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ABSTRACT OF THE THESIS

Minimum Rank Positive Semidefinite Matrix Completion with Chordal Sparsity Pattern

by

Xin Jiang

Master of Science in Electrical Engineering

University of California, Los Angeles, 2017

Professor Lieven Vandenberghe, Chair

In recent years, semidefinite programming has been an important topic in the area of convex

optimization, and several methods for exploiting the sparse structure in semidefinite pro-

gramming problems have been developed. Some methods have been proposed to transform

the standard semidefinite program into a conic optimization problem with respect to the cone

of positive semidefinite completable matrices, and to take advantage of the sparsity pattern

of the completable matrices. However, the problem arises of how to recover an optimal solu-

tion for the original semidefinite program, i.e., how to find a positive semidefinite completion

for the positive semidefinite completable solution. In particular, a low-rank completion is of

great interest in many applications. In general, it is difficult to determine the minimum rank

among all positive semidefinite completions. However, if the sparsity pattern is chordal, effi-

cient algorithms are known for constructing a positive semidefinite matrix completion with

minimum rank.

In the thesis, we investigate this completion approach as an inexpensive post-processing

technique for semidefinite relaxations of nonconvex quadratic problems. We test the method

on semidefinite relaxations of the optimal power flow problem. By numerical experiments,

we show that the completion results substantially reduce the rank of the solution for the

semidefinite relaxation.
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CHAPTER 1

Introduction

In semidefinite programming (SDP), one minimizes a linear objective function of a symmetric

n×n matrix variable X subject to a set of linear equality constraints and a matrix inequality

constraint:

minimize tr(CX)

subject to tr(AiX) = bi, i = 1, . . . ,m

X � 0,

(1.1)

where C, A1, . . . , Am are all symmetric n×n matrices. Here X � 0 means that the symmet-

ric matrix X is positive semidefinite. The semidefinite programming has been extensively

studied since the 1990s. Subsequent researches in semidefinite programming have shown the

wide variety of application in convex optimization. In this thesis we will be interested in its

usefulness in semidefinite relaxation techniques for nonconvex quadratic optimization.

1.1 Semidefinite Relaxation of Quadratic Optimization

Since the 1990s, semidefinite relaxation techniques have been widely studied and applied to

many fields. It was first introduced in combinatorial optimization [GW95, Ali95], and then

widely used in polynomial optimization [Par03, Las09, Las15]. It is also a well-studied, pow-

erful approximation method for various quadratic optimization problems [Luo03] including

waveform design in radar [MNH+09, MNH+08], phase unwrapping [XLJ09], sensor localiza-

tion [BY04]. In most applications mentioned above, the problem is modeled as a nonconvex

1



quadratically constrained quadratic program (QCQP), i.e.,

minimize xTCx+ dTx

subject to xTAix = bi, i = 1, . . . ,m,
(1.2)

where the variable is x ∈ Rn and the given matrices C and Ai’s are general real symmetric

matrices. It is a nonconvex problem due to the indefiniteness of matrix C as well as the

nonlinear equality constraints. As an example, the famous two-way partition problem is a

nonconvex QCQP, i.e.,

minimize xTCx

subject to x2i = 1, i = 1, . . . , n,
(1.3)

The problem (1.3) is known as an NP-hard problem, but it is the optimization model for

many real-life applications like multi-in-multi-out (MIMO) detection. Hence, the semidefinite

relaxation is introduced to approximate the above QCQP (1.2). The fundamental step is to

transform the quadratic form into an inner product of matrices, i.e.,

xTCx = tr(xTCx) = tr(CxxT )

xTAix = tr(xTAix) = tr(Aixx
T ).

The tr operator means the trace of a matrix. Then by introduction of variable X = xxT ,

we get an equivalent matrix optimization problem:

minimize tr(CX)

subject to tr(AiX) = bi, i = 1, . . . ,m

X � 0, rankX = 1,

(1.4)

where the variable X ∈ Rn×n is symmetric and positive semidefinite. But the problem (1.4)

is still difficult to solve, mainly due to the nonconvex rank constraint rankX = 1. The

only difference between the nonconvex problem (1.4) and the standard form SDP (1.5) is the

rank constraint. Hence, the standard form SDP (1.1) can be attained by simply dropping

the rank constraint, i.e.,

minimize tr(CX)

subject to tr(AiX) = bi, i = 1, . . . ,m

X � 0.

(1.5)

2



The resulting problem (1.5) is thus convex, and can be solved efficiently by many solvers

[Bor99, Stu98, GB14]. However, the penalty is that the optimal solution X? for (1.5) is

not guaranteed to be optimal for (1.4). If X? is a rank-one matrix, then we can construct

x? ∈ Rn with X? = x?(x?)T , which is optimal for (1.4). On the other hand, if the rank of

X? is larger than one, then the problem remains that how we can extract a vector x̃ from

X? to approximate the optimal solution for (1.4). In many optimization problems, there are

a set of optimal solutions, and the interior point methods typically give an optimal solution

with maximal rank. Hence, this relaxation technique often fails in reconstructing an optimal

solution for (1.4).

1.2 Sparse Semidefinite Optimization

To solve a semidefinite programming problem, we can exploit the structure of the coefficients.

Sometimes, the coefficient matrices C and A’s are sparse, i.e., a large portion of elements in

the matrix are required to be zero. Furthermore, in many applications they share the same

sparsity pattern, formally defined in section 2.1. Some examples are semidefinite relaxations

of combinatorial graph optimization problems [Ali95, GW95] and eigenvalue optimization

problems for symmetric matrices associated with graphs [BDX04]. Semidefinite optimization

or semidefinite relaxation techiques are also extensively used for sensor localization problems

within large-scale networks [BY04, BLT+06, BLWY06] and many machine learning appli-

cations [WS04, WSZS07, XSB06]. The graph structure of these applications is naturally

inherited by the SDP [AVD10]. In addition, SDP formulation of problems involving ma-

trix norms and robust quadratic optimization are found to share the same sparsity pattern

too. In certain situations, SDP (1.5) can be transformed into the following sparse SDP

[FKMN01, NFF+03, Sun15, SAV13, VA14]

minimize tr(CX)

subject to tr(AiX) = bi, i = 1, . . . ,m

X �c 0,

(1.6)

3



where the matrix variable X is symmetric and sparse. The inequality in (1.6) means that the

symmetric matrix X has a positive semidefinite completion, i.e., we can construct a positive

semidefinite matrix by replacing zero elements in X with other numbers. The equivalence

between (1.5) and (1.6) can be easily established. If X is optimal in (1.6), then any positive

semidefinite completion of X is optimal in (1.5). Conversely, if X is optimal for (1.5), then

the projection of X on the sparse pattern is optimal in (1.6).

By formulating SDP (1.5) as a sparse semidefinite optimization problem (1.6), we can

reduce the dimension of the problem from n(n+ 1)/2 (for X ∈ Sn) to a number equal to the

nonzero elements in the sparsity pattern. Although by transforming SDP (1.5) into sparse

SDP (1.6), we change the types of inequality constraints used in the problem, it is reasonable

to expect reduction of the computing complexity of interior-point methods for these sparse

problems. We refer readers to section 2.1 for detailed discussion.

After we solve the sparse SDP (1.6), the remaining problem is to find a positive semidef-

inite completion for the solution, which is also optimal for (1.5). As discussed in section

1.1, among all positive semidefinite completions, we are most interested in the one with the

lowest rank. In general, it is difficult to determine the minimum rank of positive semidefinite

completions, not to say to construct a matrix with certain rank. However, it turns out that

if the variables and coefficients share a chordal sparsity pattern, which is defined in section

2.2, then we are able to determine the minimum rank of positive semidefinite completion

[Dan92], as well as to construct a completion with the minimum rank [Sun15]. If the min-

imum rank is one, then we can get an optimal solution for the nonconvex SDP (1.4), as

well as the nonconvex QCQP (1.2). Moreover, in many applications the coefficient matrices

are proven to be chordal, or can be extended into a chordal sparsity pattern (see section

2.4). Hence, the procedure of finding the minimum rank completion is extremely useful with

chordal sparsity pattern, and we show an example in the optimal power flow problem in

later chapters. The results show that by the minimum rank completion algorithm, one can

substantially reduce the rank of the optimal solution for the optimal power flow problem.

4



1.3 Outline

The remainder of the thesis are organized as follows. Chapter 2 provides the necessary

background for semidefinite optimization with sparsity pattern and preliminaries for under-

standing chordal sparsity. The algorithm for minimum rank positive semidefinite matrix

completion with chordal sparsity pattern is introduced in chapter 3. In chapter 4, we intro-

duce the optimal power flow model and see how the algorithm in chapter 3 can be applied

to the OPF problem.

1.4 Notation

The notation Sn is the set of symmetric matrices of order n. Sn+ = {X ∈ Sn | X � 0} and

Sn++ = {X ∈ Sn | X � 0} are the sets of positive semidefinite and definite matrices of order

n, respectively. The set Sn++ is the interior of Sn+, i.e., Sn++ = int Sn+.

Similarly, Hn is the set of Hermitian matrices of order n. Hn
+ = {X ∈ Hn | X � 0}

is the set of positive semidefinite and definite matrices of order n, with Hn
++ = {X ∈ Hn |

X � 0} its interior. The trace notation tr(XY ) =
∑n

i,j=1XijYij denotes the inner product

of symmetric or Hermitian matrices of order n, according to the context.

The notation K∗ denotes the dual cone of a cone K, i.e.,

K∗ = {Y | tr(XY ) � 0 for all X ∈ K}.

5



CHAPTER 2

Semidefinite Optimization with Chordal Sparsity

Pattern

Semidefinite programs (SDPs) have been a hot topic for over two decades [VB96, LMS+10],

but exploiting sparsity in SDP still remains a great challenge in this field [FKMN01, Haz08].

In this chapter, we introduce the methods to represent sparsity pattern in matrices, and

show the equivalence between the primal-dual pair of standard SDP and the primal-dual

pair of a sparse matrix conic program. Next we introduce the concept of chordal sparsity.

With the properties in chordal graphs, we show how to decompose the above sparse matrix

conic programs into several small-size dense SDPs, which can be solved efficiently in existing

SDP solvers.

2.1 Sparsity in Semidefinite Optimization

2.1.1 Symmetric Sparsity Pattern

An undirected graph is a pair G = (V,E), with V a finite set and E a subset of {{v, w} |

v, w ∈ V }. The elements of V are called vertices or nodes of the graph, the elements of E

its edges. The notation {v, w} is used to emphasize that there is no self-loop in edges, i.e.,

v 6= w, and that the order of the vertices does not matter, i.e., {v, w} = {w, v}. We use the

structure of an undirected graph G = (V,E) to describe the sparsity pattern of a symmetric

matrix. Suppose the vertex set in graph G is V = {1, 2, . . . , n}, and then the edge set is

represented as

E ⊆ {{i, j} | i, j ∈ V }.

6



5

2

3

1 4

Figure 2.1: Sparsity pattern for matrix (2.1).

A symmetric matrix X has sparsity pattern E if its entries Xij = 0 when i 6= j and {i, j} /∈ E.

But the other entries in X, i.e., the diagonal entries Xii and off-diagonal elements Xij with

{i, j} ∈ E, may or may not be nonzero. We use the notation SnE to denote the set of

n× n symmetric matrices with sparsity pattern E. Fig. 2.1 shows the corresponding graph

structure of the sparsity pattern of matrix X ∈ S5
E:

X =



X11 X21 X31 0 X51

X21 X22 0 X42 0

X31 0 X33 0 X53

0 X42 0 X44 X54

X51 0 X53 X54 X55


. (2.1)

We can use different sparsity patterns and sparse graphs to describe the same matrix. For

any edge set with E ⊂ E ′, the graph G′ = (V,E ′) can also be used to describe the sparsity

pattern of X. The sparsity pattern E ′ is called an embedding or extension of sparsity pattern

E.

