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ABSTRACT OF THE DISSERTATION

Euler Equations on 2D Singular Domains

by

Zonglin Han
Doctor of Philosophy in Mathematics

University of California San Diego, 2023

Professor Andrej Zlatos, Chair

The Euler equations are a fundamental yet celebrated set of mathematical equations
that describe the motions of inviscid, incompressible fluid on planar domains. They play a
critical role in various fields of study including fluid dynamics, aerodynamics, hydrodynamics
and so on. Though it was first written out in 1755, there are still many open questions
regarding to this rich system, including some fundamental questions of Euler equations on
singular domains. Unlike existence of weak solutions that were proven on considerably
general domains, uniqueness of such solutions are still quite open on singular domains, even
on convex domains. In this thesis, we will show uniqueness of weak solutions on singular

domains given two different assumptions of initial vorticity wy € L°°:

1. wp is constant near the boundary.

viil



2. wy is constant near the boundary and has a sign (non-positive or non-negative).

Under the first assumption, the previous best uniqueness results can only be applied
to C'H! domains except at finitely many corners with interior angles less than 7. Here, we will
extend the result to fairly general singular domains which are only slightly more restrictive
than the exclusion of corners with angles larger than 7, thus including all convex domains.
We derive this by showing that the Euler particle trajectories cannot reach the boundary in
finite time and hence the vorticity cannot be created by the boundary. We will also show
that if the given geometric condition is not satisfied, then we can construct a domain and a
bounded initial vorticity such that some particle could reach the boundary in finite time.

Under the second assumption with the sign condition, the previous best uniqueness
result can only be applied to C*! domains with finitely many corners with interior angels
larger than 7. Here, we will extend the result to a class of general singular open bounded
simply connected domains, which can be possibly nowhere C' and there are no restrictions

on the size of each angle.
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Chapter 1

Introduction

Euler equations model the flow of an inviscid, incompressible fluid with constant
density. Mathematically, for any open domain 0 C R as well as positive time ¢ > 0, these

motions are modeled by

Ou+ (u-V)u = —Vp, (1.1)

V-u=0, (1.2)

with u the fluid velocity and p its pressure. We also endow the domains with impermeable

boundaries, as well as the no-flow (or slip) boundary condition, which is
u-n=>0 (1.3)

on RT x 09, with n the unit outer normal to €. In this thesis, we will focus on planar
spatial domains (d = 2), on which the Euler equations can be reformulated as the active
scalar equation (vorticity form):

Ow—+u-Vw=0 (1.4)



on Rt x Q C Rt x R?, with
w:=V Xu=0,uy — Op,uy

be the vorticity of the flow. This conveniently removes the pressure from the system, and
one can now also find the (divergence-free) velocity from the vorticity via the Biot-Savart

law

u=V+A~lw, (1.5)

with A the Dirichlet Laplacian on  and V) 1= (=0,,1, 0,,9).

This system was widely studied since 1755 when Euler first formulated it. Well-
posedness is also known on smooth domains but is still open on more singular ones. The
focus of this thesis is to show uniqueness of weak solutions on fairly large class of singular
domains. In this chapter, we first briefly review previous existence and uniqueness results on
domains with different kinds of singular boundaries. Then, we will introduce some definitions
and tools from complex analysis. Lastly we will show existence and uniqueness of solutions
on smooth domains, as well as existence of weak solutions on open bounded simply connected

domains.

1.1 Previous Existence and Uniqueness Results

Well-posedness of the equations (1.1)-(1.2) has been the focus of many works for many
decades. In 1933, Wolibner [32] and Hélder [12] showed global well-posedness for strong
solutions on bounded domains with smooth boundaries. After that, due to the property
of L* norm of wy in the equation (1.4), Yudovich proved global well-posedness for weak
solutions with wy € L>*(Q), and we say such solutions are in the Yudovich class (see also
[1, 21, 23, 28]). Existence of global weak solutions can also be proved for wy € LP(2) (see

[7]). However, all these results rely on the fact that the boundary of the domain 2 belongs



to CH1 or better.

For more singular domains, global existence of weak solutions has been shown to hold
on convex domains by Taylor for wy € LP(Q2) [27]. Then Gérard-Varet and Lacave improved
the result to a class of very general domains including all open bounded simply connected
domains [9, 10]. We will prove existence of weak solutions in the Yudovich class on open
bounded simply connected domains later in this section by following the idea from [9]. On
the other hand, there are fewer results for uniqueness of solutions on domains with less
regular boundaries. Most uniqueness results require the velocity to be close to Lipschitz,
and sufficient smoothness of 92 is typically needed to obtain a priori estimates on the Riesz

transform VV+A~'w = Vu. For example, Yudovich used Calderén-Zygmund inequalities
IVu(t,)||r < Cpllw(, )| e,

with some uniform C for all p € [2,00), and the log-Lipschitz estimate

p lut.2) —ult.z)

< Cllw(t, )z 1.
z,yeQ |x—y|max{1,—1n|x_y|} CHW( ) )HL ( 6)

(see, e.g., [23]). We will also prove the log-Lipschitz estimate for velocity on smooth domains
later in this chapter.

Nevertheless, on less regular domains these estimates no longer hold. Jerison and
Kenig showed that Vu may not even be integrable on some C! domains [13]. Uniqueness
results on non-CY!' domains are only proved on piecewise C'' domains with possibly finitely
many acute corners. Bardos, Di Plinio, and Temam [2] first showed it on rectangles, and
then Lacave, Miot, and Wang [18] showed the uniqueness result on domains which are C?*7,
with v > 0, except at finitely many acute corners. Later Di Plinio and Temam [6] further
improved the results to domains that are O except at finitely many acute corners.

On general piecewise C1'' domains, the velocity is not close to Lipschitz near the

us

corners with angles greater than Z even for initially smooth w. Nevertheless Lacave and

o



Zlatos ([16],[19]) recently showed the uniqueness of weak solutions on piecewise C''"' domains
with finitely many corners with possibly non-acute angles by adding further assumptions on
initial vorticity. The key idea here is to establish uniqueness for solutions remaining forever
constant near 02 where the velocity is not close to Lipschitz. For smooth domains, any
particle trajectory starting from inside of the domain €2 cannot reach 952 in finite time since
the particle cannot reach the boundary faster than double-exponentially, which also implies
that the solution will remain constant near the boundary in time if it is initially. It turns
out that this extends to piecewise C'! domains with finite obtuse or reflex angles, which
Lacave ([16]) showed when also wy is non-negative (or non-positive) besides being constant
near 0f). In this setting, the weak solution is unique and will remain constant near the
boundary. Later on, Lacave and Zlatos ([19]) showed the same result for 9Q being C!
except at finitely many corners with angles less than 7 and without the sign condition on wy.
For both papers, the Euler particle trajectories cannot approach the boundary faster than
double-exponentially and will remain inside € for all ¢ > 0. Moreover, for the latter one, the
authors also constructed a counter example showing that the particle trajectories can reach
the boundary in finite time even if 0f) is smooth except at a single corner with an arbitrary
angle from (7, 27). However, it still remains open whether non-Lagrangian solutions exist
or not on these or other singular domains. Based on the results of [16] and [19], it is natural

to ask the following questions:

1. Without the sign condition on wy, can we prove uniqueness of weak solutions on convex

domains, or on even more general domains with no angles larger than 77

2. With the sign condition on wy, can we prove uniqueness of weak solutions on domains

with corners with arbitrary angles from (0, 27)?

In this thesis, we will provide positive answers for both questions.



1.2 Trajectory Approach and Well-posedness on Smooth
Domains

We consider solutions to the Euler equations on {2 from the Yudowvich class
{(w,u) € L ((0,00); L>=(Q) x L*()) | w = V x u, and (1.2)~(1.3) hold weakly} ,
where the weak form of (1.2)—(1.3) is
/Qu(t, )-Vhdz =0  Yhe€ H} (Q) with Vh € L*(Q), (1.7)

for almost all ¢ > 0 (see [9, 10]). w and w are equivalently related by the Biot-Savart law

(1.5), which can be expressed as

ult, z) = / Koz, y)w(t,y)dy (18)

where Kq = Vi_GQ and Gq(z,y) is the Green’s function for the Dirichlet Laplacian on
domain 2. Since wu is uniquely determined by w, we will simply say that w is from the
Yudovich class. We say that w from the Yudovich class is a weak solution to the Euler

equations on €2, on time interval (0,7") and with initial condition wy € L>(€2), if

/T/ w (0o +u- Vo) dedt = —/wogo(o, Jdr Yo e O ([0,T) x Q). (1.9)
0o Jo Q

This is obviously the definition of weak solutions to the transport equation (1.4), but it is
also equivalent to the relevant weak velocity formulation of the Euler equations on  (see
[10, Remark 1.2]). When T' = oo, we call such solutions global.

Another way to characterize the system is to consider the particle trajectories X7 .



For any divergence free velocity field u(t, x), we define the particle trajectory X7 as

d
EXf = u(t, X}) and Xy ==, (1.10)

on an interval (0,¢,) such that
t, :==sup{t > 0| X7 € Q for all s € (0,%)}. (1.11)

Here if the particle starting at = € 2 reaches the boundary in finite time, then ¢, is the
first such time. Notice that since (1.4) is a transport equation, it is also natural to consider

whether the general weak solution is transported by u. In other words, we want to see if
w(t, X}) = wo(x), (1.12)

for a.e. t € (0,00) and a.e. x € € such that ¢, > t. This will be shown to be true for general
open domains in Chapter 2 (Lemma 2.3.1), but that does not a priori exclude the possibility
of vorticity creation and depletion on 02 unless ¢, = oo for a.e. z € Q (then V- u = 0 shows
that |Q\ {X] |z € Q and ¢, > t}| = 0). If both these properties hold, so that w(t,-) is the
push-forward of wy via X[ for each t € (0, 00), we call such w a Lagrangian solution.

For the classical approach, in order to make the trajectories well-defined, we require
the velocity to be at least log-Lipschitz in space. In fact, assuming wy € L will ensure
this level of regularity of v on smooth domains. Furthermore, we can derive at most double-
exponential approach rate for the trajectories, uniqueness of weak solutions, as well as that
the vorticity is transported by the velocity. This approach uses the estimates on the Dirichlet
Green’s function and its derivatives. We will present the outline of the proof for log-Lipschitz
property of velocity on smooth domains from Chapter 2 in [23], and we will prove it using
this idea and complex analysis in later sections. First we need to state some estimates on

the Dirichlet Green’s function on smooth domains:



Proposition 1.2.1. Let Q C R? be a domain with smooth boundary, then the Dirichlet

Green’s function Go(x,y), with x # vy, can be written as
1
where h(z,y) is a harmonic function such that for each y € Q, we have
1
Azh =001, hleon = ~5- log |z — y. (1.14)
™

Moreover we have that Go(x,y) is symmetric z,y € Q0 and equals zero if either x or y is on
0f). Lastly there exists a constant C' depending only on €2 such that the following estimates

on Ggq and its derivatives hold:

Ga(2,y)| < C(|log|z —yl| + 1) (1.15)
VGolz,y)| < C— (1.16)
MEIT= My '
1
2
<(C——— .

We will skip the proof for these classical estimates, and now we are ready to show

log-Lipschitz continuity of u when wy € L. Define

r(l—logr) if0<r<1
¢(r) = (1.18)
1 ifr>1

Theorem 1.2.2. If Q C R? is a domain with smooth boundary, w € L>([0,00) x Q) and u
is generated by w via (1.8), then there exists a C' > 0 which depends only on 2 such that for

any x,x' € Q andt > 0, we have

Ju(t, z) — u(t,2')| < Cllwl|z~d(|lx — 2']) (1.19)



The idea from [23] is that by using the property of wy € L and (1.16), it is enough

to show that

/Q Ka(z,y) — Ka(',y)ldy < Co(lz — o)), (1.20)

where r = | — 2’| < 1. The integration is divided into two parts by defining A = {y €
Qllr—yl <2r}, 44 = ANnQ and Ay = A°N Q. The integration over A; is bounded by
Cqr using the triangle inequality and (1.16). The integration over Ay uses the Mean Value
Theorem and observing that for any point z” on the segment connecting x and z’, we have
2" —y| > S|z —y| for all y € Q. Then using (1.17) and a direct computation yield the result.
However, here we assumed that the line segment connecting x and 2’ is totally contained in
Q2. This can be fixed by using a curve, whose length is less than C’'|x — 2’| and C” doesn’t
depend on the points because of the smoothness of the boundary. Instead of showing this
with more detail, we will prove it in the next section using the Riemann Mapping.

Now we want to show existence and uniqueness of solutions on smooth domains. In
fact we will actually show existence and uniqueness of solutions to the following system,

which is Lagrangian formulation of the Fuler equations:

dxy . 0 _
SE=u(tXP), X) = (1.21)
w(x,t) = wo((Xf)_l) (1.22)
ult, z) = / Koz, y)w(t,y)dy (1.23)

Theorem 1.2.3. If Q) is smooth and wy € L>(S2), then there exists a unique triple (w,u,X})

satisfying (1.21),(1.22) and (1.23).

Before proving this theorem, we first need to state an ODE result that guarantees

global existence and uniqueness of the Cauchy problem for log-Lipschitz functions:



Lemma 1.2.4. Let Q C R? be a bounded smooth domain. Assume that the velocity field

b(t,x) satisfies

be L2(0,00) x Q). [b(t,z) — blt, y)| < Co(la — y)), blt,z) - nlon =0, ¥t >0, Yo,y € Q
(1.24)

where ¢ is defined in (1.18) and n is the unit normal to O at point x. Then the problem

dz
— = bt 2), 2(0) = o (1.25)

has a unique global solution Yy € Q). Moreover, if xy € €, then x(t) € Q for all t > 0.

The proof of this ODE result will be skipped here but could be find in [21]. Now we

would like to show Holder continuity on the trajectories generated by log-Lipschitz velocities.

Lemma 1.2.5. Suppose Q C R? is a smooth bounded domain, and assume that XF is
generated by a log-Lipschitz vector field b(x,t) satisfying the assumptions of Lemma 1.2.4.

Then for every xz,y € Q and t > 0 with |z — y|,| X7 — X}| < 1, we have

eCt z efc’t
lz—yl* <[XT - XY <]z —y|® ", (1.26)

where C' only depends on the constant C from the (1.19).

Proof. For any fixed x,y € Q, let F(t) = | X — X/|. Then we have

Ly

= =2(X7 — XV) - (b(t, XF) — b(t, X7))]

< 20F(t)(F(1)),

which yields (notice that F'(t) < %)



and this leads to

e“log F(0) < log F(t) < e “log F(0).
Taking the exponential and using the definition of F'(¢) finishes the proof. O

Note that the same inequality could be applied to (X7¥)~!'. Lastly before proving
Theorem 1.2.3, we need to prove the measure preserving property of trajectories generated

by log-Lipschitz velocities. If the velocity u is smooth, let X (¢,z) := X7 be the trajectories

generated by u. The Jacobian of x — X (t,x) is J(t,z) = det(%@)i’jzl’g, where X (¢, )

. . . . . . dJ
is the i-th coordinate of X (¢, 7). The measure preserving property is equivalent to % = 0

— aXz(tvw)

since J(0,2) = 1. Define the matrix H as Hy;(t,r) = ===, and we have

(1.27)

Let A be any 2 x 2 matrix, and the minors {M;;} of A are just {As_;3_;}. Hence we have
2
det A = Z(—l)i+jA3—i,3—in]’a
j=1

and

det A = (—1)i+jA3_i,3_j.

0Aij

Combining these we have

d 2 " dA;;
%(det A) = Z(—l)lJrjAg,l’g,jWJ (128)

ij=1
Moreover, recall that we can write the elements of A™! as

1
(A7) det A

(_ 1>i+jA3—j,3—iv

10



which gives us

[\

Z(—l)iJrjAg,i’;g,jAkj = 61]@ det A (129)

J=1

where d;, = 1 if i = k and 0 otherwise. Apply (1.27), (1.28) and (1.29) to A = H gives us

dJ 2 ; ou;
%:Z( >+]A3z3ydt is) ngJ%—JVu)—O
j

ivj 1 7‘]_
This shows the measure preserving property for trajectory generated by smooth velocity.

Now we will show this property for trajectories generated by log-Lipschitz velocities.

Lemma 1.2.6. Let Q C R? be a bounded smooth domain and b(t,z) satisfy 1.2.4 and be
divergence free in distributional sense. Then the flow map X (t,x) generated by b is measure

preserving on §2.

Proof. From Lemma 1.2.4 and Lemma 1.2.5, we see that X (¢,x) is bijective and Holder
continuous, hence it suffices to show X is measure preserving on any open ball inside 2. Let
R C Q be an open ball and let T > 0. By Lemma 1.2.4, there exists a d > 0 such that

dist(0Q, X (¢, R)) > d for all 0 < ¢ < T. Now for any § < £, define
Rs :={x € Q| dist(z, R) < §} C Q.

Let n(z) € C3°(R?) be non-negative with n(z) = 0 for # ¢ D and [, n(z) = 1, as
well as we let ne(z) = Sn(%£). Then for any € < %, we define the smooth divergence free
function b = b * 7. such that the flow map X (¢, ) generated by b.. Since b is log-Lipschitz
and [b(t, x) = be(t, )| < [ga [b(t, 2) = b(t,y)In(*)dy < é(e), we have

| X (t,2) — X (t,2)| < /o |b(s, X (s,2)) — b(s, Xe(s,2))| + |b(s, Xe(s, 7)) — be(s, Xc(s,x))|ds

<o/ (X (5,2) — X(s, )} + o).

