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EPIGRAPH

Nothing is original. Steal from anywhere that resonates with inspiration or fuels

your imagination. Devour old films, new films, music, books, paintings,

photographs, poems, dream, random conversations, architecture, bridges, street

signs, trees, clouds, bodies of water, light and shadows. Select only things to steal

from that speak directly to your soul. If you do this, your work (and theft) will be

authentic. Authenticity is invaluable; originality is non-existent. And don’t bother

concealing your thievery- celebrate it if you feel like it. In any case, always

remember what Jean-Luc Godard said: "It’s not where you take things from - it’s

where you take them to."

-Jim Jarmusch

v



TABLE OF CONTENTS

Signature Page . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

Dedication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

Epigraph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

Table of Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xi

Vita . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiii

Abstract of the Dissertation . . . . . . . . . . . . . . . . . . . . . . . . . . . xiv

Chapter 1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 A Brief History of Extremum Seeking . . . . . . . . . . . 2
1.2 Thesis Overview . . . . . . . . . . . . . . . . . . . . . . . 4

Chapter 2 Continuous-time Constrained Gradient Climbing . . . . . . . . 5
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Background . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.3 Main Results . . . . . . . . . . . . . . . . . . . . . . . . 12

2.3.1 Existence and Feasibility of Solutions . . . . . . . 12
2.3.2 Equilibria . . . . . . . . . . . . . . . . . . . . . . 13
2.3.3 Convergence of Trajectories . . . . . . . . . . . . 16

2.4 Simulation . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.5 Effects of Set Augmentation . . . . . . . . . . . . . . . . 19
2.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . 20

Chapter 3 Continuous-time input-constrained sinusoidal extremum seek-
ing on static quasi-convex maps . . . . . . . . . . . . . . . . . 22
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . 24
3.3 Constrained Extremum Seeking Algorithm . . . . . . . . 24
3.4 Domain Limited Stability Concepts . . . . . . . . . . . . 29

3.4.1 Generalized Lyapunov Stability . . . . . . . . . . 30
3.4.2 Domain-limited Semi-global Practical Asymptotic

Stability (DSPA) . . . . . . . . . . . . . . . . . . 30
3.5 Main Result . . . . . . . . . . . . . . . . . . . . . . . . . 32

vi



3.5.1 Constrained Extremum Seeking (CES) Error Sys-
tem . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.5.2 The Average CES Error System . . . . . . . . . . 33
3.5.3 The Sole Equilbrium of the Average CES Error

System . . . . . . . . . . . . . . . . . . . . . . . . 34
3.5.4 The Absorption of Trajectories . . . . . . . . . . . 34
3.5.5 The Non-Existence of Closed Trajectories. . . . . 35
3.5.6 The Stability of the Average CES Error System . 38

3.6 The Crucial Role of the Low Pass Filter . . . . . . . . . 38
3.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . 42
3.8 Appendix A . . . . . . . . . . . . . . . . . . . . . . . . . 43

Chapter 4 Maximizing Map Sensitivity
and Higher Derivatives
Via Extremum Seeking . . . . . . . . . . . . . . . . . . . . . . 49
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.2 Probability and Stochastic Processes . . . . . . . . . . . 52
4.3 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . 53

4.3.1 Notation . . . . . . . . . . . . . . . . . . . . . . . 53
4.3.2 Probability and Stochastic Processes . . . . . . . 53
4.3.3 Stochastic and Deterministic Averaging . . . . . . 54

4.4 Extremum Seeking for Higher Derivatives of Unknown
Maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.5 Averaging Analysis . . . . . . . . . . . . . . . . . . . . . 59
4.6 Singular Perturbation Analysis . . . . . . . . . . . . . . . 63
4.7 Performance Considerations . . . . . . . . . . . . . . . . 64

4.7.1 On the Choice of Time Scale Parameters . . . . . 64
4.7.2 Sensitivity of Derivative Estimators . . . . . . . . 65
4.7.3 Basin of Attraction for a Non-constant Hessian . . 66
4.7.4 Newton-based vs. Gradient-based . . . . . . . . . 70
4.7.5 Stochastic Perturbations and Filtering . . . . . . 73

4.8 Extension to Noncooperative Games . . . . . . . . . . . . 76
4.9 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . 81
4.10 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . 83

4.10.1 Trigonmetric Identities . . . . . . . . . . . . . . . 83
4.10.2 A Taylor Series . . . . . . . . . . . . . . . . . . . 84
4.10.3 The Average Demodulated Signal . . . . . . . . . 84
4.10.4 The average error system equilibrium . . . . . . . 87
4.10.5 The Linearized-Averaged-Reduced System . . . . 89
4.10.6 Singular Perturbation Analysis . . . . . . . . . . . 91

vii



Chapter 5 H− Ion Source Peaking . . . . . . . . . . . . . . . . . . . . . . 94
5.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . 94
5.2 The H− negative ion source at LANSCE . . . . . . . . . 95
5.3 Beam current under the peak seeking scheme . . . . . . . 99
5.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . 100

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

viii



LIST OF FIGURES

Figure 2.1: Method of steepest descent (pink) and gradient based projection
method (red/green/black) . . . . . . . . . . . . . . . . . . . . . 18

Figure 2.2: Caricature of how constrained the optimal parameter can change
with the expanded problem . . . . . . . . . . . . . . . . . . . . 20

Figure 3.1: Block diagram of 1 dimensional constrained input extremum
seeking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

Figure 3.2: Graphic visualization of a constraint set and a concave objective
function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

Figure 3.3: Trajectories of constrained/unconstrained extremum seeking of
a quadratic map . . . . . . . . . . . . . . . . . . . . . . . . . . 28

Figure 3.4: Phase portrait for the average system of the CES system . . . . 36
Figure 3.5: Phase portrait of the average system for the CES system . . . . 37
Figure 3.6: A linear objective function constrained to a finite range . . . . 39

Figure 3.7: Spatial and temporal representation of
˙̂
θ to understand the clip-

ping effect . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
Figure 3.8: Average velocities for varying dither amplitudes: understanding

the clipping effect . . . . . . . . . . . . . . . . . . . . . . . . . 41
Figure 3.9: Velocity profiles for average CES error system under its distinct

configurations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
Figure 3.10: Properties of Pθ̂{ξ} . . . . . . . . . . . . . . . . . . . . . . . . . 48

Figure 4.1: A Newton scheme to maximize Dn(h ◦ l)(θ) . . . . . . . . . . . 58
Figure 4.2: A Newton extremum seeking scheme to maximize D0

θ(−θ2) . . . 67
Figure 4.3: A Newton extremum seeking scheme to maximize D1

θ(−
1
3
θ3) . . 68

Figure 4.4: Derivatives of h(θ) = arctan(θ) . . . . . . . . . . . . . . . . . . 69
Figure 4.5: A gradient extremum seeking scheme to maximize Dn(h ◦ l)(θ) 71
Figure 4.6: Maximization of D1

θ arctan(θ), unstable for ES Newton method 72
Figure 4.7: Newton vs gradient method maximizing D0ν = −1

4
θ2 . . . . . . 73

Figure 4.8: Newton vs gradient method, maximizing D0ν = −2θ2 . . . . . . 74
Figure 4.9: Stochastic gradient-based derivative maximization . . . . . . . 75
Figure 4.10: Extremum seeking performance improvement with a low-pass

filter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
Figure 4.11: Noncooperative game between 2 players using extremum seeking 78
Figure 4.12: Simulated strategy evolution between between 2 noncooperative

players . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

Figure 5.1: An inside view of the LANSCE H− negative ion source . . . . . 96
Figure 5.2: Comic of H− production in the LANSCE negative ion source . 97
Figure 5.3: A heuristically observed concave relationship between converter

voltage and extracted beam current . . . . . . . . . . . . . . . . 98

ix



Figure 5.4: Adaptive peak seeking scheme recovering from fault . . . . . . . 101
Figure 5.5: Extended length test of adaptive peak seeking scheme . . . . . 102
Figure 5.6: Negative ion beam current at constant voltage . . . . . . . . . . 103

x



ACKNOWLEDGEMENTS

I would like to thank Professor Miroslav Krstic for affording me this op-

portunity and sharing his wealth of knowledge with me along the way. He is a

constant reminder of the quality work we should all strive to create.

I would like to thank my mother and father for their never ending encour-

agement and support, and of course, creating me in the first place.

I would like to thank Professor Ryan Kastner for his support on the au-

tonomous underwater vehicle project. He has fostered an environment for students

(particularly myself) to learn and grow a great deal.

I would like to thank to Professors Jorge Cortes and Sonia Martinez for

inviting me to their weekly group discussion while I was a master’s student. It was

a wonderful experience in which I learned a great deal.

I would like to thank Professor Bitmead for sharing his wisdom with me

during my time at UCSD. It is a genuine pleasure of mine conversing with him.

I would like to thank everyone at LANL who took time out of their day

to speak with me, in particular Fred Shelley, Gary Rouleau, and John Faucett.

My experiments at Los Alamos would never have come to fruition without their

support.

I would like to thank my committee members for lending their time and

expertise to this project.

I would like to thank my fellow graduate students Stephen Chen, Shuxia

Tang, Shumon Koga, Leobardo Camacho Solorio, Mike Ouimet, Ashish Cherukuri,

Eduardo Jose Ramirez Llanos, Evan Gravelle, Andres Cortes, Aaron Ma, Martin

Sehr, Amit Pandley, Robert Moroto. It has been my pleasure to have spent time

with each one of them.

I would like to thank my friends for brightening my life and maintaining

my sanity while on this journey.

Chapter 2 is in full a reprint of the material as it appears in: Greg Mills,

Miroslav Krstic, “Gradient Based Projection Method for Constrained Optimiza-

tion”, IEEE Conference on Decision and Control, 2013. The dissertation author

was the primary investigator and the author of this paper.

xi



Chapter 3 is in part a reprint of the material as it appears in: Greg Mills,

Miroslav Krstic, “Constrained Extremum Seeking in 1 Dimension”, IEEE Confer-

ence on Decision and Control, 2014. The dissertation author was the primary

investigator and the author of this paper.

Chapter 4 is in full a reprint of the material as it appears in: Greg Mills,

Miroslav Krstic, “Maximizing Map Sensitivity and Higher Derivatives Via Ex-

tremum Seeking”, Submitted for Publication, 2016. The dissertation author was

the primary investigator and the author of this paper.

Chapter 4 is in part a reprint of the material as it appears in: Greg

Mills, Miroslav Krstic, “Maximizing Higher Derivatives of Unknown Maps with

Extremum Seeking”, IEEE Conference on Decision and Control, 2015 and addi-

tionally Greg Mills, Miroslav Krstic, “Maximizing Higher Derivatives of Unknown

Maps with Stochastic Extremum Seeking”, American Control Conference, 1, 2016.

The dissertation author was the primary investigator and the author of these pa-

pers paper.

xii



VITA

2010 B. S. in Mechanical Engineering, University of California San
Diego

2010-2012 Graduate Teaching Assistant, University of California, San
Diego

2012 M. S. in Mechanical Engineering, University of California,
San Diego

2012-2016 Graduate Student Researcher, University of California, San
Diego

2016 Ph. D. in Mechanical Engineering, University of California,
San Diego

PUBLICATIONS

Greg Mills, Miroslav Krstic, “Gradient Based Projection Method for Constrained
Optimization”, IEEE Conference on Decision and Control, 2013.

Greg Mills, Miroslav Krstic, “Constrained Extremum Seeking in 1 Dimension”,
IEEE Conference on Decision and Control, 2014.

Greg Mills, Miroslav Krstic, “Maximizing Higher Derivatives of Unknown Maps
with Extremum Seeking”, IEEE Conference on Decision and Control, 2015.

Greg Mills, Miroslav Krstic, “Maximizing Higher Derivatives of Unknown Maps
with Stochastic Extremum Seeking”, American Control Conference, 1, 2016

Greg Mills, Miroslav Krstic, “Maximizing Map Sensitivity and Higher Derivatives
Via Extremum Seeking”, Submitted for Publication, 2016

xiii



ABSTRACT OF THE DISSERTATION

Extremum Seeking for Linear Accelerators

by

Gregory Matthew Mills

Doctor of Philosophy in Engineering Sciences (Mechanical Engineering)

University of California, San Diego, 2016

Professor Miroslav Krstic, Chair

The work in this thesis describes our attempts for theoretical advancements

to and the experimental results of extremum seeking schemes. Extremum seeking

is a form of adaptive control where an unknown but assumed concave objective

function is maximized. While many black-box optimization schemes exist, each

with their own particular assumptions and nomenclature, extremum seeking anal-

ysis in the controls community typically deals with an unknown objective function

associated with the non-linear equilibrium profile of a dynamic process. An elegant

and rigorous analysis paradigm exists for the general structure of this problem. It

exploits the time scale difference in process, estimation, and learning dynamics so

as to use averaging and singular perturbation theory. The slowest timescale ap-

proximates a continuous optimization algorithm. The middle timescale constructs

xiv



estimates for the ‘slower’ learning algorithm. And the fastest timescale are the

process dynamics.

In reality, optimization problems are typically not unconstrained. A real

process will likely have some physical limitation or a even a user imposed virtual

limitation. In order to enforce input constraints to the extremum seeking setting,

we must better understand the constrained optimization algorithm the "average"

extremum seeking system will approximate. We initially investigate the use of

continuous-time gradient based optimization scheme for the convex programming

problem. The dynamics of the optimization parameter are described by a contin-

uous projection of the map’s gradient and appear an appropriate target system

for the average extremum seeking system. We then assume a general unknown

quasi-concave objective function and provide that the 1-dimensional sinusoidal ex-

tremum seeking scheme is domain-limited semi-globally practically asymptotically

stable about the constrained minimum. The incorporation of a projection operator

prohibits the estimate system from leaving the constraint set and the perturbed

system from leaving the constraint set dilated by the perturbation amplitude.

The usual working assumption is that the extremum seeking process will

regulate the system to a neighborhood of the output’s extremal value. How-

ever, it does not need to be the case. We present a generalization to the scalar

Newton-based extremum seeking algorithm which through perturbation-induced

measurements of an unknown steady-state input-to-output map, maximizes the

map’s higher derivatives. The Newton-based extremum seeking approach removes

the dependence of the average convergence rate on the unknown Hessian of the

higher derivative, an effort to improve performance over standard gradient-based

extremum seeking. We prove local stability of the algorithm for general nonlinear

equilibrium profiles of dynamic maps and extend this abstraction to multiplayer

non-cooperative games, but limit our attention to a 2-player game for notational

simplicity and length considerations.

Experimental results and a discussion of application process are shown for

a negative ion surface plasma source . The converter voltage of a H− ion source

is utilized by the Los Alamos linear accelerator is optimized in order to maximize

xv



the output intensity of the beam current.
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Chapter 1

Introduction

Begin at the beginning and go on till you come to the end: then stop.

-Lewis Carroll

This main goal of this work is to develop algorithms which further the

current understanding and application extremum seeking optimization algorithms.

Real world processes can be abstracted into complicated mathematical models

which describe the evolution of a process over time. The solutions to these models

describe the process’ realized behavior. More often than not, obtaining explicit

solutions to these processes is not viable and we instead settle for obtaining so-

lution properties of the process. For example we may be able to provide that a

parameter will converge to toward a specific value without explicitly being able to

describe the trajectory along the way. Control theorists concern themselves with

developing algorithms that dynamically modify controllable parameters in these

models which in turn produce a more desirable process behavior. Sometimes ex-

plicit models are not readily available (e.g. a large particle simulation, a biological

process that is not well studied, etc). Selection of a model to describe a process

is typically not without uncertainty. Even if one were to have the correct model

structure available to them, the model may be parameterized by uncertain parame-

ters. Model-based optimization techniques derive solutions which are optimal with

respect to the chosen model its chosen parameters. However, these ‘optimal’ solu-

tions may provide sub-optimal performance results when applied to a real system

where the process model differs. These model-based optimal set points, calculated

1
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offline, direct control systems to a priori trajectories or set points and limit the

ability of processes to adapt while online. Non-model-based real-time optimization

techniques are attractive methods when trustworthy system models are difficult or

costly to obtain. Extremum seeking has a rich body of literature, which supports

both theory [1–9] and application [10–19].

1.1 A Brief History of Extremum Seeking

The introduction section for survey paper [20] has an excellent history of

extremum seeking and is strongly recommended for the uninitiated. One of the

earliest documented extremum seeking mechanisms [21] appears in 1922 proposed

for electric railways. Extremum seeking saw a rise in popularity during the 1940s-

1960s only to completely fall out of fashion. This is attributed mostly likely to

the lack of rigorous theoretical foundation along with the difficulties encountered

implementing such controllers. The research in the 1940s came predominantly

from Russia authors with the first english paper [22] from Drapper and Li in 1951

for tuning spark timing in internal combustion engines. In the 1990’s it once

again emerged as a tool for real time industrial optimization. In a very general

sense, extremum seeking maximizes an objective function associated with an un-

known input-to-output map. Extremum seeking may go by many names depending

on the primary field of discipline and the surrounding assumptions one typically

makes. In the controls community, extremum seeking prototypically associates

itself with continuous time analysis (averaging/singular perturbation theory), si-

nusoidally perturbed measurements, and concave equilibrium profiles of dynamic

maps. This is because in 2000 [1] provided the staple analytical framework for what

was previously only an intuitively successful scheme. Most literature with sinu-

soidal perturbations proceeding [1] leverages their analysis. The 2000’s had numer-

ous applications, including flow control [23], wind turbines [24], photovoltaics [25],

fusion [26], mobile robots [27], GPS-denied environments [28], fish locomotion [29].

In 2010 the authors of [5] abstract the framework of the ES problem. The authors

point out that the analysis strategy commonly employed leads to multiple time
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scales (as to utilize averaging and singular perturbation theory). ES algorithms

are designed such that the dynamics viewed from the slowest timescale closely

emulate a desired continuous optimization method, typically through appropriate

averaging theory [30–32]. As of late extensions to games [33, 34] and distributed

settings [35] are emerging. Of course many variations to the problem exist where

we see the problem considered in discrete time, with alternative perturbations, and

static maps.

"Simplicity is a great virtue but it requires hard work to achieve it and

education to appreciate it. And to make matters worse: complexity sells better"

- Edsger W. Dijkstra

Extremum seeking is an interesting form of optimization because of its

online and continuous nature. The system does not discontinuously jump to a cal-

culated optimal set point, but is gradually steered there from its current operating

condition. And back to the optimal again in lieu of disturbances, measurement

noise, and sufficiently slow time varying maps. While extremum seeking does pro-

vide a solution to these problems with sense of generality and elegance, it is not

without its own limitations. Rather than converge directly to an optimal point, it

converges only to neighborhood about it. While the technique is non-model based,

it is not really model free. Varying degrees of assumptions are made about the

structure of the associated physically measurable objective function. Because it

can become trapped in local extrema, it necessitates a need to start as relatively

close to the optimal point as possible. In this instance, an offline estimate of the

optimal operating parameters is a useful starting point (which would come from a

model). In general, the convergence properties of multi-parameter extremum seek-

ing tends to suffer with an increased number of parameters. This last point is not

really a surprise, as model-free learning algorithms typically exhibit slo converge

in complex problems. Also, not all physical systems would even respond well to a

persistent disturbance.
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1.2 Thesis Overview

Chapter 2 introduces a continuous-time gradient based optimization scheme

for the convex programming problem. The dynamics of the optimization parame-

ter are described by a continuous projection of the map’s gradient. Its mechanics

parallel that of an augmented steepest descent method with the exception that

it behaves as an interior point method. This chapter is intended as an initial

investigation into fully understanding the effects the projection operation before

implementing projection along with extremum seeking in Chapter 4.

Chapter 3 presents a novel approach for applying extremum seeking op-

timization to systems with convex input constraints. We use a general unknown

quasi-concave objective function and provide that the 1-dimensional sinusoidal ex-

tremum seeking scheme is domain-limited semi-globally practically asymptotically

stable about the constrained minimum. The incorporation of a projection operator

prohibits the estimate system from leaving the constraint set and the perturbed

system from leaving the constraint set dilated by the perturbation amplitude.

Chapter 4 presents a generalization to the scalar Newton-based extremum

seeking algorithm which through perturbation-induced measurements of an un-

known steady-state input-to-output map, maximizes the map’s higher derivatives.

The Newton-based extremum seeking approach removes the dependence of the

average convergence rate on the unknown Hessian of the higher derivative, an ef-

fort to improve performance over standard gradient-based extremum seeking. We

prove local stability of the algorithm for general nonlinear equilibrium profiles of

dynamic maps and compare the Newton-based method against the gradient-based

method. We also extend this abstraction to multiplayer non-cooperative games

but limit our attention to a 2-player game for notational simplicity and length

considerations.

Chapter 5: covers an application of extremum seeking implemented at a

linac substation. The converter electrode voltage of an H− negative ion source

is optimized in order to maximize the output intensity of the linac’s initial beam

current.



Chapter 2

Continuous-time Constrained

Gradient Climbing

We introduce a continuous-time gradient based optimization scheme for the

convex programming problem. The dynamics of the optimization parameter are

described by a continuous projection of the map’s gradient. Its mechanics parallel

that of an augmented steepest descent method with the exception that it behaves

as an interior point method. The projection affects the flow field as if subject

to an interior point barrier function. Under mild assumptions the optimization

trajectories are shown to stay entirely within the feasible region and converge to

the constrained optimum. The approach also simultaneously solves the Lagrangian

dual problem even though the dynamics are not governed by it.

2.1 Introduction

In the study of constrained minimization there are two general forms of

the nonlinear programming (NLP) problem. The Equality Constrained Problem

(ECP) and the Inequality Constrained Problem (ICP) of form

inf
θ̂
f(θ̂) s.t. g(θ̂) ≤ 0 (2.1)

The concept of having a dynamical system solve optimization problems has been

around for some time. The simplest approach for an unconstrained optimization

5
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problem is the method of steepest descent. The systems evolves in the direction of

the negative gradient and asymptotically converges to a minimizing point (assum-

ing it exists). This will not work for constrained problems where the critical point

lies outside the feasible region. The optimization trajectory would evolve into an

infeasible region as the final solution would violate the imposed constraints.