We define the dense principal submatrix of a sparse matrix X as a principal submatrix

of A with nonzero entries. A dense principal submatrix corresponds to a complete subgraph

of G. For example, a dense principal submatrix of (2.1) is
X11 X31 X51

X31 X33 X53

X51 X53 X55

 . (2.2)

7



The corresponding complete subgraph has vertex set W = {1, 3, 5}. But note that the above

concepts of “nonzero” means “possibly nonzero”. As in the above example, it means that

there exists some matrices in SnE with nonzero entries in the nine positions in (2.2). The

same idea applies to “dense principal submatrix”. A clique W of a graph G is a subset of

vertices W ⊆ V that induces a maximal complete subgraph1. So a clique in a sparse graph

is a maximal dense prinicipal submatrix in the corresponding sparse matrix.

2.1.2 Sparse Matrix Cones

In this subsection, we introduce two sparse matrix cones and show that they are dual cones

of each other. Then in the following subsection we show how the standard form semidefinite

programs (SDP) can be reformulated into semidefinite programs with sparsity pattern.

The positive semidefinite matrices with sparsity pattern E form a convex cone

SnE,+ = SnE ∩ Sn+ = {X ∈ SnE | X � 0}.

This cone is closed and convex since it is an intersection of a subspace and a closed convex

cone. It is also pointed, i.e., without any lines, since this case in which X � 0 and −X � 0

is X = 0. It also has a nonempty interior SnE,++ = SnE ∩ Sn++ where Sn++ is the set of all

positive definite matrices. Hence, it is a proper cone.

We are also interested in those matrices in SnE that have a positive semidefinite comple-

tion. It turns out that the set

SnE,c+ = {projE(X) | X ∈ Sn+}

is also a convex proper cone. It is convex since it is the projection of a closed convex cone

Sn+ on the subspace SnE.

Next we prove that it is pointed. Assume A ∈ SnE,c+ and −A ∈ SnE,c+. Then there exists

1Some authors define a clique as any subset of nodes that induces a complete subgraph, maximal or not.

In this thesis, we use the term complete subgraph for this purpose, and reserve the term clique to denote

maximal complete subgraphs.

8



X, Y � 0 such that A = projE(X) = −projE(Y ). Hence, we have projE(X + Y ) = 0. But

X + Y � 0. Therefore, we must have X = Y = 0.

To prove the closedness of the positive semidefinite completable cone, we need the fol-

lowing theorem.

Theorem 2.1 ([Roc70], theorem 9.1). If C is a closed convex cone and M a linear mapping

satisfying

N (M) ∩ C = {0},

where N (M) indicates the nullspace of M , then M(C) is closed.

The closedness of SnE,c+ is established if we apply this theorem to C = Sn+ andM = projE.

Hence, cone SnE,c+ is a proper cone.

Now we show that the positive semidefinite completable cone SnE,c+ and the positive

semidefinite sparse matrix cone SnE,+ are actually dual cones of each other in SnE, under the

inner product trace, i.e., tr. First we show that the dual of SnE,c+ is SnE,+.

(SnE,c+)∗ = {Y ∈ SnE | tr(XY ) ≥ 0, ∀X ∈ SnE,c+}

= {Y ∈ SnE | tr(projE(X̂)Y ) ≥ 0, ∀X̂ ∈ Sn+}

= {Y ∈ SnE | tr(X̂Y ) ≥ 0, ∀X̂ � 0}

= SnE,+.

To prove the other direction, we borrow the result from page 121 in [Roc70] that the dual

of the dual of a convex cone is the closure of the cone. Hence, we have

(SnE,+)∗ = ((SnE,c+)∗)∗ = cl SnE,c+ = SnE,c+

since the proper cone SnE,c+ is closed itself. From the above proofs we can see that the pair

of dual relationship holds for any sparsity pattern E.

2.1.3 Semidefinite Programs with Sparsity Pattern

With the properties of matrix sparsity pattern as well as two sparse matrix cones, we are

now ready to consider the semidefinite programs with sparsity pattern. In general, exploiting

9



sparsity in SDPs remains a great challenge. One of the difficulties lies in the dense pattern

of the variable X ∈ Sn in the standard form SDP

minimize tr(CX)

subject to tr(AiX) = bi, i = 1, . . . ,m

X � 0.

(2.3)

Even when the coefficients Ai, C share the same sparsity pattern, the sparse property cannot

be generalized to the feasible set of the problem (2.3), not to say the optimal solution.

Exploiting sparsity in the dual form could be more straightforward as the slack variable

S ∈ Sn in the dual problem

maximize bTy

subject to
m∑
i=1

yiAi + S = C

S � 0

(2.4)

shares the same (aggregate) sparsity pattern as the coefficients Ai and C. In most SDP

solvers, however, solving the dual problem usually involves the computation of the inverse

of S, which is dense in most cases.

Some papers [FKMN01, NFF+03, Bur03, SV04] transform the problems into several op-

timization problems in the subspace of sparse symmetric matrices. Specifically, if coefficient

matrices Ai and C share the same sparse pattern E, i.e., Ai, C ∈ SnE, then the standard

primal-dual SDP pair (2.3 and 2.4) is equivalent to the following pair of problems

minimize tr(CX)

subject to tr(AiX) = bi, i = 1, . . . ,m

X �c 0,

(2.5)

with primal variable X ∈ SnE, and

maximize bTy

subject to
m∑
i=1

yiAi + S = C

S � 0,

(2.6)

10



with dual variables y ∈ Rm and S ∈ SnE. The inequality in the primal (2.5) X �c 0 means

that the symmetric matrix X with sparsity pattern E has a positive semidefinite completion,

i.e., X is the projection of a positive semidefinite matrix on the cone SnE

X �c 0 ⇐⇒ X ∈ SnE,c+.

Also note that the slack variable S in (2.6) is in the positive semidefinite cone SnE,+ that we

defined in the previous subsection.

It is clear to see the equivalence between (2.3-2.4) and (2.5-2.6). If X is optimal in (2.5),

then any positive semidefinite completion is optimal in (2.3). Conversely, if X is optimal in

(2.3), then projE(X) its projection on SnE, is optimal in (2.5). By adding the constraint of

sparsity pattern, we reduce the dimension of the problem from n(n + 1)/2 to the number

of lower-triangular zeros in the pattern E. Furthermore, if the sparsity pattern is chordal,

some more efficient methods have been introduced to deal with the primal-dual pair of the

problems (2.5-2.6), resulting in a more efficient and reliable solver.

2.2 Chordal Sparsity

2.2.1 Basic Graph Theory

Before we formally define chordal graphs, we will briefly review some basic concepts in graph

theory and give our notations (see e.g., [Die12] or [Gol80] for more details). For an undirected

graph G = (V,E), two vertices v and w are adjacent if {v, w} ∈ E. A path between v and

w 6= v is a sequence of distinct vertices (v0 = v, v1, · · · , vk = w) with {vi, vi+1} ∈ E for

i = 0, . . . , k − 1. A cycle is a path with no repeated vertices other than the ending vertices

(i.e., v0 = vk). A chord of a cycle is an edge that joins two non-consecutive vertices of the

cycle.

Two vertices are said to be connected if there exists at least one path that has the two

vertices as its end points. A graph is connected if any two vertices inside the graph are

connected. A maximal connected subgraph of G is a component of G.

11
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Figure 2.2: Ordered undirected graph.

The neighborhood or adjacency set adj(v) of a vertex v is the set of vertices adjacent to it:

adj(v) = {w | {v, w} ∈ E}.

The degree of vertex v is the number of vertices adjacent to it, i.e., deg(v) = |adj(v)|.

Ordered undirected graphs

An ordering of an undirected graph G = (V,E) is a numbering of its vertices, or equivalent, a

bijection from {1, 2, . . . , n} to V if |V | = n. We may also use the notation σ : {1, 2, . . . , n} →

V to denote a sequence of vertices σ = (σ(1), . . . , σ(n)). We refer to σ−1(v) as the index of

vertex v. An ordered graph, denoted as Gσ = (V,E, σ), is an undirected graph G = (V,E)

with an ordering σ. Then we use the generalized inequality notation v ≺σ w for σ−1(v) <

σ−1(w) and v �σ w for σ−1(v) ≤ σ−1(w). The subscripts in ≺σ and �σ are sometimes

omitted if the ordering σ is clear from the context. To visualize an ordered graph Gσ, we

use a lower-triangular array (or table) with the vertex names on the diagonal and a dot in

the entry (i, j) (i > j) if the vertices σ(i) and σ(j) are adjacent. An example is shown in

Fig. 2.2. Two types of monotone neighborhoods are defined in ordered graphs:

adj+ = {w ∈ adj(v) | w � v},

adj− = {w ∈ adj(v) | v ≺ v}.

The first set is called the higher neighborhood or higher adjacency set of v while the second

set the lower neighborhood or lower adjacency set. Correspondingly, the higher degree and

12
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Figure 2.3: Tree and one postordering.

lower degree are defined by

deg+ = |adj+(v)|, deg− = |adj−(v)|.

It is easy to identify the higher and lower adjacency set in the matrix representation form

of an ordered graph. The indices of the elements of adj−(v) are the column indices of the

entries in row σ−1(v) of the matrix; the indices of the elements of adj+(v) are the row indices

of the entries in column σ−1(v). In Fig. 2.2, adj−(d) = {c} and adj+(d) = {b, c}.

We use the notation col(v) and row(v) for the closed monotone neighborhoods

col(v) = {v} ∪ adj+(v), row(v) = {v} ∪ adj−(v).

Trees

An undirected graph is a tree if it is connected and does not contain any cycles. A rooted

tree is a tree with a special vertex designated as the root of the tree, as in Fig. 2.3a.

An important property in trees is that a unique path exists between any two vertices of

a tree. If v is a non-root vertex and w is the first vertex on the path from v to the root, then

w is the parent of v and v is called a child of w. The set of children of v is denoted ch(v).

A childless vertex is called a leaf of the tree. We define the parent function p : V → V to

denote this relationship. We assume the parent of the root is itself. And parents of degree
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Figure 2.4: Examples of chordal and non-chordal graphs.

k, with k a nonnegative integer, are defined recursively as

p0(v) = v, pk+1(v) = p(pk(v)).

In Fig. 2.3a, we have p(i) = g, p2(i) = d, and p3(i) = a. Furthermore, if w = pk(v) for some

k ≥ 0 then w is an ancestor of v and v is a descendant of w. The ancestor or descendant is

proper if w 6= v.

An ordering σ of a rooted tree is a topological ordering if v ≺σ p(v) for all non-root

vertices v. This means the root vertex has an index n if |V | = n, and every other vertex

has an index lower than its parent. A postordering is a topological ordering in which the

descendants of a vertex are given consecutive numbers. A postordering can be generated by

assigning the indices n, n− 1, . . . , 1 in decreasing order during a depth-first search traversal

of the tree. Fig. 2.3b shows a possible postordering of Fig. 2.3a.

2.2.2 Chordal Graphs

An undirected graph G is chordal if every cycle of length at least four has a chord.2 A sparse

pattern X is called chordal if its sparsity graph G(X) is chordal.

An immediate conclusion from the definition is that subgraphs G(W ) = (W,E(W )) of a

2In history, chordal graphs have been called rigid-circuit graphs [Dir61, FG65, Bun74], triangulated

graphs[Ber86], and acyclic graphs [Lau96].

