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ABSTRACT OF THE DISSERTATION

A Weak Equivalence from the Subdivision of the Orbit Category to the Link Orbit
Category for Finite Abelian Groups

by
Katherine Lara Muckle

Doctor of Philosophy, Graduate Program in Mathematics
University of California, Riverside, June 2026
Prof. Sarah Yeakel, Chairperson

Given a finite group G, an equivariant map between spaces with left G-actions is a
map that preserves the action. We can keep track of the equivariant maps between the
quotient sets of G using the orbit category. An isovariant map is an equivariant map
that preserves stabilizer groups. Yeakel defines the link orbit category, which roughly
can be interpreted as recording the isovariant maps between the quotient sets of
G [10]. The subdivision of the orbit category [6] is a stratified version of the orbit
category that explicitly encodes paths through the orbit category. The classifying
space functor, B, assigns to each category a topological space and interprets functors
as continuous maps, and a functor is a weak equivalence if its image under B is a
homotopy equivalence. In this thesis, for finite abelian groups, I construct a weak
equivalence from the subdivision of the orbit category to the link orbit category using

Quillen’s Theorem A [8].
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Chapter 1

Introduction

1.1 Setting Up the Question and Conventions

Let G be a finite group, and let X and Y be compactly generated spaces with
continuous left G-actions. An equivariant map o : X — Y is a function that preserves
the G-action so that a(g-x) = g-a(z) for all g € G and = € X, i.e., we obtain the

same result whether we perform the group action before or after applying a.

Example 1.1.1. Let G =7/27 ={0,1} and X = (Z/27)/{0) = {0+(0),1+(0)} where
the G-action is defined by g-(x + H) = g+ x + H. Then there is an equivariant map
on s (Z/22)){0) - (Z/22){0)
that switches the elements: a1(0+(0)) = 1+ (0) and a;(1 +(0)) = 0+ (0). In this

situation when the group and set are so small, we can check equivariance directly for



each case; for example, if g = 1 and = = 1 + (0), then the calculation
T+a1(1+(0))=1+0+(0)=1+(0) =1 (0+(0)) =y (1 + 1 +(0))
shows that we may either have g = 1 act on the group element before or after mapping

via oq. A

The following lemma gives us a way to label equivariant maps between the quotient

sets of G based on the group elements.

Lemma 1.1.2. Let G be a group and let H be a subgroup of GG. Define the action
of Gon G/H as g-aH :=gxH. Let K <G. A map a:G/H - G/K is equivariant if

and only if there exists v € G such that a(zH) = 2vK and vy 1Hvy c K. (See Lemmas

[2.1.0 and|2.1.7 in this document.)

Different elements in G may induce the same equivariant map G/H — G/K. Therefore
each equivariant map is given by an equivalence class of elements in G in fact, v and

~" induce the same map if and only if they are in the same K-coset in G (Lemma
21.10).

The orbit category, denoted O¢, has as objects the quotient sets of G and as
morphisms the equivariant maps between them. We denote an object G/H simply
using the subgroup H, and we denote a morphism from H to K by 7° where i € G
induces the equivariant map *H ~ xi K. If H ﬁ K i L, then VJO 0P = yg As a

little example, the orbit category Oz/97 is given in Figure



)y @
)
) )

Figure 1.1: The orbit category for Z/27.

In general, if « is an equivariant map, then the stabilizer group of x € X, denoted
G, is a subset of the stabilizer group Gu (). An isovariant map is an equivariant
map that preserves all stabilizer groups, i.e., G, = Go(,) for all x € X. Note that the
map given in Example is isovariant, but the equivariant map from (Z/22)/(0)
to (Z/27)/(1) is not isovariant since at least one stabilizer group increases in size:

Go+foy = {0} but Gagorgoy) = {0,1}.

The orbit category allows for a special adjunction called a Quillen equivalence
between GTop and Fun(OF,Top), where GTop is the category of spaces with a
left G-action and the equivariant maps between them. Yeakel defines the link orbit
category, Lq, to keep track of isovariant maps between the quotient sets of G such

that there is an analogous adjunction between isvt—G7Top and Fun(LZ,Top) [10].

(See Figure[1.2])
GTop isvtGT op
Fun(OZ,T) Fun(LY, T op)

Figure 1.2: Quillen equivalences and L.



The link orbit category has as objects strictly increasing chains of subgroups of
G, denoted H = Hy < ... < H,,. The morphisms track the isovariant maps between

G/H; and G/K; if H; and K; are elements in the chains, and composition is again

obtained by composing group elements (see Definitions [2.6.1 and [2.6.2| for the formal

definition). In fact, if G is abelian, a morphism H — K exists if and only if H is a
subchain of K, and the collection of morphisms between these chains is induced by the

same group elements that induce the equivariant self-maps of G/H, (Remark [2.6.8)).

Example 1.1.3. The link orbit category Lz,7 is given below in Figure [I.3]

71 7(1):

{0) (1)

G

Figure 1.3: Link orbit category for Z/27.

To give some further intuition, note that in L£z57, there is no map from (0) to (1)
because while we do have an equivariant map from (Z/22)/(0) to (Z/2Z)/(1), this
map is not isovariant. The two maps from (0) < (1) to itself represent the two
isovariant self-maps of (Z/27)/(0) (the “switch” map and the identity), and these
maps also represent the identity map on (Z/27)/(1); this identity map is induced by
both v =0 and v =1, but 7¢ and ¥ on (0) < (1) are not identified in the link orbit
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category because the two self-maps induced by v = 0 and v = 1 on (Z/27)/(0) are
distinct. The isovariant self-maps on (Z/2Z)/(0) are also tracked by the two maps

from (0) to (0) < (1). N

[sovariant maps are stratified equivariant maps in the sense that isovariant maps
send fixed points to fixed points and free points to free points. This relationship
suggests that perhaps a “stratified” orbit category might be in some way equivalent
to the link orbit category. We can in fact perform a stratification by way of the
subdivision of the orbit category, SAOg. The subdivision of the orbit category (using
the definition of subdivision given by May in [5]) has as objects chains of non-identity
morphisms from Og:

Hy 5 H 25 Hy, 2 25 |,
Let [n] be the category with objects 0,...,n, and there exists a morphism k — [ if
k <l. Then we can think of the n-chains in SdO¢ as functors from [n] - Og, as

represented below:

0 — 1 — ... — n
) } }
Hy 2% o & .. 2 @,

Note that the morphism Hy - H,, is the composition ¢, o...0py 0. I use the more
concise notations ®” or %p;lp,2... "1, to denote an n-dimensional chain. When the
dimension is not necessary information, I will simply call the chain ®. One nice way

to think of one of these chains is as a path of morphisms through the orbit category.



Two of these paths have a morphism between them if one path can be inserted into
the other allowing for composition, i.e., for two objects ®" and W™, there exists a
functor d : [n] - [m] that is a strictly increasing injection when viewed on the objects
such that ® = W od. If such a d exists, we call the morphism d, : & - W. Certain
insertions are considered the same if they differ by a string of consecutive maps in the
chain that compose to the identity, and so the morphisms in the subdivision of the

orbit category are technically equivalence classes of path insertions (see Definitions

[2.7.5{ and [2.8.1]) The intuition for the equivalence relation comes from May [6], but

I have formalized his perspective in the Scoot Lemma [2.8.2]

Example 1.1.4. In this example, I calculate SAOz/y7. For this and other examples

later in this document, I use an a-notation for clarity to denote the morphisms of the

orbit category (see Figure .

aq

a//—\b
@o Bo

Figure 1.4: The orbit category for the group with 2 elements in a-notation.

In this notation, the non-identity morphisms in Oz/,7 are o; and f, so the nondegen-
erate n-chains look like

0
0 0fpl 0. 1.2 n-1_n 0. 1.2 n2, nlgn
a, b, °f*, Yoyt ” Mg, and Pag tagtL T Pag T f



There is a map d, : %ata? - %ailaq 203012 f® defined by the injection 0 — 0,
1+~ 3, and 2~ 4. In Figure , I have calculated the entire category Sd0z/z. To
demonstrate the equivalence classes for the subdivision, the map d,. in this example
is equivalent to the morphism ¢, defined by 0+~ 2, 1+~ 3, and 2 — 4. Because a; o a;
composes to an identity, there are at most two maps between any of the objects once

we account for the equivalence relation on the morphisms. A

Qo

- ——— oo

O, 0£1
1,2 12
Oaq oy Oy f
1, 2 1, 2
Oayton a3 Saytay f3

Figure 1.5: The subdivision of the orbit category for Z/27.

The sort of categorical equivalence we will be pursuing is weak equivalence, which
is based on homotopy equivalence of topological spaces. The classifying space functor

B : Cat = Top associates to each (small) category C a topological space via the



geometric realization of the nerve [2]. A functor F': C = D in Cat is said to be a weak
equivalence if BF : BC — BD is a homotopy equivalence in Top. A category is said

to be contractible if the geometric realization of its nerve is contractible in T op.

We can now state the main theorem of this thesis:

Theorem 1.1.5. If GG is a finite abelian group, then there exists a weak equivalence

from the subdivision of the orbit category of G to the link orbit category of G. (See

Theorem (3.3.11) in this document.)

Integral to the proof of this theorem are two results of Quillen:

Theorem 1.1.6. (Quillen’s Theorem A) [§] Let C and D be small categories. The
functor F': C = D is a weak equivalence if the left fiber F'/d is contractible for every

object d of D .

Theorem 1.1.7. Any filtered category is contractible [§].

There are a few terms to define in order to understand these statements. The
left fiber of a functor with respect to an object d in D is a category that captures
the notion of a more general preimage. It includes both the objects that are sent
directly to d and the objects that are sent to other objects with morphisms to d (see
Definition . A nonempty category C is said to be a filtered category if (1) for

every pair of objects, there exists a third object such that both objects map to that



&1 Co

Co C1 7 Co h ? C3
%
g
First condition Second condition

Figure 1.6: Filtered category conditions.

object, and (2) for any pair of parallel morphisms, there exists a third morphism that
collapses the pair (see Figure [1.6] and Definition [2.2.5]).

Therefore, the goal of the thesis is to construct a functor from the subdivision of
the orbit category to the link orbit category such that the left fibers of the functor

are filtered categories if the underlying group is finite and abelian.

1.2 Defining the Functor

Originally, my proof for the group Z/pZ was based on the sup functor, which is
the functor del Hoyo uses in his proof that there is a weak equivalence from SdC to
C [2]. In essence, if you insert a subpath into a path, sup picks out the tail of maps
that are not included in the insertion. However, this functor did not extend well to
Z[p*Z, as it loses too much information about the paths in Og. In order to prove
the theorem for all abelian groups, I define the contravariant inf functor, which picks
out the “beginning difference” of the insertion (Definition and retains more
information in our situation. From the inf functor, I construct a functor [¢inf] from

the subdivision of the orbit category to the link orbit category.



Viewing the objects of SAO¢ as paths in O, the functor [¢inf] maps each path to
the path of objects in the orbit category that it passes through, and the morphisms
are assigned to the beginning difference between the entire path and the subpath.

To aid in the following Example, I have labeled the orbit category Oz,27z in Figure
using the yP-notation and using an a-notation for objects in the subdivision of

the orbit category.

4 Bo
769,...,71?271 Yo a07_._7ap2_1
ST e
(0) > (1) (0) s (1)
AN
'7(()97“'7’71(79—1 %()9 Lb--val fe
N \
(p) (p)
R 00,0 0p1

Figure 1.7: The orbit category for Z/p?Z

Example 1.2.1. The link orbit category Lz/47 is given below in Figure (where
p = 2) with the object image of [¢inf] in blue boxes. I have labeled the images by their
general forms, e.g., awb represents any path that includes at least one «;, one w;, and
one 6. To see how [(inf] relates SdOz/47 and Lz47, observe that [£inf] maps the
objects %wq! and Yoy tas?aqdwe? to (0) < (p) because these paths pass through exactly
the objects (0) and (p) in the orbit category. If we define d: [1] - [4] as 0 —~ 2 and

. d . L
1 — 4, then we have a morphism %w;! — %a;las2a;3wy?* in the subdivision of the

10



orbit category, and [¢inf]d, = o to show that when we insert w;!, the beginning
difference in the two paths is as o aq = as.

