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Abstract

Essays on Electricity Markets in Presence of Strategic Prosumers

by

Sepehr Ramyar

Prosumers, with the ability to act both as a supplier and a consumer in a power market,

have received considerable attention recently. Having distributed energy resources, their

capability to operate in an isolated mode, separated from the main grid, has also been

promoted as a vital option to enhance the power system’s resilience. One emerging

concern is the prosumer’s ability to manipulate the power market as a buyer or as a

seller. This thesis vets the outcomes of a power market in presence of strategic prosumers

and formulates electricity markets in different frameworks depending on the prosumer’s

strategy to obtain the equilibria representing the market outcome.

This thesis posits a situation in which a strategic prosumer owns a renewable

unit with variant output and a dispatchable backup unit, and participates in a power

market following a price-taker, quantity-based, or Stackelberg strategy. The prosumer is

assumed to maximize its benefit by deciding amount of power to buy from or sell into the

main grid, amount of renewable power to forego consumption, and amount of power to

produce from backup unit. The interaction of prosumers and the main grid is modeled

through shifting the residual supply curve in the wholesale market, thereby avoiding the

possible numerical issues when aggregating their demand horizontally with consumers.

The model is applied to a case study of the IEEE 24-bus RTS as an illustrative example.
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Prosumers in the market are also subject to uncertain renewable output and, as they

participate in the day-ahead market, decide how much energy to consume, sell, or

purchase, considering the potential imbalance due to uncertain output. The question of

prosumer’s risk preferences, taking into account the uncertainty in its renewable output,

is investigated and the dynamics between prosumer’s risk decisions and its implications

for the prosumer’s profit maximization are examined in a chance-constrained framework.

This thesis illustrates power market outcomes in presence of strategic pro-

sumers following price-taker, quantity-based, and Stackelberg strategies exercised by

the prosumer and shows existence of market-clearing equilibria in the case of perfect

and imperfect competition and demonstrate that the prosumer’s position in the market

does not depend on its strategy along with the fact that the prosumer is able to attain

higher pay-off in the price-taker case compared to the quantity-based strategy. This

thesis also shows the impact of prosumer’s Stackelberg strategy on rent distribution

and price formation in the marketplace in a chance-constrained framework to account

for uncertainty of its renewable output. Finally, the thesis investigates prosumer risk at-

titudes and quantifies the impact of renewable output uncertainty and imbalance prices

on prosumer’s risk preferences.
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Chapter 1

Introduction

1.1 Introduction and Background

Energy markets across the world are at an inflection point. The need for sus-

tainability and mitigating climate change impacts have led to fundamental changes in

the design and operation of power markets. The traditional demand-side paradigm in

electricity markets has been challenged by a growing body of customers with renew-

able and distributed energy resources (DER) such as solar panels, storage, and electric

vehicles.

As the demand-side becomes more flexible and engaged in the power market,

new entities and forms of participation in the energy market emerge. Particularly, we

see the advent of prosumers, i.e., market participants who are capable of concurrent

generation and consumption of energy as opposed to the conventional consumers or

suppliers that have traditionally engaged the market on either the demand or supply

1



side. The impact of prosumers on power markets are amplified by aggregators that

integrate demand response (DR) and DERs over wide geographic and temporal spectra

and offer bundled energy products to the market which has recently been facilitated by

FERC Order 2222, encouraging further adoption of DER technologies. With an increas-

ing share of consumers becoming prosumers, it is crucial to investigate the implications

for the design and operation of power markets.

The heterogeneity in placement and diffusion of renewables and DERs en-

ables economic opportunities for prosumers far beyond those available to conventional

consumers and, as a result, significantly changes the dynamics in electricity markets,

offering incentives to the new entities in the marketplace. Therefore, as prosumers are

introduced into power systems, market outcomes would likely be different from those of

a power market with conventional consumers, especially if prosumers’ behavior start to

deviate from price-taker assumption. At the same time, given the novelty of prosumers

in the marketplace and a potential absence of a mature regulatory framework, these

new entities might find themselves subject to less oversight. This calls for an analysis

of whether, and how, prosumers could impact power market outcomes.

Moreover, prosumers face inherent uncertainty of their generation capacity

from renewables, which highlights the importance of risk attitudes in the decision mak-

ing of prosumers. As prosumers establish a more prominent position in power systems,

their behavior and the way they manage risks will have important ramifications on the

quantities traded in the electricity market and the overall market outcomes. The degree

of prosumer risk aversion also highlights how it reacts to different market conditions,

2



capturing part of its decision making process.

This thesis attempts to answer the questions on how introduction of prosumers

into power markets could impact market outcomes: What are some strategies the pro-

sumer can potentially exercise? and what would market outcomes look like following

each strategy? How do market outcomes change in each case depending on the level

of renewable capacity available to the prosumer? How does the inherent uncertainty

in prosumer’s generation resources affect its decisions and tolerance to risk, and by

extension, outcomes in the marketplace?

1.2 Outline of Dissertation and Contributions

This thesis is constituted of three papers that address different dimensions

concerning modeling a power market in presence of strategic prosumers. While there is

much to be studied to cover all questions on the future of power markets with substan-

tial levels of renewable and distributed energy resources, this thesis covers a subset of

problems related to the impact of introducing prosumers into power markets using an

equilibrium approach.

Chapter 21 sets the stage by introducing the mathematical components and the

analytical frameworks, which will be used throughout the thesis to model and represent

the power market. The prosumers are assumed to be a price-taker or exercise quantity-

based strategies. This is achieved by formulating the problem using a complementarity

1The material in this chapter have been published at IEEE Transactions on Power Systems. Link:
https://ieeexplore.ieee.org/abstract/document/8815858
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framework that allows prices to be determined endogenously. In the perfect competition

case, the prosumer, along with other market participants, takes the power prices as given

and decides on the level of its output or consumption. In the Cournot case, the prosumer

possesses information about conventional consumers’ demand function and incorporates

that extra information into its problem. This chapter illustrates the existence of market

equilibrium and shows how the prosumer’s position in the market does not depend on

its strategy.

Chapter 32 formulates the problem based on a different informational structure.

Specifically, the prosumer is able to internalize the best response of every other market

participant into its own profit maximization problem. This problem is formalized based

on a Stackelberg game where the prosumer is the leader, and other market participants

are considered as followers. In order words, as the leader, the prosumer is able to

internalize the best response of the followers, including consumers, generators, and the

grid owner. The uncertainty associated with the renewable output is explicitly modeled

by formulating the problem as a Distributionally Robust Chance-Constrained (DRCC)

Mathematical Program with Equilibrium Constraints (MPEC). In this chapter, we find

that prosumer’s strategy depends on the magnitude of renewable generation uncertainty

and the degree of risk aversion, which jointly affect the “perceived” quantity of available

renewables. Similar to the risk-neutral cases, the risk-averse Stackelberg case always

yields a higher payoff for the prosumer compared to the Cournot and perfect competition

2The material in this chapter is from a paper currently under review at Springer Energy Systems
journal. An earlier version of this chapter was a best paper finalist and published in Hawaii International
Conference on System Sciences 2020 (HICSS 53): https://scholarspace.manoa.hawaii.edu/handle/
10125/64122
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cases.

Following the framework established in Chapter 3, Chapter 4 proposes an al-

ternative modeling framework in which prosumers endogenously determine their risk

attitudes through optimization in a setup with a day-ahead market and real-time im-

balance settlement43. We show that the effect of uncertainty can be managed in a

power market when prosumers are allowed to internalize the risk by deciding optimal

risk attitudes in order to maximize their profits. We also quantify the forgone profit

when prosumers’ risk preference deviates from the optimum. The results highlight the

fact that endogenizing risk preferences can be a useful tool to manage risks in the power

market.

3The material in this chapter has been organized in a paper currently under review at IEEE Trans-
actions on Engineering Management
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Chapter 2

A Power Market Model in Presence of

Strategic Prosumers

2.1 Background and Literature Review

Electric power markets are undergoing rapid and fundamental transformations.

The urge for an increase in renewable capacity and generation, in part owing to the

efforts of mitigating climate change and pursuing sustainability, has led to significant

changes in the design and operation of modern power grids. With the availability of

smart meters together with advances in IT, a growing body of customers with renewable

power generation capabilities combined with emerging distributed technologies, such as

electric vehicles and storage, have altered the conventional demand-side paradigm in

electricity markets.

This major shift in power markets towards a more engaged and flexible demand-
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side involvement has direct impacts on the behavior and participation of various agents

in the market. Specifically, we see the advent of prosumers, i.e., agents who are capa-

ble of concurrent generation and consumption of power as opposed to the conventional

consumers or suppliers who only participate in one side of the market. Given an in-

creasing proportion of customers in the power market transforming into this emerging

entity, with the duality of consumption and generation, it is expected to have significant

implications on the design and operation of the future competitive power market[1]1.

The interactions between prosumers and the wholesale power market are facil-

itated by aggregators who collect and integrate demand response (DR) and distributed

energy resources (DER) at the distribution level and offer the aggregated energy bun-

dle as a product to the wholesale market. Aggregators install and operate renewable

facilities, such as solar panels, energy storage, electric vehicle charging, and smart en-

ergy management systems and are responsible for operation of generating fleet over a

wide and diverse set of households and geographical areas constituting a substantial

distributed generation and energy management capability[2, 3]. This provides an eco-

nomic leverage for prosumers participating in the wholesale power markets far beyond

ordinary customers as they are capable of integrating considerable resources over space

and time, and at the same time, also fundamentally changes the business models of the

electricity markets.

1For example, recent focus of the power engineering community has been on developing a platform
that allows a distribution system operator (DSO) to coordinate and to align with prosumers and an
independent system operator (ISO) at the transmission level to facilitate energy transactions. In partic-
ular, the final ruling of the FERC Order 745 stipulates that demand response resources participating in
an organized wholesale energy market must be compensated for the service they provide to the energy
market at the market price for energy, namely the locational marginal price (LMP). Moreover, issues
related to the DER aggregation reforms have been discussed by the FERC.
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However, the introduction of prosumers into wholesale power markets poses

several challenges in terms of operation and planning of a power system, in part driven

by economic incentives offered to new participants in the power market. The opera-

tion and planning of a power system with increased participation of prosumers would

shift the market’s focus towards a more distribution level paradigm. This would conse-

quently affect decisions on transmission grid expansion and investments on distribution

and power generation facilities[4]. Furthermore, the economic incentives for market

participants and the resulting market outcomes might change considerably as more par-

ticipants are capable of concurrent generation and consumption. In other words, the

market outcomes in presence of a prosumer would likely be different from those of a

market with conventional consumers, especially when prosumers are allowed to devi-

ate from price-taking assumptions. As these entities are relatively new to the market,

they might be subject to relatively less oversight, partly as the result of underdeveloped

regulatory framework to address their behavior.

Given the recent paradigm shift in the power markets towards an architecture

with an increased presence of prosumers, an interesting question is how this emerging

entity, i.e., prosumers with the ability of acting as both a producer and a consumer,

might interact with the wholesale market and affect market outcomes as well as other

entities in the market.

The impact of strategic prosumers on electricity markets has received some

attention in the power systems literature. For example, [5] examines how a demand

aggregator, operating a conventional generator and a green energy management system,

8



affects the wholesale market by considering the aggregator exercise a quantity-based or

Cournot strategy. This paper, however, does not account for the capability of concurrent

generation and consumption by the prosumers, thereby underestimating the ability of

the prosumers affecting the market.

In a more recent paper, [6] considers a problem with a different information

structure by postulating a load aggregator as a leader while other entities, i.e., pro-

ducers, consumers and the grid operator, are followers in a Stackelberg setting. The

load aggregator operates renewables, a wind source for example, and contemplates to

“spillover” or “curtail” its wind power to reduce energy offering into the wholesale mar-

ket in order to push up the wholesale power prices. Similar to [5], buyer’s market power

is not considered in the analysis. As prosumers are expected to play a crucial role in

the future power market, especially with their continuous growth in the market, models

that explicitly formulate prosumer’s behavior and endogenize power price formation will

prove to be an important tool to assess its impact on market outcomes.

Other papers have also contributed to modeling prosumers’ behavior. Authors

in [7] implement a two-stage stochastic programming approach to optimize a prosumer’s

bidding (first stage) and scheduling decisions (second stage) with the objective of min-

imizing the prosumer’s expected cost. However, the power prices are assumed to be

exogenous, and the paper fails to reflect the interplay between prosumer’s decisions and

price formation at the wholesale market.

Reference [8] investigates demand response participation in the wholesale power

market in which a DR aggregator offers contracts to customers based on physical con-

9



straints and capabilities, such as storage, on-site generation, load shifting, and load

shedding and maximizes its expected payoff. While power price paths are simulated

based on time series and artificial neural network techniques, it is subject to the same

limitation as [7]. Another study examines optimal contract design between a retailer

and an end-user when facing uncertain power prices [9]. A power retailer here, to some

extent, is similar to a prosumer as it is capable of both purchasing and selling electricity.

The authors in [9], however, treat the wholesale prices as exogenous (similar to [7, 8])

and take the contract price as the decision variable.

Therefore, a common thread of the existing literature is to treat the whole-

sale power prices as given, and focus their attention on finding optimal contracts with

customers or dispatch schedules while maximizing expected payoff. In other words, the

dynamics of the interplay between the prosumers’ strategic actions on the wholesale

power prices is commonly not considered. Prosumers’ strategic actions will play an

important role in the future because the number of prosumers is expected to grow sig-

nificantly. This is in part facilitated by the emerging decentralized and layered market-

place, such as DSOs to govern and facilitate energy transactions, together with promi-

nent incentive-compatible business models to minimize transaction cost and maximize

business opportunity [6, 10].

This chapter extends the existing work by Hobbs [11] with an explicit formu-

lation of the prosumer’s problem in a bottom-up complementarity framework, which

allows interactions of the prosumers with other entities in the market, e.g., conventional

generators, consumers, and the grid operator, to be investigated. The prosumers can

10



be either a seller or a buyer, acting strategically or competitively, as oppose to merely

sellers as in [5, 7]. Power prices and transmission charges, and decisions of all the en-

tities in the market are endogenously determined, rather than exogenously given as in

[7, 9].2 (Therefore, our model considers only the high-voltage transmission network,

abstracting from representing low-voltage distribution network.) In particular, our for-

mulation does not ex ante fixate the prosumer’s role, either as a producer or a consumer,

in the market, but, instead, allows solutions of the model to decide which one of the

two roles the prosumer should assume when maximizing its benefit. That is, whether

the prosumer sells power into or buys power from the wholesale market in equilibrium

is not known before solving the model. Moreover, our analysis, which explicitly decou-

ples the prosumer’s marginal benefit and the bulk energy consumers’ willingness-to-pay

without a priori fixation of prosumer’s role, a producer or a consumer, also advances

bottom-up modeling of prosumers’ behavior. In fact, how to treat prosumers’ demand

in the model when their role in the equilibrium in the bulk energy market is unknown

a priori is actually not trivial. Finally, rigorous proof of the existence of equilibria are

provided along with discussions on uniqueness of the solutions to enhance our under-

standing the properties of the models. Thus, this chapter advances current knowledge

of studying prosumers’ behavior by allowing an endogenous treatment of power price

formation process and simultaneously modeling the prosumers as both a buyer and a

2Bottom-up complementarity models formulated based on game-theoretical framework and built
upon individual entities’ optimization problems have emerged as a popular tool to assess the impact of
newly enacted regulations, proposed market designs, emerging technologies, and other considerations
in the energy sector. The strengths of this model lies in its ability to incorporate heterogeneity in
generating technologies, physical systems, e.g., transmission, various institutions and emerging entities
in analyses. Examples include [12, 13].
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seller.

This chapter is organized as follows. Section 2.2 gives a detailed formulation

of optimization problems faced by each entity in the market, their first-order conditions

as well as market clearing conditions that define equilibrium. The models developed in

Section 2.2 is then applied to a case study of IEEE 24-bus Test System in Section 2.3.

We report main results, provide proofs of solution properties, and generalize our findings

in two propositions that emerge from our analyses. Additional numerical simulations

are conducted to illustrate our findings. Concluding remarks are given in Section 2.4.

We document our proofs of the three propositions in the Appendix A.

2.2 Analytical Model

Our work is based on work by Hobbs [11] and extends his work by introducing

prosumers in the model. We use capital letters to indicate parameters and sets. Low-

ercase letters refer to variables and indices. Dual variables are designated with Greek

lower-case letters. In the following presentation, “x ⊥ y” implies xT y = 0.

2.2.1 Individual Optimization Problems

This section proceeds as follows. First, we introduce the optimization problem

faced by each entity in the market, including prosumers, producers, the grid operator,

and an arbitrageur. Second, we derive the Karush-Kuhn-Tucker (KKT) conditions

associated with each variable in the optimization problem. Third, the collection of

KKT conditions together with market clearing conditions will characterize a market
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equilibrium problem in form of a linear complementarity problem, which can then be

solved using complementarity solvers, e.g., PATH [14].

