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The Statistical Analysis of Density Equalized Map Projections 
Jane Schulman 

Abstract 

1 

When cases of disease are plotted on a geopolitical map two problems arise. First, 

interpretation is difficult because large, sparsely populated areas dominate visually 

overshadowing small, densely populated areas. Second, analysis is difficult because the 

geographic subunits have different populations at risk. 

A demographic based map addresses both of these problems by transforming the geopolit-

ical area to be proportional to the population. These transformed maps, called Density 

Equalized Map Projections (DEMPs), require the area of each subunit to be proportional 

to its population creating an equal population density for the entire area under study. 

This work develops techniques for the statistical analysis of data plotted on a DE:MP. 

First, it is proven that if the population is uniformly distributed within each geographic 

unit on the original map (usually the null hypothesis) then the population is uniformly 

distributed across the entire transformed map. Analytic solutions are given for the distri- . 

butions of two distance measures among cases of disease when the boundary is a square: 

the squared distance between two random points and the squared distance between one 

fixed point and one random point. Approximate solutions are developed for arbitrary 

boundaries for the distributions of four distance measures: the average squared paired dis-

tance between n points, the average squared distance between n points and one fixed 

point, the average distance between n points and one fixed point, and the standardized 

squared distance between the centroid of the cases and the centroid of the transformed 

area. The issues of boundary shape, location of the fixed point, power, and accuracy of 

the approximations are also addressed. The approximate methods are illustrated using 

disease data from two areas in the United States; Denver and Jefferson counties 

(Colorado) and Santa Clara county (California). Finally, a numeric method is given 

which approximates the distributions of the average transformed and untransformed 
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distance between n points and a fixed point in an arbitrary boundary. These results are 

compared to both the exact and approximate solutions developed earlier. 

. .. 
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CHAPTER ONE 

Literature Review 

Introduction 

A. Lilienfeld has described epidemiology [1] as 

" ... the study of the distribution of a disease or a pathological condition 10 

human populations and the factors that influence this distribution." 

Thus, geographic distribution of disease is at the core of the science of epidemiology. The 

study of the geographic distribution of disease is primarily important because it often 

leads to clues about etiology. For example, in 1962, Burkitt [2] published a study of the 

geographic distribution of malignant lymphoma in Africa which affects children 2-14 years 

of age regardless of race, sex or tribe. He found a definite geographic pattern which coin-

cided with areas in which the temperature never went below 60 degrees Farenheit. This 

observation led to the hypothesis that an insect vector, e.g., a mosquito, might be impor-

tant in the etiology of this disease. Numerous other examples can be found which illus-

trate the role of the geographic distribution of disease in the search for possible etiologic 

clues (e.g., see [3-5]). 

Four methods generally used to assess spatial clustering of disease are: Nearest Neighbor. 

Distance Between Pairs, Spatial Autocorrelation and Demographic Based Maps. The pur-

pose of this work is to explore the statistical properties of data plotted on demographic 

based maps. This chapter, however, contains a review, and gives examples of, each of 

these four methods as they are currently used. 

Nearest Neighbor Analysis 

The nearest neighbor analysis was originally developed in the 1950's by the ecologists 

[6,1) and was first applied to epidemiology in 1980 by Lewis [8). Lewis reanalyzed two 

previously published data sets concerned with spatial-temporal clustering in childhood 
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leukemia. The original analyses had shown only weak space-time clustering but, using 

nearest neighbor analysis, Lewis observed significant spatial clustering in both sets of 

data. 

The basic assumption in nearest neighbor analysis [6-8J is that the population under study 

is uniformly distributed across a two-dimensional plane. This assumption implies that the 

probability of fiIl.ding k of its members within a subarea of a given size is Poisson, or, if 

X is the random variable associated with the number of members within the subarea, 

where). is the average number or population members per subarea. The parameter). can 

be written as 

where n = Dumber of population members, 6 = size or subarea, and A = total area. 

Since interest lies in the distance rrom any member to its nearest neighbor in any direc-

tion, a circle of radius r is chosen as the subarea. Thus, 

The probability that no members lie within the circle or radius r is then 

( 
n lI'r2 ) P(X=O) = exp -~ 

and the probability or finding one or more members lying within the circle is 

( 
n lI'r 2 ) P(X~1) = 1- exp -~ . 
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Since the radius of the circle is the distance from a member to its nearest neighbor, the 

last two equations can be thought of as functions of r. They then can be viewed as the 

proportion of distances to nearest neighbor that are greater than r and the proportion of 

distances that are less than or equal to r, respectively. In this sense, the last equation is 

the cumulative distribution function of nearest neighbor distances and it can be 

differentiated with respect to r to obtain the density function of nearest neighbor dis-

tances, i.e., 

2" rrr (" 1I"r 2 ) I (r) = ~ exp --A- o < r < 00. 

If 15 is the random variable associated with the mean distance to nearest neighbor then 

the expected value of 15 is .!.. fA so that as the number of population members 
2V~ 

increases the expected mean distance to nearest neighbor decreases. The variance of 15 is 

and a test statistic used to assess the significance of the observed value of 15, i.e., d, IS 

the standard normal deviate, 

z ~ d - E(15) 
v'Var (D) 

Z is approximately normally distributed for" 2: 100 and is approximately distributed as 

gamma for" < 100 when no spatial clustering exists in the area of study. 

There are three issues worth noting in connection with nearest neighbor analysis. First, 

the basic assumption is that the population density is uniform across the total study area. 

If the population at risk is clustered then clusters may falsely appear to be characteristic 

of the disease process when they are really characteristic of the underlying population. 
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This possibility could be investigated in two ways; 1) compare the distribution of cases to 

the distribution of a sample of controls drawn from the population at risk, and/or, 2) 

simulate cases in each subarea in such a way that the number of cases per subarea is pro-

portional to the population at risk. The second method should yield uniformly distributed 

cases if the population at risk is not clustered and should show clusters if the underlying 

population is not uniform. If the distribution of the controls or simulated cases is not 

clustered then more weight can be given to the results from the nearest neighbor analysis. 

The second issue concerns boundary effects. That is, what is done about cases which are 

closer to the boundary than they are to other cases? The derivation of the density func-

tion of nearest neighbor distances depends on the assumption that a circle of radius r 

surrounding a randomly chosen point never intersects the boundary of the study area. 

Some recommend that distances from cases to their nearest neighbors be excluded if the 

cases are closer to the boundary than to their neighbors but boundary cases may serve as 

nearest neighbors for non boundary cases [6,8J. However, this may lead to a substantial 

loss of data, and, if the distribution of cases fluctuates dramatically near the boundaries 

then the results of nearest neighbor analysis may be influenced in unpredictable ways. 

Donnelly [9J used a combination of numerical integration and simulation techniques and 

suggested that f5 can be considered normally distributed if the expectation and variance 

are calculated from 

E (15) = 0.5 - fA + .0514.f + .041 P3 V-;; n _ 
n 2 

and 

V (D) - .0703-
2 

+ .037 P _ - - A A 
n n 5 

where P is the length of the study region. Ripley [10] showed that Donnelly's corrected 

version of the. test is quite powerful at detecting either regular or clustered distributions. 
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Finally, nearest neighbor measurements ~e not independent because when A is B's 

nearest neighbor then there is an increased probability that B will be A's nearest neigh

bor. It has been shown, however, that tests at conventional significance levels remain 

approximately valid provided that boundary effects are accomodated [11-12]. 

Distance Between Pairs 

The distance between pairs method uses the distance between pairs of cases as a measure 

of spatial clustering. It was originally proposed by Knox as a means of assessing space

time clustering [i3,14j. Knox defines a critical distance so that any pair of cases whose 

du.tance apart is less than the critical distance is considered "close" and all other pairs 

are considered to be far apart, reducing the measurement of distance to a binary variable. 

Similarly, a pair of cases is "close" in time if the difference between their times of onset 

of disease is less than some critical, prespecified time. He then enters these binary pairs 

in a 2x2 table and uses as a test statistic the number of close pairs in both space and 

time, i.e., Knox's test statistic is the number of pairs which fall into the cell iIi'the 2x2 

table which represents "closeness" in both dimensions. 

Knox assumes that the test statistic, i.e., the number of close pairs in both space and 

time, follows a Poisson distribution since the probability that a pair is close in both 

dimensions is small. Further, even though all possible pairs are not independent, he 

argues that because the number of close pairs is such a small percentage of the total 

number of pairs that this lack of independence is not serious. The expected number of 

close pairs is obtained, as usual, from the marginal totals in the 2x2 contingency table, 

One of the major criticisms of Knox's work has been that the choice of of critical times 

and distances is arbitrary. 

In 1973, Lloyd and Roberts [15] published a study of spatial clustering of notified limb 

defects in Wales between 1964-66, There were 57 cases of these diseases among 14,451 
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singleton births. Because of variable population density, the population at risk (i.e., the 

population of singleton births) was clustered and so they also took 5 random samples of 

size 57 from the population of singleton births to use as controls. The coordinates of all 

the homes were estimated by address of the mother. They compared the number of pairs 

within various distance criteria among the cases to the mean number of pairs among the 

controls. So, for example, 16 pairs of cases were within 1600 meters of each other and the 

mean number of control pairs within this same distance was 8.2. Significance was 

assessed assuming the null distribution was Poisson. Aylett, Roberts and Lloyd [16] later 

used this technique to study spatial clustering of neural tube defects in a small Witshire 

town in Wales. 

Smith and Pike [17] pointed out that the procedure used by Lloyd and Roberts is the 

one-dimensional equivalent to Knox's method. They also mention that the distribution of 

the number of close pairs can be obtained using a combinatorial method. This implies 

that the the Poisson assumption need not be made. To do this: 

1) Let the number of cases be n . 

2) Let the number of controls be m . 

3) Let the test statistic be Z' where Z· = the number of pairs whose observed dis
tances apart are less than some critical distance. 

If, for each of the (n! m) possible different selections of n persons from the n + m 

total, the number of close pairs Z is calculated, then the distribution of Z is the distribu-

tion under the null hypothesis from which Z' can be assessed. In other words, Z· is one 

possible outcome which results from choosing n persons from n +m total and calculating 

the number of pairs whose distances apart are less than the critical distance when no dus-

tering exists. Producing the null distribution with repeated sampling of Z or listing all 

possible values of Z is typical of a set of test procedures called randomization tests. 

~. 
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Heath [181 used this randomization approach to study clustering of cleft lip and palate in 

Oxford. 

Spatial Autocorrelation 

The simplest measure of spatial autocorrelation arises in connection with nominal data 

[19]. For example, let n be the number of counties in a specific area such as a state. In 

each county we note if an event has occurred or not. IT so, code the county B, and if 

not, code it E. IT two counties have a boundary of positive nonzero length in common 

they are called joined. Thus, there are three kinds of joins: BB , BE , and BB. IT there 

are is an overabundance of BB joins compared with the number expected under the null 

hypothesis of no spatial autocorrelation evidence exists for clustering of B types of coun-

ties. 

Specifically, let {Oii } be a connection matrix with 

0ii = 1 if the i ,,\ and j ,,\ counties are joined 

= 0 otherwise. 

Also, let 'Zi = 1 if the i'" county is B 

= 0 if the i'~ county is E. 

Then the test statistic, the number of BB joins, is 

BB.= 21 EE OJ; 'Zi 'Zi· i,. i 

Dacey [201 investigated the properties of the BB statistic (or regular and irregular lattice 

structures. Among other things, he noted that BB is approximately normally distributed 

in either case if the number of areas is large. Also, if the study area is fairly square then 

the number of areas needed to obtain a reasonable approximation is not as large as the 

number needed (or more elongated areas. 



8 

Grimson [21] used this statistic to assess clustering of sudden infant death syndrome (SID) 

in the counties of North Carolina. Each county was designated as high or low risk for 

this disease based on the SID death rate. Two counties were considered adjacent if they 

contained a common non-salt water boundary of non-zero length. There were" high risk 

counties and the test statistic, k, was the number of adjacent high risk counties among 

the (~) possible pairs. Grimson, however, simulated the distribution of k for values of 

" from 2-25 to avoid using the assymptotic properties of this test statistic. 

Another epidemiologic study which used a variation on the BB statistic was published by 

Ohno and Aoki [22,23]. They studied the distributions of bladder, esophageal, breast and 

uterus cancers in Japan using site and sex specific mortality rates for 1969-71 for persons 

40 years of age and older. The mortality for each of 1123 city and county areas was 

expressed as the local rate divided by the national rate. These ratios were placed into one 

of 5 categories, i.e, category 1 included ratios of 140 or more and category 5 included 

ratios less than 60. All adjacent pairs of areas were identified and each pair was assigned 

its associated values for the ratios. If the mortality ratios for two adjacent areas fell into 

the same category then the pair was considered concordant. A frequency distribution of 

the number of adjacent concordant pairs for each category was constructed and was com-

pared with that expected using a X2 test. Expected values for each category were calcu-

fated assuming that the probability of a corcordant pair being of type i, i = 1,2,3,4,5, 

was 

";(nj-l) 
2 P ( concordant pair of type i) = -:-:~-:--~ 

N(N-l) 
2 

because the total number of possible pairs is N (N -1)/2 and the number of possible con-

cordant pairs of type i is "j ("j -1)/2. 
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The major criticism of these simple measures of spatial autocorrelation is that they 

depend on the shapes of the geographic subareas. For example, the probability that 

county i is adjacent to county i depends on the total number of counties adjacent to 

county i. 

Consider another approach; if Xi is measured on an interval scale as opposed to a nominal 

scale, e.g., Xi is the death rate in county i, then let 

Xi - value of X in the i 14 county 

and define 

1-
EECij z; Zj 

n i'" j 

2A EZi2 

EXi 

, - - . lor Zi = Xi - X, 'Z = -- , n 
n 

= number or geographic subunits in the study area, 

and A = total number of joins. This I statistic was proposed in 1950 by Moran [24], 

and like the BB statistic, it is asymptotically normally distributed. Note 1) the 

correspondence or I to a correlation coefficient, i.e., basically I is the covariance or Xi 

and Xj divided by the variance or Xi, and 2) the assymptotic normality of both the BB 

and I statistics is expected on theoretical grounds since they are both special cases of U-

statistics [25]. 

Cliff and Ord [19] replaced the simple connection matrix {Cij } with a generalized weight

ing matrix {Wi; }- They suggested the statistic 

I=n 
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where in addition to previously defined notation, Wij - a priori weight between units i 

and j and W = EEWij' i'" j 

Glick [261 used this statistic to study the clustering of cancer in the counties of Pennsyl-

vania. He considered nine cancer sites using sex-specific, age-adjusted mortality rates. 

They were: stomach (both sexes), lung (both sexes), breast (females only), cervix (females 

only), bladder (males only), and leukemia (both sexes). 

First he defined Wij to be 1 if counties i and j share any length of boundary and 0 oth-

erwise. Thus, in this analysis, the {Wi j } matrix is just the simple connection matrix 

{Oij } and I measures the degree to which contiguous counties have similar rates. The 

largest values of I were obtained for stomach cancer. This implies that some shared 

environmental factor(s) is/are operating at a scale larger than the county scale. 

Next, Glick defined 

where hi (j) = proportion of boundary i in contact with county j and d;j = distance 

between the geometric centers of the two counties. This scheme weights contiguous coun-

ties on the basis of their distance apart and their length of common boundary. For exam-

pIe, high weight is given to two counties which share a large proportion of common boun-

dary and whose centers are close together. He observed that the autocorrelation for 

stomach cancer decreased and increased for lung cancer when this weighting scheme was 

used. 

Glick also analyzed the data for spatial lags. Define Wi' to be 1 if counties i and j are 

separated by a minimum of k - 1 other counties and 0 otherwise. This scheme is 

• 
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analogous to measuring time lags in temporal autocorrelation with one major difference, 

i.e., time lags are of equal distance apart and counties are not. Plots obtained for various 

values of k are called correlograms. For stomach cancer the values of I remain high for 

0,1,2, and 3 lags suggesting that large clusters exist. For lung cancer, however, the auto

correlation decreased after lag 1 indicating the presence of small clusters. 

Demographic: Based Maps 

Two basic problems arise when rates are plotted on a geopolitical map [6,27]. First, they 

are hard to interpret because large, sparsely populated areas dominate visually while 

small, densely populated areas are over shadowed. For example, a county map of the 

U.S. is disproportionately influenced by the Rocky Mountain area while insufficient 

weight is given to the East coast. One proposed solution to this problem is to smooth 

and contour the rates [28-30J. 

Second. data plotted by geopolitical criteria are difficult to analyze. Interest is usually 

focused on whether some rates are significantly higher than the national or regional aver

age. This decision is complicated because the standard errors of the rates can vary sub

stantially from place to place due to different population sizes in the geographic subunits. 

To alleviate this problem, some researchers advocate plotting the significance probability 

associated with each subarea that is the probability of obtaining the observed rate if the 

true incidence was the same for the whole area [31]. However, these methods are usually 

based on the questionnable assumption that the number of deaths from a rare disease in 

an entire region can be approximated by a Poisson distribution. 

A demographic based map addresses both of these problems which are due to variable 

population density in the study area. This map is one which has been transformed in 

such a way that area is proportional to the population. For example, the area of the East 

coast is increased while the area of the Rocky Mountain area is decreased on a 
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transformed county map of the U.S. insuring that the emphasis given to a subunit is pro

portional to its population as opposed to its geopolitical boundaries. So, if cases of a 

disease occur proportionately to the population, i.e., they are not really clustered in space, 

they will appear to cluster on a geopolitical map because of variable population density. 

But, when they are plotted on a demographic based map they will appear to be uniformly 

distributed and an accurate visual image is presented. 

Demographic based maps, or cartograms, were first used in epidemiology for tracking 

cases of contagious disease. In 1926, Wallace [32] published a cartogram of Iowa by 

county which was used to monitor cases of reportable disease. Each case was placed on 

the map with a color coded pin to facilitate early detection of epidemics. In 1927, Gil~ 

lihan [33] used this method to study the spread of smallpox in California. Two later 

examples include a 1962 report concerned with tuberculosis in Sotland [34] and a 1976 

study of a salmonella epidemic in Arkansas [35]. 

These maps have also been used to study the distribution of chronic diseases. For exam~ 

pie, Levison and Haddon [36] investigated the distribution of Wilm's tumor (kidney 

cancer) in New York state. Tyroler and Smith used area adjusted maps to study mortal

ity from cerebrovascular disease in North Carolina [37]. 

Until recently these maps have only been used descriptively, i.e., no rigorous statistical 

analyses have been attempted, because it was difficult and time consuming to create 

them. However, there are now two computer algorithms available which automatically 

transform maps [27,38-39]. 

Selvin et al. [27] were the first ones to statistically analyze data plotted on a demographic 

based map. A tranformed map was made for each of four age-sex groups (white males 35-

54 years of age, white females 35-54 years of age, white males 55-74 years of age, and 

white females 55-14 years of age) using the census tracts of San Francisco as the 
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geographic subunits. The numbers of incident cases were obtained from the SEER data 

base for each age-sex group for each census tract for six cancer sites: stomach, colon, rec-

tum, Hodgkin's disease, chronic lymphocytic leukemia, and acute granulocytic leukemia. 

Each case was plotted on the appropriate transformed map at the centroid of the census 

tract in which the case resided because exact addresses were not availabe for 

confidentiality reasons. 

The average squared distance between pairs of cases was used as the distance measure, 

i.e., if (Zi ,Yi ) are the coordinates for case i then 

is the squared distance between cases i and j. The average squared distance between 

pairs is 

where k = is the total number of cases. The test statistic used was the approximate 

standard normal deviate, 

z ;[1- E(iS;Z) 

vlVar (57) 
p 

It was verified by simulation methods that, as expected on theoretical grounds [25], Z is 

approximately normally distributed when used on the transformed map of San Francisco. 

The expectation and variance of D/ were expressed as functions of the moments of x 

and y and were estimated using the centroids and the population densitities of the census 

tracts. 

As mentioned, the purpose of this work is to further explore the statistical properties of 
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data plotted on demographic based maps. The theoretical considerations of data analysis 

on the un transformed map are discussed by Whittemore et. al. in [40] where they develop 

mathematical formulas which have the effect of transforming a map without actually per

forming the transformation. Finally, because the area of each subunit is proportional to 

its population on a demographic based map, i.e., there is equal population density on a 

transformed map, these maps are called Density Equalized Map Projections (DEMP). 
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CHAPTER 2 

Statistical Properties or the DEMP Algorithm 

Introduction 

The DEMP algorithm transforms boundaries so that all geographic units in a map have 

areas proportional to population, i.e. all geographic units on the transformed map have 

equal population density. It will be shown in this chapter that if the- population is uni-

formly distributed within each geographic unit on the original map then the same is true 

on the transformed map. One consequence of this fact is that population is uniformly 

distributed across the entire transformed map and the interior boundaries of the gea-

graphic units can be ignored: This property implies that the distribution of a disease 

plotted on a transformed map is free from the interfering bias caused by unequal popula-

tion densities inherent in a geopolitically defined map. 

A Transformation Algorithm 

To illustrate this algorithm consider a map made of two arbitrary concentric polygons. 

The inner region has area A , the outer region has area B , and the area of both regions 

is A +B . Transform this map 50 that the new area of the inner polygon precisely equals 

the proportion of the total population-at-risk in the original inner polygon without chang-

ing the area of the outer polygon. Note that the population-at-risk can be defined in any 

number of ways, e.g, number of births, number of persons, number of buildings, or 

number of farm animals. Denote the areas of the transformed regions A' , B' , and 

, B'.' I A + ,respectively. Note that B =B ,i.e., the area of B is equal to the area of B . 

To transform this map define the areal magnification factor MA =£. Choose a con
A 

venient center of expansion, e.g., ·the geographic centroid of the inner polygon. The coor-

dinates of an' arbitrary random point (X, Y) when transformed will be denoted as 

.. 
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(X' , y'). Let r be the distance on the original map from (X, Y) to the center of expan

sion. If (X, Y) is inside the inner polygon then X' = X J M... and y' = Y J M.... If 

(X, Y) is inside the outer polygon on the original map then the transformed coordinates 

are given by 

x' =X [1+ 
{M ... -1)r4

2 tand r2 

y' Y [ 1+ 
(M ... -1)r4

2 ]t 
,.2 

where r 4 is the distance on the line from the expansion center to the point (X, Y) 

between the boundary of the inner polygon and the expansion center. When the areal 

magnification factor M... is based on population density, this process will be called a den-

sity equalizing map projection (DEMP). Two properties of the algorithm of note are: 1) 

the transformation is radial, and 2) transformed points do not cross inner boundaries, that 

is, if a point is inside the inner polygon on the original map then it will be inside the 

inner polygon on the transformed map. In other words, all points remain within their ori-

ginal polygons. 

Uniformity Theorem: It points are uniformly distributed within each polygon 
or the original map then these points are uniformly distributed within each 
polygon or the transformed map. 

Proof: 

Two cases can arise with respect to the point (X, Y). First consider a random point 

(X, Y) on the original map inside the inner polygon at a distance r from the center of 

expansion. Using polar coordinates,X=rcos{O), Y=rsin(O) and the transformed point is 

I ( V' y') ". " 'f"'i"r ocated at A, where X =r cos(O) and Y =r sin(O) giving r =r V M .... Thus, 

r' is the distance on the transformed map from (X' ,y' ) to the center of expansion and 

O=U since the transformation is radial. If points are uniformly distributed in the inner 
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polygon on the original map then the joint density of rand 8 is 

r 
f (r ,8) = A 

and the density of r is 
. \Ii 

f (r) = f f (r ,8) d 8 = f ~ d 8. 

It will now be shown that the density function of r I has the same functional form as the 

density function of r which implies that the density function of r I is the one which 

would be expected if points are uniformly distributed in the transformed inner polygon. 

The algorithm specifies that r I = r J MA and so the Jacobian of this transformation IS 

-! 
MA 2. Therefore, the density function of r' IS 

I I 

I f r f r f (r ) = -- d (J = -:;- d 8 
AMA A 

A' 
because MA = A This is the density function that implies that points are uniformly 

distributed in the transformed inner polygon. 

Now consider a random point uniformly distributed in the original outer polygon. Using 

polar coordinates the algorithm specifies that the transformed distance between the point 

(X' ,y' ) and the center of expansion is 

r' = r [1 + 

Because points are uniformly distributed in the original outer region the joint density of 

rand 8 is 
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r 
f (r ,8) = B 

and the density function of r is 

f (r) = J ; d 8. 

Now it will be shown that the density function of r' has the same functional form as 

does the density function of r. The Jacobian of the transformation from r to r' IS 

I 

r' [r ' 2 - (MA -1)r.2 r2" which makes the density function of r' 

J r ' [ '2 ( 2 ]~ r - '~A -1)r. I 

f (r') = --=------..:::....- d8 = J ~i d8 

B [r ' 2 - (MA -1)r/ ]~ 

since B =8' . Thus, points are uniformly distributed in the transformed outer region if 

they are uniformly distributed in the original outer region, i.e, f (r ) = J ~ d 8 implies 

I 

I J r that f (r ) = -=r- d 8. 
8 

Corollary: If points are uniformly distributed within each polygon on the origi
nal map then the density of points is uniform across the entire transformed 
map. 

Proof: 

It will now be shown that when points are uniformly distributed within each polygon on 

the transformed map then they are uniformly distributed across the entire transformed 

map. The steps are: 1) consider the moments of X' and y' separately for each area 

assuming points are uniformly distributed within each area, and 2) show that these 

moments correspond to those expected when points are uniformly distributed across the 

entire transformed map. 
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If (X' ,y' ) is a uniformly distributed point in the transformed inner region then the joint 

density of X and Y' is 

f (x' ,y' I (X ,Y' ) is 
1 

In the mner regIon ) = 7" 

and the expectation of X II: IS 

E (x' II: I (x' ,Y' ) is In the anner regIon ) =.J, fIr' II: dy' dr' . 
A A' 

Similarly, if (x' ,Y' ) is a point in the outer region, 

f (x' ,1/' I (X' ,y' );6 1 
In the outer region ) = ~ 

B 

and the expectation of X' II: is 

E (X' II: I (x' ,y' ) i6 in the outer region ) =-:A- I J z' II: d1/' dx' . 
B B' 

The overall expectation of X' II: is a weighted average of the two expressions given above. 

l.e. , 

E (X' ~ ) = E (X' ~ I (X' ,Y' ) i6 In the Inner region )P «X' ,y' ) is In the Inner region 

+ E (X'" I (X' ,y' ) i6 In the outer region )P «X' . y' ) is In the outer region 

or 

E(X' 1/) = --,.._1.......,..
A' +B' [ f I, z' Ir dy' dr' 1 

A +B 

bec<!-use P «X' ,y' ) is In 
A' 

the znner region) = A I +B' 

and 



p ((X, y' ) i& an 
B' 

the outer regIon ) = A' +B' 

Now, if points are uniformly distributed in the entire area then 

" 1 
/ (r ,'11 ) = A I +B' 

and 

E(X''')= 1 
A' +B' 

J J r' It d'!J' dr' 
A' +s' 

which agrees with the expression obtained by considering each polygon separately. 
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The moments of y''' and the mixed moments of X' i y' I can be obtained in an 

entirely analogous fashion. Therefore, by considering the moments obtained separately 

from each region it has been shown that they are the ones expected if points are unie 

formly distributed in the entire region. 

Example: Concentrie Circles 

Consider a region made up of two concentric circles. The inner region is a circle with area 

A and the outer region is an annulus with area B. The radius of the circle is RA and 

the radius of the entire map, i.e., the circle plus the annulus. is RA +s. The correspond-

ing transformed areas and radii are denoted as A' , B' , R A' , and R A' +s' . If a point is 

located in the inner region at a distance r from the center of the circle then the algo-

rithm specifies that the transformed distance from the origin, r' , is 

r' = rJMA 0< r < RA . 

If a point is located in the annulus then the transformation is 

, 
r 
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Now, if a random point (X, Y) is uniformly distributed in the circle then the joint den-

sity function of X and Y is 

1 I (r,y) = -R 2 
rr A 

This joint density, in terms of the polar coordinates X =r cos( 6) and Y =r sine 6), is 

I (r,6)= ~ 
rrRA 

o < r < RA , 0 < 6 < 2rr 

and the density function of r is 

2r 
I (r) = Ri 0 < r < RA · 

Transforming from r to r' where r' = r ";MA gives 

Ri 
because MA =--,,-. So, points uniformly distributed in the original circle are uniformly 

R-; 
A 

distributed in the transformed circle because the density functions of rand r' have the 

same functional form. 

If a random point (X, Y) is uniformly distributed In the annulus then the joint density 

function of X and Y is 

terms of polar coordinates 
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RA < r < RA +8 ,0 < 9 < 27f 

and 

RA < r < RA+8 · 

The Jacobian of the transformation r' - [r2 + (MA -l)Ri ]~ is 

I 

r' [,,' 2 - (MA -l)R} r2' and so the density function of r' is 

2r' 
, (r' ) = --::~---=-

R} +8' -R} 
, 

RA.' < r < RA , +8' 

because Ri+8-R} = R} +8' -R} since B =B'. Therefore, the density function of 

r' corresponds to the one expected if points are uniformly distributed in the transformed 

annulus. 

Now, the expectation of r' • for a random point located in the transformed circle is 

R , 
A 

E(r'" I (X' ,y');6 an the circle) = J r'·, (r' )dr' 
o 

and when the point is located in the transformed annulus, 

R, , 
A ... s 

2R·, 
A =--

k+2 

E(r'" I (X' ,y')i6 an the annuIU6)= J r''''(r')dr' 
9(R " +2 R "+2 ) 
~ A' +B' - A' 

(k +2)(R} +B' -R} ). R , 
A 

Therefore, the overall expectation of r' • is 

[ 
2R·, 1 [ A' 1 

E(r''')=k:2 A'+B' + [ 

2(R ",+2 , -R .,+2) 1 [ , 1 
(k +2~R:~ +B' ~R}) A '~B'· . 
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2RI:, , 
This reduces to E (r I I: ) = : +~B which is the expectation of r I I: if points are uni-

formly distributed across the entire map. 

