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IN THE CASCADE bECAY LU 3684) » yyy( 3095)

: g *
- H. B. Thacker

State University of New York at Stony,Brook
Stony Brook, Long Island, New York 11794

and

" Paul Hoyerf

Lawrence Berkeley Laboratofy
University of California’
Berkeley, California 94720

_October 30, 1975

ABSTRACT
The angular distributions-in thé‘caScade decay prngss
ete” > P1(3684) » Yx * yyw(5095) > vy are considered as a means of
determining the spins and.radiative couplings of the x particles.

The expression for the full angular distribution is brought into a

'simple factorized form ﬁsing an approach suggested by spin diagrams.

A1l moments of the distribution are‘tabulated fora x spin <2 and

pure or mixed transitions with photon multipolarity> 2.

I. INTRODUCTION .

The recent discovery of a number of high mass even-C states

in the mass region between the ¢(3095) and ¥'(3684) is a clear

indication that a new spectroscopy of hadrons is emerging. . A deter-:

mination of the spins of the "y" states is of great importance for an

¥ Research supported by the National Science Foundation under Grant
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-1 This work was supported in part by ERDA.

1,2)

understanding of the underlying dynamics. In addition, the multipolarity

(or eguivalently, the helicity structure) of the coupling for the decay

Vo v ' ' (1)
as well as that for
X Y (2)

(¥hich has been observed for at 1east,oné of the_x—particlesl)) may

be very revealing.

In this paper we consider the angular dependence of the
reaction

+ -

. .
ee > Y\ o oyiX * YYb * o YiYu E ' (3)

as a means of determining the spin and couplings of the particles.”
The main result will be a compact and gonvenienf formula for the
.angular dependeﬁces Af the process (3) in terms of its moments.
These moments aré in turn éxpressedras relatively simple,functioﬁsAof
thg various possible multipole couplings for a given X spin j. For
3.=-O, 1, and 2, we have tabulated fﬂese_moments assuming for the
latter two cases an abitrﬁry'mixture of Fl and M2 couplings.+ This

allows the full angular distribution or any partially integrated

distributions for (3) to be easily and’explicitly written down.

* Sequential ﬁhoton emission processes have of course been extensively
_studied previously in nuclear ph&sics, for the specific kinematic
sitﬁation encountered there. For.an early calculation see_Ref. 3.

T For convenience.we adopt the nomenclature appropriate for positive

;parity ¥ states. All the resulté of Section III are independent

of the ¥ parity.
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Angular distributions for the case of higher spin and/or higher

multipolarity can bé’constructed, if necessafy, using the formulas

given here. Previously derived4’5) expressions for certain angular

correlations and particular couplings are obtained as special cases.*’+

II. ANGULAR DISTRIBUTIONS

The experimental situation that ishéurrently"relevant to the
study of‘feaction (3) is that ih which thé et 'énd. e beams are
unpolarized and the pblarizations of the outgoing photons‘ah§,muons are
not observed. However, for the approach developed in this section it
will cost us no extra effort (in fact the forﬁulas will.appear.somewhat
more symmetric) if we consider the most general case in which the beams
carry some afbitrary polariéation described by density matrices
p(e+)au, and p(e-)BB,,‘and the outgoing photons and muons are
subject to some polarizétion measurement. In the next'séction we
discuss more specifically the case in which theré.is no.beam polarié—
ation aﬁd no polarization measurements. Thus, we considef the decay

of a ' whose (unnormalized) polarization matrix is

* Note that the results of Ref. 4:were corrected after publication to
agfee with those of Ref. 5 ( and with the results in this paper).
t During the course of this work we learned of another calculationé)

of angulaf correlations in ' + yyyp. The approach of Ref. 6 is,

however, rather different from ours.

wdym
O(IP')OU, = TG+(0L) e"(ﬁ)-»wl(@) '

x T*G*w)ef(s')»w'(o')) ple®)r Pl g, (4)

where, here and throughout, a sum over repeated spin component indices

is implied. 1In Eq. (4), p(e*), -p(e”), and p(y') are all defined

_ in some fixed lab frame coéfdinate'system (A) whose z-axis is along

the beam direction. The labéls o, B, etc. indicate spin components
along the z-axis.

