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Abstract
Picard Groups and Brauer Groups of Certain Stacks
by
Rose Eleanor Lopez
Doctor of Philosophy in Mathematics
University of California, Berkeley
Professor Martin Olsson, Co-Chair

Professor Sug Woo Shin, Co-Chair

In this thesis, I study the geometry of algebraic stacks and some important cohomological
invariants on them, motivated by moduli-theoretic problems. The language of stacks provides
a natural framework for understanding moduli problems that cannot be captured by schemes
alone.

The first main chapter is based on Picard Groups of Stacky Curves 32|, and investigates
the geometry and Picard groups of stacky curves and gerbes. I further develop the theory
of rigidification and show that every stacky curve can be written as a gerbe over a stacky
curve with trivial generic stabilizer. I calculate the Picard groups of tame stacky curves
with trivial generic stabilizers and express the Picard groups of gerbes as an extension of
two groups, which depend on the Brauer classes of the gerbes and the Picard groups of the
base. These results together give a description of the Picard group of any tame stacky curve
as an extension of two groups. I apply the theory to many examples, including some moduli
stacks of interest.

The second main chapter is based on The Brauer Group of BG and Gerbe Structures of
Moduli Spaces [33]. T calculate the Brauer group of the classifying stack BG for G a smooth
geometrically connected linear algebraic group, and study Brauer—Severi stacks on BG. 1
calculate the Brauer classes of Brauer—Severi stacks coming from certain representations of
the universal cover of G. These results are then applied to study the moduli stack of curves
of genus g together with an order N automorphism. In particular, I look at curves whose
quotients by the order N automorphism are genus 0, and completely determine the Brauer
classes of these gerbes.



To my academic siblings

I hope that this manuscript can be of use to you.



Contents

i

Contents ii
1__Introduction| 1
(1.1 ~Algebraic Stacks and Moduli Theory|] . . . . . .. ... ... .. ... .... 1
(1.2 Picard Groups of Stacky Curves| . . . . . . . . ... .. ... .. ... .... 1
(1.3 Brauer Groupof BG| . . . . . . . . .. ... 4
(L4 _Outline of the Thesisl . . . . . . . . . . . . . .. 7
2 Background| 8
2.1 ~Algebraic Stacks| . . . . . . . ... 8
2.2 TheInertia Stackl . . . . . . . . . ... 10
[2.3  Deligne-Mumford Stacks and Tame Stacks| . . . . . .. ... ... ... ... 15
2.4 Stacks with Trivial Generic Stabilizer . . . . . .. . ..o 0000000 16
2.5 Root Stacks . . . . . . ... 18
26 _Gerbed . . . . . ... 20
2.7 Stacky Curves| . . . . . . . . 33
[3 Picard Groups of Stacky Curves| 34
[3.1 Picard Groups of Stacky Curves with Trivial Generic Stabilizer|. . . . . . . . 34
[3.2  Rigidification| . . . . . . . ..o 46
[3.3 Stacky Curves as Gerbes| . . . . . . . . . ... .. L 50
[3.4 Picard Groups of Gerbes| . . . . . . .. ..o L 53
[3.50 Examples| . . . . .. 58
[4  Brauer Group of 5G and Brauer—Severi stacks on 5G| 66
(4.1  The Brauer Group of 5G| . . . . . . . . . .. ... ... . ... 66
4.2 Brauer—Severi stacks over BG| . . . . . ... . oo 72
4.3  Application: The moduli stack of curves of genus g with an automorphism of |
| order NI . . . . . e 80
(Bibliography| 90




il

Acknowledgments

First and foremost, I would like to thank my PhD advisor Martin Olsson. He is incredibly
knowledgeable and helpful, and I have learned so much from him. I would like to thank my
co-advisor and first-year advisor Sug Woo Shin for his time and support. I would like to thank
Paul Vojta for serving on my qualifying exam committee and thesis commitee, and David
Nadler for serving on my qualifying exam commitee. Thank you to John Voight, Hannah
Larson, Emiliano Gomez, and Nikhil Srivastava for writing letters of recommendation for
me.

I would like to thank my collaborators Niven Achenjang, Deewang Bhamidipati, Aashraya
Jha, and Caleb Ji from the 2023 AMS Math Research Communities on Explicit Computations
with Stacks, and my collaborators Emily Clader, Zhengning Hu, Hannah Larson, and Amy
Li from the 2024 Women in Algebraic Geometry collaborative workshop. Thanks especially
to Hannah Larson and Emily Clader for being excellent leaders of our project group. I would
like to thank my collaborator John Voight for his enthusiasm and engaging discussions.

Thank you to my friends and fellow graduate students in mathematics, especially those
in the 2020 entering cohort. They were a great support system in navigating the first year
of graduate school during covid, and many of them have continued to be great friends.

I would like to thank my running shoes and bicycle for keeping me sane. I would like to
thank my family for their support and for sharing their values of education and hard work
with me. Finally, I would like to thank Morteza for his love and care.



Chapter 1

Introduction

1.1 Algebraic Stacks and Moduli Theory

Algebraic stacks were invented in the 1960s by Alexander Grothendieck. Grothendieck de-
veloped a foundational change of perspective in algebraic geometry from viewing spaces as
sets of points to viewing spaces through maps from other objects. Grothendieck develops
the key technical preliminaries of algebraic stacks, including the theory of fibered categories
and descent in |25]. In 1969, Deligne and Mumford apply these ideas to moduli to develop
Deligne-Mumford stacks in [14]. They show that the moduli space of stable curves of genus
g is a proper irreducible variety over any characteristic. In [21], Giraud further develops the
theory of algebraic stacks and uses them to give geometric meaning to higher cohomology
groups. Artin later generalizes Deligne-Mumford stacks to Artin stacks in [7], which are
the algebraic stacks as we know them today. Jarod Alper has an excellent exposition of the
history and motivation behind algebraic stacks in [4].

Algebraic stacks provide a natural framework for understanding moduli problems that
cannot be captured by schemes alone. Moduli spaces occupy a central role in algebraic
geometry: through their intersection theory, cohomology, and deformation theory, we gain
insight into the families of geometric objects they classify. However, many of the most
interesting moduli spaces are not representable by schemes but instead by stacks, making a
deep understanding of the geometry of algebraic stacks indispensable.

In this thesis, we investigate the geometry of algebraic stacks, with particular attention
to stacky curves, gerbes, Picard groups and Brauer groups of stacks, Brauer classes of gerbes,
and moduli stacks of curves.

1.2 Picard Groups of Stacky Curves

In his famous 1965 paper Picard Groups of Moduli Problems [36], Mumford computes that the
Picard group of the moduli stack of elliptic curves .# ; over fields of characteristic different
from 2 and 3 is Z/127Z. This work was subsequently revisited by Fulton and Olsson [18],
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who compute the Picard group of .#; ; and its compactification over general base schemes,
and generalizations to the modular curves %,(2) and %,(3) were studied by Niles [37]. All
of these works use the moduli interpretation of the stacks in question in essential ways. In
Chapter , we put this work on .#;; and other modular curves into a general context and
give an exact sequence which describes the Picard group of an arbitrary tame stacky curve
as the extension of two groups, which depend on the geometry of the curve rather than any
moduli interpretation.

There are two key cases we need to consider. The first case is for a tame stacky curve %
with trivial generic stabilizer, in which we can compute the Picard group exactly in terms
of the Picard group of its coarse moduli space and the stabilizer groups of the stacky points.
The geometry of stacky curves with trivial generic stabilizers is studied in [§], [20], [38] and
[47], and the Picard groups of such stacky curves are studied in [10, Theorem 5.4.6], [11]
Corollary 3.2.1], and [12, Corollary 3.0.8, Theorem 3.2.3]. The exact sequence describing
the Picard group of a stacky curve with trivial generic stabilizer is a special case of |11}
Corollary 3.2.1], but in the following theorem, we also give an explicit pushout construction
that computes the Picard group exactly.

Theorem 1.2.1. Let % be a tame stacky curve with trivial generic stabilizer and coarse
moduli space m: % — X. Let xy,...,x, be the stacky points of % with stabilizer groups fi,,,
cyclic of order n;. Then we have an eract sequence

0 —— Pic(X) —— Pic(%) —— [[\_, Z/nZ — 0,

where x = (Xx’{(—)a ..oy Xaz(—)) describes the representations of the inertia on a line bundle
pulled back to the residual ge’rbes at the stacky points. Moreover, Pic(%) is the pushout of
the diagram

('n17-~-7'nr)

zr zr
oo
Pic(X) ——— Pic(#),

where ¢ : 7" — Pic(X) is given by e; — Ir(y,), fore; = (0,...,1,...,0) the ith basis vector,
and Iy, the ideal sheaf of Ox-modules of the point 7(x;) €

The second case is for a stacky curve 2 which is a gerbe over a stacky curve with trivial
generic stabilizer . We give an exact sequence which describes the Picard group as an
extension of two groups, one group being Pic(#'). In fact, the statement holds for % a
locally finitely presented algebraic stack over a locally noetherian base, so we present the
theorem with this assumption.

Theorem 1.2.2. Let % be a locally finitely presented algebraic stack over a locally noetherian
base, and let 7 be a tame locally constant finitely presented band on % . Letp: X — % be
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a gerbe banded by S, with cohomology class [Z') € H* (% , ). We have an ezact sequence

0 — Pie(#) —2 Pic(2) —X Hom(#,G,,) (—)«[2]

H* (¥ ,G,,),
where x describes the representation of S acting on the line bundle, and (—).[Z"] sends
(€ : H — G,y,) to the image of [Z'] under the cohomology pushforward map

6 H(W , ) - H (Y ,G,,).

Remark 1.2.3. A band is locally a sheaf of groups, with gluing data only well-defined up
to conjugation. By a tame locally constant finitely presented band, we mean that locally,
the band comes from a tame finite constant sheaf of groups. When 77 can not be identified
with a sheaf of groups, €, is more complicated to define. We describe the stack of bands and

the construction of €, in Sections [2.6] and [3.4]

To connect these two cases and describe the Picard group of a general stacky curve,
we show that the geometry of a stacky curve comprises of two parts: 1) its rigidification,
which is a stacky curve with trivial generic stabilizer, and 2) a gerbe over the rigidification.
Rigidification is a process in which a subgroup G of the inertia % (2") is removed from 2~
and results in a gerbe banded by G, 2" — 2 [JG. In Section , we further develop the
theory of rigidification, which appears for general groups in [1, Appendix A], and in Section
3.3, we prove the following theorem which describes the geometry of stacky curves.

Theorem 1.2.4. Let 2 be a stacky curve with inertia group S (Z"). Then there exists a
finite flat subgroup stack 7 < F(Z") such that the rigidification of Z with respect to F is
a stacky curve with trivial generic stabilizer % = Z [JA, and the natural map p : Z — ¥
is a gerbe banded by F, the band associated to 7. Moreover, if Z is tame, then so is % .

Remark 1.2.5. The proof of this proposition mainly requires finding the finite flat subgroup
stack .7. The result that given a finite flat subgroup J# of Z (%), there exists a locally
finitely presented algebraic stack 2" ] and map 2" — 2 [ such that 2" is a gerbe
banded by S over 2 [] # appears in [1].

Putting all of the pieces together, we have the following corollary.

Corollary 1.2.6. Let 2" be a tame stacky curve with coarse moduli space m : X — X and
inertia stack I (Z°). Let A < F(Z) be as in Theorem[1.2.]), so that ¥ = X [JH is a
tame stacky curve with trivial generic stabilizer and p : & — % is a gerbe banded by .
Let (2] € HX (Y , ) be the gerbe class of 2. We have an exact sequence

0 —— Pic(@) —2 Pic(2) —— Hom(#,G,,) % 027 . G,,) |

where x and and (—).[Z| are as in Theorem[1.2.4, and Pic(#) is described as in Theorem
(L.2.1
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1.3 Brauer Group of BG

The Brauer group of a field k is an abelian group which classifies Morita equivalence classes
of central simple algebras over k with multiplication given by tensor product. The Brauer
group has been generalized to schemes and established as a cohomological invariant of a
scheme by Grothendieck in [22] 23, 24]. Brauer groups have been extended to stacks more
recently, and various work has been done computing Brauer groups of stacks, for example,
in |2, 3, 15, 9, (L6} |15}, 27 45].

In [2, Section 5], the Leray spectral sequence is used to compute the Brauer group of
BG for a finite linearly reductive group G, in [34, Section 6], the authors calculate the
Brauer group of BG for a finite étale group scheme G, and in |35, Theorem 3.1], the author
calculates the Brauer group of BG for smooth connected linear algebraic groups G in the
context where BG is viewed as a simplicial space. We calculate the cohomological Brauer
group of BG in the following theorem.

Theorem 1.3.1. Let G be a smooth connected semisimple linear algebraic group over an
algebraically closed field k. Let G be the universal_cover of G, and B the fundamental group
of G, which fit into an ezxact sequence 1 - B — G — G — 1. Let X(B) := Hom(B, G,,,) be

the character group of B. Then

| o i=0
H'(BG,G,) ={ 0 i=1
X(B) i=2.

For i = 2, an isomorphism X (B) — H2(BG,Gyy,) is given by (y : B = Gy,) — x.(BG),
where Y. is the pushforward map x. : H*(BG, B) — H*(BG,G,,).

With the understanding of the Brauer group of BG, we may also understand the classes
of Brauer-Severi varieties over BG, which we call Brauer-Severi stacks (see Section [1.2).
Classically, a Brauer-Severi variety of dimension n over a field £ is a variety X over a field
k that is isomorphic to Pz after base change to an algebraic closure of k. Its obstruction
to being isomorphic to [P} itself is the existence or non-existence of a line bundle of degree
1 on X, which would then be isomorphic to Op,(1). More generally, a Brauer-Severi stack
of relative dimension n over S is a smooth proper morphism 2" — S which is étale locally
isomorphic to P§, where S is allowed to be a scheme or a stack. The existence of a line bundle
of degree 1 on 2" no longer guarantees that 2" is globally isomorphic to P%, but rather only
guarantees the existence of a rank n + 1 vector bundle V' on S such that 2" = PV.

There is an equivalence of categories between Brauer-Severi stacks 2~ of relative dimen-
sion n over S and PGL,i-torsors over S. The image §([27]) € H?(S,G,,) of the class of 2
in H'(S,PGL, 1) via the short exact sequence 1 — G,, — GL,,1 — PGL,,1 — 1 is equal
to the class of the G,,-gerbe of degree 1 line bundles on 2", which we call the Brauer class
of the Brauer-Severi stack X. 1t is trivial if and only if there is a degree 1 line bundle on

Z.
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We study Brauer-Severi stacks of the form [PV/G] — BG, and prove the following
theorem which calculates their Brauer classes.

Theorem 1.3.2. Let V be a representation of CN;, acting via p : G — GL(V) such that
B C G acts by a character x : B — G,,. Then we get an induced action of G on PV, and
[PV/G] — BG is a Brauer-Severi stack over BG. Let 4 be the G,,-gerbe of degree 1 line
bundles on [PV/G] over BG. Then x;*(BG) = 4, and thus the class of ¢, which is the
Brauer class of [PV/G] — BG in H*(BG,G,,) = X(B), is given by x~'.

The initial motivation for studying the Brauer group and Brauer-Severi stacks on BG
was to understand the gerbe structure of the stack of genus g curves with an automorphism
of order N, which we now explain.

Let .#, be the moduli stack of smooth curves of genus g > 1. The inertia stack I(.#,)
is the stack with objects pairs (X € #,, a € Aut(X)) and morphisms are isomorphisms
¢ : X' = X such that ¢ o o/ = a0 ¢. The inertia I(.#,) is a disjoint union

[(//Zg): H IN(///g)a

NeN>0

such that for (X,«) € In(4,), a has order N. We call the substacks In(.#,) the Nth
twisted sectors of the inertia stack.

Since every object of Inx(.#,) has an order N automorphism, this stack is a uy-gerbe,
and corresponds to some class [Iy(.#,)] € H*(uy). We look at the components of Iy (.#,)
consisting of curves whose quotients by the order N automorphism « has genus 0 and
completely determine the Brauer classes of these gerbes. For a uy-gerbe ¢ — S with
class [4] € H?(S, i), its pushout to G,, under the inclusion puy < G, is the G,,-gerbe
@"\Cm — S and its Brauer class is given by [¢"®"] € H%(S,G,,).

Given an object (X, ) of In(.#;), we may take the quotient of X by the action of py
induced by « to get a Galois cover with group puy, 7: X — C' = X/uy. The quotient curve
C' can take many possible genera with varying ramification divisors. Following [41], using
ideas from [42], to specify which genera and degrees of ramification divisors are allowed on
C', we define a g-admissible datum to be an N + 1-tuple A = (¢', N,dy,...,dn_1) such that
0<¢ <g, N>1, and d; > 0, which satisfies Riemann-Hurwitz

29— 2=N(2¢ —2)+ ) _di(N — ged(i, N)) (1.3.2.1)

and the structural equation of abelian covers

> id;=0 (mod N). (1.3.2.2)

(2

Define the stack .#Z 4 to be the stack with objects

%A(S) = {(f C = S, Dl,...DN_1,$,¢>}
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where f : C'— S is a smooth curve of genus ¢’, the D; are disjoint divisors of degree d;, that
is, sections of (Sym%C \ Ag) — S, where Ay, is the big diagonal, .Z is a line bundle on C
and ¢ : L%N — Oc(34iD;) is an isomorphism. Morphisms will be defined in Section [4.3]

Every object of .# 4 corresponds to a uy-cover X — C of a smooth genus g curve over
C, ramified over the D;. Conversely, every uxy-cover with the covering curve having genus g
corresponds to some object of .#Z 4 for some g-admissible datum A. We roughly explain this
correspondence in Section Let .#’, be the substack of .#4 such that the corresponding
X is connected. The following theorem relates Iy (.#,) to the .Z.

Theorem 1.3.3. [41, 2.2, Corollary 1], [42, Theorem 2.1, Proposition 2.1] Fiz g,N >
1. Then In(AMy) = [ A}, where the disjoint union ranges over all g-admissible A =
(gl, ]\/v7 dl, PN ,dN_l).

When ¢' = 0, either 4y = #4 or 4, =) [41, 2.2, Remark 3]. Since we only study the
case when ¢’ = 0 in this paper, it suffices to study the .#4 as defined above, and then only
a subset of such .#4 will correspond to components of Iy (.#,) To study the .#4, we define
a moduli stack .#4 that contains .#4 as an open substack, namely, we allow the divisors to
coincide.

When ¢’ = 0, .#4, can be realized as a juy-gerbe over a stack .4, which is a composition
of Brauer-Severi stacks over the moduli space of genus 0 curves, BPGL,. Using Theorems
and , and a stacky version of a theorem of Gabber |19, Theorem 2, page 193],
which relates the Brauer group of a Brauer-Severi variety to that of its base, we compute
the Brauer group of .4, and calculate the class of .#Z, in the Brauer group of .4, in the
following theorems.

Theorem 1.3.4. Let N,dy,...,dy_1 € Z such that N|d :=_id; and

g = % (—QN + Zidi(N —ged(i, N)) + 2)

is an integer greater than 1. Then A = (0, N,dy, ... ,dN_l)iia g-admissible datum. If all
d; are even, H* (N4, G,,) = Z/27Z, and if any d; is odd, H*(A4,G,,) = 0.

Theorem 1.3.5. Let A= (0,N,dy,...,dny_1) be as above. Then

—AG, . _
3] = [y Gayn] € HX (A, Go),
where Gy is the Gy,-gerbe over BPGLy of degree d/N line bundles on genus 0 curves, and

v : Ny — BPGLy is the natural forgetful map. In particular, if all d; are even and d/N is
odd, then ,//[AAGM 15 montrivial of order 2, otherwise, //[AAGM 15 trivial. Moreover, since the

restriction map on Brauer groups is injective, the same holds for ///A\G’" where the divisors
are disjoint.
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1.4 Outline of the Thesis

Chapter [2| contains background on the theory of algebraic stacks. Chapter 3| is based on
[32] and studies the geometry and Picard groups of stacky curves and gerbes. Chapter [4] is
based on [33] and calculates the Brauer group of BG for G smooth connected linear algebraic
groups, calculates the Brauer classes of certain Brauer-Severi stacks on BG, and calculates
Brauer classes of some examples of moduli stacks of curves.



Chapter 2

Background

In this chapter, we give some relevant definitions and results on algebraic stacks. Every-
thing in this chapter is well-known. We discuss effective descent, stacks, the inertia stack,
Deligne-Mumford stacks, the topological space of points on stacks, stacks with trivial generic
stabilizers, root stacks, abelian and non-abelian gerbes and bands, and stacky curves. Much
of the material in this section was learned from [39]. We also reference [21],[25], |28], [30],
[38], and [46].

2.1 Algebraic Stacks

We first define the descent condition for fibered categories, and then define stacks and alge-
braic stacks, following [39]. Since we will only be working with stacks defined over a base
scheme S, we write all of our definitions in terms of fibered categories over (Sch/.S)gpe-

Let p: F' — (Sch/S)gpt be a fibered category. For any S-scheme Y — S and morphism
of S-schemes f : X — Y, we define the category F(f : X — Y) as follows. Objects in
F(f : X = Y) are pairs (z,0) where z is an object of FI(X) and o : priz — priz is an
isomorphism in F(X Xy X) satisfying the cocycle condition. The pr; : X xy X — X for
1 = 1,2 are the projection maps, and the cocycle condition states that

* * Lk . * * * *
Pry30 O Prig0 = PIyz0 @ PrigPriT —» ProzPryl

in F(X xy X xy X), where pr;; : X xy X xy X = X xy X for i,j € {1,2,3} are the
projection maps. Morphisms in F'(X — Y) between objects (z,0) and (2, ¢’) are morphisms
g:x — 2’ in F(X) such that the diagram

* prig *
priz —— prix

Pk

s P9y
pryT —— PIsT

commutes.
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There is a functor

FIY)> F(f: X =) (2.1.0.1)
y = (f"y,0 = Ocan : P1.f"y = profry).

Definition 2.1.1. We say f : X — Y is an effective descent morphism for F' if the functor
2.1.0.1]is an equivalence of categories.

Many fibered categories over (Sch/.S)gps satisty effective descent for the fppf topology,
by which we mean that every fppf morphism is an effective descent morphism for the fibered
category. Some categories that satisfy effective descent include closed subschemes, open
embeddings, quasi-coherent sheaves, and affine morphisms [39, Section 4.3, 4.4].

Definition 2.1.2. A stack 2" over S is a category fibered in groupoids p : 2~ — (Sch/S)gpr
such that for all S-schemes T'— S and all coverings 7" — T', the functor

2(T)— Z(T'—=T)
defined in [2.1.0.1] is an equivalence of categories.

A stack 2" /S has the property that for all S-schemes T" and all z,y € 2 (T), the presheaf
Isomy(z,y) : (Sch/S)gpptly — Set, (2.1.2.1)

(f: T' = T)w— Isomqp (f*x, f*y)

is a sheaf.

Definition 2.1.3. An algebraic stack 2 over S, is a stack over S, p : Z — (Sch/S)gppr
whose diagonal morphism A : 2~ — 2 xg 2" is representable by algebraic spaces, and such
that there exists a smooth surjective covering X — 2~ by a scheme X.

An algebraic stack 2" /S has the property that for all S-schemes T and all z,y € 2°(T),
the presheaf is an algebraic space. In particular, Aut,(z) := Isomy(x,z) is an
algebraic space as well. We also have an action of Aut,.(z) on Isom,(x,y), where a € Aut(z)
acts on o € Isomp(z,y) by a0 = o o«. Similarly, 5 € Auty(y) acts by 8-0 = foo. This
action makes Isom(z,y) into both an Aut(z)-torsor and an Aut,(y)-torsor. In particular,
if Isom(x, y) has a section, then Aut,(x) = Isomy(x,y) = Aut,(y), where the isomorphisms
are determined by choosing a section of Isom(z,y).