Discussion 

In this chapter r" is defined as the distance on the original map on the line from the 

expansion center to the point (X, Y) between the boundary of the inner polygon and the 

expansion center implying that the expansion center is inside the inner polygon. How-

ever, the proof of the uniformity theorem is valid regardless of the location of the expan-

sion center provided the appropriate definition of r" is used. In general, the defintion of 

ra depends on the shape of the polygon and on whether the center of expansion lies inside 

or outside the polygon [1]. 

Also, the simple case of a map made of two concentric polygons is used for illustrative 

purposes in this chapter. In practice, this algorithm first chooses an arbitrary polygon, A , 

and a convenient center of expansion, for example, the geographic centroid of A. Next, 

the relative position of every point, (Xi ,1/j), to the center of expansion is noted, i.e., 

(Xi ,1/i ) lies at an angle OJ and a distance ri from the center of expansion. Finally, every 

point in the map is transformed based on the proportion of area and proportion of popu-

lation in polygon A . This process is repeated for all polygons in the entire map. The 

order in which the individual polygons are selected for magnification or contraction affects 

the shapes but not the areas of the polygons in the transformed map [1). 

The underlying assumption of the uniformity theorem is that the distribution of (X, Y) in 

each geographic unit is uniform. Biologically, this assumption translates into assuming 

that everyone resident in a specific geographic unit has an equal risk of developing the 

disease in question. This premise serves as a null hypothesis for the statistical develop-

ment that follows. The major implication is that the interior boundary lines on a 
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transformed map can be disregarded because the population density is uniform across the 

entire DEMP when it is uniform in all subareas. Therefore, if everyone has an equal 

chance of developing .the disease, then the disease will be distributed uniformly on the 

transformed map. Age, sex, race-specific populations are used in Chapters 5 and 6 to 

study the distribution of disease to insure, as far as possible, that this assumption is rea~ 

sonable. 

In practice the definition of the areal magnification factor, MA , is 

where areaA and POPA are the area and population In polygon A, and arealolal and 

POPtofel are the area and population of the entire map. This defintion insures that, after 

all polygons have been transformed, the total area of the transformed map is the same as 

the total area of the original map. This normalization is appropriate when comparing dis~ 

tance measures (e.g., the average squared distance between cases and a point. source of 

interest) between cases of disease (or sex-age-race specific groups. Note that if an area is 

separated into more than one polygon, e.g., the state of Michigan, then each polygon is 

assigned a value of MA based on the total population and area of its component pieces. 

Also, MA is set to zero to shrink uninhabited regions by letting POPA =0. 

Finally, it should be noted that " distance " on a DEMP is proportional to the square 

root of persons because area is proportional to persons. This implies that any statistics 

involving distance measures on the transformed map do not carry the usual distance 

units, e.g., miles or kilometers. 

Reference 

1. Selvin, S, Merrill, D, Sacks, S, et al. Transformations of maps to investigate clusters of 
disease. Lawrence Berkeley Laboratory, Report Number 18550, 1984. 
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CHAPTER 3 

Analytic Results in a Square 

Introduction 

The purpose of this chapter is to present analytic solutions for the density functions, dis-

tribution functions, expectations and variances for two distance measures in a square: 1) 

the squared distance between two random points, and 2) the squared distance between a 

random point and a fixed point. The squared distance between a random point and a 

fixed point at the center of the square is considered as a special case of the latter distance 

measure. These results are derived assuming that points are uniformly distributed in the 

square since this corresponds to the null hypothesis that cases of disease occur in propor

tion to the population and, therefore, occur uniformly across a DEMP (see Chapter 2). 

This premise also serves as the null hypothesis in Chapter 4 where approximate solutions 

are presented for arbitrary boundaries and n random points. The square is used as the 

boundary in this chapter because it is geometrically simple and illustrative. 

Consider a square centered at (x. ,Y.) whose vertices are represented by 

(Xmin,YmiD),(Xmu,Ymin),(Xmu,Ymu), and (Xmin,Ymu)' Let (xo,Yo) be a fixed point and 

(Xi, Y; ), i =1,2 be two random points located in the square. In addition, denote the side 

length of the square k = (Zmu-Zmin) = (Ymu-YmiD)' The squared distance between two 

random points is Z = (X 2-X d2 + (Y z- y.)2, the squared distance between a random 

point and a fixed point located at the center of the square is Z. = (X I-x.)2 + (YI_Y. )2, 

and the squared distance between a random point and an arbitrary fixed point in the 

square is Zo = (XI-Xo)2 + (Y I-Yo)2. It is assumed that XI and X z are uniform random 

variables on the interval (XmiD'X mu), Y I and Y 2 are uniform random variables on the 

interval (YmiD,Ymu), and, X I ,X2, Y I and Y 2 are independent. 

The density function of Z =(X z-X .)2+( Y z- Y 1)2 IS derived by 1) obtaining the 
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distribution of (X 2-X d2
, 2) finding the joint density of (X 2-X d2 and 

(X 2-X d2+( y 2- Y d2, and 3) integrating over the variable (X z-X d2 in the joint density 

from step 2. The derivations of the density functions for Zc and Z 0 are analogous. As 

usual, the distribution functions, expectations and variances are obtained by integrating 

the density functions. 

The Squared Distance between Two Random Points in the Square 

Distribution of X = (X2-Xd2 

Since XI and X 2 are independent uniform random random variables on (Xmin,X max ) , their 

joint density function is 

f (x I,X2) = ___ I_--=
(x max-x min)2 

If U = XrX I and XI 

f (u ,w) = __ 1_--.".. 
(x max-x mio)2 

W then the joint density function of U and W IS 

o < U < Xmax-Xmio , Xmio < W < Xmax-U 

xmio-Xmax < U < 0 ,Xmio-U < W < Xma.x 

since the Jacobian of the transformation is 1. Because of the symmetric nature of this dis-

tribution the joint density can also be written, for simplicity, as 

o < U < Xm ... -Xmin , Xmin < W < Xmax-U. 

Now, the density function of U IS 

00 

f (u ) = f f (u ,w ) dw o < U < X max- X mio" 

Finally, if X U'1. the density function of X IS 



1 
I (r) = 2 

(rmU-rmiD) 

1 

since the Jacobian is ! r -'2. 
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Since X IrX 2, Y I and Y 2 are independent, the joint density of X = (X 2-X d2 and 

Now, let Z = X + Y. Then the Jacobian is 1 and the joint density function of X and 

Zis 

The Density Function of Z = (X-rXd2 + (Y2- Y lf 

In general, the density function of Z IS 

oc 

I (z ) = f I (r I Z ) dr . 
~ 

So, for 0 < z < k 2, 
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= - SIn ---1 -1 + -vz-k---, 2 [, -I (2k'2 ) 1 4 ~ z 
k 2 : k 3 k4 

The Cumulative Distribution Function of Z = (X 2-X d2 + (Y 2- Y d2 

The cumulative distribution function of Z is 

F (z ) = J ! (t ) dt , 
-00 

So. for 0 < : < k'2 , 

[ 
I 1 t -: -

1r 4t '2 t 
F (: ) = J - - - + - dt 

1=0 k 2 k 3 k4 

3 

1r: 8z 2 Z2 
=----+--

k 2 3k 3 2k4 

and. for k'2 < z < 2 k'2, 

1=: 

F (: ) = F (k '2) + f 
1= .. 2 

ft.-
3 ., 

4: '-I k'2 z 2: 8 " ~ : - 7r: 1 
= -"Sin _ + 4)-" -1- -" + -(z-k-)- - - - - +-, 

k - z k - k - 3k 3 2k 4 k'2 3 

In general. the expectation of Z IS 



00 

E (Z) = J z f (z ) dz . 
-00 

So, 

,2 
E(Z)=Jz 

o 
[ 

1 1 71' 4z"2 z ----+- dz 
le 2 le 3 k4 

21'2 

+ J Z 
.. 2 

[ 
2 .[. -1 ( 21e 2 ) 1 4 r--;""f! z 1 - sm ---1 -1 + -vz-k- - - dz 

le 2 Z k 3 le 4 

k 2 

which reduces to E (Z) = 3· 

The variance of Z is 

where 

[ 
1 1 1r 4z 2 z 

----+ - dz 
k 2 le 3 le 4 

E (Z2) reduces to 
17 k4 

90 

V(Z)= 17k4 _~= 7k4. 
90 9 90 

which means that the variance 
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of Z IS 
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The Squared Distance between a Random Point and a Fixed Point at the 
Center of the Square 

The Density Function of (X I-X. )2 

Since Xl is uniformly distributed on the interval (X miD'X max) , the density function of Xl 

'Zmill < Xl < X max. 

If W =X I-X. the density function of W can be written as 

I (til ) = -,----..;;;.2 __ 

(xmu-ZmiD) 

because of the symmetrical nature of this density function. 

Now, let X = W 2 = (X 1-x.)2. Then I (z) is 

1 

since the Jacobian of the transformation is .!.. z -"2. 
2 

If X = (X 1-Z.)2 and Y = (Y 1-y.)2 then their joint density function is 

I (z , Y ) = -:--__ -:-1-,.-__ _ 

(Xmax-XmiD) (Ymu-YmiD) 

1 1 -- --
Z 2 Y 2 

Let Z. = X + Y where X = (X 1-Z. )2 and Y = (Y I-Y. f The joint density of X and 
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Z, is 

I I 

I(z,z.)= 1 r-'2(z._z)-'2. 
(zmu-ZmiD) (YmaCYmiD) 

The limits for X and Z. are: 

The density function I (z. ) is 

00 

I (z.) = f I (r ,z.) dz. 
-<10 

Consider the case when 0 < Z. < (zmaCz. )2. Then 

where Ie IS the side length of the square. Now consider the case when 

I I 

I (z. ) = ,,\ f Z -'2 (z. -r )-'2 dz 

" -{ ~ IJIIZ-~' )2 

= _2_ ·[sin- I _ 1_(Z_mu_-_:re_)_~ _ sin-1 

"Z V z. 



Cumulative Distribution Function tor Z, = (X I-X, ?+( Y I-Y, )2 

The cumulative distribution function F (zc ) is 

F(zc)= f f{t)dt. 
-00 

1r 1r Zc 
F(zc) = f -2 dt = -;:'2' 

ok,. 

ExpectatioD 

The expectation of the random variable Zc IS 

00 

E (Zc ) = J Zc f (zc ) dz. . 
-00 

Therefore, the E (Z. ) is 
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or 

Variance 

The variance of Ze IS 

v (Z~ ) = E (Z< 2) - [E (Ze ) r 
where 

Thus, 

The Squared Distance between a Random Point and a Fixed Point in a Square 

Since X 1 is uniformly distributed on the interval (r miD,r mu), the density function of Xl 

is 

rmiD < rl < rmu· 
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If X =X I-Z 0 the Jacobian of the transformation is 1 and so the density function of X is 

ZmiD-ZO < Z < Zmax-ZO. 

1 

Now, let W = (XI-Zo)2. The Jacobian of this transformation is W
2
-2 which makes the 

density function of W 

1 

W 2 
f (w ) = ..-,----~ 

2( Z max-Z miD) 

Similarly, the density of Y is 

Because XI and Y 1 are independent, the joint density of X and Y is 

o < Z < (ZmiD-ZO)2,0 < y 

o < Z < (ZmiD-z o)2,0 < Y 

o < Z < (z mu-Z 0)2,0 < y 

0< Z < (Z max-Z 0)2,0 < y 

< (Ymax-Yo)2 

< (Ymin-Yo)2 

< (Ymax-Yo)2 

< (y min-Yo)2 
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sity of W and Z 0 is 

for Case 1) 0 < w < (zmu-z o)2,w < Zo < ( '2 
W + Ymin-YO) 

Case 2) 0 < w < (ZmaCZO)2,w < Zo < w +(y mu-YO)2 

Cale 3) 0 < til < (Zmin-z o)2,w < %0 < W +( Y min-Y 0)2 

Ca.se 4) 0 < w < (ZmiD-Zo)2,w < Zo < w +(Ymu-Yo)2 

The next step is to integrate the joint density function of W and Z 0 over W for each of 

the 4 cases in order to obtain the density function of Z o. However, the limits of integra-

tion depend on the relationship between the" Z "and the" Y "terms in each case, For 

example, in case 1, if (zmu-zo)2 > (Ymin-Yo)2 then the limits of integration are: 

a) 0 < % 0 < (z. -Z 0)2 , 0 < w < Z 0 , 

Figure 3.1 shows that the relationships between the" Z "and" Y "terms depend on the 
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location of the fixed point (zo,Yo). For example, if (zo,Yo) is located in triangle A then 

for e~h of the 4 cases the relationships are, respectively: (z m .. Cz 0)2 > (y min-YO)2 , 

Consider case 1 when (zo,Yo) lies in triangle A. When 0 < Zo < (YmiD-Yo)2 , the density 

of Zo is 

when Ie is the side length of the square. 

6 0 

I (zo) = J 

f (:0) = 

In general, the density function of Z 0 = (X 1-% 0)2 + (Y I-Yo)2 can be written in the fol-

lowing manner: Let the smaller of the" % "and" Y "terms in each of the 4 cases be L 

and the larger one U. Then 

o < Zo < L, 

f (zo) = "~2 sin-I rr-
~,. V -;; L < Zo < U 

f (zo) = "!2 [sin-I. Iv - sin-I. 0] .. V -;; V 1-~ U<zo<L+U. 
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The cumulative distribution function of Z 0 is 

F ( Z 0) = f f (t) dt. 
-00 

Continuing the example with triangle A for case 1, when 0 < Zo < (Ymin-Yo)2 , 

'0 
7r 7rZ 0 

F(zo) = { 4k 2 dt = 4k 2 ' 

Finally, when 

In general. using the same notation as for the density function. the cumulative distribu-

tion function can be written: 

o < Zo < L, 
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F(zo) =-\- [zosin-I. IL + L . ~l 
2k v -;;; V L - 1 

L < Zo < U, 

and for U < z 0 < L + U , 

F(z.) = 2~2 [z. si.-' v'¥. + z. Si.-,.jf + U vi z~ -1 + L vi 7 -1 - r;, 1 
When evaluating the value of the cumulative distribution function at a particular value 

of Zo , the contribution of each of the 4 cases must be taken into account. Thus, even 

though the distribution function is given in the most general terms, it must be evaluated 

4 times, once for each case. 

The expectation of Z 0 is 

00 

E (Z 0) = f z 0 f (z 0) dz o· 
-00 

So, in general, 

Zo1r Zo . -I _ ILL Zo . /uU _ r.L L U L+U [ 1 
E(Zo) =! 4k 2 dz o + { 2!-2 sm V -;;;dz o + £ 2k2 sin-

I V -;;;- - sin-
I V l-~ dz Q• 

1rL 2 
The contribution to E(Zo) from the first integral is just 8k

2
' The contribution from 

the second intgerai is 

The contribution from the third term is 



(L +U)2 [. -lJ U . -lJ L ]_ 1r(L +U)2 
2 SID --- + SID -- L2 

4k L+U L+U 81'" 

1 +--
12k2 
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E (Z 0) is the sum of the results of all three terms from all 4 cases since they all contribute 

to the density function of Z o. When (z o,Yo) is the center of the square, E (Z 0) reduces to 

because and 

(Z m .. :eZ miD) = 2 (Z mu-Z 0)' This is consistent with the results obtaint'd in the previous 

section. 

The variance of Z 0 is 

where 

00 

E ( Z 02 
) = J Z 0

2 f (z 0) dz o· 
-<Xl 

So, the following needs to be evaluated for each of the 4 cases in order to obtain E (Z 02 ): 

E(Z02) = J ~dzo + J .,02 sin-1 ILdz o + J ., O
2 

sin-I. /u - sin-I. r:r dz
Q

. 

L z 211" U Z 2 L +U Z 2 [ ] 

o 4k L •• 1, V 70" U .k V 70" V 1-~ 

The contribution from the first integral is rrL: and the contribution from the second is 
12k 
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The contribution from the third term is 

[ (L+U)3 {sin-1- i ~ + sin-1- J_L_} 
6 V L+U V L+U 

3] 11' U 3 U2L 2UL 2 U 2 
- -(L + U)3 - -sin-I. IT - -v' U 1 + - (- - 1 J . 

12 6 V U 6 T - 9 L 

If (z o,Yo) is the center of the square then V (Z 0) = -.!.. (z mu-Z 0)4, which agrees with the 
45 

result obtained in the previous section. 

Example 

The results obtained in the previous sections are applicable to any square but are compli-

cated and cumbersome. Therefore, for illustrative purposes, consider the simplest exam-

pie of a unit square bounded by (0,0), (1,0), (1,1), and (0,1) so that k =1. The density 

function of the squared distance between two random points. Z = (X z-X d2+( y 2- Y If. 

is shown in Figure 3.2. The density function is smooth implying that boundary effects are 
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not significant in this case. 

Figures 3.3-3.1 illustrate how the location of the fixed point source affects the density 

function of the squared distance between a fixed point and a random point. Figure 3.3 

shows the density function for the squared distance between a random point and a fixed 

point located at the center of the square, Ze' The density function remains uniform 

when 0 < Ze < 0.25 because it is proportional to the density function of the squared dis

tance from a random point to the center of a circle of radius 0.5. When Ze is greater 

than 0.25 the density function is affected by the boundary of the square. 

The density functions for the squared distance between a random point and an arbitrary 

fixed point, Zo, are shown in Figures 3.4-3.1 as (zo,Yo) assumes the values (.6,.6), (.1,.1), 

(.8,.8), and (.9,.9). In all these figures, the density function remains uniform until the 

value of Z 0 is reached such that a circle centered at the fixed point can no longer be com

pletely included in the square. This is analogous to the case when the fixed point is 

located at the center of the square and the density function remains uniform until Ze 

reaches 0.25. The second dip in these figures occurs at the point when Fa becomes large 

enough to intersect the remaining boundaries of the square. For example, if the fixed 

point is located at (.1,.7) then the density function remains uniform until Zo reaches 

.09=.32 and the second dip occurs when zo=.49=.72. The density function for the 

squared distance between a fixed point and a random point is more affected by edge 

effects than is the density function for the squared distance between two random points 

because in the former case there are well defined instances when the distance between the 

fixed point and the random point coincides with the distance between the fixed point and 

the boundary. This situation does not exist for the density function of the distance 

between two random points because both points are free to vary. 

Note that Figures 3.3-3.7 are identical to Figures 7.10-7.14. The latter were obtained 
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using a numeric technique which can be applied to any arbitrary boundary shape. Thus, 

the density function of the squared distance between a fixed point and a random point 

can be approximated even when it is impossible to obtain an exact analytic solution 

because the boundary can not be characterized. (See Chapter 7). Further, the expectation 

and variance of this distribution can be approximated using the numeric method and 

compare.ci to the the exact values derived in this chapter (see Table 7.3). 

Discussion 

In this chapter exact analytic results are derived for two simple distance measures in the 

square: the squared distance between two random points and the squared distance 

between a random point and a fixed point. The density functions, distribution functions. 

expectations and variances are obtained assuming that points are uniformly distributed in 

the square because this corresponds to the null hypothesis that cases of disease are uni

formly distributed on the DEMP. This premise also serves as the null hypothesis in the 

statistical work which follows. 

It should be noted that if the cumulative distribution of the squared distance between two 

points is known. then the cumulative distribution of the distance between them is also 

known. That is, if D is the random variable that corresponds to the distance between 

two points. then P(D <do) = P(D 2 <do2 ). Therefore, exact cumulative distribution 

functions for distance measures could be obtained from the cumulative distribution func

tions for squared distance measures given in this chapter. The numeric methods 

presented in Chapter 7 could then be used to obtain the density functions and moments 

of the distribution of the distance between two points using the cumulative distribution 

function. 

The results of this chapter show that, even for a simple boundary shape and for a small 

number of points, exact solutions can be cumbersome and complicated. Methods are 
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needed to accomodate irregular boundary shapes and the situation when more than two 

points are sampled. Therefore, approximate results are presented in the next chapter 

which 1) are applicable when there are n random points and 2) can be applied to any 

arbitrary boundary shape. In addition, the properties of the approximate results are 

explored in the simple case when the boundary is an ellipse. 
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CHAPTER 4 

Approximate Distributions for Four Distance Measures 

Introduction 

Four potentially useful distance measures are discussed in this chapter: 1) the average 

squared paired distance between n random points, Dp 2, 2) the average squared distance 

between n random points and a fixed point, D2, 3) the average distance between n ran-

dom points and a fixed point, i5, and 4) the standardized squared distance between the 

centroid of the area and the centroid of n random points, D2. The approximate distribu-

tion under the null hypothesis that points are uniformly distributed in an arbitrary boun-

dary is developed for each distance measure along with the expectation and variance. 

The suitability of these approximations is examined using circles and ellipses as examples. 

In addition, the issues of whether the boundary shape and the location of the fixed point 

affect the approximations are explored in these simple cases. Finally, the power of each 

procedure is assessed for various alternative hypotheses. 

The Distribution of the Average Squared Paired Distance Between n Random 
Points 

Let (X 1, Y d,(X 2, Y 2), ... , (Xn , Yn ) be the coordinate values of a random sample of n 

points inside any arbitrary boundary. The squared distance between point i and point j 

is 

The average squared paired distance between the n points is 

[)2= p 
i < i 

(;) 
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Expectation of Dp~ 

The expectation of the random variable D"z is E (Dp 2) = E [(.x,. -Xi )2 + (Y,. - Yi )2 ] or 

E(D/) = 2 [V(X) + V(Y)]. 

Variance of D/ 

The variance of Dp 2 is 

The variance of D,.J is 

or 

V(Dd) = 2 [E(X2) - E(YZ) r -4 [( E(X))2 + (E(y))2 r 
+ 8 [(E(X))~ + (E(Y))2] [EP:Z) + E(Y~)] 

- 8 [E(X)( E(X3) + E(.XY'Z)) + E(Y)( E(y3) + E(X2y)) ] 

+ 2 [E(X4) + E(y4) + 2E(X2y2) + 4( E(XY))~]. 

Now, cov(Dd,Diri' )=Oifi ","i' ","j ","j'. However, ifi=i' ,j=j' ,i=j' or 

j =i' then cov (D.},Dit i' ) "'" O. For example, 

(D ~ D z) E (D 2 2 ) Z Z cov ii' ii' = ii Dii , - E (Dii ) E (Dii , ) 

or 
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00 v(D;j,D,f' ) ~ 4 [E(X'){ (E (Y) j' + 2( E (X) j'} + E( Y'){ (E(X) j' + 2( E(Y) j'} 1 

- [E(X2) + E(y2) r -4 [( E(X))2 + (E(y))2 r 

Similarly, cot! (Dil,Di~ j) = cot! (D;J,D/i) = cov (D;J,D';) = cot! (D;J,D;J, ). 

There are (~l variance and n(n-l)(n-2) covariance terms which contribute to V(D,;) 

and so 

V (D,')~ (~j (2(n ~1) [E (X') + E (y'l] + 4( n ~1) [E (X'Y') ~ E (X')E (Y'J 1 

+ 8(n -1) [EP(2) ( E(Y) )2+E(y2)( E(X) )2_E(X)E(X3
)] 

- 8(n -1) [E(Y)E(y 3 )+E(Y)E(X2 Y)+E(X)E(y2X)] 

- 2(n -3) [( E(X2) r + (E(y2) r] + 8E(.\'1") [2(n -2)E(X)E(Y) + E(XY)] 

~ 4(2n ~3) [{ (E(X) j' + (E( n j' r ~ 2{ E (X') ( E(X) j' + E(Y')( E(Y) j'} l} 
In practice it is useful to wri te E (57) and V (57) in terms of the central moments of X 

and Y for computational purposes. Therefore, denote the k tli central moment of X, 

E(X-E(X))', as E(X' .). Similarly, the ktli central moment ofY is E(Y' Ie), and the 

mixed central moments of the joint distribution of X and Yare 
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Then the expectation and variance of D/ become, respectively, 

and 

v (D,') ~ (~) ( 2(n -1) [ E(X' ') + E( y' ') 1 +4(n -1) [E(X' 'y' ') - E(X' ')E (y' ') 1 

Normal Approximation (or ii;i on an Ellipse 

The Central Limit Theorem states, as n increases, Dp 2 tends to be Normally distributed 

with expectation E (D/) and variance V (D/). Therefore, the statistical significance of an 

observed value of Ii'!, ;;r, can be assessed using the standard normal deviate, Z , where 

Z = 
;;r-E(~) 

JVar(i57) 

This formulation is useful if the moments of Ii'! can be obtained and if the distribut.ion 

of D/ is approximately normal (or, at least, symmetric) for small values of n. 

For the special case of an ellipse centered at (x, ,v, ), rotated at an angle () with respect to 

the x-axis, with semi-major axis a and semi-minor axis b , the expectation of Dp 2 is 

and the variance of i57 is 
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In the special case when the boundary is a circle, l.e., a =6 =r, the expectation and 

variance of D/ reduce to 

and 

- r 4 

V(D/) = -(-(n +2). 
6 ;) 

Table 4.1 shows a comparison of the actual 0' levels with those expected using the normal 

approximation for a series of nominal values and sample sizes (n). For this example, 

(Xc ,y< ) is the point (3,4), a =5, and 9 is 30 degrees. Also, the value of 6 ranges from 2 

to 5 providing an opportunity to investigate the question of how the normal approxima-

tion is affected by the shape of the boundary. When 6 =5 then a =6 =r and the boun-

dary is a circle whereas when 6 =2 the boundary is an elongated ellipse. The actual 0' 

levels were simulated using 5000 trials each. For example, if b =2, n is 18 and the nomi-

nal 0' level is .05, then the actual 0' level is .039. That is, according to the normal 

approximation, the null hypothesis would be falsely rejected 5% of the time when the 

sample is a random selection of uniform random points (type I error). However, when 

n = 18, the probability that the null hypothesis is falsely rejected is really .039. 

Table 4.1 shows that as the boundary becomes more circular fewer samples are needed to 

obtain a good approximation. For example, if the nominal 0' levels are .01,.025,.05,.10, 
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Table 4.1 
Comparison of Nominal and Actual a Levels in an Ellipse 

Average Squared Paired Distance Between n Random Points 

b =2 
n Nominal a Level 

.01 .025 .05 .10 .20 

4 .000 .000 .004 .065 .213 
6 .000 .005 .024 .086 .208 
8 .000 .007 .033 .092 .215 

10 .002 .012 .041 .093 .213 
12 .004 .012 .036 .088 .205 
14 .004 .014 .040 .090 .195 
16 .005 .014 .037 .088 .190 
18 .004 .016 .039 .089 .190 
20 .005 .017 .039 .086 .196 

b =3 
n Nominal a Level 

.01 .025 .05 .10 .20 

4 .000 .001 .018 .085 .212 
6 .001 .008 .032 .087 .204 
8 .004 .016 .038 .101 .212 

10 .004 .016 .037 .084 .201 
12 .005 .018 .042 .104 .201 
14 .005 017 .042 .093 .203 
16 .005 .018 .043 .098 .201 
18 .006 .020 .046 .097 .204 
20 .005 .015 042 .094 .197 

b =4 
n Nominal Q Level 

.01 .025 .05 .10 .20 

4 000 .009 .038 .095 .220 
6 004 .016 .043 .097 .204 
8 008 .024 .047 101 .208 

10 .007 .020 .042 .096 .201 
12 .009 .022 .046 .098 .199 
14 .008 .021 .046 .098 .200 
16 .009 .025 .046 .096 199 
18 .007 .021 .047 .095 .196 
20 .007 .024 052 .108 .205 

b =5 
n Nominal a Level 

01 .025 .05 .10 .20 

4 .000 013 .040 .098 .216 
6 .006 .021 .047 .102 .208 
8 .007 023 .051 .103 .203 

10 010 025 052 .099 197 
12 .010 .026 .049 101 .198 
14 .008 .022 .047 .094 .198 
16 009 .024 .052 102 194 
18 .010 .026 058 109 212 
20 010 .021 .051 102 199 
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and .20, when n =6 and b =2 the observed a levels are .000,.005,.024,.086, and .208. 

But, when b =5 the corresponding values are .006,.021,.047,.102, and .208. Further, this 

error of approximation is most evident when a is small. For example, when n =10, the 

actual a levels are, for b =2 and b =5, respectively: .002,.012,.041,.093,.213 versus 

.010,.025,.052,.099,.197. 

Finally, very little error is incurred by using the normal approximation when the boun-

dary is circular even for small sample sizes, i.e., when b =5 and n =8 the actual levels 

are .007,.023,.051,.103, and .203. When n =20, the approximation is quite good even for 

the most extreme elliptical shape, i.e., when b =2 the observed a levels are 

.005,.017,.039,.086, and .196. The fact that fewer samples are needed to obtain as good 

an approximation in a more circular boundary compared to a more elliptical one is not 

surprising since there is more symmetry in the former case. That is, the convergence 

guaranteed by the central limit theorem is faster for symmetric distributions. 

Power of i5"'1 in an Ellipse 

Power is defined as the probability of rejecting the null hypothesis. In this case, the null 

hypothesis postulates that the expectation and variance of D/ are given by the above for-

mulas. Suppose that the points are clustered inside the boundary and that the expectation 

of i5? is really! [E (.0,;) ] where! ranges from 0.5 to 1.0. So, when! =1, this alterna-

tive hypothesis is equivalent to the null hypothesis, and, when! < 1, the points are closer 

together than would be expected under the null hypothesis. For example, if ! =.8 then 

the alternative hypothesis specifies that the expected average distance is decreased by 

20%. 

An approximate power function for this alternative hypothesis can be expressed as 

E(i5?)(1 - ! ) 

JV(i5?) 
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where Z is a standard normal deviate and z cr IS the value of Z such that 

P(Z>Zcr)=O'· 

When I =1, this expression reduces to P (Z <-z cr) = 0', as expected. In the special case 

when the boundary is a circle, the power function can be written 

P [Z < (1 - I )v' 3n (n -I) - z ]. 
n +2 cr 

The approximate power calculations for an ellipse are shown in Table 4.2. Again, as the 

value of b approaches t.he value of a , t.he boundary is becoming more circular. For each 

(a , b) combination the power was calculated for sample sizes of 5,10,20, and 50 and I 

values of .5,.6,.7,.8,.9, and 1.0. 