2.2.1.1 Consumers

Consumers are assumed to be price-taking agents, and their willingness-to-pay

for power is represented by the inverse function in the complementarity form in (2.1):

0 ≤ di ⊥ pi −
(
P 0
i − (P 0

i /Q
0
i )di

)
≥ 0, ∀i = 1, . . . , I (2.1)

where P 0
i and Q0

i represent the vertical and horizontal intercepts of the inverse demand

function, respectively, at demand node i. The vertical intercept, also referred to as choke

price, indicates that consumption drops to zero when price exceeds P 0
i . The function is

positive but decreasing in di, the demand quantity for consumer at node i. When there

is no regular consumer in node i, we then model that location with a sufficiently small

P 0
i so that the quantity demanded, di, is equal to zero in equilibrium.

2.2.1.2 Prosumers

The prosumer at node i possesses renewable energy generation capacity with

a negligible short-run marginal cost.3 We assume that prosumers only engage in power

3Individual behind-the-meter prosumers, e.g., owner of roof-top solar, might have limited access to
the wholesale or bulk market and be subject to a tariff that does not reflect value of their surplus
energy. We assume that our prosumer problem is the result of the aggregation of a large number
of end-prosumers, thereby allowing them interact with the bulk market directly. Thus, in a way, we
model end-prosumers and the aggregator as a joint entity. One can think about that end-prosumers,
who are subject to uncertain level of renewable output, enter bilateral agreement, a contract, with an
aggregator while allowing the aggregator to operate their aggregated dispatchable capacity. In this
case, the premium associated with the bilateral contracts will be an internal wealth transfer between
end-prosumers and the aggregator.
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sales or purchases at their local node. 4 This assumption is also consistent with the

layered grid structure envisioned in [15]. Thus, the wheeling cost will cancel out in

this. That is, the prosumer gets paid by ωi when moving power to the hub and pays

ωi when selling from the hub to node i. The output from renewable is denoted by Ki,

which is uncertain because it is limited by available natural resources, e.g., solar and

wind. Meanwhile, it also owns a dispatchable or backup resource with a capacity of Gi

in order to hedge against uncertain output Ki.

For our purposes, the prosumer’s benefit function of consuming electricity

around level Ki is given by Bi(li), where li corresponds to the quantity consumed

by prosumer when renewable output equals Ki (Fig.2.1).
5 It represents a local benefit

function centered around consumption level at Ki. As a prosumer engages in the mar-

ket, directly through bilateral trading with firms, there is limited opportunity for the

market to solicit prosumers’ preferences through market settlements, i.e., a preference

revelation process. The benefit function Bi(·) is assumed to be increasing and strictly

concave. The monotonicity of Bi(·) indicates that the prosumer’s objective function is

increasing in the level of consumption.

We posit that a prosumer maximizes its profit by deciding a) the amount

of power to buy from (zfi < 0) or sell to (zfi > 0) firm f in node i through bilat-

4Allowing prosumers to sell surplus power from its local node i to other locations is expected to
produce the same market outcomes. This is because the price difference between two nodes, e.g., i and
j, is equal to the transmission cost of moving power from i to j. Thus, while selling power to node
j might earn extra revenue (i.e., pj − pi), it will be exactly offset by the transmission cost; see, for
example, [11] for the equivalence between Poolco and bilateral markets.

5Bi is entirely separate and different from pi(di), which represents willingness-to-pay or the marginal
benefit of consumers in the wholesale market. The interaction of Bi(li) with the main grid is through
shifting the wholesale’s supply to left (right) when purchasing from (selling to) the wholesale market.
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$/MWh

Kili li

Figure 2.1: An illustration of prosumer’s marginal benefit function

eral contracts6, b) amount of forgone consumption, Ki − li, and c) amount of power

to be generated from the backup dispatchable technology, gi. The prosumer faces a

price-responsive demand characterized by its marginal benefit function. Its maximal

consumption is capped by the horizontal intercept of its marginal benefit function.

The optimization problem faced by the prosumer at node i is displayed as

follows. As mentioned earlier, the Greek variables within the parenthesis to the right of

an equation render the corresponding dual variable.

6Because the equivalence between a power market based on pool-type transactions and on bi-lateral
contracts have been alluded to in [11], we believe that our assumption herein is reasonable and can be
seen as an extension.
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maximize
zfi, li ≥ 0, gi ≥ 0

pi

∑
f

zfi

−
∫ Ki

li

B′
i(x)dx− Cg

i (gi) (2.2a)

subject to∑
f

(zfi) + li −Ki − gi = 0 (δi), (2.2b)

gi ≤ Gi. (κi) (2.2c)

The three terms in the objective function of (2.2), in order, correspond to

revenue (+) or cost (-) from transactions with the wholesale market, foregone benefit

(if Ki > li) or incremental benefit (if li > Ki) of consuming power, and generation

costs incurred from backup generation, respectively. Two constraints are associated

with the prosumers’ problem. (2.2b) states that the sum of renewable output Ki and

self generation gi net of sales to the wholesale market or
∑

f zfi equals the quantity

consumed li. (2.2c) limits the prosumer’s conventional backup generator output, gi,

by its capacity Gi. Note that the transactions of prosumer with the wholesale market

does not involve the wheeling charge wi since it only sells or buys from the node where

it produces its power. That is, the prosumer gets paid by wi when moving power to

the hub and pay wi when selling from the hub to the node i. This way of modeling

prosumers is consistent with the layer structure of future power market discussed in

paper [15].

When a prosumer is modeled in our analysis as a price-taker, it takes the price

pi as given and decides on (zfi, li, and gi) accordingly. However, when a prosumer in
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our model is designated as a strategic entity, it realizes that by “contracting” some of its

procurement of power, it could lower the power price, thereby exercising buyer’s market

power. On the contrary, it is also aware that if it reduces power sales slightly, it might be

able to push up power prices, thereby exercising seller’s market power. This highlights

the capability of the model to capture the duality of a prosumer in a unified framework.

As we demonstrate later, which of the two strategies would be implemented depends on

the prosumer’s net position in the energy market, which is affected by the zero marginal

cost renewable output Ki. While a prosumer only participates in the wholesale market

indirectly through bilateral contracts rather than, say directly submitting bids into the

market, one can assume that it acquires “strategic” knowledge through its repeated

observations of power price clearance processes of the wholesale market.

Knowing that a prosumer can manipulate the power market through changes

in procurement or purchase quantities, we then re-write (2.2) as

maximize
zfi, li ≥ 0, gi ≥ 0

pi(z1i, z2i, · · · , zFi)

∑
f

zfi

−
∫ Ki

li

B′
i(x)dx− Cg

i (gi) (2.2a*)

by representing pi as a function of zfi. One way of representing prosumer’s ability to

manipulate the wholesale power market in the model is by treating its belief as a param-

eter based on conjecture variation approach. One benefit of using this approach is that

the parameter can be altered in order to explore the impact of a prosumer’s belief of its

“manipulating” strength on market outcomes. However, this approach is mainly useful

in a situation when the demand function of underlying commodity is unobservable. An

example of this is modeling market power of tradable pollution permit market where the
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demand for tradable permits is actually implied from output decisions of generators in

the power market [13]. Because 1) our interests lie in understanding market outcomes

when a prosumer behaves compatibly with a producer, and 2) classic results indicating

that quantity pre-commitment and Bertrand competition yield Cournot outcomes [16],

we believe a Cournot or quantity-based formulation is more apt for our analysis.

Therefore, the first-order conditions associated with prosumers then can then

be displayed as follows.

For zfi : pi − δi = 0,∀f, i (2.3a)

For zfi : pi − (P 0
i /Q

0
i )
∑
f

zfi − δi = 0,∀f, i (2.3a*)

0 ≤ li ⊥ A0
i −B0

i li − δi ≤ 0,∀i (2.3b)

0 ≤ gi ⊥ −Cg′
i − κi + δi ≤ 0,∀i (2.3c)

For δi : li −Ki − gi +
∑
f

zfi = 0,∀i (2.3d)

0 ≤ κi ⊥ gi −Gi ≤ 0, ∀i (2.3e)

Here, A0
i − B0

i li is a linear representation of the prosumer’s marginal benefit

of consumption that is positive and decreasing in li which reflects the monotonicity and

concavity of the prosumer’s benefit function, Bi(·), respectively. As a reminder, the

perpendicular sign (⊥), for example in (2.3a), means that the inner product of zfi and

pi − δ + µi is zero. In other words, either zfi is equal to zero or pi − δ + µi, but not

both. A total of five conditions are associated with the prosumers’ problem with four
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primal variables and three dual variables (zfi, bfi, li, gi, µi, δi, κi).

In cases when the prosumer exercises market power, the first-order conditions

of variables zfi are given in (2.3a*). Comparing (2.3a) to (2.3a*), the difference is

(P 0
i /Q

0
i )
∑

f zfi. This term acts similarly to those under the standard Cournot for-

mulation, which makes the market equilibrium to be different from the outcomes of a

perfect competition characterization of the market. The sign defined by
∑

f zfi means

the prosumers is either exercising seller’s or buyer’s market power. Note that when

prosumers are price-takers, their consumption li is related to the its marginal benefit

A0
i −B0

i li. When li > 0, (2.3b) indicates that A0
i −B0

i li = δi, which is equal to pi from

(2.3a). That is, li is implicitly capped by A0
i −B0

i li = pi or the marginal benefit equals

the equilibrium price.

2.2.1.3 Producers

As alluded to earlier, we assume suppliers or firms are price-takers in the

wholesale power market as they are constantly subject to rigorous regulatory oversight.7

We assume that firm f maximizes its profit by deciding the output xfih and sales sfi.

7For example, the PJM market is reported to be competitive, i.e., prices set by marginal offering units
close to their marginal costs [17]. Likewise, the day-ahead market in California is generally competitive
[18]. However, regulator and market monitor are always concerned about the exercise of market power
in local load pocket due to congestion is always a concern, see [17] and [18].
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A supplier f ’s problem is given as follows:

maximize
sfi ≥ 0, xfih ≥ 0

∑
i

(pi − wi)(sfi − zfi)−
∑
fih

(Cfih(xfih)− wixfih) (2.4a)

subject to

xfih ≤ Xfih,∀i, h ∈ Hfi (ρfih), (2.4b)∑
i

(sfi − zfi)−
∑

i,h∈Hfi

xfih = 0 (θf ) (2.4c)

The first term in the objective function (2.4) is the revenue received from power sales

sfi − zfi while paying for the wheeling charge wi. The second term gives generation

cost, minus transmission charge −wi, effectively representing a payment received by the

generator from the grid operator for its service of providing counterflow to de-congest

the line from i to hub. The cost function Cfih is convex and marginally increasing as

in the literature [19]. Here, C(·) is the quadratic cost function for generation and wi is

the wheeling cost charged by the grid owner to move power from hub to node i. Solving

the optimization problem, the generator decides on its output level.

Turning to the constraints, (2.4b) limits the output xfih to be less than its

capacity Xfih. (2.4c) assures that total power sales equal its supply while accounting

for its bilateral transactions with the prosumers. More specifically, when zfi is negative,

(2.4c) suggests that additional xfih needs to be produced by the generator to satisfy

demand other than sfi. This effectively reduces the amount of power available to the

power pool, thereby, expectedly, driving up the wholesale prices. Similarly, when zfi is

positive, output from firm f is reduced as a portion of the wholesale demand is met by

the prosumers, hence prices are expected to be lower in this case. This formulation of

20



conventional generators allows the model to decouple the bulk energy demand, defining

pi in (2.1), from the prosumers’ marginal benefit function B′
i in (2.2a).

The KKT conditions of the producer f in the wholesale market are summarized

as follows:

0 ≤ sfi ⊥ pi − wi − θf ≤ 0, ∀i (2.5a)

0 ≤ xfih ⊥ −C ′(xfih) + wi − ρfih + θf ≤ 0,∀i, h ∈ Hfi (2.5b)

For θf :
∑
i

(sfi − zfi)−
∑

i,h∈Hfi

xfih = 0, ∀f (2.5c)

0 ≤ ρfih ⊥ xfih −Xfih ≤ 0,∀i, h ∈ Hfi (2.5d)

2.2.1.4 Grid Operator

The grid owner operates the power network and decides on the allocation of

transmission resources while charging producers wi to move power from hub to node i.

The optimization problem faced by the grid operator is given in (2.6).

maximize
yi

∑
i

wiyi (2.6a)

subject to

− Tk ≤
∑
i

PTDFkiyi ≤ Tk (λk). (2.6b)

The grid operator is a price-taker with respect to wi and aims to maximize its

revenue by deciding yi given the power flow in each line k is within its thermal limit Tk.

Similar to [19], power flows in the network are governed by the power distribution trans-

21



fer factor (PTDF) based on linearized Directed-Current principle[20]. In this context,

the grid operator maximizes the value obtained from the sales of nodal transmission

rights based on the topology of the network [21]. The grid operator represents the be-

havior of the transmission operator or line owner that seeks to maximize the value of

its network given the set of prices wi [22]. The grid operator’s KKT conditions are then

given as follows:

wi −
∑
k

PTDFki(λ
+
k − λ−

k ) = 0 ∀i (2.7a)

0 ≤ λ+
k ⊥

∑
i

PTDFkiyi − Tk ≤ 0 ∀k (2.7b)

0 ≤ λ−
k ⊥ −

∑
i

PTDFkiyi − Tk ≤ 0 ∀k (2.7c)

2.2.1.5 Arbitrager

We include an arbitrager in our model, as it has been shown that solutions from

models with an arbitrager are equivalent to that of a POOL-type power market when

the market is imperfectly competitive [11]. Moreover, [23] proved that when considering

an arbitrager, the cost of moving power from node i to j will equal the price difference

between nodes or pj − pi. The implicit assumption here is that the arbitrager has full

knowledge of power prices at each node. An arbitrager moves power from a bus where

the market price is lower to one with a higher price. The arbitrager’s optimization

problem is as follows:
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maximize
ai

∑
i

(pi − wi)ai (2.8a)

subject to∑
i

ai = 0. (phub) (2.8b)

One constraint, (2.8b), is associated with this problem, guaranteeing total sales

would equal total purchases, with its dual variable denoting the market price at hub or

phub. The arbitrager’s KKT conditions are given in (2.9):

pi − wi − pHub = 0 ∀i (2.9a)∑
i

ai = 0. (2.9b)

2.2.1.6 Market Clearing Conditions

While each market participant’s optimization problem represents its behavior

in the wholesale market, the market clearing conditions tie them all together and ensure

the balance between demand and supply. This is shown in (2.10).

∑
f

sfi + ai −
∑

f,h∈Hfi

xfih −
∑
f

zfi = yi, (ωi),∀i (2.10)

Note that the first two terms together,
∑

f sfi+ai, equals the demand at node

i: di, as in (2.1) to determine the whole price at node i. The collection of all KKT

conditions for each market participant (2.3)–(2.9) in addition to the market clearing
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condition (2.10) forms the set of equalities and inequalities, termed as a mixed com-

plementarity problem (MiCP), which cjaracterizes a market equilibrium [24, 25]. The

MiCP is formulated in AMPL and solved using the PATH solver [14].

In the following we state the existence of a market equilibrium. The proof is

provided in Appendix A.1.

Proposition 1. (Existence) Assume that the prosumer’s marginal benefit function

B′
i(·) : ℜ1 → ℜ1 is continuous and monotonically decreasing. Further assume that the

prosumer’s generation cost function Cg
i (·) and the supplier’s cost function Cfih(·) are

continuously differentiable, for all i = 1, . . . , I, f = 1, . . . , F , and h ∈ Hfi. Then a mar-

ket equilibrium exists, which is defined as the collection of primal variables (z, l, g, s, x, y, a, w, p)

and the dual variables (δ, κ, θ, ρ, λ, pHub) that simultaneously satisfy the optimality con-

ditions (2.3), (2.5), (2.7), (2.9), together with (2.10).

2.3 Numerical Case Studies

2.3.1 Data, Assumptions and Scenarios

To analyze the power market outcomes in presence of strategic prosumers,

the IEEE Reliability Test System (RTS 24-Bus) [26] is used. The topology of the

system consists of 24 buses, 38 transmission lines, and 17 constant-power loads with

a total of 2,850 MW. We aggregate 32 generators into 13 generators by combining

those with the same marginal cost and located at the same node. Six generation units,

however, are excluded from the dataset since they are hydro power units operating at
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their maximum output of 50 MW [27]. Because the wholesale market is assumed to be

perfectly competitive, we assume that all the generators are owned by a single firm. In

order to be able to analyze the impact of transmission congestion, the capacity of line

7 in the test case is reduced to 150 MW. The marginal cost of generation is represented

by a quadratic function parameterized by intercept C0 and slope C1.

Furthermore, a prosumer is assumed to be located at node 1 with the same

preferences for power consumption as consumers located in that node. That is, both

prosumer and consumers in node 1 are assumed to have the same demand function. The

prosumer owns a renewable generating unit that produces a varying amount of power

(contingent on available natural resources) and a dispatchable unit as a backup option.

The RTS 24-Bus case is first formulated as a least-cost minimization problem

and solved with fixed nodal load in order to get dual variables associated with load

constraints. The dual variables together with an assumed price elasticity of -0.2 is then

used to calculate P 0
i and Q0

i . The magnitude of price elasticity of demand is comparable

with what has been reported in [28].

We examine a total of six scenarios, varied by the level of renewable output

owned by the prosumers as well as the strategic assumption of the prosumers. More

specifically, renewable output K1 is assumed to have three levels: 25, 50, and 120 MW.

