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Tunable polarization plasma channel undulator for narrow bandwidth
photon emission

S. G. Rykovanov,* J. W. Wang, V. Yu. Kharin, and B. Lei
Helmholtz Institute Jena, Fröbelstieg 3, 07743 Jena, Germany

C. B. Schroeder, C. G. R. Geddes, E. Esarey, and W. P. Leemans
Lawrence Berkeley National Laboratory, 1 Cyclotron Road, Berkeley, California 94720, USA

(Received 29 April 2016; published 9 September 2016)

The theory of a plasma undulator excited by a short intense laser pulse in a parabolic plasma channel is
presented. The undulator fields are generated either by the laser pulse incident off-axis and/or under the
angle with respect to the channel axis. Linear plasma theory is used to derive the wakefield structure. It is
shown that the electrons injected into the plasma wakefields experience betatron motion and undulator
oscillations. Optimal electron beam injection conditions are derived for minimizing the amplitude of the
betatron motion, producing narrow-bandwidth undulator radiation. Polarization control is readily achieved
by varying the laser pulse injection conditions.

DOI: 10.1103/PhysRevAccelBeams.19.090703

I. INTRODUCTION

Synchrotron radiation generated by electrons traveling in
bending magnets or insertion devices is essential for our
understanding of the microcosm. X-ray pulses produced by
the synchrotron facilities are widely used in, for example,
chemistry, biology and material science [1–3]. The bright-
est x-ray pulses are generated using free-electron lasers
(FELs) [4]. FEL facilities typically require hundreds of
meters to kilometers for the linear accelerator (to reach
multi-GeV electron beam energies) and tens of meters of
undulator. For example, the soft x-ray FEL facility at DESY
(FLASH [5]) uses a linear accelerator with a length of
roughly 200 m reaching electron energies of ∼1 GeV.
Using an undulator with a period of 2.7 cm and a total
length of 27 m, it provides bright radiation at 4 nm,
reaching the water window. Hard x-ray FEL facilities
require kilometer-scale distances. Reducing the size and
cost of such facilities is highly beneficial as it will greatly
increase the user accessibility of synchrotrons and FELs.
There are two paths to make these light sources more
compact. First, one can replace the conventional accelerator
with a compact laser-plasma electron accelerator (LPA)
and, second, one can decrease the period of the
undulator.
Laser-driven plasma accelerators [6,7] (LPAs) provide

ultrahigh gradients, enabling extremely compact acceler-
ators. LPA technology has been showing steady progress in

the recent decades. Notably, monoenergetic electron
bunches [8–10] have been demonstrated, and the energy
of such bunches has recently reached the multi-GeV level
[11]. The accelerating gradients in the LPA can be several
orders of magnitude higher than those in conventional
linacs, and the compactness of the accelerator itself makes
it attractive as a source of secondary radiation, ranging from
THz to gamma rays [12–15]. Significant effort is now
devoted to combining the LPAs with the traditional
magnetic undulators to demonstrate free-electron lasing
[16–18]. Novel injection techniques [19–21] might help to
reduce the energy spread of the LPA electron beams to the
values needed to produce an FEL instability.
Another path to reduce the size of the FEL facility is to

decrease the undulator period. The wavelength of the on-
axis radiation produced by an electron with the Lorentz
factor γ undergoing oscillations inside a linearly polarized
undulator with a period λu and strength au is given by

λ ¼ λu
2γ2

ð1þ a2u=2Þ: ð1Þ

Decreasing the period of the undulator leads to a twofold
benefit. The total length of the undulator will be smaller, and
the electron energy required to reach a desired x-ray wave-
length will decrease, leading to a more compact accelerator.
The lower limit for the period of the magnetic undulators is
currently at the 1 mm level [2]. Undulators with periods of
1 mm or less (often referred to as microundulators) that are
capable of reaching high strengths au ∼ 1 would, therefore,
be highly beneficial. Several microundulator concepts have
been proposed including crystalline [22–24], electrostatic
[25,26], microwave [27], plasma [28,29], nanowire [30] and
laser-based [31–39] undulators. Realizing such techniques is
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of increasing importance in the context of LPA progress
because the size of conventional undulators (much larger
than LPAs) is becoming a constraint on the footprint of
compact radiation sources.
It is also worth discussing the difference between

plasma-undulator-based and inverse Compton scattering
(ICS) sources. Recent experiments on the nonlinear ICS
using LPA electron beams [40–43] have demonstrated
bright photon spectra reaching gamma-ray energies. The
measured ICS spectrum is quite broad. The broad spectrum
is not only due to the electron beam parameters, but also
due to the large and varying laser pulse amplitudes a0 > 1.
For laser pulses with varying temporal envelope, additional
photon spectrum broadening due to the varying ponder-
omotive force appears [44–49]. Hence, the main advantage
of the plasma-undulator-based approach is the possibility to
generate narrow-band photon spectra while reaching high
undulator strength (au ∼ 1), and, thus, providing a possible
solution for a tabletop FEL, whereas the main advantage of
ICS is the possibility to generate harder photons, albeit with
a broadband spectrum.
Recently, a novel type of laser-plasma-based undulator

for narrow-band photon emission was proposed [50]. This
undulator is based on laser pulse centroid oscillations inside
a plasma channel. Electrons injected into the wakefield,
created by the laser pulse undergoing centroid oscillations
inside a parabolic plasma channel, wiggle with the char-
acteristic wavelength λu ¼ 2πZR, where ZR is the Rayleigh
length of the laser pulse. High undulator strength au ∼ 1 is
achievable for undulator periods of 1 mm or less. This
makes such a plasma undulator or plasma wiggler
(PIGGLER) a promising path towards a “tabletop” bright
incoherent soft x-ray source, or, with sufficient LPA beam
quality, a compact FEL. This laser-plasma undulator has
great flexibility in polarization tunability, determined by the
initial position and direction of the laser pulse at the
entrance of the plasma channel.
In this paper a comprehensive theoretical study of the

laser wakefield undulator excited by the laser pulse
traveling inside a plasma channel is provided. The paper
is organized as follows. In Sec. II propagation of a
Gaussian laser pulse inside a parabolic plasma channel
is discussed. Expressions for the evolution of the centroid
and spotsize of the laser pulse are derived. In Sec. III, the
wakefield structure of the plasma undulator created by the
laser pulse undergoing centroid oscillations is derived
using linear plasma theory. Analytical expressions for the
wakefield structure are used to derive the trajectory of an
electron beam injected into the undulator. The results of
analytical and numerical trajectory calculations are pre-
sented in Secs. IV and V for a single electron and an
electron beam, respectively. Radiation calculations and
polarization properties are presented in Secs. VI and VII.
Section VIII contains a summary of the results and
discussion.

