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1. lllTRODUCTION 

One of the important results of the paperl ) by Courant and 

Sessler ("C.S.") on transverse instabilities in bunched beams is the 

observation, that a spread in the bunch population tends to decouple 

the bunches. A small spread in the number of particles per bunch --

. -4 present in essentially all bunched beams -- spreads the space-charge 

de tuning and tends to prevent potentially dangerous modes in multi-

bunched beams. 

The decoupling criterion given by C.S. may be expressed in term"; 

of a coefficient U which is determined by local space-charge forces. 

In fact this U-term, which was first introduced in the theory of the 

resistive wall instability in unbunched beams2), is closely related_ to 

the incoherent and the coherent Laslett detunings, namely U is simply 

proportional to the difference between the coherent and the incoherent 

tune shifts. 

The decoupling criterion of Ref. 1) states the absence of coherent 

bunch modes, if the inter-bunch spread in the u-term i"s large compared 

to the magnitude of the wake-fields which act from bunch to bunch. 

The present note is intended to re-examine the derivation of this 

• decoupling criterion. We will be concerned especially with the two 

limiting cases in which the within-bunch frequency spread is small or 

large compared to the inter-bunch spread. We find a decoupling criterion 

which in the first case -- contains only the local coherent Laslett 

shift. 

In the second case, details depend on the within-bunch frequency 

distribution. For a "typical" distribution we find a decoupling 

condition which contains the difference between the coherent and half 

the incoherent local tune shift. 
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The second of these criteria requires a bunch-to-bunch spread which 

agrees with the results of the CS-criterion-except for factors of, say, 

2 or 3. The first criterion (pertaining to the case of vanishing within

bunch spread) requires a conSiderably larger bunch-to-bunch spread, when 

the beam size is small compared to the transverse dimension of the 

chamber. 

2. PHYSICAL CONSIDERATIONS 

The instability examined by C.S. involves modes in which the 

bunches oscillate as rigid bodies and drive each other through their 

wake fields. Hence, one expects that the coherent frequencies of the 

bunches determine the behavior of the system. 

However, we have to be precise about the definition of the term 

"coherent bunch frequency". Since the wake fields act like driving 

forces it appears that the "coherent eigenfrequencies" of the bU!;tches 

enter. These are the frequencies at which the center of charge of. 

bunches oscillates after a perturbation has been applied. Equivalently 

the coherent frequency of a bunch may be defined as the resonance 

frequency of the bunch center oscillation; the response of a bunch to 

a coherent driving force (rf-deflecting field) will become resonant 

(i.e. grow linearly in time) when the driving frequency coincides with 

its complex resonant frequency. 

Traditionally the coherent space-charge tune shift3) is worked out 

under the assumption that all particles respond to a driving force in 

the same way. 

This assumption is correct in the absence of frequency spread. 

Therefore - in the present case - one expects that only the traditional 

coherent shift enters into the bunch response - and therefore into the 
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decoupling condition - if the within bunch spread is negligible. 

. In the case of a large wi thin bunch fre'luency spread, the si tua tion 

is more complicated. From the ,analysis of Ref. 4 one may conclude 

that in this case the coherent resonance frequency contains - - in 

general - - both the traditional "coherent" and "incoherent" space-charge 

shifts. For typical fre'luency distributions (e.g. example 2 and 3 

of Ref.. 4 table 2) the "effective coherent tune shift" may be approxi-, 

1 
mated by - (6Qc - 26Qic)' Hence, it is this 'luantity which one expects 

in this case -- to enter into the decoupling cond~tion. 

The rest of this. note is devoted to presenting justification for 

these speculations. In Section 5, We compare the implications of the 

different decoupling criteria. 

3. The E'luations of Motion 

We shall, right from the beginning, introduce some simplifications 

which are appropriate for the present purpose and which simplify our 

discussion. 

Let us assume that the bunches are short, so that we can -- for 

particles within the same bunch -- neglect the azimuthal variation of 

the wake fields. Let us further assume a density distribution such 

that the local space-charge fields do not vary with azimuthal or 

transverse position within a bunch. 

We start from the e'luation of motion of the rth particle in 

bunch m. We work in a coordinate system going around with the bunches. 

We include the following forces (normalized to the mass of the particles) 

external focusing 
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2Q2w2 An (y -y' ). incoherent detuning of particle 
o 0 ~ic tm r- t . 

r in 

bunch m due to motion of bunch £ 

coherent space-charge detuning of particles 

in bunyh m due to motion of bunch £ 

wake field acting on bunch m due to 

motion of bunch Ji,. 

Here bars refer to bunch centers, Qo is the average Q-value of the 

'beam and we have assumed that Qr ~ Qo and that Qo is much 

larger than the detunings 6Qc,'6Qic and \Wzm \ . The wake fields 

W£m are due to some "imperfection" like finite wall resistivity. 

From Ref. 3 we know that the spacecharge detunings in a bunched 

beam are 

An . p 1 NRl" { 

"""'iC = nNo ll~ll 
l 

6Qc 

NR ( . .' 
r .! 1 i '-1) 

= nN! lBrtl \ ~ 

The 
1 terms proportional to ---~ are local space-charge forces whereas 

. B~:rl 
the remaining terms are due to interbunch forces. 