As expected, for given values of n, a , and b , the power increases as I decreases. For 

example, when a =5, b =3, and n =10, the power increases from .107 to .644 as I 

decreases from .9 to .5. This occurs" because, as I decreases, 1-1 increases, and 

E ( 37)( 1-I ) 

JV(j);) 
- Z cr increases. This IS not surprising smce the probability to detect a 

given alternative should lDcrease as the distance between the null and alternative 

hypotheses increases. 

The power also increases as n increases for given values of a , b , and I . As n increases. 

E (D/)(I- I ) 
the V (D/) decreases, and so the power increases since - z cr increases. For 

JV(D/) 

example, when a =5, b =2, and I =.7, the power increases from .160 to .807 as n 

mcreases from 5 to 50. Again, this is to be expected since more precise estimates are 

obtained as the sample size increases which in turn produces more power to differentiate 

between two hypotheses. 
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Table 4.2 
Power Calculations for an Ellipse 

Average Squared Paired Distance Between n Random Points 

a = 5 and b =2 

f factor .. 
n .5 .6 .1 .8 .9 1.0 

5 .281 .218 .160 .113 .071 .050 
10 .527 .392 .268 .169 .096 .050 
20 .820 .656 .456 .267 .129 .050 
50 .994 .956 .807 .511 .209 .050 

a = 5 and b =3 

f factor .. 
n .5 .6 .1 .8 .9 1.0 

5 .350 .262 .187 .121 .082 .050 
10 .644 .486 .331 .201 .101 .050 
20 .917 .782 .568 .332 .149 .050 
50 1.000 .990 .909 .634 .258 .050 

a = 5 and b =4 

f factor .. 
n .5 .6 .7 .8 .9 1.0 

5 .408 .303 .212 .140 .086· .050 
10 .736 .570 .390 .231 .117 .050 
20 .964 .867 .664 .395 .170 .050 
50 1.000 .998 .961 .735 .306 .050 

a = 5 and b =5 

f factor .. 
n .5 .6 .7 .8 .9 1.0 

5 .428 .318 l)l)l) .......... .145 .088 .050 
10 . 766 .600 .412 .243 .121 .050 
20 .975 .891 .696 .419 .171 .050 
50 1.000 .999 .973 .168 .324 .050 

.. The f factor reflects the decrease in the expected distance under the alternative 
hypothesis, e.g., f=.8 implies that under the alternative hypothesis the expected distance 
is 80% of the expected distance under the null hypothesis. 
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Third, for every combination of f and n , the power increases as the boundary becomes 

more circular. For example, when a =5, b =2, f =.7, and n =20 the power is .456 but 

when b =5 it is .696. As b approaches a, both the expectation and variance of D,/ 

E (D,/) E (D/)(l-f ) 
increase and the ratio increases. Thus, - Z Q increases and the 

y'V(Dp2) y'V(Dp2) 

power increases. As the boundary becomes more circular, the variance of Dp 2 does not 

increase as fast as the expectation and the relative precision in the estimate of E (D/) 

improves. Therefore, there is a higher probability of rejecting the null hypothesis when it 

is false. 

The Distribution of the Average Squared Distance between n Points and a 
Fixed Point 

Let (xo,Yo) be a fixed point and (X 1,Yd,(X2,Y2), ••• ,(X .. ,Y .. ) be the coordinate 

values of a sample of n uniform points selected from inside any arbitrary boundary. The 

squared distance between point i and the fixed point is 

The average squared distance between the n points and (xo,Yo) is then 

" E Di 2 

~= _i_=_l __ 

n 

The Expectation of ~ 

The expectation of the random variable ~ is 

ill terms of the central moments of X and Y, 
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where, as before, X' =X-E(X), y' =Y-E(Y), x~ =xo-E(X), and y~ =Yo-E(Y). 

Variance of D 2 

The variance of D 2 is 

where 

Now, 

E(D j
4) = E(X4) + E(y4) + 2E(X2y2) + (x02 +Yo2)2 - 4 [x o3E(X)+Y03E(Y) ] 

- 4 [x oE (X3 )+Y oE(y3) ] + 2E(X2)(Yo2 +3x02) + 2E(y2)(xoZ +3yoZ) 

- 4xoYo [x oE(Y)+Y OE(X)-2E(XY) ] - 4 [YoE(X2 Y)+x oE(y2X)] 

and 

[E(Dj2) r = (zo2 +Yo2)Z + [E(X2)+E(y2) r + 2(zoZ +Yo2) [E(X'2)+E(Y'2) ] 

+ [2xoE(X)+2YoE(Y) r -4 [E(XZ)+E(YZ) ] [xoE(XlYoE(Y)] 

- 4zoYo [xoE(Y)+YoE(X) ] - 4 [x o3E(X)Yo3E(Y) J. 

Therefore, the variance of D'2 is 



In terms of the central moments of X and Y, 

V(D2) = E(X' 4) + E(Y 4) + 2E(X' 2y' 2) _ 4 [X~ E(X' 3)+y~ E(Y' 3)] 

+ 4x~ 2E(X 2) + 4y~ 2E(Y' 2) - [E(X' 2)+E(Y' 2) r 
+ 8x~ y~ E(X' Y' ) - 4 [y~ E(X' 2y)+x~ E(X' Y' 2) J. 

Normal Approximation tor D2 on an Ellipse 
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Again, by the Central Limit Theorem, D2 tends to be normally distributed with expecta-

tion E (D 2) and variance V (D 2). So, the statistical significance of d2 can be assessed 

using the standard normal deviate, z, where 

: 
d2-E (DZ) 

v' Var (D 2) 

Consider an ellipse centered at (xc ,Yc ), then rotated at an angle () from the x-axis, with 

semi-major axis a and semi-minor axis b . Let the fixed point be located at (xo,Yo). Then 

the expectation and variance of i)1f become, respectively, 

and 
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+ COS20 [xo2a2+Y02b2] + sin20[xo2 +Yo2a 2 ] 

. + 2zo.,cosl!s;n9 [b '-.' 1 + is [. '+6 '-: • '6' l). 
Table 4.3 compares the nominal to the actual 0' levels for the average squared distance 

between n points and a fixed point in an ellipse. In this example the fixed point is 

located at the center of the ellipse at the point (3,4), () is 30 degrees, the semi-major axis 

is 5 units long and the length of the semi-minor axis ranges from 2 to 5 units. Again, the 

observed values are based on 5000 trials. Table 4.3 shows, as did Table 4.1, that for 

small values of 0' when the boundary becomes more circular fewer samples are needed to 

obtain a good approximation. However, the differences observed in Table 4.3 are not as 

pronounced as in Table 4.1. For example, if n =10 and the nominal 0' levels are 

.01,.025,.05,.10, and .20, when b =2 the observed 0' levels are .004,.011,.041,.096, and 

.210 compared to .010,.026,.051,.091, and .198 when b =5. Also. Table 4.3 shows that 

the approximation is suitable even for the least circular ellipse for moderate sample sizes . 

. i.e., when b =2 and n =20, the observed levels are .006,.018,.040,.081 and.2oo compared 

to the nominal levels of .01,.02.),.05 .. 10, and .20. Finally, the approximation is adequate 

in a circle for sample sizes as small as 6, i.e., the actual 0' levels are .001,.022,.052,.106. 

and .195. 

Table 4.4 uses samples from ellipses to examine the question of whether the location of 

the point source affects the approximation, i.e., Table 4.4 is analogous to Table 4.3 except 

that the fixed point is located on the boundary of the ellipse instead of in the center. 

Comparison of Tables 4.3 and 4.4 shows that there is very little difference in the observed 
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Table 4.3 
Comparison or Nominal and Actual Q Levels 

Average Squared Distance between n Points and a Fixed Point 
Fixed Point Located at the Center or the Ellipse 

b =2 
n Nominal Q Level 

.01 .025 .05 .10 .20 

4 .000 .004 .028 .085 .205 
6 .002 .010 .034 .093 .211 
8 .002 .011 .036 .095 .212 

10 .004 .017 .041 .096 .210 
12 .004 .017 .038 .090 .204 
14 .004 .017 .040 .095 .193 
16 .004 .014 .036 .091 .199 
18 .005 .017 .038 .088 193 
20 .006 .018 .040 .087 .200 

b =3 
n Nominal Q Level 

.01 .025 .05 .10 .20 

4 .001 .010 .037 .090 .203 
6 .003 .013 .039 .092 .203 
8 .004 .018 .042 .092 .199 

10 .003 .017 .039 .096 .201 
12 .007 .020 .047 .101 .200 
14 .005 .017 .043 .091 .196 
16 .008 .021 .045 .093 .200 
18 .006 .017 .042 .101 .202 
20 .004 .018 .043 .092 .198 

b =4 
n Nominal Q Level 

.01 .025 .05 .10 .20 

4 .005 .018 .048 .103 .208 
6 .006 .022 .044 .098 .195 
8 .007 .022 .044 .097 .204 

10 .007 .020 .049 .102 .204 
12 .009 .024 .048 .097 197 
14 .006 .023 .047 .094 .202 
16 .010 .026 049 .101 .202 
18 .007 .023 .046 .095 196 
20 .009 .023 .049 .103 210 

b =5 
n Nominal Q Level 

.01 .025 .05 .10 .20 

4 .008 .023 053 .112 .215 
6 .007 .022 052 .106 195 
8 .007 .023 .053 104 198 

10 010 .026 .051 .097 198 
12 .010 .024 .050 .098 .201 
14 009 022 .049 103 .204 
16 .009 .026 .053 .099 .192 
18 009 .028 .053 .105 .210 
20 009 .025 .052 103 .204 
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Table 4.4 
Comparison or Nominal and Actual Q Levels 

Average Squared Distance Between n Points and a Fixed Point 
Fixed Point Located on the Boundary or the Ellipse 

b =2 
n Nominal Q Level 

.01 .025 .05 .10 .20 

4 000 .009 .034 .093 .215 
6 .003 .013 .037 .094 .206 
8 .004 .018 .044 .098 .212 

10 .007 .019 .043 .100 .211 
12 .006 .020 .045 .097 .208 
14 .006 .018 .039 .087 .191 
16 .006 .020 .040 .091 .195 
18 .005 .017 .041 .092 .194 
20 .007 .022 .048 .095 .199 

b =3 
n Nominal Q Level 

.01 .025 .05 .10 .20 

4 .001 .010 .036 .100 .223 
6 .002 .014 .038 .097 .205 
8 .006 .021 .043 .101 .206 

10 .006 .018 .043 .099 .206 
12 .006 020 .045 .096 .210 
14 .008 025 .053 .102 .204 
16 .006 .020 .046 .091 .200 
18 .007 .024 .049 .105 .213 
20 .008 .022 .046 100 .203 

b =4 
n Nommal Q Level 

.01 025 .05 .10 .20 

4 .002 .014 .042 .097 .211 
6 .006 .019 .046 .097 .204 
8 .005 .018 .046 .096 .208 

10 .005 .020 046 104 .210 
12 .006 .021 .043 .093 .203 
14 .007 .019 .046 .094 .208 
16 .006 .017 .044 094 .201 
18 .007 .020 .043 .095 .201 
20 .006 .023 .046 .097 .201 

b =5 
n Nommal Q Level 

.01 .025 .05 10 .20 

4 .003 .014 .043 .094 .204 
6 .006 .019 .048 103 .211 
8 .005 019 .046 .095 .203 

10 .007 .021 .047 .100 .206 
12 .006 .021 .051 .108 .212 
14 007 .021 .048 .095 .206 
16 007 .021 .046 095 .207 
18 .008 .022 052 .103 .205 
20 .009 .025 .052 109 .215 
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a levels in the two cases. For example, when n =6 and b =2 the actual a levels are 

.003,.013,.037,.094, and .206 when (xo,Yo) is located on the boundary compared to 

.002,.010,.034,.093, and .211 when the fixed point is at the center of the ellipse. Or, when 

n =10 and the boundary is a cirlce, the corresponding observed a levels are 

.007,.021,.047,.100, and .206 compared to .010,.026,.051,.097, and .198. 

Power of D 2 in an Ellipse 

The power calculations for this procedure are shown in Table 4.5. Again, the alternative 

hypothesis specifies that the expected average distance is reduced by a factor I where I 

ranges from .5 to 1.0 and the power is assessed for various values of a and b and for 

various sample sizes. The same three properties are noted in Table 4.5 as were seen In 

Table 4.2. First, for given values of n , a and b, the power increases as I decreases 

because the probability to detect a given alternative increases as the distance between the 

null and alternative hypotheses increases. For example, when a =5, b =5, and n =10, 

the power increases from .088 to .422 as I decreases from .9 to .5. Second, the power 

increases as n increases for given values of a , b , and I because increased sample size 

leads to more precise estimates of parameters which in turn lead to increased probability 

of differentiating between hypotheses. So, when a =5, b =2, and I =.8 the power 

increases from .118 to .425 as n increases from 5 to 50. Finally, the power increases a5 

the boundary becomes more circular for every combination of f and n because the rela-

tive precision of the estimate of E (D Z) improves. For example, when n =20 and f =. i 

the power increases from .396 when b =2 to .537 when b =5. 

The Distribution of the Average Distance between One Point and n Random 
Points 

If (XI' YI).(X Z' }"z),··.,(Xn , Yn ) are the coordinates of a random sample of n points inside 

an arbitrary boundary then the distance between any point and a fixed point (x o,Yo) is 
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Table 4.5 
Power Calculations for an Ellipse 

Average Squared Distance between n Points and a Fixed Point 
Fixed Point Located at the Center of the Ellipse 

a = 5 and b =2 

f factor .. 
n .5 .6 .7 .8 .9 1.0 

5 .310 .234 .170 .118 .079 .050 
10 .493 .365 .252 .160 .093 .050 
20 .744 .577 .396 .234 .118 .050 
50 .977 .897 .704 .425 .179 .050 

a = 5 and b =3 

f factor .. 
11 .5 .6 .7 .8 .9 1.0 

5 .343 .257 .184 .125 .081 .050 
10 .544 .405 .277 .173 .098 .050 
20 .799 .633 .438 .257 .125 .050 
50 .989 .933 .761 .470 .195 .050 

a = 5 and b =4 

f factor .. 
n .5 .6 .7 .8 .9 1.0 

5 .383 .286 .202 .134 .084 .050 
10 .603 .452 .308 .189 .103 .050 
20 .853 .696 .489 .286 .134 .050 
50 .996 .961 .819 .524 .214 .050 

a = 5 and b =5 

f factor .. 
n .5 .6 .7 .8 .9 1.0 

5 .422 .313 .219 .143 .088 .050 
10 .657 .498 .339 .204 .108 .050 
20 .895 .749 .537 .313 .143 .050 
50 .998 .978 .865 .574 .233 .050 

.. The f factor reflects the decrease in the expected distance under the alternative 
hypothesis. e.g., f=.8 implies that under the alternative hypothesis the expected distance 
is 80% of the expected distance under the null hypothesis. 
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I 

Dj - [(.x;. -X of + (Yj -y 0)2 p" i = 1,2, ... n 

and the average distance between the n points and the fixed point is 

j =1 

n 

In this section the moments of the random variable l5 are approximated usmg two 

methods. 

Method 1 - Taylor Series Approximation for a Function of Two Variables 

Expectation and Variance of l5 (Method 1) 

Using a second degree Taylor series expansion around the point (E (X ),E (Y)) ,the func-

tion 

I 

I (X,Y) = [(X-xO)2 + (Y-YO)2 r' 
is approximately equal to 

I(X,Y)~(X~2 +y~2)~+(x~2 +y~2)-~ [.!..X'2+.!..Y'2_X'X~ _y'y~ 1 
2 2 

( 
I 2 ' 2 )-t [1 x' 2 ' 2 1 Y' 2 ' 2 ' ,,I I , 1 - Xo + Yo 2 Xo + 2" Yo + X 1 Xo Yo 

where X' =X-E(X) , Y' =Y-E(Y), X~ =xo-E(X) , and y~ =Yo-E(Y). 

Thus, E (l5 )=E (I (X, Y ))=E (Do ), is approximately 
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E (D) '" (%;' + .; , ) t + (z;' +.;') -t [~ E (x' ')+ ~ E (Y ') 1 

_ (%;, + .; ,)-t [~.; 'E(x' ')+ ~.; 'E(Y ')+>; .; E (X' y' ) 1 
;This expression can also be written 

1 
- z k 

E(D) ~ w 2 + --1 - --3 

2w 2 2w"2 

, 2 ' 2 where w = Xo +Yo , 

and 

k = x~ 2E(X' 2)+y~ 2E(Y' 2)+2x~ y~ E(X' Y' ). 

The variance of D is V(D) = V(~i) where V(Dj ) = E(Dj
2

) - [E(Dj ) r 
The expectation of Dj 2 is 

Therefore. the variance of 15 is approximately 

- 1 { 1 [ Z 2] zle Ie 2 } V(D)~- - Ie-- +-.,--
n w 4 2w· 4w 3 

using the same definitions for w ,Z , and Ie as before. 

Note that. this approximation fails when the fixed point (xo,Yo) is located at 

(E (X ),E ( }")) because w = r ~ 2 +y ~:2 takes on the value zero. 

Consider a simple case when t.he boundary is a circle centered at the onglO. Then 

., 1 2 1 ., ., ., 
w = ro· , Z = -r and Ie = -r·ro· where r is the radius of the circle and ro· is the 

2 ' 4 
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squared distance between the fixed point (xo,Yo) and the origin of the circle. Thus, the 

expectation and variance of l5 

V (D) ;::::: - -r - --- . - 1 [1 2 1 r4] 
n 4 64 r02 

are, respectively: 
- 1 r2 

E(D);::::: ro + --
8 ro 

and 

As expected, this approximation is most satisfactory when the fixed point is located near 

the boundary of the circle. For example, if the radius of the circle is 5.0 units and (xo,Yo) 

is located on the boundary, i.e., ro = 5, then the estimate of E(l5) is 5.625 compared to 

the value 5.672 obtained from a simulation based on 5000 trials. However, if the fixed 

point is located 2 units from the center of the circle, i.e., ro = 2, then the two 

corresponding estimates are 3.562 versus 3.731. Table 4.6 shows the estimates of V(l5) 

obtained from the Taylor Series approximation and those obtained from the simulation 

for various values of r 0 and various sample sizes. The estimates obtained from the 

approximation are consistently lar.ger than the simulated values and this difference 

increases as ro decreases, i.e., as the fixed point gets closer to the center of the circle. For 

example, when the fixed point is on the boundary of the circle, the values obtained from 

the approximation are about 1.1 times larger than the simulated values. However, when 

ro = 2, the ratio of the two values is approximately 1.5. 

Normal Approximation for l5 (Method 1) 

Table 4. i shows a comparison of the actual a levels to the nominal ones for various sam-

pIe sizes and various values of r 0 in the circle with radius 5 assuming that l5 is approxi-

mately normally distributed. For example, if the nominal a level is .05, the sample size is 

10, and r 0 = 4, then the actual a level is .035. Thus, the null hypothesis of uniformity 

will be incorrectly rejected 3.5% of the time instead of 5% of the time. 

As expected. the normal approximation is more suitable when the fixed point is located 

near the boundary than when it is close to the center. For example, when ro = 5 and 
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Table 4.6 
Estimates or V(.D) Using Method 1 

ro = 5.0 Units 

Sample Size Taylor Series Value Simulated Value 

4 1.465 1.382 
10 .586 .557 
20 .293 .271 

r 0 = 4.0 Units 

Sample Size Taylor Series Value Simulated Value 

4 1.410 1.232 
10 .564 .500 
20 .282 .244 

ro = 3.0 Units 

Sample Size Taylor Series Value Simulated Value 

4 1.291 .965 
10 .516 .369 
20 .258 .185 

ro = 2 Units 

Sample Size Taylor Series Value Simulat.ed Value 

4 .952 .654 
10 .381 .263 
20 .190 .129 

the sample size is 20, the observed Q levels are .007,.017,.040,.082, and .180 compared to 

the nominal levels of .01,.025,.05,.10, and .20. However, when ro = 2 and n = 20, the 

actual a levels are .000,.001,.005,.023. and .071. 

The actual Q levels are smaller than the nominal ones because this Taylor series approxi-

mation yields values of V (.D) that are too large and values of E (.D) that are too small 

(see Table 4.6). That is, the true distribution of .D is shifted to the right of the one 

predicted by the Taylor series approximation and so there is less probability of being to 

the left of any given point than the approximation suggests. 
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Table 4.7 
Comparison of Observed and Nominal 0' Levels 

Average Distance Between n Points and a Fixed Point 
Method 1 

ro = 5.0 Units 

Nominal 0' Levels 

n 0.01 0.025 0.05 0.10 0.20 

4 .007 .021 .045 .090 .188 
10 .008 .020 .043 .087 .178 
20 .007 .017 .040 .082 .180 

r 0 = 4.0 Units 

Nominal 0' Levels 

n 0.01 0.025 0.05 0.10 0.20 

4 .005 .018 .033 .074 .160 
10 .003 .015 .035 .076 .163 
20 .004 .012 .026 .061 .141 

ro = -3.0 Units 

Nominal a Levels 

n 0.01 0.025 0.05 0.10 0.20 

4 .001 .006 .019 .056 .145 
10 .001 .004 .012 .038 .104 
20 .001 .004 .009 .026 .082 

ro = 2.0 Units 

Nominal 0' Levels 

n 0.01 0.025 0.05 0.10 0.20 

4 .001 .004 .009 .040 .117 
10 .001 .004 .012 .026 .086 
20 .000 .001 .005 .023 .077 
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Power of l5 in a Circle (Method 1) 

Table 4.8 explores the power of this procedure for the case when the fixed point is located 

on the boundary of the circle. This situation was chosen for illustrative purposes because 

the method 1 approximation is most accurate in this case. Once again, the sample size is 

denoted by n and the I factor reflects the decrease in the expected average distance. 

For example, if f =.8 then the alternative hypothesis specifies that the expected average_ 

distance is 80% of what it was when the null hypothesis of uniformity was true. When 

f =1 the null hypothesis is true, i.e., the expected value of the average distance has not 

been decreased. 

Table 4.8 shows that, as expected, the probability of rejecting the null hypothesis is .05 

regardless of sample size when f =1. Also, for a given value of n the power decreases as 

f increases because the distance between the null and alternative hypotheses is decreas-

·ing as f decreases. For example, when n =10, the power decreases from .979 to .181 as 

I increases from .5 to .9. Finally, for a given alternative hypothesis, the power increases 

as the sample size increases, e.g., when f =.9, the power increases from .130 to .499 as n 

increases from 5 to 50. 

Table 4.8 
Power Calculations 

Average Distance Between n Points and a Fixed Point 
Method 1 

Fixed Point Located on the Boundary of the Circle 

f factor * 

n .5 .6 .7 .8 .9 1.0 

5 .830 .668 .466 .272 .130 .050 
10 .979 .902 .712 .430 .181 .050 
20 1.000 .994 .930 .668 .272 .050 
50 1.000 1.000 .999 .950 .499 .050 

o The f factor reflects the decrease in the expected distance under the alternative 
hypothesis, e.g., f=.8 implies that under the altern~tive hypothesis the expected distance 
is 80% of the expected distance under the null hypothesis. 
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Method 2 - Taylor Series Approximation for a Function of One Variable 

Expectation and Variance of l5 (Method 2) 

II 

EDj
2 

The expectation and variance of the random variable D 2 j =1 are (see previous sec-
n 

tion), respectively, 

and 

V(~) = ~ ( E (X4) + E (y4) + 2E (X2Y2) - 4 [zoE (X3)+yoE (y3) ] 

+ 4z02V(X) + 4Yo2V(Y)- [E (X2)+E (y2) r + 4 [E(X2)+E(Y2)] [xoE(X)+YOE(Y)] 

+ 8z oYoCov (X, Y) - 4 [Y OE(X2Y)+zoE(y2X) ]). 

Assume tha~ Dj 2 is approximately normally distributed with mean JJ=E (jj1f) and vari

ance cr2=n V (1Tl). Approximate formulas will now be derived for E(..jDj2)=E(l5) and 

V (..j Dj 2)=n V (D). Using a Taylor series expansion around JJ, the function of Dj 2, 

f (Dj2)=..jDj2, is equal to 

where f" (JJ) is the /c 'li derivative of f (Dj
2

) evaluated at JJ. A fourth degree approxima-

tion gives 

1 

f (D j
2):::::: IJ2+--T (Dj2-IJ) - I! (D j2_IJ)2 + ~ (D j

2_JJ)3_ 

21J 2 8JJ 2 481J 2 

Taking the expectation of both sides gives 

15 
7 

384JJ 2 
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since the odd central moments of the normal distribution are zero. The variance of 

is where 

[ ]

2 V(JD.2) 
E f (Di 2) =E(Di2)=J.l. Therefore, V(D)= n I is approximately 

Note that this approximation is always defined since D 2 > 0 and so J.l = E (D 2) > O. 

Now, for example, when the boundary is a circle centered at the origin. 

radius of the circle and r 0 is the distance between the fixed point (r o,Yo) and the center 

1 
of the circle. If the fixed point is at the center of the circle then J.l = _r2 and 

2 

1 - - 1"1 r t? = --;;r4. In this case, the expectation and variance of Dare E(D):::::: ~8 In and 
I. I. v2 

V(D):::::: ~~. 
32i68 n 

This approximation is adequate for estimating E (D) and V (5) when the fixed poin t is 

located at the center of the circle. For example, the approximation gives E (5) = 3.342 

compared to the value 3.335 obtained from a simulation using 5000 trials. Table 4.9 

compares the values of V (D) obtained from the approximation to those which were simu-

lated for various sample sizes, e.g., for a sample size of 10! the two values are .133 versus 

.138, respectively. 



.. 

Table 4.9 
Estimates of V(15") using Method 2 

Fixed Point Located at the Center of the Circle 

Sample Size 
4 
6 
8 

10 
12 
14 
16 
18 
20 

Simulated Value 
.349 
.231 
.176 
.138 
.116 
.097 
.085 
.076 
.072 

Normal Approximation for 15" (Method 2) 

Taylor Series Value 
.332 
.222 
.166 
.133 
.111 
.095 
.083 
.074 
.066 
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Table 4.10 compares a series of simulated 0' levels with nominal 0' levels in a circle when 

r = 5. The table shows that the actual 0' levels are consistently higher than the nominal 

levels. For example, when n =20, the actual 0' levels are .016,.036,.064,.117, and .224 

compared the nominal levels of .01,.025,.05,.10 and .20. This occurs because in this 

example the approximation consistently underestimates V(15") (see Table 4.9). However, 

the values for E (15") and V (15") obtained from this Taylor series approximation when 

(l'o,Yo) is located at the origin are sufficiently accurate so that the normal approximation 

is useful even for small sample sizes (see Table 4.10). For example, when n =10, the 

actual 0' levels are .015,.033,.061 .. 112, and.206 compared to .01,.025,.05,.10 and .20. 

Table 4.10 
Comparison of Observed and Nominal 0' Levels 

Method 2 - Average Distance Between n Points and a Fixed Point 
Fixed Point Located at the Center of the Circle 

Nominal 0' Levels 
n 0.01 0.025 0.05 0.10 0.20 
4 .017 .037 .067 .116 .217 
6 .019 .036 .062 .114 .209 
8 .014 .036 .062 .116 .216 

10 .015 .033 .061 .112 .206 
12 .015 .030 .058 .108 .204 
14 .015 .032 .061 .114 .219 
16 .013 .031 .062 .111 .206 
18 .014 .034 '.062 .117 .218 
20 .016 .036 .064 .117 .224 
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Power of l5 in a Circle (Method 2) 

Table 4.11 explores the power of this procedure for this simple case. This table is analo-

gous to Table 4.8 except. that the fixed point is now located at the center of the circle. 

Table 4.11 shows, again, that power increases as the sample size increases for a given 

alternative hypothesis and that power decreases as the alternative hypothesis gets closer 

to the null hypothesis for a given value of the sample size. For example, when f =.8, 

the power increases from .364 to .993 as the sample size increases from 5 to 50. When 

n =10, the power decreases from .998 to .233 as f increases from .5 to .9. Also, com-

parison of Tables 4.8 and 4.11 shows that, as with D/ and D2, power increases as the 

boundary becomes more circular. Finally, Table 4.11 can be compared to Table 4.5 when 

a =6 =r =5, i.e,. when the boundary is a circle, and it can be seen that the power is 

higher for l5 compared to D 2. 

Table 4.11 
Power Calculations 

Average Distance Between n Points and a Fixed Point 
Method 2 

Fixed Point Located at the Center of the Circle 

f factor * 

n .5 .6 .1 .8 .9 1.0 

5 .945 .828 .611 .364 .159 .050 
10 .998 .918 .865 .514 .233 .050 
20 1.000 1.000 .988 .828 .364 .050 
50 1.000 1.000 1.000 .993 .657 .050 

* The f factor reflects the decrease in the expected distance under the alternative 
hypothesis, e.g., f=.8 implies that under the alternative hypothesis the expected distance 
is 80% of the expected distance under the null hypothesis. 

Location of(zo,yo) - Comparison of Methods 1 and 2 

As mentioned, Method 1 fails when the fixed point is located at the center of the circle. 

However, it does provide a suitable approximation when the fixed point is located near 
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the boundary. Method 2, on the other hand, provides an adequate approximation when 

the fixed point is at the origin. It is now of interest to examine the performance of 

Method 2 when the fixed point is on the boundary of the circle. Therefore, consider a cir-

de of radius 5 with the fixed point located on the boundary of the circle. In this case the 

expectation and variance of D2 are I' = !,2 and a2 = !~ ,4. The fourth degree Taylor 

- - - v-f28387 series approximations for E (D) and V(D) become E (D) = ---r 
2 31104 

and 

V(D) = 161637047,2 Comparison of the results given in T~bles 4.6 and 4.12 shows 
644972544 n 

that Method 1 approximates V(D} more accurately than Method 2 when the fixed point 

is on the boundary of the circle. The Taylor series values obtained from Method 1 are 

approximately 1.08 times larger than the simulated values (Table 4.6) and the 

corresponding ratio for Method 2 is 1.15 (Table 4.12). 