II. LASER PULSE PROPAGATION IN
A PLASMA CHANNEL

Laser pulse guiding is important for LPAs to avoid
diffraction and to maintain the high accelerating gradients
for many Rayleigh lengths [7,51]. Typically, and quite
routinely, parabolic plasma channels created by capillary
discharges are used for this purpose [52–54]. Consider the
dimensionless variables: τ ¼ ωpt0; x ¼ kpx0; y ¼ kpy0;
z ¼ kpz0, with the plasma wave number kp ¼ ωp=c ¼
ð4πe2n0=mc2Þ1=2, where c is the speed of light in vacuum,
and −e and m are the electron charge and mass, respec-
tively. Now consider a plasma channel with the transverse
electron density profile given by

nðrÞ ¼ n0

�
1þ Δn

n0

r2

r2m

�
; ð2Þ

where r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
is the radial coordinate, x and y are

the transverse coordinates, n0 is the on-axis plasma density,
rm ¼ kp=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πrclΔn

p
is the dimensionless matched laser

spotsize, with rcl ¼ e2=mc2 the classical electron radius,
and Δn is the channel depth.
The dynamics of the laser pulse in a plasma channel can

be studied by solving the wave equation. In the comoving
coordinate ζ ¼ kpðz0 − ct0Þ, and dimensionless variables x
and y, and τ, the wave equation is

�
∇2⊥ þ 2

∂2

∂ζ∂τ −
∂2

∂τ2
�
a⊥ ¼ nðρÞ

n0
a⊥; ð3Þ

where a⊥ ¼ eA⊥=mc2 is the perpendicular vector potential
component and ρ2 ¼ x2 þ y2. Equation (3) assumes
a0 < 1, and that self-focusing is not important, which is
valid if the power of the laser pulse satisfies P < Pc, where
Pc½GW�≃ 17ðkL=kpÞ2 and kL is the laser pulse wave
number. Under the slow-varying envelope approximation,
the vector potential a⊥ ¼ ð ~a⊥=2Þ expðiMpζÞ þ c:c satisfies
j∂ζ ~a⊥j ≪ jMp ~a⊥j, and the equation for the laser envelope
reads

�
∇2⊥ þ 2

∂2

∂ζ∂τ þ 2iMp
∂
∂τ −

∂2

∂τ2
�
~a⊥ ¼

�
1þ ρ2

R2

�
~a⊥;

ð4Þ

where R ¼ r2m=2 is the dimensionless channel radius, and
Mp ¼ kL=kp is the ratio of the laser and plasma wave
numbers. For a typical on-axis plasma density
n0 ¼ 1018 cm−3, the plasma wavelength is equal to
λp ≈ 33 μm. Assuming, for simplicity, a laser wavelength
of λL ¼ 1 μm, yields Mp ≈ 33. In the paraxial approxima-
tion, the cross derivative and the second order derivative in
τ are neglected and one recovers the simple Schrödinger
equation for a harmonic oscillator
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i
∂ ~a⊥
∂τ ¼

�
p̂2

2Mp
þ VðρÞ

�
~a⊥ ¼ Ĥ ~a⊥; ð5Þ

where Ĥ is the Hamiltonian of the oscillator, p̂ ¼ −i∇⊥ is
the momentum operator and VðρÞ ¼ ð1=M2

p þΩ2ρ2ÞMp=2
is the harmonic oscillator potential with the eigenfre-
quency Ω ¼ ðMpRÞ−1.
It is convenient to use the apparatus of quantum

mechanics to study the behavior of the laser pulse centroid
and spotsize in the plasma channel. The definition of the
expectation value of some operator Ô is the following:

hÔi ¼ h ~a⊥jÔj ~a⊥i ¼
R∞
−∞ ~a�⊥Ô ~a⊥dxdyR
∞
−∞ ~a�⊥ ~a⊥dxdy

: ð6Þ

Here, we have used the bra-ket notation and asterisk
superscript denotes complex conjugation. The behavior
of the expectation value of any operator can be studied
using Ehrenfest’s theorem. For example, for the expectation
value of the operator x̂ ¼ x, which corresponds to the laser
pulse centroid position in the x-direction, one obtains the
following equation:

d2hxi
dτ2

þ Ω2hxi ¼ 0; ð7Þ

which has known solutions

hxi ¼ hx0i cosΩτ þ
hp̂x0i
MpΩ

sinΩτ: ð8Þ

Here, hx0i is the initial centroid displacement with respect
to the channel axis, and hp̂x0i is the initial expectation value
of the momentum operator p̂x ¼ −i∂x, which is related to
the angle of injection of the laser pulse into the channel.
One can see that the laser pulse centroid oscillates with the
characteristic frequency of Ω.
One can also easily study the behavior of the expectation

value of x2, and, hence, find the evolution of the transverse
laser pulse spotsize, given by w ¼ 2ðhx2i − hx2iÞ1=2.
The general solution for w is

w2 ¼ w2
0

2
þ 2σ2px;0

M2
pΩ2

þ
�
w2
0

2
−
2σ2px;0

M2
pΩ2

�
cos 2Ωτ

þ 2

MpΩ
ðhxp̂x þ p̂xxi0 − 2hxi0hp̂xi0Þ sin 2Ωτ; ð9Þ

where again subscript 0 denotes the expectation value
of an operator taken at the initial time τ ¼ 0, and
σ2p;0 ¼ hp̂2

xi0 − hp̂xi20. Knowing the initial laser pulse state,
i.e., the function for the pulse entering the channel, one can
use Eqs. (8) and (9) to find out how the centroid and the
spotsize of the laser pulse evolve while propagating along
the channel. (The same equations can be also written for the

laser pulse vector potential, centroid position and spotsize
in the y direction).
As an example, consider a Gaussian pulse entering the

parabolic plasma channel with some initial offset x0 with
respect to the channel axis (initial centroid displacement),
and some initial angle θx,

~a⊥ðτ ¼ 0; xÞ ¼ a0e½−ðx−x0Þ
2=w2

0
þiMpθxx�: ð10Þ

Again, for simplicity, only x components are considered.
One can immediately calculate, that hxi0 ¼ x0 and
hp̂xi0 ¼ Mpθx, and the centroid evolution is given by
Eq. (8). Equation (9) for the laser pulse spotsize has the
following solution:

w2 ¼ w2
0

2
þ 2R2

w2
0

þ
�
w2
0

2
−
2R2

w2
0

�
cos 2Ωτ: ð11Þ

One can also calculate the matched case, i.e., the case when
the laser spotsizew is constant. This is true when the second
term on the right-hand side (rhs) of Eq. (11) is zero, i.e.,
when w0 ¼ rm. In the matched case, independent of the
behavior of the centroid, the laser pulse spotsize remains
constant during the propagation. The frequency of the
centroid oscillations in the matched case is Ωm ¼ 2=
ðMpr2mÞ, and is the inverse dimensionless Rayleigh length
of the laser pulse, where the dimensionless Rayleigh
length is Z ¼ kpZR ¼ MpR ¼ Mpr2m=2. Examples of the
evolution of the centroid and the spotsize for a Gaussian
laser pulse propagating along the plasma channel with the
matched spotsize ðMp=2πÞrm ¼ 7 (the coefficient Mp=2π
transforms dimensionless space and time into the units
measured in the laser wavelength and period, respectively)
are presented in Fig. 1. The dashed line demonstrates the