A common thematic approach for dealing with constraints is to eliminate

them entirely and capture their intent elsewise. Hard constraints are the origi-

nal constraints of an ICP and must be necessarily satisfied. Soft constraints on

the other hand, are costs functions that favor certain solutions over others. The

use of interior-point barrier functions force optimization trajectories away from

hard constraints and are only defined inside the strictly feasible region. This is

normally implemented with a logarithmic barrier function. The barrier function

blows up as it approaches very near the boundary and creates a sort of ’force

field’ that counteracts the optimizers intent to exit the feasible set [36]. Unfor-

tunately the hessian varies rapidly at the boundary and is subject to being ill

conditioned, so it is not usually successful when used in practice with an algorithm

such as the Newton Method. Alternatively, exterior-point penalty functions can

be used to force optimization trajectories inward toward the feasible region when

soft constraints are permissible. Exterior penalty functions are defined at least

on a neighborhood of the feasible set. The desired characteristics of a penalty

function are non-negativity, strict convexity, that it goes to infinity as infeasibility

increases and zero valued for feasible points. Additionally desirable traits include

smoothness and sharply increased function growth as infeasibility occurs. At the

expense of complicating the cost function further, hybrid approaches which com-

bine the two aforementioned ideas have been used in [36, 37] for example. This is

beneficial as the barrier-penalty function is defined in both the feasible and infea-

sible region. Design of these barrier-penalty functions requires careful attention

to guarantee continuous derivatives. The interior barrier, exterior penalty, and

hybrid approaches are akin to eliminating constraints and reformulating (2.1) with

an augmented cost function.

We can also eliminate the constraints by formulating a problem of dual
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variables:

L(θ̂, λ) = f(θ̂) +

m∑

i

λigi(θ̂) (2.2)

The ECP in (2.2) is known as the Lagrangian dual form and is the most common

formulation of the dual problem. The optimal values of the primal (original) and

dual problems need not be equal in general. The difference between primal and

dual solutions is referred to as the duality gap. However, in convex optimization

problems the duality gap is zero assuming certain constraint qualifications have

been met. While systems of equations can be constructed and used to solve (2.2),

the procedure can quickly become cumbersome. As a result computational meth-

ods for solving problems of (2.2) naturally became of great interest in the late

1950’s and early 1960’s. The use of a dynamical system to solve (2.1) which in-

volved the evolution of both λ and θ̂ from (2.2) began with K. J. Arrow et. al [38].

Approaches of this form are often referred to as Lagrangian methods.

Continuous optimization refers the ability of the objective function to as-

sume real values as opposed to discrete. Most computational methods for continu-

ous optimization are actually presented in discrete time because the field of convex

optimization has been emphatically focused on increasing the efficiency of compu-

tational algorithms. [39–46]. These resources are rich with information towards

the mathematical discussion of convex optimization, but algorithmically speaking

narrow their focus to improving convergence time for known objective functions.

Differential equations that solve a NLP problem can be combined with a

numerical scheme for solving ODEs to provide a numerical scheme for solving the

NLPs. As seen in [47], a general framework for developing a family of dynamical

systems that solve (2.1) is presented as well as how to select the stepsize for the cor-

responding ODEs. It is advantageous to work in continuous-time because learning

from the successes and limitations of interior point methods in this way positions

us to develop notions of stability and convergence for continuous-time extremum

seeking (ES) schemes subject to constraints. Additionally powerful mathematical

tools are available in continuous-time and ultimately the scheme can be adopted

to discrete-time, while the converse is not necessarily true. Continuous-time La-

grangian dynamical systems which solve the problem in (2.1) have been proposed
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in [48]. These dynamical systems while proven to converge to the constrained opti-

mum, do permit excursions outside the feasible set. While new approaches to these

methods seek to improve convergence properties, their requirement on knowledge

of the gradient and hessian of the Lagrangian function are concerning. They may

be difficult to estimate in practice, sensitive to noise, or partial to becoming ill

conditioned in an ES scheme that has no knowledge of the map. This potentially

poses problems to being effectively adapted to non-model based methods.

Lagrangian methods where the objective function is unknown have been

studied in [49, 50]. In [49] the map is unknown and not necessarily convex. While

convergence is not proven, the only possible points of convergence are shown to be

the constrained local minima. Evolution of the λ parameter may cause transients

that strongly violate the feasibility region.

Here we propose a continuous-time dynamical system which solves the con-

vex optimization problem of (2.1) and has full knowledge of the objective function

a priori. The optimization parameter evolves along a simple projection of the vec-

tor field. This avoids over complication of the objective function and its potentially

ill effects on the vector field near the boundary. In effect, it has similarities to an

interior-point barrier function and guarantees the optimization trajectories are at

all times feasible. Although the equivalent barrier function in this approach cannot

be written in a simple analytic expression, as a log barrier function might be. The

remainder of the paper is structured as follows. In section II we introduce the

necessary notation and mathematical preliminaries. Section III demonstrates the

trajectories of our algorithm exist and do not leave the feasible set. The possible

equilibria are characterized and the algorithm is shown to converge. In section IV

we provide some numerical simulations to give a graphical interpretation of the

how the algorithm looks when it is realized. Section V discusses adaptations to

the feasible set and its effects on the constrained optimum. Finally, we conclude

with a summary and outlook for future development.
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2.2 Background

We will make use of the following notation and definitions actively through-

out the paper:

Let two points θ̂1, θ̂2 ∈ Rn and 0 ≤ λ ≤ 1 be given. Their convex combina-

tion is as follows

θ̂ = λθ̂1 + (1− λ)θ̂2 (2.3)

We refer to the set Π ∈ Rn as convex, if all convex combinations of any two

points θ̂1, θ̂2 ∈ Π are again in Π.

A function f : Π → R defined on a convex set Π is called convex if for all

θ̂1, θ̂2 ∈ Π and 0 ≤ λ ≤ 1 one has

f
(
λθ̂1 + (1− λ) θ̂2

)
≤ λf(θ̂1) + (1− λ)f(θ̂2) (2.4)

f is referred to as a strictly convex function if the ≤ relation in (2.4) is just <.

Assumption A1. Let f : Rn → R and g : Rn → R be C1.

Assumption A2. f(θ̂) : Rn → R, g(θ̂) : Rn → R. f and g are convex functions.

Assumption A1 and Assumption A2 should be considered to be true through-

out the remainder of the paper. We shall express the gradient of a function

f : Rn → R as follows: ∇f(θ̂) =
(

∂f(θ̂)

∂θ̂

)T
=
[
∂f(θ̂)

∂θ̂1
, ... , ∂f(θ̂)

∂θ̂n

]T
. And the norm of

a vector θ̂ ∈ Rn as ||θ̂|| =
√∑n

i=1 θ̂
2
i . Bδ(θ̂1) is the open ball of radius δ centered

about θ̂1. Bδ(θ̂1) = {θ̂2 ∈ Rn : ||θ̂1 − θ̂2|| < δ}. We shall refer to θ̂ as a stationary

point of an at least C1 function f(θ̂), such that ∇f(θ̂) = 0.

Let Π be the convex set of all θ̂ which satisfy the constraint imposed by

g(θ̂) ≤ 0.

Π =
{
θ̂ ∈ R

n | g(θ̂) ≤ 0
}

(2.5)

The boundary of Π is described by the set of points ∂Π = {θ̂ ∈ Π|g(θ̂) = 0}.

∇g represents an outward normal vector from the set at θ̂ ∈ ∂Π. The interior

is simply, Π̊ = Π\∂Π, where the inequality g(θ̂) < 0 is strictly upheld. The
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boundary may in fact not be expressible by a single equation. In the instance that

g(θ̂) = 0 is an implicit function, we require a few treatments. Let g(θ̂) be piecewise

continuous described by g(θ̂) = gi(θ̂), i = [1, ..., m]. Each gi(θ̂) must be convex and

differentiable as previously assumed. When multiple gi(θ̂) = 0 for a single θ̂ we

require all the corresponding ∇gi(θ̂) be equal for that θ̂. This is of concern where

the segments of g(θ̂) are patched together and the formed boundary should be

smooth. Let Ind(θ̂) = {argi gi(θ̂) = 0, ∀ θ̂ s.t. gi(θ̂) = 0}. Then ∇gi(θ̂) =

∇gj(θ̂), ∀ i 6= j ∈ Ind(θ̂). When constructed properly it should satisfy some

regularity condition. Slater’s Condition is a specific type of constraint qualification

which requires the existence of a point that simultaneously satisfies each constraint

strictly. In this framework, the existence of a Slater point is equivalent to a non-

empty interior Π̊ 6= ∅. Now our formulation is more aligned with the general

expression (2.2). The following conditions are often referred to as the Karush-

Kuhn-Tucker (KKT) conditions.

Theorem 1. Suppose Slater’s Condition and Assumptions A1 and A2 are satisfied.

Then θ̂ is a solution of (2.1) if and only if there ∃ λ ∈ Rm
+ such that the following

three conditions are satisfied:

∇f(θ̂) +

m∑

i=1

λ∇gi(θ̂) = 0 (2.6)

λigi(θ̂) = 0, i = 1, ..., m (2.7)

gi(θ̂) ≤ 0, i = 1, ..., m (2.8)

The above conditions guarantee: positivity of the multipliers, stationarity,

complementarity, and primal feasibility. Stationarity is a necessary condition for

a critical point of the Lagrangian function. The restriction of the Lagrangian

multipliers to a positive cone guarantees the feasibility of the dual problem. And

primal feasibility implies the constrained solution satisfies each constraint at the

same time. The constraints are considered active when g(θ̂) = 0, inactive for

g(θ̂) < 0 and violated when g(θ̂) > 0. Finally, complementary slackness requires

that if a constraint is not active, then the corresponding multiplier is zero. This
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captures the notion that inactive constraints are not of importance so long as their

feasibility conditions are still satisfied.

Consider another convex set which is the union of (2.5) and an O(ǫ) bound-

ary layer around it.

Πǫ =
{
θ̂ ∈ R

n | g(θ̂) ≤ ǫ
}

(2.9)

The extended optimization problem of (2.1) then follows as

inf f(θ̂) s.t. θ̂ ∈ Πǫ. (2.10)

And f(θ̂) need not be globally convex so long as it is assumed to be locally convex

over our extended set. We shall denote θ̂∗c as the set of arguments which minimizes

the constrained problem in (2.10)

θ̂∗c = argmin
θ̂

f(θ̂), θ̂ ∈ Πǫ (2.11)

Remark 1. Although f(θ̂) is assumed to be locally or globally convex, it need not

actually permit a minimum. Because we do not restrict Πǫ to be a compact set, we

must guarantee the problem is formulated in such a manner that (2.10) is feasible.

If f(θ̂) permits a minimum then (2.10) is necessarily feasible. In either case, we

will always assume θ̂∗c 6= ∅.

The following projection operator has been adapted from [51].

Proj{ξ} =





ξ, θ̂ ∈ Π̊ or D(θ̂) ≤ 0

(
I − c(θ̂)∇g(θ̂)∇g(θ̂)T

∇g(θ̂)T∇g(θ̂)

)
ξ,

θ̂ ∈ Πǫ\Π̊ and

D(θ̂) > 0

(2.12)

c(θ̂) = min

{
1,

g(θ̂)

ǫ

}
(2.13)

Where D(θ̂) = ∇g(θ̂)T ξ is a condition that describes the directional relationship

of ∇g and ξ at θ̂ . A similar projection applied only at the boundary of Π creates a

discontinuous vector field. The projection in (2.12) is desirable because it achieves
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a continuous transition of the unmodified vector field from inside Π all the way up

to ∂Πǫ. Proj{} is not necessarily differentiable however, because of a likely kink

at θ̂ ∈ ∂Π.

Remark 2. It use is useful to note that c(θ̂) = 0 ∀ θ̂ ∈ ∂Π and c(θ̂) = 1 ∀ θ̂ ∈ ∂Πǫ

2.3 Main Results

We propose the following dynamical system to solve the convex and con-

strained minimization problem in (2.10)

˙̂
θ = Proj{−k∇f(θ̂)}, θ̂(0) ∈ Πǫ (2.14)

k ∈ R s.t. 0 < k < ∞. While not presented here, the maximal problem would

follow similarly for a finite k < 0.

2.3.1 Existence and Feasibility of Solutions

Lemma 2. The vector field, Proj{−k∇f}, points to either the inside of Πǫ or is

tangential to the hyperplane of ∂Πǫ for all θ̂ ∈ ∂Πǫ.

Proof. Using (2.12) and some minor manipulation it is clear that

∇g(θ̂)TProj{−k∇f(θ̂)} =





D(θ̂), θ̂ ∈ Π̊ or D(θ̂) ≤ 0(
1− c(θ̂)

)
D(θ̂), θ̂ ∈ Πǫ\Π̊ and D(θ̂) > 0

(2.15)

Then by using θ̂ ∈ ∂Πǫ → c(θ̂) = 1, we recognize that ∇g(θ̂)TProj{−k∇f(θ̂)} ≤

0

Remark 3. Since θ̂(0) ∈ Πǫ, it follows that θ̂(t) ∈ Πǫ so long as the solution exists.

Because Proj{−k∇f} is continuous and k is finite, solutions exist so long as the

gradient is bounded, ||∇f(θ̂)|| < L, L ∈ R+, over Πǫ.
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2.3.2 Equilibria

Fermat’s Theorem famously states that a necessary condition to occur at a

minimum of a differentiable function is that the derivative shall be equal the zero

vector. And as a corollary, global extrema of a function f on a domain only occur at

boundaries, non-differentiable points, and stationary points. Based on Assumption

A1 and Assumption A2, we shall then expect our constrained optimum to occur

in the strict interior of the set and be a stationary point of f , or appear on the

boundary with no requirement of stationarity.

Equilibria Conditions for Non-stationary Points of f(θ̂)

Lemma 3. Assume θ̂ ∈ Πǫ is not a stationary point of f(θ̂). If θ̂ is an equilibrium

of (2.14), then ∃ λ ∈ R+ s.t.

∇f(θ̂) + λ∇g(θ̂) = 0. (2.16)

Proof. Because θ̂ is not stationary, ∇f(θ̂) 6= 0. It follows that Proj{−k∇f(θ̂)} =

0 only for θ̂ ∈ Πǫ\Π̊ and − ∇g(θ̂)Tk∇f(θ̂) > 0. Then by (2.12) we have(
−I + c(θ̂)∇g(θ̂)∇g(θ̂)T

∇g(θ̂)T∇g(θ̂)

)
k∇f(θ̂) = 0. By rearranging terms we have ∇f(θ̂) =

c(θ̂)
(

∇g(θ̂)∇g(θ̂)T

∇g(θ̂)T∇g(θ̂)

)
∇f(θ̂). We move the scalar c and group the terms to have

∇g(θ̂)
(
c(θ̂)∇g(θ̂)T∇f(θ̂)

∇g(θ̂)T∇g(θ̂)

)
= −∇g(θ̂)λ(θ̂).

λ(θ̂) = −c(θ̂)
∇g(θ̂)T∇f(θ̂)

∇g(θ̂)T∇g(θ̂)
∈ R (2.17)

For (2.16) to hold we know that ∇g(θ̂) and ∇f(θ̂) must be (anti)parallel. With

that in mind and inspection of (2.17), (2.16) only holds for |c(θ̂)| = 1. And

c(θ̂) = [0, 1] → c(θ̂) = 1. Here D(θ̂) > 0 → ∇g(θ̂)T∇f(θ̂) < 0. Then by informed

inspection of (2.17) we see λ > 0

Remark 4. ∇g(θ̂) and ∇f(θ̂) are in fact antiparallel for an equilibrium of (2.14)

that is not a stationary point of f(θ̂)

Corollary 4. If θ̂ is an equilibrium of (2.14) and is not a stationary point of f(θ̂),

then θ̂ ∈ ∂Πǫ.
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Proof. As stated in the proof of Lemma 3, c=1. By inspection of (2.13), g(θ̂) =

ǫ → θ̂ ∈ ∂Πǫ

Lemma 5. Assume θ̂ ∈ Πǫ is an equilibrium of (2.14) and is not a stationary

point of f(θ̂), then θ̂ ∈ θ̂∗c

Proof. By Lemma 3 the first and second KKT conditions are immediately satisfied.

Our expanded set includes points satisfying g(θ̂) ≤ ǫ as feasible, the last condition

is true by assumption. Because then all the KKT conditions have been satisfied,

f(θ̂) is a solution of (2.1) and therefore (2.10). Then θ̂ ∈ θ̂∗c

Remark 5. (2.16) looks exactly like the Lagrangian optimization condition for a

minimum subject to equality constraints and it is a natural extension to assume

Lemma 5. In fact it is necessity for the structure of our dynamic system to preserve

the KKT conditions at its equilibria, otherwise it cannot converge to an optimum.

Equilibria Conditions for Stationary Points of f(θ̂)

Proposition 6. Stationary points of convex functions are global minimum.

Proof. Stationary points of convex functions are local minima. Local minima of a

convex function are global extremum.

Lemma 7. If θ̂ is equilibrium of (2.14) and a stationary point of f(θ̂), then θ̂ ∈ θ̂∗c

Proof. A stationary point in dimensions higher than n=1 is not enough to cat-

egorize the point as a local maxima or minimum (as with inflection points for

example). However, because f(θ̂) is assumed to be convex, θ̂ is necessarily a local

minima. Then θ̂ ∈ θ̂∗c .

Theorem 8. If θ̂ is an equilibrium of (2.14), then θ̂ ∈ θ̂∗c

Proof. The union of stationary and non-stationary points of the domain is the

domain itself. So if θ̂ is an equilibrium, by Lemma 5 and Lemma 7 → θ̂ ∈ θ̂∗c
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Set-valued Equilibria

We have previously characterized the conditions for an equilibrium of (2.14).

We will further show the set of equilibria, θ̂∗c , is an attractor that is a single

connected component of Πǫ. If θ̂∗c ⊆ ∂Πǫ, then it is a flat subset of dimension n-1.

If g(θ̂) or the level sets of f(θ̂) are strictly convex then |θ̂∗c | = 1 and the solution is

a singleton.

Proposition 9. Let f(θ̂) be a function defined on a convex set Πǫ ∈ Rn . The

function f(θ̂) is convex if and only if the function φ(λ) = f(θ̂ + λs) is convex on

the interval λ = [0, 1] for all θ̂, θ̂ + s ∈ Πǫ

Proof. Start by assuming f is convex and let λ1, λ2, α ∈ [0, 1]. We start from

(2.4) and write φ(αλ1 + (1− α)λ2) = f(θ̂ + [αλ1 + (1− α)λ2]s). By grouping the

terms differently and noting the convexity of f , we recognize f(α[θ̂ + λ1s] + (1 −

α)[θ̂ + λ2s]) ≤ αf(θ̂ + λ1s) + (1 − α)f(θ̂ + λ2s) = αφ(λ1) + (1 − α)φ(λ2). So φ

is convex. Alternatively, start with the assumption φ(λ) is convex over λ ∈ [0, 1]

and θ̂1, θ̂1 + s ∈ Πǫ, s = θ̂2 − θ̂1, and 0 ≤ α ≤ 1. Then f(αθ̂2 + (1 − α)θ̂1) =

f(θ̂1+α(θ̂2− θ̂1)) = φ(α). Next we introduce phantom terms and use the convexity

of φ to recognize φ(α1+(1−α)0) ≤ αφ(1)+(1−α)φ(0) = αf(θ̂2)+(1−α)f(θ̂1).

Lemma 10. θ̂∗c is connected

Proof. Assume θ̂∗c is not connected. Then let θ̂1 and θ̂2 belong to disjoint partitions

of θ̂∗c . Because θ̂1 and θ̂2 are members of θ̂∗c , f(θ̂1) = f(θ̂2). Let s = θ̂1 − θ̂2.

We describe the line segment between θ̂1 and θ̂2 by φ(λ) = θ̂1 + λs, λ = [0, 1].

Because Πǫ is a convex set, the entirety of the parametric line segment, φ(λ), lies

within Πǫ. By assumption that θ̂∗c is disconnected, ∃λ ∈ [0, 1] s.t. φ(λ) /∈ θ̂∗c .Then

f(θ̂1) < f
(
φ(λ)

)
and f(θ̂2) < f

(
φ(λ)

)
. As we have restricted f(θ̂) to the line

segment φ(λ), f(θ̂) is convex iff f
(
φ(λ)

)
is convex. Since it is clear that φ(λ) is not

convex, neither must f(θ̂) be, and we reach a contradiction. θ̂∗c is connected.

Definition 1. Let a convex function f : Π → R defined on the convex set Π be

given. Let α ∈ R be an arbitrary number. The set Dα =
{
θ̂ ∈ Π | f(θ̂) ≤ α

}
is

called a sublevel set of the function f .
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Proposition 11. Let f(θ̂) be a convex function over the convex set Πǫ, then for

all α ∈ R the sublevel set Dα is a convex set.

Proof. Let θ̂1, θ̂2 ∈ Dα and 0 ≤ λ ≤ 1. Then we have f(θ̂1) ≤ α, f(θ̂2) ≤ α and we

write the following, f(λθ̂1 + (1− λ)θ̂2) ≤ λf(θ̂1) + (1− λ)f(θ̂2) ≤ λα+ (1− λ)α =

α.

The sublevel sets can possibly be empty, but the empty set is a convex set.

The first inequality follows from convexity of f(θ̂).