The prosumer is designated as either a price-taker or as a strategic entity while other

entities in the market are assumed to be price-takers.8 Additional sensitivity analyses

8These three levels of renewable outputs are carefully selected so that the prosumers will be in a
long as well as short position in the resulting equilibria. Moreover, Ki is capped above in order to
prevent the prosumer’s marginal benefit from becoming negative. One explicable justification of this
assumption is that a prosumer, with the goal of energy self-reliance, is less likely to install excessive
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are conducted in order to numerically illustrate two propositions.

2.3.2 Main Results

Tables 2.1 and 2.2 report the main results of our analysis, involving perfect

competition and strategic prosumers, respectively. We organize each of the two tables

into three parts, corresponding to outcomes associated with the prosumers, wholesale

power market, and economic rent distribution. Each table also contains three columns

(a)–(c), from left to right, respectively, for cases with 25, 50 and 120 MW of renewable

output. To facilitate our expositions, we define a prosumer’s net position as follows. A

short position if the prosumer engages in the market to purchase power, i.e.,
∑

f zfi < 0.

A long position is when the prosumer engages in the market to sell power, i.e.,
∑

f zfi >

0. With this definition in mind, we report prosumer’s net sale (+) or purchase (–)

to/from the power pool, consumed energy or load, the self generation from backup

generation, and its surplus. We also report a number of variables associated with the

power market, including total generation, total demand, power price in node 1, and sale-

weighted power price, which is computed as
∑

i pidi/
∑

i di. Note that the difference

between total power generation and total power demand is equal to the power purchase

by the prosumer. The last section summarizes the economic rent distribution in the

power pool, including that of consumers, producers and grid operator.

A number of observations emerge from these two tables. When the renewable

renewable capacity with an effective output much greater than its expected demand. If possessing a
considerable amount of renewables, the prosumer, mostly likely, will always be in a long position and
act as a producer. That case would be less interesting.
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Table 2.1: Results under Perfect Competition Cases

Variables \Scenarios (a) (b) (c)

Renewable output [MW] 25 50 120

Prosumer’s sale(+)/purchase(-) [MWh] -66.27 -44.11 19.96
Prosumer’s load [MWh] 102.02 103.09 105.32
Prosumer’s generation [MWh] 10.75 8.98 5.25
Marginal cost of backup [$/MWh] 45.75 43.98 40.28
Prosumer’s surplus [$K] 9.89 11.05 14.05

Total power demand [MWh] 2,847.32 2,851.35 2,858.81
Total power production [MWh] 2,913.59 2,895.45 2,838.85
Power price in node 1 [$/MWh] 45.75 43.98 40.28
Sale-weighted power price [$/MWh] 35.52 35.41 35.17

Producers’ surplus [$K] 39.23 41.12 45.72
Consumers’ surplus [$K] 255.74 256.26 257.27
Grid operator’s revenue [$K] 10.18 8.50 5.08
Social Surplus [$K] 305.16 305.87 308.07

Table 2.2: Results under Strategic Prosumer Cases

Variables \Scenarios (a) (b) (c)

Renewable output [MWh] 25 50 120

Prosumer’s sale(+)/purchase(-) [MWh] -19.65 -12.97 7.52
Prosumer’s load [MWh] 84.49 91.38 112.48
Prosumer’s generation [MWh] 39.84 28.41 0.00
Marginal cost of backup [$/MWh] 74.84 63.41 35.00
Prosumer surplus [$K] 9.23 10.78 13.99

Total power demand [MWh] 2,855.25 2,855.85 2,857.69
Total power production [MWh] 2,874.91 2,868.82 2,850.17
Power price in node 1 [$/MWh] 42.21 41.88 40.88
Sale-weighted power price [$/MWh] 42.21 35.26 35.21

Producers’ surplus [$K] 43.08 43.52 44.89
Consumers’ surplus [$K] 256.78 256.87 257.11
Grid operator’s revenue [$K] 6.82 6.52 5.62
Social Surplus [$K] 306.68 306.91 307.62
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output is equal to 25 and 50 MW, either as a price-taker or a strategic entity, the

prosumer’s load is met by self generation plus purchase from the power pool. Thus, in

both cases, the prosumer is in a short position. Epitomized by column (a) in Table 2.1,

the prosumer’s load, 102.02MW, is met by 25MW from renewables, a power purchase of

66.27 MW from the power pool, and self generation of 10.75 MW from the backup unit.

Intuitively, other than renewables, there are two competing power sources available

to the prosumer, one is by self generation, and the other is by power purchases from

the pool. These two options are perfect substitutes for each other, and the profit-

maximization principle requires the prosumer to use the option, among the two, that

has a lower cost or utilize them both insofar that the marginal cost of two options

become equal when market is perfectly competitive. Indeed, Table 2.1 indicates that

the prosumer decides to produce the backup option to the level such that its marginal

cost is equal to the pool power price in all scenarios.

However, it is not the case when the prosumer is designated as a strategic

agent. In particular, while the prosumer remains in a short position with renewable

output equal to 25 MW and 50 MW in columns (a) and (b) in Table 2.2, its power

consumption of 84.49 MW in (a) is supplied by 25 MW from renewables, 19.65 MW

from power purchase, and 39.84 MW from self generation, respectively. The marginal

cost of the backup generation, in this scenario, is actually significantly higher than the

power price in node 1 by a margin of $32.63/MWh (=74.84 − 42.21) or 77%. It is

this self “over generation” that allows the prosumer to lower its power procurement,

suppressing power demand in the power pool, which leads to a lower power price in
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node 1 compared to its correspondent in Table 2.1, i.e., 42.21 v.s. $47.74/MWh. A

similar tactic is applied by the prosumer in column (b) of Table 2.2 to reduce the power

price from $43.98/MWh in Table 2.1 to $41.88/MWh.

Furthermore, the power price in node 1 as well as the sales-weighted average

power price of the market decline in accordance with the increases in renewable out-

put. Because renewable energy represents a zero marginal cost resource, its abundance

suppresses power prices in the market. For instance, the power price in node 1 (the sale-

weighted average power price) in Table 2.1 decreases from $45.75/MWh ($35.52/MWh)

in (a) to $40.28/MWh ($35.17/MWh); a similar trend can also be observed in Table 2.2.

Given the current parameter setting, the prosumer’s foregone benefit of not consuming

renewable energy available to it is equal to zero as the prosumer’s load in equilibrium

is greater than renewable output (see Fig.2.1).9 The prosumer, as expected, benefits

from zero marginal cost renewables as its surplus increases are commensurate with in-

cremental output from renewables.

With the prosumers participating in the market, the total generation and to-

tal consumption (excluding the prosumers) in the power market are not equivalent,

depending on the prosumer’s net position in the market. When the prosumer is in

a short position, e.g., scenarios 25 MW and 50 MW in columns (a) and (b), the total

generation from producers is greater than the total consumption by consumers, with ex-

cessive generation purchased by the prosumer. For instance, as indicated in scenario (a)

9Of course, had the valuation of the power by the consumers in the power pool been significantly
higher than that of the prosumers, it is possible to observe the prosumer forego some consumption in
order to profit from the power pool.
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in Table 2.1, a total of 66.27 MW (= 2, 913.59−2, 847.32) is procured by the prosumers.

Now we turn to the economic rent analysis. Interestingly, the prosumer is

worse off in Table 2.2 compared to Table 2.1. This is in part because producers and

consumers in the power pool are designated as price takers. Generally, there are two

counteracting forces that jointly determine the market equilibrium. When the prosumer

exercises buyer’s market power to lower the cost of its procurement, with an attempt

to lower power prices, consumers will increase their quantity demanded when seeing

lower prices, earning additional economic rent, thereby working against the prosumer.

Had the consumers been with a fixed demand or less price responsive, the prosumer

will more likely succeed in the attempt to manipulate the power prices in its favor.

On the contrary, when the prosumer is in a long position, its effort to exercise seller’s

market power in order to push up the power prices is also likely to be thwarted by the

increases in power sales from the price-taking producers. Producers remain benefiting

from the prosumer’s strategy when the prosumer is in a long position as they both would

prefer higher power prices. For instance, when the prosumer is in a relatively “longer”

position, the producers’ ability to negate the impacts from the prosumer would be more

than offset by the ability of the prosumer to exercise buyer’s market power to lower

the power prices, leading to a lower surplus $44.89K in Table 2.2 compared to $45.72K

in Table 2.1. Moving from columns (a) to (b), when the prosumer is in a relatively

“weaker” short position, the producers in the wholesale market would then benefit from

the prosumers’ strategy, leading to a higher surplus in Table 2.2 than that of Table 2.1.

Overall, considering columns from (a) to (c) with increasing more renewables, elevation
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in the surplus by the consumers and producers leads to increases in the social surplus.

2.3.3 Sensitivity Analyses

This section summarizes the main results of the sensitivity analyses on the

simulation framework. The focus has been placed on learning the underlying strategies

used by the prosumer and the consequential impacts on the equilibra that characterize

market outcomes. This is done by uniformly altering the renewable output Ki from

25 to approximately 120 MW to generalize our findings.10 The sensitivity analyses

in this section serves two purposes. One is to explore the impact of the prosumers

on the market when they own either relatively small or large size of renewable asset.

The second one is to understand the impact of renewable stochasticity on the market

outcomes. In particular, we assume that there is an expectation on the renewable output

by the prosumers. Thus, a high value of Ki corresponds to the situation where output

from the renewables is greater than the expectation while small value of Ki is for the

situation that output from the renewables is less than the expectation. We summarize

the findings formally in two propositions while illustrating the results numerically in

Figs. 2.2–2.3. The proofs of these two propositions can be found in the appendices.

Proposition 2. If a prosumer is in a short (long) position as a price-taker, it will also

be in a short (long) position as a strategic entity, and vice versa.

As alluded to earlier, the prosumers’ net position cannot be determined a

10We limit our attention to those cases with a positive marginal benefit possessed by the prosumers.
A larger Ki beyond 120 MW or so will lead the prosumers’ marginal benefit to be negative. We therefore
rule those cases out.
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priori and is the consequence of market dynamics and interactions. This proposition

suggests that the strategy executed by the prosumers would only impact the quantity of

their decision variables
∑

f zfi, the MW of power to buy from or sell to the main grid,

but not its net position, i.e., buy (-) or purchase (+). Fig.2.2 illustrates Proposition 2

numerically by plotting the prosumers’ net position against the renewable output Ki,

where solid and dashed lines represent the scenarios with the prosumers as a price-taker

and a strategic entity, respectively. We also plot a horizontal line linking Ki to the case

when the prosumers behave in an isolated or island mode without any interaction with

the power pool or
∑

f zfi = 0. Proposition 2 states that regardless of the choice of

strategy, if a prosumer is in a short position as a price-taker, it will also be in a short

position as a strategic entity. That is, for a given Ki, both lines will stay at the same

side (below or above) separated by the horizontal line.

Proposition 3. A prosumer is better off by participating in the market as a price-taker

rather than a strategic entity exercising Cournot strategy.

Fig. 2.3 illustrates Proposition 3 numerically by graphing the prosumers’ sur-

plus against renewable output Ki under both price taking and strategic scenarios and

reminiscent of the observation that when the prosumer is in a short position, contract-

ing the power procurement in order to lower the power price is not an economically

viable strategy when the other participants in the market act as price takers. The ini-

tial gap of the prosumer’s surplus between the two scenarios begins with around $5K

when Ki = 25MW. The gap then shrinks with an increase of renewables output Ki, and
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Figure 2.2: Plot of prosumer’s net position against renewables output Ki under the
price-taker and strategic entity scenarios

eventually asymptotically goes to zero when Ki = 85 MW. Fig. 2.3 also shows that the

line indicating a prosumers is a price-taker either overlaps with or lies above that of a

strategic entity which is a visual illustration of Proposition 3.

2.4 Conclusions

Prosumers’ ability to act as a producer and a consumer, a duality that is not

commonly seen if not unprecedented in the sector, also creates new opportunity or

challenge to the energy sector. This chapter extends the existing work by explicitly for-

mulating the optimization problem faced by a prosumer in a complementarity problem.
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Figure 2.3: Impact of prosumer strategy on prosumer surplus under different levels of
renewable outputs
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We conclude that exercising market power will not alter a prosumer’s net position in

equilibrium. That is, if the prosumer is in a short position as a price-taker, i.e., buy

power from the main grid, it will also be in a short position had it been a strategic

entity. The chapter also discovers that while the prosumer is capable of manipulating

the power prices by either exercising buyer’s (seller’s) power to lower (increase) power

prices, it actually is better off if acting as a price-taker while other entities in the market

behave competitively. Finally, our analysis concludes that when the renewable output is

low (so that the prosumer needs to purchase power from the main grid in equilibrium),

consumers could benefit from lower power prices at the expense of producers as the

prosumer decreases its power procurement from the power market in order to lower the

power prices. On the other hand, as renewable output increases, thus the prosumer

becomes a net seller to the main grid; its economic incentive is then more aligned with

other conventional suppliers.

Our analysis is subject to a number of limitations. First, we did not consider

the possibility that the prosumer operates an energy storage system. In reality, many

prosumers might own and operate energy storage equipment, e.g., electrical vehicles,

in order to take advantage of lower power prices during off-peak periods. Accounting

for this will call for a multiple-period model with a consideration of cross-elasticity of

energy demand among time periods in order to examine the effect of power price in one

time period on the demand other time periods. Second, we maintain the assumption

that market participants, other than the prosumer, are price takers. While the model in

Section 2.2 is readily modified to simulate strategic behavior of conventional producers,
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allowing other producers behave strategically might complicate the analysis so that we

might find it difficult to isolate the impact induced by the prosumers. Third, while we

simulate different levels of renewable outputs, our analysis is essentially deterministic.

Moving to a stochastic modeling framework, for example, by using scenario paths of

renewable outputs and correlated demand, will, undoubtedly, be more realistically to

represent the reality faced by the power market. Fourth, an aggregator with adequate

trading experience might be able to engage in spatial arbitraging to explore price dif-

ference in different location. We leave the aforementioned considerations to our future

work.
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Chapter 3

Risk-Averse and Strategic Prosumers: A

Distributionally Robust

Chance-Constrained MPEC Approach

3.1 Introduction

The power sector is undergoing rapid transformations in terms of available

technologies and architecture. Driven by a need for decarbonization, sustainability,

and resilience, we have witnessed a remarkable move towards advancing and deploying

distributed renewable resources as well as harnessing price-responsiveness of energy

demand. These include both demand response, storage and other flexible resources,

which altogether form the broader concept of distributed energy resources (DERs). This

paradigm shift towards a more engaged demand-side challenges the conventional, top-

down power grid architecture based on supply-side and calls for a new market design
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for the power sector(e.g., FERC Order 745 and 2222). In particular, as new agents,

such as “prosumers” with the ability of concurrent generation and consumption, are

introduced to the power sector, their presence is expected to alter economic incentives,

which might create opportunities for manipulations, thereby undermining efficiency of

the power market.

While behind-the-meter households or end-prosumers may have limited access

to the main grid, the ruling under the FERC 2222 allows the integration of multi-

ple DERs owned by different entities with different sizes and diverse technologies to

participate in the regionally organized wholesale energy, capacity, and ancillary services

markets alongside traditional resources [29]. We refer to those entities with direct access

to the main grid as “prosumers” in order to distinguish them from “end-prosumers.”

This would also affect decisions on transmission grid expansion and investments on

distribution and power generation facilities [30].

The transactions between prosumers and the wholesale power market are em-

powered by the presence of aggregators at the distribution level. Examples include

community choice aggregators, which are popular in California and other states. Ag-

gregators could be responsible for operation of generation assets, e.g., solar panels,

storage, and electric vehicle charging, over wide geographical areas and diverse types

of households that constitute a substantial distributed generation and energy manage-

ment capability [31, 3]. This provides an economic leverage for prosumers participating

in the wholesale power markets far beyond ordinary customers as they are capable of

manipulating considerable resources over time and space, which at the same time, also
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fundamentally changes the business models within the electricity market [32]. To align

incentives with the desired outcomes of the power market, it is imperative to understand

how this new entity, the prosumer, might impact market outcomes given current market

conditions.

A recent thread of literature has also focused on the role of aggregators as

middle-men in the power sector that operate DERs on behalf of owners and their in-

teractions with the wholesale power market [31, 3]. The heterogeneity in terms of

geographical placement and type of resources owned by the prosumers grants them a

competitive advantage, as the information is likely to be private, only known by pro-

sumers. This also calls for a careful examination of DERs market power potential in

the market [33], and other studies have shown that even low levels of wind penetration

could enable strategic manipulation, leading to efficiency loss [34, 35].1

Regression-based analysis is a common approach used by researchers when

empirically examining the extent of ex post market power. However, it is less useful

for vetting the potential of market power when existing data are not yet available.

On the other hand, game-theoretical models based on bottom-up formulations have

extensively been used to evaluate ex ante electricity market outcomes, see, for example

[36], [11]. The strength of these models is that they allow representing the interactions

among different market participants, especially new ones, while considering market rules

and other institutional settings. A number of studies have applied this approach to

1In fact, a recent report concludes that, by 2050, prosumers can produce twice as much power as
nuclear production now in Europe, thereby rendering them a dominant role in the energy landscape
(https://www.greenbird.com/news/utility-death-spiral)
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address outcomes of a power market considering information asymmetry related to

aggregators. For instance, [37] examines the impact of a DR aggregator operating a

green energy management system in the wholesale market by implementing a quantity-

based (Cournot) strategy. The paper, however, i) does not reflect the dual nature of

prosumers (i.e., concurrent generation and consumption), and ii) is limited to Cournot

strategy by the aggregator, which is just one of the several strategies at the aggregator’s

disposal. The Stackelberg game has long been used to model sequential-move games

or leader-follower situations [38, 39, 40, 41, 42, 43, 44, 45]. In a more recent work, a

game in the electricity market is modeled in a Stackelberg setting where the aggregator

is the leader, and the grid operator along with other producers are the followers [6].