Definition 2.1.4. For any geometric point = : Spec k — 2 of 2, the sheaf of groups
G, = Aut,(x) is called the stabilizer group of z, and if G, is nontrivial, then we call z a
stacky point. If 2 is defined over k, then x factors through the inclusion BG, — % of
BG, = [Spec k/G,] as a strictly full substack of 27, and we call BG, the residual gerbe at
x [46, 06ML, 06UH].
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Some Notational Remarks

1. In this thesis, by a stack, we mean an algebraic stack.

2. For a sheaf F' : (Sch/S)°® — Sets or fibered category p : F — (Sch/S)gpt, we will
occasionally write x € F', in which case we mean x € F(T') for some S-scheme 7" — S.

3. When defining a stack p : & — (Sch/S)gpe by its objects and morphisms, we will
define morphisms only between objects in the same fiber. Morphisms between objects
e Z(T') and x € 2 (T) in different fibers are given by a morphism of S-schemes
t: T — T and a morphism o : 2’ — t*z in Z (T’). Moreover, we assume that we
have chosen a splitting of the fibered category, so that every object of 2" has a unique
pullback.

4. By a stack 2 over a base S, we mean p : & — (Sch/S)gpe, but we will write
p: X —S.

2.2 The Inertia Stack

Let 27 /S be an algebraic stack. The inertia stack .#(2") is the fiber product of the following
diagram,

IX) — X

| 2

X —B s X xs .
Objects of #(Z") are tuples

(21T — X, x9: T = X, (01,00) : (1,21) = (22, 72)),
and morphisms from (x1, z9, (01, 02)) to (2, x}, (0], 0%)) are pairs of morphisms
(aq 1 w1 = 2, Q0 0 9 — T5)

such that the following diagram commutes,

(01,02)
(Ibfl) /== ($27$2)

(alval)l l(a27a2)

(01,0%)

Note that any object (21, 29, (01, 09)) is isomorphic to (z1, 21, (id, 07" 0 09)) via the iso-
morphism (id, o7 '). Therefore, an equivalent, and simpler, presentation of .#(.2") is given
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by having objects pairs (x : T — 27, ¢ : x = x), and morphisms from (z, g) to (2, ¢’) given
by morphisms « : x — ' such that the following diagram commutes,

(r,2) 22 (2 2)

(a,a)l l(a,a)

(', 2) (id—’g>> (2,2,

or equivalently, that

commutes.
For any object t : T'— 2", we have the following fiber product square,

Auty(t) — S(Z)

| |

T—— 2,

which can be seen by the fact that every element of the fiber product ((¢',g),0 : t' = t) is
isomorphic to ((,¢'),id; : t & t) via the isomorphism o, where ¢’ = o 1go.

Inertia when 2 has finite diagonal

Let 2" be an algebraic stack with finite diagonal. Then ¢ : Z(2") — £ is finite, so it
is affine, and we can write ' (2") = Spec,, (&), where & = ¢.04 () is a quasi-coherent
sheaf of &y --algebras on 2", under the equivalence of categories [39, Theorem 10.2.4]

Spec ,.(—) : (sheaves of algebras in Qcoh(27))*" — (affine morphisms f: % — 27),

where & — Spec %(;zf ) — 4, and the inverse functor is given by

Moreover, the functor restricts to an equivalence between coherent sheaves and finite mor-
phisms, so for an algebraic stack with finite diagonal 2", there is a coherent sheaf of &y
algebras & such that .#(2") = Spec ,.(#).

Remark 2.2.1. Since the diagonal is finite, the diagonal is in fact representable by affine
schemes, since for any affine scheme Spec A mapping into 2" xg 2", the fiber product with
the diagonal morphism will be an affine scheme Spec B, with B a finite A-algebra.
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Inertia of a Quotient Stack

If 27/S is a quotient stack, then the inertia .#(.2") has a nice description, also as a quotient
stack.

Proposition 2.2.2. Let X a scheme and let G be a smooth group scheme acting on X.
Then ([X/G]) = [F/G], where F C X x G is the fiber product of the diagram

F—— Xx@

l l (2.2.2.1)

X 25 X xX,

where the right vertical map is given by (x,g) — (z,gx). The action of G on X x G s
h-(z,9) = (hz, hgh™).

Proof. First, we can describe .#([X/G]) as the stack having objects z : T' — [X/G] together
with an automorphism ¢ : * — x, which we can describe as a G-torsor over T, P — T,
together with a G-equivariant morphism o : P — X, and an automorphism 7 of P respecting
o. For all h € G and all p € P, o satisfies o(hp) = ho(p) and n satisfies n(hp) = hn(p).
Morphisms of #([X/G]) are isomorphisms « : © — 2’ such that ¢’ = aga™'. That is, « is
an isomorphism of G-torsors o : P — P’ such that the diagram

P @ s P’
X

commutes, ' = ana~!, and for all h € G and p € P, a(hp) = ha(p).

Objects of [F/G|, y : T — [F/G], are pairs of G-torsors P — T and G-equivariant
morphisms 7 : P — X x G with image in F. For all h € G and all p € P, 7 = (7x,7¢)
satisfies (7x (hp), 7a(hp)) = (hrx(p), hta(p)h~t). Morphisms « : y — y are isomorphisms of
torsors a : P — P’ such that the diagram

P @ y P’

X xd

commutes and «a(hp) = ha(p) for all h € G and p € P. Observe that for any p € P, 7¢(p)
determines 7 on all of P. Indeed, G acts transitively on P, and 7¢(hp) = hrg(p)h~'.
We define a map #([X/G]) — [F/G] as follows. On objects, we map

(P—-T,0:P—-Xn:P—-P)— (P—>T,7:P— X xG)
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where 7 = (0,7¢), and 7¢(p) = g, where g, is determined by n(p) = g, - p. We must check
that 7 lands in F' and is G-equivariant. Let p € P. Then

76(p) - Tx(p) = gpo(p) = 0(gpp) = o(n(p)) = o(p) = 7x(p).

For all h € G and p € P, 7x(hp) = hrx(p) since 7x = 0. For gy, = 7¢(hp) and g, = 7¢(p),

gnphp = n(hp) = hn(p) = hg,p,
$0 gnph = hg,, and 7¢(hp) = hrg(p)h ™.
On morphisms, we map

(a: (P,o,n) — (Pd',n)— (a: (P 1)— (P,T)).

We need to check that « is a morphism in [F'/G]. First we have 7x:a = 7x since o'a = o,
and a(hp) = ha(p) since a is a morphism in #([X/G]). Finally, for g, = 7¢(p) and

Ja(p) = T&(a(p)), since n'a = an,
Jam(p) = 7' (a(p)) = a(n(p)) = a(gp) = gpa(p),

so 76 (a(p)) = 7 (p).
We define an inverse functor [F//G] — £ ([X/G]) by

(P—-T,7:P—>XxG)— (P—>T,7x:P— X,n: P— P),
where 7(p) = 7¢(p) - p. We check that

n(hp) = 7a(hp)hp = h1g(p)h™"hp = hra(p)p = hn(p),

and
o(n(p)) = o(1c(p)p) = 7¢(p)o(p) = 7a(p)7x(p) = 7x(p) = o (p).
On morphisms, the inverse is given by a +— «. We also need to check that « is a morphism
in .#([X/G]), which is similar to the checks for [F/G].
These constructions are inverses to each other, so we indeed get the desired equivalence
J([X/G)) = [F/G].
O

Examples

Example 2.2.3. We compute the inertia stack of .#;; using the presentation of its com-
pactification ., ; as a weighted projective stack,

My = P(4,6) = [(Spec klz,y] \ {(0,0)})/16Guml,
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where the action of G,, on A? is given by \- (x,y) = (Mz, A\%). We simplify the calculation
by computing the inertia on two open substacks, namely the opens %, that removes [0 : 1],
a point with stabilizer ug, and %4, that removes [1 : 0], a point with stabilizer uy. First,

U = (G, x A")/16Gyn] = [A /6114,

where yi4 acts on A by (-2 = (%2. An equivalence [A!/su4] — [(G, X A')/4.6G,n] is given by
2z [1:2]. For any ¢ € pg, (%2 [1:¢%2] = [¢*: (52] = [1: 2]. For any (z,y) € G,, x Al
there exists A € G,, satisfying A* = 2. Then [z : y] = [Mz : AS] = [1 : Xy}, so Aoy — [z : y].
Finally, if 21,20 — [1: 21] = [1 : 5], then [1 : 25] = [A* : \62] for some \ € G,,, but since
M =1, X\ €y, 50 21 = 2z in [A/gp4].

We now compute the inertia of % = [A! /4], which is given by [Fy/pu4] where

Fy={(:¢) € A" x juy | 2 = (2},

and 14 acts on A! as before and trivially on py since 4 is abelian. For all z € A! and all
(==%1,2=(%. For z=0and all ¢ € yy, z = (®2. Thus

Fy = (A" o) [ 40,00} TTH(0, =)},

and

I ([ /opa]) = [Fo/pua]
= [(A" % pa) /a] [TIH(0, 00} /paa] [TH(O, =)} /1]
= ([AY /o] x p2) [T Bpa [ | Ba-

We repeat this calculation for %4, where
U = (A" X Gpn)/16Gm] = [A' /apue),

where pg acts on A! by - 2z = (*z. By a similar calculation,

I (A ape]) = (A fape] x p2) [ [ Bus [ [ Brs [ [ Bres [ [ Brss:

Putting these together, we get

I (M) = (g < i) [ (g BM4) I1 (]Z[ B%) ,

and restricting to the open substack .#;, C . 1,

f(///l,l) = (///1,1 X ,Uz) H (H BM4> H <H BMG) .
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Example 2.2.4. We compute the inertia stack of BS; = [Spec k/S3]. Since S5 acts trivially
on Spec k, we have .#(BS3) = [93/S3], where S3 acts on S3 by conjugation. The conjugacy
classes of S3 are {(1)},{(12),(23), (13)}, {(123), (132)}. The stabilizer group of (1) is all of
Sy, the stabilizer group of (12) is ((12)) = Z/2Z, and similarly for (23) and (13), and the
stabilizer group of (123) is ((123)) = Z/37Z, and similarly for (132). Thus,

S (BSs) = BS; | [ BZ/2Z] | BZ/3L.
Example 2.2.5. The inertia stack of B(Z/6Z) = [Spec k/(Z/6Z)] is
7 (B(Z/6Z)) = [(Z/6Z)/(Z/6Z)] = B(Z/6Z) x )6
since Z/67Z is abelian.

2.3 Deligne—Mumford Stacks and Tame Stacks

Definition 2.3.1. A Deligne-Mumford stack is an algebraic stack such that there exists an
étale surjection U — 2 from a scheme U.

Lemma 2.3.2. Let 2 be a finitely-presented Deligne—Mumford stack over a scheme S.
Then for all geometric points x : Spec k — 2, G, is a finite constant group scheme, and
the diagonal has finite discrete fibers.

Proof. A Deligne-Mumford stack has formally unramified diagonal [39, Theorem 8.3.3].
Since 2 is finitely-presented, the diagonal is finitely-presented, and thus the diagonal is
unramified. Then all GG, are unramified group schemes over algebraically closed fields. Since
each (G, is of finite-type, it is étale if and only if it is flat and unramified. It is trivially
flat over a field, so every G, is étale, thus is a finite constant group scheme over k, and
a discrete set of points. Additionally, all G, have diagonal morphism an open immersion
[25, Proposition 1.3.1], and thus all G, are reduced, and therefore étale. The fibers of the
diagonal are Isom, (1, z2) for a geometric point (x, z3) : Spec k — 2" x5 2", which is either
empty or isomorphic to the finite discrete Aut(z,) = G,. ]

Definition 2.3.3. A Deligne-Mumford stack 2" is tame if for all geometric points z :
Spec k — 2, G, is linearly reductive, or equivalently, the characteristic of k is relatively
prime to the order of G,.

Coarse Moduli Space

Definition 2.3.4. Let 2" be an algebraic stack over a base scheme S. A coarse moduli space
for 2 is a morphism 7 : 2~ — X, where X is an algebraic space over S and 7 satisfies

1. For any morphism ¢ : & — Z from 2" to an algebraic space Z, there exists a unique
morphism f : X — Z such that g = fo.
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2. For any algebraically closed field k, the map |27 (k)| — X (k) is bijective, where |2 (k)|
denotes the set of isomorphism classes in 2 (k).

Theorem 2.3.5. (28, Theorem 1.1], [39, Theorem 11.1.2] For any algebraic stack 2" locally
of finite presentation with finite diagonal over a locally noetherian base S, there exists a
coarse moduli space m : X — X. Additionally, 7 is proper, the map Ox — w04y is an
isomorphism, and for any flat morphism of algebraic spaces X' — X, 7'+ X7 = Z xx X' —
X' is a coarse moduli space for Z.

Local Structure Theorem

For Deligne-Mumford stacks with a coarse moduli space, we have a very nice local structure
theorem.

Theorem 2.3.6. 39, Theorem 11.3.1] Let 2 be a Deligne-Mumford stack over a locally
noetherian scheme S, locally of finite type and with finite diagonal. Let m: X% — X be its
coarse moduli space. Let x : Spec k — Z  be a geometric point with stabilizer group G.,.
Then there exists an étale neighborhood U — X of the image of x and a finite U-scheme

V' — U with an action of G, such that 2" xx U = [V/G,].

Remark 2.3.7. Theorem will be quite useful to us, as it implies that any property
of such a Deligne-Mumford stack that can be checked locally on the coarse space can be
checked on a stack quotient of a scheme by a finite group. Moreover, we can take the
scheme to be affine. Indeed, for any affine open neighborhood Spec A C X, of the image
of a geometric point x, Spec A xx 2~ = [Spec B/G,], where A — B is a finite ring map.
Also, [Spec B/G,] — Spec A is a coarse moduli space, so A = B%. We will often take

~

A = Ox r(z), the complete local ring of X at x, in which case B = 59/1

2.4 Stacks with Trivial Generic Stabilizer

In this section, we discuss stacks with trivial generic stabilizer, that is, stacks which have a
dense open algebraic space. For this, we need to first define the topological space of points
on a stack.

Definition 2.4.1. A point of an algebraic stack 2" is an equivalence class of morphisms
from spectra of fields to 2". For two fields k and k', the morphisms z : Spec k — 2 and
2’ Spec k' — Z are equivalent if there exists a field K and a commutative diagram

Spec K —— Spec k

| |

x

Spec K’ T 7.
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This notion of equivalence induces an equivalence relation on the set of morphism from
spectra of fields |46, 04XE]. Because any point = : Spec k — 2 is equivalent to the point
given by composing = with Spec k — Spec k, we can assume all points are geometric points.
The set of points of 2" is denoted |27

Lemma 2.4.2. [[/6],04XL] There exists a unique topology on the sets of points of algebraic
stacks with the following properties:

1. For every morphism of algebraic stacks X — %, the map | 2| — || is continuous.

2. For every morphism U — 2 which is flat and locally of finite presentation with U an
algebraic space the map of topological spaces |U| — | 2| is continuous and open.

Definition 2.4.3. The underlying topology on an algebraic stack 2~ is the topology on | 2|
defined in Lemma 2.4.2]

We may also define a topology on an algebraic stack where open substacks are open
immersions, and these two notions agree |46, 06FJ].

Definition 2.4.4. We say that an algebraic stack 2" has trivial generic stabilizer if it has
a dense open substack that is an algebraic space.

In the case where 2" is an algebraic stack with finite diagonal, we can explicitly describe
an open algebraic space % such that 2 has trivial generic stabilizer if and only if % is
dense in 2.

Proposition 2.4.5. Let 2" be an algebraic stack with finite diagonal. Then the subcategory
U — Z defined by
U(T)={t:T— 2 | Auty(t) =T}

is an open algebraic space in X .

Proof. Since 2" has finite diagonal, .#(2") — 2" is finite, and so .#(2") = Spec , () for
some coherent sheaf of algebras 7 on 2" |39, Theorem 10.2.4]. Let ¢t : T'— 2" be an object
of 2. Pulling back to T gives the following diagram,

Aut,(t) = Spec,, (") —— S (Z") = Spec , (&)

| |

T ¢ y 2.

Then we can describe % as follows,

W) =1{t:T — 2 | dimg, (") = 1}.
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Let 7 : X — 2 be a smooth cover from a scheme, and let U C X be the pullback of %
to X. Then we can describe U as follows,

U={r € X : dimyu)(; ®gy, £(r)) =1},

where k(x) = Ox,/m, is the residue field of x.

Then U is an open subscheme in X by semi-continuity |26} II. Exercise 5.8]. By descent
for open immersions, we have an equivalence of categories between open immersions in 2~
and pairs (U, o) consisting of an open set U C X and an isomorphism o : priU = pryU,
where pr; are the projections X x 2 X — X, such that o satisfies the cocycle condition in
X X9 X X9 X. For U defined above, we have that prjU = pr3U. Indeed, pr;U for : = 1,2
is given by

pr;U = {(x1,29,0) 1 21,29 € X, 2, € U,0 : (1) = 7w(x2)}.

For any two points =,y € X such that there is an isomorphism o : 7(z) = 7(y) in 2,
we get an isomorphism Aut(m(z)) = Aut(n(y)) given by a — oao™!. Thus, if z € U and
y € X such that 7(z) = 7(y), then y € U as well and we have an equality priU = prjU.
The equality priU = pr3U clearly satisfies the cocycle condition, so descent gives us an open
substack % — % characterized by the property that for any T-point ¢t : T' — 2, t factors
through %7 if and only if Aut,(¢) = {id;} x T

Finally, this substack %/ is an algebraic space since it has trivial stabilizer groups. O]

2.5 Root Stacks

In this section, we describe the root stack construction, following [39, Section 10.3]. Essen-
tially, the nth root stack of a scheme X along a divisor D on X is the universal object Z,
mapping to X such that there is an nth root of D pulled back to 2, on Z,. In general, for
a scheme X and an effective Cartier divisor D on X, it may not be possible to take an nth
root of D on X. Whenever this is not possible, stacky structure appears in the root stack.

Definition 2.5.1. Let X be a scheme. A generalized effective Cartier divisor on X is a
pair (L, p), where L is a line bundle on X and p : L — Ox is a morphism of &'x-modules.
An isomorphism o : (L', p') = (L,p) of generalized effective Cartier divisors on X is an
isomorphism of line bundles ¢ : L' 2 L such that the diagram

L g s L
N
Ox

commutes. A product structure on generalized effective Cartier divisors is defined by

(L,p)- (L) =L L pp),
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where p®@p' 1 L® L' — Ox ®¢, Ox = Ox. For a morphism of schemes ¢ : ¥ — X and a
generalized effective Cartier divisor (L, p) on X, (¢*L, g*p) is a generalized effective Cartier
divisor on Y, where g*p : ¢*L — ¢g*Ox = Oy . Note that we cannot always pull back effective
Cartier divisors, but we can always pull back generalized effective Cartier divisors.

We define a fibered category 2 over the category of schemes with objects pairs (T, (L, p)),
where T is a scheme and (L, p) is a generalized effective Cartier divisor on 7. Morphisms in
2(T) are isomorphisms of generalized effective Cartier divisors on 7". This fibered category
is a stack because line bundles and morphisms of line bundles satisfy effective descent.

Lemma 2.5.2. (39, Proposition 10.3.7] The stack & is isomorphic to the stack quotient
[A'/G,,], where u € G,, acts by left multiplication on t € Al

Consider the morphisms A! — A! by f — f" and G,, — G,, by v — u". This
defines a morphism of stacks p, : [A'/G,,] — [A!/G,,], which corresponds to the morphism
pn: D — D, (T,(L,p)) — (T, (L®", p*™)).

Let X be a scheme, (L, p) a generalized effective Cartier divisor on X, and consider the
fiber product diagram

Z, —— 9
X (L.p) 2,
where (L, p) : X — 2 sends an X-scheme f: T — X to (T, (f*L, f*p)).

Definition 2.5.3. We define 2, to be the nth root stack of X associated to (L, p), and it
is the stack with objects

(f T = X, (M, ), 0 (M®",\*") = (f*L, f"p)),

where f: T — X is an X-scheme, (M, \) is a generalized effective Cartier divisor on 7', and
o is an isomorphism of generalized effective Cartier divisors. Morphisms ((M', X),¢’) —
((M,X),0) are isomorphisms 7 : (M', \') — (M, \) of generalized effective Cartier divisors
on 7', such that the diagram

T®n

Men > M®"

N

*L

commutes.

Using the Yoneda lemma, the data (f : ' — X, (M, \), o) as an object of Z,, corresponds
to a morphism 7" — %,,. In particular, the identity map 2, — Z,, corresponds to the data
(m: Zn — X, (&0, An),0), where (£, \,,) is a generalized effective Cartier divisor on 25,
whose nth power is isomorphic to (7*L,7*p). That is, we get a line bundle on Z; whose
nth power is isomorphic to the pullback of L.
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Example 2.5.4. Let X be a scheme and let (L, p) = (Ox,-f), we have an isomorphism [39,

10.3.10(i)]
Spec., (jsz}) / un] , (2.5.4.1)

where i, acts trivially on 0 and by left multiplication on z. We also have an isomorphism
of Z, with X over the open set of X where f is invertible. Moreover,

2= |

(ﬁXa'f) = (If7bf:1f(_> ﬁx),

where I is the ideal sheaf of f in O, and ¢f is the standard inclusion, via the diagram

[f ) > ﬁX
Ox.

Thus, we get a line bundle on Z;, whose nth power is isomorphic to the pullback of I;.

Example 2.5.5. Consider the effective Cartier divisor (z) on Al = Spec k[x]. We would like
to take the nth root stack of Al with respect to (x). The corresponding generalized effective
Cartier divisor is (I,,¢), where ¢, : I, — Oy is the inclusion of the ideal sheaf at (z). At
the level of rings, (I, t.) is ((z), (x) C k[z]), and the isomorphism (I, t,) = (O, -x) is due
to the diagram

/x

(z) 1 s bz
xk[ | A

Then the nth root stack of Al by the divisor (z) is

25 [spec (S1ED) ] = ispee el = 81/

where ¢ € p, acts by left multiplication on z € Al. Furthermore, over Al \ {0}, the subset
of Al where z is invertible, [Al/u,] is isomorphic to Al.

]

X

2.6 Gerbes

In this section, we review gerbes, following |21, Chapter IV] and 39} Section 12.2]. A general
gerbe has an associated band, rather than an associated sheaf of groups, and we discuss this
notion as well.
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Definition 2.6.1. Let S be a scheme or algebraic stack. A gerbe over Sis astack m: ¥4 — S
such that

(G1) For any T' — S, there exists a covering {T; — T }ics such that 4(T;) is nonempty for
each i € [.

(G2) For any two objects t,t' € ¢ (T), there exists a covering { f; : T; — T };cr such that ft
and f7t' are isomorphic in ¥(7;) for all i € .

For any gerbe 7 : ¢4 — S and S-scheme T'— S, if o : t — ' is an isomorphism in ¢(7T),
then we get an induced isomorphism

P, : Auty(t) — Autp(t'), o ocao™, (2.6.1.1)
where Aut(t) is the sheaf of groups on T, given by
(f:U—=T)— Auty(f*t).
To be more precise, over f: U — T, @, is given by
Auty(f1) = Autp (f°1), a v (fo)a(fo) ™,

where f*o : f*t — f*t' is an isomorphism in 4 (U).

The isomorphism ®,, in[2.6.1.1]is not canonical, but depends on the choice of isomorphism
o. Indeed, given a different choice ¢’ : t — ¢/, the map ®, is given by a + o’ac’~!, which
differs from ®, by conjugation by oo~ € Autp(t). In the case where Auty(t) is abelian for
every T'— S and t € 4(T), the isomorphism ® is canonical.

Definition 2.6.2. Let 7 : 4 — S be a gerbe. We say it is an abelian gerbe if for all T — S
and all ¢t € 4(T'), the automorphism group sheaf Aut,(¢) is abelian. Otherwise, we say that
it is a non-abelian gerbe.

If ¢ is an abelian gerbe, we get a sheaf of abelian groups A on S and a canonical
isomorphism Ar — Aut,(t) for every t € 4(T'). In this case, we have the following definition.