Lemma 12. θ̂∗c ⊂ ∂Πǫ is either a singleton or a flat hyperplane of dimension n-1,

perpendicular to ∇g

Proof. Let θ̂eq ∈ θ̂∗c and θ̂eq ∈ ∂Πǫ. Let α = f(θ̂eq), any other θ̂ ∈ θ̂∗c must belong

to the sublevel set Dα. In fact, since α is the infimum of Πǫ, it is just a level

set. Since a sublevel set of a convex function is convex itself, Dα must be convex.

g(θ̂) is convex by assumption. As stated in Remark 4, ∇g(θ̂eq) and −∇f(θ̂eq) are

parallel. Let θ̂eq ∈ the hyperplane perpendicular to ∇g(θ̂eq) and ∇f(θ̂eq). Because

∇g(θ̂eq) is an outward normal vector of g(θ̂), and g(θ̂) is convex, g(θ̂) ≤ ǫ must lie

entirely on one side of the hyperplane or on the hyperplane itself. The same holds

for the level set of Dα but on the other side. Because the hyperplane partitions

the n-space into halves, the only possible intersection of Dα and g(θ̂) ≤ ǫ is the

hyperplane. If either Dα or g(θ̂) is locally strictly convex about θ̂eq, only a single

point would reside on the hyperplane and the solution θ̂∗c would be a singleton.

2.3.3 Convergence of Trajectories

Theorem 13. If θ̂(0) ∈ Πǫ, then θ̂(t) → θeq ∈ θ̂∗c as t → ∞ and θ̂(t) ∈ Πǫ ∀ t ≥ 0.

Theorem 13 says that (2.14) will asymptotically converge to the constrained

optimum of Πǫ without leaving Πǫ.

Proof. Lemma 2 guarantees the trajectories of θ̂ stay in Πǫ so we have
˙̂
θ is forward

invariant w.r.t. Πǫ. We also have that θ̂∗c ∈ Πǫ is positively invariant along
˙̂
θ. Now

let us define a candidate Lyapunov functon. V (θ̂) = 1
|k|

(
f(θ̂)− f(θeq)

)
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It easily follows from f(θ̂) ≥ f(θeq) that 1
|k|

(
f(θ̂)− f(θeq)

)
≥ 0. We have V

positive along
˙̂
θ exluding θ̂∗c , where it is zero valued. Before we consider the

derivative V̇ it will be useful to note the following

Proj{k∇f(θ̂)} = |k|Proj{sgn(k)∇f(θ̂)} (2.18)

We start with V̇ = 1
|k|
∇f(θ̂)T

˙̂
θ and substitute in (2.14).Now with

1
|k|
∇f(θ̂)TProj{−k∇f(θ̂)} we use (2.18) and arrive at ∇f(θ̂)TProj{−∇f(θ̂)}. We

restate more clearly:

V̇ =

{
−∇fT∇f, θ̂ ∈ Π̊ or D ≤ 0

−∇fT∇f + c(θ̂)∇fT∇g∇gT∇f
∇gT∇g

, θ̂ ∈ Πǫ\Π̊ and D > 0

The term −∇fT∇f is clearly negative for ∇f 6= 0, but the other projection output

requires more analysis. We start by recognizing c(θ̂)∇fT∇g∇gT∇f
∇gT∇g

is c(θ̂)∇fT∇g
||∇g||

∇gT∇f
||∇g||

,

the squared scalar projection of ∇f onto the unit vector ∇g
||∇g||

. Because a scalar

projection is upper bounded by a vector projecting onto itself and 0 ≤ c(θ̂) ≤ 1,

we see that c(θ̂)∇fT∇g
||∇g||

∇gT∇f
||∇g||

≤ c(θ̂)||∇f ||2 ≤ ∇fT∇f . Because we have shown

that c(θ̂)∇fT∇g∇gT∇f
∇gT∇g

≤ ∇fT∇f it follows that −∇fT∇f + c(θ̂)∇fT∇g∇gT∇f
∇gT∇g

≤ 0.

This however is only zero valued for an equilibrium of (2.14). And by

Theorem 8, we recognize that the equilibrium belongs to θ̂∗c . It is finally clear V̇

is strictly negative valued in Πǫ excluding θ̂∗c , where it is zero valued. When θ̂∗c is

a singleton, this reduces to the definition of Lyapunov asymptotic stabilty of an

equilibrium point. Otherwise, shown by the existence of a positive definite function

V and a negative definite V̇ in a neighborhood of θ̂∗c excluding θ̂∗c itself, θ̂∗c is an

asympotically stable invariant set with regards to (2.14) and initial conditons in

Πǫ. Simply stated, f(θ̂) → f(θc) and accordingly θ̂ → θc ∈ θ̂∗c

2.4 Simulation

The blue curves in Figure 2.1 represent the original and epsilon boundaries

for two similar elliptical constraint sets. The red, green, and black trajectories

represent the gradient based projection method for their respective sets. And the

magenta trajectory is the unconstrained method of steepest descent starting in

either set. From the simulation it is apparent the trajectories are highly subject
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Figure 2.1: Method of steepest descent (pink) and gradient based projection

method (red/green/black)

the orientation of the feasible set over the objective function. Similar feasible sets

have very different convergence characteristics depending on the objective function

to which they are related. The projection is utilized only in the ǫ-boundary layer,

and its primary purpose is to provide continuity of the vector field from the interior

to its boundaries. Trajectories then have a tendency to drift towards, and then

along the constraints as the objective function is minimized. The convergence

rate of the steepest descent method is already only asymptotic, and the indirect

trajectories towards the optimum also leave something to be desired.
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2.5 Effects of Set Augmentation

Given a subset of Π of Rn, we define the erosion er(Π) of Π by the radius

δ as the set of points of Π at distance ≥ δ from the complement ΠC of Π. So we

have

eδ(Π) = Π \
⋃

θ̂∈ΠC

Bδ(θ̂) (2.19)

And the dilation as

dδ(Π) = Π ∪
⋃

θ̂∈Π

Bδ(θ̂) (2.20)

Consider now Πsmooth to be another convex set achieved through two different

possible augmentations of Π. The exterior augmentation Πǫ = dǫ(Π) and the

interior augmentation Πǫ = dǫ(eǫ(Π)). Πsmooth allows for the original constraint

boundary to be non-smooth as the dilation has a smoothing effect and preserves

the set convexity. Then letting g = 0 describe this new boundary and creating an

O(ǫ) boundary layer around that. It is important to note that dilation of Π cannot

be used in place of the O(ǫ) boundary layer, because in general not all convex sets

are resilient to dilation or erosion. That is to say, we need the preservation of

∇g from the original constraint throughout the boundary layer. The dilation does

not guarantee that the ‘shape’ of the boundary is preserved. This brings up an

important realization of the KKT condition, which is a firmly rooted geometrical

interpretation. The distance from the original constrained optimum to the new

constrained optimum may be further than O(ǫ) away.

In Figure 2.2, the solid and dotted blue regions represent the original and

expanded constrained sets. The purple contour regions represent some level sets

of the convex function f . The points of tangency between the blue and purple

regions represent the constrained optimal solutions. The dashed dark purple path

represents the sequence of points where −∇f and ∇g are in the same direction

and should satisfy (2.16). These are not equilibria though because c 6= 1. While a

λ for (2.16) exists, is not the value of λ in the projection . This example is meant

to illustrate that the extended constrained optimum is not bounded to be within

O(ǫ) of the original constrained optimum.
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Figure 2.2: Caricature of how constrained the optimal parameter can change

with the expanded problem

2.6 Conclusions

We proposed a projection operator to act on the vector field of a convex

set. Under suitable assumptions of the map and the constraints we present a

continuous-time dynamical system which solves the problem in (2.10). The evo-

lution of the continuous optimization parameter only permits feasible trajectories

subject to its convex constraints. The only possible equilibria of the algorithm

are the set of constrained optimum and the algorithm converges asymptotically to

it. Further, if the constrained optimum are not local minimum of the objective

function, they are either a flat hyperplane of dimension n-1 or a singleton. Because

we have an expression for λ in (2.17) we also simultaneously solve the Lagrangian

problem in (2.2).
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The projection is simple to construct as a point wise evaluation. But the

equivalent barrier function would be difficult to construct analytically. This is

the opposite approach to something like a logarithmic barrier function. There

the function is defined everywhere ahead of time, and the gradient is subject to

becoming ill conditioned as the boundary is approached. The structure of a log

barrier function would persist for a given set of constraints even if the objective

function were modified. In our case, the corresponding barrier function would be

specific to the combination of the objective and constraint functions. In future

work we hope to expand on the foundation laid out in this paper by replacing

the gradient descent method with an extremum seeking technique that has no

requirement on knowledge of the map.

This leads to immediate consequences on the successes of this gradient

based approach. By limiting the information available to just a scalar evaluation of

the objective function, the optimization parameters requires excitation to acquire

enough information about its neighborhood. Because of the necessary excitation,

the optimization trajectories cannot step in the direction of a decreasing gradient

at all times.The problem will lend itself towards tools of convergence, stability, and

averaging. The limitation to be an interior point method also raises issues with

notions of convergence and stability. The optimizer cannot converge to a typical

limit cycle about the peak value if it is on the boundary. It may be possible to

prove or disprove the existence of a periodic orbit in such a case. If no limit cycle

is possible, it will presumably still remain within some boundable neighborhood of

the optimal boundary point. And ultimately, how it might be possible to tie in the

benefits of the projection scheme with the nominal structure of an ES approach.

This chapter is in full a reprint of the material as it appears in: Greg Mills,

Miroslav Krstic, “Gradient Based Projection Method for Constrained Optimiza-

tion”, IEEE Conference on Decision and Control, 2013. The dissertation author

was the primary investigator and the author of this paper.



Chapter 3

Continuous-time input-constrained

sinusoidal extremum seeking on

static quasi-convex maps

This chapter considers a novel approach for applying extremum seeking op-

timization to systems with convex input constraints. We use a general unknown

quasi-concave objective function and provide that the 1-dimensional sinusoidal ex-

tremum seeking scheme is domain-limited semi-globally practically asymptotically

stable about the constrained minimum. The incorporation of a projection operator

prohibits the estimate system from leaving the constraint set and the perturbed

system from leaving the constraint set dilated by the perturbation amplitude.

3.1 Introduction

Most constrained optimization literature works with a known cost function

and is heavily focused on the improvement of convergence time [39,41–43,45,46]. In

general, there are three main approaches to the constrained optimization problem.

Interior-point barrier functions blow up as the boundary is approached to prevent

the scheme from exiting the feasibility set [36]. Exterior-point penalty functions

force the optimization trajectory back towards the interior of the feasible set when

the constraints are more of a strong suggestion. Finally, Lagrangian methods use

22
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an augmented cost function to drive the system to its constrained optimum [38].

These techniques do not usually lend themselves well to extremum seeking because

of their dependence on explicit knowledge of the cost function. However, there are

notable attempts to fuse state constraints and extremum seeking.

Recently [48] used a Lagrangian method for extremum seeking via means of

Lie bracket analysis. Unfortunately, no guarantees were available for system tra-

jectories continuously adhering to constraints. In [49, 52] , the ‘CAM’ algorithm

is presented but its success is limited to only empirical evidence via simulation.

With [37], a barrier function is incorporated to ensure constraints are respected

during the optimization trajectory. However, they assume a known objective func-

tion with unknown parameters, and the objective function is unavailable for feed-

back. They then design a feedback law to solve the constrained optimization prob-

lem. Here we present an extremum seeking method which in a way, incorporates

elements of both a barrier function and a Lagrangian method.

When the objective function is unknown but available for feedback, the

goal is to nominally drive the estimated gradient of the system to zero because

that is where the unconstrained optimum would be. However, in the presence of

constraints where the optimum lies outside the feasible region, the system cannot

converge to that point without violating the imposed system feasibility conditions.

In [53] it is shown that the use of the projection method for an update law

would not permit excursions outside the set. Additionally shown, when the projec-

tion is acting on the gradient of the objective function, the system asymptotically

converges to the constrained optimum. In unconstrained extremum seeking, the

average system is analagous to a gradient climbing scheme, either ascending or

descending. These two pieces provide motivation enough to fuse the projection

operator and extremum seeking.

We begin by presenting the reader with necessary background information

and preliminaries to follow along. In section II we introduce the constrained ex-

tremum seeking problem. We also quickly develop a necessary background on the

notions of projection, averaging and stability. Next, in Section III we present our

main result and prove stability of the constrained extremum-seeking scheme. Sec-
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tion IV covers the importance of the low pass filter in the optimization scheme.

Finally, we simulate a numerical example and revisit the notions covered in the

paper with a culminating discussion.

3.2 Preliminaries

Let x ∈ D be the state of a dynamical system, as a shorthand we use

Φτ (x0) = x(τ, x0) to represent its flow from an initial condition x0 = x(t0). Addi-

tionally Φ(τ1,τ2)(x0) shall represent the open ended curve formed by the flow Φτ (x0)

from τ1 < τ < τ2.

Definition 2. Consider some dynamic system ẋ = φ(x), φ : D 7→ Rn. A set

D0 ∈ D is absorbing if for any bounded subset D1 ∈ D, solutions exists for all

t ≥ 0 and x(t, D1) ∈ D0 for sufficiently large t.

A continuous function α : [0; a) → [0;∞) is said to be a class-K function

if it is strictly increasing and α(0) = 0. It is said to be a class-K∞ function if

a = ∞ and α(r) → ∞ as r → ∞. A continuous function σ : [0;∞) → [0;∞) is

said to be a class-L function if it is strictly decreasing and σ(s) → 0 as s → ∞.

A continuous function β : [0; a)× [0;∞) is said to be a class-K L function if for

each fixed s the mapping β(r; s) is a class-K function with respect to r, and for

each fixed r the mapping β(r; s) is decreasing with respect to s and β(r; s) → 0 as

s → ∞. And finally the distance metric d : R× R 7→ R.

3.3 Constrained Extremum Seeking Algorithm

Let these dynamics describe the constrained extremum seeking scheme in

Figure 3.1

˙̂
θ = Projθ̂{ξ} (3.1a)

ξ̇ = −wlξ + kwlz (3.1b)
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1-d CES block diagram

Figure 3.1: Block diagram of 1 dimensional constrained input extremum seeking.

One dimensional extremum seeking loop with projection and low pass filter ele-

ments. θ̂ and θ are respectively the unperturbed and perturbed estimates of the

optimal parameter of h(·) with respect to the system constraints. The output y(t)

is available for feedback and used to drive the optimization.

Along with the following definitions

z = a sin(ωt)h(θ) (3.2a)

θ = θ̂ + a sin(ωt) (3.2b)

The constants wl, a > 0. In one dimension, there are only two types of

convex constraint sets (essentially just connected) which include their closure. A

simply closed interval or a half bounded interval, either left or right closed. Con-

sider the constraint set Π = Πlow ∪Πint ∪ Πupp where

Πlow =
{
θ̂ ∈ R|θ̂ ∈ [πmin, πmin + δ]

}

Πint =
{
θ̂ ∈ R|θ̂ ∈ (πmin + δ, πmax − δ)

}

Πupp =
{
θ̂ ∈ R|θ̂ ∈ [πmax − δ, πmax]

} (3.3)

Here πmax and πmin are the upper and lower bounds respectively but they need not

be finite. The size of the lower and upper boundary layers is a design parameter

δ.

The argument which minimizes the function h(θ) with respect to the con-
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straint set Π is

θ∗c = argmin
θ∈Π

h(θ) (3.4)

Note that instead of requiring Π to be bounded to guarantee the existence of a finite

extrema, we simply assume the optimization problem is feasible and a maximum

or minimum exists within the constraint set. In this way, unbounded left or right

closed constraint sets are permissible. For the remainder of the paper we shall seek

to minimize a quasi-convex h(θ) with k < 0.

Assumption A3. Let h : Π ± a 7→ R be a smooth function with the following

properties

h(λθ1 + (1− λ)θ2) ≤ max
{
h(θ1), h(θ2)

}
. (3.5)

h′
(
θ∗c +∆θ

)
6= 0 ∀ ∆θ 6= 0 (3.6)

If h′(θ∗c ) = 0 then,

h′
(
θ∗c +∆θ

)
∆θ > 0 ∀ ∆θ 6= 0 (3.7)

inf |h′(θ)| > 0 ∀ θ ∈ Π s.t. d(θ, θ∗c ) > ε > 0 (3.8)

Adapted from [51] and used in [53] for gradient flows, the continuous projec-

tion operator with boundary layer guarantees flows do not violate the given convex

constraints. The projection operation simplifies greatly in one dimension. So that

it is easier to understand, we provide an alternative expression for the one dimen-

sional projection operation as the product of a discontinuous projection matrix

and the argument being projected. Consider the projection Projθ̂{ξ} = Pθ̂{ξ}ξ,

where P : Rn × Rn 7→ R and

Pθ̂{ξ} =





1, θ̂ ∈ Πlow and ξ ≥ 0

1, θ̂ ∈ Πint

1, θ̂ ∈ Πupp and ξ ≤ 0

1− c(θ̂), θ̂ ∈ Πlow and ξ < 0

1− c(θ̂), θ̂ ∈ Πupp and ξ > 0

(3.9)

The function c(θ̂) is continuous and strictly increasing in the boundary layer. At

the boundary layer start c(πmax − δ) = c(πmin + δ) = 0 and at the boundary
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a constraint set and a concave objective function

*

πmax − δ

Πint Πupp

πmax and θ
∗

c

Πlow

boundary layer

interior

Figure 3.2: Graphic visualization of a constraint set and a concave objective

function. The unknown objective function is given by the dashed curve h(θ̂). The

boundary layer is presented in dark grey and the interior as a light grey. The

unconstrained (θ∗) and constrained (θ∗c ) extreme points are called out. In this

instance the global minimum resides outside the constrained set.

c(πmax) = c(πmin) = 1. Because 0 ≤ c(θ̂) ≤ 1 we know that 0 ≤ Pθ̂∈Π{ξ} ≤ 1. The

velocity of flows approaching the boundary will be diminished in the boundary

layer, but not those oriented toward the set interior.

Assumption A4. Let πmax exist and give a finite upper bound to the constraint

set Π. Without losing generality, let θ∗c 6= πmin.

What is to follow can easily be amended in a near mirror fashion to show

that it holds true when θ∗c 6= πmax and the system is lower bounded or when Π

is a connected closed interval. To visually summarize the minimization problem,

please refer to Figure 3.2.

As an example, consider the minimization of a quadratic map in Figure 3.3.
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constrained/unconstrained extremum seeking of a quadratic map

t

θ̂

y
(θ̂

)

unconstrained θ̂

constrained θ̂

Boundary (πmax)

h(θ̂)

Figure 3.3: Trajectories of constrained/unconstrained extremum seeking of a

quadratic map. Simulation of (3.1) compared with traditional extremum seeking.

The purple hyperplane represents the upper bound imposed by the constraint

set. The light blue and dark blue curves are the constrained and unconstrained

optimization curves of θ̂ respectively. The curves begin at the same initial condition

but diverge in the boundary layer where the constrained curve is clearly inhibited

by the boundary. There are minor oscillations in the trajectories due to choice of

perturbation frequency. The curves appear as slightly emboldened due to the scale

and oscillations. Higher frequency perturbations will more accurately match the

average flow and the oscillations in θ̂ will diminish.

The unconstrained ES dynamics attempt to maximize the objective function by

indirectly finding a point where the gradient is zero. However, the constrained ES

dynamics starting from the same initial conditions will deviate from the uncon-

strained dynamics in the boundary layer. In the boundary layer, the constrained
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dynamics converge to the boundary as the estimate of the constrained optimal

point.

3.4 Domain Limited Stability Concepts

The notion of stability deals with the state evolution of a dynamical system.

Generally speaking, it is considered that a stable state of a dynamical system im-

plies that trajectories starting close enough to that state stay within some bounded

distance of that state. Traditional Lyapunov stability is considered where the ori-

gin (assumed to be the state of interest) and some neighborhood about it are

contained strictly inside the domain of the dynamical system. The power of Lya-

punov’s second method comes from assumed behavior about system trajectories

without explicit knowledge of them. Finding closed expressions for trajectories of

such systems can quickly become intractable. By constructing a Lyapunov func-

tion which satisfies certain properties, generalizations about the asymptotic system

behavior can be made. In nonlinear programming (NLP) and any constrained op-

timization problem, we are interested in solutions that likely lie on the boundary

of a feasibility domain.

When we consider trajectories arbitrarily close to the origin, and without

explicit knowledge of these trajectories, the natural extension is to consider the

space within an encompassing ball about the origin. In the instance where the

origin is contained in the boundary of the domain D ⊆ Rn, trajectories could

leave the domain and then all bets are off. No guarantees can be made about a

system’s behavior in a region where the system dynamics are undefined. But with

NLP and constrained optimization, restrictions on system trajectories are often

built into the dynamics. While the closed form solutions may not be available,

a guarantee that the dynamic system does not leave the feasible set is possible.

Equipped with the knowledge that trajectories remain in D ∀ t ≥ 0, we revisit the

notion of Lyapunov stability and present it in a form well suited for constrained

optimization. We start with a revised definition from [54].
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3.4.1 Generalized Lyapunov Stability

The following is a revised stability notion from [54] to capture Lyapunov

stability of a constrained set.

Definition 3. Domain limited (σ → ρ) - stability- Given σ > ρ ≥ 0, the origin of

the system ẋ = f(x, t) is said to be D.L. (σ → ρ)- stable if

1. x(t0) ∈ D

2. For each ε > ρ ∃ δ(ε) > 0 s.t. ∀t0 ≥ 0

|x(t0)| ≤ δ(ε) ⇒ |x(t)| ≤ ε ∀t ≥ t0

3. For each r ∈ (0, σ) there exists a finite v(r) > 0 s.t.

|x(t0)| ≤ r ⇒ |x(t)| ≤ v(r) ∀t ≥ t0

4. For each r ∈ (0, σ) and each ε > ρ there exists a finite T (r, ε) > 0 s.t.

∀ t0 ≥ 0

|x(t0)| ≤ r ⇒ |x(t)| ≤ ε ∀t ≥ t0 + T (r, ε)

The first item captures the nearly always presumed but overlooked assump-

tion that only reasonable initial conditions are considered. The second item cap-

tures the common delta-epsilon ball notion of stability, proportional boundedness.

