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Abstract 
 

Development and Application of Theoretical Methods for the Description of  
Reactions in Zeolite Catalysts 

 
by 

 
Yi-Pei Li 

 
Doctor of Philosophy in Chemical Engineering 

 
University of California, Berkeley 

 
Professor Alexis T. Bell, Chair 

  
Zeolites containing Brønsted or Lewis acid sites are extensively used catalysts in 

industrial processes.  In this study, force field parameters are derived for the quantum 
mechanics/molecular mechanics (QM/MM) simulations of reactions in zeolites by reducing the 
deviation between QM/MM calculations and experimental data over a range of adsorption energies.  
The accuracy of the thermal correction for adsorption enthalpies determined by the rigid rotor-
harmonic oscillator approximation (RRHO) is examined and shown to be improved by treating 
low-lying vibrational modes as free translational and rotational modes via a quasi-RRHO model.  
With the quasi-RRHO scheme, the QM/MM simulations can accurately reproduce experimental 
adsorption energies for both nonpolar and polar molecules adsorbed in MFI, H-MFI, and H-BEA.   

 
The anharmonic effects of intramolecular nuclear motions, namely torsions and vibrations, 

are also examined in this study.  Comparing with the harmonic oscillator approximation, the 
accuracy of the calculation of molecular partition functions, heat capacities, entropies, and 
enthalpies can be improved with an uncoupled mode (UM) model, where the full-dimensional 
potential energy surface for internal motions is modeled as a sum of independent one-dimensional 
potentials for each mode.  However, the extent of improvements is very limited if the one-
dimensional potentials are determined by the energy as a function of displacement along each 
normal mode.  Significant improvement can be achieved by constructing the potentials for 
internal rotations and vibrations separately using the energy surfaces along the torsional 
coordinates and the remaining vibrational normal modes.   

 
Three reactions catalyzed by BEA zeolite are investigated in this study using the QM/MM 

model, including the formation of p-xylene from ethylene and 2,5-dimethylfuran (DMF) in H-
BEA as well as the isomerization of glucose to fructose and the synthesis of 4-
(hydroxymethyl)benzoic acid (HMBA) from ethylene and 5-(hydroxymethyl)furoic acid (HMFA) 
in Sn-BEA.  The pathways and energy barriers of these reactions derived by QM/MM simulations 
agree well with the available experimental results, which validates the realism of the QM/MM 
model.  The influence of solvents and the effect of active site structures and heteroatoms on 
reaction barriers are investigated to derive criteria for future catalyst design. 
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Chapter 1 
 
Introduction 
 

Zeolites containing Brønsted or Lewis acid sites are active catalysts for a broad range of 
reactions and are extensively used in industrial processes.  For instance, due to their shape-
selective behavior and thermal stability, zeolites are important catalysts for many key reactions 
involved in the petrochemical industry, e.g., hydrocarbon cracking and alkylation.1,2  Because of 
their large-scale utilization in industry, understanding and extending zeolite catalysts has become 
an active research area over the past several decades.   However, because the activity and product 
selectivity of zeolites are highly affected by the framework structure and composition, e.g., Si/Al 
ratio,3,4 finding the optimum zeolite catalyst for a given reaction is still very challenging nowadays 
since the range of possible zeolite structures and compositions is extremely large. 

 
Nevertheless, useful insights into improving the performance of a catalyst can usually be 

obtained by understanding the catalytic process.  Significant progress towards this end has been 
achieved using quantum chemical simulations based on density functional theory (DFT).5  Such 
calculations can not only confirm the interpretations of reaction mechanisms deduced from 
experimental results, but also predict the influence of a change in the catalyst on a reaction.  
However, special care has to be taken in order to apply DFT to the reactions in zeolites because 
long-range dispersion forces between a reactant and a zeolite cluster are notoriously difficult to 
handle in ab-initio calculations.6  Recent studies recommend that in order to obtain accurate 
dispersion interaction energies for large molecular complexes, dispersion-corrected DFT with 
valence triple-ζ basis sets should be used and an explicit correction should be made for the non-
additive Axilrod-Teller-Muto three-body dispersion interaction.7  However, for the modeling at 
this level of theory, it is not feasible to include a significant part of the zeolite framework into the 
model because of the high computational costs.  On the other hand, modeling reactions in zeolites 
with a small cluster does not provide sufficiently realistic simulations because it cannot fully 
capture the confinement and dispersion effects occurring in the pores of a zeolite.8 

 
An additional challenge in the simulation of zeolitic reactions is to calculate enthalpies 

and entropies correctly.  This involves computing vibrational energy levels, which is in principle 
a challenging problem because it requires modeling the full-dimensional potential energy surface, 
which is often computationally prohibitive except for extremely small systems. For simple 
molecular systems, the problem is usually solved by assuming that vibrational modes behave like 
harmonic oscillators so that all the energy levels as well as thermodynamic functions can be 
derived by a normal mode analysis based on the second order derivatives of electronic potential 
energy surface.  However, unfortunately, the potential energy surfaces of the translational and 
rotational degrees of freedom of a molecule in zeolites are usually highly anharmonic, and hence 
cannot be realistically described by the basic harmonic oscillator model. 
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The goal of this study is to develop a sufficiently accurate but still computationally 
feasible methodology for the simulation of reactions in zeolites.  Chapter 2 describes one such 
scheme by means of electrostatically embedded quantum mechanics/molecular mechanics 
(QM/MM) models.  Such calculations were done with a small cluster encompassing the active 
center and the reactant described by DFT and a large zeolite cluster described by a standard force 
field of the CHARMM type so that it is computationally feasible to include a significant part of 
the zeolite framework in the model.  With proper charge and Lennard-Jones parameters, 
adsorption energies calculated with QM/MM agree well with experimental data for both nonpolar 
and polar molecules adsorbed in siliceous and Brønsted acidic zeolites.  The accuracy of the 
thermal correction for adsorption enthalpies determined by the rigid rotor-harmonic oscillator 
approximation (RRHO) is also examined in Chapter 2 and shown to have systematic errors because 
of treating the translational and rotational degree of freedoms retained by guest molecules as low 
frequency vibrations. A semi-empirical scheme (quasi-RRHO), which effectively replaces the 
energy contribution of low-lying vibrations with the energy of free translation and rotation, is 
introduced to remedy the problem in Chapter 2. 

 
Chapter 3 describes how to capture anharmonic effects using an uncoupled mode (UM) 

model, where the full-dimensional potential is modeled as a sum of independent one-dimensional 
potentials for each mode represented by cubic splines.  With a proper sampling scheme, the PES 
of a mode, no matter whether it is a nearly harmonic bond stretch or a highly anharmonic torsion, 
can be accurately represented by cubic spline interpolations.  The energy levels and 
thermodynamic properties of interest can then be obtained by solving one-dimensional 
Schrödinger equations for each mode.  The accuracy of the UM model depends strongly on how 
the one-dimensional potentials of each modes are defined.  If the potentials are determined by the 
energy as a function of displacement along each normal mode (UM-N), the accuracies of the 
calculations of thermodynamic properties, including partition functions, heat capacities, entropies, 
and enthalpies, are not significantly improved versus the basic harmonic oscillator model.  
Significant improvements can be achieved by treating torsions and vibrations separately (UM-VT), 
which can be done by constructing potentials for internal rotations and vibrations using the energy 
surfaces along the torsional coordinates and the remaining vibrational normal modes, respectively.   

 
Chapter 4 describes the application of the QM/MM model to the isomerization of glucose 

to fructose mediated by Sn-BEA, a Lewis acid zeolite.  The mechanism derived by the simulation 
can be described as a sequence of ring opening, isomerization, and ring closing processes of which 
the overall rate-limiting step is a hydride shift in the isomerization process.  These findings are 
consistent with the pathway deduced from experiments and the observation of a kinetic isotope 
effect of the deuterated glucose.9,10  The calculated apparent activation energy of this pathway 
agrees with the experimental value with an error of only ~1 kcal/mol, which validates the realism 
of the model.  In Chapter 4, the effect of various heteroatoms on the activity is examined by 
substituting Sn with Ti, Zr, V, Nb, Si, and Ge.  Of these, the Sn and Zr sites are shown to be most 
active.  Using energy decomposition analysis, two physical properties, metal atom polarizability 
and Brønsted basicity of the associated O atom, are identified as exerting control over the height 
of the reaction barrier of the rate-limiting step in the isomerization of glucose to fructose in M-
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BEA.  The activity difference between the partially hydrolyzed open site and the fully coordinated 
close site is also examined in Chapter 4.   

 
Chapter 5 extends the application of the QM/MM model to p-xylene synthesis from 

ethylene and 2,5-dimethylfuran (DMF) catalyzed by H-BEA, a Brønsted acid zeolite.  The 
formation of p-xylene proceeds via Diels-Alder cycloaddition of ethylene and DMF, which is rate-
limiting, followed by Brønsted acid-catalyzed dehydration.  Secondary addition of DMF to the 
substrate following the Diels-Alder reaction leads to undesired byproduct and lowers the 
selectivity to p-xylene.  This secondary addition process can be eliminated by introducing n-
heptane as an inert solvent to decrease the loading of DMF in the zeolite or by using a weak 
Brønsted acid site to facilitate the dehydration process, for which the reaction rate is determined 
by deprotonation triggered by the conjugate base of the active site.  However, use of a weak 
Brønsted acid is not desirable for the overall reaction rate because the adsorption of DMF on a 
weak Brønsted acid site is less preferred, resulting in a higher apparent free energy barrier of the 
Diels-Alder cycloaddition.  Therefore, considering both the reactivity and the selectivity to p-
xylene, BEA containing Ga is preferred over BEA containing Al or B, the strongest and weakest 
Brønsted acid sites considered. 

 
The Diels-Alder/dehydration reaction discussed in Chapter 5 can also be catalyzed by 

Lewis acid zeolites.  Chapter 6 describes the Sn-BEA catalyzed Diels-Alder/dehydration reaction 
of ethylene and 5-(hydroxymethyl)furoic acid (HMFA), an oxidized derivative of DMF.  In 
solution-phase Diels-Alder chemistry,11 Lewis acid catalysis proceeds by coordination to the 
electron acceptor molecule, leading to increased electron deficiency and increased reaction rates. 
However, an energy decomposition analysis shows that Sn-BEA, a Lewis acid zeolite, does not 
significantly facilitate the charge transfer between HMFA and ethylene.  Compared to Diels-Alder 
cycloaddition of HMFA and ethylene occurring in the gas phase, we found that the predominant 
effect that decreases the energy barrier on Sn-BEA is electrostatic stabilization by the catalyst.  
For this reason, the preferred pathway for the Diels-Alder reaction starts with binding HMFA, 
instead of ethylene, to the Sn site because it is the configuration that maximizes electrostatic 
interactions between the substrates and the catalyst in the transition state.  In Chapter 6, the effects 
of substituting Sn in the active site by Zr and Ti on the reaction barrier and kinetic regime are 
investigated as well.   
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Chapter 2 
 
Improved Force Field Parameters for QM/MM 
Simulations of the Energies of Adsorption for 
Molecules in Zeolites and a Free Rotor Correction to 
the Rigid Rotor Harmonic Oscillator Model for 
Adsorption Enthalpies 
 
2.1  Abstract 
 

Quantum mechanics/molecular mechanics (QM/MM) simulations provide an efficient 
avenue for studying reactions catalyzed in zeolite systems; however, the accuracy of such 
calculations is highly dependent on the zeolite MM parameters used.  Previously reported 
parameters (P1), which were chosen to minimize the RMS deviations of adsorption energies 
compared with full QM ωB97X-D/6-31+G** adsorption energies, are shown to overestimate 
binding energies compared with experimental values, particularly for larger substrates.  To 
address this issue, a new parameter set (P2) is derived by rescaling the previously reported 
characteristic energies of the Lennard-Jones potential in P1.  The accuracy of the thermal 
correction for adsorption enthalpies determined by the rigid rotor-harmonic oscillator 
approximation (RRHO) is examined and shown to be improved by treating low-lying vibrational 
modes as free translational and rotational modes via a quasi-RRHO model.  With P2 and quasi-
RRHO, adsorption energies calculated with QM/MM agree with experimental values with an RMS 
error of 1.8 kcal/mol for both nonpolar and polar molecules adsorbed in MFI, H-MFI, and H-BEA.  
By contrast, the RMS error for the same test sets obtained using parameter set P1 is 8.3 kcal/mol.  
Glucose-fructose isomerization catalyzed by Sn-BEA is taken as an example to demonstrate that 
improved values for apparent activation energies can be obtained using the methodology reported 
here.  With parameter set P2, the apparent activation energy calculated with QM/MM reproduces 
the experimental value to within 1 kcal/mol.  By contrast, using parameter set P1, the error is -
12.9 kcal/mol. 

 
2.2  Introduction 
 

Zeolites in their Brønsted or Lewis acid form are active catalysts for a variety of chemical 
reactions involved in the production of transportation fuels and special chemicals, e.g.,  
hydrocarbon cracking, isomerization, and alkylation.1,2,12  Experimental studies have shown that 
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the catalytic activity and product selectivity for such reactions are highly affected by the zeolite 
framework structure and composition, e.g., Si/Al ratio.3,4  Since the range of possible zeolite 
structures and compositions is extremely large, it is highly desirable to predict the effects of zeolite 
frameworks and compositions on catalyst activity and selectivity for a given reaction.  Significant 
progress towards this end has been achieved using quantum chemical simulations based on density 
functional theory (DFT).5  Such calculations can not only confirm the interpretations of reaction 
mechanisms deduced from experimental results, but also predict the influence of zeolite 
framework structure and composition on a reaction.   

 
However, special care has to be taken in order to calculate the interaction between a 

reactant and a zeolite cluster correctly because long-range dispersion forces are notoriously 
difficult to handle in ab-initio calculations.6  Recent studies recommend that, for large molecular 
complexes, dispersion-corrected DFT with valence triple-ζ basis sets should be used.7  
Additionally, an explicit correction should be made for the non-additive Axilrod-Teller-Muto 
three-body dispersion interaction, which increases with system size, in order to obtain accurate 
dispersion interaction energies.7  However at this level of theory, it is not feasible to include a 
significant part of the zeolite framework into the model because of the high computational costs.  
On the other hand, a zeolite model with only a small cluster (less than 150 tetrahedral atoms; < 
T150) cannot fully describe the confinement and dispersion effects occurring in the pores of a 
zeolite.8 

 
The recent development of quantum mechanics/molecular mechanics (QM/MM) models 

offers the possibility of striking a balance between simulation realism, accuracy and computational 
costs.13–17  In QM/MM, a small cluster encompassing the active center and the adsorbate is 
described by QM, while the rest of the zeolite is described by MM.  Zimmerman et al. have 
selected and validated MM parameters (P1) for electrostatically embedded QM/MM zeolite 
simulations by reducing the RMS deviation between QM/MM and QM calculations over a range 
of adsorption energies and transition states in MFI and H-MFI.18  Those calculations were done 
with clusters no larger than 44 tetrahedral atoms in which a T5 QM region is treated at the ωB97X-
D19,20/6-31+G** level of theory.  It was shown that QM/MM(P1) can accurately reproduce QM 
geometries and QM energetics calculated with the same level of theory and cluster sizes to within 
~2 kcal/mol.  Gomes et al. have further validated the scheme with the same parameters by 
comparing experimental adsorption and activation energies with the values calculated using much 
larger clusters (>T150) with larger basis sets (ωB97X-D/6-311++G(3df,3pd)) for the T5 QM 
region.8  It was shown that the adsorption energy of methanol and the reaction barrier for the 
methylation of ethene in H-MFI were in good agreement with experimental values, while the 
adsorption energy of 1-butene in both MFI and H-MFI was overestimated by ~10%.  This 
overbinding is even more pronounced for larger adsorbate molecules (pentane and hexane), as 
shown by the recent work of Sharada et al.21 

 
Here, we show that the deviation between experimentally measured heats of adsorption 

for C1 to C8 n-alkane in siliceous MFI and those calculated with QM/MM(P1) diverges with 
increasing number of CH2 units in the adsorbate.  We believe that this deviation is due to 
overestimation of the van der Waals interaction between adsorbates and adsorbents, which 
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constitutes the predominant interaction between alkanes and siliceous zeolites.18  Since this 
interaction is modeled by the pairwise-additive Lennard-Jones potential in the QM/MM scheme, 
it is not surprising to see the error accumulating as the number of significantly interacting pairs of 
atoms between a guest molecule and a zeolite cluster increases.  Since a previous study has shown 
that intrinsic activation energies calculated using the QM/MM approach, which are most sensitive 
to MM charge parameters, agree well with experimental values, we believe the MM charges 
assigned to Si and O of zeolite clusters are reasonable.21   

 
The first purpose of this paper is to describe the development and testing of a new 

parameter set (P2) for describing the adsorption of both non-polar and polar adsorbates.  The P2 
parameter set is derived by recalibrating the characteristic energies of the Lennard-Jones potential 
for O and Si (ε	
  and ε�) in P1, but keeping the MM charge parameters unchanged.  With 
QM/MM(P2), the experimental interaction energies for both physisorption and chemisorption of 
guest molecules of varying sizes in MFI and H-MFI can be reproduced with errors roughly 5 times 
smaller than QM/MM(P1).  The transferability of the P2 parameters to other zeolites was 
validated by successful reproduction of the adsorption energies for H-BEA zeolites. 

 
The second goal of this paper is to demonstrate that improved values for the adsorption 

enthalpies of molecules in zeolites can be obtained by correcting the usual rigid rotor harmonic 
oscillator (RRHO) model that is used to evaluate zero point energy and thermal corrections to 
adsorption enthalpies.  By investigating the lower and upper limits to the corrections 
corresponding to mobile and immobile adsorption, we show that the usual RRHO model is outside 
the resulting physically allowed regime as temperature rises above room temperature.  We show 
that more physical behavior can be obtained by interpolating between the RRHO model and free 
rotor contributions as a function of vibrational frequency.  The resulting quasi-RRHO model 
yields improved adsorption enthalpies. 

 
Glucose to fructose isomerization in Sn-BEA is taken as an example to illustrate the 

application of the new parameter set P2 and the quasi-RRHO model.  At the end of the present 
work, the question of how to simulate reactions occurring in zeolites efficiently and accurately 
with the QM/MM model is discussed in detail. 

 
2.3  Methods 
 

Zeolite Model Geometries.  The crystallographic structures of MFI and BEA were used 
to determine the positions of all atoms in the zeolite cluster models.22–24  As shown in Fig. 2.1, a 
T437 cluster and a T208 cluster were chosen to represent MFI and BEA, respectively.  Each 
cluster was terminated with hydrogen atoms by replacing the terminal oxygen atoms.  The H form 
of the zeolites (H-MFI, H-BEA) was produced by replacing a Si atom in the framework by an Al 
atom, and also introducing a proton to compensate the resulting charge imbalance.  Although the 
MFI unit cell has 12 different crystallographic sites in which an Al atom can be substituted, there 
is evidence that the T12 site is favored.25,26  BEA has 9 unique T-atom positions, of which two 
sites were suggested to be most energetically favored for Al atom substitution,27 i.e., the T1 and 
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T2 sites in the nomenclature of Newsam et al.23  For this study, we considered the Al atom to be 
in the T12 site of MFI and the T2 site of BEA.  Sn-BEA was produced by replacing a Si atom by 
a Sn atom in the T2 site, one of the two sites favored for Sn substitution.28,29 One of the Sn-O-Si 
bridges was replaced by Sn-OH and Si-OH because previous studies have suggested that this 
partially hydrolyzed open site is more active than the fully coordinated closed site.9,30,31  More 
discussions of the activity difference between the open and closed sites can be found in our recent 
work.32 

 

 
Figure 2.1. QM/MM models for (a) H-MFI (T437), (b) H-BEA (T208), and (c) Sn-BEA (T208).  
Atoms shown in yellow, red, pink, white, and green represent Si, O, Al, H, and Sn atoms, 
respectively. Spherical atoms are QM atoms, others are MM atoms. 
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Computations.  Implementation of the electrostatically embedded QM/MM zeolite 
model in this work followed the scheme proposed previously, the details of which can be found 
elsewhere.18  Adsorbates and a T5 cluster encompassing the active center were described by QM, 
while the rest of the zeolite was described by MM with a standard force field of the CHARMM 
type.33–35  All the geometry optimizations were performed with relaxation of only the internal QM 
region, keeping the hydrogen terminations of the QM region and all the MM atoms frozen.  Since 
the MM atoms are held fixed, the only relevant terms in the force field are the two MM-QM 
interactions.  The electrostatic part of this interaction, is described by 

 
 ��/�� = � ��4����
�
�  (2.1) 

 
where ��/�� is the electric potential in the QM Hamiltonian due to all the MM atoms; rij is the 
distance between particles i and j, where particle i is in the QM region and particle j is in the MM 

region; qj is the charges on particles j, which is a force field parameter; and ε0 is the permittivity 
of free space.  The Lennard-Jones interaction ELJ is given by 
 
 ��� = � �
� ���
��
� ��� − 2 ��
��
� �"#
�  (2.2) 

 
where εij = (εiεj)1/2 and Rij = (Ri + Rj)/2, Ri is the van der Waals radius, and εi is the characteristic 
energy for the Lennard-Jones potential.  These expressions require three parameters for each atom 
type.  For the atoms of non-zeolite molecules, standard CHARMM parameters35 were used. 
However, for the atoms of the zeolite cluster, two sets of MM parameters were used, all of which 
are listed in Table 2.1.  Parameter set P1 is that proposed by Zimmerman et al.18 and P2 is the new 
parameter set suggested in this work, for which optimization is described below.   
 

 
Table 2.1.  Charge and Lennard-Jones Parameters for O and Si used in the QM/MM portion of 
this work. 

Parameter Set QSi QO εSi (kcal/mol) RSi (Å) εO (kcal/mol) RO (Å) 

P1 0.7 -0.35 0.2 2.2 0.075 1.77 

P2 0.7 -0.35 0.047 2.2 0.018 1.77 

 
 

All the adsorption energies reported are ground state electronic energies without zero 
point vibrational corrections. The experimental electronic adsorption energies were derived by 
removing zero point vibrational and temperature corrections from experimentally measured 
adsorption enthalpies: 
 
 �$%& = '$%& − �)*+  (2.3) 
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where �$%&  is the adsorption energy, '$%&  is the adsorption enthalpy, and �)*+ is the sum of zero 
point vibrational and temperature corrections.  The correction term, �)*+ , was calculated using a 
modified rigid rotor-harmonic oscillator approach (quasi-RRHO),36 for which the vibrational 
energy contribution is described by 
 
 � = � �
,-$&
.��/�


  

    = � 0123
) × �
��/� + 21 − 123
)) × 12 �78
  
(2.4) 

   
 123
) = 11 + 23� 3
⁄ ): (2.5) 

 
where T is the absolute temperature, R is the gas constant, 3
 is the frequency of the vibration 
mode i, 3� is chosen as 100 cm-1, and �
��/� is the vibrational energy contribution of mode i 
described by regular rigid rotor-harmonic approximation (RRHO):  
 

 �
��/� = 12 ;<ℎ3
 + �7 >ℎ3
?7 @ A.BCD EF⁄21 − A.BCD EF⁄ ) (2.6) 

 
where NA is the Avogadro constant, h is the Planck constant, and k is the Boltzmann constant.  The 
rationale for using the quasi-RRHO instead of the RRHO is discussed below.   

 
Geometry optimizations and single point energy calculations were performed at the 

ωB97X-D/6-31G* and ωB97X-D/6-311++G(3df,3pd) levels of theory, respectively, unless noted 
otherwise.  Frequency computations were performed on all structures to ensure that geometries 
corresponded to local minima or first order saddle point (i.e. zero or one negative eigenvalues).  
All calculations were done using a development version of the Q-Chem software package.37 

 
2.4  Parameter Calibration  
 

Since, as discussed previously, it is costly to do ab-initio calculations of benchmark-level 
accuracy, experimental adsorption energies were taken as benchmarks in this work.  Previous 
studies have indicated that the van der Waals interaction is the predominant interaction controlling 
physisorption of non-polar molecules in zeolites, whereas the interactions of polar molecules or 
chemisorption in zeolites come from both van der Waals and electrostatic interactions.18  Since 
there is no way to unravel interaction energies directly from experimental data, the adsorption 
energies of n-alkanes in siliceous MFI (silicalite), a prototypical physisorption case, were chosen 
to benchmark the Lennard-Jones parameters.  In contrast to chemisorption at the active sites in 
zeolites, e.g., Brønsted or Lewis acid sites, there is no preferred binding site for dispersion-driven 
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physisorption of n-alkanes in MFI.38,39  However, as a first step towards studying the activation 
in H-MFI, we chose to investigate the adsorption of alkanes in the straight channel close to the 
T12 site, the site which is preferred for Al substitution.25,26 

 
The experimental values of adsorption enthalpies of C1 to C10 n-alkanes in MFI,40–49 noted 

as '$%&2AGHI), are shown in Fig. 2.2.  It is clear that even though there is a little uncertainty in 
the values reported by different authors, there is a good linear relationship between adsorption 
enthalpy and the number of carbon atoms in linear alkanes.  The slope of the regression line, '$%&J 2AGHI), reveals that the interaction energy between the zeolite and a CH2 unit in an n-alkane 
is about -2.5 kcal/mol.  The calculations carried out for the adsorption energies of methane to 
octane in the same zeolite using parameter set P1 are shown in Fig. 2.3.  The linear relationship 
between the adsorption energy and the number of carbon atoms is reproduced, but with a slope of 
about -4.4 kcal/mol per CH2 unit, which is much larger than the experimental result.   

 
To get more insight into the interactions, we decomposed the calculated adsorption 

energies �$%& 2KL/LL) into two components,  
. �$%&2KL/LL) = �$%& 2LL − 3MN) + �$%& 2KL), (2.7)  

where �$%& 2LL − 3MN) is the van der Waals interaction energy between an adsorbate and the 
atoms contained in the MM region, and �$%& 2KL) is the sum of the QM-QM interaction energy 
between an adsorbate and the active site and the electrostatic interaction energy arising from the 
polarization of the adsorbate by the charges of the atoms contained in the MM region.  The 
physical meaning of the slopes of the regression lines of �$%& 2LL − 3MN) and �$%& 2KL), 
denoted as �$%&J 2LL − 3MN) and �$%&J 2KL), are the adsorption energies per CH2 unit arising 
from the two interactions respectively.  It is shown in Fig. 2.3 that van der Waals interactions 
arising from the MM cluster, �$%&J 2LL − 3MN), are the dominant interaction, contributing about 
-3.8 kcal/mol per CH2 unit, while �$%&J 2KL) contributes only -0.7 kcal/mol.  This finding agrees 
with the observation reported previously that physisorption of non-polar molecules in zeolites is 
only sensitive to Lennard-Jones parameters,18 and clearly suggests that the characteristic energies 
of the Lennard-Jones potential ε	
 and ε� in P1 are too large since �$%&J 2LL − 3MN) itself is 
larger than '$%&J 2AGHI).  What is not known, though, is whether the MM charge parameters also 
need to be revised, since electrostatic interactions have only a minor effect on the adsorption of 
alkane in siliceous zeolites.  However, we have shown previously that calculated intrinsic 
activation energies, which are sensitive to MM charge parameters, are in good agreement with 
experimental values;21 therefore, we believe that the MM charge parameters assigned to Si and O 
of zeolite are reasonable. 
 
Instead of re-parameterizing the van der Waals parameters for Si and O de novo, a fine-tuning 
strategy was adopted.  The correct MM van der Waals interaction per CH2 unit with the cluster 
was calculated by subtracting �$%&J 2KL) from '$%&J 2AGHI).  Then, a scaling factor for the P1 
MM van der Waals interaction, C, was obtained as 

 
 O = 2'$%&J 2AGHI) − �$%&J 2KL)) �$%&J 2LL − 3MN).⁄  (2.8) 
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Figure 2.2 Adsorption enthalpies of linear alkanes in purely siliceous MFI as measured by 
experiments.  Cn represents the number of carbon atoms in the alkane.  The equation is the least 
squares regression line of the data. 
 
 

 
Figure 2.3.  Adsorption energies of linear alkanes in MFI as calculated with QM/MM(P1).  Cn 
represents the number of carbon atoms in the alkane.  The equations are the least squares 
regression lines of the data. 
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Based on the pairwise-additive nature of the Lennard-Jones potential energy, this scaling factor for 
the MM van der Waals interaction can be directly merged with  ε	
 and ε� in P1 keeping other 
parameters unchanged 
 
 O × ε
� = 2O� × ε
ε�)� �⁄  (2.9) 

   
 ε	
2P2) = O� × ε	
2P1) (2.10) 
   
 ε�2P2) = O� × ε�2P1) (2.11) 

 
where ε
2X) is the characteristic energy of the Lennard-Jones potential of atom i in the parameter 
set X.  The recalibrated parameter set, P2, is listed in Table 2.1. 
 

