = @,;~1M;, in the decompositions M = M;  M" and N = N; & N’
we can write f as a matrix
a p
v oo
with o = pfi;. Since « is an isomorphism, there exist automorphisms v of N and v of M

such that
a 0

0 f

ufv =

for some morphism f’: M’ — N’. Since ®(f) is a split surjection and wu,v are invertible,
®(ufv) is a split surjection as well. Thus, ®(f’) is a split surjection. The number of
indecomposable summands of N’ is one less than that of N. By induction, we deduce that

f' is a split surjection. It follows that ufv is a split surjection. So f is a split surjection. [J

Corollary 3.1.7. Let C,(D,)aca be Krull-Schmidt categories, and let (®, : C — D,) be

a€A

functors satisfying the same assumptions as in Theorem 3.1.4. Let f : M — N be a mor-

phism in C. Then, the following assertions are equivalent.
1. f is a split surjection (resp. injection).
2. There exists a € A adapted to f such that ®,(f) is a split surjection (resp. injection).
3. Foralla € A, ®,(f) is a split surjection (resp. injection).

Proof. Denote by C; the smallest full subcategory of C containing M @& N and closed under
direct sums and direct summands. This is a Krull-Schmidt category with finitely many
isomorphism classes of indecomposable objects. By assumption, we can fix a € A adapted
to f. Then the functor C; — D, induced by ®, satisfies the assumptions of Proposition

3.1.6. The result follows from Propostion 3.1.6. O

We can now prove Theorem 3.1.4 for complexes that are bounded above or below.
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Proposition 3.1.8. Let C,(Dy)aca be Krull-Schmidt categories, and let (®,: C — Dy),cn
be functors satisfying the same assumptions as in Theorem 3.1.4. Let C € Comp(C) be
bounded above or below. Then C is null-homotopic if and only if for all a € A, ®,(C) is

null-homotopic.

Proof. We treat the case where C' is bounded above, the bounded below case being similar.
If C is null-homotopic, it is clear that for all a € A, ®,(C) is null-homotopic. Conversely,
assume that for all a € A, ®,(C) is null-homotopic. Since C' is bounded above, it has the
form

dj . _ dffl
e A ¢ A N A Y L= |}

with ¢ such that C7 = 0 for all j > ¢. We inductively construct maps h; € Home(C?, C971)
for j < ¢, such that hj 1 d? + d~h; = ides.

By assumption, ®,(d‘"!) is a split surjection for all @ € A. Hence d*~! is a split surjection
by Corollary 3.1.7. We define h; to be a right inverse to d‘~'. Assume that the h; are
constructed for k > j. From hj1d/ + d~*h; = idgi and d7d?~' = 0, we get that e = h;d?~*
is an idempotent of CV~!. Hence there is a decomposition C?~! = im(e) ¢ im(1 — ). We

have ed’~? = 0 and &’~!(1 — e) = 0. Thus C has the form

=(§)

i_o 5) . . & 1=(x0)
= O ——5 im(e) @ im(l —e) ———

for some morphism ¢ : 772 — im(1 —e). For all a € A, ®,(d) is a split surjection since
®,(C) is null-homotopic. Thus, ¢ is also a split surjection by Corollary 3.1.7. Let ¢’ be a
right inverse to ¢, and define h;_; = (04) : im(e) ® im(1 — e) — C7~2. By construction, we

have h;jd’~' + d’~?h;_; = idgs;-1, which completes the induction. O

To finish the proof of Theorem 3.1.4, we show how to extend this result to unbounded

complexes. We will need the following standard lemma.
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Lemma 3.1.9 (Gaussian elimination). 1. Let C be an additive category, and let C' €

Comp(C). Assume that C' has the form

(55)

C=- 201" XY L5 Z0W C2 = ..t
with o an isomorphism. Then C' is homotopy equivalent to a complex of the form

s Tl Y s W s O

2. Let C be an idempotent complete category, and let C' € Comp(C). Assume that C' has

the form

C’:-~-—>C"'*1%Ci@Z@W—M}"”—w--,

with « a split surjection. Then C' is homotopy equivalent to a complex of the form
s Ol Y s W S O

where Y is an object of C such that C' ~Y & Z.

3. Let C be an idempotent complete category, and let C' € Comp(C). Assume that C' has
the form

C=- 0 S Xy 28 it oiv2

with « a split injection. Then C' is homotopy equivalent to a complex of the form
s Ol Y s W S O

where W is an object of C such that C*H' ~ X @ W.

Proof. 1. Since « is an isomorphism, there exists an automorphism p of X &Y, an auto-
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morphim ¢ of Y @& Z and a morphism ¢’ : Y — W such that

Hence (' is isomorphic to

a 0
---—)C’i_l%XEBYMZEBW%CF&—)---.
Since « is a isomorphism, the compositions C*! -+ X @Y - X and X - X @Y —

O are zero. Hence C is isomorphic to a direct sum
(---—>Ci‘1—>Y5—/>W—>Ci+2—>--->@<0—>Xi>Z—>O>.

The complex 0 — X % Z — 0 is homotopy equivalent to zero since a is an isomor-

phism. The result follows.

2. Fix a right inverse o of a. Then o/a is an idempotent of End¢(C?). Put X = im(a/«)
and Y = im(1 — /). We have a decomposition C* = X &Y and « induces an

isomorphism X = Z. The result then follows from (1).

3. The proof is similar to (2).
[l

Proof of Theorem 3.1.4. For C' € Comp(C), we denote by n(C) the number of summands in
a decomposition of C? into indecomposable components. Assume that for all a € A, ®,(C) is
null-homotopic. We start by proving that d% = 0 or C' is homotopy equivalent to a complex
C" with n(C") =n(C) — 1.

Fix a € A adapted to d;' and d2. If ®,(d%) = 0, then ®,(d;") is a split surjection since

®,(C) is null-homotopic. By Corollary 3.1.7, we deduce that dg' is a split surjection. Thus,
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dY, = 0. Assume now that ®,(d2) # 0. Fix a decomposition into indecomposable summands
C" = &;M;. Since ®,(C) is null-homotopic, there exists a split injection u : M — ®,(C?)
with M € D, indecomposable such that ®,(d2)u is a split injection. By Lemma 3.1.5, there
exists j such that ®,(d2i;) is a split injection, where ; : M; — C? is the inclusion associated
with the decomposition of C°. By Corollary 3.1.7, we deduce that d%i; is a split injection.
Thus, by Lemma 3.1.9, C' is homotopy equivalent to a complex C’ with n(C") = n(C) — 1.
Hence, if ®,(C) is null-homotopic for all a € A, we have proved that d, = 0, or C' is
homotopy equivalent to a complex C’ with n(C") = n(C)— 1. By induction, it follows that C'
is homotopy equivalent to a complex C” such that d%, = 0. Hence, C'is homotopy equivalent
to a direct sum C7 @ Cs, with C; bounded above and Cy bounded below. For all a € A,
®,(Cy) and ®,(Cy) are null-homotopic since ®,(C) is as well. So by Proposition 3.1.8, C}
and Cy are null-homotopic. Hence, C' is null-homotopic. Conversely, if C' is null-homotopic,

it is clear that for all a € A, ®,(C) is null-homotopic. O

Corollary 3.1.10. Let C, (D,)aca be Krull-Schmidt categories, and let (9, : C — D,) be

acA
functors satisfying the same assumptions as in Theorem 3.1.4. Let f : C'— D be a morphism

between complexes of objects of C. Then f is a homotopy equivalence if and only if for all

a€ A, ©,(f) is a homotopy equivalence.

Proof. 1t suffices to apply Theorem 3.1.4 to the complex Cone(f). n

Application to Simple 2-Representations

To prove our faithfulness result, we show that the collection of simple 2-representations of
U satisfies the assumptions of Theorem 3.1.4. In particular, we need to know the indecom-
posable 1-morphisms of &/ and their 2-endomorphism algebra. These have been determined

by Lauda in [Laul0)].
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Theorem 3.1.11 ([Laul0, Propositions 9.8 and 9.10]). The 2-category U is Krull-Schmidt.

A complete set of pairwise non-isomorphic indecomposable 1-morphisms of U is given by
{FEWFO1,, A<b—a, s€e Z}U{¢FYEY1,, A\>b—a, s€Z}.

Furthermore, for X an indecomposable 1-morphism of U we have | X| € 1 + gN|q].

The first step to check the assumptions of Theorem 3.1.4 is to study the images of the
indecomposable 1-morphisms of U/ in the simple 2-representations. We start by proving some

preliminary results.

Lemma 3.1.12. Let k,0,r € N and put n = k + ¢ + r. Then the multiplication map

Gk+ZX6T 6k><6@+T GkXGZXGT
PS ® P — PS

18 surjective.

Proof. Let B be the image of the multiplication map. We denote by ¢; the elementary sym-

metric polynomial of degree j. As a K-algebra, Por*©¢Xr ig generated by €;(z1, ..., xy),
€j(Ths1s -+ s Thro) and €;(Xppt1, - . ., ) for j € N. Since the multiplication map is an algebra
map, it suffices to prove that €;(z1, ..., 2x) € B, €j(@p41, . .., Thre) € B and €(Tppig1, ..., Ty) €

B for all j € N. It is clear that €;(z1,...,2x) € B and €(Tj1¢41,...,2,) € B for all j € N,

so let us now prove that €;(zg41,...,2k4e) € B for all j > 1. For j = 1, we have
e1(Traty s Tpae) = €1(x1, oo Trae) — €1(x, ..., 2x) € B.

In general, we have:

J+1
€j+1($k+1 cee 7117k+e) = €j+1($1 ce ,$k+£) - Z Ei(xh s ,iEk)Ej+1—i(Ik+17 s ,fEkM),
i=1
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and the result follows by induction on j. O]

Proposition 3.1.13 ([LaulO, Proposition 9.8]). Let V be a 2-representation of U. Denote
by W the category of endofunctors of V. Let A € Z and denote by ® : U1y — W the functor
induced by the structure of 2-representation on V. Let a,b,c,d € N be such that a—b = c—d.

If A > b — a, there is an isomorphism

Homs, (@ (FPE@W1,), @ (FYWEY1,)) ~

min{a,c}
@ q(a+cfk)(/\+a+cfk) |:)\+lz€1+c} |:b+sz:| [a+flifk] Endl./\/ ((I) (F(aerik)l)\—i-Z(a—&-c—k))) )
k=0

If A < b— a, there is an isomorphism

Homs, (@ (EWF®1,),® (ECWFD1,)) ~

min{b,d}
@ q(b+dfk)(b+dfk—>\) [b+i—>\} [‘H_Z—k] [b+i_k] End,'/v (q) (E(a+dik)1)\72(b+d7k))) )
k=0

Using the previous two results, we can now study the images of the indecomposable

1-morphisms of U/ in the simple 2-representations.

Proposition 3.1.14. Let M be an indecomposable object of U1, for some \ € Z. If n is
large enough and of the same parity as X\, then |®,,(M)| € 1+ ¢NJq].

Proof. We start by proving the result for M = E(@1, for some a € N. Let n > ||+ 2a be an
integer of the same parity as A, and let k = ’\% Then ®,, (E(“)b\) = q@ H&a’ne[kﬂykﬂ]
as a graded (H,,gJ s H,S’n)—bimodule. By the Morita equivalences from (2.3.6), we have an
isomorphism of graded K-algebras

EndzHgM’n,Hgm) (ng+a,n€[k+1,k+a]) = End.(PnGk+aXenfkfa,PnGkXank) (el[l,k+a]H£+a,n€[1,k]e[l€+l,k+a]) .
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. . . SrraXGpn_k_qa S X6, — .
There is an isomorphism of (Pn e bre Pk ")—blmodules
Gk XGaXankfa ~ / 0
Py = €1 k+q] Hk+a7ne[1,k}e[k+l,k+a]7

[ = Two[Lk—f—a]f-

By Lemma 3.1.12, Pyt %" =*= i5 cyclic generated by 1 as a (anGI“’“XG""“‘“7 PnG’“XG”—’“>_

bimodule. It follows that

Endz(n) ((I)n (E(a)l)\)) _ pHkaeax6n,k7a.

—bim
Thus, the result holds for M = E@1,. The case M = F(®1, is similar.
Assume now that M = ¢ FOE@1, for s € Z and A > b — a. By Proposition 3.1.13, we

have

a - a— a— a a —_ 2 a —
@ (FOEDL)| =) gm0t [rize] [erp=t [P @, (FO 01500000 -
=0
Let us find the lowest degree term in that expression. The lowest degree term of [’\Jf“] is
g~ ‘O+2e=0 and that of [“*2_3}2 is ¢~20(=9 Tt follows that the lowest degree term of

(2a—€)(A+2a—0) [ /\+2a} [ a+g—£ } 2

q ¢

is q?@=)(\F+2a=0=0) For ¢ = @, this term is 1. For ¢ < a, we have (a — £)(A+2a —b—£) >0
since A > b — a. Now using the first part of the proof, we know that for n large enough

a+b—1)

and of the same parity as A, the lowest degree term of ‘(I)n (F( 1 )\+2(2a_g))‘ is 1 for all

¢ € {0,...,a}. Putting all this together, we indeed have

@, (FPE®1,)| € 1+ ¢N[g],
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when n is large enough and of the same parity as A\. The case M = ¢#E®F®1, with

A< b—a and s € Z is proved similarly. O]

In particular, if M is an indecomposable object of U1, and n is large enough and of
the same parity as A, then ®,(M) is indecomposable and the morphism Endy (M) —
Endz(m)—pbim(®n(M)) induced by @, is local, since both sides are equal to K. The next
step is to check that the simple 2-representations distinguish non-isomorphic indecompos-

able 1-morphisms of U.

Proposition 3.1.15. Let M, N be indecomposable objects of U1, for some X\ € Z. Assume

that M and N are not isomorphic. Then, for n € N large enough and of the same parity as
A, @,(M) and ®,(N) are not isomorphic.
Proof. Assume M = FOE@1, and N = FOE®1, with A>b—a=d—c, and a # c. By
Proposition 3.1.13 we have
min{a,c}
<(I)n(M), (I)n(N)> — Z q(a+cfk)()\+a+cfk) [)\+g+c} |:b+§fk} |:a+¢ciifk] ‘(I)n (F(aerfk) 1)\+2(a+c—k))‘ '

k=0

The lowest degree term of of gete=R)Atate=h) [Atate] [bte-k] [atd=k] jg

q(a-l-c—k;) (AMra+c—k)—k(AMa+c—k)—b(c—k)—d(a—k) )

Let us rewrite the exponent. We have:

(a+c—k)A+a+c—k)—k(A+a+c—k)—blc—k)—d(a—k)
=(a—k)(A+a+c—k)+(c—k)AN+a+c—k)—blc—k)—d(a—k)
=(a—k)A+a+c—d—k)+(c—k)A+a—b+c—k)

=(a—k)A+2a—b—k)+(c—k)(AN+2c—d—k).

o8



Since the roles of (a,b) and (c,d) are symmetric in this last expression, we can assume
without loss of generality that a > ¢. Then using k < c<aand A > b—a =d — c we see
that (a —k)(A+2a—b—k) >0 and (¢ —k)(A+2c—d— k) > 0. By Proposition 3.1.14, we
have |®,, (F“ M1, 5,1 1))| € N for all k € {0,...,min(a,c)} if n is large enough and
of the same parity as A. Hence, (®, (M), ®,(N)) € gN|q] for such an n. By symmetry, we
also have (®,(M), @, (N)) € ¢N[qg| if n is large enough and of the same parity as A.

Thus, we can fix n € N such that (®,,(M), ®,(N)), (®,(N),P,(M)) € gN[q] and &,,(M),
®,(N) are indecomposable. Then, a composition ®,(M) — &,(N) — &,(M) of homo-
geneous morphisms of arbitrary degrees is zero or of positive degree. In particular, it is
not invertible. Hence, ®, (M) and ®,(N) are not isomorphic. The same argument holds if
M = ¢@FOE®1, and N = ¢ FDEW©1, for some r,s € Z. The case of M = ¢°E@F®1,

and N = ¢" E©F@1, is proved similarly. O

Proof of Theorem 3.1.3. Note that every complex of 1-morphisms of &/ can be written as a
direct sum of complexes of objects of U1y, for A ranging over Z. Hence, it suffices to prove
the result for complex of objects of U1,. By Propositions 3.1.14 and 3.1.15, the family of
functors (®,, : U1\ — L(n)—bim), . satisfies the assumptions of Theorem 3.1.4. Thus, the

result follows from Theorem 3.1.4 and Corollary 3.1.10. O

3.1.3 Extension to the Derived Category

The goal of this subsection is to show that the conclusions of Theorem 3.1.3 still hold if
the null-homotopic assumption and the homotopy equivalence assumption are weakened to

acyclic and quasi-isomorphism respectively, modulo some finiteness conditions.

Theorem 3.1.16. 1. Let C' be a complex of 1-morphisms of U such that for every inte-
grable 2-representation V and M € V, the complex C(M) is bounded. Assume that for

alln € N, ®,(C) is acyclic. Then C is null-homotopic.
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2. Let [ be a morphism between complexes of 1-morphisms of U that satisfy the same
condition as in (1). Assume that for alln € N, ®,(f) is a quasi-isomorphism. Then

f is a homotopy equivalence.

The first step is the following result from [CRO8]. Since this result is not explicitly singled
out in [CRO8], we provide a proof. However all of the arguments are taken from [CRO0S],
with slight modifications to change from the abelian setup of minimal 2-representations to

simple 2-representations.

Proposition 3.1.17. Let C' be a complex of 1-morphisms of U such that for every integrable
2-representation V and M €V, the complex C(M) is bounded. Assume that for all n € N,
®,,(C) is acyclic. Then for any abelian integrable 2-representationV and M € V, the complex

C(M) is null-homotopic.

Proof. Let V be an abelian integrable 2-representation of /. The first step is to show that
for every highest weight object N € V and i > 0, the complex C(FN) is null-homotopic.
Denote by n the weight of N. By Proposition 3.1.2, we have a morphism of 2-representations
Ry : L(n) — V sending P, to N. The complex of projective modules C(F"P,) is bounded
and acyclic by assumption. Hence C(F"P,) is null-homotopic. It follows that C(F'N) =~
Ry(C(F'P,)) is null-homotopic as well.

The second step is to show that for any M € V, C(M) is acyclic. Let X = CVC(M), where
C" denotes the right dual of C'. Since Endp)(C(M)) ~ Homp)(M, X), it suffices to show
that X is acyclic. Assume it is not, and denote by j the smallest integer such that H7(X) # 0.
Let k be the maximal integer such that E¥H’(X) # 0. Put N = E*H/(X) ~ HI(E*X), a

highest weight object of V. Then we have

Homp) (F*N, X[—j]) ~ Homp) (N, E*X[—j]) # 0,
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the isomorphism begin up to a degree shift. However, by the first step we have
Homp) (F*N, X[—j]) ~ Hompy) (C(F*N),C(M)[—j]) =0,

which is a contradiction. Thus C(M) is acyclic.