11



Now for 0 <t < T, let ¢g(t) be a function such that g(0) = 0 and satisfying
g'(t) = C(é(g(t) + 8(e)),
and let h(t) be such that h(0) = C¢(e)T and solving
h'(t) = Co(h(t)).

Then we get |X(t,z) — X (t,z)| < g(t) < h(t), and if we choose € small enough to make

h(t) <1 for all t € [0, 7], we see that
h(t) = h(0)*PY exp(1 — exp(—C't)).

This and ¢(e) < €% for € < 1 implies that if we let fr := M > 0, then we have (for €

small enough such that CTe%® < 1)
exp(—Ct)
| X (t,2) — X(t,2)] < (C’Tqﬁ(e)) exp(1 — exp(—Ct)) < Cper, (1.30)

which also ensures that when we choose € small enough with Cpe’r < g so that X (¢, z) will
not exit  up to time T for all x € Rs, hence the above arguments make sense. Now let
f € C§°(Rs) such that ||V f|[,~ < C'; and f(z) = 1 for € R. By the definition of f and
the measure preserving property of X, (since it is generated by a smooth velocity), we have

forall 0 <t <T,
I X '(t,R)| = /Q 1r(X(t,x))dz < /Qf(X(t,x))dx < /Q Lg,(X(t,x))dx = |X_1(t,R5)|,

(1.31)
Rl = |X, (1, B)| < / F(X(t, 2))dz < | X7 (t, Ry)| = |Ry (1.32)

12



and

1
| [ 5K ~ FO )] < |V HlluxIQ]sup  |X(t0) = X,(t,0)] < Crage’r
Q 2€R;,0<t<T

(1.33)

Hence by taking € < 9 %, letting 0 to 0, and using the last three inequalities will give

us | X1(¢t, R)| < |R|. A similar argument for X (¢, R) gives us |X (¢, R)| < |R|. Combining
these two inequalities and the fact that X (¢, ) is injective on R, we have | X ~'(t, R)| = |R| =
| X (t, R)| for all open balls R C €2, hence it is also true for all open sets R C €2, which implies

that the flow map is measure preserving. O
Now we are ready to prove existence and uniqueness of solutions on smooth domains.

Proof of Theorem 1.2.3. Given a bounded initial vorticity wy, we define an iterative sequence

of approximations as

w(t.a) = [ Kol L)y (1.34)
d
EX”(t,x) =u"(t, X"(t,x)), (1.35)
W't x) = wo((X™)"Ht, ) (1.36)
Notice that these are well-defined because of Lemma 1.2.4 and ||w"(t)||z~ = ||wo||r=. More-

over Lemma 1.2.5 implies that all X™(¢,z) are also Holder continuous and the constant C
in Lemma 1.2.5 is uniform for all n (but depends on © and ||wp||r=). This implies that for

every T' > 0, we have

X" (t, M car (o,m1x0) < Cr (1.37)

for some ap, Cr > 0 and independent of n. The Arzela-Ascoli Theorem implies (by taking
a subsequence, but we will keep using the same index for simplicity of the notations) that
X" (t,r) convergences uniformly to a function X (t,z) € C*7([0,T] x ), which also implies
X(t,z) € Q for all x,t. By the Dominated Convergence Theorem, uniform convergence and

measure preserving lemma 1.2.6, X (¢,-) is then also measure preserving for all ¢ > 0.
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To show it is surjective, fix 0 <t < T,y € Q and d = w. Choose 3, € B(y,d)

such that X (¢,x1) = y; with z; € €, which is possible by the measure preserving property.

d_’)exp(*Ct)

m2n?

Now let d' = w. For each n > 1, we choose y, such that |y — y,| < (
with C' from lemma 1.2.5, z,, € Q and X (¢, z,) = y,. This is possible again by the measure
preserving property. We see that there exists a subsequence of x, such that it converges
to x € Q (by the first inequality in Lemma 1.2.5) and the continuity of X(¢,-) implies
X(t,x) = y. Hence X(t, ) is a bijection on  and its inverse X (¢, z) is well defined,

measure preserving and satisfying Lemma 1.2.5. Thus we can define
w(t,r) = wo(X (¢, 7)), (1.38)

u(t, x) :/QKQ(:U,y)w(t,y)dy. (1.39)

If we can prove uniform convergence of u,, — w on [0, 7] x Q, we will conclude the existence
claim. Define y?'(z) = X" (t, X~!(¢, 2)) for z € Q, which is measure preserving. Given € > 0,
choose N such that if n > N, we have | X" (t,z) — X(¢t,z)| < ¢ for all (¢t,z) € [0,T] x Q for
some 6 < 1 chosen later. Hence we have for all z € €, |y/*(2) — 2| < ¢ for such n for all

0 <t <T. By the measure preserving property, we have for all x € €2,

u(t, ) —u"(t,z)| =

/Q <KQ($,X(t,Z)) - KQ($,X”(t,z))>w0(z)dZ

< llooll [ [Kale,2) ~ Koo, (2)]a:
Q

Now since 2 is smooth, then there exists a Cg > 0 such that every x,y € €2 can be joined

by a smooth curve with the length of curve [, , satisfying

ley < Calr — 9, (1.40)

14



if |z —y| < &= Then by (1.16) and triangle inequality

/ ‘KQ z,z) — Ko(x,yi (2 ‘dz < 20/ dz = 8nC(Cq + 1)0.
B(z,(Ca+1)5 B(x,2(Cq+1)d |93 — 2

For the integration over rest of Q, by (1.17), (1.40) and Mean Value Theorem we have

/ [Kar,2) — Ko,y (2)|dz < Cﬂa/ IV Koz, p(2))|d
B(z,(Cq+1)8)cNQ (z,(Ca+1)6)NQ2

1
< | N
Be(z,(Cq+1)8)NQ |z — p(2)]

1
< 05’26/ T—pdz
Be(z,6)NQ |z — 2|

1
< 510g(5)

where p(z) is some point on the curve connecting z and y;'(z) satisfying (1.40). Lastly, choose
6 < & small enough such that |u(t, z) — u"(t, )| doesn’t exceed e.
Q
The argument above shows uniform convergence of v on [0,7] x €2, and by taking

n — 0o in

t
X"(t,x) :a:+/ u™(s, X" (s, x))ds,
0

we have

X(t,x)==x +/O u(s, X (s,x))ds,

which concludes that the triple (w,u, X) satisfies (1.21)-(1.23).

Now if we get two such triples (w,u, X) and (w,@,Y’), define

’Q’/\th Y (t,x)|dx.
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By Theorem 1.2.2 and the measure preserving property of X,Y,Y ! in space, we have

X (t,2) — Y(t,2)| < /Ot ‘u(s, X(s,2) — uls, Y (s, x))ds + /Ot )u(s, Y(s,z) —als, Y (s, m)‘ds
< Cllanlo [ 6(1(6.2) = ¥ (s,
Fllllon [ [Faly .2 X05.00) = Kol (5.2, ¥ 5,00 |duds
= Cllenlo [ 6(1(s.2) = ¥ (s, )ds

+ [|wol| Lo /Ot/Q ’KQ(I,X(S,y)) — Kg(x,Y(s,y))‘dyds.

Applying the inequalities above and inequality (1.20) to D(t), we have

C t
D) < gl / / B(1X (5,2) — Y (s, 7)) dsdz
1

#agllalli [ [ [Kote, X(50) = Kate.¥ () |dadys
M t S, Tr) — S, T sax

< 2 [ X (00) = V(s s

< C@,llallu) | o(D())as.

Since D(0) = 0 and the inequalities above imply that D = 0 and hence the solution is

unique. ]

1.3 Riemann Mapping and Boundary Behavior

In this section we will present some complex analysis definitions and results which
will be useful later. A complete introduction and rigorous proofs of this material can be
found in [25] and we will skip the details here.

It is well known that for any open bounded simply connected domain 2 C R? = C,

there is a conformal bijection 7 : Q@ — D. We let S to be 7!, and by the Kelllogg-
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Warschawski Theorem, both can be extended to the boundary continuously. In fact, if the
domain is smooth, then all derivatives of 7 and S can also be extended to the boundary
continuously.

After using the Riemann mapping and the explicit form of Green’s function on the
disc, the singular part of the Green’s function on original domain ’transfers’ to the derivatives
of the Riemann mapping, for which we have a good representation formula stated later.
Hence by using this trick we may get more accurate estimates near the singular part of

the boundary. In particular, using the Biot-Savart Law and the Dirichlet Green’s function

Gp(§,2) = & In |£‘E;f‘|‘z| for D (with z* := z|2|7? and (a,b)* := (—b,a)), we have

_ L i T@)-Ty) T -Ty)r Lw
ut.0) = 507 [ (L - = ayp) “Gwds (b

Before stating the representation formula, we need to introduce several definitions.
Let Q C R? be any open bounded simply connected Lipschitz domain. For any 6§ € R, the

unit forward tangent vector to Q at S(e') € 99 is the unit vector

(1.42)

provided this limit exists. If it does for each # € R, and the limits lims 91 77 (¢) both
exist at each 6 € R, then the domain () is said to be regulated. In this case obviously

limg g+ U7 (¢) = U7 (F), while the argument of the complex number v (6) [limy_g— U7 ()]

equals 7 minus the interior angle of Q at S(e?). We then let

Br(0) = argvr(0), (1.43)

where arg is the argument of a complex number plus some integer multiple of 27. This

multiple is chosen so that 37(0) € [0,27) and B7(6) — limy_,_ Br(¢) € [—m, 7] for each
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0 € R, and if 2 has cusps, we do it so that this difference is 7 at exterior cusps (with interior
angle 0) and — at interior cusps (with interior angle 27). Of course, then this difference is
again 7 minus the interior angle of Q at S(e?). Since we only consider Lipschitz domains
here (i.e., without cusps), we will always have 37 (0) — limg .o Br(¢) € (—m, 7).

The above defines the right-continuous function 57 : R — R uniquely, and it satisfies
Br(0 + 27) = B7(0) + 27 for all § € R. We will see that whether Euler particle trajectories
for general bounded solutions w can reach 0} in finite time depends on how quickly is B
allowed to decrease locally (which happens when 77 turns clockwise), with no restrictions
on its increase. This will be quantified in terms of a modulus of continuity for one of two
components of 7, with the other component being an arbitrary non-decreasing function.
We will split 47 in Chapter 2.

We call a function

m : [0, 27] — [0, 00) (1.44)

with m(0) = 0 a modulus if it is continuous, non-decreasing, and satisfies m(a+b) < m(a) +
m(b) for any a,b € [0,27] with a +b < 27. If some f: R — R satisfies | f(6) — f(¢)] < m(r)
for all r € [0,27] and all 0, ¢ € R with |§ — ¢| < r, we say that f has modulus of continuity
m.

Now we are ready to state a key theorem (Theorem 3.15 in [25]) that gives a repre-

sentation of the derivative of the Riemann mapping in terms of S above:

Theorem 1.3.1. Let f map D conformally onto a requlated domain. Then for z € D, we

have

. 2 it
o /') = o | O] + 5= [ 57 (rte) - 3 (1.45)

et — z
where Br(t) is from (1.43).
Though not obvious, this is actually the generalized form of the Schwarz-Christoffel

formula. Lastly, in this section we will prove the log-Lipschitzness of the velocity u on smooth

domains, using the Riemann Mapping.
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Proof of Theorem 1.2.2. For any smooth domain €2, let 7 be a Riemann mapping from €2
to D and let S be its inverse. For z,2" € Q, let £ = T (x) and £ = T (2’). Because T, S are
uniform continuous (by Kellogg-Warschawski) implying that there exists C,C > 0 such that
Cle—¢|> |z —a'| > C|¢ — ¢ for all z, 2" € Q. Tt is enough to consider z, 2’ € Q such that
|z — 2’| < max{1,C}, hence r = | —¢'| < 1. By using the expression (1.41), change variables
by letting z = T (y), wo € L and Kellogg-Warschawski theorem for smooth domains (which
implies both DT, and DS are uniformly bounded on €2, D respectively, see [25] Chapter 3 ),

we obtain

ju(t, ) — u(t,«')| <—!DT !/!KD §,2) = Kn(¢, 2)l|w(t, S(2))| det DS(z)|d=
+—|DT( ) — DT (x |/\KD |w(t, S(2))|| det DS(2)|dz

<O(/\KD €.2) = Kn(€, 2)|d= + |DT(x) — DT (x ]/]KD \dz)

where C' depends on Q and ||wg||p~. We will estimate the two components separately.
For the second one, Kellogg-Warschawski theorem implies the uniform continuity of

DT, and (1.16) give us
IDT(@) = DT [ Kol 2)ld: < O

where C” depends on §2. The estimation of the first integration follows a standard approach.

Let A={zeD||z—-¢ <2r}, Ay =DnNA and A, = DN A°. By triangle inequality and
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(1.16), we have

M |KD(§7Z) - KD(€/a Z)|d2 < " |KD(£a 2)| + |KD(§/7Z)|dZ

1 1
SC’”/ + dz
A |z =z |2 =2

< 167C"r

For the integral over Ay, by the Mean Value Theorem and by (1.17), there exists £” € D,

lying on the line segment connecting ¢ and &', such that

Kolé.2) = Kol )z < v [ oo

1
< 21"/ Tpdz
D\B(¢&,r) £ — 2|

< 27r(1 — log(r))

Az

where the second inequality is because [£” — z| > %|§ — z| for all £” lying on the line segment
connecting ¢ and ¢. Combining all the above, and Cr > |z — /| > Cr for all , 2’ € Q with

r=|T(z) — T (2")|, we get the result. -

1.4 Existence of Weak Solutions on Open Bounded
Simply Connected Domains

In this section, we will prove existence of weak solutions satisfying (1.7) and (1.9) on
any general open bounded simply connected domain €2. The idea is to first construct smooth
approximations €, of  and smooth approximations w, (0, ) of the initial data w(0,-). By
Theorem 1.2.3 there are unique weak solutions (u,, w,) solving the (1.4)-(1.5) on €, for each
n. We would like to find some uniform bounds on u,, to show convergence of the sequence,

as well as to show that the limit will solve the Euler equations weakly on 2. Notice that in
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this section we will write the initial vorticity wp as w(0, ).

Theorem 1.4.1. If Q C R? is an open bounded simply connected domain with w(0,-) €

L>(Q) , then there exists

u€ LR L*(Q)  with w=V xu € L*(R"; L™(Q)) (1.46)

satisfying (1.7) and (1.9).

Proof. Let T be a Riemann mapping from €2 to D and S be its inverse such that S’(0) > 0.
Let Q, := S(B(0,1—2). Then ,, are smooth Jordan domains with Q,, C €, and the Kellogg-
Warschaski theorem shows that €2, converges to 2 in the Hausdorff metric. Further, by
convolutions with the molliffier functions and truncations, we can find a sequence w,(0,-) €

C(€2) which converges strongly to w(0,-) in LP(Q) for all 1 < p < oo and

[|wn (0, )|z < [[w(0, )|z Vp € [1, 00]. (1.47)

Since for any K C ) compact, K C €, for all n > Nk for some N, we can construct w,, so
that supp(w,(0,-)) C Q, for all n € N,

Because each €, has a smooth boundary, Theorem 1.2.3 shows there exists unique
(U, wy) solving equations (1.4)-(1.5) weakly on §2,, with initial vorticity w,(0,-). Hence we
have

u,(t, v) = VU, (t, 1) (1.48)

where ¥,, solves

AV, =w, =curlu, in Q,, ¥,laq, =0 (1.49)

Now we want to prove convergence of w,, ¥,, and u,. Let D be a fixed ball such that
Q, C D for all n. For each w, and V,, we extend w,(-,z) = V,(-,z) = 0 for x € D\Q,.