The prosumer in these studies is basically modeled as a supplier and is unable to reflect

the buyer’s power that a prosumer can demonstrate. Therefore, while leader-follower

models, such as [6], can provide useful illustrations of how prosumers could exercise

market power, formulations that explicitly capture the dual nature of prosumers and

endogenize power price formation are more desirable.

This chapter builds on existing work to examine prosumers’ market power

potential [45, 46, 47]. Particularly, our contribution is to extend the models in [46]

and [47] by developing a distributionally robust chance-constrained mathematical pro-

gram with equilibrium constraints (MPEC) for a leader-follower or Stackelberg setting.

The various conclusions under the assumption of risk-neutrality in [47] cannot be di-

rectly applicable to or generalized to the risk-averse situation when the impact of the

uncertainty of renewables and risk attitude is considered. A distributionally robust
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chance constraint approach was applied to the optimal power flow (OPF) model, where

the chance constrained OPF limits the probability of violating transmission constraints

[48]. However, to our best knowledge, our work is the first attempt to develop a distri-

butionally robust chance-constrained MPEC for a leader-follower setting, focusing on a

risk-averse leader-prosumer in the power sector. The non-convexity of the MPEC re-

sulting from the bilinear terms in the upper-level problem’s objective function and from

the optimality conditions of the lower-level problem is overcome using Wolfe duality and

disjunctive constraints (see appendices). The problem is then recast as a mixed integer

quadratic program (MIQP). When designating prosumer as a leader in a leader-follower

framework, the prosumer possesses an advantage of information asymmetry that allows

it to internalize the reactions of other market participants into its own profit maximiza-

tion problem. Similar to [46, 47], the model does not fixate the role of the prosumer as

a producer (long position) or as a consumer (short position), but allows the solutions

to decide what its role should be in order to maximize its profit.

The rest of this chapter is organized as follows. In Section 3.2, the leader-

follower formulation of the prosumer’s problem is introduced. A case study based on

the IEEE 24-bus system is implemented in Section 3.3. The outcomes of analyses based

on altering the amount of renewable output are presented in Section 3.4. We conclude

the chapter in Section 3.5.

41



3.2 Model Setup

We introduce in this section the prosumer’s problem in the upper-level and the

lower-level optimization problems faced by the grid operator. In what follows, we first

introduce the notations that are used throughout this chapter and then explain how

each agent participates in the market. We denote I as the set of nodes and L as the set

of transmission lines consisting of elements in ordered pairs of distinct nodes. F is the

set of generation firms, while H is the set of generation units, and Hfi ⊂ H is the set

of generation units owned by firm f at node i. Greek letters render the corresponding

dual variable.

3.2.1 Prosumer’s Problem

We assume that the prosumer is constituted by bundling of a large number

of individual DERs, thereby allowing them to interact with the bulk market directly,

consistent with the stipulation by the recent FERC Order 2222 [29]. Thus, in a way,

we model end-prosumers and the aggregator as a joint entity.2

The renewable generation output at node i is denoted by a random variable K̃i,

which is uncertain because it is dependent on available natural resources, e.g., solar and

wind. 3 We assume that the distribution Pi of K̃i belongs to a set Pi of distributions,

2For instance, prosumers are allowed to participate in a day-ahead market but are subject to a fixed
retail or contracted rate in real time, similar to the situation faced by several EU countries, e.g., Italy,
Netherlands, and Belgium [49].

3Two concerns here, namely, privacy and truth-telling, are worth more discussion. We believe that
neither should be a significant concern in the current context. Considering that end-prosumers enter
a contract with the aggregator, e.g., OhmConnect in [50], the contract will then specify the types of
necessary private information from end-prosumers and how the information will be handled. Moreover,
given that the aggregator is tasked to maximize the joint profit of participants, non-truth-telling by
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where the first and second moments are known, i.e., E(K̃i) = Ki and V(K̃i) = σ2
i ,

respectively, but without exact knowledge of the probability distributions. Meanwhile,

the prosumer owns a dispatchable or backup resource, e.g., on-site diesel generator

or energy storage, that supplies power gi with an increasing and strictly convex cost

function Cg
i (gi) and with capacity of Gi in order to hedge against uncertain output K̃i.

Specifically, we assume a quadratic cost function Cg
i (gi) = Dg0

i gi+
Cg0

i
2 g2i . Yet, its supply

would not be able to fully back up the intermittent renewable output. Here, gi can be

associated with an energy storage, and its marginal cost can be interpreted as the costs

of withdrawing energy from the grid, accounting for battery discharge depreciation.

For the purposes of this study, the prosumer’s benefit function of consuming

electricity at node i is given by Bl
i(li), where li corresponds to the self-consumption

at each node. The benefit function Bl
i(li) is assumed to be increasing and strictly

concave. The monotonicity of Bl
i(li) indicates that the prosumer’s objective function

is increasing in the level of consumption. Specifically, we assume a quadratic benefit

function Bl
i(li) = Al0

i li −
Al0

i

2Bl0
i

l2i . We posit that the prosumer maximizes its profit by

deciding i) the amount of power to buy from (zi < 0) or sell to (zi > 0) in node i at price

pi. ii) the amount of its own power consumption li, and iii) the amount of power to

be generated from the backup dispatchable technology or gi. We also assume that the

prosumer is only allowed to sell/buy power locally, i.e., at each node, which is consistent

with the future grid’s layered structure [32].4

end-prosumers would undermine the aggregator’s ability to maximize the joint profit on their behalf.
4Had the prosumers been modeled to allow to sell surplus power from its local node i to other

locations, it is expected to produce the same market outcomes [46].
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We then formulate a distributionally robust chance-constrained problem of the

prosumer/aggregator facing an uncertain renewable output K̃i as follows:

maximize
zi, li ≥ 0, gi ≥ 0

∑
i

(
pizi +Bl

i(li)− Cg
i (gi)

)
+
∑
i

E
[
P c
i

(
K̃i − zi − li + gi

)]
(3.1a)

subject to

inf
Pi∈Pi

Pi

(
zi + li − K̃i − gi ≤ 0

)
≥ 1−Ri (δi), (3.1b)

gi ≤ Gi. (κi), (3.1c)

li, gi ≥ 0. (3.1d)

The three terms in the first line of the objective function (3.1a) correspond to

revenue (+) or cost (−) from transactions in the day-ahead wholesale market, benefit of

consuming power, and generation costs incurred from backup resource, respectively 5.

The second line gives the expected cost/revenue in real time, where P c
i is the fixed retail

rate or the contracted price between the aggregator and the utility. Three constraints

are associated with the prosumers’ problem. Constraint (3.1b) is the distributionally

robust chance constraint of the prosumer. It states that the sum of renewable output

K̃i and self generation gi net of transactions with the wholesale day-ahead market,

i.e., zi, has to be equal or greater than the self-consumption li with probability of at

least 1 − Ri for any distribution in Pi. δi, the dual variable of the distributionally

robust chance constraint of the prosumer and represents the marginal impact of risk

5The interaction of the prosumer with the bulk day-ahead energy market is modeled through shifting
of supply curves and sales decisions of conventional producers. An alternative way of modeling this situ-
ation is to horizontally aggregate consumers’ and prosumers’ demand curves. However, this aggregation
might lead to kinked demand curves, which poses numerical difficulties, see [51] for example.
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tolerance level on the expected benefit of the prosumers in (3.1a). Constraint (3.1c)

limits the output gi by its capacity Gi. κi in (3.1c) is the dual variable of prosumer’s

dispatchable generation limit, which renders the scarce rent of the on-site generation

capacity. Constraint (3.1d) states the non-negativity of the variables for prosumer’s

consumption and backup generation.

3.2.2 Lower-Level Problem

We next introduce the lower-level problem at which the grid operator takes

supply bids from suppliers and demand bids from consumers/load serving entities and

maximizes the bulk market’s social surplus subjected to prosumer’s decision zi. Let

xfih, di, and yi denote the power output produced by generation unit h at node i

owned by firm f , the quantity demanded by consumers at node i, and the power in-

jection/withdrawal at node i, respectively. We assume a) an increasing and strictly

concave benefit function Bi(di) = P 0
i di −

P 0
i

2Q0
i
d2i for consumers, which is separated from

that of the prosumer, Bl
i(li) in (2.2a), and b) an increasing and strictly convex cost

function Cfih(xfih) = D0
fihxfih +

C0
fih

2 x2fih for generation.

maximize
xfih, di, yi

∑
i

Bi(di)−
∑

f,i,h∈Hfi

Cfih(xfih) (3.2a)

subject to

xfih ≤ Xfih (βfih),∀f, i, h ∈ Hfi , (3.2b)∑
i

PTDFkiyi ≤ Tk (λ+
k ), ∀k, (3.2c)
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−
∑
i

PTDFkiyi ≤ Tk (λ−
k ),∀k , (3.2d)

di −
∑

f,h∈Hfi

xfih − zi = yi (ηi),∀i, (3.2e)

∑
i

yi = 0 (θ) , (3.2f)

xfih ≥ 0 (εfih), ∀f, i, h ∈ Hfi , (3.2g)

di ≥ 0 (ξi),∀i (3.2h)

The lower-level problem is the social surplus maximization problem faced by

the grid operator and is formulated in (3.2). The lossless linearized DC flow is applied

to modeling power flow in the transmission network using the power transfer distri-

bution factor (PTDFki). Constraints (3.2b)–(3.2d) limit generation capacity (Xfih),

and transmission capacity (Tk). Constraint (3.2e) is the nodal balance with prosumer’s

transaction (zi) The inclusion of this constraint shifts the demand of conventional con-

sumers in the wholesale market operated by the ISO, given the decision zi of the leader-

prosumer in the upper level. Specifically, it follows from (3.2e) that the inverse de-

mand (or marginal benefit) function of conventional consumers can be represented as

B′
i(di) = B′

i(
∑

f,h xfih + zi + yi) in equilibrium. When the prosumer purchases zi(< 0)

from node i, the effective “wholesale” demand increases or shifts to the right by the

absolute value of zi, reflecting the demand from both the conventional consumers and

the prosumer. Similarly, if the prosumer sells zi(> 0) to node i instead of purchase,

then the wholesale demand decreases or shifts to the left by zi through (3.2e). Note

also that the benefit function of the prosumer, Bl
i(li), does not appear in the objec-
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tive function of the ISO in (3.2), but this does not affect the outcome in the lower-level

problem because the leader-prosumer’s decision li and resulting Bl
i(li) in the upper level

are taken as given (and hence exogenous) by the grid operator in the lower level. The

balance between supply and demand is implied in (3.2f). Notice that the social surplus

maximization problem does not include sales of each generation firm as a decision vari-

able but rather decides on their output (xfih) and the sales/purchases by the prosumer

in node i (zi). However, once xfih and zi are decided by the solution of the problem,

the sales balance for the generation firm holds automatically and would be consistent

with (3.2e) and (3.2f). Constraints (3.2g)–(3.2h) state the non-negativity of generation

and consumption, respectively. Given that the lower level is a concave programming

problem, the solutions can be represented by its optimality conditions as follows:
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−C ′
fih(xfih)− βfih + ηi + εfih = 0 ∀f, i, h ∈ Hfi, (3.3a)

B′
i(di)− ηi + ξi = 0 ∀i, (3.3b)

−
∑
k

(λ+
k − λ−

k )PTDFki + ηi − θ = 0 ∀i, (3.3c)

0 ≤ βfih ⊥ xfih −Xfih ≤ 0 ∀f, i, h ∈ Hfi, (3.3d)

0 ≤ λ+
k ⊥

∑
i

PTDFkiyi − Tk ≤ 0 ∀k, (3.3e)

0 ≤ λ−
k ⊥ −

∑
i

PTDFkiyi − Tk ≤ 0 ∀k, (3.3f)

di −
∑

f,h∈Hfi

xfih − zi − yi = 0 ∀i, (3.3g)

∑
i

yi = 0, (3.3h)

0 ≤ εfih ⊥ xfih ≥ 0 ∀f, i, h ∈ Hfi, (3.3i)

0 ≤ ξi ⊥ di ≥ 0 ∀i (3.3j)

3.2.3 Distributionally Robust Chance-Constrained MPEC Formula-

tion

This section introduces the leader-follower formulation of the Stackelberg game

in the context of prosumers in an electricity market. Here, the upper-level problem

is the prosumer’s benefit maximization, and the lower-level problem is a collection of

complementarity or optimality conditions in the market derived from the grid operator’s

social surplus maximization problem. The resulting problem of the prosumer is cast as
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a distributionally robust chance-constrained mathematical program with equilibrium

constraints (or DRCC-MPEC) in (3.4):

maximize
Φ ∪ Ω ∪ Λ

∑
i

(
ηizi +Bl

i(li)− Cg
i (gi)

)
+

∑
i

E
[
P c
i

(
K̃i − zi − li + gi

)]
(3.4a)

subject to

inf
Pi∈Pi

Pi

(
zi + li − K̃i − gi ≤ 0

)
≥ 1−Ri (δi), (3.4b)

gi ≤ Gi. (κi), (3.4c)

li, gi ≥ 0., (3.4d)

(3.3a)− (3.3j)

where Φ = {zi, li, gi}, Ω = {xfih, di, yi}, and Λ = {βfih, λ+
k , λ

−
k , ηi, θ, εfih, ξi}.

The first line of the objective function is the net benefit of the prosumer with equilibrium

power prices (ηi) derived from the dual variable associated with the nodal balance

constraint (3.2e) in the lower-level problem. Constraints (3.4b)–(3.4d) indicate the

operational constraints of the prosumer. Constraints (3.3a) – (3.3j), which are inherited

from the optimality conditions of the lower-level problem, form the complementarity

problem characterizing the equilibrium of the market.

The problem specified in (3.4) is difficult to solve due to at least three rea-

sons. First, (3.4b) considers probability constraints over all possible distributions with

given moments. Second, (3.4) is neither linear nor concave because of the bilinear term∑
fi ηizi. Third, the feasible region is not convex because of the complementarity con-
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ditions. We address the first issue of uncertainty by replacing (3.4b) with a robust

counterpart of the distributionally robust chance constraint indicated in (3.5) as in [52].

σi

√
1−Ri

Ri
+ zi + li − gi −Ki ≤ 0 ∀i (3.5)

Moreover, we overcome the second issue by using Wolfe’s strong duality to

concavify the bilinear term in the objective function (see Appendices). To do this, we

can substitute the bilinear term in the objective function using the equality (3.6):

∑
i

ηizi =
∑
i

B′
i(di)di −

∑
k

(λ+
k + λ−

k )Tk −
∑

f,i,h∈Hfi

(
C ′
fih(xfih)xfih + βfihXfih

)
(3.6)

We finally linearize the complementarity conditions by disjunctive constraints

[53]. Consequently, the DRCC-MPEC (3.4) is re-cast as a mixed integer quadratic

program (MIQP).

3.2.4 Perfectly Competitive and Cournot Models

In contrast to the Stackelberg leader-follower formulation in Section 3.2.3, per-

fect or imperfect (Cournot) competition discussed in chapter 2 entail a different informa-

tion structure. Particularly, it involves solving simultaneously the prosumer’s problem

in (3.1a)–(3.1d) and the lower-level problem in (3.2). As discussed in Section 3.2.3,

we derive a robust counterpart of the distributionally robust chance constraint for the

prosumer’s problem. Then, the overall problem can be solved by the collection of first-

order conditions of the prosumer’s and the lower level problem. This forms a problem
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known as a mixed linear complementarity problem (MLCP). In the Cournot case, the

prosumer is fully aware of wholesale’s demand function and able to withhold output to

drive up power prices. Similarly, the problem can be formulated as an MLCP. Perfect

competition and Cournot formulations for the prosumer along with their theoretical

properties and existence of solutions are discussed in [46].

3.3 Numerical Analysis

3.3.1 Data, Assumptions, and Scenarios

The model is applied to the IEEE Reliability Test System (RTS 24-Bus) [54].

The topology of the system consists of 24 buses, 38 transmission lines, and 17 constant-

power loads with a total of 2,850 MW. We aggregate 32 generators into 13 generators

by combining those with the same marginal cost and located at the same node. Six

generation units, however, are excluded from the dataset since they are hydropower

units, which operate at their maximum output of 50 MW [27]. In order to analyze the

impact of transmission congestion, the capacity of line 7, between nodes 3 and 24, in

the test case is reduced to 150 MW. The marginal cost of generation is represented by

a quadratic function parameterized by D0
fih and C0

fih as the coefficient for the linear

and quadratic terms, respectively. Furthermore, the prosumer, or the leader, located

at node 1 is assumed to have the same demand function as consumers in that node.

The prosumer owns a renewable generation unit that produces varying amounts of

power (contingent on available natural resources) and a dispatchable unit as a backup
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option. The RTS 24-Bus case is first formulated as a least-cost minimization problem

and solved with fixed nodal load in order to compute dual variables associated with load

constraints to parameterize the demand. The dual variables together with an assumed

price elasticity of -0.2 are then used to calculate the demand parameters, P 0
i and Q0

i .

