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Abstract 

The mean E×B shear in a stochastic magnetic field is calculated, using the radial 

force balance relation and transport equations. This analysis is relevant to the L→H 

transition with resonant magnetic perturbations (RMP), and special focus is placed 

upon the physics of non-ambipolar transport and radial current. The key physical 

process is the flow of fluctuating current along wandering magnetic fields. The 

increments in poloidal and toroidal rotation, density and ion pressure are calculated. 

The radial envelope of the magnetic perturbations inside the plasma defines a new scale 

ℓ𝑒𝑛𝑣, which is the characteristic scale of the magnetic fluctuation intensity profile. The 

net particle outflow due to stochastic magnetic fields is calculated and is determined by 

the net radial current through the separatrix. Implications for the L→H transition are 

discussed. 

Key words: E×B shear, stochastic magnetic field, ambipolarity breaking, radial 

                                                             
*Joint first authors. 

**Author to whom any correspondence should be addressed.  
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current, L-H transition 

1. Introduction  

The discovery of the low confinement to high confinement (L→H) transition more 

than 40 years ago [1] continues to have a major impact on the magnetic fusion program 

and, more broadly, the science of plasmas physics. The high confinement mode (H-

mode) saved magnetic fusion energy (MFE) from the pessimism of Goldston scaling 

[2], and introduced transport barriers and bifurcations, -or, equivalently-, realized the 

concepts of confinement “phases” and transitions [3]. The H-mode focused attention 

on the role of the flow profile, especially the flow shear, in confinement. As 

understanding of transport bifurcations improved, attention shifted to dynamical 

feedback loops, thus leading to models of the predator-prey system type [4]. These also 

are characteristic of drift wave-zonal flow systems in magnetic fusion devices. The H-

mode also forced us to address the consequences of a marked reduction in transport, 

and so the need for transport regulation. Indeed, in the present day, attention has shifted 

to control of the H-mode, so as to optimize the interplay of core and edge transport [5]. 

The E×B flow profile [6], especially its shear and curvature, is undoubtedly a key 

element of the L to H transition. Virtually, all L→H transition models in some way 

exploit the feedback of mean E×B shear on turbulence, though the trigger mechanisms 

proposed (i.e., Reynolds stress, orbit loss etc.) may differ. E × B shear enhanced 

decorrelation is a robust and physically appealing mechanism for turbulence 

suppression. Thus, it is essential to have a good understanding and model of E×B shear, 

in order to confront the complexities of the L→H transition. 

As the H-mode becomes the preferred regime of enhanced confinement, awareness 

grows of the need to reconcile good power handling with good confinement. In practice, 

good power handling requires boundary and heat load control, and these naturally 

require some ways to suppress or mitigate giant edge localized modes (ELM) [7]. These 

considerations drive the development of the resonant magnetic perturbations (RMP), 

which mitigate ELM by inducing a thin stochastic layer at the plasma boundary [8]. 
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One may note that the changes in magnetic topology induced by RMP are similar to 

what follows the application of the lower hybrid waves (LHW), where helical current 

filaments aligned with magnetic field lines are observed in the scrape-off layer (SOL) 

[9, 10]. Recent experiments on EAST found that the response of ELM (i.e., 

suppression/mitigation or triggering) to LHW modulation depends upon the LHW 

coupling to the plasma and the effect of the LHW on the pedestal density profiles [11-

13]. In this paper, we put our focus on plasmas with RMP, where edge turbulence co-

exists with this stochastic layer [14] produced by three-dimensional (3D) magnetic 

perturbations (MP). Stochastic fields occur when the separation of magnetic field lines 

grows exponentially (i.e., there exists one positive Lyapunov exponent). In practice, 

magnetic island overlap is a good working criterion for stochasticity. The degree of 

stochastization can be quantified by the ratio of the auto-correlation length to the 

scattering length 𝑙𝑎𝑐 𝑙𝑐⁄   (𝑙𝑎𝑐 = 1 |∆𝑘∥|⁄   and 1 𝑙𝑐⁄ = (
𝑘𝜃

2𝐷𝑀

3𝐿𝑠
2 )

1 3⁄

 [15, 16], where 𝐷𝑀 =

∑ |𝑏̃𝑟, 𝒌
2 |𝜋𝛿(𝑘∥)𝒌   is the stochastic magnetic diffusivity, 𝑘∥  and 𝑘𝜃  are parallel and 

poloidal wavenumber, respectively, and 𝐿𝑠 is scale length of magnetic shear). The ratio 

𝑙𝑎𝑐 𝑙𝑐⁄  is related to the Kubo number [17].  

It is well known that both the parallel and perpendicular transport are important in 

determining the transport across an island or stochastic region. This follows from the 

viewpoint of both classical collisional theory and micro-turbulence [18-23]. In the 

literature, Rosenbluth et al [24] described such destruction of magnetic surfaces by 

magnetic field irregularities, and Rechester and Rosenbluth [19] studied the electron 

heat transport due to destroyed magnetic surfaces. Meanwhile, many magnetic-

stochasticity-based theoretical models have been developed [25-30], and the increase 

of plasma transport at the edge due to the application of RMP has been reported. 

Operation with RMP then encountered the challenge of making the L→H transition in 

the presence of a pre-existing, thin stochastic layer at the boundary. One may be tempted 

to doubt the role of this thin stochastic layer, but it is indeed located precisely where 

the L-H transition is triggered, on the outboard midplane separatrix in DIII-D [14]. Note 

that edge turbulence and flows evolve in this stochastic layer. The physics of the 
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transition thus becomes conflated with the physics of RMP pump-out and Reynold 

stress decoherence [8, 30, 31]. An increase in the power threshold for L→H transition 

due to the application of RMP has been reported on multiple devices. This is 

summarized later. All of these phenomena added new challenges to the understanding 

of the L→H transition. Thus, it is of prime importance to understand the physics of 

E×B shear layer structure in a stochastic magnetic field. A theory of the mean 〈𝐸𝑟〉 in 

such an environment clearly is essential to develop such an understanding. Hence, we 

deem it appropriate for the Special Issue, as a contribution on an aspect of L→H physics 

of present day and future (i.e., ITER and CFETR, etc.) interest. 

Here, we briefly summarize the impact of the MP field with different toroidal mode 

numbers ( n ) on the L-H transition power threshold ( 𝑃𝐿𝐻 ). This has been 

comprehensively investigated in multiple existing fusion devices such as DIII-D with 

n=3 [14, 32, 33], NSTX with n=3 [34], ASDEX-Upgrade with n=2 [35-37], MAST with 

n=2, 3, 4, 6 [38, 39], JFT-2M with n=1, 2, 3, 4, 6 [40] and KSTAR with n=1 [41, 42]. 

A significant increase in the 𝑃𝐿𝐻 is found when RMP is applied, but little effect is noted 

for non-resonant MP fields [14, 32, 33]. Edge layer stochastization due to RMP appears 

to be fundamental. A clear threshold in 𝛿𝐵𝑟/𝐵𝑇 strength for the increase of 𝑃𝐿𝐻 by RMP 

[14, 32, 36-38, 41, 42] has been observed. For DIII-D with an n=3 field, this threshold 

is smaller than the minimum strength requirement for ELM suppression. This inequality 

suggests a concern for ITER H-mode access, especially in the pre-Fusion power 

operation (PFPO) phase, where the available heating power is marginal [14, 32]. 

However, in ASDEX-Upgrade with n=2 field, the critical 𝛿𝐵𝑟/𝐵𝑇 for 𝑃𝐿𝐻 increases and 

is above that for ELM suppression. This may open a window of the MP strength for 

ELM suppression without any increase in 𝑃𝐿𝐻. Of course, the required power for ELM 

suppression can also be sensitive to penetration and plasma response [43]. An 

explanation for how the RMP raises the power threshold likely is related to the edge 

stochasticity and a resonant electro-magnetic torque, which causes a reduction of the 

E×B flow shear [14, 33, 37, 38]. These lead to an increase in the turbulent transport 

[14, 33], and a reduction of the Reynold stress driven poloidal flow [33]. For the latter, 

Page 4 of 40AUTHOR SUBMITTED MANUSCRIPT - PPCF-103950.R2

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60 A

cc
ep

te
d 

M
an

us
cr

ip
t



5 
 

decoherence must occur. Nevertheless, the interactions among the plasma profiles, 

flows and turbulence preceding the L-H transition with MP application are not clear 

[44]. Hence, it is difficult to establish a multi-machine database. Relevant insight from 

theoretical study is needed. This paper aims to supply the relevant physical insights. 

In this paper, we present a mean field theory for E×B shear in an ambient stochastic 

layer, such as may be found at the edge of an RMP plasma. A novel way to approach 

this analysis is to revisit the expression for radial electric field ⟨𝐸𝑟⟩ as given by the ion 

radial force balance equation, 

⟨𝐸𝑟⟩ =
⟨𝛻𝑃𝑖⟩

𝑒𝑛𝑖
− ⟨𝑉𝜃⟩𝐵𝜙 + ⟨𝑉𝜙⟩𝐵𝜃. 

Here, 𝛻𝑃𝑖  means the ion pressure gradient, 𝑒  is the elementary charge and 𝑛𝑖  is ion 

density, 𝑉𝜃  and 𝑉𝜙  are poloidal and toroidal velocity, 𝐵𝜙  and 𝐵𝜃  are toroidal and 

poloidal magnetic fields, respectively. Thus, the impact of stochasticity on ⟨𝐸𝑟⟩ must 

arise via changes in ⟨𝑉𝜃⟩ , ⟨𝑉𝜙⟩ , 𝛻〈𝑃𝑖〉  and 〈𝑛𝑖〉 . These all are modified by the mean 

radial current density ⟨𝐽𝑟⟩   hhich is induced by the correlation of radial magnetic 

perturbations 𝑏̃𝑟 = 𝐵̃𝑟 𝐵0⁄   hith parallel current fluctuations 𝐽∥   as ⟨𝐽𝑟⟩ = ⟨𝐽∥𝑏̃𝑟⟩                     

Here, 𝑏̃𝑟 and 𝐽∥ in the plasmas are necessarily linked by Ampere’s law, even if external 

perturbations are used to generate 𝑏̃𝑟 . Radial current density directly changes the 

various components of the radial force balance expression according to the following 

three points: (1) ⟨𝑉𝜃⟩ is driven by ⟨𝐽𝑟⟩𝐵𝜙; (2) ⟨𝑉𝜙⟩ is driven by ⟨𝐽𝑟⟩𝐵𝜃; (3) 𝑛𝑖 will be 

evolved by 
𝜕⟨𝐽𝑟⟩

𝜕𝑟
 , via the continuity equation. In the following, we assume a pure, 

hydrogenic plasma, thus the densities of ions and electrons, which adjust due to the 

radial electric field are the same, and we will not distinguish them, i.e., 𝑛𝑖 = 𝑛𝑒 = 𝑛0. 

