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ABSTRACT 

The theoretical analysis of the Stefan diffusion tube for measurement 

of. vapor phase diffusion coefficients has conventionally been made with the 

assumption of plug-flow (flat) concentration profiles in the tube. This 

assumption has been examined theoretically and experimentally with the con-

elusion that the radial concentration profile is effectively flat across the 

diffusion tube.. Concentration profiles were estimated by using the Taylor 

diffusion model. It is also sho-wn theoretically that the shape of the 

velocity profile does not affect the mass flux provided the concentration 

profile is flat. Thus diffusion data that have been calculated from Stefan 

diffusion tube data with the plug flow approximation are substantially correct. 
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L'IT'RODUCTION 

The Stafan diffusion tuoe has been wid~ly used for the determination 

of vapor-phase diffusion·coefficients. The liquid to be vaporized is placed 

in.the bottom of a vertical tube which is maintained at a constant tempera-
" 

ture. A gas is passed over the top of,the tube at a rate sufficient enough 

to keep the P?rtial pressure of the vapor there at the value essentially cor-

responding to the initial composition of the gas but low enough to prevent 

turbulence. The mass flux· is. determined by weighing the tube during the 

.>-quasi-steady state evaporation p~riod. The vapor-phase diffusion::coefficients 

are readily calculated.from the mass flux and concentration gradient over the 

diffusion path with the ass~ption of plug flow in the tube. A critical 

rev:iew of the experimental technique has been presented by Lee and Wilke (10). 

The equations for isothermal diffusion are well. knm·m, having first 

beed developed by Maxwell. (9) and Stefan (13,14). For the ith component, 

these equations have the form 

p 
- R¥ 

n 

= (1) 
Niy.i Njyi. 

Dij 

This equation, in the case of binary diffusion, which is the case of interest 

in this study, can be transformed into ·(16) 

. ' 

i 

This equation1def1nes.the ·vapor-phase di~fusio~ c~efficient· DAB (2). 

With ¢omponent B stagnant, i.e., NB = 0, the equation becomes 

··, .· 

-D p 
AB 
RT 

dyA 
+ NA.YA• '. dx 

(2) 

(3) 

· The first te~ on the right-hand .side is the .contribution of equimolal diffusion; 

+.hE! st'!cond.term is 1nterJ>reted as the contribution to'the flux of A due to 
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the bulk flow set up by t~e diffusion. Integration.of Equation 3, assuming 

DAB constant, gives (16) 

DABP6p 

= RT.6.x(pf) ' 

where (pf) is the diffusion-film-pressure factor. It is defined as 

= 
(P-ps) - (P-po) 

.en P-psfP-po 

'(4) 

Equation 4 iS used to calculate diffusion coefficients from data obtained in 

the Stefan tube apparatus. 

Inherent in the integrat~on of Equation 3 is the assumption that no 

radial concentration gradients exist in the Stefan tube. This assu...m.ption 

has not previously been verified.. The study presented here involves theoreti-

cal analysis .of the. diffusion system a.nd an experiment designed to determine 

whether or not the flat-profile assumption is valid. 

Analysis of the Diffusion System 

Consider the diffusion sys~em as shown in Figure 1. Liquid A evaporates 

into a stagnant column of gas B. 
;· ·. 

' 

At the liquid-gas interface (x = 0) the gas 

phase concentration of A, corresponding to equilibrium with the liquid:' is 

· denoted by C ... At the top of the tube (x = 1) a stream of ga's B flows past 
s 

slowly. The system is kept at _constant temperature and pressure. At steady 

state there is a net flux of component A away from the evaporating surface and 

component B is stagnant. 

