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Transient Convective Diffusion to a Disk Electrode 

Kemal Nisancioglu and John Newman 

Inorganic Materials Research Division, 
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Department of Chemical Engineering; 
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ABSTRACT 

LBL.:.l881 

Mass transfer to a ro"!=ating disk electrode is calculated at large 

times after a concentration step or a flux step at the surface. Radial 

dependence of concentration is ignored. Further application of results 

to treat more complex boundary conditions is discussed. 

Key Words: Concentration step, fltix step, boundary-value problem, 

time constant 
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Introduction 

Nonsteady~state methods are commonly employed in electrochemistry 

for the study of electrode kinetics and mass transfer in electrolytic 

solutions. The transient behavior of an electrochemical system is 

determined by a niililber of processes of varying complexity, which may 

occur concurrently at the electrode surface arid the bulk solution. To 

1 name a few, these processes include convective diffusion and the 

capacitive discharge of the electric double layer'due to a faradaic 

reaction and/or transfer of charge through the bulk solution in the 

presence of a nonuniform electric field. 2 ' 3 

The fundamental treatment of transient diffusion at electrode 

surfaces has been of interest since the classical study of the problem 

early in the century by Roseburgh and Lash-Miller. 4 The rotating 

disk electrode has become popular for convective diffusion problems 

because previous applications of this geometry have been quite fruitful 

ln the assessment of its hydrodynamic conditions, 5 ' 6 mass transfer 

7 8 characteristics, ' and the current distribution in presence of an 

9 10 electric field and complex electrode kinetics. ' LevichB,ll has 

solved for the first time the transient diffusion equation for the 

disk geometry. Since convection is ignored in that treatment, the 

results are valid only for very short times. · Subsequent.analytic 

efforts12 ,13 with the consideration of axial convection are also 

limited to small time intervals due to approximate methods of analysis;. 

Fairly accurate numerical solutions are available for response to 

.. :., ·' ... ,,· 
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1 14 15 flu."'!: step and concentration step ' at the surface. However, 

analytic ·results are alw·ays more desirable for design calculations, 

determination of relaxation times, and investigation of complex 

boundary conditions involving electrode kinetics and capacitive effects. 

Krylov and Babak16 have recently attempted an exact solution of 

the axial convective-diffusion equation by a classicalperturbation 

expansion technique. They have reported results for the concentration 

step and flux step conditions. 
. 15 

Selman derived independently the 

same solution for the concentration step.· These results provide 

considerable improvements over the previous analytic work but are 

still confined to relatively short times if a reasonable number of 

terms are to be retained in the series expansion. The purpose of 

this paper is to contribute to the past effort by presenting an 

. alternative treatment for large times, so that the results can be 

employed interchangeably with the short-time series of Krylov and 

·Babak within their ranges of applicability. 

In treating .problems of ·this kind, it is commonly assumed that · 

the concentration variations in the solution are confined to a thin 

region near the electrode surface (high PeclE~t numbers). Consequently, 

5-9 the axial velocity component can be approximated by 

(1) 

where a == 0.51023, y is the axial distance from the electrode surface, 

n is the angular rotation speed, and v is the kinematic viscosity. 

It is further assumed that the disk is uniformly accessible, and thus 
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radia·l convection can be ignored. One should realize, however, that 

the latter assumption is introducedmereiy as a mathematical convenience. 

It is well accepted by now that radial convection becomes significant 

bela~ the limiting current. 9 The experimental data of Nanis and Klein17 

s~em to indicate that. this assumption may lead to appreciable error 

especially during the transient build-up of overpotential after a step 

increase in the current. 

Theoretical Formulation 

Without the radial t~rms, the transient equat·ion for convective 

diffusion reads 

dC 
v- = Y ay 

We introduce the dimensionless variables 

or 

D 1/.3 . a 2/3 
e = n <v> c3> t , 

av 1/3 _{Ifvn 
r; = .y (3D) 1 v ' . 