FIG. 1. Laser pulse centroid hxiðMp=2πÞ (dashed line) and
laser spotsize wðMp=2πÞ (dotted and solid lines) as functions of
the propagation distance z0=λL. Initial centroid displacement
hxi0ðMp=2πÞ ¼ 1. The channel parameters are chosen in such
a way that the matched laser pulse spotsize is equal to
rmðMp=2πÞ ¼ 7. Matched (solid line), with w0 ¼ rm, and mis-
matched (dotted line), with w0 ¼ 1.5rm cases are shown.
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laser pulse centroid hxiðMp=2πÞ as a function of z0=λL,
according to Eq. (8) for the case hxi0ðMp=2πÞ ¼ 1. Here,
λL is the wavelength of the laser pulse. Note that, because
the paraxial approximation was applied, we can inter-
change the dimensionless propagation time τ and propa-
gation distance z. Using z for visualization provides a better
insight for the propagation of short laser pulses in the
plasma channel. The laser pulse spotsize wðMp=2πÞ as a
function of z0=λL according to Eq. (11) is presented for two
cases: (1) matched case, w0 ¼ rm (solid line), and
(2) unmatched case with w0 ¼ 1.5rm (dotted line). In the
matched case, the spotsize remains constant during the
propagation. In the unmatched case, the laser pulse spotsize
oscillates between the maximum value wmax ¼ w0 and
minimum value wmin ¼ r2m=w0. (The same results are
obtained for the y component).
It is also possible to inject the laser pulse with some

displacement and under some angle so that the laser pulse
centroid exhibits an ellipsoidal trajectory while the laser
pulse propagates along the channel. For example, if the
laser pulse is matched in both x and y, and if hxi0 ¼ x0,
θx ¼ 0, hyi0 ¼ 0 and θy ¼ x0=ðMpRÞ ¼ x0=Z, then the
laser pulse centroid will move along a circular trajectory
while keeping constant spotsize. Here, analogously, hyi0
and θy are initial dimensionless centroid displacement and
angle of injection in the y direction, respectively. A more
elaborate theory of the propagation of the laser pulse with
nonsymmetrical capillary coupling conditions can be found
in Refs. [55,56]. As has been theoretically shown in [50], in
the case of the matched laser pulse propagation with initial
centroid displacement, one can create a novel type of
compact plasma undulator. Polarization control of such an
undulator can be achieved by injecting the laser pulse not
only of axis, but also under a certain angle. The derivation
of the field structure and electron trajectories in such an
undulator is presented in Sec. III.

III. UNDULATOR FIELDS

The structure of the laser-excited plasma wakefield can
be calculated from the laser pulse propagation. Here, the
following assumptions are employed: (1) the laser pulse
intensity is nonrelativistic, i.e., a0 < 1 and linear plasma
theory is valid; (2) the laser pulse propagates near the speed
of light in vacuum; (3) the plasma channel is broad,
rm ≫ 1, and the effect of the channel curvature on the
wakefield is neglected (the wakefield curvature effect is
briefly discussed below and is shown to have little effect on
the radiation from plasma undulator). Within these assump-
tions, the equation for the dimensionless scalar potential
ϕ ¼ eΦ=mc2 is [7]

∂2ϕ

∂ζ2 þ ϕ ¼ a⊥a�⊥
2

; ð12Þ

and has the following solution [7]:

ϕðζ; x; yÞ ¼
Z

ζ

−∞
dζ0 sin ðζ − ζ0Þ ~a⊥ ~a

�⊥
2

; ð13Þ

which depends on the laser pulse shape.
The evolution of the matched laser pulse with centroid

displacement inside a parabolic plasma channel has been
discussed in Sec. II. Assuming a Gaussian laser shape in
any direction and circular polarization, the intensity of the
matched laser pulse I ¼ ~a⊥ ~a�⊥ takes the form

I ¼ a20e
−2ζ2=w2

z e−2½r−rcðτÞ�2=r2m; ð14Þ

where wz is the dimensionless longitudinal size of the laser
pulse (or dimensionless duration), r ¼ ðx; yÞ is a two-
dimensional vector representing transverse coordinates,
and rc ¼ ðxcðτÞ; ycðτÞÞ is a two-dimensional vector repre-
senting the laser pulse centroid trajectory. The solution for
ϕðζ; x; yÞ is

ϕðζ; x; yÞ ¼ −
a20
2

ffiffiffi
π

2

r
wze−w

2
z=8e−2½r−rcðτÞ�2=r2m sinðζÞ: ð15Þ

The amplitude of the wakefield has a maximum at wz ¼ 2,
and in this case,

ϕðζ; x; yÞ ¼ −a20Ce−2½r−rcðτÞ�
2=r2m sinðζÞ; ð16Þ

where C ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e−1π=2

p
≈ 0.76 (note that C ≈ 0.38 for

a linearly polarized laser pulse). Magnetic fields, that
are proportional to a40 [57], are neglected in the linear
case a0 < 1, and the electric fields are given by
Eðζ; x; yÞ ¼ −∇ϕðζ; x; yÞ, where gradient is taken in
ðζ; x; yÞ coordinates, and the electric field is normalized
to mc2kp=e. Assuming that the centroid oscillation ampli-
tude is small jrcj < 1, one obtains

Ez ¼ a20Ce
−2½r−rcðτÞ�2=r2m cosðζÞ; ð17Þ

E⊥ ¼ −
4a20C
r2m

ðr − rcðτÞÞe−2½r−rcðτÞ�2=r2m sinðζÞ; ð18Þ

where E⊥ ¼ ðEx; EyÞ is a vector containing transverse field
components. In the case when centroid oscillation ampli-
tude is much smaller than the matched laser pulse spotsize,
the exponential terms can be neglected. The laser pulse
centroid trajectory in the x-direction is given by Eq. (8),
with a similar expression for the centroid motion in the
y-direction. From Eq. (18), one can see that the transverse
focusing field consists of two parts. The first part is
proportional to r and is constant in time for the particle
comoving with the wakefield structure, such that
sinðζÞ ¼ const. This term is responsible for the so-called
betatron oscillations. The second part is proportional to
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rcðτÞ, and is responsible for the induced electron undulator
oscillations, as will be further discussed in detail in Sec. IV.