The third item provides an upper bound on how far away an excursion may travel

so to speak, its overshoot. To put it all together, ε is radius of a bounding ball

that contains the convergent set and ρ is the lower bound on ε. While on the other

hand σ is the largest bounding ball that contains all acceptable initial conditions.

If one starts from conditions encapsulated by a δ radius ball they will stay inside

an ε radius ball. If ones’s conditions start in a σ radius ball they will end up in

an ε ball after some finite time and remain there. When σ and ρ are taken to

be ∞ and 0 respectively the classical definition of global asymptotic stability is

recovered.

3.4.2 Domain-limited Semi-global Practical Asymptotic Sta-

bility (DSPA)

One cannot establish a Lyapunov function such that it is decrescent and

positive definite, whose derivative is at all times negative definitive along solutions
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of the system for dynamics which are subject to high frequency periodic forcing

functions. As with the case in sinusoidal extremum seeking, the optimization pa-

rameter moves at times in a direction away from the optimal value. However, this

does not mean one is unable to establish an overall trending toward a particular

state or set of states. In general the state may trend toward an optimal state when

far away and orbit about the optimal state when very near. Dynamics subject

to high frequency periodic forcing functions are typically handled with averaging

theory as in [32]. Unfortunately the projection operator (3.9) is only Lipschitz and

these classical results on averaging will then not be applicable. Instead we turn

to [54] and use their SPA notion of stability with averaging. What follows is a

restatement of Semi-global practical asymptotic stability from Teel et al. A per-

turbed extremum seeking system obviously does not have an equilibrium because

of the persistent disturbance, but the associated average system is not precluded

from having an equilibrium state. SPA stability nominally requires oneself to prove

the origin of the average system is globally asymptotically stable. However, the

newly introduced notion of domain-limited global asymptotic stability will still

work with the result in [54] .

Definition 4. Domain-limited semi-global practical asymptotic stability (DSPA)-

The origin of the system ẋ = f(x, t
ε
), f : D → Rn with ε > 0 is said to be DSPA

if for all numbers σ and ρ with ∞ > σ > ρ > 0, ∃ ε∗ s.t. for ε ∈ (0, ε∗) and

x(t0) ∈ D, the corresponding system ẋ = f(x, t
ε
) is D.L. (σ → ρ)- stable.

Because we are considering constrained systems, it is possible that D is

bounded. If D is bounded then there exists a finite σ = maxθ1,θ2∈D |θ1 − θ2|.

Then it’s possible to have domain-limited globally practically asymptotically sta-

ble. Where the ‘globalness’ is satisfied by qualifying a desired property over the

entire domain.

Theorem 14. DSPA - Consider the system

ẋ = f
(
x,

t

ε

)
, x(t0) = x0, ε > 0 (3.10)

Let f(x, t) be locally Lipschitz in x uniformly in t and f(0, t) is uniformly bounded

(not necessarily zero). Also let there exist a class K -L function β, a class-L
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function σ and a T ∗ > 0 such that for each T ≥ T ∗ and for all t ≥ 0

∣∣∣∣∣

∣∣∣∣∣fav(x)−
1

T

t+T∫

t

f(x, τ) d τ

∣∣∣∣∣

∣∣∣∣∣ ≤ β(|x|, T ) + σ(T ) (3.11)

The function fav(x) is locally Lipschitz in x. If the origin of the average system ẋ =

fav(x) is domain-limited globally asymptotically stable, then the origin of (3.10) is

DSPA.

The original proof of SPA stability [54] (DSPA here) hinges on the existence

of class K∞ bounding functions α1, α2 through converse Lyapunov theory. The

proof would follow nearly identically if reconstructed for the domain-limited case.

We do not include it here.

3.5 Main Result

Theorem 15. There exists an ω∗ and ‘a’ sufficiently small enough, such that for

all ω ≥ ω∗, the system in (3.1)-(3.2) is domain-limited semi-globally practically

asymptotically stable about the constrained minimum, θ∗c .

What follows in the subsequent sections is a derivation of the average error

system and analysis of its stability properties. We establish that the average error

system is domain-limited globally asymptotically stable, and therefore the origi-

nal error system must be domain-limited semi-globally practically asymptotically

stable. DSPA stability of the error system trivially holds for our original system

through a coordinate transformation.

3.5.1 Constrained Extremum Seeking (CES) Error System

Now that all the preliminaries to discuss stability of (3.1) have been pre-

sented, we provide the following transformation and define the error system to be

studied.
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θ̃ = θ̂ − θ∗c (3.12a)

ξ̃ = ξ −
ka2

2
h′(θ∗c ) (3.12b)

x̃ = [θ̃, ξ̃]T (3.12c)

We offer the following reasoning behind the choice of error system. Unlike

traditional unconstrained extremum seeking, the goal is not solely to drive the

objective function gradient to zero. If the constrained extreme point so happens

to be the unconstrained extreme point as well, then the objective function gradient

should be driven to zero. However, imagine for a moment the unconstrained and

constrained extreme points are not one in the same. In a Lagrangian sense of

constrained optimality, the system should converge to a point on the boundary

where the objective function gradient (non-zero) and boundary normal are aligned.

This indirect optimization is akin to slope seeking of an unknown slope. First we

derivate (3.12) with respect to time and substitute in (3.1) and (3.12) to arrive at

the error dynamics

˙̃
θ = Projθ̃+θ∗c

{
ξ̃ +

ka2

2
h′(θ∗c )

}
(3.13a)

˙̃ξ = −wlξ̃ − wlk

(
a2

2
h′(θ∗c )− z̃(t, θ̃)

)
(3.13b)

where z̃(t, θ̃) is defined as follows

z̃(t, θ̃) = a sin(ωt)h
(
θ̃ + θ∗c + a sin(ωt)

)
(3.14)

3.5.2 The Average CES Error System

When we view the system in in its faster timescale through the transforma-

tion ωt = τ , we can arrive at its average system
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∂θ̃av

∂τ
= εProjθ̃av+θ∗c

{
ξ̃av +

ka2

2
h′(θ∗c )

}
(3.15a)

∂ξ̃av

∂τ
= ε

(
−wlξ̃av + f(θ̃av)

)
(3.15b)

f(θ̃av) =
wlka

2

2

(
h′(θ̃av + θ∗c )− h′(θ∗c )

)
(3.15c)

Please see Appendix A for an explanation of deriving of this system. The

properties in Assumption A3 carry over easily to (3.15c) as it linear transformation.

3.5.3 The Sole Equilbrium of the Average CES Error System

Lemma 16. Sole equilibrium- The origin is the only equilibrium of (3.15)

Proof. Please see Appendix A

When the equilibrium of (3.15) is a stationary point of h(·), the result here

is similar to [6] but differs from [1]. In [1] the average equilibrium was suggested

in terms of a higher order taylor polynomial and if the objective function is not

‘symmetric’ in a neighborhood of the extremum, then the equilibrium is biased

away from the extreme point by the third derivative and the perturbation ampli-

tude. However, in either case the average equilibrium converges to the extremum

as a → 0.

3.5.4 The Absorption of Trajectories

We first define the extension of Π ∈ R to the θ̃av-ξ̃av plane.

Π̃av =
{
(θ̃av, ξ̃av)

∣∣ θ̃av ∈ Π+ θ∗c and ξ̃av ∈ R

}
(3.16)

Lemma 17. Compact absorbing set- For flows Φτ (x̃av,0) of (3.15) with x̃av,0 ∈ Π̃av,

there exists a compact absorbing set Ω̃av ∈ Π̃av and time T < ∞ s.t Φ(τ+T,∞)(x̃av,0) ∈

Ω̃av.

Proof. Please see Appendix A
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The phase portrait of the average error trajectories really depends on whether

the constrained extreme point θ∗c is strictly in the interior of the constraint set Π

or resides on the boundary proper. Imagine θ∗c ∈ ∂Π. For example take Figure 3.2

where θ∗c lies on the upper boundary of the constraint set. In the error system, this

is akin to being restricted wholly to the left half plane like in Figure 3.4. When

this is the case, the goal is not to drive the gradient of the objective function to

zero, because in fact h′(θ∗c ) 6= 0. Now consider the case where the constrained

extreme point θ∗c lies strictly in the interior of the constraint set and h′(θ∗c ) = 0.

Unlike in the previous case, the boundary does not trap error trajectories in the

left half plane as in Figure 3.5. In either scenario, we can describe a compact

absorbing set Ω̃av.

3.5.5 The Non-Existence of Closed Trajectories.

Intuition implies that bounded trajectories in the plane will either converge

to a limit cycle or to equilibrium point. What we require is a way to disprove the

existence of limit cycles, and the following is a useful theorem from [55] for planar

systems.

Theorem 18. Extension of Bendixson’s Theorem- Suppose D is a simply con-

nected region in R2 and f(x) is a Lipschitz continuous vector field on D such that

the quantity ∇ · f(x) (the divergence of f(x), which exists almost everywhere) de-

fined by

∇ · f(x) =
∂f1
∂x1

(x1, x2) +
∂f2
∂x2

(x1, x2) (3.17)

is not zero almost everywhere over any subregion of D and is of the same sign

almost everywhere in D. Then D contains no closed trajectories of

ẋ1(t) = f1[x1(t), x2(t)] (3.18)

ẋ2(t) = f2[x1(t), x2(t)] (3.19)

Proof. See [55]
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phase portrait when θ∗c < 0

θ̃av

ξ̃av
Flows make 

a single 
clockwise 

swoop

interior
boundary 

layer

A

B

C D

Absorption 
Set

E

Ω̃av

Figure 3.4: Phase portrait for the average system of the CES system. Phase

space trajectories make a single bounded clockwise sweep of the left half plane,

inevitably headed for the origin. The points A-E describe the compact absorbing

region Ω̃av and ka2

2
h′(θ∗c ) ≤ 0. Trajectories are confined to the left half plane.

Lemma 19. No closed trajectories- The compact set Ω̃av ∈ Π̃av defined by the

points (3.28a) contains contains no closed trajectories of (3.15).

Proof. Please see Appendix A

The nature of the boundary layer is that trajectories not starting on the

boundary, will never actually reach the boundary in finite time. The approach

velocity (3.15a) is essentially saturated to zero as the trajectory approaches very
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phase portrait when θ∗c = 0
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interior
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*
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C

D
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Figure 3.5: Phase portrait of the average system for the CES system. The

compact absorbing set Ω̃av is defined by the points A-E. Phase space trajectories

sweep the plane in a clockwise fashion only to be ‘squeezed’ together as they near

the boundary and continue to spiral inwards. Here ka2

2
h′(θ∗c ) = 0 and trajectories

can enter the right half plane.

near the boundary. However, initial conditions that begin on the boundary will

indeed slide along the boundary toward the origin.
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3.5.6 The Stability of the Average CES Error System

Lyapunov functions are a standard approach for proving stability, but to

establish a Lyapunov function which guarantees global asymptotic stability of this

average error system is an extremely difficult affair. This difficulty is due to the

projection operator’s low degree of differentiability, the projection’s switching na-

ture, and the generality caused by the unknown objective function. Instead we

will use a geometric approach to proving global stability found in [56].

Theorem 20. If Π̃av ∈ R2 is simply connected, there exists a compact absorbing

set Ω̃av ∈ Π̃av which contains the origin, the origin is the sole equilibrium of (3.15),

and no closed trajectories of (3.15) exist in Π̃av, then the origin is domain-limited

globally asymptotically stable.

Proof. Π̃av is the simply connected extension of Π into the θ̃av- ξ̃av plane and

unbounded in the ξ̃av direction. Lemmas 16, 17 and 19 satisfy the remaining

conditions.

By Theorem 14, the original error system, in its fast time scale, is DSPA

about the origin. Trivially, the slow time scale error system (3.13)-(3.14) will also

be DSPA about the origin. By shifting back to the original system (3.1)-(3.2), the

stability properties hold except now about the constrained minimum in (3.4).

The unperturbed parameter estimate, θ̂, is confined to the constraint set.

However the perturbed parameter, θ, can take excursions outside the constraint

set by a magnitude of |a|. This allows the perturbation to be unaffected by the

projection and retain its symmetry when averaged. The practical user can confine

θ to the original constraint set, by using an |a|-eroded constraint set. This will

come at the sacrifice of converging to a solution within |a| of the original boundary.

3.6 The Crucial Role of the Low Pass Filter

The low pass filter is actually crucial to retain the constrained minimum as

the equilibrium of the average error system. Consider for instance the system with-
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a linear objective function

h
(θ̂
)

θ̂

h(θ̂) = 5−θ̂
2

•
h(5) = 0

Boundary Layer

Boundary

Figure 3.6: A linear objective function constrained to a finite range. The most

basic, non-trivial objective function h(θ̂) to consider is linear. In this example the

boundary layer begins at θ = 5 and the boundary is at θ = 5.5. The gradient

region represents the transition in values of c(θ̂) in Pθ̂{ξ} when ξ > 0.

out a lowpass filter or with cutoff frequency large enough that the filter effectively

is not there.

˙̂
θ = Projθ̂{ξ} (3.20a)

ξ = ka sin(ωt)h(θ̂ + a sinωt) (3.20b)

h(θ) =
5− θ

2
(3.20c)

For this exposition we will consider a linear objective function as in Figure

3.6 and an upper boundary layer from [5.0, 5.5]. We will immediately concern
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spatial and temporal representation of
˙̂
θ
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θ̂ closer to boundary
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Figure 3.7: Spatial and temporal representation of
˙̂
θ to understand the clipping

effect. This corresponds to the no low pass filter example with a linear objective

function. Thicker/darker lines indicate an increased proximity of θ̂ to the bound-

ary. The blue curve is the projection (3.20a) evaluated at the boundary θ̂ = 5.5.

Positive quantities of ξ are ‘clipped’ so only non-positive values of the projection

operation emerge. At the boundary, the average velocity of (3.20a) over [0, 2π] is

negative, rather than zero as desired. Dither amplitude is a = 0.9

ourselves with the stability of the average system again. Essentially we will want

to evaluate the following expression

∂θ̂av

∂τ
=

1

2π

2π∫

0

Projθ̂

{
ka sin(τ)h

(
θ̂ + a sin(τ)

)}
d τ (3.21)

Unfortunately the averaging here is not as straightforward as previously en-

countered. In fact, we need to identify the intervals of time where sgn ξ is constant
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average velocities for varying dither amplitudes
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a = 0.100000
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a = 0.500000
a = 0.700000
a = 0.900000

˙̂ θ a
v

θ̂

Figure 3.8: Average velocities for varying dither amplitudes: understanding the

clipping effect. This corresponds to the no low pass filter example with linear

objective function. Average velocity for different points within the set and different

dither magnitudes. The amplitudes of ‘a’ affect the average velocity when within

‘a’ of a zero of h(θ). Here h(5) = 0. Boundary layer begins at 5 and the boundary

is at 5.5. The average velocity is clearly positive at the boundary layer start and

negative at the boundary

and break apart the integral in (3.21). With θ̂ ‘frozen’ in these separate integrals,

the projection can be evaluated because it is not switching. The complexity does

not end here though. Identifying these distinct intervals between 0 and 2π is de-

pendent on h(θ), θ̂, a. Effectively concerning oneself with the question of how

many roots of h(·) are within ‘a’ of θ̂?.

If the constrained minimum resides in the boundary layer, and the low
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pass filter is not present, then there exists high frequency content inside of the

projection operator. The projection will not act on an averaged-signal but rather

on the signal-to-be-averaged. When we average the error system in that scenario,

the average equilibrium will shift further inwards to the boundary layer away from

the proper boundary. This occurs from a ‘clipping’ effect when the modulated

dither signal is oriented outward from the constraint set. See Figure 3.7.

To demonstrate this, consider the problem (3.20) with a linear objective

function previously mentioned. No global extremum exists but a constrained ex-

tremum is induced by the upper constraint. In order to see how (3.21) varies

in time and proximity to the boundary, examine Figure 3.7. The clipping effect

is most readily apparent at the boundary, where the projection only permits non-

positive velocities to be averaged. The average velocity at the boundary must then

be a negative quantity, implying an average flow inward to the set. The average

velocity at the start of the boundary layer is positive, oriented outward of the set.

Look at Figure 3.8 to convince yourself of this. It displays the average flow for

varying perturbations amplitudes at various positions in the boundary layer. It is

clear the average system equilibrium lie somewhere within the the boundary layer

and not on the proper boundary.

3.7 Conclusions

We have provided a proof of stability for the 1-dimensional extremum-

seeking system of an unknown quasi-concave objective function subject to convex

input constraints. By incorporating a low pass filter and a projection operator into

the traditional sinusoidal extremum seeking loop, we show the system is domain-

limited semi-globally practically asymptotically stable about the constrained min-

imum.

In future works we would then like to provide a proof of stability for CES

in the n-dimensional case.
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3.8 Appendix A

Proof. Deriving the average error system dynamics (3.15).

Begin with the transformation ωt = τ .

∂θ̃

∂τ
= εm(τ, ξ̃, θ̃, ε) (3.22a)

∂ξ̃

∂τ
= ε n(τ, ξ̃, θ̃, ε) (3.22b)

m(τ, ξ̃, θ̃, ε) = Projθ̃+θ∗c

{
ξ̃ +

ka2

2
h′(θ∗c )

}
(3.22c)

n(τ, ξ̃, θ̃, ε) = −wlξ̃ − wlk

(
a2

2
h′(θ∗c )− z̃(τ, θ̃)

)
(3.22d)

The dynamics are now in a form ready to be averaged. As previously stated,

the projection operator is only C0 so we will use the concept of average function

from [54]. When the function to be averaged is actually T periodic in τ , the concept

of average function simplifies to the working definition

nav(ξ̃, θ̃) =
1

T

T∫

0

n(τ, ξ̃, θ̃, 0) d τ (3.23)

The states ξ̃, θ̃ are perceived to be “frozen" in this time scale and are treated

as constants. So the average error transformation looks similar to what we have

seen before.

θ̃av = θ̂av − θ∗c (3.24a)

ξ̃av = ξav −
ka2

2
h′(θ∗c ) (3.24b)

x̃av = [θ̃av, ξ̃av]
T (3.24c)

Only the expression for z̃(τ, θ̃) is non-constant in this time scale and will

be affected by averaging. For example

∂ξ̃av

∂τ
= −εwl

(
ξ̃av + k

(
a2

2
h′(θ∗c )− z̃av(θ̃av)

))
(3.25)
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Inspection of (3.14) provides that z̃(τ, θ̃) is T = 2π periodic in τ . Now

apply the taylor expansion to h(·)

h
(
θ̃ + θ∗c + a sin(τ)

)
= h(θ̃ + θ∗c ) + ah

′

(θ̃ + θ∗c ) sin(τ)+ (3.26)

a2

2
h

′′

(θ̃ + θ∗c ) sin
2(τ) +

a3

6
h

′′′

(θ̃ + θ∗c ) sin
3(τ) +H.O.T (3.27)

where the higher order terms contain increasing powers of sine and ‘a’. Note

that
2π∫
0

sinn(x) d x = 0 for odd powers of sine. If in addition we assume ‘a’ is small

enough to dismiss higher order terms in the taylor polynomial, upon averaging

(3.14) we have z̃av(θ̃av) =
a2

2
h′(θ̃av + θ∗c ). Similarly, we can derive the θ̃av dynamic

and complete the average error system dynamics.

Proof. Lemma 16

Inspection of (3.15a) implies two possible conditions for an equilibrium. Either

ξ̃av +
ka2

2
h′(θ∗c ) = 0 or ka2

2
h′(θ∗c ) = 0. First consider the case where ka2

2
h′(θ∗c ) = 0.

It must be that ξ̃av = 0 as well. With ξ̃av = 0 inspection of (3.15b) would then

imply f(θ̃av) = 0. Recall (3.5) and it is clear θ̃av = 0 as well, meaning the origin is

the equilibrium . Now consider the the case where ξ̃av = −ka2

2
h′(θ∗c ). Inspection of

(3.15b) now implies that f(θ̃av) =
−wlka

2

2
h′(θ∗c ). When compared to (3.15c) it must

be the case that h′(θ̃av + θ∗c ) = 0. This is only possible if θ̃av = 0 and also implies

ξ̃av = 0. Again, the origin is quickly recovered as the equilibrium.

Proof. Lemma 17.

Due to the projection operator’s spatial dependence, we will inevitably need to

break apart the analysis to deal with specific regions of Π̃av.

Region(θ̃av, ξ̃av) =



R1 if θ̃av < π̃max, f(θ̃av) ≤ ξ̃av

R2 if θ̃av ≤ 0, ka2

2
h′(θ∗c ) ≤ ξ̃av ≤ f(θ̃av)

R3 if θ̃av ≤ 0, ξ̃av < ka2

2
h′(θ∗c )

R4 if θ̃av ≤ π̃max, ξ̃av < f(θ̃av)
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velocity profiles for average CES error systems

θ̃av

ξ̃av

R1
R2

R3

R4

*

R1

R2

R3

*

B.L.interior

(a) (b)

ξ̃av

θ̃av

interior B.L.

Figure 3.9: Velocity profiles for average CES error system under its distinct

configurations. Depiction of vector field in (3.15) that induces a swirling phase

space. Light grey represents the constraint set interior and the dark grey represents

the upper boundary layer. Two types of layouts are possible depending on the

relative position of the constrained optimal point to the constraint set. (a) The

constrained extremum is in the strict interior, the phase portrait includes some

of the right half plane and h′(θ∗c ) = 0. (b) The constrained extremum is on the

boundary of the constraint set, the phase portrait lies entirely in the left half plane

and h′(θ∗c ) ≤ 0.

The aforementioned regions are visually represented in Figure 3.9 along with the a

vector field sketch of (3.15). Please also note that
⋃

Ri, i ∈ [1, 2, 3, 4] is the whole

set Π̃av.