The adsorption energies of C1 to C8 n-alkanes in siliceous MFI were calculated with 
QM/MM(P2) and were compared with experimental data and the values derived from 
QM/MM(P1).  Fig. 2.4a shows that QM/MM(P1) consistently overestimated the interactions and 
the deviation increases with the size of the guest molecule.  Since parameter set P1 was chosen to 
reproduce the results calculated at ωB97X-D/6-31+G** level of theory, this parameter set 
inherited the basis set superposition error and the error that arises from ignoring many-body 
dispersion interactions, both of which contribute to overestimation of the interaction energy.  And 
since the adsorbate-zeolite van der Waals interaction is modeled by the pairwise-additive Lennard-
Jones potential in the QM/MM scheme, the error accumulates as the number of pairs of atoms 
between a guest molecule and a zeolite cluster increases, so the overbinding issue is inevitably 
more significant for larger guest molecules.  On the other hand, Fig. 2.4a shows that QM/MM 
with the recalibrated parameter set P2 accurately reproduces the experimental values.   

 

 
Figure 2.4.  Adsorption energies of guest molecules in purely siliceous MFI calculated with 
QM/MM(P1) and QM/MM(P2).  Experimental values44,45,48 are shown with ±10% error bar and 
were derived by removing zero point vibrational and temperature corrections from experimentally 
measured adsorption enthalpies using (a) quasi-RRHO and (b) RRHO. The connecting lines are 
drawn to guide the eye. 
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2.5  Thermal Correction  
 

Because the scaling factor, C, was designed to fit the slope of the regression line of �$%& 2KL/LL) in Fig. 2.3 to '$%&J 2AGHI), the underlying hypothesis of the recalibration is that, �)*+ , the sum of zero point vibrational and temperature corrections, is not a function of the number 
of CH2 units in linear alkanes.  It turns out to be a good assumption since, as shown in Fig. 2.4a, 
after removing �)*+  calculated with the quasi-RRHO model from the experimental enthalpies, 
the adsorption energies determined by QM/MM(P2) agree well with the experimental values.  
Interestingly, we found that if �)*+  was determined by the RRHO model, though the slope of the 
experimental data can still be correctly reproduced by the calibrated parameters, QM/MM(P2) 
consistently underbinds by ~2 kcal/mol comparing with the experimental data as shown in Fig. 
2.4b.  As discussed previously, since the successful reproduction of the slope of the experimental 
adsorption energies of linear alkane adsorbed in siliceous zeolites indicates that the interaction 
between a CH2 unit and the cluster in the MM region is correctly captured, it is not likely that the 
error comes from the MM parameters.  Moreover, due to the fact that the offset is underbinding, 
it is not likely an error of using an incomplete basis set.  On the other hand, it should not be 
cursorily attributed to density functional errors either, because its magnitude is larger than the error 
expected for non-covalent interactions calculated with ωB97X-D.19   

 
This finding motivates us to examine the energy contribution which is not directly 

determined by QM/MM(P2), i.e., the correction term �)*+  calculated via the RRHO 
approximation.  It is well known that treating the translational and rotational modes of a guest 
molecule in a zeolite system as low frequency vibrations via RRHO results in highly inaccurate 
entropy calculations.50,51  However, to the best of our knowledge, the impact of this inaccurate 
treatment of modes on enthalpy calculations has not been discussed extensively.  Using RRHO, 
the energy contributions of the translational and rotational modes are described by Eq. (2.6), the 
energy contribution of a harmonic oscillator.  As 3
 → 0, Eq. (2.6) asymptotically approaches RT 
as opposed to 1/2 �7 , the correct energy contribution of a translational or rotational mode, 
resulting in an error of 1/2 �7 per translational or rotational degree of freedom that a guest 
molecule retains in zeolites. 

 
Since the error is proportional to temperature, one might expect it to be negligible if the 

temperature is not high.  Unfortunately, we found that this issue could result in a noticeable error 
even at room temperature.  This point can be elucidated by examining whether �)*+ determined 
by RRHO lies between the upper and lower bounds defined by the extreme cases: mobile and 
immobile adsorptions.  For the case of mobile adsorption, it is assumed that a guest molecule 
retains all of its translational and rotational modes in the zeolite.  For the temperature range where 
the thermal excitation of vibrational modes is negligible (T ≤ 300K), �)*+  for the mobile 
adsorption can be described as 

 
 �)*+ = ∆���XY − �7 (2.12) 
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where ∆���XY is the zero point vibrational correction, and – �7 corresponds to the change of the 
PV term of the enthalpy for the adsorption of gas phase molecules.  On the other hand, for the 
case of immobile adsorption, it is assumed that a guest molecule loses all of its translational and 
rotational modes in the zeolite.  Similarly, at low temperature, �)*+ for the immobile adsorption 
case can be described as  
 
 �)*+ = ∆���XY − 4�7. (2.13) 

 
The additional -3�7 corresponds to the loss of the translational and rotational energies in the 
immobile adsorption scenario.   
 

Since the mobile and immobile cases are two extremes, for the range where the thermal 
excitation of vibrational modes is negligible (T ≤ 300K), Eq. (2.12) and Eq. (2.13) define the upper 
and lower bounds for �)*+.  As shown in Fig. 2.5, for the adsorption of methane in siliceous MFI, 
Eq. (2.12) and Eq. (2.13) define the allowed region (shaded area) in which �)*+  should lie.  
However, Fig. 2.5 clearly shows that �)*+ determined by RRHO is within this region only if the 
temperature is very low (T ≤ 100K) and at room temperature (T = 300K), the value determined by 
RRHO is about 1 kcal/mol higher than the upper bound.  This issue is not only observed in the 
adsorption of methane, but also in the adsorption of longer alkane, such as n-octane adsorption in 
MFI (Fig. 2.6).  Since, as discussed previously, the error is proportional to temperature, it is 
critical to fix this artifact in order to accurately compute the adsorption or activation enthalpies 
above room temperature. 

 
 

 
Figure 2.5.  The sum of zero point vibrational and temperature corrections, �)*+, determined by 
RRHO and quasi-RRHO for methane adsorption in purely siliceous MFI. 
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Figure 2.6.  The sum of zero point vibrational and temperature corrections, �)*+, determined by 
RRHO and quasi-RRHO for n-octane adsorption in purely siliceous MFI. 
 
 

To remedy this problem, we replaced the energy contribution of low-lying vibrational 
mode by 1/2 �7, the correct description for the energy of a translational or rotational mode, using 
the interpolation scheme described by Eq. (2.4).  As shown in Fig. 2.7, the quasi-RRHO scheme 
continuously interpolates between the harmonic vibrational and translational (or rotational) 
contributions using the Chai and Head-Gordon damping function19 shown by Eq. (2.5) and 
effectively replaces the energy contribution for all modes with frequency less than 3� by 1/2 �7.   
Though this black-box type of interpolation procedure was originally proposed by Grimme to 
remedy the divergence issue of entropy calculation for low-lying modes of supramolecules,36 we 
found that it is helpful to improve the accuracy of adsorption enthalpy calculations in zeolites.  As 
shown in Fig. 2.5, with the same cut-off frequency suggested by Grimme (100 cm-1), it is clear 
that �)*+ determined by quasi-RRHO behaves better than the one determined by RRHO for the 
adsorption of methane because it lies within the allowed region.  The same improvement is 
observed in the case of the adsorption of longer alkanes, such as n-octane adsorption shown in Fig. 
2.6.  Therefore, as shown in Fig. 2.4a, the ~2 kcal/mol offset mentioned previously (Fig. 2.4b) is 
not observed if �)*+ is determined by the quasi-RRHO model. 

 
One might have noticed from Fig. 2.5 and Fig. 2.6 that using the quasi-RRHO model also 

slightly affects ∆���XY, which is �)*+ at 0K.  This is because, as shown by Eq. (2.4), the zero 

point vibrational correction of mode i, 
�� ;<ℎ3
, is also weighted by 123
).  This artifact can be 

avoided by using a slightly modified expression: 
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� = � [12 ;<ℎ3
 + 123
) × ��7 >ℎ3
?7 @ A.BCD EF⁄21 − A.BCD EF⁄ )� + \1 − 123
)]
 × >12 �7@^ 

(2.14) 

 

where 
�� ;<ℎ3
  is factored out so that only the thermal excitation part of the vibrational 

contribution is weighted by 123
).  However, since the influence is small and the zero point 
vibrational correction determined by RRHO is an approximation itself, we choose to adopt Eq. 
(2.4), the more physical expression which replaces all the energy contributed by a low-lying mode 
by 1/2 �7.  
 
 

 
Figure 2.7. Energies of vibrational modes described by RRHO and quasi-RRHO models at 300K. 
The cut-off frequency for quasi-RRHO model, 3�, is chosen as 100 cm-1. 

 
2.6  Parameter Validation  
 

To validate the parameter set, P2, the adsorption energies of two test sets were calculated 
with QM/MM(P2) and were compared with experimental data and the values derived from 
QM/MM(P1).  The first test set covered the adsorption of nonane, decane, cyclohexane, 1-butene, 
and benzene in siliceous MFI.  For this test set, dispersive interactions dominate the adsorbate-
zeolite interactions so that the adsorption energy is only sensitive to Lennard-Jones parameters, as 
discussed above.  Fig. 2.8 shows that QM/MM(P2) outperforms QM/MM(P1) and correctly 
reproduces the experimental values for the entire test set, validating the superior ability of 
QM/MM(P2) to capture correctly dispersive interactions of adsorbates with zeolites.   
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Figure 2.8.  Adsorption energies of guest molecules in purely siliceous MFI calculated with 
QM/MM(P1) and QM/MM(P2).  The experimental values of nonane48, decane45, cyclohexane52, 
1-butene53, and benzene54 are shown with ±10% error bar. The connecting lines are drawn to 
guide the eye. 
 
 

 
Figure 2.9.  Adsorption energies of guest molecules in H-MFI and H-BEA calculated with 
QM/MM(P1) and QM/MM(P2).  The experimental values of propane55, NH3

56, acetonitrile57, 1-
butene58, pyridine56, and methanol57 in H-MFI and CO2

59, NH3
60, hexane61 in H-BEA are shown 

with ±10% error bar. The connecting lines are drawn to guide the eye. 
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The second test set examines the interactions of propane, NH3, acetonitrile, 1-butene, 
pyridine, and methanol with H-MFI and CO2, NH3, and hexane with H-BEA.  This test set covers 
polar molecules, which are more sensitive to long-range charge interactions with the lattice, and 
molecules that can strongly interact with the Brønsted acid site, i.e., NH3 and pyridine.  Fig. 2.9 
shows that QM/MM(P1) again over-binds all guest molecules.  Pyridine, the largest polar guest 
molecule in the test set, deviates the most from the experimental value, consistent with the 
arguments given above.  Without adjusting the MM charge parameters, parameter set P2 
improved the accuracy of this test set, suggesting that the ε	
 and ε� in P2 are compatible with 
the original MM charge parameters in P1.  It also justifies the assumption that the charges 
assigned originally to Si and O atoms of the zeolite clusters in parameter set P1 were reasonable 
and need not be modified.  Moreover, the successful reproduction of the adsorption energies of 
CO2, NH3, and hexane in H-BEA observed experimentally using QM/MM(P2) suggests that 
though ε	
 and ε� in parameter set P2 were trained to capture the dispersive interaction of alkane 
in MFI, they are likely transferable to other zeolite systems. 

 
The RMS error between the adsorption energies determined by QM/MM and observed 

experimentally were calculated for the test sets in MFI, H-MFI, and H-BEA to summarize the 
overall performance of QM/MM with parameter sets P1 and P2.  As listed in Table 2.2, the RMS 
error is 8.3 kcal/mol using QM/MM(P1) at the ωB97X-D/6-311++G(3df,3pd) level of theory.  By 
contrast, at the same level of theory, the RMS error is only 1.8 kcal/mol with P2, which validates 
the parameter set P2 for QM/MM calculations.  An attempt was made to further reduce the RMS 
error by optimizing the scaling factor C using all the data sets as one single training set.  
Interestingly, the RMS error was only reduced by 0.1 kcal/mol via this procedure, which strongly 
supports the transferability of the recalibrated parameters. 
 

Because the parameters were trained empirically with ωB97X-D/6-311++G(3df,3pd), we 
also examined the compatibility of P2 and other levels of theory (different basis sets or density 
functionals).  As listed in Table 2.2, for all the functionals that we considered (ωB97X-D, ωB97X-
V62, B97-D63, M062X64, and B3LYP65,66), the RMS error increases by less than 0.2 kcal/mol if 6-
311++G(3df,3pd), the basis set used in the training process, is replaced by Def2-TZVPD.  Since 
the 0.2 kcal/mol difference in RMS errors is small and the basis set 6-311++G(3df,3pd) only covers 
elements from H to Ar, we recommend using QM/MM(P2) with Def2-TZVPD, an effective core 
potential basis set covering elements from H to Rn, for systems containing elements heavier than 
Ar, e.g. Sn-BEA.  As shown by the MSE listed in Table 2.2, QM/MM(P2) greatly underestimates 
the adsorption energies if B3LYP is used due to the absence of long-range dispersion interactions 
in the QM region.   

 
On the other hand, though the accuracy of QM/MM(P2) is slightly degraded if ωB97X-V, 

B97-D, or M062X is used, the RMS errors calculated with ωB97X-V/6-311++G(3df,3pd) and 
B97-D/6-311++G(3df,3pd) (2.3 and 2.0 kcal/mol) are very close to the RMS error of ωB97X-D/6-
311++G(3df,3pd) (1.8 kcal/mol), suggesting that although the parameter set P2 was trained with 
ωB97X-D, it is compatible with ωB97X-V and B97-D.  The compatibility of P2 and ωB97X-V 
is particularly important because the empirical long-range dispersion correction of ωB97X-D only 
supports period 1 to 5 elements but there is great interest in studying reactivity of zeolites doped 
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with elements of period 6, e.g. Hf and Pb.32  It should be noted that though using QM/MM(P2) 
with B97-D performs almost as well as using QM/MM(P2) with ωB97X-D for the adsorption 
energies, the use of B97-D is not recommended for calculating reaction barriers because it does 
take into account long-range exchange interactions.  However, because of the low computational 
cost of using B97-D compared to ωB97X-D, we recommend using QM/MM(P2) with B97-D to 
explore reaction mechanisms and then using ωB97X-D for single point energy computations in 
order to strike a balance between accuracy and computational cost.  This point is illustrated by 
an example in the next section. 

 
 

Table 2.2. Statistical errors of the test sets in MFI, H-MFI, and H-BEA.  Numbers are reported in 
kcal/mol. 

Parameter Set Functional Basis Set MSE MAE RMS 

P1 ωB97X-D 6-311++G(3df,3pd) -6.7 6.7 8.3 

P2 ωB97X-D 
6-311++G(3df,3pd) 0.8 1.4 1.8 

Def2-TZVPD 0.8 1.6 1.9 

P2 ωB97X-V 
6-311++G(3df,3pd) 1.5 1.9 2.3 

Def2-TZVPD 1.6 1.9 2.4 

P2 B97-D 
6-311++G(3df,3pd) 1.0 1.7 2.0 

Def2-TZVPD 1.1 1.8 2.2 

P2 M062X 
6-311++G(3df,3pd) 2.5 2.6 3.0 

Def2-TZVPD 2.4 2.5 3.0 

P2 B3LYP 
6-311++G(3df,3pd) 6.5 6.5 7.2 

Def2-TZVPD 6.5 6.5 7.3 

 
 
Though the above parameterization and validation were done for zeolite models 

containing a T5 QM cluster encompassing the active center, we found that the accuracy of 
QM/MM(P2) is not sensitive to the size of the QM cluster.  For example, for the adsorption of 
pyridine in H-MFI, a case in which both the QM-QM and QM-MM interactions between the 
adsorbate and the zeolite are important, the adsorption energies calculated with T5 and T17 QM 
clusters (T5 QM/T432 MM and T17 QM/T420 MM) differ by only -0.18 kcal/mol at the ωB97X-
D/6-311++G(3df,3pd) level of theory.  Therefore, even though the parameters were designed for 
QM/MM calculations with a T5 QM cluster, one can use P2 with a QM region larger than T5 if 
needed, for purposes such as studying synergic effects of neighboring sites67,68. However, we note 
that if the QM region encompasses a significant part of the zeolite framework, in addition to 
dispersion-corrected DFT, an explicit correction might be needed for the non-additive Axilrod-
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Teller-Muto three-body dispersion interaction, which increases with system size in order to obtain 
accurate dispersion interaction energies.7 

 
2.7  Glucose-Fructose Isomerization in Sn-BEA  
 

The above discussion has focused on how the new parameter set P2 improves the 
performance of QM/MM calculations of adsorption energies.  In this section, we illustrate how 
one can study a reaction occurring in zeolite efficiently and accurately using the P2 parameter set 
and the quasi-RRHO model.  The P2 parameter set has been applied to study the isomerization of 
glucose to fructose in Sn-BEA and the synthesis of p-xylene from ethylene and 2,5-dimethylfuran 
in H-BEA.32,69  The former is chosen as an example.  The complete mechanism of this reaction 
and the details of the computations can be found in our recent work;32 here we concentrate on the 
relative performance of parameter sets P1 and P2.   

  
As shown in Scheme 2.1, glucose-to-fructose isomerization catalyzed by Sn-BEA is 

initiated by opening of the six-membered ring of glucopyranose to form acyclic glucose, which 
then undergoes isomerization to the acyclic form of fructose and subsequent ring closure to form 
fructofuranose.9  The overall reaction rate is limited by a hydride shift from the C2 carbon to the 
C1 carbon, as shown by the transition state structure in Fig. 2.10.32  Starting with this structure, 
we calculated the apparent activation energy by redoing geometry optimizations and single point 
calculations with the schemes listed in Table 2.3.  Using ωB97X-D for both optimization (with 
the Def2-SV(P) basis) and single point calculation (with the Def2-TZVPD basis), the apparent 
activation energy calculated with QM/MM(P1) is only 8.3 kcal/mol, which is much lower than the 
experimentally measured value of 21.2 kcal/mol.9  As discussed above, this artifact is due to the 
overestimation of the van der Waals interaction between the zeolite and the reactant in the 
transition state so that it is impossible for QM/MM(P1) to reproduce experimental data even if the 
correct reaction mechanism is given unless the reactant is really small, i.e. the van der Waals 
interaction is negligible.   

 
 

 
Scheme 2.1.  Schematic representation of the isomerization of glucopyranose to fructofuranose.  
The hydrogen atom marked as red is the one that undergoes a hydride shift. 
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Figure 2.10. Rate-limiting transition state for glucose-fructose isomerization catalyzed by Sn-BEA. 

 
 

Table 2.3. Apparent activation energy for glucose-fructose isomerization catalyzed by Sn-BEA at 
343 K.  The basis set used for geometry optimizations and single point energy calculations are 
Def2-SV(P) and Def2-TZVPD, respectively. 

Method 
Geometry 

Optimization 

Single Point 
Energy 

Calculation 

Thermo 
Correction 

Apparent 
Activation Energy 

(kcal/mol) 

Experiment - - - 21.2 ± 0.7 

QM/MM(P1) ωB97X-D ωB97X-D RRHO 8.3 

QM/MM(P2) ωB97X-D ωB97X-D RRHO 22.3 

QM/MM(P2) ωB97X-D ωB97X-D quasi-RRHO 21.1 

QM/MM(P2) B97-D ωB97X-D quasi-RRHO 20.1 

 
 
On the other hand, using the same QM protocol, the apparent activation energy calculated 

with QM/MM(P2) and RRHO is 22.3 kcal/mol, which agrees well with the experimental value of 
21.2 kcal/mol.  The accuracy can be improved further if the thermal correction is calculated with 
the quasi-RRHO model.  As listed in Table 2.3, the apparent activation energy calculated with 
QM/MM(P2) and quasi-RRHO is 21.1 kcal/mol, in excellent agreement with the experimental 
value.  These results show that although the reparameterization of the QM/MM force fields is 
done using adsorption energies as training and test sets, the new parameter set P2 greatly improves 
the accuracy of QM/MM calculations not only for adsorption energies but also for apparent 
activation energies.  Bond-making and bond-breaking problems such as the isomerization 
transition state are the realm for which the QM/MM method was designed. 
 

The good transferability of the parameter set P2 between the functionals (B97-D, ωB97X-
D, and ωB97X-V) discussed in the previous section motivates us to pursue a more economical 
way of exploring mechanisms of complex reactions.  Since the most expensive part of studying a 
reaction is identifying the correct reaction pathway, the computational cost can be greatly reduced 
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if the potential energy surface walking procedures are carried out with a less computationally 
demanding but still sufficiently accurate functional.  Indeed we already used the smaller Def2-
SV(P) basis for geometry optimization and the larger Def2-TZVPD basis for single point energies 
to reduce costs.  Since advanced potential energy surface walking algorithms require only the first 
derivatives of the energy even for locating transition states,70,71 we use the CPU time required to 
calculate first derivatives of the energy per step of the transition state search shown in Fig. 2.10 as 
the index of computational costs.   

 
As shown in Fig. 2.11, because of the required 6-dimensional numerical integral over the 

density and a nonlocal correlation kernel, ωB97X-V is more expensive than ωB97X-D so that 
there is no advantage in switching to ωB97X-V from the perspective of computational cost.  On 
the other hand, B97-D is the lowest cost functional among those we examined, requiring only 
about one-third of the CPU time of ωB97X-D.  This result suggests that the costs of the potential 
energy surface walking procedures can be roughly reduced by a factor of three with little or no 
degradation of the accuracy if the geometry optimized with B97-D is close to that of ωB97X-D.   
 
 

 
Figure 2.11. CPU time required to calculate first derivatives of the energy of the transition state 
shown in Fig. 2.10.  The basis set used for the calculations is Def2-SV(P).  All timings were 
performed using a development version of the software package Q-Chem on a single core of a dual 
2.4 GHz AMD Istanbul 6-core processor machine allotted 48 GB of RAM. 
 
 

As listed in Table 2.3, the scheme using B97-D for geometry optimizations and ωB97X-
D for single point energy calculations works well, since the calculated apparent activation energy 
(20.1 kcal/mol) is close to the experimental value (21.2±0.7 kcal/mol) and deviates by only 1 
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kcal/mol from the result of the scheme using ωB97X-D for all the calculations (21.1 kcal/mol).  
Since the small difference between the geometries optimized with B97-D and ωB97X-D can 
always be removed with little effort by performing a geometry optimization using ωB97X-D 
starting with the B97-D optimized geometry, an optimization procedure which should converge 
rapidly in a few steps, it is highly recommended that QM/MM(P2) with B97-D be used to explore 
the reaction mechanism of a complex reaction in order to reduce computational cost.  

 
2.8  Discussion and Conclusions  
 

Electrostatically embedded QM/MM simulations are computationally appealing methods 
for performing zeolite simulations, although the accuracy is highly dependent on the MM 
parameters.  A previously reported parameter set (P1), chosen to minimize the RMS deviations of 
adsorption energies compared with full QM ωB97X-D/6-31+G** adsorption energies in small 
clusters, is shown to lead to systematic over-binding of adsorbate molecules in zeolites, with errors 
increasing with adsorbate size.  Consistent with this finding, QM/MM(P1) overbinds C1 to C8 n-
alkanes in siliceous MFI where the dispersive interaction dominates the adsorption energies.  To 
address this issue, a new parameter set P2 (see Table 2.1) is optimized by directly scaling the 
characteristic energies of the Lennard-Jones potential of O and Si in P1.  The scaling factor was 
chosen to modify the QM/MM(P1) MM van der Waals interactions so that the calculated alkane 
adsorption energies agree with those measured experimentally. 

 
Adsorption energies determined from QM/MM(P2) agree to within an RMS deviation of 

1.8 kcal/mol with experimental values for two test sets, which cover both physisorption and 
chemisorption of guest molecules in MFI, H-MFI, and H-BEA.  By contrast, the RMS deviation 
for QM/MM(P1) is 8.3 kcal/mol for the same test sets.  This small RMS error compared with 
experimental values and the significant improvement relative to QM/MM(P1) validate the ability 
of QM/MM(P2) to better capture correctly dispersive interactions of adsorbates with zeolites. 
Though the parameter set P2 is trained empirically at the ωB97X-D/6-311++G(3df,3pd) level of 
theory, it is shown to be compatible with the basis set Def2-TZVPD and the functionals B97-D 
and ωB97X-V because the RMS error varies by less than 0.6 kcal/mol between these levels of 
theory. The accuracy of thermal correction for adsorption enthalpies determined by the rigid rotor-
harmonic oscillator approximation (RRHO) is examined by comparing with the values derived 
based on mobile and immobile adsorption assumptions (Fig. 2.5 and Fig. 2.6).  It is shown by the 
adsorption of n-alkane in MFI that the values determined by RRHO are overestimated even if the 
temperature is not high (≤ 300K).  The error is attributed to treating the translational and rotational 
degree of freedoms retained by guest molecules in zeolites as low frequency vibrational modes.  
The deviation is remedied by using a modified quasi-RRHO scheme, which effectively replaces 
the energy contribution of low-lying vibrational modes with the energy of free translational and 
rotational modes.  While quasi-RRHO methods have been previously used to correct entropies of 
adsorption, the need to correct RRHO contributions to enthalpies has not previously been 
discussed. 
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Glucose-to-fructose isomerization catalyzed by Sn-BEA is taken as an example to 
demonstrate the transferability of the new parameter set P2 and the usefulness of the quasi-RRHO 
model in the calculations of apparent activation energies.  Using QM/MM(P1) and RRHO, the 
calculated apparent activation energy is 8.3 kcal/mol, which deviates significantly from the 
experimentally observed value of 21.2 kcal/mol.  By contrast, at the same level of theory, the 
activation energies calculated using QM/MM(P2) with RRHO and quasi-RRHO are 22.3 and 21.1 
kcal/mol, respectively, in very good agreement with the experimental value.  Though this high 
accuracy was achieved by treating the QM region with ωB97X-D for both geometry optimizations 
and single point energy calculations, we found that the same level of accuracy can be achieved 
using B97-D for geometry optimization and ωB97X-D for single point energy calculation with 
roughly only one-third of the original costs.  Therefore, it is recommended that QM/MM(P2) with 
B97-D be used to explore reaction pathways for complex systems in order to reduce computational 
costs. 
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Chapter 3 
 
Thermodynamics of Anharmonic Systems: 
Uncoupled Mode Approximations for Molecules  
 
3.1  Abstract 
 

The partition functions, heat capacities, entropies, and enthalpies of selected molecules 
were calculated using uncoupled mode (UM) approximations, where the full-dimensional potential 
energy surface for internal motions was modeled as a sum of independent one-dimensional 
potentials for each mode.  The computational cost of such approaches scales the same with 
molecular size as standard harmonic oscillator vibrational analysis using harmonic frequencies 
(HOhf).  To compute thermodynamic properties, a computational protocol for obtaining the energy 
levels of each mode was established.  The accuracy of the UM approximation depends strongly 
on how the one-dimensional potentials of each modes are defined.  If the potentials are 
determined by the energy as a function of displacement along each normal mode (UM-N), the 
accuracies of the calculated thermodynamic properties are not significantly improved versus the 
HOhf model.  Significant improvements can be achieved by constructing potentials for internal 
rotations and vibrations using the energy surfaces along the torsional coordinates and the 
remaining vibrational normal modes, respectively (UM-VT).  For hydrogen peroxide and its 
isotopologs at 300 K, UM-VT captures more than 70% of the partition functions on average.  By 
contrast, the HOhf model and UM-N can capture no more than 50%.  For a selected test set of C2 
to C8 linear and branched alkanes and species with different moieties, the enthalpies calculated 
using the HOhf model, UM-N, and UM-VT are all quite accurate comparing with reference values 
though the RMS errors of the HO model and UM-N are slightly higher than UM-VT.  However, 
the accuracies in entropy calculations differ significantly between these three models.  For the 
same test set, the RMS error of the standard entropies calculated by UM-VT is 2.18 cal mol-1 K-1 
at 1000 K.  By contrast, the RMS error obtained using the HO model and UM-N are 6.42 and 5.73 
cal mol-1 K-1, respectively.  For a test set composed of nine alkanes ranging from C5 to C8, the 
heat capacities calculated with the UM-VT model agree with the experimental values to within a 
RMS error of 0.78 cal mol-1 K-1, which is less than one-third of the RMS error of the HOhf (2.69 
cal mol-1 K-1) and UM-N (2.41 cal mol-1 K-1) models.    