Finally, we prove that C'(M) is null-homotopic. By [CR08, Corollary 5.33], there exists an
algebra A, a 2-representation of &/ on A—mod restricting to a 2-representation on A—proj,
and a morphism of 2-representations S : A—mod — V such that M is a direct summand
of S(A). Applying the previous step to the 2-representation A—mod and the object A, we
obtain that C'(A) is acyclic. Since it is also a bounded complex of projective A-modules, we
conclude that C'(A) is null-homotopic. Hence, C'(S(A)) ~ S(C(A)) is null-homotopic, from

which we deduce that C'(M) is null-homotopic. O

Proof of Theorem 3.1.16. Let n € N. The 2-representation of & on L£(n) induces a 2-

representation of U on L£(n)—bim by tensoring on the left. Consider the object

M, = é Hy, € L£(n)—bim,
k=0
where each summand HY , is seen as a (HY ., HY | )-bimodule with left and right actions given
by multiplication. If C'is a complex of 1-morphisms of U then we have C(M,) = &, (C) as
objects of L£(n)—bim.

Assume now that for every integrable 2-representation V and M € V), the complex C (M)
is bounded, and that &, (C) is acyclic for all n € N. By Proposition 3.1.17, the complex
C(M,,) is null-homotopic. Thus ®,,(C) is null-homotopic. The first statement then follows
from Theorem 3.1.3. We deduce the second statement by applying the first one to C' =
Cone(f). O
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3.2 Application to the Complex ©

Recall that for A € Z, the complex ©1, is defined by
01, =0— FN ... 5 g mFAMEM _y mrt pOErs) plrdd)

The differential is given by the composition of FMMnE® . pO+IpO) o pO+n) ppE®)
with the projection on FA ) ET+D given by the elements T[4y, and Tjp1).
We now describe the images of these complexes in the simple 2-representations. Let n € N

and let k € {0,...,%}. Then, as complexes of (H}

0 .
ke Hkvn)—blmodules we have

q)n (@]——n+2k) -
0— Hgfk,ne[k-i-l,n—k] — = €En7k+1ﬂH2n€[k+Lr} — s 6/[nfk+1,n]H2€[k+17n] — 0.

(3.2.1)

This complex has k+ 1 non-zero terms, and the last non-zero term is in cohomological degree

n — k. Now let k € {%,...,n}. Then, as complexes of (H?

0 .
ke Hkvn)-blmodules we have

q)n (@]——n+2k) -

0= el ppimgHin = = g Honlhrin = - = € Hueirin — 0. (3.2.2)

This complex has n—k-+1 non-zero term, the last one being in cohomological degree n—k. In
both cases, the differential is the composition of the inclusion with multiplication by suitable

elements 7,,. The main result regarding these complexes is the following.

Theorem 3.2.1 ([CR08, Theorem 6.6]). Let n € N and let k € {0,...,n}. The cohomology
of @, (©1_,,19;) is concentrated in top degree n — k, and H" * (®, (©1_,,9)) induces an

equivalence of categories L(n)_pyon — L£(n)n_ok-
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In [CRO8], Chuang and Rouquier prove this theorem for the minimal 2-representations,
rather than the simple 2-representations. The minimal 2-representations are abelian versions
of the simple 2-representations. They use it to prove that © provides derived equivalences
on integrable 2-representations of U. In Subsection 3.2.1, we give another proof of Theorem
3.2.1 in the setting of simple 2-representations. Our proof is based on finding explicit bases
for the terms of ®,, (©1_,,9x) and computing the action of the differential in these bases.
In Subsection 3.2.2 and Subsection 3.2.3, we apply our main result on faithfulness of simple
2-representations, Theorem 3.1.16, to prove that © is invertible up to homotopy and that

there are homotopy equivalences ©F1y ~ ¢**2FO1,[—1] for all A € Z.

3.2.1 Action of © on Simple 2-Representations

In this subsection, we study the complexes (3.2.1) and (3.2.2) and give a proof of Theorem
3.2.1. To do so, we will need to compute various graded dimensions. We start by introducing
notation and recalling some elementary results.

The graded K-algebras P, and PS" are locally finite and have graded dimensions given
by
1

grdlm (Pn) = m, grdlm (PnG") —

1
1-¢*)...(1—¢")

The following notation will be convenient: given k£ > 0, we define a variant of the quantum

integer {k} and the quantum factorial {k}! by

2k

w =00 epr=Ilw

q2

With these definitions, we have grdim(P,) = grdim (PS") {n}!. More generally, given two
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integers k < ¢ € {1,...,n}, we have
grdim(P,) = grdim (Pf M) (- k+1}. (3.2.3)
From H)) ~ End}e, (P,), we deduce that the graded dimension of H,, is given by

grdim (H,)) = grdim(PS"){n}!{n}!, (3.2.4)

where = refers to the automorphism switching ¢ and ¢~! on formal series. If M is a finitely

generated graded H’-module, then M is locally finite as a K-vector space, and we have
M = {n}! e, (M) = {n}! ¢}, (M)
as graded P®»-modules. In particular, we have
grdim(M) = {n}! grdim(e, M) = {n}! grdim(e/ M). (3.2.5)
Finally, we will need the two following formulas:

D> = {n}, (3.2.6)

wEGn

> gt = I U L (3.2.7)
1y —
our<...<ur<n {r}{n 7“}.

The first one can be proved easily by induction on n, see [KC02, Theorem 6.1] for a proof of

the second one.
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Bases

Fix an integer n € N. Let k, /, m be integers such that k,¢ < m < n. We construct a basis

S[e,n]

for e’[&m]Hm n€lkm as a left P,y "-module, which is the general form of a term of ®,(©).

Put

Xf,m:{<a/fa"'7am>7Oga’ign_i}a

Yim = {(as,...,am) € Xom, ar > ... > apn}.

Note that these sets actually depend on n. Since we assume n fixed for the rest of this
subsection, we do not include the dependence on n in the notation. We denote by Si.,
the set of minimal length representatives of left cosets of &y, in &,,. For a € Y, and

W € Skm, we define
b (CL CL)) = Tuwole, m]x TwTwolkm] € 6Zm]I—I nC[k,m]>

where 2% = zj' ... 2%, Our goal is to prove the following result.

Theorem 3.2.2. The set {b,(a,w), a € Yo.m, w € Skm} is a basis of e&m]an’ne[k,m] as a

left P module.
We will need the following lemma in the proof of Theorem 3.2.2.

Lemma 3.2.3. The set {0, 0m(2%), a € Yo} is a basis of pyemXSmiinlgg g pRlen

module.

[m n) S n . S n .
Proof. The set {2, a € Xy,,} is a basis of Py over Py Since the Py “-linear map
S X6 . . .
Oolt;m) = Pn el P, Stem X Cimt1.n g surjective, the set {&JOVM (%), a € ngm} generates
S0 XS imiin Gion .
p, o7 Emitnl as o Py “omodule.  Furthermore, we have Ouolt,m)Si = —Ougle,m) for i €

{¢,...,m —1} and Oyuyjem(x*) = 0 if there exists two indexes i # j such that a; = a;. Thus
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if a € Xy, the element O, ,m)(2%) is a multiple of 0,,m (2) for some b € Yy, It follows

that the set {awo[&m] (%), a € Yg,m} generates Pf[z‘m]xg[m“‘"] as a PnGV’"]—module.

We conclude by computing graded dimensions. We have

Z grdim <PS[Z’"} Ouoo[t,m) (x“)) = grdim (PSV’”]> Z gt ram) =(m=(m=t+1)

angﬂn aen,m

Y Sie.n) {n—0+1}!
= grdim (P" ) {m—C+ 11{n—m}!

. SirmXSGmatn
= grdim <Pn o] T2t ]>,

the second equality following from (3.2.7) and the third one from (3.2.3). Hence, the result

is proved. O

Proof of Theorem 3.2.2. Let us start by proving that the set {b,,(a,w), a € Yom, w € Sk.m}

is free over Py Let a € Yim. In Hy), , we have a decomposition of the form

a a Simiin
Twolt,m] T € awo[f,m]($ )+ an[ +1 ]Tz-

z>1

Hence, for w € S, we have

a a 6 m n
Tu.zg[f,m]a7 Twwo[k,m] S awo[f,m] (l’ )Twwo[k,m] + Z P’n et ]Tszo[k,m]~

zZ>w

Using Lemma 3.2.3 and the fact that the set {TZTWO[ka], z € Shm} is free over P,, we obtain
that the set {b,(a,w), a € Yy, w € Spm} is free over PnG[g’n}. To conclude, it suffices to
compute graded dimensions. On the one hand, by (3.2.4) and (3.2.5) we have

{m}!{m}!
{m — 0+ 1} {m —k+ 1}

grdim (efy,, Hy, ep.m)) = grdim (PFm>Sm=m)

On the other hand, the left P _submodule spanned by the set {b,,(a,w), @ € Yy, w € Spm}
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has graded dimension

ang,m Wesk,m

By (3.2.7) we have

gm0 m—t=1) Z qRartotam) _ {n—0+1}
{m —L+ 1} {n —m}!

aEYpm

By (3.2.6) we have

Z g2 — {m}! _ (m—k)(m—k+1) {m}! ‘
{m—k+1}! {m —k+1}!

wESk,m

Hence the graded dimension in equation (3.2.8) is equal to

: & {n—C+1}! {m}!
d Pn [¢,n]
grdin ( >{m—€+1}!{n—m}! (m—k+ 1}
. S1.m XG[m+1,n] {m}'{m}'
— grdim Py
&t lm( ){m—€+1}!{m—k—|—1}!

= grdim (e’[&m]Hgme[kym}) ,
and the proof is complete. n

Combinatorics of the Differential

We now study the effect of the differential of ®, (©) on the bases given by Theorem 3.2.2.

On a general term of ®,(0), the differential has the form

/ 0 / 0
€lem) Hmvne[kvm] 7 Clom] Hm+1,ne[k,m+1] )

h = Tietm) My
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where the integers k, ¢, m depend on the weight and the cohomological degree. Remark
that d,, is a Pn6 “_linear map. We will explicitly determine the kernel and image of d,, in
terms of the bases of Theorem 3.2.2. To do so, we prove that either d,(b,(a,w)) = 0 or
Ay (b (a,w)) = byy1(p(a,w)), where ¢ is an injective map that we define below. Hence the
study of the kernel and images of the map d,, can be done by studying the combinatorics of
the sets Yy, Sk.m and the map .

We now introduce the necessary notation to define the map . Given r € {0,...,m —(},
we define

Yo ={a€ Y, Vi<r api=1and appq >7+1}.

The subsets ( J;,z)r of Y,,, o are disjoint and we denote by Y;;n the complement of their union.
More explicitly, the elements of Y;;n are the sequences a € Y, such that a,, > 0. Given
u € {1,...,m}, we denote by Si, (resp. S,i“m, Sim) the subset of S, containing the
elements w such that w(m) = u (resp. w(m) = u, w(m) < u).

We now define a map @y : Yy = Yomsr. If a € Y| we put gy (a) = (a,0). If a € Y/,

we put vy (a) = (ag, ..., am—r_1,7+1,7,...,0) (so we have increased the entries a,,_, ..., an

by 1 and added a 0 as the last entry). We can now define the map ¢ as follows

m—~{
(Yz;n X Sk,m) ) <U (YZm X SI:Z;_T)> — Yé,m—i—l X Sk:,m-i—la
r=0
o (v (a), ) ifa €Y,

(a,w) —

(py(a),smr...8mw) ifa€y/,.

Proposition 3.2.4. The map ¢ is injective and has image

m+1—¢
: _ r >m+1—r
im(p) = U Yimir X Semi1 -
r=0

Proof. The map ¢ sends Y, X Sgm t0 Yo mi1 X Syl and Y X S ™" 0 Yomin X S

k7m+ k,m—i—l'
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Since the Sy, are disjoint for distinct values of u, it suffices to prove that Py and

XSk m
Plyy wg<m—r are injective. However it is clear that the maps (Sk, — Skm+1,w — w) and

( <m-—r

oo = Skm41, W Sy smw) are injective. Hence ¢ is injective.

We now compute im(y). We have

m+1—/4
+ . r! m+1
¥ (er,m X Sk,m) - U Yv@,m+1 X Sk,m+l
r’'=0
and
m+1—~¢
(Y X Sgm™) = Y/ i1 ¥
P\ Lem £,m+1 km+l
r'=r+1
Hence,
m+1—¢ m—L [m+1—{
: _ r’ m-+1
im(p) = U Yy mi1 X Spma | U U U Y£m+1 X Spmi
r'=0 r=0 \r'=r+1

Switching the order of the two unions in the second term gives

m+1—2¢ m+1—£ [r'—1

: _ r’ m+1

im(p) = U Y1 X Simy | U U U Y£m+1 X Sy
r’'=0 r'=1

We can isolate the term ' = 0 in the first union and merge the two remaining unions to

obtain

m+1—L [ ¢/
: _ m+1 r’ m+1—r
im(p) = (Yé mt1 X S}, m+1) U U Yo i1 X Simia
r'=1 r=0

m+1—~¢

. r! >m+1—1'
- U Yimer X Semin
/:0
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Proposition 3.2.5. Let (a,w) € Yy, X Skm. Then we have

m—~{
0 if (a,w) € | Y, xSpm,
(b (a, w)) = r=0

bimi1(p(a,w)) otherwise.

Proof. We have dp, (b (a,w)) = Tuolem+112TwTwokymt1).  When a € Y," | it is clear that

£,m>

A (b (a,w)) = by y1(p(a,w)). Assume now that a € Y/,,. In P,, we have

O Oy (2l ) = (1) ) ! Ty 1.

Furthermore, if w € & 41 and P € P,, we have 7 mi11 P70 = (—1)l(“’)7w0[47m+1]8w_1(P).

It follows that

a a
Twolly;m4+1]T " = Two[b,m+1]T Tm—rTm—r—1 -+ - TmTm—rTm—r41---Tm

a
= Two[g’m+1]$wY( )Tm,r oo Tm-

Hence

(a)

dm(bm(a7 w)) - Two[ﬁ,m—l—l]x@Y Tm—r - - TmTwTwo[k,m+1]~

If wim) = m —r, then s,,_,...s,w does not have minimal length in its left coset modulo

Sikt1,m. In that case, 7_r ... T TuTwgkme1) = 0 by Lemma 2.3.3, and we conclude that
Ay (b (a,w)) = 0. If wim) < m —r, then S, ...S,w has minimal length in its left
coset modulo Spy1 i) and Ty .. T T = Top,smw- 1f follows that dp,(by(a,w)) =
b1 (0 (a, w)). O

From Propositions 3.2.4 and 3.2.5, we obtain bases for ker(d,,) and im(d,,).

70



Corollary 3.2.6. The sets

m—~4
{dm(a,w), (a,w) € U Y, X Siz_r} ;
r=0

m+1—¢
{dm+1(a7 CU), (a,w) € U YZm-i—l X SIiZii_T}
r=0

are bases of ker(d,,), im(d,,) respectively, as left Py modules.

Corollary 3.2.7. For alln € N, k € {0,...,n} and { # n — k we have:
H" (@, (01_,19)) = 0.

Proof. By Corollary 3.2.6 we have im(d,,) = ker(d,,;1) if m+ 1 < n. The result follows. [

3.2.2 Invertibility of ©

Top Cohomology

Let n € Nand k € {0,...,n}. We give a description of H"™* (®,, (©1_,,40;)) as (H}

n—kns 1)
bimodule. Using Corollary 3.2.6, we can give a basis for H" % (®, (01_,,9)) as a left
PS =k m_module. With the notations introduced previously, we have Y, _yi1, = {(k —
1,...,0)} and S,;Z_kﬂ = {oww, w € 6}, where oy the element of &, sending i to i +n —k

n—k+1,n

if + < k, and to ¢ — k otherwise. Then there is a decomposition as left Pn6 [ _modules:

n— Sin—k+1,n _
H ¥ ((I)n (@1—n+2k)) = @ Py ok ]Two[nJrlfk,n}xl;i_Fll_k <o Tp—1Topwwolk+1,n] (329)
weG

To describe the bimodule structure, it is easier to work in terms of (PnG”‘kXG’“7 PnG’“XG"—’“)

bimodules using the Morita equivalences from (2.3.6).
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Theorem 3.2.8. There is an isomorphism of graded (PS"”‘XG’“, Pkae"’k)—bz’modules

el[lyn—k] H" " (®y, (01 n121)) €[,k = qn(nfl)PS"*kXG'“a

where the left action of PR g giwven by multiplication and the right action of PokXOn—k

s given by oy.

Proof. We view efl,n—k] H"F (D, (01_,19)) ef1, as a quotient of 6/[1,n—k]el[n—k+1,n]ng[Lk]e[k+1,n}-

We denote by b the class of 7,1 ] in eflm_k] H" % (®,, (01_,121)) €p1,4). Consider the POn—kxGk_

linear map defined by

Pr(?nikXGk — el[lyn_k]Hn—k ((I)n (91—n+2k>) e[l,k]?

1 — b

Let us show that f is surjective. By decomposition (3.2.9), we have

. Slniiin _
el[l,n_k;}H k <(I)n (61—n+2k)) 6[1,k] = Two[l,nfk] P’n okt ]Two[nJrlfk,n}x]:LJ&fk cee xn—lb

= PynkXOkp,

Thus f is surjective. To conclude that f is an isomorphism, we compute graded dimensions.

By decomposition (3.2.9), we have

grdim (H" ™ (®,, (©1_,4))) = grdim (Pn@[nflwrl,n]) g~ (R (k=) =2k(n—k) ]
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Hence we deduce

grdim <Pn6[n—k+1,n1> g~ (R (k=) =2k (k) T T]
{3 {n — k}!

= grdim (an*“@k) g~ (R —k= 1) —h(k—1)=2k(n—)

grdim (€], ,, 4 H" (9, (01_42k)) €p1y) =

= grdim (PnG"*’“XG’“) g ",

Since deg(b) = —n(n—1), we deduce that f is an isomorphism of left Py ~**“*-modules. All

Spx6,, _
Pn k k

that remains to prove is the compatibility of f with the right -module structure,

which we do in Lemma 3.2.9 below. O

Lemma 3.2.9. Keep the notations of the proof of Theorem 3.2.8. For all P € Py* S+

we have bP = oy, (P)b.

Proof. We prove that 7,n1.nP — 0%(P)Tu1,n is a coboundary of @, (©1_, ). Using the

relations of the affine nil Hecke algebra, we have

Two[l,n}P - Uk(P)Two[l,n] € Z PnTwwo[l,k}wo[k+1,n]-

wEGn/Gk X6,k
w<og

Since Ty(1,n] = e’[n_ ot 1) Teo[1,n)s WE actually have

Two[l,n]P — O'k(P)Two[l,n] S Z Two[n—k-i-l,n]Pnﬂ;wg[l,k}wg[k—&-l,n]- (3.2.10)

weGn/Gk XSk
w<Oog

Let us explain why the right-hand side of (3.2.10) is contained in the image of the differ-
ential of &, (©1_, 0x). Since {&u (xf:}ﬁﬂ .. -IL”n—1) , WE G[n,kﬂ,n}} is a basis for P, as a

Sin— n
P, module, we have:

Sln—k+1,n] k-1
Two[n—k+1,n] Pn = @ Pn Two[n—k+1,n]xn_k+1 e Tp—1Tw-
wee[n—k+1,n]
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Hence the right-hand side of (3.2.10) has the form

Z Sn—k+1,n] k-1
Py Twoln—k+1,n]Tp k41 -+ Tn—1Tw Twwo[1,klwo [k+1,n] -

W€, /G XGy_k, WlEG[n—k+1,n]
w<og

For w € 6,,/6; x &,,_4, the condition w < oy, is equivalent to w(n) > n — k. If furthermore
W' € Spp_pt1,n], We have w'w(n) > n—k. Hence on the basis of Theorem 3.2.2, the right-hand

side of (3.2.10) decomposes as

Sin—t+t1,n] k—1
@ Py Twoln—k+1,0]L k41 - + - Tn—1Twwo[1,k]wo[k+1,n]-

wEGn/GkXGn,k
w<og

By Corollary 3.2.6, this is contained in the image of the differential of ®,, (©1_,,2;). Hence

Twolt,n] P — 0k(P)Twe,n) 18 @ coboundary, and the result follows. O
Theorem 3.2.8 implies in particular that H"* (®, (O1_,,9;)) is an invertible bimodule,

which proves Theorem 3.2.1.