Definition 2.6.3. Let A be a sheaf of abelian groups on S. An A-gerbe over S is a gerbe
over S, m:%9 — S together with an isomorphism of sheaves of groups on 7,

L © AT — MT(t)a
for every T'— S and t € 4(T) such that

(G3) For every T'— S and isomorphism o : t — ' in 4(T"), the diagram

commutes.
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For any gerbe 7 : ¢ — S, we would like to associate a sheaf of groups G' on S, which
locally is given by Aut,(t) for T'— S and t € 4(T). In the abelian case, due to the canonical
isomorphisms of the automorphism sheaves Aut(t), these sheaves of groups defined locally
satisfy descent and glue to a sheaf of groups on S. In general, the data is not descent data
for the category of sheaves of groups, but is rather descent data for the category of bands, of
which the category of sheaves of groups is a subcategory. We first define the sheaf of groups
on S via descent data in the case where we have an abelian gerbe, and then we define the
stack of bands, and define the band on S via descent data for the category of bands in the
case of a non-abelian gerbe.

Let 7 : 4 — S be an abelian gerbe. The sheaf of groups on S is given by the following
descent data. Let T'— S be a cover where 4(T) # (), let t € 4(T). Then

(MT(t)v n: prTMT(t) — pr;MT(t))

is descent data that defines a sheaf of groups on S. The isomorphism 7 is also defined using
descent data, as we explain below.

We have that pry Aut,(t) = Auty(t) xs T = Auty, o(prjt) for i = 1,2. Indeed, these are
the fiber product of the diagram

Auty, p(prit) —— Auty(t) —— S(9)

L |

TxgT s T 9.

Since prit may not be isomorphic to prit on T'x T, we may need to take a cover 7" — T x T
for these to become isomorphic. The isomorphism 7 still exists on T'x 1" due to the following
lemma.

Lemma 2.6.4. Let m : 4 — S be an abelian gerbe. For any T — S and ti,t5 : T — ¥,
there exists a canonical isomorphism of sheaves of groups Auty(t1) = Auty(ts).

Proof. Let f : T" — T be a cover where f*t; = f*t;. Any choice of isomorphism gives a
canonical isomorphism ® : Aut,. (f*t;) = Aut, (f*t2). We have

priAut,. (f*t;) = MT’XTT/<prTf*ti> = MT'XTT' (praf*t;) = proAuty (f*t;)

for : = 1,2, so the following diagram commutes,

r¥d
priAuty, () —— priAuty(f o)

| |

i P
pryAuty (f 1) Rk pryAuty (f*ts)

and together with ®, this defines descent data for an isomorphism of group sheaves on T,
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Lemma[2.6.4] also shows that for a different choice of ¢ € 4(T'), we get isomorphic descent
data.

In the case where ¢ is a non-abelian gerbe, 1 is only well-defined up to conjugation, and
a choice of n may not satisfy the cocycle condition. We do however get descent data for the
category of bands, which we now define.

The Stack of Bands

Let GroupSheaves = GroupSheaves/S be the category of sheaves of groups on S. Write the
set of morphisms from objects F' and G in GroupSheaves as Hom(F, G). We may also view
a morphism as a global section of the sheaf

Hom(F,G) : (Sch/S)°® — Sets
(T'"— S) — Hom(Fr,Gr).
Definition 2.6.5. Let F' and G be objects in GroupSheaves. Define
Hex(F,G) = G\Aom(F,G)/F

where for ¢ € H#om(F,G), g € G, f € F, x € F, the action of G on the left and F' on the
right on JZom(F,G) are given by

(9-0)(x) = gp(x)g™,

(- N)x) =e(faf™),
respectively. Let Hex(F, G) be the set of global sections of #ex(F,G).

Lemma 2.6.6. We have isomorphisms
G\ om(F,G)/F = G\ om(F,G) = Int(G)\Zom(F,G),
where Int(G) = G/Z(Q).

Proof. Clearly G\ #om(F,G) surjects onto G\ om(F,G)/F. Let ¢, ¢’ € Hom(F,QG)
such that for some f € F,g € G, and all v € F, ¢'(x) = go(fzf~1)g~'. Then

o' (x) = (go(f))e(x)(ge(f)) ",

so ¢ and ¢’ represent the same class in G\Zom(F,G). Finally, for ¢ € Z(G), and any
p € Hom(F,G), g = p, giving the second isomorphism. ]

Given two sheaves of groups F' and G with G abelian, #ex(F,G) = 5om(F,G).

Definition 2.6.7. Define the category of pre-bands on S, Band”™ = Band”*/S, to be the
category whose objects are sheaves of groups on S, and for objects F' and GG, morphisms are
given by global sections of Jex(F,G).
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We have a natural functor
IT : GroupSheaves — Band™* (2.6.7.1)

sending a sheaf of groups G to itself, and a morphism ¢ : F' — G to its image in #ex(F, G).
This functor is essentially surjective and full, but not faithful. When restricted to the
category of sheaves of abelian groups, II is fully faithful. We will write the image of G €
GroupSheaves under II by G.

Definition 2.6.8. Define the category of bands on S, Band = Band/S, to be the stackifica-
tion of the category Band”™.

We have a functor
II" : GroupSheaves — Band (2.6.8.1)

which is given by II composed with the stackification functor. This functor is no longer
essentially surjective, but is locally essentially surjective. Again when restricted to the
category of sheaves of abelian groups, II’ is fully faithful. Bands can be constructed locally
and satisfy decent, and a band can locally be lifted to a sheaf of groups.

The Band Associated to a Non-abelian Gerbe

For any non-abelian gerbe 7 : 4 — S, we get a band H on S and a canonical isomorphism
v : Hp — Aut,(t) for every t € 9(T), where Aut(¢) is the band on 7" associated to Aut,(t).
We say that the gerbe 7 : ¥ — S is banded by H.

The band H on S is given by the following descent data. Let T" — S be a cover where
G (T) # 0, and let t € 4(T). Then

(MT (t)a ﬁ € HeX(MTX ST(pth)a MTXST (pr;t))

is descent data that defines a band on S, where 7 exists due to an argument similar to
Lemma [2.6.4] and is canonically defined as a morphism of bands.

Definition 2.6.9. Let H be a band on S. A gerbe banded by H over S is a gerbe over S,
7 : %9 — S together with an isomorphism of bands on T,

Lt . HT — MT(t>7

for every T'— S and t € 4(T') such that

(G3’) For every T'— S and isomorphism o : ¢t — ¢ in 4(T'), the diagram

commutes.
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Morphisms of Gerbes

Definition 2.6.10. Let A be a sheaf of abelian groups on S. A morphism of A-gerbes
f:(n:9 =S {w}) — (n:9 — S, {u}) is a morphism of stacks f: ¥ — ¢ over S such
that for every object t : T'— &', the diagram

Aut(t) > Aut,(f (1))

commutes. Here f, is the natural pushforward of morphisms in ¢’ coming from the morphism
of stacks.

Definition 2.6.11. Let u : A — B be morphism a of sheaves of abelian groups on S. A
u-morphism of gerbes f: (7' : 9" — S {w}) = (7 : 9 — S, {«:}) from an A-gerbe ¥’ to a
B-gerbe ¢ is a morphism of stacks f : ¢’ — ¢ with morphism of stabilizers given by u, that
is, such that for every ¢t : T'— ¢’', the diagram

A——— B

Ltl l‘f (t)

Autp(f) —2 Auty(f(£)
commutes.

Remark 2.6.12. We have analogous definitions for a morphism of non-abelian gerbes
banded by H, and a w-morphism of gerbes where v : G — H is a morphism of bands,
by requiring the diagrams to commute after passing to the category of bands.

Gerbes are Classified by H?

Let A be a sheaf of abelian groups on S. We define a map
H?(S, A) — {isomorphism classes of A-gerbes over S}.

First, choose an inclusion a : A — I of sheaves of abelian groups over S with I injective.
Let K = I/A be the quotient. We have a short exact sequence

0 N/ LY LN /g y 0.

Since I is injective, the boundary map ¢ : H*(S, K) — H?(S, A) is an isomorphism. Then
any p € H%(S, A) corresponds to a K-torsor P — S with class [P] = 6 '(p) € H'(S, K).
Define ¥p to be the stack over S with objects

(f:T—=S Q=T ¢:0.Q0=P),
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where T is an S-scheme, () is an [-torsor, and € is an isomorphism of K-torsors. Morphisms
(Q',€) = (Q,€) are isomorphisms «a : " — @ of I-torsors such that the diagram

brax

b, Q' > b.Q)

N,

commutes. Then ¥p is an A-gerbe, and we map p — [¢p]. This defines the bijection in the
following theorem.

Theorem 2.6.13. |21, IV. Theorem 3.4.2], |39, Theorem 12.2.8] Let A be a sheaf of abelian

groups on S. We have a bijection
H?(S, A) — {isomorphism classes of A-gerbes over S}.

Definition 2.6.14. Let G be a band on S, and define H?(S, G) to be the set of isomorphism
classes of gerbes banded by G on S.

For a morphism of sheaves of abelian groups v : A — B, we have a map
u, : H*(S, A) — H*(S, B)

given by the usual cohomology map. We would like to have a map like this for non-abelian
gerbes too. Let u : G — H be a morphism of bands on S. Then we define a correspondence
between H?(S,G) and H?(S, H) [21, Definition IV.3.1.4], where p € H?(S, G) corresponds to
q € H?(S, H) if there is a gerbe P in the class of p and @ in the class of ¢ and a u-morphism
f P — Q. It follows from the definition that the correspondence is transitive for two
morphisms of bands v : G — H,v: H — K.

The correspondence that Giraud defines does not always result in a map, but if H is
abelian, then we get a morphism

u . H*(S,G) — H*(S, H),
defined by the correspondence above [21, IV. Proposition 3.1.5, Corollary 3.1.8].

Proposition 2.6.15. (39, Fzercise 12.F(v)] Let u : A — B be a morphism of sheaves of
abelian groups on S. Then the map u® : H?(S, A) — H?(S, B) defined by the correspondence
agrees with the cohomology morphism u, : H*(S, A) — H?*(S, B).

In accordance with Proposition [2.6.15, we will write u, for the correspondence u® when-
ever it is a morphism.
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The Inertia of Gerbes

In this subsection, let S be a scheme or algebraic space, let 2~ and % be algebraic stacks
over S, and let G be a band on %". We show that if p : &~ — % is gerbe banded by G, then
there is a group G’ on 2, given by the relative inertia of 2" over %, G' = # (2 /%), such
that G’ = p*G as bands. We describe this group G’ in terms of the absolute inertia of 2~
and %'

Lemma 2.6.16. Let p : 2 — % be a gerbe banded by G, a flat band on % . Then any
section s : % — 2 s faithfully flat.

Proof. Let G = Auty, (s), a sheaf of groups on #. Since p has a section, we have 2~ = By G
by Proposition [2.6.21] and we can choose an isomorphism where s maps to the standard
section % — By G. Moreover, G = G as bands, and G is also flat. We can check that the
standard section is faithfully flat after pulling back by the standard section,

WG — W

| l

W ——— ByC,

which is true since G is flat. O

Proposition 2.6.17. Let S be a scheme or algebraic space and let X and % be algebraic
stacks over S. Let p: & — % be a gerbe banded by G. Then there is a sheaf of groups on
X, G =I(X/|Y), such that for all x : T — X, G, is the kernel of the map

Auty(z) — Auty(p(z)). (2.6.17.1)

If G is flat on %', then G’ is flat on Z and|2.6.17.1| is surjective. Moreover, p,G' = G
as bands on %', and p*G = G’ as bands on X" . This lifts to an isomorphism p*G = G’ of
groups on 2 if and only if G’ is abelian.

Proof. For a T-point x € 2 (T), we have a cartesian diagram

Auty(r) — F(Z)

| |

T ——— 2.
Similarly, we have a cartesian diagram

Autr(p(z)) —— I (YY) xg 2 —— I(¥)

SR

T m s b N
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From the commutative diagram
I(X) —— S (¥)
Z &
we get a morphism of algebraic stacks

I(X) = (V) xg X,

p
_—

(z,9) = ((p(z),p(9)), 7, idp) : p(x) — p(z)).

Thus, we have the following diagram with two cartesian squares,

Auty(z) > I(X)
Auty(p(z)) l » I(Y) X X
T / u y 2 /

To show that Aut,(z) — Aut,(p(x)) is surjective for all z € 27 (T') in the case that G is
flat, we will directly show that .#(2") — F(¥) xy Z is surjective.

Let & be the fiber product (2" X Z7) Xowo ¥, and let 7 : 2 — £ be the morphism
induced by p: Z - % and A : 2" — Z x Z. Write p* I (¥) = I (¥) xo & . We have

the following commutative diagram,

I(X) —— p I YY) — X

! | 2

T s XX X

~_ 1 7

W ——— W XY,

\

and thus if 7: 2" — £ is surjective, then #(2) — p*.Z (%) will be as well.

Since 2 X 2 — % x% isa G x G-gerbe, sois & — ¥ ,andsois 2 = X Xy P — 2.
Moreover, we have a section s : Z° — 2 induced by 7. Then by Lemma [2.6.16} s is faithfully
flat, and thus surjective. Then since 2 — &7 is a gerbe, the composition 7 : & — 2 — &
is also surjective, which proves that #(2") — p*.# (%) is surjective.

Define G’ to be the kernel of S(2) — F(¥) xo 2. The zero section of the inertia
stack .Z(Z") consists of elements (z,id,), and the zero section of .# (%) x4 2 consists of
elements ((y,id,),z,0 : y = p(z)). Thus, the kernel G’ consists of elements (z, g) such that
p(g) is the identity automorphism of p(x), which agrees with % (2" /%). O
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Examples of Gerbes
Example 2.6.18. The trivial gerbe BG

Definition 2.6.19. Let S be a scheme or algebraic stack and let G be a sheaf of groups on
S. Define the trivial gerbe BG over S to be the stack quotient [S/G] where G acts trivially
on S.

BG is the stack with objects (f : T'— S, P — T'), where T is an S-scheme and P is an
G-torsor on T. Morphisms over T" are isomorphisms of G-torsors on 7.

Proposition 2.6.20. Let G be a sheaf of abelian groups on S. The class of BG in H*(S,G)
15 0.
Proof. Let a: G — I be an inclusion of sheaves of abelian groups on S with I injective and
let K = I/G be the quotient, as in the discussion above Theorem [2.6.13] We have a short
exact sequence

0 y G —» T L5 K > 0.
Then the G-gerbe corresponding to 0 € H?*(S,G) is the G-gerbe ¢ associated to 0 €
H'(S, K), with objects

(f:T—S Q—T, e b,Q=T x K),

where T is an S-scheme, () is an [-torsor, and € is an isomorphism of K-torsors. Morphisms
are isomorphisms « : Q" — @ such that the diagram

b*Ql by

> b, Q)
Tx K
commutes.

Given (Q,€) € ¢4, define the sheaf P : (Sch/S)°° — Sets by
(fT—=8)—{o: Q=T xI|boo=¢:0Q|» =T x K}.

Then P is a G-torsor over 7. Given a morphism « : (Q'¢') — (Q, €) in 4, we get a morphism
P" — P of the associated G-torsors, given by o — o o a™!. The association (Q,¢) — P
defines a morphism of G-gerbes, so is an isomorphism, ¢4 = BG. m

We have a section of BG — S, given by the trivial G-torsor S x G on S, and this
corresponds to the natural quotient map S — [S/G] and is the universal G-torsor on BG.
Let P — T be a G-torsor. Consider the fiber product

S X[5/G) T — S

| |

T —L2 5 [5/3G],
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which has objects over 7" — T given by isomorphisms o : G x T = P|;. We have an
isomorphism P = S x(g/q T given by (z : 17" = P) = (0 : G x T" = P|pr, eq — ©).

Proposition 2.6.21. A gerbe & over S is trivial, that is, isomorphic to BG for some group
G on S, if and only if it has a section s: S — 9.

Proof. Let G = Autg(s), a sheaf of groups on S. We use the section s to define a map
¢ — BG. Let t : T — ¢ be an object of 4 over f : T — S. We have two sections of the
pullback 4 x¢T — T, namely f*s and the section induced by ¢, which we will also write as
t. We define a G-torsor P, over T by

Po:(T'=>T)—{o:t= s}

Given a morphism « : t/ — t in ¢, we get a morphism P, — P, of the corresponding G-
torsors by o — o o a~!. The association t — P, defines a morphism of G-gerbes 4 — BG,
and thus it is an isomorphism of G-gerbes. [

Example 2.6.22. The gerbe of nth roots of a line bundle
Let S be a scheme or algebraic stack and let .Z be a line bundle on S. Let ¢ be the
stack with objects
(f:T— S, (M e: M°" — [*L)),

where T is an S-scheme, .# is a line bundle on 7', and ¢ is isomorphism of line bundles on 7T'.
Morphisms (', €') — (M ,€) in G(T') are isomorphisms of line bundles on 7', o : A" — A

such that the diagram
- A
Z

*

/A U

xf

commutes.

We show that ¢ is a u,-gerbe over S. For any f: T — S, let g : 7" — T be a covering
where £ is trivial. Then the trivial line bundle on 7" together with the multiplication
morphism 05" — O gives a section 4(T7).

Let (A", €), (M e) € G(f : T — S). Again we choose a trivializing cover so that we
may assume .# = .#' = Or. The isomorphism in the top line of the diagram

Op = OF" » 09" = O

Or

is given by multiplication by some u € 0. Etale locally, « has an nth root, and on this
cover, (A", €') = (M, €) via the root of u.
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Finally, for any (#,e) € Z(f : T — S), Aut, (4 ,¢) is the set of automorphisms
o: M — M such that € = €0 o®" . A" — [*L, s0 Autyp (A, €) = .

Thus, 4 — S is a u,-gerbe, which is isomorphic to Bgpu, if and only if there exists an
nth root of £ on S. Let [¢] be the class of the gerbe 4 in H?(S, j1,,).

Consider the short exact sequence

1 Sy —— Gy b

> G, > 1,

where « is the inclusion and [ is multiplication by n. We get a long exact sequence
HY(S,Gyp) —2 HY(S,Gr) —2 H2(S, pt) —2 H2(S,G,,).

Lemma 2.6.23. The class 4] € H?(S, uu,) is the image of [£] € H'(S,G,,) under d.

Proof. The G,,-torsor over S associated to .Z is the principal homogeneous space IL, where
L= Specs<@ieZ$®i)a

with action of G,, given as follows.
Write

L(f:T—8)={p: f["(®iezL®) = Or}
= {®iczpi : [* L% — Or}.

Then u € G,,(T) acts on p € L(T) by u - p = Biczu’p;.

This defines a G,,,-torsor. For any f : T — S, take a covering 7" — T where . is trivial.
Then the direct sum of the standard multiplication maps ﬁ’g?," — O define an element of
Lp(T"), which is thus nonempty.

Given two elements p, p' : @iz f* L% — Or in L(f : T — S), there exists a unique
u € G,,,(T') such that p; = up) : f*£ — Or, and this is compatible with the tensor product
structure, so also p = u - p' : ienf* L — Or.

Now let % be the image of I under the boundary map ¢. This is the u,-gerbe with
objects

(f:T—S, P, o:B.P—=1L|p),

where T is an S-scheme, P is a G,,-torsor on 7', and ¢ is an isomorphism of G,,-torsors on
T. Morphisms (F',0') — (P,0) in % (T') are isomorphisms of G,,,-torsors 7 : P’ — P such
that the diagram

B, P’ o > B.P
L|r
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commutes [39, Section 12.2]. We define a morphism of j,-gerbes ¢ : 4 — % to conclude
that ¥ = % [39, Lemma 12.2.4].
Let ¢ be the map given by

(f:T— S, (M)~ (f:T—S, M, o: B.M=L|rp),
where M = Spec, (®icz.#*"), with objects
M(h U — T) = {)\ : h*(@iez.%@i) — ﬁU}

and G,, acts analogously as on L. To understand o., we must first understand 5,M. Since
3 is surjective, B,M is given by M/pus, with action of G,, given by u - A = ul/?). Note
that in the quotient, the choice of root is unambiguous. Taking the quotient of Ml by the
Un-action makes any element \ : h*(P;cz#®") — Oy well-defined only up to i € nZ,
so we can write elements of M as X : h*(®icz.#4%™) — Oy, with G,,-action given by
U+ N = Bz’ N, © Biegh* M — Opy. Then o, is simply induced by the isomorphism
of line bundles € : AZ®" — f*¥, and o, is an isomorphism of G,,-torsors as it is clearly
G,,-equivariant.

A morphism o : A" — A in 4(T) maps to the morphism 7 : M — M’ induced by o.
This is a morphism of u,-gerbes, so is an isomorphism. ]

Finally, the Yoneda lemma gives us a universal line bundle .Z" on ¢4 and an isomorphism

M2 L

Example 2.6.24. The gerbe of line bundles of degree 1 on a Brauer-Severi variety

This is example will be studied thoroughly in Chapter [df Let X be a Brauer-Severi
variety over a field k, so X = P for some n.

Let ¢ be the stack with objects (f : T — Spec k,.Z), where T' is an k-scheme and &
is a line bundle on Xr of degree 1. Morphisms in ¢4(7") are isomorphisms of line bundles
c: ¥ — Z.

Then ¢ is a G,,-gerbe over Spec k and ¢ = BG,, if and only if there is a degree 1 line
bundle on X. Consider the short exact sequence,

1—-G,, —» GL,;; —» PGL,;; — 1,
and the resulting long exact sequence
H'(k,GL,11) — H'(k,PGL, 1) — H*(k,G,,).

It will be explained in Chapter 4 that Brauer-Severi varieties of dimension n are in bijection
with PGL,-torsors, and that [¢] € H?(k,G,,) is the image of [X] € H'(k,PGL, ;). In
the case when ¢4 = BG,,, there exists a rank-n + 1 vector bundle V' such that the image of
V] € H'(k,GLy,41) is [X], and X = PV,

Again the Yoneda Lemma gives us a universal line bundle .Z* of degree 1 on ¥.
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2.7 Stacky Curves

Definition 2.7.1. A stacky curve over a field k is a smooth, separated, geometrically con-
nected, locally finitely presented Deligne-Mumford stack of dimension 1 over k.

Lemma 2.7.2. Let & be a stacky curve. Then the diagonal is finite, and Z has a coarse
moduli space 7 : X — X with X a scheme.

Proof. Since 2 is separated, the diagonal is proper and thus the diagonal is separated, of
finite type, and universally closed. Since the diagonal is separated, the diagonal is a closed
immersion, and thus is finite.

Alternatively, the diagonal is locally quasi-finite if and only if its fibers are discrete [46,
06RW, 04XB|. Lemma shows that the fibers are discrete, so the diagonal is locally
quasi-finite. Being finite type implies being quasi-compact, so the diagonal is quasi-finite.
Since the diagonal is also proper, it is finite [46, 02LS, 0418, 03HA].

Since £ is locally of finite type with finite diagonal, 2~ has a coarse moduli space
m: 2 — X. Since 2 is smooth, it is normal, so X is normal of dimension 1 and thus
smooth. The coarse space is also separated [39, Theorem 11.1.2 (i)], [28, Corollary 1.3] and
1-dimensional over a field, so X is a scheme [30, Theorem V.4.9]. ]

Moreover, the result of Lemma that for all geometric points x : Spec k — 2, G,
is a finite constant group scheme, holds for any stacky curve 2 .

Proposition 2.7.3. Let 2 be a stacky curve with trivial generic stabilizer. Then the dense
open U — Z in Proposition|2.4.5 is a dense open subscheme in 2.

Proof. The dense open % is a smooth, separated, 1-dimensional algebraic space over a field,
so is a scheme [30, Theorem V.4.9]. O

Proposition 2.7.4. [38, Proposition 2.2 (i)] Let 2" be a tame stacky curve with trivial
generic stabilizer and w : & — X ils coarse space, and let x : Spec k — X be a geometric

point. Then
Spec Ox o, Xx X = [Spec (QX—QJ[?)/NH]
Z JE—

for some n € Z, where Ox , is the étale local ring of x, f € Ox, is a local coordinate at x,
generating the mazimal ideal of Ox 5, and p, acts trivially on Ox , and acts by multiplication
by a primitive nth root of unity on z. In particular, the stabilizer group of x is a finite cyclic
group (i, for some n € Z.