 
3.2  Introduction 

 
Recent advances in ab initio calculations have opened the door towards quantitative 

understanding of challenging chemical problems such as zeolitic reactions or solution-phase 
chemistries.5,36,32,69  With on-going developments, the accuracy of electronic energy calculations 
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via density functional theory has been greatly improved,62 although not yet to the level of chemical 
accuracy. However, to compare with quantities measured directly by experiments, calculations of 
thermodynamic properties at finite temperatures are often essential.  For molecular systems, this 
involves computing vibrational energy levels, which is in principle a challenging problem because 
it requires modeling the full-dimensional potential energy surface, which is often computationally 
prohibitive except for extremely small systems. The problem can be greatly simplified by 
assuming that vibrational modes behave like harmonic oscillators (HO) so that all the energy levels 
as well as thermodynamic functions can be derived from fundamental frequencies measured by 
experiments. The standard computational approach is less accurate because experimental 
fundamental frequencies are replaced by the harmonic frequencies calculated by normal mode 
analysis (to maintain this distinction, we shall abbreviate it as HOhf). 

 

Accordingly, the harmonic approximation faces many limits especially for low frequency 
modes whose potential energy surface (PES) deviates significantly from a quadratic potential. For 
instance, as outlined in detail in previous publications, torsions and intermolecular motions of 
weakly bound molecular clusters are notoriously difficult to handle because their PESs are highly 
anharmonic.72–75  The harmonic approximation fails to describe many features of vibrational 
spectroscopy even for high frequency modes, such as Fermi resonances, as well as tending to 
overestimate fundamental frequencies.  For this reason, zero point energies (ZPEs) derived from 
harmonic frequencies are often down-scaled.76,77  Accurate methods for treating the vibrational 
energy levels for small systems include those utilizing complete quartic force fields,78–82 and 
vibrational self-consistent field theory (VSCF),83–85 perturbation theory (VPT),86–90 configuration 
interaction (VCI),91–94 and coupled cluster theory (VCC),95–97 which correct the harmonic 
reference for higher than quadratic terms.  These methods, particularly the higher accuracy 
variants, have had significant success for small systems, but, with the possible exception of the 
lower accuracy VSCF and VPT2, are not generally viable for larger molecules.     

 
Significant efforts have also been made to improve the accuracy of the calculated 

thermodynamic quantities of anharmonic systems.  Path integral Monte Carlo (PIMC) and path 
integral molecular dynamics (PIMD) provide attractive fully numerical schemes to accurately 
calculate quantum mechanical partition functions with anharmonicity and mode-mode coupling 
effects taken into account, providing that the temperature of interest is sufficiently high, so that 
integration over inherently discrete levels is warranted.98–100  However, due to high computational 
costs, applications of path integral methods are usually restricted to small systems.  On the other 
hand, methods that represent the full-dimensional PES with tractable functions are more 
computationally feasible for medium or large size systems though mode-mode coupling effects 
must inevitably be neglected, at least to some extent.101  The simplest model following this 
philosophy is, of course, the HOhf model, which treats all the modes as independent springs with 
quadratic potentials.  The HOhf model is very attractive computationally because only the second 
derivatives of energies at the critical point have to be computed.  Moreover, analytical solutions 
for the energy levels of quadratic potentials exist so that partition functions can also be derived 
analytically.  More sophisticated models have been proposed for specific cases where the energy 
surface deviates from a quadratic potential.  For instance, truncated Fourier series and Taylor 
series have been used to approximate the PESs of torsions and anharmonic vibrations.73,75,102–104  
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In these models, coupling between modes is often neglected so that the complexity of the problem 
does not grow exponentially with the size of the system.  The accuracy of this approach is, of 
course, governed by how well the potential function represents the energy surface.  Though 
simple functions such as cosines and low-order truncated polynomials are often chosen to 
minimize the effort in solving for the energy levels,73,75,102 it is usually challenging for non-experts 
to assess the errors in computed thermodynamic properties due to discrepancies between the model 
and the real energy surface.   

 
This motivates us to pursue an improved general representation for the PES of complex 

molecules which still permits direct calculation of thermodynamic properties.  In this work, we 
present a computational protocol solving for the energy levels of PESs represented by cubic splines.  
With a proper sampling scheme, cubic spline interpolations can accurately represent the PES of a 
mode, no matter whether it is a nearly harmonic bond stretch, or a highly anharmonic torsion.  
Our goal is to approach the limit of accuracy that is possible within the uncoupled mode (UM) 
approximation, so that all modes are treated independently.  Remaining errors are then directly 
due to mode coupling.  In this study, two sampling schemes were examined.  One is to sample 
along the direction of each normal mode (UM-N).  This sampling scheme has been adopted 
previously by Sauer and coworkers to study the effect of anharmonic vibrations on adsorption 
thermodynamics of small molecules with fourth and sixth order polynomials.73–75  Hoping to 
generalize the methodology to larger molecules where internal rotations are important effects, we 
developed another scheme where sampling of vibrations and internal rotations (UM-VT) were 
carried out separately, which can be done by projecting torsional modes out of the Hessian matrix 
and then separately modeling the PES along the torsional coordinates of rotors and along the 
eigenvectors of the projected Hessian.  The accuracies of the HOhf model, UM-N, and UM-VT 
were benchmarked for selected molecules against partition functions calculated by path integral 
methods, heat capacities measured by experiments, as well as enthalpies and entropies derived 
from statistical mechanics based on spectral data.  We found that UM-VT significantly 
outperformed UM-N and the HOhf model in partition function, heat capacity, and entropy 
calculations.  In enthalpy calculations, these three models performed almost equally well, but a 
slightly smaller error was obtained for UM-VT.  The advantage of UM-VT is that it allows a 
treatment of anharmonicity for which computational cost scales the same as the HOhf model since 
it requires only a number of additional single point calculations along each independent mode or 
torsion.   

 
3.3  Methods  
 

The details of how to derive energy levels of a system with cubic spline representations 
for the 1-dimensional PESs are documented in this section. The starting point for any uncoupled 
mode (UM) model, as documented in detail in previous studies,73–75,105 are the eigenvectors of the 
mass-weighted Hessian (i.e. the normal modes)  

 
 '_ = L.�/� 'L.�/� (3.1) 
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 àF'_ à = b (3.2) 
 
where b
� = c
�1��; L
� = c
�d
; ' is the Hessian matrix; '_ is the mass-weighted Hessian; à 
is the matrix of directional vectors of normal modes in mass-weighted coordinates, which can be 
transformed into Cartesian coordinates by 
 

 ` = L.�/� à. (3.3) 
 
The jth column of ` , �̀ , can be normalized to obtain unitary displacements in Cartesian 
coordinates 
 

 `� = ef� �̀ (3.4) 

 

where f� = gh �̀h�i.�
, which is the reduced mass of mode j.106  The normal mode analysis can 

be done in linear coordinates because the displacements are assumed to be infinitesimal.  
However, for nonlinear modes such as bends and torsions, non-infinitesimal displacements in 
linear coordinates along the normal mode lead to unphysical distortions of the geometry, and hence 
introduce strong, fictitious coupling between modes.73,105  Therefore, as pointed out in previous 
studies,73,105 the distortions along `� have to be done in internal coordinates, instead of Cartesian 
coordinates 
 

 G
j� = G
 + 2k.�)F�� ΔG, (3.5) 
 
where G
 is the Cartesian coordinates of step i; k is the well-known Wilson B-matrix; �� = k`�, 
which is the direction of mode j in internal coordinates; ΔG is the step size chosen.  Since k is 
rectangular, no direct inverse can be calculated.  However, its generalized inverse can be derived 
as 
 

 k.� = 2kL.�kF).�kL.�. (3.6) 
 
As well documented,107–110 since internal coordinates are nonlinear, Eq. (3.5) must be solved 
iteratively to achieve the correct displacements in Cartesian coordinates.  Following the 
recommendations of previous studies,73,105 the sampling of UM-N was carried out symmetrically 
for each mode as far as the classical turning points determined by the harmonic frequency 
 

 ΔG�m$n = ±4o ℏqrsr. (3.7) 

 
As mentioned above in the introduction, an alternative sampling scheme is to sample 

vibrations and internal rotations separately (UM-VT).  This can be achieved by projecting out the 
internal rotations before the normal mode problem is solved 
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 'J = kFt2k.�)F'2k.�)tk, (3.8) 
 
where t is a projection matrix the diagonal elements of which equal to 0’s for the bond torsions 
and 1’s for the other coordinates.  With the projected Hessian, 'J, one can solve for the remaining 
eigenvectors corresponding to stretches, bends, and out-of-plane motions using Eqs. (3.1) to (3.4) 
and then distort the geometry along these directions with bond torsions intact using 
 

 G
j� = G
 + 2k.�)Ft �� ΔG, (3.9) 
 
Sampling along each torsional mode can be done similarly with 
 

 G
j� = G
 + 2k.�)F �E Δu, (3.10) 
 
where �E is a unit vector for displacement along the kth bond torsion (i.e. with 0’s for all others); Δu is the step size chosen for the sampling of bond torsions.  Hoping to gather more non-local 
information about the anharmonic PES that might yield improved accuracy for thermodynamic 
quantities, instead of sampling only the region bound by classical turning points, the sampling of 
UM-VT was terminated either when the torsional angle displaces by 2� or the energy rises above 
a cut-off value.  The cut-off energy chosen in this work was 0.05 hartree.  This value is high 
enough to ensure the convergence of the thermodynamic quantities of interest, which will be 
discussed in detail below.  

 
The discrete data points obtained by either of the two sampling schemes can be used to 

construct continuous PESs with the aid of cubic spline interpolations.  For a set of N+1 points 
sampled for a mode (��, ��, … , �x), the ith piece of the spline is 
 

 �
2K) = y
 + z
K + {
K� + M
K|, (3.11) 
 
where K  is the mass weighted coordinate.  For UM-N, K  is set to √fG  for all the modes; 
whereas for UM-VT, K  is taken as √fG  for vibrations and √~u  for torsions, where I is the 
reduced moment of inertia of the rotor.  In principle, just as the PES of a mode could be affected 
by the motions of other modes, the reduced moment of inertia of a rotor could be affected by the 
motions of others.  However, under the assumption of uncoupled modes, the reduced moments of 
inertia can be approximated with the diagonal elements of the internal rotation kinetic energy 
matrix, which can be derived by the procedures reported by Kilpatrick and Pitzer.111  The 
coefficients of Eq. (3.11) can be determined by restricting �
 to pass through the ith and (i-1)st data 
points 
 

 �
2K
) = �
 and �
2K
.�) = �
.� (3.12) 
 
and requiring the first and second derivatives of the splines to be continuous 
 

 �
′2K
) = �
j�′2K
) and �
′′2K
) = �
j�′′2K
) (3.13) 
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At the endpoints, various boundary conditions can be chosen.  For instance, one could either set 
the first derivatives to zero (clamped conditions) or the second derivatives to zero (natural 
conditions).  In principle, if the cut-off energy employed for sampling is very high, it does not 
matter which set of boundary conditions are used because the wave function decays to zero before 
reaching the endpoints.  However, to avoid unnecessary computational effort sampling the high 
energy region, one can instead use a lower cut-off energy and extrapolate the PES beyond the 
endpoints using quadratic splines 
 

 �
2K) = y
 + z
K + {
K�,   ∀� ∈ {0, ; + 1}. (3.14) 
 
The coefficients of Eq. (3.14) can of course be fully determined by imposing continuity of �, �′, 
and �′′ at K� and Kx.  However, for modes with real frequencies, the second derivatives of � 
at the endpoints must be positive, otherwise Eq. (3.14) tends to minus infinity as K → ±∞.  A 
reasonable choice is therefore the second derivative of the mode at the origin, which is already 
available from Eq. (3.2).  Therefore, the boundary conditions of the cubic splines we used were 
 

 ��′′2K�) = �x′′2Kx) = �′′20). (3.15) 
 
This set of boundary conditions is also a good choice for the PES of a torsional mode since the �′′20) is exactly the second derivative at the end points K� = 0 and Kx = 2� (see Appendix A.1 
for the details of how to solve for the coefficients y
, z
, {
, and M
). 

 
Under the assumption of uncoupled modes, energy levels of the system can be obtained 

by solving one-dimensional Schrödinger equations for each mode, which can be done variationally 
with basis functions 
 

 'm� = ��m�− ℏ�2 M�MK� + �2K)���� (3.16) 

 
where 'm� is the Hamiltonian matrix element.  Since the PES is represented by a collection of 
splines as described above, the integration of �2K) has to be done piecewise 
 

 'm� = ��m�− ℏ�2 M�MK� ���� + � � �m�
��MKD
D��
 . (3.17) 

 
For the vibrational modes, where quadratic potentials are often a reasonable approximation to the 
1-D PESs, it is natural to use harmonic oscillator functions as the basis set 
 

 �� = g1��ℏi�: 1√2��! '�2o1�ℏ K)A.sr� �ℏ⁄ . (3.18) 

 
On the other hand, for internal rotations, since the PESs are periodic with period 2�, it is more 
convenient to use Fourier basis 
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 �� = �√�� and �� = �

  �√� cos 2��� )
�√� sin 2��� ) , ∀� > 0 (3.19) 

 
where � = �√~.  With harmonic and Fourier basis functions, no numerical integration is needed 
to compute the Hamiltonian matrix elements.  The analytical integration formulas can be found in 
Appendix A.2.   

 
Diagonalization of the Hamilationian matrix yields the energy levels of a mode; and hence 

the partition function for each mode can be derived as  
 

 � = � A.���
�
m  (3.20) 

 
where � = 1/?7; �m is the mth eigenvalue of the Hamilationian matrix; and M is the number of 
basis functions.  The convergence of q and the fundamental anharmonic frequency � =2�� − ��) ℎ⁄  with respect to the number of basis functions were used as variational criteria to 
truncate the basis.  When they converge (��j� − �� and ��j� − ��  are below a required 
tolerance), the partition function was used to calculate thermodynamic properties of interest.  
Note that for the modes whose PESs are periodic, i.e., internal rotations of UM-VT, Eq. (3.20) has 
to be divided by the symmetry number of the rotor to derive the correct partition function. 

 
3.4  Computational Details  
 

For UM-N and the vibrations of UM-VT, the step size chosen for sampling was eℏ f�1�⁄ , 
which is one-fourth of Eq. (3.7), the distance between the origin and the classical turning point 
determined by the harmonic frequency.  The rationale of making the step size proportional to the 
classical turning distance is to reduce computational cost by enlarging the spacing between sample 
points for soft modes.  For the torsional modes of UM-VT, to capture the commonly seen three-
fold rotational barriers, the largest step size one could use is � 3⁄ .  However, to obtain accurate 
descriptions for the PESs of torsions, a step size of � 18⁄  was used in this work.  As mentioned 
above, following the methodology of previous studies,73,105 the sampling of UM-N was carried out 
symmetrically for each mode to the classical turning points.  On the other hand, hoping to achieve 
a better description of the PES, the sampling of UM-VT was terminated either when the torsional 
angle has been displaced by 2� or the energy rises more than 0.05 hartree (i.e. about 130 kJ/mol) 
compared with the reference stationary point.  The step sizes and the cut-off energy were 
examined to ensure satisfactory convergence of thermodynamic calculations, as discussed in the 
subsection on Convergence.   
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The reported thermodynamic properties were calculated using the standard equations 
derived from statistical mechanics (see Appendix A.3 for the formulas).112  Geometry 
optimizations and frequency computations were performed at the ωB97X-D19,20/6-311+G(2df,2pd) 
level of theory, unless noted otherwise.  All calculations were done using a development version 
of the Q-Chem software package.37 

 

 
3.5  Results and Discussion  
 

Partition Functions.  Hydrogen peroxide and its isotopologs (D or 18O) were chosen to 
examine the performance of the HOhf model, UM-N, and UM-VT for evaluation of partition 
functions as shown in Fig. 3.1.  The benchmarks were the data previously reported by Lynch et 
al., which were calculated with the PIMC method.98,99  The PESs of these species were generated 
using the anharmonic quartic force field reported by Koput et al.,113 which is the same force field 
that was used for the PIMC calculations.98,99   
 
 

 
Figure 3.1. Ratios of the partition functions calculated by HOhf, UM-N, UM-VT, and UM-VT(ZP) 
to the partition functions calculated by the path integral method at 300K.  These ratios represent 
the percentages of the partition functions that can be captured by the models. 
 

 
Figure 3.1 shows that only about 30% of the partition functions of these molecules can be 

captured if the HOhf model is used directly.  However, a correction is possible, because, as shown 
in Fig. 3.2, H2O2 and its isotopologs are molecules with a torsion, which has two degenerate 
minima with nonsuperimposable structures.  Since the HOhf model assumes that the PES is a 
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quadratic well, only one minimum is considered, and hence the HOhf partition function is less than 
50% of the benchmarks.  For H2O2 and its isotopologs, one can simply multiply the HOhf partition 
functions by two to take into account the contributions of both of the minima because they are 
degenerate.  However, since complicated molecules typically have nondegenerate minima, this 
type of correction is not always applicable.   
 
 

 
Figure 3.2. The potential energy surface of the torsion of H2O2.  The black curve is the minimum-
energy path.  The circles are the data sampled with UM-N.  Those shown in red are within the 
sampling region defined by the classical turning points (CT).  Extending the sampling region of 
UM-N yields the blue circles (EXT).  The green triangles are the data sampled with UM-VT. 
 

 
As shown in Fig. 3.1, an improvement can be achieved with UM-N, where the PES is 

described more accurately by splines through data points evaluated along the direction of each 
normal mode.  However, the percentage of the benchmark partition functions that can be captured 
by UM-N is still under 50%.  The reason for this is because for UM-N, the sampling region is 
defined by the classical harmonic oscillator turning points, which only covers the vicinity of the 
starting geometry.  As shown in Fig. 3.2, if one initiates the sampling with the structure of the 
minimum on the left (∠'££' = 112.5°) and terminates the sampling at the classical turning 
points, the minimum on the right will not be covered.   

 
One might expect that the problem can be solved by simply expanding the sampling region.  

However, as shown in Fig. 3.2, this instead leads to a new problem, namely the PES of the torsion 
obtained from UM-N with extended sampling was not symmetric.  In UM-N, the direction of 
sampling is determined by the direction of normal modes, which have no clean separation between 
bond torsions and other stretches and bends.  Therefore, when the structure is distorted away from 
the minimum along the “torsional mode”, all the stretches and bends start to deviate from the 
equilibrium values, which introduces artificial coupling and prevents UM-N from sampling 
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multiple minima of a torsion correctly.   
 
This finding is strong motivation to separate torsions from other modes, which is the 

reason why we introduce the UM-VT model.  With UM-VT, as shown in Fig. 3.2, the symmetry 
of the torsional PES is restored.  Even though the torsional barriers are slightly over estimated 
comparing with the minimum-energy path because the dihedral angle is varied with all the other 
coordinates frozen, the PES constructed with UM-VT has two degenerate minima so that its 
eigenstates include the two conformers of H2O2 and its isotopologs.  Therefore, on average, UM-
VT partition functions of these molecules can capture more than 70% of the benchmark over a 
broad temperature range (300-2400K), which significantly outperforms the HOhf and UM-N 
models as shown in Fig. 3.3.   
 
 

 
Figure 3.3. Average of the ratios of partition functions (Qcal/QPI) over HOOH, H18OOH, H2

18O2, 
HOOD, D18OOH, H18OOD, and D2O2. 
 

 
Following a published strategy99, the accuracy of the UM-VT partition function can be 

further improved by correcting the zero-point energy 
 

 K¦�.XF2��) = K¦�.XF × A.�2�§̈ ©©ª«¨¬.�§®¯�°±) (3.21) 
 
where ��$))-+$²³ is the accurate zero-point energy (available from previous work99) and ��¦�.XF 
is the zero-point energy calculated using the UM-VT model.  As shown in Fig. 3.1 and Fig. 3.3, 
the zero-point corrected UM-VT partition function captures more than 90% of the benchmark in 
the low and medium temperature range (< 1000K).  Unfortunately, this correction cannot be 
applied universally because a zero-point energy that is sufficiently accurate for this purpose is 
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rarely available.  After all, even an 0.1 kcal/mol error in the zero-point energy will lead to a 15% 
underestimation of the partition function at 300K.  However, the good agreement between the 
zero-point corrected UM-VT partition function and the benchmark suggests that the number and 
spacing of energy levels are adequately captured by the UM-VT model. In the following subsection, 
we shall explore whether or not heat capacities, standard entropies, and enthalpy increments 
calculated with the UM-VT model also agree well with the benchmarks.   

 

Heat capacities, Entropies and Enthalpies.  Further examination of the methods were 
carried out for larger molecules.  As listed in Table 3.1, heat capacities for nine selected alkanes 
ranging in size from C5 to C8 were calculated with HOhf, UM-N, and UM-VT.  The benchmarks 
chosen are the ideal gas heat capacities obtained by measuring heat capacities at two or more 
pressures and extrapolating linearly to zero pressure.114–118  As shown in Fig. 3.4, because of the 
absence of anharmonic effects, all of the heat capacities calculated with the HOhf model are 
underestimated.  The UM-N heat capacities are slightly more accurate than those of the HOhf 
model since the UM-N model takes local anharmonicities into account.  The improvements were 
not very significant because, as discussed above, the UM-N sampling scheme cannot handle 
internal rotors properly.  Separating torsions and vibrations helps to remedy the problem.  As 
listed in Table 3.1, the RMS error is reduced to less than 1 cal mol-1 K-1 with the UM-VT model.  
The UM-VT heat capacities agree well with the experimental values and no systematic error is 
observed, suggesting that the energy levels calculated with UM-VT are sufficiently accurate to 
obtain correct thermodynamic properties, which is consistent with what we observed for the H2O2 
partition functions.  This also indicates that the large basis ωB97X-D DFT calculations are 
adequately describing the electronic potential energy surface of these alkanes. 
 
 

 
Figure 3.4.  Parity plot of the heat capacities listed in Table 3.1.  An error bar of ±1 cal mol.� K.� is shown by the dashed lines.
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Table 3.1. Heat capacities of selected molecules (cal mol-1 K-1). 

 Temperature (K) Expt HOhf UM-N UM-VT 

Isopentane 317.2 29.95 a 28.27  28.23  29.97  

 358.2 33.25 a 31.47  31.44  33.04  

 402.3 36.72 a 34.94  34.91  36.29  

 449.2 40.24 a 38.53  38.50  39.59  

 487.1 42.93 a 41.29  41.27  42.11  

n-Hexane 333.9 37.35 b 34.41  34.62  36.86  

 365.2 40.22 b 37.36  37.57  39.54  

 398.9 43.30 b 40.55  40.77  42.42  

 433.7 46.39 b 43.79  44.01  45.33  

 468.9 49.46 b 46.97  47.18  48.17  

2,2-Dimethylbutane 341.6 38.10 b 34.25  37.19  39.24  

 353.2 39.25 b 35.42  38.30  40.33  

 376.1 41.50 b 37.71  40.48  42.45  

 412.4 44.95 b 41.28  43.87  45.73  

 449.4 48.33 b 44.80  47.19  48.92  

2,3-Dimethylbutane 341.6 37.78 c 36.16  35.93  38.91  

 371.2 40.69 c 38.95  38.72  41.58  

 402.3 43.63 c 41.86  41.63  44.32  

 436.0 46.73 c 44.94  44.71  47.17  

 471.2 49.77 c 48.05  47.81  50.00  

2-Methylpentane 325.1 36.77 c 34.08  34.10  36.51  

 362.2 40.30 c 37.56  37.59  39.79  

 402.3 44.08 c 41.34  41.38  43.26  

 436.2 47.14 c 44.47  44.51  46.10  

 471.2 50.16 c 47.58  47.63  48.90  
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Table 3.1 (Continued) 

 Temperature (K) Expt HOhf UM-N UM-VT 

3-Methylpentane 332.1 36.88 c 34.72  34.58  37.54  

 367.6 40.25 c 38.07  37.91  40.54  

 402.4 43.43 c 41.35  41.17  43.46  

 436.2 46.52 c 44.47  44.28  46.23  

 471.2 49.55 c 47.58  47.39  48.99  

n-Heptane 357.1 45.77 d 41.96  42.28  46.18  

 373.2 47.51 d 43.74  44.02  47.66  

 400.4 50.37 d 46.75  46.99  50.18  

 434.4 53.85 d 50.44  50.62  53.29  

 466.1 57.00 d 53.78  53.91  56.12  

2,2,3-Trimethylbutane 328.8 42.74 d 41.20  40.69  44.11  

 348.9 45.09 d 43.41  42.90  46.22  

 369.2 47.39 d 45.64  45.14  48.33  

 400.4 50.92 d 49.03  48.52  51.49  

 434.3 54.54 d 52.61  52.09  54.79  

 461.8 57.36 d 55.42  54.90  57.36  

n-Octane 405.7 58.00 e 53.86  54.17  57.51  

 462.5 64.70 e 60.79  61.01  63.38  

 522.7 70.60 e 67.65  67.77  69.24  

MSE   -2.57  -2.31  -0.05  

MAE   2.57  2.31  0.68  

RMS   2.69  2.41  0.78  
a Ref 114, b Ref 115, c Ref 116, d Ref 117, e Ref 118 
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In addition to heat capacities, we also examined the performance of these methods for 
entropy and enthalpy calculations for C2 to C8 branched and linear alkanes and species with 
different moieties as listed in Table 3.2 and Table 3.3.  Because experimentally measured 
entropies and enthalpies are very rare, the HOhf, UM-N, and UM-VT values are compared with 
the data collected by NIST/TRC,119,120 which were mostly calculated using statistical mechanics 
based on spectral data without considering coupling effects.  As listed in Table 3.2, most of the 
entropies are significantly underestimated with the HOhf model, especially for long-chain alkanes, 
because of the inaccurate treatments for the torsional modes.  Normal octane, the molecule with 
the highest number of internal rotors deviates the most from the reference value.  As shown in 
Fig. 3.5, the UM-N results are slightly more accurate compared to the HOhf model, which is similar 
to what we observed for the heat capacity calculations.  Separating torsions and vibrations 
significantly improves the accuracy.  For instance, for n-octane, the error is reduced to less than 2 
cal mol-1 K-1 with the UM-VT model.  The accuracy of the other molecules is also improved 
systematically with UM-VT.  The overall performance of the methods for entropy calculations is 
summarized in Fig. 3.6.  Over the 300-1000K temperature range, the RMS error is about 5-6.5 cal 
mol-1 K-1 using the HOhf model.  The UM-N RMS errors are slightly lower, at around 4-5.5 cal 
mol-1 K-1.  By contrast, the UM-VT RMS error is about 1-2 cal mol-1 K-1, which is significantly 
lower than the HOhf and UM-N RMS errors, and hence validates the superior accuracy of the UM-
VT calculated entropies for molecules with internal rotors.   
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Table 3.2. Standard entropies (298.15K, 1bar) of selected molecules (cal mol-1 K-1). 

  Ref HOhf UM-N UM-VT 

Ethane  54.79 a 52.90 54.79 54.75  

Propane  64.61 a 63.31 64.17 64.57  

n-Butane  74.10 a 72.21 71.95 74.21  

Isobutane  70.63 a 69.71 69.75 70.22  

n-Pentane  83.55 a 80.26 79.46 83.56  

Isopentane  82.16 a 79.68 79.28 81.51  

Neopentane  73.14 a 71.66 72.77 73.18  

n-Hexane  92.94 a 86.87 86.95 93.49  

2,2-Dimethylbutane  85.66 a 78.47 83.83 84.97  

2,3-Dimethylbutane  87.46 a 82.86 83.77 85.17  

2-Methylpentane  91.06 a 86.75 86.79 90.56  

3-Methylpentane  91.54 a 86.41 86.42 90.54  

n-Heptane  102.32 a 91.53 93.56 102.88  

2,2-Dimethylpentane  93.86 a 94.89 91.88 92.71  

2,3-Dimethylpentane  99.11 a 94.33 92.51 94.72  

2,4-Dimethylpentane  94.89 a 90.36 90.66 92.80  

3,3-Dimethylpentane  95.20 a 89.62 89.81 93.66  

3-Ethylpentane  98.37 a 92.45 92.33 96.25  

2-Methylhexane  100.50 a 94.73 94.28 100.48  

3-Methylhexane  101.84 a 95.95 94.37 99.94  

2,2,3-Trimethylbutane  91.63 a 92.29 90.24 90.06  

n-Octane  111.70 a 97.75 101.36 113.51  

1-Butene  73.58 a 70.05 71.09 73.36  

1,3-Butadiene  66.63 a 64.34 66.05 66.05  

Ethyl Methyl Ether  73.91 a 72.34 72.36 73.07  

Ethanol  67.07 a 63.88 65.18 66.41  
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Table 3.2 (Continued) 

  Ref HOhf UM-N UM-VT 

Propionaldehyde  72.75 a 69.66 70.89 72.73  

2-Butanone  81.12 a 76.27 78.83 80.63  

Acetic Acid  67.75 a 67.35 68.37 68.06  

Propylamine  77.78 a 71.96 73.13 76.63  

1-Nitropropane  83.80 a 82.01 82.35 84.68  

1-Fluoropropane  72.85 a 70.33 71.14 73.11  

1-Chloropropane  75.43 a 72.88 73.64 75.54  

1-Bromopropane  79.07 b 75.32 76.25 78.08  

Ethyl Methyl Sulfide  79.64 a 75.34 77.19 79.41  

Methyl Disulfide  80.16 a 75.36 78.12 80.12  

Ethanethiol  70.79 a 67.95 69.16 71.01  

Ethylene Glycol  72.61 b 68.11 71.33 74.56  

Acrylic Acid  73.54 a 71.04 71.49 72.18  

MSE   -3.85  -3.13  -0.51  

MAE   3.94  3.16  0.87  

RMS   4.74  3.97  1.24  
a Ref 119, b Ref 120 
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Table 3.3. Enthalpies H(298.15K)-H(0K) of selected molecules (kcal/mol). 