Consider the following points in the θ̃av- ξ̃av plane.
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E =

(
π̃max, min

(
fmin,

ka2

2
h′(θ∗c )

))
(3.28a)

A =

(
0,

ka2

2
h′(θ∗c )

)
(3.28b)

B =

(
Bθ,

ka2

2
h′(θ∗c )

)
(3.28c)

C = (Bθ, fmax) (3.28d)

D = (π̃max, fmax) (3.28e)

where: π̃max = πmax + θ∗c, ΦτB(A) = (B0,
ka2

2
h′(θ∗c )) is where the flow of (3.15)

from A crosses ξ̃av = ka2

2
h′(θ∗c ), Bθ = B0 for B0 6= 0 otherwise

ǫ, fmax = maxBθ≤θ≤π̃max f(θ) + ǫ, fmin = minBθ≤θ≤π̃max f(θ) + ǫ, and 1 >> ǫ > 0.

The region Ω̃av is formed by the flow of (3.15) from A to B, a vertical line

from B to C, a horizontal line from C to D, the vertical line from D to E, and a

straight line from E to A. The flow velocity field is Lipschitz continuous over this

finitely bounded (to be established) region. It follows that we have uniqueness of

solutions and therefore trajectories cannot self intersect, making Ω̃av a trapping

region where trajectories cannot escape. We now establish trajectories outside Ω̃av

will reach it in finite time.

We will use the shorthand x̃av,0 = x̃av(τ0). Consider the flow Φτ (x̃av,0),

x̃av,0 ∈ R4\Ω̃av. Either Φτ (x̃av,0) → R3 or Ω̃av in finite time τ . While x̃(τ) ∈ R4\Ω̃av

and τ ≥ τ0, (3.15b) shows that
∣∣∣∂ξ̃av∂τ

|τ

∣∣∣ ≥ 0 . Also, from (3.15a) we can discern

that
∣∣∣∂θ̃av∂τ

|τ

∣∣∣ < ξ̃av,0 < 0. If x̃ /∈ Ω̃av within some finite time, then there exits some

finite T3 such that Φτ0+T3(x̃av,0) ∈ R3.

Now consider flows Φτ (x̃av,0) starting from x̃av,0 ∈ R3 \ Ω̃av. While Φτ (x̃av,0)

remains in R3, (3.15b) and Assumption A3 inform us that∣∣∣∂ξ̃av∂τ
|τ

∣∣∣ > infθ∈(∞,Bθ) f(θ) > 0 . Then ξ̃av(τ) >
ka2

2
h′(θ∗c ) in finite time. Additionally

we know from (3.15a) that ξ0 ≤
∣∣∣∂θ̃av∂τ

|τ

∣∣∣ < 0. Because the rate and time are

bounded, θ̃av(τ) remains bounded during its time in R3. This establishes that Bθ

is finitely bounded. We know there then exists a finite T2 s.t Φτ0+T2(x̃av,0) ∈ R2.
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Finally consider flows Φτ (x̃av,0) starting from x̃av,0 ∈ (R1 ∪ R2) \ Ω̃av.

Consider the quanity vmin = min
(
f
(
θ̃av(τ)

)
, ξ̃av,0

)
. Inspection of (3.15b) pro-

vides that ξ̃av(τ) ≥ vmin > 0, ∀ θ̃av,0 ≤ θ̃av(τ) ≤ Bθ. Along with the knowl-

edge that ka2

2
h′(θ∗c ) ≥ 0 from Assumption A3, inspection of (3.15a) implies that∣∣∣∂θ̃av∂τ

|τ

∣∣∣ > P{vmin} > 0, ∀ τ ≥ τ0 and θ̃av(τ) > Bθ. So there exists a finite T1 such

that for all τ > τ0 + T1 , Bθ ≤ θ̃av(τ) ≤ π̃max. While Bθ ≤ θ̃av(τ) ≤ π̃max, (3.15b)

reveals that
∣∣∣∂ξ̃av∂τ

|τ

∣∣∣ ≤ −
∣∣∣wlfmax − f

(
θ̃av(τ)

)∣∣∣ < 0. So there exists a finite T0 ≥ T1

s.t. Φ(τ+T0,∞)(x̃av,0) ∈ Ω̃av.

Collectively, there exists a finite T for any flow Φτ (x̃av,0) starting from

x̃av,0 ∈ Π̃av \ Ω̃av that will satisfy Φ(τ+T,∞)(x̃av,0) ∈ Ω̃av. If x̃av,0 ∈ Π̃av, absorption

is trivially satisfied.

Proof. Lemma 19.

The divergence of (3.15) is as follows ∂
∂θ̃av

[
∂θ̃av
∂τ

]
+ ∂

∂ξ̃av

[
∂ξ̃av
∂τ

]
. Substitute in (3.9) to

arrive at ∂
∂θ̃

[
εPθ̃{ξ̃av +

ka2

2
h′(θ∗c )}

(
ξ̃av +

ka2

2
h′(θ∗c )

)]
+ ∂

∂ξav

[
ε
(
−wlξ̃av + f(θ̃av)

)]
.

This simplifies to ε
∂P

θ̂
{ξ̃av+

ka2

2
h′(θ∗c )}

∂θ̂
ξ̃av − εwl. When

∂P
θ̂
{ξ̃av+

ka2

2
h′(θ∗c )}

∂θ̂
> 0, ξ̃av < 0.

And when
∂P

θ̂
{ξ̃av+

ka2

2
h′(θ∗c )}

∂θ̂
< 0, ξ̃av > 0. Or

∂P
θ̂
{ξ̃av+

ka2

2
h′(θ∗c )}

∂θ̂
= 0. It is clear that

∂P
θ̂
{ξ̃av+

ka2

2
h′(θ∗c )}

∂θ̂
ξ̃av < 0. Therefore we have ∂

∂θ̃av

[
∂θ̃av
∂τ

]
+ ∂

∂ξ̃av

[
∂ξ̃av
∂τ

]
< 0. This is

essentially a direct consequence by the definition of the projection operator. Simply

notice that the function c(θ̂) increases nearer the boundary. Figure 3.10 visually

captures this property. Additionally, Pθ̂{ξ} is differentiable almost everywhere.

This satisfies Theorem 18.

This chapter is in part a reprint of the material as it appears in: Greg Mills,

Miroslav Krstic, “Constrained Extremum Seeking in 1 Dimension”, IEEE Confer-

ence on Decision and Control, 2014. The dissertation author was the primary

investigator and the author of this paper.
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properties of P
θ̂
{ξ}

P
θ̂
{ξ} = 1

P
θ̂
{ξ} = 0

P
θ̂
{ξ} = 0

∂P
θ̂
{ξ}

∂θ̂
= 0 ∂P

θ̂
{ξ}

∂θ̂
< 0

∂P
θ̂
{ξ}

∂θ̂
> 0
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πmin πmin−δ

ξ

θ̂

Figure 3.10: Properties of Pθ̂{ξ}. The constraint set is unbounded in the vertical

axis but bounded horizontally by πmax and πmin. In the solid light grey region

Pθ̂{ξ} = 1 and correspondingly
∂P

θ̂
{ξ}

∂θ̂
= 0. In the region which transitions from

lighter to darker grey (separated by the dashed lines) Pθ̂{ξ} transitions from 1 to

0 as it approaches the boundary. In the darkening region
∂P

θ̂
{ξ}

∂θ̂
6= 0. The dashed

lines are of set measure zero in the plane.



Chapter 4

Maximizing Map Sensitivity

and Higher Derivatives

Via Extremum Seeking

We present a generalization to the scalar Newton-based extremum seek-

ing algorithm which through perturbation-induced measurements of an unknown

steady-state input-to-output map, maximizes the map’s higher derivatives. As

with other extremum seeking problems, the scheme relies on derivative estima-

tors and learning dynamics operating in different time scales. We provide analysis

for the typical deterministic (sinusoidal) perturbation of the optimal parameter

estimate. Also, we alternatively include a stochastic method where the map is

perturbed via the sinusoid of Brownian motion about the boundary of a circle. By

properly demodulating the map output corresponding to the manner in which it

is perturbed, the extremum seeking algorithm maximizes the nth derivative only

through measurements of the map. The Newton-based extremum seeking approach

removes the dependence of the convergence rate on the unknown Hessian of the

higher derivative, an effort to improve performance over standard gradient-based

extremum seeking. Our design stems from the existing multivariable Newton-based

extremum seeking algorithm where a differential Riccati equation estimates the in-

verse Hessian of the function to be maximized. Algebraically computing a direct

estimate of the inverse Hessian is susceptible to singularity, where-as employing the

49
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Riccati filter removes that potential. We prove local stability of the algorithm for

general nonlinear equilibrium profiles of dynamic maps and compare the Newton-

based method against the gradient-based method. We also extend this abstraction

to multiplayer non-cooperative games but limit our attention to a 2-player game

for notational simplicity and length considerations.

4.1 Introduction

Newton-based Algorithms: When choosing which continuous-time optimiza-

tion method to emulate, Newton-like slowest dynamics have appeal over the sim-

pler gradient-like dynamics. The gradient approach convergence depends on the

objective function Hessian, whereas the convergence of a Newton algorithm can

be made independent of the objective function Hessian. The effectiveness of non-

model based ES schemes can sometimes be severely reduced because of this de-

pendency on the unknown Hessian of the objective function. A Newton-based ES

algorithm is employed in [57] and an estimate of the second derivative of the map

is implemented. The authors of [58] supply a continuous-time and multivariable

Newton-based ES algorithm. Their work features a concept where a Riccati filter

generates the inverse-Hessian estimate. When estimating the Hessian and trying to

invert it directly, a potential singularity might occur and their method avoids this

pitfall. The authors emphasize that their average convergence rate is effectively

user-assignable. Compare this to the state-of-the-art continuous-time Newton al-

gorithm in [59], where it is still dependent on the unknown Hessian of the objective

function.

Stochastic Extremum Seeking: It is a known issue that the performance of

sinusoidally perturbed extremum seeking schemes suffers with higher dimension-

ality [2]. Empirical evidence, albeit discrete time [60], also suggests that random

perturbations may be better suited for perturbation-based optimization of sys-

tems with high dimensionality. Additionally, optimization algorithms inspired by

biomimicry [61] and those sensitive to deterministic dither signals [62] suggest the

use of non-periodic perturbations. As such, there is interest in extremum seeking
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methods with stochastic perturbations [31,63,64]. This is not to be confused with

a noisy corruption of the output map [65], which is also of interest.

Motivation for Approach: There is a common thread amongst existing ES

literature. The unknown input-to-output map available for (noisy) measurement

is almost always the unknown objective function meant to be optimized [5, 66].

In [67, 68] the authors express that a desirable operating point of their refrigera-

tion system can be found in a non-model-based manner. However, unlike typical

extremum seeking problems, the function available for measurement has sigmoid

like properties and the desired operating point is the maximum slope. This is our

motivating example to generalize the extremum seeking problem further; maxi-

mization of an unknown maps’ higher derivatives through measurements of the

map. For those interested in system identification, maximizing the sensitivity of

an input-to-output function can be useful in improving the signal-to-noise ratio.

Minimizing parameter sensitivity can be useful when designing feed forward con-

trollers. This approach may be useful in applications where the quantity of interest

is not available for direct measurement, but some other quantity related through

an anti-derivative relationship is available, e.g.biological systems and material’s

properties. As long as sufficient knowledge of the output to objective function

relationship is known, the ES scheme can still estimate the required derivatives of

the objective function.

Results and Organization: In [69] the emphasis for maximizing higher

derivatives is on choosing proper demodulation signals for a fixed choice of per-

turbation signal. In [70] the author’s leverage the framework from the companion

work [69], and apply the stochastic stability results developed in [31]. The analysis

structure is preserved but the effect of time is replaced with a stochastic signal.

This work merges [69] and [70] with illustrative examples. The scheme in [69] is

built from the scalar case in [58] but applied to any higher derivative of the map.

The stochastic version is more closely related to the scalar version of [64] but does

not use the Ornstein-Uhlenbeck process. The derivative estimates stem from de-

modulation signals suggested in [5]. Through careful selection of the perturbation

and demodulation signals, the same average system can be obtained with stochas-
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tic or deterministic methods, where the stability of the average system needs only

be addressed once. In Section 4.3, we provide the necessary notation, background

on probability, stochastic processes and averaging theory. In Section 4.4, we state

the extremum seeking problem and its necessary assumptions. In Section 4.5, we

provide an error transformation so that the origin of the error system is the original

system’s extremum. We then show that the ‘average’ error system has an equilib-

rium close to its origin and that this equilibrium is locally exponentially stable. In

Section 4.6, we address the full problem (only for the deterministic case) through

singular perturbation theory and present the main result of this paper. Afterward

in Section 4.7 we address the practical performance of the Newton-based method

over the gradient-based method while providing some simulated examples. Section

4.8 extends the concept to a 2 player noncooperative game. Finally in Section 4.9

we summarize the findings with our concluding remarks.

4.2 Probability and Stochastic Processes

Let (Ω,F ,P) be a probability space with a filtration (Ft, t ∈ T ) where Ω is

the sample space, F is the σ-algebra, P is the probability measure. A stochastic

process X on the time set T is said to be adapted to the filtration if, for every

t ∈ T,Xt is Ft-measurable. Let (S,Σ) be a measurable space and consider the

Σ-valued stochastic process X = (Xt, t ∈ T ) adapted to the filtration {Ft}. In this

context, the sample paths of X are members of Σ, and SX is the state space of the

stochastic process X, ∀t ∈ T . If for each A ∈ Σ and each s, t ∈ T with s < t

P(Xt ∈ A|Fs) = P(Xt ∈ A|Xs), (4.1)

then X is said to possess the Markov property with respect to {Ft}. To have

the Markov property, there is no difference in future predictions based on just the

current process state or with its full history. We then refer to a Markov process

as a stochastic process which satisfies the Markov property with respect to its

natural filtration. We shall also refer to a stochastic process whose joint probability

distribution does not change when shifted in time as time homogenous.
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4.3 Preliminaries

4.3.1 Notation

A continuous function α : [0; a) → [0;∞) is said to be a class-K function

if it is strictly increasing and α(0) = 0. It is said to be a class-K∞ function if

a = ∞ and α(r) → ∞ as r → ∞. A continuous function σ : [0;∞) → [0;∞) is

said to be a class-L function if it is strictly decreasing and σ(s) → 0 as s → ∞.

A continuous function β : [0; a)× [0;∞) is said to be a class-K L function if for

each fixed s the mapping β(r; s) is a class-K function with respect to r, and for

each fixed r the mapping β(r; s) is decreasing with respect to s and β(r; s) → 0 as

s → ∞. The binomial coefficient
(
j
k

)
= j!

k!(j−k)!
. To be clear we express the set of

natural numbers including zero as N0, the set of even natural numbers as Neven, the

set of odd natural numbers as Nodd. The equilibrium point of a dynamic parameter

shall be xe. We will reserve xa, xr, and x̃ to mean the representation of x in its

corresponding ‘average’, reduced, and error systems correspondingly. Extremums

will be denoted with x∗ and estimates of quantities x̂. We use the Euler notation

Dj
xν represent the jth derivative of the function ν(x).

4.3.2 Probability and Stochastic Processes

Let (Ω,F ,P) be a probability space with a filtration (Ft, t ∈ T ) where Ω is

the sample space, F is the σ-algebra, P is the probability measure. A stochastic

process X on the time set T is said to be adapted to the filtration if, for every

t ∈ T,Xt is Ft-measurable. Let (S,Σ) be a measurable space and consider the

Σ-valued stochastic process X = (Xt, t ∈ T ) adapted to the filtration {Ft}. In this

context, the sample paths of X are members of Σ, and SX is the state space of the

stochastic process X, ∀t ∈ T . If for each A ∈ Σ and each s, t ∈ T with s < t

P(Xt ∈ A|Fs) = P(Xt ∈ A|Xs), (4.2)

then X is said to possess the Markov property with respect to {Ft}. To have

the Markov property, there is no difference in future predictions based on just the

current process state or with its full history. We then refer to a Markov process
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as a stochastic process which satisfies the Markov property with respect to its

natural filtration. We shall also refer to a stochastic process whose joint probability

distribution does not change when shifted in time as time homogenous.

4.3.3 Stochastic and Deterministic Averaging

Consider the following time homogenous Markov process Xt ∈ Rn, defined

on a complete probability space with the perturbation process Zt ∈ Rm, and

deterministic initial condition Xε
0 = x.

dXε
t

dt
= a

(
Xε

t , Zt/ε

)
, Xε

0 = x (4.3)

The notation Xε
t is meant to highlight the parameter dependence of Xt on ε. The

goal of averaging theory is to approximate a difficult to handle original system by

a simpler "average" system. In doing so, we can hopefully analyze the solution

properties of a deterministic time-invariant average system instead of attempting

the perhaps intractable analysis of an (almost) periodic or randomly perturbed

original system. We concern ourselves with the average behavior for a fixed value

of x:

ā(x) = lim
T→∞

1

T

T∫

0

a(x, Zt) dt (4.4)

Assumption A5. The vector field a(x, y) is a continuous function of (x, y), and

for any x ∈ Rn, it is a bounded function of y. Further it satisfies the locally

Lipschitz condition in x ∈ Rn uniformly in y ∈ SY, i.e., for any compact subset

of D ⊂ Rn, there is a constant kD such that for all x1, x2 ∈ D and all y ∈ SY,

|a(x1, y)− a(x2, y)| ≤ kD|x1 − x2|

Definition 5. The function a(x, t) is said to have an average ā(x) provided there

exists a class K -L function β, a class-L function σ and a T ∗ > 0 such that for

each T ≥ T ∗ and for all t ≥ 0

∣∣∣∣∣

∣∣∣∣∣ā(x)−
1

T

t+T∫

t

a(x, τ) d τ

∣∣∣∣∣

∣∣∣∣∣ ≤ β(|x|, T ) + σ(T ) (4.5)
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Assumption A6. The perturbation process (Zt, t ≥ 0) is ergodic with invariant

distribution µ

The ergodic property, to put it in simple terms, means that the time average

of a function of the process along the trajectories exists almost surely and equals

the space average:

lim
T→∞

1

T

T∫

0

a(Zt) dt =

∫

SZ

a(z)µ(dz), (4.6)

almost surely for any integrable function a(·), where µ(dz) is the invariant distri-

bution of the samples Zt, over SZ . Under the ergodicity assumption we can use

the ensemble average in place of the time average.

ā(x) =

∫

SZ

a (x, z)µ(dz) (4.7)

Contrast this to averaging for a determinstic, periodic process on the other hand.

For a fixed value x and a(x, t) is T periodic we have

ā(x) =
1

T

T∫

0

a (x, t) dt. (4.8)

Stochastic and deterministic extremum seeking both investigate the solution

properties of the original system under stability of an auxiliary ‘average’ system.

By careful selection of the stochastic signals employed, one can arrive at the same

deterministic time-invariant auxiliary system as one would while using a periodic

perturbation process. If Zt is an equidistributed stochastic process over an interval

which is equal to the periodicity of its deterministic counterpart, then we can

equate the auxiliary functions (4.7) and (4.8). That is to say when µ(dz) = dz/T

and SZ = [0, T ], the stochastic and deterministic systems share the same auxiliary

system. One still has different theorems relating the original dynamics to the

auxiliary dynamics, but stability of the auxiliary system only has to be considered

once.
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4.4 Extremum Seeking for Higher Derivatives of

Unknown Maps

Consider a general nonlinear SISO model

ẋ = f(x, u) (4.9a)

y = h(x) (4.9b)

where x is the state, u is the input, y is the output, and f : Rm × R → Rm and

h : Rm → R. Suppose there is a smooth control law

u = α(x, θ) (4.10)

acting on the plant and the closed-loop system

ẋ = f
(
x, α(x, θ)

)
(4.11)

has equilibria characterized by the scalar parameter θ.

Assumption A7. There exists a smooth function l : R → Rm such that

f
(
x, α(x, θ)

)
= 0, if and only if x = l(θ) (4.12)

Assumption A8. For each θ ∈ R, the equilibrium x = l(θ) of system (4.11) is

exponentially stable with decay and overshoot constants uniform in θ.

Considering the final results will ultimately be of a local nature, our as-

sumptions need not hold for all of R but only some appropriate interval and are

not actually restrictive. Now consider the following optimization problem,

max
θ∈R

Dn
θν(θ) (4.13)

where ν(·) = (h ◦ l) (·). In the extremum seeking setting only the transient mea-

surement h(x) is available for measurement, and not the actual unknown steady

state value ν(θ). When n = 0 the steady state map available for measurement and

the objective function are the same. This recovers the traditional approach to the

extremum seeking problem and the algorithm reduces to a scalar, filterless variant

of the Newton-based extremum seeking in [58] and later [64].
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Assumption A9. Consider the smooth function ν : Rm → R and the set

θmax =
{
θ
∣∣∣ Dn+1ν(θ) = 0 and Dn+2ν(θ) < 0

}
. (4.14)

The set θmax is the collection of stationary points of Dnν (θ) that are locally concave

(i.e local maxima). Assume that θmax 6= ∅ and there exists θ∗ ∈ θmax.

The integrator gains

kI = ωεk
′

I = O(ωε) (4.15a)

kR = ωεk
′

R = O(ωε) (4.15b)

are presumed small and selected to enforce the timescale separations necessary for

the ensuing analysis. Now we summarize the closed-loop system seen in Figure 4.1

and written in the time scale τ = ωt

ω
dx

dτ
= f

(
x, α

(
x, θ̂ + a sin(η)

))
(4.16)

dη =




dτ, deterministic

−π
2
sin(Wτ )dτ + π cos(Wτ )dWτ , stochastic

(4.17)

dθ̂

dτ
= −εk

′

IγΥn+1(η)h(x) (4.18a)

dγ

dτ
= εk

′

Rγ
(
1− γΥn+2(η)h(x)

)
(4.18b)

A probing effect is introduced on θ̂ to elicit myopic information of the steady state

map.