The magnitude of price elasticity of demand is comparable with the literature [28].

We examine three scenarios in detail, varied by the levels of renewable output

from the units owned by the prosumer with R = 0.9. Mean renewable output K1 is

assumed to have three levels, 25, 50, and 120 MW, with their uncertainties characterized

by their standard deviation σ1, which is 20% of the mean (K1). These levels are chosen

carefully to show results in both short and long positions. Finally, we also simulate cases

with mean renewable output changing from 25 MW to 120 MW in order to understand

its overall impact on economic rent among entities.

3.3.2 Results

Table 3.1 summarizes market outcomes when the prosumer is formulated as a

Stackelberg leader for three scenarios, 25, 50, and 120 MW of mean renewable genera-

tion. We also report outcomes from perfect competition and Cournot in Tables 3.2 and

3.3, respectively. As indicated in the first row of Table 3.1, the prosumer changes from

purchase (-) to sale (+) with increased levels of renewable output. For cases of 25 and

50 MW (columns a–b), the prosumer buys 60.83 MWh and 42.26 MWh, respectively,

acting as a consumer or in a short position. As expected, the quantity of the purchases

decreases as the prosumer’s renewable output grows. In column (c), where mean re-
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newable output is equal to 120 MW, the prosumer lies in a long position in equilibrium

and sells (positive quantity) 11.69 MWh to the power market. The prosumer’s purchase

quantities in columns (a) and (b) are in between those of perfect and Cournot compe-

tition indicated in Tables 3.2 and 3.3. Akin to the short position case, prosumer’s sales

in the Stackelberg equilibrium is less than the 12.54 MWh in Table 3.2 and larger than

3.61 MWh in Table 3.3.

Table 3.1: Results under Stackelberg Leader Prosumer Cases

Variables \Scenarios (a) (b) (c)
Mean renewable output [MW] 25 50 120
Prosumer’s sale(+)/purchase(-) [MWh] -60.83 -42.26 11.69
Prosumer’s load [MWh] 99.35 101.14 105.42
Prosumer’s generation [MWh] 15.19 12.21 5.11
Marginal cost of backup [$/MWh] 50.17 47.21 40.11
Prosumer surplus [$K] 9.77 10.91 13.73
Total power demand [MWh] 2,848.31 2,851.68 2,858.07
Total power production [MWh] 2,909.13 2,893.94 2,846.38
Power price in node 1 [$/MWh] 45.32 43.83 40.68
Sales-weighted power price [$/MWh] 35.49 35.39 35.19
Grid operator’s revenue [$K] 9.77 8.35 5.44
Producer surplus [$K] 41.86 42.77 44.76
Consumer surplus [$K] 255.86 256.30 257.17
Wholesale social surplus [$K] 307.50 307.42 307.37

Prosumer’s quantity demanded, or load, is indicated in the second row of Table

3.1. It increases as the prosumer has more renewable generation resources available and

is equal to 99.35, 101.14, and 105.42 MWh for columns (a)–(c), respectively. Having

more zero marginal cost renewables by the prosumer (moving from column (a) to (c))

implicitly shifts the market supply curve to the right, leading to an increase in electricity

consumption. The prosumer’s quantity demanded is also in between those of perfect and

Cournot competition illustrated in Tables 3.2 and 3.3: less than 101.95 MWh in column
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Table 3.2: Results under Perfect Competition Cases

Variables \Scenarios (a) (b) (c)
Mean renewable output [MW] 25 50 120
Prosumer’s sale(+)/purchase(-) [MWh] -67.74 -47.06 12.54
Prosumer’s load [MWh] 101.95 102.94 105.10
Prosumer’s generation [MWh] 10.87 9.22 5.64
Marginal cost of backup [$/MWh] 45.87 44.22 40.64
Prosumer surplus [$K] 9.75 10.89 13.73
Total power demand [MWh] 2,847.05 2,850.81 2,858.15
Total power production [MWh] 2,914.79 2,897.87 2,845.61
Power price in node 1 [$/MWh] 45.87 44.22 40.64
Sales-weighted power price [$/MWh] 35.52 35.42 35.19
Grid operator’s revenue [$K] 10.30 8.72 5.40
Producer surplus [$K] 39.11 40.86 45.23
Consumer surplus [$K] 255.71 256.18 257.18
Wholesale social surplus [$K] 305.12 305.76 308.81

(a) of Table 3.2 for perfect competition yet higher than 84.03 MWh for the Cournot

case in the same column in Table 3.3. The same observation emerges in column (b). In

column (c) where the prosumer’s mean renewable output is 120 MW, the prosumer’s

demand in the Stackelberg equilibrium remains in between those of perfect and Cournot

competition. However, in this case, the prosumer’s quantity demanded is bounded above

by the Cournot case (108.46 MWh) and bounded below by perfect competition (105.10

MWh) and asymptotically approaches that of the perfect competition. We address

its implication when discussing profit earned by the prosumers. With more renewable

available, the prosumer decreases generation from the dispatchable unit as it requires less

generation from the backup unit in light of higher levels of renewable capacity. This

effectively reduces the marginal cost of the backup unit as more renewable resources

become available as shown in Table 3.1 where the marginal cost of the backup unit

decreases from 50.17 $/MWh in column (a) to 40.11 $/MWh in column (c).
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Turning to prosumer’s profit, the prosumer benefits from having more renew-

able generation output. This is because having more zero marginal cost resources, the

prosumer is able to rely less on backup unit (lower operating cost), sell more to (buying

less from) the market, and obtain a higher payoff. As seen in Table 3.1 (also in Figure

3.2), the prosumer surplus follows an increasing trend of 9.77, 10.91, and 13.73 ($K) for

25, 50, and 120 MW of mean renewable output, respectively. The prosumer’s benefit,

unlike aforementioned market outcomes that lay in between price-taker and Cournot

strategies, is always the highest in Stackelberg equilibrium. For instance, as noted in

Tables 3.2 and 3.3, the prosumer’s profit in column (a) is 9.75 and 9.12 $K for the

prefect and Cournot competition cases, respectively, which are lower than 9.77 $K for

the Stackelberg in Table 3.1. The difference, however, narrows as the prosumer owns

more renewable generation capacity, suggesting that a) the prosumer’s market power

is diminished with increasing amount of mean renewable output Ki, and b) it is easier

for the prosumers to exercise buyer’s market power (i.e., short position) than seller’s

market power (i.e., long position) as the latter is likely to be offset by other conventional

producers.

The power price in node 1, where the prosumer resides, is directly affected by

the available renewables: it drops with an increasing amount of renewables. For exam-

ple, when the mean renewable output is 25 MW, power price at node 1 is $45.32/MWh,

which is reduced to $43.83/MWh and further to $40.68/MWh if the mean renewable

generation is 50 and 120 MW, respectively. The same impact over the entire grid can

also be observed as the sales-weighted power price is reduced as the prosumer possesses
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Table 3.3: Results under Cournot Prosumer Cases

Variables \Scenarios (a) (b) (c)
Mean renewable output [MW] 25 50 120
Prosumer’s sale(+)/purchase(-) [MWh] -20.10 -13.86 3.61
Prosumer’s load [MWh] 84.03 90.46 108.46
Prosumer’s generation [MWh] 40.59 29.93 0.07
Marginal cost of backup [$/MWh] 75.59 64.93 35.07
Prosumer surplus [$K] 9.12 10.58 13.71
Total power demand [MWh] 2,855.21 2,855.77 2,857.34
Total power production [MWh] 2,875.31 2,869.63 2,853.73
Power price in node 1 [$/MWh] 42.23 41.92 41.07
Sales-weighted power price [$/MWh] 35.28 35.27 35.22
Grid operator’s revenue [$K] 6.84 6.56 5.79
Producer surplus [$K] 43.04 43.46 44.63
Consumer surplus [$K] 256.87 256.86 257.07
Wholesale social surplus [$K] 306.75 306.88 307.49

more renewable generation output. As indicated in Table 3.1, the sales-weighted power

price is reduced from $35.49/MWh in column (a) to $35.39/MWh and $35.19/MWh in

columns (b) and (c), respectively. The power price in node 1 as well as the sales-weighted

power price in the Stackelberg equilibrium is sandwiched between those of perfect and

Cournot competition. However, whether it is sandwiched from above or blow by the

perfect competition and Cournot cases depends on the prosumer’s net position in the

equilibrium.

As the sales-weighted power price decreases with higher levels of renewable

output owned by the prosumer, the total demand in the market increases when more

zero-marginal-cost resources become available. As shown in Table 3.1, the total power

demanded follows an increasing trend of 2,848.31 to 2,851.68 and 2,858.07 MWh from

columns (a) to (c) as the prosumer’s renewable output increases. Similarly, with more

renewables, the prosumer engages in less purchases from the market (if in the short
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position) or sells more to the market (if in the long position), thereby mitigating the need

for generation from conventional producers, hence reducing the total power generation

from conventional units. This is illustrated in Table 3.1, where total power production

from the wholesale market is decreased from 2,909.31 MWh in the case of 25 MW

renewable to 2,893.94 MWh and 2,846.38 MWh for 50 and 120 MW, respectively. Since

less generation from conventional units means that the grid operator would need to

move less power around in the network, the grid operator’s revenue decreases with

higher levels of renewable capacity for the prosumer. Table 3.1 illustrates the fact that

the grid operator’s revenue ($K) is reduced from 9.77 when renewable output is equal to

25 MW to 8.35 and 5.44 when mean renewable output is 50 and 120 MW, respectively.

For producers in the wholesale market, although the supply curve’s shift to the

right (due to increased zero-marginal-cost renewable) effectively lowers the equilibrium

prices (“Sales-weighted prices” rows), lower producer revenues induced by lower power

prices are more than made up for by lower transmission costs paid to the grid operator,

leading to an increase in profits. For instance, the producer’s surplus in Table 3.1

increases from 41.86 K$ in the 25MW case to 42.77 K$ and 44.76 K$ for 50MW and

120 MW cases, respectively. A comparison of Tables 3.1–3.3 suggests that the producer

surplus under the Stackelberg case lies between the other two cases. In particular, it

is bounded above by the Cournot (perfect competition) case when the prosumer is in

short (long) position.

The sales-weighted power prices are lowest (highest) in Cournot case under

the short (long) position. For instance, the sales-weighted power price under the 25MW
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scenario is $35.28/MWh, $35.52/MWh, and $35.49/MWh for Cournot, perfect compe-

tition, and Stackelberg case, respectively. This is mainly because when the prosumer

buys less from the main grid under the Cournot case, it effectively shifts the wholesale

supply to the right, thereby lowering the power prices. A reversal of order among three

cases is observed in column (c) in Tables 3.1–3.3. With increased consumption (demand)

and lower prices, the consumers are poised to gain from increased levels of prosumer’s

renewable output. Indeed, this is what emerges in Table 3.1 where the consumer surplus

(in K$) increases monotonically from 255.86 to 256.30 and 257.17 in columns (a), (b),

and (c). Comparing Tables 3.1–3.3 can also be justified by the sales-weighted power

prices.

The difference of the wholesale social surplus between the perfect competition

case and the other two cases can be explained by the amount of energy that is available

to the wholesale market. More specifically, the more energy that is available to the grid,

the higher the wholesale social surplus. For instance, the prosumer purchases more from

the grid in columns (a) and (b) in Table 3.2 under the perfect competition case, i.e.,

67.74 MWh and 47.06 MWh, respectively, than the Stackelberg case of 60.83 MWh and

42.26 MWh in Table 3.1, which leads to lower wholesale social surplus. On the other

hand, the prosumer sells more as indicated in (c) in Table 3.2 than that in Table 3.1,

thereby leading to higher social surplus under the perfect competition case.

Nevertheless, the comparison between the Stackelberg case in Table 3.1 and

the Cournot case in Table 3.3 deserves more attention. As alluded to earlier, a leader

can fully and correctly anticipate other market participants’ response its actions, i.e.,
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producers, consumers, and the grid operator that would be the followers in this setting.

The prosumer is in a more advantageous position (possessing more valuable informa-

tion) in the Stackelberg setting than in the Cournot case. When the prosumer is in a

short position with power purchases from the grid in columns (a) and (b), conventional

consumers are worse off by 1.01 $k (= 256.87− 255.86) and 0.56 $k (=256.86− 256.30),

respectively, competing with the prosumer.

To understand the impacts on producers, we then calculate the “output-

weighted power price,” since the producer surplus is also tied to the power sales to the

prosumer.6. They are equal to $32.37/MWh ($32.95/MWh), $32.63/MWh ($33.01/MWh),

and $33.26/MWh ($33.18/MWh) for the Stackelberg (Cournot) case for 25 MW, 50

MW, and 120 MW of mean renewable generation, respectively. The lower output-

weighted power price under the Stackelberg case leads to lower producer surplus in

Table 3.1 compared to that in Table 3.3. However, the decline in the producer and con-

sumer surplus is more than compensated by the increase in the gird operator’s revenue

(because of more power purchases by the prosumer), which results in higher whole-

sale social surplus in Table 3.1. Finally, when the prosumer is in a long position, selling

power into the grid as a producer, the other price-taking producers directly benefit from

the leader’s action, increasing their profit from $44.63k in Table 3.3 to $44.76k in Table

3.1. As the prosumer decides to sell more by a margin of 8.08 MWh (= 11.69 − 3.61)

in Table 3.1, the consumer surplus increases marginally by 0.1 $k (= 257.17− 257.07).

6The output-weighted power price is defined by

∑
f,i,h∈Hfi

pixfih∑
f,i,h∈Hfixfih

, which is similar to but different

from the sales-weighted power price
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However, the increase in the producer and consumer surplus is then more than offset by

the decline in the grid operator’s revenue, leading to a lower wholesale social surplus.

3.4 Comparative Analyses

This section further analyzes the impact of prosumer’s presence in power mar-

kets. First, we investigate the effects of prosumer’s mean renewable output (Ki) on its

net position in equilibrium. Next, we examine how the uncertainty of renewable output

(σi) and the degree of prosumer’s risk aversion (Ri) affect the market outcomes.

We compare the outcomes of the Stackelberg case to perfect competition and

Cournot cases by varying the levels of mean renewable output K1 in node 1. Fig.

3.1 plots the prosumer’s sale (+) or purchase (-) in perfect competition, Cournot, and

Stackelberg cases against the zero-marginal cost renewable output in x-axis from 25 to

120 MW. The horizontal dotted line crossing zero on the y-axis indicates the island

mode where the prosumer is isolated from the grid. Fig. 3.1 indicates that, in the short

position when the prosumer purchases from the grid, for any level of renewable out-

put, the quantity purchased under the Stackelberg case is sandwiched between PC and

Cournot. The same phenomenon is observed for the long position when the prosumer

sells power to the grid. In other words, the prosumer formulated as a Stackelberg leader

reduces purchases (sales) in the short (long) position compared to the case of perfect

competition but increase purchases (sales) in the short (long) position compared to the

Cournot case. The results are broadly consistent with economic theory that Cournot
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Figure 3.1: Prosumer’s sales (+) or purchase (-) under various levels of mean renewable
output

case represents the most aggressive case as producers reduce their sales in order to push

up prices [55].

The prosumer’s profit is also plotted in Fig. 3.2 against different levels of

renewable output. Although the lines are not discernible between perfect competition

and Stackelberg cases, in fact, for any level of renewable capacity, the prosumer profits

in the Stackelberg equilibrium is higher than that of perfect competition and Cournot

as in Tables in Section 3.3.2. This observation is corroborated with economic theory

that in a Stackelberg case where the leader enjoys more information, the prosumer, as

the leader, should perform better compared to the other two cases.

We next turn our attention to the uncertainty of renewable output and the

degree of prosumer’s risk aversion. Constraint (3.5), which associates prosumer’s mean

renewable output with the risk parameters, can be rewritten as follows:
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Figure 3.2: Prosumer’s profit under various levels of mean renewable output

zi + li − gi ≤ Kperceived
i ∀i (3.7)

where Kperceived
i = Ki − σi

√
1−Ri
Ri

is dubbed “perceived” renewable output for given Ri

and σi. Since σi

√
1−Ri
Ri

is non-negative, Kperceived
i ≤ Ki holds true. Here, Kperceived

i

may be interpreted as a “certainty equivalent” of uncertain renewable output, jointly

affected by Ri and σi. In particular, the more risk averse the prosumer (i.e., smaller

Ri) and/or the greater the uncertainty of renewable output (i.e., larger σi), the lower

the perceived renewable output (i.e., Kperceived
i ), thereby inducing the prosumer to act

more conservatively.

Tables 3.4 and 3.5 summarize the market outcomes when changing the pro-

sumer’s risk aversion (R1 = 0.1, 0.5, 0.99) and the uncertainty parameters (σ1 = 1, 5, 25),

respectively. We maintain σ1 = 10 MW and R1 = 0.9 at their baseline in Tables 3.4
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and 3.5, respectively, while K1 = 50 MW.