For another more general intuition into the morphisms, note that the morphisms

show what the possible beginning differences are when we insert paths of the forms c or
6 into paths of the form w, aw, wf, or awfd. (As mentioned previously, these maps can

also be interpreted as the self-equivariant maps of G/Hp; in this case Hy = (p).) A

Figure 1.8: The link orbit category Lz/,2; and the object image of £inf.



1.3 Proving the Weak Equivalence

By Quillen’s results stated earlier, the functor [¢inf] : SAOgs — L is a weak
equivalence if for every object T"in Lg, the left fibers [¢inf]/T are filtered categories.
In order for each left fiber to satisfy the second condition of being filtered (Definition

2.2.5)), we actually have the stronger property given by the following Lemma:

Lemma 1.3.1. There is at most one morphism between any two objects in [¢inf]/T

for all objects T'in Lg. (See Lemma in this document.)

We prove this by showing that [¢inf] is faithful (Lemma [3.2.9).

It remains to show that for each left fiber, the first condition of being a filtered
category (Definition is satisfied, i.e., for any two objects (®,7f) and (¥,~¥)
in [¢inf]/T, we have an object (£2,7F) and morphisms d, and 4, such that

(®.96) %> (,76) and (,5) = (2,7)
To prove this, I first construct intermediary objects (I'y,7£) and (I'y, &) as in Figure
1.9, Defining these objects requires ensuring that ® and ¥ can be properly inserted

as subpaths into I's and I'y with the correct beginning difference. (See Corollary

3.3.10[ and the lemmas preceding it, Lemmas |3.3.7| and [3.3.8)) This shows that the

left fibers are contractible, and thus [¢inf] is a weak equivalence.

12



(®,7°) (¥,79)

| |
(Ts,78) (Tw, 7€)
\(Q )/

Figure 1.9: Proving that the left fiber satisfies the first filtered condition.

L
770

1.4 Chapter Summaries

In Chapter 2, I present some necessary preliminary material. While most of the
results in Chapter 2 are not new, they offer an alternative perspective that forms a
firm foundation for my original work in Chapter 3. First, in Section 2], I discuss
equivariant and isovariant maps with a focus on such maps between the quotient sets
of a finite group, GG. I emphasize the simplifications we can make when G is abelian,
which help us in later sections to gain a nice intuition for the link orbit category in
this setting.

Next, in Section 2.2] I include some simple categorical definitions and facts. Lemma
is a rewriting of one of del Hoyo’s statements [2] that I found particularly helpful
in handling the equivalence relation needed to define the subdivision.

I address the category A in Section 2.3 which is a technical piece in the definition
of the subdivision. (Friedman’s paper is a wonderful reference for this category [3].) In

Section .4l T recall the definition of weak equivalence [2] and state Quillen’s Theorem

13



A together with his result concerning the contractibility of filtered categories [8], which
provide the motivation for my framework in Chapter 3.

Following this, I define the orbit and link orbit categories in Sections 2.5 and 2.6]

respectively, and illustrate with examples. The abelianness of GG provides us with a
simpler description of the link orbit category (Remark .

My treatment of the pre-subdivision category in Section 2.7 expands on May’s
work [6]. T utilize his definition but introduce some new notation. I have included a
detailed example and calculate the subdivision for G = Z/2Z, which, to my knowledge,
has not previously appeared in the literature.

In order to move from the pre-subdivision to the subdivision in Section 2.8, we
must put an equivalence relation on the morphisms. I formally use May’s definition
[6], but del Hoyo’s alternate viewpoint defining the subdivision from the left fiber A/C
[2] aided my understanding immensely. May briefly mentions that his definition allows
us to “account for degeneracies”, i.e., consecutive groups of maps that compose to an
identity, when deciding whether two morphisms should be equivalent; I formalize this
statement in the Scoot Lemma and give a detailed proof and examples. (The
Scoot Lemma is very general and does not rely on the abelianness of the group.)

I begin Chapter 3 by defining the inf functor in Section 3.1l a contravariant functor
from the pre-subdivision to the orbit category that I created when I found that del
Hoyo’s sup functor [2] suppresses too much information about the objects in the

subdivision of the orbit category. In Section[3.2] I use this functor to define the

14



functor ¢inf from the pre-subdivision of the orbit category to the link orbit category.
I prove that this functor is compatible with the equivalence relation required to pass
to the subdivision of the orbit category, which allows me to define the induced functor
[¢inf]. I prove that each left fiber of this functor is filtered in Section 8.3 and a result
from Quillen tells us that filtered categories are contractible [§]. Consequently, [¢inf]

is a weak equivalence by Quillen’s Theorem A.

1.5 Beyond Abelian Groups

Based upon certain proof steps, I suspect that expanding this result to non-abelian
groups would take some dramatic changes to this framework. One early important
instance of this is in the proof that the functor [/inf] is in fact a functor (Lemma
. I also depend heavily on the abelianness of G when proving that the left fibers
of [¢inf] satisfy the first filtered condition (Lemma(3.3.7)). Perhaps even more crucially
than these specific lemmas, the link orbit category becomes more complicated to

understand for non-abelian groups and a broader intuition becomes necessary.

15



Chapter 2

Preliminaries

In this chapter, I present some necessary preliminary material. While most of the
results in Chapter 2 are not new, they offer an alternative perspective that forms a
firm foundation for my original work in Chapter 3. First, in Section .|, I discuss
equivariant and isovariant maps with a focus on such maps between the quotient sets
of a finite group, GG. I emphasize the simplifications we can make when G is abelian,
which help us in later sections to gain a nice intuition for the link orbit category in
this setting.

Next, in Section 2.2] T include some simple categorical definitions and facts. Lemma
[2.2.4]is a rewriting of one of del Hoyo’s statements [2] that I found particularly helpful
in handling the equivalence relation needed to define the subdivision.

I address the category A in Section 2.3l which is a technical piece in the definition

of the subdivision. (Friedman’s paper is a wonderful reference for this category [3].) In

16



Section 2.4] T recall the definition of weak equivalence [2] and state Quillen’s Theorem
A together with his result concerning the contractibility of filtered categories [§], which
provide the motivation for my framework in Chapter 3.

Following this, I define the orbit and link orbit categories in Sections 2.5 and 2.6

respectively, and illustrate with examples. The abelianness of G provides us with a
simpler description of the link orbit category (Remark .

My treatment of the pre-subdivision category in Section 2.7 expands on May’s
work [6]. I utilize his definition but introduce some new notation. I have included a
detailed example and calculate the subdivision for G = Z/2Z, that, to my knowledge,
has not previously appeared in the literature.

In order to move from the pre-subdivision to the subdivision in Section 2.8, we
must put an equivalence relation on the morphisms. I formally use May’s definition
[6], but del Hoyo’s alternate viewpoint defining the subdivision from the left fiber A/C
[2] aided my understanding immensely. May briefly mentions that his definition allows
us to “account for degeneracies”, i.e., consecutive groups of maps that compose to an
identity, when deciding whether two morphisms should be equivalent; I formalize this
statement in the Scoot Lemma and give a detailed proof and examples. (The

Scoot Lemma is very general and does not rely on the abelianness of the group.)

17



2.1 Equivariant and Isovariant Maps

Definition 2.1.1. Let G be a finite group, and let X and Y be compactly generated
spaces with continuous left G-actions. An equivariant map between X and Y is a
function av: X — Y that preserves the G-action so that a(g-x) =g-a(x) forall ge G
and x € X, i.e., we obtain the same result whether we perform the group action before

or after applying a.

Definition 2.1.2. Let G be a group and X be a G-set. Let x € X. Then the stabilizer

group of x, denoted G, is the subgroup of all g € G such that g-x = z.

Lemma 2.1.3. If a: X - Y is an equivariant map between G-sets, then G, € Go(a).

Proof. Suppose g-x =x. Then g-a(x) =a(g-x) = a(zx). O

Example 2.1.4. Let D? be the closed unit disk in R?, and let G =Z/2Z = {0,1}. For
each (z,y) € D% let 0- (z,y) = (z,y) and 1 (z,y) = (z,-y). Let a: D - {(0,0)} be
defined by a(xz,y) = (0,0). Then « is an equivariant map. Further, G ) = {0} but

G0y = 10,1}, 50 G(1,0) € Ga(1,0)- A

Remark 2.1.5. Example|2.1.4{shows that the set inclusion in Lemma [2.1.3| might be
a strict inclusion. An equivariant map may increase the size of the stabilizer group

as there may be elements in G (,) that are not in G,.
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Lemma 2.1.6. Let v € G be fixed. The map
a:G[H - G/K defined by a(xH) := 2y K

is well-defined if and only if y"1Hvy ¢ K.

Proof.
(=) Note that
a(H)=a(eH) =eyK =vK
and for any h e H,
a(H) =a(hH) = hyK

and so hyK =vK. This implies that vy 'hyK = K, so v 'hy e K.

(<) If x1H = 29H, then x9 = x1h for some h € H. Then for some k € K,

a(xoH) = 2oy K = x1hyK = 217k K = 217K = a(x1 H) O

Lemma 2.1.7. Let G act on the quotient sets of G where the action is defined by
g-xH = grH. (If not otherwise stated, assume we are using this G-action on the
quotient sets of G for the remainder of this document.) A map a: G/H - G/K is

equivariant if and only if there exists v € G such that a(zH) = zyK for all z € G.

Proof.

(<) If ge G, then a(gxH) = gzyK and g-a(zH) = gy K.

(=) There exists v € G such that a(eH) = vK, and so a(zH) = za(eH) = zyK for

all z e G. O
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Corollary 2.1.8. Suppose G is abelian. Then the map a: G/H - G/K defined by

a(xH) = zyK is equivariant if and only if H < K.

Proof. See Lemmas [2.1.6] and 2.1.7] O]

Remark 2.1.9. Note that different values of v € G may induce the same equivariant
map G/H - G/K. The next assertion, Lemma [2.1.10, tells us precisely when this

occurs.

Lemma 2.1.10. The group elements v and v’ in G induce the same equivariant map
G/H - G/K if and only if they are in the same K-coset, gK for some g € G. As a

result, for finite G, there are |G|/|K| distinct equivariant maps from G/H - G/K.

Proof.

(=) Suppose a: G/H - G/K is equivariant defined as a(xH) = xyK = x7y'K. Then
vyevK =~"K >7', and so v and 7' both belong to the coset vK.

(<) Suppose v,v" € gK. Then v = gk; and «' = gks for some ky, ks € K, and so

2xyK = xgk1 K = 29K = xgko K = 27v'K O

Example 2.1.11. Let G =7Z/NZ ={0,...,N - 1}. Let H and K be subgroups of G
such that H < K, H = (h), and K = (k) (when k =0, instead let k = N). We would
like to describe all distinct equivariant maps from G/H to G/K. The cosets of K are
0+ (k),1+(k),....k—1+(k), so by Lemma [2.1.10} there are k equivariant maps given
by v=0,1,2, ... k1.
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How do we compose these equivariant maps? Suppose L = (I) < G such that
K < L. Further suppose that G/H % G/K LA G/L where a(zH) = x + a+ K and
f(xK)=x+b+ L. Then
(Boa)(xH)=x+a+b+ L

and (o « is induced by v = (a+b) mod . A

Lemma 2.1.12. Suppose that we have the equivariant maps « : G/H - G/K and
p:G/H - GJ/L. Further, suppose there exists an equivariant map € : G/K — G/L
such that = eo «a (see Figure . Because the maps are equivariant, there must
exist vq, Vb, and 7, in G such that a(gH) = g7, K, B(gH) = gL, and €(gK) = g7.L.
Then € is unique and given by the map e(gK) = gy, VL. (Note that G need not be

abelian in this Lemma.)