θ = θ̂ + a sin(η) (4.19)

The perturbation can take on many forms, but we provide deterministic and

stochastic examples.

η =




ωt, deterministic

ωπ(1 + sin (Wωt)), stochastic
(4.20)
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a Newton scheme to maximize Dn(h ◦ l)(θ)

−kI

s

D̂n+2
ν

Υ(n+2)

γ

yθ

θ̂ D̂n+1
ν

γ̇ = kRγ

(

1− γD̂n+2ν

)

Υ(n+1)

a sin(η)

ẋ = f(x,α(x, θ))

y = h(x)

Figure 4.1: A Newton scheme to maximize Dn(h◦ l)(θ). The Riccati filter appro-

priately estimates the inverse Hessian of Dnν(θ). We structure the perturbation

a sin(η) so we can generalize the choice of demodulation signals Υ as a function of

η. The signals D̂jν are meant to be derivative estimators in an average sense. The

gains k
′

I , k
′

R, the perturbation frequency ω, time scale separation ε, and amplitude

‘a’ are all user assignable.

The demodulated signals D̂jν are meant to, on average, estimate the gradient and

Hessian of the nth derivative of the steady state map. This is accomplished via the

demodulation signals Υj where Cj is a normalizing gain.

D̂jν = yΥj (4.21a)

Υj = Cj sin
(
jη +

π

4

(
1 + (−1)j

))
(4.21b)

Cj =
2jj!

aj
(−1)

(

j−|sin( jπ
2 )|

2

)

(4.21c)
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4.5 Averaging Analysis

We begin our stability analysis by introducing the error transformation.

θ̃ = θ̂ − θ∗ (4.22a)

γ̃ = γ − γ∗ (4.22b)

where

γ∗ =
1

Dn+2ν(θ∗)
(4.23)

Now we can express the parameter update of the error system

dθ̃

dτ
= −εk

′

I (γ̃ + γ∗) Υn+1(η)h(x) (4.24a)

dγ̃

dτ
= εk

′

Rγ
(
1− (γ̃ + γ∗) Υn+2(η)h(x)

)
(4.24b)

The dynamics partition themselves into three distinct timescales. The plant dy-

namics in the fastest timescale (4.16). The perturbation in the middle timescale

(4.17) and parameter updates in the slowest timescale (4.18). We are able to em-

ploy a singular perturbation reduction to freeze x in (4.16) at its quasi-steady state

value

x = l
(
θ∗ + θ̃ + a sin(η)

)
(4.25)

And get the reduced parameter error system

dθ̃r

dτ
= εf

(
θ̃r, γ̃r, η

)
(4.26a)

dγ̃r

dτ
= εg

(
θ̃r, γ̃r, η

)
(4.26b)

where

f = −k
′

I (γ̃r + γ∗) Υn+1(η)ν
(
θ∗ + θ̃r + a sin(η)

)
(4.27a)

g = k
′

R (γ̃r + γ∗)
(
1− (γ̃r + γ∗) Υn+2(η)ν

(
θ∗ + θ̃r + a sin(η)

))
. (4.27b)

Working under the assumption that ε is sufficiently small, then (4.26) is in a form

amenable to the averaging theory from [31] or [32]. For the averaging method
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the quantities θ̃r and γ̃r are ‘frozen’ and replaced by autonomous values θ̃a
r and γ̃a

r

respectively. By inspecting (4.27) it becomes clear the following average must be

evaluated.

ξa
r,j = AVE

{
Υj(η)ν

(
θ∗ + θ̃a

r + a sin(η)
)}

(4.28)

Where AVE{} is the averaging operator that satisfies (4.5). Conveniently, we have

an expression for the averaged-reduced-demodulated signal ξa
r,j of the error system,

for arbitrary j for and either choice of η.

ξa
r,j = Djν(θ∗ + θ̃a

r ) +
Dj+2ν(θ∗ + θ̃a

r )

4(j + 1)
a2 +O

(
a4
)

(4.29)

See the appendix (Section 4.10.3) for an explanation of this result. In order to

maximize Djh(θ) with a model-based Newton scheme, knowledge of Dj+1h(θ) and

Dj+2h(θ) would be required. However, a non-model based approach like extremum

seeking must construct estimates of those derivatives, because there is no model

structure to exploit for that information. The purpose of Cj is to make very clear

the average signals (4.29). Note that the dominant term in (4.29) is Djh(θ). In

fact, (4.29) is a good estimate for sufficiently small ‘a’ but take note of the division

by aj in the normalizing gain Cj . The amplitude of the estimated derivatives

would be orders of magnitude smaller without the normalizing factor (4.21c). One

must therefore scale ε (from (4.15)) downwards in order to maintain the time

scale separation and ensure that the averaging assumption is not violated. When

estimating increasingly higher derivatives n or for very small values of ‘a’, the

average convergence rate is adversely affected.

Equipped with the averaging method, we can provide the averaged-reduced-

error system,

dθ̃a
r

dτ
= εf(θ̃a

r , γ̃
a
r ) (4.30a)

dγ̃a
r

dτ
= εg(θ̃a

r , γ̃
a
r ) (4.30b)

where

f = −k
′

I (γ̃
a
r + γ∗) ξa

r,n+1 (4.31a)

g = k
′

R (γ̃a
r + γ∗)

(
1− (γ̃a

r + γ∗) ξa
r,n+2

)
. (4.31b)
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The averaged-reduced-error system has an equilibrium approximated by

θ̃a,e
r = θ̃∗ +O(a3) (4.32a)

γ̃a,e
r = γ̃∗ +O(a3), (4.32b)

where

θ̃∗ =
−Dn+3ν(θ∗)

4(n+ 2)Dn+2ν(θ∗)
a2 (4.33a)

γ̃∗ = −

( (
Dn+3ν(θ∗)

)2

4(n+ 2)
(
Dn+2ν(θ∗)

)3 +
Dn+4ν(θ∗)

4(n+ 3)
(
Dn+2ν(θ∗)

)2

)
a2. (4.33b)

The averaged-reduced-error system has inaccurate (i.e. O(a2)) estimates of the

objective function gradient and Hessian as evidenced by (4.29). It follows that the

estimate of θ∗ is shifted away from its true value and the equilibrium (4.32) is not

the origin. However, it is noteworthy to point out that (4.33a) is on the flatter

(less sensitive to variations) side of Dnν(θ∗), as pointed out in [1].

Lemma 21. There exists a sufficiently small a > 0 such that the Jacobian of

(4.30) evaluated at (4.32) is Hurwitz. Further, the Jacobian is of the following

form.

A(θ̃a,e
r , γ̃a,e

r ) = ε



−k

′

I +O(a2) 0

dg

dθ̃a
r

∣∣∣
(θ̃a,er ,γ̃a,e

r )
−k

′

R


 (4.34)

The implication of Lemma 21 is that (4.30) is locally exponentially stable

about (θ̃a,e
r , γ̃a,e

r ). We now provide a stochastic and deterministic results which de-

scribe the the solutions of the reduced error system under stability of the associated

average system.

Theorem 22. Consider the reduced error system (4.26) under Assumption A9.

There exists an a > 0 and for any a ∈ (0, a), there exists an ε > 0 such that

for all ε ∈ (0, ε) system (4.26) has a unique exponentially stable periodic solution(
θ̃2πr (τ), γ̃2π

r (τ)
)

of period 2π and this solution satisfies

∣∣∣∣∣∣∣



θ̃2πr (τ) + θ̃∗

γ̃2π
r (τ) + γ̃∗




∣∣∣∣∣∣∣
≤ O (ε) +O

(
a3
)

(4.35)
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Proof. Use Lemma 21 and Theorem 10.4 in [32].

This result implies that solutions of (4.26) converge to an O(ε+ a2) neigh-

borhood of the origin. Our next result comes from the stochastic averaging theory

developed for continuous-time extremum seeking [31].

Theorem 23. Consider the reduced error system (4.26) under Assumptions A5,

A6, and A9. Suppose that (4.26) has a unique (almost surely) continuous solution

on [0,∞). There exists an a such that for any ‘a’ in (0, a) there exist constants

r > 0, c > 0, γ > 0 and a function T (ε) : (0, ω) → N such that for any initial

condition |Λ(0)| < r and any δ > 0

lim
ε→0

inf
{
t ≥ 0 : |Λ(t)| > c|Λ(0)|e−γt + δ

}
= ∞, a.s. (4.36)

and

lim
ε→0

P
{
|Λ(t)| ≤ c|Λ(0)|e−γt + δ, ∀t ∈ [0, T (ε)]

}
= 1

with lim
ε→0

T (ε) = ∞ (4.37)

where

Λ(t) =



θ̃r(t)− θ̃∗

γ̃r(t)− γ̃∗


 . (4.38)

Proof. Use the stability from Lemma 21 along with Theorem 2 from [31].

Further let us define the stopping time

τ δε = inf {t ≥ 0 : |Λ(t)| > c|Λ(0)|e−γt + δ}, (4.39)

as the first time when the norm of the error vector does not satisfy the exponential

decay property. The error vector norm |Λ(t)| converges below a residual value δ

exponentially fast almost surely (4.36) and in probability (4.37). From (4.36) it

is clear that τ δε approaches infinity as ε goes to zero almost surely. Similarly in

(4.37), the deterministic function T (ε) tends to infinity as ε goes to zero. It follows

from (4.36) and (4.37) that the prescribed exponential convergence is satisfied over

an arbitrarily long time interval. Either component of the error vector converges

to below δ, particularly the θ̃r(t) component.
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4.6 Singular Perturbation Analysis

While the problem formulation considers stable equilibrium profiles of dy-

namic maps, and the boundary and reduced systems for the stochastic case are

exponentially stable, we unfortunately do not have a suitable infinite-time stochas-

tic singular perturbation theorem available to use. We shall proceed only with the

deterministic case. Consider the parameter error system (4.24) in the compact

notation

dz

dτ
= εG(τ, x, z) (4.40)

where z = (θ̃, γ̃). For η = ωt, Theorem 22 states there exists an exponentially

stable period solution z2πr (τ) which satisfies

dz2πr (τ)

dτ
= εG

(
τ, L

(
τ, z2πr (τ)

)
, z2πr (τ)

)
, (4.41)

where L(τ, z) = l(θ∗ + θ̃ + a sin τ). Consider the transformation

z̃ = z − z2πr (τ) (4.42)

which sets up the standard singular perturbation form of (4.40) and (4.16).

dz̃

dτ
= εG̃(τ, x, z̃) (4.43)

ω
dx

dτ
= F̃ (τ, x, z̃) (4.44)

where

G̃(τ, x, z̃) = G
(
τ, x, z̃ + z2πr (τ)

)
−G

(
τ, L(τ, z2πr (τ)), z2πr (τ)

)
(4.45)

F̃ (τ, x, z̃) = f
(
x, α

(
x, θ∗ + θ̃ − θ̃2πr (τ) + θ̃2πr (τ) + a sin τ

))
. (4.46)

We note that

x = L
(
τ, z̃ + z2πr (τ)

)
(4.47)

is the quasi-steady state for the reduced model

dz̃r

dτ
= εG̃

(
τ, L

(
τ, z̃r + z2πr (τ)

)
, z̃r + z2πr (τ)

)
. (4.48)
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Additionally we have the boundary layer model

dxb

dt
= F̃ (τ, xb + L

(
τ, z̃ + z2πr (τ)

)
, z̃) = f (xb + l(θ), α (xb + l(θ), θ)) . (4.49)

where θ = θ∗ + θ̃ + a sin τ should be viewed as a parameter independent from the

time variable t. Both the boundary layer model and reduced model are exponen-

tially stable which leads to the following result.

Theorem 24. Consider the feedback system (4.16)-(4.18) under Assumptions A5,

A7-A9. There exists an a > 0 such that for any a ∈ (0, a) there exists a ball of

initial conditions around the point (x, θ̂, γ) = (l(θ), θ∗, γ∗) and constants ω, ε such

that for all ω ∈ (0, ω), δ ∈ (0, ε) such that the solution (x(t), θ̂(t), γ(t)) exponentially

converges to an O(ω + ε+ a)-neighborhood of that point.

See the Appendix (Section 4.10.6) for an explanation.

4.7 Performance Considerations

This section explores the basin of attraction and average convergence rate

of the scheme in an example-based format. Firstly we consider the contribution

of each parameter to the scheme. In an effort to further examine the trade-offs

between convergence properties and the basin of attraction we look at the effect

the output and objective functions play. Next we contrast the gradient-based

method with the Newton-based method for the higher-derivative extremum seeking

scheme. Finally we demonstrate the stochastic variation as well as the performance

improvements provided by the incorporation of filters.

4.7.1 On the Choice of Time Scale Parameters

As a first step one must select k
′

I , k
′

R, and ‘a’ in a manner to ensure that

the Jacobian (4.34) is Hurwitz. The choice of ε should follow to establish ade-

quate timescale separation between the perturbation-based derivative estimation

and the learning dynamics (effectively the reduced system). The selection of ε is

not independent of the selection of ‘a’. The effect of the gain 1/aj will appear in
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the average dynamics whether one chooses to include it in Cj or not. It is included

here so as to normalize the derivative estimate D̂jν. The choice to exclude the

normalizing coefficient will permit a smaller value of ε to be used, but only because

the magnitude of (4.18) will be reduced by aj . Nothing is gained in the trade-off

and the average dynamics will not converge any faster. The authors of [67] remark

on this from the stand point of filtering. The frequency content we are interested

in has a small gain relative to the other frequencies we must filter out. The same

time scale separation should follow with the selection of ω to ensure the estimation

dynamics and the plant dynamics operate on different time scales. Both ω and ε

are present in (4.15) and their selection is not dependent on each other. The gains

can be pushed to accelerate the scheme but are fundamentally limited through the

guise of averaging. The average system can only have gains as large as permits the

averaging assumption to hold.

4.7.2 Sensitivity of Derivative Estimators

Consider a static plant, a concave objective function q(θ), and two different

scenarios where the output functions differ in degree of antiderivative χ ∈ N,

h1 = D−χq(θ) (4.50a)

h2 = D−χ+1q(θ). (4.50b)

The outputs (4.50) result in two instances of (4.18), dθ̂1/dτ and dθ̂2/dτ . For fixed

values of γ, θ̂, a, k
′

I , k
′

R, ω, ε, consider the ratios

Rθ =
maxτ∈T1 |dθ̂1/dτ |

maxτ∈T2 |dθ̂2/dτ |
(4.51a)

Rγ =
maxτ∈T1 |dγ1/dτ |

maxτ∈T2 |dγ2/dτ |
. (4.51b)

over the fundamental period T associated with the perturbation and demodulation

signals. The ratios are meant to capture the relative magnitude of the largest

instantaneous learning signals for different output functions. Keep in mind that

the auxiliary ‘average’ system (4.30) for these two signals is the same. One can
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approximate the ratios as follows

Rθ ≈
2(χ+ 2)

a

∣∣∣∣
D−χq(θ)

D−χ+1q(θ)

∣∣∣∣ (4.52a)

Rγ ≈
2(χ+ 3)

a

∣∣∣∣
D−χq(θ)

D−χ+1q(θ)

∣∣∣∣ (4.52b)

For example with q = −θ2, χ = 2, then Rθ ≈ 2θa−1 and Rγ ≈ 3θa−1 with

h1 = −θ4/12 and h2 = −θ3/3. Consider for a moment increasing the value of θ in

a manner to degrade the averaging assumption, i.e. O(εdθ̂/dτ) → O(1). Clearly

the system with output function h1 will degrade this assumption faster. What this

means is that for the same objective function and the same average convergence

rate, the basin is attraction is smaller for system with the h1 output function.

For identical objective functions and guesses for θ̂0 but with varying degrees of

antiderivative output functions, one should expect an increase in the required iter-

ations to converge close to the extremum as the degree of the antiderivative output

function increases. Consider Figures 4.2 and 4.3. Now imagine the parameter

selection is identical so the system in Figure 4.3 has the same average system (4.30)

as in Figure 4.2. Unfortunately because of the larger magnitude of the demodu-

lation signals in Figure 4.3 (an order of magnitude by (4.52)) , one must select a

smaller value for ε or the system will do a very poor job if not go unstable. This

reduction in ε corresponds to a slower average system even though objective func-

tion remains unchanged. Take note of the nonzero initial conditions and the large

initial transient in γ. The transient in γ is larger for Figure 4.3 than Figure 4.2 even

with a smaller value for ε. Higher gains (k
′

I , k
′

R, ω, ε) can be tolerated for better

initial guesses of the system parameters (γ0, θ̂0,). However, in a non-model-based

framework one works heavily under the assumption that one does not know these

values, and to proceed otherwise would be counter to the spirit of the endeavor.

4.7.3 Basin of Attraction for a Non-constant Hessian

Consider the static map

h(θ) = arctan(θ) (4.53)
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a Newton scheme to maximize D0

θ(−θ2)

0 5 10 15 20 25 30 35 40 45 50
−1.4

−1.2

−1

−0.8

−0.6

−0.4

−0.2

0

 

 

0 5 10 15 20 25 30 35 40 45 50
−3

−2.5

−2

−1.5

−1

−0.5

 

 

θ̂

θ∗

γ
γ∗

Cycles of f = ω
2π

θ̂
γ

Figure 4.2: A Newton extremum seeking scheme to maximize D0
θ(−θ2). Maxi-

mization of D0(−θ2). The top plot is evolution of θ̂ for the Newton approach and

the bottom plot is the evolution of γ. The horizontal axis is cycles with respect

to f . For the simulation f = 1Hz, ω = 2πf, ε = 1
1500

, k
′

R = 10, k
′

I = 10, a = 3
10

.

The initial conditions are θ̂0 = −1, γ0 = −1. The blue dashed lines are the targets

θ∗ = 0 and γ∗ = −1
2
.

along with Figure 4.4, which shows the objective function (4.53) and its first

four derivatives. The Newton-based method relies on the fact that the objective

function can be locally approximated as a quadratic function with some constant

Hessian value. One would presume that close enough to the extremum, the es-

timator of the objective function Hessian would converge to this constant before
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a Newton scheme to maximize D1

θ(−
1

3
θ3)
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Figure 4.3: A Newton extremum seeking scheme to maximize D1
θ(−

1
3
θ3). Maxi-

mization of D1(−1
3
θ3). The top plot is evolution of θ̂ for the Newton approach and

the bottom plot is the evolution of γ. The horizontal axis is cycles with respect

to f . For the simulation f = 1Hz, ω = 2πf, ε = 1
3500

, k
′

R = 10, k
′

I = 10, a = 3
10

.

The initial conditions are θ̂0 = −1, γ0 = −1. The blue dashed lines are the targets

θ∗ = 0 and γ∗ = −1
2
.

the θ̂ term converges. However when working with the general nonlinear func-

tions, one should expect the objective function Hessian is non-constant. It general

it would be an extremely restrictive assumption to assume that Dn+2ν is a neg-

ative constant, rather than to simply assume that Dn+2ν < 0. In fact for the

1-dimensional case it is easy to find examples where a sign change even occurs
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some derivatives of h(θ) = arctan(θ)
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Figure 4.4: Derivatives of h(θ) = arctan(θ). The derivatives of Djh(θ) for h(θ) =

arctan(θ) and j = [0, 1, 2, 3, 4]. D0h = magenta, D1h = red, D2h = black, D3h =

purple, D4h = green.

in the objective function Hessian while the objective function remains concave,

e.g. consider h = arctan(θ), θ ∈ [−1, 1]. The Ricatti equation only converges the

the actual value of the inverse Hessian for good estimates of the Hessian at the

extremum. And loosely speaking, "Hessian estimate" refers to the average value

of the demodulated signal. The Hessian estimate may differ in sign from the Hes-

sian value at the extremum because there lacks sufficient time scale separation to

provide good local estimates of the Hessian, or the local Hessian value differs in

sign because the Hessian is non-constant function of θ. These scenarios call into
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question the efficacy of the Newton-based approach. The Riccati filter is unstable

for Hessian estimates when the estimate’s sign does not match the Hessian’s sign

at the extremum. This can have a destabilizing effect and diminishes the size of

the basin of attraction (particularly w.r.t to guesses θ̂0, γ0 when all else is held

constant).

4.7.4 Newton-based vs. Gradient-based

Consider the gradient-based approach to higher-derivative ES in Figure 4.5.

dθ̂

dτ
= εk

′

IΥn+1(η)h(x) (4.54)

Compare (4.54) with (4.18), in particular θ̂ dynamic. For the scalar problem, the

Newton scheme is effectively the gradient method with a dynamic gain coming

from the γ component. Or to put differently, the gradient scheme is effectively the

same system as the Newton scheme, except where kR = 0 and γ is held constant.

Essentially the same stability results provided for the Newton method apply to

the gradient method. We will not include the gradient-method analysis but it can

easily be constructed by simplifying the work already done here for the Newton-

based method.

Figure 4.6 shows a case where the Newton scheme would be unstable. Con-

sider for a moment the case where the average value for the signal ̂D2(arctan(θ0))

is actually the opposite sign of D2(arctan(θ∗)). This causes the Ricatti filter to

diverge and drive the system unstable. Even when a better guess of θ0 is employed,

smaller gains than the gradient scheme are necessary. Consider the relationship be-

tween the size of the basin of attraction in θ-dimension and the ‘a’-dimension. It is

unacceptable for the perturbation amplitude to be of the same scale as the feasible

search domain for θ. Unfortunately to use an increasingly smaller perturbation ‘a,’

one must also simultaneously drive down the value of ε to maintain good derivative

estimates/stability. A smaller value of ε corresponds to a slower convergence rate

of the corresponding average system, see (4.30). The inverse-Hessian estimator is

affected by this signal magnification more than the gradient estimator because of

the extra power of ‘a’ present in Cj .
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a gradient scheme to maximize Dn(h ◦ l)(θ)

yθ

θ̂ D̂n+1
ν

Υ(n+1)

a sin(η)

ẋ = f(x,α(x, θ))

y = h(x)

kI

s

Figure 4.5: A gradient extremum seeking scheme to maximize Dn(h ◦ l)(θ). An

on-average gradient climbing to maximize the n-th derivative of some steady-state

output function D−n(h ◦ l)(θ). We structure the perturbation a sin(η) so we can

generalize the choice of demodulation signals Υ as a function of η. The signal

D̂jν is meant to be a derivative estimator in an average sense. The gain k
′

I , the

perturbation frequency ω, time scale separation ε, and amplitude ‘a’ are all user

assignable.