We will see that stacky curves with trivial generic stabilizers are root stacks over their
coarse spaces in Proposition |3.1.9, and more generally, stacky curves are gerbes over stacky
curves with trivial generic stabilizers in Theorem |3.3.1]
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Chapter 3

Picard Groups of Stacky Curves

In this chapter, we give a general description of the Picard group of a stacky curve. We
begin in Section with the case of a stacky curve with trivial generic stabilizer. Then in
Section we show that every stacky curve can be written as a gerbe over a stacky curve
with trivial generic stabilizer, using results from Section on rigidification. Finally, in
Section [3.4] we give an exact sequence which describes the Picard group of a gerbe over its
base, and apply this to the case of stacky curves. We conclude this chapter with examples
in Section 3.5

3.1 Picard Groups of Stacky Curves with Trivial
Generic Stabilizer

The key to calculating the Picard groups of stacky curves with trivial generic stabilizers is
to understand the Picard groups at the stacky points, and more generally, in étale neigh-
borhoods of the stacky points. In the first subsection, we describe the line bundles on the
classifying stack BG = [Spec k/G] for a field k and finite group G acting trivially on &, and
more generally, quasi-coherent sheaves on stack quotients of the form [Spec R/G] for a ring
R and finite group G acting on R.

Quasi-coherent Sheaves on Affine Stack Quotients

Proposition 3.1.1. Let G be a finite group scheme over a field k. We have an equivalence
of categories between line bundles £ on BG and rank one representations x¢ : G — G, of

G.

Proof. Consider the map Spec k — BG, which is an étale covering of BG, since G is étale.
The fiber product Spec k X gi Spec k is isomorphic to GG, and the two projections

p1, P2 Spec k X gg Spec k — Spec k



CHAPTER 3. PICARD GROUPS OF STACKY CURVES 35

are the same. The triple fiber product Spec k X gg Spec k X gg Spec k is isomorphic to G x G
with projections

Pry9, Prag, Prys © Spec k X pa Spec k X gg Spec k — Spec k X gg Spec k

given by
pry,pry,m: G x G — G,

respectively, where pr;(g,h) = g,pry(g,h) = h, and m(g,h) = gh. Since Pic, the fibered
category of line bundles over stacks, satisfies effective descent,

Pic(BG) = Pic(Spec k — BG),

where Zic(Spec k — BG) is the category consisting of line bundles £ on Spec k and
isomorphisms o : pi.Z = p5.Z which satisfy the cocycle condition,

m*o = prijo o pryo : prip; L = props.ZL.

A line bundle . on Spec k is a one-dimensional k-vector space L, and pi.& = p;.Z =
IT geq L Then an isomorphism o : P — p5Z is an isomorphism o, : L = L for each
g € G. Write the data of the isomorphism as a map p : G — Aut(L) = L*, where
p(g) = o4. Since G acts trivially on k, we also have pripi.Z = prips.Z = [], nyeoxa L-
Each of n = prio, prjo,m*o is an isomorphism 7,5 : L = L for each (g,h) € G x G given
by (pr;o)(gn) = 04, (Pr30)(g,n) = On, and (m*0)gn) = ogr. Then the cocycle condition holds
if for all (g,h) € G x G, p(gh) = p(g)p(h), that is, if p is a homomorphism. Therefore, giving
a line bundle on BG is equivalent to giving a one-dimensional representation of G. O

Proposition |3.1.1] above is a special case of the following proposition, describing quasi-
coherent sheaves on affine stack quotients.

Proposition 3.1.2. Let G be a finite group acting on a ring R. We have an equivalence
of categories between quasi-coherent sheaves on [Spec R/G| and Modg, the category of R-
modules with R-semi-linear G-action, that is, a G-action satisfying g - (rm) = (g-r)(g - m)
forallge G,r e R,m e M.

Proof. Let X = Spec R and 2" = [Spec R/G]. Again, X — £ is an étale covering and
quasi-coherent sheaves on 2" can be described as quasi-coherent sheaves M on X together
with an isomorphism o : priM = prjM on X x4 X satisfying the cocycle condition on
X X9 X X4 X. To understand the isomorphism and the cocycle condition, we use the
isomorphism G x X = X X 4 X, given by (g,x) — (gz,x). This isomorphism changes the
projection maps

pri: X Xg X = X, (21,22) — 21,

pl"22X XQ”X-)X, (.Tl,.iﬁg) = T,
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to
pri G x X = X, (g,x) — gz,

pry: G x X = X, (g9,2) — x.

For the triple intersection, note that we have an isomorphism
XXy XXy X2 (X xgX)Xp,xpr, (X x2X),

given by (z1,z9,x3) — ((x1,22), (2, 23)). Under this isomorphism, the projection maps
Pryg, Pryg, Prog : X X0 X X o0 X — X X 4 X are given by

pryp = (pry, pry) : (X x o X) Xpry,X,pr, (X xaX) = XxaX, ((x1,22), (z2,23)) = (21, 22),

pr13 = (pr17pr2) : (X X%X) XpI‘Q,X,prl (X XVGDVX) — X XQ" X7 ((I‘l,l‘g), (x27'r3)) — ('T17I3)7
Prys = (PIy, Pry) @ (X X2 X) Xpr, xpr, (X X2 X) = X X X, ((w1,22), (22, 23)) = (22, 73).

Similarly, we have an isomorphism
GxGxXZ(GXX)p, xp(GxX),

given by (g, h,z) = ((g, hx), (h,v)). Then the projection maps pr;; : G X G x X = G x X
are determined by the composition

GxGxXZ(GXX)pr,xpr,(GxX)Z(X X X) Xpr, xpr, (X Xo X)

P XX, X 2G XX
and are given by
pris :GxGx X —-GxX, (g,h,z)— (g,hz),
pris :GxGx X —-GxX, (g,h,z)— (gh,z),
Pros : G X Gx X - Gx X, (g9,h,z)— (h,z).

A quasi-coherent sheaf on X is given by an R-module M. We will show that an isomor-
phism o : priM = priM satisfying the cocycle condition is given by an R-semi-linear action
of G. Let A: R — R x --- x R be the diagonal inclusion, and p: R -+ R X --- X R the
action map, r — (pg(7))gec := (97)gec. Then

priM =M ®p, (Rx - x R)= [[ M ®g,, R.

gelG

and
pr;M = M ®pa (Rx - x R) = [[ M.

geG
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To give an isomorphism o : pryM — priM, we must give R-module isomorphisms
og: M ®@p,, R— M

for all g € G. We next show that giving an R-module isomorphism o, : M ®g,, R — M
is equivalent to giving an R-semi-linear isomorphism «ay : M — M, that is, an isomorphism
such that a,(rm) = g(r)ay(m) for all r € R and m € M.

Let 0y : M®g,, R — M be an R-module isomorphism. Then for all r,a € A and m € M,
os(m®@ra) =ro,(m® a). Define oy : M — M by ay(m) = o4(m @ 1). Then

ag(rm) = o,(rm @ 1) = 0,(m ® gr) = gro,(m ® 1) = gray(m),

so ay is R-semi-linear. Conversely, given o, : M — M an R-semi-linear isomorphism, define
os(m® 1) = a,(m). Then

0g(m® a) = 04(g~ " (a)m @ 1) = ay(g~" (a)m) = aay(m),

and so
gs(m @ ra) =raay(m) =roy,(m® a),

and o, is R-linear.
Finally, we show that the cocycle condition is equivalent to this collection of action maps
0,4 defining a group action of G on M. We must check that

PI530 O PI1y0 = Pris0 @ priospriM — pri.pri M.
First, we calculate priyo : prispriM — pri,prs M. We have
priopr;,: GXGx X — X, (g,h,x) — ghx,

pryopry,:GXxGxX — X, (g,h,z)— hz,

and thus
prppriM = [[ M ®n,,, R
(g,h)EGXG
prigpryM = H M ®gp, R,
(g9,h)EGXG

and so prj,o is given by
(Pr120)(gn) = 0y Orpy B2 M gy, B = (M @pp, B) @ppy, B — M Qpyp, R
We have pr, o pryg = pr, o pry,, and

proopry; : G X G x X —- X, (g,h,x) — x,
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SO

prasproM = H M,
(9,h)EGXG

and priso is given by
(Pr30)(gn) = On - M Qpp, B — M.

Finally, we have pr, o pry3 = pry o pry, and pry o pryg = pry 0 pryg, and prizo is given by
(Priso)(gn) = Ogn : M Qpyp,, B — M.

Therefore, the cocycle condition is satisfied if and only if o4, = o), 0 (04 ®g,,, R) for all
g,h € G, that is, the o, form an action on M.
U

Let 7 : [Spec R/G] — Spec R® be the coarse moduli space morphism. We have the
following pushforward and pullback maps of quasi-coherent sheaves,

7, : Qcoh([Spec R/G]) — Qcoh(Spec RY),

M +— M€, where the R“-module structure on M¢ is induced by the inclusion of R into R,
and
7 : Qcoh(Spec RY) — Qcoh([Spec R/G)), (3.1.2.1)

N — N ®prc R, where the R-module structure on N ®grc R is given by
s (n®r)=n® sr
for s,7 € R and n € N, and the G-action is given by
g-n®@r)=n®g-r

for g € G,n € N,r € R. Then if s € RY, we have n ® st = ns ® r, so we recover the
R%module structure on N, and

g-(s-(n@r))=n@g-(sr)=n@(g-s)(g-r)=(9-5)(g-(n@7))

for g e G,s,r € R,n € N.
The next proposition is the local version of Lemma(3.1.13] (|40, Proposition 6.1]) extended
to locally free sheaves of finite rank. The proof is essentially the same.

Proposition 3.1.3. Let R be a ring and let G be a linearly reductive group scheme acting
on R. The pullback functor

7* : Qeoh(Spec RY) — Qcoh([Spec R/G)),

as defined in|3.1.2. 1| induces an equivalence of categories between locally free sheaves of finite
rank on Spec RE and locally free sheaves M of finite rank on [Spec R/G] such that for every
field k which is a quotient of R, the action of G on M ®pg k induced by the action on M is
trivial.
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Proof. We first show that for N € Qcoh(Spec R%), the natural adjunction map N — 7, 7*N
is an isomorphism. We have 7, m*N = (N ®zc R)¢, and the map is given by n + n ® 1.
Then n®@r € (N ®pc R)Y if and only if g(n ® r) = n ® gr = n ® r if and only if r € RC.
Thus, (N ®pe R)® = N ®ze RY = N.

Now, we show that given M € Qcoh([Spec R/G]) with the above property, the natural
adjunction map 7*m, M — M is an isomorphism. We can prove this locally, so we may
assume that R is a local ring. We have 7*7m,M = M% @pc R, so we show that there is a
basis for M as an R-module which is invariant under the action of GG, so that we can write

M = Re; & --- & Re,,

and then
MC® ®@pc R= (R% @ ---® R%,) ®pc R = M.

Given that R is a local ring, the only quotient of R is R — k = R/m, where m is the maximal
ideal of R. We get a surjection of R-modules M — M ®pg k, and by assumption, the action
of G on M ®pg k induced by the action of G on M is trivial. Since G is linearly reductive,
the map remains surjective after taking G-invariants, MY — (M ®g k)°.

We have the following commutative diagram

M ——— Mgk

J |

ME —— (M QR k)G

Write M @k = kéy @ - - - @ ke, as a k-module with &; € (M @ k)¢ = M ®g k. Then by
Nakayama’s lemma, the ¢; lift to e; € M“ which generate M as an R®-module. Viewing
the e; in M via the inclusion M“ < M, we see that the e; map to the & under M — M ®grk
since the diagram commutes. Because the é; form a basis of M ®p k, the e; also generate M
as an R-module. O]

The ideal sheaf of a stacky point

Let 2" be an algebraic stack and = : Spec k& — 2~ a geometric point with residual gerbe
BG,. In this subsection, we describe the ideal sheaf of 2~ at BG,. In particular, in the
stacky curve case, where 2" has a coarse moduli space 7 : 2 — X and G, = pu, is cyclic of
order n for some n, we show that the ideal sheaf at BG,, is an nth root of the ideal sheaf of
X at the scheme-theoretic image of m(z).

Definition 3.1.4. Let 2" be an algebraic stack and let x : Spec & — 2~ be a geometric
point. Let I, = ker(0y — x.0spec 1), and Z, the associated closed substack. We call I, the
1deal sheaf of the point x and Z, the scheme-theoretic image of x.
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Alternatively, we may define the ideal sheaf of x on an étale cover of 2. Let U — 2~
be an étale cover, and take U, to be the fiber product

u, — U

J |

Spec k —— 2.

Then U, = ngGI Spec k. The scheme-theoretic image of U, in U is given by ngGI Spec ky,
a disjoint union of closed points in U. The ideal sheaf of this closed subscheme descends to
an ideal sheaf on 2", which coincides with 1.

Lemma 3.1.5. Let 2 be an algebraic stack and x : Spec k — 2 a geometric point. The
scheme-theoretic image of x is given by Z, = BG,.

Proof. We have the following cartesian diagram,

U, — Speck —— U

J | |

Spec k —— BG, —— 2.

The scheme-theoretic image of U, in U must factor through Spec k as in the diagram
above, so [] e Spec k, = Spec k. Moreover, this descends to Z,, the scheme-theoretic
image of z in 2", so Z, = BG,. O

Now suppose that 2" has a coarse moduli space, 7 : & — X. The image of x in X is
the geometric point w(z) of X. We have the following commutative diagram,

Spec k —— %
o
X.

Definition 3.1.6. The ideal sheaf of the point w(x) is given by
IW(J:) = ker(ﬁX — 7T-(x)*ﬁSpec k)v
and the associated closed subscheme, Z,(,), is the scheme-theoretic image of m(x).

We have some exact sequence describing the situation. The following sequences are left-
exact, by definition:
0= In@) = Ox = (%) Opec &, (3.1.6.1)

0= 1, > Oy — 2.05pcc k- (3.1.6.2)
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On the étale cover U — 27, Sequence [3.1.6.2] is given by
0—>1— Oy — f.Oy,.

Applying 7, to Sequence[3.1.6.2] above gives us Sequence [3.1.6.1] Therefore, 7,1, = I ().
However, applying 7* to Sequence [3.1.6.1| does not give us Sequence [3.1.6.2 and 7 [,y # I,
in general, as shown by the following proposition.

Proposition 3.1.7. Let 2" be a tame stacky curve with trivial generic stabilizer and let
x : Spec k — 2 be a stacky point with stabilizer group p,. Let m : & — X be the coarse
moduli space. Then 7 I, = I$".

Proof. By Proposition the stabilizer group of z is a finite cyclic group u, for some

n € Z, and
Spec Ox, Xx X~ = {Spec (ZX—i[Z]) /,un] ,

where Ox, is the étale local ring of z, a € Ox, is a local coordinate at x, generating the
maximal ideal of Ox ., and p,, acts trivially on O, and by multiplication on z.
Then we have the following cartesian diagram,

U, = pt, —> Spec k ——— Spec Z]fl[f]a > Spec 6;)2”’[:] » U
Spec k > By, ; [Spec Z’fl[i ,un} — [Spec Z’f;if] /un] — X
Spec k > Spec Ox , — X.

The composition of the middle horizontal arrows is the geometric point x. We will show
that w*n* I () = u*I$" locally on the étale cover, that is, on the cover Spec Ox ,[2]/(2" —a).
The composition of the first three horizontal arrows in the middle line, x : Spec k —

[Spec Ox.al7]

- / un} corresponds to the trivial torsor u, x Spec k — Spec k together with
2" —a

)

n __

the p,-equivariant map f : u, X Spec k — Spec given by z + 0 on each component

of u,, and which is the composition of the first three horizontal arrows in the top row of the
diagram.
Then

U*Ix:ker(ﬁX,z[z]_)kx...xk’Z}—}(O,...70)>:(2),

2" —a

with action of p, on (z) given by multiplication by (,, and

' () = ker <ﬁX@[z] — kl] , a O) = (z").

2" —a 2" —a
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Thus 7 L) = 15"
]

Example 3.1.8. Let k = k, and 2" = [Spec k[z]/p,] where pu, acts trivially on k and by
multiplication on z. The coarse moduli space of 2" is given by X = Spec k[t], where t = 2.
An étale cover of 2 is given by U = Spec k[z] — 2, the quotient map. The map U — X
is the following composition

k|t
U = Spec klz]| = 2" = [Spec < [ ][Zi)/un} — X = Spec k[t]
Zn _
and is given by t — 2", the degree-n cover A! — A! ramified at the origin.
Sequence [3.1.6.1] is given by

0— (t) = k[t] = k—0,

which happens to be right-exact, and Sequence [3.1.6.2| pulled back to the étale cover is given
by
0= (2) > klz] 2 kx- - Xk

Also pulling back Sequence [3.1.6.1] to the étale cover gives

Equivalently, this sequence can be obtained by tensoring 0 — (¢t) — k[t] — k& — 0 with
k[z,t]/(2"—t) over k[t]. Again, we see that u*m* [,y = (2") = v I2", and thus 7% L) = 12"

Stacky curves with trivial generic stabilizers are root stacks

Proposition 3.1.9. Let 2" be a tame stacky curve with trivial generic stabilizer, coarse
space w : X — X, and stacky geometric points x1,...,x, : Spec k — 2 with stabilizer
groups [iy,. Let

In=Zn, Xx - Xx Zn,

where X, is the n;th root stack of X at w(x;). Then X = 2, over X.

Proof. The statement follows from [20, Theorem 1], but we construct the isomorphism in the
case where 2 is a stacky curve. To give a map 2 — %, we must give a map & — 2,
for every i. We take the map which corresponds to the data (7 : 2" — X, (I,,,t),0), where
v: I, — Oy is the inclusion of the ideal sheaf of the stacky point x;, and o : IE" — 7 [,
is the natural isomorphism constructed above in Proposition |3.1.7]

Thus, we get a map 2 — 2, which we can check is an isomorphism locally. Over
the open set of X away from the points 7(z1),...,7(z,), 2 and 2, are both isomorphic
to X, and over the étale local rings of each m(x;), both 2" and %, are isomorphic to

Spec i}(%fj / ,uni] , where a € Ox,, generates the maximal ideal of O ,,, by Proposition
and Equation [2.5.4.1} respectively. O
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Remark 3.1.10. Under the isomorphism 2" = 2, defined in the proof of Proposition|3.1.9]
the ideal sheaf I, of z; on Z corresponds to the universal line bundle on Z;,, obtained by
the root stack construction.

Remark 3.1.11. A stacky curve with r stacky points may be the root stack at less than
r distinct points on the coarse space if multiple geometric points have the same scheme-
theoretic images in X. For instance, see Example |3.5.2]

Calculation of the Picard group

In this subsection, we calculate the Picard group of a tame stacky curve with trivial generic
stabilizer. The exact sequence in Theorem below is also studied in [11, Corollary
3.2.1], |10, Theorem 5.4.6], and |12, Corollary 3.0.8, Theorem 3.2.3].

Let ¢ be a tame stacky curve with trivial generic stabilizer and coarse moduli space
m: % — X. As in Proposition and Remark [3.1.11] write % as the root stack of X of
order n; at m(x;) where x; : Spec k — % are the stacky geometric points of % with stabilizer
groups fi,, such that the scheme-theoretic images of 7(z;), for i = 1,...,r in X are distinct.

For each stacky point z; : Spec k — %, we have a morphism

Xi: Pic(%) — Z/n;Z

defined as follows. Let x; : Bu,, — % also denote the inclusion of the residual gerbe at z;
into #'. Then given a line bundle . on %', z7.Z is a line bundle on Bpu,,. As described by
Proposition , this line bundle comes with an action Xz:2 @ Pn; — G,,, of the stabilizer
group fn,. Let x; be the map £+ x,» ¢ € Hom(pn,, Gy,) = Z/n;Z.

Putting these together for each ¢ = 1,...,r, we get a morphism

X = (X1,.--,Xxr) : Pic(#) — I_IZ/nZ (3.1.11.1)

Theorem 3.1.12. Let % be a tame stacky curve with trivial generic stabilizer and coarse
moduli space ™ : % — X. Let x1,...,x, be the stacky points of % with stabilizer groups ji,,
such that % is the root stack of X of order n; at w(x;) for i =1,...,r. Then we have an
exact sequence

0 —— Pic(X) —=— Pic(¥) ——= [[\_, Z/nZ — 0,

where x is described in|3.1.11.1 above. Moreover, Pic(%') is the pushout of the diagram

Pic(X) —=— Pic(%),
where ¢ : 7 — Pic(X) is given by e; — Iy, fore; = (0,...,1,...,0) the ith basis vector,
and I,y the ideal sheaf of Ox-modules of the point m(z;) € X
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Proof. The following lemma shows that the sequence is exact at the left and in the middle.

Lemma 3.1.13. [0, Proposition 6.1] Let S be a scheme, Z a tame stack over S, with
coarse moduli space m: Z — X. The pullback functor

7 (line bundles on X) — (line bundles on Z")

induces an equivalence of categories between line bundles on X and line bundles & on X
such that for all geometric points x : Spec k — 2, the representation of G, corresponding
to x* %L is trivial.

Locally, where 2~ = [Spec R/G] and X = Spec R for R aring and G a linearly reductive
group scheme, a line bundle .Z on 2 is a rank one R-module M with R-semi-linear G-action.
Then at each geometric point x : Spec k — 2~ of 2", the representation of G corresponding
to *.Z is just the action of G on M ®p k = k.

By the lemma, we have exactness on the left, and we have that the image of 7* is contained
in the kernel of y. To show that the kernel of y is contained in the image of 7*, we must
show that for any two stacky points z; and z, of % such that the scheme-theoretic images
of m(x1) and 7w(z2) agree, a line bundle .Z on % has the same representation at z.% and
5.2 . Indeed, write 7(z) for the scheme-theoretic image of 7(z1) and 7(x2). Then locally at

m(x), % is described by [Spec ﬁi’;'—(_”zm / un] where a € Ox () generates the maximal ideal
of Ox x(z), and n = n; = ny is the order of the stabilizer groups at x; and z,. A line bundle
on % is locally given by an Ox r([2]/(2" —a)-module together with a semi-linear ju,-action.
Upon pulling back by x; and z5, we get a rank one k-vector space with the same action of
ttn- Therefore, any line bundle on % that has trivial stabilizer action at x; for i = 1,... r
has trivial stabilizer action at every stacky point.

By Proposition [3.1.1] only the finitely many stacky points of % can have interesting
Picard groups at their residual gerbes By,,. Thus, for a line bundle . on % to come from
a line bundle on X, as in Lemma [3.1.13] it is enough to require that the representations at
the finitely many stacky points are trivial. In fact, by what we just showed, it is enough
to require that the representation at the finitely many stacky points with distinct scheme-
theoretic images in X are trivial. This implies that the cokernel of the pullback map is finite.
We now show that the sequence above is exact on the right as well.

Let £ = I,,. Locally at m(x;), we have the local structure as in the diagram below,

U, = [Spec (M) / u} —
2 —a l
> X

Spec ﬁX,ﬂ'(iEi) )

and I, is the A := Ox r,)[2]/(2™ — a)-module A - (2) generated by (z) with p,,-action
multiplication by (,, on z.



CHAPTER 3. PICARD GROUPS OF STACKY CURVES 45

We have A - (z2) @4 k = k- (2), with p,, still acting by multiplication on z, so z;.Z
corresponds to the standard representation. At the other stacky points z;, j # i, ¥}Z is
trivial, thus so are the corresponding representations, and so the images of I, € Pic(#%/) for
i=1,...,r generate [[_, Z/n;Z. Therefore, the sequence is exact.

Now, let E be the pushout of the diagram

e; zr et g
I I+ |
Ln(ar) Pic(X) ———— E

That is, E is given by

E = coker(Z" — Z" @ Pic(X), e; = (nie;, —Ix(zy)))

-----

The vertical map Z" — FE is given by e; — (e;, Ox) for all i, and the horizontal map
Pic(X) — E is given by L — (0, L).
Consider the following commutative diagram

0 y L1 — S T » [T, Z/niZ —— 0
¢
| | |
0 —— Pic(X) » E > [, Z/niZ —— 0
(

0 —— Pic(X) —— Pic(%) ——= [[\_, Z/nZ — 0

where the top and bottom sequences are exact, and the map F — Pic(%/) is the unique
map coming from the universal property of pushout corresponding to the diagram

€; z" —) /A €;
! b !
Lr(xi) PiC(X) X PiC(@) ]Ii'

We now describe the map E — [['_, Z/n;Z, by first describing the map E — Pic(%),
and then composing this with the map x : Pic(#) — [[_, Z/n;Z.