Figure 2.1: Equivariant map uniqueness commutative diagram.

Proof. For any g € GG, the commutative diagram implies that gv,7.L = g7 L, and so
YaveL = WL = el = 7 L = 7o =2 Wl
for some [ € L (and in fact there may be many such [’s). However, regardless of our

choice of [, we obtain the same map e since €(gK) = g7, 'L = gv;' %L O
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Definition 2.1.13. An isovariant map between G-sets X and Y is an equivariant

map «: X — Y that preserves all stabilizer groups, i.e., Gy = Go(,) for all z € X.

Example 2.1.14. Using the same group and G-sets as Example [2.1.4] let
a:{(0,0)} - D*
a(0,0) :=(1,0)
Note that 1-(1,0) = (1,0). Then Gy = {0,1} and Gq0) = {0,1}, and so « is an

isovariant map. A

Lemma 2.1.15. Let a: G/H - G/K be equivariant where a(zH) = xyK. Then «
is isovariant if and only if y"'H~y = K. (If G is abelian, then « is isovariant if and

only if H =K.)

Proof.
(=) Since « is isovariant, Gy = Go(my. 1 will show that Gy = H and Gy = vKy7L
e First, Gy = H since Gy ={g € G :gH = H}, and for some hy,hs € H,
gH =H = ghy =hy = g=hshi' = ge H,
and if h e H, then hH = h.
e Secondly, suppose g € Gox). Then ga(H) = a(H), and so for some ki, ks € K,
97K =K = gyki = vky = g = vhoki'y Tt = g ey Ky
On the other hand, vky 'a(H) = vky'vK = vK = a(H). Thus Gomy = 7Kyt
(<) Let g € Goemy- Then g-a(xH) = a(xH), and so gryK = 2yK, and gry(y 1 Hy) =
xy(y~tH~). Simplifying, this shows that gxrH = xH, and so g € G,y. H
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2.2 Categorical Concepts

This section contains some general categorical results and definitions that we will

need for this document.

Definition 2.2.1. A small category has a set’s worth of morphisms (and thus a set’s

worth of objects due to the bijection between objects and identity morphisms).

Remark 2.2.2. Suppose C and D are categories, and F': C = D is a functor. Further
suppose that D has at most one morphism between any two objects. Then if f:xz —y
is a morphism in C, F'f is completely determined by Fx and Fy, i.e., we can write
F(z - y) = Fx - Fy unambiguously. This is because for any morphism f:z — y in
C, F must take f to some morphism of the form Faz — Fy. If there is only one such

morphism, there is only one such choice.

Definition 2.2.3. Suppose C and D are categories, and F': C = D is a functor. The
functor F' is faithful if for all objects x,y in C, the map Hom(x,y) — Hom(Fz, Fy)
is injective, i.e., if Fx — Fy is a D-morphism, then there is at most one morphism

between x and y that F' maps to Fx - F'y.

The proof of the following Lemma is based on a part of del Hoyo’s argument in

[2] Lemma 18 .
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Lemma 2.2.4. Suppose F':C = D is a (covariant or contravariant) functor between
categories, ~ is the smallest equivalence relation generated by the relation ~, and
for all morphisms fi, fo in C, if f; ~ fo then F(f1) = F(f2). Then if f and g are

morphisms in C and f ~ g, then F(f) = F(g).

Proof. Let R, ={(f1, f2): fi~ fo} and R. = {(f1, f2) : f1 ~ f2}. Define the equivalence

relation

fi~r fa = F(fi)=F(f2)
and let R.,. = {(f1,f2) : fi ~r f2}. Then R, ¢ R.,, and since R. is the smallest

equivalence relation containing R., we must have R, € R. ¢ R.,. Thus if f ~ g, then

F(f) = F(9). O

Definition 2.2.5. A small, nonempty category C is said to be a filtered category if

both of the following hold:

1. For any two objects c¢1,co € C, there exists an object ¢3 € C and morphisms

c; — c3 and ¢y — cs.

2. For any two parallel morphisms f,g : ¢; = ¢ in C, there exists a morphism

h:cg — c3 such that ho f=hog.

Figure 2.2: Second filtered category condition.
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Remark 2.2.6. In Definition [2.2.5] note that if all parallel morphisms in a category
are equal, i.e., there is at most one morphism between any two objects in the category,

then (2) is satisfied with ¢3 = ¢y and h =id,,.

2.3 The Category A

My understanding of this category comes primarily from Friedman’s paper [3].

Definition 2.3.1. Define [n]:={0,1,...,n}. Let A be the category with data:
objects: [n] where n € Zy

morphisms: the (not strictly) order-preserving maps between [n] and [m]

Remark 2.3.2. All of the order-preserving maps are generated as compositions of

the injections d; : [n] - [n + 1] and the surjections s; : [n + 1] - [n] defined as

Ji j<i-1
di(j) = 1
J+1 52>1
and
J J<t
5:(j) =
j-1 j>i+1
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Lemma 2.3.3. (Simplicial Identities) In the category A, we have the following
simplicial identities:

diodj=dj_qo0d;ifi<j

diosj=s;10d;ifi<j

djosj=dj10s5=1d

diosj=sjod;1ifi>j+1

SiOSj:8j+1OSiif’iSj

Example 2.3.4. We can visualize ds : [4] = [5] as an injection in which 2 is deleted

from the codomain, and s, : [4] - [3] as a surjection in which 2 is repeated in the

codomain, as visualized in Figure [2.3 A
dy 0 1 2 3 4
LD NN N
0 1 2 3 4 5
S9: 1

L1 Lo

Figure 2.3: Simplicial maps example.

—_

Lemma 2.3.5. Suppose d : [n] — [m] is an injection in A where kq,...,kpn_pn €

[m\d([n]) and ki < ... < kp_p. Then d = dy,,_, dy dg,. In particular, if written

men—1"""
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in strictly decreasing order, the indices of the d;-maps indicate which elements are

excluded from the range.

Definition 2.3.6. We can further consider the category [n] with objects 0,1,...,n
and morphisms k — [ if k£ <[. This implies that if k£ <[, then there is exactly one map
from k — [ in [n]. If k =, this map is the identity map on k. From this perspective,

the morphisms in A are functors [n] - [m].

Remark 2.3.7. Because there is only one morphism between any two objects in [n],
any functors into the category [n] are completely determined by their definition on
objects. So if j; — jp is a morphism in [n] and d : [n] - [m] is a morphism in A,
then

d(j1 = j2) = d(j1) = d(jz2)

without any ambiguity (see Remark [2.2.2)

2.4 Weak Equivalence

Definition 2.4.1. Let C be a small category, and let Fun([n],C) denote the set of
functors from [n] to C. The nerve of C is a functor NC : A°? — Set such that:

on objects: NC([n])=Fun([n],C) (denoted NC,)

on morphisms: NC(d;”:[m]— [n])(F):=Fod;:[n]—C, and

NC(s{¥:[n] - [m])(F):=Fos;:[m]—C and expand functorially.
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[m] Fun([m],C)
doP — NC(dP)(F):=Fod;
[n] Fun([n],C)
Figure 2.4: The nerve functor.
Remark 2.4.2. We define NC;, as the set of all functors [k] = C. In particular, NCy

can be viewed as all of the objects of C, NC; as the set of all morphisms in C, and

NC, as the set of all pairs of two composable C-morphisms.

Definition 2.4.3. Quillen defines the classifying space functor B :Cat = T op such
that B associates to each (small) category C a topological space via the geometric
realization of NC [8]. A functor F': C = D in Cat is said to be a weak equivalence if
BF : BC - BD is a homotopy equivalence in Top, i.e., there exists g : BD - BC in

T op such that BF o g is homotopic to idgp and g o BF is homotopic to idpgc.

Remark 2.4.4. Based upon Definition [2.4.3] it is not necessarily the case that g
in Definition is in the image of B. Additionally, B is not full [§], so BC and
BD may be homotopically equivalent in Top, but there may be no weak equivalence

between C and D.

Definition 2.4.5. A (small) category C is contractible if the geometric realization of

its nerve, BC is contractible in T op.
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Theorem 2.4.6. Any filtered category is contractible [§].

Definition 2.4.7. Let C and D be small categories. Let d be an object in D. The
left fiber F'/d is the category with the following data:

objects: the pairs (¢,d) with ¢ an object of C and ¢ : F¢ — d a morphism of D
morphisms: There exists an arrow (¢, d) —> (¢/,8") if there exists a map #: ¢ — ¢ in

C such that ¢’ o Fx = 4.

Theorem 2.4.8. (Quillen’s Theorem A) Let C and D be small categories. The

functor F': C = D is a weak equivalence if F'/d is contractible for every object d of D

8.

2.5 The Orbit Category

The orbit category of a group G keeps track of equivariant maps between the quotient

sets of (.

Definition 2.5.1. The orbit category of G, denoted O, has the following data:
objects: G-sets G/H where H < GG, which we will denote by the subgroup H when
the group is given.

morphisms: equivariant maps of G-sets where the group action is defined by v-gH :=
vgH. T will use the notation v° : G/H - G/K to denote the map induced by i € G.
Then composition in the orbit category is defined by 7§ o = 7.
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Example 2.5.2. Two orbit categories are given in Figures [2.5] and [2.6]

C) @
) B (Y
) )

Figure 2.5: The orbit category for Z/27

o
’Y? Yo

@
(1)

\&D

Figure 2.6: The orbit category for Z/47

i

2.6 The Link Orbit Category

The orbit category allows for a special adjunction called a Quillen equivalence

[8] between GTop and Fun(OF,Top). Yeakel defines the link orbit category, Le, to

keep track of isovariant maps between the quotient sets of GG such that there is an

analogous adjunction between isvt—-G7Top and Fun(LY, Top) [10]. (See Figure )
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GTop isvtGT op

Il Il

Fun(OZ,T) Fun(LZ, T op)

Figure 2.7: Quillen equivalences and L.

Definition 2.6.1. Given a group G, define the small category Lec as follows:
objects: strictly increasing chains of subgroups of G, H= Hy < ... < H,
morphisms: Let ¢: [n] - [m] be an order-preserving inclusion. Then a morphism of
Lo, Hy< ...< H, > Ky < ... < K, is a pair (t,7), where v € G is an element such
that H; = vK,;)7~! for all j € [n]. That is, v induces a collection of n + 1 maps,

R G/H; ~ Gl Ky

THj = 27K, )

for each j € [n]. (The conjugacy relationship forces these maps to be isovariant by

Lemma [2.1.15]) Composition in L¢ is defined by (z,7) o (¢/,7") = (1o t/,4").

Definition 2.6.2. Define the link orbit category, L, as follows:
objects: strictly increasing chains of subgroups of G, H=Hy< ... < H,
morphisms: equivalence classes of Lc-morphisms in which two parallel morphisms
(¢,7),(t',y") : H—> K are identified if ¢ = ¢/, and 7 and ~' induce the same equivariant
maps, i.e.,

R} = R),: G[H; > GK,j) = G|Ku)

for all j. Composition in Lg is defined by [(¢,7)]z o [(¢,7)]z =[(tot ;v Y)]z-
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Lemma 2.6.3. Suppose G is a finite, abelian group, and H and K are objects in Lg
such that Hy, ..., H, appear in K. Then we have |G| maps H — K in L¢ where each

map is induced by an element of G.

