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ABSTRACT OF THE DISSERTATION

Automorphisms of Hilbert Schemes of Points of Abelian Surfaces

by

Patrick Girardet

Doctor of Philosophy in Mathematics

University of California San Diego, 2024

Professor Dragos Oprea, Chair

Belmans, Oberdieck, and Rennemo asked whether all unnatural automorphisms of
Hilbert schemes of points on surfaces, i.e. those automorphisms which do not arise from
the underlying surface, can be characterized by the fact that they do not preserve the
diagonal of non-reduced subschemes. Sasaki recently published examples, independently
discovered by the author, of automorphisms on the Hilbert scheme of two points of certain
abelian surfaces which preserve the diagonal but are nevertheless unnatural, giving a
negative answer to the question.

We construct additional examples of unnatural automorphisms for abelian surfaces

which preserve the diagonal for the Hilbert scheme of an arbitrary number of points. The

x1



underlying abelian surfaces in these examples have Picard rank at least 2, and hence are
not generic.

We prove the converse statement that all automorphisms are natural on the
Hilbert scheme of two points for a principally polarized abelian surface of Picard rank 1.

Additionally, we prove the same if the polarization has self-intersection a perfect square.
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Chapter 1

Introduction

Let X be a smooth complex projective surface and let X™ denote the Hilbert
scheme of n points on X. It is a standard theme to ask to what extent the geometry of X
determines the corresponding geometry of X™. In this thesis we concern ourselves with
automorphism groups, the algebro-geometric symmetries of X.

Any automorphism ¢ : X — X induces an automorphism
g x — xll

defined by the action of the pullback (¢g~!)*, where we view the points of X as ideal
sheaves. We call an automorphism of X" natural if it arises as ¢gi™! for some automorphism
g of X. This construction formalizes an intuitive idea. We imagine that a generic element
of X" consists of n distinct points, and we can then act pointwise via ¢ to get another
collection of n distinct points. When Z € X" consists of n distinct points then g™ acts
in precisely this fashion, but is defined for non-reduced subschemes as well. We call the
locus of non-reduced subschemes in X™ the diagonal or exceptional divisor.

This procedure induces an injective homomorphism

(=) Aut(X) — Aut(X M)



of groups. The injectivity can be seen by considering the action of a natural automorphism
on the locus of subschemes in X! supported at a single point with multiplicity n.
The converse question of determining for which X this map is surjective, i.e. when all
automorphisms of X[ are natural, has been studied for some time and is still open in
general.

The first classic result in the subject is that of Beauville [Bea2, Section 6], who
showed that if X is a general smooth quartic K3 surface in P? then one can construct an
involution on X which is not natural. The construction and proof of unnaturality are
geometric in nature. Two points on X define a line in P? which will then intersect X in a
complementary length 2 subscheme, yielding an involution on X!?. This automorphism
is not natural because any natural automorphism would need to preserve the diagonal
on X[ of subschemes, but this involution does not do so (Figure 1.2). Subsequent works
have often focused on studying automorphisms of X[ for K3 surfaces X and generalized
Kummer varieties as these are examples of hyperkahler varieties. Some of this work will

be reviewed below.

\\

Figure 1.1. The Beauville involution on the Hilbert scheme of two points of a quartic
surface.!

!These illustrations are slightly inaccurate - for the involution to be well-defined we require that the
K3 surface not contain any lines, but the depicted surfaces are ruled for simplicity of drawing.
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Figure 1.2. The Beauville involution can send nonreduced subschemes to reduced
subschemes, and hence is not a natural automorphism.

We note that one can ask the analogous question for naturality of automorphisms
of symmetric products of smooth projective curves. This question has been settled entirely
except for the case ¢ = 2. One can find a good review of the problem in [CS2] which
proves naturality of automorphisms of the symmetric product C!4 where C is a smooth
projective curve of genus g for g > 2,d > 2g — 2. The other cases can be found in [CS1] for
g>29<d<2g—3, [Mart], [Ra] for g > 2,1 < d < g—2, [CC] for the case g =1 and
all degrees d, and [We] for the case g > 2,d = g — 1 (in which case there is an additional
involution on C9~U if C' is not hyperelliptic). For the case g = d = 2 it is possible to
construct unnatural automorphisms by taking a curve C' whose Jacobian decomposes as
a product J(C') = E x E of isomorphic elliptic curves - see [HN] for examples of such
curves. There are infinitely many automorphisms of J(C') given by GLy(Z) which fix the
canonical divisor Ko € J(C), and hence lift to the blowup C? of the Jacobian at the
point K¢ [MPol. Though the author has not seen this example explicitly written, Ciliberto
and Sernesi seem aware of the possibility in [CS2]. Some of these naturality results were
rediscovered more recently by Biswas and Gémez [BG] in the case g > 2,d > 2g — 2.

More recently, Belmans, Oberdieck, and Rennemo studied this question of naturality

of automorphisms of Hilbert schemes of points for surfaces in [BOR], proving that if X



is a weak Fano or general type smooth projective surface, then all automorphisms of
X[ are natural except for the case X = € x Cy where C, Cy are smooth curves which
either are both genus 0 or are both of genus at least 2. Thus, the question of naturality
of automorphisms is mostly settled for surfaces to one end or another of the positivity
spectrum, whereas the Calabi-Yau region in the middle can allow for interesting unnatural
automorphisms. It has been shown that unnatural automorphisms necessarily do not
preserve the diagonal with X either a K3 or Enriques surface [BSal, [Hay].

The following question thus appears in [BOR]:

Question 1. Suppose X is a smooth projective surface and g : X" — XM 4s an
automorphism preserving the diagonal. Unless X = C; x Cy and n = 2, does it follow that

g 1s natural?

An affirmative answer to this question would imply that while unnatural auto-
morphisms can exist, there is some measure of control on the groups Aut(X™) in that
those elements which don’t come from Aut(X) can be detected simply by considering their
action on the diagonal of X.

Recently, Sasaki gave examples in [Sa] of automorphisms on the Hilbert scheme
of two points of certain abelian surfaces which preserve the diagonal but which can be
shown to be unnatural, giving an answer in the negative to the previous question. These
examples were independently discovered by the author and presented in a talk but not
published at the time. We construct counterexamples in this paper that work for the

Hilbert scheme of n points of certain abelian surfaces for all n (Section 3.2):

Theorem 1. For all n > 2, there exist abelian surfaces A and unnatural automorphisms

g A — AP which fix the diagonal.

To do this, we use work of Ekedahl and Skjelnes [ESk| and Rydh and Skjelnes [RS]

describing the (smoothable locus of the) Hilbert scheme of points of an arbitrary scheme



as a particular blowup of the symmetric product. However, our examples are not for
generic abelian surfaces, but rather for specific abelian surfaces of Picard rank at least 2.
These constructions rely on proving that &,,-equivariant automorphisms on the Cartesian
product X" induce automorphisms of the smoothable locus of X™ for certain schemes
X (Proposition 2). We believe that this opens up the possibility of constructing many
counterexamples to the question of Belmans-Oberdieck-Rennemo for higher dimensional
abelian varieties using algebraic number theory, which we will demonstrate in one instance
(Section 3.3).

Furthermore, we address the natural converse question for surfaces of whether
automorphisms of A are natural for abelian surfaces of Picard rank 1. We find an answer

in the affirmative for many polarization types:

Theorem 2. If A is a complex abelian surface of Picard rank 1 admitting a polarization

© such that either:
(i) ©* =2, or
(ii) ©2 is a perfect square
then all automorphisms of A® are natural.

We suspect this result should hold for all polarization types, but we are unable to

fully apply our techniques at present to all polarizations:

Question 2. If A is any complex abelian surface of Picard rank 1, does it follow that all

automorphisms of A® are natural?

One may ask the same question for all n, and we present some evidence in Section
3.3 consistent with an affirmative answer (Proposition 4). We discuss the obstructions to
extending our proof to all polarization types or to higher values of n in Chapter 6.

Recall that if A is a complex abelian surface of Picard rank 1 then its group

automorphisms are simply multiplication by +1 [Yo, Lemma 1.2], and every automorphism



of A as a variety is the composition of a group automorphism followed by a translation [BL,
Proposition 1.2.1]. Thus, Theorem 2 gives an explicit description of all automorphisms of
AP for A of Picard rank 1 and appropriate polarization.

To put our result in perspective, other recent work studying automorphisms of
Hilbert schemes of points for K3 surfaces includes calculations of the full automorphism
groups for generic K3 surfaces in [BCNS] for n = 2 and a subsequent generalization to all
n [Cal, and a recent determination of the automorphism group of the Hilbert square of
Cayley’s K3 surfaces [Lee|. This list is hardly exhaustive of recent work on the general
theme of automorphisms of Hilbert schemes and related “punctual” moduli spaces (e.g.

punctual Quot schemes [BD]).

1.1 Conventions

Throughout this paper, “automorphism” will denote an automorphism as a variety,
and any group automorphisms will be specifically designated. We will write End(A) for the
group endomorphisms of A, and Aut(A), Aut’(A) for respectively the full automorphism

group scheme (i.e. including translations) and the connected component of the identity.

1.2 Plan of the thesis

We will first state some necessary facts regarding Hilbert schemes of points (Section
2.1) and abelian surfaces (Section 2.2). We will then outline the construction of some
unnatural automorphisms of abelian surfaces and higher dimensional abelian varieties
which nevertheless preserve the diagonal (Chapter 3). We calculate top intersection
numbers of divisor classes in AP for A an abelian surface of Picard rank 1 (Section 4.1)
and the dimensions of various spaces of global sections of lines bundles on A%l (Sections
4.3, 4.4). We then use this to show that the exceptional divisor is fixed by any given

automorphism of A for appropriate polarization types (Sections 5.1, 5.2, 5.3). To do



so, we will first show that any automorphism of A descends to an automorphism of A
under the summation morphism ¥ : Al — A (Proposition 10), though this alone will
not give the theorem as it holds regardless of Picard rank. The intersection numbers we
calculate are valid for any polarization type while the dimensions of global sections of line
bundles are specifically for the principally polarized case. This will yield an automorphism
on the symmetric product A which we can then lift to A2 by results in [BOR] and show

naturality (Section 5.4).



Chapter 2

Preliminaries

2.1 Hilbert schemes of points on surfaces

For X a smooth complex projective surface, the Hilbert scheme of n points on X,
written X[, parametrizes length n subschemes of X. It is a smooth complex projective
variety of dimension 2n. The symmetric product X ™ is the quotient of the Cartesian
product X™ by the action of the symmetric group &,, interchanging the factors, and is
a complex projective variety of dimension 2n with singularities along the big diagonal

A C X™ of points > a;x; with some multiplicity a; > 2. The Hilbert-Chow morphism
m: X x™

which sends a subscheme Z € X" to its support with multiplicities is an isomorphism on
the locus of reduced subschemes where all points in the support have multiplicity 1, and
hence is birational. It is well-known that 7 is crepant (i.e. ™*wxm = wyxm) and that for
n = 2 the Hilbert scheme X2 is simply the blowup of X® along the ideal sheaf of the

diagonal, so that 7 is the blowdown map

7 BIAX® = X®),



For n = 2 we may easily illustrate the picture to have in mind. A generic element of
X[ consists of two distinct points, and the diagonal A € X2 consists of “double points”
- length two subschemes which record the tangent direction of two colliding points of

multiplicity one:

Figure 2.1. Examples of length two subschemes in the plane. Left: a reduced subscheme
consisting of two distinct points of multiplicity one. Right: a nonreduced subscheme
obtained as the limit of the subscheme on the left.

For all n, we write F for the exceptional divisor of 7, which is the preimage 7~ 1(A)

of the big diagonal A C X . We have a natural projection map
pr X" — XM,

such that p*Pic(X™) = Pic(X")®". Given a line bundle L — X, we may form the box
product

LFr=piL®...®pL

on X", where each p; is a projection map to a factor of X. This line bundle is clearly

symmetric, inducing a line bundle L, on Pic(X™) and thus gives a homomorphism

(=)@ : Pic(X) = Pic(X™), L+ L.



We can pull back L) under the Hilbert-Chow morphism to X "l and will write Ly
for this line bundle 7 L,, on X[, Since 7 is crepant, wym = (wx ) [BOR, Section 2],
so that if X is K-trivial then so is X!". In particular, if X is an abelian surface then w xIn]
is trivial. If X is a scheme of dimension at least 3, then some of the preceding discussion
breaks down. There still exists a Hilbert-Chow morphism from X™ to the symmetric
product X ™. However, there can exist points in X[ which are not the limit of reduced
subschemes, and these points can constitute multiple distinct irreducible components even
when X is irreducible (see [Ial] for examples of this phenomenon). We will call the closure
in X" of the locus of reduced subschemes the smoothable locus, and write X s[ﬁl for this
component. For dim X < 2 the smoothable locus is just X . For dim X > 3, it is not
fully known for which values of n the smoothable locus differs from X[ only that there
are examples where it does. Even more pathologically, in these examples the smoothable
locus can be a component of positive codimension in X[ violating our intuition for
surfaces that X™ consists “mostly” of collections of n distinct points along with some
scheme-theoretic behavior when these points run into each other.

In [Fo2, Section 6] , Fogarty proves for X a surface that

Pic(X™) = Pic(X)" x Hom(Alb(X), Pic’(X))()

Pic(X ™) 22 Pic(X")®" = Pic(X) x Hom(Alb(X), Pic®(X))®2,

where the Pic(X) factor in Pic(X™)®" injects into Pic(X)" as the &,-invariant divisors,
Alb(X), Pic’(X) are respectively the Albanese and Picard varieties (connected component
of the identity in Pic(X)) of X. The term Hom(Alb(X),Pic’(X)) comes from classes of
“diagonal” line bundles on X x X, as a map X — Pic’(X) naturally gives a line bundle on
X x X and such a map necessarily factors through Alb(X) since Pic’(X) is an abelian
variety. Note that Hom here refers to group homomorphisms rather than morphisms of

varieties. In Pic(X™) we get one such factor for each of the (g) pairs in X". Since elements

10



of Hom(Alb(X),Pic’(X)) correspond to classes of line bundles on X x X, &, acts on
Hom(Alb(X), Pic’(X)) by swapping the factors of X x X. In Pic(X™) the &, action
leaves but a single Hom factor, from which we take only the G,-invariant bundles.

In a subsequent paper [Fo3], Fogarty shows that the fixed part
Hom(Alb(X), Pic’(X))®* € Hom(Alb(X), Pic’(X))

can be identified with the Neron-Severi group of the Albanese variety of X (see Theorem

3.8 in said paper and the subsequent table), so that
Pic(X ™) = Pic(X) x NS(Alb(X)).

Over C, it is a nice exercise to use the Appell-Humbert theorem to prove this. Additionally,

E
if we set B = B it is well-known that
Pic(X™) = 7*Pic(X™) x Z[B],
giving a full description of the Picard group of X[":

Pic(X ") 2 Pic(X) x Hom(Alb(X), Pic’(X))®? x Z[B]

~ Pic(X) x NS(AIb(X)) x Z[B].