IV. ELECTRON TRAJECTORIES

The trajectory of an electron, or an electron beam,
injected in the plasma undulator can be calculated from
the structure of the wakefields. In order to generate narrow-
bandwidth radiation, highly energetic electrons should be
injected in such a phase ζi, where the accelerating field Ez
is zero, to avoid evolution of the electron energy; hence,
according to Eqs. (17) and (18), at a phase such that
cosðζiÞ ¼ 0. Moreover, the fields Ex and Ey should be
focusing. Hence, an electron should be injected in the phase
ζi ¼ 3π=2. In this case, the equations of motion for the
electron, injected at the initial phase ζi ¼ 3π=2 are

du⊥
dτ

¼ −E⊥jζ¼3π=2; ð19Þ

dre
dτ

¼ u⊥
γ0

; ð20Þ

where u⊥ ¼ p⊥=mc is the dimensionless electron
perpendicular momentum and γ0 the initial electron
Lorentz gamma factor. It is assumed that γ0 ≫ 1, so that
its change during the electron motion may be neglected.
Using Eq. (18) for the transverse electric fields in the

case when the amplitude of the centroid displacement is
much smaller than rm (so that the exponential term can
be neglected), together with Eqs. (19) and (20), one
finds the following equation for the transverse electron
coordinates re:

d2re
dτ2

þ Ω2
βre ¼ Ω2

βrcðτÞ; ð21Þ

where

Ωβ ¼
�
4a20C
γ0r2m

�1
2 ð22Þ

is the frequency of the betatron oscillations. The laser pulse
centroid trajectory rcðτÞ, using Eq. (8), is

rcðτÞ ¼
1

2
rc;0ϵeiðΩτÞ þ c:c:; ð23Þ

where rc;0 is the amplitude of the laser pulse centroid
oscillation and ϵ is the vector defining the ellipticity of laser
pulse centroid oscillations. Without loss of generality, we
assume that the absolute value of this vector ranges from 1
(linear polarization) to 2 (circular polarization), and the
amplitude of the first component of the ellipticity vector is
equal to 1, and the second component is purely imaginary
with its absolute value ranging from 0 to 1. In this way, we

are consistent with the general definitions of the strength of
a circularly polarized undulator. For example, ϵ ¼ ð1; 0Þ
means linear polarization of the centroid oscillations
in the x direction, and ϵ ¼ ð1;�iÞ describes left- and
right-circular polarization of the centroid oscillations,
respectively. The solution for the transverse momentum
components of the electron is

u⊥ ¼ −
�
auΩβ

Ω

�
ϵþ ϵ�

2

�
þ γ0Ωβre;0

�
sinΩβτ

þ
�
u⊥;0 þ au

�
iϵ − iϵ�

2

��
cosΩβτ

− au

�
iϵeiΩτ − iϵ�e−iΩτ

2

�
; ð24Þ

where re;0 ¼ ðxe;0; ye;0Þ and u⊥;0 ¼ ðux;0; uy;0Þ are the
vectors of initial electron coordinates and momenta com-
ponents, respectively, and

au ¼
γ0ΩΩ2

βrc;0
Ω2 −Ω2

β

ð25Þ

is the undulator strength (the amplitude of the normalized
transverse momentum for the induced electron oscilla-
tions). Note that the equation for the undulator strength
assumes Ω > Ωβ, which is generally the case. In the case
when Ω ≫ Ωβ, the undulator strength is approximately
given by

au ≈ 2a20CMprc;0 ¼
4πa20Cr

0
c;0

λL
; ð26Þ

where r0c;0 is the amplitude of the laser pulse centroid
oscillations in centimeter-gram-second (cgs) units. From
Eq. (24), an electron traveling in the wakefield created by
the laser pulse undergoing centroid oscillations exhibits
two oscillations: (1) betatron oscillations with the fre-
quency Ωβ, and (2) undulator oscillations with the
frequency Ω.
The strength (or the amplitude) of the betatron oscil-

lations is

a2β;i ¼
�
auΩβ

Ω
ϵi þ ϵ�i

2
þ γ0Ωβ½re;0�i

�
2

þ
�
ui;0 þ au

iϵi − iϵ�i
2

�
2

; ð27Þ

where i in the subscript denotes x or y component and ½re;0�i
denotes x or y component of the initial electron coordinates.
For the generation of narrow-bandwidth radiation, it is
beneficial to keep the betatron strength low, aβ;i ≪ 1. This
means that there are optimal injection conditions (laser and
electron) such that Eq. (27) is minimized. For a single
electron injected into the plasma undulator, both terms on
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the rhs of Eq. (27) can be made to vanish. Consider, for
example, circularly polarized undulator with the “cosine”
mode in the x-direction, and “sine”mode in the y-direction,
represented by the ellipticity parameter ϵ ¼ ð1;−iÞ. For
initial conditions xe;0 ¼ −au=ðγ0ΩÞ and uy;0 ¼ −au, the
betatron strengths for a single electron injected into the
plasma undulator are aβ;x ¼ ux;0 and aβ;y ¼ γ0Ωβye;0.
Hence for these initial conditions injecting with zero ux;0
and zero ye;0 corresponds to “optimal” injection, where
betatron motion is absent for an electron or, for a electron
beam, is minimized.
The importance of initial conditions of the electron

injection is illustrated on Fig. 2(a), where ux and uy are
plotted as functions of propagation distance z0=λL for two
cases: (1) “optimal” electron injection as defined above to
minimize betatron motion (blue curve), given by
ðxe;0; ye;0Þ ¼ ð−au=ðγ0ΩÞ; 0Þ and ðux;0; uy;0Þ ¼ ð0;−auÞ,
and (2) “incorrect” electron injection (red curve), with
ðxe;0; ye;0Þ ¼ ð0; 0Þ and ðux;0; uy;0Þ ¼ ð0; 0Þ. In both cases,
the matched laser pulse spotsize is ðMp=2πÞrm ¼ 7λL, the
initial centroid displacement is ðMp=2πÞrc;0 ¼ 2.5λL, the
exponential term in the expression for the focusing field
given by Eq. (18) is neglected, and the undulator is
circularly polarized. In the first case, the trajectory is
perfectly circular with aβ;x ¼ 0, aβ;y ¼ 0, and au ¼ 1. In
the case of the incorrect injection, the trajectory is not
circular and significant betatron motion occurs with ampli-
tude of the transverse momentum uy reaching values
approximately 2 [red curve on the rear panel of the plot
in Fig. 2(a)]. This betatron motion leads to significant
radiation spectrum broadening, as will be shown in Sec. VI.
Note that in the case of an electron beam with nonzero
emittance, some electrons will experience betatron motion
due to their distribution about the ideal trajectory. For
typical conditions, the amplitude of the betatron oscilla-
tions can be significantly smaller than the amplitude of the
undulator oscillations, driven by the ratio of beam radius to
initial displacement. This is true provided that the electron
beam is injected with optimal initial conditions and the
focusing forces are sufficiently weak. The latter condition
is valid for the linear wakefields. Figure 2(b) shows the
plots of ux and uy as functions of propagation distance
z0=λL for the case of correct electron injection, ðxe;0; ye;0Þ ¼
ð−au=ðγ0ΩÞ; 0Þ and ðux;0; uy;0Þ ¼ ð0;−auÞ, for two cases:
(1) the exponential term in the expression for the focusing
field Er given by Eq. (18) is neglected (blue curve), and
(2) the exponential term is taken into account (green curve).
The first case is the same as the case of correct injection
presented on Fig. 2(a). For the case when the exponential
term in the expression of the focusing field is taken into
account, the amplitude of the transverse momentum u⊥ is
slightly smaller (0.9 versus 1), and, as will be shown in
Sec. VI, the produced radiation has a narrow bandwidth. In
all cases presented on Fig. 2, the wavelength of undulator