Proof. First, recall from Lemma that a map G/H - G/K defined by xH ~
xyK is isovariant if and only if v"1H~ = K. Since G is abelian, the second part of
this statement simply says that H = K. So, using the definition of L, there is a map
H- Kin Lo corresponding to v € G if and only if Hy, ...., H, appear in K. So as
long as Hy, ...., H, appear in K, we have |G| maps H - K in Lg where each map is

induced by an element of G. O

Remark 2.6.4. Lemma also implies that for (G,+) finite and abelian, there
is only one possible ¢ that includes the subgroups in the chain H into K, and so in
this situation, we do not need to keep track of ¢+ when notating the morphisms of
L. Because of this, I will use the notation v& for [(¢,9)]c where g € G induces
the isovariant map. Then if we have the maps v : H - K and 7 : K — J, then

oy . . £ E _ E
composition in Lg is defined as ;o 7" =5 ;.

Remark 2.6.5. We need to understand which maps get identified in L for G finite
and abelian. By Lemma [2.6.3] we can start by looking at the elements of G that
induce isovariant self-maps of G/Hy. This gives us an initial list of maps in L that

could potentially be expanded by looking at isovariant self-maps of G/H; for some
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7 > 1. However, Lemma and Corollary will assert that the list built by

only considering Hy is in fact the complete list of maps H — K.

Lemma 2.6.6. Let G be finite and abelian. If R} = R), : G/Hy - G/Hy is an
isovariant self-map defined by gHy = gyHy (or gHy = gy Hy), then R/, = Ri, :G[H; >

G/H; defined by gH; » gvH; (or gH; — gy'H;) for all j > 1.

Proof. Note that since R = Rg,, we know that gyHy = g7 Hp, and so there exists
ho € Hy such that gy = gy'ho. Now, suppose gvh € gyH;. Then gvh = g7y'hoh = gy'h’
for some h' € H;. Thus gyh € gy'H;, and gyH,; c gyH;. By a symmetrical argument,

we get the reverse set inclusion, and so gvH; = gy'H;, and so R% = Ri,. O

L

Corollary 2.6.7. Let G be a finite abelian group, and let v#, 7; + H—~ Kbe maps in

L such that we only have R? = R?. Then ~F = ~vF in Lg.

Proof. See Remark and Lemma [2.6.6] O

Remark 2.6.8. In the case that G is finite and abelian, L5 becomes somewhat
simpler to describe based on the previous Lemmas.

objects: strictly increasing chains of subgroups of GG, denoted H= Hy < ... < H,
morphisms: We have a morphism H — K in Lg if and only if H; appears in K for
every H; in H, i.e., H is a subchain of K. Distinct morphisms are induced by the same

elements of G that induce the self-equivariant maps of G/H, (Remark [2.6.5)) and are
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in fact then isovariant by Lemma [2.1.15] So when a map exists from H — K, there

is a bijection between the Hy-cosets of G and morphisms H — K given by mapping

g+ Hy = ~£ (Corollary [2.1.10)).

Remark: We can interpret the composition of maps in L4 using this bijection. Sup-
L ~E

pose we have H 2, K -5 L. Then we define (j+ Ko)o(i+Hp):=(i+7)+ Hy. This is

well-defined since Ky < Hy.

Example 2.6.9. Here are some examples of link orbit categories in Figure and

Figure for the groups Z/pZ with p prime and Z/47. A

L L
VG v Vo1 L

@
{0) (1)

75»'“775_1 Yo

L
Y0 7"'7'}/1371

Figure 2.8: The link orbit category for the group of order p.

Lemma 2.6.10. Let G be finite and abelian. Suppose we have the maps v~ : K - L
and ’ybc :H - L in Lg. Further, suppose there exists a map v~ : H - K in L5 such
that v = 7% oy£ (see Figure . Then % is given by the map v~ = (v7;)* (and
so is uniquely determined by % and fybﬁ)
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() ()

{0} (2)
M |

L. L L L
Yo V1 V23
VENEAEAE O

\ v AE

W6 E GO} < (2< oy GQ) <(1) /{O}i (@'Yé:fhﬁﬂé:ﬂé:

vE AE A5 AE VE A AE AE

{0} <

U

VE AE AE AE

Figure 2.9: The link orbit category for the cyclic group with 4 elements.

L
H i s L
vE /’Y(;
K

Figure 2.10: Link orbit category uniqueness commutative diagram.

Proof. Let H= Hy < ... < H,. Since £ is a map in Lg, there exists a collection of

maps RZ, : G/H; - G/H; defined by gH; + gy, H; for all j € [n]. On the other hand,

the map v£0yE = (V+7,)~ implies that there exists the collection R, ., : G/H; - G/H;

defined by gH; = g7.v.H; for all j € [n]. The diagram commutes, and so for each j,
9t = g7eVatl;

which implies that: v,H; = vv.H; = H; = % "v%Y.H; = 7,'VY = h; for some

h; € H;, and so v, = whivat = 7e = Wz th, since G is abelian.
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Now, v£ is a map in £, so we have the collection R’ : G/H; - G/H; defined by

gHj = gv.Hj. But gv.H;j = gy, hiHj = gy,  Hj, and so £ O

C

2.7 The Pre-subdivision Category

I will use primarily May’s formulation to first describe the pre-subdivision category

CC and then describe SAC as C€C under a morphism-gluing equivalence relation [6].

Definition 2.7.1. Let C be a small category and let

P1:C > C1y ooy Pn:Cp-1=>Cp
be C-morphisms such that the composition ¢, 0@, 1 0...0¢; is well-defined. Then
P1 P2 ®3
)

(co—>cl—>02—>...—>cn

is a chain or path in C. If ¢; # id,, , for all i € [n], then the chain is a nondegen-

Ci-1

erate chain. Otherwise, the chain is called a degenerate chain. The integer n is the

dimension or length of the chain.

Remark 2.7.2. While a C-morphism in a nondegenerate chain can not be an iden-
tity, it is possible that compositions of these C-morphisms in a nondegenerate chain

compose to an identity (and we will see many instances of this).

Remark 2.7.3. We can notate these n-chains of C-morphisms in the following man-

ner:

0,1 k-1_k n-1 ¥1 ¥2 ¥3
©1. TR L T o™ —(co—>cl—>02—>...—>cn)
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For an even shorter notation, we can use ®” where ®"(k-1 — k) = ¢y, and expanding
functorially, ®"(j — k) = ¢p o ... 0 @;.1. Note that there are k — j maps in this
composition. When we don’t wish to specify the length of the chain, we can simply

use P.

Remark 2.7.4. We will often think of n-chains as functors from [n] — C where
"(j) = cj, ¥"(j > j) = id,,, and
(co RN c1 2, Co RN N cn)(j1 = Jo) = Pjy © ... 0 Q411 Cjy = Cjy, 1 J1 # Jo
Definition 2.7.5. The pre-subdivision category CC has the following data:
objects: the functors [n] = C, which can be expressed as nondegenerate chains of
C-morphisms, i.e., if ¢, ..., ¢, are objects in C with non-identity C-morphisms
$1:C > C1y -y PntCp-1 > Cp

then we may represent an object of CC as:

0O — 1 — 2 ... — n
} l I l
1 P2 ¥n
cCg — € —> C2 ... —> Cp

or using any of the shorter notations in Remark 2.7.3] Additionally, we include all

functors of the form [0] - C.

Remark: The functors of the form [0] - C recover the objects of C. So if ¢ is an

object of C, we can notate the functor from [0] = C that maps 0 = ¢ as e
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o

Figure 2.11: Defining the morphisms of the pre-subdivision category.

morphisms: the maps d, : ®* — U™ such that d : [n] - [m] is an order-preserving

injection (in particular, d is a functor from [n] to [m]), and ¥™ o d = dn

Remark: Given this requirement and the fact that ®” is nondegenerate, d must be

an injection, for if d were not an injection and d(k) = d(l) for some k < [, then
(U™ 0 d)(k - 1) = U™ (d(k) - d(1)) = U (id) = id = &"(k — [)

If follows that we must have n < m, for if n > m, then d would not be an injection.

Remark 2.7.6. Intuitively, the objects in the pre-subdivision are paths through the
orbit category. The morphisms in CC consist of all allowable insertions of ® into W, so
we have a morphism from & to V¥ if & is a subpath of ¥, and the different morphisms

signify different subpath insertions. I will illustrate this in Example [2.7.8|

Lemma 2.7.7. If d, : ®* - U™ and ¢ : U™ - Q9 then (dod), =0, od,

Example 2.7.8. Let’s do some calculations to gain a better understanding of COz/27.

With some relabeling, recall that Oz/,7 is the category:
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a/\’kb)

Q) @)

a0 Bo

Figure 2.12: The orbit category for the group with 2 elements in a-notation.

where aj oy = ap = id, and foa; = f. In this category, the non-identity Oz/s7-
morphisms ¢ may be a; or f, so the nondegenerate n-chains look like
8, l(;, Oft Yaqta 2. " oy, or %aitaq®a™tfm

o Let @ =% 1?2 and ¥ = Yaylaq2a3. The maps between %ata?2 — Yaqlaq a3
are (do). and (d3).. To see why this is true for (dp)., view the injection dy as the
functor dy : [2] - [3]. Then we have

d(0>1-2)=1-2-3
This indicates that we can insert Y 'a;? into the last two maps in aq o2 ?. Simi-
larly, (d3). indicates that we can insert Yoy 'a? into the first two maps in Yoyt 2o 3.
However,

d1(0-1-2)=0->2-3
does not represent an allowable insertion. We can see this by way of Definition [2.7.5
since

(Tod)(0—-1)=("or'ar2a:®)(d1(0 - 1)) = Pyt ?01®)(0 = 2) =g 0 g = id,

but

(I)(O - 1) = (0a11a12)(0 —> 1) = Q1
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Similarly, d, does not represent an allowable insertion, and dy, d;, ds, and d3 are the
nondegenerate morphisms [2] — [3] in A.
e Now, I claim that the map

(dyody).: on' — "onlar’on®

1 1

is in €Ogz/9z since dy 0 dy (0 - 1) =0 — 3, and we can insert "o ' as Yot 20

The map (d; o d;). illustrates another important point about €Oz/97; the category
COz/27 is not generated by the maps between objects of consecutive dimensions, i.e.,
C is not generated by maps of the form ®” — W¥7*1  In this particular instance,

the map (di). is not a map between °a;! — %a;la;?, and (ds). is not a map

2 2+.3

between aqla;? — Paitag?aq3. (Even if we use simplicial identities and consider

dy o dy = dy o dy, this does not fix the issue.)

e As a final note in this example, there are no morphisms from an object with larger
dimension to an object with a smaller dimension. (There are no allowable insertions
between such objects.)

In this case, the category €Oyz/y7 roughly looks like the category in Figure .
There are many more morphisms between the objects specified than the ones I have
drawn; the map (dyod;). = (dy o dy), serves as a reminder of the maps that are not

generated by compositions of the drawn morphisms. A
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S b
[\ T |
(do)+ (d1)+ (d1)« (do)«

\ ~

OOél Ofl

7\ > [\

do)* (d2)* (d2)+ (do)+ (d1)«

\

(d2od1)+ OOélloél Oa11f2
/ \ T [
« (d3)« (ds)« (do)« (d2)«

\ Y/
Oal 06120413 0a11a12f3

\ S~ [\

/
(do)+ (da)+ (da)s (do)« (d3)«
N

Figure 2.13: The pre-subdivision of the orbit category for Z/27.

2.8 The Subdivision

Definition 2.8.1. (This definition is due to May in [6].) Let C be a small category.
Then the subdivision of C, denoted SdC, is the quotient category of CC with equiv-
alence classes of morphisms under the equivalence relation ~, which is generated by
the relation #, i.e., ~ is the smallest equivalence relation containing ~. To define ~, let
dy,0, : ®* - U™ be in CC such that there exist maps v, 0,a, and [ in A such that o
is a surjection with right inverses o and § (so we have coa =00 =1id), and d=vo«
and 0 = v o 3. Then we define ~ by setting d, ~ J, if

P"og=U"ovp
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Note that ®™ o 0 may be a degenerate chain — and so not in €C— and v might not be

an injection. If d, ~ 0., we say that d, and d, are elementary equivalent.