14



1 2 3 4 5 6 7 8
1
2
3
4
5
6
7
8

1 3 5 7

2 4 6 8

Figure 2.5: Band sparsity pattern and sparsity graph. It is a 2-tree.
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Figure 2.6: Block-arrow sparsity pattern and sparsity graph. It is a 2-tree.

chordal graph G = (V,E) are chordal.

Some trivial examples of chordal graphs are the complete graphs, trees and forests (undi-

rected graphs without any cycles). Here we see two other examples of chordal graphs, i.e.,

k-trees and interval graphs.

k-trees

Obviously, trees are chordal graphs since there exists no cycles inside trees. The k-tree

can be viewed as a generalization of a tree, and it can be defined recursively as follows

[Ros70, Ros74]. A complete graph on k vertices is a k-tree. A k-tree on n + 1 (n ≥ k)

vertices can be constructed from a k-tree on n vertices by adding a vertex adjacent to

exactly k vertices that induce a complete subgraph. The band matrix in Fig. 2.5 is an

example of 2-tree, and in general, the number k is half the bandwidth. An example of 2-tree

is shown in Fig. 2.6, which corresponds to a block-arrow matrix with bandwidth 2. In
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Figure 2.7: Clique tree.

general, the number k is the block-width in block-arrow matrix. When k = 1 in this case,

the corresponding sparse graph is the so-called star graph, which is a tree with one root and

n leaves, if it has n+ 1 nodes.

2.2.3 Clique Trees

A clique tree of a graph G = (V,E) is a tree which has the cliques of G as its vertices. A

clique tree T has the induced subtree property if for every v ∈ V , the cliques that contain v

form a subtree (connected subgraph) Rv of T . An example is shown in Fig. 2.73. It is shown

that chordal graphs are exactly the graphs for which a clique tree with the induced subtree

property exists [Bun74, Gav74]. Let T be a clique tree with the above induced subtree

property, and we can arbitrarily pick a clique as the root of T to form a rooted clique tree.

Let the function pc(W ) denote the parent of clique W . Then every non-root clique W can

be partitioned into clique separators and clique residuals, i.e.,

sep(W ) = W ∩ pc(W ), res(W ) = W\sep(W ).

We define sep(W ) = ∅ for the root clique W since it does not have a parent. From the

definition of sep(W ) and res(W ) we can see that every vertex v ∈ V belongs to exactly one

clique residual res(W ). For any vertex v ∈ V , the induced subtree Rv is rooted at res(W )

with v ∈ W , and the other vertices are the cliques that contain vertex v as separators. Proofs

of the above two properties can be found in the survey paper [VA14].

3The examples of clique tree and rooted clique tree are from [VA14].
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Figure 2.9: Rooted clique tree of Fig. 2.5 and 2.6.

Fig. 2.8 shows an example of rooted clique tree of Fig. 2.7 with the clique {c, e, g} is

chosen as the root. The top half-block is the separator sep(W ) while the bottom half is the

residual res(W ). For the clique W = {a, b, c, e}, its clique separator is sep(W ) = {b, c, e} and

clique residual res(W ) = {a}. Fig. 2.9 is the clique trees of band pattern and block arrow

pattern in Fig. 2.5 and 2.6. Fig. 2.10 [VA14] is a useful chordal pattern with two overlapping

diagonal blocks and its corresponding clique tree.
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Figure 2.10: Chordal sparsity pattern with two overlapping diagonal blocks and associated

clique tree.

2.3 Perfect Elimination Ordering

2.3.1 Filled Graph and Perfect Elimination Ordering

An ordered undirected graph Gσ = (V,E, σ) is filled or monotone transitive if higher neigh-

borhood of every vertex is complete, i.e.,

v, w ∈ adj+(u) =⇒ {v, w} ∈ E.

It is easy to see from the definition that the graph G = (V,E) is chordal. Suppose there

exists a cycle with length greater than three in G. Consider the vertex u in this cycle with

least order σ−1(u). We can always find two higher neighbors v, w of vertex u. Then by the

definition of monotone transitivity, there must exist a chord between v and w. Hence, the

vertex set {u, v, w} forms a cycle of three.

An ordering σ of an undirected graph G = (V,E) is called a perfect elimination ordering

of G if the ordered graph Gσ = (V,W, σ) is filled. The paper [FG65] has shown that a graph is

chordal if and only if it has a perfect elimination ordering. Thus chordal graphs are sometimes

called perfect elimination graphs. Rose, Tarjan, and Lueker [RTL76] first published a linear-

time algorithm for constructing perfect elimination orderings. Later, Tarjan and Yannakakis

[TY84] developed the well-known maximum cardinality search (MCS ) algorithm to find a

perfect elimination ordering for chordal graphs. With these algorithms, we can easily test

whether a graph G is chordal by looking for a perfect elimination ordering of G. If the

resulting ordering is a perfect elimination ordering, then G is chordal.
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Figure 2.11: Sparse pattern with perfect elimination ordering and elimination tree of Fig. 2.7.

2.3.2 Elimination Tree

Given a connected undirected graph G = (V,E) with a perfect elimination ordering σ, we

can derive an elimination tree of G. Without loss of generality we can assume G is connected,

and we will use the assumption of connectivity throughout the section. The elimination tree

of Gσ is a rooted tree with vertices V and root σ(n). For vertex v ∈ V , its parent p(v) in

the elimination tree is the least ordered vertex in its higher neighborhood adj+(v), i.e.,

p(v) = argmin{σ−1(u) | u ∈ adj+(v)}.

It is a valid definition since the set adj+(v) is non-empty as long as v is not the root of

the elimination tree. The proof of the above proposition can be found in the survey paper

[VA14]. But note that we cannot reconstruct the structure of G by its elimination tree.

Fig. 2.11 shows the sparse pattern with a perfect elimination ordering of Fig. 2.7 as well as

associated elimination tree.

From monotone transitivity, the subgraph with vertices col(v) = {v}∪adj+(v) is complete,

and we see that higher neighbors of vertex v in G, i.e., elements of adj+(v), are ancestors of

v in the elimination tree. In particular,

adj+(v) ⊆ col(p(v)) = {p(v)} ∪ adj+(p(v)) (2.7)

for any non-root vertex v. Furthermore, if we apply (2.7) repeatedly until we reach the root
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Figure 2.12: Left. Expanded elimination tree of Fig. 2.11. Right. The shaded vertices form

the row subtree of vertex e with row(e) = {a, b, c, d, e, f, h}.

of the elimination tree, we get

adj+(v) ⊆ {p(v), p2(v), . . . , plev(v)(v)}, (2.8)

where lev(v) is the length of path from v to root, and pi(v) = p(pi−1(v)) is the parent of v

of degree i. Or generally, for k = 1, . . . , lev(v), we have

adj+(v) ⊆ {p(v), p2(v), . . . , pk(v)} ∪ adj+(pk(v)). (2.9)

We can also expand the elimination tree in a way similar to building the clique tree. In

this case, the separator is adj+(v) while the node v itself works as the residual. Actually, for

every given v, vertices in row(v) = {u | v ∈ col(u)} form a subtree of elimination tree. And

this row subtree is proven to have the induced subtree property. As an example, Fig. 2.12

shows the expanded elimination tree of Fig. 2.11 as well as the row subtree of vertex e.
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v
· · ·

u w
· · ·

pk(v)

Figure 2.13: Illustration of inequality (2.10). The nodes represent v and its ancestors. Solid

line means the inequality (2.10) holds with equality while dashed line means the inequality

(2.10) is strict.

2.3.3 Maximal Supernodal Elimination Tree

Since the higher degree of a vertex is deg+(v) = |adj+(v)|, from (2.9) we get

deg+(v) ≤ k + deg+(pk(v)), k = 1, . . . , lev(v). (2.10)

Two immediate properties are as follows: if the inequality (2.10) holds with equality for

k = j, then it holds with equality for 1 ≤ k ≤ j, as shown Fig. 2.13 with solid line denoting

equality and u = pj(v). Conversely, if the inequality (2.10) is strict for k = j + 1, then it is

strict for j + 1 ≤ k ≤ lev(v), as shown in Fig. 2.13 with dashed line denoting strict equality

and w = pj+1(v).

For simplicity, we first assume that the vertex w has only one child u and deg(u) <

deg(w) + 1, as shown in Fig. 2.13. Consider the clique W that contains the node w. Then w

has the lowest order in clique W by our assumption. By monotone transitivity, W ⊆ col(w),

and since W is a maximal complete subgraph, W = col(w). In this case, the vertex w is

called the representative vertex of the clique W = col(w). The following theorem [PS90]

shows that our original assumption that u is the only child of w can be generalized to all

children of w have the inequality (2.10) holds with strict inequality:

Theorem 2.2. Let T be the elimination tree of a connected filled graph. A vertex v is a

representative vertex if and only if

deg+(u) < deg+(w) + 1 ∀u ∈ ch(w), (2.11)

where ch(v) denotes the set of children of v in T .

Thus we conclude that every clique can be represented as W = col(w) where w is the

vertex with the lowest ordering in clique W [FG65, Gav72, LPP89]. We can find a partition
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Figure 2.14: Two possible maximal supernode partition of Fig. 2.11. Representative vertices

are shown in rectangles. For every representative node v, maximal supernode snd(v) is drawn

in solid path starting at v. The label next to every node is the number of higher neighbors

deg+(v).

of vertex set V by cliques of G, or equivalently, by the representative vertices. Let V c be

the set of representative vertices. For every v ∈ V c, the clique that contains node v can be

represented as

snd(v) = {v, p(v), . . . , pnv(v)} (2.12)

where nv = |snd(v)| − 1 with

deg+(v) = deg+(pnv(v)) + nv. (2.13)

The set snd(v) is called the maximal supernode and the first vertex v is called the represen-

tative vertex of the supernode snd(v) [VA14]4. The partition of V is called the maximal su-

pernode partition. Note that in general the maximal supernode partition is not unique, since

any non-representative vertex u may have more than one child w with deg(w) = deg(u)− 1.

A maximal supernodal elimination tree T c can be built according to a maximal super-

node partition. The vertex set of T c is the set the supernodes {snd(v) | v ∈ V c}. The root

4In [LPP89, PS90] they use the term new(v).
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Figure 2.15: The supernodal elimination trees for the maximal supernode partition in

Fig. 2.11.

of T c is the supernode that contains the root of elimination tree σ(n). For any other non-

root supernode snd(v) = {v, p(v), . . . , pnv(v)}, we define the first ancestor [LPP89, PS90]

as a(v) = pnv+1(v), i.e., the lowest ancestor of v that does not in the supernode snd(v).

Then the parent of snd(v) in T c is denoted as snd(q(v)) with a(v) ∈ snd(q(v)), i.e., q(v) is

the representative vertex of the parent of snd(v) in T c. With these notations, we have the

following theorem [VA14]:

Theorem 2.3. Let T c be a supernodal elimination tree of a filled graph Gσ = (V,E, σ), based

on a partition of V in maximal supernodes snd(v). Then for all non-root vertices v ∈ V c,

col(v)\snd(v) ⊂ col(q(v)), (2.14)

where q(v) is the parent of v in T c. For any given u ∈ V , the set {v ∈ V c | u ∈ col(v)} is a

subtree of T c, with as root the vertex v that contains u in snd(v).

Lewis, Peyton, and Pothen [LPP89] have published an algorithm to generate a supernodal

elimination tree T c, the first ancestors snd(v), and the parent function q(v). Later Pothen and

Sun [PS90] have developed a simplified version of the algorithm with input of the elimination

tree and the higher degrees of all vertices. Fig. 2.15 shows the corresponding supernodal

elimination trees of the two maximal supernode partitions in Fig. 2.11.