' Next we define a rotation R, - which takes us from-the
coordinate syéfém A to ahothgr coérdinate System B whose z-axis

is along the direction of the momentum of Yl..‘In géneral, the

polarization of x in the coordinate system B is described by

o(X )yt = T@'(B) *.Yl(k)‘ x(a»T@’(B') * v, (A1) x(a'))

x D MR ™) 0w ) DF g (R) 0y, )y (5)

Here, p(Yl) ‘represeﬁts a measurement of the Yy photon polarization
(by rescattering or some other meaﬁs),~and p{x) 1is the polarization
matrix of the X associated with that measurement. . If the polarization
of Yy is not observed, then (5) involves simply a diagonal sum over
photon helicifies, i.e., O(Yl)ll = p(Yl)—l—l =1 and D(YI)A'A =0
otherwise. In (5) we have made use of the fgpt that_the radiative

7)

transitidn amplitudes are real
Throughout' this paper we will neglect the recoil of the ¥
and the ¢ in (3). Thus, we take the X . and the ¢ to be essentially

at rest in the lab, and hence, the u+u— pair to be essentially
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coliinear. Within this approximation, we can treat the decay oo -
. from C to D,-respectlvely, where the z-axes of coordinate systems

directions,

X + Y,¥ by the same procedure that led to (5), i.e., rotate p(x)
: . A, B, C, and D are along the e e s Yp YZ’ and u u

by R, to the direction of the outgoing Y, and then calculate the
- . _ respectively Thus, Eq. (6) depends on nine Euler angles in the most

For the case of no beam polarization and no polarization

polarization matrix of the Y 1in terms of the x = YoV decay
. . general case.

- helicity amplitudes.
- and calculate the polarization matrix for the u+u-

' Finally, we rotate by Ry to the p i axie
state. The full

angular distribution for (3) is then obtained by tracing this quantity

with matrices p(u' ) and p(u”) representing possible measurements

“of the v oand y polarizations (2 x 2 diagonal unit matrices
if these polarizations are unobserved ). Thus,_we»obtain the angular

_distribuxion_

fRRyRy) = D )TQ(u>+v2(x)¢<v>)n Jr,™h

x T(@ (8) » v;(A)) x(u)) DBO (R1 ) pw'), D:,B,(Rl)

x (s > Yl(Ai) x(a! ))Dg,u.(_n?_) T > (05 ')

(n ) pw) (6)

X

 P(rp) o(Y,) o,
D, x' 1aph, H Y2, _

‘where Jj 1is the spin of X; p(}') 1is given by (4),'aqd

P = TG0 > w'(e) 1(8) Tk ) » W'ta) wT(s"))

: + -
.X p(u )ala p(u )BIB . (7)
_All -amplitudes in (6) are defined with spins qﬁantized along the

relevant decay axis. The rgtations Rl,_R2, and R3 are defined as

transforming from coordinate system A to B, from B' to C, and

measurements (see Section III), one of the azimuthal rotations around

each of the four axes 'e+e-, Yl,"yz, and u*uf, becomes superfluous,

and in that case the distribution is a function of five angles.

.The matrices p(yl) and b(Yz) in (6).ahd o(y’) anda p(y")
in (7) represent_poésible measurements ‘of the photon and muon polariz-
ations. The particular'form wﬁich Eq. (6) assumes in thé case of no
beam polarization and no polarization measurements can be most.éasily

. stated by defining a matrix

1
3 o 0.

£ = 0 0 o0 . (8)
0 0 :

If photon polarizations are not observed, then p(yi) = p(y2) = 26’_

corrésponding-fo a simple sum over photon helicities., If muon

polariiations are not observed, then oluh). and p(u~) are unit
matrices, and (7) yields (up to overall factors which do not affect.

the angular distribution) p(y) ='6°. Finally, if there is no beam

+ -
polarization, then p(e ) and p(e”) are unit matrices, and (again

: . o -
~up to overall factors) p(Y') =p (we recall that the matrices

'“p(w'), -p(¥), -and p(y) are all defined in their appropriate

coordinate systems, with the z-axis along the decay momentunﬂ.
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The reduction of Eq. (6) to a transparent form is facilitated
by replacing the helicity amplitudes by the corresponding multipole
couplings. In terms of the Wigner 3-J symbols defined in the
Appendix, Egs. (A1) and (A4), we define the &th multipole amplitude

T, (4,A) for §' > yx by

£ J 8

)T@ (8).+ yl(e - o) x(a))

Ta(tA) = (204 '1)<
C Ao X

(a sum over repeated heliclty indices still is implied). Here we have
used the covariant-contravariant 3~J -symbel notation of ngners)
(see Appendix). Similarly, for X * Y¥, We define the multipole.

amplitudes

L 1y
L6 = (20 1)( )TQ((u)"Yz(u -v) w(v)) . (10)
A v

It is not difficult toshdwthat, as a consequence of par{ty conserva-

tion,
eA) = o (M a(e,-0) )

for both Tw, and Tx;v Here, -ﬁx is the barity of the X  state..