(voa)x=dx

\
8 pm

o N (vof) =8«
SN
\CI)\”O oc=U"oyp

Figure 2.14: Defining elementary equivalence.

Intuitively, this equivalence relation relates morphisms in CC that differ by an
identity in C, i.e., we can “scoot past an identity” and find an equivalent morphism in
the subdivision. We can see which identity is being considered based on the placement

of identities in the degenerate chain, ®7oo. (I will expand on this intuition in Lemma

and Examples [2.8.3 and [2.8.4])

While a morphism in SAC should formally be the equivalence class [d,]., I will
often abuse notation and write d, for both a morphism in the pre-subdivision CC and
for a morphism in SAC. It will occassionally be useful to also use the same notation for
a morphism in which the domain or codomain is a degenerate chain as in the previous
diagram. This viewpoint is consistent with del Hoyo’s definition of the subdivision
as arrising from the left fiber A/C, and so such a morphism can be thought of as a

morphism in A/C or in [A/C]. [2]
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Lemma 2.8.2. (Scoot Lemma) Let C be a small category, let & and ¥™ be objects
in CC, and let d,d : [n] - [m] be A-maps. Suppose that there exists k € [n] for which
Um(d(k) = 0(k)) = Vser) © - © Vaky+1 = idwm(ar))

and 6(j) = d(y) for all j € [n]\{k}. Then:
(a) d, is a morphism in CC if and only if J, is a morphism in €C, and

(b) if d, and 4, are morphisms in CC, then d, ~ ¢,.

Remark: The intuition gained as a result of the Scoot Lemma is stated in May [6] in
the commentart following Definition 13.2.2.

Remark: Because U™ is nondegenerate, none of the 1;’s can be the identity. This
implies that the composition sy o ... 0 Y4u)+1 must contain at least two distinct
morphisms, namely ¢s) and ¢gepys1. Thus §(k) > d(k) + 1, and so 6(k) > d(k) + 2

and 0(k)—-d(k)>2.

Proof. (a) If d. is a morphism in CC, we know that U™ od = ®7 and if J, is a
morphism in €C, we know that U™ o § = d*. We will show that U™ o = U™ o d, and
so regardless of which morphism belongs to €C, we will have the result. To this end,

let j; = j2 be a morphism in the category [n].

elf p<k-1,orji>2k+1,0or jy<k-1and jo>k+1, or j; =jo #k, then
6(j1 = j2) = 6(j1) = 0(j2) = d(j1) = d(j2) = d(j1 = j2)

(U™ 06)(j1— j2) = (V™ od)(j1 — J2)
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o If jo=Fk and j; <k -1, then

(U™ 0 6)(j1 = k) = V(i) © Yo(r)-1 © - © Yo (jn)+1

Vsk) © - © Vay+1 © V(i) © -+ © - © Ya(jp)e1

id@pz) (0} © Vak)--- © Yagy)+1
= YVak) -+ © Va(ir)+1
= U (d(j1) > d(k))

= (V™o d)(j1 —~ Jj2)
e If j; =k and j5 > k+ 1, then
(U™ 0 0)(k = J2) = Vssn) © Ys(j)-1© - © Vs(ky+1

= Vd(ja) © Vagja)-1--- © Vs(r)+2 © Vsi)+1

= V() © Vd(ja)-1-+- © Vs(k)+2 © Ys(ky+1 © 1d

= V() © Vd(ja)-1-+- © Vs(k)+2 © Vs(k)+1 © Vs(k) © --- © Va(k)+1

= Vd(jy) © Vd(ja)=1-- © Vd(k)+(5(k)—=d(k))+2 © Ld(k)+(5(k)-d(k))+1

0 Va(k)+(8(k)-d(k)) © -+ © Vd(k)+1

=U"(d(k) > d(j2))

= (U™ od)(j1 — Jj2)
o If 1 = jo =k, then

(U™ 00)(k — k) = (U™ 0 6)(idy) = U™ (ids(xy) = idwm(5(k))

and

(U™ od)(k — k) = (V™ od)(idy,) = V™ (idgky) = id(wm(ag))
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But we know that

and so Y™ (0(k)) = Um(d(k)).

(b) Assume that d,,d, : &* - ¥™ are morphisms in CC with the given dependent
definitions. I will show that
dv = (ds(ry-10 .. © dggry+1 © dagry+1)« © (1)«
and
0u = (ds(iy-1 © - © dagrys1dagry)« © (1)«
for a A-map ~ that I will define below. Then since
(ds(ky-1 © - 0 dg(ry+1 © dagiys1)« ® (ds(y-1© - © dg(ry+1 © dagr)) «
we’ll have d, ~ d,. This idea is summarized in the following diagram:

(ds(ky-1°---°dg(r))+

N N

on — T Qm-(8(k)-d(k)) g

\ (d5(k)-10--0da(k)+1°dak)+1)+ /

(sd(k))=
(da(ry+1)+ (ds(r)-1---dacr)y+1)+
(da(ry)« e /

Sm—(5(k)~d(k))+1

Figure 2.15: Scoot Lemma proof intuition.

where:

Q=0 d(k)—1wd(k)d(k)%(k)ﬂd(k)u ¢5(k)+2d(k)+2.'.m—(é(k)—d(k))+1wmm—(é(k)—d(k))

and

5 Olpllmd(k)—ld}d(k) d(k) ;g Ak)+1 wé(k)ﬂd(k)+2w6(k)+2d(k)+3._.m—(é(k;)—d(k:))wmm—(é(k)—d(k)ﬂ)
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There are several checks to make this argument valid:
(1) Show that Qm-(6(k)=d(k)) ig actually an object in CC.
(2) Show that there exists a map & 2> Qm-@E(#)-d®) in CC such that
d = ds(ry-10 - © dg(ry+1 © dary+1 © Y
and that
0 =dsky-1° - © dyky1dar) © Y
(3) Show that
(ds(ry-1 © ---dagry1 © dagry )«
and
(sz(k)—l 0..0 dd(k)+1 o dd(k)+l)>e

are morphisms in CC.

Proof of (1): If m = (6(k) - d(k)), then the functor
Qm-OW=dk) (0] - C
has dimension 0, and is thus in CC.
If m > (0(k)—-d(k))+1, then all of the C-morphisms in the chain are non-identities,
and we just need to make sure that ¥s(xy+1 © 4@ is well-defined. Since
id = Y5y © - 0 Yaqy + ¥ (d(k)) - U™ (6(k))
we know that

w(o(k)) = v (d(k))
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Then the morphisms
Usryer = UT(6(k)) = 0™ (0(k) + 1)
and
bagey " (d(k) = 1) = ™ (d(k))
are composable.
Proof of (2): First note that if such a 0 exists, then d(k) < m — (d(k) - d(k))
(intuitively, there must be room to “scoot” and define d(k)). Additionally, if k& < n,
then d(k+1)=d(k+1)>d(k)=d(k)+ (6(k)—d(k)), and so d(k+1) > (k) + 1.
Define the functor v: [n] - [m - (6(k) —d(k))] by
d(7) j<k
1(7) =
d(j) = (6(k) —d(k)) jz2k+1
We need to show that v is in fact an order-preserving map:
o If ji <j2 <k, then y(j1) = d(j1) <d(j2) =7(j2)
o If jy <k and jo > k+1, then
(1) = d(jr) <d(k) <d(k+1) = (6(k) - d(k)) < d(j2) - (6(k) - d(k)) = 7(j2)

o If k+1 <1 < ja, then y(j1) = d(jr) = (6(k) —d(k)) < d(j2) - (6(k) - d(k)) = 6(j2)
Now, we would like to show that v, is a map in CC, so, given that U™ o d = o7,
we need to show that Qm-(6(k)-d(k)) o 4 = ®». Consider the morphism j; — j, in
[m = (0(k) - d(k)].

First, if jo <[, then
QRO () > jo) =y, 00ty a = U (1 = )
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Second, if j; <1 and jo >+ 1, then
QOO (1 > Go) = Yy (s00)-a(k)) © -+ © V(w1 © Yaagiye1 © Ve © - © Yy
= e (5(k)—d(k)) © - © Vs (k)1 © i © V(i1 © Vak) © - © Yjyan
= Vs (5(k)=d(k)) © -+ © Vs(k)+1°Ws(k) © -+ © V()41 © Ya(k) © - © Vj 41
=W (j1 > g2 + (0(k) - d(k)))
Third, if j, > d(k) + 1, then
Q1 = J2) = Vipr(a(t)=d(k)) © -+ © V(Ga+1)+(8(k)-d(R))
= U™y + (6(k) - d(k)) > j2 + (5(k) - d(k)))
Let j; — j» be a morphism in [n].
o if jo <k, then d(j») < d(k), so
QOO (y(j1 > j2)) = U™(d(j1 > j2)) = " (j1 — J2)
o if j, <k and jo>k+1, then d(ji) > 5(k) + 1, and
QW=D (4(j1 > j2)) = Q" 2(d(51) — d(j2) = (5(k) = d(k)))
= U ((d(j1) ~ (d(jz2) - (0(k) = d(k))) + (6(k) - d(k)))
=W (d(j1 ~ ja))
= Q" (j1 ~ Jj2)
o if j; > k+1, then d(j,) > 6(k) + 1, and
Q(y(jr = 52)) = 2(d(1) - (0(k) - d(k)) - d(jz) - (6(k) - d(k)))
= U™ ((d(51) - (6(k) = d(k))) + (0(k) - d(k)) — (d(j2) - w) +w)

= U"(d(j1 — j2))
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It remains to show that:
d = ds(ry-1 0. 0 dgry+1 © dgrys1 © Y
and
0 = ds(y-1 © .. © dg(ry+1 © dagry © Y
Note that since v is in A, the maps
ds(k)-1 © (k)1 © da(ky+1 © 7
and
ds(ky-1© - © daery+1dagry © 7y
are in A. Additionally, because for any A-map d we have d(j; = j2) = d(j1) = d(jz2)
for j; — jo a morphism in [n], once we have equality on objects, we also have equality

on morphisms.
For the map d, let’s look at two cases:
o if j <k, then d(j) <d(k), so:

(ds(ky-1 © - © dggryr1daciy+1) © (V(5)) = (dsey-1© --- © dagy+1 © dagry+1)(d(5)) = d(5)

oif j> k+1, then d(j) > d(k +1) 2 6(k) + 1, s0
(ds(iy-1 0 - 0 dagry+1 © dagry+1) © ¥(J)
= (dsgry-1 0 -+ © dagrys1 © dagry 1) (d(5) = (0(k) - d(k)))
= d(j) = (6(k) —d(k)) + (6(k) - d(k))

= d(j)

i.e., d(j) moves one to the right ((6(k) —d(k))—1) +1 times.
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Now, if j; = jo is a morphism in [n],
(d(S(k)—l o...0dg(ry+1 © dg(ky+1 © 7)(j1 = jo)
= (dé(k)—l o ... odg(k)+1 © dg(k)+1 © 7) (1)
= (ds(ky-1 0 - 0 daiy+1 © dagiy1 © 7)) (J2)
=d(jr1) > d(jz2)
Let’s look at three cases:
eif j<k-1,then0(j)<o(k-1)=d(k-1)<d(k)-1,so
(ds(ry-1 © - © dg(ry+1 © dagey © ) (J) = (dsy-1 © - © da(ry+1 © dary ) (d(5))
=d(j)
=0(J)
e if j =k, then
(ds(ry-1 © - 0 dg(ryr1daey © V) (k) = (ds(ry-1© .- © daiy+1 © dagey) (d(K))
= (ds(ky-1---Aagry+1 © dagey) (d(K))