We can build a clique tree given a supernodal elimination tree as well as the associated

maximal supernode partition [VA14]. The clique separators and residuals are

res(col(v)) = snd(v), sep(col(v)) = col(v)\snd(v),
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Figure 2.16: Two clique trees built from the maximal supernode partition 2.14. The first

element of each separator is the first ancestor a(v).

and the parent function is defined as

pc(col(v)) = col(q(v)).

The clique trees for the supernodal elimination trees in Fig. 2.15 are shown in Fig. 2.16.

2.3.4 Postordered Maximal Supernodal Elimination Tree

Without loss of generality, we assume the order σ = (1, 2, . . . , n) is a perfect elimination or-

dering. The following theorem [VA14, Liu90] states that for any given supernodal elimination

tree, we can always find a topological postordering :

Theorem 2.4. For a given supernode partition {snd(v) | v ∈ V c}, we can always find an

ordering σ with the following two properties.

• The elements of each supernode snd(v) are numbered consecutively: if σ−1(v) = i and

nv = |snd(v)− 1|, then

snd(v) = {σ(i), σ(i+ 1), . . . , σ(i+ nv)}.

• The ordering σ defines a topological ordering of the representative vertices in the su-

pernodal elimination tree T c : v ≺σ q(v) if v ∈ V c and q(v) is the parent of v in

T c.
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Figure 2.17: Illustration of index set in postordered maximal supernodal elimination tree.

Hence, we can assume the maximal supernode partition is in a topological postordering,

i.e., vertices in snd(v) are numbered consecutively and a leaf in the maximal supernodal

elimination tree contains a set of lower-ordered vertices than its parent does. To illustrate,

suppose supernode snd(i) has ni + 1 elements and its parent in the supernode elimination

tree T c is the supernode snd(q(i)), then we have

snd(i) = {i, i+ 1, . . . , i+ ni} and i < q(i).

We refer to a maximal supernode elimination tree with certain topological postordering σ

as postordered maximal supernodal elimination tree. Given a postordered supernodal elimi-

nation tree with a topological postordering σ, we define the following index sets [VA14]:

• For i = 1, . . . , n, define the index set γi = col(i), i.e., the index set γi contains the row

indices of lower-triangular nonzero elements in column i.

• For i ∈ V c, define the index set νi = snd(i), i.e., νi = {i, i + 1, . . . , i + ni} if ni =

|snd(i)| − 1.

• For i ∈ V c, define the index set αi = col(i)\snd(i) = γi\νi. The index set αi is empty

if i is the root of the maximal supernodal elimination tree.

Fig. 2.17 illustrates the above definitions of index sets. Fig. 2.18 shows a maximal supernode

partition of a chordal sparsity pattern with a topological postordering. In this case,

γ3 = {4, 5, 8}, ν3 = {4}, α3 = {5, 8}, and η3 = {6, 7, 9}.
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Figure 2.18: Fig. 2.11 with a topological postordering and a corresponding maximal supern-

odal elimination tree. The dashed lines separate the supernodes in the maximal supernodal

elimination tree.

2.4 Chordal Embedding and Decomposition

2.4.1 Cholesky Factorization

A fundamental result in linear algebra states that for any symmetric positive definite matrix

X and every permutation Pσ with an order σ = (σ(1), . . . , σ(n)), there exists a unique

factorization, known as Cholesky factorization,

PσXP
T
σ = LDLT , (2.15)

where L is unit lower triangular, D positive diagonal. If X is positive semidefinite, then D

is nonnegative diagonal, and the factorization is not unique for every permutation Pσ.

In addition, if the positive definite matrix X has a sparsity pattern E, we can find a

relationship between the sparsity pattern of X and L + LT . The paper [Ros70] proves that

if X ∈ SnE, then

P T
σ (L+ LT )Pσ ∈ SnE′

where E ′ = E∗σ is the edge set of the filled ordered sparsity graph Gσ(V,E, σ).

Furthermore, Rose [Ros70] found the relationship between chordal graphs and matrix
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elimination. Namely, if E is a chordal pattern and σ is a corresponding perfect elimination

ordering, then we have E∗σ = E, which means we get a ‘zero-fill’ Cholesky factorization. And

the original matrix X and its Cholesky factor L+LT share the same sparsity pattern, which

is stated in the theorem below.

Theorem 2.5. A sparsity pattern E is chordal if and only if every positive definite matrix

in SnE has a Cholesky factorization with

P T (L+ LT )P ∈ SnE. (2.16)

2.4.2 Chordal Embedding

Chordal embedding, or triangulation, describes the idea of transforming a non-chordal graph

G = (V,E) into a chordal graph G′ = (V,E ′) by adding edges, i.e., E ⊆ E ′. With all

the properties of chordal sparsity mentioned above, it is not difficult to imagine why chordal

embedding is useful. However, this approach could not be used in non-chordal graphs. Some-

times we also add edges to chordal graphs in order to achieve improvements in computational

efficiency as well as algorithm stability. For example, Fukuda et al. [FKMN01] describes the

trade-offs between number of cliques and clique size, and claims to achieve a balance by the

conversion method.

In practice, there are several factors in chordal embedding that are interesting to re-

searchers. For example, the number of fill-ins, i.e., added edges, is a great concern in some

problems. And actually the number of added edges depends heavily on the ordering of

the graphs. In other words, if we change the order of a graph, we may arrive in different

embedded graph, even with the same algorithm. Also, researches have been done to find

minimum fill-ins. It is interesting because a large number of added edges increases the size

of storage as well as the computation time. But unfortunately, minimum fill-in is claimed to

be an NP-complete problem [RTL76, Yan81], and is not always desirable due to algorithm

complexity.
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An alternative criterion is called minimal chordal embedding [Oht76, Ros74]. It is called

minimal if the removal of any added edge results in a non-chordal graph. In practice, the

minimal chordal embedding algorithm is a useful method to test chordality. If we plug in

a chordal graph, the algorithm outputs a perfect elimination ordering with zero fill-in. For

more discussion on minimal triangulation techniques, one may refer to the survey [Heg06].

2.4.3 Chordal Decomposition of Sparse Matrix Cones

Before we show the two important decomposition theorems of sparse matrix cones, we intro-

duce the concept of index set. Index set indicates an ordered sequence of distinct integers

from {1, . . . , n}, denoted as β = (β(1), . . . , β(r))(r ≤ n). Then the corresponding index

matrix Pβ ∈ Rr×n is defined by

(Pβ)ij =


1 j = β(i)

0 otherwise.

A special case is the one with r = n, which is called a permutation matrix. An immediate

result of the definition is

Pβx = xβ = (xβ(1), · · · , xβ(r)),

where xβ is called a permuted subvector of x. And then if we multiply an n×n matrix with

Pβ on the left and P T
β on the right, we simply extract an r×r principal submatrix with rows

and columns indexed by β, and apply a symmetric reordering to it, i.e.,

PβXP
T
β = Xββ =


Xβ(1)β(1) Xβ(1)β(2) · · · Xβ(1)β(r)

Xβ(2)β(1) Xβ(2)β(2) · · · Xβ(2)β(r)

...
...

...

Xβ(r)β(1) Xβ(r)β(2) · · · Xβ(r)β(r)

 .

Similarly, we have

(P T
β y)i =


yi i = β(j)

0 i /∈ {β(1), . . . , β(r)}.
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Figure 2.19: A chordal sparsity pattern with two overlapping dense principal submatrices.

And then if we multiply an r × r matrix Y with P T
β on the left and Pβ on the right, we

obtain an n× n matrix X with Xββ = Y and zeros in other entries, i.e.,

(P T
β Y Pβ)st =


Yij (s, t) = (β(i), β(j))

0 s, t /∈ {β(1), . . . , β(r)}.

Now we are ready to introduce the decomposition theorems of sparse matrix cones.

Theorem 2.6. ([GT84, AHMR88, Kak10]) Let E be a chordal sparsity pattern of order n.

Then X ∈ SnE,+ if and only if it can be expressed as

X =
∑

cliques γj

P T
γj
HjPγj (2.17)

with positive semidefinite matrices Hj and index matrix Pγj .

Fig. 2.19 illustrates the decomposition theorem 2.6. Theorem 2.6 states that the positive

semidefinite cone SnE,+ can be written as the sum of closed convex cones, i.e.,

SnE,+ =
∑

cliques γj

Kj where Kj = {P T
γj
HjPγj | Hj � 0}.

The cones Kj have simple but dense structures. Also, it can be shown that each cone Kj is

closed, convex and pointed. But since it has empty interior, it is not a proper cone. The

only exception is the complete graph, in which there is only one clique.

If the sparsity pattern E is non-chordal, the decomposition (2.17) may still exist. But for

every sparse matrix with pattern E, we can always find examples that cannot be decomposed

in the form of (2.17). One possible method is introduced in the paper [GT84].

The next theorem establishes the relationship between a positive semidefinite completable

matrix and its positive semidefinite principal submatrices.
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Theorem 2.7. ([GJSW84]) Let E be a chordal sparsity pattern of order n. Then X ∈ SnE,c+

if and only if

Xγjγj � 0 (2.18)

for all cliques γj in the sparsity pattern E. Furthermore, X ∈ int projE(Sn+) = projE(Sn++)

if and only if Xγjγj � 0.

It is also worth noting that if E is non-chordal, the condition (2.18) is necessary but not

sufficient. A simple counterexample is provided in the survey paper [VA14].

2.5 Clique Decomposition of SDPs

With Theorem 2.6 and 2.7, we can decompose the positive semidefinite cone SnE,+ and the

positive semidefinite completable cone SnE,c+ into several small-size but dense cones. It is

first introduced in [FKMN01, NFF+03] as the conversion methods or clique decomposition

methods. Suppose the sparsity pattern E has cliques γ1, . . . , γl. We introduce a separate

variable X̃j for each principal submatrix Xγjγj . Then the primal sparse SDP (2.5) can be

written as

minimize
l∑

j=1

tr(C̃jX̃j)

subject to
l∑

j=1

tr(ÃijX̃j) = bi, i = 1, . . . ,m

X̃j = Xγjγj , j = 1, . . . , l

X̃j � 0, j = 1, . . . , l,

with primal variables X̃j = Xγjγj = PγjXP
T
γj
∈ S|γj |, j = 1, . . . , l, and X ∈ Sn. The

coefficients C̃j and Ãij are matrices that satisfy

l∑
j=1

tr(C̃jXγjγj) = tr(CX)

and
l∑

j=1

tr(ÃijX̃j) = tr(AiX), i = 1, . . . ,m,
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for all X ∈ SnE. The second set of constraints states that the overlapping submatrices Xγjγj

must be consistent. If we denote ξk as the index set of intersection of cliques γk and its

parent clique in the clique tree. Thus it can be rewritten as

Pξk(P T
γj
X̃jPγj − P T

γk
X̃kPγk)P T

ξk
= 0, k ∈ ch(j), j = 1, . . . , l.

Hence the problem becomes

minimize
l∑

j=1

tr(C̃jX̃j)

subject to
l∑

j=1

tr(ÃijX̃j) = bi, i = 1, . . . ,m

Pξk(P T
γj
X̃jPγj − P T

γk
X̃kPγk)P T

ξk
= 0, k ∈ ch(j), j = 1, . . . , l

X̃j � 0, j = 1, . . . , l.

(2.19)

And the dual sparse SDP (2.6) can be written as

maximize bTy

subject to
m∑
i=1

yiAi +
l∑

j=1

P T
γj
HjPγj = C

Hj � 0, j = 1, . . . , l,

(2.20)

with dual variables y ∈ Rm and Hj ∈ S|γj |. Note that Pγj is the index matrix.

As an example, suppose the chordal sparsity pattern E is the one in Fig. 2.18. The cliques

are γ1 = (1, 4, 8), γ2 = (2, 3, 5, 8), γ3 = (3, 4, 5, 8), γ4 = (5, 8, 9), γ5 = (6, 7, 9), γ6 = (7, 8, 9).