For each equivalence class ((a;);, L) in E, write a; = n;b; + ¢;, where b;, ¢; are integers
and 0 < ¢; < n;. Then

(@), L) = ((c)i, L& (@] e ) == ((e)is L),
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and write
((ci)is L") = (0, L") + ((ci)i, Ox).
Since (0, L') maps to 7*L" € Pic(#'), and ((¢;);, Ox) maps to ®j_, 7% € Pic(#'), we have

() L) o 7L @ (@ 12%).
Then the map E — [[,_, Z/n;Z is given by
((@:)i, L) = ()i

We can now check directly that the middle sequence is also exact, so by the 5-lemma,
E = Pic(%). O]

3.2 Rigidification

In this section, we discuss rigidification following [1, Appendix A], in which a subgroup of
the inertia can be removed from certain stacks, so that we can realize these stacks as gerbes
over their rigidifications, the stacks obtained by the quotient procedure. Let S be a scheme
or an algebraic space, and let 2~ — S be a locally finitely presented algebraic stack. For
an S-scheme T and t € Z'(T), Aut,(t) =T X o F(Z) is a locally finitely presented group
algebraic space. Furthermore, for a morphism t' — ¢ over an S-morphism 77 — T, we have
an isomorphism Aut,, (') = 17" x¢ Aut,(t).

Let G C Z(Z") be a flat finitely presented subgroup stack. The pullback of G to T by ¢
is a flat finitely presented subgroup algebraic space Gy C Aut,(t), and again Gy = T" X7 Gy
for any morphism ¢ — t over any S-morphism 77 — T

Conversely, given a subgroup algebraic space Gy C Aut,(t) for each object t : T' — 2
which is flat and finitely presented over T, such that for each morphism t' — ¢ over any
S-morphism 77 — T, the isomorphism Aut,, (t') = T’ X Aut,(t) carries Gy to T" X7 Gy, we
get a unique flat finitely presented subgroup stack G C .#(2") such that for any ¢t : T'— 2,
the pullback of G to T by t is G;. This condition implies that each subgroup Gy is normal
in Aut,(t).

Theorem 3.2.1. [1, Theorem A.1] Let S be a scheme or algebraic space, and let " — S be
a locally finitely presented algebraic stack with inertia stack Z(Z°). Let G be a flat finitely
presented subgroup stack of S (Z"). Then there exists a locally finitely presented algebraic
stack X [JG over S and a morphism p : X — X [JG such that Z is an fppf-gerbe over
Z ]G banded by G and for all S-schemes T and t € 2 (T), the natural morphism

Auty(t) — Auty(p(t))

is surjective with kernel G;. Furthermore, if G is finite over 2, then p is proper, and if G
18 €tale, then p s étale.
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Remark 3.2.2. The band G associated to the group G on 2" descends to 2 JG. Let
T — Z [JG be a covering of 2 JJG with a lifting to 2", t: T — % . The band G on 2" JJG
is given by the descent data

(G, 7 € Hex(pri Gy, priGy))

where G; < Auty(t), priGy = Gpey < AutTXXIGT(prjt) = priAut,(t) for i = 1,2, and 7 is
the canonical isomorphism of bands prjAut,(t) — prjAut,(t) restricted to priGs.

Proposition 3.2.3. Let S be a scheme or algebraic space, Z — S a locally finitely presented
algebraic stack with inertia stack I (Z°), and G a flat finitely presented subgroup stack of
I(X). Suppose ¥ is an algebraic stack over S with a morphism p : X — % such that Z
is an fppf-gerbe over % and for all S-schemes T and t € 2 (T), the natural morphism

Auty(t) — Auty(p(t))

is surjective with kernel Gy. Then % is equivalent to Z [JG, and thus p is banded by G and
% is locally finitely presented over S.

Proof. For any t,t' : T — £, we have a right action of Aut,.(¢), and a left action of Aut,(¢'),
on Isomy(t,t") by composition. These actions commute, and restrict to actions of G; and
Gy, respectively. We claim that the action of Gy on the quotient Isomy(¢,t')/Gy is trivial.
Indeed, let (f : t — ') € Isomp(t,t') and (o : ' — t') € Gy be isomorphisms. We need to
find an isomorphism (« : t — t) € G, such that f-a = ao f agrees with o - f = oo f.
According to the diagram

we may take a = f~lof. By the property of G that any isomorphism ¢ — ¢ induces an
isomorphism Aut(t) — Aut,(¢') which maps G, to Gy, a € G.

As in the proof of Theorem [1, Theorem A.1], we define (2 JJG)P*™ to be the stack
with objects of 27, and for any S-scheme T, and ¢,t' € 27 (T'), Hom g ja(t,t') is the set
of global sections of the quotient sheaf Isom(¢,t")/G;.

Let 7P : 2" — (£ [JG)P* be the natural morphism of prestacks which is the identity
map on objects, and is the quotient map on morphisms. We define a morphism of prestacks
¢ : (X [JG)P* — &, which on objects is given by ¢ — p(t). For morphisms, we need a map

Homypeyere (t, ") — Homy (p(t), p(t)).
From the morphism of stacks p: 2~ — %, we have

Isomy (t,t') — Isomy(p(t), p(t')).
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We would like to show that this factors through the quotient Isom(¢,¢')/G;. Since
0 — Gy — Auty(t) — Autyp(p(t)) — 0

is exact, Gy acts trivially on Isom,(p(t), p(t')), and the morphism indeed factors through the
quotient, and the resulting morphism

Isomy(t,t') /Gy — Isomy (p(t), p(t'))

is an isomorphism since it is a morphism of Aut.(t)/G; = Aut,(p(t))-torsors.
We also have a natural morphism st : (2 JG)P** — 2" JJG, the stackification morphism,
and thus we get a unique morphism ¢ : 2" [JG — % making the diagram of prestacks

y —r

(2 G —s 2 fIG

commute. Denote the composition 2" — 2 JJG by m. We show that ¢ : 2" JG — # is an
isomorphism of stacks.
First, we show that v is fully faithful, so we check that for all z, 2" : T"— 2 [JG,

Hom@fig(z, Z/) = Homgy (¢(Z)7 ¢(Z’))>

so we can check that we have an isomorphism of sheaves,

Isomy (2, ') = Isomy (¢ (2), ¥ (2')),

which we can check locally. Let TV — T be a cover where z and 2’ come from 2, say
z=m(t), 2 = m(t'). Then

Isomyy (2, 2") = Isomy (£, 1) /Gy = Isomaq (p(t), p(')) = Isomy (¥(2), 1(21)),

since the Isom sheaf on 2" JG agrees with that of the prestack (2 JG)P*, which by what
we have shown above, agrees with that of %

For essential surjectivity, since p : 2~ — % is a gerbe, for all S-schemes T', and y € % (T),
there exists a cover {f; : T; — T'} such that f'y € #(T;) lifts to 2 (7;). The image of this
lift in 2" /G maps to ffy under 1. O

Proposition 3.2.4. Let S be a scheme or algebraic space, % a locally finitely presented
algebraic stack over S, G a flat finitely presented band on %', andp : & — % a gerbe banded
by G. Then Z 1s locally finitely presented over S and there exists a flat finitely presented
sheaf of groups G' C F(X") such that X [JG' = %, and p.G' = G is an isomorphism of
bands on ¥ .
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Proof. To check that 2" is locally finitely presented over S, we may assume that p : 2~ — %
has a section s : & — 2" and 2 = By is the trivial gerbe, where G = Aut, (s) and
Q = G by Proposition Then the section s : % — Bgé is a covering of B@é.
Consider the fiber product diagram

G—— &
Since G — ¥ is finitely presented, % — By G is locally finitely presented, so By G has a
locally finitely presented covering by a locally finitely presented algebraic stack, so By G is

also a locally finitely presented algebraic stack.
As in the proof of Proposition let

G =ker(I(X) = I(Y) X9 X .

In order to use Proposition [3.2.3, we must show that G’ is flat and finitely presented, and
forall t : T'— 27, Aut,(t) — Aut,(p(t)) is surjective with kernel G;. This is exactly the
statement of Proposition [2.6.17, and G’ is finitely presented since G is. O

Corollary 3.2.5. Let S be a scheme or algebraic space, and let Z — S be a locally finitely
presented algebraic stack. Let H C G C S (X)) be flat finitely presented subgroup stacks of
I(Z). Then G/H is a flat finitely presented subgroup stack of (X [JH), (Z [JH)[G/H) =

Z ]G, and we have a commutative diagram

¥ s ¥ [H

N lﬂG/H

2 JG.

Proof. By Theorem we get two locally finitely presented algebraic stacks 2 JG and
Z [JH and morphisms 7g : & — Z [JG and 7y : 2 — 2 [JH such that 7g and 7y are
gerbes banded by G and H respectively, and for all S-schemes T" and T-points t € 2°(T),
Auty(t)/Gr = Auty(mg(t)) and Auty(t)/Hy = Auty(mp(1)).

Since G; and H; are normal flat finitely presented subgroup algebraic spaces of Aut (%),
G./H,; is a flat finitely presented subgroup algebraic space of Aut,(t)/H; = Aut,(my(t)).
Indeed, we can check that G;/H,; is flat and finitely presented locally, and the cokernel of
a morphism of finitely presented modules is finitely presented, and any quotient of a flat
module is flat.

Moreover, the construction of the G;/H, satisfies the condition that for any morphism
t' — t over an S-morphism 7" — T, the isomorphism

Aty (m (1) = T X Auty(mh(t))
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carries Gy /Hy to T' X7 Gy/H,. Thus, G/H is a flat finitely presented subgroup stack of
S (Z [JH). Thus, again by Theorem , we have a locally finitely presented algebraic
stack (2 JH)[J(G/H) over S and a morphism ng,g : 2 [JH — (2 [JH) [J(G/H) which
is an fppf-gerbe banded by G/H, such that for every S-scheme T and s € (2" JJH)(T), the
morphism Aut,(s) = Auty(me/m(s)) is surjective with kernel (G/H)s.

Clearly, the composition

mgmony: X - X [JH— (Z [JH)[J(G/H)
is an fppf-gerbe, and the composition
Auty(t) = Auty(ma(t) = Autyp(me/m o mu(t))

is surjective with kernel G;. Therefore, by Proposition (ZJH)[J(G/H) = Z JG. O

3.3 Stacky Curves as Gerbes

The purpose of this section is to prove the following theorem, which shows that stacky curves
can be realized as gerbes over stacky curves with trivial generic stabilizers.

Theorem 3.3.1. Let 2" be a stacky curve with inertia stack Z(Z). Then there exists a
finite flat étale subgroup stack 7 < I (") locally constant on 2~ such that the rigidification
of & with respect to A is a stacky curve with trivial generic stabilizer % := X [JH, and

the natural map p : & — % is an étale gerbe banded by €. Moreover, if & is tame, then
so is .

Proof. Since 2" has finite diagonal, we can write . (2") = Spec , (), where & is a coherent
sheaf of &y-algebras on 2. Let j :  — % be the inclusion of a dense open substack
where the inertia group .# (%) is finite flat over %, and thus % is a gerbe over its coarse
space. This exists by |46, 06RB|. We have the following cartesian diagram

() =Spec,, (j° ) —1— 7 (X) = Spec ()

% ld’ (3.3.1.1)
/4 7 > 2.

Since ¢’ is finite flat, j*.o is a locally free sheaf of €7 -modules of finite rank on %. The
morphism j' : F (%) — F(Z) is an embedding with image in .#(Z2") given by j'(S (%)) =
Spec,, (j«j* /), and the inclusion of the image j'(.# (%)) — #(2") is induced by the natural
adjunction map &/ — j,j* <.

Let 7 = @%(E), where &/ = o [ker(o/ — j,j*</), be the closure of j'(.# (%)) in
I(Z). For £ to be finite flat over 2", we must have that &/ is a locally free sheaf of
O o-modules of finite rank on 2.
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We have the following commutative diagram,

IU) — J (I U)) —— H —— I (XL

Y

In particular, we have the following commutative diagram of stacks finite over 2,

H = Spec,, (o

/ \

J'(I(%)) = Spec,, = Spec, (),

induced from the following commutative diagram of coherent & 4--algebras on 2,

of = o [ker(ol — j.j* o

/\

We check that 7 is flat after base change to Spec &y ., the étale local ring of a geometric
point x € Z'. Write Oy , = R, a regular local ring of dimension 1. Let m be the maximal
ideal of R. Then locally, <7 is given by a finite R-algebra M = @I ;R/m® @& R" for some
e;,n,r € Z. It also suffices to assume that the pullback of % to Spec R is Spec K, where K
is the field of fractions of R. Then locally j*<7 is the K-algebra M ®p K = K", j.j*4 is
the R-algebra K", and 7 is the R-algebra R". Clearly, R" is a finite free R—module, so
is finite flat over 2.

Next, we show that 7 is locally constant on .2". To do this, we describe the local picture
surrounding the construction of % more explicitly. As in Remark 2.3.7, we can express 2
as a stack quotient locally, and we have the following cartesian diagram with = : 2~ — X
the coarse space morphism,

[Spec R/G] —— X

| I

Spec R¢ —— X,

where R is a local ring and G is a group scheme.
Base changing the inertia stack diagram [3.3.1.1| with [Spec R/G] — 2 yields the dia-
gram,

I = I ([Spec K/G|) —— I := I ([Spec R/G])

l l (3.3.1.2)

[Spec K/G] < ! > [Spec R/G],
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where .#j and S are described by Proposition[2.2.2] Recall that for 2~ = [X/G], #(2) =
[F'/G], where
F=A{(z,9) |z =g} C X xG,

and G acts on F by h- (z,9) = (h-x,hgh™"). For g € G, let X9 = {z € X | z = gx}.
Then we can write F' = ngG X9, Note that for z € X9, and h € G, h-x € X" Write
fK = [FK/G] and jR = [FR/G]

Further base changing the diagram |3.3.1.2| with Spec R — [Spec R/G] gives

Fy — Fj

| |

Spec K SN Spec R.

Note that for all ¢ € G, (Spec K)? = Spec K if and only if (Spec R)? = Spec R,
otherwise (Spec K)? = (). Indeed, (Spec R)? = Spec R implies (Spec K)? = Spec K, and if
(Spec K)? = Spec K, then we have Spec K C (Spec R)Y C Spec R. But because (Spec R)?
is the fiber product of the diagram

(Spec R)Y ——  Spec R

l l(idg)

Spec R —a Spec R x Spec R,

and 2 is separated, so the diagonal is closed, we have (Spec R)J closed in Spec R, so
(Spec R)? = Spec R.
Let H = {g € G : (Spec R)? = Spec R}, a subgroup scheme of G. We see that

H={g€G:g=1idg € Aut(R)} = ker(G — Aut(R)),
so H is normal in G. We have that

Fg = H(Spec K)? = H Spec K = H,

geG heH

and the closure of the image of Fx in Fr C Spec R X G is Spec R x H. Thus, ¢ is locally
constant. Note also that

Ix = []_[ Spec K/G] = [H/G)],

heH

and the closure 77 of the image of .k in 7y is

H = [HSpecR/G

= [(Spec R x H)/G],
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where G acts on H by conjugation in both quotients, so if GG is abelian, J# is constant on
[Spec R/G|. Moreover, since 2" is Deligne-Mumford, G is étale, so H, and thus also JZ, is
étale.

Now, we can apply Theorem to get a locally finitely presented algebraic stack
W .= 2 ] and a morphism 7 : 2 — % which is an étale-gerbe banded by . Since
¢ is finite, w is proper. Since 2 is smooth, proper, and geometrically connected, so is
% . An étale cover U — 2 gives us an étale cover of % after composing with 7, thus ¢ is
also Deligne-Mumford. Moreover, if 2 is tame, then so is %/, since the stabilizer groups of
% are quotients of stabilizer groups of 2. We show that % is a stacky curve with trivial
generic stabilizer.

We must find a dense open algebraic space in 2. Using the same inclusion j : % — 27,
we get an induced commutative diagram

y — 1

J |

U |j*H —— X |,

and we will show that the diagram above is cartesian. Let % — 2" X g0 (% [J7*H) be the
induced map to the fiber product. Since 2" — 2 [J A is an F-gerbe, so is the pullback
to % [Jj*, and so is % — U [Jj* 7. Thus the induced map is a morphism of J#-gerbes,
and thus is an isomorphism, so the diagram above is cartesian. By descent, we have an
equivalence of categories between opens of 2" [ # and opens of Z". The open substack
J: U — Z descends to an open of 2 [JJ#, and the cartesian diagram above shows that it
descends to % [Jj* 7 .

Since 2" — Z [JA is a gerbe, we have |27| = | 2" [JA7|, and similarly |% | = |% [Jj*|.
Then since % is dense in 2, % [J7* is dense in X [JA.

Note also that j*o/ = j*of since j*of — j*j.j*o/ = j*aof factors as j*o — j*of —
Jgsg*al. Thus, j*H# = F(U), and we have I (U [Jj*7) = U [Jj*H, so X [] H# has

trivial generic stabilizer. O

3.4 Picard Groups of Gerbes

In this section, we construct an exact sequence that describes the Picard groups of stacky
curves which are allowed to have a generic stabilizer. In fact, the exact sequence holds for
more general gerbes. Let S be a locally noetherian scheme, and let %" be a locally finitely
presented algebraic stack over S. Let .77 be a tame locally constant finitely presented band
on %. Let m : & — % be a gerbe banded by J#, and let [2'] € H*(#, ) be the
associated cohomology class.

We define a map y : Pic(2") — Hom (5, G,,) as follows. Let L be a line bundle on 2.
For each S-scheme T and T-point T' — %/, we must define a morphism 4 (T') — G,,(T"). We
define each such morphism locally, on a cover 7" — T such that there is a lift ¢ : 7" — 2.
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Pulling back along ¢, we get a line bundle t*L on T”, which comes equipped with the inertial
action of S (T") C Aut;(t). That is, we get an isomorphism xr(a) : t*L — t*L for
each a € Aut(t), which defines a character xr : Auty(t) — GL(t*L)) that restricts to
A (T"). As described in Section [2.6, these morphisms J#(1") — G,,(1") glue together only
as morphisms of bands, and we get a morphism of bands 7 — G,,.

For two line bundles L and M on %, the character corresponding to L ® M is

Xeom(a) i ' LR tE"M — "L t*M

by I @ m +— xr(a)(l) ® xm(a)(m) = x1 - xm(a)(l ® m). Thus, we have a homomorphism
X : Pic(Z") — Hom (2, G,,).
Next, we define a map (—),[2"] : Hom(s#,G,,,) — H*(#,G,,) by

(e: H — Gy) — e([2)),

as described in Section , with €, given by Giraud’s correspondence relation e [21, Defi-
nition I1V.3.1.4].
This gives us a sequence

)«[Z]

0 —— Pic(?) —= Pic(2) — Hom(#,G,) 25 2. 6,),  (3.4.0.1)

which we will show is exact in Theorem [3.4.3]

Proposition 3.4.1. Let S be a locally noetherian scheme, % a locally finitely presented
stack over S, and € be a tame locally constant band on % . Let m : X — % be a gerbe
banded by 7. The pullback functor

7" : (line bundles on ') — (line bundles on Z")

induces an equivalence of categories between line bundles on % and line bundles & on X
such that for all geometric points x : Spec k — 27, the representation of 7, C Aut,(z) on
x*.Z is trivial.

Proof. Using ideas from the proofs of Lemma [40, Proposition 6.1] and Proposition
3.1.3, we will check that for a line bundle L on %/, the natural adjunction map L — m,7*L is
an isomorphism, and for a line bundle . on 2" as above, the natural adjunction 7*7,.Z —
% is an isomorphism. We can check this locally, so we can assume that 2" = By 7,
% = Spec R for some local ring R, and 7 = H is a constant linearly reductive group.

A line bundle on ¢ = Spec R is then a 1-dimensional R-module M and a line bundle on
2 = BrH = [Spec R/H] is a 1-dimensional R-module M with semi-linear H-action, with
H acting trivially on R. The pullback map is given by M ~— M, where the output M is
equipped with the trivial H-action, and the pushforward map is given by M — M, where
the H-action is forgotten on the output. It is then straightforward that m,n*L & L.
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Let mg be the maximal ideal of R and write £ as a 1-dimensional R-module M = R - e,
with H-action h-m. By the assumption of ., the action satisfies h-m = m, form € M /mrM.
Since H is linearly reductive, the surjection M — M/mgzM remains surjective after taking
invariants under H, so we have a surjection

M — (M/mpM)? = M/mzpM.

Thus, we can lift the basis element € of M/mpM to M* so that we can write M with basis
element e invariant under H. Then, any m € M can be written r - e for some r € R, so that
the action is given by h - (r-e) = (h-r)(h-e) =1 -e, since H acts trivially on R and on e.
Therefore 7*7,.¢ = %, and the result follows. H

Next, we describe the map
(—):[Z] : Hom(A#,G,,,) — H*(¥,G,,)

more explicitly. Locally, # is given by a constant sheaf of groups, and the sub-band J#9" is
given locally by the corresponding derived subgroup. Since ¢ is a band, these glue together
only up to conjugation, and we get a band #9. The band J#?" is constructed similarly,
but is locally given by the abelianizations of the groups. Since all of these groups are abelian,
they glue together canonically, forming a sheaf of groups 2.

Let € : ## — G,, be a morphism of bands, and let ¢ : 5 — #2® be the morphism of
bands corresponding the abelianization morphism of groups. There exists a unique morphism
of bands € : J#* — G,, such that € = €® o ¢. Recall that since s#*" and G,, are both
sheaves of abelian groups, € corresponds to a unique morphism of groups. Then

e HAY , H0) — HXY Gy

is the composition of
6ab
HX(Y, ) —2s Y, ) —< HX(Y,G),

and € is given by the usual cohomology pushforward map for abelian groups, but ¢, is only
defined by the correspondence relation ¢(®. Lemma below explicitly describes this map

-

Lemma 3.4.2. Let S be a scheme or algebraic space, and let % be a locally finitely presented
algebraic stack over S. Let 7 be a locally constant finitely presented band on % . Let
¢ H — H be the abelianization morphism. Let G = F(X )% ) C F(Z) be the group
as in Proposition such that 2" [JG = % . Then the correspondence

by HH(H , H) — H (¥ , 4°)

is given by [Z] — [Z [JGI].
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Proof. First, we show that 2# and #9" are flat and finitely presented. Since these properties
may be checked locally and 7 is locally constant, we may assume that .7, and thus also
%" | is a finite constant group scheme, and both . and /7% are flat and finitely presented.

Let p: & — % be a gerbe banded by . Then Proposition [3.2.4] implies that 2 is
locally finitely presented, and there exists a flat finitely presented subgroup stack G C . (%2")
such that 2 [JG = % and p.G = . Consider G4 C G C .#(Z"). Clearly p,Gder = der,
so G4 is also flat finitely presented.

Then Corollary implies that G/G" = G is a flat finitely presented subgroup
stack of # (2 [JG") and we have the following commutative diagram,

P (e

- (3.4.2.1)
Y

such that my : 27 [JG — & is an #* -gerbe, and 71 : 2~ — X [JGI is a w9 -gerbe,
and a ¢-morphism. O

Theorem 3.4.3. Let S be a locally noetherian scheme, let % be a locally finitely presented
algebraic stack over S, and let F€ be a tame locally constant finitely presented band on % .
Letp : & — % be a gerbe banded by 7, with cohomology class 2] € HX(¥ , ). We

have an exact sequence
0 — Pie(#) —= Pic(2) — Hom(#,G,,) ) w2, G,,),

where x describes the representation of S acting on the line bundle, and (—).[Z"] sends
(€ : H — G,y,) to the image of [Z'] under the cohomology pushforward map

& H(W , ) - H (Y ,G,,).

Proof. We first reduce to the case when 7 is abelian. Using notation from Lemma |3.4.2
and its proof, consider the following diagram.