As noted by Lehn [Leh, Lemma 3.7] this latter generator B = £ is the same as —cl(Og?]),
where (9@ is the tautological vector bundle obtained by pushing forward the structure
sheaf Oz, of the universal subscheme Z, C X ("] % X under the natural projection to X [n],

The group of homomorphisms between any complex tori is a free abelian group
[BL, Proposition 1.2.2] and hence is discrete. The two abelian varieties Pic”(X ), Pic’(X™)

have the same dimension (see e.g. [G6, Theorem 2.3.14], [GSo|, [Ch] and the fact that the

11



dimension of Pic’ is the irregularity dim H%' - see [Bel] to calculate this easily), so that

Pic’(X ) lives inside the Pic(X) factor of Pic(X ™). This implies
NS(X™M) 2 NS(X) x NS(AIb(X)) x Z[B].

We note that while much work on the subject has focused on the case where X
is a surface of irregularity zero so that Pic(X[) = Pic(X) x Z[B], for a surface with
dim Alb(X) = h'(X, Ox) # 0 the NS(Alb(X)) factor need not be zero, giving an extra
term in the formula for Pic(X ).

We can describe X2 as either the blowup of X® along the ideal sheaf of the
diagonal or as the quotient of the blowup BlaX? of X? along the diagonal A by the
natural involution, see Appendix 7.1 for a more detailed discussion. These descriptions fit

in a natural commutative diagram

Bl X2 —% 4 X2

| lp .

Xk 7 , x(2
Let us write F for the exceptional divisor of ¢ : BIaX? — X so that ¢*B = F as divisor
classes. Since X2 is smooth (hence normal) and &, is finite, the quotient X ®) is normal
IMFK, p.5]. By [De, Lemma 7.11, 7.12] , the pushforward 7,0y (mB) is isomorphic to

the trivial sheaf O 4@ for m > 0. Thus, if L is a line bundle on X® we have by push-pull:

Formula 1. If m > 0 then
HO(X[QL ™L® OA[Q] (mB>) = HO(X(Z)a L)

The same is true for arbitrary n, not just n = 2, as [De, Lemma 7.11] applies more generally
to proper birational morphisms to a normal variety. Since X is the quotient of BlxX?

by the cyclic group &,, by [EV, Corollary 3.11] the pushforward ¢.Op;, x> decomposes as

12



a direct sum of line bundles

0:0pi, X* = Oxm ® L

where O 42, L are respectively the 1, —1 eigensheaves of the action of G5 on Op, x2. By

push-pull, we conclude that:

Formula 2. If F is a sheaf on X, then

HY(XP, F) = HY(BInX?, ¢" F)®.

If our sheaf is in fact of the form 7*G for a sheaf G now on X, then by commuta-

tivity we have the equality

H°(BIAX?, ¢*m*G) & H(BIAX?, 7*p*G).

Since the fibers of 7 are connected, we have an isomorphism

HY(BInX?, 7p*G) = H(X?,p*G)

induced by #,. The respective involutions on BlaX?, X? commute with 7, so that taking

Gs-invariant sections respects this last isomorphism. The upshot then is that:

Formula 3. If m > 0, then

HY(XP, 7°G ® Oy (mB)) = HO(X?,p*G)®.

Thus, calculating dimensions of global sections of certain sheaves on X2 is equiva-
lent to calculating invariant global sections on X2. We mention this interpretation as we
will eventually calculate the dimension of global sections for many line bundles on X2,

while calculating the dimension of invariant sections on X? can be difficult to do directly.

13



2.2 Abelian surfaces

Let A be a complex abelian surface. In the case X = A, Alb(X) = X, so that the

work of Fogarty in the previous section immediately yields:

Proposition 1. For A a complex abelian surface,

Pic(A") = Pic(A) x NS(A) x Z|[B],

where NS(A) is the Neron-Severi group of A. In particular, if A has Picard rank 1, then

Pic(A") = Pic(A) x Z x Z|B].

When A is principally polarized, it is a decent exercise in the theory of abelian va-
rieties to prove this directly. Given a morphism in Hom(Alb(X), Pic’(X)) = Hom(A, AY),
under the identification A = AY given by the principal polarization we may thus identify
Hom (Alb(X), Pic”(X)) with Hom(A, A) = End(A). Under this identification, the action
of swapping the factors on the Hom side turns out to coincide with the Rosati involution
on End(A), and it is well-known that the Rosati-fixed part of End(A) may be identified
with NS(A). However, this proof requires a principal polarization to identify A with AY,
which is insufficiently general for our purposes.

There is a summation morphism ¥ : A™ — A defined via

Y(agzy + ...+ agzy) = ey + ...+ apxy,

where the latter sum uses the group operation on A. Precomposing this map with
7 A — A gives a summation map from A to A which we will also denote with
> and make clear the source from context. The fibers of ¥ : A" — A are hyperkéhler

varieties of dimension 2(n — 1) called generalized Kummer varieties, first studied in [Beal,

14



Section 7]. For n = 2 these fibers are the usual Kummer K3 surfaces.

Let P4 denote the Poincaré bundle on A x AY. By [MMR, p.78|, we have that

Formula 4.

D = (1® ¢p)*Pa+ 7D+ 7D

in Pic(A?) for D a divisor on A, where ¢ : A — AV is the map x — [t:D — D]. Thus,
¥*D = (D, ¢p,0) in Pic(A?) = Pic(A) x Hom(A, AV)®2 x Z[B]. With the identification

Hom(A, AV)®2 = NS(A) described previously, we may then identify

Y*D = (D, D,0) € Pic(A®) = Pic(A) x NS(A) x Z[B].

We will use this formula later to perform a convenient change of basis for NS(A), by
replacing the generator ¢g with ¥*0 in Pic(AR), NS(A?) for © a polarization.

Observe that this formula implies that ¥* : Pic’(A) — Pic’(A®) is an injective
homomorphism of complex abelian varieties. These two abelian varieties have the same
dimension as noted in Section 2.1, and hence ¥* : Pic®(A) — Pic’(A?) is an isomorphism
since we are working with complex tori over C. This argument holds regardless of the

Picard number of A.

15



Chapter 3

Construction of unnatural
automorphisms

Here we give a description of some counterexamples to Question 1 using special
abelian varieties of Picard rank at least 2. Our constructions give automorphisms on A"
for different values of n and dim A, where A is an abelian variety.

The key result permitting these constructions is the following:

Proposition 2. If X is either an affine scheme or a projective scheme over an infinite
field k, then any &,,-equivariant automorphism f : X" — X™ induces an automorphism

on the smoothable locus of X",

We defer the proof of this to the appendix. In short, one can describe the smoothable
locus of X" as a blowup of the symmetric product X at an ideal sheaf supported along
the big diagonal by work of Ekedahl and Skjelnes [ESkK] or a similar description by Rydh
and Skjelnes [RS]. An &,,-equivariant automorphism of X™ descends to an automorphism
of X™ by the universal property of quotients by finite groups, and will necessarily restrict
to the big diagonal pointwise. We prove a stronger version of this last statement in
Proposition 3. One can show moreover that this automorphism will fix the ideal sheaf in
question which we blow up to yield the smoothable locus of X™. Thus, the automorphism
of X will lift to an automorphism of the blowup by [Har, Corollary I1.7.15]. As discussed

in the appendix, we believe the hypotheses of this proposition can probably be weakened

16



by using the full generality of the constructions of Ekedahl-Rydh-Skjelnes, but these

conditions are already significantly more general than what we need in this paper.
Given a &,-equivariant automorphism f : X™ — X", write f, f for the associated

automorphisms on X ™ and the smoothable locus XM The map f — f induces a group

homomorphism Aut(X™)S" — Aut(X[) as one can easily check. We always have the

commutative diagram
Aut(X) —9— Aut(X)
| I
Aut(X™)S —— Aut(X)

where Aut(X) — Aut(X™)% embeds via the diagonal action (to check that the two maps
in question on X arising from an element in Aut(X) agree in the diagram, simply check
on the dense open locus of reduced subschemes).

The map Aut(X")®» — Aut(Xs[?,l) is injective for n > 3. To see this, suppose
f € Aut(X™)®" is such that f is the identity on X" Tt must be then that f is the identity
on X, so that the image of a point (zy,...,7,) € X" under f must be o(x1,...,z,) for
some o € G,,. This 0 must be the same for all points in a given irreducible component
of X™ by continuity. To elaborate, suppose we fix an irreducible component 7 C X".
For each 0 € &,, the locus Zy, of points in Z where f agrees with o is closed, since X
is separated whether it is affine or projective. However, the Z;, cover Z but if all the
Z, are proper then a finite union of proper closed subsets cannot cover Z since Z is
irreducible. Thus, f|z = o for some o € &,,. However, f|; is &,-equivariant, implying
that o7 = 7o for all 7 € G,,. As the center of &, is trivial for n > 3, f|z is the identity.
Since this holds for all irreducible components Z of X", we conclude that f is globally
trivial. For n = 2 the Gy-equivariant automorphism f(x1,x2) = (22, z1) also induces the
identity on X, so that the fibers of Aut(X?)®2 — Aut(X?) have size 2 (since n = 2,

specifying the smoothable locus is superfluous).

Definition 1. For a point Z = Zle a;z; in X we say that Z has multiplicity A
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where A is the partition (aq,...,ax) with a; > ... > ax. We have the same notion
for points on X" and X! by looking at the multiplicity of the image under the maps
Xr 5 xm x5 x ™)

We now prove the following important fact about our induced automorphisms:

Proposition 3. Suppose f : X" — X" is an G,,-equivariant automorphism with X as
in Proposition 2. The automorphisms f, f, f on X", X("),Xsﬁl respectively all preserve

multiplicities.

Proof. By this we mean that if Z is an element of either X™, X XM with multiplicity
A then f(Z) also has multiplicity A. It is immediate by construction that the map f
on X" preserves multiplicities if and only if f does on X, and since the Hilbert-Chow
morphism 7 : X[ — X preserves multiplicities the same equivalence holds between f
and f . Thus, it suffices to prove that any &,,-equivariant automorphism f : X" — X"
preserves multiplicities.

Since the &,-equivariant automorphisms of X" are in correspondence with the
automorphisms of X this is just a general statement about automorphisms of X ™. For
a partition A = (Aq,..., Ag), A1 > ... > A\ of n, we write X)(\") for the locus of points in
X ™ of multiplicity type A. We may also write X} for the preimage of X /(\") under the
projection. Given two partitions A = (A1,...,A\x),7 = (71,...,7) we say that \ refines 7
if £ > [ and there exists a partition {1,...,k} = I U...U I, of the index set of A such
that for each j, stj As = 7. For example, (2,2,1,1) and (3,1,1,1) both refine (3, 3)
since we may group up elements of these partitions and add them up so as to get (3,3). By
contrast, (4,2) and (3, 3) do not refine each other. This notion endows the set of partitions
of n with the structure of a poset, so that we will write A\ > 7 if A refines 7.

We may now prove the proposition by inducting up the poset of partitions of n
(strictly speaking, we are inducting with respect to a topological sort of this finite poset).

To start the induction, we need to prove that f fixes X (n) Since any partition refines
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(n) (and this is the only element of the poset for which this is true, so there is a unique
base case). We write out f into coordinate functions fi,..., f, : X" — X, so that at
a point of multiplicity (n) we may write f(z,...,z) = (fi(z,...,2),..., fu(z,..., 2)).
Any permutation of the input (z,...,x) to f does nothing to the left hand side, but
will permute the factors f;(z,...,x) on the right hand side. Since this applies to any
permutation, we conclude that f;(x,...,x) = f;(z,...,z) for any i, j, so that f(x,..., x)
is also a point of multiplicity (n).

Suppose now that f preserves X for any 7 < A, with A = (Ay,..., A\x). We may
without loss of generality consider a point & = (21, ...,21, %2, ..., Ty ., Ty ..., Tp) € X"
with multiplicity A (i.e. we assume the coordinates are grouped up). We have f(Z) =
(f1(Z),..., fu(Z)) as before. Using the &,-equivariance of f, we see that the input & is
unaffected if we permute the first A; entries, so that the first A\; of the f;(Z) on the right
hand side are all equal. The same is true for the next Ay entries, and so on. To show that
the right hand side (f1(Z), ..., f.(Z)) has the desired multiplicity A, we need to show that
the coordinates in different groups corresponding to different \; are distinct. If not, then
necessarily two groups corresponding to different \; are all equal, so that the right hand
side is a point with multiplicity 7 refined by A. However, we know that f restricts to an
automorphism of X' by induction, so by invertibility it cannot send a point of X7 to a
point of X. Thus, we are done.

As an aside, we require that f : X” — X" be an automorphism as there exist
S,,-equivariant morphisms on X™ which do not preserve multiplicities. As an example, fix
a point p € X - the constant map f(z1,...,z,) = (p,...,p) is equivariant but sends any
point to a point of multiplicity (n).

We remark additionally that if A > 7 then the closure X_f\L contains X. This is
quite intuitive. As an example, in the case where (3,1, 1,1) refines (3, 3), if we have three
distinct points of multiplicity 1 in X then we can let them run into each other, so that

any point of multiplicity type (3,3) is the limit of points of type (3,1,1,1). One can
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be more formal as an exercise in point-set topology, which we now sketch. On X", by
taking complements we wish to prove that any open set U contained in (X7})¢ is in fact
contained in (X)¢. Any such open set U may be written as a union of product open
sets, so it suffices to show that if a product open set U; x ... x U, C X" contains a
point of multiplicity 7 then it contains a point of multiplicity A. Since X is projective
over an infinite field these open sets U; have infinitely many points, so given our point of
multiplicity 7 € Uy x ... x U, we can perturb the coordinates to get a point of multiplicity

A ]

Note that preserving the multiplicity structure of points in X! is a stronger
statement than simply fixing the diagonal of non-reduced points in X™. Thus, to produce a
counterexample to the question of [BOR] it suffices to find an &,,-equivariant automorphism
f: X™ — X" which does not arise from the diagonal embedding Aut(X) < Aut(X™)®~.
For X = A an abelian variety, a group endomorphism f : A — A™ may be decomposed

as a matrix of group endomorphisms of A:

fll fln

fnl fnn

where f(z1,...,2,) = (O fij(%)), ..., 252 faj(75)). One can check that this identi-
fication transforms composition of morphisms into matrix multiplication using the ring
structure of End(A). For such a matrix to be &,-equivariant it must have all diagonal
entries equal and all off-diagonal entries equal, and certainly such a matrix is indeed

&,,-equivariant. Thus, to produce &,,-equivariant automorphisms of A” we need only find
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entries z,y € End(A) such that the determinant of the matrix

Ty oy Y
y Ty y
v Yy x

is a unit in the ring End(A), as then the matrix (and hence the endomorphism) has an
inverse given by the adjoint matrix. If y # 0, then the automorphism of A™ does not arise
from the diagonal embedding of Aut(A) (these are automorphisms as a variety) and so
the corresponding automorphism of A" will give a desired counterexample.