The principal submatrices are

Xγ1γ1 =


X11 X14 X18

X41 X44 X48

X81 X84 X88

 Xγ2γ2 =


X22 X23 X25 X28

X32 X33 X35 X38

X52 X53 X55 X58

X82 X83 X85 X88



Xγ3γ3 =


X33 X34 X35 X38

X43 X44 X45 X48

X53 X54 X55 X58

X83 X84 X85 X88

 Xγ4γ4 =


X55 X58 X59

X85 X88 X89

X95 X98 X99


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Xγ5γ5 =


X66 X67 X69

X76 X77 X79

X96 X97 X99

 Xγ6γ6 =


X77 X78 X79

X87 X88 X89

X97 X98 X99

 .
Then separate matrices X̃1, X̃2, X̃3, and X̃4 are introduced and the consistency constraints

are

X̃1,22 X̃1,23

X̃1,32 X̃1,33

 =

X̃3,22 X̃3,24

X̃3,42 X̃3,44



X̃2,22 X̃2,23 X̃2,24

X̃2,32 X̃2,33 X̃2,34

X̃2,42 X̃2,43 X̃2,44

 =


X̃3,11 X̃3,13 X̃3,14

X̃3,31 X̃3,33 X̃3,34

X̃3,41 X̃3,43 X̃3,44


X̃3,33 X̃3,34

X̃3,43 X̃3,44

 =

X̃4,11 X̃4,12

X̃4,21 X̃4,22


X̃4,22 X̃4,23

X̃4,32 X̃4,33

 =

X̃6,22 X̃6,23

X̃6,32 X̃6,33


X̃5,22 X̃5,23

X̃5,32 X̃5,33

 =

X̃6,11 X̃6,13

X̃6,31 X̃6,33

 .
The main advantage of the conversion method is that it dramatically decreases the size

of the matrix variables, which in turn reduces the computation cost. But as a trade-off,

the conversion method introduces a large number of equality constraints in addition to the

m equality constraints in the original problem. If the reformulated problem is solved by

an interior-point method, the increased computing complexity in each iteration may offset

the benefit of the increased sparsity. The above conversion methods can be implemented

in MATLAB package SparseCoLo [FKK+09] and in Python library Chompack [DV09]. Also

it is interesting to know that the conversion method can be used in combination with any

semidefinite optimization algorithm.

In the packages mentioned above, interior-point methods are used to exploit the chordal

sparsity of SDPs. One approach is to apply interior-point methods to the standard SDP (2.3)
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and exploit aggregate sparsity during implementation. It was first introduced in [FKMN01,

NFF+03]. The paper [KHAR15] implements the primal-dual interior-point method to solve

distributed SDPs with a tree structure. The other approach is to treat (2.5) as a conic LP

with respect to the positive semidefinite completable cone SnE,c+. Then the interior-point

method is implemented to the nonsymmetric conic optimization. The survey paper [VA14]

briefly summarizes the procedure, and several applications can be found in [Cha09, Nes12,

SY15, KHA15].

Also several first-order algorithms and splitting algorithms [Sun15, ZG14, DZG12, LZT11]

make use of decomposed SDPs (2.19 - 2.20) to solve the standard SDP (2.3). The paper

[ZFP+16] applies ADMM to the above results of conversion methods, which generates nice

results for large sparse problems in SDPLIB [Bor99]. Z. Lu et al [LNM07] uses proximal

method to solve a convex-concave saddle-point problem, which is equivalent to a decomposed

well-structured large-scale semidefinite problem.

2.6 Summary

At the end of this chapter, we briefly summarize the assumptions and properties in chordal

sparsity, and give the notations which will be used in the following chapters.

• The graph Gσ = (V,E, σ) is a connected chordal graph with |V | = n. The ordering

σ = (1, . . . , n) is a perfect elimination ordering, i.e., under such ordering, the higher

neighborhood of every vertex is complete.

• An elimination tree of graph Gσ (Fig. 2.11) is a rooted tree with vertex set V and root

σ(n). The parent p(v) of any vertex v ∈ V in the elimination tree is the least ordered

vertex in the higher neighborhood adj+(v).

• Every clique in the elimination tree can be represented as W = col(w) = adj+(w)∪{w}

where the representative vertex w is the least ordered vertex in clique W . Thus we call

the maximal supernode with representative vertex w ∈ V c as

W = snd(w) = {w, p(w), . . . , p|snd(w)|−1(w)},
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and the partition of V formed accordingly is called maximal supernode partition, as

shown in Fig. 2.14.

• The cliques in graph Gσ can be arranged in a clique tree or a maximal supernodal

elimination tree T c, as shown in Fig. 2.15. The vertex set is {snd(v) | v ∈ V c} and the

root is snd(u) with σ(n) ∈ snd(u). Assume the ordering σ = (1, . . . , n) of the above

supernodal elimination tree is a topological ordering. We can always construct a clique

tree with the induced subtree property, i.e., for every v ∈ V , the cliques that contain v

form a subtree of T , as shown in Fig. 2.7. Assume T c has the induced subtree property.

• Vertices in snd(v) are numbered consecutively, i.e.,

snd(v) = {i, i+ 1, . . . , i+ ni}

if σ(v) = i and |snd(v)| = ni + 1.

Fig. 2.18 shows an example of maximal supernodal elimination tree with topological order-

ing and consecutively numbered vertices in every supernode. The index sets in the above

postordered maximal supernodal elimination tree are defined as

γi = col(i), νi = snd(i), αi = col(i)\snd(i) = γi\νi

for any representative vertex i ∈ V c.

Also in this chapter, we discuss different ways to solve semidefinite programs with ag-

gregate sparsity pattern. Table 2.1 summarizes the three primal-dual pairs of SDPs we are

interested in, and gives notations for the primal and dual variables. Assume the coefficient

matrices Ai and C share the aggregate sparsity pattern E. From an optimal solution X̃?
j ,

j = 1, . . . , l of (2.19), we can construct an optimal solution X◦ of (2.5) with

X̃?
j = PγjX

◦P T
γj
, j = 1, . . . , l.

And any positive semidefinite completion X• of X◦ is optimal for the standard SDP (2.3),

i.e.,

X◦ = projE(X•).
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SDP category Primal/dual variables Algorithms

Standard SDP X ∈ Sn+ Interior-point methods exploiting sparsity

(2.3-2.4) y ∈ Rm, S ∈ Sn+ during implementation [FKMN01, NFF+03]

Sparse SDP X ∈ SnE,c+ Interior-point methods applied to

(2.5-2.6) y ∈ Rm, S ∈ SnE,+ nonsymmetric conic program [KHA15]

Decomposed SDP X̃j ∈ S
|γj |
+ , j = 1, . . . , l First-order algorithms and

(2.19-2.20) y ∈ Rm, Hj ∈ S
|γj |
+ splitting algorithms [Sun15]

Table 2.1: List of semidefinite programs with optimal solution and algorithms.

Also Table 2.1 briefly summarizes the common algorithms applied to the corresponding

SDPs.
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CHAPTER 3

Minimum Rank Positive Semidefinite Matrix

Completion with Chordal Sparsity Pattern

In the last chapter, we saw that any positive semidefinite completion of an optimal solution of

the sparse SDP (2.5) is optimal for the standard SDP (2.3). Although there are several matrix

completion algorithms which can accomplish this procedure [GJSW84, GHJT99, VA14], we

are usually interested in the positive semidefinite completion with the minimum rank. In

general, it is difficult to even determine the minimum rank among all possible positive

semidefinite completions, not to say to construct such a solution. However, if the positive

semidefinite completable matrix has a chordal sparsity pattern, we can not only determine

the minimum rank [Dan92], but we can also construct a matrix completion with minimum

rank [Sun15]. To show this, we start with a matrix completion problem with a simple

two-block chordal sparsity pattern. We introduce the algorithm to construct the minimum

rank positive semidefinite matrix completion with chordal sparsity pattern, which is also a

constructive proof of Dancis’ theorem [Dan92]. This is followed by a detailed example, trying

to explain the algorithm step by step. We then test the algorithm with randomly-generated

sparse SDPs. At the end of the chapter, we discuss how this algorithm can be applied to the

optimal solution of sparse SDP (2.5) or decomposed SDP (2.19). Application to the optimal

power flow (OPF) problem is discussed in the next chapter.

3.1 A Two-Block Completion Problem

We first consider a positive semidefinite matrix completion problem with a simple two-block

chordal sparsity pattern as shown in Fig. 3.1. By Theorem 2.7, a positive semidefinite
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?

?

A =


A11 A12 0

A21 A22 A23

0 A32 A33


Figure 3.1: Two-block completion problem.

completion of matrix A exists if and only if

A1 =

A11 A12

A21 A22

 � 0, A2 =

A22 A23

A32 A33

 � 0.

We will show how we compute a PSD completion with rank

r = max{rank(A1), rank(A2)}.

First, by singular value decomposition, we can find matrices U , V , Ṽ , W with column

dimension r such thatA11 A12

A21 A22

 =

 U

V

 U

V

T ,
A22 A23

A32 A33

 =

 Ṽ

W

 Ṽ

W

T .
Then we have

V V T = Ṽ Ṽ T ,

which in term means V = Ṽ Q with Q orthogonal. To see this, suppose the matrices V and

Ṽ have singular value decomposition

V = PΣQT
1 , Ṽ = PΣQT

2 .

Hence, we have V = Ṽ Q with an orthogonal r × r matrix Q = Q2Q
T
1 . Thus we can write

A1 in the following form

A1 =

 U

V

QTQ

 U

V

T =

 UQT

Ṽ

 UQT

Ṽ

T ,
and we find a matrix Y with column dimension r, i.e.,

Y =


UQT

Ṽ

W


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such that the matrix Y Y T is a positive semidefinite completion of A with rank r. To see

this, we have

Y Y T =


UQT

Ṽ

W



UQT

Ṽ

W


T

=


A11 A12 UQTW T

A21 A22 A23

WQUT A32 A33

 .

3.2 Minimum Rank Completion with Chordal Sparsity Pattern

Now we are ready to introduce the minimum rank positive semidefinite matrix completion

with chordal sparsity pattern. Dancis [Dan92] has shown that a matrix A ∈ SnE,c+ has a

positive semidefinite completion with rank equal to

r• = max
i∈V c

rank(Aγiγi). (3.1)

As a constructive proof of Dancis’ theorem, Algorithm 3.1 computes a matrix Y of size

n× r• with projE(Y Y T ) = A.

Algorithm 3.1 Minimum rank completion for chordal sparsity pattern.

Require: A matrix A ∈ SnE,c+, where G = (V,E) is a chordal sparsity pattern with perfect

elimination ordering σ = (1, 2, . . . , n), and a postordered maximal supernodal elimination

tree for Gσ.

Ensure: A matrix Y ∈ Rn×m with m equal to (3.1) and projE(Y Y T ) = A.

• Compute m = maxi∈V c rank(Aγiγi).

• Enumerate the supernodes j ∈ V c in inverse topological order.

◦ For each supernode j ∈ V c, compute a factorization

Aγjγj =

 Aνjνj Aνjαj

Aαjνj Aαjαj

 =

 Uj

Vj

 Uj

Vj

T , (3.2)

with Uj of size |νj| ×m and Vj of size |αj| ×m.

◦ If j is the root of the supernodal elimination tree, let Yνj = Uj.

◦ Otherwise compute an m×m orthogonal matrix Q such that Yαj
= VjQ

T , and

set Yνj = UjQ
T .
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To show correctness of the algorithm, we verify that Y Y T is a completion, i.e.,

YγjY
T
γj

= Aγjγj (3.3)

for all j ∈ V c.