Since w, is a bounded sequence, by Alaoglu Theorem there exists a subsequence of {w, } (for
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simplicity of notation, we will still use w,, denoting this subsequence) such that
W, — w weakly * in L¥(RT x D). (1.50)
For W¥,,, first by the Dirichlet energy estimate for the Poisson equation we have:

1
IV En(t )Lz, =1 Wnwn(ts )i, <0

IVt )2, < 21 Wnwn(ts )z, < 201t )lzz@allwnlt 2.

for all £,n. Then by the Poincaré inequality on D, there is a Cp > 0 such that

Wollmi @, < Cpl|V¥allr20,) < CD\/||‘1’n|’L?(Qn)HwnHL?(Qn)- (1.51)
This and w,, being uniformly bounded (because w is) gives us
||‘I’n||H3(Qn) < Cp. (1.52)

Since the total energy i|u,(t)||12(,) is conserved in time (because of the no-flow boundary
condition), we can conclude that C%, is a uniform L?((2,) bound for u, for all n,¢.
In order to derive weak star convergence of ¥,,, we also need uniform estimate on the

Hg norm of 0;¥,, on D. Note that this time derivative satisfies the Poisson Equation

AV, = Oy, = —div(upwy,) in Q,, 0¥,loq, = 0. (1.53)
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Using integration by parts, equation (1.53) and the divergence theorem, we have:

/|V@t111n|2d$:/ |V8t\:[]n|2dl’
D Qn
:/ v, A0V, dx

:/ Upwy - V(O V,)dx
Qn

< wnll Lo @) [ | 2 @) [V 0| £2(2)

Using the uniform bound for w,, and w,, derived above, as well as the Poincaré inequality on

D, we thus have

1OV (t, . < Cp (1.54)

for all ¢, n. By the Banach-Alaoglu Theorem and the Aubin-Lions-Simon Lemma (see [26]),
there exists ¥ € WH(R*, H}(D)) and a subsequence of ¥,, (we will use index n for sim-

plicity of notation) such that
U, — ¥ weakly® in Wh*(RT, Hj(D)), (1.55)

and

W, — W strongly in C((0,T), Hy(D)) VT < oc. (1.56)

Note that although the extensions of ¥, to 0 on D\, make AW, be the delta function
on 0, since 2, converges to {2 in the Hausdorff metric, hence for every compact set K,

K c Q, forn > N for some N € N. This means that for almost all £ > 0,
AV(t,-) = w(t,-) in D'(Q). (1.57)

Now by Theorems 3.2.3 or 3.2.7 in [11], we can conclude that for each fixed t, there
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is a subsequence of {VU,(¢,-)} (for simplicity of notations, we will use the same notation
denoting this subsequence) that converges weakly in HJ (D) to a limit in Hj(2). This means

that U(t,-) € H}(Q) for all ¢. By this we have

/OT/D‘WP:/OT/QWW:_/OT/Q“‘I“:—/OT/DOJ\P (1.58)

and similarly we have

T T T T T
//\V\Ifn\Qz//]V\I/n|2:—//wn\11n:—//wn\Dn%—//w\If
0 D 0 n 0 n 0 D 0 D
(

1.59)
where the last convergence is by (1.52), (1.56), and by the L? norm for w(t,-) being con-
served and bounded uniformly in time. This shows strong convergence of ¥, to V¥ in
L*(0,T; H}(D)), which also yields strong L? convergence of u, to u where u = VU €
L®(R*; L3(Q2)) and w = curl u € L=®(RT x Q). By construction, the divergence free and
boundary tangent conditions are satisfied. We also have u,(0,-) — u(0,-) strongly in L.
This is by the same argument as above we can derive that u,(0,-) has a convergent sub-
sequence, whose limit can be written as @(0,-) = V+U(0,-) with ¥(0,-) € HL(Q) and
AV(0,-) = wp, which also satisfies the divergence free and boundary tangent conditions.
Hence so does the difference v = u(0, ) — @(0, -), which is also curl free. This implies that v

is smooth on €2 by considering the Cauchy-Riemann equation for the function
z = v1(2) + 1va(2),

where v = (v1,v2). Moreover by the Green’s Theorem and vy is curl free, for any smooth

Jordan curve I' in §2, we have

%v-ds:(), (1.60)
r
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which shows v = Vp for some smooth p inside 2. Define
H(Q) := completion of{u € D(Q) : div u = 0} in the norm of L? (1.61)

and

G(Q) :={u € L*Q) : u= Vpfor some p € H..(Q)} (1.62)

where (1.7) can be re-written in terms of (1.62) (replacing VA with v in G(€2)). Then Lemma

II1 2.1 in [8] states that if v satisfies (1.7), then it’s in H(§2). Moreover the previous argument

shows it is also in G(£2), and the intersection of H(2) and G(2) is {0}. Hence v = 0.
Using above strong L? convergences, and that for each ¢ € C5° ([0, 00) x ), when n

is large enough such that supp ¥ C €2,,, we have

/000 /an(atw + U, - V) = —/an((), b (0, ). (1.63)

We get (1.9) by taking limits on both sides. This shows existence of solutions. O]

1.5 A General Uniqueness Lemma

In this section, we would like to state and reproduce a general uniqueness lemma
(lemma 1.4 from [19]) in the case that initial vorticity is constant near the singular parts of
the boundary. The idea of the proof is that when the particles are away from the singular
parts of the boundary, the standard estimates on the Green’s function still hold, which
implies that the log-Lipschitz property of the velocity still holds on any fixed subset of (2
that is away from the singular part of the boundary (while the relevant constant depends
on the subset). Then we will use the log-Lipschitz estimate, transportation of the vorticity
and the measure perserving property of the flow to show that the mean absolute difference

between any two solutions, with the same w(0,-), will be zero. Let Q@ C R? be any open
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bounded simply connected domain and o > 0. We define

[, :={z€dQ : 00N B(x,¢) ¢ C** for all e > 0} (1.64)

In the following proof, to make the notation simpler we will let X (¢, x) = X for x € Q.

Theorem 1.5.1. Let ) be an open bounded simply connected domain and let u be a global
weak solution to the Euler equations on € from the Yudovich class such that w(t,z) =
w(0, X7 (t,z)) for allt > 0. If there is a constant a € R such that supp(w(0,-) —a)NTq =0
for some a > 0, then u is the unique such solution with initial value wy until the first time ¢

such that supp(w(t,-) —a) NT, # 0

Proof. Without loss of generality, we assume ||wo||z~ < 1. Let "> 0 be any time such that

Up<i<rsupp(w(t, ) —a)NT, = (. Let Qy C 2 be an open set such that wo(z) = aif x € Q\Qy

with the measure of 0Qy = 0. Moreover, by definition of T', we have U;c(o. 1) X (£, Q) Ny = 0.
Let Ggq be the Dirichlet Green’s function on Q, with Gq(x,y) = Gp(T (z), T (y)) where T is
a Riemann mapping from Q to D. By Kellogg-Warschawski, 7 (z) is at least C* for x is away

from I',. Hence we have standard Green’s function estimates away from I',. Specifically,

there exists a domain Qp with QN U)X (t,0) C Q7 C Q and a constant Cg, such that
if x,y € Qr with |z —y| < ﬁ, then x,y can be joined by a smooth curve whose length is
no more than Cq,|r — y|, and the estimates (1.16) and (1.17) still hold for any = € Q7 and
y € Q.

By contradiction, if there’s another solution @ with its associated flow map Y and
w(0,YL(t,0)) = @(t,-), we will show X =Y almost surely by showing that the following
function equals zero:

1

D) = 1 | IX(0w) =Yt w)lde (1.65)

The Biot-Savart Laws for w,® can be written as:

u(t, ) ::/QKQ(x,y)w(t,y)dy (1.66)
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and

ot z) = /Q Koz, y)o(t, y)dy. (1.67)

Recall the definition (1.18) of ¢(r). Applying the argument used to show u is log-Lipschitz

on smooth domains yields (since we have the same estimates for the Green’s function here)

max { /Q |Ka(z,y) — KQ(x’jy)|dy,/Q |Ka(y,z) — Kg(y,x')]dy} <Co(le—2')  (168)

for all z, 2" € Qp with C' depends on 2, Qp and Cp. Now let 7" < T be the largest T such

that QN Ut€[07T/)Y(t, QO) g QT- By ||(,<J0||Loo S 1, we also have
u(t, x) — u(t, 2")] < Co(|2’ — z]) (1.69)
for all t <T" and z, 2" € Qp. Moreover, by the definition of €y, we have for any z € Q

Koz X (s, y))so(y)dy = a ( | Kol X (s - Kg<z,x<s,y>>dy) (1.70)

O\Qo Qo

and the equation is also true if we replace X with Y. These inequalities and (1.70) plus the
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measure-preserving property of X and Y in space gives us

1
Q0| Ja,

1 t
“wi ), L,
1 t
‘m/o/m

l+a (!
<o / / [Ka(Y (s.2), X(5,9)) = Ka(Y (5,2).Y (s,9))|dydrds

lu(s,Y(s,x)) —v(s,Y (s, x)|dsdx

dzds

/Q Ka(Y(s,2), y)wls,y) — Ka(Y(s,2),9)o(s, y)dy

dzds

| (0 (5,2). X 5:9)) = KoY (5,20, (5,) (o)

2 t
= m/o /Qo /Qo [ Ka(Y(s,2), X(5,y)) — Ka(Y(s,2), Y(s,y))|dydzds
= ﬁfo /Q o | Koz, X(s,y)) — Kalz,Y(s,y))|dydzds

2C

<o t [ ol1 ) =Y ()

<20 / 6(D(s))ds

for all t < T”, where the last inequality is by Jensen’s inequality. By triangle inequality, the

log-Lipschitz estimate and the inequality above, we have

D(t)gmi0| i /0 (s, X (5,2)) — v(s, Y (s, 2))|dsdz
1 t
< o Qo/o lu(s, X (s,2)) —u(s,Y(s,z))|dsdx
1 t
+m/go/o lu(s, Y (s,x)) —v(s, Y (s, x))|dsdz
<3¢ [ o(D(s)ie

for all ¢ < T" with D(0) = 0. This implies D(t) = 0 for all t € [0,7”), which means X =Y
and w =@ on [0,7") x Q. Thus we have 7" =T, and so Y = X. O
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1.6 Outline

This thesis focuses on proving uniqueness of weak solutions from Yudovich class on
singular domains. In Chapter 2, we will show a general sufficient condition on the geometry
of the domain’s boundary that guarantees global uniqueness of the weak solution when wy is
constant near the whole boundary 0f2. Moreover, we will show that this condition is sharp
in the sense by constructing domains that come arbitrarily close to satisfying it, and on
which Euler particles for bounded w may reach the boundary in finite time. In Chapter 3,
we will show uniqueness of the weak solutions on more general domains, including domains
that contains corners with angles larger than 7 which are excluded in the result of Chapter

2, by further assuming that w has a sign.
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Chapter 2

Planar Domains without Reflex

Corners

2.1 Main Results

In this chapter, we will consider general regulated (i.e. (1.42) exists for all #) bounded
Lipschitz domains. We will obtain a general condition guaranteeing that Euler particle
trajectories for bounded weak solutions on these domains never reach 92, and also prove
uniqueness of global weak solutions for all vorticities initially constant near 0€2. This con-
dition is only slightly more restrictive than exclusion of corners with angles greater than m,
which was shown to be necessary in [19], and it places no restrictions on those segments of 92
where the argument of the forward tangent vector (1.43) is non-decreasing. This shows that
our results will include all convex 2. Specifically, our condition is satisfied precisely when
the argument of the forward tangent vector to 0€2, composed with the Riemann mapping for
(), can be written as a sum of an arbitrary increasing function and a second function that
has a modulus of continuity m (recall (1.44)) from a precisely defined class of moduli (which

includes, e.g., m with m(r) = 3iogy Lor all small enough r > 0). Moreover, for any concave

2

modulus m from this class, we find the exact (up to a constant factor in time) asymptotic
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rate of the fastest possible approach of Euler particle trajectories to 0§2 among all domains
as above. We also show that no vorticity can be created by the boundary of these possibly
singular domains, a result that even extends in a weaker form to general bounded domains
(see Corollary 2.1.4). We also note that a priori the ODE (1.10) only holds for almost all
t € (0,t,) (with X[, the particle trajectory, continuous in time, for ¢, see (1.11)), but we will
show that wu is continuous and therefore (1.10) holds for all ¢ € [0,¢,) (see Corollary 2.1.4
below).

Finally, we show that our condition is essentially sharp. Specifically, for each concave

modulus not in the above class of moduli (e.g., m with m(r) = 3oz for all small enough

2o

r > 0, with any fixed a > 7), we construct a domain as above in which particle trajectories
can reach the boundary in finite time. Hence this work pushes right up to the limits of the
philosophy from [17, 16, 19, 22], within the class of regulated domains at least, under the
assumption that the vorticity initially constant near the singular part of the boundary where
the velocity may be far from Lipschitz. Our Theorem 2.1.1(ii) and Corollary 2.1.4 below

represent a first step in this effort.

To state the results more rigorously, first recall the definitions (1.42), (1.43),(1.44).

in(s)i=sexp (2 1 "ar),

and if J’Ol qﬁs) = 00, we let p,,, : R — (0, 1) be the inverse function to y +— In fyl _qus)v SO

fm (1/ qus)) v

Then p,, is decreasing with lim; , . p,,(t) = 1 and limy_, p(t) = 0, and we shall see that

Based on these, we let

it is the maximal asymptotic approach rate of Euler particle trajectories to 92 (up to a
constant factor in time) among all domains for which 37 above has modulus of continuity
m. In fact, our main results show that this statement extends to domains with 7 being

a sum of a function with modulus m and any non-decreasing function (see hypothesis (H)
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below). Note also that fol qﬂf?s) = oo holds whenever fol @dr < 00, and functions with

such moduli m are called Dini continuous.

In our main results, we will assume the following hypothesis.

(H) Let Q C R? be a regulated open bounded Lipschitz domain with 9 a Jordan curve.
Let 7 : Q — D be a Riemann mapping and let 37, 87 be functions on R with 27-
periodic (distributional) derivatives such that 87 is non-decreasing, B+ has some mod-
ulus of continuity m with g, and p,, defined above, and the argument of the (counter-

clockwise) forward tangent vector to 92 is B = B + Br.

Note that if 57, 57— are as above and their sum is the argument of the forward tangent
vector to a Jordan curve 02, then the bounded domain {2 must automatically be regulated.
As mentioned above, neither (H) nor our results place any continuity restrictions on
B7. In particular, the following main result of the present paper holds for any convex domain

(), since then one can let 37 := B and B7 =0 (and therefore m = 0).

Theorem 2.1.1. Assume (H) and that fol qj‘(ss) = o00. Letwy € L>®(Q) and let w from the
Yudovich class be any global weak solution to the Euler equations on 0 with initial condition
wo (such solutions are known to exist by [9]).

(i) We have t, = oo for all x € 2, and for any R < 1 and all large enough t > 0,

sup |T(X?)| <1 — pm(300]|w||p<t) (2.1)
IT(2)|<R

(except when w = 0, but then X! = x). And if BT 18 Dini continuous, then the right-hand
side of (2.1) can be replaced by the m-independent bound 1 — exp(—e30lwllreoty,

(i1) We have {X7 |z € Q} = Q for allt > 0, and for a.e. (t,x) € RTx Q we have
w(t, X7) = wo(x). Moreover, u is continuous on [0,00) x Q and (1.10) holds for all (t,x) €
[0, 00) x .

(111) If supp (wo — a) NI =0 for some a € R, then the solution w is unique.
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Remarks. 1. This naturally extends to solutions on time intervals (0,7) for T €
(0, 00).

2. Part (i) also shows that inf|7(,)<r d(X7, 02) > p,(300||w]|L~t) for any R < 1, due
to T being Holder continuous for Lipschitz 2 (see, e.g., [20, Theorem 2]). This is because
our proof shows that (i) also holds with 299 in place of 300, and one can easily show that

Pm(300ct) < % pm(299¢t)™ for any fixed ¢, N > 0 and all large enough ¢ > 0.

3. A “borderline” case for the condition fol qj?s) = oo is m(r) = Togr] for all small

r >0 (with a > 0). Here fol qn‘f‘(:) = 00 holds precisely when a < %, while fol @dr = oo for

all @ > 0. In this case p,, is still a double exponential when a < 7, as for Dini continuous
BT, but a triple exponential when a = 7. The double-exponential rate is known to be the
maximal possible boundary approach rate for smooth domains, due to (1.6) holding there,

but (1.6) fails even for general convex domains. See also the remark after Theorem 2.1.2

below.

Our second main result, which applies to concave moduli m, shows that Theorem
2.1.1(i) is essentially sharp, even for stationary solutions. This involves analysis of Euler
particle trajectories on some special domains, which are more sophisticated versions of do-

mains with concave corners considered in [15, 19].

Theorem 2.1.2. For any concave modulus m, there is a domain S satisfying (H) and a

stationary weak solution w from the Yudovich class to the Euler equations on ) such that

the following hold.

(1) If fol qus) < 00, then X € OQ for some x € Q and t > 0.

(i1) ]ffo1 q,j_fS) = 00, then |T(XF)| > 1= py(ct) for somex € Q, ¢ >0, and all t > 0.
Remark. Note that if m(r) = a(L1(2)... Li-1(2) 7 + 2 303 (Lo(2) ... Li(2) 7! for
all small enough r > 0, with k£ > 2, a € [0, ), and L;(r) being Inr composed j times, then
pm 1is essentially a k-tuple exponential. Therefore all such boundary approach rates do occur

on some domains 2 to which Theorem 2.1.1(i) applies.
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We also note that Theorem 2.1.1 has a natural analog when the forward tangent
vector is defined via arc-length parametrization of 0€2, rather than via S. If o : [0, 27| — 0Q
is the (counter-clockwise) constant speed parametrization of 02 (extended to be 2w-periodic
on R, and obviously unique up to translation), then Lemma 1 in [31] shows that 7 o ¢ and
its inverse (modulo 27) are Holder continuous. If we therefore use

sa(6) = lim )=o)

A To(0) — @) (22

instead of (1.42), and the corresponding g (with B, B, B chosen analogously to Gr, 87, 1)
has some modulus of continuity m, then §7 has modulus of continuity 7m(r) := m(Cr7) for
some C,~v > 0. But since a simple change of variables shows that fol @dr < 00 is equivalent

1 crY
to m(+

0 Ldr < 00, we obtain the following result.

Corollary 2.1.3. Theorem 2.1.1 continues to hold when (1.42) and Br, B7, 51 in (H) are

replaced by (2.2) and fq, BQ,BQ, respectively, and if BQ 1s also Dini continuous.

Remarks. 1. Of course, while 87, 87, 87 depend on T, they can also be made to only

depend on 2 because we are free to choose 7.

2. Note that if an open bounded simply connected Lipschitz domain €2 can be touched
from the outside by a disc of uniform radius at each point of 9 (i.e., €2 satisfies the uniform
exterior sphere condition), and we replace (1.42) by (2.2), then these hypotheses are satisfied
with m(r) = Cr for some constant C'. Hence Corollary 2.1.3 holds for all such domains.

Finally, we provide here a version of Theorem 2.1.1(ii) for general open bounded
domains, which follows from its proof and is also of independent interest. To the best of
our knowledge, such results previously required 99 to be at least piecewise C1! (see, e.g.,

[16, 18, 19]).