0 = 

0= 

c -c 
00 

c -c 
00 

(Clc/dr;) r;=O 

(concentration step) , 

(flux step) 

. . .. ~ 

(2) 

(3) 

(4) 

(5) 

(6) 
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Equation 2 thus becomes 

a0 
= as (7) 

Consider the build-up case after a step increase in the concen-

tratiori or flux. The boundary conditions are 

0 = 0 as : ::} ., (8) 
0.= 0 at 

0 = 1 at r; = 0, e.> o ( concentra don step), (9) 

or 

a01ar; = -1 at r; = o, a > o (flux step) •. (10) 

It i:s possible t:o·express 0 in terms.of a steadr-state and a transient 

part, 

t a= 0ss - 0 (build-up) ' 

-;:;o- ·that each part satisfies equation 7 separately.- The bounda-ry:.· .· 

d . . f . ass ·con 1t1ons or - are 

ass -· 0 

ass = 1 

or 
aasstar; = 

These yield the solutions 

1 

r <4> 
3 

as 

at 

-1 at 

f r; 

r;+oo 

r; = 0 (concentration step),} 
r; = 0 (flux step) 

3 -x e dx (concentration step), 

(11) 

(12) 

(13) 

(14) 
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3 
e-x dx (flux step)· (15) 

where the integral can be found as a tabulated function of r,;.
18 The 

transient part of concentration satisfies the conditions 

at == 0 as z;; +~} 
t ass ' 

'(16) 
a = at a = 0. 

at r,; = 0, a > 0 (concentration step)'· (17) 

aat l'CJ"C· = 0 at r,; = .o, a > 0 (flux step) (18) 

The calculation of transient overpotential decay after a step 

. . 17-
decrease in the surface concentration or .flux may als() be of interest. · 

Hm.rever, it· is straightforward to show that-

(decay). 

an:d therefore a separat'e formulation is not necessary contrary to 

the analysis given by Nanis and Klein. 17 

' t 
The solution to 0 can be derived conveniently in terms of a 

(19) 

boundary-value problem since equation 7 is separable, and the conditions 

16 to 18 are homogeneous in the /',;-coordinate. Let us express at in 

the form 
00 

=L 
n=O 

-A._a 
B Z (r,;) e·· n 

n n 

..... , 

' 
(20) 



~.Nhere Z is ·an eige11function, and A is the eigenvalue associated 
n n 

with it. Substitution into equation 7 and conditions 16 to 18 yields 

the Sturm-Liouville system 

or 

Z " + 3z;; 2z 
1 

+ A Z = 0 , · n n n n 

Z (00) = 0 , 
n 

z (0) = 0 ' n 

' 

1 . 

z (0) = 1 
n 

z . (0) = 0 ' .. z (0) = 1 
n n 

(concentration step), 

(fiux step) • 

This system has been solv~d here numerically by a method commonly 

19-21 _employed .;i.n. this laboratoey,. .. The. coeffi.cie~~:ts B a~e _given by . . .n .. . . 

(2l). 

B = 
n ' 

(22) . 

nnd t~ere evaluated by. numerical integration. 
. . ... · 

Table 1 lists t:he eigenvalues and the coefficients B after they 
n 

have been extrapolated to zero mesh.size. The first three eigen-

functions are plotted in figures 1 and 2 for concentration step and 

flux step, respectively. The results are compared with the short 

time series of Krylov and Babak in figures 3 and 4. The two series 

match quite well over a certain range of a for each case even though 

only three terms were used of each series to plot these figures. 

Agreement with previous numerical calculations1 ,l4 ,15 is also quite 

satisfactory. 

.. 
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Table 1. The, first ten. eigenvalues and the related coefficients B of n. 

the eigenfunctions. 

concentration step flux step 

.n A B A B 
n n n n 

0 . 7. il.644439 1.12818046. 2.58078493 0.663516066 

1 18.~596045 0.90505798 12.3Q99l28' 0. 081564022 . 

2 31.1962389 i;. .. 0.7907692 24.4331401 0.034457046 

3 45.7926549 0.718387 38. 3054830 . 0.01962199 

4 61.6691473 0.666834 53.5740271 0.0128965 
v ••• .·"·'· .. ·. ·. 

5 78.6461928 0.627481 70.0220380 0.0092267 

6 96.596683~ 0.596032 87.5010784 0.0069829 ... 