oscillations (in cgs units) is equal to λu ≈ 1000λL. For the
laser with λL ¼ 0.8 μm, the undulator wavelength is,
hence, below millimeter.

V. ELECTRON BEAM EVOLUTION IN
A PLASMA UNDULATOR

In many respects the behavior of the electron beam
inside the laser wakefield undulator is analogous to the
behavior of the laser pulse inside the plasma channel.
Namely, if the electron beam is not matched to the focusing
fields, its envelope will oscillate. The centroid of the
electron beam will behave like a single electron and its

(b)

(a)

FIG. 2. Electron dimensionless transverse momenta compo-
nents ux and uy as functions of the propagation distance z0=λL.
The blue curve corresponds to the case of injection of an electron
with ðxe;0; ye;0Þ ¼ ð−au=ðγ0ΩÞ; 0Þ and ðux;0; uy;0Þ ¼ ð0;−auÞ
into the circular undulator with au ¼ 1. (a) The red curve is
the case of the electron injection with ðxe;0; ye;0Þ ¼ ð0; 0Þ and
ðux;0; uy;0Þ ¼ ð0; 0Þ. (b) The green line corresponds to the case
of the electron injection conditions with ðxe;0; ye;0Þ ¼
ð−au=ðγ0ΩÞ; 0Þ and ðux;0; uy;0Þ ¼ ð0;−auÞ, for the case when
the exponential term in Eq. (18) is included.
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trajectory can be found using Eq. (21). Assuming no energy
spread of the electron beam, and taking only terms linear
with respect to the transverse coordinate r in Eq. (18), the
normalized emittance of the electron beam is constant
throughout the propagation (a more general case, including
the electron beam energy spread and emittance growth can
be found in Refs. [58,59]). With these assumptions, the
electron beam rms spotsize σe;i and rms divergence σθ;i are

σ2e;i ¼ σ2e;i;0cos
2ðΩβτÞ þ

r4b;i;m
σ2e;i;0

sin2ðΩβτÞ; ð28Þ

σ2θ;i ¼
σ4θ;i;m
σ2θ;i;0

sin2ðΩβτÞ þ σ2θ;i;0cos
2ðΩβτÞ; ð29Þ

where σe;i;0 is initial electron rms beam radius (where the i
subscript denotes x or y), σθ;i;0 is initial electron beam rms
divergence, rb;i;m is the dimensionless matched electron
rms beam size and σθ;i;m ¼ γ0Ωβrb;i;m is the matched rms
divergence. As discussed in Ref. [60], the dimensionless
matched electron beam size rb;i;m is

rb;i;m ¼
�

εn;i
γ0Ωβ

�1
2

; ð30Þ

where εn;i is the dimensionless rms normalized beam
emittance. (The normalized rms beam emittance in cgs
units is εn;i=kp.) In the case when the electron beam is not
matched, its divergence will change while it is propagating
through the plasma undulator and this can lead to additional
broadening of the generated radiation spectrum, as dis-
cussed in Sec. VI. In the case when the electron beam is
matched to the plasma focusing forces, both its size and
divergence stay constant during the propagation.
Using Eq. (27), the average betatron strength for the

matched electron beam is

ha2β;ii ¼ γ20Ω2
βσ

2
e;i;0 þ σ2θ;i;0

þ
�
γ0Ωβh½re;0�ii þ

auΩβ

Ω

�
ϵi þ ϵ�i

2

��
2

þ
�
hui;0i þ au

�
iϵi − iϵ�i

2

��
2

: ð31Þ

Here, h½re;0�ii is initial electron beam centroid position and
hui;0i is the average initial electron beam momentum,
related to the angle of injection. For a beam injected
matched, σe;i;0 ¼ rb;i;m and σθ;i;0 ¼ σθ;i;m ¼ γ0Ωβrb;i;m.
Similar to the case of a single particle presented in
Sec. IV, for narrow bandwidth radiation generation, the
matched electron beam should be injected with initial
conditions so that the average betatron strength is mini-
mized, i.e., the last two terms on the rhs of Eq. (31) vanish.
Optimized injection conditions for the electron beam are

the same as for the single electron. Note that, for the case of
a beam, the betatron strength cannot vanish, due to the
finite beam emittance (spread in transverse position and
momentum distributions of the beam).
Four different cases illustrate the importance of both