Corollary 2.1.4. Let w from the Yudovich class be a weak solution to the FEuler equations
on an open bounded domain 2 C R?, on time interval (0,T) for some T € (0, 00| and with

initial condition wy € L>®(Q2). Then w(t, XJ) = wo(z) for a.e. t € (0,T) and a.e. x € Q with
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ty > t, the velocity u is continuous on [0,T) x Q (as well as on [0,T] x Q if T < o0), and

(1.10) holds for all x € Q2 and t € [0,t,).

Remark. So even when 0f is very irregular, vorticity might be created (at 9€2) only
if enough particle trajectories “depart” from the boundary into €2, so that Q \ { X7 |z € Q}

has positive measure for some ¢ € (0, 7).

2.2  Proof of Theorem 2.1.1(i)

Take any = € 2 and let
d(t) =1 —[T(X})]

be the distance of 7(X[) from 0D. Then we have

T(XT) d
! t) = — t DT Xx Xz
0= ) VT
a b
as long as |7 (X[)| € (0,1). Since DT is of the form because T is analytic, we
-b a
4

have DTDT" = (det DT )I,. The Biot-Savart law (1.41) for %X} now shows that

et DT(XD) [ (~TOX5) TW) | T -T)
T = = S| /. <|T<Xm <>\2+rr<xz>— <>r2) wlty) dy
det DT(XF)(1— | T(X7)P / 1—|T< T (X2) - T(y)*
I T(X7) TXE) — T T WX — TP

w(t,y) dy.

where 2* := 2|z|72 and (a,b)* := (=b,a). After the change of variables z = T (y), we obtain

2)|wllze — [2DIT(XP) - 24|

S det DT(XP) / det DT Y(2) dz.
A7) 7 Xm )R RPT(XE) — 2P )

|d'(8)] < d(t)

This estimate already appeared in [19], but we will use the following crucial result to

tightly bound its right-hand side for much more general domains.
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Lemma 2.2.1. Assume (H) and that fol qnfﬁ = 00. Thereis C < 1477 and a (T -dependent)

constant Cr > 0 such that if |¢| € [5,1), then

det DT (T / € (1= [2])I€ - =] det DT '(2) dz

— 22|26 — 2

<couu-i) ([ orgror). e

with Qm(s) == s~ qm(s) —exp< Jo B >

Remark. Note that @, is non-increasing, and limg .o s*@Q,,(s) = 0 for all & > 0

because s* = exp(—a :
s T

Lemma 2.2.1 with £ := T(X}) now yields

&(t) > —Cllwll g (d(1)) (/ o5 +cT)

(t) Gm (8)

with some C' < 300 and Cy > 0 when d(t) € (0, =

d /1 ds )
—In < Cllw||,
dt ( d(t) Gm(8) < Clleliz

La ! d
ln/ C < Clw|=t +1In (/ c 4 CT)
d(t) qm (8) min{d(0),1/2} Gm (8)

for all t > 0. Therefore

and so

! d
a(t) > po (Onwnm fn ( / 5y cT)) | (2.4
min{d(0),1/2} qm (8)

This is no less than p,, (300||w||=~t) for all large ¢ > 0, uniformly in all z with |7 (x)| < R (for

any R < 1, except when w = 0). And if M := fol ™0 g < 00, then py(2) > exp(—e*t2M/m)

(because p,,(z) equals y such that e* = yl qj—*(ss) > e 2M/x fyl %) so this is no less than

exp(—e30lwlizt) for all large ¢ > 0, uniformly in all x with |7 (z)| < R.
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Hence, to conclude Theorem 2.1.1(i), it only remains to prove Lemma 2.2.1. Its proof,

which relies on the crucial representation formula (2.7) for DT, is somewhat involved. We

Theorem 2.1.1(iii) follows immediately from Theorem 2.1.1(ii) and Proposition 3.2 in
[19], which shows that solutions from Theorem 2.1.1(ii) are unique as long as they remain
constant near 9 (constancy near the non-C*? portion of 99 for some v > 0, where u may
be far from Lipschitz, is in fact sufficient). It therefore suffices to prove Theorem 2.1.1(ii).

The first claim follows from the fact that the estimate (2.4) equally applies to the
solutions of the time-reversed ODE LY (s) = —u(t—s, Y (s)) with Y'(0) € Q (which of course
satisfy Y (s) = X, (ﬁ)). The proof of the second claim was obtained in [16, 18, 19] for some
sufficiently regular domains by looking at (1.4) as a (passive) transport equation with given
u and wp, and proving uniqueness of its solutions (using also that ¢, = oo for all z € Q).
This is because w(t, X) := wy(z) can be shown to be its weak solution in the sense of (1.9).
The uniqueness proofs used the DiPerna-Lions theory, which required relevant extensions of
w and w to R?\ Q (the latter by 0). This necessitated 9 to be piecewise C™!', in addition
to having ¢, = oo for all x € (), so that the extension of u is sufficiently regular for the
DiPerna-Lions theory to be applicable.

We avoid this extension argument, and hence also extra regularity hypotheses on €2,

thanks to the following result concerning weak solutions to the transport equation (1.4).

Lemma 2.3.1. Let Q C R? be open and T > 0. Let u € L2 ([0,T] x Q) satisfy

loc

t —u(t
sup sup Ju(t, ) = u(t,y)| < oo (2.5)
tel0,T) z,yeK |Z’ - yl max{l, —In |Z’ - yl}

for any compact K C Q, as well as (1.2) on (0,T) x Q. Ifw € L2.([0,T] x Q) is a weak

loc
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solution to the linear PDE (1.4) with initial condition wy € LS. (Q) and X7 is from (1.10),

loc

then we have w(t, X}') = wo(x) for a.e. t € (0,T) and a.e. x € Q with t, > t.

Proof. Let Q1 C €y C ... be smooth open bounded sets in R? with Q, C Q = Uns1 Q-
Since w is also a weak solution to (1.4) on ,, and exit times ¢, , of X from ,, then satisfy
limy, o0tz = t, for each z € Q, it obviously suffices to prove that w(t, X7") = wo(z) for
a.e. t € (0,T) and a.e. x € Q, such that t,, > t. We can therefore assume that 2 is smooth
and bounded, (2.5) holds with K replaced by €, and u,w,w, are all bounded. We can also
assume without loss that w > 0 and wy > 0, by adding a large constant to them.

Extend the particle trajectories from (1.10) by X[ := limg, X7 € 02 for all t > ¢,
and let Q; := {X] |z € Q& t, > t} for all t € [0,T) (these sets are open due to (2.5)).
Then the lemma essentially follows from Theorem 2 in [3] but in order to apply it, we need
to show that w weakly satisfies some boundary conditions on (0,7") x 9 (even though these
do not affect the result). To this end we employ Theorem 3.1 and Remark 3.1 in [4], which

show that there is indeed some xk € L*((0,T") x 0f2) such that

T T
/ /w(@tgo +u- V) dedt = —/wogo(O, ) dx —I—/ / (u-n)pkdodt
o Jo Q o Joo

holds for all p € C§° ([0,T) x Q).

Theorem 2 in [3] now shows that there is a positive measure 7 on € such that

ROETE / B(XF) di(z) (2.6)

for almost all t € (0,7") and all ¥ € C§°(£2;). (In fact, the measure in [3] is supported on
the set of all maximal solutions to the ODE 4V (¢) = u(t,Y (¢)) on (0,T), and the relevant
formula holds for all ¢ € Cg°(R?). But this becomes (2.6) when restricted to the 1 above,
with 7 the restriction of the measure from [3] to the set of solutions {{X7 }icor) |2z € Q}.

This is because uniqueness of solutions for the ODE shows that the other solutions have
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Y (t) ¢ Q for any t € (0,7).) By taking t — 0 in (2.6), we obtain

/Q b(y)woly) dy = /Q () di(z)

for any ¢ € C§°(2), so dn(x) = wo(z)dz. Letting ¢ in (2.6) be approximate delta functions
near all y € Q; then shows that for almost all ¢t € (0,7) we have w(t, X}’) = wy(z) whenever

x and X7 are Lebesgue points of wy and w(t, -), respectively. This finishes the proof. O

Since t, = oo for all x € ), Lemma 2.3.1 with 7" — oo now proves the second claim
in Theorem 2.1.1(ii). As in [19], uniform boundedness of u on any compact subset of {2 then
yields w € C([0,00); L(Q)), and continuity of u on [0,00) x Q follows from this and the
Biot-Savart law. Then also (1.10) holds pointwise, finishing the proof of Theorem 2.1.1(ii).

This argument actually applies on general open bounded € C R?, without needing
t, = oo for all x € Q. This is because boundedness of w implies v € L>((0,7) x K) for any
compact K C 2 as well as (2.5) (for solutions on a time interval (0,7") with 7' < 00), and
these three facts then again yield w € C([0, T]; L' (2)) (with w(0, ) := wp and w(T, -) defined

by continuity). This yields Corollary 2.1.4.

2.4 Proof of Lemma 2.2.1

We can assume that (7(0) = 0, which is achieved by subtracting 37(0) from 37 and
adding it to B7. Since T is analytic, we have det DT (2) = |T"(z)|?, where 7" is the complex
derivative when T is considered as a function on C. The same is true for its inverse S, and
we also have 8'(2) = T'(S(z))".

Since € is regulated, Theorem 3.15 in [25] shows that

S =I5 e (- | T (B —0-T) ) 2.7)

el — 2
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for all z € D, and from fzﬂ 26+Z df =27 € R and Im & 19 = 2Im —7— we get

0

det DS(z) = det DS(0) exp (—g /0 ' Im ele (BT( ) —0) d@) (2.8)

™

(with B7(0) — 0 being 2m-periodic).
We note that if 37 is itself Dini continuous (so we can have Br = By and fol @ dr <
00), then the integral in (2.8) is uniformly bounded by some m-dependent constant. Indeed,

letting 0, := arg z, this follows from Im — —Im and | < ﬁ for

z _ z z |
0,—0")_, ei(0z+60") _, ei(0z+60") _,

all 0" (which show that fozﬂ Im —#—(B7(6.) — 0)d0 is uniformly bounded), and from the latter

bound also implying

2z _ _ 7 m(|0—0,|)

(ﬁT(e) - 57(@)) < 5 W

One can also easily show that [} MHMCZZ < C|ln(1 — [¢])] for some C' > 0 when

z[?||z[2€ =]

€] € [3,1), using (2.20) below and the argument following it, with the exponential terms
removed. So (2.3) with the right-hand side C,,|In(1 — [¢])| follows immediately in this case.
The rest of this section (and Section 2.6) proves (2.3) in the general case.

We will now split the exponential in (2.8) into the parts corresponding to fr and

Br. Let k= %(57(27() — B7(0)), so that B7(0) — k# and Br(0) — (1 — k)8 are both 2n-

m(2m)

periodic (note that we also have x € [—5

,min{1, —}] because 7 is non-decreasing).

Integration by parts then shows that

| = Gro - =mpas =i [ m(—ze ) d(6r6) - (1= 0),

e

so from [7"In(1 — ze=#)dd = In1 = 0 we obtain

/OﬂIm ewz_z(ﬁfr(e)—(l—fs)e)cw:/oﬁln\e“’—z\dﬁﬂ@). (2.9)
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In order to simplify notation, let 8 be the positive measure with distribution function
B7, and define the function 3 0) = BT(H) — k0. Then § has modulus of continuity m(r) =
m(r) + |k|r, and we have m(r) < m(r) + %iﬂ)r < 3m(r) for r € [0,2x]. This is because
any modulus satisfies m(27"a) > 27"m(a) for any a € [0,27] and n € N (by induction), and

thus m(b) > %m(a) whenever 0 < b < a < 27 since m is non-decreasing. We also let

|81 := B((0,2]) = Br(2m) — B7(0) = 27 (1 — k) € [0, 27 + m(27)].

Next, for any z € I, bounded measurable A C R, and ¢* € R, let

I(z, A) = %/Amei@ — 2| dB0),

* P 2
J(z,A,0%) = /Alm -

™

~ (B(0) = p(67)) do,

as well as

(with the latter independent of * due to fOZW Im —7—df = 0). Then (2.8) and (2.9) yield
det DS(z) = det DS(0) e 27 (=)

and

det DT (S(2)) = det DS(0)~* 2 +7 () (2.10)

(recall that 3(0) = 0). In view of this, (2.3) becomes

L— 2D 20 2oz JO-TG) gy < O ( b _ds c) 2.11
/]5—2\2\]»2!25 ’e 2 < CQn(1—1¢)) /1_|§|5Qm(s)+ ). (2.11)
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To prove this, we need the following lemma, whose proof we postpone to Section 2.6.

Lemma 2.4.1. Let B be a (positive) measure on R and let I := [6* — 2§, 0" + 26] for some
0" € Rand 0 € (0,%]. Let H C D be an open region such that if re!@+9) ¢ H for some
r € (0,1) and |p| < 7, then re’ ) ¢ H whenever |¢'| < |p| (i.e., H is symmetric and
angularly convex with respect to the line connecting 0 and € ). If a > 1, then
/ f(z) {9(2) T /h(|€w - Z|)d5(9)rdz < / F(2) [9(2) + h(le” = 2)]"d= (2.12)
H B(I) "

I

holds for any non-increasing h : (0,00) — [0,00) and non-negative f,g € L'(H) such that

flre?@+9) > f(ref@+9) and g(re'@+9)) > g(re!®+9)) whenever r € (0,1) and |¢'| < |¢|.

Remark. The right-hand side of (2.12) is just the left-hand side for the Dirac measure
at 0* with mass 5(I). That is, concentrating all the mass of § on [ into * cannot decrease

the value of the integral in (2.12).

Next, we claim that there is 6 > 0 such that 8([0 — 26,0+ 26]) < 37 for all € R (any

3
2

number from (7, 37) would work in place of 37 here). Let ¢ > 0 be such that any interval
of length 40" contains at most one 6 with 5({6}) > § (there are only finitely many such 6 in
(0,27]). Then for each 6 € [0, 27], find dg € (0, d'] such that 5([0—2d, 0+266]) < B({0})+7F-
Since { (0 — 20,0 +2dy) |0 € [—m, 37|} is an open cover of [—m, 37|, there is a finite sub-cover
{(0x — 200, 0, +20p,) | k=1,...,N}. If welet § :=min{dp, |k =1,..., N} > 0, then indeed
B(10—26,0+20]) < (m+F)+ (5 +5) = 3 for all 6 € [0,2n] (and so for all # € R). This
is because [0 — 26,0 + 20] C [0 — 20y, , 0k + 200,] U [0; — 209,,0; + 20p,] for some k, j such
that |0}, —0;| < 4¢', and hence at most one of ({0x}) and 5({0;}) is greater than § (unless
k = j), while obviously each is at most 7.

Moreover, let us decrease this constant so that ¢ € (0, 522 —] and m(20) < 12

7 103 (14+m(2m)) 300"

With this (7-dependent) 0, we can now prove the following estimates (recall (2.11)).

Lemma 2.4.2. Let 3,3,m and § be as above. There are Cigls and Cy, (depending only on
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|B],0 and on m, respectively, so only on T ) such that for any & € D we have

/2_1(1 — |2])¥/6eFOTE < Clgp 5, (2.13)
D
and for all z,£ € D also
St < ¢ @nlnin{1 = I, e = =[}) Qu(min{1 |21, I = 21}) »
s QullE =) Qul[E ) 240

Moreover, if |§ — z| < 40, then for O == arg{ and I := [0 — 20, 0 + 20] we have

) O (min{L — [¢], € — =1}) Qumin{l — |2, € — 1))
T(EL0)-T (106 < o . 2.15
TR < OnllE — =) OnllE — =) (2.15)

Proof. Let us start with (2.14). Let 6 := arg{ and 0, := arg 2, as well as
1
A= {9 € (0, 27] ’ min{d(0,0¢),d(0,0,)} > 5\5 — z\} ,

where d is the distance in [0, 27] with 0 and 27 identified. Then from

| e
(7= )" =)

€ — 2|
= 7TQd(e,eg) d(0,9.)

we obtain

176 Am) = T A < arls =l ([© s [T,

€—2)/2 r(r + 2a a—r)

where a := 1d(0¢,0.) and b := min{3|¢ — z|, a} < a, and we separately integrated over the 2

or 4 regions obtained by cutting A at the two midpoints between 6, and 6.. That is,
b
T (&, A7) — T (2, A, )| < dri(r) (2 + I %) < 10mm(r) < .
a

On the complement A€ := (0,27] \ A we can estimate the two J terms individually.
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To conclude (2.14), it now suffices to show

Qm (min{1 — |z[, |§ — 2[})

A° Cp +1
o [

(2.16)

because an analogous estimate then follows for 7 (&, A°, 7) as well. First note that if we let

A ={0 € A°|d(0,0.) > 5|¢ — 2|}, then

3d(A'0:) .