We now give some examples of such matrix solutions.

3.1 dimA =2n=2 via Pell’s equation

These examples were first published by Sasaki [Sa] and independently discovered
by the author. Let d > 2 be a positive integer which is not a perfect square. The Pell’s
equation

2 —dy? =1

has infinitely many integer solutions (z,y). One can construct complex abelian surfaces
whose endomorphisms are precisely the ring of integers Ok of a totally real number field
- see [Go, Chapter 2.2] and the discussion after equation (2.46). Let A be a complex
abelian surface with End(A) = Ok where K = Q(v/d), so that in particular A has an
endomorphism v/d such that the self-composition vdov/d coincides with the endomorphism
d € Z C End(A). The Picard rank of A is 2, since Ok is a Z-module of rank 2 so that the
Picard rank is at most 2, but if it were 1 then we could write every element of NS(A) as
an integer multiple of some generator O, so that (v/d)*© = kO for some integer k and

hence d© = k20, contradicting that d is not a perfect square. Alternatively, simply invoke
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[Yo, Lemma 1.2].
Fix an integer solution (z,y) to the Pell’s equation 22 — dy? = 1 with x,y # 0. The

matrix

r  yVd
M= VY € Bnd(a?)

yd oz

has determinant x* — dy? = 1 as an element in End(A), and so defines an automorphism of
A2?. Since the entries on the diagonal and off-diagonal are separately equal to some fixed
value, the automorphism is Gs-equivariant, and since the off-diagonal entry is nonzero it
is not in the image of Aut(A) — Aut(A?)®2. By the preceding discussion, we obtain an
automorphism of A® which is not natural, but which nevertheless preserves the diagonal.

For another way to see that the associated automorphism of A? is not natural,
note that M (0,0) = (0,0), so that the induced automorphism of A® preserves the set
of multiplicity two points supported at 0 € A. Thus, if this automorphism were natural
it would in fact be of the form @ for f a group automorphism of A, so that if Z is a
reduced subscheme supported at distinct points 0,a € A then f [2](2) would also have a
point supported at 0. However, one can find points (0,a) € A? such that M (0, a) has both

coordinates nonzero.

3.2 dimA > 2,n > 2 via nilpotent endomorphisms

Suppose B = A™ for A an abelian variety. Any endomorphism N of B whose
m X m matrix is upper triangular with all zeros on the diagonal is nilpotent by linear

algebra, so that N* = 0 for some k. Suppose N # 0 so that 2 < k < m. The determinant
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of the n x n matrix

N N N ... I

is I + N2T € End(B) = End(A™) where T is some polynomial in N, I. To see this, expand
the determinant along the first row. The first term of this expansion will be I times the
determinant of the (n — 1) x (n — 1) version of this matrix, and the subsequent terms
will be £N times the determinant of a matrix whose first column is all N’s. We thus
inductively get either I or terms divisible by N2, as desired.

The term N2T is upper triangular with zeros on the diagonal, so that I + N2T is

an m X m upper triangular matrix of the form

1 = *

01 *
I+ N°T =

0 0 1

with 1’s on the main diagonal. This matrix has determinant 1 € End(A) by expanding
along the first column successively, so that I + N?T is an invertible element of End(B)
and hence our original &,,-equivariant endomorphism on B™ defined by the first matrix is
an automorphism, and thus induces an unnatural automorphism preserving the diagonal
on the smoothable locus of B". For B = E x E a product abelian surface where E is an
elliptic curve we obtain counterexamples to the question of Belmans-Oberdieck-Rennemo
for all n, proving Theorem 1. Note that these product abelian varieties have Picard rank

greater than 1 coming from pullbacks from the individual factors and from maps between

23



the factors.

3.3 dimA > 3,n =3 and beyond using higher degree
number fields

By now the pattern is clear for how to construct counterexamples using abelian

varieties - we have to find an abelian variety A such that the determinantal equation

ry y Yy
y r y Yy

det Yoy €T ey € EHd(A)X
vy y ...y

admits solutions over End(A) with y # 0. As previously discussed, by [Go, Chapter 2.2]
we can try to look for solutions in rings of integers of totally real fields. This is not the
only possibility, as many other rings can arise as the endomorphisms of abelian varieties.

For one example, take n = 3, so that the determinant above becomes x® — 3zy? +2y3.
View y as a fixed coefficient, and set the determinant equal to 1, so that we wish to find
solutions in x to

2* — (3yH)x + (24° — 1) = 0.

The discriminant of this cubic in z is

A = —(4(=3y*)* +27(2y° — 1)?) = 108> — 27.

If y is a positive integer then the discriminant is positive, so that the equation has three
distinct real roots. Picking one of these solutions x = « gives a degree 3 totally real field

K = Q(«), and hence we may find an abelian variety A admitting multiplication by O
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(one can take A to be a threefold). The resulting endomorphism on A% given by the matrix

@y y
M=y ay
y Yy «

is therefore invertible, and so we obtain an induced unnatural automorphism on Al

fixing the diagonal. For a smooth variety X it is known that X! is also still smooth,
and therefore equal to its smoothable component. Whether more solutions of these
determinantal equations exist for other values of n and with other endomorphism rings of
abelian varieties is an interesting question to which we do not know the answer.

We can however rule out nontrivial solutions over the integers:

Proposition 4. Let M, be the n X n matriz

T Y Yy ...y

y x Yy Y
M, =

KR y

There are no pairs (x,y) of integers with y # 0 such that det(M,,) = +1 for n > 3.

Proof. The key is to show how to factor this determinant for all n. To do this, set T}, to

be the matrix

y oy y y
y x y y
In=\|y y « y
v vy ... zf

which consists of all y’s in the first row and column and a copy of M,_; in the bottom
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right hand minor. By expanding determinants along the top row and using row operations
to transform the resulting minors into copies of M,,_1,T,,_1, a straightforward induction

shows that

Formula 5.

det(M,) = (z — y)" " (z + (n — 1)y)

det(T,,) = y(z —y)" .

We may now prove the proposition. Suppose that det(M,) = (z —y)" '(z + (n —
1)y) = £1 for z,y integers. It must be then that either xt —y =1 or z —y = —1. If
x—y =1then x+ (n—1)y = ny+ 1 must be equal to 1, so that ny = 0, —2, which can’t
happen if n > 3 unless y = 0. Similarly, if z —y = —1 then x + (n — 1)y = ny — 1 = +1,

implying ny = 0,2, which can’t happen unless y = 0. We conclude the proposition. [

This gives some evidence that automorphisms A™ should be natural for all n if A
is an abelian surface of Picard rank 1. However, it is not a proof, as it is not immediate

that all automorphisms of A" arise from A™.
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3.4 Action on generalized Kummer fibers

Suppose (ay,...,a,) € A™ is a vector such that a; + ...+ a, = 0. Any matrix M,

defining an automorphism on A" with z,y € End(A) as before acts on this point as

Ty Yy Y| |m r(ar) +ylaz + ... + an)
Yy oxr oy ... a9 xr(as) +ylar +as3+ ...+ an
M,(ay,...,a,) = - (a2) ( )
vy oy .y x| |an] _a:(an)+y(a1+...+an_1)_
(z —y)(a1)
@ y)(a)
(@ —y)(an) |
since a; = —(a1+...+a;—1 +a;11+...+a,) by hypothesis. Since x,y are endomorphisms

of A, we see that

Thus, the induced automorphism f of the smoothable locus of A restricts to an
automorphism of the fiber over 0 of the summation morphism ¥ : A" — A preserving the
diagonal. [BNS, Theorem 3.1] implies for an abelian surface that such an automorphism
of the generalized Kummer variety K, _1(A) C A" must be the restriction of a natural
automorphism (%, o g)" of A"l where g is a group automorphism of A and ¢, is translation
by an n-torsion point if n > 3. This creates an apparent contradiction: though our

automorphism f on A" is unnatural, its restriction to K,_1(A) C A is the restriction
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of an unnatural automorphism of A,

However, there is no contradiction. Though our f on Al is globally not a natural
automorphism, its restriction to K,_;(A) agrees with the restriction of the natural endo-
morphism (z — y)™ per our calculation. We just need to show that z — y is in fact an
automorphism to resolve the issue.

By formula 5 we know that

det(M,) = (z —y)" z + (n — 1)y)

is a unit in the ring End(A). It is not true for arbitrary rings that if the product of two
elements is a unit then those elements must have been units. However, it is true for End(A),
since if g o h =id in End(A) then we may lift this to a product of linear maps on some
complex vector space, and those linear maps must be invertible by taking determinants.
Thus,  — y is an automorphism of A, so (z — y)["} is a natural automorphism whose action

on K,_;(A) agrees with that of f. We summarize the results of this section as follows:

Proposition 5. Let A be an abelian variety. Let f be an automorphism of AL’ZL induced
by a matriz M, as before, where x,y are endomorphisms of A. Then x — y is necessarily
an automorphism of A. Moreover, f preserves the fiber over 0 of the summation morphism
Y Al — A, and its restriction to this fiber coincides with the action of the natural

automorphism (z — y).
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Chapter 4

Numerical preliminaries

In this section, let A be a complex abelian surface of Picard rank 1, whose Neron-
Severi group is generated by a polarization © such that ©2? = 2k for some positive integer
k. To prove Theorem 2, we will need to calculate various numerical invariants on A
The reader who is only interested in the main theorem may immediately begin with the

proof in the next section and refer back to these results as they are used.

4.1 Intersection numbers on AZ

We have that
NS(AP) = 73,

with generators Oy, ¢, B. Formula 4 allows us to change our basis to have generators
O, X0, B

instead. We will calculate all top intersection numbers of these divisors, and for simplicity

will write

xr = @[2}

y=XxX"0

29



so that NS(A?) has free generators x,y, B.

Consider the following commutative diagram:

BIpA? —T A?

ql lp

ARl ™ A®@)
where all maps are the obvious ones. Note that ¢, p are generically of degree two and
m,m are generically of degree 1 with connected fibers. We will lift our calculations of
intersection numbers in AP upstairs to Bla A%. We will respectively denote the exceptional
divisors of A BInA? as E,F. The normal bundle to the diagonal in the self-product
of any variety X is well-known to be isomorphic to the tangent bundle Ty (the diagonal
A C X? is itself isomorphic to X'), which for X = A an abelian surface is just a trivial rank
two bundle T4 = O%?. Thus, the exceptional divisor F' = P(Nx /42) is simply isomorphic
to A x P!, with normal bundle in Blx A% simply given by the pullback of Opi(—1) along
the projection F' = A x P! — P!, Since F = ¢ }(F) set-theoretically and ¢ has degree

two, we have that ¢*FE = 2F in Picard.

Suppose we wish to calculate an intersection number on A? of the form

/ E™" - rm*a
Al2]

where m > 0 and « is a cycle on A® of complementary codimension. Since ¢*E = 2F

and ¢ is generically of degree 2, we may instead calculate this as

1
/ E™. . 1ma = —/ ¢ (E™- 1 a)
Al 2 JBiaa
1 * mo Ak %
= 5/ (" E)"™ - mp o
Bl A2

— 2m—1/ Fm . ,ﬁ_*p*a
Bla A2

Consider then the following blowup diagram:
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FAx P <L Bl A?

i Js

AA 1 A
We note first that [F] = j.1 in the Chow ring A*(BIxA?) and that j*F = —H, where H is
the first Chern class of the line bundle Op:i(1) on the P! factor of F = A x P!. The latter
equality is because j*F' is the class of the self intersection F' - F' € A*(F), which is given
by the first Chern class of the normal bundle O(—1) of F in Bl A%

By using these facts and the push-pull formula we find for any m > 1 that as
classes in A*(BIxA?):

Fmo— Fm—l . ]*1

— (—1 )
Thus, for any m > 1 and 8 € A*(A?) we find that

Fm . ﬁ'*ﬁ — (_Umflj*(Hmfl) . ﬁ,*ﬂ
= (<) R )

= (=)™ (H™ T plitB).

For this last quantity to give a nonzero codimension 4 cycle, we see that we must have
m = 2 and codim 8 = 2. Moreover, since H is just a point in each P! fiber of FF = A x P!

and the map p; : F' — A = A is just projection onto the A factor,

/ J(H™ - ptitB)
BlAA2

simply counts the number of points in the intersection |[ AP = / 2B Ain A? when
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m = 2.
Returning to our initial calculation of E™ - 7*a in A by setting § = p*a we find

that

— _9 B-A

AQ

if m = 2 to make this intersection number potentially nonzero.
If instead m = 0 so that we are calculating the intersection number on AP of
divisors purely coming from A® | then since p : A2 — A® is generically of degree 2 and

7 AP — A® is generically of degree 1 we find that

| wo=] s
Al2] A@2)
1 >k
- i/AQP ﬁ?
allowing us to calculate any top intersection number of divisors on A® on A? instead.
With our basis x,%, B for NS(A®), when lifting to A? we have that z lifts to

m;0O + 7,0 where the 7; are the natural projections. By our preceding work calculating

intersection numbers on AP, we know that any monomial of the form

/ :anbEc
Al2]

can only be nonzero if ¢ = 0,2. We now calculate the intersection numbers of all these

monomials. Recall that ©? = 2k, and write p for the class of a point.
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We first calculate

(770 + 150)*(X*0)?
(11(0%) 4 2(710)(130) + 75(6%))£*(6?)

™ (0%)5"(67) + (7]0)(m30)x"(67)

— 4k? /A ()5 (p) + 2k / (710)(m30)%" (p)

A2

where we use the symmetry 7} (0?)2*(0?) = 75(0%)X*(0?%). Thinking set-theoretically,
77 (p) simply fixes the first coordinate of a point (x,y) in A2 and ¥*(p) fixes the sum of

the point, which together determines the second coordinate of (x,y) so that

/ w1 (0)(p) = 1.
A2

To calculate the second term above, if we fix a representative for © then (770)(750)X*(p)
consists of those points (z,y) where z,y € © and = + y = p for some fixed point p. This is
equivalent to counting the number of points x € A such that both x,p — x are in ©. This
is simply the self intersection of © with the pullback of © under a translation and (—1)*,

neither of which change the numerical equivalence class of ©, giving

| wemers () = [ o2 =2k

A

Hence,

| o= [ w2 [ eyme)s

AQ

= 8k,
Any terms involving (770)™ = 7/(©™) and y™ = (X*0)™ = ¥*(0™) vanish if m > 2, and
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thus

1 *
/., 5L 16+ mO)E(6)
% / 2 30) + 3(m10)(m30)%) 3" (0)

|
o

/A (02 (710)5(6)

o | mi)(me)=(©),

The class 7](p)(73©)X*(O) corresponds to points (z,y) such that both y,p +y

N

are in © for some fixed point p = z, which amounts to the intersection of © with the

translation of ® by p which doesn’t change numerical equivalence, and hence has value

| moimers©) - [ et .

so that

/ Py = 6k / 7 () (m30)*(©)
Al2] A2
= 12k2.