Invertibility of ©

We denote by OV the right adjoint of © in the 2-category U.

Theorem 3.2.10. For all \ € Z, the unit uy : 1, — ©VO1y and counit vy : ©OOV1_, — 1_,

of adjunction are homotopy equivalences. In other words, ©1, is invertible in K(U).

Proof. If M is an object of an integrable 2-representation of U, we have E(M) = F/(M) =0
for i large enough. Hence the complexes ©0Y (M) and ©YO (M) are bounded. So by Theorem

3.1.16, it suffices to check that for all n € N, ®,,(uy) and ®,(v,) are quasi-isomorphisms.

Let n € N. If A ¢ {—n + 2k, k € {0,...,n}}, then &,(1,) = ®,(1_,) = 0, so the result
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is clear. If k € {0,...,n}, then by Corollary 3.2.7 there is a quasi-isomorphism
D, (91—n+2k) ~ H"* (cI)n (@1—n+2k)) [n - k]

By Theorem 3.2.8, H" % (®, (©1_,12;)) is invertible as a (H2

n—k,n’

Hg’n)—bimodule. It fol-
lows that the complex ®,, (©1_,,9) is invertible in D(L(n)—bim). Thus ®,(u_,19) and

®,,(v_p4or) are quasi-isomorphisms, which ends the proof. O

3.2.3 Compatibility with Chevalley Generators

The goal of this subsection is to prove that for all A € Z, there is a homotopy equivalence
OF1) ~ ¢*?F0O1,[-1]. We start by constructing a map G, : OF1y — ¢*?FO1,[-1]. We
will then prove that GG is a homotopy equivalence using Theorem 3.1.16.

Given k, ¢ € N, we define an element Gy, € HY ® (H))*® of degree 0 by
-1
Gre = Z(—l)%;@; ® €p—1—r(T2s - - T0) T2, Tewo[1,4] 5

r=0

where ¢; denotes the elementary symmetric polynomial of degree j. In HY ® (H)*", we have

Grp = Gre(e, @ epg) = (€ ® €0)Gre. Hence Gy defines a map
Go: FREEVE — b~ ppt—DEO

Lemma 3.2.11. For all k,{ € N, the following diagram commutes:

pk) pe-n g Bl e po g

Gk,ll leH,eH

FFEOEO 5 ppk) gD

Fdg_1,

In this diagram, dy,, : F®EO — FEDEED 4 the composition of the unit of adjunction
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with the projection Tjipx @ Ty

Proof. This is a straightforward computation. On the one hand, we have

-1
Fdi_100Gre = (T[QTk] ® T[gu]) o FOpEVE o Z(—l)"'xqeh’k] ® €0—1—r(T2;s - -+ 5 To) T2, Tewo[1,4
r=0
-1
= (Z(_l)rng[QTk]el[l’k] & €g_1_T(ZE2, e ,wg)x[gjg]TwO[l’g+1]> o F(k)nE(é—l)E'
r=0
On the other hand, we have
¢
Grstrr 0 dier B = (Z(—l)’"w’{ﬂuk]@h,k] ® (T2, .. -$z+1)$[2,e}7wo[2,4+1}) o FOnp-bYE,
r=0

The elementary symmetric polynomials satisfy the relation
€£—r($27 .- -$z+1) = €e—r($2, . -xﬁ) + $e+1€e—r—1(I2 e 7$e)7

and we can rewrite the above as

/-1

Grsire41 0 dper B = ( Z(—l)rﬂﬂuk]efl,k] ® Tpp1€—r—1(T2, - - - T0) (2,0 Tusg[2,0+1]
r=0
¢

+ Z(—l)rfl?gﬂuk]é[l’k] & Eg_r(l‘g, .. .:L‘g)x[27e}7—w()[27€+1}> ©] F(k)nE(é_l)E.
r=1

We have F'z on = xFE on. Using this, we can take the x,y; in the first sum to the left side
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of the tensor. We obtain

Git10410dp e B

-1
= ( Z(—l)TZUIT[uk]G/[Lk]ka ® €r—r—1(T2, - - - Tp)T(2,0 Tuso[2,041]
r=0
-1

- Z(—DrﬂHT[uk]eka] ® 64—7«—1@2, .- ~$e)$[2,e]Tw0[2,z+1]> © F(k)nE(e_l)E
r=0

/—1
= ( Z(—l)rl{ (T[lTk]xk—&—l — xlT[lTk]) 6,[1,k] X Eg_r_l(xg, .. .Z(Zg)l’[27g]7'wﬂ[2’g+l]) o F(k)nE(é_l)E.
r=0

In Hy,1, we have the relation (T[lTk]ka — xlT[lw) eh’k] = T[QTk]el[Lk], and this completes the

proof. n

We can now define the morphism G) : OF1y — ¢*?FO1,[—1]. On the r*® component of
OF1y, G, is defined to be the map Gy yy0,11 : ¢ TFATHIEO B — A pROTH) pird)
This gives a morphism of complexes by Lemma 3.2.11. Similarly, we define a morphism of
complexes T : ¢*2FO1,[—1] — ©F1, using the elements

k—1
Tk,z = Z<_1)T7_w0[1,k]€k—1—r(x2> ce ,%k)ﬁlp,k} ® ngq S ng ® (H?)Op .
r=0
The fact that these give a morphism of complexes is proved as for G.
Lemma 3.2.12. Let k‘,g € N. ]fﬁ < k?, then Tk,gGk,g = 62 & €[2,0- If k < f, then Gk’ng,g =

ef27k] R ey.

Proof. We prove the result in the case ¢ < k, the other one being similar. We have

_ r+u u,./ / r
T3 0Grp = E (=) Twop i r—1-r(T2, . . ., TR)TT T €l @ €0—1-u(T2s - - -, Te) 4T (2,0 Turp 1,477 -

o<r<k—1
o<ui—1
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In H} we have

R A A A R GNP

= (=1)"0y €}
Hence

-1
Tk,ZGk,Z = 62 ® Z(_1>u6[2,@€€—1—u($27 s ;W)T[me—uxqf-
u=0

Using the polynomial representation, it is easy to check that

~

-1

(—=1)"ep.q€r—1—u(T2, - - ., o) Tre-1)77 = €20,

IS
Il
=)

and the result follows. O
Corollary 3.2.13. If A > 0, then T\Gy = ideg1,. If A <0, then G\T\ = idpe1,[-1)-
Theorem 3.2.14. For all A € Z, Gy : OF1y — ¢**2FO1,[—1] is a homotopy equivalence.

Proof. If M is an object of an integrable 2-representation of U, the complexes © E(M) and
FO(M) are bounded. Thus, by Theorem 3.1.16, it suffices to prove that for all n € N,
®,,(G,) is a quasi-isomorphism.

Let n € N and k € {0,...,n}. There is an isomorphism of (Pn@’““XG"’k’l,PkaG"’k>—
bimodules

/ S5 XS k+2,n]
6[1,k+1]@n (El—n+2k:) 6[17k] ~ Pn ",

Hence, by Corollary 3.2.7 and Theorem 3.2.8, there is an isomorphism of (PnG”"“‘1 XG’““, Po* XG”—k>_
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bimodules

Sk XClet2,n)
/ . | 2 7 ey gy
e[l,n—k—I]H ((I)n <@E1—n+2k>> €Lk =

0 otherwise,

where the left action is given by ak_il in the first case. Similarly, there is an isomorphism

Sin—k—11XS[p— .
Pn [1,n—k—1] [n—k+1,n] lf E =n — k:7

6{1,n_k_1}H£ (Pn (FO1_p,y08)) €[1,k] =
0 otherwise,

where the right action is given by o in the first case. Now remark that there is an isomor-

phism of (Pf"‘k_lxgk“, PkaG”"“>—bimodules

S kX6 ~ Sin—k—11XS[p—
Sp—k—1 ... 810k : Pn [1,k] [k+2,n] = Pn [1,n—k—1] [n k:+1,n].

Hence the cohomology bimodules of ®,, (OF1,) and ®,, (FO1,[—1]) are isomorphic as graded
n(

K-vector spaces. Furthermore by Lemma 3.2.13, for all ¢, H*(®,(G\
surjection or a split injection. Since the source and target of H® (®,(G))) are locally finite

)) is either a split

and have the same graded dimension, we conclude that H*(®,(G))) is an isomorphism.

Hence @,,(G,) is a quasi-isomorphism, and the proof is complete. O

79



CHAPTER 4

Categorification of the Adjoint Action

We now return to the case of a general root datum (X,Y) of type (I, -), and the associated
quantum group U and 2-quantum group U. For each ¢ € I, the subalgebra U; of U generated
by e;, f; and k; is isomorphic to the quantum group U, of type A; (up to changing the
parameter from ¢ to ¢; in the definition of Uy,). In particular, if V' is an integrable repre-
sentation of U, we obtain a collection (0;)ier of automorphisms of V. These automorphisms
induce isomorphisms between weight spaces 6; : Vi = V;,) for all i € [ and A € X. Fur-
thermore, Lusztig [Lus10, Chapter 37] also defined automorphisms (6;);c; of U compatible
with the action on integrable representations. These automorphisms, commonly known as

Lusztig’s symmetries are defined by the formulas
Bie;) = “hils =1 (4.0.1)

adgcivj)(ej) otherwise.

In this equation, ad denotes the adjoint action of U coming from the Hopf algebra structure.
For a Hopf algebra A with coproduct A and antipode S, the left adjoint representation

of A on itself is defined by
ad.(y) = > z1)yS(2)
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for all y, z € A. Here we use Sweedler’s notation for the coproduct

Al2) =) 20y ® 2(2).

In the case of the quantum group U, there are simple formulas for the adjoint action of the
algebra generators of U. For y € U homogeneous of degree 8 € Q*,i € I and p € Y we

have

ade,(y) = ey — ;" Vyes, adg(y) = (fy — yf)k Y, ady, (y) = ¢y, (4.0.2)

The object of this chapter is to explain what the elements adgi_ci’j)(ej) appearing in the
right-hand side of equation (4.0.1) should be at the categorified level. To achieve this, we
undertake the task of categorifying the adjoint action of U. Stated at this level of generality,
this task is unreasonable. Indeed, our setting for categorification is only well-suited for
integrable weight representations of U, while the adjoint action of U on itself is not integrable.

To see this, observe for that for all m € N we have

m

ad(e;) = (Hu — qu))e;nﬂ £ 0. (4.0.3)

k=1

Therefore, it is necessary to make some restrictions in order to obtain an integrable repre-
sentation from the adjoint action. The first restriction we will make is to fix a simple root
1 € I and consider the adjoint action of U; only. The second restriction is to consider the
adjoint action of U; on a subalgebra f[i] of f that is integrable for the adjoint action of U; and
maximal for this property. The subalgebra f[i] is studied by Lusztig in [Lus10, Chapter 38|
and can be described explicitly: it is generated by the elements adgl)(ej) for n € N and
j € I'\ {i}. In this chapter, we categorify the adjoint action of U; on f[i].

The subalgebra f[i] will be categorified by projective modules over an algebra H'. In
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Section 4.1, we introduce this algebra and define an endofunctor adg, : H*—mod — H*—mod.

Then, in Section 4.2, we prove that there are natural short exact sequences

0= q P ME; = E:M — adg, (M) — 0.

(i¥,8) ye; and imply strong structural results.

These categorify the equation ade,(y) = e;y — q;
One of the consequences of these sequences is that adg, induces a structure of 2-representation
of sly on H'—proj. Section 4.3 is devoted to proving that result. Our approach is similar
to that of Kang-Kashiwara [KK12] for categorification of highest weight modules. The
algebra H' that we introduce can be seen as an analogue of the cyclotomic quiver Hecke
algebras for the adjoint action. However, it behaves quite differently: for instance, it is
infinite dimensional, while the cyclotomic quiver Hecke algebras are always finite dimensional.

Finally, in Section 4.4 we identify the Grothendieck group of this 2-representation and prove

that it recovers the adjoint action of U; on f[i].

4.1 Adjoint Action of E;

4.1.1 The Algebras H}j

Definitions

Definition 4.1.1. For § € QF, let H}, be the graded K-algebra defined by Hjy = Hg/(15-:,),
where (1g_;;) is the two-sided ideal of Hg generated by 1s_;; (when 8 —i ¢ QF, we put

lg_;; =0). For n > 0, let H be the graded K-algebra defined by

H, = P H}.

BeQ™
|B]=n
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We also let

H =P H,.

neN
Equivalently, for n > 1 we can define H' as the quotient of H,, by the two sided ideal
generated by the elements 1,; for v € 1", If I is finite and 3,7 € Q7, then the right

inclusion rgﬂ : Hg — Hpg,., satisfies

Tgﬂ(ll’i) - Z 1#%’ S <1pi>p61ﬁ+w—i .

pel”

Hence, we have an induced morphism Tgﬂ : Hé — Hé +- However, the left inclusions do

not induce morphisms at the level of the algebras H.

We will use the following notation to denote the categories of modules over H and H*:

H= @ Hz—mod,
peQt

H = @ Hé—mod.
peQT

We view H' as a full subcategory of H. With this perspective, if M € Hz—mod, then M is

an object of H' if and only if 15_; ;M = 0.

Example 4.1.2. If j € I'\ {i}, we have H},; ~ K[z}, 1]/ Q; j (23, 1). In particular, H}, ; is

either zero (in the case i - j = 0) or not finite dimensional.

We say that a subcategory of a graded abelian category is a Serre subcategory if it is

non-empty, full and closed under subquotients, extensions and degree shifts.

Proposition 4.1.3. The category H' is a Serre and monoidal subcategory of H.
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Proof. Let 5 € Q. The functor

Hﬁ—mod — 1571’1'[’[/3 1ﬁ,i,i—mod,

M — 1B—i,iM‘

is exact. Hence its kernel is a Serre subcategory of Hg—mod. If follows that H' is a Serre
subcategory of H.
Let M € Hj—mod and N € H!—mod, where 3,7 € QT have respective heights m, n.

Then by (2.4.1) we have a decomposition

MN = @Tglﬁ,'y ®HB,’Y (M@N),

weT

where T' is a complete set of reduced decompositions for minimal length representatives of

left cosets of &,, X &,, in &,,1,,. If w € T, then 3;1(1) € {1,n}. Hence we have

Twlp_ii~ if s;H(1) = n,
Loty—iiTwlpy = B
Tﬂlﬁﬁ_iﬂ‘ if 8;1(1) =1.

Since both 13_;; - and 13, ; act by zero on M ® N, we conclude that 15,,_;; M N = 0, and

MN € H!. Thus H'is a monoidal subcategory of H. ]

Proposition 4.1.4. Let M € H. Then, M € H' if and only if for all N € H,
Homy(NE;, M) = 0.

Proof. Assume that M is an Hg-module for § € Q*. Then the condition 15_;;,M = 0 is
equivalent to Homy, ,(N,15_;;M) = 0 for all N € Hg_;—mod. The functor (—)E; is left
adjoint to the functor 15_;;(—). Thus, this last condition is equivalent to Homp, (N E;, M) =

0 for all N € Hz_;,—mod. O
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The inclusion functor H' < H has a left adjoint m; : H — H! which will play an
important role in the constructions of this chapter. Explicitly, for a module M € Hg —mod,

we have

mi(M) = M/(15-i: M),

where (15_;,M) denotes the Hg-submodule of M generated by 15_; ;M. We denote by pas
the canonical quotient morphism M — m;(M). This is the unit of the adjunction between

m; and the inclusion of H’ in H. There is a canonical isomorphism of Hé—modules

Hé@HﬁM l) 7TZ‘(M),

15 Xm — m-+ (1ﬂ—i,iM)-

Note that 7;(M) = M if and only if M € H’. The following lemma gives compatibilities

between the functor m; and the monoidal structure. It will be used repeatedly below.

Lemma 4.1.5. Let M, N € ‘H. Then the canonical quotient morphism

mi(Mpy) : mi(MN) — m;(Mm;(N))

is an isomorphism. If M € H', then this provides an isomorphism m;(MN) ~ Mm;(N).

Proof. Assume that M € Hz—mod and N € H,—mod for §,7 € Q*. We have canonical

isomorphisms

mi(MN) ~ Hi, 15, @u, . (M & N),

WZ(MWZ(N)) ~ Hé—i—vlﬁ,’y ®H,6,~, (M & 7TZ(N»
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Under these identifications, the morphism m;(Mpy) : m;(MN) — m;(Mm;(N)) is given by

HéJr‘ylﬁfY ®H¢3,7 (M ® N) - Hé+71577 QHg,, (M ® ﬂi(N))a

lgy @ (m®@n) = 15y @ (m& 1+ (L-iN))).

Since H/@ +r1p~—ii = 0, this morphism has a well-defined inverse, so it is an isomorphism.

This proves the first statement. If M € H', then we have Mm;(N) € H]i]. So m;(Mm;(N)) =

Mm;(N), and the second statement follows. O

Polynomial Annihilators

Let 8 € Q*. Since Hé is a quotient of Hpg, it is naturally an Hg-bimodule, and in particular
a Pg-bimodule. Contrary to Hg,H} is not a faithful Ps-module. The goal of the following
results is to determine explicitly some elements of Pz which act by zero on H}} This will be
an important ingredient in the proofs of the main theorems of this chapter.

We start with some general results about affine nil Hecke algebras. For a K-algebra A,
consider the K-algebra A ® HY. Tt contains the K-algebra Alzi,...,r,] = A® P, as a
subalgebra. The action of HY on P, given by the isomorphism (2.3.5) induces actions of H?

and A® H? on Alzy, ..., z,].
Lemma 4.1.6. Let J be a two-sided ideal of A ® HP.

1. As aleft Alxq, ..., x,]-module, J decomposes as

J = ED (JNA[xy, ..., z,)) T

wEGn

2. JNAlxy, ..., z,) is an H2-submodule of Alxy, ..., x,).

Proof. We start by proving the first statement. Let h € J. We have h = h,, T, for

MEGn

some h,, € Alx;...,z,]. We prove that for all w € &,,, h, € J. We proceed by induction
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on the length of w. For the base case, notice that Aty 1, = MiTun. Thus hiTugne € J.
However, in Hg we have 1 € P, 71,0 P Hence hy € Pyh 71,0 P, from which we deduce
that hy € J. Assume now that w € &,, and that h, € J for all y € &,, such that (y) < [(w).

Then we have

> byt e

yeG,
I(y)=l(w)

We have 7,7,-191,,) = 0 unless y < w. Hence, by multiplying the previous equation by
Twlwo[1,n] We Obtain hyTug1,, € J. Then, the same argument as in the case w = 1 implies
that h, € J. This completes the induction and proves the first statement.