Table 4.12 
Estimates or V(D} Using Method 2 

Fixed Point Located on the Boundary or the Circle 

Sample Size Simulated Value Taylor Series Value 

4 1.345 1.566 
6 .902 1.044 
8 .681 .783 

10 .563 .627 
12 .459 .522 
14 .383 .448 
16 .346 .392 
18 .303 .348 
20 .271 .313 

Tables 4. i and 4.13 show that the normal approximation is more accurate when Method 1 

is used when the fixed point is located on the boundary. For example, when n =20, the 

actual a levels are .007,.017,.040,.082 and .180 for Method 1 (Table 4.7) and 

.004,.013,.029,.068, and .156 for Method 2 (Table 4.13) compared to the nominal levels of 

.01,.025,.05,.10. and .20. 
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Finally, because Method 1 provides better estimates for E (15) and V (15) than does 

Method 2 when the fixed point is on the boundary, it is not surprising that the former 

method also has more power than the latter. Examination of Tables 4.8 and 4.14 shows 

that, for example, when the expected average distance is reduced by 20% (f=.8) and 

n =10, the power is .430 for Method 1 and .408 for Method 2. Therefore, it appears that 

Method 1 is superior to Method 2 when the fixed point is near the boundary. Method 2 is, 

however, the method of choice when the fixed point is located near the center of the cir-

cleo 

Table 4.13 
Comparison or Observed and Nominal Q Levels 

Method 2 - Average Distanee Between n Points and a Fixed Point 
Fixed Point Loeated on the Boundary or the Circle 

Nominal Q Levels 

n 0.01 0.025 0.05 0.10 0.20 

4 .005 .017 .035 .083 .174 
6 .006 .015 .035 .079 .171 
8 .006 .014 .033 .074 .166 

10 .007 .016 .037 .081 .163 
12 .005 .014 .030 .072 .159 
14 .005 .011 .030 .068 .155 
16 .004 .014 .031 .074 .167 
18 .004 .011 .028 .067 .152 
20 .004 .013 .029 .068 .156 

Table 4.14 
Power Caleulations 

Method 2 - Average Distanee Between n Points and a Fixed Point 
Fixed Point Located on the Boundary or the Circle 

I factor • 

n .5 .6 .7 .8 .9 1.0 

5 .803 .637 .441 .259 .126 .050 
10 .970 .881 .682 .408 .174 .050 
20 1.000 .991 .912 .637 .259 .050 
50 1.000 1.000 .999 .935 .474 .050 

• The I factor reflects the decrease in the expected distance under the alternative 
hypothesis, e.g., f=.8 implies that under the alternative hypothesis the expected distance 
is 80% of the expected distance under the null hypothesis. 
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The Distribution of the Standardized Squared Distance Between the Centroid 
of n Random Points and the Centroid of the Area 

Assume that points are uniformly distributed inside an arbitrary boundary. Denote the 

centroid of the area (E (X o),E (Yo)). Now, (E (X o),E (yo)) is analogous to the population 

centroid of an area which has been transformed using the DEMP algorithm because the 

population is uniformly distributed on the DEMP. If n random points are selected from 

this area and denoted (X lr Y 1),(X2 ,Y2), •• ,(X",Y,,) then the centroid of the points is 

(X,Y). 

The standardized squared distance between (X, Y) and (E (X o),E (yo)) is 

2 .[ - - ] -I [X-E(XO) 1 
D = n X -E(Xo) Y -E(Yo) E Y -E(Yo) . 

where 

Under the null hypothesis that points are uniformly distributed inside the boundary, i.e., 

that cases occur in proportion to the population, E (X )=E (X 0) and E (Y )=E (Y 0)' 

That is. if the null hypothesis is true then the centroid of the area and the centroid of the 

cases should be no farther apart than expected by chance. If points are not uniformly 

distributed in the area then the the distance between the two centroids will likely be 

large. Therefore, evidence exists that the null hypothesis of uniformity should be rejected 

when D 2 is large. 

The Approximate Distribution of D 2 

When points are uniformly distributed 10 any arbitrary boundary D2 IS approximately 
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distributed as X2 with 2 degrees of freedom. Now, consider an ellipse centered at the 

point (3,4), rotated at 30 degrees, with semi-major axis, a , equal to 5.0 units. Table 4.15 

compares the actual to the nominal a levels in this ellipse as the length of the semi-minor 

axis, b , takes on the values 0.5, 2, and 5 units. Thus, the ellipse goes from being narrow 

when a =5 and b =.5 to being a circle when a =5 and b =5. The table is based on a 

simulation using 5000 trials. So, ror example, ir n =35, a =5, b =0.5, and the nominal a 

level is .05 the actual a level is .051 which implies that the null hypothesis would be 

incorrectly rejected 5.1% of the time instead of 5% of the time. 

Table 4.15 shows that the approximation is suitable even for sample sizes as small as 15, 

e.g., the actual Ot levels are .009,.023,.048,.100, and .206 compared to .010,.025,.050,.100, 

and .200 when the data are sampled from an ellipse with b =0.5. When the sample size 

is less than 15 then the approximation is more suitable when a is large. For example, 

when b =0.5 and n =5, the actual a levels are .004,.017,.042,.094, and .198. 

Tables 4.15 shows that the boundary has iittle effect on the suitability of the approxima-

tion. For example, when n =35, the observed a levels are .012,.026,.051,.099, and .203 

when b =0.5, .008,.023,.050,.100, and .199 when b =2, and .011,.024,.049,.095, and .198 

when b =5. This lack of an effect is not surprising since boundary effects should be 

reduced when centroids are considered as opposed to individual points. 

Power of D2 

Now, suppose points are not uniformly distributed in the ellipse and the true mean is 

JA = (Jl:r .Jl y ) as opposed to (E (X o),E (Yo)) . Then D 2 is approximately distributed as 

noncentral \2 with 2 degrees of freedom and noncentrality parameter 8, where 

b = n 
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Table 4.15 
Nominal versus Actual 0' Levels 

Standardized Squared Distance Between Centroid of Cases and Centroid of Ellipse 

(a=5,b=0.5) 

n Nominal 0' 

.010 .025 .050 .100 .200 

5 .004 .017 .042 .094 .198 
10 .006 .020. .045 .094 .197 
15 .009 .023 .048 .100 .206 
20 .010 .023 .046 .100 .195 
25 .011 .025 .050 .100 .194 
30 .010 .024 .047 .093 .192 
35 .012 :026 .051 .099 .203 
40 .010 .024 .049 .101 .197 
45 .008 .021 .042 .095 .202 
50 .012 .027 .051 .096 .204 

(a=5,b=2) 

n Nominal 0' 

.010 .025 .050 .100 .200 

5 .004 .020 .043 .096 .203 
10 .007 .019 .044 .094 .204 

.15 .009 .023 .049 .100 .208 
20 .010 .025 .048 .100 .207 
25 .011 .026 .053 .109 .214 
30 .011 .024 .051 .103 .202 
35 .008 .023 .050 .100 .199 
40 .010 .023 .050 .097 .199 
45 .012 .029 .054 .101 .200 
50 .007 .022 .044 .096 .192 

(a=5,b=5) 

n Nominal 0' 

.010 .025 .050 .100 .200 

5 .004 .017 .042 .096 .206 
10 .009 .024 .050 .100 .206 
15 .007 .021 .048 .101 .211 
20 .009 .025 .050 .106 .205 
25 .010 .026 .054 .106 .208 
30 .009 .022 .046 .088 .193 
35 .011 .024 .049 .095 .198 
40 .009 .022 .044 .093 .196 

" 45 .008 .020 .042 .095 .192 
50 .007 .023 .046 .097 .196 
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Table 4.16 shows the probability of rejecting the null hypothesis for various situations 

when points are not uniformly distributed in the ellipse. The sample size is denoted by n 

and "distance" refers to the distance between the true mean, (/-Lx ,/-L y ), and the mean 

specified in the null hypothesis, (E (X o),E (Yo)), For example, when the sample size is 10 

and there are 2 distance units between the two centroids, then the null hypothesis of uni-

formity will correctly be rejected approximately 61% of the time. When there 0 distance 

units between the two centroids, then the null hypothesis is true and will be rejected 5% 

of the time regardless of the sample size. As expected, the power of this test procedure 

increases as n increases and as the distance between the null and alternative hypotheses 

increases. Note that the maximum possible distance between the two centroids in this 

particular example is 5 units. 

Table 4.16 

Power Calculations 
Standardized Squared Distance Between Centroid of Cases and Centroid of Ellipse 

(a=5,b=2) 

n Distance * 

0 1 2 3 5 

5 .050 .115 .341 .669 .985 
10 .050 .188 .614 .935 .999 
15 .050 .264 .799 .991 1.000 
20 .050 .341 .904 .999 1.000 
30 .050 .487 .982 .999 1.000 
40 .050 .614 .997 1.000 1.000 
50 .050 .718 .999 1.000 1.000 

• Distance units between the centroid of the cases and the centroid of the ellipse 
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Discussion 

Four distance measures are presented in this chapter which are appropriate for a variety 

of practical situations. The approximate distributions, expectations, and variances are 

obtained assuming that points are uniformly distributed inside an area because this 

corresponds to the null hypothesis that cases of disease are uniformly distributed on the 

DEMP. This translates into assuming that everyone resident in a specific geographic unit 

has an equal risk of developing the disease in question. 

The average squared distance between n random points and one fixed point, D 2, is appli

cable when interest is focused on clustering of disease around a point source of possible 

environmental hazard, e.g., a waste water treatment plant or a nuclear facility. If the null 

hypothesis of uniformity is rejected using this distance measure then it can be inferred 

that cases are closer to the point source than they would be by chance alone. This is also 

true for the distance measure i5. j)2 is recommended as the distance measure of choice 

in this situation because, although the normal approximation is adequate for i5, the per

formance of D 2 is slightly better. This occurs primarily because exact values are avail

able for E(D2) and V(D2). However, i5 has more power than D2 to reject the null 

hypothesis because the variability is smaller in the former case, e.g., the coefficient of 

variation is always greater for j)2 as opposed to i5 . 

The average squared paired distance between n random points, Dr>:2 is potentially useful 

when no a priori hypothesis exists with regard to disease clustering. This distance meas

ure is more general than D2 and can possibly be useful for exploring the spatial distribu

tion of cases of disease in a given area. When the null hypothesis of uniformity IS 

rejected it is inferred that cases are closer together than expected by chance. 

The last distance measure discussed, the standardized squared distance between the cen

troid of the area and the centroid of the n uniform random points is also a more general 
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distance measure than is D 2. Recall that, because the population.is uniform on a DE1fP, 

the centroid of a transformed area is also the population centroid. Therefore, if cases are 

uniformly distributed in an area, the centroid of the cases should be the same as the cen

troid of the area on a DENlP. If cases are clustered in a given area then presumably the 

centroid of the cases will be displaced from the centroid of the area towards the cluster. 

However, all that can be concluded from using this distance measure is that cases are not 

uniformly distributed in the area and further examination of the direction of the displace

ment is necessary. 

In general, the approximations are satisfactory. For D,/, D 2, and 15 it appears that a 

sample size of 20 is sufficient for suitable approximations regardless of the boundary 

shape. When the boundary is symmetric then a sample size of 10 is sufficient for most 

situations. For D 2, a very reasonable approximation is obtained with a sample size of 15 

or more in all cases investigated. 

The last distance measure investigated, D2, is the least affected by boundary effects 

because centroids, i.e., average values, are being considered as opposed to individual 

points. That is, edge effects are minimized by using centroids since points close to the 

boundary are averaged with interior points. Also, it appears that boundary effects are 

more important when using D2 than is the location of the point source although the rea

son for this is not clear. That is, as expected, the convergence guaranteed by the Central 

Limit theorem is faster when the boundary is a circle than when it is an elongated ellipse 

since the distribution of the squared distance to the fixed point is more symmetric in the 

former case. This is especially true when the fixed point is located in the center of the 

area. It might also be expected that the distribution of D 2 would be more symmetric if 

the fixed point is located in the center as opposed to on the boundary of the area. How

ever, the effe.ct of the location of the fixed point is less significant than is the effect of the 

overall boundary shape. (See Tables 4.4-4.5). 
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Rotated ellipses are used for illustrative purposes in this chapter but it should be noted 

that these analyses do not depend on the orientation of the ellipse. That is, the expecta

tions and variances for the four distance measures are invariant under changes in () and so 

p-values are also independent of the rotation parameter. This property is intuitively 

attractive because, for example, the distance between a fixed point and a random point in 

a given ellipse should not depend on the orientation of the ellipse. 

Finally. three of these distance measures are used to analyze possible disease patterns 

associated with the Rocky Flats plant site in Denver, Colorado, in the next chapter. 

These methods are also used in Chapter 6 to explore the spatial distribution of childhood 

cancer mortality in Santa Clara County, California. In addition, both the accuracy of the 

approximations and the power of the test procedures are investigated for these illustrative 

cases. 
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CHAPTER 5 
Analysis of Disease Patterns Around the Rocky Flats Plant Site 

Introduction 

The Rocky Flats Plant primarily produces components for nuclear weapons. This plant 

has been in operation since 1952 and is located in Jefferson county, Colorado, 16 miles 

northwest of Denver (Figure 5.1). The facilities for the fabrication and recovery of plu-

tonium comprise the majority of the plant. Plutonium has been released into the air by 

the plant both by routine stack releases and accidents. Routine stack releases increased 

from an average of 92 p Ci / yr during 1953-56 to an average of 2658 IJ Ci / yr during 

1958-65. Releases have decreased since 1966 to less than 80 pCi /yr during 1971-75 and 

less than 10 pCi /1Ir during 1975-77. The major accidental release of plutonium resulted 

from contaminated cutting oil which leaked from steel drums during 1959-69. The total 

off-site release from the oil leakage has been estimated to be 3.4 x lOe p Ci [1]. 

Approximately 94% of the plutonium at Rocky Flats is Pu-239 which is mainly an 

emitter of alpha particles that have a range of approximately 4 pm in water and soft 

issue. Inhalation is the most important route of exposure. Plutonium-239 has a half-life 

of approximately 500 days in the lung. Plutonium deposits mainly in the liver and bone 

where its half-lives are approximately 40 and 100 years, respectively. Thus, the most 

significant radiation doses are to the lung, liver, and bone and are delivered over very 

long periods of time. From animal studies it is known that sufficiently concentrated 

amounts of plutonium can produce symptoms of acute radiation symdrome. Also, it is 

from 4-30 times as potent as radium in terms of tumorigenicity for small animals, depend-

ing on the dose level [2-4]. Therefore, the possibility of increases in cancer in association 

with the Rocky Flats facility is a definite possibility. 

The epidemiologic data that address the possible relationship between plutonium exposure 

and cancer are equivocal. Voeltz et al [5] studied the mortality experience of 224 white 
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male plutonium workers at the Los Alamos Scientific Laboratory. The average year of 

entry into the study was 1947 and mortality status was determined as of June 30, 1976. 

The follow-up rate was 100%. Standard Mortality Ratios (SMR's) were calculated using 

the U.S. white male population for comparison. There were no liver or bone malignancies 

observed and only one lung cancer was detected. The overall SMR was 54 and the SMR 

for malignant neoplasms was 64. However, the lack of positive results in this study could 

easily have resulted from the small size of the cohort. Also, the "healthy worker effect" 

may have contributed to the lack of significant findings, i.e., the general population was 

used for comparison and is usually at greater mortality risk than a population of active 

workers healthy enough to have been (and to remain) employable [6]. 

The results of a larger cohort mortality study were published in 1983 [7]. This cohort 

consisted of 7112 white males who were employed at Rocky Flats between 1952 and 1979. 

Again, SMR's were calculated using the U.S. white male population as the reference 

group. The observed and expected numbers of deaths due to bone, liver, and lung cancers 

were 0,3,33 and .89,2.70,57, respectively. Thus, there were no excess deaths from causes 

associated with plutonium exposure. The only elevated SMR was for benign and 

unspecified neoplasms, i.e., there were 8 cases observed compared to 2.41 expected giving 

an S~1R of 332. Six of these cases were unspecified brain tumors. These results did not 

change when the cohort was divided into two plutonium exposure groups (high versus 

low) and two external radiation groups (high versus low). However, the mean age as of 

the end of the study period was only 48 years and the fact that the cohort was still young 

might account for the negative findings. Also, the use of the U.S. population as the refer

ence group in this situation presents problems since all these men had to satisfy the mili

tary selection criteria in order to be employed at Rocky Flats which means that they are 

even more healthy than the civilian employed population. Reyes et al [8] reported the 

findings from a case-control study of the brain cancers noted in this cohort analysis. 
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They found no differences between the cases and controls for plutonium exposure, exter

nal radiation or other occupational risk factors. 

Johnson [9] examined the possible association between plutonium exposure and variOUS 

forms of cancer in the general population in the area surrounding Rocky Flats. Cancer 

incidence data for 1969-71 were taken from the Third National Cancer Survey (TNCS) 

data base. Johnson adopted the plutonium isopleth contours developed by Krey [10] in 

order to define decreasing areas of possible exposure. Area 1 was the most exposed area 

and it encompassed between 3 and 21 kilometers from the center of Rocky Flats along the 

main wind vector. Areas 2 and 3 were contours of decreasing exposure and area 4, con

sisting of all the territory outside of areas 1-3 within the Denver SMSA, was considered 

nonexposed. Expected numbers of cases were calculated for each area using the Denver 

SMSA as the reference population. It was assumed that the ratio of the number of 

observed cases to the number of expected cases for area 4 was 1 and the ratios from areas 

1-3 were compared to it. Johnson reported that, for white males, the incidence of all types 

of cancer was 24% higher in area 1 and 15% higher in area 2 compared to area 4. For 

white females, the corresponding numbers were 10% and 5%, respectively. Significantly 

elevated r:atios were seen for the following cancer types: 1) lung and bronchus (areas 

1,2:males), 2) leukemia (area 3:females), 3) tongue,pharynx, and esophagus (area 2:males), 

4) colon and rectum (area l:males,females), and 5) testis (area 2:males). However, dose

response patterns, i.e.,decreasing ratios from areas 1 to 3, were not observable for the 

above cancer sites. No excess risk for liver cancer was observed. It should also be noted 

that the isopleth areas used in this study were only based on 19 samples but probably do 

represent general areas of decreasing exposure because they follow the major wind direc

tion [9]. 

In this chapter possible patterns of disease associated with the Rocky Flats plant site are 

further explored using the Density Equalizing Map Projection (DE:MP) technique. Denver 
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and Jefferson counties have been chosen as the study area because the plant is located at 

the northern edge of Jefferson and Denver is to the southeast of the plant, in line with the 

major wind vector (Figure 5.1). In addition, incidence data are available for this region. 

Methods 

Incidence data by census tract for Denver and Jefferson counties for 1969-71 were 

extracted from the Third National Cancer Survey (TNCS) data base. The data are race 

and sex specific (whites only) and divided into two age groups, 35-54 years and 55 or 

more years. The following cancer sites were chosen for study: 1) stomach, 2) colon, 3) rec

tum, 4) lung,bronchus and trachea, and 5) leukemia. Further, to increase the sensitivity 

of the analysis, the sites were subdivided into the following histol~gic t.ypes: 1) stomach; 

adenocarcinoma, 2) colon; carcinoma and adenocarcinoma, 3) rectum; adenocarcinoma, 4) 

lung, bronchus and trachea; small cell carcinoma, squamous cell carcinoma, and adeno

carcinoma, and 5) leukemia; chronic lymphocytic and acute granulocytic. Note that the 

exact address of each case is suppressed in the TNCS data for confidentiality reasons so 

each case is located at the centroid of the census tract of residence. The error incurred 

by this approximation is inconsequential. 

The age-sex-race-specific population figures were obtained for each census tract from the 

1970 U.S. Census. The data were then aggregated into the age groups 35-54 years and 55 

years or older. These population figures were used in the transformation process (DEl\1P) 

and 4 maps were produced, one for each age-sex group. For example, Figure 5.2 shows the 

transformed map for white males, 55 or more years of age, with the deaths from acute 

granulocytic leukemia plotted on it. Circles, crosses, and stars represent cases; a circle is 

plotted when there was only one case in a given census tract, a cross is shown when there 

were two cases in a census tract, and a star represents three or more cases. The ".bulls

eye" in the top left hand corner represents the transformed location of the Rocky Flats 
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plant. There are two "bulls-eyes" in the center area of the map: the dark one represents 

the centroid of the tw~county area and the light one is the centroid of the cases. 

Three distance measures were used to investigate the null hypothesis that cases are uni-

formly distributed in these two counties. First, the average squared distance between the 

cases and the plant was calculated. If cases are closer to the plant than expected under 

the null hypothesis of uniformity then the average squared distance between Rocky Flats 

and the cases would likely be small. Second, the average distance between the plant and 

the cases was explored as a distance measure. Again, small values of this measure would 

imply that cases are closer to Rocky Flats than expected. Finally, the standardized 

squared distance between the centroid or the cases and the centroid or the tw~county 

area was calculated. If cases are uniformly distributed in the area then the centroid of the 

cases would differ from centroid of the area only because of random variation. If cases 

are associated with the Rocky Flats plant then the centroid of the cases would likely be 

shifted to the northwest. Note that distances were measured on the transformed map for 

all three methods. 

Statistical significance was assessed using the normal distribution for the first two dis-

tance measures and using the X2 dist.ribution for the standardized squared distance 

between the two centroids (see Chapter 4). In order to calculate the values of the three 

statistics under the null hypothesis it was necessary to estimate the central moments for 

the distributions of the coordinates z and 'J over the tw~county area. These moments 

are necessary to estimate the expectations and variances given in the previous chapter. 

In general, if a; is the area of the il" tract and (z; ,'Ji ) is the centroid of the il" tract, 

then the central moments can be estimated by 

E(X" yl)::::::: _i_=_I ______ _ 
... 
Ea; 
i=1 
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m m 

E ai Xi E ai Yi 
where X __ i_=_I __ 

m 

;=1 ----, and m is the number of census tracts in the tw<r-
m 

county region. 

Results 

E a; 
.=1 

Ea; 
;=1 

Average Squared Distance between n Cases and Rocky Flats 

Table 5.1 shows, for each age-sex group, the number of cases (n ) and the incidence rate 

per 100,00 person-years (Rate) for each cancer type. For example, among white males 

aged 55 years or more there are 21 cases of chronic lymphocytic leukemia which gives an 

incidence rate 'of 13.343 per 100,000 person-years. The incidence rates increase with age 

and the highest rates are seen for colon cancer (adenocarcinoma) among the older women 

and men, i.e., the rates are 99.952 and 114.024 per 100,000 person-years, respectively. 

Also shown in Table 5.1 is the observed value of the average squared distance between 

the n cases and Rocky Flats in the column labeled d 2. The expected value and the stan-

dard deviation of the average squared distance, E (.52) and SD (.i52), are shown in 

columns 6 and 7, respectively. Finally, the p-value associated with d 2 is given in the last 

column. 

The only two p-values which approach the .05 level of significance are for white males 

aged 35-54 years for rectal cancer (p=.0808) and acute granulocytic leukemia (p=.0582). 

These are based on 19 and 6 cases, respectively. Figures 5.3 and 5.4 show the transformed 

maps for these two sites. Some clustering around Rocky Flats is evident in Figure 5.3 

(rectal cancer) but it is difficult to visually detect any nonuniform pattern in Figure 5.4 

(leukemia) because there are only 6 cases dominated by two cases in close proximity to 
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Table 5.1 
Average Squared Distance Between n Cases and Rocky Flats 

Age Sex n Rate d2 E(D2) SD (D2) p 

Stomach Cancel', Adenocarcinoma NOS 

35-54 WF 2 .814 841.27 1117.45 545.69 .3064 
WM 9 3.881 932.79 1124.72 256.53 .2272 

55+ WF 27 12.211 1014.36 1127.24 140.65 .2111 
WM 54 33.358 1051.93 1049.37 101.80 .5100 

Colon Cancel' excluding Rectum, Carcinoma NOS 

35-54 WF 5 2.036 993.54 1117.45 345.12 .3598 
WM 6 2.587 117114 1124.72 314.18 .5587 

55+ WF 26 11.759 1063.14 112724 143.33 .3274 
WM 20 12.130 1038.27 104937 167.27 .4736 

Colon Cancel' excluding Rectum, Adenocarcinoma NOS 

35-54 WF 34 13.845 1156.41 1117.45 132.35 .6442 
WM 14 6.036 1324.96 112472 205.68 .8348 

55+ WF 221 99.952 1068.69 112724 49.16 .1168 
WM 186 114024 1184.70 104937 54.85 .9932 

Rectal Cancer, Adenocarcinoma NOS 

35-54 WF 7 2.850 901.35 1117.45 291.68 .2294 
WM 19 8.192 877.63 112472 176.55 .0808 

55+ WF 56 25.327 1183.55 112724 97.66 .7178 
WM 66 41.243 1061.66 104937 92.08 .5530 

Lung, Bronchus and Tracheal Cancers, Small Cell Carcinoma 

35-54 WF 2 .814 1487.65 1117.45 545.69 .7512 
WM 13 5.605 1131.11 112472 213.44 .5119 

55+ WF 14 6.332 1169.12 1127.24 195.32 .5848 
WM 58 35.784 1073.11 104937 9822 .5954 

Lung, Bronchus and Tracheal Cancers, Squamous Cell Carcinoma 

35-54 WF 4 1.629 1687.87 1117.45 385.86 .9303 
WM 30 12.935 1096.28 112472 140.50 .4198 

55+ WF 21 9.498 1334.26 1127.24 159.48 .9029 
'WM 152 93.403 108265 1049.37 60.68 .7083 

Lung, Bronchus and Tracheal Cancers, Adenocarcinoma, NOS 

35-54 WF 8 3.258 1060.05 1117.45 272.85 .4167 
WM 6 2.587 947.91 112472 314.18 .2868 

55+ WF 16 7.236 1123.71 1127.24 182.71 .4923 
WM 42 25.474 1086.86 104937 115.43 6273 

Chronic Lymphocytic Leukemia 

35-54 WF 0 0.000 117.45 
WM 3 1.293 1281.92 112472 444.32 .6382 

55+ WF 22 9.950 1293.26 112724 155.81 8567 
WM 21 13.343 1083.96 1049.37 163.24 58:39 

Acute Granulocytic Leukemia 

35-54 WF 5 2.036 1119.54 1117.45 345.12 .5024 
WM 6 2.587 631.38 112472 314.18 .0582 

55+ WF 15 6.784 1591.63 1127 24 188.70 9931 
WM 17 10.311 1146.24 1049.37 181.43 7033 

note Rate given is per 100,000 person-years 
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the plant. This number of significant p-values is entirely consistent with chance since 

there were 32 tests performed. Thus, in general, the null hypothesis of uniformity can 

not be rejected using the average squared distance between n cases and Rocky Flats as 

the distance measure. 

Average Distance between n Cases and Rocky Flats 

Table 5.2 is analogous to Table 5.1 except that the distance measure is the average dis

tance instead of the average squared distance. The number of cases (n) and the 

incidence rates are repeated here for convenience. The observed value of the average dis

tance, d, is shown in column 5, and the expected value and standard deviation of the 

average distance are given in columns 6 and 7, respectively. The p-values are shown in 

the far right-hand column and differ slightly from those in Table 5.1 because the 

moments of d were estimated with a Taylor series approximation whereas the moments 

of d:) were obtained directly (see Chapter 4 ). 

Using this distance measure, two p-values reach significance at the .05 level. The p:-value 

for colon cancer (adenocarcinoma) for white females aged 55+ years is .0219 and is based 

on 221 cases. The p-value for white males aged 35-54 years for acute granulocytic 

leukemia is again significant (p=.0478, n =6). Figure 5.5 shows the map associated with 

colon cancer (adenocarcinoma) for the older women. Again, there does not appear to be 

sufficient evidence to reject the null hypothesis that cases are uniformly distributed in the 

two-county area. 
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Table 5.2 
Average Distance Between n Cases and Rocky Flats 

Age Sex n Rate d E(15) SD (15) p 

Stomach Cancer, Adenocarcinoma NOS 

35-54 WF 2 .814 28.96 30.87 907 .4166 
WM 9 3.881 27.83 31.05 4.23 .2230 

55+ WF 27 12.211 3003 31.44 2.27 .2681 
WM 54 33.358 30.55 29.79 1.73 .6699 

Colon Cancer excluding Rectum, Carcinoma NOS 

35-54 WF 5 2.036 29.35 30.87 5.74 .3956 
WM 6 2.587 29.93 31.05 5.18 .4143 

55+ WF 26 11.759 3009 31.44 2.31 .2799 
WM 20 12.130 29.18 29.79 2.85 4159 

Colon Cancer excluding Rectum, Adenocarcinoma NOS 

35-54 WF 34 13.845 31.92 30.87 2.20 6843 
WM 14 6036 34.58 31.05 3.39 .8511 

55+ \VF 221 99.952 29.84 31.44 0.79 .0219 
WM 186 114024 31.72 29.79 0.94 9807 

Rectal Caneer, Adenocarcinoma NOS 

35-54 WF 7 2.850 26.99 30.87 4.85 2122 
WM 19 8.192 28.17 31.05 2.91 1611 

55+ WF 56 25.327 31.37 3144 1.57 4831 
WM 66 41243 29.71 29.79 1.57 4821 

Lung, Bronchus and Traeheal Cancers, Small Cell Carcinoma 

35-54 WF 2 .814 38.57 30.87 9.07 8020 
WM 13 5605 3199 31.05 3.52 .6054 

55+ WF 14 6.332 31.83 3144 3.15 5498 
WM 58 35.784 3083 29.79 1.67 7333 

Lung, Bronchus and Tracheal Cancers, Squamous Cell Carcinoma 

35·54 WF 4 1.629 40.87 30.87 6.41 .9406 
WM 30 12.935 30.94 31.05 2.31 4821 

55+ WF 21 9498 34.04 31.44 2.57 .8439 
WM 152 93403 30.34 29.79 103 7035 

Lung, Bronchus and Tracheal Cancers, Adenocarcinoma, NOS 

35·54 WF 8 3.258 27.51 30.87 4.53 .2298 
WM 6 2.587 2889 31.05 5.18 3380 

55+ \VF 16 7236 31.43 3144 2.95 .4993 
WM 42 25474 30.54 2979 1.97 6493 

Chronic Lymphocytic Leukemia 

35·54 WF 0 0.000 3087 
WM 3 1.293 34.33 31.05 7.32 6731 

55+ WF 22 9.950 33.40 3144 2.51 .78~7 
WM 21 13343 3112 29.79 2.78 6839 

Acute Granulocytic Leukemia 

35-54 WF 5 2.036 33 16 30.87 574 6552 
WM 6 2587 22.43 3105 5 18 0478 

55+ WF 15 6784 38.22 3144 304 9871 
WM 17 10311 32.04 2979 3.09 7658 

note Rate given is per 100,000 person-years 
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Standardized Squared Distance Between Centroid of Cases and Centroid of 
Transformed Area 

Table 5.3 shows the results from applying the third distance measure to these data. The 

standardized squared distance between the centroid of the cases and centroid of the 

transformed two-county area, D 2, is approximately distributed as X2 with 2 degrees of 

freedom. Therefore, E (D 2) ::::::: 2 and SD (D 2) ::::::: v4. These values are not shown in Table 

5.3. The observed value of D2, d2, is given in column 5. Again, the p-values are shown 

in the rightmost column of the table. 