0 —— Pic() —"s Pic(2 JG) — Hom (™, G,,) 228 2oy @, )
| [
0 —— Pic(#) —2— Pic(2) —— Hom(7,G,,) = H* (Y, G,,).
(3.4.3.1)

The first square commutes by the diagram [3.4.2.1|above, and the third squares commutes
by the discussion describing (—).[-2"]. We show that the second square also commutes. Let L
be a line bundle on 2 JJG*. To define X1, we have, for every ¢ : T' — 2" and automorphism
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a € Auty(t), an automorphism x:p(a) : t*77 L = t*7] L, defining Aut,(t) — G,, locally on
T, which restricts to Xq:z : A — Gy

To define xz, we have, for every s : T — 2 /G and automorphism a € Autp(s),
an automorphism x(a) : s*L = s*L, defining Aut,(s) — G,, locally, which restricts to
XL : A — G,,. Since m 1 X — 2 [JG is a gerbe, there exists a covering f : T" — T
such that f*s lifts to 27, and call the lift ¢'. We have f*s = m1(t’), as in the diagram below,

Z
e
T’ — T — X

ﬂGder .

Precomposing the character y; with ¢ : J# — " corresponds to precomposing with
Aut,, (t') — Auty (f*s) = Auty (m o t'), letting automorphisms a € Aut,, (t') in (2 /%)
act on t"*m} L. Therefore x1, 0 is Xz, and the second square in diagram commutes.

Next consider the map 7} : Pic(2 JG) — Pic(Z2"). For any .Z € Pic(2") and geo-
metric point x : Spec k — £, we have an action of Aut,(z) on 2*.Z inducing the character
Xavg : A3 C Aut,(x) — G, which must be the zero map since G,, is abelian. Thus, %
satisfies the condition that for all geometric points = : Spec k — 27, the representation of
S8 on 1* & s trivial, so by Proposition [3.4.1] 7} is an equivalence Pic(.2 fJG9") 2 Pic(2).

Now every vertical arrow in [3.4.3.1] is an isomorphism, so we have reduced to the case
where 7 is a sheaf of abelian groups on #'.

Proposition |3.4.1] also implies that sequence [3.4.0.1]is exact on the left and in the middle.
For exactness at Hom(.77, G,,), we need to show that the image of x consists of characters
€ : H — Gy, such that €,[27] = [ByG,,].

Let .Z be a line bundle in Pic(2") with character x ¢. To have x #.[Z"] = [BsG,,| means
that there exists a morphism of stacks 2~ — By G,,, which is a x ¢-morphism of gerbes, as
in Definition [2.6.11] That is, the morphism of stabilizer groups of 2" — By G,, over % is
given by y¢ : 7 — G,,. Let & — By G,, be the map corresponding to the line bundle .
on 2. We check that its morphism on stabilizers is indeed given by x . On objects, this is
the map that sends ¢t : T'— 2" to t*.¢ : T — ByG,, and on morphisms, a € Aut,(t) maps
to x2(a) € Auty (t*.%).

Conversely, suppose that € : # — G, satisfies €,[2"] = [B»G,,]. Then there is an
e-morphism of gerbes 2~ — By G,,. This morphism corresponds to a line bundle . on 2,
and the morphism of stabilizer groups is given by x«. Thus € = x & for some line bundle .
on 2. O

We conclude this section with a corollary that combines the calculations of Picard groups
of stacky curves which are root stacks over their coarse spaces in Theorem [3.1.12] and stacky
curves which are gerbes in Theorem |3.4.3] These cases can be put together due to the
geometric result in Theorem that every stacky curve can be written as a gerbe over a
stacky curve with trivial generic stabilizer.
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Corollary 3.4.4. Let 2 be a tame stacky curve with coarse moduli space m: X — X and
inertia stack I (Z°). Let A < F(Z) be as in Theorem[3.5.1, so that ¥ = X [JH is a
tame stacky curve with trivial generic stabilizer and p : & — % is a gerbe banded by F.
Let (2] € HX(% , H) be the gerbe class of 2. We have an exact sequence

0 —— Pie(?) - Pic(2) —* Hom(A,G,,) 2 m2 G, |

where x and and (—).[Z] are as in Theorem[3.4.3, and Pic(%) is described as in Theorem
[3.1.12.

Proof. We can apply Theorem top: Z — % to get the desired exact sequence.
Moreover, since 2" is tame, % is also tame, and we can apply Theorem [3.1.12] to realize
Pic(#) as an extension of two explicit groups. ]

3.5 Examples

We conclude this chapter with some examples of stacky curves for which we can compute
their Picard groups.

Example 3.5.1. Consider the moduli stack of elliptic curves, .# 1, over a field k of charac-
teristic not equal to 2 or 3. Objects of .# ; are pairs (T, (f : E — T,e:T — E)), where T
is a k-scheme, and (F,e) is an elliptic curve over T', that is, f is a smooth proper morphism
with a section e whose geometric fibers are smooth proper genus 1 curves with a point.

A morphism in 1, (s,g9) : (T",(E',€¢')) — (T, (E,e)) is a pair (s,g) where s : 7" — T
is a k-morphism, and ¢ : £/ — FE such that the diagram

E %4 F

]

77— T
is cartesian and go e’ = e o s.
The compactification .#;, of .#,, can be described as the weighted projective stack
P(4,6), and ., is open inside of it. That is,

My = P(4,6) = [Spec kla,b] \ {(0,0)}/46Gnm],

where A € G,,, acts by A - (a,b) = (AMa, A%b). The point [a : b] € P (4,6) corresponds to the

elliptic curve y? = 3+ az + b in 4 ;. Elliptic curves are classified by their j-invariants. An
4a?

4a’ + 270

My C A is determined by A = 4a® 4+ 270 # 0. Note that the weighted action of G,,

elliptic curve E : y* = 2® 4+ ax + b has j-invariant j = 1728 The open substack
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on Spec k[a,b] \ {(0,0)} does not affect the j-invariant, that is, £ : y* = 2® + az + b is
isomorphic to E' : y? = 23 + Max + A\ because

4a® 4(Ma)?

(B) =1728— ¢ — 172
IE) =128 s = 28 ey + 27 0a00)

5 = J(E).

The two special points of ., ; with larger stabilizer groups are [0 : 1] and [1 : 0]. The
point [0 : 1] has stabilizer group ug, and corresponds to the elliptic curve y* = 23 + 1 with
j-invariant j = 0. The other point [1 : 0] has stabilizer group py and corresponds to the
elliptic curve y? = 2® + x with j-invariant j = 1728.

We now describe the map to the coarse moduli space of .# ;. First, on ,///—M, we have a
map

M = [Spec klz,y]\ {(0,0)}/Gn] = P' = [Spec ks, 1]\ {(0,0)}/G)]
given by [a : b] — [a® : b?], induced by the ring map

Spec k[s,t] — Spec kla, b],

where s — a® and ¢ — b?. To get the standard morphism to the coarse space .41 — A}
that sends an elliptic curve to its j-invariant, we compose this with the map P! — A},
4s
[s:t] — 17284+—27t’ defined everywhere except where 4s + 27t = 0, which is exactly the
s
open whose preimage in %, ; is ., ;.
Next, we describe the rigidification of .#; ;. Define

My = 2(2,3) = [Spec ka, 0]\ {(0,0)}/25Gm],

where A - (a,b) = (A%a,A®b). The map .#; — 47, is induced by the identity map on
Spec kla,b], and the squaring map 8 : G,, — G,,, A — A2, The map #; 1 — A1, is given
by pulling back to the open that excludes the point where A = 0 as before.

Then .#, 1 — A1 is a pe-gerbe, and since the sequence

1 s 1ty —2 s Gy —2s G . 1 (3.5.1.1)

describes G,,, as the nontrivial extension of o and G, this shows that .#;; — A1, is a
nontrivial pe-gerbe. Indeed, the trivial po-gerbe over 41 is

Bz = [Spec kla, b]\ {(0,0)} /(G X pu2)],

where A € G, acts by A - (a,b) = (A\2a,\*b) and py acts trivially. But .4, % B e,
because on Bz ua, [1 : 0] has stabilizer group pz X pi2, but on Ay, [1: 0] has stabilizer
group ft4. This argument also shows that .#;; — .41 is a nontrivial ps-gerbe, because
removing the point where A = 0 does not change the fact that ///—11 > Bmug‘
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This describes the coarse space map .#; — A; and the rigidification .#, 1 — .411. The
map A1 — Ajl» puts .41 1 as a root stack over Ajl- of order 3 at j = 0 and order 2 at j = 1728.
In Example [2.2.3], we computed that

I (M) = (M x i) [] (]_[ BM) 11 <H Bp,6> .

From this, it is also clear that the dense open where .# ; is a gerbe over its coarse space as
described in the proof of Theorem is % = M1\ {Eo, Erras}, and I (U ) = U X pa.
Then S = 11 X s is the closure of the image of . (%) in & (#1,), and J is a finite
flat constant subgroup. Rigidifying .#; 1 by ¢ gives .411. Moreover, on the open %, we
have that % = By(us), where U = A} \ {0,1728}. Indeed, in Example , we already
computed that on the open Uy of .4 that removes [0 : 1], Uy = [A'/gu4], and on U,
which removes [1 : 0], U; = [A'/4u6], and we can show that Uy N Uy = [A! \ {0}/ps] with
1o acting trivially. This of course still holds after removing A = 0. Another way to see that
% = By(uz) is that we have a section U — %/, which is given by the family of elliptic curves
with j-invariant j, for j # 0, 1728,

FRRCE N ¢ R
A(j —1728)"  4(j — 1728)

By Theorem [3.4.3] we get an exact sequence

S (A, G,

0 — Pic(AM 1) ——— Pic(s1) —— Hom(uy, G,,)
The pushout of .#;; under the inclusion po — G,, is a trivial gerbe. We have the
following commutative diagram

H* (M1, p2) —— H*(N1,G)

| |

H*(U, pia) —— H*(U,Gp,)

where the horizontal arrows are pushouts along the inclusion and the vertical arrows are the
restriction maps. The right vertical arrow is an inclusion. Then [.#] 1] — [By | — [BuG,,]
along the bottom left, so we must have a.[# 1] = [BG,,] € H*(M 1,Gp).

Since [A#11] € H*(M 1, ii2) pushes forward to [BG,,] € H*(A11,G,,) under both the
trivial map and the standard inclusion py — G, we have that (—).[.#1 1] is the zero map,
and we have an exact sequence

0 — Pic( A1) — Pic(y1) — Hom(ps, Gy,) = Z/2Z — 0.
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By Theorem [3.1.12] Pic(.4#1 1) can be described as the pushout of the following diagram,

72
b
Pic(A}) —— Pic(AM,1),
so Pic(M,1) = Z/27 @ 7./3Z, since Pic(A}) = 0. Thus, Pic(.#1,1) is described by

0 — Z/27 x ZJ3Z — Pic(My1) — Z./27 — 0.

Moreover, we can deduce that the extension is non-split using the fact that the class of
;1 s a nontrivial gerbe. Indeed, since [.# 1] maps to the trivial class in H*(A 1, G,), it
must come from a class in H'(A411,G,,), thus . can be identified as the gerbe of square
roots of a line bundle .Z on .47 ;. Moreover, since the class of .#); is nontrivial, .Z does
not have a square root on .47 ;. The line bundle ., of order 3 has a square root, indeed
(F?)¥? = 7,. Thus, we take the gerbe of square roots of the line bundle of order 2, . s,
which produces a line bundle of order 4 on . 1, and we conclude Pic(.#, 1) = Z/127.

Example 3.5.2. The author thanks Santiago Arango-Pineros for suggesting the following
example. Consider the compactification of the modular curve over Q that parameterizes
elliptic curves together with a cyclic subgroup of order 5, 2" := Zy(5). We have the
following presentation of 2" [6, Example 2.5]. Let

%\{(mongﬁ,

S = Spec
and let G,,, act on S via A\-(z,y, z) = (M, My, A22). Then 2" = [S/442Gn). Let G,, also act
on S via A\ (z,y, z) = (A, A%y, A\2). The rigidification 2 := 2,(5) of 2" is & = [S/221Gn).
The map 2 — % is induced by the squaring map G,, — G,,, and makes Z" a us-gerbe over
% . We first describe the Picard group of the rigidification. Let p = [x : y : z| be a geometric
point of Z. Then p has trivial stabilizer group unless z = 0, in which case the stabilizer
group is pe. There are two such geometric points, 1 = [1:4: 0] and x5 = [1 : —i : 0].

The coarse moduli space is given by X := X(5) = V(2* + y* = w?®) C P, and the map
% — X is induced by S — X, where (z,y,2) — [z : y : 2%]. This map is G,,-invariant, so
we get a map 7 : Z — X which is the coarse space morphism.

Next we show that the scheme-theoretic images of 7(z;1) and 7(zs) in X are both the
closed subscheme corresponding to the sheaf of ideals of (w), I,,—o, in X. Both are given by

[ﬂ(%) = ker(ﬁx — W(l’z)*C),

or
Li(zy) = ker(Qz, y, w]/(2* + y* = w*) = C, (z,y,w) — (1,%4,0)),



CHAPTER 3. PICARD GROUPS OF STACKY CURVES 62

8O In(z;) = Ly—o for i =1,2.

By Proposition [3.1.9] 2 is the root stack of X or order 2 at w = 0. From the construction
of the root stack of X, we get a line bundle .Z on 2 that does not come from a line bundle
on X, but whose square is the ideal sheaf of w = 0.

Now, since X is a degree 2 plane curve that has a rational point, X = P!. We can write
the degree 2 morphism

P! — P? [s:t] > [s* — 12 : 2st : 5% + 17,

with image X C P?. The ideal sheaf of w = 0 on P? is &(—1), so its pullback under the
degree 2 inclusion is &(—2) on P!
By Theorem |3.1.12) we have an exact sequence

0 — Pic(X) =2Z — Pic(Z) — Z/2Z — 0.

Finally, Pic(Z) is the pushout of the following diagram:

1 7 2 s 7,
| g
Lo Pic(X) = Z —— Pic(2).

Thus, Pic(Z) = (Z x 2)/{(2,2)) = Z x Z/27Z. The line bundle of order 2 on 2 is
1 0(1) ® £, because L%? = %[, = 7 O(—2).

As in the previous example, since G,, is a nontrivial extension of s and G,,, the puo-gerbe
2 — Z is nontrivial. The stacky points [1 : ¢ : 0] and [1 : —¢ : 0] on 2" have stabilizer
group fig, but on Ba o, they have stabilizer group po X po. Also similarly to the previous
example, after we remove the stacky points with larger stabilizer groups, 2~ — 2 becomes
the trivial puo-gerbe. Removing the points where z = 0, & — £ is given by

Qlz,y, =% B Qlz, y] Qlz, y]
Spec RN 142G | = |Spec PR [ | — Spec Fhg =1

with sy acting trivially. Thus, we conclude that 2% is a trivial G,,-gerbe over 2. We
have the following short exact sequence,

0 — Pic(Z) =Z x Z/2Z — Pic(Z") — Hom(us, G,,) = Z/27 — 0.

As before, since 2\®m is a trivial G,,-gerbe over 2 and 2" is a nontrivial y,-gerbe over 2,
we know that the class of 2" in H*(Z, us) is given by the class of the gerbe of square roots
of a line bundle .Z on 2, which does not have a square root on 2 itself. Thus, Pic(Z")
is a nontrivial extension of the sequence above, but now there are two ways to extend the
sequence, corresponding to two line bundles on 2 for which we could take the gerbe of



CHAPTER 3. PICARD GROUPS OF STACKY CURVES 63

square roots of, one of infinite order, and one of order 2. To determine the correct class,
consider the following cartesian diagram,

Qlz,y, 7] Qlz,y, 7]
% = [Spec m 4’472(Gm e ff = Spec m 2’271Gm

| |

A = [Spec M/272,2Gm] — Pl {Spec (@[x’—y’u}]z/l,l,l(gm} .

2+ y?=w 2y =w

Similarly to the map 2~ — 2, # — P! is a nontrivial ps-gerbe whose pushout to G,, is
trivial, so its class in H?(P!, 1) is the class of a gerbe of square roots of a line bundle on P!
which does not have a square root on P! itself. Thus %/, and thus also 2", can be described
as the gerbe of square roots of &(1) on P!. We conclude that the Picard group of 2" is
Pic(Z") = Z x 727, generated by a square root of €/(1) and the line bundle of order 2 on
Z.

Example 3.5.3. Let P be the vanishing locus of the equation x? + y? + 22 inside P%, that
is,
P = Proj (Rlz,y, 2)/(2 + 9 + 22))

(Rz, y, 2])\{(0,0,0)} }

22 +y? 4 22
This curve has no R-points, and thus P % Pk, but Pc = Pg, with inclusion into P% corre-
sponding to a line bundle of degree 2. We have the following cartesian diagram,

or

P = {Spec

Pe~PL.— P

| |

2 2
P(C ]P)R )

and there exists a line bundle of degree 2 on P defining the inclusion of P into P%, call it
Zp.

Let m: & — P be the ps-gerbe of square roots of .Z over P and let [Z?] be its class in
H?(P, us). Since Zp does not have a global square root on P, this gerbe is nontrivial.

By Theorem |3.4.3 we have an exact sequence

(=)«[Z]

0 —— Pic(P) ——— Pic(2) —— Hom(us, G,,) H?(P,G,,)

Since [£?] is the image of [Zp] € H'(P,G,,), the pushout of & to G,, is BpG,,, so
(—)«[Z] is the zero map, and the sequence

0 — Pic(P) 2 Z —— Pic(#) —— Hom(uy, G,,) = Z/2Z — 0
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is exact.
Moreover, by the Yoneda lemma, we get a universal line bundle Z» on & which is a

square root of Zp. Thus, we have a line bundle on & whose square is the generator of
Pic(P). Thus Pic(#?) = Z is generated by L.

Example 3.5.4. Using the same set-up as in the previous example, now let &’ = Bp(us)
be the trivial ps-gerbe over P. We have the same short exact sequence

0 — Pic(P) 2 Z —~— Pic(#') —— Hom(uy, G,,) = Z/2Z — 0,

but Pic(#') = Z x Z/2Z. Indeed, the section P — ' = B,(u2) gives a section of the
sequence Pic(Z?’) — Pic(P), so the extension is split.

Remark 3.5.5. The stacky curves in the last two examples have different Picard groups,
but the Picard groups are given by an extension of the same two groups. This exemplifies
the fact that the Picard group of a stacky curve depends on its structure as a gerbe.

Example 3.5.6. Let (F,¢e) be an elliptic curve over a field k£ with structure morphism
f + E — Spec k and section e : Spec k — FE. Using the sequence [3.5.1.1 we construct an
example of a stacky curve 2 which is a ps-gerbe over E with x : Pic(Z") — Hom(us, G,,)
not surjective, unlike the previous examples.
The section e induces a pullback map e* : H*(E,G,,) — H*(k,G,,) which splits the
pullback of the structure morphism f* : H*(k,G,,) — H?*(E,G,,), and similarly for H>.
We can use the Leray Spectral Sequence

EY? = H?(k, R1f.G,,) = H"(E,G,,)
to compute H*(E,G,,). We have R°f.G,, = G,,, R'f.G,, = Picgyy, the relative Picard

scheme of E over k, and R'f,G,, = 0 for all ¢ > 2 by Tsen’s Theorem. Then the spectral
sequence results in an exact sequence describing H*(E, G,,),

Picg(k) — H%(k,G,) —— H(E,G,,) —— H'(k,Picg,) —— H3(k,G,,),
and a filtration
0 —— H*(k,G,,)/im(¢) —— H*(F,G,,) — ker(¢/) —— 0.
Similarly, for H*(E,G,,), we have an exact sequence
HY(k, Picg) —2 H3(k,Gp) —L— H3(E,G,,).

Putting the two sequences together, we have an exact sequence
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Picp (k) —— H2(k,G,) —— H*(E,G,,)

— H\(k,Picg)) —2 H3(k,G,,) —L— H3(E,G,,).

The section e : Spec k — E gives us two splittings of this sequence so that both f* maps
are injective. We conclude that ¢ = ¢ =0, and

0 —— H*(k,G,,) —— H*(E,G,,) — H'(k,Picg) — 0

is a split exact sequence.

Let k = R, so that H?(k,G,,) = us, with nontrivial element the class of the Hamiltonian
algebra H. Let [4y] be the image of [H] under the inclusion f*: H?*(k,G,,) — H*(E,G,,).
Since [H] has order 2 in H*(k,G,,), B:[%) = [Be(G.)] in H*(E,G,,) with 3 as in [3.5.1.1]
Thus, [“] came from an element [2'] € H*(E, p3). Then 2 is a stacky curve which is a
Jo-gerbe over E, and we have an exact sequence

0 —— Pic(E) —— Pie(2) —X Hom(us, G,) 24 H2(B, G,p).

For the inclusion « : ps — Gy, we have a.[Z| = [“ul, so (—).[Z] is injective, thus yx is
the zero map, and Pic(:Z") = Pic(E). In this example, the gerbe structure of 2 did not
contribute to the Picard group of 2" over E. We say that there does not exist any twisted
sheaves on Z". The moduli of twisted sheaves is studied in [31].
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Chapter 4

Brauer Group of BG and
Brauer—Severi stacks on BG

In this chapter, we calculate the Brauer group of the classifying stack BG for G a smooth
connected semisimple linear algebraic group over an algebraically closed field. We then study
Brauer—Severi stacks over BG, and calculate their Brauer classes in the Brauer group. We
apply these calculations to moduli stacks of curves of genus g together with an automorphism
of order N. These moduli stacks are naturally py-gerbes, and we explore what corresponding
H?-cohomology classes the components of this stack can have. In particular, we look at curves
whose quotients by the order N automorphism are genus 0, and completely determine the
Brauer classes of these gerbes.

4.1 The Brauer Group of BG

Let G' a smooth connected semisimple linear algebraic group over an algebraically closed
field k. Let G be the universal cover of G, and B the fundamental group of G, which exist
by |17, Corollary 4.6]. Then G is also a smooth connected semisimple linear algebraic group,
B is finite and diagonalizable, thus a finite abelian group, and we have an exact sequence

1—>B—>C~}—>G—>1,

with the image of B in the center of G.
Let
X(—) : (algebraic groups/k) — Sets

be H — Hom(H,G,,), where Hom refers to homomorphisms of algebraic groups.
We may view k* C H°(H,03) = H°(H,G,,) as constant functions, and we have a
surjection H°(H,G,,) — X (H), by f ~ f/f(e), which gives us a split exact sequence

0—k*— H(H,G,,) = X(H) =0,
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and thus H°(H,G,,) = k* & X(H) (|17, Corollary 2.2], [43| Theorem 3], [44, Lemma 6.5
(iii)]). Since G is semisimple, X(G) = 0.

We have G — G a B-torsor, and BG — BG a B-gerbe. Given a character xy : B — G,,
of B, we get pushforward maps

x-: H(G,B) — H'(G,G,,), x.:H*(BG,B)— H*(BG,G,,).
Thus we get morphisms
X(B) - H'(G,G,,) = Pic(G), X(B)— H*(BG,G,,) = Br(BG),

given by (x : B = Gp) — x+(G) and (x : B — G,,) — x.(BG), respectively.
It follows from [44, Corollary 6.11, Remark 6.11.3] that the first map is an isomorphism,

also using the fact that X (G) = 0 and Pic(G) = 0. That the second map is an isomorphism
is the statement of the following theorem.

Theorem 4.1.1. Let k be an algebraically closed field, G' a smooth connected semisimple
linear algebraic group over k, and G and B as above. Then

k* i=0
H'(BG,G,) =4 0 i=1
B i=2

Fori = 2, an isomorphism B — H*(BG,Gy,) is given by (x : B = Gpn) — x.(BG), where
X« 18 the pushforward map x. : H*(BG, B) — H*(BG,G,,).

Proof. We use the spectral sequence EY"? = HY(U,,G,,) = H"*%(BG, G,,) of the standard
simplicial cover Uy, — BG (|13, Equation 5.2.1.1]) coming from Spec k — BG.