For the second statement, consider the isomorphism of H?-modules

A[l’l, ce ,$n] = (A & Hg) Two[1,n]>

(4.1.1)

P — 'PTQMLM'
It induces an injection J N Alzy,...,z,] <= J7ynn. By the first statement, we also have
JTwoiim) = (J N Az, ..., 2,])Twep1,n)- Hence, the isomorphism of HP-modules (4.1.1) maps

JNA[z1,. .., z,] bijectively to JTun. Since J7un ) is an Ho-submodule of (A® H}) Ty 1,n),

it follows that J N A[zy, ..., z,] is an H)-submodule of Alxy, ..., x,)]. O

Corollary 4.1.7. 1. Letp € Z(A)[x1,...,x,], and let J be the two-sided ideal of A® HY

generated by p. Then we have

where (A ® HY) - p denotes the (A ® HY)-submodule of Alzy,...,x,| generated by p.

2. Let M be a left (resp. right) (A ® HY)-module, and let p € Alxy, ..., x,] be such that
pM =0 (resp. Mp =10). Then (H?-p)M =0 (resp. M(HY-p) =0), where H} - p

denotes the H? submodule of Alx1, ..., x,] generated by p.
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Proof. For the first statement, by Lemma 4.1.6 we have

(JN Az, .. %)) Twgin] = I Twolin)

= (A ® Hg)p(A ® H2>Two[1,n]‘

We have HOT, 10 = PaTwg[i,n, and p is central in Afzy,...,z,] by assumption. Hence
(AQH)p(A® HY) Two1,n) = (A® HY)PTuoi,n). However for all h € A® HY we have hpTain) =

(h - P)Tuo1,n). Hence we have proved that
(J N A[xl, e 7-Tn]>7—w[1,n} = ((A & Hg) . p)Tw[l,n]

and the first statement follows.
For the second statement, let J be the annihilator of M in A® HY. Then J is a two-sided
ideal of A ® H?. Hence J N Alxy,...,x,] is an H-submodule of A[zy,...,z,] by Lemma

4.1.6. The result follows. O

We now return to our problem of constructing elements of Pg which act by zero on Hé.

Recall that for v € I"™, we have defined in equation (2.5.1) a polynomial

Qi,u(u7 U1y ... 7Un) = H Qi,uk (U, Uk)-
1<k<n

l/k7$i
Proposition 4.1.8. Let n > 1, let v € I" and let a € {1,...,n} be such that v, = i. Then

Qin(Ta,x1,. .., x0)1, acts by zero on H.

Proof. The proof is by induction on n. Assume that n = 1. If v; =4, 1; is zero in HY, so the
result holds. If vy # 4, there is no a such that v, = i, and the result holds too.
Assume that the result is proved for n > 1. Let v € I"". We write v in the form

v = (Vps1,V') with v/ € I". We consider two cases depending on whether v, 1 # i or

88



Vp+1 = 1.

Case 1: if v, 11 # i, then we have a <n + 1 and

Qi,l/(xm Ty ;xn+1>1u = Qi,un_H (.I'a, xn—i—l)@i,l/’(maa /3 P 73371)11/
= Qi7Vn+1 ($aa xn-l-l)rg—i_l(Qi,V’ (:L"a, Liy.-- 7xn)1V’)1V'
By induction, Q;,/(@a, 1, ...,2,)1, is zero in H.. Hence Q;, (x4, 1,...,Tni1)l, is zero in
oy

Case 2: If 1,41 = ¢, then we consider three subcases: (i) a < n+ 1, (ii) a = n+ 1 and

v, =1, and (iii) a = n + 1 and v, # i.

e Sub-case (i): if @ < n + 1, then we have

Qi,u(Iay Ty -- 7xn+1)1u - Qi,l/(xm L1y 7xn)1u
= TZJFI(QZ',V’(J:&’ Ziy .- 7xn)1y’>1u‘
By induction, Q; (4,1, ..., 2,)1, is zero in H: so Q;, (T4, T1,...,Tny1)l, is zero in

%
Hn+1.

e Sub-case (ii): if a = n+ 1 and v,, = ¢, then we have

Qi,u(xn—i—la T1ye - 7xn+1)]-u - Qi,y’(xn—l—la Tlyee oy Tp—1, xn—i—l)]-u

= S5 (Qiv (Tn, 1, ..., xn))1,.

By induction Q; (T, x1, ..., 2n)1l, = 12 (Qiv (Tn, 21, . . ., 20)1,0)1, i zero in HY, ;.
Since v,,11 = v, = 1, there is a natural structure of left (HY ® K|xy, ..., T, 1])-module
on L,Hflﬂ, for which the polynomial Q;,/(z,,z1,...,%,) acts by zero. By Corollary

4.1.7, $,(Qi (Tp, 1, ..., ) also acts by zero, thus @Q; ,(Tpi1, 21, ..., Tpy1)l, is zero
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T
in Hy, ;.

e Sub-case (iii): if a =n+ 1 and v, # i, let v = (i, Vp_1,...,11). Then we have
C?LV(xn+17x17~-‘7$n+l)1y ::C?LVH(In+17xn)¢2@y”(xn+17xla---axn—l7xn+1)1v
::7562Lu”<xn+1;x1;---axnflvxn+l)1u
= TnQi,u”(xna T1yee3Tn—1, xn)Tnlu
= TN Qi (T, 1y oy T0) L) T L,
By induction, Q; (T, 1, ..., 2y)1,» is zero in H:, hence Q;,(Tpi1, 1, .., Tpy1)l, 18

R
zero in H) .
O

The polynomials @, (u,v1,...,v,) have important symmetry properties. For § € Q* of

height n, let

Qip(u,x1,...,0,) = Z Qiv(u,z1,...,2,)1, € Pslu].

velb
Lemma 4.1.9. Let § € Q*t of height n. As an element of Pslu], the polynomial Q; s has

coefficients in Pﬁ6 ",

Proof. Let w € G,,. We have

o@ustucns ) = 3 (T (@l )t

velf N1<k<n
l/k#Z

=3 (I @)
velB N 1<ksn
l/k#Z
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Doing the re-indexation v/ = w(v) in this last sum yields

w(Qip(u,z1,...,2,)) = Z ( H Qi»”L(k) (u, xw(k))) 1,

v'elb 1<k<n
; :
Vw(k)7£2
= ( 11 Qi,yg(u,w))lyl,
vyFi

where the second equality follows from doing the re-indexation ¢ = w(k) in the product.

Hence Q; s(u, x1,...,x,) is invariant under the action of &,, and the result is proved. ]

4.1.2 The Endofunctor adg,

Definition

Consider the functor adg, : H' — H' defined by:

for M € Hj—Mod. So adg, is the composition of the left i-induction functor with the
functor ;. Left i-induction is an exact endofunctor of H, and m; is right exact since it is a
left adjoint. Hence, the functor adg, is right exact. We will prove below that it is actually

exact.

Proposition 4.1.10. 1. Forn > 0, there is a natural isomorphism in M € H!

ady, (M) ~m (E'M).

2. For alln > 0, there is a morphism of graded algebras

H® — Endj, (ad},) .
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Hence, the affine nil Hecke algebra H,; acts on adl; .

Proof. We construct the isomorphism in (1) by induction on n. For the case n = 0, we have
mi(M) = M for M € H]|i], and the canonical isomorphism is just the identity. Assume that
we have constructed the natural isomorphism adf, (M) = m;(E"M) for some n > 0. Then

we have an isomorphism
adiyt (M) = adp, (mi(E]'M)) = m(Emi (B M)).

By Lemma 4.1.5, there is a canonical isomorphism 7;(Eym;(ErMM)) = m( EFT' M), which
completes the construction of (1).

For (2), notice that we have an action of H,> on E! by right multiplication, so we get an
action of H,: on the functor M +— E"M. By horizontal composition, we get an action of
H;? on the functor M — m;(Ej"M), which is canonically isomorphic to ad, by (1), whence

the result. n

For the rest of this dissertation, we fix the action of H); on ady, to be the one constructed
in the proof of Proposition 4.1.10 via the canonical isomorphism adf, (M) ~ m;(EfM). In
particular, one can define the divided power adg?. Recall that the element e,, = x5 . .. x’]L—lTwO[Ln]

is a primitive idempotent of H,;. Then the functor adg) is defined by

_n(n-1)

adgi_) =q ° ep(adp).

By construction, for all M € H* there is an isomorphism
adW) (M) ~ 7, (EM M)
Ei - 1 [
which is natural in M.
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Induction

Let us now give another description of the functor adg, as an induction functor. For g € Q*,
the right inclusion induces a (possibly non-unital) morphism Hj — Hj, ;. This endows

H}, . 1; 3 with a structure of (Hj,;, Hy)-bimodule, and we get an induction functor

inng” . Hj—mod — Hj,,—mod,
’ M = Hj il @y M.

Proposition 4.1.11. There is an isomorphism

H}53+.

~Y ] v

adEz. ~ @ IIldH}v3 .
peQt

Proof. Let € QT and let N € Hg;—mod. We have isomorphisms

= H/i3+i @y, (B:M)
~ Hp\; Qu,,, Hoilip @, M

~ HéJriliﬂ ®HB M.
Since the left (resp. right) action of Hg on M (resp. H},,1;4) factors through Hj, we have
HéJriliﬂ ®py M = Héﬂli,ﬁ ®HZ% M,

which concludes the proof. n
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The Morphism 7z,

We now describe of the functor adg, as the cokernel of a natural transformation. For § € Q*

of height r and M € Hé — mod, we define a morphism 75, s : ME; — E;M as follows:

TE;,M
hlﬁﬂ‘ @U’{[3 m hT[lTr]li,B ®Hﬁ m.

This morphism 7g, 5/ is an analogue of the morphism P in [KK12, Theorem 4.7]. Similar

morphisms also appear in [BKM14].

Proposition 4.1.12. The map 7g, » @5 a well-defined morphism of Hgy;-modules of degree

—i-B.

Proof. By adjunction, it suffices to check that the map

M — 1572']’]54_1‘11'75@[{[3 ]\47

m — 7—[11‘7"]11',,8®H5 m,

is a morphism of Hg-modules. To check this, we need to prove that for all y € Hg we have

((y o L)t — Tam(Lioy)) Lig @, M = 0.

Let Z = ((y o 1) Ttr) — T (Li © y)) 1, 5. By Lemma 2.4.2, the element Z can be written in

the form
r+1

Z = ZT [ktr] %k
k=2
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for some z;, € H; g. However, Z = 15,;Z1; 5 and 1g;Tjktr) = Tktr) 1, when k& > 1. So

Z =13;71;3
n+1
= Tt lsilisn
k=2

n+1
= Z Tliotr] Li,g—i,i 2k
k=2

Since 15, ;M = 0, we deduce that Z® u; M = 0. Hence 7g, 5 is well-defined. The statement

about the degree follows from the definition of the grading on quiver Hecke algebras. m

It is clear that the morphism 7p, 3 is natural in M. Hence, 75, : (=)E; = E;(—) is a

natural transformation of functors H* — H. We now relate 7p, () and adpg,.

Proposition 4.1.13. For € Q1 and M € Hé—mod, we have adg, (M) = coker(Tg, ar).

Hence, we have an exact sequence which is natural in M
¢ I ME; 2 BM < adg, (M) — 0.

Proof. Denote by r the height of 5. We show that im(7g, pr) = Hpyilgi(E;M). Let h € Hg,,

and m € M. We have
TEi,M<h16,i ®H6 m) = hT[MT]li”g ®H,3 m € Hﬁ_}.ilﬂ,i(EiM).

So im(7g, ar) € Hpyilig(E;M). Conversely, by (2.4.1) we have

r+1

EiM = @ Tietr) Lig @n, 5 (B @ M).
k=1
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Note that

T[kTr]li,B—i,i itk > 1,
LgiTiwtr Lip =
T[lTr}lﬁ,i if k=1.

Since 1g_;;M = 0, we deduce that
1gi(ME;) = T lip Qm, 5 (B @ M) Cim(7g,,0)-
Hence Hpiilz,(E;M) C im(7g, a). So we have proved that im(7g, v) = Hpiilpi(E:M),

from which we deduce that adg, (M) = coker(7g, ar)- O

A key property of 7, (_) is that it is compatible with the monoidal structure of H’, in

the following sense.
Proposition 4.1.14. For all M, N € H][i|, we have Tg, yn = Tr; N © MTg, §.

Proof. Assume that M € Hé—mod with g of height m, and that N &€ H;—mod with v of
height n. Let

Yy = hlﬂﬁ ®Hﬁ,7 (CL® b) - J\J]V7

where h € Hg,a € M and b € N. Let

z = ].54_%2' (X)Hij Yy < MNEI

Such elements z generate MNFE,; as an Hg, ., ;-module. Hence, it suffices to prove that

T, MN(2) = T, MmN (M7g, v(2)). On the one hand, we have

TEi,MN<Z) = T[leJrn]li,B-i-'y ®Hﬁ+7 Yy

= T[le—f—n](li o h)liay OHg., (a®b).

96



On the other hand, we have

MTEi,N(Z) = MTEZ-,N ((h & 11')157%1' ®HBW (CL & b))

= (h % li)T[lTn]lﬁ,i,'y ®Hﬁ,~y (CL X b)
So

e, MmN (M7g,n(2)) = (h© 1)T149 Tt 1tmn) Ligy ®ny, (@ ® )

= (ho 1) Ttmen Ligy @y, (@@ D).

Hence, it suffices to prove that

((h < 1i>T[1Tm+n] — T[le—l—n](li < h)) 11"577 ®HB»"/ (M X N) =0.

Let Z = ((h O 1) Ttmen] — Tgmen) (Li © h)) 1, 5~- By Lemma 2.4.2, we have
m+n—+1

k=2

Let S be a complete set of reduced expressions for minimal length representatives of left

cosets of &, X &, in &,,,,,. By decomposition (2.4.1) we have

Hpiylgy = @ 7wl 5.

weS
Hence Z can be written in the form
Z= Y Trmen(li 0 )i
1<k<m+n+1
wes
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for some hy,, € H; . However Z = 1354,,;2, so

Z = lpyiZ

= Z Lgtr,iTlktman) (1 © 7o) P

1<k<m+n+1
wes

= Z Tiktmern) Lpy,i(Li © 7o) P

1<k<m+n+1
wes

For w € S, we have s;'(1) € {1,n+ 1}. It follows that

Z= > Tutmen(Li 0 T higlipy—ii + > Titmn] (Li © Tw) P Lig—iiy-
1<k<m+n+1 1<k<m+n+1
wes, s5t(1)=1 weS, s5t (1)=n+1

Since both 15_;;, and 1g,_;; act by zero on M @ N, we deduce Z®p, (M ® N) = 0, which

completes the proof. n

Adjoint Action on Chevalley Generators

In this example, we describe the modules adg;)(E ) forn>0and j eI\ {i}.

Proposition 4.1.15. As left graded P, ,1-modules, we have

Hj-l—ml]Jr(n 1)11 E E (@ Jn+1 Tw<>1 nz]) % ( @ Pn—l—lT[ki,l](TwOlj)]-ni,j)v

weS, w€eG,
1<k<n

where Jy41 is the ideal of P,y generated by the Oy 9(Qi;(v2,21)) for k€ {1,...,n}.

Proof. Call L the left hand-side of the equality, and L’ the right-hand side. Let us start
by proving that L’ is an Hj,;-submodule of Hji,;1,; ;. It is clear that L' is stable by the
left action of P,,;. Furthermore, note that J,,; is the (H? ® K[z])-submodule of P,

generated by Q; j(x2,21). Using this and the fact that 771, ; = Q;;(z2,71), we see easily
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that L' is also stable by left multiplication by 7, ..., 7,—;. Hence L' is an H;,;~submodule.

By the same argument as in the proof of Proposition 4.1.13, L is the H;,;-submodule
of Hjinilni; generated by the 741y for k € {1,...,n}. Since Tpyyly; € L' for k €
{1,...,n}, we have L C L.

Conversely, it is clear that

@ Pn+1T[k¢1](Tw ¢ 1j)1m}j c L.

WEGTL
1<k<n

Furthermore, Q; j(22,%1)1pi; = Ti1lni; € L. By Corollary 4.1.7, we deduce that J,,411,; C

L, and it follows that L' C L. H

Corollary 4.1.16. As left graded P, 1-modules, we have

ady, (E;) = @ (Prs1/In41) (7w © 1) 1ni g,
weby
_n(n-1)

ad? (E)=q¢; 2 (Pos1/Jns1) (Tuopin © 1)) i

In particular, we have a simple formula for the graded dimensions of adf, (£;) and

adgi_)(Ej). They are given by

grdim(ady, (E;)) = = q-z)i(l 7 < - <1 _ qu(Ci,jk)>> (Z qi—2l(W)> :

g k=0 wESH
n(n271) n—1
. n q@ 2 —Ci,]'—k
grdlm(ad%i)<Ej)) = == (H (1 — qi( ))) _
¢ J k=0

A consequence of these formulas is the following vanishing criterion:

ad%z(E]) =0 n> —Cij- (412)
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4.2 Short Exact Sequences Associated to the Adjoint

Action

The goal of this section is to prove the following theorem.
Theorem 4.2.1. For all 8 € QT and M € Hé—mod, the morphism Tg, pr 1S injective.

Hence, we have a short exact sequence which is natural in M

0—q P ME; Z2Y B M < adp, (M) — 0.

In particular, this theorem gives a categorification of the relation ad.,(y) = e;y—gq; (@8 >yei

for y € U™ of degree 8 € Q. Before proving Theorem 4.2.1, we give some corollaries.

4.2.1 Exactness of adp,

Theorem 4.2.1 is the analogue of [KK12, Theorem 4.7] for cyclotomic quiver Hecke algebras.

It can be used formally in the same way to prove that the functor adg, is exact.
Corollary 4.2.2. Let § € Qt. The right Hy-module H}j, ;155 is projective.

Proof. As in [KK12], we use the following lemma.

Lemma ([KK12, Lemma 4.18)). Let A be a K -algebra and let N be an Alx]-module. Assume

that the following properties hold.
1. The projective dimension of N as an A[x]-module is at most 1.
2. There ezists p(x) € Z(A)[x] with invertible leading coefficient such that p(z)N = 0.

Then N is projective as an A-module.
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We use this lemma with A = H/g and N = Héﬂli,g. By Theorem 4.2.1 applied to

M = H}, we have a short exact sequence of (Hgy;, H; ® Hj)-bimodules:
0— Hgpilg; ®n, Hy — Hpoilip Quy, Hy — Hp 155 — 0.

Note that the compatibility with the right (Hi ® Hé)—module structure comes from the
naturality. Since H; @ H% ~ Hé [x], we can view this sequence as an exact sequence of right
Hj[z]-modules.

Since Hpyilg, is free as a right Hg;-module, Hgyo,1p; ®u, Hj is free as a right Hj[z]-
module. Similarly, Hpyil;5 ®u, Hj is free as a right Hj[z]-module. Hence, H},,1; 3 has

projective dimension at most 1 as a right Hfj [z]-module. Let

P(Tpi1) = Qip(Tng1, @1, ..., T0) i = Z < H Qi vy (9€n+1>$k)> Ly € Py,
velBf \1<k<n

Vi 757,

When considered as an element in Hg[x,,11], p(x,11) has coefficients in Z(Hz) by Proposition
4.1.9. Furthermore, Hé +iP(Tns1) = 0 by Proposition 4.1.8. Hence the lemma applies and

the result follows. O

Corollary 4.2.3. The functor adg, is exact and sends projective modules to projective mod-

ules.