.Thds, as is well known, there is only one independent amplitude for
each multipolarity. For a "'y of spin j, there are in general

-(J >1) 3 independent amplitudes, 2 =3 -1, J, j + 1.

Invertlng Eqs. (9) and (105 and substitutlng into Eq (6),

we obtain the following expression for the angular dlstributlon:

-8-
: = E l
1
. 21’ 1 .
1]
L 22

where
£( % ,01,8 z') = p, X 1y gty Db (R)
Ry RoyRas 2y, 17272 Dgy (By oot Porgr{Ry

I I . 201w
J ‘ (R ) o).,
x Dalul(Rz) \)'K'
| A v 3/l |

o x op g™ )

L. 1 u

. x D J(R ( ) w:(z }‘ ) p(Yl)A'X TW'(zl’Al)
l J B .

X T(z?_,x )p(Yz)A'A Tx(zz,kz) x (a3

We have found 1t very convenient to interpret Eq (13) and

the subsequent uan1pulat10n of thls expression in terms of "spin

‘diagrams" which were developed prev1ous1y9) in a different context

 The components of these diagrams which will be needed in this paper

* The diagrammatic method used here and in Ref. 9 is closely related -

10).

‘The main advantage of the present approach

8)

-to earlier proposals
is that we use the cevariant notation of Wigner ‘, which has a very

natural graphical interpretation.
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-9 _
are deplicted and defined in Fig. 1. Some familiar relations (see Here, tw' and tw are thé so-called "statistical tensors" or multi-
Appendix ) are expressed diagrammatically in Figs; 2.dnd 3. The . ‘ pgle momenfs of’thg matrices p(y') and p(y), defined by
diagrammatic interpretation of Eq. (13) is shown in Fig. 4. |
| The fact that the D-matrices in (13) occur in three pairs, ) c; 1 Jl
each of which is a functlon of one of the three rotations \Rl R2, or ' tﬁi(jl) p(w')ooi | " (16)
3’ suggests the introduction of a form of the Clebsch-Gordan series: ‘ _ : : . ? ui
od, B'(R) DY (B = ) (0¥ (214 1) o |
J . v 1 K UB .
b, Ug) = ' L) - O
K 1 .53

The four-index quantity T in (15) is the quadrilateral -

contraction ofifour 3-j symbols shown in Fig. 7:

J J' B u - S
J
D . ;
. > LulR) _ (14)
w/ \gt § ' R
The diagrammatic form of the Clebsch-Gordan series is shown in Fig. 5. _
' U ufl Xl'(]lszl 1’ 1: 1 ) =

Using this reduction on all three pairs'of D-matrices in Fig. .4, we

obtain Fig; 6,ror‘algebraically from Eq. (13),

, : . at i J
(R LR, Ry5 &) 21, %5 = Z (25; *+ 1)(245 + )25, + 1) { b2
Jl’jZ’JB ) B .
3 1]
. 1 J B Jooaon
y! . 5 . . $ ' = ’
x t (j )D (Ry)T ' 355005 290285 L,IYT (21a)) (18)
1R]L HpHAgAg T2 LT Ty TR
It is interesting to note how the steps which led to Eq. (15)
JZ and Fig. 6 have produced a formula which ds segmented Into four pieces
T (2 A D R.)T .
x p(Yl)AiAI‘ W'( ) 2u2( 2) u2u3k X‘(J2’J3’ 22’22’ Jr1) strung together by single D-matrices, with each of the four pieces
relating to a single step of the physical process, i.e., the quantity

. F -
' to the left of D{R.) in (15) reéfers only to e e =+ y', that between
x TU58) oy, ), T(z,x)n3(a)t Vi) (15) et 1 ST
2 2330, 2 3 , )
272 H3H3 H3 : _ D(Rl) and D(Rz) refers to ¢' =+ Y;X» that between I(RZ) and ’EKRB)

refers to X * Y,¥, and that to the right of D(RB) refers to



-;11_

] *.u+n-. In addition té béing an extremely convenient way of calcula-
ting angular distributions (see Sec, III), such a formulation should
be of some conceptual value. It is clear that cascade processes
involving an arbitrary number of emissions can be treated in a siﬁilar
. _ . ,