Table 3.4: Results under Stackelberg Leader Prosumer with Different Risk Aversion
Parameters (σ1 = 10 MW, K1 = 50 MW)

Variables \Scenarios (a) (b) (c)
Risk Aversion Parameter (R1) 0.10 0.50 0.99

Perceived output (Kperceived
1 ) [MW] 20 40 48.99

Prosumer’s sale(+)/purchase(-) [MWh] -63.48 -47.56 -40.41
Prosumer’s load [MWh] 99.09 100.63 101.32
Prosumer’s generation [MWh] 15.61 13.06 11.91
Marginal cost of backup [$/MWh] 50.61 48.06 46.92
Prosumer surplus [$K] 9.60 10.59 11.02
Total power demand [MWh] 2,847.83 2,850.72 2,852.02
Total power production [MWh] 2,911.31 2,898.28 2,892.42
Power price in node 1 [$/MWh] 45.53 44.25 43.68
Sales-weighted power price [$/MWh] 35.50 35.42 35.38
Grid operator’s revenue [$K] 9.97 8.76 8.21
Producer surplus [$K] 41.73 42.51 42.85
Consumer surplus [$K] 255.80 256.17 256.34
Wholesale social surplus [$K] 307.51 307.44 307.41

Columns (a), (b), and (c) in Table 3.4 correspond to the market outcomes

of R1 equal to 0.10, 0.50, and 0.99, respectively. The perceived output Kperceived
1 as

reported in Table 3.4 increases from 20 MW in column (a) to 48.99 MW in column (c).

With increases of R1 from 0.10 to 0.50, and to 0.99, the prosumer becomes less risk

averse or more risk seeking, thereby purchasing less energy from the wholesale market,

from 63.48 MWh to 47.56 MWh, and to 40.41 MWh as shown in columns (a)–(c).

The fact that less energy is purchased by the prosumer in column (c) implies that more

energy is available in the wholesale market, leading to lower sales-weigheted power prices

(i.e., $35.38/MWh in column (c) vs. $35.50/MWh in column (a)) and higher consumer

surplus ($256.34K in (c) vs. $255.80K in (a)).

The final set of results concerning the impact of uncertainty in renewable

output (σ1) is reported in Table 3.5. Columns (a) through (c) display the outcomes when
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Table 3.5: Results under Stackelberg Leader Prosumer with Different Uncertainty of
Renewable Output (R1 = 0.9, K1 = 50 MW)

Variables \Scenarios (a) (b) (c)
Uncertainty of renewables (σ1) [MW] 1 5 25

Perceived output (Kperceived
1 ) [MW] 49.67 48.33 41.67

Prosumer’s sale(+)/purchase(-) [MWh] -39.87 -40.93 -46.24
Prosumer’s load [MWh] 101.37 101.27 101.76
Prosumer’s generation [MWh] 11.83 12.00 12.85
Marginal cost of backup [$/MWh] 46.83 47.00 47.85
Prosumer surplus [$K] 11.05 10.98 10.67
Total power demand [MWh] 2,852.12 2,851.92 2,850.96
Total power production [MWh] 2,891.99 2,892.86 2,897.20
Power price in node 1 [$/MWh] 43.64 43.73 44.15
Sales-weighted power price [$/MWh] 35.38 35.39 35.42
Grid operator’s revenue [$K] 8.17 8.25 8.66
Producer surplus [$K] 42.88 42.83 42.57
Consumer surplus [$K] 256.36 256.33 256.20
Wholesale social surplus [$K] 307.41 307.42 307.44

increasing uncertainty σ1 from 1 MW to 25 MW. With increases in σ1, the perceived

output Kperceived
1 decreases from 49.67 MW in column (a) to 41.67 MW in column (c).

A smaller Kperceived
1 forces the prosumer to purchase more energy from the wholesale

market in column (c), and hence leaves less energy available to the consumers in the

grid. This, in turn, leads to higher sales-weighted prices from $35.38/MWh in column

(a) to $35.42/MWh in column (c), even only marginally. As a result, consumers become

worse off, subject to a decline of $0.16K (=$256.36K-$256.20K) in consumer surplus. 7

7The impacts of R1 and σ1 when the prosumer is in a long position, selling energy to the grid, can
be analyzed in a similar way. In particular, a larger Kperceived

1 as in Table 3.4 encourages the prosumer
to sell more energy, which is expected to lower sales-weighted power prices and makes consumers better
off. On the other hand, a smaller Kperceived

1 as in Table 3.5 induces the prosumer to sell less energy,
resulting in lower consumer surplus with higher sales-weighted power prices.
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3.5 Conclusion

This chapter extends the existing work [46, 47] and focuses on examining the

role of risk-averse prosumers in the electricity market by formulating a risk-averse pro-

sumer as a leader using distributionally robust chance-constrained MPEC approach and

compare the results to those where the prosumer is designated as a price-taker and a

Cournot entity in the market. The results indicate that market outcomes are affected

by the risk-averse prosumer’s strategy and the amount of its possessed renewables. Pos-

sessing relatively low (high) renewables, the prosumer behaves as consumers (producers)

and purchases from (sells to) the main grid. The outcomes of the Stackelberg competi-

tion lie in between those of Cournot (least competitive) and perfect competition (most

competitive) scenarios. Under the relatively high amount of renewables, the outcomes

asymptotically approach that of the perfect competition case. However, although the

impact of the strategic prosumer on each of the market participants in the Stackel-

berg case is in between the perfect and Cournot competition cases, its impact on the

wholesale market’s social surplus (excluding prosumer’s surplus) is ambiguous. More

specifically, in the short position, the prosumer in the Stackelberg equilibrium increases

the social surplus, higher than perfect competition and Cournot. On the other hand,

in the long position, the prosumer’s strategy leads to a decline in social surplus, lowest

compared to perfect competition and Cournot cases. Our contribution therefore lies

on developing a distributionally robust chance-constrained MPEC approach to model

risk-averse prosumers when facing uncertain renewables. Finally, the model is ready
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to include other energy products in the electric power sector, where the prosumers can

offer their services. For instance, a spinning reserve market or a market for fast-ramping

products can be formulated in a similar way to [56]. Our analysis also highlights the

importance of understanding the role of prosumers, acting as a producer or a consumer

in equilibrium, when evaluating its interaction with and its impacts on the wholesale

market.
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Chapter 4

Prosumers, Endogenous Risk Aversion,

and Optimization

4.1 Introduction

Electricity markets are evolving rapidly and fundamentally, in response to the

growing need for renewable capacity and generation, mainly reinforced by the efforts

to mitigate climate change and pursue sustainability. This has resulted in significant

changes in the design and operation of modern power grids. As more smart meters

and digital grid technologies become available, we witness more facilitation, and hence

the willingness toward renewable power generation, such as a solar photovoltaic (PV)

system, among traditional consumers. This trend, in conjunction with a variety of

distributed energy resources (DER), such as electric vehicles (EV) and storage, has

challenged the traditional supply-centric paradigm and illustrated a new reality focused
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on the demand side in electricity markets.

As the demand side of energy markets becomes increasingly engaged, the be-

havior and strategies of the once-idle demand-side participants begin to affect the func-

tioning of electricity markets more significantly. Particularly, we observe the emergence

of prosumers, that is, agents who are capable of concurrent generation and consumption

of power, as opposed to conventional consumers or suppliers that would traditionally

participate in one side of the market only. As more conventional consumers become

prosumers, the collective effect on the design and operation of electricity markets be-

comes paramount [1]. Prosumer engagements in electricity markets are amplified by

aggregators that integrate demand response (DR) and DER. offering bundled energy

products to the market [31] [3]. This trend has recently been accelerated by FERC

Order 2222, which paves the way for the increased adoption of DER technologies [57].

Prosumers with non-dispatchable renewable power sources face inherent uncer-

tainty of natural resources, such as solar and wind. Hence, individuals’ attitudes toward

risk play an important role in the decision making of prosumers, similar to investors

in financial markets. Within the research communities of economics, finance, and en-

gineering, the assumption of constant and exogenous risk preference has been standard

practice [58], [59]. However, in recent years, such a standard assumption has been con-

sidered unrealistic because it occasionally fails to describe historical data, particularly

in financial markets.1 For instance, [61] argues that a model with constant risk aversion

1Related to this point, Alan Greenspan suggested in his speech at the Federal Reserve Bank of
Kansas City that an increase in the market value of asset claims partly depends on changing investors’
attitudes toward risk [60].
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cannot replicate the key statistical properties observed in real financial markets. This

study demonstrates that a time-varying risk-aversion parameter that responds to unex-

pected excess returns can replicate historical data. In contrast, [62] developed a general

equilibrium model in which heterogeneous preferences are endogenously determined in

markets. They empirically show that the risk aversion parameters vary across house-

holds under different market conditions by comparing landed and landless households

in Bangladesh.

Given the increasing influence of prosumers with uncertain renewable power

sources, their behavioral and risk assessments have become a key focus, with possible

ramifications for the outcomes of current electricity markets [47, 46]. Prosumer atti-

tudes toward risk have a direct bearing on the quantities they supply and demand,

and hence, overall market outcomes, given the rapid penetration of renewable energy

sources. The degree of prosumer risk aversion is expected to respond and adapt to the

surrounding economic environment and market conditions as in the case of investors

in the financial field [61]. Therefore, a modeling framework that captures the decision

making of prosumers in the context of endogenous risk attitudes under uncertainty is

of particular importance.

Previous studies have addressed some dimensions of risk elements in electric-

ity markets involving prosumers. In [63], the authors investigated the risks involved

in community energy markets, with a particular focus on peer-to-peer and energy-

sharing mechanisms. The authors developed a conditional value-at-risk (CVaR) model

for household and community PV systems and formulated the problem in terms of a
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stochastic game. Similarly, the authors in [64] formulated a cooperative game theory

framework for energy hubs and community energy systems using CVaR with a profit-

sharing scheme. In [65], the authors proposed a decision method for energy bids in the

day-ahead energy market, and evaluated the risks related to the different decisions of

prosumers in the microgrid.

However, existing studies on the stochastic approaches for prosumers are scant

and mostly assume constant and exogenous risk preference. These studies fall short of 1)

explicitly capturing the formation of the risk tolerance of prosumers and 2) modeling how

this factor affects their decisions and, consequently, market outcomes. In contrast, we

propose an alternative modeling framework in which prosumers endogenously determine

their risk attitudes through optimization. Specifically, in our model, the degree of the

risk aversion of prosumers is determined by their surplus maximization problem, which

is formulated as a distributionally robust chance-constrained problem with uncertain

renewable outputs. To the best of our knowledge, this is the first study to derive

a prosumer risk-aversion parameter (as a decision variable) by optimization, thereby

advancing the modeling approach in addition to its management implications. Such

a framework has been scarce, even in other fields, such as finance, with the exception

of [66], who models an investor that endogenously chooses his/her risk preference by

maximizing the probability of achieving wealth that grows faster than the target growth

rate. In contrast to the simple model of investor probability maximization in [66], we

investigate a distributionally robust chance-constrained framework, which is a more

recent strand of research on uncertainty that focuses on the endogenous decision making
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of prosumers.

Specifically, we model prosumers who own renewable generation systems and

make decisions in a day-ahead wholesale power market, anticipating the effect of their

decisions on the other participants in the market. This situation is expressed as a Stack-

elberg leader-follower game, which results in the generation of a mathematical program

with equilibrium constraints (MPEC). The problem is formulated in a distributionally

robust chance-constrained framework to account for the uncertainty of the renewable

generation of prosumers. Within this framework, prosumers maximize their surplus

by adjusting their risk attitudes. Our solution approach applies the Wolfe duality to

the lower-level problem to concavify the bilinear term in the objective function of the

upper-level problem. Finally, we demonstrate how optimally adjusted risk aversion by

prosumers affects outcomes in the wholesale power market using the IEEE Reliability

Test System (RTS 24-Bus) [54].

This chapter proceeds as follows. In Section 4.2, we formulate a distribution-

ally robust chance-constrained MPEC, in which leader prosumers determine their risk

preferences. Section 4.3 further presents a case study based on an IEEE 24-bus system.

Section 4.4 concludes the study.

4.2 Model Setup

We consider a Stackelberg framework in which the prosumer is the leader and

the other market participants are followers. This Stackelberg game is formulated as
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a mathematical program with equilibrium constraints (MPEC) formally defined as in

(4.1):

minimize f(x, y) (4.1a)

subject to

(x, y) ∈ Z, (4.1b)

y ∈ S(x) (4.1c)

In this setup, x ∈ Rn, y ∈ Rm, f : Rn+m → R, F : Rn+m → Rm, and

Z ⊆ Rn+m. We also define a set-valued mapping C : Rn → Rm, where C(x) is a closed

convex subset of Rm for each x ∈ Rn, and let X be the projection of Z onto Rn. S(x)

is the solution to the variational inequality defined as (v− y)⊤F (x, y) ≥ 0, ∀v ∈ C(x)

[67].

An MPEC can be regarded as an optimization problem faced by a leader

(upper-level problem), whose actions affect the equilibrium of a market (lower-level

problem), which consequently affects the leader’s objective. The next Section discusses

this issue in detail.

4.2.1 Bi-Level Problem of Power Market with Prosumers

In this section, we describe the prosumer’s problem in the upper- and lower-

level problems faced by the grid operator. Let I denote the set of nodes (or locations)

and let L be the set of transmission lines comprising elements in ordered pairs of distinct

nodes. Here, F is the set of conventional generation firms, H is the set of generation
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units, and Hfi ⊂ H denotes the set of generation units owned by firm f at node i.

Finally, we note that the Greek variables within parentheses to the right of the equation

render the corresponding dual variable.

4.2.1.1 Upper-Level Problem

In this study, the prosumer makes a decision in a day-ahead wholesale power

market, anticipating its effect on other participants. Therefore, the prosumer can be

modeled as the leader in a Stackelberg game.2 The prosumer at node i is assumed

to possess non-dispatchable renewable capacity with a negligible short-run marginal

cost. The output from renewable sources is denoted by a random variable K̃i, which

is uncertain because it is dependent on available natural resources such as solar and

wind. We assume that the distribution Pi of K̃i belongs to a set Pi of distributions,

where the first and second moments are known, that is, E(K̃i) = Ki and V(K̃i) = σ2
i ,

respectively, but without exact knowledge of the probability distributions. In contrast,

the prosumer also owns a dispatchable or backup resource, for example, an on-site diesel

generator, that supplies power gi with an increasing and strictly convex cost function

Cg
i (gi) and capacity of Gi to hedge against uncertain output K̃i. Specifically, we assume

a quadratic cost function, Cg
i (gi) = Dg0

i gi +
Cg0

i
2 g2i . However, its supply would not be

able to fully compensate for the intermittent renewable output.

Regarding the demand side, the prosumer’s benefit function of consuming elec-

2The individual “behind-the-meter” prosumers, such as the owner of a rooftop solar panel, might
have limited access to the wholesale or bulk market and may be subject to fixed tariffs when selling
their surplus power back to the grid. We assume that the prosumer (or aggregator) that we present
here is a result of the aggregation of a large number of prosumers, thereby allowing them to interact
with the bulk market directly.

73



tricity at node i is given by Bl
i(li), where li corresponds to the self-consumption at each

node. Benefit function Bl
i(li) is assumed to be increasing and strictly concave. Specif-

ically, we assume a quadratic benefit function, Bl
i(li) = Al0

i li −
Al0

i

2Bl0
i

l2i , for a relevant

range of consumption. We assume that the prosumer is only allowed to sell or buy

power locally, that is, at each node, which is consistent with the layered structure of a

future grid [32].

We posit that the prosumer maximizes its surplus by determining four types

of variables: i) its risk attitude/preference or tolerance ri ∈ [0, 1], in which a smaller

ri indicates that the prosumer is more risk averse; ii) the amount of traded power zi,

buying from (zi < 0) or selling to (zi > 0) in node i at price pi, iii) the amount of

its own power consumption li and iv) the amount of power to be generated gi from

the backup dispatchable technology. We further formulate a distributionally robust

chance-constrained problem for the prosumer facing an uncertain renewable output K̃i

as follows:
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maximize
ri, zi, li, gi

∑
i

(
pizi +Bl

i(li)− Cg
i (gi)

)
+
∑
i

E
[
P c
i

(
K̃i − zi − li + gi

)]
(4.2a)

subject to

inf
Pi∈Pi

Pi

(
zi + li − K̃i − gi

)
≥ 1− ri (δi), (4.2b)

gi ≤ Gi. (κi), (4.2c)

ri ≤ 1 (νi), (4.2d)

ri, li, gi ≥ 0. (4.2e)

The three terms in the first line of the objective function (2.2a) correspond

to revenue (+) or cost (−) from transactions in the day-ahead wholesale market, the

benefit of consuming power, and the generation costs incurred from backup resources,

respectively.3 The second line provides the expected cost/revenue in real time, where

P c
i is a fixed or contracted retail rate between the prosumer and utility for node i. Here,

we envision a situation in which the prosumer is allowed to participate in a day-ahead

market but is subject to a fixed retail rate in real time, similar to the situation faced by

several EU countries such as Italy, the Netherlands, and Belgium [49]. P c
i can also be

regarded as a real-time imbalance price to finally settle a shortage or excess of energy

for the prosumer.

Constraint (2.2b) is the distributionally robust chance constraint of the pro-

sumer. It states that the sum of the renewable output K̃i and self-generation gi, net of

3The interaction of the prosumer with the bulk day-ahead energy market is modeled by shifting
the supply curves and sales decisions of conventional producers. An alternative way of modeling this
situation is to horizontally aggregate the demand curves of consumers and prosumers. However, this
aggregation might result in kinked demand curves, which pose numerical difficulties [51].
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transactions with the wholesale day-ahead market, that is, zi, is equal to or greater than

the self-consumption li with probability 1 − ri or greater for any distributions in Pi.