Besides, all the above, the ion temperature 𝑇𝑖  is also necessarily modified by the 

stochastic magnetic fields, though an explicit and direct connection to radial current 

density is not apparent. Thus  the radial current density emerges as the key indicator of 

“non-ambipolar transport” induced by magnetic stochasticity  The challenge then is to 
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calculate ⟨𝐽𝑟⟩. 

 We calculate the mean radial current density by exploiting Ampere’s law and using 

the fact that ion flow contributes to ⟨𝐽𝑟, 𝑒⟩ . The latter piece is important, as toroidal 

rotation enters via the total mean radial current density ⟨𝐽𝑟⟩ . A significant toroidal 

rotation velocity is usually necessary to avoid locked modes in RMP plasmas [45-47]. 

We show that current density necessarily depends upon the divergence of the magnetic 

stress. This, in turn, varies rapidly across the thin stochastic layer. The magnetic stress 

also depends on the cross phase factor between 𝑏̃𝑟 and the perturbed poloidal field 𝑏̃𝜃. 

Approaching the L→H transition, the phase is set by the mode structure, evolving radial 

electric field shear and the eddy tilting it induces. Radial current density directly enters 

the evolution of ⟨𝑉𝜃⟩, ⟨𝑉𝜙⟩ and 〈𝑛𝑒〉 (here, 〈𝑛𝑖〉 = 〈𝑛𝑒〉), and so modifies all of them. 

As mentioned earlier, magnetic perturbations enter the evolution of mean ion 

temperature ⟨𝑇𝑖⟩, albeit weakly. These all are calculated, and a novel mean field model 

for ⟨𝐸𝑟⟩  is developed. The ⟨𝐸𝑟⟩  model can be used to extend a multi-field model of 

L→H transition to include the effects of non-ambipolar transport contributions due to 

the stochasticity. The implications for L→H transition evolution are discussed. Note 

that in contrast to previous works on this subject, no apriori quasi-linear (or “test 

particle”) approximations are made. We will discuss more about this in the next section.     

 The reminder of this paper is organized as follows. Section 2 contains the 

calculation of the mean radial current density ⟨𝐽𝑟⟩  induced in a stochastic layer. In 

section 3, evolution equations for ⟨𝑉𝜃⟩, ⟨𝑉𝜙⟩ including effects of ⟨𝐽𝑟⟩ are derived. Flows 

are calculated in some simple limits. Section 4 derives the evolution of density and 

temperature with ⟨𝐽𝑟⟩ . In Section 5, we discuss the direct effects of the ambient 

stochasticity on the pre-transition turbulence. The transition model is discussed in 

Section 6. The novel contributions to ⟨𝐸𝑟⟩ from magnetic stochasticity are parsed, and 

their implications for L→H transition models are discussed. Section 7 presents 

conclusions and an outline of future plans. 
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2. Mean radial current density 

In this section, we calculate the mean radial current density ⟨𝐽𝑟⟩ and mean radial 

electron current density ⟨𝐽𝑟, e⟩ produced by a stochastic magnetic field. ⟨𝐽𝑟⟩ contains the 

non-ambipolar transport, and enters the net effect on charge balance. ⟨𝐽𝑟⟩ , the total 

radial current density, enters mean radial electric field shear via ⟨𝑉𝜃⟩  and ⟨𝑉𝜙⟩ . The 

mean radial electron current enters via evolution of electron density (and the condition 

of ⟨𝑛𝑖⟩ = ⟨𝑛𝑒⟩). The two radial current densities represent the principal non-ambipolar 

effects induced by the stochastic magnetic field. 

A short discussion of the concepts of ambipolarity and ambipolarity breaking is in 

order here. A transport process which maintains exact local charge balance is said to be 

ambipolar. Non-ambipolar processes result from a deviation from local balance. 

Examples include: 

— a flux of polarization charge ⟨𝑉̃𝑟𝜌̃𝑝𝑜𝑙⟩  which preferentially transports ions 

relative to electrons. Here, 𝑉̃𝑟 is the fluctuating radial velocity, and 𝜌̃𝑝𝑜𝑙 is the 

polarization charge density fluctuation. Recall that the ion inertia and thus the 

scale of the polarization drift greatly exceeds its electron counterpart, so 

⟨𝑉̃𝑟𝜌̃𝑝𝑜𝑙⟩ is mainly carried by ions;  

— a radial current density due to current flow along the wandering magnetic field 

lines, i.e., ⟨𝑏̃𝑟𝐽∥⟩. This process preferentially transports electrons. 

Both polarization flux and current flow along the wandering magnetic field lines can 

break ambipolarity and so influence the mean electric field ⟨𝐸𝑟⟩. Note that a flux may 

be non-ambipolar yet still respect quasi-neutrality, by allowing local deviation from 

charge balance while maintaining 𝑛𝑖 = 𝑛𝑒 -and thus charge balance- on the scale of 

the fluctuation envelope. Observe that a multiscale framework is required to address 

questions of ambipolarity breaking in turbulent transport. In particular, we identify 

two relevant radial scales of the turbulence as shown in figure 1: 

Page 7 of 40 AUTHOR SUBMITTED MANUSCRIPT - PPCF-103950.R2

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60 A

cc
ep

te
d 

M
an

us
cr

ip
t



8 
 

— ∆𝑐, the characteristic radial correlation scale of fluctuations (i.e., mode width); 

— ℓ𝑒𝑛𝑣, the radial envelope or spectral scale, which is characteristic scale of the 

fluctuation intensity profile.  

In principle, each of the electrostatic fluctuations and stochastic perturbations will 

support ∆𝑐  and ℓ𝑒𝑛𝑣 . Note that for electrostatic fluctuations, ∆𝑐  is set by drift wave 

propagation physics, while ℓ𝑒𝑛𝑣 is set by absorption (i.e., ion Landau damping). For the 

magnetics, diamagnetic coupling effects related to drift wave coupling and propagation 

will generate  ∆𝑐. As the stochastic layer in figure 2 from DIII-D is narrow [14], ℓ𝑒𝑛𝑣 

will necessarily be small (around a few centimeters).    

 

 

Figure 1. A cartoon about the two radial scales (∆𝑐, ℓ𝑒𝑛𝑣) of the turbulence. 
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Figure 2. Radial profile of E×B velocity for cases without and with RMP 

measured in DIII-D [14].  

 The most general expression involving the net mean radial current density is 

actually that for its divergence, i.e., 

𝜕⟨𝐽𝑟⟩

𝜕𝑟
=

𝜕⟨𝑉̃𝑟𝜌̃𝑝𝑜𝑙⟩

𝜕𝑟
+

𝜕⟨𝑏̃𝑟𝐽∥⟩

𝜕𝑟
.                                      (1) 

This equation is easily recognized as following from the condition that divergence of 

the total current vanishes, ∇ ∙ 𝐉 = 0  (i.e., the vorticity equation). The evident 

counterpart to Eq. (1) is then 

⟨𝐽𝑟⟩ = ⟨𝑉̃𝑟𝜌̃𝑝𝑜𝑙⟩ + ⟨𝑏̃𝑟𝐽∥⟩.                                         (2)  

Here, the first term is the flux of polarization charge, and the second is the net flow of 

current along radially tilted field lines. 𝜌̃𝑝𝑜𝑙 is related to the fluctuation vorticity ∇⊥
2 𝜙̃ 

with 𝜙̃ being the fluctuating electrostatic potential, so ⟨𝑉̃𝑟𝜌̃𝑝𝑜𝑙⟩ constitutes the vorticity 

flux and so contains the Reynolds force via the Taylor identity [48]. The second 

contribution may be re-written using Ampere’s law as 

⟨𝑏̃𝑟𝐽∥⟩ = −
𝑐

4𝜋
〈𝑏̃𝑟∇⊥

2 𝐴̃∥〉 

 =
𝑐𝐵0

4𝜋

𝜕

𝜕𝑟
〈𝑏̃𝑟𝑏̃𝜃〉.                                                (3) 

Here, 𝐴̃∥ represents the fluctuating parallel magnetic potential, and 𝐵0 and 𝑏̃𝜃 refer to 

the equilibrium and perturbed poloidal magnetic fields, respectively. The second step 

in Eq. (3) follows from the Taylor identity. This is explained in Appendix A. Note that 

the non-ambipolar current density ⟨𝐽𝑟⟩  due to magnetic perturbations is directly 

proportional to the divergence of the Maxwell stress driven by those perturbations, ⟨𝐽𝑟⟩ 

is thus determined by both ∆𝑐  scale physics via 𝑏̃𝜃 , and by ℓ𝑒𝑛𝑣  physics via the 

divergence of the Maxwell stress. The increment in charge density ∆𝜌̃𝑝𝑜𝑙  is then 

𝜕⟨𝐽𝑟⟩ 𝜕𝑟~𝜕𝑟
2⟨𝑏̃𝑟𝐽∥⟩⁄  . Note also that ∫⟨𝐽𝑟⟩𝑑𝑟  vanishes up to boundary contributions, 

which can, of course, be modified by RMP effects. Thus, there is no net radial current 

flow, apart from that through the boundary, related to the Maxwell stress exerted there.  

 To make further progress, one must determine the cross phase between 𝑏̃𝑟 and 𝑏̃𝜃. 
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10 
 

Here, by 𝑏̃𝑟, 𝑏̃𝜃, we refer to magnetic perturbations in the plasma, not the vacuum fields. 

These, of course, are responsible for local transport in the plasma. To this end, 

calculations concerning to stochastic magnetic fields are performed in the limit of close 

proximity to the RMP resonant surface. Note that  

            〈𝑏̃𝑟𝑏̃𝜃〉 = −
1

𝐵0
2 ∑ |𝐴̃𝑘|2 ⟨𝑘𝜃𝑘𝑟⟩,𝑘                                         (4) 

where 𝑘𝜃  and 𝑘𝑟  are the poloidal and radial wavenumbers, respectively. Eq. (4) 

indicates that the radial current density is determined by the spectrally averaged 

magnetic eddy tilt ⟨𝑘𝜃𝑘𝑟⟩. Now, the evolution of 𝑘𝑟 is given by  

𝑑𝑘𝑟

𝑑𝑡
= −

𝜕

𝜕𝑥
(𝜔 + 𝑘𝜃⟨𝑉𝐸⟩).                                        (5)  

Here, 𝜔 is the characteristic local frequency of the micro-turbulence, and 𝑉𝐸 is the E×B 

velocity. Thus, if we ignore 
𝜕𝜔

𝜕𝑥
 since 𝑏̃𝑘 is static, it follows that  

              𝑘𝑟 = 𝑘𝑟
0 − 𝑘𝜃⟨𝑉𝐸⟩′𝜏𝑐𝑘.                                           (6) 

Here, 𝑘𝑟
0 is the initial radial wavenumber of the magnetic perturbations in the plasma, 

and 𝜏𝑐𝑘 is the correlation time for a given mode 𝑘. As discussed below, 𝜏𝑐𝑘 will be set 

by scattering and E×B velocity shear ⟨𝑉𝐸⟩′, and thus is independent of mode frequency. 