 Ref HOhf UM-N UM-VT 

Ethane 2.84 a 2.76 2.84 2.83  

Propane 3.52 a 3.32 3.43 3.53  

n-Butane 4.61 a 4.26 4.24 4.61  

Isobutane 4.29 a 4.14 4.14 4.28  

n-Pentane 5.78 a 5.09 5.06 5.65  

Isopentane 5.26 a 4.96 4.94 5.38  

Neopentane 5.54 a 4.76 4.91 5.04  

n-Hexane 6.86 a 5.85 5.88 6.78  

2,2-Dimethylbutane 6.01 a 4.85 5.66 6.41  

2,3-Dimethylbutane 5.85 a 5.72 5.67 6.31  

2-Methylpentane 6.29 a 5.76 5.77 6.42  

3-Methylpentane 6.23 a 5.75 5.74 6.57  

n-Heptane 7.94 a 6.47 6.69 8.13  

2,2-Dimethylpentane 6.98 a 6.61 6.49 7.13  

2,3-Dimethylpentane 6.77 a 6.64 6.51 6.99  

2,4-Dimethylpentane 7.00 a 6.46 6.50 6.96  

3,3-Dimethylpentane 6.94 a 6.49 6.44 7.30  

3-Ethylpentane 7.50 a 6.65 6.62 7.49  

2-Methylhexane 7.39 a 6.61 6.61 7.62  

3-Methylhexane 7.26 a 6.71 6.60 7.63  

2,2,3-Trimethylbutane 6.69 a 6.51 6.36 7.26  

n-Octane 9.03 a 7.34 7.57 9.33  

1-Butene 4.09 a 3.79 3.90 4.09  

1,3-Butadiene 3.62 a 3.45 3.49 3.52  

Ethyl Methyl Ether 4.42 a 4.08 4.10 4.55  

Ethanol 3.41 a 3.20 3.41 3.63  
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Table 3.3 (Continued) 

 Ref HOhf UM-N UM-VT 

Propionaldehyde 4.18 a 3.67 3.78 4.13  

2-Butanone 5.01 a 4.47 4.66 5.17  

Acetic Acid 3.25 a 3.35 3.40 3.41  

Propylamine 4.27 a 4.07 4.24 4.68  

1-Nitropropane 4.66 a 4.77 4.79 5.05  

1-Fluoropropane 3.75 a 3.75 3.85 3.88  

1-Chloropropane 3.85 a 3.90 3.99 4.16  

1-Bromopropane 4.10 b 3.96 4.07 4.28  

Ethyl Methyl Sulfide 4.57 a 4.31 4.50 5.00  

Methyl Disulfide 4.77 a 4.50 4.63 5.30  

Ethanethiol 3.71 a 3.50 3.68 3.84  

Ethylene Glycol 3.96 b 3.90 4.14 4.69  

Acrylic Acid 3.90 a 3.68 3.72 3.87  

MSE  -0.41  -0.33  0.17  

MAE  0.42  0.37  0.22  

RMS  0.57  0.50  0.29  
a Ref 119, b Ref 120 
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Figure 3.5.  Parity plot of standard entropies listed in Table 3.2.  An error bar of ±3.35 cal mol.� K.� (equivalent to ±1 kcal/mol of T ∙ S at 298.15K) is shown by the dashed 
lines.   

 
 

 
Figure 3.6.  RMS errors of standard entropies of the species listed in Table 3.2.  

 

 

  



44 
 

The performance of these methods for enthalpy calculations was examined from 0K to 
higher temperatures.  As shown in Fig. 3.7 and Table 3.3, all of the UM-VT enthalpies agree well 
with the reference at 298K.  While their performance is not as good as UM-VT, most of the 
enthalpies calculated with the UM-N and HOhf models also lie within the ±1 kcal/mol error bar 
despite the limitations of these two models.  At higher temperatures, as shown in Fig. 3.8, the 
UM-VT RMS error is more significantly reduced relative to the HOhf and UM-N models, which 
indicates that taking internal rotors into account does improve the accuracy. The enthalpy is not 
very sensitive to the choice of the model because it is based on the first derivative of the logarithm 
of the partition function 
 

 ' = �7� ¼½�2K)¼7 + �7 (3.22) 

 
The logarithm inherently deemphasizes the differences in the partition function, and the derivative 
wipes out the contribution of degenerate conformers (as discussed earlier for H2O2, where the HOhf 
partition function should be corrected by a factor of two).  Therefore, for enthalpy calculations, 
even the uncorrected HOhf model can be reasonably accurate.  By contrast, a proper correction for 
degenerate conformers is essential for reliable entropies, because the entropy depends directly on 
the logarithm of the partition function: 

 

` = �7 ¼½�2K)¼7 + �½�2K) (3.23) 

 
Thus the entropy is affected by the constant scaling of the partition function.  The calculation of 
the heat capacity is more sensitive to the accuracy of the energy levels than is the enthalpy, since 
the heat capacity is the derivative of the enthalpy with respect to temperature, which incurs a 
second derivative of the partition function.  Therefore, the enthalpies are less sensitive to the 
choice of the model than either the entropy or the heat capacity. 
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Figure 3.7.  Parity plot of H(298.15K)-H(0K) listed in Table 3.3.  An error bar of ±1 kcal/mol 
is shown by the dashed lines. 
 
 

 
Figure 3.8.  RMS errors of H(T)-H(0K) of the species listed in Table 3.3. 
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Convergence.  The success of the UM-VT model discussed above was achieved using 
the ωB97X-D/6-311+G(2df,2pd) level of electronic structure theory.  However, the most 
demanding real-world problems involve larger systems for which frequency calculations using a 
range-separated hybrid GGA with valence triple-ζ basis sets including f-functions are 
computationally very costly or perhaps not even feasible.  In light of this, we examined the 
performance of the UM-VT model with B97-D63/6-31G*, a much less computationally demanding 
level of electronic structure theory (more than 50 times faster, typically).  The B97-D/6-31G* 
tests were carried out for heat capacities listed in Table 3.1 since, as discussed above, heat capacity 
is more sensitive to the energy levels and has good experimental benchmarks.  We found that, as 
listed in Table 3.4, the statistical errors do not significantly increase if ωB97X-D/6-311+G(2df,2pd) 
is replaced by B97-D/6-31G*.  Therefore, from the perspective of computational cost, B97-D/6-
31G* is an attractive alternative if ωB97X-D/6-311+G(2df,2pd) is not feasible for larger systems 
of interest.  Just as optimized molecular structures are well-known to depend more weakly on 
basis set and correlation treatment than relative energies, it is reasonable that the treatment of local 
vibrations may not be overly sensitive to the level of theory employed. 

 
A last remark should be made on the convergence of the UM-VT calculations with respect 

to the step size and the cut-off energy for sampling.  We recomputed the heat capacities listed in 
Table 3.1 after doubling the cut-off energy and halving the step sizes for torsions and vibrations, 
respectively.  As listed in Table 3.4, making more conservative (and computationally expensive) 
choices for these parameters did not affect the accuracy of the model, suggesting that the original 
step size and cut-off energy was adequate to achieve converged calculations.   

 
 

Table 3.4. Statistical errors of heat capacities listed in Table 3.1 calculated by UM-VT.  

Level of theory 
Step size E cut-off 

(hartree) 

MSE 
(cal mol-1 

K-1) 

MAE 
(cal mol-1 

K-1) 

RMS 
(cal mol-1 

K-1) Torsion Vibration 

ωB97X-D/ 
6-311+G(2df,2pd) 

� 18⁄  oℏ f�1�⁄  0.05 -0.05 0.68 0.78 

B97-D/6-31G* � 18⁄  oℏ f�1�⁄  0.05 0.49  0.70  0.92  

B97-D/6-31G* � 36⁄  oℏ f�1�⁄  0.05 0.49 0.70 0.92 

B97-D/6-31G* � 18⁄  
12 oℏ f�1�⁄  0.05 0.49 0.70 0.92 

B97-D/6-31G* � 18⁄  oℏ f�1�⁄  0.1 0.49 0.70 0.92 
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3.6  Conclusions  
 

The purpose of this work was to explore approaches that go beyond the standard harmonic 
oscillator model with harmonic frequencies (HOhf) for nuclear motion without changing the 
computational cost scaling (only increasing the prefactor). To this end, partition functions, heat 
capacities, entropies, and enthalpies of molecules with internal rotors were calculated using 
uncoupled mode (UM) approximations, where the full-dimensional PESs of internal motions were 
treated as a collection of independent one-dimensional potentials.  The accuracy of this approach 
depends critically on how the one-dimensional potentials are determined.  The HOhf model, which 
assumes that the PESs of all modes are quadratic, can capture only about 30% of the partition 
functions of hydrogen peroxide and its isotopologs at 300K because there are two degenerate 
minima with nonsuperimposable structures on the torsional coordinate, whereas only one of them 
is taken into account if the PES is assumed to be quadratic.  Limitations of the HOhf model are 
not strongly evident in the calculations of enthalpies since, for a selected test set of linear and 
branched C1 to C8 alkanes and species with different moieties, the RMS error of the enthalpy 
changes from 0 to 298K calculated by the HOhf model is less than 1 kcal/mol.  However, as is 
well-known, the HOhf model strongly limits the accuracy that can be achieved for entropy 
calculations.  For the same test set, the RMS error of standard entropies calculated by the HOhf 
model is 4.74 cal mol-1 K-1 at 298K.  As the temperature rises, the error further increases.  
Systematic error is also observed for the HOhf heat capacities. 

 
More realistic representations of one-dimensional PESs help to alleviate the problem.  

Our first attempt was to reconstruct the PESs by interpolating energies of geometries distorted 
along each normal mode with cubic splines (the UM-N model).  To obtain energy levels of these 
PESs, a computational protocol solving one-dimensional Schrödinger equations with potentials 
represented by cubic splines was established.  However, it was found that though UM-N 
successfully takes local anharmonicities into account, it cannot recover qualitatively correct (i.e., 
periodic) PESs for bond torsions.  Therefore, the improvements in calculations of thermodynamic 
properties using UM-N were quite limited relative to the basic HOhf model.   

 
Significant improvements were achieved by constructing the 1D PESs of torsions and 

vibrations separately (UM-VT).  The PESs were still constructed by interpolating energies of 
geometries distorted along each mode with cubic splines.  However, instead of using normal 
mode directions, the directions of torsional and vibrational modes were determined by the torsional 
coordinates and the eigenvectors of the Hessian with torsional modes projected out, respectively.  
On average, UM-VT captures more than 70% of the partition functions of hydrogen peroxide and 
its isotopologs between 300K and 2400K.  The UM-VT heat capacities agree with the 
experimental values to within a RMS error of 0.78 cal mol-1 K-1 for nine selected alkanes ranging 
from C5 to C8.  For the calculations of standard entropies of branched and straight chain alkanes 
and other standard organic species, the UM-VT RMS error is about 1-2 cal mol-1 K-1 over the 
temperature range of 300 K to 1000 K, which is less than one-third of the RMS error of the HOhf 
model for the same test set.  The UM-VT model also improves the accuracy in enthalpy 
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calculations though the error of the HOhf model for our test set was quite small to begin with, 
particularly at lower temperatures.   
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Chapter 4 
 
An Analysis of the Reaction Mechanism and 
Catalytic Activity of Metal-Substituted Beta Zeolite 
for the Isomerization of Glucose to Fructose  
 
4.1  Abstract 
 

Glucose-fructose isomerization mediated by Sn-Beta is investigated using an extended 
QM/MM model containing 208 tetrahedral atoms.  The isomerization mechanism consists of a 
sequence of ring opening, isomerization, and ring closing processes, consistent with the previously 
reported experimental observations.  In agreement with the experimentally observed kinetic 
isotope effect, the rate-determining step is found to involve a hydride shift from the C2 carbon to 
the C1 carbon. The apparent activation energy for the rate-limiting step is 22.3 kcal/mol at 343 K. 
The difference in the reaction barriers for the partially hydrolyzed and the fully coordinated Sn 
sites was investigated using energy decomposition analysis.  It is found that the higher activity of 
the partially hydrolyzed site comes from the extra flexibility provided by the defect in the lattice.  
The effect of substituting Sn in the active site by Ti, Zr, V, Nb, Si, and Ge was examined, and it 
was found that Sn and Zr are metals that result in the lowest reaction barrier for glucose 
isomerization. By using energy decomposition analysis, two physical properties are shown to 
contribute to the magnitude of the reaction barrier: the polarizability of the metal atom in the active 
site and the Brønsted basicity of the oxygen atom bound to the metal atom. 
 
4.2  Introduction 
 

Hydroxymethylfurfural (HMF) is a promising building block platform that can be 
converted to a wide variety of products.121,122  For example, 2,5-dimethylfuran (DMF), a potential  
biofuel, can be produced by hydrogenolysis of HMF over a Cu-Ru/C catalyst.121  HMF can also 
be upgraded to larger organic molecules by aldol condensation with ketones over a basic catalyst 
(NaOH).123  And the subsequent hydrogenation/dehydration of the condensation products over 
bifunctional catalysts with metal and acid sites produces diesel fuel range linear alkanes.124  It is 
well known that HMF can be obtained by dehydration of fructose, while developing an industrially 
viable process to prepare HMF is challenging.  Previous studies showed that mediated by liquid 
or solid acid catalysts, fructose can be dehydrated in aqueous solutions, although the selectivity 
towards HMF is not satisfactory due to the formation of levulinic acid, formic acid and 
humins.125,126  Much higher yields to HMF were obtained by conversion of carbohydrates in ionic 
liquids.127  It was shown that in ionic liquids, not only fructose128–133 but also glucose128,129,133–136, 
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which is a much cheaper carbohydrate, can be converted to HMF with good yields.  However, it 
is considered costly to use ionic liquids and the product recovery and recycling operations are 
expected to be complex issues.137  The potentially environmental impact also makes the 
conversion of carbohydrate to HMF in ionic liquids not a preferential option for mass production. 

 
A recent study has shown that a Beta zeolite containing framework Sn atoms (Sn-BEA) 

will catalyze the isomerization of glucose to fructose with high activity and selectivity in aqueous 
solutions over a wide range of temperatures.12  The fructose produced this way can then be 
converted readily to HMF by acid-catalyzed dehydration.138 Studies of the mechanism of glucose 
to fructose isomerization over Sn-BEA suggest that the reaction occurs via in three steps, as shown 
in Scheme 4.1.9  Based on NMR and IR observations of the acyclic form of fructose, it is proposed 
that the reaction is initiated by opening of the six-membered ring of glucopyranose to form acyclic 
glucose, which then undergoes isomerization to the acyclic form of fructose and subsequent ring 
closure to form the furanose product.9  Evidence from 1H and 13C NMR studies conducted on 
glucose deuterated at the C2 position indicate that the isomerization of acyclic glucose to fructose 
proceeds by way of an intramolecular hydride shift. The observation of a significant H/D kinetic 
isotope effect suggests that the hydride shift is the rate-limiting step.10   

 
 

 
Scheme 4.1.  Schematic representations of the isomerization of glucopyranose to fructofuranose.  
The hydrogen atom marked as red is the one that performs hydride shift. 

 
 
The structure of the active site responsible for the glucose-fructose isomerization in Sn-

BEA has been investigated because it has been shown that there are two types of active sites in Sn-
BEA: one is the partially hydrolyzed Sn site (open site), the other is the fully coordinated site 
(closed site), as illustrated in Scheme 4.2.30  The open sites have been shown to be more active 
than the closed sites for the Baeyer–Villiger and Meerwein-Ponndorf-Verley reactions.30,31  The 
role of closed and open sites for glucose to fructose isomerization has been examined theoretically 
by Bermejo-Deval et al.9 This work was performed using a small (T4) cluster representation of the 
active site, which was assumed to be fully solvated by water. The highest reaction barrier for the 
closed sites was found to be ~8 kcal/mol higher than that for the open sites, suggesting the open 
sites are responsible for the glucose-fructose isomerization.  The reaction barrier over Ti open 
sites was also calculated in the same work and was shown to be ~10 kcal/mol higher than that of 
the Sn open sites,9 consistent with the experimental observation that Sn-BEA is more active than 
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Ti-BEA.12  While providing useful insights, the very minimal model of the active site used in this 
work could not explain why the hydrophobic environment of the zeolite is necessary for the 
isomerization process,139 the reason for the higher activity of the open site, and the role of the 
zeolite pore walls in stabilizing intermediates and transition-state species produced along the 
reaction pathway.8  Yang et al. have attempted to address these questions using periodic boundary 
DFT calculations,140  and suggested that the activity of the open site is similar to that of the closed 
site and the presence of an extended silanol nest in the vicinity of the site due to vacancy defects 
is necessary to promote the reaction.  This finding does not support the conclusion drawn by 
Bermejo-Deval et al. that the open site is more active.  However, Rai et al. recently proposed a 
mechanism in which the silanol group of the open site directly participates in the rate-limiting 
transition state, implying that the activities of open and closed sites are different.141  The 
discrepancy of the conclusions drawn by different authors leaves the role of closed and open sites 
for glucose to fructose isomerization as an open question requiring further investigation. 

 
 

 
Scheme 4.2. Structures of fully coordinated (closed) and partially hydrolyzed (open) Sn sites.  3-
D structures can be found in Fig. B.1. 

 
 
In the present study, we have analyzed the energetics of glucose-to-fructose isomerization 

catalyzed by Sn-BEA over open and closed sites by means of quantum mechanics/molecular 
mechanics (QM/MM) using a large cluster representation of the active site and the surrounding 
zeolite involving 208 tetrahedral atoms (T208) to capture the confinement and dispersion effects 
of the pores.  These efforts have led to a reaction mechanism that is consistent with the deductions 
drawn from experimental observations and to an activation barrier for glucose to fructose 
isomerization on an open Sn site that is in very good agreement that observed experimentally. We 
have also carried out a systematic study of the catalytic activities of zeolites containing Ti, Zr, V, 
Nb, Si, or Ge at the active site instead of Sn.  Using energy decomposition analysis (EDA)142, two 
descriptors of site activity were identified.  Owing to the fact that the oxygen atom binding to the 
heteroatom in an active site acts like a Brønsted base in the rate-limiting step, the first descriptor 
is the negative partial charge on the oxygen atom, which correlates closely with the magnitude of 
the electrostatic stabilization between a site and a substrate.  The second descriptor is the radius 
of the heteroatom, which correlates with the polarizability of the active center, determining the 
energy penalty associated with distortion of the geometry of the active site from its resting 
geometry to the geometry in the transition state.  The geometry distortion penalty of the active 
site is also shown to be affected by the structure of the site, which explains why a partially 
hydrolyzed open site is more active than a fully coordinated closed site. 
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4.3  Theoretical Methods 
 

Zeolite Model Geometries.  The structure of BEA was described by a T208 cluster with 
the position of all Si and O atoms determined by the crystallographic structure of BEA.23  The 
cluster was terminated with hydrogen atoms by replacing the terminal oxygen atoms.  Sn-Beta 
was produced by replacing a Si atom in the framework by a Sn atom.  Though the BEA framework 
has 9 unique T-atom positions, there is evidence that two sites are favored for Sn atom 
substitution,28,29 the T1 and T2 sites in the nomenclature of Newsam et al.23  For this study, we 
considered the Sn atom to be in the T2 site, as shown in Fig. 4.1.  

 
 

 
Figure 4.1. Sn-BEA QM/MM model (T208), where the partially hydrolyzed T2 site is shown.  
Spherical atoms are QM atoms, others are MM atoms. 

 
 
QM/MM Computations.  Implementation of the QM/MM model in this work followed 

the scheme described previously.18  As shown in Fig. 4.1, glucose and a T5 cluster encompassing 
the active center were described by QM, whereas the rest of the zeolite was described by MM 
using a standard force field of the CHARMM type.33–35  All geometry optimizations were 
performed with relaxation of the atoms only in the QM region, while maintaining all of the MM 
atoms frozen.  Since the MM atoms are held fixed, the only relevant terms in the force field are 
the interactions between atoms in the MM part of the cluster with the atoms in the QM region.  
The electrostatic part of this interaction, is described by 

 
 ��/�� = � ��4����
�
�  (4.1) 

 
where ��/�� is the electric potential in the QM Hamiltonian due to all the MM atoms; rij is the 
distance between particles i and j, where particle i is in the QM region and particle j is in the MM 

region; qj is the charges on particles j, which is a force field parameter; and ε0 is the permittivity 
of free space.  The Lennard-Jones interaction ELJ is given by 
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 ��� = � �
� ���
��
� ��� − 2 ��
��
� �"#
�  (4.2) 

 
where εij = (εiεj)

1/2 and Rij = (Ri + Rj)/2, Ri is the van der Waals radius, and εi is the characteristic 
energy for the Lennard-Jones potential.  These expressions require three parameters for each atom 
type.  The parameters for atoms of the zeolite cluster are listed in Table 4.1.  These values have 
been recently reoptimized to yield improved accuracy for adsorption energies of organic molecules 
in zeolites, as described elsewhere.143  Standard CHARMM parameters were used for the atoms 
of the substrates.144   
 
Table 4.1.  Charge and Lennard-Jones Parameters for O and Si used in the QM/MM portion of 
this work. 

QSi QO εSi (kcal/mol) RSi (Å) εO (kcal/mol) RO (Å) 

0.7 -0.35 0.047 2.2 0.018 1.77 

 
 

Geometry optimizations and single-point energy calculations were performed using 
density functional theory (DFT) at the ωB97X-D19,20/Def2-SV(P) and ωB97X-D/Def2-TZVPD 
levels of theory, respectively.  All calculations were carried out using a development version of 
the Q-Chem software package.145  Partial charges on atoms were calculated using natural bond 
orbital (NBO) analysis.146  Reaction intermediates were guessed by hand followed by standard 
geometry optimizations to refine the structures.  The transition structures connecting 
intermediates were found by the freezing string method147 followed by local optimization.  
Kinetically uncompetitive pathways were discarded leading to a final viable reaction mechanism.  
The reported numbers are ground state electronic energies without zero point vibrational and 
thermal corrections unless otherwise noted.  

 
Solvation of Sugars.  Though the isomerization of glucose to fructose occurs in aqueous 

solution, the solvation effect is believed to be negligible in the zeolite system because it has been 
shown that the molecular sieves have to be highly hydrophobic to maintain good activity for the 
reaction.148  Therefore, no explicit water molecule or solvation model is used to treat the substrate-
catalyst complex.  However, to have a reasonable comparison with the experimentally measured 
reaction barrier, the energy of the isolated catalyst and the solvated glucopyranose, instead of 
glucopyranose in gas phase, were chosen as the references for the potential energy surface  

 
 � = �2` ∙ O) − �2O) − �$,2`) = �2` ∙ O) − �2O) − [�2`) + ∆�&*ÀC$²
*�2`)] (4.3) 

 
where �2` ∙ O) is the energy of the substrate-catalyst complex, �2O) is the energy of the catalyst, �$,2`) is the energy of the solvated glucopyranose, �2`) is the energy of glucopyranose in gas 
phase, and ∆�&*ÀC$²
*�2`)  is the solvation energy of glucopyranose in water.  Since ∆�&*ÀC$²
*�2`) is a constant along the reaction pathway and plays no role in determining the 
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reaction dynamics, it was estimated using the SM8 solvation model149 at the ωB97X-D/6-31+G** 
level of theory.  

 
4.4  Results and Discussion  
 

Reaction Mechanism.  Since the open sites have been shown to be more active than the 
closed sites for Baeyer–Villiger reaction and Meerwein-Ponndorf-Verley reaction,30,31 and were 
believed to be responsible for the isomerization of glucose to fructose,9 the open site is chosen to 
study the reaction energetics in this work.  The difference in the reaction barriers for the open and 
closed sites is discussed below. 

 
The best calculated mechanism of glucose-fructose isomerization mediated by Sn-BEA 

and the associated potential energy surface are shown in Fig. 4.2.  The mechanism consists of a 
sequence of ring opening (species 1 to 5), isomerization (species 6 to 10), and ring closing (species 
11 to 13) processes, which are consistent with the mechanism shown in Scheme 4.1.  Since a 
significant kinetic isotope effect has been observed experimentally for the hydride-transfer step,10 
the transitions from states 5 to 6 and from 10 to 11 which do not alter any chemical bonds, cannot 
be rate-limiting and, therefore, are not calculated. 

 

 
Figure 4.2. Potential energy surface of glucose-fructose isomerization mediated by the T2 Sn-Beta 
open site.  All energies are reported in kcal/mol and are with respect to glucopyranose in aqueous 
solution and Sn-Beta model.  The hydrogen atom marked as red is the one that performs hydride 
shift.  3-D structures of these species can be found in Fig. B.2. 
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The first step of the mechanism is the binding of glucopyranose to the active site by 
coordinating the oxygen atom of the hydroxyl group on the C1 carbon to the Sn center.  This 
process is thermodynamically downhill by 11.9 kcal/mol.  The interaction of the hydroxyl group 
of the glucopyranose with the Sn center, which acts as a Lewis acid, makes the proton of the 
hydroxyl group more acidic so that it can be transferred to the lattice via the transition state TS-2 
with an apparent reaction barrier of only 8.7 kcal/mol.  In transition state TS-4, the hydroxyl group 
connected to the active site acts as a Brønsted acid, donating a proton to the adsorbate resulting in 
the opening of the six-member ring of the glucopyranose.  The steps involved in ring opening do 
not require significant barriers relative to the subsequent hydride shift, which occurs via transition 
state TS-7.  In this step, as shown in Fig. 4.3a, the Sn atom acts as a Lewis acid that polarizes the 
carbonyl group of the ring-opened glucose so that the H atom (shown in red in Fig. 4.2) can shift 
from the C2 carbon to the C1 carbon.  Assuming that occupancy of the active sites is very low (see 
Appendix B.1 for a discussion of this point), the apparent reaction barrier for hydride transfer is 
determined to be 23.3 kcal/mol.  Taking the ground state rigid-rotor harmonic oscillator 
vibrational correction and thermal correction into account, the apparent activation energy is 
determined to be 22.3 kcal/mol at 343 K, in very good agreement with the experimentally reported 
value of 21.2 ± 0.7 kcal/mol (343-373 K).9   Since the barrier for hydride transfer is the highest 
one along the reaction pathway, we conclude that it is the rate-limiting step.  This finding supports 
the deduction drawn by Bermejo-Deval et al. based on the observation of a kinetic isotope effect 
when the C2 carbon of glucose was labeled with duterium.9,10  After the hydride shift, the 
protonated carbonyl group on the C2 carbon transfers the proton to the alkoxide group on the C1 
carbon through the transition state TS-9, which exhibits an apparent reaction barrier of 6.0 
kcal/mol.  The last step is the conversion of fructose from its acyclic to its cyclic conformation to 
form the product fructofuranose.  This process involves the transfer of two protons between the 
fructose molecule and the active site as shown by the transition state TS-12, which has a relatively 
low reaction barrier of 7.9 kcal/mol. 

 
 

 
Figure 4.3. 3-D structures of TS-7 over (a) the open and (b) the closed Sn sites.  For clarity, the 
extended zeolite cluster is not shown.  Selected bond lengths are given in Å. 
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The mechanism shown in Fig. 4.2 is different from those proposed previously by other 
authors based on computational studies9,140,141 but is in better agreement with experimental results 
known to date.  These differences can be due to different computational methods (DFT functional, 
basis set), or more likely, different treatment of the extended environment (small vs medium 
clusters vs periodic or QM/MM models), and the possibility of missing stationary points.  Bearing 
in mind these issues, we turn to a comparative discussion.  Bermejo-Deval et al. proposed that 
after the ring opening process, the hydride transfer is activated by a proton transfer from the C2 
hydroxyl group to the basic stannanol of the Sn open site and both of the oxygen atoms at the C1 
and C2 positions coordinate to the Sn center while the hydride is transferred.9  Such a bidentate 
mode for the hydride shift is different from the monodentate mode we propose here (TS-7).  
Though Bermejo-Deval et al. showed that this bidentate hydride shift is the highest energy state 
along the pathway using a T4 cluster representation for the active site, which agrees with 
experimentally observed kinetic isotopic effect, Yang et al. showed that taking extended zeolite 
cluster into account using periodic boundary DFT, the calculated activation energy (see Appendix 
B.2 for how this number is derived) for this bidentate mode is 7.8 kcal/mol higher than the value 
measured experimentally.140  Better agreement with the experimentally measured barrier was 
achieved by assuming that an extended silanol nest due to vacancy defects was present in the 
vicinity of the active site.  But this defect assumption is not consistent with the experimental 
observation that the reaction rate is greatly decreased when a highly defective molecular sieve is 
used.148  To perform a direct comparison between the non-defective bidentate pathway and the 
monodentate one proposed here, an attempt was made to reproduce the bidentate mode using our 
QM/MM model but failed, most likely because the bidentate intermediate and transition state do 
not exist in our extended model.  By contrast, in the previous studies, either the extended zeolite 
cluster was ignored9,141 or one of the Si atoms neighboring the Sn was removed when an open site 
was constructed140.  Since both the extended zeolite cluster and the structural integrity in the 
vicinity of the active site are preserved in our model, greater steric hindrance is expected, causing 
the formation of a bidentate complex to be unfavorable.   