At each step in the recursion over the tree, we add a new block Yνj . Note that the blocks

Yνi for the supernodes that precede νi in the inverse topological ordering are left unchanged.

It is therefore sufficient to verify that after supernode νj has been processed, the identity

(3.3) holds, i.e.,  Yνj

Yαj

 Yνj

Yαj

T =

 Aνjνj Aνjαj

Aαjνj Aαjαj

 .
If j is the root supernode, then

YγjY
T
γj

= UjU
T
j = Aνjνj = Aγjγj .

Suppose (3.3) holds for all supernodes νi that are ancestors of supernodes j in the supernodal

elimination tree. Then

Aαjαj
= Yαj

Y T
αj

= VjV
T
j (3.4)

because αj is a subset of the parent supernode. This means that there exists an orthogonal

matrix Q such that Vj = Yαj
Q. By choosing Yνj = UjQ

T , we obtain Yνj

Yαj

 Yνj

Yαj

T =

 UjU
T
j UjQ

TY T
αj

YαQU
T
j Yαj

Y T
αj


=

 UjU
T
j UjV

T
j

VjU
T
j Yαj

Y T
αj


=

 Aνjνj Aνjαj

Aαjνj Aαjαj

 .
In general, the orthogonal matrix Q needed in the recursion can be computed in a similar

way as shown in Section 3.1. We first compute a singular value decomposition (SVD)

Vj = PΣQT
1 ,
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with P and Q1 orthogonal, and Σ rectangular. It follows from (3.4) that Yαj
has the same

rank, singular values, and left singular vectors as Vj. Therefore, it has an SVD

Yαj
= PΣQT

2

with Q2 orthogonal, and P TYαj
can be written as

P TYαj
= ΣQT

2 =

 Σ1 0

0 0

 QT
21

QT
22

 ,
where Σ1 is the positive diagonal subblock of Σ. This determines

QT
21 =

[
Σ−11 0

]
P TYαj

.

The block QT
22 is any matrix with orthonormal rows that makes Q2 orthogonal. The matrix

Q = Q2Q
T
1 satisfies

Yαj
Q = PΣQT

2Q2Q
T
1 = PΣQT

1 = Vj.

Example. In the remaining part of the section, we show a concrete example to illustrate

the algorithm. We use the chordal sparsity pattern E and the supernodal elimination tree

as shown in Fig. 2.18. Suppose the matrix A to be completed is

A =



923 ? ? 464 ? ? ? 1215 ?

? 1721 1494 ? 1182 ? ? 1638 ?

? 1494 841 726 1016 ? ? 1432 ?

464 ? 1182 418 580 ? ? 770 ?

? 1182 1061 580 921 ? ? 1209 959

? ? ? ? ? 677 421 ? 746

? ? ? ? ? 421 270 661 499

1215 1638 1432 770 1209 ? 661 1773 1195

? ? ? ? 959 746 499 1195 1021



,

where the question marks denote the values that needed to be determined.
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In this case, The set of representative vertices is V c = {1, 2, 3, 5, 6, 7}. The resulting rank

is

m = max
i∈V c

rank(Aγiγi) = 3.

The root of supernodal elimination tree is ν7 = {7, 8, 9}. By the Cholesky factorization

of Aγ7γ7 , we have

Y{7,8,9} =


16.4316 0 0

40.2272 12.4408 0

30.3682 −2.1402 9.7053

 ,
where Y{7,8,9} is the 7th, 8th, and 9th rows of matrix Y . Then for j = 6, we have ν6 = {6}

and α6 = {7, 9}. Thus consider the Cholesky factorization

Aγ6γ6 =

 U6

V6

 U6

V6

T ,
with U6 ∈ R1×3, V6 ∈ R2×3, and SVD V6 = PΣQT

61 and Y{7,9} = PΣQT
62. Hence, let

Q6 = Q62Q
T
61 =


0.9847 0.1742 0

0.1462 −0.8263 0.5438

−0.0948 0.5355 0.8392

 ,
and

Y{6} = U6Q
T
6 =

[
25.6212 3.8044 −2.4655

]
.

Next for j = 5, we have ν5 = {5} and α5 = {8, 9}. Similarly, the Cholesky factorization

for Aγ5γ5 is given by

Aγ5γ5 =

 U5

V5

 U5

V5

T ,
with U5 ∈ R1×3, V5 ∈ R2×3, and SVD V5 = PΣQT

51 and Y{8,9} = PΣQT
52. Hence, let

Q5 = Q52Q
T
51 =


0.9786 0.0911 −0.1846

0.0380 0.8015 0.5968

0.2024 −0.5910 0.7809

 ,
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and

Y{5} = U5Q
T
5 =

[
29.6981 1.1517 6.1396

]
.

Similarly, we have the Cholesky factorization

Aγ3γ3 =

 U3

V3

 U3

V3

T ,
with U3 ∈ R2×3, V3 ∈ R2×3, and SVD V3 = PΣQT

31 and Y{5,8} = PΣQT
32. Hence, let

Q3 = Q32Q
T
31 =


0.9786 0.0911 −0.1846

0.0380 0.8015 0.5968

0.20237 −0.5910 0.7809

 ,
and

Y{3,4} = U3Q
T
3 =

35.5002 0.3156 −6.2957

20.0955 −3.0853 −2.1571

 .
Next, we factorize Aγ2γ2 as

Aγ2γ2 =

 U2

V2

 U2

V2

T ,
with U3 ∈ R1×3, V3 ∈ R3×3, and SVD V2 = PΣQT

21 and Y{3,5,8} = PΣQT
22. Hence, let

Q2 = Q22Q
T
21 =


0.9896 −0.0795 0.1197

−0.0262 0.7192 0.6943

−0.1413 −0.6902 0.7096

 ,
and

Y{2} = U2Q
T
2 =

[
41.0544 −1.0853 −5.8617

]
.

Finally, we have

Aγ1γ1 =

 U1

V1

 U1

V1

T ,
with U3 ∈ R1×3, V3 ∈ R2×3, and SVD V2 = PΣQT

11 and Y{4,8} = PΣQT
12. Hence, let

Q1 = Q12Q
T
11 =


0.8267 0.5495 0.1207

0.5414 −0.8354 0.0950

−0.1530 0.0132 0.9881

 ,
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and

Y{1} = U1Q
T
1 =

[
25.1164 16.4490 −4.6474

]
.

Therefore, the resulting Y is

Y =



25.1164 16.4490 −4.6474

41.0544 −1.0853 −5.8617

35.5002 0.3156 −6.2957

20.0955 −3.0853 −2.1571

29.6981 1.1517 6.13962

25.6212 3.8044 −2.4655

16.4316 0 0

40.2272 12.4408 0

30.3682 −2.1402 9.7053



,

with rank(Y ) = 3, and the completed matrix is given by

Y Y T =



923 1040 926 464 736 718 413 1215 682

1040 1721 1494 841 1182 1062 675 1638 1192

926 1494 841 726 1016 926 583 1432 1016

464 841 1182 418 580 508 330 770 596

736 1182 1061 580 921 750 488 1209 959

718 1062 926 508 750 677 421 1078 746

413 675 583 330 488 421 270 661 499

1215 1638 1432 770 1209 1078 661 1773 1195

682 1192 1016 596 959 746 499 1195 1021


with Y Y T � 0 and projE(Y Y T ) = A.
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3.3 Test Cases with Randomly-Generated Sparse SDP

In this section we would like to test our algorithm with a randomly-generalized sparse SDP.

Consider the following semidefinite program

minimize tr(CX)

subject to tr(AiX) = bi, i = 1, . . . ,m

X � 0

and its dual problem

maximize bTy

subject to
m∑
i=1

yiAi + S = C, i = 1, . . . ,m

S � 0.

The procedure of generating such an SDP with a given chordal sparsity pattern E is as

follows.

1. Generate a random strictly positive definite matrix X̂ ∈ Sn++ as a feasible point of the

SDP.

2. Generate a number of m random matrices Ai, i = 1, . . . ,m with sparsity pattern E.

3. Compute bi = tr(AiX̂).

4. Generate a number of m random scalars yi, i = 1, . . . ,m.

5. Generate a random positive definite matrix Ŝ ∈ Sn++ with sparsity pattern E.

6. Compute C =
∑m

i=1 yiAi + Ŝ.

One possible method to generate a random positive definite matrix is to generate a ran-

dom matrix L̂ and compute X̂ = L̂L̂T . Alternatively, we can generate a random symmetric

X̃ and compute its eigenvalue decomposition X̃ = QΛ̃QT . It is possible that some diagonal

entries in Λ̃ may be negative. Then we replace these negative eigenvalues with some random
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small positive values. The resulting new diagonal matrix Λ̂ is used to compute the positive

definite matrix X̂ = QΛ̂QT .

We have tested a total number of 250 examples with different chordal sparsity patterns E,

i.e., band pattern and block-arrow pattern, different matrix size n = 100, 150, 200, 300, 500,

number of constraints m = 20, 30, 50, 100, 150, and bandwidth w = 2, 3, 5, 7, 10. The rank

of the optimal solutions given by CVX [GB14] in MATLAB is always n, which is consistent

to the claim that standard interior-point algorithms for solving SDPs will always return

a solution whose rank is maximal among all optimal solutions. And the minimum rank

completion algorithm makes a posterior operation on the above optimal solutions and gives

another optimal solution of rank w in both cases.

3.4 Minimum Rank Completion for Sparse/Decomposed SDPs

In the last chapter, we discuss three equivalent primal-dual pairs of semidefinite programs,

i.e., standard SDP pair (2.3-2.4), sparse SDP pair (2.5-2.6), and decomposed SDP pair (2.19-

2.20). It is easy to construct an optimal solution for the sparse SDP (2.5) from the optimal

solution X?
j , j = 1, . . . , l, for the decomposed SDP (2.19), i.e., the matrix X◦ ∈ SnE,c+

is optimal for the sparse SDP (2.5) with X?
j = PγjX

◦P T
γj

. We also know that any positive

semidefinite completion ofX◦ is an optimal solution for the standard SDP (2.3), i.e., X• ∈ Sn+

is optimal for (2.3) if

X◦ = projE(X•).

There are many interesting matrix completion algorithms that can accomplish this proce-

dure. For example, maximum determinant completion discussed in [GJSW84, GHJT99]

returns a positive semidefinite matrix with the maximum determinant among all the posi-

tive semidefinite completions. But maximum determinant completion does not exist when

the completable matrix X◦ is on the boundary of SnE,c+ [VA14]. The paper [VA14] proposes

an algorithm to compute a dense positive semidefinite completion for any sparse matrix

with chordal pattern. Among this, a low-rank positive semidefinite completion would be

useful in many applications. In the ad hoc wireless sensor network localization problem
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[BY04, BLT+06], a rank 2 optimal solution gives the exact location of sensors. Low-rank

solutions are also interesting in unsupervised learning of image manifolds [WPS05, WS06]

because low-rank solutions help detect low dimensional structure in high dimensional data

sets of images. Moreover, a low-rank solution helps prove the exactness of semidefinite

relaxation of optimal power flow (OPF) problem [GLTL12, LL12, Low14a, Low14b].

For a semidefinite program with aggregate chordal pattern E, a low-rank solution X• for

the standard SDP (2.3) can be constructed by Algorithm 3.1 with

X◦ = projE(X•),

and rank

r• = rank(X•) = max
cliques γi

rank(X◦γiγi),

where X◦ can either be solved by interior-point methods for the sparse SDP (2.5) or con-

structed from the optimal solution for the decomposed SDP (2.19). This posterior operation

can help us find optimal solutions with valid physical meanings. For example, in the sensor

localization problem, physical locations of sensors can be determined from a rank 2 solution.