The four-sided contraction of 3-j symbols (18) is closeiy
related to the 9-j symbol (sée Appendix) and can be written, using

Eq. (810) or Fig. 3b as

T 5 AI(J]-’JZ; ll’li; 1,3)

WM
Lod i Mou At o
Z(2L+l) 15y . : .
h dp L) 4y L Wy 3y
(19)

III. DISCUSSION

We wilivnéw conéider méfe spécifically.fhe angular gistribu-
tions when there is ho beam pélarizétion and none of the polarizations
of the outgoing muons and photons are oﬁservedﬂ As pointed out in
Sep. 11, this distribution is obtained (ignoring overéll factors‘which
do not affect the anguiar dependence ) by éetting ' _
p(y') = o(v) = o(y,) = D(Yz) = 0° in Eq. (15), where p° is defined
by (8); From the properties of the 3-j symbols in (16) and (17),
one finds that the statistical ténsors tuw'(jl) and tuw(jB) vanish

unless u = 0, and that : .

<"H
W
C
H
"
o

1503

=0 : Jl = 1 (20)

1

= :738- | | JI' = 2

} B .
for both t.¥ ana t¥'. It 1s also clear from (16) and (17) that

to(Jl) vanishes for j, > 2. |
Using D(Yl) =_p°, and recalling the parity property (11) of

the multipole couplings, we can write part of Eq. (15) as follows:

rul(Jl’Jé; zl?li; 1,3) Tw.(kl) Tw'(li) for uj =y

=0 v for uh# oy .. ' (21)

Here,
Te(&y) = T (L,4)
and

’ . R . Loegt
_ s 3. 0t =1§ 1™
rul(Jl’Jz’ 21121) 1}J) é [Gk,l + ("l) dk,—l]

E A



(no sum over ﬁl).

13-

Alternatively, from Eq. (19),

(g 2p845 LD - Z ALEC I NE RSN
' L

1y -4 fl 0 //'L (no sum over
1 . ) . R
s (O L -
S F A P I R S Y -
(23v)

In writing (21) we have also taken note of the fact that F LIAL A
211

vanishes unless ul - u2 =,Ai - Al’ as can be seen‘from its,deflnition

(19). Now, since b is an even integer by virtue of (20) and L is

an even integer by virtue of the first factor in (23b), the 9-j

symbol in (23b) has the property'(see Appendix)

15 kY 15y

| | 2,8+ .
RN T Y S O D R & T T Y G C )
hodp v} - R PR

Also, the first 3-j symbdl in (23b) has the property

1 o~ ' . 41 0N '
1 BERNY 1 ¢
-)=(1)11/ _ ) . (25)

41 8 L/ N4 L

Combining (24) and (25) giveé

: . . . .. _ 2 . s Lo )
rul(Jl,jzx 9'1;9'1: 1,j) = (-1) rll (Jl)JZ: li:g'l: 1,3) . (26)

-14-

Thus, when we sum over 11 and -gi, only terms having 52 = even

integer contribute to the angular distribution.
The part of Eq. (15) involving the amplitudes for .x ¥

can be treated in the same way using p(yz) = p°. This gives

ru2uéxzxé(32’53’ 12’22) J 1) T (22’A ) p(Yz)A|X2 T (z2fA2)

=0 for ué 7 u2' .

‘It will be convenient to rewrite (27)Ausing

2 +2'

:lé; J:l) = (- 1) r (JB’JE’ 27 é: 1,J) (28)

which follows from symmetries of the 3-§ and 9-j symbols in (23b)

and from the fact that '52 and j3 can be taken as even integers.