The diffusion system under consideration can be characterized by very 

slow motion flow. Hence inertial terms can be neglected as S].lggested .·by 

Schlichting (12). Furthermore, if it is assumed that there is a radial sym-

. metry. (Ve = 0) then the basic differential equations of motion can be written ~s) (3) 

• 

,. 
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OP [ 0 (!. 0 \ 

o2~]' (~v)) + dr = v di: r. dr OX·. 
(5) 

,. 
"b 

ll 2 OP 0 (r ou) + O·U ]· dX = v lr dr· or ox2 (6) 

• 

If Equation 5 is now differentiated with respect to x, and"Equation 6 is dif-

ferentiated with respect to r, and the results are subtracted, one gets 

. 2 ] 0 v +- -
' ox2 . -

(7) 

The pressure term has been eliminated. Now v and u are expressed in terms 

of the stream function, ~' according to the following relationship 

Then Equation 7 is transformed in~o (12) 

(8) 

where 

i (9) - -r 
• 

and 

(10) 

Equation 8 is a fourth-order equation in the stream function which autom.ati-

cally s-at.ts·:fies the equation of continuity. 
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The steady-state diffusion equation for component A with a constant 

diffusion coefficient and density is (4) 

(11) 

Equationir results from the application of conservation of mass and Fick's 

first law. 

Now consider the boundary values of the system. 

1. The concentration of A at the liquid-gas interface is constant. 

Hence 
\I 

= c8 , a constant at x = 0 for all r. 

2. The concentration of A at the top of the tube is zero. Hence 

= 0 at x = L for all r. 

.3.. The concentration profile is symmetrical about the x axis. Hence 

0 at r = 0 for all x. 

4. There is no transfer from the walls of the tube into the gas. Hence 

0 at r = ro for all x. 

5. There .is no slip at the wall. Hence 

u = 0 at r = ro for all x. 

6. The velocity profile is symmetrical about the x axis. Hence 

dU 
dr = 0 at r ·= 0 for all x. 

7. At the evaporating surface the diffusion velocitt is related to the 

concentration gradient of the diffusing species by 

u = D 
- CB [!~A) at x = 0 for all r. 

• 

f; 

• 
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The.above equ~tions assume that the mass average velocity is equal to 

_the mo~e average velocity. This is ture only ~he~ the molecular weight of A' 

equals that of B. However, for low mass-transfer rates the assumption intro-

duces little error and is satisfactory. 

The coupling between momentum.equation (Equation 8) and the diffusion 

equation (Equation 11) is provided by the boUndary condition 7. The simulta-

neous solution of Equations 8 and 11 satisfying all the boundary conditions 

proVides the exact solutions for the velocity u(x,r) and concentration 

C(x,r) distributions in the Stefan diffusion tube. However, th~ solution is 

extremely difficult and probably can· be only obtained numerically on ·a. computer. 

In the absence of a more rigorous solution we can estimate'the con-

centration profiles in the Stefan diffusion. tube by using the Taylor diffusion 

model (15). This is, of course, only a limiting case, but one w~ich should 

give the correct ord~r of magnitude for any radial non-uniformity in concentra-

tion. In this model it is assumed that the usual parabolic velocity profile 

for Jarn:tnaT flow develops at once and rer(l.ains undist.urbed over the length of 

the tube. Also, it is necessarily assumed that there is no slip at the wall . 

. These are believed to be satisfactory limiting assumptions since they repre-. 

sent the maximum departure from plug flow. Taylor considered the dispersion 

of a solute into a fluid in laminar flow through a tube. The distribution of 

concentration of the solute depends on the balance between the molecular dif-

fusion and the convection due to variation in velocity over the cross-section. 

The transport equation according to Taylor can be taken as 

1 oc u 
D dt + D (12) 

where U is the average velocity. In obtaining Equation ~2 axial diffusion 

is assumed to be negligible. Aris (1) extended the analysis of Taylor to in-

elude the effect of axial diffusion. His results show that for the purpose of 

present calculations this assumption introduces little error. 



~6- UCRL-10421-Rev. 

-~l. Taylor presented an approximate solution of Equation 12 under the 

condition that the time necessary for· appreciable effects to appear, o',;ing 

to convective transport, is long compared with the time of decay during which 

radial variation of concentration are reduced to a fraction of 'their initial 

value through the action of molecular diffusion .. This condition can be ex-

pressed.as 

L > > 
D 

(13) 

2 ·2 The term r 0 /(3.8) D represents the time necessary for a non-uniform concentra-

tion to degenerate into an essentially uniform concentration. 

According to Taylor the small radial variation in the concentration, 

C, can be calculated from the equation 

where 

1 oc 
+ -~ r or r~ -

= x - ut. 

and in this calculation (op/o~)r,;,O may be taken as independent of .r. 