Finally,

These are all the classes involving no E term that we need to calculate, since any monomial
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with y™ for m > 2 will be zero. Using our formula for intersection numbers of the form

E™ .- 7m*a, we find that

/ P2E? = —2/ (770 + 10)° - A
Al2] A?
= —4/ (77O)% - A — 4/ 1 (©)7m3(0) - A
A2 A2
= —8k/ m(p) - A — 4/ T (©)m5(0) - A.
A2 A2

The first term 7} (p) - A counts points (z,y) with x = p fixed and y = x giving just

one point, and for 77 (0)75(0©) - A we consider the commutative diagram(s)

AXA L s Ax A
(x,z)}—)\‘th
A

so that

/AQ TH(O)TH(O) - A = /A@2
ok

by push-pull with 2. We thus conclude that

/ ?E? = —8k‘/ m(p) - A — 4/ T1(0)m3(0) - A
Al2] A2 A2
= —16k.
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Similarly,

/ Yy E? = —2/ (X*0)?- A
Al2] A2
= —4k/ Y (p)- A
A2

= —64k.

We use that if we take ¥*(p) to be represented by the fiber over 0 then the integral

| =w-a

counts the points (z,y) with y = —z and x = y, corresponding to the 16 2-torsion points

of A.

Finally, we calculate the last relevant term

/ Ty B — —2/ (710 + m0)(270) - A
Al2] A2
- —4/ T (©)X*(0) - A.
A2
This integral counts points (z,y) with z € ©,2+y € ©, and = = y, i.e. points x € A such
that z,2z € ©. This amounts to calculating the intersection © - (-2)*© where (-2)* is the

pullback under the multiplication by 2 map on A. We can pick © to be symmetric (we

only care about numerical equivalence), so that from the formula
n(n+1) n(n—1)

(n)'L = LE"% @ (1) L™

[IMMR, p.59 Corollary 3] we get (-2)*0 = 40 (using symmetry so that © = (—1)*0). Thus,
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we conclude that

/ ryE? = —4/ T (0)X*(0) - A
Al2) A2

:_4[4@-(4@)

= —32k.

We summarize this discussion with a table, recalling that ©2 = 2k for the chosen polariza-

tion © on A and that B = %:

Table 4.1. Intersection numbers of cycles on AP, where ©2 = 2k.

Cyele | [
xt 12k2
23y | 12k2
22y? | 8k?
2?’B? | —4k
ryB? | —8k
y?B? | —16k

4.2 Wirtinger pullbacks

Consider the Wirtinger map £ : A x A — A x A defined via {(z,y) = (x +y,x — y)

for A any abelian variety with symmetric line bundle ©. By the see-saw theorem, we have

that

(1O @ m0) = 116%? @ 1;0%?

(see [Mul, Section 3 Proposition 1] for a proof and [Mu2, p. 336]). Direct calculation

shows that the diagram
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AxA—3 AxA

| s

A—2 A

commutes where -2 is the endomorphism z — 2 - x on A, so that
£Y0e =71(-2)"0. (4.1)
Since O is symmetric we conclude that
£Y0 = 1%,
and hence that
E((m0 ® 130)% @ (£70)%) = me® ) @ me® (4.2)

on A%, We will use this later to rule out certain coefficients for g*B in Neron-Severi by

considering dimensions of global sections.

4.3 Dimensions of global sections on symmetric
product

Intersection numbers alone will not suffice to show what we want about the action
of automorphisms of A on NS(A®). If ¢ > 0, then any line bundle L on A in the
Neron-Severi equivalence class az + by + ¢B can be written as 7L’ ® O 421 (¢B) for some
line bundle L on A® in the equivalence class ax + by € NS(A®) where 7 : A2 — A®
is the Hilbert-Chow morphism. We recall by formula 1 that it suffices to calculate the
dimensions of global sections of L' on A® in this case.

We give the following nearly-complete formulas when © is a symmetric principal

polarization:
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Formula 6.

0, ifk<Oork—+20<0

0, ifk>0&k+20=0& LY 2 Oy
dim H(A®, 03 @ X*0% @ Ly) =
2, ifk=0&¢>0

WEDRE207 i | > 0 & k420 > 0
\

where Lg is a line bundle in Pic’(A®)). The coefficients k, ¢ index the class in the Neron-
Severi group NS(A®), and twisting by arbitrary Ly gives a class in Pic(A®). We will
partially address and generalize the remaining cases in the next section.

We note by formula 3 that these formulas give the dimension of the space of G-
invariant sections of the pullbacks of these line bundles to A2, when it can be difficult to
explicitly determine the global sections of these pullbacks and the corresponding Ga-action.

Let us consider each of our cases.

4.3.1 Cases where H’ =0

Since ¥* : Pic’(A4) — Pic’(A®) is an isomorphism, we may write our line bundle
on A as

L =060 oX(0% e L)

for some Ly € Pic’(A). Since the projection p : A2 — A®) is surjective, the pullback p*
induces an injection on global sections of locally free sheaves (if p*s is the zero section for
some s € H(A® V) with V — A® a vector bundle, then s(p(z)) = 0 for all x € A2, but
since p is surjective this implies s(y) = 0 for all y € A so that s = 0). Thus, if we can
show that the pullback p*L on A2 has no global sections, then H°(A®, L) = 0, as desired.
Moreover, since the Wirtinger map ¢ : A2 — A? considered in the previous subsection

is surjective, we can instead try to show that H°(A? ¢*p*L) = 0. By our results in the
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previous section, this is the same as

H(A?,€p"L) = H*(A%, € (710 ® m30)*" @ B (6% @ Ly)))

_ HO(AQ, 7_‘_;@@(%—}—4[) ® W;@Qk ® WI('Q)*LO)-

From [MMR] we have that (—1)*Ly = L§™", and hence (-2)*Ly = L$? by the usual formula

for (-n)*L, so that this becomes

HO(A?,§7p" L) = H(A%, (050 @ L§?) © m;0°")

_ HO(A, @@(2k+4€) ® L%Z)Z) ® HO(A, ®®2k)

by the Kiinneth decomposition for the sheaf cohomology of a box product ([St, Tag 0BEC]).
This gives us the desired vanishing in all of our cases. If k < 0, then the second factor
H°(A, ©%2F) = 0 automatically. If k 4 2¢ < 0 then ©®(2+4) has no global sections and
Euler characteristic
X(A @@(2k+4€)) _ (2]{; +4€)2 / @2
) 2 A
= (2k + 40)*

70,

so that by [MMR, p.150] the sheaf cohomology of ©%(2#+4) is concentrated in a single
degree. This degree (the indez) is determined by the first Chern class of each line bundle
(see [BL, p.61]), which is an element of the discrete group H?(A,Z) and hence is constant
within a numerical equivalence class in Pic(A), so that H°(A, %2k & [2) = 0 if
2k + 40 < 0. If 2k + 4¢ = 0, then the only line bundle in Pic’(A) with a global section is

O 4, so we again get the desired vanishing if L%QQ 2 Oy4.
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4.3.2 Case where £k =0,/ >0

This case is almost immediate. We have that L = E*(@W ® Lg) for some Ly €

Pic’(A4). We may pushforward under ¥ to instead calculate

HY(A® L) = H°(A,%.L)

= H°(A,0% ® L)
by push-pull, since ¥ has connected fibers. Since ¢ > 0, we have that

2
X(A,0% ® Ly) = %/ o?
A

#£0
since Lg is numerically trivial. Since ¢ > 0, ©%* is effective and hence has a section, so that

by concentration of cohomology dim H°(A, ©®¢) = ¢2. Since the index of a non-degenerate

line bundle is unchanged by twisting with Ly € Pic’(A), we are done.

4.3.3 Case where k. >0 and £+ 2/ >0

This case requires substantially more work than the previous two. Define the

morphism

w(z,y): Ax A— AP

w(r,y) = (v +y,v—y),
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and note that w is invariant if we replace y with —y, so that w commutes with the natural

Z/2Z action on the second A factor and hence descends to a morphism

plz,y) t Ax (A) £1) — A®

wz,y) = (x+y,z—y).

Proposition 6. The following diagram is Cartesian:

Ax (A)+£1) L5 A®

4l E

A—B 4
Proof. A simple calculation shows that the square is commutative. It remains to prove
the universal property of pullback squares. Suppose that X is a scheme equipped with
morphisms f: X — A, g: X — A® such that the diagram

X 25 A®

ik
A—2 5 A

is commutative. We wish to show the existence of a morphism h: X — A x (4/ £ 1) such

that the diagram

Ax (A £1) L A®

" E

A—2 A

commutes. We will construct this morphism as h = h; X hy for morphisms h; : X —
A, hy: X — A/ £+ 1. We unsurprisingly set hy = f. To find hy, consider the anti-diagonal
embedding i : A — A?, x +— (z, —x), which is equivariant with respect to Z/27Z where the

group action is via multiplication by +1 on the left and swapping the factors on the right,
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and hence descends to an embedding i : A/ +1 < A®). Given any point a € A we have a

natural translation morphism #2 : A® — A® acting pointwise. Observe that

o t?, (9(2)) = S(g(x)) — 2f(x) = 2f(2) = 2f(x) = 0

for any x € A, so that t[_2]f(x) (g(z)) lies in the image of i. We may thus define

The commutative relation f = m; o h is immediate. To prove the other relation
g = p1 o h, suppose that we may write g(z) = (a,b) = (b,a) € A® for points a,b € A.
The translate t[_zlf(x) (9(z)) = (a — f(x),b— f(x)) satisfies a — f(x) = —(b— f(x)) per our
calculation, and hy(z) may be identified with the image of a — f(x) € A/ + 1. We then

calculate

The universal property of pullbacks thus holds, so that our original diagram was Cartesian,

as desired. ]

Set By, = Z*(@g’;:). Let Ly € Pic’(A) be arbitrary, so that we wish to calculate
the dimension of H°(A®), @g’; ® (0% ® Ly)). By push-pull we wish to determine the

dimension of H(A, By ® (0% ® Ly)). Since the preceding diagram is Cartesian we find
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that

We wish to show that

M*@%l§ ~ 7T>1k6®2k ® W;Lk

for some line bundle Ly on A/ 4+ 1 where m : A x (A/ £1) — A/ £ 1 is the projection
(since k& > 0 in this section, we hope that the choice of notation Lj will not cause confusion

with the fixed element Ly € Pic’(A)). Consider the twisted line bundle
M, = 03 @ me® ",

It suffices by the seesaw principle ((MMR, p.54]) to show that M|y = Oa for
all y € A/ & 1. This restriction is the same as the pullback % , M under the inclusion
map ig,: A—>Ax (A/+1),x— (x,y). Fix alift § of y from A/ £ 1 to A: there are
two such choices. We have a similar inclusion map i45: A —= A x A,z — (2,9) yielding a

commutative diagram

A saxA—% s AxA

b e

A A (A)£1) —F s A®
where ¢,p are natural projections and & : A? — A? is the Wirtinger map &(z,y) =

(z +y,z —y). To show that My|axqyy = %, My is trivial it suffices to prove that

id*iZ’yMk = iz’g(ﬂ@@)_% ® (m X q)*u*@g;)
= i3, (7165 © €0
= i (11097 @ ¢ (7] @ m30)%")

o ilg(ﬂ@@_% ® (170 ® m30)®%)

1%

% * Q2k
7,52 ©
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gOA

is trivial, as we have just done. We conclude that 4% , M} is trivial for all y € A/ + 1 so

that

O ® TreE T = M,

= 5Ly
for some line bundle L on A/ 4+ 1 by the seesaw principle. Hence,
,u*@%l; ~ 110%%* @ 13 L.
We thus derive that

>~ 1, (11O%%* ® w3 Ly)

~ %% @ HY(A/ £ 1, L)

where by tensoring a sheaf F with a vector space V we mean the direct sum F®4mV  Set

Vi = H°(A/ £ 1, L) in what follows. Twisting our previous equality yields
(-2)"(By ® (0% ® Ly)) = (0% @ LF?) @ V

since © is symmetric so that (-2)*© = ©%* and (-2)*Ly = L§? since Ly € Pic’(A) as
discussed in previous cases. Set Fj, = By, ® (0% @ L), the sheaf whose cohomology we
wish to determine. We will see later (Lemma 3) that the higher pushforwards R’ 2*9‘8’;

vanish, so that By is in fact a vector bundle and hence so is Fy .
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To calculate the global sections of this, we may in fact just calculate Euler charac-

teristics:
Lemma 1. For all j >0, HI (A, Fyr) = 0. In particular, dim H°(A, Fyr) = X (A, Fr).

Proof. We first claim that the pushforward (-2).O4 splits as the direct sum of all 2-torsion

line bundles:

(2,042 P L

LePic®(A)[2]
This follows by [MMR, p.72] applied to the group G = A[2] of 2-torsion points acting on

A by addition. By push-pull we have that

(2.2 Fre = P L®Fi

LEPicO(A)[2]

Since -2 : A — A is finite it is affine, so that the pushforward (-2), preserves higher

cohomology (combine [St, Lemma 01XC] and [St, Lemma 01F4]). Thus,

HI (A, (-2).(-2)* Fre) = H (A, (-2)" Fir)
— Hj (A, (@®2k+4£ ® L6®2) ® Vk)
= H (A, QO2k+4L ® L6®2) ® Vi

=0

for j > 0 since 2k + 4¢ > 0. Since Fy, embeds into (-2).(-2)*Fi, as a direct summand,
we conclude that Fj, has vanishing higher cohomology since cohomology respects direct

sums. O

We now wish to compute the dimension of V;, = H°(A/ + 1, L), and will do so by
first showing H'(A/ + 1, L;) = 0 for i > 0 and then calculating y(A/ £ 1, Ly). To show

this, note that since ¢ : A — A/ 4 1 is finite the higher pushforward sheaves R'q.q* Ly
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vanish giving the equality
H'(A,q"Ly) = H'(A/ £ 1,4.q" L)

of higher cohomology groups using [St, Lemma 01XC]| and [St, Lemma 01F4] as before.
The canonical adjunction morphism Oy4,+; — ¢.O4 exhibits 04,41 as a factor of ¢, Oy,

so by push-pull

H'(A,q"Ly) = H'(A/ £ 1,q.q"Ly,)

= H(A/ 1, L © 4.0,)

and hence H*(A/=+1, Ly,) is a factor of H(A, ¢* Ly). In particular, to show H'(A/+1, L) =
0 for 7 > 0 it suffices to show that H*(A, ¢*L;) = 0.
To this end, recall the previous diagram

AxA—5 s AxA

(idx q)l lp

Ax (A)+1) —E— A®

so that on the one hand

(id x @5 O = (id x q)*(w10°% @ w3 Ly)

~ kO ®2k * %
=m0 @7maq Ly

where we use 7y, T3 to denote projections on each of the product spaces A x A, Ax (A/£1),

47


https://stacks.math.columbia.edu/tag/01XC
https://stacks.math.columbia.edu/tag/01F4

but on the other hand

(id x q)" " OF) = €' 0,
~ ¢ (110 @ 150) "

(Y] ﬂ.i*@@% ® ﬂ;@@)%’

so that

2% ~ 2%k 2%
IO @ miqt L, & 1109 @ m50%

and hence ¢*L; = ©%% since we may twist this equality by m70%~2* to cancel the first
factor and then pushforward to A under my (noting that the fibers of my are connected).
We know that H(A,0%%*) = 0 for i > 0 since k¥ > 0 by Kodaira vanishing. Thus,
H'(A,g*Ly) = 0, so that H'(A/ £ 1, L;) = 0 as previously noted.