T2, A, )] < 2771(%)/ e,

aane,y T

With A” := {0 € A°|d(0,0,) < 5 min{l — |z],|{ — 2|}} we also have

1
2

T (2 A" 7)| < Zi(m) < Crn

T

due to |e? — 2| > 1—|z|. This proves (2.16) when |£ —z| < 1—|z|. If instead [ —z| > 1— 2|,

then we also use Im ——=%-+—
e'b( z—T) —z

= —Im —7%5— (note that the region A\ (A'UA") is symmetric

across 0., Im df = 0) and |e? — z| > sin |§ — .| to estimate

z
S0 fAC\(A’UA”) ei(0z+7) _ 5

2 12 i 2r) Qm(1 —|z])
J(z, A\ (AU A", S—/ ——2dr <Cp+In =2——2
70z AT\ -l T Ja|z)/2 Sinr ' Y Qn(E— 2D

with the last inequality due to

b/2 5 (9 b o~ b b b
/ m_( ”dTg/ —”?(S)dsg/ Mds%—/ (10fn(s)—|—|/{|)d8§/ ™) 45 + G,
o2 SinT . sins . S u w S

for 0 <a <b <2 (because supyep o ( L — 1) <10). Hence (2.16) follows, proving (2.14).

sin s

To obtain (2.15), we repeat this argument with some minor adjustments. For

A= {9 € ]‘ min{d(0, 0¢),d(0,0,)} > %|§ = Z|} ;
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we obtain the bound

| T (&, A, 0:) — T (2, A, 0¢)| < 4mm(20) (2 + Sln %) < 10mm(260) < 30mm(29) <

2

3

(recall that m(s) < 3m(s)). Hence it suffices to show (2.16) with A° := I\ A, and with 6;

and h‘% in place of m and C,,. As above, we now obtain

3d(A,0.) 02
T (2, A, 00)] < 2m(26) / T 4im3m(20) < 22
aane) T 9
and
2 4 In 2
A" 0] < Zm(20) < =m(20) < —=.
(e A" < 2n(20) < Em(an) <

Finally, if [ — 2| > 1 — |z|, then we also get

2 (A2 mory W2 Qu(l—|z))
T (2, A%\ (AU A"),0 g—/ - Sdr < == 4 In 2%
T ( \ ( ), 0¢)] T Ja—js2 sinr 9 Qm(l§ — 2])

because f; (10m(s) + |k|) ds < 46(21m(2m)) < 22 when 0 < a < b < 44.

Now we prove (2.13). We obviously have

2In2
T

max{Z(¢), |Z(z)|} < 6]

for all £ € D and all z € B(0, 1), so it suffices to prove

/(1 )5 Tz < Claps.
D

The integrand is clearly bounded above by ($)~%A/™ on B(0,1 — 2). Since D\ B(0,1 — %)

(2.17)

(2.18)

2

can be covered by O(3) disks with centers on 9D and radii 4, it suffices to prove (2.18) with

H := B(e"",5) N D in place of D, for any §* € R.

Let I :=[0* — 25,0* + 20] and o := 2L € [0, 8]. Since Z(z, (0,271] \ Uyep (I + 2k7))

™
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is bounded below by @ lng for all z € H, it in fact suffices to prove
/ (1 —|2])*%e TE=Ddz < C. (2.19)
H

If a € [0,1], then from 1 — |z| < € — 2| for all (2,6) € D x R we indeed have

CUNS/6 T (2 0) 7. 1L |\—a+5/6 2 1 — 2] )
/H(l |z])*""e dZ—/H(l |2]) 706 exp (7(/1 o — ’dﬁ( )

< / (1— |2)Vodz,
D

as needed.
If o € [1,3], then we instead use Jensen’s inequality and Lemma 2.4.1 with f(z) =

(1 —12])%5, g(z) = 0, and h(s) = L to obtain

= [ (o / o > *

/ (1= |26l — 2| °dz
H
< / ‘ew* o Z|fa+5/6dz

H

127.

IN

IN

This proves (2.19) and hence also (2.13). O

Now we are ready to prove Lemma 2.2.1

Proof of Lemma 2.2.1. For the sake of simplicity, we first prove the result with C' < 10°, and
at the end indicate the changes required to obtain C' < 147x. Consider the (7-dependent)
§ from above. Recall that we only need to prove (2.11), and note that £ - 2+ = (£ — 2) - 2+
implies

€24 1 1

< = 2.20
2R IPE— o S AR - 2P E—aARPE-Zp &0
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Together with (2.17) and (2.14) this yields C,, such that for any £ € D\ B(0, 3) we have

(1—12])|¢ - zi’ )~T(2) (T (O)-T(2) 4 <c -
/ i |€_Z| ||Z|2€—Z|2 z QO( |§|)

because |z||€ — ﬁ| =||z|€ — §| > 1 — |z| and the last fraction in (2.14) is bounded above
by exp ( f5/4 mrr ) when z € B(0, 1) (note that the dependence of the constant on ||

)-

need not be indicated here because 0 < \ Bl <2 +m(2n

Ifnow |¢] € [1,1) and 2z € B(¢, * ) then Z (¢ ) ) |B| due to |e?? —¢]le?? —z| 71 <

2 for all & € R. Hence using | — B |2| 11— > n (2.20) (because e ¢ D) and

1€ — z] <min{l —|£],1 — |z|} in (2.14) yields

/ A= D21 re-2),900-00g; < o, /
1-¢]
72)

z < C,.
B(g, 158 € — 2[2][2[2€ — 2|2 "

1
@

For all other z € D\ B(0, 1), we can bound the right-hand side of (2.20) above by _\5223’
using that |@| —1>1—|z| implies € — @| > |€ — z|. This, (2.14), (2.13), and @Q,, being
non-increasing and satisfying the bounds Q,,(1—[£]) > 1 and Q,,,(1 — |2]) < Cp(1 — |2])~ /¢

(see the remark after Lemma 2.2.1) now yield

1— |z 2+
/ Ll 2 | er O 0er -7 < 0,5 Q1 ~ [e)
D\(B(e.s4uBO,L) 1§ — 27|26 — 2|

(note that the constant now also depends on §). To obtain (2.11), it therefore suffices to

prove

1— |z LO-T(2) L TO-T (- ( 1 ds )
/Hg € — z|3 dz < CQu(1—[¢]) /1£| sOm(®) +1 (2.21)

when [¢] € [1-26%, 1), with He := [B(€,6%)\B(¢, 59)]ND and a universal C' < 10%(1—34%)%.

Since (1 —35%)3 > (1 — 35)>>1— it suffices to obtain C' < 10° — 1 here

109

Let 0 := argé&, and again let [ := [0 — 20,60 + 2J] as well as o := %(I) € [0,3].

087
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Then |e® — & > & for all 0 ¢ U, (I + 2km), hence for all such 6§ and all z € B(&,6°) we

have e —¢] <

P <1+ the last inequality follows from 6% < —Z— which is due to

- 52 2|5| ( ©+2|8]°

In2 > §). This yields for all z € B(£, %),

g
m+2| 8] > 57r+2m(27r) > 103 (1+m(2m))

et e —
I(f)—I(z):%/(OQ]l " =€l g )<1+%/11n‘ s (2922

e — 2|

_ £z s 1
10 _ 5 6“972| - ‘eiefgl‘ezﬂ,zl S 1—452 S 47~n(2ﬂ')’ S0

Similarly, for the same z and 6 we have |
J(E) —T(z) =T (0,27],0:) — T (2,(0,27),0e) <1+ T (&, 1,0¢) — T (2,1,0).  (2.23)

Using (2.15), combined with Q,((1 — [€]))Qm (1 — |¢]) 7 < €2mCP)/™ < /1007 (yecall that
€ — 2] > &) and Qn(a)Qun(b) ™! < exp(d f; Ldr)y = b"6a=1/% for 0 < a < b < &* (because

m(0°) < m(20) < ), we thus obtain

eT©-T() < 9. 31/6,1+1/1007 Qm(l—1&]) [€— z]l/ﬁ

Qm (€ — 2[) (1= [V

(2.24)

where we also used that 1 — |z| < 3| — z| for all z € D\ B(¢, I_T‘Sl) Estimates (2.22) and

(2.24), together with 2 - 31/6el+1/100m < 3¢ and

1-1¢l ds n?2 20-16) g 1 ds
< < ——— < , 2.25
/éu—m $Qm(s) = Qm(l—I¢]) /1—§| sQm(s) ~ /1_|§| 5Qm(s) (2.25)

now show that (2.21) will follow from

(1 — |2])>/6 (2 In |e? ﬂd ) dz o ! ds
/H£ = 2‘17/6‘ exp 7r/ i — z| B(0) —Qm(|5 2D < /é(llﬁl) SO () +1
(2.26)

10°—1
6e2 °

whenever |¢] € [1 — 263, 1), with some universal C' <

Consider now the case o € [0,1]. We have 1 — |z| < |e® — z| for all (2,0) € D x R,
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and 1 — |z| < 3] — 2| for all z € He. This and the triangle inequality yield

€0 —¢l _ g~ €2
. < = 1 <4=— 2.27
e R I T E 220

for all (z,60) € He x I. Therefore the left-hand side of (2.26) is bounded above by

o [ (Lol de agia [ A=)V de
4 4%3
/Hg €= 27 Qi — 2D - /H € = 2[5 Qm (I — )

! 51/6 ds
4[(1@ (/A (1 — [ + set])1/o d¢) $Qm(s)

2

1 . ds
-1 -1 id|\—1/6
4[(1—&) (/A (57 = lsme+e") d¢> $Qm(s)’

2

VAN

with

Ay ={¢ € (0,27] | [ + se”| < 1} = {p € (0,2n] | |s '€+ €| <s7'}.

It is not difficult to see that the inside integral is maximized when s = 1—|¢] (i.e., (0, 27\ As
is a single point) for any [£| € [1 — 242, 1), in which case the integrand is bounded above by
[3(1 = cos(¢ — 0¢))]71/% = [sin 2 (¢ — ¢)] /3 because § < ;. But then the inside integral is

103 °

bounded above by 2 [ (%)_1/3 d¢ = 3m. Hence (2.26) holds with C' = 12.
8
'3

Next consider the case o € [1, 3], and define the functions g(z) := min{z—, =7}

and

o (1 —|z2])>/6 9-aHIT/6(1 _ |4[)5/6 }
1) = min e gy (= T =10 e}

as well as H; := B(£,0°) N D He. We can now use Jensen’s inequality, (2.27), and
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Lemma 2.4.1 to bound the left-hand side of (2.26) above by

(1_’2‘)5/6( 1 ’eie 6‘ )a dz
/HE e s L @) o |s—z|>
<1—rzr>5/6( ) d
S/Hg €= 27 / |ew—z| ()
[ = ( O)Qd_z
‘/HE f e (= 5 e ()
1
<[ S0 (96 + 5775 [ 7 Z‘dﬁ(9)> &
1 «
S/éf(z) (Q(Z)er) dz
- 3%/6297 +/ (1 — |2])°/¢ ( L1 )0‘ dz
= oG S e \fg—2] e —21) QuiE—2D)
(1 — |2])3/¢ 1 1 dz
: 24”4/1% EFREEE (15— e —z|a) Q€ — )’

Notice that Lemma 2.4.1 applies because %m(53) < %m(25) < % < %7 — « shows that

s7oH7/6Q),,(s) is increasing on (0,8%]. Using again 1 — |z| < 3|¢ — z| for z € H yields

(1 —|2[)>/6 dz 5/6 1 dz ! ds
<3 6 —
L e mm o <, e S W/;um O]

and then we also have with H* := B(e'%, I—Tlﬁ\) ND,

1 — |z])%/¢ dz 1— |z])>/® dz
/ Lt <y [ LZE 2.2
Ho\H* [§ — 27 €% — 2|* Qu(|€ — 2|) e 1§ = 2170 Qu(]€ — 2])
! ds
< 1627r/ .
La—e) 5Qm (s)

Finally, from 1 — |z < [¢" — 2|, a < §, and @,, > 1 on [0, 1] we obtain

B 5/6 . a—17/6 ’
/ (1= J2)™ ae §<1 lﬂ) /|€Z€5—z|_o‘+5/6dz§127f~

€= A Bl 2 QullE —2l) © \ 2
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This proves (2.26) with C' = 6727 < 1%5651.

Finally, to obtain C' < 1477w, we perform the following adjustments to the above
argument. We choose § > 0 so that ([0 — 26,0 + 20]) < 1.01x for all # € R, so we always
have a € [0,2.02]. The 1 in (2.22) and (2.23) can be replaced by an arbitrary positive
constant by lowering § further. Similarly the 2 in (2.15) can be replaced by an arbitrary
constant greater than 1, and the power % in (2.24) by an arbitrarily small positive power
(which allows us to turn the 3'/6 in (2.24) into an arbitrary constant greater than 1; this
power then also propagates through the rest of the proof). This means that the constant in
(2.24) with the new power can be made arbitrarily close to 1. The right-hand side of (2.25)
can be multiplied by an arbitrarily small positive constant if we replace the upper bound
in the second integral by a large multiple of 1 — || instead of 2(1 — |£]) (which is again
possible when 0 > 0 is small enough), so it follows that it suffices to prove (2.26) with some
C < 1477. Since in (2.28) we can actually replace 3% by (v/5)* < 5% < 5.1, we indeed
obtain (2.26) with C' = 4(67 + 30.67) < 147w. While further lowering of C' is possible, we

do not do so here. OJ

2.5 Proof of Theorem 2.1.2

Let € C R? be a regulated open bounded Lipschitz domain with 9 a Jordan curve.
Also assume that € is symmetric with respect to the real axis, 0 € 09, and (1—¢,1)x {0} C Q
for some € > 0. Let QF := QN (R x R*) and Q° := QN (R x {0}) (these are obviously all
simply connected). Then there is a Riemann mapping 7 : Q — D with 7(Q°) = (—1,1) and
7(0) = 1, and therefore also 7(Q2F) = D* := DN (R x R*). Assume also that there are

Br, Br as in (H), and B+ has bounded variation. Then Z(2),J(z) from the last section are
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the integrals

I()=2 /( Infe? <] dsr(0),
J()=2 /( e <] d3r0), (2.29)

where we replaced integration over (0, 27| by (—m, 7] for convenience, and the second formula

follows similarly to (2.9).

Given any concave modulus m and ro € (0, 3] with m(2r¢) < %, assume that there

are Q and T as above with 87 = 0 on (—1,1) and (7(0) = 5 - SgHQ(Q) m(2min{|0|,rq}) for

0 € (—m,m]. Concavity of m then guarantees that A7 indeed has modulus of continuity m.
Notice also that dr(0) = —X(=ro,r)M (2|0])df on (=7, 7], as well as |Br| = 2w +m(2ry) < 7.
We show at the end of this section that such  and 7 do exist for any m and ry € (0, 1]

with m(2rg) < 5.

We will first show that if f01 qn‘ffs) < oo and x € Q°, then the trajectory X7 for the
stationary weak solution w := yq+ — xo- to the Euler equations on € will reach 0 € 0f) in
finite time. This will prove Theorem 2.1.2(i).

Due to symmetry, the particle trajectories X} for this solution coincide with those for
the stationary solution w = 1 on Q. We will therefore now employ the Biot-Savart law on
QF. Let R : DT — D be a Riemann mapping with R(1) = 1, so that 7+ :=RT7 : Qt - D
is a Riemann mapping with 77(0) = 1. The (time-independent) Biot-Savart law for w = 1

on Q7 can therefore be written as

u(x) = DT (2)" / VEGH (T (2), TH(y)) dy. (2.30)

O+

with Gp(§, z) = % In |£|_€;*Z|‘|Z| the Dirichlet Green’s function for D. If x € Q° C 9O, we have

Tt (x) € OD, where Gp(-, z) vanishes for any fixed z € D (and Gp(+,2) < 0 on D), so

VéGD(TWx), T*(y)) - |V§GD(T+(x>> T+(y))|7—+(x)J‘
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This suggests one to evaluate
DTH(x)'TH(z)r = DTH(2)T (det DT ()" Y2DT*(2)(1,0),

where (1,0) is the counterclockwise unit tangent to Q* at x € Q°, and we used that the

action of the matrix DT ™ (x) is just multiplication by a complex number with magnitude

a b
\/det DT*(x). Since DT is of the form , we have
-b a

DT H(x)" DT (z) = (det DT " (2)) 1y,

s0 (2.30) for x € Q° becomes

uy(x) = y/det DT *(x) /Q+ IVeGp(T(2), T (y))|dy  and  uz(z) =0.

Since Q° is a smooth segment of 90T, standard estimates show that D7 *(x) is continuous
and non-vanishing on Q°. Since %Xf = u(X}), it follows that for each z € Q°, the trajectory
X7 either reaches 0 in finite time or converges to 0 as ¢ — oo. It therefore suffices to analyze
up () for x € Q° close to 0.

If z € QT U QO is not close to the left end of Q°, then 7 (z) € DT is not close to

—1, so standard estimates yield \/det DR(T (z)) € [¢|T () — 1],¢ T (z) — 1|] for some
c=cy € (0,1] (because DR(z) ~ z — 1 for z near 1, and DR only vanishes at +1). So for

all x € QT U QY not close to the left end of Q° we have
-1
J/det DT (2) <|T(x) —1]y/det DT(x)) e le,cl). (2.31)
From (2.10) we have

det DT () = det DT (T *(0))eX TN+ (7)), (2.32)

23



Z(T(=) is bounded above and below by

Since [ is supported away from 6 = 0, the term e
positive numbers, uniformly in all  that are either close to 0 or not close to 0D. Moreover,

(2.29) and the specific form of f7 give us for z € D,

4 [ro 2 2 [ m(20
J(z) > —;/0 In(|]z — 1| 4+ 8)m’(20)db = —;m(Qro) In(|z — 1| +179) + ;/0 %d@.
We can now estimate (with a constant C,, ,, changing from one inequality to another)
ro 9 1 1/2 9 1/2 9
/ _m20) / mr) g, < / _m20) / ) ol 4 ¢,
o |2—1]+0 le-1] T 12 |12 — 1 + 0 =12 0
V22 — 1lm(20)
S =l + Cm,r
Ll/z 0(]z — 1] +0) ’
1/2 |Z . 1|
< ||m||p= / do| + Cy, .
Il |~ :
S Cm,ro-
For 2 € D’ := DN (R x {0}), we now obtain
9 1
‘J(z) - —/ i) 4, < Crnrg (2.33)
T Jz=1 T

from this and from an opposite estimate via J(z) < —2 [ In(5(|z—1|+6))m’(20)d6. Hence,

for a new ¢ = ¢7 4,0, > 0 and all z € Q° not close to the left end of Q2° we obtain

det DT (z) Qu(|T () = 1)) 7" € [e,c7'].