7 115.424957 0.570071 105.902059· 0.0055048 

8 135.05591 0.548117 125 ~·140833 . 0.0044645 

9 155.42872 0.52920 
.. 

. 145.15016 0 •. 0037089 
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. Figure 1. The first three eigenfunctions for the 

. concentration-step case~ 
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Figure 2. ·The first three eigenfunctions for the 

flux-step case. 
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Figure 3. Comparison of the short-time and the long-time series for a concentration step. 
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Figure 4. Comparison of the short-time and long-time series 

for a flux step. 
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·Application of the· superp~sit_ion integra·! makes 'possible· the 

treatment of more complex boundary conditions: . 

or equivalently, 

c-c = · [c (0)-c ] 0 (8,l;) 
. oo ·o oo c 

.+ 
de 

0 

d8 a (8-8' l;)de' , 
8=8'' . c .. ··. , . 

t 
0 

(23) 

.·. (24) 

where the subscript b denotes conditions at the electrode surface, and 

0 . and 0 represent the concentration-step'and the flux-step solutions, 
c f 

·respectively. Differentiation of equation 23 yi~lds an explicit 

expression for the flux at the surface, 

{·· ac ae 
+ 0 c d8' (25) aa ~ 8=8-8' l;=O ·0 8=8-8' 

whiCh may prove more useful for certain calculations. 

.· .. · 



'., • ' ,;) ,,~ ·' :: • ~ i ~,.), 1,) 
·, •: ,, 

i,j "'-f ·~io ~.. .. .f .; I ' 

-13-

Discussion and Conclusions 

The results enable the assessment of tiule constants, 

T (26) 

·for build-up or decay of a concentration gradient after a step change 
. ' 

in the surface concentration or flux. For a concentration step, 

K = 0. 45142, and for a flux step, K = 1. 2623 ~ These results iare 

accurate insofar as the radial dependence of concentration can be 

14 .. ' 
ignored, such asin heat-transfer studies and mass transfer in 

nonelectrolytes. In electrolytic mass transfer, equation 26 is 

sufficient for making estimates, but correction for nonuniform current 

di~tribution.is probably necessary for more accurate calculations. 

A complete analysis of the convective diffusion equation with radial 

dependence appears to be very complicated and.rather demanding in 

numerical effort. -Howeve:r; an. as:YmPtotic calculation for large times. 

be tractable to determine the necessary time constants. 22 
lilT{ 

. Double-layer effects may become important in transient electrode 

2 3 . . . . 23 24 
processes. ' . Delahay and coworkers ' have discussed how to· treat 

the conditions at an electrode surface in the presence of mass 

transfer, faradaic reaction, and double-layer charging. Equations 23 

to 25 can be applied conveniently to treat these effects. In many 

cases, one can express the flux as a function of the surface concentra-. 

tion, so that a numerical solution of.the integral equation 24 or 25 

is necessary. 22 The capacitive effect of the double layer has been 
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investigated in a. SDlution :t.;ith single reactant .and excess supporting 
·. _.·· 22 

electrolyte and was found to be negligible in situations where the 

transient process is masr:; transfer controlled.17 These integral 

equations can also be used in a straightforward manner to calculate 

the potential. in current-controlled applications, or~ ·Vice versa, 

the· current in potentiostatic cases·. · 

Acknowledgment · ·· 
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Nomenclature 

.. 
a .0.51023 

B c.oefficients in se.ries for 0t 
n 

. 3 
c concentration, mole/em 

D diffusion coefficient, cm
2
/sec 

K (1/~ ) (3/ a) Z/3, constant defined in equation 26 . o. . 

S c · v /D, S chmid't number 

t time, s.ec 

v axial yelocity, em/sec 
y 

y axial distance from disk, em 

. z .eigenf,unctions in series for et 
n 

.A eigenvalues in series for et 
n 

V kinematic viscosity, cm2/sec 

S?. angular rotation speed, radians/sec 

T.. characteristic time constant;, .sec 

0 dimensionless time 

e. ,dimensionless concentration 

Z: dimensionless axial distanc~ from disk 

Suffixes: 

c concentration step 

f flux step 

0 evaluated at the electrode surface 

ss steady state part 

t transient part 

00 evaluated far away from the disk 
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