In the model-based multivariable setting, the Newton method can outper-

form the gradient ascent when the objective function has an exaggerated eccen-

tricity. The ‘step’ direction is typically a more direct path to the root rather than

the path of greatest change. Consider the static map

h(θ) =
c

2
θ2 (4.55)

For a simplified 1-d example, the Newton method only outperforms the gradient

method when the coefficient c in (4.55) is less than one. This can be predicted

ahead of time by calculating the corresponding average system. One sees this

demonstrated in Figures 4.8 and 4.7 where the Newton method is slower and

faster correspondingly. The sinusoidally-perturbed multidimensional ES problem

is slowed down by each additional dimension of θ̂ because of the restrictions on the
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maximizing D1

θ arctan(θ), unstable conditions for the Newton method
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Figure 4.6: Maximization of D1
θ arctan(θ), unstable for ES Newton method. Max-

imization of D1 arctan(θ). The plot is the evolution of θ̂ for the gradient ap-

proach (4.54). The horizontal axis is cycles with respect to f . For the simulation

f = 10Hz, ω = 2πf, ε = 1
1500

, k
′

I = 10, a = 3
10

. The initial conditions are θ̂0 = 1.2.

The blue dashed line is the target θ∗ = 0.

choice of perturbation frequencies. This can make make the Newton method at-

tractive because at least one dimension will likely have eccentricity in the objective

function that is favored by the Newton method.
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newton vs gradient method, D0ν = − 1

4
θ2
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Figure 4.7: Newton vs gradient method maximizing D0ν = −1
4
θ2. Maximization

of D0(cθ2) where c = −1
4
. The top plot is evolution of θ̂ for the Newton and gradient

approaches and the bottom plot is the evolution of γ for the corresponding Newton

approach. The horizontal axis is cycles with respect to f . For Newton simulation

f = 100Hz, ω = 2πf, ε = 1
750

, k
′

R = 10, k
′

I = 10, a = 3
10

. The initial conditions are

θ̂0 = 1, γ0 = −1. The gradient approach parameters are identical to the Newton

approach except k
′

R = 0. The blue dashed lines are the targets θ∗ = 0 and γ∗ = −2.

4.7.5 Stochastic Perturbations and Filtering

When the perturbation and demodulation signals are structured to share the

same average system, one should expect the stochastic and deterministic variants

to behave similarly on average. Figure 4.9 has the same average system as Figure
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newton vs gradient method, D0ν = −2θ2
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Figure 4.8: Newton vs gradient method, maximizing D0ν = −2θ2. Maximization

of D0(cθ2) where c = −2. The top plot is evolution of θ̂ for the Newton and gradient

approaches and the bottom plot is the evolution of γ for the corresponding Newton

approach. The horizontal axis is cycles with respect to f . For Newton simulation

f = 100Hz, ω = 2πf, ε = 1
1500

, k
′

R = 10, k
′

I = 10, a = 3
10

. The initial conditions are

θ̂0 = 1, γ0 = −1. The gradient approach parameters are identical to the Newton

approach except k
′

R = 0. The blue dashed lines are the targets θ∗ = 0 and γ∗ = −1
4
.

4.6 and the convergence is notably similar. Filters are not necessary for ES stability

analysis, e.g. [6]. When filters are excluded from the scheme, the analysis simplifies

and the main approach is not obfuscated. The inclusion of filters however, e.g. [1],

can greatly improve ES performance. Compare Figure 4.10 with Figure 4.6. For all
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stochastic gradient-based derivative maximization
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Figure 4.9: Stochastic gradient-based derivative maximization. Maximization

of D1h(θ̂) where h(θ̂) = arctan(θ̂). For the simulation f = 1Hz, ω = 2πf, ε =

1
1500

, k
′

I = 10, a = 3
10

. The initial conditions are θ̂0 = 1. The blue dashed line is the

target θ∗ = 0.

things held constant, except the addition of a low pass filter on the demodulated

output, the behavior is greatly improved. The dominant terms which remain in the

average demodulated output appear at a harmonic equal to the degree of derivative

being estimated. It would seem filters are natural extension to emphasize particular

frequency content on average without changing the value of ε.
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a performance improvement with a low-pass filter
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Figure 4.10: Extremum seeking performance improvement with a low-pass filter.

Maximization of D1
θ arctan(θ). The plot is the evolution of θ̂ for the gradient

approach (4.54) with a simple low pass (cut-off frequency 2ω) filter added to the

demodulated signal. The horizontal axis is cycles with respect to f . For the

simulation f = 10Hz, ω = 2πf, ε = 1
1500

, k
′

I = 1, a = 3
10

. The initial conditions are

θ̂0 = 1.2. The blue dashed line is the target θ∗ = 0.

4.8 Extension to Noncooperative Games

It is difficult to characterize a meaningful extension of this work to a higher

dimensional parameter θ̂. Higher derivatives of a multidimensional function are not

merely scalars but higher rank tensors. A simpler foray into higher dimensional

space is to address extremum seeking in the context of games e.g. [34, 71–73].
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Specifically we address the multi-input multi-output noncooperative game from

[34]. This formulation is in contrast to the typical multi-input single-output op-

timization problem. In this problem setup each player is privy to their own ob-

jective/output function, but each player’s output function is coupled to the other

player’s chosen action. This type of game is called radically uncoupled and ideally

the player actions will converge close to their Nash equilibrium (NE),

∀i, θi ∈ Si : hi(θ
∗
i , θ

∗
−i) ≥ hi(θi, θ

∗
−i), m (4.56)

where hi is the payoff function of player i , θi its action, Si its action set, and

θ−i denotes the actions of the other players. Hence, no player has an incentive to

unilaterally deviate its action from θ∗i . The setting of a noncooperative game is a

specialized interpretation of the multi-dimensional higher derivative maximization

problem. Each player’s goal is to maximize a pure partial derivative, ∂ni(hi◦l)/∂θ
n
i ,

of its own output function. Overall concavity/convexity of a point in a multidi-

mensional function is a more restrictive assumption than just concavity/convexity

in each of the individual dimensions. When one has multiple objective/output

functions, as in this radically decoupled noncooperative game, the optimization

problem relaxes to a saddle point problem. The focus is on the stationary local

behavior of each dimension and not overall curvature in many dimensions.

Consider for an example the payoffs for a 2 player game as in Figure 4.11:

ẋ1 = −4x1 + x1x2 + θ1 (4.57)

ẋ2 = −4x2 + θ2 (4.58)

h1 =
1

3
x3
2x

3
1 − 4x2

2x
3
1 + 16x2x

3
1 −

64x3
1

3
+ 3x3

2x
2
1 −

1541

64
x2
2x

2
1 +

389

8
x2x

2
1 −

5x2
1

4
(4.59)

h2 = −64x3
2 + 48x1x2 − 12x1x

2
2 (4.60)

where

θ = [θ̂1 + a1 sin(ω1t), θ̂2 + a2 sin(ω2t)]
T . (4.61)
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noncooperative game between 2 players
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a sin(η1)
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Υ(n1+1)

Υ(n2+1)

h2
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GAME

Figure 4.11: Noncooperative game between 2 players using extremum seeking.

Structure of an ES scheme for a 2 player noncooperative game. Each player has

their own payoff (output function) which is dependent on the action of the other

player. Each player’s goal is maximize their ni-th derivative of the unknown steady

state input-to-output function available for measurement.

At the quasi-steady state equilibrium x = x̄ the payoff functions simplify to

h1 = −
1

3
θ31 +

3

4
θ1θ2 −

5

64
θ1 (4.62)

h2 = −θ32 + 3θ1θ2, (4.63)

which for n1 = 1, n2 = 0 are the same steady state objective functions as (73)

in [34]. Each player uses the following player strategies

˙̂
θ1 = −

8k1
a21

h1 (θ) cos (2ω1) (4.64)

˙̂
θ2 =

2k2
a2

h2 (θ) sin (ω2) . (4.65)
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The gains follow the structure ki = εωik
′

i with ωi = ωω̄i. The following assumptions

are adapted from [34] and are central to the Nash seeking scheme as they ensure

that at least one stable NE exists at steady state.

Assumption A10. There exists at least one, possibly multiple, isolated stable

Nash equilibria θ∗ = [θ∗1, θ
∗
2] such that, for all i ∈ {1, 2}

∂ni+1(hi ◦ l)

∂θn+1
i

(θ∗) = 0 (4.66)

∂ni+2(hi ◦ l)

∂θn+2
i

(θ∗) < 0 (4.67)

Assumption A11. The matrix

Λ =




∂n1+2(h1◦l)(θ∗)

∂θ
n1+2
1

∂n1+2(h1◦l)(θ∗)

∂θ
n1+1
1 ∂θ2

∂n2+2(h2◦l)(θ∗)

∂θ
n2+1
2 ∂θ1

∂n2+2(h2◦l)(θ∗)

∂θ
n2+2
2


 (4.68)

is strictly diagonally dominant and hence, nonsingular.

Provided the each player has the same objective function as in [34], the

problem presented here only differs in the measurable payoff function for each

player. Assumptions A10 and A11 are requirements of the objective functions but

presented in terms of the output functions. While the assumptions may look dif-

ferent than those in [34], they are actually identical with respect to the objective

function. Assuming that one can still design demodulation signals to be effective

on-average derivative estimators, then one can likely re-appropriate the stability

analysis already conducted in [34] for the analysis here. One would only need to

estimate the pure higher partial derivatives ∂n+1h/∂n+1
i to converge on average

to a Nash equilibrium via a gradient-based ES scheme. The choice of demodula-

tion signals however, requires the additional consideration of the other perturbed

parameter’s effects on the output. If all the parameter perturbations act in the

same relative timescale, they will effectively need to be orthogonal to each other

on average.

In the context of the averaging, the dominant average term in the deriva-

tive estimator should be the pure partial derivative of interest. After a Taylor

expansion of the signal-to-be-averaged, ideally the mixed partial derivatives with
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non-negligible scaling will be found to zero out on average, and the remaining

mixed partials will be folded into the O(a2) order terms. The averaging analysis

here quickly becomes more complicated than previously considered. One must

consider significantly more terms because one requires a multidimensional Taylor

expansion. Consider the N-th order Taylor expansion for h(xi, xj) : R
2 → R

h(x1 +∆i, x2 +∆j) =

N∑

k=0

N−k∑

p=0

1

k!p!

∂k+ph(xi, xj)

∂ik∂jp

∣∣∣∣∣
(x1,x2)

∆i
k∆j

p (4.69)

which has many more terms to consider than its 1-dimensional counterpart. Care

must taken when multiple dimensions are simultaneously perturbed or else the

average estimate for a single dimension will become aliased by the perturbations in

other dimensions. For correctly selected perturbation/demodulation signal pairs,

the dominate term which persists in each average will be a good estimate of the pure

higher order directional derivative of interest. In order to achieve these estimates,

one must introduce additional restrictions to the fundamental frequency that one

normally uses, e.g. [74].

Assumption A12. The frequencies ωi, ωj > 0 satisfy ωi 6= c ωj where

c ∈ {1, 3
2
, 2, 3, 4} and additionally ωi/ωj is rational.

The perturbation frequency requirements are more restrictive than [34] be-

cause of extra degree in the derivative estimation. As the value of n1 and n2 are

increased, there are even more restrictions. Essentially this occurs because the nth

derivative appears at the nth harmonic of the perturbed output, and the average

behavior of the lower harmonics must cancel out. For this 2 player example the

derivative estimators are ∂n+1h/∂n+1
i +O(a2) on average and the game dynamics

have the same average system as [34].

Theorem 25. Consider the 2-player game described by the system (4.57)-(4.61),

(4.64)-(4.65) under Assumptions A7-A8, A10-A12. There exists an a∗ > 0 such

that for any ai ∈ (0, a∗), for the given a = [a1, a2] there exist constants ω∗, ε∗ such

that for all ω ∈ (0, ω∗), ε ∈ (0, ε∗) the solution (θ̂1(t), θ̂2(t)) converges exponentially

close to an O(ω + ε +maxi ai) - neighborhood of the point θ∗, provided the initial

conditions are sufficiently close to this point.
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Theorem 25 is the corresponding result of [34] but adapted to the setting

here and presented without proof. Under Assumption A12, which is stricter than

required in [34], the same average system can be derived, and the Assumptions

A10 and A11 are then used to guarantee the the average system stability. The

constants ω∗, ε∗ are dependent on the choice of ai and the corresponding verbiage

must also change in the theorem to reflect such. In the provided example the payout

functions (4.57) and (4.60) are explicitly known and examined in [34]. In reality,

the output (and objective) functions are unknown and the Nash equilibria cannot

be solved for regardless of how simple the output functions may be to analyze.

We simulate the 2-player noncooperative game in Figure 4.12 and see that the

strategies do converge to a neighborhood of the NE, cf. Figure 7 from [34].

4.9 Conclusions

We present and prove local stability of a Newton-based extremum seek-

ing algorithm, which through measurements of an unknown steady-state input-

to-output map, maximizes the nth derivative of the map. The perturbation and

demodulation signals are structured to correspond to the same autonomous and

deterministic average system whether they are chosen to act deterministically or

stochastically. This approach allows the re-use of the stability analysis of the av-

erage system. In the context of averaging, it is the distribution of the extremum

seeking trajectory which is of importance, not the exact path . In turn, this per-

mits one to produce, on average, good estimates of the gradient and Hessian of nth

derivative when sufficient time-scale separation is present in the dynamics. The

purpose of the Newton-based approach is to avoid a Hessian-dependent conver-

gence rate when the objective function curvature is undesirable. The Riccati filter

prohibits a singularity occurrence while estimating the inverse Hessian. The core

argument for extremum-seeking stability stems from averaging theory when there

is sufficient time-scale separation in the learning and estimation dynamics.

While the Newton method is theoretically elegant and potentially an im-

provement over the simpler gradient-based method, the success of the Newton-
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simulated strategy evolution between between 2 noncooperative players
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Figure 4.12: Simulated strategy evolution between between 2 noncooperative

players. Game described by (4.57)- (4.65). For the simulation f = 1Hz, ω =

2πf, ε = 1
7500

, ω = 1
200

, k
′

1 = 12
5
, k

′

2 = 2, a1 = 6
100

, a2 = 3
100

, ω̄1 = 1, ω̄2 = 5
2
. The

initial conditions are θ̂1(0) =
2
10
, θ̂2(0) =

9
10
, x = [0, 0]T . The dashed lines are the

Nash equilibria θ̂∗1 =
25
64
, θ̂∗2 =

5
8
.

method is heavily dependent on the ability to produce good estimates of the gradi-

ent and Hessian of the objective function as well as having initial conditions close

to the extremum. The practitioner will desire to operate the scheme with minimal

time-scale separation (i.e. a fast average system but poorer quality derivative esti-

mates) and the performance of the Newton-based method will suffer, if not become

ineffectual. The sensitivity of higher derivative estimators to perturbations of the
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output increases with the degree of the derivative being estimated. These pertur-

bations in the output occur along with oscillations in θ̂, which are more prevalent

in aggressively tuned systems. Even when when the averaging assumption is not

a good assumption (minimal time-scale separation) the gradient method can still

approximate the sign of the directional derivatives correctly (outside some small

neighborhood of the extremum). Additionally, the Newton-based method has a

smaller basin of attraction due to the additional assumption one makes regarding

the objective function Hessian. For these reasons a practical recommendation is

to use the gradient-based extremum seeking method over the Newton method for

maximizing map sensitivity. Additionally, the extension to noncooperative games

is relatively straight forward and local stability results are preserved so long as

additional restrictions are enforced when selecting player perturbation frequencies.

4.10 Appendix

4.10.1 Trigonmetric Identities

Consider the following power reduction formulas.

sinj θ
j∈Nodd

=
1

2j−1

j−1
2∑

k=0

(−1)(
j−1−2k

2 )
(
j

k

)
sin
(
(j − 2k)θ

)
(4.70)

sinj θ
j∈Neven

=
1

2j

(
j
j
2

)
+

j
2
−1∑

k=0

(−1)(
j−2k

2 )

2j−1

(
j

k

)
cos
(
(j − 2k)θ

)
(4.71)

cosj θ
j∈Neven

=
1

2j

(
j
j
2

)
+

2

2j

j
2
−1∑

k=0

(
j

k

)
cos
(
(j − 2k)θ

)
(4.72)
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Also consider the following trigonometric integrals for |m| 6= |j|:

∫ 2π

0

sin(jθ) dθ = 0 (4.73)

∫ 2π

0

cos(jθ) dθ = 0 (4.74)

∫ 2π

0

sin(jθ) sin(mθ) dθ = 0 (4.75)

∫ 2π

0

sin(jθ) cos(mθ) dθ = 0 (4.76)

4.10.2 A Taylor Series

Define the infinite degree Taylor Polynomial of ν(θ∗ + θ̃a
r + a sin σ)

P∞

(
θ∗ + θ̃a

r + a sin σ
)
=

∞∑

i=0

Diν(θ∗ + θ̃a
r )a

i

i!
sini σ (4.77)

We can decompose the Taylor series into even and odd indices and apply the power

reduction formulas (4.71) and (4.70) .

P∞

(
θ∗ + θ̃a

r + a sin σ
)
=

∞∑

i∈Nodd

Diν(θ∗ + θ̃a
r )a

i

i!2i−1

i−1
2∑

k=0

(−1)(
i−1
2

−k)
(
i

k

)
sin
(
(i− 2k)σ

)

+

∞∑

i∈N0
even

Diν(θ∗ + θ̃a
r )a

i

i!

(
1

2i

(
i
i
2

)
+

1

2i−1

i
2
−1∑

k=0

(−1)(
i−2k

2 )
(
i

k

)
cos
(
(i− 2k)σ

)
)

4.10.3 The Average Demodulated Signal

Consider the averaging operation AVE{} where we freeze θ̃r as θ̃a
r . We are

interested in the average

ξa
r,j = AVE

{
Υj(η)ν

(
θ∗ + θ̃a

r + a sin(η)
)}

. (4.78)

We will use either the stochastic averaging operation (4.7) and the periodic aver-

aging operation (4.8) depending on the choice of η. When we change to the time

scale τ = ωt, Wt is still a continuous time random walk. From [75] we know that
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χ(τ) has a phase space Sχ = [0, 2π] and the uniform measure µ(dχ) = dχ
2π

as its

invariant distribution. In either case, after substitution we arrive at

ξa
r,j =

1

2π

2π∫

0

Υj(σ)ν(θ
∗ + θ̃a

r + a sin σ) dσ (4.79)

This average originated from both a stochastic and a deterministic process. The

trajectories of the deterministic and stochastic auxiliary systems may, but their

“averages” have the same path distribution which is the essential component in

the context of averaging. Now replace ν(·) with its Taylor series from (4.78) and

replace Υj with (4.21b).

ξa
r,j =

1

2π

2π∫

0

Cj sin
(
jσ +

π

4

(
1 + (−1)j

))
P∞

(
θ∗ + θ̃a

r + a sin σ
)

dσ (4.80)

For j odd

Simplify the sinusoid in (4.80).

ξa
r,j =

1

2π

2π∫

0

Cj sin(jσ)P∞

(
θ∗ + θ̃a

r + a sin σ
)

dσ (4.81)

Substitute in (4.78)

ξa
r,j =

1

2π

2π∫

0

Cj

∞∑

i∈Nodd

Diν(θ∗ + θ̃a
r )a

i

i!

1

2i−1

i−1
2∑

k=0

(−1)(
i−1−2k

2 )
(
i

k

)
sin(jσ) sin

(
(i− 2k)σ

)
dσ

+
1

2π

2π∫

0

Cj

∞∑

i∈N0
even

Diν(θ∗ + θ̃a
r )a

i

i!

(
sin(jσ)

2i

(
i
i
2

)

+
1

2i−1

i
2
−1∑

k=0

(−1)(
i−2k

2 )
(
i

k

)
sin(jσ) cos

(
(i− 2k)σ

)
)

dσ (4.82)
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From (4.76) the second summation disappears because j is odd and i− 2k is even.

ξa
r,j =

Cj

2π

2π∫

0

∞∑

i∈Nodd

Diν(θ∗ + θ̃a
r )a

i

i!

1

2i−1

i−1
2∑

k=0

(−1)(
i−1−2k

2 )
(
i

k

)
sin(jσ) sin

(
(i− 2k)σ

)
dσ (4.83)

Move the integral inside the summation. From (4.75), the inner summation

is nonzero only when j = i− 2k

ξa
r,j =

Cj

2π

∞∑

i∈Nodd≥j

Diν(θ∗ + θ̃a
r )a

i

i!

1

2i−1
(−1)(

j−1
2 )
(

i
i−j
2

) 2π∫

0

sin2(jσ) dσ (4.84)

Apply the power reduction (4.71) and then evaluate the integral, merging

into the base 2 term.

ξa
r,j = Cj

∞∑

i∈Nodd≥j

Diν(θ∗ + θ̃a
r )a

i

i!

1

2i
(−1)(

j+1
2 )
(

i
i−j
2

)
(4.85)

Simplify the binomial coefficient and substitute in the definition (4.21c)

ξa
r,j =

2jj!

aj
(−1)

(

j−|sin( jπ
2 )|

2

)

∞∑

i∈Nodd≥j

Diν(θ∗ + θ̃a
r )a

i

( i−j
2
)!( i+j

2
)!