Since we have shown that the higher cohomology of L, vanishes, we now calculate
dimVj = x(A/ £ 1, Ly). To do this, we will calculate x(A, Bx) = x(A4, Z*@g])“) in two

different ways. We recall the following fact:

Lemma 2. If f : X — Y is a morphism and G a sheaf on X such that R7 f,G = 0 for
j >0, then x(X,G) = x(Y, f.G).

Proof. This is an immediate consequence of [St, Lemma 01F4], as the Leray spectral

sequence HY (Y, R'f.G) = H'"(X,G) will degenerate. O
In light of this, we have the following:

Lemma 3. For all j > 0, RjZ*@((%])f =0, and hence

X(Av Bk) = X(A(z)a @((82’;)
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Proof. Since our previous diagram was Cartesian, we have that
(-2)*Rj2*(@g§) = ij*u*@g';:
= Rjﬂ'l*(ﬂf@@% & W;Lk)
= 0% © Rim Ly
= 0% @ HI(A) +£1,Ly)

=0

since we showed that H/(A/ 4+ 1, L;) = 0. Since RJZ*(G)%';) pulls back to the zero sheaf
under the surjective morphism -2 : A — A, we claim it must have been the zero sheaf to
start with. While intuitive, we provide a proof of this implication for completeness.
Since A is smooth and -2 : A — A has equidimensional fibers (all dimension zero),
-2 is flat by miracle flatness. We claim that if f : X — Y is any flat, surjective morphism
of schemes such that f*G = 0 then G = 0. It suffices to show that the stalks G, are all zero.
We have by [St, Lemma 0098] that (f*G). = Gj() ®oy. ) Ox, and this left hand side
will always be zero. Since f is a flat morphism of schemes, the map f*: Oy ) — Ox,, is
a flat map of rings by definition, and since these rings are local this map is faithfully flat

by [St, Lemma 00HR]. Thus, if Ox, is a faithfully flat Oy, f(,)-module then the condition

implies Gy = 0 by the standard characterization of faithfully flat modules. Since f is
surjective, all points in Y are of the form f(z) for some z € X, so that G has all zero

stalks and hence is the zero sheaf.

We conclude that R? Z*(@g’;) = 0 as desired. O
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Corollary 1.

VAL By = EEE+ D

for k> 0.

Proof. Since A is the quotient of A% by the finite group Z/2Z, the resolution 7 : AP —
A® satisfies RIm,0 420 = 0 for j > 0 by [Vi], see also [CR, Theorem 2] for the same result

in positive characteristic. Thus,
x(A®, @g’;) = x (AP, W*@g];)

by push-pull and Lemma 2. We may calculate the latter term by [EGL, Lemma 5.1],

obtaining that

V(A By) = x(A®, 03

Y (A, O%F) + 1)

as desired. ]

Corollary 2.
dim V;, = 2(k* + 1).

Proof. We calculate x(A, By) another way. We have that x(A, By) = 1:x(A, (-2)*By) by

[EGM, Corollary 9.12] since -2 : A — A has degree 16. We may compute this via our

20



Cartesian diagram to find

1
16~
1

= (A T (OF)

1
— XA T (T @ m3 L))

1
= 1_6X(A7 ®®2k X Vk-)
— A ®R2k
5 x(4,0%)
= —4 .

X(A, By) = (A, (-2)"By)

k2 (k* 4+ 1)

Equating this last expression with from Corollary 1 gives the desired equality.

O]
We now conclude with our desired result:

Proposition 7. If k > 0 and 2k + 4¢ > 0, then

(k2 + 1) (k + 20)?
2

dim H(A®), 03 © ¥ (0% ® L)) =

for Ly € Pic°(A).

Proof. As noted, this is the same as calculating the dimension of H°(A, Fy ), and this is
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simply x(A, Fre) due to the vanishing of higher cohomology. We find that

1

16~
1

16~
1

— A T O ® (2)°(0% 6 L)

X(A, Fre) = 72X(A, (-2)" Frr)

(A, (-2)"(Br ® (0% ® Ly)))

EX(A’ <@®2k ® Vk) ® @®4£ ® ng)

2
1
_k ; (2k + 40)?
(k2 + 1)(k + 20)?
2 )

as desired. O

4.4 Dimensions of global sections on Hilbert square

Our formulas in the previous sections show that if Ly € Pic’(A®?) is not a 2-torsion
line bundle, then the line bundle @g]% ® 30~ ® © Ly on AP has no global sections, for
© a symmetric principal polarization. However, when L is 2-torsion we can get nonzero

global sections. We can go further and give bounds for the dimension of
HO(A®R, 051" @ X' 0% © O (—mB))

where k, m are a positive integers. Note that the pushforward 7,0 421 (—mB) is not trivial
but rather a power of the ideal sheaf of the image, which will nontrivially impact the
number of global sections. For simplicity we will only consider the case where Lo = O 42
and © is the symmetric principal polarization given by the vanishing of the Riemann theta
function, which we will shortly explain more concretely. These assumptions will suffice

for our proof. One could devise similar formulas for the general case by considering theta
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functions with characteristics [BL, Exercise 4.11].

Consider the difference map d: A x A — A, d(z,y) = v — y. It is easy to check by
the theorem of the square that d*L = (L X L)®? @ *L®~! for any symmetric line bundle
L on A. We extend our usual Cartesian blowup square with d:

BiaA2 —% 5 A2 4 4 4

| lp

Al T A2

Set T}, = @%k ® 2*0%F on A® for simplicity. By our formula for d*L we see that
p*T, = d*O®F. We may calculate global sections on AP by pulling back to BixA? and
taking Go-invariants by formula 2, so that
HO(AD}’ @%]% Q T*O%* g O 4o (—mB)) = HO(A[2], T, @ O g1 (—mB))
>~ HY(BIpAA?, ¢ (7T}, ® O g (—mB)))®?
>~ HY(BIAA? 7 p* T}, ® ¢*O 42 (—mB))®?

>~ HY(BIaA?, 7 d*O%F @ Opy, p2(—mF))®?

where F is the exceptional divisor on BlxA?. Since d(y,z) = —d(x,y), we have a

commutative diagram

BipA2 — & A2 4

P

BiaA2 — 5 A2 4 4 4

where o, & are the usual involutions on A?, BixA? and —1 is multiplication by —1 on A.

Thus, in the equality

HY(BInA?, 7*d"0%F ® Opy, 42(—mF)) = HY(A,0%% @ (d 0 7),Opy, a2(—mF))

we may take Ga-invariants on both sides, where the action on the left is by swapping

factors of A% and on the right we multiply A by —1. It remains only to describe the
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pushforward (do7).Op;, 42(—mF). Since 7 : BIaA? — A? is a blowup of smooth varieties,
ﬁ*OBlAAz(—mF) = Ig)m,

where Zx is the ideal sheaf of the diagonal in A2. The map d : A2 — A is a surjective
map of smooth projective varieties with equidimensional fibers (they are all isomorphic to
A by calculation), so d is flat by miracle flatness. The inverse image of 0 € A is just the
diagonal A C A?, so by flatness the inverse image ideal sheaf Zy = d~(Zp) - O 42 coincides

with the pullback d*Z,. We conclude that

H (AP 05" @ 57097 © O u(—mB)) = H(BIAA?, 7 0" @ Oy g2 (—mF))
~ HY%(A,0% @ (do7).Opja2(—mF))"

~ }10(147 @@k ®I((]®m)+

where we write 4 for the sections invariant under pullback by £1 on the A side. This is
the space of even theta functions of weight k& which vanish to order m at 0. Though we do

not have exact formulas, we can estimate the number of these.

Remark. The relevance of L being 2-torsion or not in our previous formula now makes
sense: if Ly is not 2-torsion then (—1)*(O@ ® Ly) 2 O ® Ly ™' # © ® Ly, so that we cannot

even define the action of £1 on H°(A,0 ® Lg). If Ly € Pic’(A) is 2-torsion, then

d*(@®k ® LO) o (@®2k ® L6®2) X (@®2k ® L6®2) ® Z*(@@)fk ® Lg@fl)

~~ (@ X @)®2k ® 2*(@®7k ® LO),
so that if Lg is an arbitrary 2-torsion line bundle in Pic”(A) (equivalently Pic’(A?)) then
H(AP, 05 @ 570%™ @ O 4o (-mB) © £ Lo) = H'(A, 0% @ I9™ © Lo)*
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as well.

Our work that follows here consists of well-known results and is very similar to the
proof of [BL, Corollary 4.6.6] and copies the work in [BL, Section 15.6]. Suppose that
A = CY9/A is a principally polarized abelian variety defined by a matrix 7 in the Siegel

upper half space, such that the principal polarization © has the Riemann theta function

0(z) = Z exp(2min'z + win'rn)
nez9I
as a section (where we view n, z as columns vectors so that the transposes make sense to
yield scalars). The weight k theta functions H°(A, ©®%) have as basis the k9 functions of

the form

0.(2) = Z exp(2min'z + %mtm)
n=e¢ (mod (kZ)9)

where € is a vector in (Z/kZ)9 [Bea3, equation 3.1]. We see that this sum is unchanged
if we replace z with —z and n with —n, so that 6.(z) = 0_.(—z) for all z,e. Thus, if
s(z) = Y . alb(z) satisfies s(z) = s(—z), then a. = a_, for all ¢, and hence the space
HY(A, ©%%)* of even weight k theta functions is spanned by the orbit vectors 6. + 0_,,
or simply 6, if 2¢ = 0 (mod (kZ)Y). It is easy to check that this collection is linearly
independent as well, so that to determine the dimension of H%(A, ©%%)* we simply need to
count the number of these orbit vectors. Set X to be the set (Z/kZ)%, so that this number
of distinct orbit vectors is simply the sum | X7 4 11 X™| where X/ consists of
those € modulo (kZ)¢ unchanged by multiplying by —1, and X" consists of those € that
are not fixed. If k is odd then the only fixed € is the zero vector, and if k£ is even then
in each coordinate one may choose either 0 or g to get a fixed vector, yielding 29 fixed e.

Since X™" is the complement of X/ and | X| = k9, we see that
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Formula 7.

T(k9+29), if k=0 (mod 2)
dim H°(A,0%%)* =

s(k9+1), ifk=1 (mod?2)

We now incorporate the order of vanishing at 0, and return to the case g = 2
of abelian surfaces for simplicity. Choosing local complex coordinates zq, z5 about 0, if
s(z) = s(—z) then all of the terms of odd degree in the Taylor expansion of s about 0
will vanish automatically. For s to vanish at 0 up to order m amounts to the terms of
degree < m — 1 all vanishing in the Taylor expansion, so that if s is even then its order
of vanishing will automatically be even as well (if it vanishes up to odd order m then
it automatically vanishes to even order m + 1). In dimension 2 there are d + 1 Taylor
terms of degree d (2§, 242y, ..., 28). Write Z3* for the ideal sheaf of functions vanishing
to order £ at 0 € A, so that we wish to estimate the dimension of H(A, ©%F @ I5*™)* for
integers k, m (we put 2m since the order of vanishing is automatically even for even theta

functions as discussed). Since we only care about the vanishing of the even Taylor series

terms, vanishing to order 2m imposes
1+3+5+...4+©2m—1)=m?

linear conditions on the vector space H°(A, ©®%)*. Some of these linear conditions may

be redundant, giving a lower bound
dim H°(A, 0% @ Z*™)T > dim H°(A, ©%%) " —m?.

We may plug in our formula 7 to compute the latter term. Putting everything together,

we conclude the following;:
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Proposition 8. For m > 0,

dim H°(AP), 05" @ 2097 © O 4 (—(2m — 1)B)) =

dim H°(AP, 657" @ 5° 097 © O 4z (—2mB)),

and
1
dim H°(AP, 05" @ 2'097% @ O 4 (-2mB)) > 5(/g2 +4) —m?
for even k and
1
dim H°(A?, @%% ® Y0¥ " ® O, (—2mB)) > §(k2 +1) —m?

for odd k, for our given choice of symmetric principal polarization ©. If m = 0 this is an

equality.

4.5 Kummer K3 surfaces

We will need to study divisors on the Kummer K3 surface associated to A to rule
out one final unwanted case.

Let K'm(A) denote the Kummer K3 surface associated to A, which we may view as
the fiber over 0 of the summation morphism ¥ : APl — A, or equivalently as the blowup
of the singular surface A/ + 1 at the 16 singular points corresponding to the 2-torsion

points of A. We may define a map

i : Ax Km(A) — AP

by sending a pair (a, Z) to the natural translation tE](Z ). This map fits into the commu-
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tative diagram
A x Km(A) —2— AP

ml lg (4.3)

A—2 5 A
which is Cartesian as noted by [Beal, footnote 2]. Thus, i has degree 16 since (-2)
does. Since [i is a map of smooth projective varieties with equidimensional fibers, it is
flat by miracle flatness. Viewing Km(A) as the blowup of A/ £ 1 at the 16 singular
2-torsion points gives that [i is simply the functorial extension of our previously-defined
p:Ax (Al £1) = A® to the blowup. To elaborate, tracing out the definitions shows

that the diagram
A x Km(A) —£— AP

- | (4.4)

Ax (A +£1) £ A®

commutes, by identifying a pair of points (z,y) € A® whose sum z + y is zero with the
equivalence class © ~ —x € A/ £ 1. The preimage of the diagonal of A under y is simply
Ax A2l C Ax A/ +£1 (that is, consists of any point in the first factor and a singular
point of A/ £+ 1 corresponding to a 2-torsion point of A in the second factor), so that by
the universal property of blowups there exists a unique morphism f : A x Km(A) — AP

such that the diagram

Ax Km(A) —L— Al

- |

Ax (A £1) = A®
commutes, so that this induced f agrees with fi.
Recall that the second cohomology H?(Km(A),Z) contains a factor isomorphic
to H%(A,Z) with double the original intersection form, and this factor is the orthogonal
complement to the sublattice of H?(Km(A),Z) rationally generated by the classes E; of

the 16 exceptional divisors [GSa, Section 2]. Moreover, this decomposition holds when
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restricting to the Picard lattice of Km(A), and the map 7 : H*(A,Z) — H*(Km(A),Z)

is induced via pullback and pushforward along the commutative blowup diagram

BlagA —1— Km(A)

[

A—L 5 A/+1
[BHV, Section VIIL.5]. When A has Picard rank 1 with ample generator ©, the Picard

lattice is of rank 17, containing an ample class we denote H = 7(©) such that H* = 262

We wish to calculate the pullback under fi of an arbitrary line bundle on AP

Proposition 9. Set L = 9%’“ ® YO ® O ,2(mB) ® *Ly for integers k,{,m and

Lo € Pic”(A). Then
m 16
/]*L ~ (@®2k+4€ ® Lg<)2) X OKm(A) (/{H -+ 3 Z El) .
=1

Proof. Using the notation and work from Section 4.3.3, we know that

L= (m x b) (O @ B 0% @ % Lo) ® 1O 4 (mB)

>~ (@%@ L) Kb Ly,) @ ji*O 41 (mB).