This and (2.31) show that there is ¢ = ¢7,,.m > 0 such that for all z € Q° close to 0 we have

ur(2) > o T(2) = 1/ Qu(|T(z) - 1|)/Q+ IVeGp(T(2), T"(y)ldy  and  uy(z) = 0.
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If now X7 € QY is close to 0 and we let d(t) :== 1 — |T(X})| = |T(X}) — 1|, then

— At DT (X )ur(X?)

! xX d X
d(t) = — ‘DT(Xt )= X

because DT is a multiple of I, on Q°. Therefore we have (with a new ¢ > 0)
2(0) < ~cd()Qu(d(t) [ [VeGa(T(X7). T () dy (2.34)
Q

Since |V¢Gp(€, 2)| is uniformly bounded away from 0 in (£, z) € 0D x kD for any fixed

k € (0,1), the integral is bounded below by a positive constant. But then d'(t) < —cqg,,(d(t)),

/1 ds >Ct+/1 ds
aty Im(s) — d(0) 4m(5)

for some ¢ = ¢y, € (0,1]. Since the left-hand side is bounded in ¢ if fol qj—i’s) < 00, we

which implies

must have d(t) = 0 for some ¢ < co. This proves that X7 reaches 0 € 0f in finite time, and

hence Theorem 2.1.2(i).

ds = __
() o0, we

This construction also allows us to prove Theorem 2.1.2(ii). When fol

can estimate the integral in (2.34) better after first rewriting it via a change of variables as

-1

/D|V§GD(T+(X§”),2)| [det DTH((TF)"(2))] ~ d=. (2.35)

Now with ¢ := T (X}?) (and still assuming X7 € Q°) we have

E—2* 10c c
- *|2 2 Z
€ — 2] €=z 7 [z =1

5_

for some ¢ > 0 (which will below change from one inequality to another and may also depend
on T,m,rg) and all z € DN (B(1,1) \ B(1,|¢ — 1])) that also lie in the sector with vertex 1,

angle 7, and axis being the real axis (call this set C¢ and note that C¢ C C).
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If z € Cy, then for y := (T+)"!(2) (so T(y) = R™!(z)) we have as above
det DT (y) < o[T(y) = 1FQu(IT(y) — 1) = e T(y) — Lgm (T (y) — 1]).

Indeed, this follows from (2.31), (2.32), and also (2.33) for T (y) in place of z. The latter
extends here even though 7T (y) € R™'(C;) € D' and so T(y) ¢ D° because for some y-
independent C' > 0 we have J (T (y)) < —2 [°In(&(|T (y) — 1| +6))m/(260)db (recall (2.29)).
This in turn is due to the distance of any v € R™'(C;) to dD being comparable to v — 1],
since C; has the same property.

So for z € C¢, the integrand in (2.35) can be bounded below by a multiple of

1 I
>
|2 = 1|R71(2) = Ugm (IR (2) = 1|) ~ |2 — 12gm(c|z — 1]}/2)’

with the inequality due to |R(v) — 1| € [c|v — 1]%,¢ v — 1|?] for all v € DT as well as
qm(a™1b) = a7 10Q (a7 10) < a™10Q,, () = a g, (b) for a € (0,1]. The integral is therefore

bounded below by a multiple of

[ =i
1] VT (eyr) ¢ Jo /e dm(s)

Finally, since |€ — 1] = |R(T(X?)) — 1| < ¢ YT(X?) — 1> = ¢ 1d(t)?, from (2.34) and

cqm(ctd) < gm(d) for ¢ € (0,1] and d € (0, ¢] we obtain

703ttt ([, 755 -0) s -emi o ([, 755 )

whenever X7 € Q0 is close enough to 0, with some ¢ = ¢, € (0,1] and C' = Cr ., > 0.

But dividing this by the right-hand side and integrating yields (with a new C')
1 1 1
ln/ ds Zln(/ ds —C)th+ln(/ ds —C’)th
d(t) Gm (S) c=1d(t) qm (8) c=1d(0) Gm (S)
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for all t > 0, as long as z € Q° is close enough to 0 (so the last parenthesis is > 1). This

now yields Theorem 2.1.2(ii).
Construction of a Domain Corresponding to a Given Modulus

We will now show that a domain as above does exist. We will do this by taking the
desired B+ = B+ + 37 and obtaining the domain Q := S (D) via the corresponding mapping
S from (2.7). Since B has bounded variation, we can now use the equivalent formula

S'(z) = S8'(0) exp (—l /( }ln(l — ze™ ) dBT(0)> (2.36)

™

(see [25, Corollary 3.16]). Our Q will in fact be a perturbed isosceles triangle, with one
vertex and the center of the opposite “side” on the real axis, and the modulus m will be
“attained” at the center of that side (where €2 will therefore be concave).

Given any concave modulus m and rq € (0, 3] with m(2rg) < %, let us define B(0) =

7 - Sgr;(e) m(2min{|0|,70}) on (—7, x| (and let its derivative be 27-periodic). Then let S be

such that 5(0) =0 and

2m 2m 2m
d5|(*ﬂ',ﬂ] = (? + 71-7710) Or + ?57r/3 + ?577#3’

where myq := %m(Qro) and dy, is the Dirac measure at § = . Clearly 3 := 3 + 3 satisfies
B(m) = B(—m) +2m, and B — % is odd on R (which is needed for symmetry of { with respect
to the real axis).

We now use (2.36) with the choice §'(0) := 1 to define

™

V(z) := exp (-1 /(M] In(1 — ze~*) d@(@)) = (14 23)7%30(2),

where we consider the branch of the logarithm with In : R x R — R x (=%, %) (since
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Re(1 — ze™*) > 0), use that IT7_ (1 — 2e~@=D7/3) = 1 4 23 and also define

v(z) == (14 2) ™ exp (3 /0 In(1 — ze~*)m/(26) d@) .

™

Since ImIn(1 — ze ™) € (=%, %) for all (z,0) € D x R, the imaginary part of the above

exponent belongs to (—Fmy, 5mg). This and Re(1 4 z) > 0 now yield

|argv(z)| < mmgy = m(2ry) <

ol

for all z € D. Since also |arg(1l + z%)| < %, it follows that ReV(z) > 0 for all z € D. But

then the mapping S : D — C given by

is injective, and 7 := S~! is a Riemann mapping for 2 := S(D) with 9 is a Jordan curve.
Note that 2 is bounded because V() = O(3_;_, |e!@*=D7/3 —2|=5/6) Since V((—1,1)) C R*,
we have S((—1,1)) C R, and then S((—1,1)) = Q°, with S(1) = 0 € 99 its right endpoint.

Observe that arg(V(e'?)) is uniformly continuous on (e!F=17/3 ¢i2k+17/3) for | =

0,1,2. This is because the same is true for the argument of (1 + €%¢)=2/3(1 + €)= while
. ) ) 2 [To )
arg (V(e“b)(l + 63’¢)2/3(1 + ew’)mo) = — / arg(l — ez(‘b_e))m'(%) de,
T Jo

which is continuous in ¢ because m is continuous. We therefore have that for each € > 0 there
are points 0 = ¢ < --- < ¢y = 27 (with !®*=D7/3 being among them) and a;,...,ay € R
such that |arg(S(e') — S(e*?)) — a,| < € whenever ¢,_1 < ¢ < ¢ < ¢,. Then Q is a

regulated domain by Theorem 3.14 in [25]. So it has a unit forward tangent vector from
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(1.42) for each § € R, and (2.7) shows that with its argument 37 from (1.43) we have

V(z) = 8'(2) = exp (i / kL (5rioy-0-1) d9> (2.37)

21 J__ e — 2
because S'(0) = V(0) = 1. In the definition of V, we can replace 3(f) by the 2r-periodic
function 5(6) — 6 — T because f027r In(1 — ze7?)df =In1 = 0.
Integration by parts then yields

V(z) = exp (% /: ewz_ - (6(9) . g) de)

:exp(%/tr(jztz—l) (56)-0-1) d@).

From this and (2.37) we find that

L[S o sy =5 [ (50 -0 5) do+ 2k = 2k

T o o

. if
2 J_e?¥ —z

for some k € Z and all z € D (because 3(6) — 7 and ¢ are odd). Hence By — B = 2km, so

and 7 are indeed the domain and Riemann mapping we wanted to construct.

2.6 Proof of Lemma 2.4.1

Monotone Convergence Theorem shows that it suffices to consider bounded f, g, h.
We will prove this via a series of “foldings” of 3|; onto smaller and smaller intervals that
shrink toward 6*. We will show that at each step the relevant integral cannot decrease.

Define 8° := |7 and let 8 be the measure for which

(

B(A) if A C (—00,0" — 26) U (0", 00),
BHA) =40 if AC (0" —26,0" —§),

BUAU (200" — ) — A)) if AC (0" —6,6%]

\
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for any measurable A C R.

That is, we obtain 8! from 3° by reflecting 3°

[0+ —25,0+—5) across 6% —J onto (0* — 4, 0*].

In particular, 3! is supported on [0* — 4, 0* + 24| and both measures have total mass 3(I).

We now let
B S SO
G2 = al)+ 55 [ e = <0) 4 0),
and want to show that
/H F()C(2)°dz < /H F(2)GY (=) dz. (2.38)

Let H := {re’* ¢ H|¢ € [0* — 6 — m,0* — 5]} and let H' := {re!®0"=0=9) | reié ¢ [}

be its reflection across the line connecting 0 and e ~%

. The properties of H ensure that
H' C H. Ifnow z € H\ H, then |¢? — z| > |0 =0)-0) _ 4|

for any 6 € [0* —24,0* —§). This and h being non-increasing show that G°(z) < G*(2)
for all z € H\ H, and in particular for all z € H\ (H U H'). To conclude (2.38), it hence

suffices to show that

FR)G(2)" + f(G () < f(2)G'(2) + f(2)G () (2.39)

holds for any z = re® e H, with 2/ = re!2@"=90-9 ¢ H’ its reflection across the line

connecting 0 and " ~9),

Note that the properties of f and g show that f(2') > f(z) and g(z’) > g(z). Let

by = () + 5 /[ M ) (20)
i [ ey M =D AFE) (20)

V= 0() + 575 /[ g =V (20,
Vi o /[ e B DA (20)

60



Then G%(z) = by +b_, G°(2) =V, + b, G'(2) =by + b, and G'(2) =¥, +b_, so

G2) + G°(2) = G'(2) + G (2).

We also have b, > b, and 0" < b_ due to g(z') > g(z), h being non-increasing, and the

definition of z’. This implies

0 < G'(2) <min{G°(2), G°(¢)} < max{G°(2),G°(¢)} < G*(¢).

The last two relations, together with convexity of the function z* on [0, 00), now yield

GO(2)* + G(2)™ < GY2)* + GH()™.

From this and (f(2") — f(2))(G'(2")* — G°(2)*) > 0 we obtain (2.39), and therefore (2.38).
An identical (modulo reflection) argument shows that if 52 is obtained from 8! by

reflecting 3*

(0++6,0*+25) across 0* + & onto [0, 6* + ), then we have

/H F(2)G (2)°d= < /H ()G (2.

We can then repeat this with g in place of § because 32 is supported on [0* — §,0* + §] and
has total mass 3(I). Continuing in this way, we obtain a sequence of measures 3°, 32, 34, ...,

each % having total mass 3(/) and supported on [0* — 217§, 0* + 2'795], such that
g

/Hf(z)GZJ'(z)adzg/Hf(Z)G2(j+1)(z)adz

for 5 = 0,1,.... Since the integrands are uniformly bounded and converge pointwise to

f(2)(g(2) + h(]e?” — z|))™ as j — oo, Dominated Convergence Theorem finishes the proof.
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Chapter 3

General Planar Domains

As we saw in Chapter 2, its main result is sharp and we cannot prove uniqueness of
weak solutions via this approach for general bounded vorticities on more general domains.
However, the example we constructed in Section 2.5 highly depends on oddness of the vor-
ticity across a line of a symmetry of the domain, so this approach might still work for some
more general domains (including domains containing corners with any interior angles) if we
add a sign condition on initial vorticity as in [16]. The main result of this chapter is to show
that the weak solutions are indeed Lagrangian on domains with possibly infinitely many
corners without any restrictions on their angles and less boundary smoothness in between
the corners. We will show that boudnary approach rate of particle trajectories is still no
faster than double-exponential in this case, and then uniqueness of weak solutions (again
when wy is constant near the boundary) will follow from Theorem 1.5.1. The idea of the

proof is similar to the one in last chapter but it uses a different Lyapunov functional.

3.1 Main Results

In this chapter, instead of using (1.42), we use another natural analog way to define
the unit forward tangent. Let  C R? be a bounded open Lipschitz domain with 9 a Jordan

curve, let L := |09| be the arc-length of 052, and let ¢ : [0, L] — C be a counter-clockwise
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arc-length parametrization of 9Q (so (L) = ¢(0)). For any 6 € [0, L), the unit forward
tangent vector to Q at o(0) is the unit vector

#(6) = lim 210 =(0)

B e g (3.1)

provided the limit exists (we also let 7(L) := 7(0)). If it does for each # € [0,L), and T
has one-sided limits everywhere on [0, L], then €2 is said to be requlated. In that case T is
right-continuous, and if we identify R? with C and let arg(z) € (—x, 7| for 2z # 0, then

7(9)
lim¢_>9_ ’7'(@5)

a(0) == arg € (—m,7) (3.2)
(o 9)

for 6 € (0, L] is such that 7 — @(0) is the interior angle of Q at (). Note that @(0) is
not defined, and a(#) € (—m, ) for § € (0, L] because 2 is Lipschitz. So corners of € are
precisely the points o(6) with 6 € (0, L] and a(f) # 0, and regulated domains clearly have

countably many of them. If also } o, 1y |@(6)] < 0o, then

Be(0) := arg (7(6) = Y _ a(®) (3.3)

0'<6

is a continuous function on [0, L] provided we let arg(7(#)) be the argument of 7(#) plus
an appropriate f-dependent integer multiple of 27. We will also assume that [, is Dini
continuous on [0, L]. That is, it has a modulus of continuity m : [0, L] — [0, 00) (1.44) with
fOL @dr < oo holds for all 6,6 € [0, L]). We recall that any Holder modulus of continuity

is also a Dini modulus. The following theorem is the main result for this chapter.

Theorem 3.1.1. Assume that a bounded open Lipschitz domain Q C R? with 0Q a Jordan
curve is requlated. Let T be the forward tangent vector to Q from (3.1), let & be from (3.2),
and assume that 3 o 1y |(0)] < oo and B. from (3.3) is Dini continuous. Consider any
0 <wp € L>®(Q) and let w > 0 from the Yudovich class be any global weak solution to the

FEuler equations on Q with initial value wy (such w is known to exist by [9]).
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(i) We have t, = oo for all z € Q and { X} |z € Q} = Q for all t > 0, and there is a

constant C,, < oo such that for any € > 0 and all large enough t > 0,

sup  dist(X7,09Q) > exp(—e®?) (3.4)

dist(x,00)>¢e

(except when w = 0, but then X = x). Moreover, w(t,X}) = wo(z) for almost every
(t,x) € (0,00) X Q (i.e., w is Lagrangian), and u is continuous on [0,00) x £ and (1.10)
holds pointwise.

(i) If supp (wo — a) NI = O for some a > 0, then w is the unique non-negative weak

solution with nitial value wy.

Remarks. 1. Hence the well-known double-exponential bound on the rate of approach
of particle trajectories to the boundaries of smooth domains (going back to [12, 32]) still holds
on the domains considered here, even though u can be far from log-Lipschitz near 9€) and
even unbounded at corners with angles > 7. A partial explanation is that w > 0 forces u
to “circulate” around 0€) counter-clockwise, thus keeping any particle trajectory near any
corner for only a short time during each passage through its neighborhood. However, our
domains can even have everywhere singular boundaries (e.g., a dense set of corners), so all

of 082 could be the set of potential trouble spots rather than just a few individual corners.

2. Part (i) of this result suggests a natural open question: is there any planar domain
) and a weak solution w > 0 to the Euler equation on it that has a particle trajectory
starting inside {2 and reaching 0f2 in finite time? Of course, a second one is whether such
solutions, if they exist, can fail to be Lagrangian (this is currently open even for unsigned
w).

Let us briefly discuss our approach and its relation to [16, 19] and the result in
Chapter 2. In all four papers, the central ingredient is a non-negative Lyapunov functional
on (0, 00) x Q that vanishes only on (0, 00) x 9§ and its change on Euler particle trajectories

can be controlled sufficiently well to show that it can never become 0 unless it is 0 initially.
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Lacave first chose this functional to be the stream function ¥ := —A~1w of the fluid velocity
u [16] because its rate of change in the flow direction u is 0. When w does not have a
sign, then W can vanish inside 2, and [19] as well as last chapter therefore used instead the
time-independent function 1 — |7 (z)|, with 7 : @ — D a Riemann mapping. In the present
paper we consider again solutions w > 0, and so revisit the idea of using the stream function.
However, in Lemmas 3.2.2-3.2.5 we obtain sharper and more general estimates on ¥ and
0¥ than [16], which allows us to include much more general domains, with arbitrary corners
as well as considerably less regular boundaries overall.

In the next section we state these estimates and use them to prove Theorem 3.1.1,

leaving the proofs of the estimates and of a formula for 9,V for the last two sections.

3.2 Proof of Theorem 3.1.1

We complete the proof in three steps. We always assume that ) satisfies the hy-
potheses from Theorem 3.1.1, and (w,u) is a weak solution to (1.1)—(1.3) on (0, 00) X £, as

defined next.