Hence for the present problem we may write the force coefficients 

entering into (3.1) as 

with Ni the number of particles in bunch £ and 

Pl-
\ 

L· 
I· 

.. 
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NmRr 1 
L'Q 0 -~ ---ic ",oc - nNo 2 2 Bmp y 

the local de tuning in bunch m. Here B'll is given by the length of 

bunch m dlvlded by the machine clrcumference 2nR. Similarly 

(3.4) 

iRc 
NmRrp (€l + €2) + L'Qc f,oc mm = n;rQo h2 2 g 

with 

L{l,c 
NroRrp 1 . ~l 

(3.5) f,oc = n;rQo B ~2 2 \ h
2 

m ;r 

It is now convenient to define the incoherent tune shift of bunch m 

by 

(3.6) 

where N is the total number of particles in the beam. 

In terms of these forces, we may write the equation of transverse 

motion of the test-particle as 

(3.7) 

Note that only the local coherent shift enters because the non-local 

6 

terms (3.2) and (3.4) cancel. 

Equation (3.7) agrees - within the framework of our approximations. 

with equation (3.11) of Ref. 1, provided that the single particle 

Q-value (denoted vs in Ref. 1) is interpreted to include the incoherent -

space-chaFge shift L'Qic(m)' 

We can discuss the importance of this extra term by refering to 

equations (3.18) and (3.20) of Ref. 1. In the presence of an inter-

bunch population spread the quantity vs entering into the dispersion _ 

integral (3.18) will differ from bunch to bunch. Hence, there will be 

a spread in the quantity A, Eqn. (3.18), entering into the diagonal 

terms of the matrix (3.20). It is the spread in this diagonal term 

that enters into the decoupling criteria and therefore, these criteria 

are modified by the extra term in vs' We differ from Ref. 1 by 

including this additional spread. 

We now return to equation (3.7) of the present note. The (complex) 

wake coefficients Wf,m introduced in (3.1) and (3.7) have the 

dimension of a wave number and may be regarded as complex Q-shifts. 

For resistive wall wakefield we have from Ref. 1 [cof. eqns. (3.10), 

(3.11) and (3.20) of Ref. 1 ] 

where Gf,m is the bunch function and W the wake-field coefficient 

used in Ref. 1. In MKS-uni ts 
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N£: number of particles in bunch £ 

0s(wo): skin depth in chamber wall at (0 = Wo (revolution 

frequency) • 

4. DECOUPLING CRITERIA 

In the absence of within-bunch spread (Qr = ~) we may immediately 

assume that all particles within the same bunch oscillate coherently, 

Le.; .Yr = Ym' With this assumption the incoherent local shift 

tQic £oc drops ,out from (3.7) ,and only the local coherent shift (tQc £oc) 

remains to spread ,the bunch response. The non-local incoherent shift 

is the same for. all bunches. 

Before examining the implications of Qr = Q , we proceed to solve 
.m 

(3.7). for the more gen~ral case of wi thin-bunch Q- spread due to non-

linearity: of the external focusing'. We attempt to find solutions of 

the type 

~r e- iwo Qct 

1m 
e-iwoQct (4.1) 

yp, 1£ 
e-iwOQct 

Here woQc is the collective mode frequency and l/r = In£woQc ) the 

growth rate. As usual in Landau damping calculations we have to assume 

liT> 0 in the following derivations. Using the results of Ref. 5 

we write the small amplitude response of the r-th particle (inserting 

(4.1) into (3.7)): 
(4.2) 

1 - K x 

8 

x 

where 

is determined by the amplitude dependence of Q. We now follow the 

usual procedure (see e.g. Ref. 1, 4,or 5) of averaging (4.2) over all 

particles of bunch m. We introduce a function g(a) .which describes 

the distribution of the incoherent betatron amplitudes. Let g(a) be 

normalized such that 

r-J g(a) d(a
2

) 1 

~ 

or equivalently (by partial integration assuming a 2g(a) 

a = 0 and a = co ) 

00 

,- 2 I [- ~ g/(a)] d(a ) 1. 
J 
o , 

NOW, using the fact that 

r g(a)ir(~) d(a2) 
,J 

o for 

we obtain from (4.2) after some simplification (partial integration, 

and neglect of the a-dependence of Q and K in the numerator) 

---> (4.5) 
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with 

o 
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00 [_ ~ g'(a)]d(a2) 

Q(a2 ) - ~ic - Qc 

a dispersion integral for bunch m. 

Q 2 
c 

(4.6) 

The problem of finding the mode frequencies Qc from (4.5) 

may be reduced to an eigenvalue problem. Let A be the eigenvalues of 

a matrix M with elements 

M .em 

(4.7) 

Then 

,f The determination of the eigenvalues is complicated by the fact that 

the diagonal elements of the matrix (4.7) are non-linear functions of 

the eigenvalues. However we may readily apply the decoupling condition 

of Ref. 1 which for the present purpose may -- in terms of the spread 

6 Mmm(Qc) of the diagonal elements -- be taken as 

10 

(4.8) 

Note that this is a sufficient condition for the absence of coherent 

bunch modes, for specific wake fields and bunch frequency patterns 

more detailed criteria can be obtained. For the case of resistive 

wall wakes we may replace the r.h.s. of (4.8) by Ml/~, with M the 

number of bunches and W as given by (3.8), (3.9). 