Proof. This follows immediately from Proposition 4.1.11 and Corollary 4.2.2. [

4.2.2 Compatibility with the Monoidal Structure

In general, the adjoint action of a Hopf algebra A on itself is compatible with the multipli-

cation, in the following sense: for all y,vy’, 2 € A we have

ad.(yy) =Y _ad., (y)ad., ().
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In the case of the quantum group, the compatibility with the product takes the form of the
following “q-Leibniz rule”

ade (yz) = ad,. (y)z + ;W’ﬁ) ade, (2),
(y2) (Y)z+q yade,(2) (42.1)

ady, (y2) = ¢; " Vady, ()2 + yade, (2)
for all ¢ € T and y,z € U homogeneous of respective degrees 8,7 € Q*. Hence, ad,, and
ady, can be thought of as “g-derivations” of the algebra U. We prove that this property

categorifies in the form of short exact sequences.

Corollary 4.2.4. Let 3,7 € Q% and let M € Hé—mod and N € H;'—mod. There is a short

exact sequence which is natural in M, N
0—q "M adp, (N) — adp, (MN) — adg,(M)N — 0.

Proof. This a consequence of the following elementary statement: given morphisms f =

fa o f1 in an abelian category, we have an exact sequence
coker(f1) — coker(f) — coker(fy) — 0.

The first morphism is induced by f3, and the second morphism is the quotient map. Fur-
thermore, if f; is injective, then the morphism coker(f;) — coker(f) is injective as well. By
Proposition 4.1.14 and Theorem 4.2.1, the statement applies to f = 7, un, fi = M7g, N

and fo = 75, M N, yielding the result. O]

We can think of this result as expressing the fact that adg, is a “categorical derivation”.
This feature does not appear for cyclotomic quiver Hecke algebras, as there is no monoidal
structure in that case.

More generally, Corollary 4.2.4 can be applied repeatedly to construct an interesting

102



filtration of ad (M N). To describe it, let us set up some notation. Given an integer k € N

0

and its binary expansion

k= Zkﬂf

>0
where k, € {0,1} are almost all 0, we define its binary weight ((k) as the number of k, that

are equal to 1. There are inductive relations for the binary weight function: for all £ > 0 we

have
2k) = ((k),
C(2k) = ¢(k) (42.2)
C(2k+1) =((k)+ 1.
We also define a function o by
E)(C(k)—1
oth) = 3t — S =1
20
There are simple recursive relations for the function o: for all £ > 0 we have
o(2k) =o(k) + ((k),
(2k) = o (k) + ¢(k) (42.3)

o2k +1) =o(k).
With these notations, we can now state and prove the result.

Proposition 4.2.5. Let M € Hj—mod, N € H!—mod with 8,7 € Q*, and let n € N.

Then, there is a filtration of ady, (MN)
0=V,CWC: - C Vo =ady (MN),
with quotients given by

W{;/Vk‘—l ~ ql(C(k)—n)(ivvm—?U(k)ad%(ik)(M)adE:C(’f)(N).
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Proof. We proceed inductively on n. The case n = 0 is clear. Assume that for some n we

have a filtration of ady, (MN)
0=V.4CVyC-e-C Vony = ad (MN),
with quotients given by
Vie/ Vi1 ~ qi(c(k)fn)(iv,ﬁ%%(k)ad%(ik)(M)adgé(k)(N)_

Since adg, is exact by Corollary 4.2.3, we can apply adg, to the filtration above to get a

filtration of ad (M N)
0=adg,(V_1) C adg, (Vo) C -+ C adg, (Van_y) = adit (MN),
with quotients given by

ad g, (Vi) fad g, (Vies) = g0 D72 W ady, (adg (M)adg; <O ()
Pk

(2

By Corollary 4.2.4, there are short exact sequences

0= g, " Oadf (Mjady O (N) Ly ady, (adl? (M)ady P ()

— adP T (M)adEM (V) — 0.

We can use them to refine the filtration of adz (M N). More precisely, for k € {—1,...2"—

1} let

W, = adp,(Vik—1y/2) if kis odd,

p];/lg(im(fk/Q)) if k is even.

104



We get a filtration of ad"Ejl(MN) of the form
0=W_ 1 CWyC - CWanri_g = adp (XY),

with quotients

S0/ B)=2o(=1)/2), gD+ gD/ () it ks odd,

E;
Wk/Wk,1 ~
/2= 5) =26/~ B) =2/ D gSR/D () g =S (Y i o s even.
The conclusion follows from the recursive relations (4.2.2) for ¢ and (4.2.3) for o. O

4.2.3 Integrability
Proposition 4.2.6. Let € QF. If s;(3) ¢ Q, then Hj = 0.

Proof. We write (3 in the form 8 = v + ni, with v € @,,;Nj and n > 0. Since s,(8) ¢
Q*, we have n > — (i¥,~). Consider an idempotent of Hé of the form 1,54, . npi, With

n+...+n,=n,and v;...v, € I”. Then

7 _ n1 Nk
Hlﬁlnn’,ul ..... ngt,Vp WZ(El El/1 s Ez EVk)

~m (E"m(E,, ...E*E,,))

by Proposition 4.1.5. Furthermore by Proposition 4.1.10, we have isomorphisms

T (B (B, . B E,,)) ~ady (7 (B, ... B*E,,))

~ ady (E, 7 (EI*E,, ... E™E,,))

where the second isomorphism is obtained by applying Proposition 4.1.5. Hence there is an
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isomorphism

Héln1i7V1v~~7nki7Vk = ad%lz (EVlﬂ—i (EZZQEZQ s EznkEVk)) :

This procedure can be repeated inductively and we obtain an isomorphism

Hilnsiwn,ninn, = ady (B ad (B, .. adi (E,)...)).

Using Proposition 4.2.5 repeatedly, we see that Hélnli,yl,...,nki,uk has a filtration whose quo-

tients are shifts of modules of the form ady”(Ej,)...adg' (E;,) for some my,...,m, € N
such that m; +...+m, =n and (j,,...,j1) € I"7. Let us prove that such a quotient is zero.
Since

mi+...+mp=n>—0@" 7)== j1)—...— =", 4,

there exists an index ¢ such that my, > — (:¥, j,). But then by the vanishing criterion (4.1.2),
we have ady‘(Ej,) = 0, and ady’(£;,)...ady' (E),) = 0. Hence, all the quotients in the
filtration of Hélmz‘,ul,...,nkz‘,uk are zero. So Hélmi,,,hm,nki,yk = 0. Since 1g is the sum of all

idempotents of the form 1,5, . n,iu., We conclude that Hé =0. ]

-----

Corollary 4.2.7. The functor adg, is locally nilpotent on H'.

Proof. Let 5 € QT. For n € N, we have s;(8 + ni) = s;(8) — ni. In particular, if n is large
enough, then s;(8 + ni) ¢ Q% so H;Hm = 0. Thus, for such an n and for M € Hé—mod,

we have ady, (M). The result follows. O

4.2.4 Proof of Theorem 4.2.1

We start by introducing the notation that we will use throughout the proof. Let Z be the full
subcategory of H' whose objects are the modules M for which 7z, 5 is injective. Our goal is

to show that Z = H*. We denote by S the Serre and monoidal subcategory of H* generated
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by the modules adg?(El,) for v € (I'\ {i})" and n,r € N. To prove that H' = Z, we will first

prove that & C Z and then that H* = S. The first step is to prove formal properties of Z.

Lemma 4.2.8. The category T is a monoidal subcategory of H' and is closed under exten-
sions. The restriction of adg, to I is exact and is a categorical derivation in the sense of

Proposition 4.2.4.

Proof. Let M, N € Z. By Proposition 4.1.14, we have 7, yn = M7g, v © T, mN. Since the
monoidal structure is bi-exact, M7g, v and 7z, N are injective. So Tg, mn is injective as
well. Hence Z is a monoidal subcategory of H?.

Consider now a short exact sequence 0 - L — M — N — 0 with L, N € Z. We obtain

a commutative diagram with exact rows:

0 > LEI > ME,L > NEZ

lTEi,L l’TEi,IM lTEi,N

0 y ;L y B, M » E;N > 0.

o

Since 7g, ;, and Tg, y are injective, Tg, as is also injective by the Four Lemma. Hence Z is
closed under extensions. Now remark that the previous commutative diagram extends to a

commutative square

0 0 0

0 » LE; > ME;, ——— NE, ——— 0
TE,;,L TE,L-,JW TE,; N

0 y E;L > M ——— EEN ——— 0

in which the first two rows are exact and the three columns are exact. By the Nine Lemma,
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the last row is also exact. This proves that the restriction of adg, to Z is exact. The fact it

is also a derivation follows from the same formal proof as that of Proposition 4.2.4. m

To prove that & C Z, we construct a quasi-left-inverse 7_y g, to 7g, (—) for the objects of

S.

Definition 4.2.9. For § € Q* of height r and M € Hj—mod, we define

TM,E; -
hlig @uym = hQ;pg(Tri1, o1, .., )T lpi @u, m.

Lemma 4.2.10. The map Tu, g, 15 a well-defined morphism of Hgy;-modules and is natural

m M.

Proof. Let P = Q; 3(®y41,21,...,2,). To check that 75 p, is well-defined, we need to prove

that for all y € Hg, we have

((11 Oy)PT[TJJ] — PT[TJ,H(Z/O 11)) 15’1' ®H5 M =0.

Let Z = ((L oY) P11y — Prippay(y © 11)) 1g;. The element P is central in H; g by Proposition
4.1.9, so we have Z = P ((1i<>y)7'[,¢1] — Ty (y © lz)) 15:. By Proposition 2.4.2, there are

elements z, € Hg,; such that

r—1 r—1
Z = PZT[kil]Zklﬁ,i = ZT[kil]szlﬁ,i'
k=0 k=0
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However

Plg; = Z ( H Qi,uk(xr-l—laxk)) L1

velp 1<kLr
Vi Fi
= E ( H Qi (X1, $k+1)) Lipi
pelf—i \1<k<r—1
HpFl
= E Qi’p(x/r+1, To, ... 7xr+1)1p,i
pEIP
pr=t
= ( E Qi’p(l’T,.Tl,...,l'r)lp) Oli.
pEIP
pr=t

By Proposition 4.1.8, Q; ,(x,, x1, .. ., x,)1, acts by zero on M for all p € I” such that p, = i.
So Z ® ; M = 0, and the morphism 7y g, is well defined. The naturality of 7, g, follows

immediately from its definition. O

Proposition 4.2.11. Let n € N and let v € (I \ {i})" for some r € N. Let M = adg)(E,,).

Then Tg, v 1S injective.

Proof. Let (8 be the element of Q" such that M is an Hé-module. We compute the compo-
sition Ty g, © T, m and prove that it is injective. It is given by
TM,E; © TE;,M -
hlgyi Qm, m = hT[lTn+r]PT[n+r\L1]1B7i Qm, m,

where P = Q; 3(Tptrs1, 1y - - -, Tnyr) i g. The Hgi-module EZ-(")E,,Ei is cyclic and generated
by the element 7., (42n4r+1)1nip- Since M E; is a quotient of Ei(n)EyEi, it is also cyclic. The
class ¢ of Tgpr42,n4r+1)1ni, is @ generator of M E;. We start by computing 7z, © 7, m(c).
Let

2 = T1tn+r] PT[’VL-H’\LHG[T-"-Q,N-FT’-‘,-I}]-ni,l/,i)
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so that TM,E; © TEi’M(c) = Twolr+2,n+r+1]) 2L [r+2,n+r+1]C- We compute a new expression of z

using diagrammatic calculus. We view 2z as an endomorphism of EZ-(n) E,FE;. Then we have

(Lemma 2.5.5)

(relation (3) in Definition 2.3.1)

(Lemma 2.5.4)

= S[11r] (a[r+1Tn+r](P)> a[n+r¢r+2}87“+2,1 (Qu,i) e[r+2,n+r+1]1ni,u,i
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(n)i v 4
L1 1
| S[lTr]a[r+1Tn+r](P> |

+ (Lemma 2.5.6).

(n)yi v 4

This last diagram lies in Hgy;1(,—1)iv2:Hp;. In particular, it acts by zero on M FE;. Hence

we have proved that 7 g, o g, m(c) = 2'c where

Z, = S[117] (a[r—&-lTn—H“](P)) a[n+r¢r+2]ar+2,1 (Qi,y) 1ni,1/,z' S Pﬂ+i1ni,y,i-

The polynomials P and @);, are symmetric in the variables labeled by v by definition.
Furthermore, the Demazure operators in the definition of 2’ ensure that 2’ is also symmetric
in the variables labeled by i. Hence 2’ is fixed by the stabilizer Stab(ni, v, i) of the sequence

(ni,v,i) in &,4,41. Now let

7 = Z w(z') € Pay;.

wWEG4r+1/Stab(ni,v,i)

Since 2’ is fixed by Stab(ni,v,i), Z is fixed by &,,,,.1. By Proposition 2.3.5, this implies
that Z is a central element of Hg;,. Thus, multiplication by Z is an endomorphism of

Hpgi-module of ME;. Furthermore, we have
Ze=Zlyipic=2'c=1yp o1 Mm(C).

Hence 7ys g, © g, mr and multiplication by Z agree on c. Since ¢ generates M E;, we conclude
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that 7y g, © 7, m(x) = Zx for all x € M E;. Now remark that Z15; has the form

Zlg,i - tl']flﬂﬂ‘ —+ Z (Pﬁ <>£L‘li) 1571‘
1<k

for some integer £ and t € K*. It follows that multiplication by Zlg, is an injective

endomorphism of M ® E;. Furthermore, there is a decomposition

n+r
ME; = @ 711 ®u,, (M @ E;).
k=0

Since Z is central, multiplication by Z acts diagonally along this decomposition. The action
of Z on each summand M ® E; is given by multiplication by Z1lg,;. We conclude that

multiplication by Z is an injective endomorphism of M E;. Hence 75, 5/ is injective. O]

Corollary 4.2.12. Let n € N and let v € (I \ {i})" for some r € N. Let N be a subquotient

of M = ad%?(E,,). Then T, n is injective.

Proof. We can fit N in a diagram
N— N « M

for some Hé—module N’. By naturality, 7y g, o Tg, n+ is multiplication by Z, where Z is the
central element from the previous proof. By the same argument as above, multiplication by
Z is injective on N'E;. Hence 7g, nv is injective. By naturality, 7z, y is the restriction of

T, n' to NE;. Thus, it is injective as well. O
Proposition 4.2.13. We have S CZ and S is stable under adpg, .

Proof. Denote by G the class of subquotients of modules of the form adg_)(El,) for v €
(I'\ {i})" and n,r € N. By definition, the subcategory S is generated by G under extensions
and tensor products. Furthermore, the elements of G are objects of Z by Corollary 4.2.12,

and Z is closed under extensions and tensor products by Lemma 4.2.8. It follows that S C Z.
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Hence, adg, restricts to an exact categorical derivation & — H'. Denote by G’ the class
of modules of the form adg?(Eu) for v € (I'\{i})" and n,r € N. We have adg,(G') C S
since adp, (ad?(E,,)) ~ [n+ 1]; adgiH)(E,,). Furthermore, S is generated by G’ as a Serre
and monoidal subcategory. The fact that the restriction of adg, to S is an exact derivation

then implies that adg,(S) C S. O
Proposition 4.2.14. We have H' = S.

Proof. Let M € H' and let N be its projective cover in H. Since m; is right exact and
m(M) = M, M is a quotient of m;(/N). Furthermore, every projective indecomposable
module of H is a summand of a module of the form FE, for v € I" and r € N. Hence, to
prove that M € S, it suffices to prove that for all r € N and v € I", we have 7; (E,) € S.
We proceed by induction on 7.

For r =1, we have m;(E;) = Ej if j # i and m;(E;) = 0. In all cases, we have m;(E;) € S.
Assume now that m;(E,) € S and let j € I. We prove that 7, (E;E,) € S. Consider two

cases.

o If j # i, then m(E;E,) ~ E;m;(E,) by Lemma 4.1.5. Since S is a monoidal subcategory

of H', we have m; (E;E,) € S.

o If j =i, we have m;(F;E,) ~ adg,(m;(F,)) by Lemma 4.1.5. Since S is stable by adg,

by Proposition 4.2.13, we deduce that m; (E;E,) € S.
This completes the induction and proves that H! = S. n

Now Proposition 4.2.13 and Proposition 4.2.14 imply Theorem 4.2.1.

4.2.5 Generating Objects

As an immediate consequence of Proposition 4.2.14 and Proposition 4.2.5, we get the follow-

ing generating result for H’.
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Corollary 4.2.15. As a Serre and monoidal full subcategory of H, H' is generated by the

objects adg)(Ej) forn >0 andjeI\{i}.

Corollary 4.2.15 is a categorification of the definition of f[i] as the subalgebra generated
by the adé’;)(ej) forn > 0and j € '\ {i}. Lusztig also proves that f =3 _, f[z’]egn) [Lus10,

Lemma 38.1.2]. We finish this section by proving a similar result for H.

Proposition 4.2.16. The Serre subcategory of H generated by the subcategories ’HiEi(") for

n >0 s equal to H.

Proof. Let H' be the Serre subcategory of H generated by the subcategories H'E" for n > 0.
Since H is generated as an abelian category by the modules of the form FE, for v € I, it
suffices to prove that E, € ‘H' for all m € N and v € I"™. Since 1 € H’, it suffices to prove
that H' is stable under the multiplication functors E;(—) for all j € I. Since these functors
are exact, it suffices to prove that they send H'E! to H’ for all n € N.

Assume that j # ¢. Then E; € H', so E;H" C H' and E;H'E" C H'. For j = i and
M € H]i], we have an inclusion E;ME! — ME*" by Theorem 4.2.1. Hence E;ME? € H'.

This proves that H' = H. O

4.3 Structure of 2-Representation

4.3.1 Data

The goal of this section is to prove that the endofunctor adg, induces a 2-representation
of sly on H:. Let us start by defining the data giving rise to this structure. The weight

subcategories of H' are the subcategories Hj, A € Z, defined by

H = @ Hé—mod.
et
(iV,B)=A
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We consider a pair (adg,, adr,) of endofunctors of H*. The functor adg, is the one we studied

in Section 4.1. The functor adp, is defined by

_ (1V.8) 1 o
adp, = @ q; reng
peQ+

—1

More precisely, if M € Hj—mod, we have adp, (M) = q;iv,m_lli,ﬁfiMa viewed as an Hj_-
module via the right inclusion Héﬂ- — 1,-7/3_1~Hé11-”3_,-. Finally, there are natural transforma-

tions = € End*(adg,) and 7 € End®(ad},) defined by Proposition 4.1.10.
Theorem 4.3.1. This data defines a 2-representation of sly on H'.

Proof. We must prove that the conditions in Definition 2.4.8 are satisfied. The action of the
affine nil Hecke algebra on powers of adg, was proved in Proposition 4.1.10. The adjunction
between adg, and adp, follows from their definition. Hence, all that remains to be proved is
the invertibility of the maps (py)icz defined in equations (2.4.5) and (2.4.6). We do this in

Theorem 4.3.4 below. O

4.3.2 Mackey Formulas

The Quiver Hecke Algebra Case

We follow [KK12, Section 3]. Let 8 € Q* and i € I. The left i-induction is the functor

defined by

Hg—mod — Hpgy;—mod,

M — E,M~ Hg.,_iliﬁ ®Hﬁ M.