The theory of 𝜏𝑐𝑘 is discussed in Appendix B. Then, taking Eq. (6) into Eq. (4), we have 

〈𝑏̃𝑟𝑏̃𝜃〉 = 〈𝑏̃𝑟𝑏̃𝜃〉0 +
1

𝐵0
2 ⟨𝑉𝐸⟩′ ∑ (|𝐴̃𝑘|2 𝑘𝜃

2𝜏𝑐, 𝑏)𝒌                       (7) 

Here, 〈𝑏̃𝑟𝑏̃𝜃〉0 is defined by 𝑘𝑟
0. |𝑏̃𝑟, 𝑘

2 | is the intensity of the stochastic magnetic field, 

and 𝜏𝑐, 𝑏 is specialized to denote the magnetic correlation time, in order to distinguish 

it from the potential correlation time shown later. As the L→H transition is approached, 

we see that 〈𝑏̃𝑟𝑏̃𝜃〉 becomes proportional to the mean shear ⟨𝑉𝐸⟩′. This is simply the 

well-known phenomenon of alignment of eddies by shear-induced-tilting, now 

manifested for externally-induced magnetic fluctuations. Thus, we see that the mean 

radial current density ultimately is 

     ⟨𝐽𝑟⟩ =
𝑐𝐵0

4𝜋

𝜕

𝜕𝑟
[〈𝑏̃𝑟𝑏̃𝜃〉0 − ⟨𝑉𝐸⟩′ ∑  (|𝑏̃𝑟, 𝒌

2 |𝜏𝑐, 𝑏)𝒌 ].                     (8) 

 The results of Eq. (8) have several notable features. Firstly, Eq. (8) has no explicit 

dependence upon electron inertia, 𝐤 ∙ 𝐁𝟎 resonance, and other familiar elements of test 
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particle transport by magnetic stochasticity. Of course, this is a consequence of the 

substitution using Ampere’s law to calculate ⟨𝑏̃𝑟𝐽∥⟩.  This result differs dramatically 

from its often-discussed test particle counterpart, which is the conventional wisdom. At 

this point, the reader may be wondering about the apparently significant differences 

between the results in this paper and the well-known quasilinear calculations of [49, 

50], and their applications discussed in [51]. This is indeed puzzling since 

— the analyses of [49, 50] are in the spirit of a “test particle” calculation, which is 

quasilinear. Our analysis uses the exact Ampere’s law to relate 𝐽∥ to stochastic fields 

𝑏̃𝑟, and entails no linearization. It does not require a further assumption of ⟨𝐽𝑟⟩ = 0 

to compute the electric field ⟨𝐸𝑟⟩, as in [49, 50]. No ad hoc assumptions regarding 

viscosity are used, as in [50]. Thus, we submit that this analysis is on a more solid 

fundamental foundation; 

— yet, the analyses of [49, 50] seems to be successful at least at the level of 

phenomenology reported in [50, 51].  

 How might one resolve the discrepancy noted above? One promising direction is 

to note that, as discussed above, ⟨𝑏̃𝑟𝐽∥⟩~|𝐴̃𝑘|2 ⟨𝑘𝜃𝑘𝑟⟩  with 𝑘𝑟 = 𝑘𝑟
0 − 𝑘𝜃⟨𝑉𝐸⟩′𝜏𝑐𝑘 . 

Thus 𝑘𝑟
0 is the key. Note that from Ampere’s law, we have 

−(𝑘𝑟
2 + 𝑘𝜃

2)𝐴̃𝑘 =
4𝜋

𝑐
∫ 𝑛0|𝑒|𝑣∥𝑓𝑘𝑑3𝑣,                            (9) 

where 𝑓𝑘 is the normalized distribution function. So for 𝑘𝑟
2 > 𝑘𝜃

2, as applies for RMP, 

and using the linear response for 𝑓𝑘 to 𝐴̃𝑘, we have 

𝑘𝑟
2 = −

4𝜋𝑛0|𝑒|

𝑐
∫ 𝑣∥ (−𝑖

𝑘𝜃

𝑘
)

𝛿𝑓𝑘

𝛿𝐴𝑘
𝑑3𝑣.                             (10) 

Here, 
𝛿𝑓𝑘

𝛿𝐴𝑘
 relates 𝑓𝑘, and thus 𝐽∥, to 𝐴̃𝑘 by the linear response. The latter is fundamental 

to the test particle quasilinear theory. Solution for 𝑘𝑟 will thus link ⟨𝐽𝑟⟩ to 
𝛿𝑓𝑘

𝛿𝐴𝑘
 and the 

test particle result. Of course, magnetic eddy tilting 𝑽̃  will make an additional 

contribution by ⟨𝑉𝐸⟩′. Observe that the 𝑘𝑟
0𝑘𝜃 contribution appears to capture stochastic 

field effects on electrons, while the 𝑘𝜃
2⟨𝑉𝐸⟩′𝜏𝑐𝑘 bit is due mainly to ion effects. This 

competition is the key to the problem. Also, one cannot arbitrarily take ⟨𝐽𝑟⟩ = 0, a priori 
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as in [49, 50]. Rather, one must solve for ⟨𝐸𝑟⟩ from radial force balance in the vein of 

this paper. Further, detailed analysis is required to elucidate these connections. This will 

be left to a future work. A key point in this work is the observation that even though 𝑏̃𝑟 

is induced by RMP, there still is a physical current fluctuation response in the plasma 

at the location of 𝑏̃𝑟. So, the local magnetic perturbation still must obey Ampere’s law. 

Hence, we argue that the substitution using Ampere’s law gives the correct result. A 

more challenging calculation is to directly relate |𝑏̃𝑟 
2 | to the external perturbations. The 

quasilinear estimate for the diffusion coefficient of stochastic field lines shows a similar 

proportionality to the strength of stochastic magnetic fields |𝑏̃𝑟 
2 | [19]. 

 A second feature is the dependence of ⟨𝐽𝑟⟩ upon the magnetic fluctuation envelope 

structure, i.e., the relation ⟨𝐽𝑟⟩~
𝜕

𝜕𝑟
(|𝑏̃𝑟 

2 |). This is a consequence of self-consistency and 

the Taylor identity, which together uncover novel scale dependence on the envelope 

scale length ℓ𝑒𝑛𝑣, given by ℓ𝑒𝑛𝑣
−1 = |𝑏̃𝑟 

2 |
−1 𝜕

𝜕𝑟
(|𝑏̃𝑟 

2 |). For the application of RMP, ℓ𝑒𝑛𝑣 

is quite small with the radial extent being only a few centimeters for the case of DIII-D 

[14], since the stochastic region is narrowly localized at the edge. Thus, even rather 

modest levels of |𝑏̃𝑟 
2 | can produce significant effects near the separatrix, via small ℓ𝑒𝑛𝑣. 

This indicates that ⟨𝐽𝑟⟩ is not necessarily “small”, even in the absence of electron inertia, 

etc. 

 A third related feature is the multi-scale character of the result. Eq. (6) exhibits 

dependence upon both ∆𝑐 and ℓ𝑒𝑛𝑣. This is again a consequence of the Ampere’s law 

and the Taylor identity.  

 In addition to the radial current density ⟨𝐽𝑟⟩, analysis of the L→H transition in the 

presence of a stochastic magnetic field requires the mean radial electron current density 

⟨𝐽𝑟, 𝑒⟩. We can calculate the evolution of mean electron density 
𝜕

𝜕𝑡
〈𝑛𝑒〉 as 

                    
𝜕

𝜕𝑡
〈𝑛𝑒〉 =

𝜕

𝜕𝑟
〈

𝑏̃𝑟𝐽∥, 𝑒

|𝑒|
〉 =

𝜕

𝜕𝑟
〈

𝐽𝑟, 𝑒

|𝑒|
〉.                                 (11) 

Of course, the fluctuating parallel electron current density requires the elimination of 

the ion component from the total, i.e., 𝐽∥, 𝑒 = 𝐽∥ − 𝐽∥, 𝑖, and 𝐽∥, 𝑖 = 𝑛0|𝑒|𝑉̃∥, 𝑖, where 𝑉̃∥, 𝑖 
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is the ion flow perturbation. This gives  

 ⟨𝐽𝑟, 𝑒⟩ = ⟨𝐽𝑟⟩ − 𝑛0|𝑒|〈𝑏̃𝑟𝑉̃∥, 𝑖〉,                                (12) 

where ⟨𝐽𝑟⟩ is given by Eq. (8). Thus, here the net ion flow along the tilted lines 〈𝑏̃𝑟𝑉̃∥, 𝑖〉 

makes an additional contribution. Note that Eq. (12) corrects a trivial sign error in Ref. 

[52]. 

 〈𝑏̃𝑟𝑉̃∥, 𝑖〉 has been studied intensively in Ref. [52]. Results have been obtained in the 

limits of ω < 𝑘∥𝑐𝑠 (i.e., static, and stochastic fields, in the presence of weak ambient 

turbulence) as well as the strong turbulence case ω > 𝑘∥𝑐𝑠 . Here, the frequency ω 

should be taken as referring to both the real frequency and the decorrelation rate, and 

𝑘∥ and 𝑐𝑠 represent parallel wavenumber and ion sound velocity, respectively. For the 

case of ω < 𝑘∥𝑐𝑠 and a pure stochastic field: 

〈𝑏̃𝑟𝑉̃∥, 𝑖〉 ≅ −𝐷𝑀
𝜕〈𝑉∥, 𝑖 〉

𝜕𝑟
,                                    (13-a) 

where 

 𝐷𝑀 = ∑ |𝑏̃𝑟, 𝒌
2 |𝜋𝛿(𝑘∥)𝒌 ,                                    (13-b) 

is the familiar stochastic field diffusivity and 〈𝑉∥, 𝑖 〉 is the mean parallel ion flow. Thus,  

   ⟨𝐽𝑟, 𝑒⟩ =
𝑐𝐵0

4𝜋|𝑒|

𝜕

𝜕𝑟
∑ [〈𝑏̃𝑟𝑏̃𝜃〉0 − |𝑏̃𝑟, 𝒌

2 |⟨𝑉𝐸⟩′𝜏𝑐, 𝑏] + 𝑛0|𝑒|𝒌 𝐷𝑀
𝜕〈𝑉∥, 𝑖 〉

𝜕𝑟
,               (13-c) 

is the net radial electron current density. Similarly, for case of ω > 𝑘∥𝑐𝑠: 

   〈𝑏̃𝑟𝑉̃∥, 𝑖〉 ≅ −
1

𝜌𝑐𝑠
2 𝐷𝑠𝑡

𝜕〈𝑃𝑖 〉

𝜕𝑟
,                                  (14-a) 

where 

 𝐷𝑠𝑡 = 𝑐𝑠
2|𝑏̃𝑟, 𝒌

2 |𝜏𝑐, 𝑏 ,                                          (14-b) 

and 𝜌  and 𝑃𝑖   are the ion density and ion pressure, respectively. 𝜏𝑐, 𝑏  is particle 

decorrelation time in the pressure of strong electrostatic turbulence and magnetic 

stochasticity. Then,  

   ⟨𝐽𝑟, 𝑒⟩ =
𝑐𝐵0

4𝜋|𝑒|

𝜕

𝜕𝑟
∑ [〈𝑏̃𝑟𝑏̃𝜃〉0 −  |𝑏̃𝑟, 𝒌

2 |⟨𝑉𝐸⟩′𝜏𝑐, 𝑏] + 𝑛0|𝑒|𝒌
𝐷𝑠𝑡

𝜌𝑐𝑠
2

𝜕〈𝑃𝑖 〉

𝜕𝑟
,       (14-c) 

is the radial electron current density. The ω > 𝑘∥𝑐𝑠 limit is likely the relevant one for 

the L→H transition, as turbulence intensity increases as the threshold is approached.  
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 Eqs. (13-c) and (14-c) are notable for the additional 
𝜕〈𝑉∥, 𝑖 〉

𝜕𝑟
  and 

𝜕〈𝑃𝑖 〉

𝜕𝑟
  driven 

contributions to ⟨𝐽𝑟, 𝑒⟩. These are due to the contribution of ion flow along stochastic 

magnetic field lines. Notice that in contrast to ⟨𝐽𝑟⟩, the radial electron current density 

cannot be written as the divergence of a flux. Note that all contributions to ⟨𝐽𝑟, 𝑒⟩ are 

proportional to |𝑏̃𝑟, 𝑘
2 |, with differences resulting from the role of various length scales. 