Here, Uy = Spec k, and U, = U,_; X Spec k for all p > 1. We have p + 1 projection
maps U, — U,_1, each of which project onto all but one copy of Spec k. For all p > 1,
U, = GP. In particular, U; = Spec k X pe Spec k = G and Uy = G x G. The two projections

q1, Q2 : Spec k X gg Spec k — Spec k
are both given by the structure map 7 : G — Spec k. The three projections
D23, P13, P12 : Opec k X g Spec k X gg Spec k — Spec k X gg Spec k

are given by
p2,m,p1 G X G — G,

respectively. The simplicial cover U, — BG can then be written

U, ~-~§GxG§G:§Speck.
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We may apply the functors H4(—,G,,) to U, to get

HY(U., G : HY(Spec k, Gn) 25 HIG, Grn) L5 HUG % G,Gry) — - -

where the differentials d”? are given by the alternating sums of the maps induced by the
projection maps Uy, — U,. The complexes H?(U,,G,,) make up the rows of the first page
of the spectral sequence.
We write out some low-degree terms on the F; page:
q

0 ——
0O —— PiC(G) — Pic(GxG) -y ..

k* ——HY(G, G, —H(G x G,Gp—— -
p

Note that since k is algebraically closed, Br(k) = Pic(k) = 0. Note also that for all ¢, d*?
is the alternating sum of two copies of 7* : HY(Spec k, G,,) — HY(G,G,,), and thus d®? = 0.

We first compute the cohomology of the bottom line, H?(E}) to get the bottom line
of the E, page. Using the fact that HY(G?,G,,) = k* ® X (GP) = k* is the set of constant
functions on GP for all p > 1, we see that the pullback along any projection map GP*! — GP
is the identity map k* — k*. Thus, for all p > 1, dP? is the alternating sum of p + 2 copies
of id : k* — k*, so is given by the identity map for p odd and the zero map for p even. For
example, d"° : HY(G,G,,) — H°(G x G,G,,) is given by p5 —m* + p}, which is the identity
map k* — k*, since each term in the sum is the identity map.

Thus H?(EP") is the cohomology of

Bty e e 0y

so HY(EY") = k*, and H?(E}Y) = 0 for p > 1.
Next, we compute the cohomology of the middle line, H?(E"). We must understand
the three pullback maps

P, Py, m” : Pic(G) = X(B) — Pic(G x G) = X(B x B).

Let x € X (B) correspond to Y.G € Pic(G). Write p : G — G and g : x.G — G. Then in
Pic(G x G),

Pi06G) = X.G X (G x G)

Py(xG) = X.G Xy (G X G),
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m*(x.G) = .G Xam (G % Q)

Each of the above is a G,,,-torsor over G x GG, which we can write X*é x G — G x G with
the following structure maps,

Pi(GG) = x.G x G = G x G, (z,9)— (p(2),9),

Ps(G) = x.G x G = G x G, (x,9) — (9,0 (x)),
m*(x.G) = .G x G = G x G, (x,9) — (9,90 (z)).

Let pix, psx, m*x € X(B x B) correspond to p;(x«G), ps(x+G), m*(X*é), respectively.
These maps are given as follows,

PIX = xop1 : (b1, b2) — x(by1),

PoX = X 0Pz : (b1, b2) = x(b2),
m*x = xom: (by,by) — x(b1b2),

since they pushout the B x B-torsor G x G — G x G to the G,-torsors pi(x.G), pi(x.G),
and m*(x.G), respectively.
Then d"! : X(B) — X (B x B) is given by

d"' s x e px — X+ pixc: (b b2) = x(Ba) = x(Diba) + x(b1) =0,
since x is a homomorphism. Thus H?(E7 ’1) is given by the cohomology of the sequence
0 — X(B) —= X(B x B)

This gives HO(EP') =0, HY(EP') = X(B).
We can now write out the Es page,
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from which we can read off H(BG,G,,) for : = 0,1,2. This concludes the proof of the
first statement.
We now show that the map

X(B) = H*(BG,G,), ¥ — x+(BG)

is an isomorphism. Let 7 — BG be a G,-gerbe. Take the fiber product with BG — BG to
get A x5 BG — BG, a Gy, -gerbe over BG. By the first part of the proof, HQ(BG Gn) =
since the fundamental group of G is 0. Thus, our G,,-gerbe 7 X g BG — BG is trivial, and
thus has a section. Composing the section with the projection to 7 gives a map BG' — 2.
The map on stabilizers over BG is a map x : B — G,, such that x.(BG) = . Thus the
map is surjective. _

Now let x; : B — G,, and x5 : B — G, be two characters such that J4 = x1.(BG) is
isomorphic to % = Xz*(Bé). That is, there is an isomorphism of G,,-gerbes o : 5 — 4
on BG and an isomorphism

7: (M4 — BG) = (44 > 75 — BG).

From y; and y», we get morphisms ¢y : BG — 6 and ¢, : BCNJ — 5 whose morphisms on
stabilizers are x; and y» respectively. This defines ¢ X ¢ : BG — 4 BG 6.
We have the following equivalence of categories,

%XBG%%%XBGW“

where an equivalence is given by sending
(h1 S A hy: S — M a (SQ%%BG)%(SQ%ABGD

o (h1,Isom , (0 o hi, hy)), where Isom (0 o hi,hs) : (Sch/S)P — Sets is a G,,-torsor
defined as follows:

n;(S/LSﬁsyﬁQ%)g(S'ésﬁ%%)

(f:5—=8)—
such that (/4 — BG)on = f*(awo hiT™1)

)

where o hi771 is the composition of the maps

(S—>,%”1—>%”2—>BG> (S—>¢%”1—>BG) (Sh—2>,%’é—>BG).

The Gy,-torsor Isom ,, (0 o hy, he) can be thought of as the torsor of isomorphisms between
hi and hy whose image in BG is given by «.
A morphism in J4 X g 6 is a pair

(61,62) : (hl,h2705) — (h'l,hé,o/),
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where 3y : hy — b} and S5 : hy — hi, are isomorphisms such that the diagram

hy —%— hy

al |7 (4.1.1.1)

a/

hy —— h

commutes, where the bar denotes composition with the appropriate map to BG.
A morphism (81, B2) in J4 Xpg 6 is sent to (51,7) in S x BG,,, where

7 : Isom ,, (0 © by, he) — Isom ,, (0 o by, h)

is given by
(77 : f*(UOhl) = f*hz) '—>77/ = f*520770f*(0051)71
Note that

= [Baome f(7op)
=B f(aohir™)o f(eop)
— ]MEO f*OéOf*hTT_l Of*(m)_l
= fBaofrao f B o fHT!
— f*O/Of*hll*Til

due to the commutativity of the diagram and functoriality of 7.

We now show that the map J4 xpgg 76 — 4 x BG,, is fully faithful and essentially
surjective. Let (hy, he, ), (b, hb, o) € G Xpg H5. Given a morphism S : hy — h)
and 7 : Isom (0 o hy, hy) — Isom ,, (o o hi, hy), we may set f; = (3, and construct [3
locally as follows. Choose a cover f : " — S where Isom , (0 o hi, hy) has a section
n: f*(o0ohy) = f*hy. We may define 35 locally by v(n) o f*(0 o 8) on~'. Then by descent
on %, there exists a unique morphism [, : hy — hf,. Thus the map is fully faithful.

For essential surjectivity, let (h: S — J4,T : S — BG,,) € 74 x BG,,. Let f: S — S
be a cover of S where T becomes the trivial torsor, T'|sr = S” X G,,. Then

(f*h, F(ooh), f*hr: fh— f (oo h)) s (f*h, 8" x Gp)

since Isom ,, (f*(0 o h), f*(0 o h)) has a section, namely the identity map.

We may now use our equivalence of categories and the map ¢; X ¢ : BG — % Ba I3 to
get a map BG — 6 x BG,,. By the calculation in the first part of the proof Hl(BG Gn) =
0, so the map is given by some ¢ : BG — £ and the trivial torsor BG x Gy,. Since the
image consists of the trivial torsor, this tells us that Isom ,, (0 o ¢1,¢2) has a section over

BG, say n: (BG 2 A4 % ) — (BG 2 45).
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Recall that x1, x2 : B — G, describe the map on stabilizers over BG of ¢ : BG — 4
and ¢, : BG — J6, respectively. Let b € B and T': S — BG, and view b : T = T as an
isomorphism in BG over BG. Then x1(b) : ¢1(T) — ¢1(T) and x2(b) : ¢o(T) — ¢o(T) are
isomorphisms in 4 and 7% over BG, respectively. The following diagram commutes,

$1(T) —=— (00 ¢)(T) —— ¢o(T)

X1 (b)l lX2(b)

01(T) == (00 :)(T) —— (T,

with 7 and ¢ isomorphisms. Then, since G,, is abelian, we conclude that x;(b) = x2(b), and
thus our map X(B) — H?*(BG,G,,) is injective. O

Remark 4.1.2. One could also formally use the spectral sequence to determine the iso-
morphism X (B) — H?*(BG,G,,), but we have shown directly that the given map is an
isomorphism.

4.2 Brauer—Severi stacks over B@

Definition 4.2.1. Let S be an algebraic stack. A Brauer—Severi stack of relative dimension
n over S is a smooth, proper, morphism 7 : 2~ — S of relative dimension n such that there
exists an étale cover S — S where Zg = PY,.

Remark 4.2.2. A smooth, proper morphism 7 : 2 — S such that for every geometric
point s : Spec k — S, Z; = P}, is a Brauer—Severi stack.

The following two propositions provide equivalent ways to view Brauer—Severi stacks in
general, or Brauer—Severi stacks that are parameterized by a vector bundle.

Proposition 4.2.3. There is an equivalence of categories between Brauer—Sever: stacks of
relative dimension n over S and PGL,,1-torsors over S.

Proof. Given a Brauer—Severi stack 7 : 2 — S, we define a PGL,,;-torsor Iy on S to be
I (T — S) = {isomorphisms ¢ : 2" x5 T = P71},

where o« € PGL,,11(T) = Aut(P}) acts by composition with o. The equivalence is given by
sending 7 : 4~ — S to Iy, and an isomorphism of Brauer—Severi stacks ¢ : 2~ — 2" is
sent to ¢ : L9~ — I, given by

(0: X xsTEPy) s (0o(¢ ! xid): 27" xs T2 X xgT = PL).

The map 2 +— [, is fully faithful. Indeed, let 2" and 2" be Brauer—Severi stacks
of relative dimension n over S, and let S’ — S be an étale covering where there exists
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isomorphisms 2" xg 8" =2 P¢, and 2”7 xg " =2 P%,. Given a morphism of PGL,,;-torsors
7 : Iy — 4, choose an isomorphism o : 2" xgS" — P¢,, and let ¢pgr : & xgS" — X7 x5S
be the composition 7(c)™! o 0. Note that ¢s does not depend on the choice of o, since for
any o € PGL,,1(5") = Aut(P%), 7(e¢ 0 0) = awo (o). Then ¢g descends to a morphism
¢: X — Z' which maps to 7.

Now, let ¢, ¢’ : & — Z” be two morphisms whose images in Hom(/ 4, [4/) are equal.
Then for all étale covers S’ — S where there exists an isomorphism o : 2" xg 5" — P%,,
ogo(¢p7! xid) = (0o (¢! xid), thus ¢ x id = ¢' x id, so ¢ = ¢'.

The map is also essentially surjective. Locally, any torsor is trivial, and clearly the
Brauer-Severi stack 7 : P — S maps to the trivial torsor. O

Example 4.2.4. For n = 1, this is the statement that the moduli stack of genus 0 curves
My is isomorphic to BPGL,.

Proposition 4.2.5. There is an equivalence of categories between rank n + 1-vector bundles
on S, GL,1-torsors over S, and Brauer-Severi stacks of relative dimension n together with
a degree 1 line bundle over S.

Proof. Given a rank n + 1-vector bundle V on S, we define a GL,,;-torsor Iy on S to be
Iv(T — S) = {isomorphisms o : V| = 02"}

where a € GL,1(T) = Aut(0E"*") acts by composition with . The equivalences are given
by sending V' to Iy, and by sending V' to (PV, Opy(1)). O]

Definition 4.2.6. The image of the class of 7 : 2" — S in H'(S,PGL,;) under the
differential coming from the short exact sequence

1—-G,, » GL,;; - PGL,;; — 1

is the class §([27]) € H?*(S,G,,), which we call the Brauer class of the Brauer-Severi stack
X =85,

Proposition 4.2.7. The Brauer class of the Brauer—Severi stack Z — S is given by the
class [9] = 6([Z7]) € H*(S,G,,) of the following G,,-gerbe over S,

G (T — S) = {degree 1 line bundles on & xgsT}.

Morphisms in 4 are isomorphisms of line bundles. In particular, & is a trivial gerbe if and
only if & =PV for some vector bundle V on S.

Proof. The class §(|Z]) is the G,,,-gerbe
§(Ix)(T — 8) = {(P,e: PPt = [ o7},

where P is a GL,1|r-torsor on T, and € is an isomorphism of the pushout of P to PGL,, 1
with Iy-|7. Morphisms in §(14) are isomorphisms of GL,,;-torsors that are compatible with
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the isomorphisms with I,-. By Proposition we see that the data of a GL, 1 |r-torsor
together with an isomorphism of its PGL, ;-pushout to I4 is equivalent to the data of a
rank n + 1-vector bundle V on T together with an isomorphism PV = 2" x¢ T, which is
equivalent to the data of a Brauer—Severi variety Y — T together with a degree 1 line bundle
on Y and an isomorphism Y = %2 xg T, which is equivalent to the data of a degree 1 line
bundle on 2" xg T

Moreover, the following are equivalent:
(i) ¢ is trivial,

(i) [@] =d([27]) =0,

i)
(iii) there is a GL, 1 torsor over S whose pushout to PGL,, 1 is 1o = [Z7],
)

(iv) there is a vector bundle V' on S such that 2" = PV.

Brauer—Severi stacks of the form [PV/G| — BG

From this point forward, we will only consider Brauer—Severi stacks over BG of the form
[PV/G] — BG, where G is as in Section {4.1]and V' is a representation of the universal cover
G We will use Theorem to describe thelr Brauer classes. Let V' be a representation of
G, acting (on the left) via p : G — GL(V) such that B C G acts by a character x : B — G,,.
Since B acts by a character, we get an induced action of G on (V'\ {0})/G,,. It will be useful
to understand V' and (V' \ {0})/G,, functorially, so we introduce Ay and PV to represent
these.
Let Ay represent the functor

v : (Sch/Spec k)P — Sets
(T — Spec k) — Homy(V ®y Or, Or)
We have Ay (k) = Homy(V, k) = V'V, and Ay = Spec (SympV). Indeed,

(Spee (SymiV))(T) = Hom(SymyV, I(T, 67))
= Hom(SympV ® Or, Or)
= HOIIl(V (S ﬁT, ﬁT)
= Ay(T).

By 0 in Ay (k), we mean the zero map V' — k. More generally, by 0 in Ay (7T") we mean the
maps V' ®; Or — Or which are not surjective.

On k-points, the action of G on VY induced by the action of Gon V is given by compo-
sition with the action map, and makes the action on V" into a right action. Explicitly, for
geGand f:V kinVY g-f:V =k, isgivenby v f(g-v). Forbe B,b-f:V — k
is given by v +— f(b-v) = f(x(b)v) = x(b)f(b), so B also acts by x on V.
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Remark 4.2.8. If one prefers only to work with left actions, then we can make the action
of G on V'V into a left action by composing with the inverse action map instead. Explicitly,
g-f:V — kisgiven by v~ f(g~' - v). In this case, B acts by x~'.

The action of G makes sence functorially, on Ay, as well. Explicitly, g-(f : V&g Or — Or)
is the composition of f with

(v g-V)RId:V Q, Op -V ®y Op.
Let PV represent the functor
PV : (Sch/Spec k)°P — Sets

(T—>Speck:)»—>{V®kﬁT—»$}/~

where two surjections (V ®; Or — £) and (V ®; Or — %) are equivalent if there is an
isomorphism s : £ — % making the diagram

V®kﬁT—>$1
%

commute.
Note that PV is the sheafification of the functor

(PV)P* : (Sch/Spec k)°P — Sets

(T — Spec k) = {V @ Or — Or}/ ~

with the same equivalence relation. That is, PV = (Ay \ {0})/G,,.

The action of G on PV is similarly given by composition with the action on V. Since B
acts by a character, B acts trivially on the quotient, and thus the action of G' descends to
an action of G on PV.

Consider the stack quotient [PV/G| — BG, which is a Brauer—Severi stack over BG,
since pulling back along Spec k — BG gives PV — Spec k. The Brauer class of [PV/G] is
given by the G,,-gerbe ¢ of degree 1 line bundles on [PV/G| over BG,

9(S — BG) = {degree 1 line bundles on S X g [PV/G| =: Pg}. (4.2.8.1)

Lemma 4.2.9. The fiber product Pg := S x pg [PV/G] is given by T x“ PV := (T x PV) /G,
where T'— S is the G-torsor corresponding to S — BG and G acts on T x PV wvia g-(t,v) =
(g-t.g-v).
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Proof. The objects of the fiber product Pg can be described as tuples
("= S, T =5, o:T =PV, 0:Txs8 =T

where S’ is an S-scheme, T" — S’ is a G-torsor, ¢ is a G-equivariant morphism, and ¢ an
isomorphism of G-torsors over S’.

Morphisms between two tuples (S" — S, T — 5, ¢, 0) = (8" = S, T" = 5", ¢", ")
are given by pairs (s,t), where s : S” — S” is a morphism of S-schemes and ¢ : 7" — 7" is a
G-equivariant morphism, such that the following diagrams commute,

T’ ¢ s T TxgS —2— 1T
R @ idxsl , lt
% T xgS" —2 5 T".

Note that due to the second compatibility condition, ¢ is completely determined by t =
0" o (id x s) oo™ L.

We can see that this data is equivalent to the stack with objects given by pairs
("= S,¢:T x5S — PV)

where S’ is an S-scheme and ¢ is a G-equivariant morphism, and morphisms between two
tuples (5" — S, ¢) = (S” — S, ¢") are morphisms of S-schemes s : S” — S” such that the
diagram commutes,

idx
TXSS/ — )TXSSH

x ¢//

PV.

Indeed, an equivalence is given by sending (S" — S, 7" — S, p,0) to (8" — S,p00),
and on morphisms, (s,t) — s.

This is fully faithful, since ¢ is determined as remarked above, and essentially surjective
since (8" — S, T xg 8" — 5, ¢,id) — (S" — S, ¢).

Now we define an equivalence between T' x¢ PV and Pg.

First, consider the G-torsor T x PV — T x% PV. With the action of G on T' x PV as
described above, we get both projection maps, from T'x PV to T and PV, to be G-equivariant
morphisms. Taking the quotient of 7' x PV — T by G gives the following cartesian square,

T'XPV —— T

| !

T x“PV —— S.

Given a morphism S§" — T x% PV, compose with the map to S to get s : S’ — S. The
fiber product S" Xpyapy (T x PV) is given by T xg S due to the commutativity of the
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above square, and we get a G-equivariant map, T xg S’ — T x PV — PV. Indeed, since
TxgS — T and T x PV — T are both G-equivariant, T' xg .S" — T x PV is G-equivariant,
and thus the composition to ¢ : T' xg S — PV is as well.

Conversely, given s : S — S and ¢ : T xg S’ — PV, take the quotient of pr; x ¢ :
T xgS" — T x PV by the action of G to get S’ — T x%PV. These are clearly inverses of
each other. O]

Remark 4.2.10. One can think of the category of G-equivariant morphisms 7" — PV as
pairs (¢, v) of input and output, which are well-defined up to the equivalence (g-t, g-v) ~ (t,v),
coinciding with the local description of T' x“ PV .

Remark 4.2.11. The following commutative diagram can also be used as a justification of

Lemma [£.2.9]

T x PV > PV
\
\ T ‘ > Spec k
|
Pg ‘ > [PV/G]
S » BG.

Lemma 4.2.12. Ay \ {0} — PV is a G,,-torsor, corresponding to the line bundle Opy (1)
on PV, that is,

Ay \ {0} = Tot(Tpy (1)) \ {0} := Specy, (Symi Oy (=1)) \ {0}
Proof. The map Ay \ {0} — PV is given by
(V@ Or — Or) — |V @ Op — Of)
and objects of Ay \ {0} over a point f : T — PV, corresponding to ¢ : V & Op — £ pulled

back from the universal quotient V @ Opy — Opy (1), are given by

V®kﬁT L) ﬁT

Ay \{ON(T = PV) =< ¢: V@ Op — Or|3s: ls commutes
©
\ I

This data is equivalent to the set of isomorphisms {s: 0 = Z}.
Objects of Tot(Opy (1)) \ {0} over a point f : T — PV are given by

(Spec,, (Symi ey (—1)) \{0}) (T = PV)
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= {Sym* LY - Or} 2{LY — Or} = {0r = L},
Thus Ay \ {0} = Tot(py (1)) \ {0}. O

Theorem 4.2.13. Let G, é, B,V,x as in Section@ and 94 as in Equation . Then
X: ' (BG) =%, and thus by Theorem the class of 4 in H*(BG,G,,) = X(B) is given

by x L.

Proof. We define a morphism of stacks Bé~—> ¢ over BG and show that the morphism on
stabilizers is given by x~!. Given S — BG corresponding to a G-torsor T' — S , we must
assign this to a degree 1 line bundle on Pg = T' x% PV, where 7T is the image of T in BG.
Let its image in ¢ be the line bundle corresponding to the G,,-torsor

T x% Ay \ {0} = T xPV =T xC PV

Note that this map appears in the cartesian diagram

T xC (Ay \ {0}) ——— [Ay \ {0}/C]

! |

TxCPV =T xCPV —  [PV/G] ————— [PV/G]

| l |

S s BG s BG.

A morphism b : T — T’ of G-torsors whose pushouts to G agree is sent to the morphism
T %% (Ay \ {0}) = T" % (Av \ {0}),
which we describe on the cover by
T x (Av\ {0}) = T" x (Ay \ {0}), (t,v) > (b-t,0).

Upon taking the quotient by the G-action, the map is [(,v)] — [(b-t,v)] = [(t,b7 - v)] =

[(£, x()~"v)].

Thus, the morphism on automorphism groups B — G, for BG — 9 over BG is given
by x7 !, so x; /(BG) = 9. O

More generally, let Vi, ..., V, be representations of G, acting via p; : G — GL(V;) such
that B acts by characters x;, for : = 1,...,r. Again the action descends to PV;. Consider

[(PV; x - - x PV;)/G] — BG,
and the G,,-gerbe over BG,

Z on S Xpg [PVy x ---PV, /G| = Pg such that
gal ..... ar S BG — _ .
(5= BG) { Vs : Spec k — S, Llp, = O(ay,...,a,)
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Here O'(ay,...,a,) is the line bundle on PV; x --- x PV, given by the tensor product of
the pullbacks of @(a;) on PV;. To simplify notation, we will write &(ay,...,a,) on Pg for
such a line bundle.

15 given by Y € B.

Proof. Using the result from Theorem [4.2.13) we only need to show that &%~ is the
product of G,,-gerbes ¥, ..., 9% to be defined below, and each ¢% is the product a;%;,
where ¥, is the G,,-gerbe

4.(S = BG) ={0(1) on § xpa [PVi/G]}.

as in Theorem [£.2.13]
Let 4% be the following G,,-gerbe over BG,

G (S — BG) ={0(a;) on S xp¢ [PV;/G]}.
Note that
PVi x -+ x PV, /G| =2 [PV1/G] Xpg -+ XBa [PV,/G],

and let p; : [PV] x --- x PV,./G] — [PV;/G] be the projection maps. To show that &9 =
@™ ... 4% we define a morphism of gerbes

GO X X Gy G

such that the map on stabilizers is the product map G,, x --- x G,, — G,,. The map is
given by

Similarly, to show that ¢ = @,%;, we define a morphism ¥; x - -- X ¥, — 4% with a; copies
of ¥;, such that the map on stabilizers is the product map. The map is given by

(fl,...,fai)H,%l@---@fai. ]

Example 4.2.15. Let G = PGLy, so G = SLs, and B = pus. Let V be the standard

representation of G, so V = k%2, and SL, acts via (A B) (x) = (A:c + By . Then ps

C D) \y Cx+ Dy
acts by the standard character, and the action descends to an action of PGLy on PV. The
quotient [PV/PGLy] — BPGLsy is the universal curve over the moduli of genus 0 curves (See
Proposition [£.3.3] (2)). Let ¢ be the G,,-gerbe of degree 1 line bundles on [PV/PGL,] over
BPGL,,

4(S — BPGLy) = {degree 1 line bundles on S X gpgr, [PV/PGLs] =: Pg},

which we recognize as BGLs. Theorem confirms that x.(BSLy) =¥ = BGLy, where
X : p2 — G,, is the standard character (y = x~! here). Note that BGL, is indeed a
nontrivial gerbe, due to the existence of genus 0 curves over non-algebraically closed fields
without line bundles of degree 1.
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Example 4.2.16. The next simplest case to understand is G = PGLy, as above, and
V = Sym?(k®?) = HO(Pk®2, 0(d)) = kP!, We can think of PV as the space parameterizing
effective degree d divisors on Pk®? = P! coming from the vanishing of homogeneous degree d
polynomials in two variables, with d+ 1 coefficients, giving a unique polynomial up to scalar
multiple. The action of yy on V is induced by the action on k%2 and is given by (—1)<.