Because the renewable output K̃i is a random variable, its realization in real time in-

herently varies, depending on the weather condition. The prosumer who is conscious of

risk would be concerned about bad scenarios with the realization of very low renewable

output because it will incur costs to settle the imbalance of power in real time. This

is analogous to investors who are cautious about market volatility and are concerned

about possible losses owing to the realization of low returns on their financial assets. We

posit that the prosumer decides their risk attitude by adjusting ri in constraint (4.2b),

where a smaller ri means more risk averse. Constraints (4.2c)–(4.2e) specify the ranges

of the four decision variables, that is, ri, zi, li, and gi.

4.2.1.2 Lower-Level Problem

We further introduce the lower-level problem in which the grid operator takes

bids from suppliers and consumers/load serving entities and maximizes the social sur-

plus of the wholesale market, subjected to prosumer’s decision zi. Let xfih, di, and yi

denote the power output produced by generation unit h at node i owned by firm f ,

the quantity demanded by consumers at node i, and the power injection/withdrawal

at node i, respectively. We assume an increasing and strictly concave benefit function

Bi(di) = P 0
i di−

P 0
i

2Q0
i
d2i for consumers, and an increasing and strictly convex cost function

Cfih(xfih) = D0
fihxfih+

C0
fih

2 x2fih for generation. The lower-level problem is represented

as the maximization of the social surplus (i.e., benefit minus cost) faced by the grid
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operator:

maximize
xfih, di, yi

∑
i

Bi(di)−
∑

f,i,h∈Hfi

Cfih(xfih) (4.3a)

subject to

xfih ≤ Xfih (βfih),∀f, i, h ∈ Hfi , (4.3b)∑
i

PTDFkiyi ≤ Tk (λ+
k ), ∀k, (4.3c)

−
∑
i

PTDFkiyi ≤ Tk (λ−
k ), ∀k , (4.3d)

di −
∑

f,h∈Hfi

xfih − zi = yi (ηi),∀i, (4.3e)

∑
i

yi = 0 (θ) , (4.3f)

xfih ≥ 0 (εfih),∀f, i, h ∈ Hfi , (4.3g)

di ≥ 0 (ξi), ∀i (4.3h)

Constraints (4.3b)–(4.3d) limit the variables according to the generation ca-

pacity (Xfih) and the transmission capacity (Tk), along with the power transfer dis-

tribution factor (PTDFki). Constraint (3.2e) represents the nodal balance with the

prosumer’s transaction (zi) embedded. The balance between supply and demand is

implied by (4.3f). Constraints (4.3g)–(4.3h) represent the non-negativity of generation

and consumption, respectively. Given that the lower level is a concave programming

problem, the solutions can be represented by its optimality conditions, which form a

mixed complementarity problem characterizing the equilibrium of the market:
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−C ′
fih(xfih)− βfih + ηi + εfih = 0 ∀f, i, h ∈ Hfi, (4.4a)

B′
i(di)− ηi + ξi = 0 ∀i, (4.4b)

−
∑
k

(λ+
k − λ−

k )PTDFki + ηi − θ = 0 ∀i, (4.4c)

0 ≤ βfih ⊥ xfih −Xfih ≤ 0 ∀f, i, h ∈ Hfi, (4.4d)

0 ≤ λ+
k ⊥

∑
i

PTDFkiyi − Tk ≤ 0 ∀k, (4.4e)

0 ≤ λ−
k ⊥ −

∑
i

PTDFkiyi − Tk ≤ 0 ∀k, (4.4f)

di −
∑

f,h∈Hfi

xfih − zi − yi = 0 ∀i, (4.4g)

∑
i

yi = 0, (4.4h)

0 ≤ εfih ⊥ xfih ≥ 0 ∀f, i, h ∈ Hfi, (4.4i)

0 ≤ ξi ⊥ di ≥ 0 ∀i (4.4j)
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4.2.2 Distributionally Robust Chance-Constrained MPEC

Based on the upper- and lower-level problems in Section 4.2.1, the prosumer’s

problem is now cast as a distributionally robust chance-constrained MPEC as follows:

maximize
Φ ∪ Ω ∪ Λ

∑
i

(
ηizi +Bl

i(li)− Cg
i (gi)

)
+

∑
i

E
[
P c
i

(
K̃i − zi − li + gi

)]
(4.5a)

subject to

inf
Pi∈Pi

Pi

(
zi + li − K̃i − gi

)
≥ 1− ri (δi), (4.5b)

gi ≤ Gi. (κi), (4.5c)

(4.2c)− (4.2e),

(4.4a)− (4.4j)

where Φ = {ri, zi, li, gi}, Ω = {xfih, di, yi}, and Λ = {βfih, λ+
k , λ

−
k , ηi, θ, εfih, ξi}.

In the first line of the objective function, the net benefit of the prosumer is expressed

using the equilibrium power price ηi (instead of pi), which is the dual variable associated

with the nodal balance constraint (4.3e) in the lower-level problem.

Problem (4.5) is difficult to solve due to the non-concave objective function

with the bilinear term resulting from the product of
∑

i ηizi, a product of the primal

variable in the upper-level problem and the dual variable in the lower-level problem. We

propose a method that applies the Wolfe duality to the lower-level problem. Using the

strong duality and constraints in the Wolfe dual formulation of the lower-level problem,

we show that the bilinear term in the objective function of the upper-level problem can
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be concavified as follows (see Appendix A):

∑
i

ηizi =
∑
i

B′
i(di)di −

∑
k

(λ+
k + λ−

k )Tk (4.6)

−
∑

f,i,h∈Hfi

(
C ′
fih(xfih)xfih + βfihXfih

)
Furthermore, since (4.5b) considers probability constraints over all possible

distributions with given moments, we simplify the formulation, as in [52], by replacing

(4.5b) with (4.7):

zi + li − gi −Ki + σi

√
1− ri
ri

≤ 0 ∀i (4.7)

Ki−σi

√
1−ri
ri

in (4.7) can be interpreted as a “risk-derated” renewable output perceived

by the prosumer, which is assumed to be non-negative:

Ki − σi

√
1− ri
ri

≥ 0 ∀i (4.8)

In our context, ti = σi

√
1−ri
ri

represents a “risk-averse reservation,” also re-

ferred to as a “safety parameter” in the chance-constrained optimization literature. This

term can be regarded as the buffer amount of energy perceived by the prosumer in order

to hedge against a situation in which the realized value of the renewable output in real

time is lower than expected. A risk-averse prosumer with small ri attempts to main-

tain sufficient reservation output ti when making decisions in the day-ahead market,

whereas a risk-neutral prosumer with ri = 1 perceives the expected output Ki without

any reservations, i.e., ti = 0.

Problem (4.5), with the transformation of (4.6) and (4.7), in conjunction with

(4.8) can be then solved using off-the-shelf nonlinear programming solvers, such as
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Knitro [68].4

4.3 Case Study

4.3.1 Data and Assumptions

The model was applied to an IEEE reliability test system (RTS 24-Bus) [54].

The topology of the system comprises 24 buses, 38 transmission lines, and 17 constant-

power loads with a total of 2,850 MW. We aggregate the 32 generators into 13 generators

by integrating those with the same marginal cost and located at the same node. How-

ever, six generation units were excluded from the dataset because they are hydropower

units, which operate at a maximum output of 50 MW [27]. To analyze the effect of

transmission congestion, the capacity of line 7 between nodes 3 and 24 in the test case

was reduced to 150 MW. The generation cost is represented by a quadratic function

parameterized by D0
fih and C0

fih as coefficients for the linear and quadratic terms, re-

spectively. Furthermore, the prosumer, or the leader, located at node 1 is assumed to

have the same demand function as the consumers in that node. The prosumer owns a

renewable generation unit that produces varying amounts of power (contingent on avail-

able natural resources), and a dispatchable unit as a backup option. The RTS 24-Bus

case was first formulated as a least-cost minimization problem and solved with a fixed

nodal load to compute dual variables associated with load constraints. Further, the dual

variables, in conjunction with an assumed price elasticity of −0.2 are used to calculate

4The complementarity conditions represented in the constraints of problem (4.5) can also be lin-
earized using disjunctive constraints [53], resulting in a mixed integer quadratic program (MIQP).
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the demand parameters, P 0
i and Q0

i . The magnitude of the price elasticity of demand

is comparable to that in the literature [28]. Hereafter, we omit index i for the variables

and parameters associated with the prosumer, focusing on node 1. Several cases are

considered by varying the imbalance price P c ($20/MWh and $60/MWh) and expected

renewable output K = E(K̃) (25 MWh and 110 MWh) with uncertainty characterized

by the standard deviation σ (20% and 80% of the expected renewable output K). For

example, the uncertainty corresponding to σ =20% of K =110 MWh is equal to 22

MWh (= 0.2× 110). The results are then presented in the next section.

4.3.2 Main Results

The main results are summarized in Tables 4.1–4.4. Each table with the same

layout contains the results pertaining to the prosumer, wholesale, and economic rent

distributions. We further focus our discussion mainly on the behavior of a prosumer.

Note that for prosumer surplus, we include the expected surplus from the imbalance

settlement, which is equal to P ct, but exclude it when calculating the “day-ahead” total

social surplus as the real-time settlement does not occur in the day-ahead market and

it is just an expected transfer between two parties (i.e., cancelled out). In the following

tables, the expected revenue (or cost) of imbalance, which is equal to P ct is excluded

from the total “day-ahead” social surplus, while included when calculating prosumer

surplus.

Table 4.1 reports the case where P c =$20/MWh and σ account for 20% (of

K). Facing a relatively low price of P c =$20/MWh in real time, the prosumer finds it
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economically undesirable to maintain a “risk-averse reservation” in the day-ahead mar-

ket. This is because the realization of a disappointing scenario with very low renewable

output would not result in significant monetary stress for the prosumer to be exposed

to real-time settlement for energy imbalance. Therefore, as demonstrated in Table 4.1,

the prosumer prefers less risk-averse attitude, even behaving risk neutrally by choosing

r∗ =1. The prosumer is in short (long) position when expected renewable output K is

25 MWh (110 MWh), buying 59.5 MWh from (selling 9.96 MWh into) the grid. With a

more expected renewable output of K =110 MWh, the prosumer consumes more while

selling excess energy into the day-ahead market, which results in a larger amount of pro-

sumer surplus. Overall, the system benefits from a higher expected renewable output,

thereby resulting in a greater total day-ahead social surplus.

Table 4.1: Results: the case where P c =$20/MWh and σ =20% (of K)

Expected renewable output [MWh] 25 110
Prosumer’s sale(+)/purchase(–) [MWh] -59.50 9.96
Prosumer’s load [MWh] 99.48 105.32
Prosumer’s backup generation [MWh] 14.97 5.28
Power price at node 1 [$/MWh] 45.21 40.77
Prosumer’s risk-averse reservation [MWh] 0 0
Prosumer’s optimal risk (r∗) 1 1
Expected revenue(+)/cost(–) of imbalance [$K] 0 0
Prosumer surplus [$K] 9.85 13.65
Conventional consumption [MWh] 2,848.55 2,857.91
Conventional generation [MWh] 2,908.05 2,847.95
Grid operator’s revenue [$K] 9.67 5.52
Producer surplus [$K] 41.92 44.71
Consumer surplus [$K] 255.89 257.14
Wholesale social surplus [$K] 307.49 307.36
Total day-ahead social surplus [$K] 317.35 321.02

Table 4.2 shows the outcomes when P c =$60/WMh and σ is 20% (of K). A

relatively high price of P c =$60/WMh, which is associated with a risk of significant
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expenses for the energy imbalance settlement, induces the prosumer to behave con-

servatively with r∗ close to zero by holding a considerable amount of a “risk-averse

reservation” to hedge against the worse case of very low renewable output in real time.

The prosumer’s reservation becomes as high as the expected renewable output, thereby

resulting in a risk-derated output of 0. Consequently, the prosumer increases energy

purchases from the grid in the day-ahead market even when 110 MWh of renewable

output is expected. This is in contrast to Table 4.1, in which the prosumer behaves risk

neutrally, selling 9.96 MWh to the grid under K =110 MWh. The backup generation

of the prosumer also increases compared with that in Table 4.1. When the expected

renewable output increases, the risk-averse prosumer adjusts their reservation by the

same amount, thereby resulting in the same rent distribution in the day-ahead market

for K =25 MWh and 110 MWh in Table 4.2.

In Tables 4.3–4.4, σ increases from 20% to 80% (of K), while maintaining the

same setup for P c, as shown in Tables 4.1–4.2. The observations in Tables 4.1–4.2 also

emerge in Tables 4.3–4.4. This implies that the degree of uncertainty would not affect

the market outcomes when the prosumer can endogenously determine or “internalize”

their risk attitude to achieve their maximized surplus. The outcomes depend mainly on

P c rather than on σ. Consequently, the outcomes in Tables 4.3 (4.4) are equivalent to

those in Tables 4.1 (4.2).

In Fig. 4.1, we further elaborate on the effect of imbalance price P c on the

optimal risk attitude r∗ under σ = 20% (of K). Fig. 4.1 demonstrates that the prices

for energy imbalance settlement play key roles for the decision of the prosumer’s optimal
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Table 4.2: Results: the case where P c =$60/MWh and σ =20% (of K)

Expected renewable output [MWh] 25 110
Prosumer’s sale(+)/purchase(-) [MWh] -79.39 -79.39
Prosumer’s load [MWh] 97.56 97.56
Prosumer’s backup generation [MWh] 18.16 18.16
Power price at node 1 [$/MWh] 46.80 46.80
Prosumer’s risk-averse reservation [MWh] 25 110
Prosumer’s optimal risk (r∗) 0.038 0.038
Expected revenue(+)/cost(–) of imbalance [$K] 1.5 6.6
Prosumer surplus [$K] 10.06 15.16
Conventional consumption [MWh] 2,844.93 2,844.93
Conventional generation [MWh] 2,924.33 2,924.33
Grid operator’s revenue [$K] 11.19 11.19
Producer surplus [$K] 40.96 40.96
Consumer surplus [$K] 255.45 255.45
Wholesale social surplus [$K] 307.60 307.60
Total day-ahead social surplus [$K] 316.17 316.17

Table 4.3: Results: the case where P c =$20/MWh and σ =80% (of K)

Expected renewable output [MWh] 25 110
Prosumer’s sale(+)/purchase(-) [MWh] -59.50 9.96
Prosumer’s load [MWh] 99.48 105.32
Prosumer’s backup generation [MWh] 14.97 5.28
Power price at node 1 [$/MWh] 45.21 40.77
Prosumer’s risk-averse reservation [MWh] 0 0
Prosumer’s optimal risk (r∗) 1 1
Expected revenue(+)/cost(–) of imbalance [$K] 0 0
Prosumer surplus [$K] 9.85 13.65
Conventional consumption [MWh] 2,848.55 2,857.91
Conventional generation [MWh] 2,908.05 2,847.95
Grid operator’s revenue [$K] 9.67 5.52
Producer surplus [$K] 41.92 44.71
Consumer surplus [$K] 255.89 257.14
Wholesale social surplus [$K] 307.49 307.36
Total day-ahead social surplus [$K] 317.35 321.02

risk attitude, indicating that a relatively low imbalance price induces a less risk-averse

behavior (i.e., greater r∗), and vice versa. Particularly, for the range of P c between

$40/MWh and $60/MWh, the prosumer with K =25 MWh finds it optimal to choose

a less risk-averse attitude than that under K =110 MWh. This suggests that when
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Table 4.4: Results: the case where P c =$60/MWh and σ =80% (of K)

Expected renewable output [MWh] 25 110
Prosumer’s sale(+)/purchase(-) [MWh] -79.39 -79.39
Prosumer’s load [MWh] 97.56 97.56
Prosumer’s backup generation [MWh] 18.16 18.16
Power price at node 1 [$/MWh] 46.80 46.80
Prosumer’s risk-averse reservation [MWh] 25 110
Prosumer’s optimal risk (r∗) 0.390 0.390
Expected revenue(+)/cost(–) of imbalance [$K] 1.5 6.6
Prosumer surplus [$K] 10.06 15.16
Conventional consumption [MWh] 2,844.93 2,844.93
Conventional generation [MWh] 2,924.33 2,924.33
Grid operator’s revenue [$K] 11.19 11.19
Producer surplus [$K] 40.96 40.96
Consumer surplus [$K] 255.45 255.45
Wholesale social surplus [$K] 307.60 307.60
Total day-ahead social surplus [$K] 316.17 316.17

facing moderate P c and a smaller magnitude of uncertainty (0.2×25 MWh), prosumers

behave less risk averse. Outside this range of P c, r∗ is equivalent between K =25 and

110 MWh.

4.3.3 Relative risk profit loss

This section presents the results concerning the effect of a prosumer’s decision

abougt the risk attitude on its profit. We define the “relative profit loss” in (4.9) to

quantify the extent of a prosumer’s forgone profit when choosing a suboptimal risk

attitude r in comparison with the maximum profit under optimal r∗ as follows:

relative profit loss =
π(r∗)− π(r)

π(r∗)
× 100% (4.9)

where π(r∗) denotes a prosumer’s profit under the optimal risk attitude r∗ and π(r) is

its profit for an arbitrary level of r.
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Figure 4.1: Plot of optimal risk attitude r∗ against imbalance price P c under σ = 20%
(of K)

Fig. 4.2 plots the relative profit loss defined in (4.9) in y-axis against different

values of risk tolerance (r) in x-axis for P c equal to $20/MWh in (a) and $60/MWh

in (b), respectively. All the scenarios shown in Fig. 4.2 assume that the degree of

uncertainty σ is equal to 20% of K. The values in parentheses correspond to the

optimal r∗ in each case.