In general, ⟨𝐽𝑟, 𝑒⟩  is driven by magnetic fluctuation intensity gradient as well as by 

𝜕〈𝑉∥, 𝑖 〉

𝜕𝑟
 and 

𝜕〈𝑃𝑖 〉

𝜕𝑟
. ⟨𝐽𝑟⟩ and ⟨𝐽𝑟, 𝑒⟩ will be used to determine the effect of stochasticity on 

rotation and transport.            

3. Stochastic field effects on poloidal and toroidal rotation 

In this section, we examine the effects of stochastic magnetic field induced non-

ambipolar transport on mean poloidal and toroidal rotation. These directly enter the 

mean electric field via radial force balance. The principal impact on ⟨𝑉𝜃⟩  and ⟨𝑉𝜙⟩ 

occurs via the mean radial current density ⟨𝐽𝑟⟩  calculated in section 2, through the 

forces ⟨𝐽𝑟⟩𝐵𝜙  and ⟨𝐽𝑟⟩𝐵𝜃 , respectively. For simplicity, we consider the ambient 

turbulence to be electrostatic. 

The poloidal rotation ⟨𝑉𝜃⟩ evolves according to 

𝜕⟨𝑉𝜃⟩

𝜕𝑡
= −𝜇[⟨𝑉𝜃⟩ − ⟨𝑉𝜃⟩𝑛𝑒𝑜] −

𝜕

𝜕𝑟
⟨𝑉̃𝜃𝑉̃𝑟⟩ −

⟨𝐽𝑟⟩𝐵𝜙

𝜌𝑐
.                 (15) 

The first term on the RHS of Eq. (15) accounts for relaxation to the neoclassical flow 

⟨𝑉𝜃⟩𝑛𝑒𝑜 at the relaxation rate 𝜇. Here, the expression of neoclassical flow [14, 29] is 

⟨𝑉𝜃⟩𝑛𝑒𝑜 ≈ −1.17
𝜎𝑛𝑒𝑜

𝑛0𝑒2

𝜕𝑇𝑖

𝜕𝑟
,                                  (16-a) 

and the neoclassical poloidal viscosity  

𝜇 = 𝜇00 (1 +
𝜈𝐶𝑋

𝜈𝑖𝑖
) 𝜈𝑖𝑖.                                (16-b) 

Here, 𝜎𝑛𝑒𝑜 is the neoclassical conductivity, 𝜇00 is calculated from the energy weighted 

momentum equation [53], 𝜈𝐶𝑋  and 𝜈𝑖𝑖  are the neutral charge exchange (CX) friction 
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and ion-ion collision frequency, respectively, q is the safety factor, 𝑅 denotes the major 

radius. For the second term on the RHS of Eq. (15), it is worth noticing that the 

Reynolds force and 𝐉 × 𝐁 force drive a deviation of shift or the stationary ⟨𝑉𝜃⟩ from the 

neoclassical value ⟨𝑉𝜃⟩𝑛𝑒𝑜. Here, ⟨𝐽𝑟⟩ has been calculated by Eq. (8). Using this ⟨𝐽𝑟⟩, 

we can write the stationary poloidal rotation as 

       ⟨𝑉𝜃⟩ = ⟨𝑉𝜃⟩𝑛𝑒𝑜 + ∆𝑉𝜃,                                       (17-a)     

where the shift ∆𝑉𝜃 is 

∆𝑉𝜃 = −
1

𝜇

𝜕

𝜕𝑟
[⟨𝑉̃𝜃𝑉̃𝑟⟩ − 𝑉𝐴

2〈𝑏̃𝑟𝑏̃𝜃〉].                         (17-b) 

Here, ⟨𝑉̃𝜃𝑉̃𝑟⟩  is turbulence driven, while 𝑏̃𝑟  and 𝑏̃𝜃  are RMP driven. 𝑉𝐴  is the Alfven 

velocity. Of course, 〈𝑏̃𝑟𝑏̃𝜃〉 is the magnetic stress due to the stochastic magnetic fields. 

Taking Eq. (7) into Eq. (17-b), and accounting for alignment of 𝑏̃𝑟 and 𝑏̃𝜃 by E×B shear 

tilting gives 

  ∆𝑉𝜃 = −
1

𝜇

𝜕

𝜕𝑟
[⟨𝑉̃𝜃𝑉̃𝑟⟩ − 𝑉𝐴

2〈𝑏̃𝑟𝑏̃𝜃〉0 + ⟨𝑉𝐸⟩′𝑉𝐴
2 ∑  (|𝑏̃𝑟, 𝒌

2 |𝜏𝑐, 𝑏)𝒌 ].          (17-c)       

Note that non-ambipolar transport acts to modify the increment ∆𝑉𝜃 , and enters via 

𝜕

𝜕𝑟
(|𝑏̃𝑟 

2 |), i.e., the gradient of the stochastic magnetic field intensity. Also, note that ∆𝑉𝜃 

scales inversely with the (large) poloidal flow damping rate 𝜇. Finally, in the likely 

event (close to transition threshold) that the cross-phase in the Reynolds stress is set 

primarily by shear induced tilting, we have        

∆𝑉𝜃 =
1

𝜇

𝜕

𝜕𝑟
⟨𝑉𝐸⟩′ [∑ |𝑉̃𝑟, 𝒌|

2
𝜏𝑐, 𝜙 − 𝑉𝐴

2|𝒃̃𝑟, 𝒌
2 |𝜏𝑐, 𝑏𝒌 ].                 (18) 

In that case, the increments due to the turbulent Reynolds stress and the stochastic 

magnetic field tend to oppose each other, though they are excited via distinct 

mechanisms Here, the potential and magnetic correlation times 𝜏𝑐, 𝜙  and 𝜏𝑐, 𝑏  are, in 

principle, different, but in practice, quite similar. This is due to their common element 

of E×B shear dependence.  

 For the case of mean toroidal rotation ⟨𝑉𝜙⟩ , there are two significant 

differences with the poloidal rotation. First, neoclassical damping is absent (due to 

toroidal symmetry) and neoclassical transport is negligible. Second, the Reynolds stress 
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is now ⟨𝑉̃𝑟𝑉̃𝜙⟩. This contains diffusive and residual components, with the former being 

the most robust. We ignore turbulent residual stress contributions here. Thus, the 

equation for ⟨𝑉𝜙⟩ is  

       
𝜕⟨𝑉𝜙⟩

𝜕𝑡
+ 𝛻 ∙ ⟨𝑉̃𝑟𝑉̃𝜙⟩ =

1

𝜌𝑐
⟨𝐽𝑟⟩𝐵𝜃+𝑆𝜙.                         (19-a) 

Here, 𝑆𝜙  is the external toroidal acceleration. RMP experiments nearly always use 

toroidal momentum input to drive sufficient rotation to avoid locked modes. Thus, we 

retain 𝑆𝜙 and neglect intrinsic torque. Then using ⟨𝑉̃𝑟𝑉̃𝜙⟩ = −𝜒𝜙
𝜕

𝜕𝑟
⟨𝑉𝜙⟩, where 𝜒𝜙 is 

the diffusivity of momentum, we have 

𝜕⟨𝑉𝜙⟩

𝜕𝑡
−

𝜕

𝜕𝑟
𝜒𝜙

𝜕

𝜕𝑟
⟨𝑉𝜙⟩ =

𝑣𝑡ℎ𝑖
2

𝛽

𝐵𝜃

𝐵0

𝜕

𝜕𝑟
⟨𝑏̃𝑟𝑏̃𝜃⟩ + 𝑆𝜙,                (19-b) 

where 𝛽 = 4𝜋𝑃𝑖 𝐵0
2⁄  is the ratio of thermal pressure to magnetic pressure, 𝑣𝑡ℎ𝑖 is the 

thermal velocity of ions, and we have used Eq. (8) for ⟨𝐽𝑟⟩.  

 At this point, the reader may indeed be wondering about the residual stress, 

and its absence from Eq. (19-b). To this end, it is useful to recall that the residual stress 

is the non-diffusive contribution to the parallel Reynolds stress ⟨𝑉̃𝑟𝑉̃𝜙⟩ [54-56], and for 

electrostatic turbulence, is proportional to ⟨𝑘𝜃𝑘∥|𝜙̃|
2

⟩. Thus, the residual stress requires 

spectral symmetry breaking to be non-zero. In practice such symmetry breaking can be 

due to 𝑬 × 𝑩 shear [57], intensity gradients [58] etc. and enters in proportion to the 

ratio of scales 𝑋𝐵/Δ𝑋𝑠  [59]. Here Δ𝑋𝑠  is the spectral width and 𝑋𝐵  is the scale 

associated with symmetry breaking. For examples, in the case of symmetry breaking 

by 𝑬 × 𝑩  shear, 𝑋𝐵  is related to the shift in the spectral structure induced by ⟨𝑉𝐸⟩′ . 

Generally, 𝑋𝐵/Δ𝑋𝑠 ≪ 1, so the residual stress is considerably smaller than the diffusive 

stress. The latter is proportional to 𝜒𝜙. Intrinsic rotation can still be significant, since 

the neoclassical damping of toroidal flows is pathetically weak.  

 The situation becomes is complicated further by magnetic stochasticity, which 

conflates diffusive scattering of acoustic waves [52, 60] with symmetry breaking. One 

can estimate that 𝑋𝐵  will be ‘smeared’ over a scale 𝛿𝑟~(𝐷𝑀ℓ∥)1/2 . Here, 𝐷𝑀  is the 
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magnetic diffusivity [19] and ℓ∥ is the root-mean-square extent of the spectrum along 

the field line – i.e. ℓ∥~〈𝑘∥
2〉−1/2. This smearing due to stochasticity can be expected to 

reduce 𝑋𝐵/Δ𝑋𝑠. Thus, we do not consider the residual stress further here. A detailed 

calculation of the residual stress in the presence of 〈𝑏̃𝑟
2〉 is quite challenging and must 

be left to a future work. 