correct matching of the beam and of the exponential term in
the expression for transverse field as given by Eq. (18).
Beam evolution while propagating in the plasma undulator
are presented for each case in Fig. 3. In all four cases, the
plasma undulator is created by a Gaussian laser pulse with
amplitude a0 ¼ 0.2, matched spotsize r0m ¼ 7λL and initial
centroid displacement r0c;0 ¼ 2.5λL, where r0m and r0c;0 are
the matched spotsize and centroid displacement in cgs
units, respectively. The laser pulse parameters are chosen in
such a way that the undulator wavelength is on the order of
a millimeter and the undulator strength au ¼ 1.02 is on the
order of unity. The normalized emittance of the cylindri-
cally symmetric electron beam is 0.1 μm, the Lorentz
gamma factor is γ0 ¼ 1000, energy spread is neglected,
and the beam is assumed to be infinitely small in propa-
gation direction z, for purely illustrative purposes. For these
parameters, the matched electron beam radius given by
Eq. (30) is equal to r0b;m ¼ 0.25λL, where r0b;m is given in
cgs units. Linear undulator polarization in the y direction
was chosen. Numerical simulations were performed for
each case using the particle tracking code VDSR [61].
Figure 3(a) shows the evolution of the matched electron
beam propagating inside the undulator with the
exponential term in the focusing force neglected, and with
optimal electron beam initial conditions ðhxe;0i; hye;0iÞ ¼
ð−au=ðγ0ΩÞ; 0Þ and ðhux;0i; huy;0iÞ ¼ ð0;−auÞ for mini-
mizing the betatron amplitude. The color image shows the
distribution of the x0 positions of electrons within the beam
for each z0 position. The electron beam spotsize stayed
constant (within 1% accuracy). The white solid line
presents the analytical solution Eq. (21) and agrees well
with the numerical simulations. The electron beam as a
whole performs oscillations with undulator frequency that
is inversely proportional to the laser pulse Rayleigh length.
Figure 3(b) shows the dynamics of the matched electron
beam injected such that ðhxe;0i; hye;0iÞ ¼ ð0; 0Þ and
ðhux;0i; huy;0iÞ ¼ ð0; 0Þ, i.e., along the channel axis and
with no initial angle. The undulator structure is the same as
in Fig. 3(a), i.e., the exponential term in the focusing force
is neglected. The white solid line shows the analytical
solution, Eq. (21), and agrees well. The electron beam
spotsize stays constant, but the beam undergoes large
betatron oscillations. This effect is detrimental for nar-
row-bandwidth photon sources; however this effect can
also be beneficial for enhancing the photon output of
betatron x rays. Figure 3(c) shows the dynamics of the
electron beam with optimal injection, but unmatched to the
focusing force [undulator structure is the same is in
Figs. 3(a) and 3(b)]. In this case the electron beam radius
and divergence oscillate, and this leads to additional
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broadening of the emitted radiation. The centroid of the
electron beam still oscillates as expected (the analytical
solution is shown with the white solid line). Finally,
Fig. 3(d) demonstrates the dynamics of the matched
electron beam injected with the optimal centroid condition
into the wakefield structure given by Eq. (18) with the
exponential term included. The electron beam oscillates
as a whole and the difference from the case presented in
Fig. 3(a) mainly manifests itself in the shift of the central
frequency of emitted radiation due to the decreased
undulator strength au. This will be seen in Sec. VI. It is
important to mention that in experiments it might be easier
to adjust the injection of the laser pulse into the capillary,
rather than the injection of the electron beam, but the
principle remains the same.

VI. UNDULATOR RADIATION

Radiation emitted by a single relativistic electron under-
going harmonic oscillations in an undulator with constant
strength au has been extensively studied and can be applied
to the present case [1–3,62,63]. For example, the near-axis
photon energy-angular spectrum of the fundamental emis-
sion line is given by

d2Nph

dω0dðγ20θ2Þ
¼ παf

a2ujJJj2
1þ a2u=2

Sðω0Þ
ω0 ; ðlinearÞ ð32Þ

d2Nph

dω0dðγ20θ2Þ
¼ 2παf

a2u
1þ a2u

Sðω0Þ
ω0 ; ðcircularÞ; ð33Þ

where αf ¼ e2=ðℏcÞ is the fine structure constant, ω0 is the
generated frequency (in cgs units), θ is the polar angle in
radians,

JJ ¼ J0ðχÞ − J1ðχÞ; ð34Þ

where Jn denotes the Bessel function of the nth order,
χ ¼ a2u=½4ð1þ a2u=2Þ�, and the emission shape Sðω0Þ is
given by

Sðω0Þ ¼
sin2ðπNu

ω0−ω0
1

ω0
1

Þ
sin2ðπ ω0−ω0

1

ω0
1

Þ
; ð35Þ

with Nu the number of oscillations (number of undulator
periods) and

(a) (b)

(d)(c)

FIG. 3. Electron beam evolution inside the plasma undulator. The color image at each position z0 represents the distribution of the x0
positions of the beam electrons, and the white solid line is the analytical solution for the single electron obtained from Eq. (24). (a) The
case of a matched electron beam injected into the undulator with optimal conditions for minimizing the betatron amplitude:
ðhxe;0i; hye;0iÞ ¼ ð−au=ðγ0ΩÞ; 0Þ and ðhux;0i; huy;0iÞ ¼ ð0;−auÞ. The exponential term is neglected. (b) Undulator structure is the same
as in case (a), but a matched electron beam is injected with ðhxe;0i; hye;0iÞ ¼ ð0; 0Þ and ðhux;0i; huy;0iÞ ¼ ð0; 0Þ. (c) The case of an
unmatched beam with optimal injection for the undulator structure the same as in case (a). (d) The case of a matched electron beam with
optimal injection into the undulator [same as in (a)], with the exponential term included in the expressions for the transverse field as
given by Eq. (18).
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ω0
1 ¼

2γ20ω
0
u

1þ a2u=2
; ðlinearÞ ð36Þ

ω0
1 ¼

2γ20ω
0
u

1þ a2u
; ðcircularÞ ð37Þ

is the central frequency of the emitted photons. Here, ω0
u is

the undulator frequency (in cgs units). Using Eqs. (32) and
(33) one finds that the natural bandwidth is Δω=ω ¼ 1=Nu
and the total number of photons emitted by a single electron
traveling through the undulator is

Nph; natural ¼ παf
a2u

1þ a2u=2
jJJj2; ðlinearÞ ð38Þ

Nph; natural ¼ 2παf
a2u

1þ a2u
: ðcircularÞ: ð39Þ

Achieving the natural bandwidth requires collimation of the
emitted radiation up to the angle θnatural, given by

θnatural ¼
1

γ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2u=2

Nu

s
; ðlinearÞ ð40Þ

θnatural ¼
1

γ0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2u
Nu

s
: ðcircularÞ: ð41Þ

The on-axis photon energy spectrum generated by an
electron propagating inside the circularly-polarized plasma
undulator with total number of periods Nu ¼ 30 created by
the matched Gaussian pulse is shown in Fig. 4. Figure 4
was calculated using the code VDSR [61]. The plasma
undulator parameters are the same as in Fig. 3. Three
different cases were calculated: (1) optimally injected
electron, with the exponential term in the expression for
transverse fields from Eq. (18) neglected (blue curve,
corresponds to the trajectory plotted in blue shown in
Fig. 2); (2) electron injected with zero initial offset and zero
transverse momentum, exponential term included [red
curve, corresponds to the trajectory plotted in green in
Fig. 2(a)]; (3) optimally injected electron with exponential
term included [green curve, corresponds to the trajectory
plotted in green in Fig. 2(b)]. The on-axis spectrum from
the undulator theory Eq. (33) is plotted (dashed black
curve); the analytical results fit the numerical calculations.
For convenience, the dimensionless photon energy (or
dimensionless emitted frequency),

κ ¼ ω0

2γ20ω
0
u
; ð42Þ

was introduced.
The spectrum for the case when the exponential term is

taken into account has a similar form to the case when the

exponential term is neglected, but blueshifted. This fre-
quency shift is due to the reduced undulator strength in the
case when the exponential term is included.
Finally, for the case of an electron injected on-axis, with

zero initial offset and zero transverse momentum, one
observes that both undulator and betatron strengths are
high; in this case au ≈ 1 and aβ ≈ 2. This leads to the shift
of the main undulator line and frequency mixing, and hence
to the appearance of additional spectral lines. This effect
can in principle be used for diagnostics of injection for a
staged LPA [64]. It is important to add that the circular
trajectory of the particle produces on-axis radiation that is
circularly polarized. Polarization of the radiation can be
controlled by the injection conditions of the laser pulse
into the plasma channel, as discussed in Sec. VII.