(14) 

(15) 

j·· 

A solution of Equation 15 which satisfies the boundary condition ( 4) is 

C(x,r) (16) 

The longitudinal dispersion of solute can be described by the dif-

ferential equation as given by (15) 

• 
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(17) . 

The solution of Eq.uation (17) for .the present analysis .is 

c 
·C s 

= 1 1 
2 2 erf (18) 

where erf(Z) is an Error function. Hence the concentration prof1les can be 

estimated from equations 16 and 18 as 

.. 
· (r/r0 )2u xl 1 2 c 1 1 1 . . 

' 1 e-(2 Jkt) = 2-2 erf (2 xl/ ~kt) :Jkt:Jr cs 2 4D 

· [cr/r 0)
2 fr/r0)

4 ]. 

(19) 
1 
2 

The second term on the right-hand side of Equation 19 represents the concentra-
•· 

tion variation in the radial direGtion~ In order to calculate the radial con

centration distribution in the Stefan_diffusion tube a value of cjc
8 

is chosen 

corresponding to a given value of. x and Equation, (15) ts substituted for ~ 

in Equation 19 and time t is determined. Then the radial concentrat_ion pro-

file is estimated. These values are compared with the flat concentration pro-

files given by the equation 

c~ = 1 - exp[ (U/D)(L-x)] 

Ps 1 - exp(UL/D) (20) 

* 

I 

where C is hypothetical uniform concentration across r at given x; Equation 

20 is the solution (11) 6f diffusion Equation (11) with the conditions that there 

is no.radial velocity V. and the velocity profile is flat across the-radius of 

the tube. 
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APPARATUS 

The apparatus used in this study is shown schematically in Figure 2. 
. . 

The diffusion system is substantially the same as that used in recent measure~ 

ments of diffusion coefficients and is described in detail by Getzinger (5). 

However, a probe and electronic recording equipment have been added to measure 

the concentration profiles. 

Diffusion System. The diffusion unit is shown schematically in Figure 3. 

The air enters the diffusion unit through straightening vanes to eliminate 

turbulence before passing over _the diffusion tube. The diffusion unit was 

constructed of brass. Leads are provided to connect the pr~be and the elec-

trical measuring devices. 

The diffusion tube itse~ was designed to give a diffusion area with 

l-in. i.d. The diffus~on tube was built with. a step design. The bottoi)l was 

l-in. i.d. and the .top a 1.50-in. i.d. to accommodate the probe. With the 

probe in place the top part also had a l-in. i.d. providing a smooth ·diffusion 

tube. 

The probe was not extended to the bottom of the diffusion tube, so 

that liquid was prevented from rising up between the probe and the diffusion 

tube wall by capillary action (preliminary experiments had shown this to be a 

problem). 

With the probe in plaqe, the.actual diffusion area was an uniform 

l-in. i.d circular cross section. .An aluminum sleeve was us·ed over the bottom 

of the diffusion tube to get a Uniform outside diameter of 1.535 in. This gave . ;. 

a tight fit within the diffusion-tube holder, providing_good thermal contact. 

The diffusion tube itself was constructed with a wall thickness of 

o~y 0.018 in. This made the assembly light enough to be weighed on the 

analytical balance in the laboratory to determine the weight loss by evapora-

tion during a run~ 

Measurements were made of the time required to reach thermal equili

brium in the systein. After only 15 minutes the gas temperature as measured by 

~ : 

,I 

' 

• 
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. 0. 
a conventional mercury thermometer -was found to be "WJ.thin 0.1- :C of the bath 

temperatures. 

Air enters the system at room temperature from compressed air cylinders 

through a three-stage pr_essure regulator. It is then dried with an isopropyl 

alcoho~-dry ice trap and is then further dried with a 6-in. column of Drierite. 

After passage through a flowrator, it is heated by an electric heating element 

to about 32°C. The air is then passed through 40 feet of copper tubing immersed 

0 in a constant-temperature bath, where it is heated to 35.0 ± 0.1 C, the tempera-

tu:re;·.used·;.in .. :the·:exper:iniertts. The diffusion unit is also immersed in the con-. ' . . -

stant-temperature bath to insure isothermal operation. _After passing through 

the diffusion unit the air is exhausted through a blower to the outside. 