Using this distance measure, five p-values reach the .05 level of significance. They are: 1) 

colon cancer (adenocarcinoma), white females, 55+ years, p=.0338, n =221, 2) colon 

cancer (adenocarcinoma), white males, 55+ years, p=.OOO7, n =186, 3) lung, bronchus, 

and tracheal cancers (adenocarcinoma), white males, 55+ years, p=.0145, n =42, 4) 

chronic lymphocytic leukemia, white females, 55+ years, p=.0290, n =22, and 5) acute 

granulocytic leukemia, white females, 55+ years, p=.0109, n =15. The five correspond-

ing maps are shown in Figures 5.5-5.9. In all cases the centroid of the cases is displaced 

above and to the right of the centroid of the two-county area. The Rocky Flats plant, on 

the other' hand, is located in the extreme northwestern corner of the map. Therefore, 

even though the null hypothesis can be rejected in these instances using this particular 

distance measure, Rocky Flats does not appear to be related to the observed nonuniform 

pattern. 

Power 

One possible explanation for the negative findings is that these test procedures lack 

sufficient power to detect any association between the locations of the cases and Rocky 

Flats. This issue is investigated in Tables 5.4 and 5.5. Table 5.4 shows the power calcu-

lations for the average squared distance and the average distance measures. The sample 
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Table 5.3 
Standardized Squared Distance Between Centroid of C&ses and Centroid of Transformed Area 

Age Sex n 

Stomach Cancer, Adenocarcinoma NOS 

35-54 

55+ 

WF 
WM 
WF 
WM 

2 
9 

27 
54 

Rate 

.814 
3.881 

12.211 
33.358 

Colon Cancer excluding Rectum, Carcinoma NOS 

35-54 

55+ 

WF 
WM 
WF 
WM 

5 
6 

26 
20 

2.036 
2.587 

11.759 
12.130 

Colon Cancer excluding Rectum, Adenocarcinoma NOS 

35-54 WF 34 13.845 
WM 14 6.036 

55+ WF 221 99.952 
WM 186 114024 

Rectal Cancer, Adenocarcinoma NOS 

35-54 WF 7 2.850 
WM 19 8.192 

55+ WF 56 25.327 
WM 66 41.243 

Lung, Bronchus and Tracheal Cancers, Small Cell Carcinoma 

35-54 

55+ 

WF 
WM 
WF 
WM 

2 
13 
14 
58 

.814 
5.605 
6.332 

35.784 

Lung, Bronchus and Tracheal Cancers, Squamous Cell Carcinoma 

35-54 

55+ 

WF 
WM 
WF 
WM 

4 
30 
21 

152 

1.629 
12.935 
9.498 

93.403 

Lung, Bronchus and Tracheal Cancers, Adenocarcinoma, NOS 

35-54 WF 8 3.258 
WM 6 2.587 

55+ WF 16 7.236 
WM 42 25.474 

Chronic Lymphocytic Leukemia 

35-54 WF 0 0.000 
\VM 3 1.293 

55+ WF 22 9.950 
WM 21 13.343 

Acute Granulocytic Leukemia 

35-54 WF 5 2036 
WM 6 2.587 

55+ WF 15 6.784 
WM 17 10.311 

note Rate given is per 100,000 person-years 

d 2 
P 

.702 .7039 
3.136 .2085 

.191 .9087 

.233 .8901 

1.285 .5260 
.795 .6720 
.715 .6995 
.714 6997 

1.420 .4917 
.788 .6745 

6.773 .0338 
14.567 .0007 

.455 .7965 
3.355 .1868 

.260 .8782 

.321 .8518 

1.848 .3969 
.345 .8416 

3.954 .1385 
2097 3504 

1.789 4088 
.382 .8261 

2.163 .3391 
3.062 2163 

1188 .5520 
1.055 .5901 

108 .9477 
8468 0145 

.504 7i71 
7078 .0290 

.245 8845 

2.038 .3610 
2.294 3li7 
9046 0109 
1.616 .4458 
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size is denoted by n and the factor represented as f reflects the decrease in the expected 

squared distance or distance measure under alternative hypotheses. For example, if 

f =.8 then the alternative hypothesis specifies that the expected squared distance or dis

tance is 80% of what is was when the null hypothesis of uniformity was true. So, when 

f =.8, the value in the table reflects the probability of rejecting the null hypothesis when 

there is a 20% decrease in the expected squared distance or distance measure. When 

f =1.0 the null hypothesis is true, i.e., the expected value of the squared distance or dis

tance measure has not been decreased. 

Table 5.4 shows that, as expected, when f =1.0 the probability of rejecting the null 

hypothesis is 0.05 regardless of sample size for both distance measures. Also, the power is 

higher for the average distance measure compared to the average squared distance meas

ure for all possible alternative hypotheses examined. This is consistent with the results 

from the previous chapter (see Tables 4.5 and 4.11). For example, when f =.9 and 

n =40, the probability of rejecting the null hypothesis is .236 when the average squared 

distance measure is used. The comparable value when the average distance measure is 

used is .461. When there is a 30% decrease in the expected value of the distance measure 

(f =.7) and" =5, the chances of rejecting the null hypothesis are approximately 25% 

and 50% (or the average squared distance and average distance measures, respectively. 

This property is not surprising, i.e., it is more difficult to reject the null hypothesis when 

the squared distance measure is used compared to the distance measure because the varia

bility is larger in the former case. For example, the coefficient of variation is always 

greater for the average squared distance measure as opposed to the distance measure. 
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Table 5.4 

Power Calculations 

Average Squared Distance between Rocky Flats and n Cases· 

f factor >CI 

n .500 .600 .700 .800 .900 1.000 

5 .496 .368 .253 .161 .094 .050 

10 .747 .581 .398 .236 .118 .050 
15 .882 .732 .521 .304 .140 .050 
20 .948 .834 .624 .368 .161 .050 
40 .999 .980 .870 .581 .236 .050 

Average Distance between Rocky Flats and n Cases 

f factor III 

n .500 .600 .700 .800 .900 1.000 

5 .862 .707 .499 .291 .136 .050 
10 .987 .926 .750 .461 .192 .050 
15 .999 .984 .884 .599 .243 .050 
20 1.000 .997 .949 .707 .291 .050 
40 1.000 1.000 .999 .926 .461 .050 

... The I factor reflects the decrease in the expected distance under the alternative 
hypothesi~, e.g., I =.8 implies that under the alternative hypothesis the expected dis
tance is 80% of the expected distance under the null hypothesis. 
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Table 5.5 shows the power calculations for the standardized squared distance between the 

centroid of the cases and the centroid of the two-county area. The sample size is denoted 

by n and the Distance Units refer to the distance between the centroid of the two-county 

area, (EX ,EY), and the centroid of the cases on the transformed map. For example, the 

distance on the transformed map between Rocky Flats and (EX ,EY) is approximately 28 

units. So, if n =5, there is a 98.7% chance of detecting that the centroid of the cases is 

really at the plant. When the distance between the two centroids is 0 units then the null 

hypothesis is true and the power is .05 regardless of sample size. It can be seen that, 

even with a sample size as small as 15, the probability of detecting that the centroid of 

the cases is shifted to a spot equivalent to 1/4 of the distance between the plant and 

(EX ,EY) is approximately 46%. 

Table 6.6 

Power Calculations 

Standardized Squared Distance between Centroid of Cases 
and CentrQid of Two-County Area 

Distance Units • 

n 0 7 14 21 28 

5 .050 .158 .515 .870 .987 

10 .050 .311 .870 .997 1.000 

15 .050 .459 .974 1.000 1.000 

20 .050 .591 .996 1.000 1.000 

40 .050 .896 1.000 1.000 1.000 

* The distance on the transformed map between (EX ,EY) and Rocky Flats is 28 units. 
Thus, if n =5, there is a 98.7% chance of detecting that the centroid of the cases is at 
the plant. 
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Approximations 

It is of interest to explore the accuracy of the normal and X2 approximations. Tables 5.6 

and 5.7 compare the actual and nominal a levels for all three distance measures. For 

example, when the sample size is 4, the actual a levels are .012,.026,.053,.097, and .189 

for the distance measure compared to .003,.015,.038,.094, and .189 for the squared dis

tance measure when the nominal a levels are .01,.025,.05,.10, and .20. So, when n =4 

and a is set at .025, the null hypothesis will be incorrectly rejected 1.5% of the time 

using the squared distance measure and 2.6% of the time using the distance measure com

pared to the expected 2.5% of the time. Table 5.6 shows that the normal approximation 

is suitable for both distance measures even for small sample sizes. For example, when 

n =10, the observed a levels are .008,.019,.040,.087,.181 and .012,.025,.046,.095,.186 for 

the squared distance measure and the distance measure, respectively. 

Table 5.7 shows that the X2 distribution provides a reasonable approximation for the dis

tribution of the standardized squared distance between the centroid of the cases and the 

c'entroid of the two-county area for sample sizes of 10 or larger. When n =10, the actual 

a levels are .008,.021,.045,.094, and .194 compared to the nominal a levels of 

.01,.025,.05,.10, and .20. For sample sizes less than 10, the actual a levels are smaller 

than the nominal a levels so that this test procedure is conservative in that it is more 

difficult than it should be to reject the null hypothesis. For example, when n =6, the 

actual a levels are .003,.012,.028,.070, and .168 compared to .01,.025,.05,.10, and .20. 

Discussion 

The first two distance measures investigated, the average squared distance and the aver

age distance between the cases and Rocky Flats, are specifically aimed at testing whet.her 

an association exists between the locations of the cases and the location of the plant. If 

the null hypothesis of 
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Table 5.6 

Comparison or Observed and Nominal a Levels 

Average Squared Distance between Rocky Flats and n Cases 

Nominal a Levels 

n 0.01 0.025 0.05 0.10 0.20 

4 0.003 0.015 0.038 0.094 0.189 
6 0.007 0.019 0.044 0.092 0.183 
8 0.005 0.015 0.037 0.084 0.192 

10 0.008 0.019 0.040 0.087 0.181 
12 0.007 0.020 0.043 0.087 0.182 
14 0.005 0.018 0.046 0.089 0.181 
16 0.006 0.021 0.044 0.092 0.179 
18 0.007 0.019 0.042 0.087 0.191 
20 0.009 0.021 0.043 0.090 0.176 

Average Distance between Rocky Flats and n Cases 

Nominal a Levels 

n 0.01 0.025 0.05 0.10 0.20 

4 0.012 0.026 0.053 0.097 0.189 
6 0.013 0.030 0.056 0.098 0.183 
8 0.010 0.023 0.045 0.094 0.190 

10 0.012 0.025 0.046 0.095 0.186 
12 0.011 0.028 0.051 0.096 0.190 
14 0.008 0.026 0.053 0.099 0.190 
16 O.OlD 0.029 0.050 0.094 0.186 
18 0.012 0.025 0.049 0.097 0.189 
20 0.010 0.027 0.052 0.097 0.180 

• 
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Table 5.1 

Comparison of Observed and Nominal Q'Levels 

Standardized Squared Distance between Centroid of Cases 
and Centroid of Two-County Area 

Nominal Q' Levels 

Vi .01 .025 .05 .10 .20 

4 .001 .004 .017 .050 .129 
6 .003 .012 .028 .070 .168 
8 .005 .016 .034 .078 .169 

10 .008 .021 .045 .094 .194 
12 .008 .021 .045 .095 .194 
14 .013 .024 .051 .107 .210 
16 .009 .024 .050 .101 .203 
18 .008 .025 .047 .101 .200 
20 .012 .032 .060 .113 .219 

uniformity is rejected then there is sufficient evidence to suggest that cases are eloser to 

the plant than would be expected by chance. The last meth04, the squared distance 

between the centroid of the cases and the centroid of the two-county area, is not 

specifically aimed at identifying a relationship between the plant and the locations of the 

cases. The alternative hypothesis in this case is more general, i.e., it can only be con-

eluded that the cases are not uniformly distributed in the two-county area. However, the 

direction of the displacement of the centroid of the cases gives an indication of whether 

the location of the plant is associated with the locations of the cases. Also, this method is 

less subject to boundary effects (see Chapter 4) than are the two more specific distance 

measures. 

It does not appear from these data that any association exists between cancer incidence 

and the Rocky Flats plant for the general population for the time period investigated. 

This is partially supported by the lack of positive findings for lung cancer. The possibil-

ity that these test procedures lack sufficient power to detect an association has already 

been discussed. Another possible explanation for the lack of positive findings is that, even 
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though the Rocky Flats plant has been operational since 1952, it has been estimated that 

the largest potential plutonium exposures occurred between 1959-69 [1]. Thus, disease 

associated with the plant may not appear in the TNCS data base which covers the years 

1969-71. 
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CHAPTER 6 
Analysis or Childhood Cancer Mortality in Santa Clara County 

Introduction 

Some concern has arisen that a cluster of birth defects in Santa Clara County, California 

may exist. It has been hypothesized that one possible etiologic factor is contamination of 

the drinking water from the electronics industry [1]. This chapter explores the possibility 

that childhood cancers may also cluster in this county. The following two distance meas-

ures developed in Chapter 4 are used to analyze cancer mortality: 1) the average squared 

paired distance between deaths, D/ ' and 2) the standardized squared distance between 

the centroid of the deaths and the centroid ol the translormed area, D 2. If deaths are 

clustered then the value ol i5? will be smaller than expected by chance variation. If the 

null hypothesis ol uniformly distributed cases is true the observed value of D2 will likely 

be small since the centroid of the cases should be close to the centroid of the transformed 

county. 

Death certificates for all 196 children who died of any form of cancer before the age ·of 20 

during 1976-1984 were obtained from the Santa Clara County health department. Sex, 

age at death, year of death, race, census tract of residence and cause of death were 

abstracted from each death certificate. Two deaths have been excluded because the cause 

of death was unreadable on the death certificate while 18 are not included since this 

analysis is restricted to whites. Table 6.1 shows the overall cancer mortality rate per 

100,000 population for this time period for females under 10, males under 10, females 10-

19, and males 10-19 years of age. Also shown are the numbers of deaths and the 1980 

census population for each age-sex group. 

To increase the specificity of the analysis, the deaths were divided into seven categories: 

1) leukemia, 2) CNS tumors, 3) bone tumors (osteogenic sarcomas and Ewing's sarcoma), 

4) lymphomas, 5) neuroblastoma, and 6) other cancers. Table 6.2 gives the mortality 
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rates by cause of death for each of the four age-sex groups and shows that, as expected, 

the highest mortality rates are observed for leukemia and CNS tumors. 

Statistical significance is assessed using the approximate normal distribution for Dp 2 and 

the approximate X2 distribution for D2 (see Chapter 4). Also, the central moments for 

the distributions of z and 11 over Santa Clara County are estimated as outlined in 

Chapter 5. The central moments- are used to obtain the moments of the test statistics 

under the null hypothesis of uniformly distributed cases. 

Table 6.1 

All Childhood Cancers 

Santa Clara County, California 

Age Sex Number of Deaths 1980 Population Mortality Rate/lOO,OOO 

<10 WF 28 61023 5.098 
WM 53 64052 9.194 

10-19 WF 43 85644 5.579 
WM 52 88769 6.509 
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1~19 

Age 
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1~19 

Age 
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Table 6.2 
Age-Sex-Race-Cause Specific Cancer Mortality Rates (per 100,000) 

Santa Clara County, California 

Leukemia 

Sex Number of Deaths Mortality Rate/l00,OOO 

WF 11 2.003 
WM 21 3.643 
WF 8 1.038 
WM 23 2.879 

CNS Tumors 

Sex Number of Deaths Mortality Rate/IOO,OOO 

WF 9 1.639 
WM 16 2.775 
WF 13 1.687 
WM 11 1.377 

Bone Tumors 

Sex Number of Deaths Mortality Rate/1OO,OOO 

WF 1 0.182 
WM 1 0.173 
WF 2 0.259 
WM 8 1.001 

Other Cancers 

Sex Number of Deaths Mortality Rate/IOO.OOO 

WF 2 0.364 
WM 8 1.388 
WF 14 1.816 
WM 6 0.751 

Lymphomas 

Sex Number of Deaths Mortality Rate/lOO,OOO 

WF 1 0.182 
WM 2 0.347 
WF 5 0.649 
WM 4 0.501 

Neuroblastoma 

Sex Number of Deaths Mortality Rate/lOO,OOO 

WF 4 0.728 
WM 5 0.867 
WF 1 0.130 
WM 0 0.000 
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Results 

The Average Squared Paired Distance Between Deaths, D/ 

The analytic results using the average squared paired distance between deaths as a dis

tance measure of spatial clustering are shown in Table 6.3. This table gives the number 

of deaths (n), the observed value of the test statistic (d" 2), the expected value and stan

dard deviation of D/, and the p-value associated with d/. For example, for males under 

10 years of age, there are 16 deaths and the observed value of D/ is 603.938 squared dis

tance units. The corresponding expected value is 756.174 with a standard deviation of 

154.358 giving a p-value of .1620. Recall that distance is measured on the transformed 

map and so the usual units, e.g., miles or kilometers, do not apply. 

Only two p-values approach significance at the .05 level (males under 10 years of age for 

leukemia (p=.0777) and females under 10 years of age for CNS tumors (p=.0720)). 

These two results are based on 21 and 9 deaths, respectively. The data for these two 

groups are plotted on the original map in Figures 6.1 and 6.3 and on the transformed map 

in Figures 6.2 and 6.4. It seems from Figure 6.1 that leukemia deaths among males under 

10 cluster· in the northern section of the county but most of this apparent cluster disap

pears when the data are plotted on a DEMP (see Figure 6.2). Comparison of the data for 

females under 10 who died from CNS tumors is more difficult since there are only 9 

deaths (see Figures 6.3-6.4). The number of p-values less than .10 is entirely consistent 

with chance since 19 tests were performed. Thus, it does not appear that evidence exists 

to reject the null hypothesis of uniformity of cancer deaths in Santa Clara County using 

the average squared paired distance between deaths as a distance measure. 
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Table 6.3 
Average Squared Paired Distance Between n Deaths 

Santa Clara County, California 

Leukemia 

Age Sex n d2 
" 

E(D;;) SD(D,;) p 

<10 WF 11 983.625 760.003 193.137 .8765 
WM 21 567.740 756.174 132.658 .0777 

10-19 WF 8 . 550.465 758.342 234.878 .1881 
WM 23 692.273 757.542 126.666 .3032 

CNS Tumors 

Age Sex n d2 
" 

E (D/) SD (D/) p 

<10 WF 9 441.396 760.003 218.087 .0720 
WM 16 603.938 756.174 154.358 .1620 

10-19 WF 13 641.252 758.342 175.185 .2520 
WM 11 808.608 757.542 192.487 .6046 

Bone Tumors 

Age Sex n d2 
" 

E(D,,2) SD (D/) p 

<10 WF 1 
WM 1 

1()"19 WF 2 1901.315 758.342 725.094 .9425 
WM 8 856.814 757.542 233.947 .6643 

Other Cancers 

Age Sex n d'I 
" 

E(D,;.) SD (D/) p 

<10 WF 2 244.360 760.003 724.166 .2382 
WM 8 729.339 756.174 233.056 .4542 

10-19 WF 14 802.078 758.342 167.844 .6028 
WM 6 960.114 757.542 282.320 .7635 

Lymphomas 

Age Sex n d2 
" 

E(D/) SD (D/) p 

<10 WF 1 
WM 2 190.170 756.174 719.074 .2156 

10-19 WF 5 660.972 758.342 321.750 .3811 
WM 4 406.475 757.542 378.302 .1767 

Neuroblastoma 

Age Sex n d'I p E(157) SD (157) p 

<10 WF 4 997.729 760.003 379.427 .7345 
WM 5 679.993 756.174 319.209 .4057 .. 10-19 WF 1 
WM 0 
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The Standardized Squared Distance Between the Centroid of Deaths and the 
Centroid of the Transformed Area 

Table 6.4 shows the results when the standardized squared distance, D 2, between the cen-

troid of the deaths and the centroid of the transformed area is used as a distance measure 

to test the null hypothesis of uniformity. Given in Table 6.4 are the number of deaths, 

n, the observed value of the test statistic, d 2, and the associated p-value. Since D2 is 

approximately distributed as X2 with 2 degrees of freedom, E (D 2) ::::::: 2 and 

The only p-value which approaches significance at the .05 level is for CNS tumors among 

males under 10 years of age (p=.0558, n =16, d 2=5.773). The p-value for CNS tumors 

among females under 10 approaches significance at the .10 level (p=.1037, n=9, 

d 2=4.533). The data for males under 10 who died from CNS tumors are shown plotted 

on the original map in Figure 6.5 and plotted on the transformed map in Figure 6.6. 

Comparison of Figures 6.4 and 6.6 shows that, for children under 10 who died of CNS 

tumors, the centroid of the deaths is displaced in a different direction from the centroid of 

the county for the males and females. However, if some common environmental insult is 

operating on both sexes then the displacement of the centroid of the deaths from the cen-

troid of the county would be expected to be in the same direction for both. Also, the 

number of significant p-values is consistent with chance considering that 19 tests were 

performed. Therefore, it appears that the null hypothesis of uniformity can not be 

rejected in Santa Clara County for any of the cancer sites investigated when the stand-

ardized squared distance between the centroid of the deaths and the centroid of the 

transformed area is used as a distance measure. 
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Table 8.4 
Standardized Squared Distance Between Centroid of Deaths 

and Centroid of Transformed Area 
Santa Clara County, California 

Leukemia 

Age Sex n d2 p 

<10 WF 11 0.523 .1697 
WM 21 1.663 .4353 

10-19 WF 8 0.545 .7613 
WM 23 0.699 .7051 

CNS Tumors 

Age Sex n d2 p 

<10 WF 9 4.533 .1037 
WM 16 5.713 .0558 

10-19 WF 13 1.606 .4481 
WM 11 0.046 .9770 

Bone Tumors 

Age Sex n d2 p 

<10 WF 1 
WM 1 

10-19 WF 2 1.415 .4928 
WM 8 1.582 .4534 

Other Cancers 

Age Sex n d2 p 

<10 WF 2 0.415 .8127 
WM 8 2.646 .2663 

10-19 WF 14 0.474 .7890 
WM 6 1.409 .4942 

Lymphomas 

Age Sex n d 2 p 

<10 WF 1 
WM 2 1.960 .3753 

10-19 WF 5 1.265 .5311 
WM 4 3.370 .1854 

Neuroblastoma 

Age Sex n d2 p 

<10 WF 4 0.627 .7310 
WM 5 0.368 .8318 

10-19 WF 1 
WM 0 
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Discussion 

No strong evidence exists in these data to reject the null hypothesis that childhood cancer 

deaths are uniformly distributed in Santa Clara County. Two important issues which 

need to be addressed in light of these results are: 1) whether the normal and X2 approxi-

mations are sufficiently accurate, and 2) whether these test procedures possess sufficient 

power. Tables 6.5 and 6.6 are aimed at elucidating the former issue for D/ and D2, 

respectively, by comparing actual to nominal a levels. For example, Table 6.5 shows that 

when Dp 2 is used as the distance measure the null hypothesis of uniformity will be 

incorrectly rejected 3.7% instead of 5% of the time when the sample size is 20. Both 

tables are based on simulation results using 2000 trials. 

Tables 6.5 and 

Table 8.5 

Comparison or Nominal and Actual a Levels 
Average Squared Paired Distance Between n Deaths 

Santa Clara County, California 

n Nominal a Level 

.01 .025 .05 .10 .20 

4 .000 .000 .009 .067 .211 
6 .000 .007 .028 .086 .215 
8 .001 .010 .040 .093 .217 

10 .002 .013 .036 .104 .223 
12 .003 .012 .032 .085 .202 
14 .005 .016 .038 .089 .186 
16 .006 .017 .041 .092 .196 
18 .004 .018 .041 .087 .194 
20 .003 .014 .037 .082 .189 

6.6 demonstrate that the normal and X2 approximations are useful even 

for small sample sizes. For example, when n =10, the actual a levels are 

.002,.013,.036,.104, and .223 for D/ and .005,.015,.031,.070, and .182 for D2 compared to 

the nominal levels of .01,.025,.05,.10 and .20. The discrepancy between the nominal and 

actual a levels is largest when a is .01 and decreases as a increases for both distance 

• 
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measures, e.g., when D/ is used and n =14, the actual level increases from .005 to .186 

as a increases from .01 to .20. 

Table 6.6 

Comparison of' Nominal and Actual a Levels 
Standardized Squared Distance Between Centroid 01 Deaths and Centroid 01 Area 

Santa Clara County, Calilornia 

n Nominal a Level 

.01 .025 .05 .10 .20 

4 .001 .005 .012 .031 .107 
6 .003 .013 .027 .057 .144 
8 .003 .013 .028 .076 .171 

10 .005 .015 .031 .070 .182 
12 .006 .017 .033 .072 .174 
14 .006 .019 .037 .081 .183 
16 .007 .021 .039 .093 .180 
18 .009 .024 .045 .086 .184 
20 .005 .017 .034 .080 .176 

Comparison of Tables 6.6 and 5.7 shows that there is less discrepancy between the nomi-

nal and actual ex levels for the D 2 measure for the Denver-Jefferson area compared to 

Santa Clara County. For example, when n =10, the actual levels are .008,.021,.045,.094, 

and .194 for Denver-Jefferson compared to .005,.015,.031,.070, and .182 for Santa Clara 

County. This decreased accuracy occurs basically because the transformed map of Santa 

Clara County is more elongated than the DEMP of the Denver-Jefferson area. It was 

shown in Chapter 4 that, although D 2 is less affected by boundary shape than the other 

distance measures because centroids are considered instead of individual points, the 

approximation does improve slightly as areas become more symmetric. 

Power calculations for Dp 2 are shown in Table 6.7 for various sample sizes (n ) and alter

native hypotheses. The f -factor reflects the decrease in the expected value of Dp 2 under 

the alternative hypothesis. F~r example, if f =.8 then the alternative hypothesis specifies 

that E (D/) is 80% of what it was when the null hypothesis of uniformity was true. So, 
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when I =.8, the value in Table 6.7 reBects the probability of rejecting the null 

hypothesis when there is a 20% decrease in the expected average squared paired distance. 

When I =1.0 the null hypothesis is true, i.e., the expected average squared paired dis-

tance has not been reduced. 

Table 6.7 

Power Calculations for Santa Clara County 
Average Squared Paired Distance between n Deaths 

I factor • 

n .5 .6 .7 .8 .9 1.0 

5 .322 .242 .175 .121 .079 .050 
10 .584 .437 .298 .184 .101 .050 
15 .762 .595 .409 .241 .120 .050 
20 .869 .716 .506 .295 .138 .050 
40 .991 .942 .778 .485 .200 .050 

• The f factor reBects the decrease in the expected dist:ance under the alternative 
hypothesis, e.g., f-.8 implies that under the alternative hypothesis the expected distance 
is 80% of the expected distance under the null hypothesis. 

As expected, Table 6.7 demonstrates that the probability of rejecting the null hypothesis 

is .05 when the null hypothesis is true U =1.0), regardless of sample size. Also, the 

power increases as the sample size increases, e.g., when I =.6, the probability of reject-

ing the null hypothesis increases from .242 to .942 as n increases from 5 to 40. Finally, 

the power increases as the distance between the null and alternative hypotheses increases, 

i.e., as I decreases. For example, when n is 15, the probability of rejecting the null 

hypothesis increases from .120 to .762 as I decreases from .9 to .5. 

The power is calculated for the standardized squared distance between the centroid of the 

deaths and the centroid of the transformed county in Table 6.8. The distance units refer 

to the distance between the centroid of the county and the centroid of the deaths on the 



127 

DE:MP. For example, for females under 10 years of age who died from CNS tumors, the 

observed distance between the two centroids is approximately 15 units. So, if the sample 

size is 10, there is a 92.9% chance of detecting that the centroid of the deaths is really 

located as far away from the centroid of the county as was observed for females under 10 

who died from CNS tumors. 

Again, when the null hypothesis is true, i.e., when the distance between the centroids is 0 

units, the power is .05 regardless of the sample size. Also, the power increases as n 

increases and as the distance between the null and alternative hypotheses increases. For 

example, when the centroids are 3 distance units apart, the power increases from .069 to 

.297 as n increases from 5 to 40. When the sample size is 20, the power increases from 

.149 to .999 as the distance between the centroids increases from 3 to 15 units. 