In the next chapter, we apply this posterior rounding idea to the OPF problem, and exam-

ine in what situations we can determine physically meaningful voltages and powers from a

low-rank completion X•.
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CHAPTER 4

Rounding of Semidefinite Relaxation of Optimal Power

Flow Problem

4.1 Introduction

The AC optimal power flow (OPF) problem is to find a cost-optimal operating point of

a power system that consists of a set of power busses interconnected with a network of

transmission lines, where each power bus (or substation) has one or more generators and/or

a load. Typical objective functions are generation cost or transmission loss, which is some

function of current, voltage, and power, and the constraints consist of a set of nonlinear

power flow constraints and bounds on voltage magnitudes, transmission line flows, and power

generation. Many different problem formulations exist [HG91, MAEH99, MEHA99], but

OPF problems are generally difficult nonconvex optimization problems i.e., a nonconvex

quadratic program with quadratic constraints (QCQP).

Since Carpentier [MEHA62] first introduced the OPF problem in 1962, numerous so-

lution techniques have been proposed to solve this complicated nonconvex optimization

problem, including sequential quadratic programming, interior-point methods, genetic al-

gorithms and evolutionary programming [QDB09, ZMST11]. Recently, researchers have

applied semidefinite relaxation (SDR) techniques to various OPF problem formulations

[BWFW08, LL10, LL12]. The resulting relaxation problem is a conic optimization prob-

lem, i.e., a convex problem, that can be solved in polynomial time with an interior-point

method. The topic of semidefinite relaxation has attracted close attention because, unlike

previous nonconvex formulations, the solution provides information on the feasibility of the

original problem. We say that the SDR is “exact” if it provides the global optimal solution
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to the original nonconvex problem. Otherwise, the solution for the SDR formulation is a

lower bound on the optimal value. Conditions that guarantee exactness of the SDR have

been studied extensively in [BGLC11, LL10, LTZ14].

However, the computational cost of the above SDR formulation grows rapidly with the

size of the power networks, i.e., the size of the OPF problem. Hence, to solve the SDR of

a large-scale OPF problem is considered to be impractical. The principal bottlenecks are

a dense symmetric matrix primal variable, which corresponds to the number of busses in

the power network, as well as a large-scale positive definite system of equations that defines

the update direction in each iteration in the interior-point method. On the other hand, the

SDR formulation has the property of sparsity as well as low-rank structure. The property of

sparsity reflects the structure of power network, i.e., the fact that each power bus is connected

to a small portion of adjacent power busses. And surprisingly the dual variables inherits the

sparsity pattern [LL12]. With this idea, Lavaei and Low propose to solve the dual problem

of SDR by SeDuMi [Stu98], a general-purpose primal-dual conic solver. Although the paper

[LL12] exploits the sparsity of the dual problem, the dense pattern in the primal variable

still remains. Also it is interesting to know that even if we avoid the dense primal variable

by using some sparse SDP solvers such as SMCP [ADV10] and DSDP [BY04] to solve the

dual problem, the bottleneck in the update in each iteration still remains as a big problem

in the large-scale OPF problem.

Moreover, thanks to the advances in sparse semidefinite programming, Jabr [Jab12] ap-

plied the conversion methods [FKMN01] to the SDR formulation of the OPF problem. In

this context, the conversion method reformulates a sparse SDP as an equivalent decomposed

SDP with additional equality constraints imposing consistency, as discussed in Chapter 2.

In general, the primal variables in the decomposed SDP correspond to the cliques of the

chordal embedding of the power network graph structure. Hence, the benefit of reformulat-

ing the sparse SDP as a decomposed SDP depends very much on the underlying network

graph structure and its chordal embedding; see e.g., [LZT11].

In the OPF problem, sometimes we are not only interested in the global optimal value,

it is also practically meaningful to know the optimal solution for the SDR problem, as it
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indicates a practical allocation of voltages and powers. In general, it is difficult to find a low-

rank positive semidefinite completion for the optimal solution of the decomposed SDP solved

by the conversion method. In other words, it may be impractical to construct a practically

meaningful solution for the original OPF problem. But if the conversion method is applied to

a power network with chordal sparsity pattern or its chordal embedding, Algorithm 3.1 can

be applied to the optimal solution to construct a low-rank positive semidefinite completion.

In this chapter, we first introduce the power system model and our formulation of the

OPF problem as well as its SDR. This is followed by numerical experiments.

4.2 Problem Formulation and Semidefinite Relaxation

We start this section by describing the power system model and our formulation of OPF

problem. We then propose a reformulation of the problem and derive the corresponding

SDR.

4.2.1 Power Flow Model

The power system model consists of a network of power busses (nodes). We denote the set

of power busses as N with |N | = n, and we denote complex voltage at node i as vi and v

for the column vector. The voltage magnitude must satisfy the constraints

vmin
i ≤ |vi| ≤ vmax

i , i ∈ N . (4.1)

Note that this constraint is nonconvex because of the lower bound.

The set of transmission lines (edges) is a subset of L ⊆ N ×N , i.e., (i, j) ∈ L if node i

and node j are connected with transmission line. Transmission lines may not be symmetric

and we model the network graph as a directed graph, i.e., (i, j) is not the same as (j, i). We

denote i ∼ j if (i, j) ∈ L or (j, i) ∈ L. The real and reactive power flows to node i from

node j are denoted as pij and qij. Note that it is not the same as the flows from node i to

node j, which are written as pji and qji.

The complex power flow magnitude must remain below the transmission line’s capacity,
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i.e.,

p2ij + q2ij ≤ S2
ij, (4.2)

where Sij is a real positive constant.

The real and reactive power into or out of node i are the sums of the flows through the

transmission lines connected to node i:

∑
j∈N

pij = pi and
∑
j∈N

qij = qi. (4.3)

They are subject to the constraints

pmin
i ≤ pi ≤ pmax

i and qmin
i ≤ qi ≤ qmax

i . (4.4)

For each transmission line (i, j) ∈ L, let yij = gij − jbij denote its admittance and

zij = rij + jxij denote its impedance, then we have yijzij = 1. Hence, we can derive the

relationship between power flows and voltages:

pij + jqij = vi(v
H
i − vHj )yHij for (i, j) ∈ L, (4.5)

where H denotes the complex conjugate. Note that this quadratic constraint is the main

source of nonconvexity of the OPF problem. The above constraints (4.1 – 4.5) form the

feasible region of the nonconvex quadratically constrained power flow problem, denoted as

F1.

The objective function is the power loss. The power loss on line (i, j) ∈ L is gij|vi − vj|2

where gij is the conductance of transmission line. Hence, the power loss in the network is

∑
(i,j)∈L

gij|vi − vj|2.
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Combining the constraints and objective function, the OPF problem can be written as

minimize
∑

(i,j)∈L

gij|vi − vj|2

subject to pij + jqij = vi(v
H
i − vHj )yHij , (i, j) ∈ L

p2ij + q2ij ≤ S2
ij, (i, j) ∈ L∑

j∈N

pij = pi, i ∈ N

∑
j∈N

qij = qi, i ∈ N

pmin
i ≤ pi ≤ pmax

i , i ∈ N

qmin
i ≤ qi ≤ qmax

i , i ∈ N

vmin
i ≤ |vi| ≤ vmax

i , i ∈ N ,

(4.6)

where the variables are real and reactive power flows pij, qij over transmission line (i, j),

power flows pi and qi into or out of node i, and the voltage vi at node i. This is a nonconvex

quadratic programming with quadratic constraints.

4.2.2 Semidefinite Relaxation

The challenge in solving the OPF problem (4.6) comes from the nonconvex quadratic equality

constraint as well as the inequality constraints |vi| ≥ vmin
i . To overcome this challenge, we

enlarge the feasible set of the OPF problem to a convex set. To see this, define X = vvH ,

i.e.,

Xij = viv
H
j , i ∼ j or i = j.
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Hence, the OPF problem (4.6) can be rewritten as

minimize
∑

(i,j)∈L

gij|vi − vj|2

subject to pij + jqij = (Xii −Xij)y
H
ij , (i, j) ∈ L

p2ij + q2ij ≤ S2
ij, (i, j) ∈ L∑

j∈N

pij = pi, i ∈ N

∑
j∈N

qij = qi, i ∈ N

pmin
i ≤ pi ≤ pmax

i , i ∈ N

qmin
i ≤ qi ≤ qmax

i , i ∈ N

(vmin
i )2 ≤ Xii ≤ (vmax

i )2, i ∈ N

rankX = 1.

(4.7)

The only nonconvexity results from the rank constraint rankX = 1. We apply the SDR

by simply replacing it with a positive semidefinite cone constraint, yielding a convex SDR

problem with a convex feasible region F2, i.e.,

minimize gij(Xii +Xjj − 2Xij)

subject to pij + jqij = (Xii −Xij)y
H
ij , (i, j) ∈ L

p2ij + q2ij ≤ S2
ij, (i, j) ∈ L∑

j∈N

pij = pi, i ∈ N

∑
j∈N

qij = qi, i ∈ N

pmin
i ≤ pi ≤ pmax

i , i ∈ N

qmin
i ≤ qi ≤ qmax

i , i ∈ N

(vmin
i )2 ≤ Xii ≤ (vmax

i )2, i ∈ N

X � 0.

(4.8)

It is easy to see that F1 ⊆ F2, and hence the solution X? provides a lower bound on the

optimal value of (4.6). Furthermore, if rank(X?) = 1, the SDR is said to be “exact”, i.e., we

52



can obtain a global optimal solution for (4.6) by computing a rank-1 factorization X? = ṽṽH .

Conditions for exactness are studied extensively around the world [Low14b, LL12, GLTL12].

The following theorem [FCLC11] provides a sufficient condition for the exactness of SDR

(4.8), and the results in [ZT13, BGCL15] slightly improve the condition.

Theorem 4.1. Suppose the objective function is just a function of real power, f(p), and is

convex and strictly increasing. If the network is radial (with tree topology) and pmin
i = qmin

i =

−Sij = −∞ for all i ∈ N , the SDP relaxation (4.8) is exact.

If we follow the convention that pi is negative for loads, the assumptions pmin
i = qmin

i =

−∞ can be interpreted in tree networks as allowing loads to be “over-satisfied” [Low14a,

Low14b].

If rank(X?) > 1, then the solution for SDR (4.8) provides a lower bound for the original

OPF problem (4.6). In this case, the optimal relaxed solution is not in the feasible region

F1, but can still provide an approximation of optimal powers and voltage magnitudes. A

convex heuristic is to find an approximation by replacing all the eigenvalues of the optimal

solution for (4.8) with zero except the largest one λ1, i.e.,

X̂ = λ1u1u
H
1 ,

where u1 is the principal eigenvector associated with λ1. If the rank of the optimal relaxed

solution is not so much larger than one and the largest eigenvalue is substantially larger than

the others, then the convex heuristic gives a solution close to the ideal outcome, and the

principal eigenvector serves as a good approximation to the complex voltages [Tay15].

4.2.3 The Conversion Method and the Posterior Rounding Operation

The conversion method discussed in chapter 2 can be applied to the SDR problem (4.8).