Using (21) and (27) in (15), we obtain

1
L +22

f(B]. 3} 2’1’ l) 2’2 ) = ( 1)

51)33=O}2 J2=O)2)4""

x (2, + 102, + 1)(245 + 1) & (J1> Do ()
(R

' ' 2
x T jo; L.,20; 1,5) T (2. )T ,(2:)D
u (31:32: 17%19 »d) w:( l) W'( 1) ‘”1“2 ‘2)

, ’ j :
. s . . 3 .
x T (J3,32, L0255 1,§) Tx(lz) Tx(lz-) DuZO(RB) ‘FO(JB) (29)
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To write (29) as an explicit function of the five angles involved,
let us refer to frame 1 as the coordinate system in which the z-axis
is along the Yy direction and Y, 1s moving in the x-z plane with

(pY )x > 0. Frame 2 is obtained from frame 1 by a rotation around the
2

y-axis by eyy’ the angle between the Y, and Y, directions, with

0< 6
YY

A gngles eYY' k)

£ 7. An event is then completely describéd by the five
b
and azimuthal anélés of the e -béam direction with respect to frame

1, and "62, ¢, are the polar and azimﬁthél angles of the outgoing

u+ with respect to frame 2. The product of D-matrices in (29) then

becomes
DOul(Rl) Dulvz(R2) DUZO(RB), = d0ul(-el) e duluz(eYY)_
~fu,b, J : _
e %430 . (30)

Y20

The fact that (29) is a purely real function can be seen to follow

from a symmetry of (23b), viz.

r(ee) = T () - (31)

(again using the fact that J%,jz, and 53. are all even integers).
i(uy9,-4,05)
Thus we can replace e 171 7272 in (30) by cos(ul¢1 - u2¢2).

To recapitulate, the full angular distribution is given by

62, and ¢2,‘whe?e ‘61, ¢1_ are tpe pola; ‘

~16-

. 2'2.'. 2é A .

f(91,¢1)92,¢2,9YY) = (-1) Tw;(ll) Tw,(li)
; Lyokee
S

2004 ,25,88) (32a)

‘where (indicating all sums explicitly)

f(el’¢l’eé’¢2’eYY; zl,zi,zé,zé)' = - zi: ZE: zi:
o | 33302 3702, i

I

e (ot g e C gie 2
x Cul(jltht 2‘1721: 5 CUZ(JB,JZ, 2-2:15: J) dulo(el) duluz(ew)

J .
3 ' .

ﬂere we have for Simplicity scaled the amplitudes by a constant factor,
a [ ( ‘ et '
Ble) = [6(0) 10,05 2,005 L 10(a)  (33)

with an identical relation for Tx(lz). The coefficlents Cu in

Eq. (32b) are then

. s . s 1[ . 0'“a
. [N =
Cu(Ja’Jb’ 2,24 J) (2.]B + 1)_- 2Jb +1 (0

C s o oat. 14
T (gsdys 0215 1,5)

- L
[Fo(0,05 2,25 1,3) 70,05 2,25 1,)]

(34)

with to(ja) given in (20) and Fu defined by (23a) or (23b).
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By takiné“angular mbments of the distribution (32) one can
completei&.factorize the dependence on the amplitudes describing the
decays ' - Y;x end X > Yéw.. Thus, using the orthogonality of

‘D~functions we have (no sum on’repeatedvhelicity_indiées implied):
1 » 2n. |
[ d(cos 61) d(cos.46W) d( cos Oz)f d¢1d¢2 f(91:¢1:927¢2:9w)
‘ -1 ' 40 : _

A 5 Jy o

1 2 Y
e 32ﬂ2 :
;53‘ | i+ ;)(252 *1N2g, v 1)
.
j\"é . ”~ . ~ ‘ . i
- N 1] 3 . 1. 3
. 171 . .
e
' L +2L i
Ry 272 4 Ao . .
x ‘ (-1) Tx(zz) TX(.RZ) CU2(J3’J?’ 22’22: J) .
- - (35)
% Similarly, one can of course take mpments only over some angles.
oY The coefficients Cu defined by Eq. (34) can be calculated
Sra .
ﬁ:>”‘ using'the expression (2% ) and a table of 9-j symbols, or directly

) from Eq. (23a). For convenience we have tebulated all the coefficients
C. needed t§ obtain éngular distributions for yx spin <2 and‘photon
Vmultipolarity-'52. These coefficiehts ére éiven in Table I. The
numbers listed in thisliable are also of intere;t in that they give.a

faifly direct indication of which moments of the angular distribution

-18-

V are most sensitive to the spin of x and which ones are most sensitive

to the multipolarity of the photong.