= 5(k)
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eif j>k+1, then d(j)>d(k+1)>d(k)+1, so
(ds(ry-1 © - © dagry+1 © daey) (7(J))
= (ds(ry-1 0 - 0 dsry+1 © dagry ) (d(j) = (0(k) - d(k)))
= (d(j) - (6(k) = d(k))) + (6(k) - d(k))
=d(j)
0
Proof of (3): For the A-map ds)-1 © ... © dg(x), we need to show that
U™ o (dé(k)—l o0..0 dd(k)) — m-(6(k)=d(k))
Let j; — jo be a morphism in the category [m - 2].
o Tf jo<l-1, then
(U o (ds(ry-1--- © dagy) ) (1 = J2)
=U"(j1 — J2)
=4y, 0. 0t
_ G- (5,  jy)
o If j; <d(k)-1 and js > [, then
(W™ o (dsry-1 © - 0 daqry)) (J1 = j2) = W™ (j1 = ja + (6(k) - d(k)))
= Yjyr (5(k)-d(k)) © -+ © Yji 41
= Vjyu(5(k)=d(k)) © - © Ys(ky+1 © 1d 0 Py © ... 0 Vs 41

_ (=) (f, S 4,)
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o If j; > d(k), then
(U (ds(ky-1 0 - © dacry)) (J1 = J2)

=W+ (6(k) —d(k)) = j2 + (6(k) —d(k)))

= Vja+ (3(k)-d(k)) © -+ © V1 +(80k)-d(k))+1

= Q"2 (j1 ~ ja)
For the A-map ds)-1 © ... © dg(ry+1dack)+1, we need to show that

U™ o (ds(ry-1--- © dagry 1 © dagry 1) = Q™ ORI=dR)
Let j; — jo be a morphism in the category [m - 2].
o If jo < d(k), then
(U™ o (ds(k)-10 -+ © dagry+1 © day+1) ) (J1 = J2) = " (J1 > ja)
=1, 0. 0041

= Q-GE=d0) (S )

o If j, <d(k) and j» > d(k) + 1, then
(W o (ds(ry-1 0 - © dagye1 © dagiy+1)) (J1 = J2) = V™ (J1 = J2 + (0(k) —d(k)))
= Vo (5(k)-d(k)) © -+ © Vji+1

= Vjo+(3(k)-d(k)) © -+ © Vo(k)+1 © 1 © Yy © . 0 Wy 41

_ (=) (f, S 4,)
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o If j; > d(k) +1, then
(U o ((dsry-1 © - © dagry+1 © dagry+1))) (1 = J2)
= U™ (i + (0(k) - d(k)) = j2 + (6(k) - d(k)))
= Vo (3(k)=d(k)) © -+ © Vjra(5(k)=d(k))+1

= Q" 2(j1 = ja) L

Example 2.8.3. Let C be a small category. Suppose d: [3] — [6] is a morphism in
A and d, : P2 — W6 is a morphism in CC such that d(0) =0, d(1) = 2, d(2) =5, and
d(3) = 6. Further, assume 14013 : ¢co - ¢4 = id,, (implying that ¢4 = ¢3). Then we can

define the map d’ in A by d'(z) =d(z) if x #+ 1 and d'(1) = 4.

' 0 >1\>2>3\)\)
P . 0 s 1 > > 3 s 4 3

I 1 T 1.1 11

d: O

N
—_
v
[\
w

Q
o
~
)
-
~-
=)
[\o)
~
®)
w
~
e
N
~-
O
ot
~
%)
[«

Figure 2.16: Morphisms in the pre-subdivision.

We would like to see that d’ is a morphism in CC, i.e., that W6 od = ®3. In fact, I
claim that U6od = U6 od. Let’s look at a few calculations:
(‘I’6°d’)(0 - 1) = ‘116(0 - 4) = P4 013 0thy01)y = id orhyor)y = ‘1’6(0 - 2) = (\Il6od)(0 - 1)
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(TPod')(1 - 3) = UO(4 — 6) = thsotps0id = 1hsotis0 Py othy = WO(2 - 6) = (Voed)(1 — 3)
Recall that in general if d is a morphism in A and j; — js is @ morphism in [n], then
d(j1 = j2) = d(j1) = d(j2) (see Remark [2.2.2)).
(U0od)(0—2)=0d'(0) - d(2))=Vd0)—>d(?2))=(¥od)(0-2)
(U0od)(2—3)=U%d'(2) > d'(3)) = ¥(d(2) - d(3)) = (¥0 o d)(0 - 2)
These are not all of the calculations necessary to prove the claim, but the computa-
tions should give a sense of what is required. Lemma [2.8.2a) proves this in general

using similar techniques. A

Example 2.8.4. Now, let’s look at an example to see how d, and d’ are equivalent

(Lemma [2.8.2(b) proves this in general). Let’s find all of the maps in SdOz/»7 between

005110612 004110{12061301140615

First, let’s list out the maps in €0z/;7 and indicate the insertions:

(dsodyods),:ar'a? — Yarta?aaqtaq®

4

a15

(dsodyody).: arta? — Yagtay’a oy

(dsodsody), :ar'a? — Yayta2aq3aqaq®

651

1,2 4

0415

(dsodyody), :"atan? — Yagta 20y

(dsodyody),:"artan? — Saq'a?aagtay®
(dyodiody),:ar'ar? — Partar?ar’aq

(d4 o d3 o do)* . 0&11(112 — 00111&12(113(114(115

(d3odsody),:arla? — Partaq 230 ay”®
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Now, I claim that the first four morphisms in the list are equivalent and the second
four are equivalent. To see the “scoot” explicitly, let’s examine why the the first is

equivalent to the third:

: Oy o O Oq' — '(ylr(l‘lr 1 G G
ﬁI‘St d5 d d3 .0 1 2 0 1 ZO{ 30[ 40[ 5

third: (d5 o d3 ° d2)>\- : ()()611(}'12 — 0(—'}’11@12(1'13(114a15

2

We can get from Yot ?a3artaq® to Yo la?2a3a,*aq® by “scooting” 2 to 4. The

reason we are able to perform this “scoot” is because we are “scooting” past aja;

and Q100 = ida. So (d5 o d4 Odg)x_ ~ (d5 o dg Odg)x_.

To see how this intuition corresponds with May’s formal definition, let’s use de-
generate chains to see that (dsodyod3). = (dsodsods), ~ (dsodsods).. Note
that

Carlen?) o 55 = (artar2ar®ant) o ds = Oy ey %id,?,
as we can see in Figure 2.17]

(d3) (da)« (d5)+
Ocvy Loy 2 "y Oy lan 23 s Oayla2ag3apd == Oay oy 230ty ®

N‘”* -
\(d2)* (S2N / (d3)«

™~
\0a11a12z’d3

Figure 2.17: May’s definition and the Scoot Lemma.

In fact, we can see all four of the first morphisms by extending this diagram. The
identities in the degenerate chains show where we can scoot.
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(ds)*

— (ds) —> — (da)e —>
1oy2 (d3)+ 0q, Loy 20,3 (da)+ 0, Lary 20130 s 0oy lag 20430 40y®

! g (do)x —> — (do)» —>
d2)x,(52),(d3)+ (d3)«

0a11a12id3

*,(su*,(d\g;; -

O, Vid2 a2 (d1)«

(do)«(50) %, (d1) /
>4

Oid1a12a13

\

(d2)>(-

Figure 2.18: The Scoot Lemma and equivalent morphisms.

Note that

0@110412id3 = (OOK116Y12) 0 S9 = (00511()412CV136Y14) o dg

Oallid2a13 — (001110[12) 08§ = (00411011204136Y14) o dQ

Oidl 23 = (P o ?) o s = (atan2an3an ) o dy

Observe that the first and fifth morphisms are not equivalent because there is no
way to change one to the other by scooting past an identity; in the category Oz27,
we are only allowed to “scoot” past an even number of a;’s.

Looking ahead, this begins to motivate the definition of a functor that sorts the
morphisms of €0z into equivalence classes based on which morphisms may be

“identity-scooted” into others. A
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Chapter 3

The Weak Equivalence for Abelian

Groups

In this chapter, assume (G, +) is a finite abelian group. I will show that in this
case, there is a weak equivalence from SdO¢ to L. This weak equivalence is based on
the inf functor, defined in Section 3.l a contravariant functor I created when I found
that del Hoyo’s sup functor [2] suppresses too much information about the objects in
the subdivision of the orbit category. In Section 77, I use this functor to define the
functor £inf from the pre-subdivision of the orbit category to the link orbit category.
I prove that this functor is compatible with the equivalence relation required to pass
to the subdivision of the orbit category, which allows me to define the induced functor

[¢inf]. T prove that each left fiber of this functor is filtered in Section B.3] and a result
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from Quillen tells us that filtered categories are contractible [§]. Consequently, [¢inf]

is a weak equivalence by Quillen’s Theorem A.

3.1 The inf Functor

Definition 3.1.1. Define the contravariant functor inf : COq — Og as follows:
on objects: inf(®):= ®(0) (the first object in the chain )
on morphisms: Suppose d, : ® - W. Then define inf(d,) : inf(¥) — inf(P) as

inf(P &, V) :=U(0— d(0)) (the composition of the first d(0) morphisms in V).

Example 3.1.2. Let G = Z/4Z, and see Figure below for two diagrams of Oz/4z
(where p = 2), one in the definitional notation and one in an a-notation. Consider
the objects
d? = 0, '0,% and TP = Yoy an’w, %0, %6,°
in €Oyz/4z. Further, note that d, : ®* - W5 defined by d(0) = 2, d(1) =4, and d(2) =5
is a morphism in COgz4z since wy = ¢ ow;. Then we have the following calculations:
inf(®?%) = ®2(0) = (0)

and

inf(d,) = U°(0 - d(0)) = ¥*(0 > 2) =az0a; = a3 &
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{p) (p)
V& ¥y 00, 0p-1

Figure 3.1: The orbit category for Z/p?Z

Remark 3.1.3. If d(0) > 1, then inf(d.) = 940y © ... o1 : ¥(0) - ¥(d(0)). (Recall

that Wod=®.) If d(0) = 0 then inf(d.) = idy (o).

Lemma 3.1.4. As defined in Definition [3.1.1} inf defined previously is in fact a

contravariant functor.

Proof. Let ® 25 ¥ 25 Q be a composition of maps in COg. Note that d(0) > 0 so
(00d)(0)>6(0), and that Qo =¥ (Definition [2.7.5). Then:
inf(8, o d,) = inf((6 o d),)

= Q(0 > (60d)(0))

=Q[(6(0) > (60 d)(0)) o (0 (0))]

= Q[(6(0) > (00 d)(0))] 0 Q[0 - 5(0)]

= (206)(0 > d(0)) o 2(0 - 6(0))

= (0 - d(0)) o (0 - 5(0))

=inf(d,) o inf(9,).
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Further,
inf(® 25 ®) = B(0 - id(0))
= (0 - 0)

= qu>(0) D

Our eventual goal is to define a functor on the subdivision of the orbit category
that is based on the inf functor. In order to do this, we need to know that inf behaves
well with the equivalence relation on morphisms inherent to SdOg. We assert this

and a faithfulness property in the following Lemmas.

Lemma 3.1.5. Suppose 0,,d, : & - ¥ are morphisms in COq such that §, ~ d..

Then inf(d,) = inf(d,).

Proof. Assume 6(0) > d(0). We know from May’s definition of the subdivision (Defi-
nition [2.8.1)) that if d, ~ d., then there exist maps o, «, 3, and v in A such that o is

a surjection with right inverses a and 5, d=voa, d =vof, and Poog=Vor.
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First, let’s look at the difference between insertions (this is the “identity scoot”

we see in the Scoot Lemma[2.8.2] so we expect this to be an identity):
(d(0) » 6(0)) = ¥((roa)(0) - (voB)(0))
= (¥ ov)(a(0) - B(0))
= (o 0)(a(0) = B(0))
= ®((g0a)(0) > (a05)(0))
- 9(0 - 0)
= idg().
Now we have:
inf(4,) = ¥(0 - 6(0))
= ¥((d(0) - 6(0)) o (0 - d(0)))
= U((d(0) = 6(0))) o T((0 - d(0)))
= idg (o) © inf(d.)