3.2.1 Weak Solutions and Space-time Differentiability of the Stream

Function

We again consider here weak solutions to (1.1)—(1.3) from the Yudowvich class
{(w,u) € L® ((0,00); L™(2) x L*()) | w =V x u and (1.2)~(1.3) all hold weakly}
where the weak form of (1.2)—(1.3) is

/ u(t,r) - Vh(z)der =0  Vh € HL.(Q) with Vh € L*(Q)
Q
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for a.e. t € (0,00) (see [9, 10]). It is well-known that V x u € L*((0, 00) x §2) implies that u
is bounded and log-Lipschitz on any compact K C Q at a.e. time ¢ € (0,00) (and uniformly
in these times), after possibly redefining it on a measure zero spatial set for each such ¢. If
we also redefine u at the exceptional measure-zero set of times (and also at ¢ = 0), then for

any compact K C € we will have

sup su u(t,z)| + < o0 3.5
wp s (ot 0+ T 3

(this is also shown in the proof of Lemma 3.2.1 below). Let now X, for (s,z) € [0,00) x

be the unique continuous function satisfying

d
%Xf’x = u(t, X;") and X' =u (3.6)

a.e. on the maximal interval I>* C [0,00) (containing s) such that X;* € Q for all t €
I5%\ 0I**. That is, I** is the (backward and forward) life-span of the particle trajectory
X", Of course, X;»* = X7 and 1%* = [0,1,] (or [0, 00) if £, = co) for all z € Q.

We say that (w, u) from the Yudovich class is a weak solution to (1.1)—(1.3) on (0,7") x

Q2 (for some T' € (0, 00]) with some initial condition wy € L>(Q), if

/0 /Qw (Orp +u - V) dedt = —/Qwo(x)go(o,x) de  NVeeCX((0,T)xQ). (3.7

This is in fact the definition of a weak solution w to the transport equation (1.4) when w is
some given vector field, but it is also equivalent to the relevant weak velocity formulation
of the Euler equations on 2 (see [10, Remark 1.2]). When 7" = oo, we call such solutions
global. Existence of a global weak solution is guaranteed by [9] for any wy € L*(£2) on very
general domains (while uniqueness is still open on most singular domains), and so for the
sake of notational simplicity we will always assume that T" = cc.

Lemma 2.3.1 now shows that for a.e. ¢ € (0,00), a weak solution (w,u) satisfies
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w(t, X7) = wo(z) for a.e. € Q such that ¢, < t. We can therefore redefine w on a set
of measure 0 so that w(t, XJ) = wo(x) holds for all z € Q and all ¢t € (0,¢,). Let now
s1 € (0,00) be any Lebesgue point of w as a function from (0, 00) to L'(€2). Replacing ¢ in
(3.7) by ., where ¥, € C([0,00)) satisfies X[s; 00) < Ve < X[s1-e,00), and taking € — 0
shows that (w,u) is also a weak solution to (1.1)—(1.3) on (s1,00) x §2 with initial condition
w(s1,-) (i.e., (3.7) holds with (0,wp) replaced by (si,w(s1,-)). Doing the same with any
0 € CX((0,00) x Q) and x[o,5,] < Ve < X[o,54] Shows that (w,u) is also a weak solution to
(1.1)-(1.3) on (0, s1) x 2 with terminal condition w(sy,-) (which becomes an initial condition
if we reverse the direction of time and replace u by —u). This and Lemma 2.3.1 show that
we can redefine w on a set of measure 0 so that w(t, X;"*) = w(sy,x) holds for all x € Q and
all t € 1517\ 9I°** (clearly the values on the curve (¢, X;"") will not change for any = such
that 0 € I°**). We can continue this way, with s, s3,... consecutively in place of s;, where
{s;};>1 is dense in (0, 00). This allows us to change w on a measure zero set so that for all

s € [0,00) (and with w(0,-) := wy) we will from now have

w(t, X;") =w(s,x) Ve e Qandt e I\ 0", (3.8)

It is well known that since € is simply connected, w from any weak solution (w,u)

uniquely defines the velocity u via its stream function

U(t,) = —A"1w(t,-)

for all £ > 0 (the negative sign is chosen so that ¥ > 0 when w > 0). Namely, after
redefinition of u on a measure zero set we have u = —V+W¥, where (vy, v2)* := (—vy,v;) and
Vi = (=0,,,0,, ). We can now use (3.8) to show that U is space-time differentiable (we

postpone the proof of this to the last section).
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Lemma 3.2.1. We have ¥ € C'([0,00) x K) for each compact K C Q, and V¥ = u' and

00t 7) = —— ( T(y)—T(z)  T(y) —T(x)

o7 |T<y>—’r<x>|2‘|T<y>—T<x>*|2> DT()utty)wlty)y  (3.9)

for each (t,x) € [0,00) X Q, where T : Q@ — D is any Riemann mapping.

Note that since this shows that now u = —V+W¥ is continuous on [0,00) x , this
version of u still satisfies (3.5). Since w is uniquely determined by w, from now on we will
refer to w as a weak solution to (1.4) (with u := V+A~lw), instead of to (w,u) as a weak

solution to (1.1)—(1.3).

3.2.2 Formulation on the Unit Disc via Riemann Mapping

Let next 7 : 2 — D be a Riemann mapping as in Lemma 3.2.1, extended continuously

to 99, and let S := 7 ~1. We will now use 7 to rewrite u and 9,¥ in terms of integrals over

ID. We have
U(t,z) = — [A*lw(t, )] () = —%/an \7'(|x7)1(—x)7'_(y7);(|?(7)'|(y)| w(t,y)dy, (3.10)
and then
u(t,z) = —VEU(t 2) = %DT(:E)TR(L T(2)) (3.11)
for any (t,z) € [0,00) x Q, where
R(t,€) = /D (é__; - |§__;*|2) det DS(2) w(t, S(2))dz (3.12)

for (¢,€) € [0,00) xD. We note that the second equality in (3.11) holds because T = (T, T?)
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is analytic, which means that

O, TV 0, T" O, TV 0, T
DT = = (3.13)

00, T? 04, T —0, T 0, T

and so for any v € R? we have

4L

Op T 0, T? 0p, T =05, T"

v = (%

8:(32 Tl 8:(327_2 _a$17_2 a3’/'1 Tl

Lemma 3.2.1 and u - V¥ = 0 now yield for any x € Q and ¢ € [0, ¢,),

d oL T)-TXH Ty -TEH \" wlt ) w
79050 =5 [ (T aor ~ =) DTty

(the parenthesis is replaced by % when T (X[) = 0). If we substitute (3.11) here and use
DT (y)DT (y)" = det DT (y) I (3.14)

(note that det DT = (9, T")* + (0,,T")* > 0),

after a change of variables we obtain

QgL [(2=TOD =T\
40X =~ [ (i e ) et S

Finally, from this and the identity

z w | |z —wl
2wl

(3.15)

2] w]
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for all z,w € C\ {0} we see that (with the fraction below replaced by ﬁ when 7(X}7) =0)

1 [ T(XY) = T(XP)|
w2 Jo |z = T(XP)| [z = T(X{)]

‘iw,m R(t,2) [w(t,S()ld= (3.16)

dt

<
— 4

It will also be convenient to re-parametrize the forward tangent vector 7 to 2 to 1.42,

which is

o S(e?) = S(e”)
v0) = lim S —s

with # € R. Then of course v(f) = 7(I'(e?)) for all § € R, where I' := (a](ovL])_l oS. We

now let {6,},51 C (0, L] be the set of all points such that  has a corner at o(6;), and define

0; :=m+arg (—I''(6;)) € (0,2n] and aj = @fj) €(—1,0)U(0,1)

for j > 1. That is, Q has corners at {S(e%)};>; with angles {m — 7a;};>1. Then we define

Be(0) = B(T(e”))  and () =7 ay

6,<6

for § € (0,27] and extend these two functions to R so that for all # € R we have
Bu(0+2m) = Bu(0) + 27k and  Ba(0+27) = Ha(6) + 2n(1 — ),

where K = W (which means that > ¢ @(0) = 2m(1 — k)). Then of course f3. is
continuous, fy is piecewise constant, and [ := .+ 4 is the argument of 7 in the sense that
e = 7(0) for all & € R (we also have 3( + 2r) = 3(6) + 27).
Lemma 1 in [31] shows that I" and I'"! are both Holder continuous, which means that
B, is Dini continuous because f3. is. Indeed, if m is a modulus of continuity for 3. , then
Be has modulus of continuity m(r) := m(Cr?) for some C,v > 0, and a simple change of
m(Cr7)

variables shows that fol =22 dr < oo if and only if fol @dr < oo0.

We next state the following important formula for det DS.
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Lemma 3.2.2. We have

2w
det DS(z) = det DS(0) 51|z — €| 2% exp (—z / Im—~ (B:(0) — k0) d@)
T Jo

e — 2

for each z € D (this holds even without 5. being Dini continuous), as well as

sup < 0.

z€D

/O%Im ©(B.(0) — kb) ¥

e — 2

Proof. Since S is analytic, det DS(z) = |S’(2)]?, where &' is the complex derivative when S
is considered as a function on C.

Since (2 is regulated, Theorem 3.15 in [25] shows that

: 21 40
+z T
S'(z) = |S'(0 i/ < ( 0—9——)d9
@ =150 e (5 [ G (30 -0
for all z € D, and from f027r EZZ df = 2r € R and Im szj = 2Im —7— we get

z

det DS(2) = det DS(0) exp <—% m / " e (5(6) ~ 6) d9> (3.17)

(note that 5(6) — 6 is 2m-periodic). We split the integral into two parts, one of which is

/0 L (Bu8) — (1—r)B)dE =i / "In(1 = 2e%) d (Ba(6) — (1 - ©)6)

el — z
where we used integration by parts. Since f027r In(1 — ze~?)df = In1 = 0, it follows that

exp (—% Im /OQW eioz_ —(B4(6) = (1 - ﬁ)e)de) — exp (—% /0% In e — 2| dﬂd(e))

iaj ‘7204]‘ .

=jz1|z —e

This and (3.17) prove the first claim.

Let 3(0) = B.(0)— k0, which is also 2r-periodic. If 5, has a Dini modulus of continuity
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m, then B has Dini modulus m(r) := m(r) + |s|r. So for any z € D and 6, := arg(z) we

obtain using Im ——55— = —Im 55— and < g for any 6 € R the estimate

N —
Sl (0F02)

2w P 5 g P

Since this is finite, the second claim follows.

™
D
+
>
N
S~—
|
)
—~
>
N
~—
QL
-
A
|
QL
-

In view of (3.16), (3.12), and this lemma, of particular concern to us will be corners
corresponding to a; > 0 (i.e., those with angles less than 7; note that the velocity u on € in
fact vanishes at these, while it may be infinite at the other corners).

We therefore let o := max{a;, 0} and define §; (¢) := 73-, _, o for all 0 € (0, 27].
We then extend 85 to R so that 85 (04-27) = 85 (0) +7 3,5, a;, and choose § € (0, §] such
that

BI(0+30) = Bi(0—30) _ 1+max af

v = 1
- <« ) (3.18)

for each § € R. Note that o, € [3,1) because max;>; o <1 by > i1l < oo

3.2.3 Estimates on the Stream Function and Conclusion of the

Proof

We now state the following three crucial estimates, whose proofs we postpone to the

next section. In them, constants Cq and Cf, only depend on €.

Lemma 3.2.3. There is Cq > 0 such that for each (t,€) € [0,00) x D we have

[W(t,S(6))] < Callw(t, )| oo (1 — [¢[)>mnttant/a),
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Lemma 3.2.4. If w > 0, then for each (t,€) € [0,00) x D we have

1—\5] 1 —|z|) det DS(2)

vt S(9) = 750, /max{|z—§| e

w(t,S(z))dz.

Lemma 3.2.5. There is C{, > 0 such that for each (¢,£) € [0,00) x (D\ B(0,2)) we have

R,
/D\z—suz—s*\d :
! In(1 — ’£|)|( (1 —|z|) det DS(z)

p max{|z —&[, 1 —[¢]}?

oty S())Idz + e, ‘)Hm) |

Remarks. 1. Lemmas 3.2.3 and 3.2.4 are sharper and more general versions of Lemmas
3.1 and 3.2 in [16]. Our use of Lemma 3.2.5 to estimate 0,V is analogous to the use of
Proposition 2.4 and Lemma 3.5 in [16], but instead of bounding |R| above by essentially
|w||=~ and leaving w as a function, we bound w by ||w||z~ and leave |R| in (3.16). This
is because for the domains 2 considered here, R can blow up at 9D (see (3.30) below). In
particular, this happens at corners with angles < 7, which is why such corners had to be

excluded in [16].
2. Lemma 3.2.5 easily extends to £ € B(0, 2) but we will not need this.

From now assume also that w > 0. Since (1 — |z|) det DS(z) is bounded below by a
positive constant on B(0,r) for any r < 1 due to Lemma 3.2.2, for any a > 0 there is ¢, > 0

such that the second integral in Lemma 3.2.5 is bounded below by ¢, ||w(t, )| L~ whenever

lw(, )l = allw(, )| e

From this, the above lemmas, and (3.16) it follows that when |T(X})| > 2 (in which case
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also |T(X}F) — T(X[F)*| <3(1—|T(X?)|]), then we have

d - 75CH 1 + ¢, - -
(e 7| < PR e a1 - T XD
W(t, X7)
< O, ollwlt, | e Wt X7) [In =)} 3.19
= ,QH ( )”L ( t) CQHW(ty)HLOO ( )

where C, o > 0 is some constant that only depends on (a, §2).

For each € > 0 let Q. := Q\ U,c9n B(x,€). For each € > 0 such that Q. # 0, let
T. = dist(Qae, @\ Q) [[ull Zoe 0,00y xc2e) > O-

Then X[ € Q. for all (¢,z) € [0, T] X Qq, and therefore (3.8) yields w(t, X[) = wo(z) for all

(t,x) € [0, T.] x Q.. Taking ¢ — 0 we obtain
oo < ] ] . o0 < o0
laoll oo < Timinf [lw(t, )|z < [lwl[ze,
and then from V - u© =0 also
Jw(t, Mz > llwollzr sy = llwollzr — 12\ Qael lwoll e > llwollzr — [\ Qe [|wllze  (3.20)

for each e > 0 and all ¢t € [0, 7%].
If now wy # 0, let a := L{|lwo||r1]|w|| ;= > 0 and let € > 0 be such that [Q\ Q.| < a.
From (3.20) we obtain

lw(®, )l = aflwlzee = allw(t, ) =
for all t € [0,7;]. Thus (3.19) yields

v(t, X7)

—W(t, X/
(a t) CQHUJHLOO

pn < Coallw|lL=¥(t, X7) [In

‘ d (3.21)

for all (t,z) € [0,7%] x Q such that [T(X)| > 3. This and Gronwall’s inequality show that



X7 e Qforall (t,z) € [0,T.] x Q. Therefore w(t, X7) = wy(z) for all (t,z) € [0,T.] x 2, and
in particular, ||w(T:, )|z = |lwollz:. We can therefore repeat this argument with the same
a and ¢ on the time interval [T;, 27.], then on [27%, 3T.], etc.

It follows that w is a Lagrangian solution to (1.4) on (0,00) x Q and |w(¢, )||r =
|lwol|ze for all (t,p) € [0,00) x [1,00]. Integrating (3.21) shows that there is a constant
C,, (depending on ||wo| =, |lwol/z1,€2) such that for each ¢ > 0 and all large enough ¢t > 0
we have W(t, XF) > exp(—e®!) whenever ¥(0,z2) > e. Since Lemma 3.2.3 yields C” > 0
such that W(t,S(£)) < C"(1 — |¢])2mintl=axl/4} for all (¢,€) € [0,00) x D, and T is Holder
continuous on € (see [31, Lemma 1]), this shows (3.4). Using also that (1.10) can clearly be
solved backwards in time with the same estimate on the boundary approach rate, we find
that {X[ |z € Q} = Q, thus finishing the proof of Theorem 3.1.1(i) for wy # 0.

If wy = 0, then w = 0 is clearly a Lagrangian solution to (1.4) on (0,00) x Q with
X} = x, which satisfies Theorem 3.1.1(i) except for (3.4).

If w > 0 is a different global weak solution, then the above arguments with time
0 replaced by any 7" > 0 such that w(7",-) # 0 show that for all ¢ € (T",00) we have
|lw(t, ) = |lw(T’,)||zr- But then ||w(t,-)||zr must be constant on the time interval
(T", 00), where T" € [0, 00) is the infimum of times ¢ with w(t,-) # 0 (and that constant is
then positive). This contradicts continuity of w as an L!(€Q)-valued function of time because
w(0,) =wy =0.

Theorem 3.1.1(ii) follows immediately from Theorem 3.1.1(i) and Proposition 3.2 in
[19]. We note that the latter result shows that Lagrangian solutions are unique as long as
they remain constant near 9 (more specifically, near the non-C*?7 portion of 99 for some

v > 0).

3.3 Proofs of Lemmas 3.2.3-3.2.5

Let us first state an auxiliary technical result.
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Lemma 3.3.1. Let 5 be a (positive) measure on R and let I := (0* — 26,0* + 2§) for some
0" € Rand 0 € (0,3]. Let H C D be an open region such that if re0+0) ¢ H for some
r € (0,1) and || < w, then re’®+9) € I whenever |¢'| < |p| (i.e., H is symmetric and

angularly convex with respect to the line connecting 0 and € ). If F : [0,00) — [0,00) is

non-decreasing and convez, then

[ rer (mwﬁ / h(lz—e”!)dﬁ(ﬁ)) iz < [ S (962) + = =) a:

holds for any non-increasing h : (0,00) — [0,00) and non-negative f,g € L'(H) such that

fre?@+9) > f(ref@+9) and g(re’@+9)) > g(re!®+9)) whenever r € (0,1) and |¢'| < |¢|.