 
Interestingly, using a T9 cluster representation for the zeolite, Rai et al. also showed that 

a monodentate mode is more favorable than the bidentate mode for the hydride shift.141  They 

suggested that only the oxygen atom at the C2 position coordinates to the Sn center while the 
hydride is transferred and the hydride shift itself is accompanied by two concerted proton transfers, 
including a proton transfer from the silanol of the active site to the oxygen atom at the C1 position.  
This mechanism assumes that the silanol of the active site participates in the rate-determining step 
and provides a good explanation for the activity difference between open and closed sites.  
However, it is very hard to explain the experimental observation that exchanging the adjacent 
hydroxyl groups of the active centers with Na+ does not significantly alter the reaction rate.9  Rai 
et al. tried to rationalize this experimental observation by postulating that water molecules could 
show behavior similar to the silanol group, and they will step in if no silanol is available.141 
However, we believe that the invariance of the reaction rate suggests that the rate-limiting 
transition state should not be affected as adjacent hydroxyl groups of the active centers are 
exchanged with Na+, indicating that the hydroxyl groups of Sn or Si do not play a role in the rate-
limiting step, which is consistent with the transition state we proposed for the hydride shift (TS-
7).  In the mechanism shown in Fig. 4.2, the hydroxyl group of the open site is only involved in 
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the ring opening and closing processes, which are kinetically irrelevant.  Therefore, though the 
ring opening and closing processes over the open sites of the sodium form may follow pathways 
different from those shown in Fig. 4.2, as long as these processes do not have barriers higher than 
that for TS-7 (23.3 kcal/mol), no difference in the reaction kinetics would be observed. 

 
Comparison of Sn/Ti/Zr/V/Nb/Si/Ge Activities.  To understand how the substitution of 

the heteroatom (M) affects catalyst performance, the apparent reaction barriers of the rate-limiting 
step, TS-7,  were calculated by substituting Sn with Ti, Zr, V, Nb, Si, and Ge.  The structure of 
the active sites containing tetravalent elements (Ti, Zr, Si, and Ge) is the same as that for the Sn 
open site, whereas for sites containing pentavalent atoms (V, Nb), ≡Sn-OH is replaced by ≡M=O 
(Scheme B.1).150  The computed reaction barriers are tabulated in Table 4.2.  The highest barrier 
is for the V site, 39.0 kcal/mol.  By contrast, the lowest barriers are for Sn and Zr sites, which are 
both about 23 kcal/mol.  The reaction barrier over the Ti site is 8.8 kcal/mol higher than that of 
the Sn site, consistent with the experimental observation that Sn-BEA is more active than Ti-
BEA.12  Interestingly, even though the central atom acts like a Lewis acid in TS-7, there is no 
direct correlation between the barriers and the common descriptors of the Lewis acidity (Fig. B.3). 

 
Table 4.2.  Apparent reaction barriers of active sites doped with different heteroatoms. 

 Ti Zr V Nb Si Ge Sn 

Ea 
(kcal/mol) 

32.1 23.5 39.0 25.7 37.4 32.2 23.3 

 
 

Hoping to obtain a detailed understanding of the variations in the Ea with metal 
composition, we carried out an energy decomposition analysis (EDA).142  This process begins by 
representing the energy of the substrate-catalyst complex as the sum of energies of the substrate 
and catalyst and the substrate-catalyst interaction energy ∆�
�²³+$)²
*�. The last term can then be 
decomposed into physically relevant components as shown in Eq. (4.4) 

 
 �2` ∙ O) = �2`) + �2O) + ∆�
�²³+$)²
*�2` ∙ O) = �2`) + �2O) + �ÂÃ2`) + �ÂÃ2O) + ���� + ���� + �ÄF = �2`) + �2O) + �ÂÃ2`) + �ÂÃ2O) + �³ + �ÄF, 

(4.4) 

 
where �ÂÃ is the energy penalty associated with geometric distortion of the isolated host and guest 
from their optimized geometry to the geometry that they have in the complex; ����  is the 
electrostatic interaction without any relaxation of the MOs; ����  and �ÄF  are the energy 
lowering due to the relaxation of the frozen MOs and dative charge transfer effects, respectively; 
and �³  is the total electrostatic interaction, which is the summation of ����  and ���� .  The 
apparent reaction barrier can now be decomposed by substituting Eq. (4.4) into Eq. (4.3) 
 
 �$ = �2` ∙ O)‡ − �2O) − �$,2`) = �ÂÃ2`)‡ + �ÂÃ2O)‡ + �³‡ + �ÄF‡ − ∆�&*ÀC$²
*�2`), 

(4.5) 

 



58 
 

where the superscript ‡ designates the energy components associated with transition structure for 
the rate-limiting step.  To simplify the notation, the superscript ‡ will be ignored from this point. 
 

The components comprising the reaction barriers for the rate-limiting step are depicted in 
Fig. 4.4.  The magnitude of ∆�&*ÀC$²
*�2`) is not shown since it is a constant and does not 
contribute to variations in Ea.  The value of �ÂÃ2O) varies as the identity of the central atom is 
changed, suggesting that the sites with different heteroatoms have different energy penalties 
associated with deviations from their optimized geometries to the geometries that they have in TS-
7.  By contrast, because the geometry of the substrate in TS-7 is controlled not only by the active 
site metal but also by the extended zeolite environment, the value of �ÂÃ2`) is almost invariant 
for different active sites.  �³  varies with the identity of M, so that it also contributes to the 
variation of the reaction barrier.  Interestingly, the values of �ÄF are similar for each metal.  This 
suggests that all of the metal atoms considered have similar abilities to accept electrons from the 
substrate so that the charge transfer effect is not one of the main effects governing the variation in 
Ea. 

 

 
Figure 4.4.  Energy decomposition analysis for active sites doped with different heteroatoms.  
The connecting lines are drawn to guide the eye. 

 
 
We believe the difference in the polarizability of M contributes to the variation of �ÂÃ2O) 

with the identity of M, as evidenced by the observation that the more polarizable M is, the lower 
the energy penalty for distorting the geometry of the active site (Fig. B.4).  Since the polarizability 
of M is proportional to the volume of the atom,151 there is a close correlation between �ÂÃ2O) and 
R, the covalent radius of M, as shown in Fig. 4.5.  On the other hand, �³ is governed by the 
charge distribution on the active site (Fig. B.5), particularly QO, the negative charge located on the 
oxygen atom that the C2 hydroxyl group points to in TS-7 (Scheme B.2), as shown in Fig. 4.6.  
Because QO can be considered as a descriptor of the Brønsted basicity of the oxygen atom, this 
finding suggests that the oxygen atom of the active site which acts as a Brønsted base in TS-7 
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plays an important role in determining Ea.  The rationale for lumping ���� and ���� together as �³ in the analysis can be found in Appendix B.3.   
 
 

 
Figure 4.5.  Correlation between geometric distortion energies of the catalyst active site, C, and 
the radii152 of the heteroatoms contained in the active sites.  (R2 = 0.93) 
 
 

 
Figure 4.6.  Correlation between the total electrostatic interactions Ee and the negative partial 
charge QO, associated with the active site O atom that will act as a Brønsted base towards a 
substrate C2 hydroxyl group.  (R2 = 0.95) 
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To correlate the reaction barriers with fundamental physical properties, the two 
correlations between �ÂÃ2O) and R, �³ and QO were substituted into Eq. (4.5) 

 
 �$ = 35.02�.�.Æ�: + 47.59K� + 11.77 + �ÂÃ2`) + �ÄF − ∆�&*ÀC$²
*�2`). (4.6) 

  
Since �ÂÃ2`) and �ÄF are almost invariant with the identity of M, average values of �ÂÃ2`) and �ÄF and the value of the solvation energy were substituted into Eq. (4.6) to obtain 

 
 �$ = 35.02�.�.Æ�: + 47.59K� + 70.40. (4.7) 

  
Although Eq. (4.7) correlates the reaction barriers of different active sites with only two descriptors, 
R and QO, the qualitative trend in the reaction barriers with M can be captured as shown in Fig. 
4.7.  To visualize the individual effects of polarizability and Brønsted basicity on the reaction 
barriers, a contour plot of Eq. (4.7) is shown in Fig. 4.8.  The large negative charge on the O atoms 
connected to Sn (see Scheme B.2) suggests that Sn makes these oxygen atoms become stronger 
Brønsted bases that can stabilize the transition state (TS-7) through electrostatic interactions.  By 
contrast, the value of QO associated with the V site is low, the oxygen atoms for this site are weak 
Brønsted bases and, hence, provide only limited electrostatic stabilization, as shown in Fig. 4.4, 
and resulting in a high value of Ea.  On the other hand, the large radius of Zr suggests that the Zr 
center is highly polarizable so that there is a low energy penalty associated with geometric 
distortion of the Zr site from its optimized geometry to the geometry in the transition state TS-7.  
Therefore, the activity of the Zr site is comparable to that of the Sn site although the individual 
contributing factors are different.  Conversely, the Si site has the least polarizable center so that 
even though its oxygen atoms have similar Brønsted basicity to those in the Sn site, the high energy 
penalty of geometric distortion of the active site still leads to a high reaction barrier and makes it 
catalytically inactive.   
 

For elements in the same group (e.g. Si, Ge, and Sn), the trend observed in Fig. 4.8 is for 
the one with the higher atomic number has the lower reaction barrier.  However, it is not always 
true that BEA zeolite containing heavier elements will be more active.  Two interesting cases are 
the elements Hf and Pb, in the same groups as Zr and Sn respectively, but in the next period.  Due 
to lanthanide contraction, the atomic radii of Hf (1.64 Å) and Pb (1.45 Å) are not significantly 
increased from Zr (1.64 Å) and Sn (1.40 Å),152 implying that the activity difference between these 
two pairs of elements will be mainly determined by QO, the descriptor of Brønsted basicity of the 
oxygen atoms.  We found that the negative partial charge, QO, is increased from the Zr site (-1.22 
a.u.) to the Hf site (-1.25 a.u.), but is decreased from the Sn site (-1.30 a.u.) to the Pb site (-1.24 
a.u.).  Since a strong Brønsted base is desirable for the reaction, this analysis suggests that the Hf 
site should be more active than the Zr site but the Pb site should be less active than the Sn site.  
Indeed, we found that the calculated reaction barrier for the Hf site is 2.0 kcal/mol lower than that 
of the Zr site and the barrier for the Pb site is 4.8 kcal/mol higher than that of the Sn site, which 
completely agrees with the prediction of the analysis.  (The data reported in this paragraph were 
all calculated using the ωB97X functional because the long-range dispersion correction of ωB97X-
D does not support the elements heavier than Xe to date.) 
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Figure 4.7.  Parity plot for Ea calculated with QM/MM and Ea predicted by Eq. (4.7).  (R2 = 0.72) 

 
 

 
Figure 4.8.  Correlation between apparent reaction barriers and two descriptors, radii of M and 
negative partial charge QO. 
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The energy decomposition analysis shows that the activity of the site with a highly 
polarizable center can be comparable to a site with strong Brønsted base oxygen atoms, as shown 
by Table 4.2 where the reaction barriers of Zr and Sn sites are comparable.  However, we note 
that recent work of Gounder and Davis suggests that the competitive adsorption of solvent 
molecules on the active site could be strong enough to affect the activity.148  The site with a highly 
polarizable center is more likely to be the victim of this effect because water molecules could 
coordinate more strongly to a more polarizable center.  Indeed, our calculation shows that the 
adsorption energy of water on the Zr site is 0.6 kcal/mol stronger than at the Sn site.  If more than 
one water molecule can adsorb on the site as suggested by Gounder and Davis,148 it is possible that 
sites with highly polarizable centers show little activity due to severe site-blocking by solvent 
molecules.  Therefore, if the competitive adsorption of solvent is taken into account, sites with 
strong Brønsted base oxygen atoms could be more desirable than sites with a highly polarizable 
center. 

 
To summarize, the value of Ea is determined largely by two physical properties: the 

polarizability of the active center M and the Brønsted basicity of the oxygen atom in the site bound 
to M.  Substitution of a more polarizable metal atom into the active center makes the site easier 
to tune to the optimum geometry in the transition state.  On the other hand, the high ionicity of 
the oxygen-metal bond makes the oxygen atoms stronger Brønsted bases, which, in turn, governs 
the magnitude of the electrostatic stabilization between the transition state and the active site.  The 
polarizability and the Brønsted basicity can be described by the radius of the heteroatom and the 
negative partial charge on the oxygen atom, respectively, providing clear criteria for future catalyst 
design. 

 
Comparison of Closed/Open Sites Activities.  To compare the activities of the closed 

and open sites, reaction barriers were calculated for the closed and open Sn sites and then analyzed 
by the EDA scheme discussed above (see Fig. 4.3b for the 3-D structure of TS-7 over the closed 
Sn site).  Since the hydroxyl group of the open site plays a role in the ring opening and closing 
processes of the mechanism shown in Fig. 4.2, we emphasize that the following results are based 
on the assumption that the site that can open and close the ring of sugar molecules operates without 
involvement of the hydroxyl groups associated with Sn or Si. 

 
Figure 4.9 shows that the reaction barrier for the closed site is 7.1 kcal/mol higher than 

that for the open site, consistent with the experimental studies of the Baeyer–Villiger and 
Meerwein-Ponndorf-Verley reactions.30,31  Because other components of the barriers, �ÂÃ2`), �³, 
and �ÄF, have a net effect that is roughly the same for the two sites, the difference in the value of 
Ea is mainly caused by the 7.6 kcal/mol difference in �ÂÃ2O), resulting from the difference in the 
flexibilities of the closed and open sites.  The partially hydrolyzed site has a lower geometric 
distortion energy than the fully coordinated site because one of the Si-O-Sn bridges is “broken”, 
thereby resulting in greater flexibility of the site.  This finding demonstrates that �ÂÃ2O) is not 
controlled solely by the polarizability of M but also by the structure and connectivity of the active 
site. 
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Figure 4.9.  Energy decomposition analysis for Sn open site and closed site.  

 
4.5  Conclusions 
 

A detailed mechanism of glucose-fructose isomerization mediated by Sn-Beta has been 
obtained using QM/MM simulations (see Fig. 4.2).  The mechanism can be described as a 
sequence of ring opening, isomerization, and ring closing processes, which are consistent with the 
previously reported mechanism deduced from experimental observations.  The rate-determining 
step does, however, differ from previous computational studies, for reasons that we have discussed 
in detail.  The ring opening and closing processes do not require significant apparent reaction 
barriers (8.7 kcal/mol and 7.9 kcal/mol, respectively).  Instead, the hydride shift from the C2 
carbon to the C1 carbon in the isomerization process is rate-limiting and requires an apparent 
activation energy of 22.3 kcal/mol at 343 K.  This finding is consistent with the experimentally 
observed kinetic isotope effect and the apparent activation energy also agrees with the previously 
reported experimental value of 21.2 ± 0.7 kcal/mol (343-373 K).  In the hydride shift step, the 
Sn atom acts as a Lewis acid, which activates the acyclic form of glucose by polarizing the 
carbonyl group.  On the other hand, the oxygen atom in the first coordination sphere of the active 
site acts as a Brønsted base, stabilizing the hydroxyl group on the C2 carbon (see Fig. 4.3).   

 
The effects of the heteroatoms on the activities are examined by substituting Sn with Ti, 

Zr, V, Nb, Si, and Ge, in which the Sn and Zr sites are shown to be most active (see Table 4.2).  
Using energy decomposition analysis, it is shown that the reasons for Sn and Zr to be active are 
very different.  For the Sn site, the oxygen atom that acts as a Brønsted base in the rate-limiting 
step carries a high negative charges (QO), so that the transition state is greatly stabilized by strong 
electrostatic interactions.  On the other hand, because Zr has the largest radius (R), it is the most 
polarizable metal atom of those examined, and therefore the Zr site has the lowest energy penalty 
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associated with geometric distortion of the site from its resting geometry to the geometry in the 
transition state.  Hence, two physical properties, metal atom polarizability and Brønsted basicity 
of the associated O atom, control the reaction barrier of the rate-limiting step in the isomerization 
of glucose to fructose in M-BEA.  The more open partially hydrolyzed site is preferred relative to 
a closed site because its greater flexibility leads to a lower geometric distortion penalty. 
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Chapter 5 
 
Computational Study of p-Xylene Synthesis from 
Ethylene and 2,5-Dimethylfuran Catalyzed by H-
BEA 
 
5.1  Abstract 
 

Detailed mechanisms for the synthesis of p-xylene as well as the primary byproducts 
observed experimentally, 2,5-hexadione and 2,5-dimethyl-3-[(4-methyl-1,3-cyclohexadien-1-
yl)methyl]furan, from ethylene and 2,5-dimethylfuran (DMF) mediated by H-BEA are obtained 
using an extended QM/MM model containing 208 tetrahedral atoms.  The formation of p-xylene 
proceeds via Diels-Alder cycloaddition of ethylene and DMF, which is rate-limiting, followed by 
Brønsted acid-catalyzed dehydration.  Secondary addition of DMF to the substrate following the 
Diels-Alder reaction leads to 2,5-dimethyl-3-[(4-methyl-1,3-cyclohexadien-1-yl)methyl]furan.  
The analysis of the free energies associated with the mechanisms suggests that the secondary 
addition can be eliminated by introducing n-heptane as an inert solvent to decrease the loading of 
DMF in the zeolite or by using a weak Brønsted acid site to facilitate the dehydration of the Diels-
Alder product, for which the rate is determined by the deprotonation via the conjugate base of the 
active site.  Water formed in the dehydration process can react directly with DMF to form 2,5-
hexadione, thereby decreasing the yield of p-xylene.  However, the free energy barriers for the 
formation of 2,5-heaxdione compared to the Diels-Alder reaction indicate that DMF and 2,5-
hexadione will be equilibrated.  Therefore the 2,5-hexadione yield can be minimized by operating 
at a high conversion of DMF.   

 
5.2  Introduction  
 

p-Xylene is used primarily as a precursor of terephthalic acid, the monomer of 
polyethylene terephthalate (PET).  Due to growth in the production of polyester fibers, the global 
demand for p-xylene has been steadily increasing and the improvement in technologies for p-
xylene production has become an active research area.153 Conventionally, p-xylene is produced 
along with o-xylene, m-xylene, and other aromatics by the catalytic reforming of the naphtha 
fraction of petroleum. However, due to the close boiling points of the xylene isomers, the 
separation of p-xylene is difficult and is done conventionally by crystallization or adsorption, steps 
that are energy intensive and expensive.154 The cost of p-xylene separation could be alleviated if 
this product could be produced selectively. This goal is achievable by means of toluene 
disproportionation or toluene methylation.154 An attractive alternative is the Diels-Alder 
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cycloaddition of 2,5-dimethylfuran (DMF) and ethylene and subsequent dehydration of the 
resulting product. This process is catalyzed by Brønsted acid zeolites and produces p-xylene 
selectively.155 Since both DMF and ethylene can be derived from lignocellulosic biomass, the 
production of p-xylene from DMF and ethylene is not dependent on petroleum and is, hence, a 
sustainable process.155 

 
The production of p-xylene from DMF and ethylene has been estimated to be more 

economically feasible than the production of biobased p-xylene announced by GEVO Inc., which 
uses the fermentation of glucose followed by the catalytic conversion.156 However, further 
optimization of the catalyst and better integration of the process are needed in order to bring the 
cost of p-xylene derived from DMF and ethylene closer to that for p-xylene derived from 
petroleum.156  For example, while p-xylene is the sole xylene isomer obtained via the 
cycloaddition of ethylene to DMF, characterization of the reaction mixture by NMR and GC-MS 
has revealed two competing side reactions, as shown by Scheme 5.1.157 During the dehydration of 
the oxa-norbornene cycloadduct, the electrophilic intermediates can react with electron-rich 
compounds, e.g. DMF, to produce a variety of byproducts via secondary processes.  2,5-
Dimethyl-3-[(4-methyl-1,3-cyclohexadien-1-yl)methyl]furan, the dimer molecule shown in 
Scheme 5.1, has been identified as the primary byproduct and is chosen as the representative of 
the collection of the byproducts from secondary addition in the present work.157 Water produced 
in the dehydration steps can react with DMF to form 2,5-hexadione, further lowering the selectivity 
to p-xylene.  However, it has been shown experimentally that the hydrolysis reaction is reversible 
so that if most of the DMF is consumed (i.e. high conversion of DMF is achieved), 2,5-hexadione 
reforms to DMF, reducing the yield of 2,5-hexadione.158 It has also been shown that the formation 
of compounds from secondary addition can be suppressed by introducing n-heptane;155 however, 
the reason why an inert aliphatic solvent helps to eliminate secondary addition is not clear.  

 

 
 

Scheme 5.1.  Schematic representations of the reaction network of the production of p-xylene 
from dimethylfuran (DMF) and ethylene catalyzed by Brønsted acid zeolites. 
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To address this question, as well as to explore other possibilities for improving the 
selectivity to p-xylene, we have carried out a computational analysis of the energetics of p-xylene, 
2,5-hexadione, and 2,5-dimethyl-3-[(4-methyl-1,3-cyclohexadien-1-yl)methyl]furan formation 
catalyzed by H-BEA, the zeolite system with which the highest yield of p-xylene was achieved.158 
This effort was carried out by means of quantum mechanics/molecular mechanics (QM/MM) 
calculations using a large cluster representation of the active site and the surrounding zeolite 
involving 208 tetrahedral atoms (T208) to capture the confinement and dispersion effects of the 
pores.  Our work has identified reaction mechanisms that are consistent with the deductions drawn 
from experiments (Scheme 5.1).  The associated free energy surfaces show that the Diels-Alder 
cycloaddition of DMF and ethylene is the overall rate-limiting step with a free energy barrier that 
is in very good agreement with that observed experimentally.  Moreover, the apparent free energy 
barrier of the Diels-Alder reaction is found to be much higher than both of the forward and 
backward free energy barriers of the hydrolysis side reaction, which is consistent with the 
experimental observation that DMF and 2,5-hexadione are in equilibrium compared with the 
production of p-xylene.  The analysis of the free energy surface demonstrates that the selectivity 
to p-xylene could be improved by introducing n-heptane and suggests that further improvements 
in selectivity could be achieved by tuning the Brønsted acidity of the acid site.   

 
5.3  Theoretical Methods 
 

Zeolite Model Geometries.  The structure of BEA was described by a T208 cluster with 
the position of all Si and O atoms determined by the crystallographic structure of BEA.23  The 
cluster was terminated with hydrogen atoms replacing the terminal oxygen atoms.  H-BEA was 
produced by replacing a Si atom in the framework by an Al atom, and introducing a proton to 
compensate the resulting charge imbalance.  Although BEA has 9 unique T-atom positions, two 
sites are suggested to be most favored energetically for Al atom substitution,27 i.e., the T1 and T2 
sites in the nomenclature of Newsam et al.23  For this study, we considered the Al atom to be 
located in the T2 site.  

 
QM/MM Computations.  Implementation of the QM/MM model in this work followed 

the electrostatic embedding scheme described previously.18  As shown in Fig. 5.1, reactants and a 
T5 cluster encompassing the active center were described by QM, whereas the rest of the zeolite 
was described by MM using a standard force field of the CHARMM type.33–35  All geometry 
optimizations were performed with relaxation of the atoms only in the QM region, while 
maintaining all of the MM atoms frozen.  The parameters for atoms of the zeolite cluster are listed 
in Table 5.1.  These values have been recently reoptimized to yield improved accuracy for 
adsorption energies of organic molecules in zeolites and have been applied to study the 
isomerization of glucose to fructose catalyzed by Sn-BEA.32,143  Standard CHARMM parameters 
were used for the atoms of the substrates.144   

 
Geometry optimizations and single-point energy calculations were performed using 

density functional theory (DFT) at the ωB97X-D19,20/6-31G* and ωB97X-D/6-311++G(3df,3pd) 
levels of theory, respectively.  All QM/MM calculations were carried out using a development 
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version of the Q-Chem software package.145  The initial geometries of reaction intermediates were 
manually guessed, and then refined using gradient-based local optimizations.  The transition 
structures connecting pairs of intermediates were then found by the freezing string method147 
followed by local optimization.  Kinetically uncompetitive pathways were discarded and only the 
lowest energy pathway was retained.  Free energies were determined using a quasi-RRHO 
approach.36,143  

 
 

 
Figure 5.1. H-BEA QM/MM model (T208), where the T2 site is shown.  Spherical atoms are QM 
atoms, others are MM atoms. 

 
 

Table 5.1.  Charge and Lennard-Jones Parameters for O and Si used in the QM/MM portion of 
this work. 

QSi QO εSi (kcal/mol) RSi (Å) εO (kcal/mol) RO (Å) 

0.7 -0.35 0.047 2.2 0.018 1.77 

 
 
Solvation of Substrates.  A previous study has shown that in addition to the gas-phase 

ethylene, liquid-phase DMF, and solid-phase zeolite, an aqueous phase is formed as reaction 
proceeds, since the dehydration steps produce water.155  To obtain a reasonable comparison with 
the experimentally measured reaction barrier, the free energy of the isolated catalyst and the 
solvated DMF, instead of DMF in gas phase, were chosen as the references for the free energy 
surface  
 
 É = É2` ∙ O) − É2O) − É2AIℎÊ½A�A) − É&*À2ËLb)  = É2` ∙ O) − É2O) − É2AIℎÊ½A�A) − [É2ËLb) + ∆É&*ÀC$²
*�2ËLb)] (5.1) 

 
where É2Ì) is the free energy of species X in gas phase, ` ∙ O stands for the substrate-catalyst 
complex, O stands for the catalyst, and ∆É&*ÀC$²
*�2ËLb) is the free energy difference of DMF 
in the organic (DMF or n-heptane) and gas phases. Similarly, the water and organic compounds 
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produced in the reaction were assumed to be fully solvated in aqueous and organic (DMF or n-
heptane) phases respectively after desorbing from the solid-phase zeolite. To simplify the problem, 
the aqueous and organic phases are assumed to be mutually immiscible and the solutions are 
assumed to be ideal.  ∆É&*ÀC$²
*�  was calculated using classical molecular dynamics (MD) 
simulations with standard CHARMM force field144 and Bennett Acceptance Ratio (BAR) 
method159. All the MD simulations were performed using GROMACS software package.160 

 
5.4  Results and Discussion  
 

Reaction Mechanism.  The lowest energy mechanisms for the formation of p-xylene, 
2,5-hexadione, and 2,5-dimethyl-3-[(4-methyl-1,3-cyclohexadien-1-yl)methyl]furan from DMF 
and ethylene mediated by the H-BEA are shown in Fig. 5.2. The transition states which do not 
involve cleavage and/or formation of covalent bonds, e.g. state B1 to B2, are not likely to be rate-
limiting and, therefore, were not determined. The formation of p-xylene starts with a Diels-Alder 
cycloaddition, followed by a proton transfer from the active site to the oxa-norbornene, the species 
shown by state A2, resulting in ring-opening of oxa-norbornene cycloadduct. In the ring-opening 
step, which begins with state A3, the positively charged substrate is deprotonated to form a species 
with conjugated double bonds. If the proton on the ring is transferred to the active site, conjugated 
double bonds are formed on the ring, state B1.  Then, following Brønsted acid-catalyzed 
dehydration from states B1 to B5, p-xylene is formed.   

 
On the other hand, if the methyl group in state A3 is deprotonated, it forms a methylene 

group conjugated with the double bond on the ring, state C1.  Following Brønsted acid-catalyzed 
dehydration via states C1 to C3, the positive charge on the species C3 can migrate to the methyl 
group, the position with least steric hindrance for addition reactions.  Then, an electron-rich 
molecule, such as DMF, can attack this electrophile easily to form states C4 to C5, a process with 
a barrier of only 2.5 kcal/mol. The deprotonation of species C5 leads to 2,5-dimethyl-3-[(4-methyl-
1,3-cyclohexadien-1-yl)methyl]furan, the primary byproduct observed experimentally.  For the 
reaction network shown in Fig. 5.1, the initiation step (Diels-Alder cycloaddition) is the one with 
the highest barrier, 23.3 kcal/mol. 