Such polarization control is a key feature of this plasma
undulator.
In the case of an electron beam the radiation spectrum

will be broadened compared to the case of a single particle.
The main contributions to the spectral broadening are the
electron beam transverse angular and energy spread. These
effects have been studied for conventional undulators
and Thomson scattering x-ray sources [14,63,65], and
the results apply to the case of the plasma undulator.
The approximate full-width-at-half-maximum (FWHM)
bandwidth of the undulator source is

�
Δκ
κ

�
FWHM

≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

Nu

�
2

þ
�
2Δγ
γ0

�
2

þ ðγ0ΔθÞ4
16

s
; ð43Þ

FIG. 4. Normalized on-axis single electron radiation spectrum
(in arbitrary units) as a function of normalized photon energy κ
for the case of a plasma undulator with Nu ¼ 30. The blue curve
corresponds to the case of optimal injection with the exponential
term in Eq. (18) neglected. The black dashed line shows the
analytical expression Eq. (33). The red curve corresponds to the
case of on axis injection with no initial electron transverse
momentum, with the exponential term in Eq. (18) neglected.
The green curve is the on-axis radiation spectrum of the electron
injected optimally into the plasma undulator with the exponential
term in Eq. (18) included.
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where Δγ ≃ 2.35σγ is the FWHM electron beam energy
spread, with σγ the rms electron beam energy spread, and
Δθ≃ 2.35σθ is the FWHM electron beam angular spread,
with σθ the rms angular spread. Additional spectral broad-
ening can appear due to injection errors and matching of
the electron beam.
Figure 5 shows the radiation generated by an electron

beam traveling through the plasma undulator, calculated
using VDSR [61], for four different cases of beam injection
andmatching. Parameters of the undulator and electron beam
injection and matching are the same as in Fig. 3, such that
Figs. 5(a)–5(d) correspond to the cases presented in
Figs. 3(a)–3(d). Here we considered a 1% rms energy spread
and 1.7 μm rms bunch length. Figure 5 shows the photon
energy-angular spectrum d2Nph=½Nedκðγ0θÞdðγ0θÞ� as a
function of normalized photon energy κ and normalized
angle γ0θ. Note that the photon spectrum is normalized with
the number of electrons in a bunchNe, so that the results can
be applied to electron beams with different charge. The cyan
curve shows the lineout of the on-axis spectrum in arbi-
trary units.
As can be seen in Figs. 5(a), 5(c), and 5(d), in the case of

optimal injection of the electron beam into the plasma
undulator, a narrow-bandwidth undulator line is generated.
In contrast, in the case of simple on-axis injection of the
electron beam into the undulator without angle, presented

in Fig. 5(b), the radiation spectrum is broader and the peak
of the spectrum is lower. On all four subfigures, one can
observe the betatron spectral line as well, which is well
separated, and, in the case of optimal injection is much
weaker than the undulator spectral line.
Figure 6 presents the photon energy spectrum integrated

in angle from θ ¼ 0 to θ ¼ θnatural, given by Eq. (41), for
different beam matching and injection cases. The blue
curve is the case of optimal injection of the beam with
0.1 μm normalized emittance, matched to the plasma
undulator with the structure the same as in Fig. 3(a).
The bandwidth of the source is dominated by the con-
tribution from the beam angular spread, which in this case
is equal to Δθ ≈ 4.7 mrad. The bandwidth of the source in
the case of the optimally injected and matched beam with
normalized emittance 0.1 μm and Δγ=γ0 ¼ 2.35% energy
spread is approximately 17%, in good agreement with
Eq. (43). The total number of photons in this bandwidth per
electron is approximately 0.019. The green curve shows a
case of lower normalized emittance: 0.025 μm, also with
the beam optimally injected and matched. This produces
narrower-band, more intense radiation, with 10% FWHM
bandwidth and 0.021 photons per electron. The red curve
shows the case where the electron beam is optimally
injected to minimize the betatron motion, but not matched,
and hence the bandwidth of the source is slightly broader

(a) (b)

(d)(c)

FIG. 5. Photon energy-angular spectrum as a function of both normalized photon energy κ (horizontal axis) and normalized angle γ0θ
(vertical axis) for four cases: (a) electron beam is matched and optimally injected into the plasma undulator [with the exponential term in
Eq. (18) neglected]; (b) electron beam is matched, but injected on-axis into the same undulator; (c) electron beam is injected optimally,
but unmatched to the same undulator; (d) electron beam is injected optimally and matched to the undulator, with exponential term in
Eq. (18) included. Undulator parameters and beam parameters are the same as Figs. 3(a)–3(d), with Nu ¼ 30.
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and the peak of the spectrum is lower. The cyan curve
shows the case of a matched beam (with 0.1 μm emittance)
injected on axis. For this on-axis injected beam, the
spectrum is broadened and the number of photons per
electron is reduced to 0.016. Each electron beam case can
be compared to the black curve which corresponds to the
case of a single particle, i.e., an ideal beam with zero
emittance and energy spread, optimally injected into a
linearly polarized undulator. Integrating the photon energy
spectrum over the normalized energy κ, one can obtain the
total number of photons. This case shows good agreement
with Eq. (39); the total number of photons per electron is
approximately equal to παf ≈ 0.02. The natural FWHM
bandwidth of the source is in this case equal to 3%.

VII. POLARIZATION CONTROL OF
THE PLASMA UNDULATOR

Polarization control of the undulator is readily achieved
by controlling the offset ðhxi0; hyi0Þ and the angle ðθx; θyÞ
of the laser pulse injection into the plasma channel. Using
Eq. (8), and assuming for simplicity that θx ¼ 0 and
hyi0 ¼ 0, the laser pulse centroid position in x and y
directions is

hxi ¼ hxi0 cosðΩτÞ ð44Þ

hyi ¼ θy
Ω
sinðΩτÞ: ð45Þ

Given an initial centroid displacement in the x direction
hxi0, one can control the ellipticity of the laser pulse
centroid motion by tuning the angle with respect to the y
axis θy. The electron trajectories undergoing undulator
oscillations [i.e., the last term on the rhs of Eq. (24)], and,
hence, the generated radiation, will have the same ellipticity
as the laser centroid motion. Assuming, also for simplicity,
that jθy=Ωj ≤ jhxi0j, then the ellipticity η of the radiation
can be expressed as