We define the left i-restriction functor F; as its right adjoint. It is given by

Hgyi—mod — Hg—mod,

N + Fy(N)=1;4N.
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There is a Mackey type result for left i-induction and left i-restriction.

Proposition 4.3.2 ([KK12, Theorem 3.6]). Let 8 € QT. There is an isomorphism of graded

Hpg-bimodules

072 (Hglipi ®m, , Lig_iHg) © Hig — 1,5Hs 1,5,

((y ® y/)az) — (12‘ <>y)7'\5|(1i <>y’) + 2.

It induces a natural isomorphism in M € Hg—mod
q; 2EiF;(M) ® M[X;] = F,(E:M),
where X; is a formal variable of degree 2d;. More explicitly,

M[X;] =M@ K[X;] ~ @ q* M.
keN

Right ¢-induction and right i-restriction functors are defined similarly and satisfy an
analogous Mackey type decomposition. Finally, there is a Mackey type result for right -

induction and left i-restriction.

Proposition 4.3.3 ([KK12, Theorem 3.9]). Let § € Q. There is a short exact sequence of

graded Hg-bimodules
0— Hglg s, LigiHs 51, 5Hsilg: 2 ¢ Hy,
olo-ii ®mp; Lip-ills = ligHgrilp; = g; gi = 0.
It induces a short exact sequence which is natural in M € Hg—mod

0— E(M)E;, 2% F(ME;) 2% ¢~ X, — 0.
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Let us describe explicitly the morphisms R and S. The morphism R is given by

Hglpii ®ny_, Lip-ills — ligHpiilg,,
yoy = (Loy)y o).
To describe the morphism S, we use decomposition (2.4.1) to write

8
Hgyilsi = D T Hp.i
k=0

If 2 €1, 3Hpgyilp,;, then we can thus decompose z as

18l

z = Z T[kil]zk
k=0

for some unique zp, ..., zp € Hg;. Then S(z) = 2. Equivalently, we can also compute

S(z) by decomposing along
I81+1

LisHpri = @D Hipmysun
k=1

and taking the coeflicient of 75,1 (see [KK12, Corollary 3.8]).

Mackey Formulas in '

We can now prove the invertibility of the maps py, A € Z.

Theorem 4.3.4. Let M € Hé—mod with B € Q%, and let A\ = (i¥, B). Then the morphism

P gives an isomorphism

adg,adp, (M) 25 adpadg, (M) ® \;M  if A >0,

adgadp (M) ® [-A\;M 2 adpadg, (M) if X <O0.
The rest of this section is devoted to the proof of this Theorem. It mirrors that of [KK12,
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Theorem 5.2] for cyclotomic quiver Hecke algebras and is based on two ingredients: the short
exact sequence of Theorem 4.2.1 and the Mackey decompositions for quiver Hecke algebras.
One difference, as in the proof of Theorem 4.2.1, is that we only do explicit computations for

modules of the form ad%, (E,), which is enough since they generate H' by Theorem 4.2.14.

Lemma 4.3.5. Let M € Hé—mod with € QF, and let A = (i¥, B). There is a commutative

diagram with exact rows which is natural in M :

0 — ¢F(M)E;, —2 5 ¢F(ME;) —— ¢ M[X;] — 0

TEi,Fi(M)l Fi(TEi,]\l)l ‘bNIl (4.3.1)

0 —— ¢ BF(M) —— ¢ F(EM) —— ¢} M[X)) —— 0.

Proof. The maps Ry, and Sy, are those of Proposition 4.3.3, and the maps 1), and Wy,
are those induced by the isomorphism of Proposition 4.3.2. The exactness of the two rows
also follows from Propositions 4.3.2 and 4.3.3. The map ®,, is defined by commutativity
of the diagram. So the only statement to prove is that the leftmost square of the diagram
commutes.

Let Y= 15_“ ®H67i 1i,5_im c F1<M)El, with m € M. We have

T8, 5 0m) (Y) = Tng-1Lis—i @m,_, Lig—im,

Ty (7e,m 00 (Y)) = a2 @my m,

and

Ry (y) = lip_is @u, m,

Fz’(TEi,M)(fM(y)) = T[mﬁulzz’,ﬁ Qg M.
Hence T (7, p,00)(y)) = Fi(Te, m)(Rum(y)). Since such elements y € F;(M)E; generate
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F;(M)E; as an Hg-module, we deduce that Ty o 75, g,y = Fi(TE, M) © Rar. m

Keep the notation of the previous lemma. The morphism 7z, () is injective by Theorem
4.2.1, and its cokernel is adg, (F;(M)) = ¢ *adg,(adg,(M)). Since the left i-restriction
functor F; is exact, we also know that F;(7g, ar) is injective, and its cokernel is F;(adg, (M)) =
¢ 'adp, (adg, (M)). Hence, by the Snake Lemma, there is a short exact sequence which is

natural in M € Hé—mod:
0 — ker(®y) — adg,adp, (M) Lo, adg,adg, (M) — coker(®y) — 0. (4.3.2)

Lemma 4.3.6. For all M € Hg—mod with B € QF, the map Ty : adpadg (M) —

adp.adg, (M) in the sequence (4.3.2) is equal to the map o defined in equation (2.4.4).

Proof. We prove this by chasing the diagram giving rise to the sequence (4.3.2). Let y be
an element of adg,adp, (M) of the form y = 1, 5, (X)HZ-H 1, p—im, for m € M. We can write
y as the image of the element 2z = 1;5_; ®p,_, 1;g_ym € E;F;(M) by the canonical quotient
morphism. Then we have

Trn(z) = 718 12i,8-i @y M.

Hence

Ta(y) = 15112 5—i ®H[§ m = o(y).

So o and T’y coincide on elements y of the form given above. Since these generate ad g, ad ., (M)

as an Hg-module, we deduce that o = Ty;. O

We now want to compute explicitly the kernel and cokernel of the map ®,;. An element

y of M[X;] will be written formally in the form

¢
y = kaXik,
k=0
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where ¢ € N, and my, ..., my, € M. Our discussion up to this point is valid for any module

in H!, but we now restrict to the generators of H! to simplify the computations.

Proposition 4.3.7. Let n € N and let v € (I\ {i})" for some r € N. Let M = ad%?(E,,).
Denote by 3 the element of QF such that M is an Hé—module and let X = (iV, ). Then

there exists an invertible element b of K such that for allm € M and k > 0 we have

®yr (mXF) € bmXF+ > MXY,
I<k—M

where we put X! = 0 when £ < 0.

Proof. The module M is cyclic, generated by the class ¢ of 7,414 1nipy € Ei(n)E,,. So
it suffices to prove the result for m = c¢. Let ¢y = ¥, Tirnls ®u, ¢ € F}(ME;).
Then X = Sy/(cx) by definition of S. Since the rightmost square in the diagram (4.3.1)

commutes, @y (cXF) = Wi (g, 1m(ck)). We have

k
TEM(Ck) = Ty 1 T 1) T Lig @, €

k
= Two[r+1,n+r}xn+r+17_[n+r¢1]7_[1?n+r]6[r+1,n+r]1(n+1)i,u ®HB Zr4+1,n+r]C)

the second equality coming from the fact that ¢ = 7 r+1,n4r)€r 1,040 T[r+1,n4r)C- Let

A
Ck = T Tinr 1) T tnAr) et Lt L )i

so that 7z, 1 (k) = Tuwglr+1,m40]Ck @y Trt1,n40)C- 1o compute War(7x, a(ck)), we must find

the component of ¢, on H; g in the direct sum decomposition
LigHgyilig = Hip @ (10 Hg)Topr (15 0 Hp)

given by Proposition 4.3.2. We do this using the diagrammatic calculus for quiver Hecke
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algebras. We view ¢}, as a endomorphism of EiEZ-(n)E,,. Then we have
k
Cp =
(

ra

(Lemma 2.5.5)

[N%

X

v
n)i v

~

= | @

i (n)i v

1(Qiv) (Lemma 2.5.5).

Before we continue the computation, we write 8[%@”1](@1-7”) in a more explicit way.
First, given the assumptions on the form of the polynomials @); ;, we can write ();, in the

form

2n—X\ V4
Qi,V € t$7n+1 + g $T+1K[ZU1, ey Ty,
£<2n—\

where t is an invertible element of K. Hence

Ontrir+1)(Qip) = Z Trsrp1Pe

<n—X\
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for some p, € Psly,;,, with p,_\ = (—1)"tl,;, an invertible element of K. Hence we have

k41
G = Z Pe (Lemma 2.5.4)
<n—M\
i (n) v
= Z péa[r—i-lTn—i-r] ($ﬁ-+|-£+1) e[r+1,n+r}1(n+1)i,u
I<n—X\

+ Z Do @ (Lemma 2.3.3).
I<n—X\

In this last expression, the second term lies in (1; ¢ Hg)T,+,(1; © Hg), while the first one
lies in H; 3. Hence, the component of ¢, on H; 5 is given by the first term, which has the

form

k—A 4
PrAT €t L yiw + Y Tera (L0 H).
C<k—MX

It follows that

CIDM(CXf) = Wt (Tuwor+1,0+n] Ch ®Hy Tlrt1,n41]C)

€ pareXf 4+ Y MX],
L<k—A

which proves the result. O

Remark 4.3.8. Since the map ®,, is natural in M, Proposition 4.3.7 actually holds for M

any subquotient of a module of the form adg)(El,).

As an immediate consequence of Proposition 4.3.7, we get an explicit description of the

kernel and cokernel of ®,,.
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Corollary 4.3.9. Let M be a subquotient of adg;)(E,,) for somev € (I'\ {i})" andn,r € N.

Denote by B € QT the weight of M and let X = (:¥, ). Then we have

(

ker (P, <@ MX'“) =AM and coker(®y) =0 ifA>0

-
ker(®y) =0 and coker(®y) = ¢ (@ MX! ) “\iM  ifA<0
With this proved, we can now show that the maps p) are isomorphisms. We separate two
cases depending on whether the weight is positive or negative.

Proposition 4.3.10. Let n € N and let v € (I\ {i})" for some r € N. Let M be a
subquotient of adg?(E,,). Denote by 8 € QT the weight of M and let X = (i¥,8). Assume

that A < 0. Then py is an isomorphism.

Proof. Given Lemma 4.3.6 and Corollary 4.3.9, the short exact sequence (4.3.2) becomes
0— adEiadFi(M) i> adFiadEi(M) — [—A]lM — 0. (433)

We also have a commutative diagram:

War

GF(EM) 2 g MIX] «—=— [-ALM
| /

adpadg, (M) —— coker(® )

The map W)y, admits a right inverse Ay, given by the direct sum decomposition
1i,BHi+,6’1i,B = H@g & (11 < Hﬂ)Tn—i-r(li & ng)

This right inverse provides a map Ay : [-A;M — adpadg, (M) that splits the short exact
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sequence (4.3.3) above. Let us compute the map Ay, Let y € [=A;M. We view y as an

element of ¢/ "™ M[X;] that we write in the form

A1
y=Y mX},
k=0
where mg, ..., m_yx_1 € M. Then we have
a1
AM(?J) = Z xﬁ+r+11i7ﬁ QHg M-
k=0
So
A1
Au(y) = Z Ty sri1lip Qi MU
k=0
“A-1
= Z $ﬁ+r+mM(mk)-
k=0
Hence, Ay, is exactly the component of py on [=A];M. So py is an isomorphism. O

Proposition 4.3.11. Let n € N and let v € (I\{i})" for some r € N. Let M be a
subquotient of adg?(E,,). Denote by 8 € QT the weight of M and let X = (i¥,3). Assume

that A > 0. Then py is an isomorphism.

Proof. Given Lemma 4.3.6 and Corollary 4.3.9, the short exact sequence (4.3.2) becomes
0 — \LM 2 adpadp, (M) % adpadg, (M) — 0,

where 0 is the connecting map given by the Snake Lemma. Let I' : adg,adp, (M) — [A\;M be
the component of py on [A]; M. To prove that p, is an isomorphism, it suffices to prove that

I'0 is an isomorphism. To this end, we prove that there exists an invertible element b € K
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such that for all m € M and k € {0,..., A — 1}, we have

08 (mXF) =bmX}7F 4+ > MXx/ (4.3.4)

A—1—k<b<A—1
By naturality, it suffices to prove this for M = adgz)(E,,). In this case, M is cyclic, generated
by the class ¢ of Tyops1,n4r)lnip € Ei(n)E,,. Thus, it suffices to treat the case m = c.
We start by computing §(cX?¥), which we do by chasing the diagram (4.3.1). We resume
the computations done in the proof of Proposition 4.3.7. Recall that ¢XF = Sy/(cx) with

—_ .k _ /
Cr = T 1 Tintr1) 18 @, . We proved that 7, ar(ck) = Twgfr41,r4n)Ch @ty Tlry1,040)C, Where

/I k+¢
Cp = § PeTlr 41447 Vg €[r4-1,n47] 1(n+1)i,u
I<n—A\

+ Z péa[rJrlTnJrr} (xﬁii_yl) e[T+1,n+r]1(n+1)i,w
<n—X\
with p, € K[1,...,2n ] and p,_x € K*. Since cXF € ker(®,), the second sum vanishes

(this is also a straightforward consequence of the fact that £ < A — 1). Thus we have

Te, m(ck) = T < Z PeTir+1tn+r—1)Li g—i @m,_ 1i,ﬁ—ixﬁﬁ«0>

I<n—M\

and
5(CX£€) = Z peT[r+1Tn+r—1]1i,ﬂ—z‘ ®Hé_i 1i,ﬂ—z‘$ﬁf~c-
<n—A\

So

Io(cX)) = Z PeTlr+1tnsr— 1T o e X!

<n—M\
u<A—1

= Z POttty (e ) e X

<n—A\
u<A—1
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We have 8[T+1Tn+,n_1}(a:ﬁif,+") = 0 unless u > X\ — 1 — k. This implies

D6(cXF) = paaeX}7F 4+ Y MX!
A—1—k<l<A-1
Since p,_» € K*, we have established equation (4.3.4). So I'0 is an isomorphism and the

proof is complete. O

Hence, we have proved that Theorem 4.3.4 holds for any subquotient of a module of the
form adg:)(El,). To conclude that Theorem 4.3.4 holds for every module in H¢, we apply the

following elementary lemma.

Lemma 4.3.12. Let C,D be abelian categories, let G,G' : C — D be exact functors, and let
a: G — G be a natural transformation. Assume that we have a collection M of objects of
C such that C is generated by M under extensions and that apy is an isomorphism for all

objects of M. Then « is an isomorphism.

By Theorem 4.2.14, subquotients of modules of the form adgi_)(EV) generate H' under
extensions. Since Theorem 4.3.4 holds such objects, we conclude that it holds for every

module in H*. This finishes the proof of Theorem 4.3.4.

4.4 Categorification Theorem

4.4.1 Adjoint Action on the Positive Half

Before we state and prove a categorification theorem, we explain the decategorified case.
Recall that f denotes the positive part of the quantum group U, and f4 denotes the A-

subalgebra of f generated by e§-") for j € I and n € N, where A =Z[q, ¢ !].

Definition 4.4.1. Let f[i] be the subalgebra of f generated by adgl)(ej) for j € I'\ {i} and

n € N.
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Proposition 4.4.2 ([Lusl0, Lemma 38.1.2 and Proposition 38.1.6]). The subalgebra f]i]
contains precisely the elements y € £ such that (ze;,y) = 0 for all z € f. Furthermore, we

have a decomposition

f =P flilel”.

neN
Intuitively, H' is a categorical analogue of f[i]. In that light, we have categorified the
definition of f[i] and its properties in Propositions 4.1.4, 4.2.15 and 4.2.16. However, to state
a precise categorification result about Grothendieck groups, it is necessary to introduce an

integral version of f[i].

Definition 4.4.3. We denote by f4[i] the A-subalgebra of £, generated by the elements

ad(™) (e§m>) for all j € I\ {i} and m,n € N.

Lemma 4.4.4. We have a decomposition

Proof. Denote by s the right-hand side. It is clear that s C f4. Let us prove the reverse

(n)

inclusion. We have e;” € s for all j € I and n € N. Hence it suffices to prove that s is

stable under multiplication, which is equivalent to showing that eﬁ”)f [i]a C s forall n € N.

We prove this by induction on n. The case n = 0 is clear. Now observe that

e VL] C ad™ D (£4[i]) + Y eV

k<n
Since f4[i] is stable under adé’}*l) by definition, the result follows. ]

From Proposition 4.4.2 and Lemma 4.4.4, we obtain the following alternative description

of fA[Z]
Corollary 4.4.5. We have £4]i] = £4 N £[i].
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We now relate f4[i] to the adjoint action.

Proposition 4.4.6. The subalgebra f4[i] is stable under the adjoint action of Ui,A- The

adjoint action of U@A on £4[i] is integrable and f4[i] is maximal for this property.

Proof. We need to prove that f4[i] is stable under ad(e:‘) and adgfz). Since ad., and ady, satisfy
formulas (4.2.1), it suffices to prove that adg:) (y), ad;?) (y) € £4]i] for y an algebra generator
of f4[d].

Let y = ad™ (ey)) for m,¢ € Nand j € I'\ {i}. Then

€

2 (y) = [ ];ad ) () € £4i)

Hence f4[7] is stable under ad,(;z). To prove that adgfj) (y) € £4]i], we remark that
adfi<6j) = 0.

The commutation relation between el(-m) and fi(n) then implies that adgc?) (y) € £4]i].

Hence we have a representation of UZ A on fy[i]. Let us check that this representation is
integrable. The set of elements y € f4[i| on which ad., and ady, act nilpotently is an Ul A-
submodule and also a subalgebra by relations (4.2.1). By relation (4) in Definition 2.2.1, ad,,
and ady, act nilpotently on every eg-m) for j € I'\ {i} and m € N. Since these generate f4][i]
as an algebra and U; 4-module, we conclude that the action of U; 4 on f4[i] is integrable.

Finally, we prove the maximality of f4[:] with respect to these properties. Let y € £4 be

such that ad;’(y) = 0 for some m € N. By Proposition 4.4.4, we can write y in the form

N

¢

Y= Z yzeg )
£=0

for some elements vy, ...,yn of £4]i] with yy # 0. Assume N > 0. Using equations (4.2.1)
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and (4.0.3), we see that for all £ > 0 we have
adfl(yeet”) € ameel™™ + D falilel”
k<l+m
for some ay € Q(gq) non-zero. Hence
0=ad](y) € aNyNeENHn) + Z fli]er.
k<N+m

By the uniqueness part of Proposition 4.4.4, we have yy = 0, which is a contradiction. So

N =0, and the result follows. n

4.4.2 Functorial Resolutions

Recall that there is an isomorphism of A-algebras v : f4 — Ko(U'). The functor
induces a surjective morphism of A-modules Ko(UUT) — K, (H'—proj). Hence we obtain
a surjective morphism of A-modules f4 — K (H'—proj). We want to find a right inverse
of this surjection and identify its image. To do so, we functorially resolve the objects of
Hi—proj as H-modules. We start by introducing the category in which our resolutions will

lie.

Definition 4.4.7. Let U*[i] be the full subcategory of K”(U*) whose objects are the com-

plexes C' for which the canonical projection pc : C' — m;(C) is a quasi-isomorphism.

Proposition 4.4.8. The subcategory U™ [i] is thick and stable under left multiplication by
E; for all j € I\ {i}.