 Note that magnetic stochasticity effects in Eq. (19-b) seem to be smaller for ⟨𝑉𝜙⟩, 

in proportional to 
𝐵𝜃

𝐵0
 . However, since there is no neoclassical damping for toroidal 

rotation, so ⟨𝑉𝜙⟩ is larger ultimately. In the study of mean electric field, it is ultimately 

the 𝐄 × 𝐁 shear ⟨𝑉𝐸⟩′, which is of great interest. The contribution to this due to toroidal 

rotation is simply proportional to ⟨𝑉𝜙⟩
′
. At steady stage, then, we can obtain the toroidal 

velocity shear by integrating Eq. (19-b) from the magnetic axis (𝑟 = 0) to the separatrix 

𝑟 = 𝑟𝑠𝑒𝑝. Taking the shear on the axis as vanishing, we have     

𝜕

𝜕𝑟
⟨𝑉𝜙⟩|𝑟𝑠𝑒𝑝

= −
1

𝜒𝜙
[∫ 𝑆𝜙𝑑𝑟

𝑟𝑠𝑒𝑝

0
+

𝑣𝑡ℎ𝑖
2

𝛽

𝐵𝜃

𝐵0
⟨𝑏̃𝑟𝑏̃𝜃⟩|𝑟𝑠𝑒𝑝

+ 𝐶𝑠𝑒𝑝].        (20-a) 

The first term on the right hand side (RHS) is just the net toroidal acceleration, and the 

second is the weighted Maxwell stress of the stochastic field at the separatrix. The latter 

is proportional to the total radial current through the separatrix due to magnetic 

perturbations, i.e., 

 ∫ ⟨𝐽𝑟⟩𝑑𝑟
𝑟𝑠𝑒𝑝

0
= 𝐼𝑝,𝑟 ~ ∫ [

𝜕

𝜕𝑟
〈𝑏̃𝑟𝑏̃𝜃〉] 𝑑𝑟

𝑟𝑠𝑒𝑝

0
~⟨𝑏̃𝑟𝑏̃𝜃⟩|𝑟𝑠𝑒𝑝

.               (20-b) 

The integration constant 𝐶𝑠𝑒𝑝 is set in part, by SOL physics constraints on ⟨𝑉𝜙⟩
′
|𝑟𝑠𝑒𝑝

. In 

this regard, some finite ‘slip’ in ⟨𝑉𝜙⟩ can exist at the separatrix, on account of SOL 

flows and other SOL physics. This possibility of finite slip is usually ignored in the 

consideration of intrinsic rotation [45, 54, 61, 62]. Eqs. (20-a) and (20-b) tell us that the 

non-ambipolar current density drives an intrinsic toroidal force, which enters the global 

toroidal momentum balance. This force may be thought of as due to a flow of current 

along tilted lines and then ultimately through the separatrix. 〈𝐽𝑟〉 then ultimately flows 

to the divertor plates and interacts with the sheath boundary condition. Finally, we 
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observe that when shear induced tilting determines the cross correlation in 〈𝑏̃𝑟𝑏̃𝜃〉, and 

Eq. (20-a) may be re-written as  

𝜕

𝜕𝑟
⟨𝑉𝜙⟩|𝑟𝑠𝑒𝑝

= −
1

𝜒𝜙
[∫ 𝑆𝜙𝑑𝑟

𝑟𝑠𝑒𝑝

0
+

𝑣𝑡ℎ𝑖
2

𝛽

𝐵𝜃

𝐵0
[〈𝑏̃𝑟𝑏̃𝜃〉0 − ⟨𝑉𝐸⟩′ ∑ (|𝑏̃𝑟, 𝒌

2 |𝜏𝑐, 𝑏)𝒌 ]|𝑟𝑠𝑒𝑝
+ 𝐶𝑠𝑒𝑝] .    

(21) 

Eq. (21) gives the toroidal velocity shear at the separatrix induced by magnetic 

stochasticity.  

4. Stochastic field effects on particle and ion heat transport 

 In this section, we explore stochastic magnetic field effects on transport of particles, 

i.e. the evolution of mean density and of ion temperature and/or pressure. Particle 

transport is, of course, also relevant to RMP pump-out [8, 30, 31]. This section is 

complementary to section 3, in that it elucidates effects on 
⟨𝛻𝑃𝑖⟩

𝑛𝑖
, which defines the mean 

electric field together with ⟨𝑉𝜃⟩ and ⟨𝑉𝜙⟩ as in the force balance equation.  

 To calculate how density evolves in the presence of a stochastic layer, we have 

taken ⟨𝑛𝑖⟩ = ⟨𝑛𝑒⟩ and calculate mean electron density. Proceeding from the continuity 

equation, we have: 

𝜕𝑛𝑒

𝜕𝑡
+ ∇ ∙ (𝑛𝑒𝑽𝒆) = 𝑆𝑛,                                      (22-a) 

where the total electron velocity 𝑽𝒆 = 𝑽∥𝒆 + 𝑽⊥𝒆, and 𝑆𝑛 is the particle source. Usually, 

the perpendicular electron velocity 𝑽⊥𝒆 is due to electrostatic turbulent scattering, while 

stochastic fields produce wandering of the flow along the parallel direction, 

     
𝜕𝑛𝑒

𝜕𝑡
+ ∇⊥ ∙ (𝑛𝑒𝑽⊥𝒆) + ∇∥ ∙ (𝑛𝑒𝑽∥𝒆) = 𝑆𝑛.                  (22-b) 

Then, retaining only the stochastic field effects, which are the focus here, we have the 

equation for the mean electron density ⟨𝑛𝑒⟩  

𝜕𝑛𝑒

𝜕𝑡
+

𝜕

𝜕𝑟
[𝑛0〈𝑏̃𝑟𝑉̃∥,𝑒〉] = 𝑆𝑛.                             (22-c) 

Now because 𝑉̃∥,𝑒 = 𝐽∥,𝑒 (−𝑛0|𝑒|)⁄ , in the absence of the particle source term, Eq. (22-

c) is simplified to   

𝜕〈𝑛𝑒〉

𝜕𝑡
=

1

|𝑒|

𝜕

𝜕𝑟
⟨𝐽𝑟, e⟩.                                       (22-d) 
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Here, ⟨𝐽𝑟, e⟩ is the mean electron radial current density, already calculated in Eqs. (13-

c) and (14-c). Recall that ⟨𝐽𝑟, 𝑒⟩ = ⟨𝐽𝑟⟩ − 𝑛0|𝑒|〈𝑏̃𝑟𝑉̃∥, 𝑖〉 in Eq. (12), so, for ω < 𝑘∥𝑐𝑠, i.e., 

weak turbulence, 

  ⟨𝐽𝑟, 𝑒⟩ =
𝑐𝐵0

4𝜋|𝑒|

𝜕

𝜕𝑟
〈𝑏̃𝑟𝑏̃𝜃〉 + 𝐷𝑀𝑛0|𝑒|

𝜕〈𝑉∥, 𝑖 〉

𝜕𝑟
.                     (23-a) 

While, for the case of ω > 𝑘∥𝑐𝑠,   

   ⟨𝐽𝑟, 𝑒⟩ = −
𝑐𝐵0

4𝜋|𝑒|

𝜕

𝜕𝑟
〈𝑏̃𝑟𝑏̃𝜃〉 + 𝑛0|𝑒|

𝐷𝑠𝑡

𝜌𝑐𝑠
2

𝜕〈𝑃𝑖 〉

𝜕𝑟
.                  (23-c) 

In the relevant case where the cross phase between 𝑏̃𝑟 and 𝑏̃𝜃 is set by electric field 

shear, as shown in Eq. (7) (i.e., 〈𝑏̃𝑟𝑏̃𝜃〉 ≈ −⟨𝑉𝐸⟩′ ∑  (|𝑏̃𝑟, 𝑘
2 |𝜏𝑐, 𝑏 )𝑘  ), the evolution of 

density is determined by Eqs. (7) and (23). 

 Integrating Eq. (22-d) gives  

 
𝜕𝑁𝑒

𝜕𝑡
= 𝐴𝑠𝑒𝑝

1

|𝑒|
⟨𝐽𝑟, 𝑒⟩|𝑟𝑠𝑒𝑝

+ 𝐶𝑠𝑒𝑝
′ .                             (24) 

Thus, the rate of charge of electron number is simply the radial current through the 

separatrix. Here, 𝑁𝑒  is the total electron number and 𝐴𝑠𝑒𝑝  is the surface area of the 

plasma at the separatrix. 𝐶𝑠𝑒𝑝
′  is an integration constant, set by SOL physics. The result 

of Eq. (24) also determines the “pump out” caused by RMP induced stochasticity. Here, 

we add a mild caveat that away from the L→H threshold, the cross phase between 𝑏̃𝑟 

and 𝑏̃𝜃 is not necessarily set by the mean electric field shear, i.e., 𝑘𝑟
(0)

 is negligible as 

mentioned above. Mean quasi-neutrality is maintained during pump-out by the ion 

polarization charge flux, which balances against ⟨𝐽𝑟, 𝑒⟩ to maintain constant net charge. 

This competition contributes to determining 〈𝐸𝑟〉. We see  too  that the phenomena of 

RMP induced density pump-out [50, 63-69] and the RMP induced increment in the L-H 

poher threshold are deeply linked. Finally, we see that particle transport is very 

sensitive to the envelope scale of the magnetic perturbations. From Eqs. (22-d), (23-a) 

and (23-c), 
𝜕〈𝑛𝑒〉

𝜕𝑡
~|𝑏̃𝑟 

2 |/𝑙𝑒𝑛𝑣
2  . Thus  a narroh edge stochastic layer can trigger a 

significant change in density  even for modest magnetic fluctuation intensity |𝑏̃𝑟 
2 |. 

 Here again, we encounter an apparent puzzle, since ⟨𝐽𝑟⟩  can be computed by 
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quasilinear theory, and thus used to relate particle density evolution to |𝑏̃𝑟, 𝒌|
2
 . The 

condition ⟨𝐽𝑟, e⟩ → 0 then determines the ambipolar potential. The residual flux is an 

ion flux, but one which is not necessarily small, due to sharp edge intensity gradient. 

Here, the stress 〈𝑏̃𝑟𝑏̃𝜃〉, which originates from 𝑏̃𝑟𝐽∥, drives an off-diagonal contribution 

to the particle flux. An explicit “ion” piece appears in this flux. As discussed above, the 

𝑘𝑟
0 contribution to 〈𝑏̃𝑟𝑏̃𝜃〉 is crucial to reconciling the two approaches. Both approaches 

ultimately lead to apparently ion driven fluxes. Further, detailed analysis is required, 

and is left to a future work, as discussed above.    