Table 6.8 

Power Calculations tor Santa Clara County 
Standardized Squared Distance between Centroid ot Cases and Centroid ot Area 

Distance Units 

n 0 3 6 9 12 15 

5 .050 .069 .133 .249 .415 .602 
10 .050 .095 .249 .508 .770 .929 
15 .050 .122 .369 .710 .928 .991 
20 .050 .149 .482 .841 .980 .999 
40 .050 .297 .852 .996 .999 1.000 

Unfortunately, childhood cancer incidence data are not available for Santa Clara County 

and so mortality data are used even though the purpose of this analysis is to explore the 

possibility that childhood cancers cluster in this area. Survival rates of persons under 15 

years of age estimated from all U.S. SEER areas (1973-79) from all forms of malignant 

cancers have been reported to be 79% for 1 year, 61 % for 3 years, and 54% for 5 years 

[2]. This implies that not every child who develops cancer will die from it and so there 
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are incident cases missing from this analysis which should have been included. Thus, the 

power of these analyses is less than it would be if all incident cases were included. Also, 

there exists the possibility of a geographic bias resulting from selective mortality, i.e., if 

children are dying in a geographically nonuniform pattern then the results of this analysis 

will be biased. This problem might arise, for example, because overcrowded, poor neigh-

borhoods tend to have less medical care than do more affluent communities. However, no 

real evidence exists in these data to suggest that chilhood cancers cluster in Santa Clara 

County for the time period and cancer sites investigated. 
\ 

As mentioned previously, a cluster of birth defects which might be related to contamina-

tion of the drinking water from the electronics industry may exist in this county [1]. One 

possible explanation for the observation that birth defects seem to cluster in Santa Clara 

County but childhood cancers do not may be that these diseases have different etiologies. 

For example, some exposures may affect the fetus during the critical first trimester of 

pregnancy and result in birth defects. These exposures would occur over a short period of 

time and there would be no latent period between exposure and disease. On the other 

hand, childhood cancers may be caused by the types of exposures which occur over longer 

periods o( time and exibit a time lag between onset of exposure and manifestation of 

disease. 
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CHAPTER 7 
Numeric Methods Cor Arbitrary Boundaries 

Introduction 

The distribution function, density function, expectation and variance are derived in 

Chapter 3 for the squared distance between a random point and a fixed point under the 

null hypothesis that points are uniformly distributed in a square. The exact analytic 

solutions are both cumbersome and complicated even for a small number of points and a 

simple boundary shape. Further, analytic solutions do not exist in almost all applied 

situations where the boundary shapes are neither simple nor regular. Therefore, Chapter 

4 is aimed at evaluating the accuracy of the normal approximation when n uniformly dis-

tributed random points are sampled inside an arbitrary boundary. The purpose of this 

chapter is to present numeric methods for approximating the cumulative distribution, 

density function and moments for the distance between a uniformly distributed random 

point and a fixed point within an arbitrary boundary. This method is illustrated for a 

square and for the transformed Denver-Jefferson area. The numerically derived results 

are compared to the exact values obtained in Chapter 3 and to the approximate values 

obtained in Chapter 5. The cumulative distributions for the minimum and maximum 

transrorm~d distances are derived under the null hypothesis that points are uniformly dis-

tributed on the DEMP and applied to Rocky Flats. 

Finally, these numeric methods are used to obtain probabilities in terms of original, 

untransformed distance. That is, transformed distance is proportional to the square root 

of persons and it is of interest to estimate, for example, the probability that a case will lie 

within a certain number of kilometers of Rocky Flats. The last section oC this chapter 

uses these numeric methods to approximate the distribution of the untransCormed dis-

tance (in kilometers) between a randomly chosen point and a fixed point under the null 

hypothesis that points are uniformly distributed on the DEMP. Recall that thi~ null 

hypothesis corresponds to the assumption that everyone resident in a specific geographic 
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unit has an equal risk of developing the disease in question. In order to differentiate 

between un transformed and transformed distance the former will be denoted as "geodis-

tance" because it refers to distance as measured on the earth's surface. The moments of 

the distribution of the geodistance between a random point and a fixed point.are used to 

assess the statistical significance of the observed average geodistance from n cases to 

Rocky Flats using a normal approximation. These results are compared to those in 

Chapter 5. In addition, the distributions of the minimum and maximum geodistances to 

the Rocky Flats plant are approximated assuming the null hypothesis is true and com-

pared to the results derived using transformed distance. 

The Cumulative Distribution of the Distance between a Uniformly Distributed 
Random Point and a Fixed Point 

Let D be the random variable which corresponds to the distance between a uniformly 

distributed random point and. a fixed point inside an arbitrary boundary. The cumulative 

distribution and density function of. D are represented by F (d) and ! (d), respectively. 

The approximate cumulative distribution, F (d), is derived as follows: Suppose there are 

k perimeter points which define an arbitrary boundary, (x "y d,(X2,Y2),""(X" ,1/,,), Let a 

fixed inte~ior point be denoted (xo,1/o) and let d be a specified distance from (xo,Yo) in 

any direction. Then: 

1. Consider a series of specific values of D, i.e., d ),d 2, ... ,dm . For each value of de' 

c =l,2,3, ... ,m , create a sub-polygon by comparing the distance from the fixed point to 

each of the k perimeter points. If the distance from (xo,1/o) to the i'I& perimeter point is 

less than or equal to de then do not change the coordinate values of the perimeter point. 

If the distance from (x 0,1/ 0) to the i'I& perimeter point is greater than de then change the 

coordinate values of the perimeter point so that the distance is equal to d . I t • , I.e., e 

Xi 
de de 
T( Xi - X 0) + X 0 and 1/i = -d. (1/i - Yo) + Yo, where di is the original distance 

I I 
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between the i lll perimeter point and (zo,3Io). This process defines a sub-polygon which is 

a circle of radius de around (zo,3Io) if all perimeter points are more than de units away 

from the fixed point. On the other hand, if all perimeter points are less than de units 

away from the fixed point then the new sub-polygon boundary is the same as the original 

polygon boundary. 

2. Calculate the areas of each of the m sub-polygons. The ratio of the area of the sub-

polygon defined by de to the area of the entire region is the numeric estimate of I' (de) 

because points are uniformly distributed within the region. Each value of de produces a 

contour so that the cumulative distribution is approximated by m values. For example, 

if the new sub-polygon and the original polygon are the same then the probability that a 

uniform random point will lie within de units of the fixed point is 1.0 since all points lie 

within the perimeter of the region. Conversely, if all perimeter points are more than de 

units away from the fixed point then the new sub-polygon is a circle of radius de around 

2 • 1rd/ 
the fixed point with area 1rde and F (de )=A"" where A is the total area of the region 

under investigation. 

As an example, consider a unit square with (z 0,310) located at the center. If the random 

variable that corresponds to the distance between the fixed point and any randomly 

chosen point is D then F(de ) = P(D <de) = P(D 2 <de2) and the results from Chapter 

3 can be used to obtain the exact distribution. Table 1.1 compares the numeric method 

(I' (de)) to the exact method (F (de )) and shows that, at every value of de , essentially no 

difference exists, i.e., F(de ) = F(de ). Forty contours are used to approximate F(de ) in 

Table 7.1, i.e. m =40, and the values of de are chosen so that the distance beween them 

is equal. 

.. 
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Table 7.1 

The Cumulative Distribution of the Distance from a Random Point to the 
Center of the Unit Square 

de F(de ) F (de) 

0.01768 0.00098 0.00098 
0.03536 0.00393 0.00393 
0.05303 0.00884 0.00884 
0.07071 0.01571 0.01571 
0.08839 0.02454 0.02454 
0.10607 0.03534 0.03534 
0.12374 0.04810 0.04811 
0.14142 0.06283 0.06283 
0.15910 0.07952 0.07952 
0.17678 0.09817 0.09817 
0.19445 0.11879 0.11879 
0.21213 0.14137 0.14137 
0.22981 0.16591 0.16592 
0.24749 0.19242 0.19242 
0.26517 0.22089 0.22089 
0.28284 0.25132 0.25133 
0.30052 0.28372 0.28372 
0.31820 0.31808 0.31809 
0.33588 0.35440 0.35441 
0.35355 0.39269 0.39270 
0.37123 0.43294 0.43295 
0.38891 0.47515 0.47517 
0.40659 0.51933 0.51934 
0.42426 0.56547 0.56549 
0.44194 0.61357 0.61359 
0.45962 0.66364 0.66366 
0.47730 0.71567 0.71569 
0.49497 0.76967 0.16969 
0.5.1265 0.81197 0.81799 
0.53033 0.85418 0.85481 
0.54801 0.88547 0.88551 
0.56569 0.91146 0.91149 
0.58336 0.93346 0.93348 
0.60104 0.95188 0.95190 
0.61872 0.96706 0.96707 
0.63640 0.97916 0.97919 
0.65407 0.98840 0.98843 
0.67175 0.99488 0.99491 
0.68943 0.99872 0.99874 
0.70111 1.00000 1.00000 
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The Density Function and Moments of the Variable D 

The approximate density function, i (d), of the distance from a random point to (x o,Yo) 

can be obtained from the cumulative diStribution function, t (d ), i.e., 

where c = 1,3, ... ,m-1. 

The Ie til moment of the distribution of D is approximated by 

Ene (DIl) = Ed: [F(dc ... .) - F(dc ) ] 
c -1 

where the subscript refers to "numeric estimate". For example, the cumulative distribu-

tion of the distance from a random point to the center of the unit square sho ...... n in Table 

7.1 gives Ene (D) = 0.37377, and Vnt (D) = 0.02031. An expected value of .38018 and 

variance of .02213 are obtained when the methods from Chapters 3 and 4 are used. 

Forty contours are used to estimate the cumulative distribution function shown in Table 

7.1, i.e., m =40. Figures 1.1-7.5 and Table 7.2 demonstrate how this approximation pro-

cess is affected by the value of m. The density function of the distance from a uniform 

random point to the center of a unit square is shown in Figures 7.1-7.5 when 5, 10, 20, 40, 

and 100 contours are used, respectively. This density function increases linearly from 

d = 0.0 to d = 0.5 because it is proportional to the density function of the distance 

from a random point to the center of a circle of radius 0.5. When d >0.5 the density 

function is affected by the boundary of the square. As expected, the estimated density 

function becomes smoother as m increases. 

The numeric estimates of the expectation and variance for the distance from a random 

point to the center of the unit square which correspond to Figures 7.1-7.5 are shown in 
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Table 7.2. For example, when m =5, Ene (D) = .31239 and Vne (D) = .02193 and, 

when m =100, Ene (D) = .37907 and Vne (D) = .02029. As already mentioned, these 

can be compared to the values obtained using the methods in Chapters 3 and 4, i.e., 

.38018 and .02213, respectively. 
Table "1.2 

Numeric Estimates ror the 
Expectation and Variance or the Distance trom a Random Point 

to the Center or the Unit Square 

m Ene (D ) Vne (D ) 

5 .31239 .02193 
10 .34721 .02070 
20 .36494 .02040 
40 .37377 .02031 

100 .37907 .02029 

Figures 7.&-7.9 illustrate how the location of the fixed point affects the density function. 

These four figures show the density function for the distance from a random point to a 

fixed point in the unit square as (zo,'o) assumes the values (.6,.6), (.7,.7), (.8,.8), and 

(.9,.9). One hundred contours ( m =1(0) were used to estimate all four density functions. 

These density· functions are bimodal because of boundary effects. The density function 

increases linearly until the value of d is reached such that a circle of radius d around the 

fixed point is no longer completely included in the square, e.g., when (xo,Yo) is located at 

(.6,.6) the density function increases linearly as d increases from 0.0 to 0.4. This is 

analogous to the case when the fixed point is at the center of the unit square and the den-

sity function increases until d = 0.5. The second peak occurs when a contour becomes 

-large enough to intersect the remaining boundaries of the square, E'.g., when 

(%o.Yo) = (.6,_6), the second peak is reached when d = 0.6. As the fixed point gets 

closer to the boundary, the relative heights or the first and second peaks reverse, i.e, when 

the fixed point is located near the center of the square the first peak is dominant because 

a larger circle around (zo.Yo) can be included in the square and when the fixed point is 

located near the boundary the second peak is dominant because only a small circle with 
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(x o,Vo) at its center can be included in the square. 

Figure 7.10 shows the density function (based on 100 contours) of the squared distance 

between a uniform random point and the center of a unit square. As expected, the den

sity is uniform for 0.0 < d 2 <0.25 since this portion is analogous to the density of the 

squared distance to the center of a circle of radius 0.5 and when 0.25 < d 2 < 0.50 the den

sity is affected by the boundary. Figures 7.11-7.14, analogous to Figures 7.6-7.9, illustrate 

the effects of the location of the fixed point on the density function of the squared dis

tance between a uniform random point and (x o,Vo). For example, in all these figures the 

density function remains uniform until the value of d 2 is reached such that a circle of 

radius d around the fixed point is no longer completely included in the square. Com

parison of Figures 7.10-7.14 with Figures 3.2-3.6 again confirms that this numeric method 

is essentially the same as the exact method presented in Chapter 3. 

Table 7.3 compares the exact values for the expectation, E(D2), and variance, V(D2), of 

the squared distance from a fixed point to a random point in.a square derived in Chapter 

3 to the estimates obtained using the numeric method, i.e, Ene (D2) and Vne (D2), for 

various values of (xo,Yo) and two values of m. The numeric method yields accurate 

results, e.g., when 100 contours are used to approximate the density function and 

(xo,Vo)=(.9,.9), the numeric estimates for the expecation and variance are .47858 and 

.11550 compared to the exact values of .48667 and .11778, respectively. Further, any 

desired amount of accuracy can be achieved by increasing the number of contours, e.g., 

when m =500 the corresponding values are .48505 and .11732, respectively. 

The application of these methods to the Denver-Jefferson area is shown in Figures 7.15-

7.22. Figures 7.15-7.18 give the density functions for the distance between a uniform 

random point and the Rocky Flats plant for white females 35-54 years of age, white males 

35-54 years of age, white females 55+ years of age, and white males 55+ years of age, 



Table 7.3 

The Expectation and Variance otthe Squared Distance trom a 
Random Point to a Fixed Point in the Unit Square 

100 Contours 

(xo,Yo) Ene (D2) Vne (D2) 

.5,.5 .16399 .01091 

.6,.6 .18331 .01743 

.7,.7 .24226 .03702 

.8,.8 .34067 .06968 

.9,.9 .47858 .11550 

500 Contours 

(z 0,31 o) Ene (D2) Vne (D2) 

.5,.5 .16614 .01107 

.6,.6 .18600 .01771 

.7,.1 .24578 .03163 

.8,.8 .34547 .07082 

.9,.9 .48505 .11732 

Exact Values 

(zo,!fo) E(D2} V(D2} 

.5,.5 .16667 .01111 

.6,.6 .18667 .01788 

.7,.7 .24667 .03778 

.8,.8 .34667 .07111 

.9,.9 .48667 .11778 
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respectively. Figures 7.19-7.22 show the corresponding density functions for the squared 

distance. The influence of boundary effects on these density functions is clear and is a 

reflection of the fact that the Rocky Flats plant is located near the boundary of the 

transformed map (see Figures 5.2-5.9). 

Table 7.4 compares the numeric estimates of the expectation and standard deviation for 

the distance between a random point and the Rocky Flats plant to those obtained using 

the Taylor Series approximation in Chapter 5. The two methods, as expected, agree. For 

example, the numeric estimates for the expectation and standard deviation for white 
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females ,35-54 years of age, are Ene (D) = 30.81 and SDne (D) = 13.04. The 

corresponding values obtained using the Taylor Series approximation are Ets (D ) = 30.87 

and SDts (D) = 12.83, respectively. 

Table 7.4 
The Expectation and Standard Deviation of the Distance 

from a Random Point to Rocky Flats 

Age Sex Taylor Series Approximation Numeric Estimates 

35-54 Females 
Males 

55+ Females 
Males 

Ets (D ) SDts (D ) 

30.87 
31.05 
31.44 
29.79 

12.83 
12.69 
11.78 
12.75 

Ene (D) SDne (D) 

30.81 
30.90 
31.18 
29.85 

13.04 
13.00 
12.56 
12.56 

The numeric estimates are compared to the exact values obtained in Chapter 5 for the 

squared distance between a random point and Rocky Flats in Table 7.5. Again, the two 

sets of figures are essentially equal, e.g., for males 35-54 years of age, Ene (D 2)=1123.75 

and E (D 2)=1124.72 Similarly, SDne (D 2)=778.06 and SD (D2)=769.58. Note that the 

values obtained using the method in Chapter 5 are not strictly exact, i.e., the moments of 

the distributions of the coordinates:z and 11 over the tw~county area had to be approxi· 

mated in order to obtain the moments of D2 (see Chapter 5). However, because the 

degree of error in the approximation is proportional to the number of sub-units (i.e., 

census tracts) in the map and there are 196 census tracts in the two-county area, the 

error of approximation is negligible. 

Table 7.5 
The Expectation and Standard Deviation of the Squared Distance 

from a Random Point to Rocky Flats 

Age Sex Exact Values Numeric Estimates 
E(D2) SD (D2) Ene (D2) SDne (D2) 

35-54 Females 1117.45 771.72 1119.22 782.64 
Males 1124.72 769.58 1123.75 778.06 

55+ Females 1127.24 730.83 1130.09 748.54 
Males 1049.37 748.07 1048.97 728.52 
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The Distributions of the Minimum and Maximum Distance to Rocky Flats 

The cumulative distributions for the minimum and maximum distance to a fixed point 

can be obtained from the cumulative distribution of the distance between a uniform ran

dom point and the fixed point, F (d). Suppose there are n independent uniform points 

within an arbitrary boundary, (ZIl311),(Z2,3/2), ... ,(z" ,3/,,). The distance from the itA 

point to the fixed point is 

i = 1,2, ... ,n. 

Denote the ordered distances which correspond to d 1,d 2, ... ,d" as d(l),d(2), ... ,d(,,). The 

cumulative distribution of the minimum distance to the fixed point is F (l)( d), where 

F (1)( d) = 1 - [ 1 - F (d) }" 

Similarly, ihe cumulative distribution of the maximum distance to the fixed point IS 

F (,,)( d), where 

Thus, F (;)( d) and F (,,)( d) are easily obtained from F (d) and the density functions, 

i (1)( d) and i (,,)( d), can be computed using the methods outlined in the previous sec

tions. For example, Figures 7.23-7.27 show the approximate density functions for the 

minimum distance to Rocky Flats for white females 35-54 years of age for sample sizes 

ranging from 5 to 25. Figures 7.28-7.32 show the corresponding density functions for the 

maximum distance. These figures indicate that as the sample size increases, the expected 

value of the minimum distance decreases and the expected value of the maximum dis

tance increases. Also, the distribution of the minimum distance shows, as might be 

expected, that F (1)( d) is less affected by boundary effects than is the distribution of the 

maximum distance. 
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Table 7.6 gives the numerically estimated p-values associated with the observed minimum 

distances to Rocky Flats by age, sex and cancer type. Also shown are the number of 

cases, n, observed values, d (1), expected values, Ene {D (1), and standard deviations, 

SD ne (D (1). The approximate cumulative distribution of the distance between a fixed 

point and a uniform random point, F (d), was first obtained for each age-sex group. 

Then, for each value of n , the cumulative distribution of the minimum distance was 

obtained using the above relationsip. The expectations and standard deviations were 

approximated from F (1){ d) using the method outlined previously in this chapter. Finally, 

the p-values were obtained by interpolation. For example, there are 19 cases of rectal 

cancer among white males 35-54 years of age and the observed minimum distance to 

Rocky Flats among these 19 cases is 6.859 with an expected value of 7.517 and a standard 

deviation of 4.077 giving a p-value of 0.4566. Thus, for white males 35-54 years of age, 

the probability of observing a minimum distance among 19 cases of 6.589 units or less 

assuming the null hypothesis of uniformity is true is 0.4566. The only p-value which 

reaches the .05 level of significance is for white females 55 years of age or older for 

squamous cell carcinoma of the lung (n =21, dIll = 1.470, Ene (D(1)} = 7.334, 

SDne (D(lJ) = 4.206, p=O.0284). 

Table 7.7 is analogous to Table 7.6 but shows the results obtained for the maximum dis

tance from Rocky Flats among n cases. The expectations, standard deviations, and p

values were obtained in an analogous fashion to those in Table 7.6. Two p-values which 

are significant at the .05 level; both for males 35-54 years of age (squamous cell carcinoma 

of the lung (n =30,p=.0386) and acute granulocytic leukemia (n =6, p=.0359». The 

observed maximum distance for the former is 47.173 units compared to an expected value 

of 51.952 units with a standard deviation of 2.885 units. The corresponding values for the 

latter are 35.471, 46.201, and 5.368. Three additional p-values are significant at the .10 

level: colon cancer (adenocarcinoma) among females 55+ years of age (n =221, 
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Table 7.6 
Minimum Distance To Rocky Flats Among n Cases 

Age Sex n Rate d (I) Ene (D (I)) SDne (D(I)) p 

Stomach Cancer, Adenocarcinoma NOS 

35-54 WF 2 .814 27.328 23.327 11.367 .6171 
WM 9 3.881 13.223 11.114 6.064 .6543 

55+ WF 27 12.211 9.012 6.381 3.657 .7664 
WM 54 33.358 10.648 4.141 2.359 .9876 

Colon Cancer excluding Rectum, Carcinoma NOS 

35-54 WF 5 2.036 17.600 15001 8.080 .6525 
WM 6 2.587 7.472 13.735 7.449 .2047 

55+ WF 26 11.759 7.461 6.516 3.736 .6194 
WM 20 12.130 4.915 7057 3.9105 .2993 

Colon Cancer excluding Rectum, Adenocarcinoma NOS 

35-54 WF 34 13.845 9.526 5.520 3031 .8775 
WM 14 6036 11.937 8.816 4.795 .7407 

55+ WF 221 99.952 l.470 2.018 1.182 .2552 
WM 186 114.024 3.168 2.070 l.276 .7458 

Rectal Cancer, Adenocarcinoma NOS 

35-54 WF 7 2.850 9.526 12.602 6.861 .3521 
WM 19 8.192 6.859 7.517 4077 .4566 

55+ WF 56 25.327 6.462 4.271 2.421 .7924 
WM 66 41.243 4.777 3.711 2.131 .6692 

Lung, Bronchus and Tracheal Cancers, Small Cell Carcinoma 

35-54 WF 2 .814 38.105 23.327 11.367 .8748 
WM 13 5.605 10.309 9.165 4.989 .6093 

55+ WF 14 6.332 7.488 9.169 5.217 4083 
WM 58 35.784 3.492 3.983 2.274 4073 

Lung, Bronchus and Tracheal Cancers, Squamous Cell Carcinoma 

35-54 WF 4 1.629 33.926 16.798 8.920 .9543 
.WM 30 12.935 6.859 5.929 3.208 .6179 

55+ WF 21 9.498 1.470 7.334 4.206 .0284 
WM 152 93.403 3.492 2.327 1.409 7428 

Lung, Bronchus and Tracheal Cancers, Adenocarcinoma, NOS 

35-54 WF 8 3.258 9286 11.752 6.408 3757 
WM 6 2.587 12.479 13.735 7.449 .4684 

55+ \\'F 16 7.236 9012 8.522 4.868 57i7 
WM 42 25.474 8.593 4.745 2.678 8946 

Chronic Lymphocytic Leukemia 

35-54 WF 0 0.000 
WM 3 1.293 23022 19.451 10029 .6379 

55+ WF 22 9950 6.462 7.148 4.099 4608 
WM 21 13.343 13.659 6.876 3.818 9382 

Acute Granulocytic Leukemia 

35-54 WF 5 2036 29.594 15001 8.080 9415 
WM 6 2.587 7042 13.735 7.449 1839 

55+ WF 15 6.784 9012 8.829 5.035 .5543 
WM 17 10.311 10.461 7.693 4.258 .7385 

note Rate given is per 100,000 person-years 
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Table 7.1 
Maximum Distance To Rocky Flats Among n Cases 

Age Sex n Rate d(n) Ene (D(n)) SDne (D (n)) P 

Stomach Cancer, Adenocarcinoma NOS 

35-54 WF 2 .814 30.589 38.288 9.957 .2085 

WM 9 3.881 54.636 48.059 4.390 9283 

55+ WF 27 12.211 48.352 51.070 3.272 .1,578 

WM 54 33.358 51.111 51.511 2.299 .4092 

Colon Cancer excluding Rectum, Carcinoma NOS 

35-54 WF 5 2.036 51.244 45.251 6.150 .8342 

WM 6 2.587 47.670 46.201 5.468 .5653 

55+ WF 26 11.759 52.224 50.966 3.290 .6435 

WM 20 12.130 48.999 49.227 3029 3962 

Colon Cancer excluding Rectum, Adenocarcinoma NOS 

35-54 WF 34 13.845 51.244 52.699 3082 .2919 
WM 14 6.036 53.373 49.699 3.678 7866 

55+ WF 221 99.952 52.979 56.216 3024 .0625 
WM 186 114024 54.396 53.712 2032 .5889 

Rectal Cancel', Adenocarcinoma NOS 

35-54 WF 7 2.8SO 45.808 47.053 5.205 .3590 
WM 19 8.192 46.356 50.671 3.322 .0798 

55+ WF 56 25.327 49.405 52.942 3068 .0644 
WM 66 41.243 54.396 51.892 2.234 .8279 

Lung, Bronchus and Tracheal Cancers, Small Cell Carcinoma 

35-54 WF 2 .814 39029 38.288 9.957 .4505 
WM 13 5.605 49.822 49.446 3.778 .5138 

55+ WF 14 6.332 53.091 49.114 3.727 .84i7 
WM 58 35.784 SO.444 51649 2.273 .2364 

Lung, Bronchus and Tracheal Cancers, Squamous Cell Carcinoma 

35-54 WF 4 1.629 44.574 43.858 6925 .4738 
WM 30 12.935 47.173 51952 2.885 .0386 

55+ 'WF 21 9.498 53.967 50.362 3.406 8716 
WM 152 93.403 53.273 53.367 2.073 .4586 

Lung, Bronchus and Tracheal Cancers, Adenocarcinoma, NOS 

35-54 WF 8 3.258 54828 47.685 4900 .9278 
WM 6 2.587 41.230 46201 5.368 1472 

55+ WF 16 7.236 SO.476 49.543 3.604 5896 
WM 42 25.474 52.296 51006 2.413 7238 

Chronic Lymphocytic Leukemia 

35-54 WF 0 0.000 
WM 3 1.293 47.661 41820 7.942 7512 

55+ WF 22 9.950 53.983 50.497 3.378 .8674 
WM 21 13.343 46413 49361 2.975 .1339 

Acute Granulocytic Leukemia 

35-54 WF 5 2036 41552 45.251 6.150 .2241 
WM 6 2.587 35.471 46.201 5.368 0359 

55+ WF 15 6.784 52.106 49.338 3.661 7673 
WM 17 10311 48.gg9 48.760 3.226 .4549 

note Rate given IS per 100,000 person-years 
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p=0.0625), rectal cancer (adenocarcinoma) among males 35-54 years of age (n =19, 

p=0.0798), and rectal cancer (adenocarcinoma) among females 55+ years of age (n =56, 

p=0.0644). 

The Cumulative Distribution, Density Function, and Moments of the Geodis
tance between a Random Uniform Point and Rocky Flats 

Once a map has been transformed using the DE~1P algorithm, area is proportional to per-

sons and so distance is proportional to the square root of persons. Therefore, transformed 

distance no longer carries the usual units, e.g., miles or kilometers. However, it may be of 

interest to estimate, for example, the probability that a case will lie within a certain 

number of kilometers of Rocky Flats. To do this, contours of various geodistances (e.g., 1 

km, 2 km, etc.) from Rocky Flats are added to the original map of the Denver-Jefferson 

area and the entire map is transformed to obtain the cumulative distribution of the geo-

distance between a random point and Rocky Flats under the null hypothesis that points 

are uniformly distributed on the DEMP. Each contour is treated as a separate polygon 

with a magnification factor of 1 by the DEMP algorithm, insuring that the polygons 

which define the contours do not affect the transformation but they, themselves, are 

transformed to reflect changes due to the density equalizing process (see Chapter 2). 

Therefore, the probability that a random point lies within a certain number of kilometers 

of Rocky Flats is the area of the appropriate transformed contour divided by the total 

area of the map. 

Table 7.8 shows the cumulative distribution of the geodistance between a random point 

and Rocky Flats under the null hypothesis for white females 35-54 years of age. If the 

random variable that corresponds to the geodistance between a random point and Rocky 

Flats is represented as D • , then Table 7.8 gives the F (d' )=p (D • < d'). The distribu-

tion obtained by simulation (5000 trials) and the one obtained using this numeric method 

are compared in this table. To simulate the distribution under the null hypothesis cases 
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are randomly placed in each census tract of the original map in proportion to the popula-

tion in that tract and the geodistance from each case to Rocky Flats is measured. It can 

be seen that these two methods yield fairly consistent results, e.g., the probability that a 

random point lies within 31.1 kilometers of Rocky Flats is estimated to be .800 using the 

numeric method compared to .809 using simulation. The expectation of this distribution 

is estimated to be 25.112 km by the numeric method compared to 25.162 km using simu-

lation. The corresponding values for the standard deviation are 7.512 km and 7.146, 

respectively. 

Table 7.8 
The Cumulative Distribution or the Geodistance 

between a Random Point and Rocky Flats 

d
D 

P(D <d') 
Kilometers Numeric Method Simulation 

7.853 .010 .005 
11.501 .025 .023 
12.842 .050 .042 
15.010 .100 .086 
19.166 .200 .211 
26.035 .500 .508 
31.100 .800 .809 
33.822 .900 .911 
35.906 .950 .956 
38.013 .975 .978 
40.180 .990 .995 

The moments of the distribution of the geodistance between a random point and Rocky 

Flats can also be calculated directly from the original map. That is, the k tA moment. of 

D' is directly approximated by 

"t 
Etlirt<t (D 'It) = E p, d,·It, 

'=1 

where nt is the total number of census tracts in the Denver-Jefferson area, p, is the pro-

portion of the population in the I t4 census tract and d, is the geodistance between Rocky 

Flats and the centroid of the (tA census tract. The degree of error in this approximation 
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is proportional to the number of sub-units (here, census tracts) in the entire area. How-

ever, since there are 196 census tracts in the two-county area, only very small errors will 

be encountered. Table 7.9 compares the numeric estimates of the expectation and stan~ 

dard deviation to the direct estimates for white females 35-54 years of age, white males 

35-54 years of age, white females 55+ years of age, and white males 55+ years of age. 