= inf(d,). O

Lemma 3.1.6. Suppose 0,,d, : ® - ¥ are morphisms in COg such that §, ~ d,.

Then inf(d.) = inf(4,).

Proof. See Lemmas [2.2.4] and [3.1.5] O

Lemma 3.1.7. Suppose d.,d. : & - U™ are in COq. If inf(d.) = inf(d.), then
dy ~ 0.
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Remark: 1 have not defined [inf] explicitly, but Lemma tells us that
[mf] : SdOG g OG

is faithful.

Proof. Without loss of generality, assume d(0) > d(0). The goal of this proof is to
show that we can “scoot” d, into d, using repeated applications of the Scoot Lemma
2.8.2] The first scoot of d, becomes d’,, the second scoot becomes d”, and so on until
we obtain dff‘”) =0,.
Since inf(d,) = inf(J,), we have
U0 - d(0)) =¥"(0—6(0)) (the beginning differences are the same)
Using the functoriality of ¥, we also have
(0 = 6(0)) = ¥™(d(0) = 6(0)) o ¥ (0 - d(0))
Combining these, we get
U0 = d(0)) =v™(d(0) = 6(0)) o W™ (0 — d(0))
as in Figure [3.2] for some H, K < G.

G/H VO-d©) GIK

\P(Ued((m /\IJ(d(O)—ﬂS(O))
G/K

Figure 3.2: Commutative maps in the orbit category.
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The map ¥™(0 - d(0)) : G/H - G/K is equivariant and so must be of the form
gH — gvK for some v € G. Then by Lemma
U (d(0) - 6(0))(9K) =~ "ygK = gK
and so
I (d(0) ~ 5(0)) = s GIK - GJK
which is the identity.

Step 1:

e If d(0) =§(0), define d' :=d, and so d, ~ d’,, or

e if 5(0) > d(0), then define

5(0) k=0
d'(k):=
d(k) k>1

so d, ~ d! by the Scoot Lemma.

Step 2:

Note that because we must have an allowable insertion, we know that
m(d'(0) - d'(1)) = ¥™(6(0) - 6(1))
We can obtain this by going through the definitions carefully:
U (d (0) > d'(1)) = (¥ 0 d') (0~ 1)
=9"(0—~1)
=(U™0d)(0—>1)

= m(0(0) - a(1))
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Further,
U (d'(0) - d'(1)) = ¥™(6(0) > d'(1))
U (6(0) - d'(1)) = ¥™(6(0) - 4(1))
o If d’(1) = 6(1), then define d” := d’, so d’ ~ d".
o If d’(1) < 6(1), then
U (d'(1) > 0(1)) 0 U™ (6(0) - d'(1)) = U™ (3(0) - 6(1)) = ¥™(5(0) - d'(1))
By Lemma 2.1.12
U™ (d(0) - 6(0)) = ag, b0, or fo

Define

o(k) k=0,1
d”(k’) =
[ d'(k) k>2

and d’ ~ d"!.
o If d'(1) > 6(1), then

Um(§(1) > d'(1)) o W™(6(0) - d'(1)) =U™(5(0) - 0(1)) =¥™(6(0) = d'(1))

By Lemma [2.1.12]
U (d(0) > 6(0)) = ao, bo, or fy
Define
(k) k=0,1
dll(k_) =
d(k) k=>2
and d' ~ d".
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Proceed similarly for Step 3 to Step n + 1. These steps will show that

dy~d. ~d! ~ .~ dY =,

(There are potentially n + 1 scoots to transform d, into d.,.) n

3.2 A Functor to the Link Orbit Category

Recall that G is a finite abelian group throughout this chapter.

Definition 3.2.1. Define the functor finf : COg — L4 as follows
on objects: Let
"= Hy 5 H, 2 25 H,
be an object in COg. We can view ¢ as a path in Og passing through the objects
Hy, ..., H,. Then define
(inf(®") = Hy < Hy < ... < H,
where Hy, H{, ..., H; are the distinct objects that ®" passes through in increasing
order.
on morphisms: Let ®" L, gm be fixed in COq (so Ky < Hp). Let
¢:Homo,, (inf(¥™),inf(®")) - Hom,, (£inf ("), /inf(P™))

be the function defined by ¢(7°) :=v£. Then ¢inf(d,) := ((inf(d.))

We need to prove that [¢inf] is in fact a well-defined functor. However, before

doing that, let’s look at an example showing the object image of SAOz /27 in Lz27.
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Example 3.2.2. The link orbit category Lz/47 is given below in Figure (an
example of G = Z[p?Z where p = 2) with the object image of [¢inf] in blue boxes. I
have labeled the images by their general forms, e.g., awf represents any path that
includes at least one «;, one wj, and one 6. (See Figure for the orbit category
labelings.) To see how [{inf] relates SdOz/z and Lz/4z, observe that [£inf] maps
the object %aitan?ai3we? to (0) < (p) because this path passes through exactly the
objects (0) and (p) in the orbit category. We have a morphism
0,1 (dsdido)« Oery e 2ery B

in the subdivision of the orbit category, and [¢inf](dsd1dp). = a4 to show that when
we insert %w;!, the beginning difference in the two paths is as o g = as.

For another more general intuition into the morphisms, note that the morphisms

w([):7 "'7w£71 : (p> - <0> < <p>
show what the possible beginning differences are when we insert paths of the forms ¢
or 6 into paths of the form w, aw, wh, or awf. (As mentioned in Remark [2.6.8] these

maps can also be thought of as the self-equivariant maps of (Z/4Z)/(p).) A

Corollary 3.2.3. Suppose ¢ L W is a fixed morphism in €O¢q. Then the function
¢: Homo,, (inf(¥), inf(®)) - Hom,, (£inf(P), £inf(V))
o vE
((inf (V) — inf(P)) := Linf(P) — Linf (V)

is well-defined and bijective.
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Figure 3.3: The category Lz/,2; with the object image of £inf.

Proof. Let inf(¥) = H, and let inf(®) = K (where H and K are subgroups of G).

Well-defined: Suppose that 7? = 79 : H - K. We need to show that vf,vf :

(inf(P) — Cinf(¥) are the same map in Lg. By Corollary [2.6.5, we need to show
that RY = R). Since 77 =7, we know that 4,j € iK = jK by Lemma 2.1.10, So for
geG, RNgK) = giK = gjK = R)(gK) and so 7/ = 7.

Injective: Suppose £(77) = £(7§). Then vf = ~F, and so giK = gjK, which implies

that iK = jK. By Lemma 2.1.10} this implies that v = v9.

Surjective: For any v : £inf(®) — £inf(V), we have £(7°) = +£. O



Lemma 3.2.4. The functor Zinf in Definition [3.2.1] is in fact a functor.

Proof. Let ® Ly D Qbea composition of morphisms in COg such that inf(d,) = fy]o
and inf(d,) =~°. Note that since inf is contravariant,

inf(8. o d.) = inf(d.) o inf(8.) =72 07 : Q(0) - @(0)
Then:

Cinf(8,) o Linf(d,) = £(inf(3,)) o £(inf(d.)) = £(79) 0 L(7C) = 7~ 0 ~F

=E ; because of how composition is defined in £

= ((~5;) because { is surjective

=/ (fyjoﬂ) because G is abelian

=0(~P o ,YJO) because of how composition is defined in Og

=(inf(J, o d,)
Additionally,

(inf(® 45 @) = ((inf(id.)) = U(ida(y) = €(3) =16 = ideimsco) m

Remark 3.2.5. In the proof of Lemma[3.2.4] we need G to be abelian in order to write
the composition of morphisms in Og properly. The flipped order of composition in
O¢ combined with the contravariant functor inf create the covariant functor £inf, but
L also flips the order of composition. It seems that [¢inf] would need to be redefined
substantially in order for this approach to suit the nonabelian case. Unfortunately,
the covariant sup functor does not seem to work well because it loses information
about the intial maps.
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As with inf, we want to verify that finf respects the equivalence relation on

morphisms. Then we will be able to define [¢inf] on SdOg.

Lemma 3.2.6. If d, ~ ¢, : & > U™ in COg, then (inf(d,) = £inf(d,).

Proof. We have (inf(d.) = ¢(inf(d.)) = ¢(inf(d,)) = ¢inf(d.) by Lemma [3.1.5 O

Lemma 3.2.7. Suppose d,, 0, : ®* - U™ are morphisms in COq. If d, ~ ., then
¢inf(d,) = £inf(0,), i.e., we can define a functor [¢inf] on the subdivision in a well-

defined manner.

Proof. See Lemmas [2.2.4] and |3.2.6, m

Definition 3.2.8. Define the link inf functor [¢inf]:SdOg - L
on objects: [£inf](®") := Linf(P")

on morphisms: [{inf]([d,].) = ¢inf(d.)

£inf
COG ——— L¢
quotient on morphisms T[ﬁ inf]
SdOg

Figure 3.4: Defining /inf on equivalence classes of morphisms.

Lemma 3.2.9. The functor [/inf] is faithful, i.e., if d,,d, € Hom(®" ¥™) and

[¢inf](d.) = [¢inf](6.), then d, ~ J..
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Proof. We have £(inf(d.)) = ¢(inf(0,)) implies inf(d, ) = inf(d,) because ¢ is injective,

and so d, ~ d, by Lemma [3.1.7 O

3.3 Proving Weak Equivalence

We can rewrite Quillen’s Theorem A [8] for [¢inf]. This gives us a strategy for

proving that [£inf] is a weak equivalence.

Theorem 3.3.1. (Quillen’s Theorem A with the Link Inf Functor)
The functor [¢inf] : SAOg - L is a weak equivalence if the left fiber [£inf]/T is

contractible for every object T" of Lg.

Definition 3.3.2. Let T be an object in Lg. Using Definition [2.4.7] the left fiber
[¢inf]/T is the category with the following data:
objects: the pairs (®7,A\*) with ®” an object of SAOg and A\* : [(inf]d" - T a
morphism of Lg. The dimension of an object (®", A\*) is n.

. : . oy de N s .
morphisms: There exists a morphism (&7, ;) — (U™ \%) if there exists a map
on L g in SdOg such that Afo[linf]d, = Mf in Lg, i.e., the diagram in Figure

commutes.
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AL
[(inf]®" —— T

[¢ inf]d,,l ¢
[Cinf]@m

Figure 3.5: Commutative diagram for morphisms in the left fiber [¢inf] /T

Example 3.3.3. Let G = Z/p?Z. Let’s explore the objects in the left fiber [¢inf]/({0) <
(p)). I will use the same shorthand for objects as used in Example [3.2.2] See Figure
B.6] below.

objects:

(a,a%:(0) > (0) < (p)) for 0<i<p®-1

(a,af:(0) » (0) < (p)) for 0<i<p?-1

(c,wf :(p) = (0) <(p)) for 0<i<p-1

(6,008 + (p)  (0) < (p) for 0<i <p-1

(0,08 5 (0) < (p)  (0) < (p)) for 0 <7 <p?— 1

(0,08 : (0 < p) > (0) < (p)) for 0< i <2~ 1

(wh, aX:(0) < (p) > (0) < (p)) for 0<i<p?>-1

(awb,ar : (0) < (p) = (0) < (p)) for 0<i<p?-1 A

Lemma 3.3.4. There is at most one morphism between any two objects in [¢inf]/T

for all objects T in L.
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| L c
c c wWo s Wpo1

Figure 3.6: A portion of Lz/,27 useful for defining the left fiber over (0) < (p)

Proof. Let (&, Af) and (¥, \5) be morphisms in [¢inf]/T. By definition, there
exists an arrow (@, \F) L, (U™ A\5) if there exists a map d, : ®* - ¥™ in SdO¢g
such that A4 o [¢inf]d, = \¥ in L.