 
The hydrolysis of DMF starts with the protonation at the β-position of DMF, followed by 

nucleophilic attack of water molecule at the α-position as illustrated by states D1 to D3 in Fig. 5.2. 
This finding is consistent with the mechanism recently proposed by Nikbin et al. for the hydrolysis 
of DMF catalyzed by Brønsted acids in aqueous solution.161  The proton transfer after the 
nucleophilic attack from the water to the active site regenerates the Brønsted acid site, allowing 
the second protonation at the β-position to occur, as shown by states D3 to D5.  The last step is 
the proton transfer from hydroxyl group at the α-position to the active site, results in a concerted 
ring-opening of species D5 to form 2,5-hexadione. 
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Figure 5.2. Mechanisms and energetics of the formation of p-xylene (B5), 2,5-hexadione (D6), and 
2,5-dimethyl-3-[(4-methyl-1,3-cyclohexadien-1-yl)methyl]furan (C6) from DMF and ethylene 
mediated by the T2 site of H-BEA.  Calculated ground state electronic energy barriers for each 
step (forward is the upper number, reverse is the lower number) are reported in kcal/mol.  Barriers 
were not located for steps which do not involve covalent bond-making or breaking (and thus are 
not rate-determining).   
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Free Energy Surface.  Figure 5.3 shows the free energy surface for the formation of p-
xylene and the dimer, 2,5-dimethyl-3-[(4-methyl-1,3-cyclohexadien-1-yl)methyl]furan, at the 
experimental conditions (573K, 57 bar)155 without additional solvent.  Under these conditions, the 
reaction system is composed of the gas-phase ethylene, the liquid-phase DMF, and solid-phase 
zeolite. All organic products are assumed to be dissolved in DMF, as is the byproduct water formed 
via dehydration.  The reference-state concentration chosen for all solutes is 1M.  As shown in 
Fig. 5.3, since the free energy of the transition state A2' is the highest one along the reaction 
pathway, we conclude that the rate-limiting step is the Diels-Alder cycloaddition.  This finding is 
consistent with the conclusion drawn previously based on gas-phase DFT calculations for the 
conversion of DMF and ethylene to p-xylene catalyzed by a proton.162  The apparent free energy 
barrier for this step is 45.0 kcal/mol, which is in very good agreement with the experimental value 
of 44.3 kcal/mol (see Appendix C.1 for how this number is derived).   

 
 

 
Figure 5.3. Free energy surface (573K, 57bar, 1M in DMF) of the formation of p-xylene and 2,5-
dimethyl-3-[(4-methyl-1,3-cyclohexadien-1-yl)methyl]furan from DMF and ethylene mediated by 
the T2 site of H-BEA.  The states noted with a prime symbol are transition states.  For instance, 
state A2' is the transition state connecting intermediates A1 and A2. 
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It is also shown in Fig. 5.3 that the free energy difference between states C5' and B1', 
∆G(C5'-B1'), determines the selectivity to p-xylene since the free energies of the transition states 
C5' and B1' are the highest points along the two divergent pathways starting from A3.  To 
maximize the selectivity to p-xylene, a large value of ∆G(C5'-B1') is desired.  This can be 
achieved by either introducing a good solvent for DMF or using a weak Brønsted acid site.  
Introducing a good solvent for DMF decreases the loading of DMF in the zeolite system, resulting 
in a lower probability for forming the complex C5', i.e., a higher free energy for transition state 
C5'.  As shown in Table 5.2, at the same conditions (573K, 57 bar, 1M for all solutes), ∆G(C5'-
B1') increases from 1.7 kcal/mol to 2.2 kcal/mol if n-heptane is used as the solvent, resulting in a 
1.5-fold increase in the ratio of the formation rate of p-xylene to the dimer comparing with the 
DMF case.  On the other hand, as shown in Table 5.2, a two-fold increase in this ratio can be 
achieved by substituting Al in the active site with Ga, which is known as a weaker Brønsted acid 
site.163  This is because the transition state B1' corresponds to a deprotonation reaction mediated 
by the conjugate base of the acid site.  If a weaker Brønsted acid site is used, the conjugate base 
is stronger so that the deprotonation process leading to p-xylene becomes more strongly preferred.   
 

 

Table 5.2.  Effects of Brønsted acidity and solvents on the reaction rate of Diels-Alder 
cycloaddition and the selectivity to p-xylene. 

 solvent 
G(A1) 

(kcal/mol) 
G( A2'-A1) 

(kcal/mol) 
r(Diels-

Alder) (1/s) 
G(C5' -B1') 

(kcal/mol) 
r(p-xylene) 
/r(dimer) 

Al DMF 16.1 28.9 8.3E-05 1.7 4.4 

Al n-heptane 16.6 28.9 5.3E-05 2.2 6.8 

Ga DMF 16.2 28.7 8.9E-05 2.6 9.7 

B DMF 21.0 31.1 1.6E-07 4.5 53.8 

Si DMF 21.4 30.7 1.6E-07   

 
 
We note that the free energy differences discussed above are not very large.  For example, 

the difference in ∆G(C5'-B1') between using DMF and n-heptane as solvents is 0.5 kcal/mol, a 
value close to the limit of the chemical accuracy attainable from either computations or 
experiments.  However, since the number represents the difference in free energy between two 
free energy changes calculated by identical methodology, higher accuracy can be expected because 
systematic errors in the theoretical predictions should cancel.  Therefore, the trends in the free 
energies discussed above should be valid. This conclusion is supported by the observation that the 
predicted trends with changes in solvent composition are consistent with reported experimental 
observations.  

 
The selectivity to p-xylene can further be increased if Al is substituted by B because the 

Brønsted acidity of the B site is weaker than the Ga site.163  However, as tabulated in Table 5.2, 
the overall reaction rate is greatly decreased if B-BEA is used, because the Brønsted acidity of the 
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site determines the adsorption free energy of DMF, i.e. the free energy of state A1, affecting the 
apparent free energy barrier of the Diels-Alder cycloaddition.  Therefore, we note that while a 
Brønsted acid site does not facilitate Diels-Alder cycloaddition, since the intrinsic free energy 
barrier for Diels-Alder cycloaddition, ∆G(A2'-A1), over a siliceous BEA is close to that for 
Brønsted acid sites, the overall reaction rate is greatly decreased if B-BEA or Si-BEA is used 
because the strength of reactant adsorption is weaker than in Al-BEA.  Therefore, considering 
both the reactivity and the selectivity to p-xylene, Ga-BEA is recommended based on our 
calculations. 

 
The free energy surface of the hydrolysis side reaction was also calculated (Fig. C.1) and 

the forward and backward apparent free energy barriers were found to be 28.2 kcal/mol and 20.5 
kcal/mol respectively, which are both much smaller than the apparent free energy barrier of the 
Diels-Alder cycloaddition (45.0 kcal/mol), suggesting that DMF and 2,5-hexadione, the byproduct 
from the hydrolysis of DMF, are in rapid equilibrium compared with the formation of p-xylene.  
This finding is consistent with the experimental observation that the yield of 2,5-hexadione can be 
reduced by working at a high conversion of DMF.158   

 
One may notice that there are two negative free energy barriers in Fig. 5.3, the transition 

from B2 to B3' and from C3 to C3'.  For these two steps, as shown by Fig. 5.2, the electronic 
energy difference between the transition state and the intermediate is small so that the relative 
height of the transition state and intermediate can be inverted once the entropy and the zero point 
vibrational and thermal corrections are taken into account in the free energy diagram.  Since these 
two steps are kinetically irrelevant, no action was taken to correct the artifact. 

 
5.5  Conclusions  
 

Detailed mechanisms for the formation of p-xylene, 2,5-hexadione, and 2,5-dimethyl-3-
[(4-methyl-1,3-cyclohexadien-1-yl)methyl]furan, the primary byproduct observed experimentally, 
from DMF and ethylene mediated by the H-BEA and the associated free energy surfaces have been 
obtained using QM/MM simulations.  The formation of p-xylene consists of a Diels-Alder 
cycloaddition followed by Brønsted acid-catalyzed dehydration (see Fig. 5.2).  The Diels-Alder 
cycloaddition, which requires an apparent free energy barrier of 45.0 kcal/mol, is rate-limiting for 
the overall reaction.  The subsequent dehydration process produces water, which can hydrolyze 
DMF to form 2,5-hexadione.  However, because the apparent free energy barriers for forward and 
backward reaction involved in the hydrolysis side reaction (28.2 kcal/mol and 20.5 kcal/mol) are 
both much smaller than that for Diels-Alder cycloaddition, DMF and 2,5-hexadione rapidly reach 
equilibrium.  Therefore, the yield of 2,5-hexadione can be minimized by operating at a high 
conversion of DMF.  The primary byproduct, 2,5-dimethyl-3-[(4-methyl-1,3-cyclohexadien-1-
yl)methyl]furan, is formed if after the Diels-Alder cycloaddition, the substrate condenses with 
another molecule of DMF (see Fig. 5.2).  This secondary addition process can be eliminated by 
introducing n-heptane as an inert solvent to decrease the loading of DMF in the zeolite or by using 
a weak Brønsted acid site to facilitate the dehydration process, for which the reaction rate is 
determined by deprotonation triggered by the conjugated base of the active site.  However, use of 
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a weak Brønsted acid is not desirable for the overall reaction rate because the adsorption of DMF 
on a weak Brønsted acid site is less preferred, resulting in a higher apparent free energy barrier of 
the Diels-Alder cycloaddition.  Therefore, considering both the reactivity and the selectivity to p-
xylene, BEA containing Ga is preferred over BEA containing Al or B, the strongest and weakest 
Brønsted acid sites considered (see Table 5.2).   
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 Chapter 6 

 
Theoretical Study of 4-(Hydroxymethyl)benzoic 
Acid Synthesis from Ethylene and 5-
(Hydroxymethyl)furoic Acid Catalyzed by Sn-BEA 
 
6.1  Abstract 
 

A sustainable route has been reported for the production of terephthalic acid (PTA) from 
5-(hydroxymethyl)furoic acid (HMFA) and ethylene, both of which can be derived from biomass. 
This process starts with the production of 4-(hydroxymethyl)benzoic acid (HMBA) from HMFA 
and ethylene catalyzed by Sn-BEA.  The subsequent oxidation of HMBA leads to PTA.  The 
present study reports the results of a detailed computational investigation of the mechanism of 
HMBA synthesis from ethylene and HMFA mediated by Sn-BEA.  Density functional theory 
calculations show that the formation of HMBA proceeds via Diels-Alder cycloaddition of HMFA 
and ethylene, which is rate-limiting, followed by Lewis acid-catalyzed dehydration.  The 
solution-phase reaction and six different pathways in Sn-BEA, including one pathway on the Si 
site and five different pathways on the Sn site, are investigated for the Diels-Alder cycloaddition 
of HMFA and ethylene.  Energy decomposition analysis (EDA) shows that the Sn site stabilizes 
the transition state of the Diels-Alder reaction electrostatically instead of facilitating charge 
transfer between HMFA and ethylene.  Therefore, the preferred pathway for the Diels-Alder 
reaction starts with binding HMFA to the Sn site by the carbonyl oxygen, which is the 
configuration that maximizes electrostatic interactions between substrates and the catalyst in the 
transition state.  The effect of substituting Sn in the active site by Zr and Ti was examined and the 
highest reaction barriers were for the Ti sites.  Using EDA, we found that though the barriers of 
the Sn and Zr site are comparable, the individual contributing effects are different: lower energy 
penalty associated with distortion of the geometry of the Zr site overcomes less favorable 
electrostatic and charge transfer effects compared to the Sn site.   

 
6.2  Introduction 
 

Terephthalic acid (PTA) is one of the monomers used in the production of polyethylene 
terephthalate (PET) and is produced conventionally by the oxidation of p-xylene derived from 
petroleum. Increasing global demand for PET together with the desire to replace petroleum-based 
chemicals has stimulated the consideration of routes to PTA from renewable carbon sources, such 
as biomass.153 One approach to p-xylene formation that has been considered is Diels-Alder 
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cycloaddition of 2,5-dimethylfuran (DMF) and ethylene followed by dehydration of the resulting 
product, since both starting materials can be produced from biomass - ethylene by dehydration of 
bioethanol and DMF by hydrodeoxygenation of 5-hydroxymethylfurfural (HMF).155,164,165 
However, economic analysis has revealed that the cost of p-xylene derived from DMF and ethylene 
is higher than that derived from petroleum.156 Recently, Pacheco and Davis pointed out that since 
the end product, PTA, is the fully oxidized variant of p-xylene, the cost of PTA derived from HMF 
could be reduced if the intermediate, p-xylene, is replaced by oxidized variants of p-xylene (see 
Scheme 6.1) because in this case the reduction of HMF to DMF, which requires a hydrogen source 
can be eliminated.166  It was reported that this strategy can be achieved by partially oxidizing 
HMF to 5-(hydroxymethyl)furoic acid (HMFA) and then reacting this product with ethylene via 
Diels-Alder cycloaddition, as shown in Scheme 6.1. Subsequent dehydration of the Diels-Alder 
product results in 4-(hydroxymethyl)benzoic acid (HMBA), an oxidized variant of p-xylene that 
can be easily converted to PTA.166    

 
 

 

 
Scheme 6.1. Schematic representations of two conversion pathways that take 
hydroxymethylfurfural (HMF), which can be produced from biomass, to make green terephthalic 
acid (PTA).  This chapter focuses on the lower pathway, which avoids the need for initial 
reduction of HMF, and the associated hydrogen source. 

 
 

The production of p-xylene from DMF and ethylene is similar to the production of HMBA 
from HMFA and ethylene in that both processes proceed by way of a Diels-Alder cycloaddition 
followed by dehydration of the Diels-Alder adduct.  We have recently addressed the question of 
how a Brønsted acid zeolite catalyzes the production of p-xylene from DMF and ethylene through 
a detailed theoretical analysis of the reaction pathway.69  However, since the production of HMBA 
from HMFA and ethylene is catalyzed by Sn-BEA, a Lewis acid zeolite, the mechanism is expected 
to be very different from the Brønsted acid pathway.  Here we report a detailed analysis of the 
mechanism for the synthesis of HMBA from HMFA and ethylene mediated by Sn-BEA. The 
kinetic analysis of the preferred mechanism suggests that Diels-Alder cycloaddition is the rate-
limiting step.  
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A further question that we have addressed is the role of Sn-BEA on the Diels-Alder 
cycloaddition process.  Energy decomposition analysis (EDA)142 reveals that Sn-BEA stabilizes 
the Diels-Alder transition state through electrostatic interactions between the substrates and the 
catalyst instead of directly facilitating electron transfer between HMFA and ethylene.  The 
magnitude of electrostatic interactions correlates well with the dipole moment of the substrate 
which directly interacts with the active site in the transition state so that the configurations in which 
HMFA, instead of ethylene, binds directly to the site are preferred for Diels-Alder cycloaddition 
of HMFA and ethylene.  We have also investigated the activities of zeolites containing Zr and Ti 
at the active site instead of Sn.  The lowest reaction barriers are for Sn and Zr sites in good 
agreement with the experimental observation that the activities for Sn-BEA and Zr-BEA are 
comparable and both are higher than that of Ti-BEA.166 Using EDA, we find that the Sn site can 
strongly stabilize the transition state through electrostatic and charge transfer interactions because 
central atom of the site carries high positive charges.  On the other hand, because Zr is highly 
polarizable, the Zr site has low energy penalties associated with geometric distortion from its 
resting geometry to the geometry in the transition state.  Therefore, though the reaction barriers 
for Sn and Zr sites are comparable, the individual contributing factors are different. 

 
6.3  Theoretical Methods  
 

Zeolite Model Geometries.  The structure of Sn-BEA has been thoroughly investigated 
previously.  It has been shown that the catalytic activity of Sn-BEA is critically dependent on the 
successful incorporation of Sn into the zeolite framework and that framework Sn sites exhibit 
unique adsorption properties that differ from those for nonframework SnO2.167,168  Moreover, two 
types of framework Sn sites have been identified: one is the fully coordinated Sn site (closed site), 
the other is the partially hydrolyzed Sn site (open site).30,169  Since the open site has been shown 
to be more active than the closed site because of the extra flexibility provided by the defect in the 
lattice,9,30–32 our model of Sn-BEA was made by replacing a Si atom in the framework by a Sn 
atom with one of the Sn-O-Si bridges replaced by Sn-OH and Si-OH as shown in Fig. 6.1.  For 
this study, we considered the Sn atom to be in the T2 site in the nomenclature of Newsam et al.23, 
one of the two sites that are favored for Sn atom substitution among the nine unique T-atom 
positions in BEA.28,29  The zeolite framework was described by a T208 cluster terminated with 
hydrogen atoms by replacing the terminal oxygen atoms.  The positions of all Si and O atoms are 
determined by the crystallographic structure of BEA.23  The procedures used to construct Zr-BEA 
and Ti-BEA are the same as Sn-BEA since the preferred position for Zr and Ti substitution in BEA 
is also the T2 site.67  Though the Lewis acidity of the site can vary between different 
crystallographic positions,67 we consider the substitution of Sn, Zr, and Ti in one single position 
(T2) in this work to compare the effects of different heteroatoms on the reaction. 

 
QM/MM Computations.  Implementation of the QM/MM model in this work followed 

the electrostatic embedding scheme described previously,18 which has been employed to study 
reactions and adsorptions in Sn-BEA,32 H-BEA,69 and other zeolite systems.8,143,170–174 Since it has 
been shown previously that the accuracy of large cluster model QM/MM calculations is nearly 
independent of QM region beyond a T5 region,8,143 in this work, as shown in Fig. 6.1, only 
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reactants and a T5 cluster encompassing the active center were described by QM, whereas the rest 
of the zeolite was described by MM (T5 QM/T203 MM). All geometry optimizations were 
performed by relaxing only the QM region, while keeping all the MM atoms frozen (see Appendix 
D.1 for a discussion of whether relaxing the T5 QM region encompassing the site is sufficient to 
capture the local flexibility of the lattice).  The hydrogen terminations of the QM region were kept 
along each of the terminal Si-O bonds at a distance of 0.92 R(Si-O) from the terminal Si atom.18 

 

 

 
Figure 6.1. Sn-BEA QM/MM model (T208), where the T2 site is shown.  Atoms shown in cyan, 
white, red, yellow, and green represent C, H, O, Si, and Sn atoms, respectively.  Spherical atoms 
are QM atoms, others are MM atoms. 
 

 
The atoms of the zeolite cluster in the MM region were described using a standard force 

field of the CHARMM type33–35, for which the parameters are listed in Table 6.1.143 The van der 
Waals radius for O and Si are the standard CHARMM parameters.35  The charges and the 
characteristic energies for the Lennard-Jones potential used were selected and validated by 
reducing the deviation between QM/MM calculations and QM calculations as well as experimental 
data over a range of adsorption energies and transition states in MFI and H-MFI, and H-BEA.18,143  
Standard CHARMM parameters were used for the atoms of the substrates.35 The QM region was 
treated at the ωB97X-D19,20/Def2-SV(P) and ωB97X-D/Def2-TZVPD levels of theory for 
geometry optimizations and single-point energy calculations, respectively.  Reaction 
intermediates were guessed by hand followed by standard geometry optimizations to refine the 
structures.  The structures of transition states connecting intermediates were found by the freezing 
string method147 followed by local optimization.  All QM and QM/MM calculations were carried 
out using a development version of the Q-Chem software package.37 Partial charges on atoms were 
calculated using natural bond orbital (NBO) analysis.146 Reported energies and free energies were 
calculated at experimental temperature (463K) using a modified rigid rotor-harmonic oscillator 
model (quasi-RRHO),36,143 which replaces the contribution of low-lying vibrations by a 
corresponding rotor with the same frequency.  The reference-state concentration chosen for all 
solutes is 1M.   Since the quasi-RRHO model does not account for the translational entropies of 
the adsorbates in zeolites51,73, the estimated entropy loss upon adsorption is likely to be 
overestimated.  Therefore, the reported free energies of the transition states in zeolites with 
respect to free reactants should be viewed as upper bounds to the true apparent free energy barriers 
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(see Appendix D.2 for more detailed discussion of this point).  
 

 

Table 6.1.  Charge and Lennard-Jones Parameters for O and Si used in the QM/MM portion of 
this work. 

QSi QO εSi (kcal/mol) RSi (Å) εO (kcal/mol) RO (Å) 

0.7 -0.35 0.047 2.2 0.018 1.77 

 

 

Solvation of Substrates.  In order to be consistent with the previously reported 
experimental conditions,166 where dioxane was used as the solvent, the energies of the HMFA and 
ethylene (ET) solvated in dioxane, instead of gas-phase energies, were chosen as the references 
for the energy surface.  Therefore, the energy of state i is written as 

 
 �
 = �2` ∙ O)
 − �2O) − �&*À2'LbÎ) − �&*À2�7) = �2` ∙ O)
 − �2O) − [�2'LbÎ) + ∆�&*À2'LbÎ) + �2�7) + ∆�&*À2�7)] (6.1) 

 
where �2` ∙ O)
 is the energy of the substrate-catalyst complex in state i, �2O) is the energy of 
the catalyst, �&*À2Ì) is the energy of the solvated substrate X, �2Ì) is the energy of substrate X 
in gas phase, and ∆�&*À2Ì) is the solvation energy of substrate X in dioxane.  The solvation 
energies were estimated using the C-PCM solvation model.175  

 
6.4  Results and Discussion  
 

Reaction Mechanism in Sn-BEA.  The lowest energy mechanism in Sn-BEA and the 
associated potential energy and free energy surfaces for the formation of HMBA from HMFA and 
ethylene are shown in Fig. 6.2.  The mechanism consists of a Diels-Alder cycloaddition (species 
1 to 3) followed by a Lewis acid catalyzed dehydration (species 4 to 10).  The reaction starts with 
the binding of HMFA to the active site by coordinating the oxygen atom of the carbonyl group to 
the Sn center as shown in 1. This coordination mode was found to be the preferred one for the 
Diels-Alder cycloaddition between HMFA and ethylene in Sn-BEA.  As shown in Fig. 6.3, we 
have also investigated four other pathways for Diels-Alder cycloaddition of HMFA and ethylene 
for the Sn site, in addition to carbonyl oxygen coordination of HMFA to Sn (P3). The other 
pathways involve binding ethylene to the active site (P5), coordinating HMFA to the active site 
using the hydroxyl oxygen (P1), using the hydroxyl oxygen of the carboxyl group (P2), and using 
the oxygen atom in the five-membered ring (P4).  The energy barriers for these five pathways are 
tabulated in Table 6.2.  Recent studies show that with Brønsted acid catalysts, condensation of 
furanic compounds with other species could start with opening of the furan ring by protonation of 
the double bonds of furan.176,177  An attempt was made to find a Lewis acid analog by searching 
pathways starting with binding the conjugated double bonds of HMFA to the Lewis acid center; 
however, this attempt failed. Geometry optimizations starting with this configuration led to 
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structures in which one of the oxygen atoms of HMFA coordinates to the Sn atom.  To examine 
whether the Diels-Alder reaction between HMFA and ethylene could occur without the aid of the 
Sn site, the barriers for the Diels-Alder reaction in Si-BEA and in dioxane were also calculated 
and are listed in Table 6.3.  These alternative pathways are discussed in detail in the following 
subsections. 

 
 

 
Figure 6.2. Energy and free energy surfaces for the most favorable path for formation of HMBA 
from HMFA and ethylene mediated by the T2 site of Sn-BEA.  A barrier was not located for states 
3 to 4, a step which does not involve covalent bond-making or breaking (and thus is not rate-
determining).  
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Figure 6.3. Transition states for five different mechanisms of Diels-Alder cycloaddition of HMFA 
and ethylene catalyzed by Sn-BEA.  Pathway P3 is preferred, and was shown as TS-2 on Fig. 6.2.  
For clarity, the extended zeolite cluster is not shown. Selected bond lengths are given in Å. 
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Table 6.2.  Apparent energy barriers (energies of transition states with respected to solvated 
reactants) for Diels-Alder cycloaddition of HMFA and ethylene following pathways shown in Fig. 
6.3.  Free energy barriers are listed in Table D.6.  The trends of free energy and energy barriers 
are identical. 

 P1 P2 P3 P4 P5 

Ea 
(kcal/mol) 

4.2 10.0 3.2 5.2 15.9 

 
 

Table 6.3. Apparent energy and free energy barriers (energies of transition states with respected to 
solvated reactants) of the Diels-Alder cycloaddition in dioxane, Si-BEA, Sn-BEA, and Zr-BEA.  
Numbers are reported in kcal/mol. 

 HMFA + ET HMFA + ET HMFA + ET HMFA + ET DMF + ET DMF + ET 

 (Dioxane) (Si-BEA) (Sn-BEA) (Zr-BEA) (Dioxane) (Zr-BEA) 

E 26.3 13.0 3.2 2.9 27.0 7.7 

G 42.8 51.3 41.7 40.3 42.9 42.8 

 
 

As shown in Fig. 6.2, after the Diels-Alder cycloaddition, the Lewis acid catalyzed 
dehydration starts with coordinating the COC bridgehead oxygen atom to the Sn center, state 4.  
This coordination promotes the ring-opening of the cycloadduct via transition state TS-5.  The 
subsequent proton transfer from the six-membered ring to the oxygen atom coordinating to the Sn 
center via transition state TS-7 forms a hydroxyl group and conjugated double bonds on the ring, 
state 8.  Then, as shown by the transition from state 8 to 10, water and the end product HMBA are 
produced by another proton transfer to the hydroxyl group formed in the previous step from the 
adjacent position.  Though the dehydration pathway (states 4 to 10) shown in Fig. 6.2 looks 
similar to the mechanism previously reported by Nikbin et al. for the dehydration of the Diels-
Alder cycloadduct of DMF and ethylene catalyzed alkali-exchanged Y zeolites using mechanically 
embedded QM/MM calculations,178 there is a difference in the structure of state 6.  Nikbin et al. 
suggest that the oxygen atom participating in the ring-opening step shown in transition state TS-5 
attacks the adjacent sp2 hybridized carbon atom in the ring when the C-O bond cleavage occurs; 
therefore, it produces an epoxide intermediate instead of the alkoxide shown in state 6.  However, 
since an intrinsic reaction coordinate calculation starting from transition state TS-5 ends up with 
the alkoxide shown in state 6, we conclude that it is the product of ring-opening of the cycloadduct 
of HMFA and ethylene in Sn-BEA.  This difference reflects different properties of the diene 
(HMFA vs DMF) because we found the epoxide intermediate in the Diels-Alder dehydration of 
DMF and ethylene catalyzed by Zr-BEA (Fig. D.1).  This reaction will be discussed in the next 
subsection of Comparison of Catalyzed and Uncatalyzed Pathways.  

 
Since the production of HMBA from HMFA and ethylene is a multistep process, the rate-

limiting step and the apparent energy barrier of the catalytic cycle has to be determined via a kinetic 
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analysis. We analyzed the mechanism shown in Fig. 6.2 using the procedure suggested by Kozuch 
and Shaik179,180 (see Appendix D.3 for the details of this analysis) and found that the turnover 
frequency (TOF) for the catalytic cycle can be described by  

 
 TOF = ?Ñ7ℎ A.∆Â�,§ �F⁄ , (6.2) 

 where ∆É�,� is the free energy difference between the transition state TS-2 and the state 0.  This 
result suggests that even though there are many intermediates and transition states involved in the 
mechanism shown in Fig. 6.2, the overall kinetics of the catalytic cycle are governed by a single-
step and the apparent energy barrier for the catalytic cycle is the energy difference between the 
transition state for the Diels-Alder reaction and the solvated reactants.  Therefore, we conclude 
that the Diels-Alder reaction is rate-limiting for the formation of HMBA from HMFA and ethylene 
in Sn-BEA.    
 

Comparison of Catalyzed and Uncatalyzed Pathways.  The energy and free energy 
surfaces for the formation of HMBA from HMFA and ethylene in dioxane are shown in Fig. 6.4.  
This solution-phase mechanism is similar to the mechanism discussed above for Sn-BEA with only 
a difference in the structure of state 6.  In the solution, because of the absence of electrostatic 
stabilization from the zeolite, this epoxide intermediate is more stable than the alkoxide form.  All 
the intermediates and transition state species in dioxane are higher in energies than in Sn-BEA.  
For the Diels-Alder reaction (TS-2), the transition state is 23 kcal/mol lower in energies in Sn-
BEA than in dioxane.  For the dehydration reaction (TS-5, TS-7, and TS-9), the transition states 
in Sn-BEA are at least 40 kcal/mol lower in energies than in dioxane. 