We thus need to calculate b* Ly, and i*O 4 (mB). For any divisor D on A/ £ 1 we see

that 7(¢* D) = 2b*D since

7(¢*D) = 4.(b*¢*)(D)

as § : BlajgA — Km(A) is generically of degree two. We may thus calculate b*L; by

looking at the pullback to A and dividing by two. From the original commutative diagram
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AxA—5 s AxA

e J»

Ax (A)+1) —E— A®
where £ : A x A — A x A is the Wirtinger map we see that ¢*L; is just the second factor

of f*(@%’;) = 0" K O%% on A x A, so that

b* Ly, & 7(0%%) = Oy (KH).

To calculate 1*O 421(mB), we need to determine the preimage of the exceptional

divisor £ = 2B under fi. Since any natural automorphism preserves the multiplicity

structure of a subscheme, we see that fi(a, Z) = tE](Z) lies in F if and only if Z is a

subscheme supported at a single point with multiplicity 2 (with no condition on the
point a in the first factor), so that g*E consists of the 16 exceptional divisors 2121 E; €
Pic(A x Km(A)), and hence fi*B = %Z}il E; (since [ is flat, we may identify pullbacks

of line bundles with preimages of divisors). We thus conclude that

16
~ % ~ m
J0) OA[z](mB) =0, K OKm(A) (5 + ;EZ> .
Putting everything together, we find that

AL = (0% @ LF?) Kb L) ® [ O 41 (mB)

16
~ (O©2k+4L ®2 m .
~ (O ® L) B Ofeay (kHJrEiZlEz),

as desired. O
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4.5.1 Automorphisms of Jacobian Kummer K3 surfaces

The preceding discussion did not require A to have a specific polarization type, and
can clearly be extended to abelian surfaces of higher Picard rank. We now suppose that A
is principally polarized, so that K'm(A) is a Jacobian Kummer surface. The terminology
is due to the triviality of the Schottky problem in genus 2. Equivalently, Km(A) is the
minimal resolution of a quartic surface in P? with 16 nodes. Given a principally polarized
abelian surface (A, ©), the image of linear series |20] is precisely this singular quartic
surface in P3.

The automorphisms of Jacobian Kummer surfaces have been studied since the
19th century, and completely classified in the generic Picard rank 17 case by Kondo
[Kol]. There, Kondo shows that Aut(Km(A)) is generated by various classically known
automorphisms, along with 192 automorphisms of infinite order constructed by Keum
[Ke]. One of these classical automorphisms is the switch involution o on Km(A), which
arises from the fact that the singular quartic Kummer surface in P? is birational to its
projective dual surface in P3. Since K3 surfaces are minimal, this birational involution

lifts to an isomorphism of Km(A). The following is known:

Lemma 4.
16

fH:3H—§:a

i=1

and
128 g 16
(=N E | =4 - 23 E
in the Picard lattice of Km(A).

To see this, refer to [Ke, Table 5.2], where the E; are written as N, (“nodes”) for

a € (Z/2Z)*. In their notation, this will yield that

Sz

«
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where the T, are rational curves in Km(A) called the tropes. To evaluate this sum of

tropes, use section (1.8) of the same paper to write the tropes in terms of H and the N,.
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Chapter 5

Proof of main theorem

5.1 Preliminaries

We return now to the proof of Theorem 2.

Proposition 10. Given a morphism g : A — A where A is a complex abelian surface,
there exists a morphism g : A — A of algebraic varieties such that the diagram

Al 9y Aln]

2 b

A—9% 4 A

commutes.

Proof. Consider the composition ¥ o g : A" — A. Generalized Kummer varieties are
simply connected and hence have trivial Albanese variety (as then H'° = 0). The image
of any generalized Kummer fiber of > under this map ¥ o ¢ must be a single point, and
hence g sends fibers of X to fibers. This gives a set-theoretic map g on A which commutes
with g under ¥, which we must show is in fact a morphism of varieties. This map g is
well-defined and satisfies the preceding commutative diagram by construction. To show
that this function is a morphism, we need to show that it is continuous with respect to
the Zariski topology on A and that it pulls back regular functions on open subsets of A to

regular functions.
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We first observe that ¥ : Al — A is flat by miracle flatness [Har, Exercise 111.10.9],
since A"l and A are smooth and ¥ has equidimensional fibers. By [St, Lemma 01UA] ¥ is
thus an open map. Since ¥ is surjective we have that 3(X71(X)) = X for any set X C A,

so that for any open set U C A we have that

which is open since Y is an open mapping, and g, > are continuous, so that g is continuous.

Let us now prove the second condition that g pulls back local regular functions
to local regular functions. Let r € O4(V) be a local regular function for some open set
V in A, and write U = g~ (V) for convenience. We wish to show that the composition
(rog)ly : U — C lies in O4(U). If U does not contain the point 0, fix a length n — 1
subscheme Z; of A supported entirely at 0. There then exists a well-defined local section

sy : U — S7YU) by simply defining
slu(p) = 2o+ (p) € A,
so that ¥ o s|y is the identity. We thus find that

(rog)lu=rogoXos|y

—roXogosly

which is regular since X, g, s|y are all morphisms. If U does contain the point 0, then the
same argument gives that the pullback of r to U — {0} is regular, which extends uniquely
to a regular function on U by algebraic Hartogs since A is two-dimensional. This unique

extension to a regular function on U is just r o g, so that in either case r pulls back to a
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regular function as desired, proving that g is a morphism. O]

The assignment g — g is clearly functorial by considering the following commutative

diagram:

Al 9 Aln] _h A0

S T A

A—% s A 4

where ¢, h : AlM — Al are arbitrary morphisms. It then follows that if g : A — Al g

an automorphism then so is g, giving a group homomorphism which we denote by

ind% : Aut(A")) — Aut(A)

ind’i(g) = g
(to be read as “the automorphism on A induced by/under ¥”). Considering the natural
automorphism map (=) : Aut(A4) — Aut(AM), it is not true that ind’% o (=)™ is the
identity, since an automorphism of A as a variety may include a nontrivial translation

term. A simple calculation shows that this composition is the identity when restricted to

group automorphisms of A, however. Moreover, this gives a surjective map from Aut(AM)

to Aut(A).

Proposition 11. The map

ind; : Aut(A") — Aut(A)

18 surjective.

Proof. Let g € Aut(A) be given, and decompose it as g = t, o h, where h is a group
automorphism and ¢, is the translation by a € A. Let b € A be a point satisfying

nb = a - there are n* possible choices for b. Fix a point p € A and let Z € Al be an
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arbitrary point in the preimage X7!(p), and write Z = Zle a;(x;) for the support of Z
with multiplicity. Our argument only cares about multiplicities rather than finer scheme
structure, so we will abuse notation and identify Z with this formal sum. We wish to
show that ind%((¢, o b)) = g. We calculate

S((t 0 )" ( az-m))) =

=1

where we hope it is clear where ¥ refers to a formal sum of points versus addition on A,

so that ind’ ((t, o h)I") = g and hence ind’ is surjective, as desired. O

The calculation in the preceding proposition shows that indi is not injective
however, since any of the n* possible points b € A satisfying nb = a would yield the same
g = ind%((t, o b)) but different initial automorphisms (¢, o h)" € Aut(AM). For the
case n = 2 we will show that this fully describes the fibers of ind% : Aut(AP) — Aut(A)
for certain polarization types by proving that all automorphisms of AP are natural in
those cases.

For the rest of the paper, let A denote a complex abelian surface of Picard rank 1,
so that End(A) = Z with group automorphisms Z /27, and hence its full automorphism

group Aut(A) is a disjoint union of two complex tori of dimension 2. We fix a symmetric
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polarization © satisfying (—1)*© = © which generates the Neron-Severi group NS(A) = Z,
such that either ©% = 2 (the principal polarization case) or ©% = (2()? for £ a positive
integer. Note that ©? is necessarily even, so that this covers all polarizations with
self-intersection a perfect square.

Boissiere proved that the automorphism groups of X and X[ have the same
dimension [Bo, Corollaire 1] and hence the same identity component Aut® by considering
the connected zero-dimensional quotient of Aut®(X ™) by the inclusion of Aut®(X) under
the map (—)".

For the rest of the paper, we fix an arbitrary automorphism ¢ : A? — AP and
decompose the induced automorphism on A as ind’(g) = t, o h where h(0) = 0. We will
first calculate various intersection numbers on AP to show that ¢ necessarily fixes the
class of the exceptional divisor £ in the Neron-Severi group of A, We will then lift this
to show that g fixes the class of E in the Picard group and then as an actual subvariety.
This will allow us to descend ¢ to an automorphism of A® which we can then lift to
an automorphism of A2 by results of Belmans, Oberdieck, and Rennemo and prove the

desired naturality.

5.2 Fixing the exceptional divisor in Neron-Severi

This is the most involved portion of the proof. Suppose that ¢*B = ax + by + ¢B
and that ¢*z = dx + ey + fB in the Neron-Severi group of A?, where a,b,¢,d, e, f are
integers. We wish to show that ¢*B = B in Neron-Severi, i.e. that a =0 = 0,c = 1. Since
E = 2B, this will show the class of E is fixed as well.

We have the diagram

A2l 9 o 7l2]

5| |s

A taoh A

Since A has Picard rank 1, h is multiplication by 41, so that h*© = O regardless and hence
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(to o h)*© = O in Neron-Severi. We conclude upon taking pullbacks that ¢*>*© = ¥*0
and hence g*y = y. Since ¢g* acts as an invertible linear transformation on the lattice
NS(AP) 2 73 we may write it as an invertible integer matrix with respect to the ordered

basis z,y, B as

d 0 a
g*: e 1 b )
f 0 c

which must necessarily have determinant £1. Recall our calculated intersection numbers at
the end of Section 4.1. Since g* must preserve intersection numbers as it is an automorphism,

using our calculations in the previous section and our expressions for ¢* B, we have the

equality
—16k = / y* B?
Al2]
= / 9" (y*B?)
Al
= / v'g"(B)?
Al2]
= / v (a*z? + b*y? + ¢ B? + 2(abzy + acx B + beyB))
Al
:/ 22 + %2 B’
Al2]
= 8k*a® — 16kc®
so that ka? — 2¢> = —2, which implies that ¢ # 0. We note next that since B? is
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numerically trivial, so is g*(B?), so that

0= / 9 (B)’B
Al2]
= / 3a’cx® B? + 6abcay B? + 3b?cy® B?
Al2]

= 36/ a’z?B? + 2abxy B + b*y? B*
Al2]
= 3c(—4a’k — 16abk — 16b°k)

= —12ck(a + 2b)°.

where we simplified the expression by recalling that a monomial z%y*B¢ can only be

nonzero if ¢ = 0,2. Since ¢, k # 0, we conclude that a +2b = 0. As g*y = y, we have that

8k2:/ 22y
Al2]
= / g (x)%y°
Al2]

= / (d®2” + e*y* + f?B* + 2(dexy + df 1B + efyB))y”
A2l

_ /Am L2y + [y’ B

= 8k?d* — 16k f?,

where we again cancel any term z%y’E° with b > 2 or ¢ # 0,2, so that kd* — 2f% = k. We

also have the equality

12k% = / x
Al2]

— [ (@aey sy
Al

= / dr* + ddPex®y + 6d° f22* B? + 6d*e*x*y? + 12de frry B* + 66 f2y* B?
Al2]

= 12K*d* + 48k*d°e — 24kd® f* + 48k*d*e* — 96kdef* — 96ke f*
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where we preemptively cancelled numerically trivial terms in expanding the multinomial,
so that

kd* + Akd3e — 2d% f* + dkd?e? — 8def? — 82 f% = k.

Substituting in the 2f% = kd*> — k = k(d* — 1), we find that

k = k(d + 2¢)>

so that d +2e = +1, or d = +1 — 2e.

Substituting in the relations a = —2b and d = £1 — 2e to our matrix for the action

of g* on NS(AP)), we obtain

g = e 1 b | € GL(NS(A®)).

5.2.1 Perfect square polarization case

It is now almost immediate to conclude this section in the case that ©2? is an even

perfect square. Suppose that k& = 2/2, then

—2 = ka® — 262
= 20%q% — 262

= 2(la — ¢)(la + ¢)

so that (¢ — al)(c+ al) = 1. Since ¢ — al, c + al are integers, it must be the case that
they are either both 1 or both —1. In the first case, by adding together ¢ + af = 1 and

¢ —al =1 we find that ¢ = 1, whence al = 0 so that a = 0 and thus b = 0 since a = —2b,
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giving (a,b,c) = (0,0,1) as desired. In the second case where ¢+ al = —1,¢ — al = —1
then by adding together the equations we find that ¢ = —1, and as before that a = b =0

so that (a,b,c) = (0,0,—1), which can’t happen as ¢g* B must be effective.

5.2.2 Principal polarization case

We assume for the rest of this section that ©? = 2, and that the symmetric
principal polarization © has the Riemann theta function as a section as described in
Section 4.4. By formula 6, we must have that d and a are nonnegative, as h°( A%, Op) =
hO(AR O 21 (B)) = 1, but if d < 0 then h°(A? L) = 0 for all line bundles L in the
numerical equivalence class g*x = dx + ey + f B and similarly for ¢*B. Moreover, we must
have k 4+ 2¢ > 0 in order for a line bundle in the numerical equivalence class kx + ¢y + mB
to have global sections (regardless of m, as if m > 0 then we can pushforward to A® to
remove the O 421(mB) factor and if m < 0 then we only decrease global sections). We
have shown that d = +1 — 2e via intersection numbers, so that by plugging in k¥ = d and
¢ = e we deduce that k + 2¢ = (£1 — 2e) + 2e = %1, so that necessarily d = 1 — 2e.

Our matrix is thus of the form

1—2¢ 0 —=2b
g = e 1 b
f 0 ¢

where d = 1 — 2¢ and a = —20b satisfy the relations d*> — 2f? = 1 and a? — 2¢* = —2. We

will now describe the set of possible a,c, d, f such that the matrix

d a
f c

has determinant +1 (the determinant of this 2 x 2 matrix is the determinant of the matrix
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for g*).