The constant-temperature:_ bath is a 12-in. -diameter by 16-in. -deep 

Pyrex jar housed in a large wooden box insulated with Styrofoam. The oath 

temperature is maintained at 35.0 ± 0.1°C by an electric heating element 

regulated by a mercury thermoregulator connected to a specially.built· controller. 

The temperature was chosen to give. a reasonably high vapor pressure for the 

benzene, the liquid used in the experiment. The bath is agitated by a Variac-

controlled variable-speed General Electric motor driving a specially built 

propeller. 

Probe. To measure the concentration profiles in the diffusion tube semi-

circular probes were used •. The principle of the probe operation is the· same. 

as that of a thermal-conductivity cell. The·detailed study of the optimum 

probe design is given elsewhere (7). Because of the radial ~ymmetry of the 

diffusion system these probes could be used to measure the radial concentration 

gradients. Three probes were constructed, each of different diameter. The 

dimensions are given in Table I. A picture of probe .1 is shown in Figure 4. 

The probes were constructed with an aluminum ring as the primary 

support. The probe itself was constructed of 0.000475-in. diameter cleaned 

tungsten wire obtained from the Wah Chang Corp. of New York. Thin glass 

I 
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capillaries were used to support the probe wire and maintain its semi-

circular ·shape. 

Table I. Probe dimensions 

Probe Nominal diameter Distance from Maximum dev. Nominal 
(in.) tube wall :,:·from diameter resistance 

(in.) (in.) (ohms) 

1 3/4 4/32 ± 1/16 24 

2 9/16 7/32 ± 1/32 18 

3 7/16 9/32 < ± 1/32 15 

The probe was placed in the·diffusion tube along with three 1-in.-high 

l-in. ·aluminum rings. The vertical position of the probe was changed by moving 

its position among these rings. All these aluminum rings had~ machined inner 

surface of l-in. i.d. in order to provide a smooth diffusion tube. 

EXPERIMENTAL PROCEDURE 

Benzene was chosen to be the diffusing substance and air as the gaseous 

diffusion medium. These were selected because considerable.diffusion data have 

been obtained for these components in the Stefan-tube apparatus. Also these. 

components have considerably different thermal conductivities, thus giving a· 

reasonably good probe sensitivity. The tempe~ature of the system was chosen 

at 35°C to give a reasonable vapor pressure and thus a significant mass flux. 

The air flow rate over the diffusion tube was chosen to give minimum 

end effects due to turbulence at the top of the diffusion tube, but high enough 

to insure that stagnation did not take place. Preliminary experiments indi

cated that the air flow rate for this system should be about 120 cc/min, giving 
-

a velocity of 4.65 em/sec through the straightening vanes.in. the d~~f.usion sys-

tem. This is somewhat lower than the gas rate used in Stefan-tube studies by 

tJ; 
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Getzinger (5). A lower gas rate was required because of increased turbulence 

in the diffusion system due to the presence of,the probe leads. The gas rate 

fixed the operating pressure at 1.6 to 2.0 in. of water above atmospheric 

pressure. 

After the air flow rate was ~etermined some runs were made on the 

system without the probe in place, in order to determine the. characteristic-s 

of the system. After these runs were finished runs were made with the probe 

in place. Data were taken with each probe in three vertical positions. Probe 

resistances were measured by using a Wheatstone bridge and Brush amplifier 

and recorder to measure the bridge balance. 

When measurements were made of the probes the time used was as short 

as possible, in order to aboid setting up convection currents in the. system. 

Several readings were made of each run, since making good electrical contacts 

proved to be a: problem. The probes were calibrated in calibration cells with 

known gas compositions. 