 
As listed in Table 6.3, we also considered the Diels-Alder reaction for the Si site and found 

that the energy and free energy barriers for Si are both much higher than Sn, suggesting that the 
Diels-Alder cycloaddition between HMFA and ethylene preferentially occurs on the Sn site instead 
of the Si sites in the pores of the zeolite.  On the other hand, though the energy barrier in Sn-BEA 
is much lower than the one for the reaction occurring in dioxane, the free energy barrier in Sn-
BEA is only slightly lower than the solution-phase barrier because of the entropy loss due to 
adsorption of HMFA and ethylene in the zeolite.  We note that the harmonic oscillator-based 
approximation employed in this work can significantly overestimate the entropy loss upon 
adsorption because it does not account for the translational entropies of the adsorbates in 
zeolites.51,73  As discussed in Appendix D.2, we found that the translational entropy can contribute 
up to -10 kcal/mol to the free energy of the adsorbed species.  Therefore, the difference between 
the free energy barriers in Sn-BEA and dioxane is likely to increase if the translational entropy of 
the reactants in the zeolite is accurately taken into account.    

 
To determine whether the Diels-Alder cycloaddition occurs in the solution or on the Sn 

site, one can carry out a kinetic analysis using the rates determined by the free energy barriers.  
However, since there is a large uncertainty associated with adsorption entropy calculations as 
discussed above, a direct comparison of the calculated reaction rates is likely to be problematical.  
An alternative approach to distinguish these two pathways is to compare the calculated energy 
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barriers with the activation energy measured by experiments, since the Diels-Alder reaction is rate-
limiting and the energy barriers in the solution and zeolites are very different.  Though, to date, 
no one has reported an experimental activation energy for Diels-Alder/dehydration of HMFA and 
ethylene, Pacheco et al. have reported the apparent activation energy for the Diels-
Alder/dehydration of DMF and ethylene catalyzed by Zr-BEA.181  For this reason, we calculated 
the reaction of DMF and ethylene in Zr-BEA as we did for HMFA and ethylene and found these 
two reactions to be similar in many aspects (see Fig. D.1 and Table D.2 for the energy and free 
energy surfaces for the reaction of DMF and ethylene).  A kinetic analysis confirms that the Diels-
Alder reaction is also rate-limiting for the Diels-Alder/dehydration of DMF and ethylene and the 
apparent energy barrier for the catalytic cycle is the energy difference between the transition state 
for the Diels-Alder reaction and the solvated reactants, no matter whether the Diels-Alder reaction 
takes place in the solution or in Zr-BEA (see Appendix D.4 for the details of this analysis). 
Therefore, as listed in Table 6.3, if the Diels-Alder reaction of DMF and ethylene occurred in 
dioxane, one would expect the experimentally measured activation energy to be 27 kcal/mol. This, 
however, is not the case. What Pacheco et al. report is that for Zr-BEA, the activation energy is 8.2 
kcal/mol (443-503K).181  On the other hand, the barrier we calculated for the Diels-Alder reaction 
for the Zr site is 7.7 kcal/mol, which agrees well with the experimentally measured value, 
suggesting that the Diels-Alder reaction of DMF and ethylene is mediated by the Zr sites.    

 
 

 
Figure 6.4. Energy and free energy surfaces for the formation of HMBA from HMFA and ethylene in 
dioxane. 
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As listed in Table 6.3, though the barrier for the Diels-Alder reaction of HMFA and 
ethylene is very close to that of DMF and ethylene in dioxane, the barrier for HMFA and ethylene 
is lower than DMF and ethylene on the Zr site due to better stabilization of HMFA in the zeolite 
because of the carboxyl and hydroxyl groups associated with this compound (this point is 
discussed in detail in the subsection entitled Comparison of Sn/Zr/Ti Activities).  Therefore, the 
Diels-Alder reaction of HMFA and ethylene should occur on the Zr site just as the reaction of DMF 
and ethylene.  Moreover, because the calculated barriers for the Diels-Alder reaction for Sn and 
Zr sites are very close to each other, the conclusions made for Zr-BEA are expected to also hold 
for Sn-BEA.  Therefore, if the Diels-Alder reaction occurs preferentially on the Zr site instead of 
in solution, this should also be the case for the Sn site. 

 

 

Comparison of Pathways for Diels-Alder Cycloaddition on Sn Site. In solution-phase 
Diels-Alder chemistry,11 Lewis catalysis typically (normal electron demand) proceeds by 
coordination to the dienophile, leading to increased electron deficiency which in turn lowers the 
energy of the dienophile LUMO, and increases reaction rates. Inverse electron demand in which 
catalysis proceeds through the diene is also possible when electron withdrawing groups are 
attached to the diene, and electron-donating groups are attached to the dienophile.  For the case 
of HMFA and ethylene, as shown in Fig. 6.5, the energy gap between the diene LUMO and the 
dienophile HOMO is smaller than that for the typical normal electron demand case of butadiene 
(BD) and ethylene because in HMFA the furan oxygen and carboxylic acid group are electron-
withdrawing. Since better energy matching between the diene LUMO and the dienophile HOMO 
implies the possibility of inverse electron demand, for the Diels-Alder cycloaddition of HMFA and 
ethylene mediated by Sn-BEA, the nature of the catalysis must be investigated by exploring all 
possibilities. 
 

The five mechanisms we investigated are shown in Fig. 6.3, including four pathways 
starting with binding HMFA to the site by coordinating different oxygen atoms to the Sn center 
(P1 to P4) as well as one pathway starting with binding ethylene to the active site (P5).  As shown 
in Fig. 6.5, the tendency towards inverse electron demand is increased in all but one of the 
scenarios. The one in which ethylene, the dienophile, directly interacts with the Lewis acid site 
increases electron deficiency of the dienophile which in turn lowers the energy of the dienophile 
LUMO and strengthens the normal electron demand.  Figure 6.5 also shows that though in 
pathway P5 the electron demand is enhanced in the opposite direction of the gas-phase reaction, 
P5 should not be particularly unfavorable because the energy gap between the frontier molecular 
orbitals (FMO) which are responsible for the reaction in P5 (LUMOdienophile - HOMOdiene) is close 
to those in P1 to P4 (LUMOdiene - HOMOdienophile).  However, we found that P1 to P4 are actually 
much preferred compared to P5 because, as listed in Table 6.2, the apparent energy barrier for P5 
is much higher than P1 to P4.  This finding suggests that though analyzing the energies of FMO 
of reactants often provides useful insights in Diels-Alder reactions,182 it is inadequate to explain 
the preference of the pathways considered.  The reason for that is because the above FMO analysis 
only assesses the covalent interactions between the diene and the dienophile.  However, since the 
apparent energy barrier is the energy difference between the transition state for the Diels-Alder 
reaction with respected to solvated reactants as discussed above, the interactions between the 
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addends and the catalyst have to be taken into account in order to rationalize the preference of the 
pathways.  Moreover, as will be shown below in the energy decomposition analysis, electrostatic 
interactions, instead of covalent interactions, govern the variations in energy barriers so that it is 
actually not suitable to analyze the energy barriers of P1 to P5 using FMO theory. 

 
 

 
Figure 6.5. HOMO-LUMO gaps between the dienophile (ethylene) and the diene (butadiene or 
HMFA) in gas phase (g) and in the different coordination modes shown in Fig. 6.3 (P1 to P5) 
calculated at ωB97X-D/Def2-TZVPD level of theory.  The HOMO and LUMO in this figure refer 
to the proper symmetry highest occupied and lowest unoccupied molecular orbitals that are 
relevant to the Diels-Alder reaction.  As shown in Fig. D.3 in Appendix, these orbitals are not 
necessarily to be the HOMO and LUMO of the substrate-catalyst complex. 

 
 
 Hoping to understand the variations in the energy barriers, we carried out an energy 

decomposition analysis.142 This analysis starts by representing the energy of the substrate-catalyst 
complex in state i as the summation of energies of the substrates and catalyst and the energy change 
due to interactions between substrates and catalyst in state i, ∆�
�²
 , which can then be 
decomposed into physically relevant components as shown in Eq. (6.3) 

 �2` ∙ O)
 = �2�7) + �2'LbÎ) + �2O) + ∆�
�²
 = �2�7) + �2'LbÎ) + �2O) + �ÂÃ
 + ����
 + ����
 + �ÄF
 = �2�7) + �2'LbÎ) + �2O) + �ÂÃ
 + �³
 + �ÄF
, 
(6.3) 
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where �ÂÃ
 is the energy penalty associated with geometric distortions of the isolated catalyst and 
reactants from their optimized geometries to the geometries that they have in state i; ����
 is the 
permanent electrostatic plus exchange repulsion interaction in state i without any relaxation of the 
MOs; ����
 and �ÄF
 are the energy lowering due to the relaxation of the frozen MOs and dative 
charge transfer effects in state i, respectively; and �³
 is the total electrostatic interaction in state 
i, which is the summation of ����
  and ����
 .  By substituting Eq. (6.3) into Eq. (6.1), the 
apparent energy barrier can be written as 

 �$ = �2` ∙ O)‡ − �2O) − �&*À2'LbÎ) − �&*À2�7) = �ÂÃ‡ + �³‡ + �ÄF‡ − ∆�&*À2'LbÎ) − ∆�&*À2�7). 
(6.4) 

 
The superscript ‡ shown in Eq. (6.4) will be ignored from this point to simplify the notation: 
henceforth the GD, e, and CT components refer implicitly to the transition structure.   

 
The components comprising the Diels-Alder energy barriers for pathways P1 to P5 are 

depicted in Fig. 6.6a.  The magnitude of ∆�&*À2'LbÎ) and ∆�&*À2�7) are not shown because 
they are constants and do not contribute to variations in Ea.  The gas-phase energy barrier for 
Diels-Alder reaction of HMFA and ethylene was also calculated and is designated as pathway GP 
in Fig. 6.6.  This gas-phase energy barrier corresponds to an imaginary process in which after 
HMFA and ethylene come out from the solution, the Diels-Alder cycloaddition occurs in the gas 
phase, rather than in the zeolite.  Due to the absence of catalyst, the gas-phase energy barrier is 
much higher than those for pathways P1 to P5.  Interestingly, Fig. 6.6a shows that though the 
energy barrier for pathway P5 is lower than the gas-phase energy barrier, �ÄF for pathway P5 is 
only slightly greater than the gas-phase value, indicating that in pathway P5, overall charge transfer 
is not significantly facilitated by the catalyst. 

 
Seeking more insight into the charge transfer interactions in the transition structure, we 

further decomposed �ÄF into the contributions from each pair of fragments142 
 �ÄF = �[�ÄF2Î → k) + �ÄF2k → Î)] + �ÄF2'£)

<,Ñ  

= �[�ÄF2Î − k)] + �ÄF2'£)
<,Ñ  

(6.5) 

 
where �ÄF2Î → k)  and �ÄF2k → Î)  are energy lowering due to forward and backward 
donations between fragments A and B calculated by the single noniterative Roothaan step; �ÄF2'£) is the contribution of higher order relaxation effects; and �ÄF2Î − k) is the total charge 
transfer interaction between fragments A  and B, which is the summation of �ÄF2Î → k) and �ÄF2k → Î).    
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Figure 6.6. Energy decomposition analysis for Diels-Alder cycloaddition of HMFA and ethylene 
following the five different pathways whose transition states were shown in Fig. 6.3, and in the 
gas phase (GP).  The connecting lines are drawn only to guide the eye.  The first panel, (a), shows 
the contributions of geometric distortion (GD), electrostatic interactions (e), and charge transfer 
(CT) to the total activation energy. Relative to GP, the zeolite most strongly stabilizes electrostatics, 
rather than CT, even for pathway P5.  The second panel, (b), shows the contributions to CT from 
each pairwise interaction between ethylene, HMFA, and the catalyst (C), as well as the remaining 
higher order (HO) term, which is not pairwise additive.  The dominant CT interaction is between 
ET and HMFA, which is only slightly enhanced in pathway P5, with a more than compensating 
reduction in HMFA-C interactions in P5. 
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It is shown in Fig. 6.6b that the contribution of charge transfer interactions between 
ethylene and the catalyst, �ÄF2�7 − O), is close to zero for all pathways, including the one in 
which ethylene is directly placed on top of the site (P5), suggesting that the Lewis acid site has 
very limited ability to draw electrons away from ethylene.  On the contrary, the contribution of 
charge transfer interactions between HMFA and the catalyst, �ÄF2'LbÎ − O) , varies 
significantly by pathway.  Unsurprisingly, the P5 transition structure does not favor charge 
transfers between HMFA and the catalyst.  As shown in Fig. 6.6b, �ÄF2'LbÎ − O) for pathway 
P5 is significantly lower than pathways P1 to P4, in which HMFA is assumed to bind directly to 
active sites.  Therefore, as shown in Fig. 6.6a, pathway P5 does not favor charge transfer 
interactions comparing with pathways P1 to P4.    

 
Interestingly, Fig. 6.6b shows that for pathways P1 to P5, none of the values of �ÄF2�7 − 'LbÎ)  are significant larger than pathway GP, suggesting that the Diels-Alder 

electron transfers induced by the catalyst are actually very small for all the pathways.  This finding 
is consistent with the experimental observation reported very recently for DMF and ethylene that 
Sn-, Zr-, and Ti-BEA are only slightly more active to catalyze the Diels-Alder reaction comparing 
with H-BEA,183 a Brønsted acid zeolite which is not effective to increase the intrinsic rate of the 
Diels-Alder reaction.69  However, this result is unexpected in the above analysis of energies of 
frontier molecular orbitals, most likely because in the transition structure, the frontier molecular 
orbitals of HMFA and ethylene overlap better in the gas phase than in the zeolite so that even 
though the energy gaps between the frontier molecular orbitals are decreased by the catalyst, the 
charge transfer interactions between the reactants are not significantly enhanced. 

 
Figure 6.6a shows that the net values of total electrostatic and exchange repulsion 

interactions in the transition structure, �³ , are positive for all the scenarios, suggesting that 
electron distributions of each fragment overlap significantly in the transition states for the 
pathways considered.  Moreover, we found that though all three components of the energy barriers, �ÂÃ, �³, and �ÄF, vary with pathway, the variations in energy barriers are mainly governed by �³ 
because �ÂÃ and �ÄF have a net effect that is roughly the same for all pathways.  For instance, 
the value of �³ for pathway GP is much higher than those occurring in zeolites due to the absence 
of electrostatic stabilizations from the active site and extended zeolite environment, so that the 
highest energy barrier is for the gas phase reaction.    

 
For the pathways mediated by the Sn site (P1 to P5), we found that the magnitude of �³ 

correlates quite well with the dipole moment on the substrate molecule that directly interacts with 
the active site, as shown in Fig. 6.7.  This can be rationalized by considering the electrostatic 
interaction between the active site and the HMFA-ethylene complex formed in the transition state.  
If the component of the complex close to the active site carries a strong dipole moment, the 
electrostatic stabilization between the complex and the active site is strong so that the positive 
value of �³ caused by electron-electron repulsions is decreased.  Therefore, the lowest values of �³  and �$  are for pathway P3, in which the substrate directly interacting with the site in the 
transition state carried the strongest dipole moment.  This finding also explains why pathway P5, 
the scenario in which ethylene interacts directly with the active site is not preferred.  As shown in 
Fig. 6.7, because the dipole moment on ethylene in the transition state is much smaller than that 
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on HMFA, the value of �³ for pathway P5 is significantly higher than other pathways, resulting 
in high �$ for pathway P5. 

 
 

 
Figure 6.7.  Correlation between the total electrostatic interactions and the dipole moment on the 
substrate which directly interacts with the active site (HMFA for pathways P1 to P4 and ethylene 
for pathway P5).  

 
 
Comparison of Sn/Zr/Ti Activities.  To investigate how substitution of the heteroatom 

affects catalyst performance, the energy surface shown in Fig. 6.2 was recalculated after replacing 
Sn by Zr or Ti.  The energy barriers for the five Diels-Alder pathways shown in Fig. 6.3 were also 
recalculated and pathway P3 was also confirmed to be the preferred pathway for Zr and Ti (see 
Table D.6 in Appendix for the free energy barriers).  However, following the same kinetic analysis 
described above, we found the rate-limiting step for Zr to be the Diels-Alder reaction (TS-2), 
whereas for Ti it shifts to the ring-opening of the cycloadduct (TS-5) in the dehydration process.  
Furthermore, as shown in Fig. 6.8, the energy surface for Zr is very close to that of Sn, whereas 
the energy surface for Ti is significantly higher relative to those for Sn and Zr.  This result agrees 
well with the experimental observation that the activity of Zr-BEA is comparable to Sn-BEA but 
is much higher than that for Ti-BEA.166  It has been reported very recently that the same trend was 
observed experimentally for Meerwein–Ponndorf–Verley (MPV) reduction of methyl levulinate to 
γ-valerolactone,184 though the MPV and the present reaction are quite different in nature.  This 
trend is also consistent with the results reported previously in two independent DFT studies that 
the calculated energy barriers for the isomerization of glucose to fructose32 and the epimerization 
of glucose to mannose185 mediated by Sn-BEA and Zr-BEA are lower than that for Ti-BEA.   
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Figure 6.8.  Energy surface for the most favorable path for formation of HMBA from HMFA and 
ethylene mediated by the T2 site of Sn-BEA, Zr-BEA, and Ti-BEA (mechanism shown in Fig. 6.2).  
Free energy surface can be found in Appendix D (Fig. D.2). 

 
 
The difference in the activities of Sn-BEA, Zr-BEA, and Ti-BEA can be rationalized by 

the difference in the Lewis acidities of the active sites.  Using the adsorption energies of water 
calculated by DFT as a gauge, Yang et al. reported that the Lewis acidities of Sn and Zr site are 
generally quite similar, whereas they are substantially higher than that of the Ti site.67  However, 
our previous study shows that for the reactions where the activities of the Sn and Zr site are 
comparable, the effects that lead to this result can be different.32  For the isomerization of glucose 
to fructose, it has been shown that because the Sn site has stronger partial charge separation 
between the Sn atom and the O atoms in the first coordination sphere, the Sn site can stabilize the 
transition state species electrostatically better than can the Zr site.32  On the other hand, because 
the Zr atom is more polarizable than the Sn atom,152 there is a lower energy penalty associated 
with geometric distortion of the Zr site from its optimized geometry to the geometry in the 
transition state.32  Using energy decomposition analysis, we found similar effects here.  As listed 
in Table 6.4, for the Diels-Alder reaction, though the energy barriers of the Sn and Zr site are 
comparable, the individual contributing factors are different: the lower geometric distortion (EGD) 
in Zr overcomes less favorable electrostatic (Ee) and charge transfer (ECT) effects.  The more 
favorable electrostatic and charge transfer interactions for the Sn site can be explained by the larger 
positive charge located on the central atom (QM) of the Sn site.  On the other hand, the lower 
energy penalty associated with geometric distortion of the Zr site can be rationalized by the higher 
polarizability of Zr compared to Sn. 
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Table 6.4.  Apparent energy barriers (energies of transition states with respected to solvated 
reactants) and energy decomposition analysis for Diels-Alder reaction (P3) mediated by Sn and 
Zr sites.  

 
Ea 

(kcal/mol) 
EGD 

(kcal/mol) 
Ee 

(kcal/mol)  
ECT 

(kcal/mol)  
QM

a 

(a.u.) 
αb 

(10-24 cm3) 

Sn 3.2 43.3 7.8 -58.1 2.7 7.8 

Zr 2.9 37.4 10.2 -54.5 2.4 17.9 
aPartial charge associated with the central atom of the active site.  bPolarizability of the 
heteroatom contained in the active site, ref 152. 

 
 
  It should be noted that because the energy decomposition analysis can only decompose 

electronic energies without thermodynamic corrections, the sum of the energy components 
discussed in EDA is equal to the electronic energy barriers and deviate slightly from the reported 
energy barriers, which are thermodynamically corrected values. 

   
6.5  Conclusions 
 

Detailed mechanisms for the formation of HMBA from HMFA and ethylene in Sn-BEA 
and the associated energy surfaces have been obtained using QM/MM simulations.  The 
formation of HMBA consists of a Diels-Alder cycloaddition, which is rate-limiting, followed by 
Lewis acid-catalyzed dehydration (see Fig. 6.2).  Comparing with the solution-phase reaction in 
dioxane, all the intermediates are more energetically favorable in Sn-BEA.  Six possible pathways 
have been investigated for the Diels-Alder cycloaddition of HMFA and ethylene in Sn-BEA, 
including one pathway for the Si site, four pathways starting with binding HMFA to the Sn site by 
coordinating different oxygen atoms of HMFA to the Sn atom, and one pathway starting with 
binding ethylene to the Sn site (see Fig. 6.3).  The energy decomposition analysis shows that 
though Sn-BEA is a Lewis acid zeolite, it does not significantly facilitate charge transfer between 
HMFA and ethylene.  On the contrary, compared to Diels-Alder cycloaddition of HMFA and 
ethylene occurring in gas phase, we found that the predominant effect that decreases the energy 
barrier on Sn-BEA is electrostatic stabilization by the catalyst.  The magnitude of the electrostatic 
stabilization is strongly affected by the dipole moments on the substrate molecule which interacts 
directly with the active site in the transition state.  Therefore instead of binding ethylene to the Sn 
site (as in Lewis acid catalysis with normal electron demand), configurations in which HMFA 
binds to the Sn site are preferred.  The coordination mode that maximizes the dipole moment on 
HMFA in the transition state for Diels-Alder cycloaddition is to coordinate the oxygen atom of the 
carbonyl group of HMFA to the Sn atom; therefore, the mechanism starts with binding HMFA to 
the site in this coordination mode is the preferred pathway for Diels-Alder cycloaddition of HMFA 
and ethylene in Sn-BEA. 

 
The effect of the identity of the active site atom on activity was investigated by substituting 
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Sn with Zr and Ti.  The energy barriers for the Sn and Zr sites are the lowest, in good agreement 
with experimental observation that the activity of Zr-BEA is comparable with Sn-BEA and is much 
higher than Ti-BEA.  Using energy decomposition analysis, it is shown that the reasons for 
activity at Sn and Zr sites differ.  For the Sn site, the central atom of the site carries a high positive 
charge so that the favorable electrostatic and charge transfer interactions between the substrates 
and the site stabilize the transition state.  On the other hand, comparing with Sn site, Zr site has 
lower energy penalty associated with geometric distortion from its resting geometry to the 
geometry in the transition state because Zr is more polarizable than Sn; therefore the energy barrier 
for Zr site is comparable with Sn site even though the electrostatic and charge transfer interactions 
for the Zr site are less favorable than for the Sn site. 
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Appendix A 
 
Thermodynamics of Molecules: Uncoupled Modes 
Approximations for Highly Anharmonic Systems 
 
A.1  Cubic Spline Interpolation 
 

For a set of N+1 points sampled for a mode (��, ��, … , �x), the ith piece of the spline is 
 �
2K) = y
′ + z
′ g.D��ÖD i + {
′ g.D��ÖD i� + M
′ g.D��ÖD i|

  

 = y
 + z
K + {
K� + M
K|,  
 

where ΔK
 = K
 − K
.� .  With the boundary conditions ��′′2K�) = �x′′2Kx) = �′′20) , the 
coefficients y
, z
, {
, and M
 can be derived as 
 

y
 = y
J − z
J >K
.�ΔK
 @ + {
′ >K
.�ΔK
 @� − M
′ >K
.�ΔK
 @|
 

 

z
 = z
J > 1ΔK
@ − 2{
′ > 1ΔK
@ >K
.�ΔK
 @ + 3M
′ > 1ΔK
@ >K
.�ΔK
 @�
 

 

{
 = {
′ > 1ΔK
@
� − 3M
′ > 1ΔK
@

� >K
.�ΔK
 @ 

 

M
 = M
′ > 1ΔK
@
|
 

with y
′ = �
.� 
 z
′ = Ë
.�ΔK
 
 {
′ = 3Δ�
 − 22Ë
.� + Ë
)ΔK
 
 M
′ = −2Δ�
 + 2Ë
.� + Ë
)ΔK
 
 
where 2Ë�, Ë�, … , Ëx) is the solution of the following equation: 
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×Ø
ØØ
ØØ
ØØ
ØÙ

2ΔK�
1ΔK�1ΔK� 2 > 1ΔK� + 1ΔK�@ 1ΔK�⋮ ⋱ ⋱ ⋱ ⋱1ΔKx.� 2 > 1ΔKx.� + 1ΔKx@ 1ΔKx1ΔKx

2ΔKxÜÝ
ÝÝ
ÝÝ
ÝÝ
ÝÞ

×Ø
ØØ
Ù Ë�Ë�⋮Ëx.�Ëx ÜÝ

ÝÝ
Þ =

×Ø
ØØ
ØØ
ØØ
ØØ
Ù 3 Δ��ΔK�� − 12 �′′20)

3 � ∆��∆K�� + ∆��∆K���
⋮

3 � ∆�x.�∆Kx.�� + ∆�x∆Kx��
3 ∆�x∆Kx� + 12 �′′20) ÜÝ

ÝÝ
ÝÝ
ÝÝ
ÝÝ
Þ

. 

 
A.2  Anharmonic Hamiltonian Matrix  
 

Since the PES is represented by a collection of splines, the elements of the Hamiltonian 
matrix have to be calculated piecewise 

 

'm� = ��m�− ℏ�2 M�MK� + �2K)���� = ��m�− ℏ�2 M�MK� ���� + � � �m�
��MKD
D��
 . 

 
Using harmonic oscillator functions as the basis set, 'm� can be derived as 
 'm� = cm� >− 12 t22d + 1)@ + cm2�j�) >12 ted2d − 1)@ + c�2mj�) >12 te�2� − 1)@

+ 1√2�jm�! d! � � � y
'm'�A.n� + z
�'m >12 '�j� + �'�.�@ A.n�D/�
D��/�
+ {
��'m >14 '�j� + >� + 12@ '� + �2� − 1)'�.�@ A.n�

+ M
�|'m >18 '�j| + 34 2� + 1)'�j� + 32 ��'�.�
+ �2� − 1)2� − 2)'�.|@ A.n�MG 

with � 'm'�A.n�MG = 1d − � A.n�2�'m'�.� − d'�'m.�) 

 

� '�'�A.n�MG = 2��! √�2 erf 2G) − � 2�.�.
'
j�'
A.n� �!2� + 1)!
�.�

à�  
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where t = − ℏsr� ; � = o ℏsr; G = �� K.  On the other hand, using Fourier series as the basis set, 'm� can be derived as 
 

'm� = cm� �2?mℏ)�2 � + � �m�,

  

 

where �m�,
 = á �m�
��MKDD��  ; ?m = m�� .  The formula of �m�,
  is determined by the basis 

functions �m and ��.  For the cases where d ≠ �, if �m = �√��  and �� = �√� sin2?�K), 

 �m�,
 = �√�� gy
 .ãäå 2Eæ)Eæ + z
 2.Eæ) ãäå2Eæ)jåçè2Eæ)Eæ� + {
 \�.Eæ�n�] ãäå2Eæ)j�Eæ åçè2Eæ)Eæé +
M
 .Eæ\Eæ�n�."] ãäå2Eæ)j|2Eæ�n�.�) åçè2Eæ)Eæê i; 

 

if �m = �√��  and �� = �√� cos2?�K), 

 �m�,
 = �√�� gy
 åçè 2Eæ)Eæ + z
 2Eæ) åçè2Eæ)jãäå2Eæ)Eæ� + {
 \Eæ�n�.�] åçè2Eæ)j�Eæ ãäå2Eæ)Eæé +
M
 Eæ\Eæ�n�."] åçè2Eæ)j|2Eæ�n�.�) ãäå2Eæ)Eæê i; 

 

if �m = �√� sin2?mK) and �� = �√� sin2?�K), 

 

�m�,
 = �� �y
 Eæåçè 2E�ë)ãäå 2Eæ).E�ãäå 2E�ë)åçè 2Eæ)E��.Eæ� + ìD� g åçè\2E�.Eæ)ë]E�.Eæ −  åçè\2E�jEæ)ë]E�jEæ +
ãäå\2E�.Eæ)ë]2E�.Eæ)� − ãäå\2E�jEæ)ë]2E�jEæ)� i + )D� g2E���.�E�Eæ�jEæ��.�) åçè\2E�.Eæ)ë]2E�.Eæ)é −

2E���j�E�Eæ�jEæ��.�) åçè\2E�jEæ)ë]2E�jEæ)é + � ãäå\2E�.Eæ)ë]2E�.Eæ)� − � ãäå\2E�jEæ)ë]2E�jEæ)� i +
%D� g2E���.�E�Eæ�jEæ��.") åçè\2E�.Eæ)ë]2E�.Eæ)é − 2E���j�E�Eæ�jEæ��.") åçè\2E�jEæ)ë]2E�jEæ)é +

|2E���.�E�Eæ�jEæ��.�) ãäå\2E�.Eæ)ë]2E�.Eæ)ê − |2E���j�E�Eæ�jEæ��.�) ãäå\2E�jEæ)ë]2E�jEæ)ê i�; 

 

if �m = �√� sin2?mK) and �� = �√� cos2?�K), 

 

�m�,
 = �� �−y
 Eæ åçè2E�ë) åçè2Eæ)jE�ãäå 2E�ë)ãäå 2Eæ)E��.Eæ� + ìD� g−  ãäå\2E�.Eæ)ë]E�.Eæ −  ãäå\2E�jEæ)ë]E�jEæ +
åçè\2E�.Eæ)ë]2E�.Eæ)� + åçè\2E�jEæ)ë]2E�jEæ)� i + )D� g− \E���.�E�Eæ�jEæ��.�] ãäå\2E�.Eæ)ë]2E�.Eæ)é −
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\E���j�E�Eæ�jEæ��.�] ãäå\2E�jEæ)ë]2E�jEæ)é + � åçè\2E�.Eæ)ë]2E�.Eæ)� + � åçè\2E�jEæ)ë]2E�jEæ)� i +
%D� g− 2E���.�E�Eæ�jEæ��.") ãäå\2E�.Eæ)ë]2E�.Eæ)é − \E���j�E�Eæ�jEæ��."] ãäå\2E�jEæ)ë]2E�jEæ)é +

|\E���.�E�Eæ�jEæ��.�] åçè\2E�.Eæ)ë]2E�.Eæ)ê + |2E���j�E�Eæ�jEæ��.�) åçè\2E�jEæ)ë]2E�jEæ)ê i�; 

 

if �m = �√� cos2?mK) and �� = �√� cos2?�K), 

 

�m�,
 = �� �y
 E�åçè 2E�ë)ãäå 2Eæ).Eæãäå 2E�ë)åçè 2Eæ)E��.Eæ� + ìD� g åçè\2E�.Eæ)ë]E�.Eæ +  åçè\2E�jEæ)ë]E�jEæ +
ãäå\2E�.Eæ)ë]2E�.Eæ)� + ãäå\2E�jEæ)ë]2E�jEæ)� i + )D� g2E���.�E�Eæ�jEæ��.�) åçè\2E�.Eæ)ë]2E�.Eæ)é +

2E���j�E�Eæ�jEæ��.�) åçè\2E�jEæ)ë]2E�jEæ)é + � ãäå\2E�.Eæ)ë]2E�.Eæ)� + � ãäå\2E�jEæ)ë]2E�jEæ)� i +
%D� g2E���.�E�Eæ�jEæ��.") åçè\2E�.Eæ)ë]2E�.Eæ)é + 2E���j�E�Eæ�jEæ��.") åçè\2E�jEæ)ë]2E�jEæ)é +

|2E���.�E�Eæ�jEæ��.�) ãäå\2E�.Eæ)ë]2E�.Eæ)ê + |2E���j�E�Eæ�jEæ��.�) ãäå\2E�jEæ)ë]2E�jEæ)ê i�. 