η ¼ θyZR=hxi0: ð46Þ

For example, a perfect circularly polarized undulator is
obtained for θy ≃ 16 mrad for the plasma undulator
parameters of Fig. 3. Changing the angle of laser injection
also provides control over the handedness of the circular or
elliptical polarization.
Figure 7 presents an example of the emitted photon

spectrum for a single electron injected, optimally to
minimize the betatron motion, into a plasma undulator.
The density plot shows the normalized photon energy-
angular spectrum, with the longitudinal axis representing
the normalized photon energy κ and the vertical axis the
normalized observation angle γ0θ. Parameters of the
plasma undulator are the same as presented in Fig. 4
(the lineout of the photon spectrum at θ ¼ 0 in Fig. 7
corresponds to the blue curve in Fig. 4). Colored lines
correspond to different values of ellipticity (with values
indicated by the colorbar of Fig. 7). On-axis radiation is
perfectly circularly polarized, whereas the radiation at an
angle with respect to the z-axis is elliptically polarized, as is
also the case for conventional magnetic undulators. In the
case of on-axis electron injection, such that the trajectory of
the electron is given by the green line in Fig. 2(a), the

0.1 µm, 

0.1 µm, 

0.025 µm

0.1 µm

x0.5

FIG. 6. Photon energy spectrum, obtained by integrating the
energy-angular photon spectrum in angle from θ ¼ 0 to
θ ¼ θnatural, given by Eq. (41), as a function of normalized
photon energy κ for the following cases: (blue curve) optimally
injected to minimize the betatron motion, matched beam, with
0.1 μm normalized emittance; (green curve) optimally injected,
matched beam, with 0.025 μm emittance; (red curve) optimally
injected, unmatched beam, with 0.1 μm normalized emittance;
(cyan curve) on-axis injection, matched beam, with 0.1 μm
normalized emittance. The black curve shows the case of an
ideal beam with no transverse emittance and no energy spread.
(Note that, for plotting purposes, the curve representing the ideal
beam case was multiplied by a factor of 0.5.) The undulator
parameters are the same as in Fig. 3(a), i.e., the exponential term
in the focusing force is neglected.

FIG. 7. Photon energy-angular spectrum in arbitrary units as a
function of normalized photon energy κ (longitudinal axis) and
normalized angle γ0θ (vertical axis) for the case of optimally
injected electron beam. The colored lines show the corresponding
contours of the radiation ellipticity (values indicated in colorbar)
as functions of normalized photon energy κ and angle γ0θ.
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polarization qualities of the undulator are complicated by
the betatron motion, shown in Fig. 8. Figure 8 shows the
normalized on-axis photon spectrum (red curve) as a
function of normalized photon energy κ, and the blue line
shows the ellipticity of the radiation (right vertical axis).
The polarization properties are due to the large value of aβ,
such that the trajectory is no longer circular [as seen in
Fig. 2(a)].

VIII. CONCLUSIONS AND DISCUSSION

In this paper we have provided a detailed theoretical
study of the plasma undulator based on the wakefield
excitation in the plasma channel. It has been demonstrated
that a Gaussian laser pulse injected into the channel off axis
or under some angle will exhibit oscillations. The wave-
length of the centroid oscillations sets the plasma undulator
wavelength, λu ¼ 2πZR, which can be submillimeter.
Using linear plasma theory, the field structure of such a

plasma wakefield undulator was derived, as well as the
electron trajectories. It was shown that, in general, an
electron injected in the plasma undulator will undergo
undulator motion and betatron oscillations. Different cases
of electron injection into the plasma wakefield were
discussed. Injection can be optimized to minimize the
amplitude of the betatron motion. In the case of optimal
injection conditions, the electron oscillates with the wave-
length of λu. Electron beam evolution in the plasma
undulator was investigated and the radiation generated
calculated. The electron injection conditions may be chosen
to generate narrow-bandwidth undulator radiation or to
increase the betatron emission yield.
The relative yield of betatron radiation and undulator

radiation, determined by the beam initial conditions with
respect to the laser centroid motion, may be of interest as a
diagnostic of the relative laser and beam positions injected

into a plasma channel. This is particularly critical for LPA
staging or deceleration experiments, where the electron
beam from one LPA stage must be injected into another
stage, driven by the fresh laser pulse [64].
Control of the particle trajectory ellipticity and, hence,

the polarization of the undulator radiation, is readily
achieved by simply adjusting the initial laser centroid
and angle with respect to the plasma channel axis. This
ease of polarization control is a key feature of the proposed
plasma undulator.
In the cases presented in Sec. VI, the amount of photons

generated per electron in a bandwidth equal to the on-axis
bandwidth is approximately Nph=Ne ¼ παf. The undulator
line relative FWHM bandwidth is approximately given by
Eq. (43), where the main contribution to the bandwidth is
the electron beam angular spread. This is due to the strong
focusing forces of the wakefield driven by a Gaussian laser,
yielding small matched beam radii and large angular
spread. This effect can be mitigated by either decreasing
the electron beam emittance and/or decreasing the focusing
forces. The latter can be achieved by using higher order
Hermite-Gaussian modes for driving the plasma undulator
[66]. Using higher-order laser modes also provides a
method to reduce the betatron amplitude spread of the
beam, theoretically enabling a free-electron laser using the
short-period plasma undulator [50].
From the experimental point of view, the proposed

plasma undulator concept would require: (1) very good
laser beam pointing stability (assuming LPA electron beam
to have similar pointing stability), a fraction of the laser
spotsize, and (2) timing stability such that the electron
injection is in the correct region of the plasma wakefield.
According to Ref. [67], laser beam pointing stability can be
as good as 2.6 μrad, which, assuming a 30 cm focusing
length, would give the transverse jitter less than 0.8 μm.
Inaccuracy of the laser pulse injection of this order would
lead to shot-to-shot variation in the undulator strength and
generated wavelength for the values of the laser pulse
spotsizes discussed in the paper. Using larger spotsizes or
further isolation of the laser system from various types of
external noise may increase the stability of the proposed
concept. As for the electron beam injection into the plasma
wakefield, for the typical values of the plasma density and
plasma wavelength on the order of 30 μm, timing stability
on the order of 10 fs would suffice. This value is within
experimental capabilities.
Several effects have been neglected in this publication to

allow analytical treatment. It was assumed that the laser
pulse is propagating at the vacuum speed of light. The
lower group velocity of a physical laser pulse in the plasma
will result in dephasing of the electron beam with respect to
the structure over the structure’s length. Mitigation of
dephasing effects using channel tapering has been inves-
tigated in Ref. [68]. Beam loading [69] was also neglected
and can play an important role in operation of the plasma

FIG. 8. On-axis photon spectrum (red curve and left-vertical
axis) in arbitrary units for an electron injected on axis (not
optimal). Blue lines show the ellipticity of the on-axis radiation
(value on right-vertical axis). (For illustrative reasons, ellipticity
is not shown for the spectral regions with intensity less than 5% of
the maximum intensity.)
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undulator. Beam loading will limit the amount of charge
that can be injected. These topics will be addressed in
future work.
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