In the case that no such d, exists, there are no maps between the objects, and we
are done. So assume that at least one such d, exists. In this instance, I claim that
d, is unique. To this end, note that by Lemma A o [£inf]d, = A\¥ implies that
[¢inf]d, is a unique map entirely determined by A5 and A\¥. By Lemma m, [/inf]

is faithful, so the map d, must be unique. O

Corollary 3.3.5. Every left fiber [¢inf]/T of L satisfies the second condition of

being a filtered category (in Definition [2.2.5])

Proof. See Remark and Lemma [3.3.4] n
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It remains to show that for each left fiber, the first condition of being a filtered
category (Definition is satisfied, i.e., for any two objects (®,7f) and (¥,~F)
in [¢inf]/T, we have an object (€2,7F) and morphisms d. : (®,7*) - (Q,7F) and
0, 1 (W, 75) = (2,75). We break the proof into a series of lemmas, and then describe
the full argument using these lemmas in Corollary [3.3.10}

(®,7F) (U,~5)
(2,7%)

Figure 3.7: The first condition of being a filtered category applied to a left fiber.

Lemma 3.3.6. Suppose (®,7F) is an object in [¢inf]/T, T is an object in SdO¢ such
that [¢inf]l" is a subchain of T', and there exists a morphism ® & Din SdOq where

inf(d,) =~° :inf(T') - inf(P®). Then (P,~F) L, (T',~£) is a morphism in [¢inf]/T.

Proof. First, since [(inf]T" is a subchain of T, we know that 7§ : [(inf]l' - T is a
morphism in Lg, and so (I',7£) is an object in [¢inf]/T. Next, using the criterion
for morphisms in Definition [3.3.2] we will check that d, is valid:

V5 o [€inf]d. = 7§ o L(v7) = 7§ oy =F. O

Lemma 3.3.7. Let GG be a finite abelian group, and let T'=Ty < ... <Ts be an object
in L. Suppose (®,7£) is an object in the left fiber [¢inf]/T such that [¢inf]® =
H=Hy<..<Hyand Hy # G. there exists a morphism d, : (®,7%) - (['s,7¢) in
[¢inf]/T.
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Notation for this Lemma and Lemma |3.3.8: To avoid too many levels of indices in
certain portions of this discussion, let v©(j) := 7](.9. Keep in mind that y©(j) is
the map in Og while j is the group element in GG, and every group element induces
an equivariant map G/H — G/K where distinct maps are identified with K-cosets
(Lemma 2.1.10). So 7°(j) : H » K may not have an inverse map, but j has an
inverse in G, and if v9(j): H > K and 7°(-j) : K — L, then
(YO(=3) 0 GNg+ H)=g+j+(=j)+L=g+L
ie, 79(=j)27°(j) =7°(0): H - L.

Proof. Write ® as:

7% (h10) v (hngo)

o =HO H()
v (h O(h B
< (h1) H, v~ (h11) 11 0,
~O (hn) Hy 7O (hin) YO (hn ) Hy

Construct ' to be the following object in SdOg:

T = Hy 2o g 220000, 200m0) 200
ﬁHl ¥C (-m) o, 7 (h1) o, 7O () 10 (hny1) H, 7 (n2) i,
ﬁHQ 7 (-12) H, 79 (h2) H, 719(hz) 79 (hny2) H, 7€ (n3) ,
ﬁ i, 79 (~13) H, 79 (hs)
D, Hs
ﬁ’HN 7°(-nw) HN”:O(M) Hy 7€ (hin) YO (R ) Hy 7C (nn+1) Hy
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and define n; € G recursively such that:
M+ hpgo+ ... +hig+7=0
Njs1 + Py + oo+ b+ hy+(-n;) =0if 1<j< N
The map ©(7;) is unique by Lemma [2.1.12] Further, note that if 7; = 0, then
Njs1 + Py + oot hayj+hy =0

To ensure that I' is in SdOg and does not contain any identity maps,

e if i =0, ie., v = £, delete the first map, Hy 7, H,,

e if the composition defining 7; forces v°(n;) =& : H; > H;, delete the maps

9 (n;) and v°(-n;) from T, and

e if Y9(h;) =18 : H;-1 - H; in ®, delete v°(h;) : H; > H; from T.
Note that (I',7¢) is an object in the left fiber [¢inf]/T with [¢inf]T" = H. Using
Lemma there exists a morphism d, : (®,7%) - (I'p,7§) in the left fiber where
d, is defined by inserting:

Oh' Oh_
H]M)HJ into HJM)HJ,and

O hs O, . O O(_n. O hi
Hj_l v~ (hy) H] into Hj_l ¥~ (n5) Hj_l 'Y_o)H] 7~ (-n5) H] v~ (hy)

H.

j-

Most of the remainder of the proof is implied by the construction of I'g. We will
comment on the requirements laid out in Lemma [3.3.6 Observe that I'y is a path
passing through the same objects as ®, and so [¢inf]® = [¢inf]T'g, and so [£inf]T" is
a subchain of T'. Now, d, is a valid map in SdOg due to how we inserted ®. Finally,
if we insert ® as described, inf(d,) : inf(I") — inf(®) is inf(d,.) = Hy iR Hy and we

recover the correct beginning difference. ]

5



Lemma 3.3.8. This is in essence a continuation of Lemma|3.3.7, and we will continue
to use the set-up presented there. In addition, suppose (¥, %) is an object in [£inf]/T

such that [£inf]U =K = Ky <...< Ky, Ko # G, and

7@ (k10) Ny VO(kmOO)

\I/ :KO K()
7O (k1) K, 7O (k11) '
~O (kar) Ky ~O (k1) YO (ki pyar) Ky

Define I'y and I'y as in Lemma [3.3.71 Without loss of generality, suppose Hy < K.

For convenience, write these as:

o x © Ts,
Ty = Hy o0, )
gy P, Pl
78 7§ 7° (21¢) 79(s50)
> ¢ . —>HQ HQ
and
© © (yt90)
Dy = Ko 0, W0l g
ﬁ)Kl 7 (y11) 7O (ye,1) K,
00 0 7O (y1r) WO(thR)
T e e —>KR R

Without loss of generality, suppose Hy < Ky. Let €2 be an object in Sde,, defined as:
e A0
Q = TOLT1L>

e = @)
i) Z10 500 Y10 Y00 Yo
—Hy—>...— Hy— ... — Hy—> . .

o . .
g0 15 Fsj9 Y1 Ytji

4O e
0 10
— . . .— .. .7
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To summarize the construction of €2, use 1¢ to transition between different subgroups;

for each subgroup in T, insert all the 7} — T; morphisms from I's followed by all of

the T; - T; morphisms from I'y. (Note that [¢inf]Q =T")

Then:

There exist morphisms in the left fiber

(Fq’f)/(go) - (97769) and (F\P7759) - (97769)

Proof. Let’s address the hypotheses of Lemma [3.3.6] First, [¢inf]Q = T and so is
certainly a subchain. We define the insertions of of I'g into €2 and I'y into 2 by
inserting H; =, H; into H; 2, H; and K; 2, K; into K; 2, K, respectively.
Because of how we defined I'¢ and I'y, each T;-“row” of Q (as formatted previously)
composes to 7§, so the 4§-transition maps in I's and I'y insert into potentially long
compositions of maps, but these maps do compose to 4¢. Thus no matter where I'g

or I'y first appear in the insertion, we get the correct beginning difference, 4§. O

Example 3.3.9. Let G be a finite abelian group, let T" be an object in Lg, and let
® and V¥ be objects in SAO¢ such that

T:H0<K0<H1<K1

O
@zHomHl

79 (k1) 79 (k2)

\I/:HO Ko Kl

Since [(inf]® and [¢inf]¥ are subchains of T, there exists 7 and 4§ such that
(®,7¢7) and (¥,~¢) are objects in [(inf]/T. Now, using the construction in Lemmas
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B.3.7 and 5.3.7

o 7 (m)

Fq;. :H0—>H0—>H0

5 7O (-m) 7O (h1) 7 (12)
—

Hl H1 Hl Hl

where n; +1=01if i # 0 and 7 + hy + (-11) = 0 as long as 7 is not forced to be 0.
o If 4 = 0, then the first row of I'g is deleted entirely, we keep the transition map
H, ﬁ Hy, and we delete v©(-n;) from the second row.
e If 75 is forced to be 0, then delete 9 (1n7) from the second row.
o If hy =0, then delete v°(h;) from the second row.
Ty =H, s 1, 7, 1,

6 70 (-e1) ~¥O (k1) 7 (e2)
—_—

Ky Ky Ky Ky

§ 7O (~€2) 79 (k2) 7% (e3)

K, K, K, K,

o o o O (¢
Q:HOLHOMHOLHOM)HO

S 7O (~e1) 7O (k1) 7% (e2)
—

K K K K

5 7O (-m) 7O (h1) 70 (12)
—

Hy H, Hy H,

S 7% (-e2) 79 (k2) 7% (e3)
—

K, K, K, K,

Corollary 3.3.10. If T is an object in L5 and G is abelian, then the left fiber

[¢inf]/T is a filtered category.
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Proof. We have already proved the second condition of being filtered in Corollary
[3.3.5l It remains to prove the first condition of being filtered. In each case, we will
satisfy the requirements of Lemma [3.3.6|

First, if T'= G (implying that Hy = ), then the left fiber [£inf]/T consists of the
objects (®,7%) where we have the map [¢inf]® R T. This means that if H = [£inf]®,
then Hy = G, and so H must be a sub-chain of 7', implying that H = G. So v* is a
map from T to T. Further, v£ corresponds to a self-equivariant map of G/G (Remark
?7), and since there is only one such map, namely the identity on G/G, we know that
vE =~E. As for @, we know that [(inf]® = G, and so ® must be a path through the
orbit category that only passes through G, i.e., ® must consist solely of equivariant

0
self-maps of G/G. Therefore ® = GG is the object in the subdivision represented by

[0] = Og defined by 0~ G. So if T = G, then [£inf]/T is just the category with one

0
object, (G,~£) and the identity morphism on this object (by Lemma [3.3.4] there are

0
no other self-morphisms on (G,~£)). Thus the first condition is satisified for 7' = G.

Secondly, if T # G, [(inf]® # G, and [{inf]¥ # G then we can use Lemmas

3.3.7 and [3.3.8| to construct morphisms (®,7/) - (Fe,7§) = (2,75) and (¥,~5) -

(PuE) = (2,76). as in Figure B3
Third, if T+ G but contains G and ® = G, then 7° = ~. Let ¥ # G be defined

as in Lemma [3.3.8] Let

o O
Yj Ymq1 ) o Yy M Y,
Q=K -5 Ky 2 2 R g, P L, 2 Y Ry G
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(®,7f (@,%)

lLemmam Lemmai
(FCI>7 ’YO F\I/, IYO )
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7 70

Figure 3.8: Proof outline of the left fibers having the first filtered condition

if K # G; otherwise, leave off the last map. Insert ® into the last object in 2 (noting
that the inf of this insertion will be modded by G) and insert ¥ starting at the second
object.

Fourth, if T # G but contains G and both ¥ = & = G, then ¢ = j = 0. Let

O (@]
Q=T RURGUN G, and insert both ® and W into the last object in ). O]

Theorem 3.3.11. If GG is a finite abelian group, then there exists a weak equivalence

from the subdivision of the orbit category of GG to the link orbit category of G.

Proof. By Corollary [3.3.10, each fiber of [/inf] : SAOg = L is filtered and thus
contractible by Theorem [2.4.6 Then by Quillen’s Theorem A [2.4.8] [¢inf] is a weak

equivalence. O
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