Proof. Tt is clear that U™[i] is closed under shifts and direct summands. Let C, D € U]

129



and let f: C' — D be a morphism of complexes. We obtain a commutative diagram

C > D > Cone(f)

lpc PD lpCone(f)

m(C) —— (D) —— Cone(m(f))

where the two rows give distinguished triangles in K®(U/). Taking the long exact sequences

in cohomology, we obtain a commutative diagram of H-modules:

H*(C) —— H*(D) —— H* (Cone(f)) —— H*L(C) —— HFI(D)
lHk(pc) lHk(pD) lHk(pConc(f)) lHHl(Pc) lH’““(pD)
H*(m;(C)) —— H*(mi(D)) —— H"(Cone(m;(f))) —— H**!(m,(C)) —— H*"*'(m;(D)).

Since C, D € U™, the two leftmost and rightmost vertical arrows are isomorphisms. By the
Five Lemma, we deduce that H* (pCone( f)) is an isomorphism. This proves that U™ [i] is a
thick subcategory of K® (U™).

Let j € I'\ {i} and let C' € U"[i]. Consider the following commutative diagram:

pEjC
E]’C E—— WZ(E]C)

EJ‘PCl lm (Ejpc)

Eimi(C) —— m(E;m(C)).

By Lemma 4.1.5, 7; (p Ejm(C)> is an isomorphism of complexes, and E;pc¢ is a quasi-isomorphism
since C' € U*[i]. It follows that pg,c is a quasi-isomorphism. Hence U*[i] is stable under

left multiplication by £j. O]

The key ingredient to construct projective resolutions is to define a variant of the adjoint

action on U [i].

Definition 4.4.9. For C' € U™[i], let 7p, ¢ be the unique element of Endj .+ (CE;, EiC)
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such that the following diagram commutes:

lchi lEiPC

mi(C)E; —— Emi(C).

TE;,m;(C)

The definition of 7g, ¢ is valid because the vertical arrows in the above diagram are quasi-
isomorphisms. For each C' € U™[i], we choose a morphism of complexes 75, ¢ : CE; — E;C

lifting 7, ¢ and fix this choice for the rest of this chapter. Then we define
AdEZ(C) = Cone (TEZ-,C’) .

Proposition 4.4.10. Definition 4.4.9 yields a well-defined endofunctor Adg, of UT|i]. Fur-

thermore, for all C € UT[i], there is a quasi-isomorphism Adg,(C) ~ adg, (m;(C)).

Proof. As a complex of projective H-modules, we have Adg,(C) = CE;[-1] ® E;C with

differential (7chi ; ) There is a morphism of complexes gc : Adg,(C) — adg,(m(C))

TE;,c Eidc

defined by

[0 pE,L-ﬂ-Z-(C)OEiPC]\

If fits into a commutative diagram in K (U™):

CE; —— F,C —— Adg,(C)

lpc E; lEiPC lyc

The first row is a distinguished triangle by definition of Adg,(C'), and the second one is too
by Theorem 4.2.1. Since pcFE; and E;pc are quasi-isomorphisms, g¢ is a quasi-isomorphism.
This proves the second claim of the Proposition.

To prove the first claim, we start by proving that Adg, (C) is indeed an object of U™ [i].
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Observe that there is a commutative diagram:

Adg,(0)
pAdEy XCJ
mi(Adg, (C)) adg, (m;(C))
:l B l:
mi(E;C) mi(Eipo) > mi (B (C)).

By Lemma 4.1.5, m;( E;pc) is an isomorphism of complexes. Since g¢ is a quasi-isomorphism,
we deduce that pag, () is a quasi-isomorphism as well. Hence Adg, (C) e UTi].
We now define Adg, on morphisms. Given a morphism f : C' — D in U7[i], we define

Adg,(f) to be the unique morphism of ¢ [i] making the following diagram commute:

Adg,(C) —2259 0 Aq, (D)

s | Jo0

adp, (m;(C)) b p— adp, (m;(D)).

This is valid definition since g¢, gp are quasi-isomorphisms. This concludes the proof. [

We can now define projective resolutions. We define an object R, € U*[i] for all n € N

and v € I" by induction on n. We let Ry = 15. If R, is defined and j € I, then we define

Adg(R,) ifj =i,
R, - 5 (Ry)
E;R, otherwise.

Proposition 4.4.11. Foralln € N andv € I", m;(R,) = mi(E,) as complexes of H-modules.

In particular, R, is a resolution of m;(E,) by projective H-modules.

Proof. We proceed by induction on n. The result is clear if n = 0. Assume now that

m(R,) = m(E,). Let j € I. If j # i, then by Lemma 4.1.5 we have isomorphisms of
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complexes

ﬂi(Rjy) ~ Ej?Ti<R,/)
= Ej’ﬂ'i(Ey)

=mi(E;).

Assume now that j = i. Then R;,, = Adg,(R,) = R, E;[-1] ® E;R, as H-modules. It
follows that m;(R;,) = m(E;R,). By Lemma 4.1.5, we deduce that there is an isomorphism
of complexes m;(R;,) ~ adg,(m;(R,)). By induction, m;(R,) is a complex concentrated in

degree 0 and equal to m;(F,). The result follows. O

We can now define a projective resolution functor ¥ : H'—proj — UT[i]. The objects of
Hi—proj are direct sums of direct summands of objects of the form 7;(E,) for v € I"™ and
n € N. Hence, the value of the additive functor ¥ on objects is uniquely determined by the
complexes V(m;(E,)). We define

\II(WZ<EV)) = Ru-

By Lemma 4.4.11, there are canonical isomorphisms

HOIHH (7Tz'<Ey); Wi(EV/)) 1) HOIIlz,/-km (Rl,, Ry/) .

This defines ¥ on morphisms.

Proposition 4.4.12. The functor ¥ satisfies the following properties.
1. For all M € H'—proj, (M) is a resolution of M by projective H-modules.
2. For all M € H'—proj, ¥ (adg, (M)) = Adg, (¥ (M)).

3. For all M, N € H'—proj, there is a homotopy equivalence W(MN) ~ W(M)¥(N).
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Proof. By construction, the first two properties hold for M = m;(E,) for all v € I". Since
such objects generate H*—proj under direct sums and direct summands, the result follows.
For the last property, observe that W(MN) and W(M)W(N) are both projective resolutions

of M. Hence they are homotopy equivalent. O]

We are now ready to prove a categorification result for the adjoint action.

Theorem 4.4.13. There is a unique isomorphism of A-algebras
vi + Ky (Hi—proj) = £4[1]

such that
] 7

o foralljeI\{i} andn €N, ~; <[E](n)]> _ )

e for all z € Ky (H'—proj), v ([adg,] (2)) = ad., (7i(2)).

Proof. Recall that there exists a unique isomorphism of A-algebras v : £4 = Ky (U™) such

that <E](")) = [Ej(n)] for all j € I and n € N. This induces a surjection
[mi] 0y : £4 — Ko (H'—proj) .
We define a right inverse 7; and prove that its image is £4[i]. We define 7; as the composition
Ko (H'—proj) 2 K& (Uti]) — Ko UT) 15 £4,

where K& denotes the triangulated Grothendieck group. The morphism K& (UT[i]) —
Ko (UT) is the natural morphism of A-algebras taking the class of a complex to the alter-
nating sum of the classes of its components. By Proposition 4.4.12, +; is a morphism of
A-algebras. By construction of ¥ and Adg,, is it clear that ~; satisfy the two properties of

the theorem and that [m;] oy o~y = 1.
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We now prove that the image of ~; is f4[i]. Notice first that im (-y;) is stable under the
adjoint action of U; 4. Furthermore, im (7;) is integrable for this action by Corollary 4.2.7.

By Proposition 4.4.6, this proves that im(y;) C f4[i]. For the converse inclusion, we have

adg”) <e§m)> = ([adg;) (Eﬂ(m)>])

for all 7 € I'\ {i} and m,n € N. Since such elements generate f[i] as an 4-algebra, we

obtain im(y;) = f4[i]. O

135



CHAPTER 5

Categorification of Lusztig’s Symmetries

Recall that for a simple root ¢ € I, there is an automorphism 6; of the quantum group U.

For j # 1, this automorphism is defined by the formula
Bie;) = ad ) (e;) .

In this chapter, we propose a partial categorification of #; based on our work on the adjoint
action in Chapter 4. Recall that in Section 4.4, we defined complexes of objects of U™
denoted Adg?) (E;) and decategorifying to adg”)(ej). The goal of this chapter is to construct
a monoidal functor 7; such that T;(E;) = Adgci’j) (E;).

The complexes AdY; (E;) were constructed abstractly by taking projective resolutions of
the objects of Hi—proj. In Section 5.1, we first give an explicit construction of the complexes
Ady (E;) and Adg:) (E;). In Section 5.2, we use these complexes to define the functor T;.
Proving that T; is a well-defined monoidal functor involves checking several relations, which

we do in Section 5.3.
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5.1 Projective Resolutions

In U, there are simple formulas for ad}, and adg’:) in the form of alternating sums. For all

y € U of weight 5 € QT, we have

n

adz (y) = (=1 [ e e

- (5.1.1)
ad((y) = Y (=g T e Py,

k=0

These formulas can be easily obtained by induction. Therefore, it is natural to expect that

for M € Hj—proj, the complexes Ady, (M) and Adg?(M ) have the form

Adp, (M) =

sV -\ n
0— g ""THEIINED 5 g RO ErM*MEF — - — E'M - 0,

3 K3

Ad (M) =

0— g "IN EM 5 RO gy g MM s .

3 (3 7 K3

In this section, we define such complexes Ady (M) and Adg)(M ). We prove that their
cohomology is concentrated in top degree, and is equal to ad, (M) and adg) (M) respectively.

This proves that up to homotopy, they coincide with the abstract construction done in Section

4.4.
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5.1.1 Adjoint Action as a Complex

We start by constructing the complex AdY, (M) for M € H'. To do this, we need to express
the ¢;-binomial coefficients in a combinatorial way. Let P¥ be the set of subsets of {1,...,n}
containing k elements. For S € P* we let ¥(S) be the sum of the elements of S. Then we

have (see [KC02, Theorem 6.1])

k(n+1 —2%(S
_ gD 5 ),
k SePEk

With this expression, we can rewrite ad (y) as
ad? (y) = > (=1)hg M| ST g EET | enhyek, (5.1.2)
k=0 SePk

We construct a complex which categorifies this alternating sum. The construction is based
on the following elementary lemma, which follows immediately from the relations of the

quiver Hecke algebra.

Lemma 5.1.1. Let ¢« € I and let v € I"™ for some m € N. Then in H,, o we have the

relations

vog o Vo4 g

Definition 5.1.2. Let M € Hé—mod, let n € N and put A = (i, 8). We define a complex
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AdY, (M) of Hg pi-modules of the form

0—q "M IME - P ¢ TP E R MEr o EPM = 0
Sepk

where Ej'M is in cohomological degree 0. To define the differential of Adf, (M), we first

define a map

dS,S’ : qi_k)\_Z(E(S)_k)Ein_kMEf N qi—(k’—l))\—Q(E(S’)—k-}-l)E;L+1_kMEf_1

for any S € P¥ and S’ € P*~1. The definition of dg ¢ is as follows.
e If S" is not a subset of S, then dg ¢ = 0.
o If "= S5\ {{}, let a be the number of elements of S which are greater than ¢. Then

we define

ds,sr = (=) (upe-1-a M E; ™) o (B} g, By 1) o (B Mg —a1p-1y)
EPMEF — EFFIMER!
Lin—ryigki @y m = (1) Th—atk—att+18) Lin—k+1)i,8,(k—1)i D5 M-

Notice that dg g has indeed the required degree —d;(A + 2(¢ — 1)).

Then, the differential of Ad’, (M) is defined to be the direct sum of all maps dg, 5. This ends

the definition of Ady, (M).

It can be checked directly using Lemma 5.1.1 that the differential we defined on Ad7, (M)
indeed squares to 0. Alternatively, we can also notice that Ad% (M) can be constructed

inductively, as the following proposition explains.
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Proposition 5.1.3. Let M € Hg—mod and let n € N. There is a morphism of complexes
TEi,Ad%i(M) : ql-_<i ”B>_2nAd%i(M)Ei — EZAd%Z(M)

defined on the component of cohomological degree —k as the direct sum over S € P¥ of the

maps

TS = (T[lTnfk]MEf) O (Eln_kTE“MEZk) o (Ein_kMT[lTk])
E}*MEM — EFMIME!

Ln—kyiB,(k+1)i @y M = Tt 8] Lin—k+1)i,8.ki Qmz M.

The cone of this morphism is Ad ' (M).

Proof. By Lemma 5.1.1, for all a,b,c¢,d € N and v € I"™ we have

ai bi a v di ai bi a v di
It follows immediately that 7p, aqr (ar) 18 @ morphism of complexes. We now need to check

that the cone of this morphism is Ad%"'(M). Let A = (i, ). The term of the cone in

cohomological degree —k is given by

qi,,\,gn @ qf(k—l)A—2(E(S)—k+1)EinJrl—kMEf o @ q‘—kA—Q(E(S)—k)E;L—kMEZk

7 7
Seph—1 SePk

_ @ qkafQ(E(S)+n+1fk)Ezn+1koElk & @ qf’“A*(E(S)*’“)EZﬂ*kMEf

(2 (2
Seprt SePk

The terms of the first sum can be indexed by the S € P¥ | such that n +1 € S, and the
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terms of the second sum by the S € Pk, | such that n+ 1 ¢ S. With this indexation, we
see that we indeed get the term of cohomological degree —k of Ad%jl(M ). Finally, we check
that the differential of the cone matches that of AdR""(M). Let S € P¥,, and S’ € Pr .
With the parametrization of the terms of the cone given above, we let d’S’ o be the differential

of the cone from the term indexed by S to the term indexed by S’. By definition of the cone,

we have
.
T = dg,$\[n+1} ifn+1eSand S"=5\{n+1},
, )0 ifn+1leSand S"#S\{n+1},
5,8 =
EidS,S’ ifn+1 ¢ S, S/,
L _dS\{n+l},S’\{n+1}Ei ifn+1e S, S’
From this, we see easily that dg ¢ = ds . This concludes the proof. O]

We can now prove the main result regarding the cohomology of Ady .

Theorem 5.1.4. Let M € Hé—mod and let n € N. Then

HE A (1) ~ ady (M) if k=0,
E; -

0 otherwise.

Proof. We proceed by induction on n. The result is clear if n = 0. Assume that the result

is established for AdY, (M). By Proposition 5.1.3 there is a distinguished triangle

g7 TP (M) E; — EAdp, (M) — Adi (M) 2

2

It gives rise to a long exact sequence in cohomology

g TR Ay, (M) E; — E;H(Adl, (M) — H*(Ad (M) — -

)
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We deduce from this exact sequence that Hk(Ad%jl(M)) =0if k ¢ {0, —1}, and that there

is an exact sequence

iV,

0 — H Y AdE (M) — ¢ 0 ady (M) E; — Eady, (M) — HO(Ad ™ (M) — 0.

From the definition of the map q;@v’m*znAd%i(M)Ei — E;Ad}, (M) in Proposition 5.1.3,
we see that the induced map qi_<iv’5>_2nad%i(M)Ei — Eady, (M) is simply 7g, adan (). By

Theorem 4.2.1, this map is injective with cokernel ad%jl(M ). The result follows. ]

5.1.2 Divided Powers Complex

We now introduce a similar complex for the divided powers.

Definition 5.1.5. Let M € Hé—mod with 8 of height r, and let n € N. We define a

complex Adg?(M ) of the form

0 —s q;n(nJr/\fl)MEi(n) N q‘fk(n+)\fl)E'(n7k)MEi(k) N El(n)M 0

(2 K3

where Ei(n)]\/[ is in cohomological degree 0 and A = (i¥, 8). The differential of Adg?(M ) is
defined by

dk = (—1)k_1 (T[lTn_k]MEf_l) e} (Ein_kTEi’MEf_l) .

More explicitly, given m € M, put

C']rgn = TLUO[k‘FT’,’I’L‘F’I"]TwO[Lk}1(n7k)ivﬁzki ®Hﬁ m E E/L(n_k)MEl(k)

)

Such elements ¢k generate EZ-(n_k M El-(k) when m ranges in M. Then the morphism dy, is
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given by

qfk(nﬂfl) E0=0 1 p*)

3 7 7

_ q;(kfl)(n+)\fl)Ei(nkarl)MEi(kfl)’

dki

o (= 1)k_1T[ITk+r] kL

m

With thick diagrammatic calculus notation, the differential is given by

(n—k+ Div (k- 1)i

Let us explain why this is well-defined. First, by Lemma 5.1.1, we have

Twok4rn+7] Two[1,k]) TTktn+r] ]-(n—k—i-l)i,ﬁ,(k—l)i = T1tk4r—1]Two[k—1+rn+n] Two[l,k—1] 1(n—k+l)i,6,(k—1)ia

which proves that di indeed takes values in the summand E" "V A EFY of ErrtipgE-

Furthermore, in Hgni1(n—k+2)i,8,(k—2)i We have

Two[k4r,n47] Two [1,E] T[ktn+r] Tlk—1tn+r] = Twolk+rn+r] Two[1,k] Tk—1T[ktn4r] Tk—11n+r—1]

=0,

where the first equality is obtained by using Lemma 5.1.1. Hence dj_id; = 0, and we

have indeed defined a complex. Alternatively, it is possible to check this directly using

143



diagrammatic calculus by remarking that for all a,b € N and v € I"™ we have

(@)i  (b+2)i (@i (b+2)i
= (Lemma 2.5.2)

(a+2)iv (b)i (a+2)i v (b)i
(a)i  (b+2)i

= (Lemma 2.5.3)

(a+2)i v (b)i

=0 (Lemma 2.5.5).

We now show, as in Theorem 5.1.4, that the cohomology of Adgl)(M ) is concentrated in

degree zero.

Theorem 5.1.6. Let M € H! and let n € N. Then

ad™ (M) ifk=0,

0 otherwise.
Proof. Assume that M € Hz—mod with 5 € Q% of height 7. The proof is by induction on n.
The result is clear if n = 0. Assume the result proved for some n € N. There is a morphism

of complexes

TE; AdD (M) - qgi ”8>+2nAdgi)(M)Ei — E@'Adg?(]\/[)

defined as in Proposition 5.1.3. Let 7" be the cone of 7, By the same argument as

B Adg) (M)

the proof of Theorem 5.1.4, the cohomology of 7" is concentrated in degree zero and equal
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to adEi(adg,)(M)).

We now prove that Adgﬂ)(M ) is a direct summand of 7. First, we define a morphism
of complexes V : Ad(ﬁ_“)(M ) = 7. On the component in cohomological degree —k, V' is
defined by

incl

VR = L EMTIMED 5 BT MENVE @ BEM Y MED,
0

The restriction of 7 (

£, A (A1) to EZ-(nH*k)M Ei(k) is zero, and it follows from that fact that V'

is a morphism of complexes.
We define a left inverse to V. We will denote by hy the complete symmetric polynomial

of degree d. Recall the idempotent e, = x5 ... 27

n_lTwO[Ln] € H,;. We define new idempotents

Ik f;; in HB+(n+1)i by

fk - (en—l-l—k < 16 © ek) )

f/é = (_1)k71hk71<$17 Thirils -« Tntril) (€n+1fk olgo (e[Z,k]T[lTk—l])) .
Note that fif; = fi and f, fx = fi. We have a morphism

EMRMEF s ECTTR A ER)

Lint1-k)i ki @mg m Jr Quy M,

that we will just denote f;, and similarly for f;. Using these idempotents, we define a
morphism W : 7" — Adgfl)(M ). On the component in cohomological degree —k, W is
defined by

Wk =[f o f] ECTYMERVE @ BEEECTPMER - ECTTRMER,
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It is clear that WV = 1, so we just need to check that W is indeed a morphism of complexes.