Benzene loss in the Stefan diffusion tube· was determined by weighing 

the tube before and after each.run~ Weights were determined to the nearest 

0.001 g. While out of the system the tube was kept stoppered at ·all times to . 

prevent evaporation of benzene. Liquid depth in the tube was determined from 

the weight o:t: benzene. Most runs lasted more than 3 hou:r:s. A few runs were 

only 30 to 40 minutes. Although it has been estimated that equilibrium is 

reached in 15 minutes (10)' .these shorter runs gave badly scatter.ed points and 

. were ·discarded. 
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RESULTS AND DISCUSSION 
. 2 ' 

Theoretical Results .. Us:i,.ng the values D =,·0.11 em /sec, L = 13 em, and 

U = 0.00186 em/sec the time required for the radial variation of concentration 

represented by Equation 13 to degenerate into a uniform concentration is found 

to be of the.order of one second whereas the time necessary for convection to 

make an appreciable change in C is of the order of one hour. 

Radial concentration profiles were estimated from Equations 15 and 19. 
-l(- . 

The values of the ratio C -C(r) 
-lE- at several values of the radial and axial 

e 
distances are shown .in Table II~ 

* * Table II. Radial variation in concentration, C -C(r)/C at various positions 
in the tube. 

0 0.24 0.71 0.87 

* c -c~rL c*-c(r) * ' c -c(r) * 
c -c~rL 

* * * * c c c c 

0 6 -3 -1. XlO -l.lXlO -2 4 -2 -1. XlO 

13 0 0 0 0 

It is noted that the deviation of the radial concentration from a uni-

form value did not exceed 1.4% in p~sitions chosen for calcu~ation •. Although 

a somewhat larger deviation could exist at other positions, and particularly -

near the wall, we believe that·, the calculations indicate that the concentration 

·~· 

• 
is essentially uniform across the radius of the tube for all practical purposes. ~ 

Thus the flat concentration profile that has been assumed in past interpreta-

tions of Stefan-tube data appears quite satisfactory for diffusion coefficient 

measurements. 
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Now consider a diffUsion tube with no radial concentration gradient 

but with some radial velocity distribution. Component A is diffusing 

through stagnant component B. In a thin cylindrical section, which has a 

constant velocity u(r), the mass flux is given by 

(21) 

. ' 
This is equivalent 'to Equation 3. The total mass transfer is found by inte-

grating over all values of r, or 

dCA r 
-D dx rdr + 27r j ° CAu(r)rdr. (22) 

0 

Since CA is not a function of r, one~gets 

(23) 

\.! JT cCA 
:( ·N -D + uOCA. = 2 = dx A (24) 

71To 

Equation 24 is the same equation one gets by assuming plug conc,entration and 

velocity profiles. This can be integrated to give Equation 4. 

.i-
Experimental Verification. The concentration profile measured by the probes 

is shown on Figure 5 and summarized on Table III. One.can see that within the 

experimental error there is no radial concentration gradient. 

The concentration gradient in x is of interest, since the values 

for large X (near .the top Of the tube) fall on the theoretical line but the 

points nearest the bottom of the tube indicate a considerably higher concentra-

tion than expected. 
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_.. 

Table III. Results obtained· in determination of concentration profile. 

I Probe 1 

Run . 19M 20M 2JM 22M 38M 

% Benzene 5.6 .9.1 7.8 16.5 6.5 

Probe depth (em) 2.84 5.36 5.36 7.88 2.84·· 
/ 

cjc 0.28 0.46 0.39. 0.83 0.33 s 

Fraction of diffusion 0.78 0.58 0.59 "0.39 0. 78 
distance 

::'Probe 2 

Run , 15M 16M . 17M 

% Benzene· 8.3 5.8 17.3 

Probe depth. (em) 5.36 . . 2.84. 7.88 

cjc 0.42 0.29 . 0~87 s 

Fraction of diffusion 0.58 0.78 0.37 
distance 

Probe 3 

Run S'2!1' 26M 27M 

ojo Benzene • 
5.1 

I - 6.3 9.0 ... 

Probe depth (em) 2.84 -2.84 5~36 

cjc 0.26 0.32 0.45 s j 

Fraction of diffUsion o. 77' 0.77 0.59 
distance 

Probe 4' 

Run g.2M, 31M 33M .. 
ofo Benzene 16.1 16.9 6.6 

Probe depth (em) 7.88 7.88 . 2.84 

cjc 
s 0.81· 0.85. 0.33 

l 

Fraction of diffusion 0.38 o::;s 0.78 
distance 
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These points were rechecked and consistently gave the sa~e results. 