The proof of this result is identical to that of Lemma 2.4.1 in last chapter, which was
stated with F(s) = s* for some o > 1, because the only properties of F' used in it were
that it is non-decreasing and convex. We will be using it here with F(s) := e®, g = 0, and

h(s) :=2B(I)In, 2, so that for any 3, I, H, f as above we have

S

/Hf(Z) exp (—2/111& |z — ei9|dﬁ(9)) dz < /Hf(z)lz _

Since Lemmas 3.2.3-3.2.5 are all stated at a single time ¢, we will drop ¢ from our

~26() g, (3.22)

notation in the proofs below. Hence we will have w(x), ¥(x), and R(z). For z € D we will

also denote

A(2) :=det DS(z) |w(S(2))| > 0.

We note that
/A(z)dz < lwl| pe< / det DS(z)dz = || [|w]|| L, (3.23)
D D

and that constants C1, Cy, ... below will always be allowed to depend (only) on €.
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3.3.1 Proof of Lemma 3.2.4

We have
=2l —etaP—le =P
€ — 2*[?[=]? € — 2*[?[]?
_ o UEPIEPP = 2Re(€2) + 1) — (J€]° — 2Re (€2) + |2%)
€ — 2*[?[=]?
2 2

1§ — 2* [z
for £,z € D with z # 0, which also means that W € (0,1) when z # 0,£. Hence

11— g —[2%)

2 lE—=PlzP 7

v

= _ 1m<L_u—mma—vPv

T € — 27 2|22

and so for each £ € D we have

Ny T TG PR e )
wse)= - [ A(z)d [ ers

€ — 22|22 — 2*?|z[?

Given any z,& € D, let M := max{|z —¢&|,1 —[{|}. Then 1 —|z| <1—|{]+]z—&| <2M, so

€ =2l S HE =zl +]e— 27|zl = [e = €[ + 1= |2 < |z = €] +2(1 — |2]) < 5M

when z # 0, and the result follows.

3.3.2 Proof of Lemma 3.2.3

Identity (3.24) and —In(1 —r) < (= ) for r € [0,1) (equality holds for r = 0 and

the right-hand side has a larger derivative on (0, 1)) show that

§—z|?

1

(a-lgRa=lz2) \ 2 : :

T e <} ==l P e Rl el 518
[ERIE - € — 2]

[§—2*[2[2]?
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Hence it suffices to show that there is C; > 0 such that

(1—|z]) .
/DWA(Z)CZZ < Ciflwllze (1 — €)™ 2, (3.25)

where & := min{1 — a, 3} (note that 2& — 3 < 0). From (3.23) we see that it in fact suffices

1
2
to replace D by A; := B(§,0) N D in (3.25).

Let us decompose A; into Ay := B(£,e) N Ay with ¢ := 1_T|£|7 Az = B(f, g) N A

with £ := %, and Ay = A;\(As U A3). Now Lemma 3.2.2 and (3.22) with H := A,

I = (arg(§) —26,arg(€) +29), f(2) :== %, and =3y ; o dg;, where dy, is the Dirac

mass at 0, yield

(1 |2|)2 / (1—|z)): 0. 1—2at
2 A(2)dz < Csyl|wl| e L Tly.crlz — |7 dz
/Al og M= Gllell | T ez = <P

1

1—1z])2 ~
<Gyl / UBDE g,
Ay ’Z—f‘

%—204* _ & %—2(1* )
<Csol|w]| o< c dz + &dz—i- 33Nz — &2 d2
As |7 — As € Ay
|z — ¢

3 20 a—1
<Csllwl|zwe2 ™ < 2Cs||wl|zee (1 — [€])* 2

because (3.18) shows that >, ., af < o, < 1. This therefore finishes the proof of (3.25).

3.3.3 Proof of Lemma 3.2.5

First integrate over Ay := D\ B(&,6). Then (3.15), (3.23), and

e
2

2= 2 > 5 -1 >1- |3 (3.26)
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for any z,z € D yield

|R(z 1// |2 — Z*| .
s < — —  A(2)dzdz
/Ao|z—§||z—f* SR P e S

9
2 i
—6~/[;v—4 (2)dz
47r/
< ZZ
- )2

_ 4x|0)

5

So it remains to integrate over Ay := B(§,6)ND. From (3.26), |{| —¢ > 2, and (3.23)

we have

|2 — 2|

/Al m/ —E2 1 A(G)dzdz < O |n(1— €D |lwll~,  (3.27)

B(0,1/2) ’Z_ZHZ_Z ‘

where we also used that with B¢ := B(¢, IS—;') ND and By := B(¢, IE_;,') N D we have

d 4 d
3/ A—— © < 6rln, ——— +50 (3.28)

dz
b 17—z —€1 = Jowwne 7 —EP €—€1u 2 =€ e

for any &,& € C.
We now let ¢ := 1 — [£] and split A; into Ay := B(&, ) and Az := A; \ Ay. We
start with Ay, and let E, := B({,£) and Ey := D\(B(0,3) U B(,5)). We also denote

M(&, z) == max{|z—¢|,1—|¢|}. When (z,2) € Ay x E, then (3.26), |z —£*| > ¢, and (3.28)

show that

/ 1 F=F Nzazds < 2 / )/ A2 s
Aﬁz—ﬂk—?|Eﬁz—4V—Z| B A, 12 =&z — 2|

A(Z) [In |z —¢|| d2.

Eq

From Lemma 3.2.2 and (3.18) we see that det DS(Z) < C3(1 —|z|)~2 for some C3 and
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all Z € D, hence

/ A(2)|1n|2—§||d2§4C’35_2||w||,;oo/ |In |2 — €| dZ < Cyl|w]||pec?|Ineg].
B(&e?) B(&e?)

From the last two estimates and M (¢, 2) = ¢ < 2(1 — |Z|) for Z € E) it now follows that

1 1z — 7| . Co|Ine] 73
_ —A(2)dzZdz < CyCyl|wl| el Inel + A(2)dz
f e o e < Colllmelinel + S22 A
1—12] . . . )
< Cs|Ine ——SA(2)dzZ + ||w||p~ | -
< cafnel ([ A+l
Moreover, for all (z,2) € Ay x Ey we have |z — Z*| > |z — Z| > ‘2;& > 1%" and
|Z — 2*| < 3(1 — |Z|), therefore
1 |2 — 2% o 1=z . ~/ dz
- —A(2)dzdz <48 | ———SA(2)dZ | ———
o e e M7 O e
=1z ., ..
< CglIn(1 — [€ ———A(2)dz,
R e

where we also used (3.28). The last two estimates and (3.27) show that

—|R(Z)| < n(l — —1_|Z| z)az wl| e
[ s < Coor ot~ D] ([ et + ol )

so it remains to integrate over As.
Let Fy := B(£,£), Fo =D\ (B(0,3) U B(&,26)), and F3 := (B(£,26) ND) \ B(E, £).
Then for all (z, 2) € A3 x F} we have |z—2*| > |z —Z| > I—Tlé\ > |z2—¢| and |2—2%] < 3(1—]Z]),

which together with (3.28) yields

1 - o 1— 13 . / dz
- —A(2)dzdz < 192 ———A(2)dz _—
/ PrI Pl M  p R e O | E g
R
< — _— .

And from (3.26), (3.23), and (3.28) we obtain
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1 R 2/ ) / e
- —A(2)dzdz < = A(2)dz S —
/Ag P e e ) 5/, M | e

< CslIn(1 — [€])] [|wl| o=

For the integral involving (z,2) € A3 x F3, let Fy := F3N B(0,1 — 5ﬁ) and for

zZ € F3let A; == B(Z, ‘255‘) N As. From [¢],]Z] > 5 and (3.15) we get

|Z—¢& | <|Z—-2"4+4]2-¢& < |Z2—-Z2"|+8|Z— 2| < 10|z — 7|

when also z ¢ A:. This, (3.28), |2—2*| <3(1—|3]), and [ —¢&*| > |2 —¢| > Sl for 2 € A,
and |2 — &*| > % show that

1 ot _ ot 3
/ 2= | —A(2)dzd=
A

s 12 = Ellz =& p 1z — 2]z — 27|

B i
/14“4/A |z—§||z_§ ||Z—Z||Z—z| A(2)dzdz

5 2 i
dzd
*20/1w4[43\A e e LG

—l n n(l — z
<Cy P |()O1( 12D+ [In(1 = [€)]) d

<CiolIn(1 —[¢])]

— 7]

. —M(f, 2)21\(2)d2.

Finally, let F5 := F3\ Fy. From (3.26), (3.28), Lemma 3.2.2, and (3.22) with H := F5,
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I := (arg(§) — 30,arg(§) +30), f =1, and §:= Zejel af 0y, we obtain

/ ! F=Z1\(5)aza
A

P e B e [y
dz
<9 A(z dz
= /F (z)/A3 2 —Ellz—Ellz—2]
dz dz
<8 A(Z = dz
: /F 2 </ |2—s|2\z—z|+//43\,45 |z—s|rz—s*r|z—s|> :

er /F A(Z) <|§ i g “ng__g'f')’) dz

In(1 — ~ 0. 1—2at 1~
< O [ 1y 1z — o270z

Fs
In(1 — . TR
Scl?)MHWHLOO/ Z—é dz
€ Fs €]

< Ca| In(1 = [ED ||z,

where in the last inequality we used that |F5| < €ﬁ, which is less than the area of a disc

with radius e7 % | Combining the above estimates and (3.27) yields

[R(2)| 1— |2
/A3 mdz < (C1+Cr+Cs+Chro+Chy) | In(1—[€])] (/D WA<Z)dZ + ||w||L°°) ’

and the result follows.

3.4 Proof of Lemma 3.2.1

We see from (3.11), a change of variables in the integral from (3.9), and (3.14) that

we need to show boundedness and continuity of R and

Qe = [ (Foh- o5 reautse:

on [0,00) x K for any compact K C D, as well as that ;¥ (¢, z) = —3=Q(¢t, T (x)) holds for

each (t,z) € [0,00) x €
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So fix any such K and let d := dist(K, 0D) > 0, then fix any (¢,§) € [0,00) x K and

let B := B({, %) and B’ := B(£,4). With Cy := sup|,j<;_g/, det DS(z), and using (3.15),

74

|w—z*| > |w—z| for all z,w € D, (3.28), and (3.23), we obtain for any (¢',¢’) € [0,00) x B,

€= ¢ € =¢'
|R(t,€) — (t§|<||WHL°<>(/ /D\B)(lﬁ—zué’—z! yg_z*Hfl_Z*‘)detDS(z)dz

: 1 81¢Y
<2 ~|& — 1
~ H(JJHL |f f‘(GWCd n, ’5 €,|+500d+ P )
and (using also |z — z*| < 2|¢ — 2*| and Hoélder’s inequality)
Rit€) = R < [ o det DSt S(2) - wlt S

<2 (/D € — 2|72 det DS(z)dZ) ° llw(t, ) — w(t', )| za- (3.29)

(Note also that the first of these estimates and (3.30) below prove (3.5).) Since the last
integral is bounded in ¢ € B’ by Lemma 3.2.2 and (3.23), and w is continuous as an LP(2)-
valued function of ¢ € [0, 00) for any p € [1,00) due to boundedness of w, local boundedness
of u, and (3.8), these two estimates show that R is continuous at (¢,&). Boundedness of R

on [0,00) x K follows from the estimate
|R(t, )] < Callwllz= (1 = [¢])' (3.30)

for all (¢,€) € [0, 00) x D, with a from (3.18) and some Q-dependent constant Cq. To obtain

it, first note that |z — z*| < 2| — 2*| and (3.23) yield (with ¢ from (3.18))

— 2 2|
/ & det DS(z)dz < —/ det DS(z)dz < 29
Q\B(£,6) € — 2[[§ — 2] 0 Q\B(&,9) 0

Then use Lemma 3.2.2, and (3.22) with H := B(¢,9), [ = (arg(§) — 26,arg(&) + 20),
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f(z):= @, and [ := Zejel o 0y, to get (with e := I_TH and € = %)

% c |20
/ &detDS(z)dng’/ L Sl N

B(£,8) € — 2][§ — 2*| B(£,8) € — 2|

—20ux c —20ux
< / c dz +/ —|€ i dz + 9/ € — 2|71 72 dz
B € — 2| BEe) € BES\(B(E)UB(E))

S C”(l . |€|)172a*

with some (2-dependent constant C’, C” because 2, o af < a, < 1by (3.18). The last two
estimates now imply (3.30).

Let us now turn to Q). Fix any K as above, then fix any (¢,£) € [0,00) x K and let
d, B, B' be as above (without loss assume that d < 1). Then for any (¥',¢') € [0,00) x B' we
have from (3.15),

e & — e
—je—2 e e -4

01t.6) - Q€)1 < e~ [ (i ) I, 2

where the second fraction is just ﬁ when ¢ = 0 and When ¢ = 0. Using (3.15),

|€/* Z
splitting the integration to z € B and z € D\ B, and applying (3.30) and (3.28) yields

|Q&£%—Q@€HSCWWMWK“—H<$4“<1+m+E{%ﬂ>+d”>

for some Q-dependent constant C’. Next, we have

Q.) - Q&) <Nl [ ot =SRG2~ R 2l
b [ e SR el S) - (e, Sl

Splitting the first integration into z € B’ and z € D\ B’, and then using |’ — ™| < 2|¢™* — 2|,
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(3.29), and (3.30) shows that the first integral is bounded above by
/ 4 /
Callo(t, ) —wlt' oy + 7 [ 1R(E.2) — B2 dz
D

for some (2, d)-dependent constant Cy. This converges to 0 as t' — ¢ by continuity of
w: [0,00) = L3(2), together with (3.29) and integrability of the right-hand side of (3.30).

Using |¢' — £ < 2|¢™ — 2|, (3.30), and Lemma 3.2.2, the second integral is bounded by

(1 — [2])t-2e qZ; Ry
é(\f’—ddetDS(Zﬁ) d] </DdtDS< w(t, S(2) — w(t', S( >>|d)

< Callw(t,) = w',)lero)

Cl

for some Q-dependent C’ and (d, 2)-dependent Cy, provided p € (2,00) is large enough so
that with ¢ := -5 we have (1 — 2o, — %Zj o) )q > —1. The above estimates thus together

show that @) is continuous at (¢,&). We can also use (3.15), | — &*| < 2|¢* — z], and (3.30)

to get
(1 _ |ZD1—20¢*
€ — =]

for all (¢,€) € [0, 00) x D, showing boundedness of @ on [0, 00) x K for each compact K C D.

1Q(t )] < 200 |w]2- / - (3.31)

Hence it remains to show 9,¥(t,2) = —5-Q(t, T (x)) pointwise, which will follow from
1 M
~5- Q(t, T (xo))dt = U(ty,x0) — ¥(to, xo) (3.32)
to

for all 0 <ty < t; and zo € 2 because @ is continuous. So fix any such (to, t1,x). Let

P(x) == Ly, T -T@) 1, |T(@) — Tl
2m [T (xo) = T@)NT@] 25 [T(@) = T (o) T (x0)]
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(so W(t;,z0) = [, o( x)dx for j =0,1) and

— _ 1 T(@) =T(xo)  T(x)—T(wo)"
V)= Voke) = =0T (L e~ =y )

for each z € Q (recall (3.13)). Also, for each r € (0, 45%) let g, € C°([0, 00)) be such that

Xlto+r,ti—r] < Ir < X(tortr)

and g, is non-increasing on [0, ¢;] and non-decreasing on [t;,00); and for each h € (0, 1] let

frn € C*(]0,00)) be such that
L. fu(z) =0 for z € [0, 2],

2. fu(z) =x for x € [h, 1],

3. fu(@) =1 +hforze[;+h,00),
4. 0 < fi(x) <2 for z € [0, 00).
Now for any h,r € (0, min{1, &5%}) and (¢,z) € [0,00) x Q let

pra(t, x) == g, (t) fr(o(x)).

Then clearly ¢, € C2°([0,00) x ) and ¢, ,(0,-) = 0, so plugging it into (3.7) yields

/0 ) / w(t, D)o (B F1(B(2)) ult, ) - (x)ded + / N / w(t, )6, (8) (6 () dadt = 0.

Since w(t, z)g.(t) f1(d(x))(x) is a bounded function and u € L>((0,00); L3(£2)), we can use

the Dominated Convergence Theorem to pass to the limit » — 0 and obtain

/t 1 / wit, ) F((2)) u(t, 2) () dedt + / wite, 2) fu((x))d — / w(ts, 2) fu(é(2))dz = 0,
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where in the second integral above we used that w is continuous as an L(2)-valued function

of t € [0,00). If we can show that u - € L>=((0,00); L'(2)), then taking h — 0 will yield

/ /1/1 u(t, z) w(t, x)dxdt = /(b w(ty, x dm—/qﬁ w(to, x

via the Dominated Convergence Theorem. But this is precisely (3.32) due to (3.11) and
(3.14). If B := B(xy, 3dist(z, 99)), then u -1 € L>((0,00); L' (B)) because u is bounded
on [0,00) x B by (3.30). From (3.13) we see that there is C}, such that

[9(2)] < Co||DT (2)]| < 2C,,| det DT ()|2

for all z € Q\ B, so ¢ € L*(Q) by [,det DT (z)dz = |D|. So u -1 € L>((0,00); L'(\ B)),
which indeed yields u - ¢ € L>((0,00); L'(Q2)) and thus finishes the proof.
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