We now proceed to a specific example of the amplitude distribution, 

namely we take 

- ag' (a) 

( 4 
, 1(69.)2 ;-------_ .... , 

a 2 2 
'\ 1 - [(69.) - 1] 

for a > !Z 69. 

for a< 

Let us only retain the octupole term in Q(a) i.e. we assume 
~. 

Q(a) = Q(o) + dQ 2 
da2 a 

We obtain from (4.7) 

with u = Qm - 6Qic - Qc and 

(4.9) 

(4.10) 

(4.11) 

Here ~ "'" Qo is the average external Q-value of bunch m and eQ 
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is the frequency spread in bunch m (half width at the bottom of the 

distribution). 

In the limiting case where 

u = ~ - tQ.ic - Qc »CQ (4.12) 

we obtain from (4.10) 

(4.10a) 

and the decoupling condition (4.8) becomes [taking Qc + Qo ~ 2Qo and 

remembering that only the local part of 6Qic(m) - Eqn. (3.7) - differs 

from bunch to bunch] 

(4.8a) 

This result -- obtained for the special amplitude distri~ution (4.9) --

holds generally for vanishing within - bunch spread. As anticipated, 

only the coherent shift '6Qc£oc' enters into the condition (4.8a). 

In the other limiting case namely the case of large within - bunch 

spread 

we obtain from (4.10) 

(4.10b) 
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Now the decoupling condition (4.8) becomes 

r I Q { 61 ...1!! - (C'Qc -
L 2 \ 

(4.&) 

i » £~ IW£m\ 
l..' ... '_' ___________ ....... ________ ..• _ .•. : ............ ' .J 

Hence in this case the difference ( 1 ) enters. Again tQ.c - '2 tQ.ic £oc 

the limiting value (4.10b) and therefore (4.&) -- although ohtained 

above only for a special amplitude' distribution -- seems to be typ~cal 

for a wide class of distributions having a cut-off. 

Equations (4.8a)·and (4.&) are the decoupling conditions antici-

pated in section 1 and 2. Their implications will be discussed in the 

remainder of this note. The question as to which of the two criteria 

applies in a given case requires a more detailed examination which goes 

beyond this paper. Qualitatively one expects that (4.&) holds if 

CQ is much larger than the local tQ.ic - 6Qc . and much larger than 

the bunch-to-bunch spread [£.h.s. of (4.8b)]. 

A more general analysis has to include the azimuthal and transverse 

variation of 6Qc and tQ.ic' One may expect that this variation in-

troduces within-bunch spreads which ar~ at low enough energy, a 

sizable fraction of the average As a consequence, it 

seems that in most situations (4.8b) is more likely to be applicable. 

We conclude. this ,subsection by writing down the decoupling condi
! 

tion of Ref. 1), Whi~h in the present notation may be expressed as 

(4.8c) 

, 
" 
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5. DISCUSSION 

We shall mainly discuss decoupling due to spread in the bunch 

populations. The case of an external interbunch Q-spread (rf-quadrupole,,:) 

needs no further comment, except that (4.8b) requires twice the bunch 

Q-spread required by (4.8a) and (4.tk). 

Let us, for the remainder of this paper, negle.ct the spread in 

Qm, 5~, and Wmm; the latter on grounds that the local fields are 

usually dominated by the traditional space-charge terms. Now assuming 

a spread 6Nb in the number of particles per bunch (Nb), we write 

the decoupling conditions (4.8 a, b, c) as 

( 5.1a) 

tNb " ...-> Nt (5 .lb) 
- 1/2 CQ.icllOC , 

(5 .lc) 
loc 

rt For small beam size the incoherent (local) shift, equation (3.3), 
i 

~r 

becomes much larger than the coherent shift (eqn. 3.5). In this 

regime, which is typical for synchrotrons at energies far enough above 

injection, (5.1a) requires a much larger shift than (5.1b) and (5.1c). 

In the same regime the spreads required by (5.1b) and (5.1c) differ by 

a factor of 2. 

14 

At injection into a synchrotron (e.g. the P.S.) the coherent (local: 

tune shift is typically of the order of half the incoherent (local 

shift). Hence in this case (5.1b) (i.e. the criterion pertaining to 

the case of large within bunch spreads) requires the largest spread. 

However for most practical purposes the difference between (5.1b) 

(which probably applies in most cases of practical interest) and the 

C.S. criterion is not very important; (5.1a) (Le. the criterion in 

the Cdse of vanishing within-bunch spread) will require, for some 

range of parameters, a considerably larger 6N/N. 

Finally, we note that the local.. tune shUts contain the bunching 

factor B. Theref'ore a small difference in the bunch shapes 

is as effective in decoupling the bUnches as a population spread 

(~). 
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