Runs were made in which the probe measurements, were made in air saturated wit·h 

benzene by shutting off the system air· flow. When the air flow was started 

again and the system had reached equilibrium'these high values were again 

obtained. 

Diffusion coefficients were also calculated from the data. The true 
. . 2 

diffusion coefficient, corrected for end effects, was found to be 0.097 em /sec. 

This value is somewhat lower t~n the value ~f 0.10) cm2/sec .obtained from the 

measurements l?Y Lee and Wilke (10) correct~d to our conditions. Since some 

! inaccuracies might ~e expected in our experiment because of interference by 

the probes, the former measurements are considered preferable. The detailed 

experimental data are available elsewhere (7). 

The correction for end.effects, ~,was found to be 2.04 em. This is 

quite large, and offers':a possible explanation for the unexpectedly high con-

centration values near the bottom of the diffusion tube. If this whole end 

correction is applied to the bottom of the tube, then the predicted concentra-

tion profile and the data points are as shown on Figure 6. The data at the 

bottom of the table are now much closer to the expected line; but the data at 

. larger values of x now show some. deviation from·:;the predicted values. However, 

on the average, this does give a better fit to the data. 

A possible cause of the large end effect.at the bottom of the tube may 

be found in·dhe diffusion thermo effect, according to which a. temperatUre 

gradient is set up by a concentration gradient. This effect has been observed 

experimentally, and temperature differences of several degrees centigrade may 

be set up (8) • 

In a binary mixture with a diffusion flow of component 1 there exists 

a heat flow 

= -a' kn.T grad N', (25) 
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where n is the total concentration of.molecules 1 and 2, and N' is the mole 

fraction of molecule 1. The diffusion thermo-.effect coefficient;· a', for 

r ideal mixtures is related to the thernial diffusion constant, a, by (6) · 

a' = -ro. 

Since benzene is tne larger and heavier molecule, one would expect a to be· 

positive (i.e., .benzene would diffuse toward the cooler end in thermal dif-

fusion). Therefore a' would be negative. Thus, in E~uation 25, with grad N' 

also negative, the heat flux and ·the h~gher temperature would.be near the 

bottom of the tube. Thus, one would have a coo.ler heavier gas on top of a 

warmer gas layer, starting convection currents. This could cause some flow 

disturbance at the bottom of the tube and might explain the data points. 

Further work is req_uired to confirm this. 

Another theoretical cause for conv.ective flow in the tube might be 

gravitational forces due to density gradients associated with any non-Uni-

formity in the .. concentration over radial position. However, in view of the 

very small variation in radial concentrations which can develop, as.shown in 

Table II, we believe· that such free convection effects would be negligible. 

CONCLUSIONS 

Theoretical·and experimental studies confirm that there is no signi-

ficant radial concentration gradient in the Stefan diffusion tube. From these 

resul.ts it is concluded that eq_uations developed from·;:.the plug flow model for 

the Stefan-tube may be used ~o calculate diffusion coefficients. However, it 

appears possible that end effects can be appreciable, and that therefore a 

sufficiently long tube should be employed to minimize this influence. 
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NOMENCLATURE 

C molar concentration 

* C .concentration with assumption of p~ug flow 

D diffusion coefficient 

JH heat·flux 

JT total mass flow 

L length of the diffusion tube 

N '· mass flux 

p partial pressure 
.. 

p total pressure 

radius of tube 

r radial distance 

R gas constant 

T temperature· 

T shear stress 

' 
\ 

u velocity in the x direct·ion 

U average velocity 

v · velocitY: in the r direction 

X. axial distance 

. > 

p vapor pressure corresponding to surface temperature s 

Po vapor pressure of the inlet gas 

v kinematic viscosity 

~ absolute viscosity 
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FIGURE CAPTIONS 

Fig. 1; Schematic diagram of the theoretical model. 

r 
... Fig • 2. Schematic diagra;·n of the apparatus. 

Fig. 3. Diffusion unit. 

Fig. 4. Probe 1. 

Fig. 5· Experimental concentration profile. 

\ Fig. 6. Experimental concentration profile corrected for end effects. 

.. 
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