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ABSTRACT 

The purpose of this article is to describe 
the numerical solution of linear differential 
equations by linear programming • 
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LINEAR PROGHAHHING APPLIED TO LINEAR DIFFERENTIAL EQUATIONS 

J onn than D. YOlmg 

January 17, 1961 

In recent yenrs linear p:rogra:rJ"aing has become a useful approach 

to many problems of business~ industry and sciencee In the field of 

mathematics itself little use l1as been rr~de of this techniquee We 

believe the use of linear programming to solve differential equations 

is a significant step in this direction. 

In the typical linear differential equation problem certain 

linear relations of the solution and its derivatives are given. These 

relations are the differential equation, boundary and/or initial 

conditions. Linear relations involving adjacent points are available 

in the form of approximation formulas. The solution must be 

approximated. over some domaii11 D, or more specifically at some set 

of mesh points of D. 

As an example~ let us consider this simple problem, 

with 

for D: 

(1) y - yt :::. 0 

(2) y(O) = 1 

(J) 0 ·:::, X ~ 1 

ldth the mesh ~~ n:::. 1, •••• ,n in D. 

Let Yn denote y(Xz-), then from Equation (1) we have 

(4) Yn- Yn• == 0 n:.: l, •••• ,n 
and from Equation (2) 

(5) yl = 1 

By differentiating Equation (1), we obtain 

(6) Y-n' - Yn" -- 0 n - 1 -n - , .... , 
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The following approximation formulas may be used: 

(7) Yn ~ Yn-1 -1-hy~-l + h2yri'-1 + ~ 
2 

(8) Y: 1 :.: y -- hy 1 +· h2y 1
1 + R n- n n ~ n -~ 

where h is a uniform mesh step. 

UCRL-9498 

n ~ 2, ••• ·.n 
m :::: n-1 

n -;:. 2, •••• n 
m"' fH- ri-2 

The equations (4) to (8) do not constitute a linear p1~gramming 

modei since the variables are not restricted to non-negative values 

and there is no specified objective function. As for the latter He let 

(9) R~ max I Rml 
m 

and seek to minimize R. vie can now replace Equations (7) and (8) by 

(10) R-+-v - Yn 1- hy
1 1-•- h2y:' 1 1~0 

~n - n- ~ n- n ·:: 2, •••• n 

n :: 2, •••• n 

(12) R + Y - y -f- hy1 - h2yn ~ 0 
n-1 n n 2 n 

n :::: 2, ••• .-n 

(lJ) R- y l + y - hy' + h~11 ~- 0 
n- n n 2 n 

n=-~2, •••• n. 

For a standardized system we replace Equations (4), (5) and (6) by 

(14) y - Y' ~ 0 n n n -= 1, •••• n 

(15) •Y + y' .::; 0 n n 
n::;: l, •.•• n 

(16) yl~ 1 

(17) -y ~/ -1 
1 

(18) Y1 - Y" ,,.. 0 
n n 

n -= 1, •••• n 

(19) -y' + y" ~ 0 
n n 

n :-: 1, •••• ff 

The system of Inequalities (10) to (19) has the form: 

(20) a.1 j1l j >,. b1 where 2 ::(y1,yi,yl',···Yn,yfi,yfi,R~ 
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The objective may be v.rritten as 

(21) 1-linimize z ::: c j '7 j ~- R 
"· 

The 7 j. are unrestricted in sign except that R is implicitly 

non-neGative. The model defined by Inequality (20) and by (21) has 

the following dual: 

(22) 

(23) 

aji u1 = cj 

u. ~ 0 
J. 

with the objective 

(24) Haximize W'-"bU 
i 1 

The latter .mod.el has tY'pical linear program form and by use of 

the Simplex algorithm we can find an optimizing solution for u or 

show that none exists. 1-1oreover we obtain at the same time a set 

of optimizing values for ( in the former model; (20), (21). 

Returning to the model defined by Inequalities (lb) to (19) 

with the objective (9) whera the role of .·1 is p.Layed by y and its .. 
derivatives at the mesh points, we see that the process outlined above 

gives us an approximation to the desired solution, Yn' with the absolute 

error, R, minirniz ed. 

This approach to the numerical solution of linear differential 

equations has the following advantages: 

A) It is global, that is, all mesh points are considered at 

the same time. 

B) It applies equally well to initial, boundary, or even mixed 

conditions. 

G) It applies equally well to various approxL~tion formulas. 

D) It can be applied to systems of linear differenti11l ~quationa. 



-8- UCRL-9·498 

E) It can be applied to partial differential equations. 

F) It can be applied to problems in which different 

differential relations hold on subdomains. 

G) The mesh need not be uniform. 

Solutions tor two examples are giv.en in. the Appendix·. These 

examples are purposely elex.."lentary to illustrate the method and 

indicate its degree of approx:i.matione 

This work was done under the auspices of the U. S. Atomic Energy 

Commission. 
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APPENDIX 

SOLUTION OF EXAH.PLES 

(1) y - y' .~ 0 , y(O) ~, 1 1 

X 

o.o 
0.1 
0.2 
0.3 
0.4 
o.s 
0.6 
0.7 
o.s 
0.9 
1.0 

(a) Unifor.m mesh, six points. 

One differentiation of differential equation 

Appro.ximation by truncated Taylor series, second order. 

(b) Uniform mesh, eleven points. 

One differentiation of differential equation. 

ApproximA.tion by truncated Taylor series, second order. 

(c) Unifor.m mesh, six points •. 

Two differentiations of differential equation. 

Approximation by truncated Taylor series, thi.J:od order. 

(d) Elementary solution: · y :: ex 

SOLUTION TABlE 

(a) y (b) y (c) y (d) y 

1.0000 1.0000 1.oooo 1.0000 
1.1050 1.1052 

1.2195 1.2210 1.221.3 1.2214 
1 • .3491 1.3499 

1.487.3 1.4908 1.4916 1.4918 
1.6472 1.6487 

1.8140 1.8202 1.8218 1.8221 
2.0133 2.0138 

2.2126 2.2224 2.2251 2.2255 
2.4557 2.4596 

2.6989 2.7136 2.7178 2.7183 
~ 



-10- UCRL-9498 

(2) 4Y + y" = 0 1 

X 

o.o 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
o.s 
0.9 
1.0 

(a) Initial conditions: y(O) ::: 1 
y 1 (0) = 0 

Uniform mesh, eleven points. 

-r-,.;o differentiations of differential equation. 

Appr.oximation by truncated Taylor series, fourth order. 

(b) Boundary conditions; y(O) "' 1 
y(l) ::: ..0.416147 

Uniform mesh, eleven points. 

Two differentiations of differential equation. 

Approximation by truncated Taylor series, fourth order. 

(c) Elementary solution: y = cos 2x 

SOLUTION TABLE 

(a) y (b) y (c) y 

1.000000 1.000000 '. 1.000000 
0.980067 0.980066 0.980067 
0.921061 0.921060 0.921061 
0.825336 0.825333 0.825336 
0.696708 0.696705 0.696707 
0.540304 0.540300 0.540302 
0.362360 0.362356 0.362358 
0.169970 0.169966 0.169967 

..0.029196 -0.029201 -0.029200 
-0.227198 -0.227203 -0.227202 
-<>.416142 -0.416147 -0.416147 
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