For example, for white males 35-54 years of age, the expected value of D· is 25.170 km 

using the numeric method compared to 25.031 km using the direct method. The 

corresponding values for the standard deviation are 7.664 km and 7.076 km, respectively. 

There is a slight tendency for the direct method to underestimate the variance of this dis-

tribution because all weight is placed at the centroid of each census tract instead of being 

randomly distributed within each tract. As mentioned, this error decreases as the number 

of tracts increases. 

Age 

35-54 

55+ 

Table 7.9 
Moments of the Distribution or the Geodistance 

between a Random Point and Rocky Flats 

Sex Numeric Method Direct Method 
Ene(D

O

) SDne(D
O

) Edirect (D ° ) SD direct (D ° ) 

Females 25.112 7.512 25.124 6.953 
Males 25.170 7.664 25.031 7.706 
Females 25.867 7.187 25.819 5.682 
Males 25.642 6.771 25.517 6.002 

Figures 7.33-7.36 show the density functions for the distribution of the geodistance 

between a random point and Rocky Flats under the null hypothesis for each of the four 

age-sex groups. Most of the weight in these density functions is located between 15 and 

40 kilometers away from Rocky Flats because the city of Denver contains a large propor-

tion of the population in the two-county area. The long right tail occurs because the 

southernmost census tract in Jefferson county is large and sparsely populated. (See Figure 

5.1 ). 
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The statistical significance of the observed average geodistance from n cases to Rocky 

Flats, F, is assessed in Table 7.10 using the moments shown in Table 7.9. The statisti-

cal measure is the standard normal deviate, 

z-
F-Ene (if') 

SDne (D .) 

where E (i7')=E (D') and SD (i7')=SD (D' )/Vn. None of the age-race-ne ne ne ne 

sex-site specific p-values reaches the .05 level of significance. The only p-value which is 

significant at the .10 level is for white males, 35-54 years of age, with acute granulocytic 

leukemia (d' 21.142, Ene (D' )=25.170, SDne (D' )=3.129, p=.0990). However, this 

result is only based on 6 cases. 

Table 7.10 can be compared to Table 5.2 which uses the normal approximation to assess 

the statistical significance' of the average transformed distance between n cases and 

Rocky Flats. As expected, the results from these two tables are similar, but not exact, 

because the correspondence between un transformed and transformed distance to Rocky 

Flats is not monotonic. For example, the p-values for acute granulocytic leukemia for 

white fe~ales 35-54, white males 35-54, white females 55+, and white males 55+ from 

Table 7.10 are .6799, .0990, .9452, and .6842, respectively. The corresponding values 

from Table 5.2 are .6552, .0478, .9871, and .7668. 

Table 1.11 compares the nominal to the actual 0" levels for D'. The actual levels are 

based on a simulation using 2000 trials. Comparison of Tables 7.11 and 5.6 shows that 

the normal approximation is more accurate for average transformed distance than for 

average geodistance to Rocky Flats. For example, when n =10, the actual 0" levels are 

.012,,025,.046,.095, and .186 for average distance and they are .006,.016,.035,.085, and' 

.189 for average geodistance compared to the nominal levels of .01,.025,.05,.10, and .20. 
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Table 7.10 
Average Geodistance (Kilometers) To Rocky Flats Among n Cases 

Age Sex n Rate d- Ene (5') SDne (D .) p 

Stomach Cancer, Adenocarcinoma NOS 

35-54 WF 2 .814 24.989 25.112 5.312 .4906 
WM 9 3.881 22.921 25.170 2.555 .1893 

55+ WF 27 12.211 25182 25.867 1.383 .3101 
WM 54 33358 26.093 25.642 0.921 .6877 

Colon Cancer excluding Rectum, Carcinoma NOS 

35-54 WF 5 2.036 24.376 25.112 3.359 .4133 
WM 6 2.587 25.744 25.170 3.129 .5727 

55+ WF 26 11.759 25.452 25.867 1.409 .3843 
WM 20 12.130 25.403 25.642 1.514 .4373 

Colon Cancer excluding Rectum, Adenocarcinoma NOS 

35-54 WF 34 13.845 25.706 25.112 1.288 .6775 
WM 14 6036 26.312 25.170 2.048 7114 

55+ WF 221 99.952 25.307 25.867 0.483 1233 
WM 186 114.024 25.894 25.642 0.496 .6939 

Rectal Cancer, Adenocarcinoma NOS 

35-54 WF 7 2.850 24.361 25.112 2.839 .3957 
WM 19 8192 24.095 25.170 1.758 .2705 

55+ WF 56 25.327 25.141 25.867 0.960 .2250 
WM 66 41.243 25743 25.642 0.833 .5482 

Lung, Bronchus and Tracheal Cancers, Small Cell Carcinoma 

35-54 WF 2 .814 28.789 25.112 5.312 .7556 
WM 13 5.605 25.378 25.170 2.126 .5390 

55+ WF 14 6.332 26.443 25.867· 1.921 .6178 
WM 58 35.784 25.741 25642 0889 .5445 

Lung, Bronchus and Tracheal Cancers, Squamous Cell Carcinoma 

35-54 WF 4 1.629 30.166 25.112 3.756 .9108 
WM 30 12.935 24.941 25.170 1.399 .4349 

55+ 'WF 21 9.498 26.517 25.867 1568 .6608 
WM 152 93.403 25.579 25.642 0.549 .4541 

Lung, Bronchus and Tracheal Cancers, Adenocarcinoma, NOS 

35-54 WF 8 3.258 23.235 25.112 2.656 .2399 
WM 6 2.587 23.592 25.170 3.129 .3070 

55+ WF 16 7.236 25.649 25.867 1.797 .4518 
WM 42 25.474 25.389 25.642 1.045 .4045 

Chronic Lymphocytic Leukemia 

35-54 WF 0 0.000 
WM 3 1.293 27.031 25.170 4.425 6630 

55+ WF 22 9.950 27.210 25.867 1.532 .8096 
WM 21 13.343 25.944 25.642 1.477 .5809 

Acute Granulocytic Leukemia. 

35-54 WF 5 2.036 26.683 25.112 3.359 .6799 
WM 6 2.587 21142 25.170 3.129 .0990 

55+ WF 15 6.784 28.836 25.867 1.856 .9452 
WM 17 10.311 26.429 25.642 1.642 .6842 

Note Rate given is per 100,000 person-years 
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Once the map has been transformed using the DEMP algorithm, the population is uni-

formly distributed in the two-county area resulting in a more symmetric map. Therefore, 

because the convergence guaranteed by the Central Limit Theorem is faster for sym-

metric distributions, the normal approximation is more accurate for the average distance 

measure compared to the average geodistance measure. 

Table 7.11 
Comparison or Observed and Nominal Q'Levels 

Average Geodistance between Rocky Flats and n Cases 

Nominal Q' Levels 

n 0.01 0.025 0.05 0.10 0.20 

4 .009 .017 .036 .074 .165 
6 .007 .017 .043 .095 .185 
8 .007 .020 .043 .087 .185 

10 .006 .016 .035 .085 .189 
12 .008 .017 .034 .075 .171 
14 .007 .017 .035 .068 .163 
16 .004 .010 .028 .086 .172 
18 .008 .022 .O·H .081 .193 
20 .005 .015 .036 .083 .179 

Table 7.12 
Power Calculations 

Average Geodistance between Rocky Flats and n Cases 

f factor • 

n .500 .600 .700 .800 .900 1.000 

5 .9i9 .902 .712 .430 .181 .050 
10 1.000 .994 .929 .667 .272 .050 
15 1.000 1.000 .985 .816 .355 .050 
20 1.000 1.000 .997 .902 .430 .050 
40 1.000 1.000 1.000 .994 .667 .050 

Table i .12 shows approximate power calculations for j)' assuming that this geodistance 

measure is normally distributed. This table is analogous to Table 5.4 which illustrat.es 

the power for the average transformed distance to Rocky Flats. Here the f factor 

reflects the decrease in the expected geodistance under the alternative hypothesis, e.g., 

when f =.8, the expected geodistance under the alternative hypothesis is 80% of t.he 
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expected geodistance under the null hypothesis. Comparison of Tables 7.12 and 5,4 

shows that the power is higher for the average geodistance measure than for the average 

transformed distance measure. For example, when / =.8 and n =5, the probability of 

rejecting the null hypothesis is .291 for the average transformed distance compared to 

.430 for the average geodistance. This occurs because the variability is smaller for the 

average geodistance than for the average transformed distance (see Tables 7.4 and 7.9). 

The lower variability for the geodistance measure is a result of the fact that the DE"MP 

transformation is not monotonic. 

The Distributions of the Minimum and Maximum Geodistan.ces to Rocky Flats 

Figures 7.37-7.41 show the density functions for the minimum geodistance to Rocky Flats 

for white females, 35-54 years of age, for sample sizes of 5, 10, 15, 20, and 25, respec

tively. Figures 7.42-7.46 show the corresponding density functions for the maximum gea

distance to Rocky Flats. The distribution of the minimum geodistance is more affected by 

boundary effects than is the distribution of the minimum transformed distance because of 

the additional symmetry in the transformed map. That is, as previously mentioned, once 

the map has been transformed using the DEMP algorithm, the population is uniformly 

distributed in the two-county area resulting in a more symmetric map. This reduces the 

boundary effects on the distribution of the minimum distance to Rocky Flats. Again, the 

long right tail in the distribution of the maximum geodistance to Rocky Flats occurs 

because the southernmost census tract in Jefferson county, i.e., the census tract which IS 

farthest away from Rocky Flats, is large and sparsely populated (see Figure 5.1). 

Table 7.13 shows the estimated p-values associated with the observed minimum geodis

tance to Rocky Flats by age, sex, race, and cancer type. This table is parallel to Table 

7.6 which assesses the statistical significance of the observed minimum (transformed) dis

tance to Rocky Flats and was obtained in an analogous fashion. For example, among 
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white males, 55 years of age or older, there are 54 cases of stomach cancer (adenocarci

noma) and the minimum observed geodistance to Rocky Flats is 14.508 km with an 

expected value of 9.915 km and standard deviation of 4.003 km giving a p-value of .9084. 

None of the p-values in Table 7.13 approach the .10 level of significance. 

The p-values for the observed mrunmum geodistance to Rocky Flats by age, sex, race, 

and cancer type are given in Table 7.14. Seven p-values are significant at the .05 level: 

colon cancer (adenocarcinoma) among females 55+ years of age (n =221, p=.0174), colon 

cancer (adenocarcinoma) among males 55+ years of age (n =186, p=.0405), rectal cancer 

among males 35-54 years of age (n =19, p=.(042), lung cancer (small cell carcinoma) 

among males 55+ years of age (n =58, p=.0249), lung cancer (squamous cell carcinoma) 

among males 35-54 years of age (n =30, p=.0044), lung cancer (squamous cell carcinoma) 

among males 55+ years of age (n =152, p=.0168), and acute granulocytic leukemia 

among males 35-54 years of age (n =6, p=.0428). 

Discussion 

This chapter presents a numeric method for approximating the cumulative distribution, 

density ftinction and moments for the distance betwen a random point and a fixed point 

in an arbitrary boundary under the null hypothesis that points are uniformly distributed 

on a DEMP. This method is an alternative to exact analytic solutions which can be both 

cumbersome and complicated even for a small number of points and a simple boundary 

shape. The numeric method produces moments of the distribution of the distance 

between a random point and a fixed point which can be used to assess the statistical 

significance of an observed average distance between n points and the fixed point using 

the normal approximation. Further, the distributions of the maximum and minimum dis

tances to the fixed point can be appoximated from the distribution of the distance 

between one random point and the fixed point. 
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Table 7.13 
Minimum Geodistance (Kilometers) To Rocky Flats Among n Cases 

Age Sex n Rate d(;) Ene (D(;j} SDne (D(;)) p 

Stomach Cancer, Adenocarcinoma NOS 

35-54 WF 2 .814 22.390 20.986 6.290 .5493 
WM 9 3.881 14.959 13.863 4.626 .5930 

55+ WF 'ZT 12.211 17.363 12.278 4.725 .8654 
WM 54 33.358 14.508 9.915 4003 .9084 

Colon Cancer excluding Rectum, Carcinoma NOS 

35-54 WF 5 2.036 20.307 16.376 5.224 .7468 
WM 6 2.587 16.655 15.571 5.066 .5709 

55+ WF 26 11.759 11.635 12.424 4736 .3389 
WM 20 12.130 14.954 13.303 4.335 .6302 

Co.lon Cancer excluding Rectum, Adenocarcinoma NOS 

35-54 WF 34 13.845 15.717 9.369 4.076 .9835 
WM 14 6.036 12.214 12.204 4.281 .4038 

55+ WF 221 99.952 11.635 4.855 2.795 .9702 
WM 186 114.024 6.230 5.955 3.206 .5643 

Rectal Cancer, Adenocarcinoma NOS 

35-54 WF 7 2.850 17.139 14.894 4.833 .6682 
WM 19 8.192 12.937 11157 4.148 .6531 

55+ WF 56 25.327 10264 9.486 4.388 .4786 
WM 66 41.243 14.673 9.256 3.940 .9537 

Lung, Bronchus and Tracheal Cancers, Small Cell Carcinoma 

35-54 WF 2 .814 28264 20.987 6.290 .8698 
WM 13 5.605 16659 12.469 4.326 .8400 

55+ WF 14 6.332 13.072 14.801 4.822 .2822 
WM 58 35.784 10264 9.680 3982 .4566 

Lung, Bronchus and Tracheal Cancers, Squamous Cell Carcinoma 

35-54 WF 4 1.629 27689 17.426 5.492 .9739 
WM 30 12.935 12.427 9.681 4082 .7151 

55+ 'WF 21 9.498 12214 13.250 4.786 .3238 
WM 152 93.403 12214 6.568 3.419 .9320 

Lung, Bronchus and Tracheal Cancers, Adenocarcinoma, NOS 

35-54 WF 8 3.258 12.427 14.341 4.690 .2731 
WM 6 2.587 15.009 15.571 5.066 .4527 

55+ WF 16 7.236 17.363 14.293 4817 .6955 
WM 42 25.474 10.638 10.747 4.075 .3868 

Chronic Lymphocytic Leukemia 

35-54 WF 0 0000 
WM 3 1.293 22.925 18.887 5.865 .7171 

55+ WF 22 9.950 14.959 13070 4.777 .5905 
WM 21 13.343 18540 13.129 4316 .9052 

Acute Granulocytic Leukemia 

35-54 WF 5 2.036 25.208 16.376 5.224 .9518 
WM 6 2.587 14.954 15.571 5.066 .4501 

55+ WF 15 6.784 20.004 14539 4.820 .8775 
WM 17 10.311 17.363 13.888 4.399 .7477 

Note Rate given is per 100,000 person-years 
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Table 7.14 
Maximum Geodistance (Kilometers) To Rocky Flats Among n Cases 

Age Sex n Rate din) Ene(Din)) SDne (Din) ) p 

Stomach Cancel', Adenocarcinoma NOS 

35·54 WF 2 .814 27.584 29.219 6.463 .3500 
WM 9 3.881 38.548 36.185 7.898 .8050 

55+ WF 27 12.211 32.985 43.912 15.825 .1342 
WM 54 33.358 35.419 47.267 16.022 .0955 

Colon Cancel' excluding Rectum, Carcinoma NOS 

35·54 WF 5 2.036 35.419 33.411 6.540 .7424 
WM 6 2.587 34.272 34.424 7.171 .5539 

55+ WF 26 11.759 32.985 43.579 15663 .1446 
WM 20 12.130 35.178 39.634 12.024 .3714 

Colon Cancel' excluding Rectum, Adenocarcinoma NOS 

35-54 WF 34 13.845 35.419 42.164 11.182 .1330 
WM 14 6.036 36.998 38.178 8.960 .5726 

55+ WF 221 99952 38.854 71.330 14600 0174 
WM 186 114.024 38.548 62.662 17.304 .0405 

Rectal Cancel', Adenocarcinoma NOS 

35-54 WF 7 2.850 32.516 34.790 6.991 3302 
WM 19 8.192 29.705 39.658 9.854 .0042 

55+ WF 56 25.327 35.178 51.668 18.454 .0520 
WM 56 41.243 54.788 49.230 16.721 .7150 

Lung, Bronchus and Tracheal Cancers, Small Cell Carcinoma· 

35-54 WF 2 .814 29.315 29.219 6.463 .5104 
WM 13 5.605 34.460 37.834 8.762 .3040 

55+ WF 14 6.332 35.419 38.894 12.974 .4968 
WM 58 35.784 34.272 47.969 16282 .0249 

Lung, Bronchus and Tracheal Cancel'S, Squamous Cell Carcinoma 

35-54 WF 4 1.629 33.973 32.472 6.352 6748 
.WM 30 12.935 32.237 42.157 11.382 0044 

55+ WF 21 9.498 36.998 41.805 14.731 .5.'562 
WM 152 93.403 36.998 59.765 17778 .0168 

Lung, Bronchus and Tracheal Cancers, Adenocarcinoma, NOS 

35·54 WF 8 3.258 38.548 35335 7.220 .8476 
WM 6 2.587 28.193 34.424 7.171 .0756 

55+ WF 16 7.236 34.272 39.793 13.544 .3706 
WM 42 25.474 34.460 44.983 15043 .0750 

Chronic Lymphocytic Leukemia 

35-54 WF 0 0000 
WM 3 1.293 31.474 31.343 6.554 .5364 

55+ WF 1)1) .. 9.950 38.548 42.176 14.935 .6361 
WM 21 13.343 32.237 39.934 12.215 .0782 

Acute Granulocytic Leukemia 

35-54 WF 5 2.036 29202 33.411 6.540 1767 
WM 6 2.587 27.414 34.424 7.171 .0428 

55+ WF 15 6.784 35.385 39.352 13.267 .4697 
WM 17 10.311 35.178 38.676 11.403 .4308 

Note Rate given is per 100.000 person-years 
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These methods can also be used to approximate, for example, the probability that a case 

lies within a certain number of kilometers of the fixed point source. Thus, familiar dis-

tance units can be maintained instead of using transformed distance which is porportional 

to the square root of persons. However, obtaining results in terms of geodistance has the 

disadvantage of being computer intensive because the contours as well as the original gec>-

political map have to be transformed using the DEMP algorithm. 

Finally, Figures 7.23-7.27 show that, for practical purposes, the density function of the 

minimum distance to Rocky Flats is not affected by the boundary of the area. That is, 

especially for larger sample sizes, the density function of the minimum distance to Rocky 

Flats is completely smooth which indicates no boundary effects. Further, if boundary 

effects are ignored, the cumulative distribution of the minimum distance can be written 

where A is the total area under investigation. Using the fact that lim (1 + ~)" = e·, 
" .... 00 n 

F (1)( d ) becomes 

lim F(1)(d) = 1- e 
" .... 00 

A 

which is the cumulative distribution of nearest neighbor distances (see Chapter 1). Boun-

dary effects in the distribution of the minimum distance to a fixed point can be ignored as 

the sample size increases because the distribution becomes more and more tightly cen-

tered around the fixed point. This is analogous to the case when the population sIze 

increases making the mean distance to nearest neighbor decrease (see Chapter 1). 
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Two problems arise when data are plotted on a geopolitical map. First, they are hard to 

interpret because large, sparsely populated areas dominate visually while small, densely 

populated areas are overshadowed. For example, a county map of the U.S. is dispropor-

tionately influenced by the Rocky Mountain area while insufficient weight is given t.o the 

East coast. Second, data plotted by geopolitical criteria are difficult to analyze. Interest 

is usually focused on whether some rates are significantly higher than the national or 

regional average. This decision is complicated because the standard errors of the rates 

can vary substantially from place to place due to different population sizes in the gee-

graphic subunits. 

A demographic map addresses both these problems which are due to variable population 

density in the study area. This map is one which has been transformed in such a way 

that area is proportional to the population. If cases of disease occur proportionately to 

the population, i.e., they are not really clustered in space, they will appear to cluster on a 

geopolitical map because of variable population density. However, when they are plotted 

on a demographic based map they will appear to be uniformly distributed and an accu-

rate visual image is presented. These maps are called Density Equalized Map Projections 

(DEMPs) because the area of each subunit is proportional to its population creating equal 

population density. 

The purpose of this work is to study the statistical properties of data plotted on a DEMP . 

First, it is proven that if the population is uniformly distributed within each geographic 

unit on the original map then the population is uniformly distributed across the entire 

transformed map (Uniformity Theorem). Biologically, the assumption that the population 

is uniformly distributed within each geographic unit on the original map translates int.o 
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assuming that everyone resident in a specific geographic unit has an equal risk of develop

ing the disease in question. This premise serves as the null hypothesis for the statistical 

development that follows. The major implication of the Uniformity Theorem is that the 

interior boundary lines on a transformed map can be disregarded because the population 

density is uniform across the entire DEMP. 

Analytic solutions are given for the distributions of two distance measures in a square: the 

squared distance between two random points and the squared distance between a random 

point and a fixed point. These results show that, even for a small number of points and a 

simple boundary shape, exact solutions are complicated and cumbersome. Further, ana

lytic solutions do not exist in most applied situations where the boundary shapes are nei

ther simple nor regular. 

Therefore, approximate distributions for arbitrary boundaries for the following four dis

tance measures are derived: the average squared paired distance between n random 

points, the average squared distance between n random points and a fixed point, the 

average distance between n random points and a fixed point, and the standardized 

squared distance between the centroid of the cases and the centroid of the transformed 

area. The accuracy of these approximations is examined using circles and ellipses as 

examples. The issues of power, boundary shape, and location of the fixed point are 

addressed and the potential applications for each of these distance measures art' 

described. Also, these approximate methods are used to study geographic patterns of 

disease in two areas of the United States: cancer incidence in the area surrounding the 

Rocky Flats Plant site in Denver, Colorado, and childhood cancer mortality in Santa 

Clara County, California. 

A numeric method is given for approximating the cumulative distribution, density func

tion, and moments for the distance between a random point and a fixed point inside an 
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arbitrary boundary. The method is illustrated Cor a square and Cor the transCormed 

Denver-Jefferson area. These numeric results are compared to both the exact and approx

imate results obtained earlier. The distributions Cor the minimum and maximum 

transCormed distances to a fixed point are derived using this numeric method and applied 

to Rocky Flats. In addition, this numeric method is used to approximate the distribution 

of the untransCormed distance (in kilometers) between a random point and a fixed point. 

These results are compared to the results using transCormed distance. Thus, Camiliar dis

tance units can be maintained instead oC using transformed distance which is proportional 

to the square root of persons. Finally, the distributions oC the minimum and maximum 

untransformed distances to Rocky Flats are approximated using this numeric method. 

Conclusions 

As already mentioned, one of the major advantages oC using a DEMP is that an accurate 

visual image is obtained. One oC the disadvantages oC all the methods aimed at elucidat

ing spatial patterns of disease discussed in Chapter 1 is that they are not visually 

oriented, i.e., one can not "see" a cluster. 

In addition, the mathematics is considerably simpler on a transformed map compared to 

the original map because the population is uniCormly distributed in the area. Also, 

because there is more symmetry on a transformed map, the normal approximation is more 

accurate when used on a DE~1P compared to an untransformed map. This implies that. 

more accurate p-values can be obtained from a DEMP than from the original map, even 

for sample sizes as small as 10 . 

A DEMP eliminates the interfering bias caused by unequal population density in geo

graphic subunits of a study area. However, non-random spatial patterns of disease do not 

necessarily identify specific causes, even when the non-randomness appears to be associ

ated with a specific environmental agent, e.g., Rocky Flats Plant site. Confounders such 
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as smoking, socio-economic status, and differential access to medical care can not be 

taken into account as possible explanations for the observed non-random spatial patterns. 

It should be remembered that DEMPs remain subject to the same limitations in interpre

tation as any pairwise comparison. 

Although there is now a program available to create DEl\.1Ps automatically, it is very 

computer intensive. From a computer science viewpoint, there is need to make the pro

gram more efficient as well as render it more user-friendly if it is to be used widely. In 

addition, algorithms need to be developed which optimize the number of points in the ori

ginal map so that the transformed map is not unduly distorted but still contains sufficient 

detail. 

Finally, two suggestions for further statistical research in this area include: 1) develop the 

distribution of the minimum distance between a random point and more than one fixed 

point source of environmental pollution, and 2) develop the distribution of the. distance 

between a random point and a fixed line. The former is potentially important when there 

are, for example, numerous refineries or contaminated wells in a study area and it is of 

interest to examine whether there is clustering of disease associated with all of them. The 

possibility of an association between electric power lines and disease could be investigated 

using the latter distribution. 
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Appendix 
An Algorithm Which Produces the Exterior Boundary of Any Given Map 

Description of the Algorithm 

In the following description it is assumed that the original map is stored in polygon form, 

i.e., each polygon in the map is separately defined by a series of points. Thus, points 

which belong to adjacent polygons are duplicated in the original map file and do not, by 

definition, belong to the exterior boundary. Points in a map are usually represented by 

latitude/longitude coordinates. However, it should be noted that any coordinate system 

will suffice. 

The first step in the algorithm is to store all the points in each polygon in 2-point seg-

ments. So, for example, if there are five points 10 a polygon labeled 

(Xl>yd,(X2,Y2), ... ,(Xb,Yb) then there will be four 2-points segments associated with that 

polygon: segment 1 would contain the points (x I>Y d and (X2,Y 2)' segment 2 would con-

tain the points (X2,Y2) and (Z3,Y3), ... ,and segment 4 would contain the points (X4,Y4) 

Second, in order to avoid the problems associated with computerized comparisons of real 

numbers, the points in each segment are integerized. In order to accomplish this, the 

maximum and minimum values of x and Y over the entire map are needed. Denote these 

values x max, X min' Y max, and Y min' respectively. Then, for each point (x ,Y ) in all the seg-

ments compute 

ax = 0000 + 4999 (x -x min) + 0.6 
(x max-X min) 

and multiply IX and Iy by 2 to give ix 1=2(ix), iy 1=2(iy). Then t.he integerized value 
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for that point is ixy 10000( iz 1) + iy 1. 

Thus, ixy will be a composite of two even integers, each between 0000 and 9998. For 

example, if x = ZmiD' '!I = YmiD' then iz 1=0000, iy 1=0000 and ix'!l =00000000. If 

x = XmiD and '!I = '!Imu then ix 1=0000, iy 1=9998 and ixy =00009998. Similarly, if 

r = x mu, 'I = 'I miD then iry =99980000 and if x = r ma:<' 'I = Y mu then 

ix'l =99989998. Note that it is necessary to create even integers at this time because the 

next step involves finding the midpoint of each segment using the integerized values of 

the endpoints. 

The third step in the algorithm, as just stated, involves using the integerized endpoints 

of each segment and calculating the midpoints. Because the ixy values are even numbers 

this task is simply accomplished by adding the endpoint values together and dividing by 

2. 

Any duplicated segments in the map will have equal midpoints. These duplicated seg

ments contain points which appear in two or more polygons and thus do not belong to 

the exterior boundary. The fourth step, therefore, is to sort the midpoints in ascending ( 

or descending ) order, identify any midpoints which appear more than once and delete 

them from the list of possible exterior boundary segments. The remaining midpoints 

represent segments which appear only once in the original map file. 

Note that while points which are duplicated in the original map file definitely do not 

belong to the exterior boundary, single points mayor may not be on the exterior boun

dary. Theoretically, single points should only occur on the exterior boundary but it is not 

uncommon to find single points in the interior of the map because the map files have not 

been perfectly digitized. Thus, even though the remaining midpoints represent segments 

which appear only once in the original map file, this list may contain midpoints of some 

interior segments. The final step in the algorithm, then, is to locate only those single 
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segments which are definitely on the exterior boundary. 

This final step is accomplished in the following manner: 

1. Find the segment whose midpoint has the minimum value among all the possible single 

midpoints. This segment is guaranteed to lie on the exterior boundary since it has the 

smallest values of:r: and 11 for both its endpoints. Store both the original and integerized 

values of its endpoints. 

2. Using the last integerized value stored, search both ends of all of the remaining possible 

single segments to identify any matches. 

a. If only one match is found then that segment is the next exterior boundary segment. 

b. If more than one match is found then it is necessary to choose the segment which lies 

on the exterior boundary from among the set of matching candidate segments. This is 

accomplished by calling a subroutine called clock.sub written by Dr. Deane Merrill, Com-

puter Science Research Department, Lawrence Berkeley Laboratory, Berkeley, California. 

Given the last known exterior boundary segment and all its matching segments this sub-

routine identities the next correct exterior boundary segment as follows: First, identify the 

next-to-last known exterior boundary point. Second, identify the point in each of the 

candidate segments which does not match the last stored exterior boundary point. Then, 

starting from the next-to-last known exterior boundary point, transverse the non-

matching points either in clockwise or counter-clockwise order depending on whether the 

. ' 

entire exterior boundary is being constructed in clockwise or counter-clockwise order . 

The tirst non-matching point encountered belongs to the next exterior boundary segment. 

Note that it is important to store the endpoints of the new segment in the correct 

order,.i.e., the endpoint of the new segment which matches the last endpoint stored must 

be recorded tirst. 

~' , , ..... 
..... • - 4' 
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3. Repeat step 2 until the last integerized value stored matches the very first integerized 

value stored from step 1. 

4. The desired exterior boundary is then defined by the original values of the endpoints of 

the stored segments obtained in steps 1-3. 