»As‘an.example of the use of Table I, let us give the general
expression for the 'eYY distribution for a ¥ of spin 1. When all
other angles are integratéd over, only terms with jl = 33 =M Ty T 0

and j2 = 0,2 contribute in Eq. (32b). Using Table I we get then,

Ko ) = [B,%0) + £, %2)] [fxzki) + 8 %2)]

1A 21y, ¢n A a2
3 [8,50 + 6,1 T (2) + 1, %2)]

« 13201y Aoy . a2 2 ' |
x (R - et (@) F ;z)] do(0y) - (36)

It 18 clear from Eq. (36) Fﬁat the QYY-distributiqn’is invariant under -
an interchange of couplings: fwh{i) - %w,;x(z). Thus this distri-
bution doeé not in itself determine which coupling 1is dominant. In
fact, from the equality of the coefficients Cu in Table.I we can see
that only a measurement of the azimuthal <¢l,¢2) angular distributions
would distihguish between the two coﬁplings (whén the spin of ¥ is 1)
It 'is interesting to observe that when all angles except eYY

are integrated over (as in the above example), the coefficients Cﬁ
entering in Eq. (32b) can be simply expressed in terms of '6—j symbols.
This can be seen diagrammatically from Fig. 6, which when jl = j3 =0

- reduces to Fig. 8. The two triangles in Fig. 8 are proportional to

6-j symbols according to Fig. 3a. Analytically, using Fq. (All) we

-3
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%mﬂylﬂwjf=(dﬁﬂ%'uﬂ+lxm'+nﬁj+ﬂf
’ v Jb L
<2,2',1—1|jb o> ' A (37)
T J '
Wijh this formula and Eq. (32) any . eﬁ-distributio@ can ﬁe easily -
witten down. In particular, one can verify the expressions previously

5)

given”’ in the special case of pure El1 coupling and x spin
J=1or 2.

The formulas giveﬁ in this paper are quife general, The best
way of analyzing a given set of data will,-of course, depend on the

acceptance and available statistiecs. Ideally,.an analysis in terms

of the angular moments defihed by Eq. (35) would give the most direct .

information on the 'x spin and coupiihgs. Alternatively, cne could
perform a maximum likelihood fit to the angular distribution obtained
from Eqs. (32) and Table I, with the multipole couplings (L) as

free parameters. In any case, the rather compact formulas developed

above should be of help in interpreting the experimental distributionms.
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APPENDIX
- In this appendix we give the definitions of j—j, 6-j, and
9-j symbols and briefly describe some of their symmetry properties,

The 3-] symbol is defined in terms of the usual Clebsch-Gordan

coefficient by

e Iy Apalipen)
V2j3 +1

(a1)

X A AB

The diﬁgrammatic 3-j symbol is shown in Fig. Ie. We have found it

convenient to employ Wignér'ss) covariant notation for spin indices.

Defining the “métric tensor"

"

C J = (_1)-""A GA..

2j o 4 '
Ao ,=C (-1) Car (A2)

i
t

o \j+o ) 25 . oA '
e N A (43)

a 3-) symbol with one or more contravariant indices is obtained by

raising those indices from the left, e.g.,

Iy N NVLISE I
- 033 | .

e JB ‘ '

A A, 33» AL A, A

dy oy
s 3 \

(1373 \ (A2)

Mo —AB/



. case Greek letters AsO,U,V,eee
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‘ (To avoid confusion due to the changing position of indices, we always

.use Latin letters j, %, L, etc.. for representation labels and lower )

for spin component indices. A sum

" over repeated helicity indices will always>bé'imp1ied.) Among the use- .

-ful symmetries of the 3-j symbol are: (1) It is symmetric (anti-
symmetric) under an odd permutation of its colums if jl + j2 +.53

is an even (Odd) integer, and (2) A fully covariant .3-] symbol is

’iegualrto the fully éonﬁravériant-one obtained by inverting all three

: qolumhs. The 3-j symbol satisfies an orthogonality relation

o4, A A, A |
_ . _ Sion 800
_ (ai<1)
, . _
Mo X o Jp '

shown in Fig. 2a, and a completeness relation

hodp IN MM A
A RCURY
J - A Ay A J1 Jz J

(46)

shown in Fig. 2b. Note that, in order to cbmpletely specify the meaning

of the diagrams, we have indicated the ordering of the lines in a 3-j

_symbol by a + (-) sign, corresponding to the diagram being read off

counter-clockwise {clockwise).