 Meanwhile, mean ion pressure evolves according to  

         
𝜕〈𝑃𝑖〉

𝜕𝑡
+

𝜕

𝜕𝑟
〈𝑉̃𝑟𝑃̃𝑖〉 = −𝜌𝑐𝑠

2 𝜕

𝜕𝑟
〈𝑏̃𝑟𝑉̃∥, 𝑖〉.                            (25) 

So the principal magnetic effect is due to the divergence of the ion flow along tilted 

magnetic field lines, i.e., the term on the RHS of Eq. (25). The flux 〈𝑏̃𝑟𝑉̃∥, 𝑖〉 was 

discussed in section 2. Recall that 〈𝑏̃𝑟𝑉̃∥, 𝑖〉 ≅ −𝐷𝑀
𝜕〈𝑉∥, 𝑖 〉

𝜕𝑟
  (Eq. (13-a)) for weak 

turbulence (i.e., ω < 𝑘∥𝑐𝑠 ), and 〈𝑏̃𝑟𝑉̃∥, 𝑖〉 ≅ −
1

𝜌𝑐𝑠
2 𝐷𝑠𝑡

𝜕〈𝑃𝑖 〉

𝜕𝑟
  (Eq. (14-a)) for strong 

turbulence(i.e., ω > 𝑘∥𝑐𝑠 ). Both 𝐷𝑀  and 𝐷𝑠𝑡  are defined in Eqs. (13-b) and (14-b), 

respectively. Note that the characteristic diffusivity is 𝑐𝑠𝐷𝑀  for ω < 𝑘∥𝑐𝑠  and 

(𝜏𝑐𝑐𝑠 𝑙𝑎𝑐⁄ )𝑐𝑠𝐷𝑀 (for 𝜏𝑐𝑐𝑠 𝑙𝑎𝑐 < 1⁄ ) for ω > 𝑘∥𝑐𝑠, respectively. It is also worthwhile to 

note that the radial current density ⟨𝐽𝑟⟩ does not enter the determination of 〈𝑃𝑖〉. Note 

too, that 𝑐𝑠𝐷𝑀 is smaller than the thermal ion conductivity, i.e., 𝑐𝑠𝐷𝑀 < 𝜒𝑖. Thus, for 

typical cases of drift wave turbulence and values of |𝑏̃𝑟 
2 | , the direct effects of 

stochasticity on ion heat transport are rather modest. Regarding the effects of magnetic 

stochasticity on the ion heat transport, this topic was analyzed in [60], and recently in 

more depth in [52]. The basic physics is simply that ion sound propagation-at speed 𝑐𝑠- 

sets the fundamental speed for ion heat transport along wandering magnetic field lines. 

Thus, the effective ion thermal diffusivity is  

𝜒𝑖 = 𝑐𝑠 ∑ |𝑏̃𝑟, 𝒌|
2

𝑘 𝛿(𝑘∥).                                    (26) 
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This should be contrasted to the familiar electron thermal diffusivity of [19] 

    𝜒𝑒 = 𝑣𝑡ℎ𝑒 ∑ |𝑏̃𝑟, 𝒌|
2

𝑘 𝛿(𝑘∥).                                   (27) 

Obviously, 𝜒𝑖 𝜒𝑒⁄ ∼ √𝑚𝑒 𝑚𝑖⁄  , so 𝜒𝑖 ≪ 𝜒𝑒  for stochastic field transport. More 

generally, parallel ion effects are usually the weakest transport channel, due to large ion 

inertia.  

5. Effects of stochastic magnetic fields on turbulence  

The bulk of this work is concerned with calculating the mean radial electric field 

induced by stochastic magnetic fields inside the plasmas. These, in turn, are induced by 

the plasma response to the external coils. As discussed above, these stochastic magnetic 

fields in the plasma produce mean field fluxes and stresses, yielding 〈𝐸𝑟〉. In addition 

to all this, the electrostatic turbulence then lives in a background of the stochastic 

magnetic fields, and thus can differ substantially from its form in the presence of “good 

flux surfaces”. In this section, we review some basic physics of electrostatic turbulence 

in a stochastic background. 

Here, a basic question is one of the scales. For the stochastic field, we expect 

radially narrow fluctuations, localized to the resonant surface. As 𝑘𝜃 is low due to coils, 

the magnetic perturbations in the plasma are anisotropic, with |𝑘𝑟| > |𝑘𝜃|. Thus, the 

ensemble of magnetic perturbations may be viewed as a cluster of current filaments 

near the rational surface.  

The question is then how do these interact with turbulence driven by the heat flux. 

Note that while ∇𝑇𝑒 driven turbulence and transport will not likely rise above the level 

induced by the stochastic magnetic field, ∇𝑛0 and ∇𝑇𝑖 driven modes can likely co-exist 

with a stochastic background. A question we address is how stochastic magnetic fields 

modify instability processes and turbulence production. There are old classics on this 

topic [70-73], in which the effect of stochasticity enters only through electron hyper-

resistivity. We have recently developed a more comprehensive theory, with different 

conclusions. The model analyzes the hydrodynamic theory of the dynamics of a low-𝑘 
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resistive interchange mode and turbulent relaxation in a high- 𝑘  (here, |𝑘|~|𝑘𝑟| ) 

ambient and static background stochastic magnetic field [74]. Although the mode 

numbers (either toroidal or poloidal) of the vacuum field generated by RMP coils are 

small, the plasma response will broaden the spectrum and increase the characteristic 

mode numbers of this field, especially the radial wave [75]. As illustrated in figure 1, 

the radial structure of the perturbed magnetic field is very fine, so it is reasonable to 

assume that the radial wave numbers of 𝒃̃ are large. The choice of resistive interchange 

treats a generic paradigmatic case, which serves to illustrate the physics of stochastic 

field effects.   

A significant novelty of the theory in [74] is that ∇ ⋅ 𝑱 = 0 is maintained at all 

orders. As mentioned in section 2, the externally prescribed stochastic magnetic field 

results in a small-scale current density fluctuation 𝑱̃∥ along the wandering field. It was 

shown that 𝑱̃∥ is not itself divergence free. As suggested in Kadomtsev and Pogutse’s 

classic paper [76] on heat transport in a stochastic field, a temperature fluctuation is 

generated by the interaction between the mean temperature profile and the imposed 

magnetic perturbations under the constraint of ∇ ⋅ 𝑸𝒆 = 0, where 𝑸𝒆  is the electron 

heat flux. The condition ∇ ⋅ 𝑸 = 0 significantly constrains the transport flux 〈𝑘̃𝑟𝑞̃∥〉. 

Here, a small-scale potential fluctuation 𝜑̃ must be driven by the beat of the large-scale 

test mode and the stochastic field perturbation, to produce 𝑱̃⊥, the fluctuation part of 

the current density perpendicular to the total field, i.e., a perpendicular current density 

fluctuation 𝑱̃⊥  so as to maintain ∇∥𝐽∥
̃ + ∇⊥ ⋅ 𝑱⊥

̃ = 0  (see figure 3). This potential 

fluctuation indicates the presence a spectrum of small-scale convective cells, i.e., 

electrostatic micro-turbulence produced by stochasticity. Consequently, this theory is 

intrinsically multi-scale and contains three “players”: a large-scale cell, a background 

stochastic field, and small-scale convective cells (see figure 4) generated by the ∇ ⋅ 𝑱 =

0 condition. This story departs dramatically from the models based on test particle 

transport approaches. 
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Figure 3. A perpendicular current density fluctuation  𝑱̃⊥ is driven to balance 𝑱̃∥, so 

that the total current density fluctuation 𝑱̃𝒕𝒐𝒕 is divergence free. Here, 𝑱̃∥ and 𝑱̃⊥ are 

fluctuating components of current density parallel and perpendicular to the total 

magnetic field, respectively [74]. 

Figure 4. Illustration of the setup of the model in [74]. 

The stochastic magnetic field converts the eigenmode equation of the test resistive 

interchange mode to a stochastic differential equation, and introduces a disparity in 

spatial and temporal scales among the test mode, magnetic perturbations and micro-

turbulence. By using method of averaging, the stochastic differential equation is 

decomposed into two, coupled evolution equations, which describe the large-scale 

mode and small-scale convective cells, respectively. Macro and micro scales are thus 
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connected and define a feedback loop, as shown in figure 5.   

 

Figure 5. Multi-scale feedback loop of macro and micro-scale interaction of the 

theory in [74].  

 Since the model equations in Ref. [74] are complicated, the quantitative description 

for the mechanism of the drive of micro-turbulence and the connection between macro 

and micro scales can be reduced to an approximate, simple equation which is similar in 

form to the Langevin equation, i.e., 

 
𝜕𝜑̃

𝜕𝑡
+ 𝜆𝜑̃ = 𝐷̂[𝑏̃𝑟𝜑̅].                                      (28) 

where 𝜆 is the effective friction, and 𝐷̂ denotes the drive noisey 𝑏̃𝑟𝜑̅ beat. Though the 

expressions for both 𝜆 and 𝐷̂ are actually complex, Eq. (28) itself indeed reveals part 

of the physics of our model [74] in a neat manner. It suggests a fluctuation-dissipation 

balance governs 𝜑̃ and shows the dual roles of 𝒃̃: on the one hand, 𝒃̃ acts as an external 

noise to excite 𝜑̃ ; on the other hand, micro-turbulence also generates a “turbulent 

viscosity” which damps these small-scale cells (that’s the origin of 𝜆). And in Eq. (28), 

𝜑̃ and 𝑏̃𝑟 are tightly related, so it is no surprise to find that the correlation ⟨𝑏̃𝑟𝑣̃𝑟⟩ is non-

trivial in the model of Ref. [74]  In other hords  the velocity fluctuations “lock on” to 

the ambient static magnetic perturbations. In the other half of this feedback loop, 

micro-turbulence can in turn slow down the growth of the large-scale cell via the 
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turbulent viscosity and electrostatic scattering. In addition, stochastic magnetic fields 

can produce a magnetic braking effect [77], which enhances the plasma inertia and 

opposes the mode growth. This effect may be thoughts of a stochastic analogue of the 

nonlinear force identified by Rutherford [78]. These effects all tend to oppose the 

evolution of the fluctuation vorticity. All of these effects can enter how stochastic 

magnetic fields affect turbulence.  

The model of Ref. [74] gives several computationally testable predictions. The 

appearance of micro-turbulence is consistent with the increase in small-scale structure 

and spatial roughness, in the turbulence field, as in the simulation of Ref. [79]. The net 

effect of stochastic magnetic fields is to reduce resistive interchange growth. The 

increment to the growth rate is calculated by using a perturbation method. The scaling 

of the turbulent viscosity is calculated via nonlinear closure theory. The correlation 

⟨𝑏̃𝑟𝑣̃𝑟⟩ is also calculated explicitly. This correlation can explain the decrease in Jensen-

Shannon complexity and predictability observed during the RMP ELM suppression 

phase on KSTAR [80]. The readers can see [74, 75] for more details.  