The action descends to an action of PGLy; on PV, and the quotient, [PV/ PGLy] —
BPGLs,, is the moduli of degree d divisors on genus 0 curves (See Proposition [4.3.3](4)). Let
%, be the G,,-gerbe of degree 1 line bundle on [PV/PGLsy] over BPGLs,,

4,(S — BPGLy) = {degree 1 line bundles on S x gpgr, [PSym?(k®?)/PGLy]}

=~ {degree d line bundles on S X gpar, [PE®?/PGL,]}
=~ d{degree 1 line bundles on S X gpar, [Pk®?/PGLy]}.

For the first isomorphism, note that S x gpar, [PSym?(k®?)/PGLy] = Sym§_ /55 Where
Ps = S X gpar, [PEk®?/PGLy]. Thus (4] = d[¥9] = [d| € Z/27Z, where ¥ is as in the previous
example. For d even, ¥, is a trivial gerbe, corresponding to the trivial character of us, and
for d odd, ¥, is a nontrivial gerbe, corresponding to the standard character of ps. This is
equivalent to the statement that a genus 0 curve may not have a divisor of odd degree, but
it will always have a divisor of even degree, equal to some power of the canonical divisor.

We conclude this section by recording a theorem of Gabber which also applies to algebraic
stacks. While the proof is essentially the same as previously given, we could not find a
reference for the statement generalized to stacks, so we include it here and give a sketch of
its proof.

Theorem 4.2.17. ([19, Theorem 2, page 193], extended to stacks) Let S be a stack, 7 :
Z — S a Brauer—Severi stack. The following sequence is ezxact,

Hegt(S7 Z) —_— H2<Sa Gm)tors ﬂ——*> H2(%7Gm)tors — 07
where the first maps sends 1 — —§([Z]).

Proof. Gabber uses the Leray spectral sequence EY? = H?(S, Rim,G,,) = HP"1(X,G,,) to
obtain the exact sequence in the theorem. The calculations that 7.G,, = G,,, R'7.G,, =
Z and R?*m,G,, = 0 in Gabber’s proof apply to Brauer-Severi stacks, because these are
computed étale locally. O

4.3 Application: The moduli stack of curves of genus
g with an automorphism of order N

Let A= (g, N,dy,...,dy_1) be an N + 1-tuple such that g,d; > 0, N | d:= > id; and

g:= % (N(Qg -2)+ Zdi(N —ged(i, N)) + 2)
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is an integer greater than 1. It is then a g-admissible datum for some g > 1, as defined in
the introduction. Define the stack .#4 to be the stack with objects

%A(S) = {(f :C— S, Dy,. ..DN_1,$,¢)}

where f : C' — § is a smooth genus g curve, the D; are disjoint divisors of degree d;,
sections of (Sym% /s \Ag,) = 5, where Ay, is the big diagonal, £ is a line bundle on €' and

¢: LN — 0c(>iD;) is an isomorphism.
A morphism

(o,7): (f:C—= S, D;,Z,¢)— (f:C"—= S,D,, £, &)

is a pair of isomorphisms o : C' — C" and 7 : 0*.%¢" — £ such that ¢*(D}) = D, and the
following diagram commutes:

o* (LN T, o*Oc (> iD})

b 1

ZeN s Ou(XiD;).

Following [42], we roughly explain the correspondence between py-covers 7 : X — C
and objects (C, D;, L, ¢) of M 4.

For any abelian cover 7 : X — Y of smooth complete varieties with group G, let D be
the locus of Y where 7 is ramified. Then R := 7~ !(D) is the locus on X whose points are
stabilized by a subgroup of G not equal to the identity. For a closed point T'of R, let H < G
be its stabilizer. Let Ox r be its local ring with maximal ideal m. Since H fixes T', we get
a faithful representation 1 of H on the cotangent space m/m?. Now we can split D into
disjoint components Dy, according to where 7' (Dy ;) has stabilizer H and representation
1. Since 7 is Galois, all points in the same fiber of © will have the same stabilizer group H
and representation 1.

In the case where X and Y are curves, m/m? has dimension 1. Thus, any representation
of H is a character of H. Moreover, if additionally G is cyclic of order N, we have a bijection

{1,... . N=1} > {(H): (1) £ H<G=py,7 € H}

given by m <<C}{}) C pun, ¥ (W C]g\fd(m’N)>. Because of this, we can label the divisors

D+, ...Dy_1. Moreover, the pushforward m,0x of the structure sheaf can be broken into
eigensheaves m,0x = @Y 1.Z !, where the £ are line bundles such that uy acts on .2,
by (i, and we have an isomorphism 2 = 0y (3> iD;).

Conversely, given (C, D1, ...,Dy_1,.Z,¢), the cover X is given by X = Spec_(0c &
Lte @ %), where £ = £ and the remaining .%; are determined by a formula
involving the divisors, and the algebra structure of 0o @& £ @ -+ @ £y, is determined
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by ¢. This is worked out in detail for py-covers of curves in [41], using the general theory
in [42].

Given a g-admissible datum (g, N, d;, ...,dyx_1), the condition for whether a correspond-
ing covering curve is connected is as follows. Let k£ be the greatest common divisor of N
and all of the ¢ such that d; # 0. Then the covering curve is connected if and only if
LNk @ Oc(— Y LD;) has exactly order k in the Picard group of C' ([41, Remark 2.11]).
Note that if C' has genus 0, then this line bundle always has order 1, and thus when k =1,
all covers are connected and .#)y = .# 4, and when k > 1, all covers are disconnected and
M= 0.

Thus, to study the ./, with g = 0, it suffices to study the .#4 with k = 1, where k is
defined as above. However, this condition on k does not affect our study of the .#Z4, so we
ignore it.

Let .#4 be the stack with objects

AA(S)={(f:C = S.Di,...Dy_1,2.6)}

where f : C' — S is a smooth genus ¢ curve, the D, are divisors of degree d;, sections of
Symdci/s — S, % is a line bundle on C and ¢ : N — 0 (> iD;) is an isomorphism. That
is, the divisors are no longer required to be disjoint. Morphisms are defined to be the same
as for 4.

We next define a stack .44, and show that it is the pn-rigidification of M. First we
include a bit of background about the Picard stack and Picard scheme.

Picard stack and Picard scheme

Let S be a scheme and let f: X — S be flat and proper. The Picard stack (|7, Appendix])
is the stack Picx,s whose objects are pairs (T — S, %), where T' is an S-scheme and .Z is
a line bundle on X7 = X xgT. Morphisms are pairs (t,0) : (' - S,.%) — (T — S,Z")
where ¢ : " — T" is a morphism of S-schemes and o : t5.Z" — £ is an isomorphism of line
bundles, where tx : X7 — X,

Let g : X — X’ be an S-morphism, and gr : X7 — X’.. Define

g": Picxys — Picxys

by (T — S, Z) — (T — S,9+.2).

We now define the relative Picard functor and Picard scheme, following [29]. Let f :
X — S be separated and of finite type.

The relative Picard functor is

Pick)g : (Sch/S) — Groups

(T — S) + Pic(X7)/Pic(T).
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In some cases, this is representable, but in general it is not. Let Picy,s denote the fppf
sheafification.

Then an object of Picx/g(T" — S) is represented by a pair (1" — T,.Z") of an fppf
covering 7" — T and a line bundle £’ on X7 such that there exists an fppf covering
T" — T xp T" where the pullbacks of £’ to T” under the two projections are isomorphic.
We will call such objects isomorphism classes of line bundles on Xp. Two representations
(T = T,.%)) and (T, — T,.Z;) are equivalent if there exists an fppf covering 77 — T X1 T}
such that £/ and %, become isomorphic when pulled back to X7.

Let g : X — X’ as above, and define

g* : PiCX//S — PiCX/S

by (17" - T,2)— (1T"—>T,9..2Z").

Now suppose that f,0x = Os and f is flat, proper, and cohomologically flat in dimension
0, that is, the formation of f,0x commutes with base change. When f.0x = Os holds
universally and f has a section étale locally, the étale sheafification and the fppf sheafification
agree. In particular, when f is smooth, f has an étale local section. We have a morphism
[—] : Picx)s — Picy/s sending a line bundle .2 on X7 to the pair (1" — T,.%), which we
denote by [.Z].

Lemma 4.3.1. Let f : X — S be flat, proper, and such that f.Ox = Os holds universally.
Then [—] : Picx)s — Picx,s realizes the Picard stack as a G,-gerbe over the Picard scheme.

Proof. By descent for Picx,g, for any fppf covering 7" — T, the category Picx,s(T) is
equivalent to Picx,s(T" — T'), which has objects pairs (£, 0 : pri. &’ = pr3.Z"), where .&”
is a line bundle on X7 and o is an isomorphism of line bundles on Xy ,7 which satisfies
the cocycle condition.

Given (T" = T,.Z") € Picx/s(T), we have some fppf cover 7" — T" x T" such that the
two pullbacks of .Z’ to T" are isomorphic. Let (7" xp T" — T", ") denote the pullback
of (T" = T,%") to T". The two pullbacks of Z” to (T" x7 T") Xpn (T" X7 T") agree, so
descent gives a line bundle . on Xpv. Given £, %, € Picx/g(T) such that (T — T,.4)
and (T" — T,%,) are equivalent in Picx/g(T), there is an fppf cover 7" — T such that
Alr & L. Since f,0x = O holds universally, H°(Xr, 0 %,) = Or, and automorphisms
of & € Picxs(T) over [Z] are given by Gy, 7. O

Let Zict /s be the open and closed substack of Picx)s consisting of line bundles of
relative degree d, and similarly let Picgl(/s be the open and closed subscheme of Picy/s
consisting of isomorphism classes of line bundles of relative degree d. We again have a
Gn-gerbe [—] : c@icgl(/s — Pici/s.

In what follows, we will denote elements (7" — T',.Z") of Picx,s(T") by a single symbol,
(. By (¥, we mean the element (7" — T, Z"*N).
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Rigidification of .#4
Define the stack .44 to be the stack with objects

N =

WA(S) == {(f:C%S,Dl,...,DNl,g)

o(xo)]}

where f: C'— S and D; are as in the definition of .#,, and ¢ € Picdc//]g(s ).
A morphism
o:(f:C—= S, Di,0) = (f:C"—= S DI

is an isomorphism o : C'— C” of S-schemes such that o*(D;) = D; and o*¢' = (.
We have a natural map .#,4 — 44 given by

(f O — SaDiaga(b) = (f : C—)S,D“[.ﬁ/ﬂ])
Proposition 4.3.2. .#, — N} is a un-gerbe and thus Ny is the uy-rigidification of A 4.

Proof. Let (f : C — S, D;,f) € A4(S). Then £ is a pair (S’ — S,.Z") such that there is an
fppf cover S; — S’ x ¢ S” where the pullbacks of £ agree. Moreover, that (N = [0c (3", iD;)]
means there exists an fppf cover Sy — S’ xg S = S’ where the pullbacks of .Z"*Y and
Oc()_,1D;) agree. Taking a mutual covering of S; and Sy, say 5" = S; xg S we get
a line bundle .Z on Cg», which is the pullback of #’, and an isomorphism ¢ : £V —
Ocy, (3;1D;).

Let (f : C — S,D;,%,¢1) and (f : C — S, D;, %5, ¢2) be two elements of .#Z4(S)
over (f : C = S, Dy, [ 4] = [%]) € A4(S). Then there exists an fppf cover S’ — S such
that Z|s = %ls. Choose an isomorphism, say ¢. Then ¢, o ¢ agrees with ¢; up to
multiplication by some s € G,,(S’), and fppf locally, we may take the Nth root of s, and
compose with ¢, so that fppf locally, our elements of .#4(S) are isomorphic.

Finally, automorphisms of (f : C' — S, D;, £, ¢) over (f : C' — S, D;,[Z]) are given by
Un.s, since they consist of pairs (id, 7) such that 7: % = % and 7V = id. ]

We also define .44 to be the stack with objects and morphisms of .44 having disjoint
divisors, as in .#a. Then .#x — N4 is also a puy-gerbe, and Ma X Na = M 4.

Let €, be the universal curve of genus g and consider the stack Pic% ]7 4y with objects

Picy),, () = {(/:C = s, Picg(9)) }.

and morphisms o : (f : C — S,0) — (f : C" — S, ') given by isomorphisms o : C' — C’
such that o*¢' = /.

We have a natural map A4, — Picdcg/]/vjz given by (f : C — S, D;,0) — (f : C — S, {).
Note also that Y

_ d1 . dn_1 . d/N
N = (Sym%//xg Xty " Xty SyMeg, ///zg) XPict | 4 Picy ) 4,
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where the fiber product is taken over the map that sends (f : C — S,{D;}) to (f : C —
S, [0c(>°,iD;)]), and the map that sends (f : C — S,¢) to (f : C — S,¢Y). The map

Ny — Pic% ]7 “, is projection onto the second factor.
Proposition 4.3.3. When g = 0, we can make the following simplifications.
1. My = BPGLs.

2. 6y = [PV/PGLy] is the universal curve of genus 0, where V. = k% and PGLsy acts on
PV wvia the standard representation of SLy on V.

3. Pic, ; 4 = BPGL; for all d.
4. Symi}o//{o = [PSym?V/PGLy] is the moduli of degree d divisors on genus 0 curves.
5. Symf?o////o X BPGLy * * * X BPGLy Symd%g;j/fo = [(IP’Symd1V X e X ]P’SymdN‘IV)/PGLg].

Proof. (1) is Example a special case of Proposition [4.2.3|
For (2), let V be the standard representation of SLy, so V = k%2 and SL, acts via

(A B) (96) - (Ax . By) , as in Example@.2.150 Then ji, acts by the standard character,

C D) \y Cz + Dy
and the action descends to an action of PGLy on PV. Let f: X — S be a genus 0 curve,
and S — BPGLy be the torsor Ix : (T'— S) +— {0 : X xgT = PVp = PL}. Due to the
commutativity of the diagram

PV x Iy > PV
\
\ Ix ‘ > Spec k
|
(PV x Ix)/PGLs l > [PV/PGLs]
\
\ S » BPGLo,

[

we would like to show that (PV x Ix)/PGLy; = X. Indeed an isomorphism is given by
sending (x,0) € PV x Iy to o~ !(z), which descends to an isomorphism on the quotient.

For (3), we have Picg, .4, = 7Z % 4#,, and for each d, Picflgo oy = Ao, represented by the
class of 0(d) on PV.

For (4) and (5), we use the fact that for two SLy representations V; and V5 that descend
to actions of PGLy on PV} and PV,, we have [(PV; x PV,)/PGLy] = [PV, /PGLs] X gpaL,
[PV3/PGLy]. One can see this by taking the PGLy quotient of the cartesian diagram of
PV; x PV,. Assuming statement (4), statement (5) follows. For (4), we may view PSym*V
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as the space of polynomials of degree d in 2 variables up to multiplication by a scalar, and
the zero locus of this polynomial is a degree d divisor on PV. Thus, PV = PSym'V and
PSym?V = (PV x---xPV)/Sy. Let f : X — S be a genus 0 curve. Using a similar argument
as in the proof of (2), we see that

(PV x -+ xPV)/Sy x Ix)/PGLy = (X Xg -+ xg X)/Sa,

which shows that [PSym?V/PGL,] is the moduli of degree d divisors on genus 0 curves.
Alternatively,

Sym(fb///{0 (6o X.to Xty €0)/Sa = [PV x -+ x PV) /PGLs] /Sy

= [((PV x --- x PV)/S,)/PGLy] = [PSym?V/PGLy]. O

From the proposition, we can conclude that when g = 0,
Ha = [(PSym™V x -+ x PSym™=1V) /PGLy| — Picy/} , = BPGL,
is a composition of Brauer—Severi stacks. Indeed, write
Zi = [PSym™ V/PGLy] X ppar, - - - X BpaL, [PSym®V/PGLs],

and we factor v by

Vi = X = 0 2 27— BPGL,, (4.3.3.1)

where each ~; is a projection onto the first ¢+ — 1 factors. Then
Z; = Zi-1 XppaL, [PSym™V/PGLy),

so Z; — Z;_1 is a Brauer-Severi stack, given by the pullback of [PSym%V/PGLy] —
BPGLs.

The Brauer group of .4}
Theorem 4.3.4. Let N,dy,...,dy_1 € Z such that N|d :=>_id; and

g = % <—2N + Z id;(N — ged(i, N)) + 2)

is an integer greater than 1. Then A = (0, N,dy,...,dn—1) is a g- admzsszble datum. If all
d; are even, H* (N4, G,,) = Z/27Z, and if any d; is odd H*( N3, G,,) =
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Proof. From the factorization of v : N4 — BPGL; as a composition of Brauer—Severi
stacks, we get a factorization of v* : H?(BPGLy, G,,) — H?*(A#4,G,,) as a composition of the
v HA(Zi1,Gp) — H*(Z:,G,,), and by Gabber’s Theorem , these are surjections
such that §([Z;]) — 0.

Recall that 2; = 2i_1 X paL, [PSym®V/PGL,] is the Brauer-Severi stack given by the
pullback of [PSym%V/PGLy] — BPGL; to 2;. We have

§([[PSym%V/PGLy]]) € H*(BPGLy, G,,) = Z./27

given by [d;] € Z/27Z by Example so 0([Zi]) € H*(Zi_1,G,,) is just the image of [d;]
under
H?*(BPGLy,G,,) - H*(Zi-1,G,,).
Thus under H*(BG,G,,) - H*(23,Gy,), [di] = 0, and under v* : H*(BPG Ly, G,,,) —
H?*(A4,Gy,) and [d] = 0 for all i = 1,...,N — 1. Then if all d; are even, H*(A}4,G,,) =
Z)2Z, and if any d; is odd, H*(A4,G,,) = 0. O

The Brauer class of .Z4

Now, since H? (WA, G,y,) is either 0 or Z/2Z, depending on the parities of the d;, the Brauer
class of .#, is either trivial or nontrivial of order 2. We now compute precisely what the
Brauer class of .#4, and thus also .# 4, is.

Theorem 4.3.5. Let A = (0,N,dy,...,dy_1) be as above. Then [%AGM] = [v"Yuyn| €
H2( N4, Gy,), where Gy n is the G,,-gerbe over BPGLy of degree d/N line bundles on genus
0 curves, and vy : Ny — BPGLy is the natural forgetful map. In particular, if all d; are

. 7R Grn . .. . — Gm . ..
even and d/N is odd, then //AA 1s nontrivial of order 2, otherwise, ///AA 18 trivial.

Moreover, since the restriction map on Brauer groups is injective, the same holds for ///QG’"

where the divisors are disjoint.

Proof. We work with the following diagram

Py — P

T

Ny —— BPGL,,

where P := [PV/PGLy] is the universal curve of genus 0, as in Example |4.2.15]
Consider the G,,-gerbe over BPGL,,

41n(S — BPGLy) = {degree d/N line bundles on S X gpar, P}.

We have [¢,/y] = [d/N]| € H*(BPGL,,G,,) = Z/2Z.



CHAPTER 4. BRAUER GROUP OF BG AND BRAUER-SEVERI STACKS ON BG 88

We will show that [.#,4]"¢" = [y*%,n], where [.#4]"®" is the Brauer class of .#,
that is, the image of [.#4] under the map H?(#}, pN) = H*(A},,G,,) coming from the

inclusion puy — Gy, and v*9,/n is the G,,-gerbe over .4, given by the cartesian product
94/N X BPGL, A4. In particular,

V*Gan (S — Aa) = {degree d/N line bundles on S X gpar, P}.
We define a morphism of stacks .Z, — v*¥9, /N by
(f:C—=8,D;,2,¢) = ((f: C =5 D, [£]), Z).

We can identify S x ppar, P with the curve C, so to give an object of "9,/ n, we must give a
degree d/N line bundle on C, namely .. The map on morphisms is the identity map, thus
the map on stabilizers is the inclusion py — G,,, so indeed [.#Z4] \Cm = (VG-

If d/N is even, then ¥,y is the trivial gerbe over BPGL,, and if d/N is odd, then it is
nontrivial, isomorphic to BGLy. Together with the calculation of H?(.4%4,G,,), the result
follows. Finally, consider the open restriction map

res : H*( N4, G,,) — H* (N4, G,),

. ——NGm . .. _
which sends [AZ. 0 ] = [.#4,%™]. Due to the injectivity of the restriction map on Brauer
groups, we get the same result for [.Z4%"]. O

Remark 4.3.6. In the case where d is even, we can actually write down the class of .#, as
a puy-gerbe over .4, rather than just the class of its pushout to G,,. However, as remarked
in the introduction, since the restriction map is not injective on H?(uy), this is not sufficient
to compute the uy-class of the open substack .# 4, whose moduli we are interested in.

Our gerbe of interest, .#4 — A4 can be rewritten as follows,

MA(f S = M) ={L, 0 L%V = [70(D)},

where .Z is a line bundle on Pg (which we have identified with C), 2 = ), %; is the sum of
the universal divisors on P 4, and f': Pg — P 4,.
Consider the G,,-gerbes over BPGLy, using notation from Corollary |4.2.14]

%d(S — BPGLQ) = {ﬁ(d) on S X BPGLs IP)},

We have
[4,] = [d] € H*(BPGL,,G,,) = Z/27,

[%11 ~~~~~ N1 } - [Z z'dl} — [d] € H*(BPGLy, G,,) = 7,/2Z,
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by Corollary |4.2.14] and Example [4.2.16| From this, we can conclude that ¢, = %dll """
and the isomorphism comes from the fact that, whenever such line bundles exist,

6(2) =" 0(d) @ 7" 0(1,...,N - 1).

The existence of €(d) on P is equivalent to the existence of &(1,..., N — 1) on .4}, and
both exist after pulling back to 4. If d is even, the class of ¥, is trivial, meaning that &'(d)
exists on P and O(1,..., N — 1) exists on 4.

Thus, if d is even, we have . #4 = #' @ #", where

M (f:8— W) ={L ¢ LN = frrg1,. .. N —1)},

%//<f .S 714) — {f”)(ﬂ/ . g//@N ~ f/*’)/*ﬁ(d)}.

First, note that .#’ is isomorphic to the ppy-gerbe of Nth roots of &(1,...,N — 1) on
Na,

VOo,....N=1)(f:S— A) ={L,¢: LN = f*O(1,...,N — 1) on S}.

A map is given by sending (L, ¢) to (7*L, 7*¢). From the exact sequence 1 — uy — G, —
G,, — 1, we get o o o
HY (N2, G) — H*(ANa, ) = H (N, G),

and the first map thus sends the line bundle ﬁ_(l, .., N =1) to A", so under the second
map, .#' +— 0. Thus, [.#']"®" = [BG,,] € H*(A4,G,,), and thus [.#"]"Cm = [ ,]"\C.

Next, the same exact sequence gives
0 = H'(BPGL,y,G,,) — H*(BPGLy, uyn) — H*(BPGL,,G,,) — H*(BPGL,,G,,)

with H?*(BPGLs, G,,) = Z/2Z. The rightmost map sends [%,/n] — [44] = 0, so the class of
%1/~ comes from the pushout of a piy-gerbe on BPGLy, which can be described as follows,

H(f: S — BPGLy) = {ZL,¢: L% = f*0(d) on S xppar, P}.

Thus we see that .#" = ~*, and

MMM =N O,... N —1)Qy .
Moreover, this confirms that

) = L") S = [y Ao = 7 ],
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