This amounts to checking the following relations in Hg (4 1)il(nt2-k)i,8,(k—1)i @, Hé:

k _ k-1
Ty vt JeTtntr] = (1i © €n—i © 15 0 €1) Titngr—11 %4 pi1 fr—15

f;gT[anrr} = (€n+1—k olgoey_1 0 1i) (T[lTnJrr]leLlfkq — Tlktn+r] f];—l) .

The first relation follows from the following computation

k—1
(1; 0 eni © 15 €k) Thtntr—1]Tppry1 fr—1
= Ty r 1 Vlk4r+1,n+7 €[1,k] Two [k+r+1,n4+r] Tktn+r—1] (Ent2-k © 15 © ek—l)
_ k=1 1
= Ty p 1 L[k+r+1,n+7) €[1,E] T[ktk+r—1] Two [k+r,n+7r] (en+27k olgo 61%1)
k—1 nt+l—k
g1 Dkt L] €K Tt — 1) g1 (Tooltnt2—k) © 15 © €x-1)
K ( olgoe)
Tt r 41T [k+r+1,n+r4+1] \Two[l,n+1—k] B © €k) Tlktntr]

k
Tppry1 (Ent1-k © 15 O €k) Tltns]-

Note that this computation actually holds in Hgy (,11)il(nt2—k)i,8,k—1)i, Without needing to

tensor by Hj on the right.
For the second equality, we start by computing (e,+1-x ¢ 150 ex_1 ¢ 1;) T[lTn+r]37l:L:r11n 1St

and (ep41-k © 150 €x—1 © L;) Tiepnr) fr_1 separately. We have

k-1

(Ent1-k © 150 k10 13) Titnn Tparg1 fho1

_ k-1

= (€n+1-% © 15 0 €510 1i) TnsrTp i1 (€ni2—k © Lg o €x1)

= (T ns1-1 © 1g 0 €h-1 0 1) Trmbr—1)Ph—1(Thars -+ o Trgns1) (TwoLna2—k © 15 © €x-1)

= (eny1-k0lgoerol;) T[lTkJrrfl]hk—l(xk-i-ra e >$r+n+1)T[k+rTn+r}-
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Now in Hg i (ni1)il(nt2—r)i,p,(k—1)i @, H}; we have

Tktk+r—1]Tk+r = TETktk+r—1]

because (T[ka_H»_l]JZ/H_T — ka[mﬂ_”) Lig(k—1)i € (11-,5_,-72-7(;6_1)14) (this is the same argument
that we used to prove that 7p, ps is well-defined in Proposition 4.1.12). Hence we conclude

that

k—1
(ent1-% 0 1g 0 er10 L) Ttntr Tpprr fr1

= (eny1-k 0 lgoe,ol;) T[lTk—l]hk—l(xk» Lhtr+l--- 7xn+r+1)7_[k¢n+r]‘

Similarly, we have

(ent1-k 010 k10 1;) Tiepnar] frq

= (ent1-k© lgoep_10 L) hi—a (21, Th, Thgpgr, - - - a:L‘n+r+1)7—[1Tk72}7—[an+r]-

To conclude, we use the following formula in the affine nil Hecke algebra HY:

To 2,6 TIAE—1] T = Tuo (2, T1T11k—1] F T2k Pa—1 (21, Tr) Tr4k—2)-

This is easily derived by induction on a using the relation h,(z1, xx) = 2§ + zrhe_1 (21, T )-
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Then we have

(eny1-kolgoer_101;) (T[lTn—i-r}wfz-{_—i-&—lfk—l — Tietntr] fro1)

= (ent1-k 0 lgoep_q01;) <T[1Tk—1]hk—1(l‘k, Thirg1 - Tngril)
— hi—a (21, Th, Thgpsn, - - - 7$n+r+1)T[1ka2])7—[an+r]

= (ent1-k 0 1g o ep10Ly) hp_1(T1, Thgrs1 - -+ s Trgrg1 ) T tnt]

= fiTletnr)-

This finishes proving that W is a morphism of complexes.

Thus, Adgz_ﬂ)(]\/[ ) is a direct summand of 7. Hence, its cohomology is concentrated in
degree 0. Furthermore, by definition, H°(VW) is the idempotent projecting on the summand
ad "™V (M) of adp, (adg?(M)). Hence H° <Adg§+l>(M)) = ad YV (0r). O

5.2 The Functor 7;

Denote by L{;r\ (i} the monoidal category from Definition 2.4.1 corresponding to the Cartan
datum on the set I\ {i} induced by the Cartan datum structure on I. For the rest of this
chapter, we make the assumption that the invertible scalars ¢;, ;, appearing in the definition
of the polynomials @);, j, are all equal to 1. That is, the polynomials @}, j, are now assumed

to have the form

Qj17j2 (u, U) € u” Va2 4y~ Y201 4 Z Ku*v'.

s,t>0
dj, st+dj,t=—7j1-J2

Theorem 5.2.1. There is a monoidal functor T; : Uy, ,, — K" (UT) such that
Ti (Bj) = Ady, ™ (E))
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This functor decategorifies to Lusztig’s symmetry 6;.

The rest of this section is devoted to defining the functor T; on the generating morphisms

of U

i} Before doing so, we need to prove some results that we will use in the construction.

5.2.1 Preliminaries

Our construction is based on the following elementary result.

Lemma 5.2.2. Let A be a K-algebra, and let C, D € K<°(A—proj) be such that H*(C') =0

and H*(D) = 0 if k < 0. Then the 0" cohomology functor induces an isomorphism
HomK(A)(C’, D) :> HOHIA (HO(C), HO(D)) .

In particular, if f € Homy (C°, D°) is such that f (im (dal)) Cim (dgl), then there exists

a morphism of complexes f: C — D extending f and unique up to homotopy.

By Theorem 5.1.6, this result applies to any complexes C, D belonging to the additive
and monoidal subcategory of K (U™) generated by the complexes Adg:l)(Ej) for m € N and

j € I'\ {i}. The strategy to define morphisms and check relations is then clear.

e To define a morphism in Homgq+)(C, D), it suffices to prescribe a morphism in
Homy+ (C°, D®) (which we will do using diagrams) and check that this morphism sends

im (dg') to im (dp").

e 'To prove that two morphisms defined by such a procedure are equal, it suffices to prove

the difference between these two has image lying in im (df)l).

The following lemma will be useful to perform the calculations necessary to implement this

strategy.
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Lemma 5.2.3. Leti,j € I and let m,{ € N. Then we have

where py, € Pnyeyit; has degree u(i-i)(—c;j —u) and po = 1. In particular, if m > £ then

% 6 H | ﬁ |
(m)i j  (€)i (m)ij  (0)i

Proof. The minimal length representatives of double cosets Gy x 1 X &, \& 1 p41/6 X 1 X Sy

we have

sending ¢ + 1 to m + 1 have the form:

where there are u straight strands on each side, and w € {0,...,min(m,¢)}. Denote by w,

the reduced decomposition of w, determined by the above strand diagram. Notice that

€ Loi jmi€[1,m)€im+-2,m4-04+1) H (m0)it 5 Tuso [1,0wo [e+-2,m—+041] Lmi j i

min(m,£)

= @ Les j,mi€[1,m) €[mt-2,m+-0+1] Elm-)itj Tay Tewo[1,€Jwo [4-2,m+£41] -
u=0

Hence, the first statement follows. The statement about the case m > /¢ is an immediate

consequence of the first statement. O
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5.2.2 Images of generating morphisms

We are now ready to define the images of the generating morphisms of /™ under T;.

Proposition 5.2.4. Let j € I\ {i}. There exists a unique morphism
Tifa) € Endiggpey (AdG™(5))

whose component in cohomological degree 0 is given by

Proof. Since i # j, we have

-1

Cz]l 7 Cz]l J

By Lemma 5.2.2, T;(z;)" extends uniquely to an element of Endj,+ <Ad . (E})) O

Proposition 5.2.5. Let ji, jo € I\ {i}, and put my = —c;j, and my = —c¢;j,. Then there

exists a unique morphism
Ti(T5052) € Homiey (AdY™ (B5)AdG2 (Ey,), AdG™ (E;,)AdS(By,))

whose component in cohomological degree 0 is given by

E<leyj2)0 =

(ma)i ja (m1)i f1
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Proof. By Lemma 5.2.2, it suffices to check that

% \\% GH \rﬁ
mzljz ml (]

(ma)i jo (ma)i g1 (ma)i ja (Ma)i j1

Let us start with the first diagram. We have

(ma)i ja (ma)i ja (ma)i jo (ma)i ja

i

(ma)i jo (ma)i f1

77L2 LJZ ITll le ITLz)i jz (TTLl)i j]

where p € P, 41)i4j,- We have

% EH \Tﬁ
m2 ZJz 7711 i J1

m2172 ml (¥}
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T

(Tnz)’i jz (ﬁll)i jl

(Lemma 2.5.3)

(Lemma 2.5.6)

(Lemma 5.2.3),

(5.2.1)



and

(ma)i jo (m1)i i (ma)i ja (m1)i a

i

T

(TTLQ)i j2 (TIL])i jl

cH-

This proves relation (5.2.1) for the first diagram. For the second diagram, we split the proof

into two cases. Assume first that j; # jo. Then we have

= (Lemma 2.5.3)

(ma)i ja (ma)i ja (ma)i j2 (ma)i jy

= (relation (8) in Definition 2.3.1).
(m2)i 2 (ma)i i

In the case where j; = jp, there is an extra term that appears when applying relation (8)

from Definition 2.3.1. This yields

B W)

(ma)i g1 (ma)i g1 (ma)i g1 (ma)i g1 (m1)i g1 (ma)i ja
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By Lemma 5.2.3, we have

i

T

(TTll)i jl (’IILl)i jl

(ma)t jr (ma)i ga
This completes the proof that relation (5.2.1) holds. O

Remark 5.2.6. The morphisms T; (x;) and T; (75, j,) have degree j-j and —j; - jo respectively.

Hence, T; will be a graded functor once we finish proving its well-definition.

5.3 Proof of the Relations

The goal of this section is to prove the following theorem.

Theorem 5.3.1. The morphisms (T;(x;)) .., and (T; (75, j,)) satisfy the defining rela-

J#i J1,j27#1

tions of L{I’L\{i}, that is:
1. Ty (5,4,) o Ti (x5, Ejy) — Ti (Ejyxy,) © Ti (75, 4u) = 0y o

Ti (v, Ej,) o Ti(7), 5,) — Ti(7j,4,) © Ti (Ejy2j,) = 04y o
2. Ti(Tjp.5,) © Ti(7jy ) = Q1 jp (Ti(y,), Tiy,)),

8. Ti(Th5aEir) © Ti (EjyTjr ) © T (T o Eijs) — T (BT ) © T (T)0,5s £ ) © T (B o i)
= 0133013 (Qjr o (T3 (%,) , T3 ()
The strategy of the proof is to use Lemma 5.2.2. For each relation, we check that the
diagrams defining both sides of the equation in cohomological degree 0 are equal modulo

diagrams factoring through the differential. We start by proving a preliminary lemma that

will be used for the proof of all three relations.
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Lemma 5.3.2. For all m,¢ € N and ©,7 € I we have

(m)i j (€)i (m)ij (0)i (m)i 3 (€)i

Proof. Let w € &,,1041/6s X 1 x &,,. We can decompose w in the form w = wjw, with
w1 € Gpirs1/Se X Sppq and wy € 6[g+17m+g+1]/6[g+2’m+g+1]. Pick a reduced expression w of
w obtained by concatenating reduced expressions of w; and wy. Assume that w(¢+1) = £+ 1.
If wy =1, then w;(¢+1) = £+ 1, sow; = 1. Hence, either w = 1 or w has the form

w = (...,8041). Now observe that

(m)i  (0)i

€ @ Pl )it i TwTwo[1,wo [0+2,64+m+1] Lini,j, 03 -
w66m+g+1/64>< 1xXG,,
(m)i j (0)i w(l+1)=~0+1

Using the polynomial representation, it is easily seen that the coefficient of w = 1 in this

decomposition is spy17(0u, (Qsij)) - The result follows. O

Proposition 5.3.3. Let ji,j2 € I\ {i}. Then we have
T (75,5 ) 0 Ti(Tj,.50) — TilTj o) © Ti (Ejyzyy) = 05y o

Ti (Tj.4o) © Ti (25, Ejy) — Ti (Ejxy,) 0 T (74, 5,) = 0y o

Proof. We give the proof of the first relation, the second one being proved similarly. Let
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my = —¢;;, and mg = —¢; j,. Assume first that j; # jo. Then we have

R R

m2¢]2 (m1)i g1 (ma)i ja 77111]1

In the case where j; = jo, we have

R IR

(ma)i g1 (ma)i j1 (ma)i g1 (ma)i jy (ma)i g1 (ma)i ja

= +H- 7

(ma)i g1 (ma)i g (ma)i g1 (ma)i

where the second equality follows from Lemma 5.3.2. For both cases, the result then follows

from Lemma 5.2.2. O

Proposition 5.3.4. Let j1,j2 € I\ {i}. Then we have

E(Tj%jl) o Ti(Tj1,j2> Q]l J2 ( (xh) T'(:CJ'Q)) .

Proof. Let m; = —¢; j, and my = —¢; j,. By Lemma 2.5.6, we have

(my)igi (mg)ija (my)i g1 (ma)i ja
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(my)i (ma)i

= Q’ ,

(m1)i i (ma)i ja

where

/ JR—
Q = oJo[2,m2+m1+1}wo[2,M1+1}—lwo[m1+2,m2+m1+1}—1(sz,mﬂ')'
Given the form of Qj, i, we have Q)" = 1. Thus we have

(my)i (ma)i

= sz ,J1

(m1)ijr (ma)i ja (m1)ij1 (Mma)i ja

€ sz,jl(xlva+2) +H - 5

(m1)i g1 (me)i jo (m1)i j1 (ma)i ja

where the last equality follows from Lemma 5.3.2. By Lemma 5.2.2, the result follows. [

To finish proving Theorem 5.3.1, it suffices to prove the braid relations. This will be based

on the following lemma.
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Lemma 5.3.5. Leti,j € I, let m, ¢ € N, and let n > —c; ;. Then we have

Proof. By Lemma 5.2.3, there exists polynomials p, € Pyy)it+; such that

(0 (n)i (m)i (0 (n)i (m)i
_ : mﬁ@? _ mﬁ%
(m)i (n)i j  (0)i (m)i (n)i j  (0)i (m)i (n)i j  (£) (m)i (n)i j  (£)i

(Lemma 2.5.2)
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min(m,£) )
= Z - _ (Lemma 2.5.5),

where p!, = 0, (p,) with

wy = woll+m+2,0+m4n+ 1wl +m—u+2,04+m+1] wol[l+m+2,0+m+n+1]""

For w > 1, the polynomial p!, has degree

deg(p,,) = deg(pu) — (i - i)nu

= (i-1)u(—c;; —u)— (i-i)nu

Hence p), = 0, and the result is proved. O

Proposition 5.3.6. Let jy, jo,js € I\ {i}. Then we have

T (7j0,55 Ey) © T (BT gs) © Ti (Tj o Ejs) — Ti (EjsTi g) © T3 (71,55 Ejy) © Ti (Bjy T s )

= 0j,,4501,3 (Qj1.5) (T3 (4,) . Ti (x5,)) -

Proof. Put my = —¢;;, for k € {1,2,3}. We start by treating the case j; # js. Then we
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have

- (Lemma 2.5.6)

(TTLg)i j3 (’ITLQ)i jQ (’Iﬂ])i jl (’"lg)’i ]’3 (Tflg)i jz (TTLl)i jl

//

- (Lemma 2.5.6)

(Wl;;)i jg (TTLQ)i jz (TTLl)’i jl

//

= (Lemma 5.3.5).

(m3)i gz (ma)i go (ma)i ja

Then the relation follows from Lemma 5.2.2. For the case j; = j3, to simplify the exposition,

we will denote by ~ the equivalence relation on H corresponding to the subspace

1 )

") 11T N

(ma)i g1 (ma)i ja (m1)i g (ma)i 1 (me)i jo (ma)i ja (ma)i j1 (Mma)i jo (m1)i ja

We also put B(z1, x2,x3) = 013 (Qj, (%3, x2)). With these notations, we want to prove that

i% %é xl,$ml+2,xm1+m2+3)1m”]1 o

(ma)i g1 (ma)i ja (m1)i ju (m1)i j1 (ma)i 2 (ma)i jr
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By Lemma 2.5.6, we have

RS

(ma)i j1 (m2)i ja (M1)i j1 (m1)i g1 (m2)i ja (ma)i J1

my)i j1 (Mma)i ja (ma)i ja

where p = Sjm,4112](O1(Qjy mai (T2, - - -, Tmyt2))). By Lemma 5.3.2, we have

|

(ma)i g1 (ma)i ja (ma)i 4y (ma)i g1 (ma)i ja (ma)i 41

: | p” j%

(m1)i g1 (m2)i g2 (M1)i j1

where p’ = Smi+ma+1ima+2] (p) and p” = wo[2,m14+ma+2]wo[2,ma+1] " wo [ma+2,m1+ma+1] 71 (p'). No-

tice that p” has degree:

deg(p”) = deg(Qumyijy) — (J1 - J1) — mama(i - 4)
= —2my(i - j1) — (J1 - J1) + cijyma(i - )
—(J1 - J1)

< 0.
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Hence p” = 0, and we have

(ma)i j1 (me)i j2 (m1)i ji

Thus we have

(7771)7 J1 (mz)i Jo (7771)7 J1 (7771)7 Ji (mz)i Jo (7771)7 J1

- - B(m1’$m1+27xm1+m2+3) .

(ma)i j1 (ma)i jo (ma)i ji (m1)i J1 (ma)i Jo (m1)i Ji

Let us compute these last two summands separately. By Lemma 5.3.5, we have

(ma)i g1 (me)i ja (Ma)i j1 (ma)i g1 (m2)i ja (Ma)i j1
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For the other term, we have

= %? (Lemma 2.5.6)

(m1)i 41 (Mm2)i ja (ma)i ja (ma)i j1 (m2)i ja (Mm1)i j1

e

(ma)i g1 (m2)i g2 (ma)i g1

= [é (Lemma 5.3.2)

(7771)7 J1 m2 (D) 7771 1]1

o

— [ 7 ] (Lemma 2.5.6),

~

(ml)i J1 (m2)i J2 (m1)l J1

(Lemma 2.5.5)

with f = 5[m1+m2+1¢m2+1](QJ1 mzl) and f wo[l m1+ma]wo[l,ma] 1wo[m2+1,m1+m2}*1(f/)' Given
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the form of @}, 1., we have f' = 1. Now by Lemma 5.3.2, we have

(m1)i g1 (m2)i ja (M1)i 1

Putting everything together, we have proved that

~ B(xl, Tmi42, xm1+m2+3) 1m1i,j1 ,ma2i,j2,m11,j1

(ma)i J1 (m2)i gz (ma)i 51 (ma1)i i (ma)i jz (ma)i fia

which is the relation we wanted.
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