Fortran Code 
program outline3 

c 
c NOTE: This version incorporates clock.sub 
c NOTE: Must specify value of icc (lor -I) separately for 
c each map 
c 
c produces an outline map using the Harvard method 
c assign input map to forOO2 
c assign output map to forOO3 
c 
c maximum number of points in the original map is set to 10000 

dimension x(IOOOO),y(IOOOO) 
c segx and segy contains the original x and y values in each segment 

dimension segx(2,10000),segy(2,IOOOO) 
dimension istate( looOO),ico( l0000),itract( 10000) 

c iseg contains the integerized values for the first and 
c second point in each segment 

dimension iseg(2,10000) 
c midpt contains the midpoints of each segment 

dimension midpt( 10000) 
c ipt contains the pointers to the original segments 

dimension ipt( 10000) 
c midsave contains the saved midpoints after the duplicates have 
c been deleted 
c iptsave contains the saved string pointers after the duplicates 
c have been deleted 

dimension midsave( 10000) ,iptsave( 1 0000) 
c itest contains the integerized points in final output order 
c xout and yout contain the real values for the points in final output 
corder 
c ntest contains the original segment numbers in final output order 

dimension itest(lOOOO),xout(IOOOO),yout(lOOOO),ntest(lOOOO) 
c isave contains the pointers to the original segments for each 
c candidate segment 

dimension isave(10) 
c idummy is just a dummy pointer ... not used in this program but needed 
c for calling sortsh 

dimension idummy(lOOOO) 
c xsrt and ysrt are the sorted values of the final points in the 
c outline .. need to get limits for calling writmap 

dimension xsrt( l0000),ysrt( 10000) 
c ptsout are the final points which belong to the outline map 
c that are sent into writmap 

dimension ptsout(2,10000) 
c xcand,ycand,icand are x,y,integer values for candidate segments 

dimension icand(2,1O),xcand(2,10),ycand(2,1O) 
INCLUDE 'MAPEDIT.lNC' 

c 
c n=total number of points in the original map 
c now read in complete map file and store points in 
c arrays x and y 
c nseg=total number of segments 
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c segx(l,nseg)=lst x value in segment nseg 
c segx(2,nseg)=2nd x value in segment nseg 
c segy(l,nseg)=lst y value in segment nseg 
c segy(2,nseg)=2nd y value in segment nseg 

n=O 
nseg=O 

1 continue 
iBag=2 
call readmap(2,iBag,ndes,ldes,xylim,ncos,lcos,npts,pts) 
if (iBag.ge.3) go to 19 
do 10 i=l,npts 
n=n+l 
x(n)=pts(l,i) 
y(n)=pts(2,i) 

10 continue 
itemp=n-l 
istart=n-npts+ 1 
do 20 j=istart,itemp 
nseg=nseg+ 1 
segx( l,nseg )=x(j) 
segx(2,nseg)=x(j+ 1) 
segy( 1 ,nseg)=y(j) 
segy(2,nseg)=y(j+ I) 
istate( nseg)=ldes( 1) 
ico(nseg)=ldes(4) 
i tract( nseg)= I d esC 8) 

20 continue 
go to 1 

19 continue 
c 
c Now sort the original points x and y to find xmin,xmax,ymin,ymax 
c so that all the points in the segments can be integerized 
c 

c 

call sortsh(x,n,idummy) 
call sortsh(y,n,idummy) 
xmin=x(l) 
xmax=x(n) 
ymin=y(l) 
ymax=y(n) 

c now int.egerize the x and y values in each segment to even numbers 
c and store them in iseg .. .iseg( I,nseg)=integerized first point 
c and iseg(2,nseg)=integerized second point 
c 

do 30 j= l,nseg 
iXI=OOOO+4999*(segx(1,j)-xmin)/(xmax-xmin)+.6 
iy 1 =0(XXh499g"'(segy( 1 ,j)-ymin )/(ymax-ymin)+.6 
iseg( 1 ,j)= 1 0000*2 "'ixl +2*iy 1 
ix2=OOOO+ 4999*(segx( 2,j )-xmin )/(xmax-xmin)+.6 
iy2=OOOO+4999°(segy(2,j)-ymin)/(ymax-ymin)+.6 
iseg(2,j)=10000*2*ix2+2"'iy2 

30 continue 
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c 
c now find the midpoint of each segment and store in midpt 

do 40 j=l,nseg 
midpt(j }=(iseg( I,j }+iseg(2,j))/2 

40 continue 
c 
c now sort the midpts and store the pointers to the original 
c segments in ipt 

call isortsh( midpt,nseg,ipt) 
c do 475 j=l,nseg 
c iipt=ipt(j) 
c write(6,476) midpt(j),ico(iipt),itract(iipt) 
c476 format(3x,3iI0) 
c475 continue 
c 
c now remove duplicate midpoints and save the remaining ones 
c (in midsave) along with their original string pointers 
c (in iptsave). nout=number of single segments in the map 

nout=O 
do 70 j=l,nseg 
if (midpt(j-I ).ne.midpt(j).and.midpt(j).ne.midpt(j+ I)) 

$ then 
nout=nout+ I 
midsave( nout )=midpt(j) 
iptsave.(nout)=ipt(j} 

else 
endif 

70 continue 
c 
c now start to read in the final points in the outline 
c begin with the first segment which corresponds to midsave(l} 
c i.e.,iptsave(l} points to the original segment that corresponds 
c to midsave(l} 
c ntot=total number of points in final outline 
c ntest=vector of completed segments 
c ndone=# of segments read into final map 
c xout and yout are the x and y vectors of final outline points 
c itest=vector of integerized points that correspond to xout and yout 
c note: itest.(ntot}=last integerized value of the outline stored and 
c is used to test all other segment endpoints to find possible 
c matches 
c 

80 

ntot=O 
ndone=O 
kstart==iptsave(l} 
ntest( I }=kstart 
do 80 i=1,2 
ntot=ntot+ I 
itest.( ntot )=iseg(i ,kstart) 
xout(ntot}=segx(i,kstart} 
yout(ntot)=segy(i,kstart) 
continue 

ndone=ndone+ 1 
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c 
c now check other segments to see if they match and store all 
c segment numbers of candidate matches in isave(ncand) 
c ncand=# of candidate segments which match last one stored 
c 
750 continue 

ncand=O 

c the 90 loop finds all possible candidate segments . .i.e., those 
c which have an endpoint that matches the last outline point stored 

do 90 k=l,nout 
ktemp=iptsave(k) 

c the 95 loop checks that we never re-read a segment into the outline 
do 95 kk=l,ndone 
if (ktemp.eq.ntest(kk)) go to 90 

95 continue 

if (itest(ntot).eq.iseg(l,ktemp)) then 
ncand=ncand+ 1 
isave(ncand}=ktemp 
endif 

if (itest(ntot}.eq.iseg(2,ktemp}) then 
ncand=ncand+ 1 
isave( ncand}=ktemp 
endif 

90 continue 

if (ncand.gt.O) go to 91 

c if ncand=O then there are no matching segments and 
c so we write the output file and quit ... something is WRONG! 

if (ncand.eq.O) go to 94 
94 nfin=ntest(ntot} 

write( 6,44} nout,ndone ,istate( nfin ),ico( nfin}, 
$ itract( nfin ),ntot,xout( ntot} ,yout(ntot} ,xout( ntot-l) 
$ ,rout( n tot-I} 

44 format(3x, 'ncand=O' I 
$ 3x,'# single segments in map=',ilOj 
$ 3x,'# segments already in outline=',ilOj 
$ 3x,'state=',iIOj 
$ 3x,'county=',iIOj 
$ 3x,'tract=',iI5j 
$ 3x,'# points already in outline',ilOj 
$ 3x,'coords of last point in outline',2flO.5j 
$ 3x,'coords of next to last point',2flO.5) 
go to 772 

c if ncand > 1 then must use clock, otherwise (i.e., ncand=l) read in 
c next segment 
91 if (ncand.gt.l) go to 749 

216 



.. 

c the following lines down to i 49 take care of the case when ncand=l 

inext=isave(ncand) 

c if the last stored point matches the first point in the next' 
c matching segment then read in the first point first to the outline 

if (itest(ntot).eq.iseg(l,inext)) then 
itest( ntot+ 1 }=iseg( 1 ,inext) 
itest(ntot+2}=iseg(2,inext} 
xout(ntot+ 1 )=segx( I ,inext) 
xout(ntot+2)=segx(2,inext) 
you t( ntot+ I )=segy( I ,in ext ) 
yout(ntot+2)=segy(2,inext) 

endiC 

c iC the last stored point matches the second point in the next 
c matching segment then read in the second point first to the outline 

iC (itest(ntot).eq.iseg(2,inext)) then 
itest(ntot+I)=iseg(2,inext) 
itest(ntot+2)=iseg(I,inext) 
xout( ntot+ I )=segx( 2 ,inext) 
xou t( ntot+2 )=segx( I ,inext) 
yout( ntot+ 1 )=segy(2 ,inext) 
yout(ntot+2)=segy(I,ine~t) 

endiC 

ntot=ntot+2 
ndone=ndone+ 1 
ntest( ndone )=inext 
go to 735 

749 continue 
c the follo'wing lines down to 735 take care oC the case when ncand> 1 

c 
c the 900 loop stores the x,y, and integer values Cor use in clock 
c in xcand,ycand and icand,respectively for all the candidate segments 

do 900 j=I ,ncand 
itemp=isave(j) 
iC (itest(ntot ).eq.iseg( 1 ,itemp)) then 

xcand(l,j)=segx( I,itemp) 
xcand(2,j)=segx(2,itemp) 
ycand( I,j )=segy( 1 ,itemp) 
ycand(2,j)=segy(2,itemp) 
icand( 1 ,j )=iseg( 1 ,itemp) 
icand(2,j)=iseg(2,itemp) 

endiC 
iC (itest(ntot).eq.iseg(2,itemp)) then 

xcand( 1 ,j)=segx(2,itemp) 
xcand(2,j)=segx( 1 ,itemp) 
ycand( 1 ,j)=segy(2,itemp) 
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ycand(2,j)=segy( 1 ,itemp} 
icand( 1,j)=iseg(2,itemp} 
icand(2,j}=iseg( l,itemp} 

endif 
900 continue 

c NOTE: icc tells clock whether to go clockwise or counterclockwise 
c icc=-l means clockwise and icc=l means counterclockwise 

icc=-l 

xlast=xout( ntot} 
ylast=yout( ntot} 
xlast2=xout(nto~1} 
ylast2=yout(nto~1 ) 

c rundock.sub calls clock .. .isave(ichoice}=segment # of next outline 
c segment to be read 

call runclock(icc ,ncand ,xcand ,ycand ,xlast,ylast,xlast2, 
$ ylast2,ichoice) 
inext=isave(ichoice) 
itest( ntot+ 1 }=icand( 1 ,ichoice} 
itest(ntot+2}=icand(2,ichoice} 
xout( ntot+ 1 }=xcand( 1 ,ichoice} 
xout(ntot+2}=xcand(2,ichoice} 
yout(ntot+l}=ycand(l,idioice} 
yout(ntot+2}=ycand(2,ichoice) 
ntot=ntot+2 
ndone=ndone+ 1 
ntest(ndone }=inext 

c 735 says that if the first stored point matches the last stored point 
c then exit and write the map 

735 if (itest(ntot}.eq.itest(l)) go to 755 
c 

c if the first point does not match the last then go back up to 750 and 
c look for the next segment 

go to 750 

755 continue 
c 
c now, write out the list of ordered segments in the outline 

do 121 i=l,ndone 
write(7,122} i,ntest(i} 

122 format(3x,2ilO} 
121 continue 
c 
c 
c now write output file 
772 continue 

do 800 i· l,ntot 
xsrt(i}=xout(i} 
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ysrt(i}=yout(i) 
800 continue 

call sortsh(xsrt,ntot,idummy) 
call sortsh(ysrt,ntot,idummy) 
xylim( 1 }=xsrt( 1) 
xylim(2)=ysrt(1) 
xylim(3)=xsrt(ntot) 
xy lime 4 )=ysrt( ntot) 
do 850 i=l,ntot 
ptsout( 1 ,i )=xout(i) 
ptsout(2,i)=yout(i) 

850 continue 
call writmap( 3,2,ndes,ldes,xy lim ,ncol ,lcos,ntot,ptsout) 
stop 
end 
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SUBROUTINE READMAP(ITAPE,IFLAG,NDES,LDES,XYLIM,NCOS,LCOS,NPTS,PTS} 
INCLUDE 'MAPEDIT.INC' 
INTR(I)=I 

c 
GO TO (100,200,300) IFLAG 

C 
100 CONTINUE 

RETURN 
C 

200 CONTINUE 
NDES=l 
DO 220 I=l,LIMDES 

220 LDES(I)=O 
NCOS=l 
NPTS=l 
IF(ITAPE.GE.I0)GO TO 500 
READ(IT APE,ERR=300,END=300)NDES,(LDES(I),I=1 ,NDES) 
.,xn.1M 
.,NCOS,«LCOS(J,I),J=I,23),I=I,NCOS) 
.,NPTS,(PTS(l .I),PTS(2,I),I=1 ,NPTS) 
RETURN 

C 

C 

300 CONTINUE 
IFLAG=3 
RETURN 

C READ POLY FROM VffiTUAL MEMORY 
C 

500 CONTINUE 
IF(KEYVM .EQ .O)THEN 

I=ITAPE 
ELSE 

I=NDXVM(I,NPOLY +1) 
END IF 
N=INTR(VM(I» 
IF(N .EQ.O)THEN 

ITAPE=I 
IFLAG=3 
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RETURN 
ELSE 

NDES=N 
END IF 
DO 510 J=I,NDES 

510 LDES(J)=INTR(VM(I+J)) 
I=I+LIMDES 
DO 520 J=I,4 

520 XYLIM(J)=VM(I+J) 
1=1+5 
NCOS=INTR(VM(I)) 
DO 530 J=I,23 

530 LCOS(J,I)=INTR(VM(I+J)) 
1=1+24 
NPTS=INTR(VM(I) ) 
DO 540 J= 1 ,NPTS 
PTS(I,J)=VM(I+J*2-1 ) 
PTS(2,J)=VM(I+J*2) 

540 CONTINUE 
IT APE=I+ NPTS*2+ 1 
RETURN 
END 
subroutine sortsh( a,n,ib) 

c a a.nd ib are real and integer arrays of length n 
c on return, integers in ib are original positions of elements of a 
c on return, a. is sorted in ascending order 

dimension a( 1) 
dimension ib( 1) 
do 11 i=l,n 
ib(i)=i 

11 continue 
kk=n 

5 if(kk.le.l} return 
kk=kk/2 
imax=n-kk 

10 nswt=O 
do 20 i=l,imax 
lI=i+kk 
if(a(i).Ie.a(ll)) go to 20 
save=a(i) 
isave=ib(i) 
a(i)=a(lI) 
ib(i)=ib(lI) 
a(lI)=save 
ib(lI}=isave 
nswt=nswt+ 1 

20 continue 
if(nswt.gt.O) go to 10 
go to 5 
end 
subroutine i50rtsh(ksort,n,ib) 

c ksort and ib are both integer arrays of length n 
c on return, integers in ib are original positions of elements of a 
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c on return, ksort is sorted in ascending order 
dimension ksort( 1) 
dimension ib( 1) 
do 11 i=l,n 
ib(i)=i 

11 continue 
kk=n 

5 if(kk.le.1} return 
kk=kk/2 
imax=n-kk 

10 nswt=O 
do 20 i=1,imax 
ll=i+kk 
if(ksort(i).le.ksort(ll)) go to 20 
isave2=ksort(i) 
isave=ib(i) 
ksort(i )=ksort(ll) 
ib(i}=ib(ll} 
ksort(ll )=isave2 
ib(lI)=isave 
nswt=nswt+ 1 

20 continue 
if(nswt.gt.O) go to 10 
go to 5 
end 
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SUBROUTINE WRITMAP(ITAPE,IFLAG,NDES,LDES,XYLIM,NCOS,LCOS,NPTS,PTS) 
INCLUDE 'MAPEDIT.INC' 

C 

C 

C 

REALI(X)=X 

GO TO (lOO,200,300,400,500)IFLAG 

100 CONTINUE 
RETURN 

200 CONTINUE 

C 

NCOS=MA.X(NCOS,l ) 
NDES=MAX(NDES,l) 
NPTS=MAX(NPTS,l ) 
IF(ITAPE.GE.10)GO TO 500 
WRITE(ITAPE)NDES,(LDES(I),I=l,NDES) 

.,XYLllv1 

.,NCOS,«LCOS(J.I),J=1,23),I=1,NCOS) 

.,NPTS.(PTS( 1 ,I),PTS(2,I),I=1 ,NPTS) 
RETURN 

300 CONTINUE 
RETURN 

C SEPARATE POLYGONS WHEN START VALUE REPEATS 
C 

400 CONTINUE 
N=NPTS 
11=1 



1=11+1 
C 

410 CONTINUE 
IF(PTS(I,I).EQ.PTS(I,I1) .AND. PTS(2,I).EQ.PTS(2,I1))THEN 

NP=I-I1+1 
WRITE(IT APE)NDES,(LDES(K),K=I,NDES) 
,xyLIM,NCOS,((LCOS( J ,K),J=1 ,23),K=1 ,NCOS) 
,NP,(PTS(I,K),PTS(2,K),K=I1,I) 
11=1+1 
1=11+1 
IF(I.GE.N)RETURN 

ELSE 
1=1+1 

END IF 
IF(I.LE.N)GO TO 410 
PTS{ 1 ,I)=PTS( 1,11) 
PTS{2,I)=PTS{2,Il ) 
GO TO 410 

C 
C WRITE TO VIRTUAL MEMORY 
C 

500 CONTINUE 
I=ITAPE 
VM(I)=REALI(NDES) 
DO 510 J=I,NDES 

510 VM(I+ J)=REALI(LDES( J)) 
I=I+LIMDES 
DO 520 J=I,4 

520 VM(I+J)=XYLIM(J) 
1=1+5 
VM{I)=REALI(NCOS) 
DO 530 J=I,23 

530 VM{I+J)=REALI(LCOS(J,I)) 
1=1+.24 
VM(I)=REALI(NPTS) 
DO 540 J=l,NPTS 
VM(I+2*J-l)=PTS(I,J) 
VM(I+2*J) =PTS(2,J) 

540 CONTINUE 
C 
C RETURN IMMEDIATELY FOR REWRITE IN PLACE 
C 

C 

IF(IFLAG .EQ.5 )THEN 
RETURN 

END IF 

C ENTER START OF POLY LOCATION IN VM INDEX 
C 

IF(KEYVM.GT.O)THEN 
ND)""VM(l,NPOLY)=ITAPE 
}\,1)~(VM(2,NPOL Y)=LDES(KEYVM) 

END IF 
ITAPE=I+NPTS*2+1 
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VM(ITAPE)=O 
IF(KEYVM.GT.O)THEN 

NDA"VM(l,NPOL Y + 1 )=ITAPE 
END IF 
RETURN 
END 
subroutine clock(jsign ,n,ixyO,ixy ,iorder ,ierr) 

c corrected 2/11/85 
dimension ixy( 1 ),iorder( 1)' 
dimension ix(lO),iy(lO) 

c 

dimension nquad(8),iquad(10,8),jsin(lO),jcos(10) 
dimension tanx(lO),ixx(lO) 

c quadrant 1 is exactly 0 or 360 degrees (counter clockwise from +x) 
c quadrant 2 is 0< <90 degrees 
c quadrant 3 is exactly 90 degrees 
c etc 
c quadrant 8 is 270 < < 360 degrees 
c 
c nquad(j) (.le.10) is number of points falling in quadrant j 
c iquad(k,j) is id no of kth point falling in quadrant j 
c id nos correspond to original position in ixy 
c 
c determine circular order of points ixy(l,2, ... n) around a node ixyO 
c on input: 
c jsign=l for counterclockwise order-, -1 for clockwise order 
c n (l.Ie.n.le.10) = no of points not counting central node ixyO 
c ixyO = xxxxyyyy where OOOO<=xxxx<=9999 and OOOO<=yyyy<=9999 
c ixy = same 
c (x is horizontal axis, y is vertical axis) 
c 
c on output: 
c 
c iorder(I,2, ... n)= integers 1,2 ... n in clockwise or counterclockwise 
corder ·(see jsign). 
c if n.ge.l, iorder(l) is always 1. 
c if n.eq.2, iorder(2) is always 2. 
c for example if jsign was I and n was 4 and iorder=(1,3,2,4), 
c the order of points in counterclockwise order around ixyO is 
c iXY(1),ixy(3),ixY(2),ixy(4) 
c 
c ierr=O for normal return 
c ierr=l if jsign not valid 
c ierr=2 if n not valid 
c ierr=3 if any points out of range 0000-9999 
c ierr=4 if at least one ixy point identical to ixyO 
c ierr=5 if at least two ixy points identical with each other 
c (in this case iorder will be filled anyway) 
c ierr=6 if 2 or more points at same angle with respect to ixyO 
c (in this case iorder will be filled anyway) 
c 
c is jsign valid 

if (jsign.ne.l.and.jsign.ne.-l) go to 1001 
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c 
c is n valid 

if (n.lt.1.or.n.gt.lO) goto 1002 
c 
c trivial cases 

iorder( 1}= 1 

c 

if (n.eq.2) then 
iorder(2}=2 
goto 1000 

endif 

c non-trivial cases 
c 
c central node 

ixO=ixyO/l0000 
iyO=mod(ixyO.l0000) 
if(ixO.lt.OOOO.Qr.ixO.gt.9999} goto 1003 
if(iyO.lt.OOOO.or.iyO.gt.9999} gato 1003 

c initialize nquad( I...S) 
do 5 j=l,S 
nquad(j) = 0 

5 continue 
c 
c surrouding points,relative to ixyO 

do 10 i=l,n 
c make sure no point ixy identical to ixyO 

if (ixy(i).eq.ixyO) goto 1004 
c make sure no other points identical 

do 11 ii=l,n 
if (ii.ne.i.and.ixy(i).eq.ixy(ii)) ierr=5 

11 continue 
ix(i)=ixy(i}/IOOOO 
iy(i}=mod(ixy(i),10000) 
if(ix(i).lt.OOOO.or.ix(i}.gt.9999} goto 1003 
if(iy(i).lt.0000.or.iy(i}.gt.9999) goto 1003 
ix(i) = ix(i) - ixO 
iy(i) = iy(i) - iyO 

c unnormalized sine and cosine, relative to point 1 
c simply reflect coordinate system to get reverse ordering 

isin= jsign * (iy(i}*ix(l) - ix(i)*iy(l} ) 
icos= ix(i}*ix(l} + iy(i}*iY(I} 

c unnormalized sin and cos of point i 
jsin(i)=isin 
jcos(i)=icos 

c 
c calculate quadrant no j (I through 8) 

if (isin.eq.O.and.icos.gt.O) then 
c exactly 0 degrees or 360 degrees 

j = 1 
else if (isin.gt.O.and.icos.gt.O) then 

c between 0 and 90 degrees 
j=2 
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else if (isin.gt.O.and.icos.eq.O) then 
c exactly 90 degrees 

j=3 
else if (isin.gt.O.and.icos.lt.O) then 

c between 90 and 180 degrees 
j=4 

else if (isin.eq.O.and.icos.lt.O) then 
c exactly ISO degrees 

j=5 
else if (isin.lt.O.and.icos.lt.O) then 

c between 180 and 270 degrees 
j=6 

else if (isin.lt.O.and.icos.eq.O) then 
c exactly 270 degrees 

j=7 
else if (isin.lt.O.and.icos.gt.O) then 

c between 270 and 360 degrees 
j=8 

else 
c error, should never happen 

j=O 
endif 

c number of points in quadrant j 
nquad(j }=nquad(j}+ 1 

c kth point in quadrant j 
k=nquad(j) 
iquad(k,j}=i 

10 continue 
c 
c now ready to fill iorder array 
c step through quadrants one at a time 
c current position in iorder array 

m=O 
do 2Q j=I,8 
if (nquad(j }.le .O) then 

c no points in this quadrant 
goto 20 

else if (nquad(j}.eq.l) then 
c one point in this quadrant 

m=m+l 
iorder(m) = iquad(l,j} 

else if (nquad(j).ge.2) then 
kmax = nquad(j} 
if (j.eq.l.or.j.eq.3.or.j.eq.5.or.j.eq.7) then 

c exactly 0 or 90 or 180 or 270, cannot resolve 
c if two points are strictly identical 
c (ierr=5) use that flag instead 

if (ierr.ne.5) ierr=6 
do 19 k = 1,kmax 
m=m+1 
iorder(m} = iquad(k,j) 

19 continue 
else 
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c general case, more than one point in this quadrant 
do 21 k = l,kmax 

c original point index 
i = iquad(k,j) 

c tangent, increases with angle in all quadrants 
tanx(k) = ftoat(jsin(i)) / ftoat(jcos(i)) 

21 continue 
c sort in ascending order of tanx 
c in: = value of original point index i 

call sortsh( tanx,kmax,ixx) 
c offset for quadrants already done 

mold=m 
do 22 k = l,kmax 
oo=m+l 

c k is counter within this quadrant j 
c kooax is j-dependent no of pts in this quadrant 
c ixx(k) tells which point in this quadrant to get next 
c iquad( .. ,j) contains original point numbers 

iorder(m) = iquad(ixx(k),j) 
22 continue 

endif 
endif 

20 continue 
c 
1000 continue 
c normal return 

ierr=O 
return 

1001 continue 
c jsign not valid 

ierr=l 
return 

c 
1002 continue 
c n not valid 

c 

ierr=2 
return 

1003 continue 
c coordinates out of range 

ierr=3 
return 

c 
1004 continue 
c at least one ixy point identical to ixyO 

ierr=4 
return 

c 
1005 continue 
c at least two ixy points at same angle 

ierr=5 ' 
return 
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c 
end 

subroutine runclock(icc ,ncand,xcand,ycand,xlast,y last, 
$ xlast2,ylast2,ichoice) 

c 
c if there are 2 or more candidate ssegments we must call clock 
c 
c icc=1 or -1 for input to clock ... l=counterclockwise,-l=clockwise 
c ncand=# candidate segments 
c xc and contains the x values .. xcand(i,j) where i= value 1 or 2 
c for 1st or second point in the candidate segment and j=number 
c of candidate segment (j=1,2, ... ,ncand) 
c ycand follows same form as xcand but has the y values in it 
c xlast,ylast=last point already stored in the outline map 
c xlast2,ylast2=next to last point already stored in outline map 
c ichoice=next segment to be used in the outline 
c 
c NOTE: The maximum number of candidates is set to 10 

dimension xcand( 2,10 ),ycand( 2,10) 

c 
c 

dimension xx( 12),yy( 12) 
dimension iptr( 11 ),ixy( 11) 

c first, find global values for: 
c xmin=min(xlast,xlast2,xcand(2,1), ... xcand(2,ncand)) 
c xmax=max(xlast,xlast2,xcand(2,1), ... xcand(2,ncand)) 
c ymin=min(ylast,ylast2,ycand(2,1), ... ycand(2,ncand)) 
c ymax=max(ylast,ylast2,ycand(2,1), ... ycand(2,ncand)) 
c 

xx( 1 )=xlast 
xx(2)=xlast2 
yy( 1 )=ylast 
yy(2)c:ylast2 
nsrt=ncand+2 
do 49 j=3,nsrt 
xx(j)=xcand(2,j-2) 
yy(j)=ycand(2,j-2) 

49 continue 

c 

call sortsh(xx.nsrt,idummy) 
call sortsh(yy ,nsrt,idummy) 
xmin=xx(l) 
xmax=xx(nsrt) 
ymin=yy(l) 
ymax=yy(nsrt) 

c now integerize xlast,ylast,xlast2,ylast2, 
c xcand(2,1),ycand(2,1), .... xcand(2,ncand),ycand(2,ncand) 

if (xmax.eq.xmin) then 
ixO=OOQO 
ixl=OOOO 

else 
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ixO=OOOO+9999*(xlast-xmin)/(xmax-xmin)+.5 
ixl=OOOO+9999*(xlast2-xmin)/(xmax-xmin)+.5 

endif 

if (ymax.eq.ymin) then 
iyO=OOOO 
iyl=OOOO 

else 
iyO=OOOO+9999*(ylast-ymin)/(ymaxG ymin)+.5 
iyl=OOOO+9999*(ylast2-ymin)/(ymax-ymin)+.5 

endif 

ixyO=I0000*ixO+iyO 
ixy( 1 )=lOOOO*ixl +iy 1 

do 41 jj=2,ncand+l 

if (xmax.eq.xmin) then 
ix=OOOO 

else 
ix=OOOO+9999 li11 (xcand(2,jj-l)-xmin)/(xmax-xmin)+.5 

endif 

if (ymax.eq.ymin) then 
iy=OOOO 

else 
iy=OOOO+9999*(ycand(2,jj-l)-ymin)/(ymax-ymin)+.5 

endif 

ixy(jj)=lOOOO*ix+iy 

41 continue 

write(6,64) ixyO,ncand 
64 format(3x, 'ixyO=' ,i8, 'ncand=' ,iIO) 

do 66 j=l,ncand+l 
write(6,69) j,ixy(j) 

69 format(3x,'j=',i3,'ixy of j=',i8) 
66 continue 

c now call cloc k ... 
call clock(icc ,ncand+ 1,ixyO,ixy ,iptr,ierr) 
do 99 k=l,ncand+l 
write(6,lOl) k,iptr(k) 

101 format(3x,'k=',i3,'iptr of k=',i5) 
99 continue 

write(6,102) ierr 
102 format(3x,'ierr=',ilO) 

ichoice=iptr(2}-1 
return 
end 
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, 
'1:, . 

MAPEDIT .INC 

DIMENSION LDES(20),XYLIM(4),LCOS(23,lO),PTS(2,8000) 
COMMON/LIMITS/LIMDES,LIMCOS,LIMPTS,NDESL,NCOSL,NPTSL 
COMMON/GLOBAL/GXY(4),NPOL Y,NPIN,NPOUT,IFILE,JFILE 

.,MAPIN,MAPOUT,NDXFILE,MAPFILE,INFILE 

.,KPROJ,MAXPTS,NKEY 
COMMON/CHARVAR/GEOKEY(20) 
CHARACTER*20 GEOKEY 

C LIMDES=13 
COMMON/GEOCODE/NGEO,OMITGEO,LGEO(13,4000) 
COMMON/INSETS/SXY(4,lO) 
COMMO N /FILES /MAPINAME( 63) 
BYTE MAPINAME 
COMMONfVM/KEYVM,NDXVM(2,4000),VM(400000) 
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