Write Py, for the set
Py = {(z,y) € Z* : 2* —2y* =k}

of solutions to the generalized Pell’s equation z? — 2y* = k. Thus, for us (d, f) € P; and
(a,c) € P_g. It is easy to check that the function (x,y) — (2y,z) is a map from P; to
P_,. Conversely, given integers satisfying x? — 2y? = —2, by reducing modulo 2 we see

that x must be even and hence the inverse function (z,y) = (y, 5) is a well-defined map

from P_, to Py, so that these two sets are in bijection.

Proposition 12. If integers d, f are fized such that d*> — 2f% = 1, then the only possible

a, c such that the matrix

d a
f c
has determinant 1 is the pair a = 2f,c = d obtained from our map Py — P_o, and the

only option for a,c to obtain determinant —1 is the same with the right column flipped in

Stgn.

Proof. Suppose that d, f are fixed and that dc — af = 1. We assume that f # 0, as if
f = 0 then necessarily d = ¢ = 1 to have determinant 1 and thus a = 0 since a? —2¢* = —2,
whence e = b = 0 so that we have the identity matrix as desired. We thus find that

de—1
% , so that from the relation a? — 2¢> = —2 we find that

a

—2=10q% -2

2
_ (dcf—l) _202
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SO

—2f? = (d*c® — 2dc + 1) — 2c2 f?

or

(d* — 2f%)c* — 2dc + (14 2f%) = 0,

i.e.

¢ —2dc+ (14 2f?%) = 0.

By the quadratic formula, we find that

2d + \/4d? — 4(1 + 2f?)
Cc =
2

—d+ /P -2f7—1

=d.

From the resulting matrix

we see that d?> —af =1 ora= = — = 2f, so that our matrix is of the form

d 2f
fod

in order to have determinant 1. The statement for determinant —1 and fixed d, f follows.

]

We now can split up the argument according to whether the determinant is 1 or
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Case (I): Determinant dc — af = 1 Per proposition 12, we have that

d a d 2f
foe fod
where d = 1 — 2e and a = 2f = —2b. Since g*z, ¢*B are effective, we must have that

d>0and a = 2f > 0 by formula 6. Since d = 1 — 2e > 0, we have that e < 0.
Suppose e < 0, so that we may apply the k > 0,k 4+ 2¢ > 0 case of formula 6 to calculate
dim H°(AP g*z) = dim H°(A? dx + ey + fB) = dim H°(A®, dz + ey) since f > 0 and
d+2e = (1—2e¢) +2e =1. We find that

dim HO(A®], g"61y) — (1 —=2e)? + 1)((1 — 2¢) + 2¢)?

_ 2—de+4e?
N 2
=(1—-e)?+e

since our formula applies to any line bundle in the same component dx + ey + fB of
the Neron-Severi group. If e < 0 then this last expression is at least 5, contradicting
that H°(A®, Op) is 1-dimensional. Thus, e = 0, so that d = 1 and thus f = 0 since

d*—2f%?=1,and thusa = b= 0and c = d = 1, giving that ¢* B = B in this case, as desired.

Case (II): Determinant dc — af = —1 This case is more involved, and requires all of the

various numerical invariants we calculated. Per proposition 12, we have that

d a d —-2f
f c f —d

withd =1—2e > 0 and a = —2b > 0 as before, sothat b= f < 0and e < 0. If e =0 then

from tracing out our equalities we see that ¢*B = ax + by + ¢B = — B, a contradiction
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since ¢g* B must be effective. Suppose now that e < 0, so that d > 3. The first few solutions

of the Pell’s equation d? — 2f? = 1 satisfying d > 0, f < 0 are

(d, f) = (3,-2), (17, —12), (99, —70), (577, —408), . . .

We can partition these solutions into the three sets {(3, —2)}, {(17,—12)}, and

{(99, —70), (577,—408), ...}. Each set will require a different argument to rule out.

Subcase (i): (d, f) = (3,—2)

This case will correspond to (a,b,c) = (4,—2,—3). We wish to show that no
line bundle in the numerical equivalence class 4x — 2y — 3B has a section, contradicting
that ¢*B must be effective. Any line bundle in this equivalence class can be written
@%]4 ® Y*0%2® O, (—3B) ® Ly for some Ly € Pic’(AR). By formula 6 case 2 we see
that we must have Ly a 2-torsion line bundle, else this line bundle automatically has no
sections. If Ly is 2-torsion, then by our work in Section 4.4 we may identify

H0<A[2], @([8;]4 ® Z*@@—Q ® OA[Z](—gB) ® LO) ~ HO<A, (@@2 ® LO) ®I(()X)3)+

via the difference map, where + denotes invariance under (—1)*, and Z$® denotes sections
vanishing to order at least 3 at 0 € A. As in Section 4.4, if we take an even section of the
line bundle ©%? @ L, the odd degree terms of its Taylor expansion about the point 0 € A
will automatically vanish, so that if it vanishes to order 3 at 0 it automatically vanishes to
order 4.

The Seshadri constant of © on A is % - the upper bound follows by [BSz, Theorem
A.1(a)], and the lower bound follows by [MNa] (note that since A has Picard rank 1, it

cannot be a product of two elliptic curves else we would have two independent classes in
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NS(A)). It follows by definition [BL, Chapter 15.3] that

e-C

_0-C¢ 4
multy(C) ~— 3

for any curve C' on A numerically equivalent to k©, where multy(C') is the multiplicity of
C' at the point 0 € A. Rearranging this and using that © - (k©) = 2k, we find that

3k
multy(C) < -
In particular, for k = 2 we see that any section of ©%? @ L, vanishes to order at most 3
at 0 since twisting by Ly does not change numerical equivalence. We needed a section

vanishing to order 4, so that no line bundle in the numerical equivalence class 4z — 2y — 3B

on AP has sections, ruling out this case as desired.

Subcase (i1): (d, f) = (17,—12)
Since d = 1 — 2e, we see in this case that g*x = 17z — 8e — 12B. By Proposition 9,

if i : A x Km(A) — AP is the morphism defined in Section 4.5 then
16
7105 @ 50" ® O (—12B)) = 092 K Ogpn(a) <17H —6 Z E)
i=1

on A x Km(A), where H is the ample generator on Km(A) satisfying H? = 20? = 4
and the E; are the 16 nodes obtained by blowing up the singular points of A/ £ 1. If

o: Km(A) — Km(A) is the switch involution then

16 16 16
3
o* <3H+2Ei> —3 (3H—ZEZ~> +2 <4H— §ZE>
=1 =1 =1
16

=17H -6 ) E;,

i=1
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by Lemma 4, matching the second factor of our previous pullback expression. Since

> o1 Ei is effective, we have the ideal sequence

16 16
0— OKm(A)(3H) — OKm(A) <3H -+ ZE’> — OKm(A) (3[‘[ + ZEZ> — 0.

i=1 i=1

Uzli1 E;

Since (3H + 2321 Ez) By = FE; - By = —2, we see that the sheaf Ok, (a) (SH + 22'121 EZ)
restricts to the line bundle Op:(—2) on each of the 16 disjoint rational curves E;. Thus,

the last sheaf in our exact sequence has no global sections, so
16
HO(Km(A), OKm(A)(3H)) & HO(Km(A), OKm(A) (3]‘] + Z EZ> )

by taking the exact sequence in cohomology.

By Riemann-Roch for K3 surfaces, we find that
1., 1
X(Km(A),3H) = 5(3H) +2= 5(9 ~4) +2=20.

Since the divisor 3H has positive self intersection and zero intersection with all the F;, it
is big and nef and hence the higher cohomology of O, a)(3H) vanishes by Kawamata-

Viehweg. We conclude that

16
dim HO(Km(A), Oy (3H + Y _ E;)) = dim H(Km(A), O(a) (3H)) = 20,
i=1
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and hence

dim H°(A x Km(A), 1" (05" ® X' 097 @ O a1 (—12B)))

16
= dim H°(A x Km(A), 0% K Ojen(a) <17H —6 Z EZ->)

16
= dim H°(A, ©%%) @ H(Km(A), 0* Ofem(a) <3H + Z E> )

=4-20

= 80

since ¢ is an automorphism and hence preserves global sections. To relate this back to the

original line bundle on A%, recall from Section 4.5 that the diagram

A x Km(A) —2 AP

al l

A—— 2 A

is Cartesian, so that the pushforward

[ Oaxrm(a) = X(-2).04

b L

LePic®(Al2))[2]

I

is just the direct sum of the 16 2-torsion line bundles on AP by [MMR, p.72] as in the
proof of Lemma, 1.

We conclude by push-pull that

> dim (AP, 05T ® %0 © 0 4u(~12B) @ L) = 80
LePic® (Al2])[2]

Since there are 16 line bundles appearing in this sum, there must be a term with h° at

least 5. Since the map L — Ly induces an isomorphism Pic’(A) — Pic’(A?)), every line
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bundle in the numerical equivalence class of Oy is of the form (© ® Ly)(2). Every such

line bundle has exactly one section since
dim H'(Ax A, (@ ® Ly) X (0 ® Ly)) = 1.

We have a contradiction then - every line bundle in the equivalence class of x = Oy has
one section, but there are line bundles with at least 5 sections in the equivalence class of
g*x = 17x — 8y — 12B. We conclude that we can rule out this case (d, f) = (17, —12).

We note that if we remove the negative B coefficient and apply formula 6 to the

17241

numerical equivalence class 17x — 8y we obtain a 5= = 145-dimensional space of sections,

so it is plausible for there to be line bundles in the class of 172 — 8y — 128 with 5 sections.

Subcase (iit): (d, f) = (99,—70), (577, —408), ...
Let us finally consider the third set containing all other valid solutions for (d, f).
We will show in this range that dim H°(AP, ¢*B) is too large. Applying Proposition 8

with £ = 4, m = 3, we see that

dim H°(AP, 05 @ ' 097 © 04 (—6B)) > 5(4* +4) = 3* = 1.

N | —

Note that the ratio % = 1.33... of the Oy coefficient to the negative B coefficient is
less than v/2 = 1.414 . . ., which is the ratio to which % converges as d — oo for positive
solutions to the Pell’s equation d*> — 2f* = 1. The first solution (d, f) = (99, —70)
corresponds to ¢*B = —2fx + fy — dB = 140x — 70y — 99B. Recall the general fact that
if L = O(D) is an effective line bundle on a scheme X and E a locally free sheaf, the
twisted ideal sequence

0—FE— ED)— ED)p—0

implies that h°(X, F ® L) > h°(X, F). Using the cup product in sheaf cohomology, since
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@%8 @Y*0% 1 ® O 421 (—6B) has a section so does its 17th tensor power @%136 RYO¥ B g
O 42 (—102B). Again invoking Proposition 8 we see that @%4 ® $*0®72 has 4 sections,
so that the tensor product @%]140 ® Y090 @ O ,42(—102B) has at least 4 sections, and
hence the same is true if we replace —102B8 with —99B. Thus, the numerical equivalence
class 140z — 70y — 99B contains a point with at least 4 sections. However, any element in
the numerical equivalence class of O 42(B) may be written as O p21(B) ® X* Ly for some

Ly € Pic’(A), and
HY (AP 0 ,411(B) @ ©*Lo) = H(A, L)

by pushing forward under ¥ and noting that ¥ factors through 7. Thus, there is only one
point in the numerical equivalence class of B that contains any sections, namely O 4p2(B)
itself, and it only has one section. Thus, it cannot be that ¢*B = 140z — 70y — 99B5. For
all larger solutions (d, f) we can continue to run this argument, since % < V2 and the gap
between the ratios of x to B coefficients will only continue to widen. To illustrate what we
mean, take the next case (d, f) = (577, —408), which will give (a, b, ¢) = (816, —408, —577).

Since 6%8 ® Y*0% 1 @ O 42(—6B) has a section, so does
(@%8 ® E*®®_4 ® OA[2](—GB))®101 _ @%}808 ® 2*6_404 ® OA[z] (—6068)

Multiply this with @%f@Z*@_‘l to land in (816, —408, —606), and this latter line bundle has
16 sections (corresponding to the sections of ©®* on A), so that the numerical equivalence
class of g*B = 816z — 408y — 577B has a point with at least 16 sections, which can’t
happen. Having illustrated the argument that we can find a section of a smaller multiple
of %2 @ ¥*0®! with the desired multiplicity along B which we can then “pad” with
extra sections, we see that we can rule out all cases (d, f) in the third set.

We conclude that we can rule out the determinant dc — af = —1 case, and hence

that the only possibility for the action of g* on NS(A?) is as the identity.
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5.3 Fixing the exceptional divisor as a subvariety

That ¢g* B = B in the Neron-Severi group means that the difference D = ¢* B— B lies
in Pic®(A?). Since ¥* : Pic’(A) — Pic®(AP)) is surjective we may write ¢*B = B + %*D’
for some D’ € Pic(A).