Since the conversion only affects the positive semidefinite matrix variable, we will simplify
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our notation by only considering the SDP of the form

minimize tr(CX)

subject to tr(AiX) = bi, i = 1, . . . ,m

X ∈ Hn
E,c+

(4.9)

where Ai ∈ Hn
E, i = 1, . . . ,m. The sparsity pattern E is associated with the underlying

network graph, and is assumed to be connected chordal with cliques γ1, . . . , γl. We define

Hn
E as the set of Hermitian matrices of order n and with sparsity pattern E, and Hn

E,c+ as

the set of positive semidefinite completable matrices in Hn
E. Hence we can rewrite (4.9) in a

similar form as (2.19), i.e.,

minimize
l∑

j=1

tr(C̃jX̃j)

subject to
l∑

j=1

tr(ÃijX̃j) = bi, i = 1, . . . ,m

Pξk(P T
γj
X̃jPγj − P T

γk
X̃kPγk)P T

ξk
= 0, k ∈ ch(j), j = 1, . . . , l

X̃j � 0, j = 1, . . . , l

(4.10)

with variables X̃j ∈ H|γj |, j = 1, . . . , l. The coefficients C̃j and Ãij are matrices that satisfy

l∑
j=1

tr(C̃jXγjγj) = tr(CX)

and
l∑

j=1

tr(ÃijX̃j) = tr(AiX), i = 1, . . . ,m,

for all X ∈ Hn
E. Note that P is an index matrix defined in Section 2.4.3 and ξk is the

index set of intersection of cliques γk and its parent clique in the clique tree. The variables

X̃j ∈ H|γj | are decomposed from the primal variable X ∈ Hn
E,c+, i.e.,

X̃j = PγjXP
T
γj
, j = 1, . . . , l, (4.11)

and the second set of equality constraints require the overlapping submatrices X̃j must be

consistent.
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Distributed algorithms [LZT11] are proposed to solve the above decomposed SDP relax-

ation of the OPF problem. But what still remains as a problem is how to construct a globally

optimal solution or an approximation of the original OPF problem (4.6). As discussed in

chapter 3, given an optimal solution X̃?
j in (4.10), we can construct an optimal solution X◦

for (4.8) with

X̃?
j = PγjX

◦P T
γj
, j = 1, . . . , l.

And furthermore, if the network graph has a chordal sparsity pattern E, we can construct a

low-rank positive semidefinite completion X• of X◦ by Algorithm 3.1 with

X◦ = projE(X•),

and rank

r• = rank(X•) = max
cliques γj

rank(X◦γjγj) = max
j=1,...,l

rank(X̃?
j ). (4.12)

This process of finding a minimum rank positive semidefinite completion for the optimal

solution of SDR (4.8) is called posterior rounding operation. If the completed matrix X•

has rank 1, we can reconstruct a complex column vector ṽ ∈ Cn with X• = ṽṽH to indicate

the optimal voltages in the original power network. Even if rank(X•) > 1, the principal

eigenvector u1 of X• can be used as a (good) approximation of the globally optimal voltage

vector, where X• =
∑n

i=1 λiuiu
H
i is the eigenvalue decomposition and the eigenvalues λi is

in a nonincreasing order.

4.3 Numerical Experiments

We have implemented and tested the SDR (4.8) as well as the minimum rank positive

semidefinite completion. The experiments are based on the benchmark problems from the

MATPOWER package ([ZMST11]), and the experiments are carried out in Matlab R2015b

on a laptop with an Intel Core i5 dual-core 1.8 GHz CPU and 8 GB RAM. We used SeDuMi

1.3 with tolerance 10−7 to solve the SDR (4.8) of the OPF problem. Note that although

we explicitly build the complex-valued SDR (4.8) and apply the conversion method to this

formulation, we cast the converted problem as a real-valued problem before passing it to
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SeDuMi. We use the Chompack [DV09] package in Python to implement the algorithm

(3.1).

Following the convention in [MHLD13, AHV14], we eliminate transmission line flow con-

straints in (4.2) that are not active at the local optimal solution provided by MATPOWER.

In other words, we delete the constraints in (4.2) for those lines working below their max-

imum capacity when the power network follow the optimal solution provided by SeDuMi.

The reason of doing so is that SeDuMi does not provide a useful solution when we include

all the flow constraints (4.2), especially when the number of power busses is around several

thousands. Table 4.1 lists the test cases along with relevant problem dimensions. The value

n = |N | indicates the number of power busses in the network while the value |L| is the

number of transmission lines. The number of generators are listed in the last column of the

table.

For each test case, we solve the SDR problem in the form of (4.10) by conversion methods,

and denote the optimal solution as X?
j , j = 1, . . . , l. We reconstruct the full matrix X◦ as

an optimal solution for (4.8). Then we apply Algorithm 3.1 to construct a minimum rank

positive semidefinite completion X•. We also solve the SDR problem (4.8) by SeDuMi for

an optimal solution X?. We investigate the number of power buses (nodes), the numerical

rank of the optimal solution for the SDR problem (4.8), i.e., rank(X?), and the minimum

rank of its positive semidefinite completion as stated in (4.12), i.e.,

rank(X•) = max
cliques γj

rank(X◦γjγj) = max
j=1,...,l

rank(X?
j ).

The ratio between the largest and the other eigenvalues can be used as an indicator of the

numerical rank of the solution. In words, if any eigenvalue λi is below a certain ratio of the

largest eigenvalue λmax, we take it as zero when computing the numerical rank of a matrix.

Especially, the solution has numerical rank 1 if the ratio between the largest and the second

largest eigenvalue is sufficiently large. Hence, for both matrix outputs, i.e., X? and X•, we

have implemented the tests with the tolerance ε of 10−4
√
n, 10−5

√
n, and 10−6

√
n. To be

specific, those eigenvalues that smaller than ελmax are considered as zero when we compute

the numerical rank. Based on the above setup, the results are shown in Table 4.2. Note that
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Case n = |N | |L| |G|

IEEE-118 118 186 0

IEEE-300 300 409 0

2383wp 2383 2896 92

2736sp 2736 3269 118

2737sp 2737 269 165

2746wop 2746 3307 346

2746wp 2746 3279 352

3012wp 3012 3572 7

3120sp 3120 3693 9

3375wp 3375 3693 25

89pegase 89 210 12

1354pegase 1354 1991 260

2869pegase 2869 4582 510

1888rte 1888 2531 297

1951rte 1951 2596 391

2848rte 2848 3776 547

2868rte 2868 3808 599

6468rte 6468 9000 1295

6470rte 6470 9005 1330

6495rte 6495 9019 1372

6515rte 6515 9037 1388

Table 4.1: Test cases and problem dimensions.
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Figure 4.1: Eigenvalue ratio for case IEEE300

the problem solve by SeDuMi is real-valued but we transform the result back into complex

form, i.e., X?, X• ∈ Hn
+. Overall, the minimum rank completion algorithm has achieved a

lower rank result compared with the interior point method SeDuMi provides. In some cases,

the improvement is significant and the result can be considered to be exact within certain

tolerance. However, it is also interesting to notice that the numerical rank depends on the

tolerance we use. For example, in the case 2736sp, the rank is considered as 1 when the

tolerance is 10−5
√
n while it is 8 when we tighten the threshold. Also, in the last three cases

when the number of busses is around 6k, the rank of the completed matrix is larger than

the maximum clique size, which is impossible in theory. It occurs due to the numerical error

inside MATLAB software where the eigenvalues are zero theoretically but MATLAB returns

an extremely small positive values. These eigenvalues may be treated as nonzero under some

small tolerance.

In our definition, the ratio between every eigenvalue and the largest eigenvalue is the

criterion to decide the numerical rank. Thus it is interesting to see how this ratio changes

in both cases, i.e., X? and X•. Figure 4.1 shows the eigenvalue ratio for the case IEEE-300.

As we can see from the figure, the rest of the eigenvalues are comparably small compared

with the largest eigenvalue of X•, while in the matrix X?, the eigenvalues are comparably
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concentrated.

Furthermore, different solvers may affect the above results. The SeDuMi solver used

above is aimed for optimization over symmetric cones. However, as discussed in Section

2.5, the interior-point method, several first-order methods and splitting algorithms can also

be used to exploit the sparsity inside SDPs. Table 4.3 shows the rank results of both

matrix outputs, i.e., X? and X•, computed by three different solvers, SeDuMi, SDPT3 and

MOSEK. Note that the numerical rank is calculated in the method mentioned above with

ratio tolerance ε = 10−5
√
n. Results are slightly different in the three solvers, but they

have similar outputs within a small variation. We can also see that the posterior rounding

operation generates good results in all three solvers, but again the ranks of the completed

matrix do not vary too much in different solvers.
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ε = 10−4
√
n ε = 10−5

√
n ε = 10−6

√
n

Case n max. clique rank(X?) rank(X•) rank(X?) rank(X•) rank(X?) rank(X•)

IEEE-118 118 20 1 1 1 1 1 1

IEEE-300 300 17 5 1 5 1 36 11

2383wp 2383 31 13 1 17 1 19 3

2736sp 2736 30 1 1 1 1 14 8

2737sop 2737 29 1 1 43 1 87 9

2746wop 2746 30 1 1 32 1 76 11

2746wp 2746 31 1 1 1 1 268 17

3012wp 3012 32 281 5 346 13 578 17

3120sp 3120 32 445 32 572 32 761 32

3375wp 3375 33 442 19 451 19 518 33

89pegase 89 12 7 1 17 5 19 6

1354pegase 1354 19 97 3 111 7 124 19

2869pegase 2869 29 101 13 181 15 199 19

1888rte 1888 16 197 1 251 1 271 3

1951rte 1951 28 23 1 71 1 135 5

2848rte 2848 35 87 1 133 1 210 3

2868rte 2868 31 133 7 255 16 301 21

6468rte 6468 33 214 7 356 11 456 87

6470rte 6470 34 315 5 413 12 913 91

6495rte 6495 35 362 21 407 37 491 51

6515rte 6515 35 328 2 402 9 461 11

Table 4.2: Numerical rank results with different tolerance.

60



MOSEK 8 SeDuMi v1.05 SDPT3 v4.0

Case n max. clique rank(X?) rank(X•) rank(X?) rank(X•) rank(X?) rank(X•)

IEEE-118 118 20 1 1 1 1 1 1

IEEE-300 300 10 5 1 5 1 5 1

2383wp 2383 31 17 1 17 1 17 1

2736sp 2736 30 1 1 1 1 1 1

2737sop 2737 29 44 1 43 1 43 1

2746wop 2746 30 32 1 32 1 32 1

2746wp 2746 31 1 1 1 1 1 1

3012wp 3012 32 346 13 346 13 337 17

3120sp 3120 32 514 27 572 32 519 27

3375wp 3375 33 451 19 451 19 454 21

89pegase 89 12 19 5 17 5 17 5

1354pegase 1354 19 123 7 111 7 93 8

2869pegase 2869 29 183 14 181 15 167 13

1888rte 1888 16 175 15 251 1 175 15

1951rte 1951 28 71 1 71 1 70 1

2848rte 2848 35 142 1 133 1 133 1

2868rte 2868 31 255 16 255 16 223 13

6468rte 6468 33 356 11 356 11 751 13

6470rte 6470 34 413 12 413 12 409 13

6495rte 6495 35 399 35 407 37 401 34

6515rte 6515 35 412 9 402 9 378 11

Table 4.3: Numerical rank results with different solvers (ε = 10−5
√
n).
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CHAPTER 5

Conclusion

The thesis studies the minimum rank positive semidefinite matrix completion with chordal

sparsity pattern, and applies the completion algorithm to the SDP relaxation of the optimal

power flow problem.

In general, it is difficult to determine the lowest rank of positive semidefinite completions

for a given sparse completable matrix. However, we see that when the sparsity pattern is

chordal, we can easily determine the minimum rank, as well as construct a positive semidef-

inite completion with the minimum rank.

We apply the algorithm to the SDP relaxation of the optimal power flow problem. We

first solve the relaxation problem by exploiting the sparsity pattern of the underlying power

network. Then we find a minimum rank positive semidefinite completion for the optimal

solution. We see that the completion result has a lower rank compared with the solution for

standard SDP formulation of the optimal power flow problem.
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