A tetrahedral contraction of 3-j symbols gives a 6-]

~ symbol,

~22-

(47)

The 6-j symbol often enters a calculation via the identity shown in

Fig. 3s,

h 9 Jo 9\, Y I3
AL, Ay 27Ny 0, Ay

. (48)

A A I PO

Since in this paper we have made minimal use of the 6-j symbol, and

thenroply as a special case of a 9-] symbol, we refer to standard
textsB’ll) for further discussion of its properties.

A 9-j symbol is obtained by contracting six 3-j symbols
together into a closed figure in which there are no triangular

contractions:
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i Jp ; ) ,
(N 2 da N\ 3, iy,
39 Iy N W VY A A
. 1 Y M . .
Siy gy 12 3%

The identity by which the 9-j symbol enters our discussion of -

angular distributions is shown in Fig. 3b, .

(51 2 d12 I3 4, Iy Mo A
MNoh M /NN N A /N 0y
YN Ay
x
2 9, g
J 3y, :
) 1 2 12 // le J34 J
= (25 +1)(35 3, g,
J oy \x Ao, A
Jyg - dpy d 12 734
: Mio o, A _ ‘
X S o (A10)
. s N .2 X j/

VS VR WS | |
x ( 12 34 ’ . '. (A9) .
hip 4y

-2l

From 1ts dgfinition, it is clear that a 9-j symbol vanishes unless
the three entries in each of 1its TQWS and colums can be related by
vector addition. It‘can also bg shown that a 9-j symbol is symmetric
(antisymmetric) under interchange of any two of its rows or any two

of its colums if the éuﬁ of all nine of its entries is an even (odd)
integer. In particular, a 9-j symbol with two identical rows
(éolﬁmms) is eQuél to zero ifvthe sum of the three elements_in the
reﬁaining Tow (coluﬁn) is odd. ;if a zero éppears anywhere in a 9-]

symbol, it can be converted to a 6-j symbol by the identity

A B .
. I5+3 54,0 fﬁ iy 3
342 1 J2 93
2'2 2':I_ JB : = (’1)
' ' v 2 8,
8 %4 o v».'\[233+1 \/223+1] 12

(a11)
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Values of the coefficients -Cu(ja,jb; %,8'; ) defined by Eq. (34) of the text. All nonzero

Table I.

The value of

coefficients needed for a x spin J < 2 and photon multipolarity £,&' < 2 are listedT

is

u

is independent of the sign of u - according to Eq. (31). Since Jb is an even integer, C

U
invariant under the interchange & <> 2!, according to Eq. (26).

C

Table I continued next page
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Values of the coefficients Cﬁ(Ja’Jb; £,2'; §) defiqed by Eq. (34) of the text. All

Table I Continued.

'2"< 2 are listed.

The

nongero coefficients needed for a .x spin J < 2 and photon multipolarity 2,

%

is irdependent of the sign of M according to Eq. (31). Since Jb is an even integer,

. H
is invariant under the interchange & ++ &', according to Eq. (26).
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Fig. 6.
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FIGURE CAPTIONS

Definition of the components in the spin diagrams:

(a) Spin j propagator.

(b) The ' polarization matrix defined by Eq. (4).

(¢) The multipole amplitude Tw,(l,k), defined by Eq. (9).

We use wavy lines for photon propagators.

o, ().

AT

- {e) The 3-j symbol defined by Eq. (Al.

_(d)_ The diagtammatic rebresentation of a rotation matrix

) A +(-) sign

next to the vertex indicates thét the diagram should be

read off in a counterclockwise (clockwise) direction.

Vertices with one or more outgoing lines have the

corresponding helicities in the "up" position in the

3-j symbol (ef. A; in Eq. (A4)}.
{(a) The orthogonality relation {45).

(b) The completeness relation (A6).

(a) Spin diagram representation of Eq. (A8).

(b) .Spin diagram representation -of Eq.-(AlO).r

The expression (13) of the text.
The Clebsch-Gordan series (14).
The expression (15) of the ‘text.

The symbol T ' |(j )j HEE S A 1)5)
ulu2X1A1 1’¥27 1’71

The special case of Fig., 6 when jl = jj

polarization matrices are factored off).

_defined by Eq. (18).

=0 {the ¢,y
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LEGAL NOTICE

This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
States Energy Research and Development Administration, nor any of
their employees, nor any of their contractors, subcontractors, or
their employees, makes any warranty, express or implied, or assumes
any legal liability or responsibility for the accuracy, completeness
or usefulness of any information, apparatus, product or process
disclosed, or represents that its use would not infringe privately
owned rights.
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