Since 1,0 421 (B) = O 42 (Chapter 2.1) we have that
KA O 42(B)) = h° (AP, 0 1) = 1.
As pushforward preserves dimension of global sections, we find that
1=h"(A,5.g"02(B)) = h°(A, 2,0 401 (B + £*D')) = h°(A, 04 (D)),

since the map X factors through the Hilbert-Chow morphism. Since D’ lies in Pic’(A) and
has a global section it must be trivial, and hence we conclude that ¢*B = B in Picard.
Since g*B = B in Pic(A?), if we write E for the actual subvariety of nonreduced
subschemes in Al then g(E) is another divisor within the linear equivalence class of E
since as a divisor class F' = 2B. Since we know that h°(A®?, O, (F)) = 1 (via pushforward
under 7, as for B), we conclude that g(F) = E and hence g restricts to an automorphism

of E c A3,

5.4 Proving naturality

The restriction of the Hilbert-Chow morphism 7 : £ ¢ AP — A ¢ A® has
P!-fibers (see the proof of [[a2, Corollary 3]). As A = A and there are no nontrivial
maps from the projective space P! to the abelian variety A, the restriction of ¢ to E must
necessary send P!-fibers of 7 to P!-fibers, as the image of a P!-fiber under 7 o g must be

a single point. By [BOR, Proposition 7], g descends to an automorphism g of A?. By
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[BOR, Proposition 9, 12|, this automorphism lifts to an automorphism § of the Cartesian
product A% such that we have the natural commutative diagram

a4, g

'

A2 9 . 4@

Since § is an automorphism of the complex torus A2, we may write

G = taoy) O

for some points xg,y9 € A where iL(O, 0) = 0 and h is invertible. Since A is a group

endomorphism of the product A x A we may write

hll h12
h?l h22

for some endomorphisms ﬁij : A — A per our discussion in Chapter 3. Since End(A) = Z,
h is an invertible 2 x 2 integer matrix with determinant +1.
Since § descends to the automorphism g under the covering p : A2 — A®) | we must

have the Gs-equivariance condition

A~

(h11(x) + illz(y) + Zo, 521(15) + 522@) + 1) = (522(55) + iL21(y) =+ Yo, ill2(£) + iln(?/) + )

for all x,y € A. Setting x = y = 0 gives xg = ¥y, and then setting y = 0 and using that
Lo = Yo giVQS that iLH = iLQQ, iLQl = iL12. Let us write iLl for illl = iLQQ and iLZ for ing = iLQl,

so that our matrix can be rewritten as
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Since this matrix has determinant +1 and the h; are integers, we find that either hy =
+1, hy = 0, or hy = 0, hy = 1 since we may factor the Diophantine equation }AL% — iz% =+1

as (iLl — fzg)(fll + ﬁg) = +1. Thus, § = t(z0,20) © h where we have the choices

+1 0 0 =+£1

0 =+£1 +£1 0

>
Il

(in all cases the nonzero entries are equal). In the first case, we have

g(xvy) = (l’o ixaﬂUO :l:y)a

so that the corresponding automorphism g on A is the natural automorphism (t,, 041).
In the second case,

ﬁ(zay) = (1’0 iy7$0 =+ Z’),

which again yields § = (t,, o £1). Since g commutes with g : A? — AP under the
Hilbert-Chow morphism and A® — A = AP — E is a dense open set in A?, g must be
the natural automorphism (t,, o 1)

We conclude that all automorphisms of AP are natural, as desired.
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Chapter 6

Open directions

As we note in Question 2, it remains open whether all automorphisms of A are
natural for arbitrary polarization types. The only issue with extending our proof is Section
5.2 where we use numerical invariants to show that the exceptional divisor is fixed by
an automorphism of AP in the Neron-Severi group. Our calculation of the intersection
numbers in A% in Section 4.1 allowed for any polarization type. Moreover, our formulas
for the dimensions of global sections of line bundles in Section 4.3 can be extended to
non-principal polarizations just by inserting the appropriate intersection numbers, and the
work of Section 4.4 in estimating theta functions that vanish at 0 to prescribed multiplicity
can also be carried out for arbitrary polarizations.

The main work of showing that the exceptional divisor is fixed in Neron-Severi
came down to the determinant —1 case, where we ruled out the various nontrivial solutions
of the corresponding Pell’s equation using different techniques. Our investigation suggests
that the arguments for the first and third cases still work for arbitrary polarizations. As
a reminder, the arguments for these two cases respectively followed from the Seshadri
constants of abelian surfaces and estimates of theta functions with prescribed orders of
vanishing. However, the second case crucially relied on using a particular automorphism
of Jacobian Kummer surfaces to rewrite a divisor class as a sum of effective classes with

positive coefficients. One would need to understand the automorphisms of Kummer
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surfaces with arbitrary polarizations or use an alternative argument to handle the second
case.

In any case, one may ask whether automorphisms of A" are natural for abelian
surfaces A of Picard rank 1 for n > 3. We believe that it would be difficult to simply
generalize our argument here for higher n, and that perhaps another idea is necessary. One
can calculate top intersection numbers using the recursions in [EGL], but this would grow
more painful as n increases, and the corresponding Diophantine equations in the Neron-
Severi group would grow more complex. Even if one could calculate out the Diophantine
equations for higher n, it is unclear whether the analogous numerical invariants to those
calculated in Section 4 are both tractably computable and sufficient to rule out nontrivial

solutions of these Diophantine equations.
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Chapter 7

Appendix

7.1 Description of SI" as a blowup

Let S be a smooth complex projective surface, though much of this discussion holds
in greater generality. Instead of working intrinsically with S, one may wish to describe
S in terms of the simpler Cartesian or symmetric products S*, S™. One may attempt
to either blow up first and then identify points under the action of &,,, or one may choose
to first identify points and then blow up. The former approach is commonly taken; in
[HNa] Nakajima describes the Hilbert scheme of two points S? as the quotient of the

blowup BIaS? of the diagonal by the induced &, action:
S =~ BIAS?/6,.

For higher n, Tikhomirov [Ti] showed how to construct an iterated blowup diagram

Sn

Sl qn
relating the Cartesian product and the Hilbert scheme of points. We have simplified some
notation as we do not fully describe the details of the construction here. The space Sn s

not one single blowup but rather an iterated sequence of blowups of pullbacks of incidence

schemes. While the map 7 : Sn — Sl g &,,-equivariant and generically finite of degree
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n!, for n > 3 it has some positive dimensional fibers, so that this construction does not
realize S as the geometric quotient of Sn by the finite group &,,. Hence, we cannot
immediately descend an &,,-equivariant automorphism of S™ down to an automorphism of
S as we might want (were S a quotient of Sn by the finite group &,,, then we could
descend by the universal property of such a quotient). To say more about why this map
has positive dimensional fibers, we recall that Tikhomirov uses the morphism ¢,, in the
diagram
Blz, (S x S—1)
/ l
S x =1l

first defined by Ellingsrud (see [ESt] for a good exposition) which resolves the rational
map S x S~ ——s S of adding a point of S to a subscheme of length n — 1 (which
is only defined when the added point does not intersect the support of the subscheme).
In the diagram, Z,_; is the universal subscheme in S x SI"~1. As described in [ESt],
this blowup Blz, ,(S x S"~U) may be identified with the nested Hilbert scheme SM=tnl
such that ¢, is then just the projection from S"~1" to S, For n > 3 this projection
can have positive dimensional fibers over non-reduced points. As an example for S = A2,
consider the fiber of ¢3 : (A?)23 — (A?)P over the degree 3 point defined by the ideal
I = (2?, 2y,y?). Adding any nonzero linear polynomial ax + by will give a colength 2 ideal
containing [, so that the fiber is positive dimensional here.

If we could instead realize SI™ directly as a blowup of S™, then from the universal
property of blowups [Har, Corollary 11.7.15] we could lift automorphisms of S™ fixing the
ideal sheaf being blown up to automorphisms of S, Such descriptions exist in varying
levels of generality. Before stating these descriptions, we illustrate the situation for S = A2

and n = 2.

Set S = Spec(Clz,y]) and set R = C[zy,y1,72,9], so that S? = Spec(R) and S?) =

87



SpeC(RGQ) where the G, action swaps z; with x5 and ; with 3. Set p : S? — S@ to be
the standard projection map, so that the dual map p* : R®? — R is just the inclusion
map. Given an ideal I C R®?, to compare the blowup of S® at I with a blowup of S2,
we need to understand the inverse image ideal sheaf p~1I - Og2, which in the affine case
just corresponds to the ideal of R generated by the image p# (I). While the ideal of the

diagonal in S? is generated as

In 52 = (1 — 22,91 — Y2),

these generators are not elements in R®? as they are alternating rather than symmetric

polynomials for this Gy-action. However, the square of this ideal

In g0 = (21 — 502)2’ (21— 22) (1 — ¥2), (Y1 — yz))2

does define an ideal in R®? whose vanishing yields the diagonal. Since taking the tensor
power of a coherent sheaf of ideals does not affect the corresponding blowup [Har, Exercise

I1.7.11(a)], we obtain a blowup diagram relating Bl S and Bl;, ,S* which one can

(2)
S?/G, =SB

A,S2

use to prove that Bly 5(2)5(2) ~ Bl;
Haiman generalized this to all n, proving the following result ([Hai, Proposition

2.6] and subsequent discussion):

Proposition 13. Let k be an algebraically closed field of characteristic zero or greater
than n. Set k[X,Y| = klx1,y1,..., %y, yn| with the S,-action 0(x;) = To(), 0(Y5) = Yo(j)-
Let A be the subset of polynomials f such that o - f = (—=1)I°If, where |o| = 0,1 is the
sign of the permutation, and set A® to be the vector space spanned by products fi - ... fi,
with the f; € A. A% is thus a k[X,Y]®" ideal, and the Hilbert scheme of points (A2)I" is
isomorphic to the blowup Proj(k[X,Y ]| ® A2@ A* @ ...) of the symmetric product (AZ)™
at the ideal sheaf A2.
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This description has been significantly generalized by Ekedahl and Skjelnes [ESK]
and similarly by Rydh and Skjelnes [RS]. For dim X > 3 the Hilbert scheme X™ is
no longer necessarily the closure of the locus of reduced subschemes as is the case for
dimensions 1 and 2 (we call this closure the smoothable locus). 1t is the smoothable locus
which they show is the blowup of the symmetric product of X at a particular ideal sheaf
for an arbitrary scheme X (in fact, they show this even more generally for X — S a family
of algebraic spaces, but we do not need that level of generality). We will use the formalism
of Rydh and Skjelnes.

Given R an A-algebra, we write 1" R for the n-fold tensor product of R over A
with the obvious &,-action and TS’y R for the subalgebra of symmetric tensors in T" R.

Given xz1,...,x, € R, we define the alternator map

a(Ty,. .., Tp) = Z (—1)"":760(1) ® ... Tom)

0'6671

which induces a TS’} R-linear map from T" R to T’ R. The product map
a X TZR®TS’}1RTZR_> TZR

produces &, -invariant tensors, as one can check that a(o(z)) = (—1)la(z), so that any
element a(x)a(y) is invariant. The image of a x « defines an ideal in the ring TS R,
which we call the canonical ideal Ir. By [RS, Proposition 6.4] these canonical ideals on
product affine schemes can be glued together to yield an ideal sheaf Z on X for a scheme
X, and by Corollary 6.11 the blowup of X in T is isomorphic to the smoothable locus

of XI". We can then prove the key Proposition 2, whose statement we recall:

Proposition 2. If X is either an affine scheme or a projective scheme over an infinite

eld k, then any &, -equivariant automorphism f : X" — X" induces an automorphism
Y
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on the smoothable locus of X",

Proof. Since f is &,-equivariant, it descends to an automorphism f on X™ := X"/&, by
the universal property of quotients by finite groups. On affine opens the associated ring
homomorphism f# is just the restriction of f# to &,-invariant functions, which works by
the equivariance of f. Since f is an automorphism, it is flat, so the inverse image ideal
sheaf f~1(Z) - Oy is the same as the pullback f*Z. By [Har, Corollary I1.7.15], it suffices
to show that f*Z = T to get an automorphism on the blowup of X along Z, which as
discussed is the smoothable locus of X ™.

We wish to find an affine cover {U; = Spec(R;)} of X such that X" is covered by
the product affine schemes U = Spec(T" R), and similarly that X ™ is covered by affine
schemes Ui(n) = Spec(TS" R). If X is affine this is immediate as we may just take the
single product affine X itself. If X is projective, embed X as a closed subscheme of some
projective space P}. Since £ is infinite, for any finite collection of points in X we can find a
hyperplane in P} which does not intersect any of the points. Hence, since the complement
in X of a hyperplane section is affine, we find covers of X", X by product affines.

Note that since X™ has the quotient topology of X" under &, open sets in
X correspond to &,-invariant open sets upstairs in X™. We first wish to show that
pullback under f does in fact send local sections of Z to local sections of Z - i.e. that
f# defines a module homomorphism Z(U) — Z(f~1(U)) for each open set U C X™. It
is easy enough to show this for the product affines {Ui(n)}. Let s € Z(U™) for some
affine U C X be given, so that s is of the form s = 3 rja(z;)a(y;) for elements
77 € Oxm(U™),25,y; € Oxn(U™) by definition of T (it is straightforward to describe
elements of Z over product affines, but not necessarily for general open sets). Since
f7HU™) is open in X, its lift upstairs f~1(U") is &,-invariant, and hence we may

speak of the action o# on Ox«(f~1(U")) given by a permutation o. For z € Oxa(U™),
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we directly calculate that

fa(x) = f* (Z(—l)'”' #(ﬂf)>
_ Z Icr\f# # (z)
_ Z IU\ #f# (z)

= a(f*(2))

where we use that f is &,-equivariant to commute o7, f#. Thus, for s as before we

directly calculate that

# s) = f# (Z T’ja(xj)a(yj)>
= Zf# () f*(aly)))

=2 el (z)al(f* (y;)

where we swap between f and f depending on whether we are pulling back invariant
sections from X or sections coming upstairs from X™. If X is affine then this formula
immediately shows that f# is an automorphism of Z. We thus suppose for the rest of the
proof that X is projective over an infinite field k.

We first check that this last term
Zf# (r)a( 7 (z)a(f# ()

is indeed an element of Z(f~'(U)). The open set f~'(U) is covered by the inter-

sections f~1(U) N U™ with product affines, and the restriction map Oy (U™) —»

Oxw (fHU)N Ui(n)) is a surjection since it is dual to an injective map of affine schemes
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(the intersection of two affine opens being affine). This surjection restricts to a surjection
of the corresponding ideal sheaves, so that every element of Z(f~1(U) N Ui(")) can be
written in the standard form > r;a(x;)a(y;), since restriction maps commute with a.
Thus, f#(s) = Y. [ (rj)a(f#(x;))a(f#(y;)) restricts to an element of Z(f~'(U) N U™y

for each 4, and these restrictions necessarily glue since they arise from a section f#(s) on

fHU), so f#(s) lives in Z(f~1(U)) as desired.

As we have just shown that f# sends sections of Z(U™) to Z(f~1(U™)) for product
affines Ui(n), and these product affines cover X ™| it follows that f# does the same for
arbitrary open sets U. To elaborate, let s be a section of Z(U) C Oy (U) for U ¢ X™
open. Similar to our preceding argument, the intersections Ui(n) N U cover U, and each
element of Z(U, Ay ) is the restriction of an element of Z (Ui(")). Write s; for the restriction

)

of s to Z(U™ NU), and let §; be an element of Z(U™) which restricts to s;. We have

(2

just shown that f#(5;) is an element of I(f_l(Ui("))), so that f#(s;) is an element of
I(ffl(Ui(n)) N f~1(U)) since restriction commutes with f#. Since the f#(s;) glue to f#(s),
we see that f#(s) lives in Z(f~4(U)).

Thus, we have that pullback under f maps the ideal sheaf T to itself. Since f is an
automorphism this map from Z to itself must necessarily be injective - we have only to
show that it is surjective as well. This follows by Nakayama’s lemma since Z is coherent
and X is projective (hence proper), see [Fr, Chapter 4 Exercise 1].

We conclude that f* induces an automorphism of Z, and hence there exists an

isomorphism between the blowup of X at 7 and the blowup at f*Z = 7 commuting

with f, i.e. an automorphism of the smoothable locus of X[, O

This proof is perhaps excessive in its caution - it is immediate that an &,,-equivariant
automorphism of X" fixes the points of the big diagonal in X™, and it is stated without
proof in [RS] that the support of the sheaf 7 is the big diagonal. We gave a proof using

the explicit abstract definition of Z to avoid any potential errors coming from nontrivial
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scheme-theoretic considerations. We do not claim that our hypotheses are the most general
ones possible - we imagine it is possible to prove the same result for more general X using

the full generality of the constructions in [ESk], [RS].
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