1

2i
(−1)(

j+1
2 ) (4.86)

Remember j is odd and move constants into the summation

ξa
r,j =

∞∑

i∈Nodd≥j

j!Diν(θ∗ + θ̃a
r )

( i−j
2
)!( i+j

2
)!

(a
2

)(i−j)

(4.87)

Pull out the i = j term and generalize the indexing.

ξa
r,j = Djν(θ∗ + θ̃a

r ) +
∞∑

i=1

j!Dn+2iν(θ∗ + θ̃a
r )

i!(i+ j)!

(a
2

)(2i)
(4.88)

For j even

A similar sequence of algebraic reductions follows for the case when j is

even and we arrive at a result identical to (4.88).
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4.10.4 The average error system equilibrium

If

(
γ̃ +

1

Dn+2ν(θ∗)

)
= 0, then γ = 0. The origin is an unstable equilibrium

of the Riccati filter and γ will not pass through the origin. Assuming γ0 < 0, then(
γ̃ +

1

Dn+2ν(θ∗)

)
6= 0. The conditions for an equilibrium of the reduced average

error system (4.30) are as follows.

ξa
r,n+1 = 0 (4.89a)

(
γ̃a

r +
1

Dn+2ν(θ∗)

)
ξa
r,n+2 = 1 (4.89b)

Postulate the reduced average equilibrium as

θ̃a,e
r = b1a + b2a

2 +O(a3) (4.90a)

γ̃a,e
r = c1a+ c2a

2 +O(a3) (4.90b)

Let us use our equation for the reduced average demodulated signal on the

first equilibrium condition.

Dn+1ν
(
θ∗ + θ̃a,e

r

)
+

Dn+3ν
(
θ∗ + θ̃a,e

r

)

4(n+ 2)
a2 +O(a4) = 0 (4.91)

Now substitute the Taylor approximation of the reduced average equilib-

rium

Dn+1ν
(
θ∗ + b1a+ b2a

2 +O(a3)
)
+

a2

4(n+ 2)
Dn+3ν

(
θ∗ + b1a+ b2a

2 +O(a3)
)
+O(a4) = 0 (4.92)

Use Taylor approximations about θ∗ and fold terms into O(a3) . Recall

Dn+1ν(θ∗) = 0 as well.

Dn+2ν(θ∗)
(
b1a+ b2a

2
)
+

Dn+3ν(θ∗)

2

(
b21a

2
)

+
a2

4(n+ 2)
Dn+3ν (θ∗) + O(a3) = 0 (4.93)
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Collect terms in powers of ‘a’

b1D
n+2ν(θ∗)a+

(
b2D

n+2ν(θ∗) +
b21
2
Dn+3ν(θ∗)

+
Dn+3ν (θ∗)

4(n+ 2)

)
a2 + O(a3) = 0 (4.94)

Then by matching the coefficients of powers of ‘a’ to zero

b1 = 0 (4.95a)

b2 =
−Dn+3ν(θ∗)

4(n+ 2)Dn+2ν(θ∗)
. (4.95b)

And substituting into our previous equation

θ̃a,e
r =

−Dn+3ν(θ∗)

4(n+ 2)Dn+2ν(θ∗)
a2 +O(a3) (4.96)

Now let’s look at the other equilibrium condition

1−

(
γ̃a,e

r +
1

Dn+2ν(θ∗)

)
ξa
r,n+2 = 0 (4.97)

Insert our expression for θ̃a,e
r into ξa

r,n+2

ξa
r,n+2 = Dn+2ν

(
θ∗ −

Dn+3ν(θ∗)a2

4(n+ 2)Dn+2ν(θ∗)
+O(a3)

)
+

a2

4(n+ 3)
Dn+4ν

(
θ∗ −

Dn+3ν(θ∗)a2

4(n + 2)Dn+2ν(θ∗)
+O(a3)

)
+O(a4) (4.98)

Use Taylor expansions and fold terms into O(a3)

ξa
r,n+2 = Dn+2ν(θ∗)−

(
Dn+3ν(θ∗)

)2

4(n+ 2)Dn+2ν(θ∗)
a2 +

Dn+4ν(θ∗)

4(n+ 3)
a2 +O(a3) (4.99)

Now substitute the expression for γ̃a,e
r from (4.90b) and our new average

expression (4.99) into (4.97)

1−

(
1

Dn+2ν(θ∗)
+ c1a+ c2a

2 +O(a3)

)(
Dn+2ν(θ∗)+

(
−
(
Dn+3ν(θ∗)

)2

4(n+ 2)Dn+2ν(θ∗)
+

Dn+4ν(θ∗)

4(n+ 3)

)
a2 +O(a3)

)
= 0

(4.100)
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Distribute and collect powers of ‘a’

− c1D
n+2ν(θ∗)a−

(
c2D

n+2ν(θ∗) +

(
Dn+3ν(θ∗)

)2

4(n+ 2)
(
Dn+2ν(θ∗)

)2

+
Dn+4ν(θ∗)

4(n + 3)Dn+2ν(θ∗)

)
a2 − O(a3) = 0 (4.101)

Then by matching the coefficients of powers of ‘a’ to zero

c1 = 0 (4.102a)

c2 = −

(
Dn+3ν(θ∗)

)2

4(n+ 2)
(
Dn+2ν(θ∗)

)3 −
Dn+4ν(θ∗)

4(n+ 3)
(
Dn+2ν(θ∗)

)2 (4.102b)

And finally arriving at

γ̃a,e
r = −

(
Dn+3ν(θ∗)

)2

4(n+ 2)
(
Dn+2ν(θ∗)

)3a2 −
Dn+4ν(θ∗)

4(n+ 3)
(
Dn+2ν(θ∗)

)2a2 +O(a3)

(4.103)

4.10.5 The Linearized-Averaged-Reduced System

Recall the average-reduced error system

dθ̃a
r

dτ
= −εk

′

I

(
γ̃a

r +
1

Dn+2ν(θ∗)

)
ξa
r,n+1 (4.104a)

dγ̃a
r

dτ
= εk

′

R

(
γ̃a

r +
1

Dn+2ν(θ∗)

)(
1−

(
γ̃a

r +
1

Dn+2ν(θ∗)

)
ξa
r,n+2

)
(4.104b)

The definitions f and g help neatly define the Jacobian.

A(θ̃a
r , γ̃

a
r ) = ε




df

dθ̃a
r

df

dγ̃a
r

dg

dθ̃a
r

dg

dγ̃a
r


 (4.105)

Proposition 26. The following partial derivative evaluates to zero at the average

equilibrium.

df

dγ̃a
r

∣∣∣∣∣
(θ̃a,er ,γ̃a,e

r )

= 0 (4.106)
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Proof. Take the partial derivative

df

dγ̃a
r

∣∣∣∣∣
(θ̃a,e

r ,γ̃a,e
r )

= −k
′

Iξ
a
r,n+1 (4.107)

Recognize the equilibrium condition ξa
r,n+1 = 0 previously outlined, so it must be

zero.

Proposition 27. The following partial derivative evaluates to −k
′

R at the average

equilibrium.

dg

dγ̃a
r

∣∣∣∣∣
(θ̃a,er ,γ̃a,e

r )

= −k
′

R (4.108)

Proof. Expand the terms in the averaged-reduced error dynamic (4.31b)

g = k
′

Rγ̃
a
r − k

′

R(γ̃
a
r )

2ξa
r,j −

2k
′

Rγ̃
a
r ξ

a
r,n+1

Dn+2ν(θ∗)
+

k
′

R

Dn+2ν(θ∗)
−

k
′

Rξ
a
r,n+2(

Dn+2ν(θ∗)
)2

(4.109)

Take the partial derivative and factor into the following form

dg

dγ̃av

∣∣∣∣∣
(θ̃a,e

r ,γ̃a,e
r )

= k
′

R

(
1 − 2

(
γ̃a,e

r +
1

Dn+2ν(θ∗)

)
ξa
r,n+2

)
(4.110)

Substitute in the equilibrium condition (4.89b) and simplify.

Proposition 28. Evaluated at the average error system equilibrium, we have the

partial derivative

df

dθ̃a
r

∣∣∣∣∣
(θ̃a,er ,γ̃a,e

r )

= −k
′

I +O(a2), (4.111)

and for a given −k
′

I it is negative for sufficiently small ‘a’.

Proof. Start with the average dynamic (4.31a) and substitute in the average signal

f = −k
′

I

(
γ̃a

r +
1

Dn+2ν(θ∗)

)

(
Dn+1ν(θ∗ + θ̃a

r ) +
Dn+3ν(θ∗ + θ̃a

r )

4(n+ 2)
a2 +O(a4)

)
(4.112)
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Take the partial derivative and evaluate at θ̃a,e
r

df

dθ̃a
r

∣∣∣∣∣
(θ̃a,e

r ,γ̃a,e
r )

= −k
′

I

(
γ̃a,e

r +
1

Dn+2ν(θ∗)

)

(
Dn+1ν(θ∗ + θ̃a,e

r ) +
Dn+4ν(θ∗ + θ̃a,e

r )

4(n+ 2)
a2 +O(a4)

)
(4.113)

Substitute in the average error system equilibrium

df

dθ̃a
r

∣∣∣∣∣
(θ̃a,e

r ,γ̃a,e
r )

= −k
′

I

(
1

Dn+2ν(θ∗)
+ c2a

2 +O(a3)

)

(
Dn+2ν

(
θ∗ + b2a

2 +O(a3)
)

+
Dn+4ν (θ∗ + b2a

2 +O(a3))

4(n+ 2)
a2 + O(a4)

)
(4.114)

Use Taylor expansions and fold terms into O(a3)

df

dθ̃a
r

∣∣∣∣∣
(θ̃a,e

r ,γ̃a,e
r )

= −k
′

I

(
1

Dn+2ν(θ∗)
+ c2a

2 +O(a3)

)

(
Dn+2ν(θ∗) +

(
Dn+3ν(θ∗)b2+

Dn+4ν(θ∗)

4(n+ 2)

)
a2 + O(a3)

)
(4.115)

Distribute and collect powers of ‘a’

df

dθ̃a
r

∣∣∣∣∣
(θ̃a,e

r ,γ̃a,e
r )

= −k
′

I − k
′

Ic2D
n+2ν(θ∗)a2+

(
Dn+3ν(θ∗)

Dn+2ν(θ∗)
b2 +

Dn+4ν(θ∗)

4(n+ 2)Dn+2ν(θ∗)

)
a2 +O(a3) (4.116)

Finally, fold most everything into O(a2).

4.10.6 Singular Perturbation Analysis

To complete the analysis, we study the reduced model (4.48) (in the timescale

= τ/ω: and has an equilibrium at z̃r = 0 (cf. (4.47) with (4.45)). This equilibrium
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has been shown to be exponentially stable in Section 4.5 for a sufficiently small

‘a’ and ε. For the boundary layer model (4.49) recall that f
(
l(θ), α

(
l(θ), θ

))
≡ 0.

Then xb = 0 is an equilibrium of (4.49). By Assumption A8 this equilibrium is

exponentially stable uniformly in θ and as a consequence also in l(θ). Because both

the boundary layer model and the reduced model are exponentially stable, we can

use Tikhonov’s Theorem on the Infinite Interval (Thm. 11.2 in [32]) to start the

following sequence of relations:

(i) The solution of z(τ) is O(ω)-close to the solution zr

(ii) zr converges exponentially to the periodic solution z2πr (τ).

(iii) The solution z2πr (τ) is O(ε)-close to za,e
r = (θ̃a,e

r , γ̃a,e
r ).

(iv) Both θ̃a,e
r and γ̃a,e

r are O(a2)-close to zero

By chaining (i)-(iv) together, θ̃(τ) and γ̃(τ) both converge O(ε + ω + a2)-

close to zero. Then it follows that θ(τ) = θ∗+ θ̃(τ)+a sin τ exponentially converges

to a O(ω + ε+ a)-neighborhood of θ∗.

Also by (ii)-(iv), θ̃r(τ) + a sin τ exponentially converges O(ε + a)-close to

zero. Then we can show that l(θ∗+θ̃r(τ)+a sin τ) exponentially converges O(ε+a)-

close to l(θ∗). The solution of x(τ) from (4.44) (same as (4.16)) satisfies x(τ) −(
l
(
θ∗ + θ̃r(τ) + a sin τ

)
+ xb(t)

)
= O(ω). Considering xb(t) exponentially decays

to zero, then x(τ) exponentially converges O(ε+ ω + a)-close to l(θ∗)

This chapter is in full a reprint of the material as it appears in: Greg

Mills, Miroslav Krstic, “Maximizing Map Sensitivity and Higher Derivatives Via

Extremum Seeking”, Submitted for Publication, 2016. The dissertation author was

the primary investigator and the author of this paper.

This chapter is in part a reprint of the material as it appears in: Greg

Mills, Miroslav Krstic, “Maximizing Higher Derivatives of Unknown Maps with

Extremum Seeking”, IEEE Conference on Decision and Control, 2015 and addi-

tionally Greg Mills, Miroslav Krstic, “Maximizing Higher Derivatives of Unknown

Maps with Stochastic Extremum Seeking”, American Control Conference, 1, 2016.
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The dissertation author was the primary investigator and the author of these pa-

pers paper.



Chapter 5

H− Ion Source Peaking

5.1 Background

The Los Alamos Neutron Science Center (LANSCE) is one of the world’s

most powerful linear particle accelerators (linac) and is located in Los Alamos Na-

tional Laboratory in New Mexico in Technical Area 53. A linac is a type of particle

accelerator with oscillating electric potentials along a linear beamline. Charged

subatomic particles/ions originate from a source device at the linac start and their

kinetic energy is increased as they traverse the beamline. The linac applications

are numerous and include: production of radioactive isotopes, probing the micro-

scopic structures and dynamics, materials science, engineering, condensed matter

physics, chemistry, biology, geology, weapons science, nuclear stockpile stewardship

programs, and defense-related research. Scheduled maintenance and unexpected

faults take the accelerator offline throughout the year. Automated tuning pro-

cesses across the linac are a means to reduce downtime and bring the linac online

quicker as well as maintain its performance during regular beam production.

An ion source is a device that creates atomic and molecular ions. In par-

ticular, particle sources are an essential part of an accelerator chain as they create

the initial beam to be sent through the various accelerator substations. Our focus

will be directed toward producing large quantities of negative hydrogen ions (H−).

After these H− beams accelerate to high energies, they are double-stripped of 2

electrons and create powerful proton beams. These proton beams then collide with

94
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a target and the ensuing collision produces desired secondary particles, e.g. neu-

trons. Metrics to consider for an ion source are beam intensity, brightness, duty

factor, beam quality, source efficiency, average current, lifetime and reliability. In

solid-state physics, the work function is the minimum thermodynamic work (i.e.

energy) needed to remove an electron from a solid to a point in the vacuum im-

mediately outside the solid surface. The use of surface coatings (e.g. cesium) to

lower the work-function of a high-temperature material produces some of the best

cathodes. The cesiation effect was first observed July 1, 1971 at the Institute of

Nuclear Physic (INP), Novosibirsk. Cesiation produces significant enhancement of

negative ion emission by introducing a small cesium mixture to the gas discharge

inside an ion source chamber. This technique became the basis for developing

Surface Plasma Sources [76]. This chapter is no way meant to be encyclopedic

as there are many configurations to an ion source, each with its own rich list of

phenomena to study. We will briefly address the H− source used at LANSCE as

of this writing.

5.2 The H− negative ion source at LANSCE

Figure 5.1 is a view inside the LANSCE H− ion source [77] while it is clean

(before cesiation). Of note are the hydrogen gas port (bottom), converter electrode

(right), extraction aperture (left), tungsten filament (middle), and spout from the

cesium oven (bottom). Cesium is introduced in its elemental form by an external

oven and metal vapor sprays out on the surface of everything inside the discharge

chamber. Hydrogen gas is introduced through its port and constant current runs

through the tungsten filament. Electrons form around the filament surface through

a process called thermionic emission. A pulse through the filament creates an arc

which ionizes the surrounding gas into hydrogen plasma (most sources generate

their ions of interest via a plasma). The newly formed positive ions are attracted

to the negatively biased converter electrode (with respect to the chamber walls).

H− ions can then be formed either by a sputtering process when the cesium-covered

converter is bombarded by the positive ions or through a backscattering process
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H− ion source

Figure 5.1: An inside view of the LANSCE H− negative ion source.

(particles colliding). The H− ion beam is mechanically focused toward the outlet

aperture by the concave shape of the converter surface. An arrangement of magnets

around the extraction aperture helps confine the plasma and rejects most of the

secondary electrons formed on the converter. The negatively charged species are

repelled to and through the extraction aperture and then some secondary electrons

are magnetically filtered out. An excess of energetic electrons along with H− will

lead to increased negative ion stripping and a reduced beam quality. See 5.2 for a

graphic of this process.

The efficiency of negative ion formation depends on many unobservable

states of the ion source. The plasma conditions and resulting ion production are

affected by: electron heating, plasma confinement, collisions on subatomic/atomic
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H− production in the ion source
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Figure 5.2: Comic of H− production in the LANSCE negative ion source. A brief

graphical breakdown of the various stages in producing an H− beam at LANSCE.

scale, ionization, excitation, disassociation, recombination, surface coatings + des-

orption, surface electron emission, thermal effects on anodes/cathodes/chambers,
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beam current vs converter voltage
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Figure 5.3: A heuristically observed concave relationship between converter volt-

age and extracted beam current

material erosion, and physical geometries. While the source engineer would like to

maximize production of H− ions while simultaneously suppressing other unwanted

ions, they are asked to do so with extremely limited knowledge of the internal

state of the source. If one were to focus their attention to the limited diagnostics

available to them, they would find (albeit purely heuristic) an essentially concave

input-output relationship between the converter voltage and extracted H− beam

current (see Figure 5.3). The peak and shape of this map are subject to change

over time. A human operator who desires to continually provide maximal beam

current would have to manually track this peak at all times.
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5.3 Beam current under the peak seeking scheme

There are dynamics associated with change in converter voltage and the

H− beam current as the beam current converges to its new ‘steady-state’ value.

For dynamics maps in extremum seeking schemes, one will never take a measure-

ment at the true steady-state value as it would take infinitely long to converge.

However, one can wait sufficiently long after perturbing the parameter-settings

and then sampling the output [3], effectively bounding the error in the ‘steady-

state’ measurement. We empirically found that for a ‘good’ measurement we must

wait ∼3-4 seconds before sampling the beam current after changing the converter

voltage. The operators would ideally like to converge to a neighborhood of the

peak current (i.e. optimal converter voltage) in 1-2 minutes. Considering the

sample rate and desired convergence time, we are not permitted many measure-

ments and averaging based extremum seeking will not be well suited. Instead of

the constrained extremum seeking outlined in Chapter 3, we use a modification

to Rastrigin’s random search [78]. The Fixed Step Size Random Search (FSSRS)

algorithm nominally works as follows. Let f : Rn → R be our measurable objec-

tive function and if f(y) > f(x) then move to the new position by setting x = y.

The new measurement f(y) comes from sampling y from the hypersphere shell

of a fixed radius r around the current position x. In 1-dimensional FSSRS the

sampling of y reduces to just 2 choices {x−r, x+r}. One of these will always have

been the measurement just taken, which would lead to redundant measurements.

Additionally we want to incorporate input constraints so the scheme we employed

is presented in Algorithm 1.

Figure 5.4 shows the deployed algorithm. At ∼200s we simulate a trip

in the arc fault protection circuit. In order to protect the system and stop the

potentially damaging arc, the extraction of the ion beam is halted until manually

re-engaged by the operator. During this time an excess of cesium builds up on

the converter surface. This shifts the peak voltage of the voltage-to-current map

upwards. Sustained operation at a higher converter voltage reduces the level of

cesium on the converter surface and shifts the peak back downward. Figure 5.5

shows one of the longer tests (5+hours) we were able to schedule. At ∼9600s there
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Algorithm 1 1-d Input Constrained Fixed Step Size Random Search (FSSRS)

1: initialize x, r, k

2: while end criteria not met do

3: y = x+ kr

4: saturate y w.r.t. lower and upper bounds

5: measure f(y)

6: if f(y) > f(x) then

7: x = y

8: f(x) = f(y)

9: else

10: k = -k

11: end if

12: end while

was a real trip in the arc protection circuit.

The ion source usually lasts 1-2 months producing an ∼18mA beam current

before required maintenance (usually to replace filaments). These tests were con-

ducted one week before scheduled maintenance and the ion source was operating

a diminished capacity. Before the experiments the operators were running the ion

source with a beam current of ∼ 15mA. While the peak seeking scheme seemingly

worked very well (sustaining the high end of 16mA), its adoption will require more

testing to convince others. One fear we can assuage is that a dynamic voltage will

produce unacceptable oscillations in the beam current as compared to a constant

voltage as in Figure 5.6.

5.4 Conclusion

The source peaking scheme presented here automatically finds and main-

tains the maximal extracted beam current from the negative hydrogen ion source

where there currently exists no automation. The extracted beam current from a

freshly installed source will nominally produce upwards of 18ma. The automation

scheme brought the source output up from 15ma to 17ma in the final week of
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recovery from an arc fault current protection circuit
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Figure 5.4: Adaptive peak seeking scheme recovering from fault. Beam current

(top) and converter voltage (bottom). The converter voltage adaptively sustains

the maximal beam current

its 5 week life cycle. The scheme recovered a significant portion of the original

beam current. Future work will optimize further via changing other parameters,

test the scheme’s performance over an entire source life cycle, and investigate the

other beam quality parameters which were unobservable during the experiments.

The information presented here has been approved for release by Los Alamos per

identification number LA-UR-16-2305.
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a extended test for adaptive voltage scheme
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Figure 5.5: Extended length test of adaptive peak seeking scheme. Displayed

beam current (top) and converter voltage (bottom) collected from the peak seeking

scheme running for over 5 hours.
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beam current at constant voltage
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Figure 5.6: Negative ion beam current at constant voltage. The measured beam

current (top) while at the approximate peak voltage (bottom) previously identified

with the peak seeking scheme.
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