 

For the cases where d = �, if �m = �� = �√��, 

 �m�,
 = ��� gy
K + ìD� K� + )D| K| + %D: K:i; 

 

if �m = �� = �√� sin 2?mK), 

 

�m�,
 = �� �y
 g� − åçè 2�E�ë):E� i + z
 g− �E� 2åçè2�E�ë).E�)jãäå 2�E�)íE�� i +
{
 g:E�ééj2|."E���) åçè2�E�ë)."E� ãäå2�E�ë)�:E�é i +

M
 g�E�êêj2"E�.:E�éé) åçè2�E�ë)j2|."E���) ãäå2�E�ë)�"E�ê i�; 

 

if �m = �� = �√� cos 2?mK), 

 

�m�,
 = �� �y
 g� + åçè 2�E�ë):E� i + z
 g�E� 2åçè2�E�ë)jE�)jãäå 2�E�)íE�� i +
{
 g:E�ééj2"E���.|) åçè2�E�ë)j"E� ãäå2�E�ë)�:E�é i +

M
 g�E�êêj2:E�éé."E�) åçè2�E�ë)j2"E���.|) ãäå2�E�ë)�"E�ê i�; 
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if �m = �√� sin 2?mK)  and �� = �√� cos 2?mK), 

 

�m�,
 = �� �y
 g− ãäå� 2E�ë)�E� i + z
 g.�E� ãäå2�E�ë)jåçè 2�E�)íE�� i +
{
 g2�.�E���) ãäå2�E�ë)j�E� åçè2�E�ë)íE�é i + M
 g2"E�.:E�éé) ãäå2�E�ë)j|2�E���.�) åçè2�E�ë)�"E�ê i�. 

 
A.3  Calculation of Thermodynamic Quantities  
 

The energy and entropy of each internal motion were calculated using the standard 
expressions: 

 � = ;< ∑ ��³�ïð��̄ ,   

 

and  ` = �ln2�) + YF.  

 
With ideal gas and rigid rotor assumptions, the global translational and rotational energies and 
entropies were calculated with 
 �²+$�& = |� �7  

 `²+$�& = � ñ|� ln g��mB� i + Æ� ln2?7) − ln2H) + Æ�  ò  

 �+*² = |� �7  

 `+*² = � ñln gí��
ó i + |� ln g��EFB� i + �� ln2~<~Ñ~Ä) + |�  ò,  

 
where m is the molecular mass, ~<, ~Ñ, and ~Ä are the principal moments of inertia of the system; ô is the external symmetry number for the system (see Table A.1 for ôs of the systems discussed 
in this work).  The total entropy of a system was calculated by summing the contributions of 
global translation, rotation, and all the internal motions.  The total enthalpy was calculated by 
summing all these contributions and adding �7.   
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Table A.1. External symmetry number (ô) for the molecules considered in this work. 

 ô (-)  ô (-) 

Ethane 6 1-Butene 1 

Propane 2 1,3-Butadiene 2 

n-Butane 2 Ethyl Methyl Ether 1 

Isobutane 3 Ethanol 1 

n-Pentane 2 Allyl Alcohol 1 

Isopentane 1 Propionaldehyde 1 

Neopentane 12 2-Butanone 1 

n-Hexane 2 Acetic Acid 1 

2,2-Dimethylbutane 1 Propylamine 1 

2,3-Dimethylbutane 2 1-Nitropropane 1 

2-Methylpentane 1 Methylnitrite 1 

3-Methylpentane 1 1-Fluoropropane 1 

n-Heptane 2 1-Chloropropane 1 

2,2-Dimethylpentane 1 1-Bromopropane 1 

2,3-Dimethylpentane 1 Ethyl Methyl Sulfide 1 

2,4-Dimethylpentane 2 Methyl Disulfide 2 

3,3-Dimethylpentane 2 Ethanethiol 1 

3-Ethylpentane 3 Ethylene Glycol 2 

2-Methylhexane 1 Acrylic Acid 1 

3-Methylhexane 1   

2,2,3-Trimethylbutane 1   

n-Octane 2   
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Appendix B 

 

Analysis of the Reaction Mechanism and Catalytic 
Activity of Metal-Substituted Beta Zeolite for the 
Isomerization of Glucose to Fructose  
 
B.1  Occupancy of Active Sites  
 

Since state 1 is the most energetically favorable state along the reaction pathway, the 
occupancy of the active sites, θ, is described by 

 θ = öO1 + öO , 
 
where K is the equilibrium constant between state 1 and glucose in aqueous solution, C is the 
concentration of glucose in aqueous solution.  The solvation free energy of glucose, ∆Gsolvation, is 
-19.2 kcal/mol calculated by SM8 solvation model149 at 298K for a standard-state concentration of 
1 M in both the gaseous and aqueous phases.  For the same standard state, the adsorption free 
energy of glucose (state 1), ∆Gadsorption, is -16.8 kcal/mol calculated using rigid rotor harmonic 
oscillator approximation.  The free energy change of glucose from aqueous phase to state 1 equals 
to ∆Gadsorption - ∆Gsolvation, and thus, the equilibrium constant is derived by 
 ö = exp >− ∆É$%&*+ù²
*� − ∆É&*ÀC$²
*�?7 @ = 0.0152. 

 
Therefore, the occupancy can be described by θ = öO, if the concentration of glucose in the 
solution is not very high. (KC << 1) 

 
B.2  Comparison of Reaction Barriers  
 

In the work of Yang et al.,140 the energy of the rate-limiting transition state is 
thermodynamically uphill by 39.4 kcal/mol relative to the first binding state.  The adsorption 
energy calculated by the authors for the first binding state with respect to glucopyranose in gas 
phase is -29.6 kcal/mol.  By adding this adsorption energy to the intrinsic barrier, the apparent 
reaction barrier is determined to be 9.8 kcal/mol with respect to glucopyranose in gas phase.  
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Taking the solvation energy of glucopyranose in water into account (-19.2 kcal/mol), the apparent 
reaction barrier of the mechanism proposed by Yang et al. is determined to be 29.0 kcal/mol, which 
is 7.8 kcal/mol higher than the previously reported experimental value of 21.2 kcal/mol.  

 

B.3  Rationale for Merging of ���� and ����  
 

Conventionally, the magnitudes of ����  and ����  are naturally correlated with the 
charge distribution (i.e. permanent electrostatics) and polarizability, respectively, in the EDA 
scheme.  However, that turns out to be less informative here for analyzing transition state TS-7.  
As shown in Fig. B.6, there is no clear correlation between ���� and QO, the important descriptor 
for the charge distribution of the active site.  Figure B.7 also shows that the radius of the 
heteroatom, which is a descriptor of polarizability at the active site, cannot explain the trend of ����, because the sites containing the more polarizable heteroatoms, i.e. V, Ti, Nb, and Zr, have 
relatively weak stabilization due to polarization.  We believe this is because in the transition state 
TS-7, the guest and the host do not “touch” with other through just one single spot.  That is, since 
the glucose does not interact with the site solely by coordinating to the metal center but also by the 
Brønsted acid-base interaction between the C2 hydroxyl group and the active site O atom, the 
polarizability of M should not be the only descriptor of ����.  The magnitude of QO should also 
control the degree of polarization of the C2 hydroxyl group of the glucose, suggesting that ���� 
and ���� should be coupled with each other in some extent.  Therefore, we merged ���� and ���� throughout the analysis. 
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Scheme B.1. Structures of V and Nb active sites used. 
 
 

 
Scheme B.2. Rate-limiting transition state TS-7, where M is the central atom, QM is the partial 
charge on M, and QO is the partial charge on the oxygen atom that the C2 hydroxyl group points 
to.  QM and QO were calculated for adsorbate-free sites. 
 
 

 
Figure B.1. 3-D structures of fully coordinated (closed) and partially hydrolyzed (open) Sn sites. 
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Figure B.2. 3-D structures of the intermediates and transition states shown in Fig. 4.2.  For clarity, 
the extended zeolite cluster is not shown.  Selected bond lengths are given in Å. 
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Figure B.3. Plots of apparent reaction barriers versus LUMO energies of active sites, partial charge 
QM (see Scheme B.2), electronegativity,152 and electron affinity of M.152  
 

 
Figure B.4. Correlation between geometric distortion energies of the catalyst active site, C, and 
the polarizabilities of the heteroatoms contained in the active sites.152  (R2 = 0.83) 
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Figure B.5. Parity plot for Ee calculated with QM/MM and Ee determined by a multiple linear 
regression using QO and QM (see Scheme B.2) as independent variables.  Only the coefficient of 
QO, b, is significant at α = 0.05.  (a = 16.24, b = 56.29, c = 2.56, �ú� =  0.93) 
 
 

 
Figure B.6. Plot of the electrostatic interactions without any relaxation of the MOs, EFRZ, versus 
the negative partial charge QO, associated with the active site O atom that will act as a Brønsted 
base towards a substrate C2 hydroxyl group. 
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Figure B.7. Plot of the energy lowering due to the relaxation of the frozen MOs, EPOL, versus the 
radii of the heteroatoms contained in the active sites.152 
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Appendix C 

 

Computational Study of p-Xylene Synthesis from 
Ethylene and 2,5-Dimethylfuran Catalyzed by H-
BEA 
 
C.1  Experimental Apparent Free Energy Barrier  
 

The experimental value of the apparent free energy barrier of the Diels-Alder reaction 
catalyzed by H-BEA was calculated using transition state theory    

 �ûçüýå.þý�ü� = ?7ℎ exp >− ∆Éûçüýå.þý�ü�?7 @. 
 

The kinetic data for the calculation are tabulated below. 
 
 

Table C.1. Apparent free energy barrier calculation. 

Parameter Value Units 

�û�� 2.40E-04a s-1 2�û�� − ��,Æ.�ü���çäèü)/�û�� 6.70E-01a - �ûçüýå.þý�ü� 1.61E-04 s-1 ∆Éûçüýå.þý�ü� 4.42E+01 kcal/mol 

a. Ref 155 
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Figure C.1. Free energy surface (573K, 57bar, 1M in DMF) of the hydrolysis of DMF mediated 
by the T2 site of H-BEA.  The states noted with prime symbol are transition states.  For instance, 
state D2' is the transition state connecting intermediates D1 and D2. 
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Appendix D 

 

Theoretical Study of 4-(Hydroxymethyl)benzoic 
Acid Synthesis from Ethylene and 5-
(Hydroxymethyl)furoic Acid Catalyzed by Sn-BEA 
 
D.1  Flexibility of Active Sites 
 

In this work, all geometry optimizations were performed by relaxing only the T5 QM 
region encompassing the site, while keeping all the MM atoms frozen (T5 QM/T203MM).  To 
see whether this scheme can fully capture the flexibility of the Sn open site, we examined the 
distortion of the geometry of the site under the coordination of guest molecules using two QM/MM 
schemes: T5 QM/T203MM and T16 QM/T192 MM (with all the QM atoms relaxed in geometry 
optimizations).  If relaxing only the T5 region encompassing the site was insufficient to capture 
the local flexibility, the geometry of the site would be perturbed more significantly under the 
coordination of guest molecules using the T16 QM/T192 MM scheme. 

 
The probe molecules we used include the reactants discussed in this work (HMFA and 

HMFA-ethylene complex in the P3 coordination mode) as well as four bases commonly used to 
probe the Lewis acidity of the site (water, acetonitrile, NH3, and pyridine).  The total 
displacements of the atoms in the site (the Sn atom, the O atoms and OH groups in the first 
coordination sphere, and the Si atoms connecting to them) under the coordination of the probes 
are listed in Table D.1.  One can see that there is no significant difference between T5 QM/T203 
MM and T16 QM/T192 MM, suggesting that the site does not gain extra flexibility by relaxing 
atoms in the lattice beyond the T5 region.  Therefore, we conclude that the flexibility of the Sn 
open site can be adequately captured by relaxing only the T5 region encompassing the site. 

 
D.2  An estimation of translational entropies in BEA zeolite 
 

Previous studies have shown that molecules adsorbed in zeolites can retain some portion 
of their translational degrees of freedom so that the adsorption entropy loss is often overestimated 
by the rigid rotor-harmonic oscillator model.51,73  Since the entropy associated with translational 
motions is a function of the pore distance over which adsorbed species have translational mobility, 
the translational entropy of guest molecules in zeolites is determined by the zeolite topology.  For 
BEA, a 2-D free translation model with a translational length of 8Å was adopted by De Moor et 
al. to correct the adsorption entropy calculations.51  Following the scheme proposed by De Moor 
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et al., we calculated the translational entropy in BEA and found that it can contribute up to -10 
kcal/mol to the free energy of the adsorbed species as shown in Fig. D.4.  This finding suggests 
that the reported free energies of the transition states in zeolites with respected to the free reactants 
are likely overestimated and hence should be viewed as upper bounds of the free energy barriers. 

 
D.3  Kinetic Analysis for the Formation of HMBA from HMFA 
and Ethylene for Sn-BEA 
 

For the catalytic cycle in a steady state regime, the concentrations of all intermediates 
remain constants and the reaction rates of all steps must be the same as the global rate  

 
 r = ?�,|[1] − ?|,�[3] = ?:,"[4] − ?",:[6] = ?",í[6] − ?í,"[8] = ?í,��[8] −?��,í[10], (D.1) 

 
where [X] is the concentration of the species X; ?m,� is the rate constant for the transition from 
state m to state n.  By assuming the rates of the interconversion between states 0 and 1 (adsorption 
of reactants), states 3 and 4 (changing coordination modes of substrates), and states 10 and 11 
(desorption of products) are much faster than other steps involving covalent bond-making or 
breaking, the global reaction rate r at the standard state (1 M for all reactants and products) can 
also be written as 
 

 r = ?�,|ö�,�[O] − ?|,�[3] = ?:,"ö|,:[3] − ?",:[6] = ?í,��[8] − ?��,íö��,��[O], (D.2) 
 
where [O] is the concentration of the unoccupied active site; öm,� is the equilibrium constant 
between states m and n.  By solving Eq. (D.1) and Eq. (D.2), the turnover frequency (TOF) of the 
catalytic cycle can be derived as 
 TOF = �[O]² = �[O] + [1] + [3] + [4] + [6] + [8] + [10] 
 = E�,é	§,�Eê,
	é,êE
,�E�,�§.Eé,�E
,êE�,
E�§,�	��,�§

×Ø
ØØ
Ù \�j	§,�j	��,�§]\Eê,
	é,êE
,�E�,�§jEé,�E
,�E�,�§jEé,�E
,êE�,�§jEé,�E
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]j\�j	é,ê]\E
,êE�,
E�§,�	��,�§jE�,é	§,�E
,�E�,�§jE�,é	§,�E
,êE�,�§jE�,é	§,�E
,êE�,
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	é,êE
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ÝÝ
Þ, (D.3) 

 
where [O]² is the total concentration of the active site.  Since the rate constants can be connected 
to free energies using Eyring’s transition state theory  
 

 ?m,� = ?Ñ7ℎ A.2FD.��) �F⁄  (D.4) 
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and the equilibrium constants can also be expressed as 
 

 öm,� = A.2�æ.��) �F⁄  (D.5) 
 
where ~m and ~� are the free energies of the states m and n; 7
 is the free energy of the transition 
state connecting states m and n, Eq. (D.3) can be written as a function of the free energies of the 
species participating in the reaction 
 

 TOF = ?Ñ7ℎ A.∆Â« �F⁄ − 1∑ A\FD.��.ÂD,�] �F⁄
,m  (D.6) 

 
with 
 

 cÉ
,m = �∆É+   ��   � > d0   ��   � ≤ d  (D.7) 

 
where ∆É+ is the reaction free energy (~�� − ~�).  Consistent with the observation by Kozuch and 
Shaik that the denominator of Eq. (D.6) is usually dominated by a single term of the 
summation,179,180 we found that for the mechanism shown in Fig. 6.2, Eq. (D.6) can be simplified 
as 
 

 TOF = ?Ñ7ℎ A.∆Â« �F⁄ − 1A2F�.�§.∆Â«) �F⁄  (D.8) 

 
since the free energy difference 7
 − ~m − cÉ
,m between the Diels-Alder transition state (i = 2) 
and the reactant state (m = 0) is significantly larger than others (see Table D.3 for all the free energy 
differences 7
 − ~m − cÉ
,m).  In addition, since the reaction is exergonic (as shown in Fig. D.2), 
the “-1” term in the numerator can be neglected so Eq. (D.8) can be further shortened to 
 

 TOF = ?Ñ7ℎ A.2F�.�§) �F⁄  (D.9) 

 
which resembles the form of Eq. (D.4), Eyring’s rate expression for an elementary reaction.  
 

The same analysis was carried out for the reaction catalyzed by Zr-BEA and Ti-BEA.  
See Table D.4 and Table D.5 for all the free energy differences 7
 − ~m − cÉ
,m for the kinetic 
analysis of Zr and Ti. 
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D.4  Kinetic Analysis for the Formation of p-Xylene from DMF 
and Ethylene for Zr-BEA  

 
For the scenario in which both of the Diels-Alder reaction and the dehydration occur in 

the zeolite, the turn over frequency of the catalytic cycle can be analyzed using the procedure 
discussed above in Appendix D.3.  For the formation of p-xylene from DMF and ethylene in Zr-
BEA, we found that the final expression of the turn over frequency to be  

 
 TOF = ?Ñ7ℎ A.2F�.�§) �F⁄  (D.10) 

 
which is the same as Eq. (D.9), suggesting that the Diels-Alder reaction is rate-limiting (see Table 
D.7 for all the free energy differences 7
 − ~m − cÉ
,m for this kinetic analysis).   
 

For the scenario in which the dehydration occurs in the catalyst but the Diels-Alder 
reaction occurs in the solution (mechanism shown in Fig. D.1), the derivation of the reaction rate 
is similar to what is discussed in Appendix D.3.  In a steady state regime, the concentrations of 
all intermediates remain constants and the reaction rates of all steps must be the same as the global 
rate.   

 
 r = ?�,|[1] − ?|,�[3] = ?:,"[4] − ?",:[6] = ?",í[6] − ?í,"[8]= ?í,��[8] − ?��,í[10]. (D.11) 

 
By assuming the rates of the adsorption and desorption steps are much faster than other steps 
involving covalent bond-making or breaking, the reaction rate at the standard state (1 M for all 
reactants and products) can also be written as 
 

 r = ?�,|ö�,� − ?|,�[3] = ?:,"ö|,:[O][3] − ?",:[6] = ?í,��[8] − ?��,íö��,��[O]. (D.12) 
 
By solving Eq. (D.11) and Eq. (D.12), the concentration of the intermediates and the rate 
expression can be derived as 
 

 [3] = E�,é	§,�E
,êE�,
jE�,é	§,�E
,êE�,�§jE�,é	§,�E
,�E�,�§jE
,êE�,
	��,�§[Ä]Eé,�E
,êE�,
jEé,�E
,êE�,�§jEé,�E
,�E�,�§jEê,
	é,êE
,�E�,�§[Ä]   (D.13) 

 
 [4] = ö|,:[3] (D.14) 

 
 [6] = E�,é	§,�Eê,
	é,ê[Ä]E�,
jE�,é	§,�Eê,
	é,ê[Ä]E�,�§jEé,�E�,
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	é,ê[Ä]E�,
	��,�§[Ä]Eé,�E
,êE�,
jEé,�E
,êE�,�§jEé,�E
,�E�,�§jEê,
	é,êE
,�E�,�§[Ä]   (D.15) 

 
 [8] = Eé,�E
,ê	��,�§[Ä]jE
,�E�,é	§,�Eê,
	é,ê[Ä]jE
,�Eé,�	��,�§[Ä]jE
,�Eê,
	é,ê[Ä]	��,�§[Ä]Eé,�E
,êE�,
jEé,�E
,êE�,�§jEé,�E
,�E�,�§jEê,
	é,êE
,�E�,�§[Ä]   (D.16) 
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 [10] = ö��,��  (D.17) 
 

 [O] = [O]² [Ä][:]j["]j[í]j[��]j[Ä]  (D.18) 

 
 � = \E�,é	§,�Eê,
	é,êE
,�E�,�§.Eé,�E
,êE�,
E�§,�	��,�§][Ä]Eé,�E
,êE�,
jEé,�E
,êE�,�§jEé,�E
,�E�,�§jEê,
	é,êE
,�E�,�§[Ä]. (D.19) 

 
With the data shown in Fig. D.1, the magnitude of each terms in Eq. (D.18) can be estimated using 
Eq. (D.4) and (D.5)  
 

 � = \���é.�����][Ä]����j���éj����j���[Ä]. (D.20) 

 
Because the last term in the denominator is much larger than other terms even if the total 
concentration of the active site is low (if [O]² = 1G10.|, [O] = 6.31G10.:), Eq. (D.18) can be 
greatly simplified by ignoring the minor terms 
 

 � = E�,é	§,�Eê,
	é,êE
,�E�,�§Eê,
	é,êE
,�E�,�§ = ?�,|ö�,� = E�FB A.2F�.�§) �F⁄ . (D.21) 

 
This result suggests that if the Diels-Alder reaction occurs in the solution, the overall rate is limited 
by the Diels-Alder reaction and the apparent energy barrier for the catalytic cycle is the energy 
difference between the transition state for the Diels-Alder reaction and the infinitely separated 
reactants. 
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Figure D.1. Energy and free energy surfaces for the Diels-Alder reaction of DMF and ethylene in 
dioxane (states 1 to 3) and the subsequent dehydration of the Diels-Alder adduct in Zr-BEA (states 
4 to 10).   
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Figure D.2. Free energy surface for the most favorable path for formation of HMBA from HMFA 
and ethylene mediated by the T2 site of Sn-BEA, Zr-BEA, and Ti-BEA (mechanism shown in Fig. 
6.2).   
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BD(g) HOMO BD(g) LUMO HMFA(P2) HOMO HMFA(P2) LUMO 

ET(g) HOMO ET(g) LUMO HMFA(P3) HOMO HMFA(P3) LUMO 

HMFA(g) HOMO HMFA(g) LUMO HMFA(P4) HOMO HMFA(P4) LUMO+1 

HMFA(P1) HOMO HMFA(P1) LUMO ET(P5) HOMO ET(P5) LUMO+3 
 

Figure D.3. The proper symmetry highest occupied and lowest unoccupied molecular orbitals that 
are relevant to the Diels-Alder reaction. These orbitals are not necessarily to be the HOMO and 
LUMO of the substrate-catalyst complex. 
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Figure D.4. Translational free energies in BEA calculated for a 2-D translation model with a 
translational length (L) ranging from 1 to 8 Å.   
 
 
Table D.1. Summation of the displacements of the atoms in the Sn open site. Geometries were 
optimized at the B97-D/ Def2-SV(P) level of theory. Numbers are reported in angstrom. 

 T5 QM/T203 MM T16 QM/T192 MM 

water 1.26 1.19 

acetonitrile 1.24 1.33 

NH3 1.38 1.49 

pyridine 1.56 1.58 

HMFA 2.24 1.89 

HMFA+ethylene 1.68 1.60 

 
 
Table D.2. Apparent energy and free energy barriers for Diels-Alder cycloaddition of DMF and 
ethylene.  Numbers are reported in kcal/mol. 

 Dioxane 
Zr-BEA 

(DMF interacts with Zr) 
Zr-BEA 

(ET interacts with Zr) 

E 27.0 7.5 7.7 

G 42.9 43.6 42.8 
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Table D.3.  The free energy difference 7
 − ~m − cÉ
,m between the states i and m of Sn-BEA.  
Numbers are reported in kcal/mol. 
 

 i 
2 5 7 9 

m  

0 81.2  78.3  70.8  72.1  

1 69.0  66.1  58.6  59.9  

3 32.4  68.9  61.5  62.8  

4 24.5  61.1  53.6  54.9  

6 17.9  14.9  47.0  48.3  

8 39.9  37.0  29.5  70.4  

10 67.2  64.2  56.8  58.1  

11 81.2  78.3  70.8  72.1  
 

 

Table D.4.  The free energy difference 7
 − ~m − cÉ
,m between the states i and m of Zr-BEA.  
Numbers are reported in kcal/mol. 
 

 i 
2 5 7 9 

m  

0 79.8  77.7  72.4  69.0  

1 67.6  65.5  60.1  56.7  

3 30.5  67.9  62.6  59.2  

4 23.0  60.4  55.1  51.7  

6 14.4  12.3  46.5  43.1  

8 36.7  34.6  29.3  65.4  

10 63.9  61.8  56.5  53.1  

11 79.8  77.7  72.4  69.0  
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Table D.5.  The free energy difference 7
 − ~m − cÉ
,m between the states i and m of Ti-BEA.  
Numbers are reported in kcal/mol. 
 

 i 
2 5 7 9 

m  

0 84.8  89.5  80.1  82.5  

1 67.6  72.3  62.9  65.4  

3 30.6  74.8  65.4  67.8  

4 26.1  70.3  60.8  63.3  

6 7.0  11.7  41.7  44.2  

8 37.2  41.9  32.4  74.4  

10 64.4  69.1  59.7  62.1  

11 84.8  89.5  80.1  82.5  
 

 

Table D.6.  Apparent free energy barriers for Diels-Alder cycloaddition of HMFA and ethylene 
following pathways shown in Fig. 6.3.  Numbers are reported in kcal/mol. 
 

 P1 P2 P3 P4 P5 

Sn 42.9 47.6 41.7 43.9 53.4 

Zr 42.9 48.5 40.3 46.5 52.2 

Ti 47.6 49.3 45.3 47.3 53.1 
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Table D.7.  The free energy difference 7
 − ~m − cÉ
,m  between the states i and m of the 
synthesis of p-xylene from DMF and ethylene in Zr-BEA.  Numbers are reported in kcal/mol. 
 

 i 
2 5 7 9 

m  

0 79.1  66.7  63.0  57.4  

1 59.3  46.9  43.2  37.6  

3 37.0  60.1  56.4  50.8  

4 35.0  58.1  54.4  48.8  

6 38.4  26.0  57.8  52.3  

8 48.8  36.4  32.6  62.7  

10 71.9  59.5  55.7  50.1  

11 79.1  66.7  63.0  57.4  
 