6. Discussion: Implications for the L→H transition  

 In this section, we discuss the implications of the results of this paper for the L→H 

transition. In general terms, there are two types of physical effects induced by stochastic 

magnetic fields, namely: 

i) radial currents and radial flows, i.e., 〈𝑏̃𝑟𝐽∥〉 and 〈𝑏̃𝑟𝑉̃∥, 𝑖〉, which break ambipolarity. 

These non-ambipolar transport effects affect the mean radial electric field ⟨𝐸𝑟⟩ via 

⟨𝑉𝜃⟩, ⟨𝑉𝜙⟩ and 
⟨𝛻𝑃𝑖⟩

𝑛𝑖
； 

ii) scattering by magnetic fluctuations. This tends to dephase 𝑉̃𝑟, 𝑉̃⊥, 𝑉̃∥ etc, and thus 

reduce Reynolds stresses and other transport fluxes. Such enhanced decorrelation 

processes are discussed at length in Refs. [52, 81, 82]. 

The primary focus of this paper is on non-ambipolar 𝑏̃𝑟-induced transport effects on 

⟨𝐸𝑟⟩ . Hence, we summarize the effects of ⟨𝐽𝑟⟩ , and related, below. These define an 
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effective radial Ohm’s law (⟨𝐸𝑟⟩ ↔ ⟨𝐽𝑟⟩ relation), which is of obvious interest in the 

context of the L→H transition. In particular, stochastic fields induce a modification in 

the ⟨𝑉𝜃⟩ relative to its neoclassical value calculated in Eq. (17-c) as  

∆𝑉𝜃 = −
1

𝜇

𝜕

𝜕𝑟
[⟨𝑉̃𝜃𝑉̃𝑟⟩ − 𝑉𝐴

2〈𝑏̃𝑟𝑏̃𝜃〉] 

                        = −
1

𝜇

𝜕

𝜕𝑟
[⟨𝑉̃𝜃𝑉̃𝑟⟩ − 𝑉𝐴

2〈𝑏̃𝑟𝑏̃𝜃〉0 + ⟨𝑉𝐸⟩′𝑉𝐴
2 ∑  (|𝑏̃𝑟, 𝒌

2 |𝜏𝑐, 𝑏)𝒌 ],               

where ⟨𝑉𝜃⟩ =⟨𝑉𝜃⟩𝑛𝑒𝑜 + ∆𝑉𝜃 . Note ∆𝑉𝜃  is inversely proportional to the neoclassical 

damping rate 𝜇. Besides, stochastic fields induce a “intrinsic torque” contribution to the 

toroidal velocity shear at the separatrix that is calculated in Eqs. (20) and (21) 

𝜕

𝜕𝑟
⟨𝑉𝜙⟩|𝑟𝑠𝑒𝑝

= −
1

𝜒𝜙
[∫ 𝑆𝜙𝑑𝑟

𝑟𝑠𝑒𝑝

0

+
𝑣𝑡ℎ𝑖

2

𝛽

𝐵𝜃

𝐵
⟨𝑏̃𝑟𝑏̃𝜃⟩|𝑟𝑠𝑒𝑝

+ 𝐶𝑠𝑒𝑝] 

               = −
1

𝜒𝜙
[∫ 𝑆𝜙𝑑𝑟

𝑟𝑠𝑒𝑝

0
− +

𝑣𝑡ℎ𝑖
2

𝛽

𝐵𝜃

𝐵0
[〈𝑏̃𝑟𝑏̃𝜃〉0 − ⟨𝑉𝐸⟩′ ∑ (|𝑏̃𝑟, 𝒌

2 |𝜏𝑐, 𝑏)𝒌 ]|𝑟𝑠𝑒𝑝
+ 𝐶𝑠𝑒𝑝] .      

Toroidal velocity shear at 𝑟𝑠𝑒𝑝  is modified in proportion to the net non-ambipolar 

current through the separatrix. Note here that the increment in 
𝜕

𝜕𝑟
⟨𝑉𝜙⟩|𝑟𝑠𝑒𝑝

 is inversely 

proportional to 𝜒𝜙, so ∆
𝜕⟨𝑉𝜙⟩

𝜕𝑟
 is determined both by stochastic field intensity and by the 

turbulence intensity. Stochastic fields also affect particle transport via the radial electron 

current density ⟨𝐽𝑟, e⟩. So the evolution in Eq. (22-d) has been derived  

𝜕〈𝑛𝑒〉

𝜕𝑡
=

1

|𝑒|

𝜕

𝜕𝑟
⟨𝐽𝑟, e⟩, 

where 

⟨𝐽𝑟, 𝑒⟩ =
𝑐𝐵0

4𝜋|𝑒|

𝜕

𝜕𝑟
〈𝑏̃𝑟𝑏̃𝜃〉 − 𝑛0|𝑒|〈𝑏̃𝑟𝑉̃∥, 𝑖〉. 

Thus, it shows that ⟨𝐽𝑟, e⟩ necessarily also closely linked to RMP pump-out. Ion heat 

transport is modified by magnetic effects, albeit rather slightly. 

 To address the L→H transition, a model is required. Hence, in this paper, we 

discuss the classes of models and how stochastic magnetic fields affect mean electric 

field for the L→H transition, as developed in these models. These discussions are 

relevant to a wide variety of transition models. 

 Physically, models of the L→H transition may be grouped into three categories or 
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classes, according to time scales. These are: 

i. transport models, describing evolution on transport (in the edge layer) time scales. 

These models typically are based on transport flux bi-stability. Transport models 

ignore fluctuation dynamics and time scales, and so can be easily coupled to 

transport codes; 

ii. dynamic models, describing fluctuations, flow shear, etc. These models are 

typically of the “predator-prey” variety, and involve multiple time scales, but 

usually address a limited range of spatial scales. Dynamic models are also relevant 

to drift wave-zonal flow dynamics; 

iii. unified models, describing both fluctuation and transport time scale phenomena. 

Unified models in one spatial dimension describe the build up of the transition, the 

intermediate phase, and the transition front propagation. Rather few one 

dimensional (1D) unified models are available. 

For transport models, the principal impact of magnetic stochasticity is on toroidal 

rotation and toroidal velocity shear, via the ⟨𝐽𝑟⟩𝐵𝜃  force. This produces an effective 

magnetic residual stress. Note that this effect is most pronounced for cases with no 

momentum input, which are ITER-relevant. Several factors contribute to the sign of 

(∆𝑉𝜙)
′
 , which scales inversely with 𝜒𝜙 , and in proportion to 

𝐵𝜃

𝐵0
 , ⟨𝑉𝐸⟩′  and |𝑏̃𝑟 

2 | . We 

note that few, if any, models have addressed ⟨𝑉𝜙⟩ effects on the transition beyond the 

very simple level of E × B shear-induced-reduction in 𝜒𝜙 . Effects on the particle 

transport can feedback on transition via 
⟨𝛻𝑃𝑖⟩

𝑛𝑖
. 

For dynamical models, a key effect is via the evolution of ⟨𝑉𝜃⟩ according to: 

𝜕⟨𝑉𝜃⟩

𝜕𝑡
= −𝜇[⟨𝑉𝜃⟩ − ⟨𝑉𝜃⟩𝑛𝑒𝑜] −

𝜕

𝜕𝑟
[⟨𝑉̃𝜃𝑉̃𝑟⟩ − 𝑉𝐴

2〈𝑏̃𝑟𝑏̃𝜃〉]. 

The fluctuation energy evolution equation would be effectively unchanged from 

existing models. Obviously, the Reynolds power density ⟨𝑉̃𝜃𝑉̃𝑟⟩
𝜕⟨𝑉𝜃⟩

𝜕𝑟
  must conserve 

energy with its counterpart in the ⟨𝑉𝜃⟩ equation. Thus, we see that the principal effects 

on predator (flow)-prey (fluctuation) models would be the emerging competition 
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between fluctuation driven Reynolds stress, and the RMP-induced Maxwell stress, 

which enters via ⟨𝐽𝑟⟩𝐵𝜙. This will lead to an increase in the power threshold required 

for L→H transition, consistent with experiments. Note that the magnetic intensity 

profile 
𝜕|𝑏̃𝑟|

2

𝜕𝑟
 enters the transition threshold. This introduces a novel scale length ℓ𝑒𝑛𝑣 

into the transition problem. Indeed, we speculate that the fast spatial variation in the 

total Reynolds force introduced by ℓ𝑒𝑛𝑣 will cause the transition to be triggered at the 

boundary of the stochastic layer, rather than at the outward midplane separatrix, as usual. 

A study of the dynamical evolution of the transition in 1D, in the presence of an ambient 

spectrum |𝑏̃𝑟 
2 | suggests itself as an interesting direction for further work. Note that a 

1D analysis is essential. This would constitute an interesting step forward for the basic 

“predator-prey” model. 

 Unified models will combine all of the aspect discussed above, for transport and 

dynamic models. Implementing a 1D unified model with ambient |𝑏̃𝑟 
2 |  is very 

challenging and laborious. It is far from certain if a clear trend would emerge. Strong 

variation with parameters, cases etc. seems likely. We conjecture that the main effects 

on the power threshold are the “footprint” of the small scale ℓ𝑒𝑛𝑣 and the increase in 

power threshold due to Reynolds-Maxwell competition. Effects of impurities and 

energetic particles on the radial electric field are not yet included. There present a 

conceptual challenge, since one may need to simultaneously satisfy radial force balance 

for several species. Future work is planned to address this point. 

7. Conclusion  

 In the paper, we presented a mean field theory for E× B shear in a stochastic 

magnetic field, such as found in the edge stochastic layer produced by an RMP. Such 

effects on E×B shear are of obvious relevance to the L→H transition with RMP, and 

more generally, in 3D geometry. This paper places special emphasis on the ambipolarity 

breaking and radial currents. Thus, it defines an effective radial Ohm’s Law (i.e. ⟨𝐸𝑟⟩ ↔

⟨𝐽𝑟⟩ relation). Complementary studies of dephasing of fluxes, such as for the Reynolds 
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stress by stochasticity, are published elsewhere. Our study proceeds by exploiting radial 

force balance to link ⟨𝐸𝑟⟩  to poloidal rotation ⟨𝑉𝜃⟩ , toroidal rotation ⟨𝑉𝜙⟩ , electron 

density 〈𝑛𝑒〉 and ion pressure 〈𝑃𝑖〉. The effects of stochastic fields, primarily via their 

induced radial current density, on each of these quantities are elucidated. Their physics 

is discussed in the context of the L→H transition. 

 The principal results of this paper are as follows. 

i). The radial current density and radial electron current density are calculated 

from the fundamental flux relation ⟨𝐽𝑟⟩ = ⟨𝑏̃𝑟𝐽∥⟩, Ampere’s law, and the Taylor 

identity. Then, ⟨𝐽𝑟⟩ =
𝑐𝐵0

4𝜋

𝜕

𝜕𝑟
〈𝑏̃𝑟𝑏̃𝜃〉  gives the non-ambipolar current density 

generated by 𝑏̃𝑟. Note the proportionality to the Maxwell stress, and that the 

net radial current vanishes up to boundary contributions, a result in clear 

contrast with test particle transport models. Note also there is no explicit 

dependence of ⟨𝐽𝑟⟩ on ⟨𝐸𝑟⟩. The electron current density contains an additional 

contribution due to ion flow along tilted lines, i.e., 〈𝑏̃𝑟𝑉̃∥, 𝑖〉; 

ii). The phase between 𝑏̃𝑟 and 𝑏̃𝜃 is aligned by magnetic eddy tilting, via 
𝑑𝑘𝑟

𝑑𝑡
=

−
𝜕

𝜕𝑥
(𝑘𝜃⟨𝑉𝐸⟩), so 𝑘𝑟 = 𝑘𝑟

0 − 𝑘𝜃⟨𝑉𝐸⟩′𝜏𝑐𝑘 as in Eqs. (5) and (6); 

iii). The increment of ⟨𝑉𝜃⟩ relative to its neoclassical value follows from the J×B 

force, and is calculated as ∆𝑉𝜃 = −
1

𝜇

𝜕

𝜕𝑟
[⟨𝑉̃𝜃𝑉̃𝑟⟩ − 𝑉𝐴

2〈𝑏̃𝑟𝑏̃𝜃〉0 +

⟨𝑉𝐸⟩′𝑉𝐴
2 ∑  (|𝑏̃𝑟, 𝒌

2 |𝜏𝑐, 𝑏)𝒌 ] in Eq. (17-c). Thus, ∆𝑉𝜃 scales in proportion to the 

magnetic perturbation intensity and ⟨𝑉𝐸⟩′  (magnetic eddy tilting alignment) 

and inversely with poloidal flow damping 𝜇 . Of particular note is that the 

envelope of |𝑏̃𝑟 
2 | introduces a new, small spatial scale ℓ𝑒𝑛𝑣.;  

iv). The increment in the toroidal velocity shear induced by stochastic magnetic 

fields also follows from J × B and is given by ∆ [
𝜕

𝜕𝑟
⟨𝑉𝜙⟩|𝑟𝑠𝑒𝑝

] =

1

𝜒𝜙

𝑣𝑡ℎ𝑖
2

𝛽

𝐵𝜃

𝐵0
[〈𝑏̃𝑟𝑏̃𝜃〉0 − ⟨𝑉𝐸⟩′ ∑ (|𝑏̃𝑟, 𝒌

2 |𝜏𝑐, 𝑏)𝒌 ]|𝑟𝑠𝑒𝑝
  from Eq. (21). Thus, we see 
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that ∆ [
𝜕

𝜕𝑟
⟨𝑉𝜙⟩]  at 𝑟𝑠𝑒𝑝  is proportional to the net radial current through the 

separatrix due to magnetic perturbations; 

v). Stochastic RMP driven magnetic fields produce a radial electron current 

density, which drives particle transport according to 
𝜕〈𝑛𝑒〉

𝜕𝑡
=

1

|𝑒|

𝜕

𝜕𝑟
⟨𝐽𝑟, e⟩. ⟨𝐽𝑟, e⟩ 

contains contributions from ⟨𝐽𝑟⟩ discussed above, and from 〈𝑏̃𝑟𝑉̃∥, 𝑖〉, which is 

calculated by Eqs. (13-a) and (14-a). The total electron particle number 

changes in proportion to the net radial electron current density at the separatrix. 

Note that this determines the net “RMP pump-out”. Indeed, the phenomena of 

RMP pump-out is closely related to RMP effects on the L→H transition, and 

radial currents play a key role in each; 

vi). Stochastic fields impact ion pressure via the flux 〈𝑏̃𝑟𝑉̃∥, 𝑖〉 in Eqs. (13-a) and 

(14-a). This is related to acoustic-type perturbations, propagating along 

stochastic field lines. It does not have a simple connection to ⟨𝐽𝑟⟩. Results are 

given in Eq. (8); 

vii). The effects of stochastic magnetic fields on the underlying instabilities and 

turbulence are summarized in section 3. Stochastic fields induce vorticity 

braking. More interestingly, we show that non-trivial correlations 〈𝑏̃𝑟𝑉̃𝑟〉 

develop between the stochastic field and the turbulence. We see that the 

turbulence tends to “lock on” to the stochastic field. 

These results have several implications for the L→H transition. We list them below: 

i). First, the stochastic field induced radial current density will tend to compete 

against the turbulent Reynolds stress, and so will increase the power required 

to trigger the transition; 

ii). The magnetic fluctuation intensity gradient scale is introduced. This can cause 

transitions to trigger at the boundary of the stochastic layer rather than at the 

outboard midplane separatrix, as usual; 

iii). The stochastic field drives an effective toroidal residual stress, which is the 

principal effects on the stationary ⟨𝐸𝑟⟩ in H-mode; 
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iv). The L→H transition power threshold increment with RMP necessarily is 

linked closely to RMP pump-out, as discussed above. Theory should address 

both, in a unified and consistent fashion;  

v). Detailed modelling is required for quantitative predictions. This is a 

formidable undertaking. Nevertheless, the results presented in this paper will 

be useful elements of any model of the L→H transition in a stochastic 

magnetic field.  

A few additional comments are in order here. First, it should be noted that while a 

seemingly familiar Reynolds stress vs Maxwell stress competition appears, this is not 

due to Alfvenization since the static magnetic fluctuations 𝑏̃𝑟  are externally driven, 

while the drift waves are dynamic, and heat flux driven and evolving. Here, the 

competition is a consequence of eddy tilting by ⟨𝑉𝐸⟩′, which aligns the two. Second, 

the problem is multi-scale, even in its most simple manifestation. Note that there are 

five radial scales in the problem, over a highly compressed range, and different 

orderings are possible. These are summarized in Table 1. 

Scale Physics Impact 

𝐿𝑛, 𝐿𝑇 Profile gradient Drive of turbulence 

𝑢′ 𝑢⁄  Flow damping profile scale Rotation shear, ⟨𝑉𝐸⟩′ 

ℓ𝑒𝑛𝑣, 𝜙   Drift wave intensity Reynolds stress drive 

ℓ𝑒𝑛𝑣, 𝑏 Stochastic field envelope scale Magnetic stress scale 

𝑘𝑟    Stochastic field radial wavenumber Magnetic stress phase 

Table 1. Five radial scales in our model, their corresponding physics and impact.  

In addition to detailed modelling, several topics remains for future work. These 

include the consideration of effects on back-transitions and hysteresis. An interesting 

experiment would be to compare the evolution for RMP switch on and off, and power 

ramp up and down, performed in different orders. Studies of the effects of ℓ𝑒𝑛𝑣 on the 

threshold would be of great interest. Modelling of the L→H transition has yet to grapple 

with the effects of physics related to the edge-SOL connection. These effects naturally 

couple the transition to the SOL physics and divertor conditions. The connection 
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becomes especially important when the evolving radial current flows through separatrix. 

Finally, a deeper understanding of the interplay between radial current and 

decorrelation effects is required.   

Appendix A: ⟨𝑱𝒓⟩ from Taylor identity  

As shown in section 2, ambipolarity breaking due to stochastic field will generate 

the mean current density ⟨𝐽𝑟⟩ , and thus affect the rotations and transport. In this 

appendix, we give a short detail on calculating the ⟨𝐽𝑟⟩ from Taylor identity. ⟨𝐽𝑟⟩ can be 

calculated from the radial projection of fluctuating parallel current density, 

⟨𝐽𝑟⟩ = ⟨𝐽∥ ∙ 𝑒𝑟⟩ =
⟨𝐽∥𝐵̃𝑟⟩

𝐵
,                                             (A1) 

where ⟨𝐽∥⟩ = ⟨𝐽∥,𝑒⟩ + ⟨𝐽∥,𝑖⟩. From Ampere law, the fluctuating parallel current density is 

self-consistent and determined by 𝐽∥ = −
𝑐

4𝜋
𝛻2𝐴̃∥. Thus, we have  

⟨𝐽𝑟⟩ =
⟨𝐽∥𝐵̃𝑟⟩

𝐵
  

= −
𝑐

4𝜋𝐵
⟨

𝜕

𝜕𝑦
𝐴̃∥ (

𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
) 𝐴̃∥⟩ 

                                         = −
𝑐

4𝜋𝐵

𝜕

𝜕𝑥
⟨(

𝜕

𝜕𝑥
𝐴̃∥) (

𝜕

𝜕𝑦
𝐴̃∥)⟩ 

=
𝑐

4𝜋𝐵

𝜕

𝜕𝑥
⟨𝐵̃𝑥𝐵̃𝑦⟩  

=
𝑐𝐵

4𝜋

𝜕

𝜕𝑥
⟨𝑏̃𝑥𝑏̃𝑦⟩ .                                                               (A2) 

Here, x and y correspond to the radial and poloidal directions of tokamak device, 

respectively. Thus, Eq. (A2) further corresponds to the ⟨𝑏̃𝑟𝐽∥⟩ =
𝑐𝐵0

4𝜋

𝜕

𝜕𝑟
〈𝑏̃𝑟𝑏̃𝜃〉 as shown 

in equation (3).  

Appendix B: Eddy tilting and correlation time 

 It is simplest to approach the “eddy tilting”, which is relevant to the ⟨𝑘𝜃𝑘𝑟⟩ and 

further in 〈𝑏̃𝑟𝑏̃𝜃〉 , by working with magnetic potential 𝐴 . Here 𝐴  evolves in the 

presence of mean shear, turbulent scattering and dissipation, so 
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𝜕𝐴

𝜕𝑡
+ 𝑉𝐸

′ 𝜕𝐴

𝜕𝑦
+ 𝑽̃ ∙ 𝛻𝐴 = 𝜂∇2𝐴.                                 (B1) 

Here, we made a local expansion of 𝑉𝐸 . Now, turbulent scattering by 𝑽̃  will drive 

diffusive mixing, so  

𝑽̃ ∙ 𝛻𝐴 = −
𝜕

𝜕𝑥
𝐷

𝜕

𝜕𝑥
𝐴,                                   (B2-a) 

where 𝐷 is expressed 

𝐷 = ∑ |𝑉̃𝑘|2
𝑘 𝜏𝑐𝑘.                                      (B2-b)  

Hereafter, we drop 𝜂. Then, the correlation time for magnetic potential 𝐴 is set by the 

familiar process of shear enhanced decorrelation, combining shearing ( ⟨𝑉𝐸⟩′ ) and 

diffusivity 𝐷. Thus,  

 1 𝜏𝑐𝑘⁄ = (
𝑘𝜃

2⟨𝑉𝐸⟩′𝐷

3
)1/3,                                   (B3) 

where 𝑘𝜃 is the azimuthal wave number for 𝑏̃𝑟. Similarly, shear decorrelation will limit 

the growth of 𝑘𝑟 due to tilting, so  

𝑑𝑘𝑟

𝑑𝑡
≈ −𝑘𝜃⟨𝑉𝐸⟩′ .                                   (B4) 

and thus 𝑘𝑟 = 𝑘𝑟
0 − 𝑘𝜃⟨𝑉𝐸⟩′𝜏𝑐𝑘 as shown in Eq. (6) in section 2.  
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