Several observations have emerged. As demonstrated in Tables 4.1–4.2 and

Fig. 4.1, a relatively low imbalance price of P c =$20/MWh makes the prosumer behave

risk neutrally by choosing r∗ = 1, while a relatively high price of P c =$60/MWh induces

a risk-averse attitude with r∗ = 0.038 close to 0. Relative profit loss depends on the

deviation of r from the optimum r∗. In Fig. 4.2(a), given r∗ = 1 under P c =$20/MWh,

the relative profit losses display decreasing curves in r. By contrast, the losses shown in

Fig. 4.2(b) increase in r given that r∗ is close to 0 under P c =$60/MWh. Additionally,
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Figure 4.2: Plot of relative profit loss against prosumer’s risk attitude r under σ = 20%
(of K)

the relative profit loss is larger for a greater expected renewable output of K =110 MWh

compared with the case of K =25 MWh in both figures.

We further examine how σ, or the degree of renewable output uncertainty,

affects the relative profit loss. Fig. 4.3 plots the relative profit loss against risk attitude

r under various levels of σ with four combinations of K and P c.5 Figs. 4.3(a)–(b) show

the cases of P c =$20/MWh, in which the optimal risk attitude of the prosumer is r∗ = 1,

that is, to behave risk neutrally. For a given suboptimal r, when r∗ = 1 is optimal, the

prosumer worsens with a larger value of relative profit loss as the degree of uncertainty

increases. In contrast, Figs. 4.3(c)–(d) illustrate the cases of P c =$60/MWh, in which

the optimum for the prosumer is to choose the risk-averse attitude of r∗ < 1. Contrary

to the case of P c =$20/MWh, for a given suboptimal r, the risk-averse prosumer is

5Note that condition (4.8) is violated below a threshold value of r under each scenario. We visualize
only some relevant ranges in the figures.

88



generally better off with a lower value of relative profit loss as the degree of uncertainty

increases. Therefore, Figs. 4.3(a)–(b) imply that conservative risk attitude when P c is

lower is more costly in the face of a situation with greater uncertainty (larger σ and

t), while the prosumer should have behaved risk neutrally (t = 0) at the optimum. In

contrast, as shown in Figs. 4.3(c)–(d), failure in adequately adjusting risk attitude when

P c is greater is more costly in the face of a smaller degree of uncertainty (smaller σ and

t), resulting in an insufficient risk-averse reservation. Finally, the overall relative profit

loss is greater under K =110 MWh than under K =25 MWh, intuitively indicating that

the cost of getting wrong is greater with a larger K.

4.4 Conclusions

Entities like prosumers in the electric power sector increasingly confront various

risks in the real world, including those induced by climate change, as exemplified by the

Texas market in February 2021 [69]. Empirical evidence suggests that decision makers

can modify their risk preferences in different situations, changing environments, and

volatile market conditions [70]. In the current context, a prosumer participating in

the day-ahead wholesale power market can maximize its profit by optimally adjusting

the risk preference by further considering uncertain renewable resources. This study

proposes a distributionally robust chance-constrained MPEC approach to examine the

prosumer’s endogenous decision concerning their risk attitude. We overcome the non-

concavity of the prosumer’s objective function by applying Wolfe duality to the lower-
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Figure 4.3: Profit loss ratios for various levels of σ

level problem of the grid operator.

The model is applied to a case study based on the IEEE RTS 24-bus system.

Our analysis indicates that when allowing a prosumer to endogenously decide their risk

preference in the face of uncertain renewable output with energy imbalance settlement,
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the prosumer can effectively hedge market risk by behaving more conservatively upon

perceiving a “risk-derated” output. We demonstrate that the degree of uncertainty plays

an insignificant role in determining market outcomes if a prosumer can internalize their

risk attitude optimally based on the “risk-averse reservation.” This insight suggests that

endogenizing risk preference can be a useful tool for managing risk in an engineering

market system.

Therefore, our contribution lies in developing a distributionally robust chance-

constrained MPEC framework to model the endogenous decision making of risk prefer-

ences under uncertainty. Our analysis also highlights the importance of understanding

the prosumer’s risk aversion when evaluating its interaction with, and its effects on a

power market built upon an engineering system.
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Chapter 5

Conclusions and Future Work

5.1 Summary

This thesis examines the question of modeling an electricity market in presence

of strategic prosumers using and equilibrium approach to evaluate market outcomes and

investigate the dynamics involved.

Chapter 2 focuses on studying market outcomes when the prosumer is modeled

as a price-taker or a strategic entity exercising a quantity-based strategy in the market

formulated as mixed-complementarity problems. The model is applied to a IEEE 24-

bus test case. This chapter demonstrates the existence of market clearing equilibria and

that the position of the prosumer in the market, i.e. whether buying from or selling to

the market, does not depend on its strategy. Furthermore, surprisingly, the prosumer

is better off acting as a price-taker compared to the quantity-based strategy.

Chapter 3, examines a situation in which the prosumer acts a Stackelberg
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leader in the market, fully aware of how other entities will react to its decision while

also considering uncertainty associated with renewable output. The problem is formu-

lated as a Distributionally Robust Chance-Constrained (DRCC) Mathematical Program

with Equilibrium Constraints (MPEC) where the first-order conditions of other mar-

ket participants/followers, representing their best response, are embedded in the in the

leader’s problem. The analysis concludes that prosumer’s decisions depend on the mag-

nitude of renewable generation uncertainty and its degree of risk aversion. Furthermore,

in the short position, in need of purchasing power from the market to meet its demand,

the prosumer in the Stackelberg equilibrium increases the social surplus, higher than

perfect and imperfect competition. This is because the strategic prosumer is able to

lower the average market prices leading to higher consumption and social surplus. On

the other hand, in the long position, the prosumer’s strategy leads to a decline in so-

cial surplus, lowest compared to perfect competition and Cournot cases, due to higher

average market prices. These results are new to the literature, thereby contributing to

knowledge concerning electricity market in presence of strategic prosumers.

Chapter 4 develops an alternative modeling framework in which prosumers

endogenously determine their risk attitude through optimization in the power sector

with a day-ahead market and real-time imbalance settlement. The decisions made

by prosumers and other participants in the wholesale power market are expressed as a

Stackelberg leader-follower game, resulting in a mathematical program with equilibrium

constraints. The problem is formulated in a distributionally robust chance-constrained

framework to account for renewable generation uncertainty. The chapter concludes that
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the effect of uncertainty can be managed in the market when prosumers are allowed to

internalize risk by determining optimal risk attitudes to maximize their profits, thereby

providing insights in terms of managing risks in the energy sector.

5.2 Future Work

Moving forward, addressing a number of research questions can help extend

the present work into a more comprehensive toolkit for analyzing power markets with

high levels of renewable and distributed energy resources:

First, this thesis mostly focuses on a static analysis of a power market. In

other words, making the assumption that all actions occur at the same time when char-

acterizing market outcomes. While this approach is useful for describing interactions

among entities in the marketplace and, naturally, it can be extended to accommodate

multiple time periods, as a next step, it would be relevant to seek answers for the ques-

tion of how strategies employed by the market participants and the resulting market

outcomes would evolve over time. This question is motivated by the fact that market

participants observe each other’s behavior in the marketplace and learn and adapt to

changing market environments. Capturing longer-term evolution of market outcomes as

a result of introducing prosumers in the power market will require adopting new tools

and modeling frameworks. Data-driven approaches, such as reinforcement learning, can

be helpful in capturing how agents in the market learn and respond to the environment.

Another potential extension of the model beyond the static case is to incorpo-
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rate more temporal elements to account for storage capabilities. This is motivated by

the increase of storage availability at both retail and utility scale. Including time inter-

vals may reduce interpretability and increase the complexity of the solution yet make

the model more suitable for answering other emerging questions in the power sector,

e.g., prosumer’s operational decisions.

Finally, this thesis assumes the prosumer to be the only entity in a position to

behave strategically in the marketplace. In reality, however, other market participants

may may have an incentive not to be price-takers and choose to manipulate the mar-

ket. Designating multiple market participants as strategic entities, or even considering

coalitions among them, could be considered by explicitly modeling theses strategic re-

lationships in the marketplace or implicitly inferred from data-driven simulations of the

market. In either case, the choice of which entities to designate as strategic will, to a

large extent, depend on the specifics of a market design and characteristics of those mar-

ket players (such as share of demand or supply, informational advantages, etc.). The

modeling approach established in this thesis provides a framework that allows those

considerations to be incorporated in future research.
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Appendix A

Proof of Propositions in Chapter 2

A.1 Proof of Proposition 1

We prove existence by showing that all the primal variables without explicit

bounds, s, z, y, w and a, are all implicitly bounded. With the continuity assumptions of

all the objective functions, we know that all the optimization problems involved, (2.2),

(2.4), (2.6), and (2.8), have an optimal solution by the well-known Weierstrass’ extreme

value theorem, so long as the problems are feasible. Then since the constraints in all

the optimization problems are linear, the linear constraint qualification holds, which

guarantees the existence of dual variables satisfying the complementarity conditions in

(2.3), (2.5), (2.7), and (2.9).

Note that feasibility here is not an issue since by letting li = Ki, i = 1, . . . , I

and all other variables (g, z, s, x, y and a) to be 0, all the optimization problems’ con-

straints, together with the flow balance constraint (2.10), can be satisfied. Hence, the
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set of joint feasibility of the optimization problems (2.2), (2.4), (2.6), (2.8), and (2.10)

is not empty.

Next, we start with the arbitrager’s problem (2.8) first. It has been shown

in [96] (Equation (6) in [96]) that the two sets of equations in (2.9), together with the

expression of the market price pi as in (2.1), can uniquely determine the value for ph

and ai, i = 1, . . . , I, with a given set of values of wi and sfi, i = 1, . . . , I, f = 1, . . . , F .

For simplicity, we denote ai as ai(w, s), indicating that ai is a linear function of w and

s.

We next consider the grid operator’s problem (2.6). It has been shown in [93]

that the Mangasarian-Fromovitz Constraint Qualification (MFCQ) holds for the grid

operator’s problem at any feasible point. It is well-known that MFCQ is equivalent to

the set of multipliers to be bounded [98]. Hence, λ+,−
k are bounded for k = 1, . . . , R in

(2.7), which implies that wi is bounded for i = 1, . . . , I.

Now consider the inverse demand function at i = 1, . . . , I:

pi = P 0
i − P 0

i

Q0
i

di = P 0
i − P 0

i

Q0
i

∑
f

sfi + ai(w, s)

 ,

which determines the wholesale electricity price at each node i. In an equilibrium, we

must have 0 ≤ pi ≤ P 0
i . If pi > P 0

i for some i, then the demand di < 0, which is

impossible; on the other hand, if pi < 0, then suppliers can simply choose to produce

nothing (i.e., x = s = 0) to avoid a net loss in profit. Hence, we can only consider

the set of s and w within which that yield a pi within [0, P 0
i ] for each i. Based on the

expression of ai(w, s) with respect to s (as in (6) in [96]), pi can be re-written as a linear

function of s and w, with coefficient of sf i all non-positive. Then the boundness of wi
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and pi, together with sfi ≥ 0, implies the boundedness of sf i, for each f and i. Hence,

the supplier’s problem (2.4) assumes a finite optimal solution.

For the prosumer’s problem (2.2), even though the z variables are not explicitly

bounded (and hence the l variables are not bounded above), the level set of the problem

must be bounded. This is so since (2.2) is a maximization problem; if
∑

f zfi goes to

−∞, the corresponding li will become +∞, which will make the first term pi(
∑

f zfi)

and the second term −
∫Ki

li
B′

i(x)dx in the objective function become negative infinity

(since B′
i(x) is a decreasing function by the assumption). This cannot happen to a

feasible maximization problem. Hence (2.2) also assumes a finite optimal solution.

The finite optimal solutions of all optimization problems with linear con-

straints, together with the fact of a non-empty joint feasible set, yields the existence of

a market equilibrium.

A.2 Proof of Proposition 2

For easy exposition, we assume there are consumers, a producer and a pro-

sumer in the market. We then drop the subscripts accordingly. Recall the prosumer’s

optimization problem in (2.2) and definition of its z (z > 0: long position and z < 0:

short position), assuming that (2.2b) is binding, we can rewrite (2.2a) as follows:

maximize
z

pz +B(K − z) (A.1a)

We further assume that the prosumer only owns zero marginal cost renewables,
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i.e., G = 0 so that constraint (2.2c) is omitted. We will then show how the result can

be extended to the case a prosumer with dispatchable generation.

Similarly, the producer’s optimization problem can be simplified and rewritten

as:

maximize
s

ps− C(s) (A.2a)

Here, s represents the producer’s sales. For simplicity, we assume that C0 = 0 so that

cost takes a form of C(s) = 1
2cs

2. Furthermore, given (2.1) and G = 0, consumers

quantity demanded equals d = s+ z.

Price-Taker Prosumer Taking the first order condition of (A.1) and (A.2), together with

d = s+ z, we have three conditions and three unknown (z, s, d):

p = A0 −B0(K − z) (A.3a)

p = cs (A.3b)

p = P 0 − (P 0/Q0)d (A.3c)

Solving the system of equations in (A.3) for z, we have:

z =
P 0c− (P

0

Q0 + c)(A0 −B0K)

B0(P
0

Q0 + c) + P 0

Q0 c
(A.4)

Strategic Prosumer Accounting for the prosumers’ market power, we re-write (A.1) as

follows:

maximize
z

[P 0 − (
P 0

Q0
)(s+ z)]z +B(K − z) (A.5a)
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The first order conditions for the three agents under market power would then be:

P 0 − P 0

Q0
(s+ z)− P 0

Q0
t = A0 −B0(K − z) (A.6a)

(A.3b) & (A.3c)

Solving the system of equations again for z, we have:

z =
P 0c− (P

0

Q0 + c)(A0 −B0K)

B0(P
0

Q0 + c) + P 0

Q0 (
P 0

Q0 + 2c)
(A.7)

The denominator of (A.4) and (A.7) are positive given that all the parameters are

positive. Thus, given that the numerators in (A.4) and (A.7) are equivalent, this suggests

that sign of z, the prosumer’s net sale, under both cases will be the same. Namely, If

a prosumer is in a short (long) position as a price-taker, he/she will also be in a short

(long) as a strategic entity, and vice versa.

When the prosumer also owns a dispatchable with a marginal cost of c′, z

under perfect competition and market power cases can be expressed as (A.8) and (A.9),

respectively.

z =
P 0(c+ cB0

c′ )− (P
0

Q0 + c)(A0 −B0K)

B0(P
0

Q0
c
c′ +

P 0

Q0 + c) + P 0

Q0 c
(A.8)

z =
P 0(c+ cB0

c′ )− (P
0

Q0 + c)(A0 −B0K)

B0(P
0

Q0 + c) + P 0

Q0 (
P 0

Q0 + 2c) +
P0

Q0B
0c

c′

(A.9)

Again, we have the two numerators to be identical and the denominators are both

positive. Hence the sign of z would not depend on the choice of prosumer’s strategy.
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A.3 Proof of Proposition 3

By the same token as the proof of Proposition 2, we denote the power price

and the prosumer’s net position z for the perfect competition and market power cases

by subscripts c and m, respectively.

Price-Taker Prosumer the prosumer surplus defined in (A.1a) is equal to pczc+B0(K−

zc). By substituting pc and zc from the solution to (A.3), we get pczc + B0(K − zc) =

B0

2 z2c .

Strategic Prosumer Similarly, substituting pm and zm from the solution to (A.6), we

have pmzm +B0(K − zm) = B0

2 z2m.

Finally, substitute (A.4) and (A.7), respectively, for zc and zm, it implies that

B0

2 z2m < B0

2 z2c . Now, since tc is given by (A.4) and tm by (A.7), it is evident that:

β

2
t2m <

β

2
t2c ,

Accordingly, we conclude that pczc + B0(K − zc) > pmzm + B0(K − zm). That is, a

prosumer is better off with a higher profit when behaving as a price taker regardless of

its position in the market.

A.4 Model Equivalence

We consider a situation where prosumer in node i enters a bilateral contract

with the aggregator in i to purchase firm energy (lci ) at a contract price (pci ). By doing

so, the prosumer relinquishes its control over dispatch unit, gi, to the aggregator. The
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optimization problem faced by the prosumer i is as follows:

maximize
li ≥ 0, lpi ≥ 0

− pci l
p
i −

∫ Ki

li

B′
i(x)dx (A.10a)

subject to

li − lpi ≤0 (ϵi). (A.10b)

The first-order conditions for li and lpi are, respectively, displayed as follows:

0 ≤ li ⊥ A0
i −B0

i li − ϵi ≤ 0 (A.11a)

0 ≤ lpi ⊥ −pci + ϵi ≤ 0 (A.11b)

The aggregator i decides 1) amount of energy lai to contract with prosumers, 2)

amount of energy to purchase from (zfi < 0) or sell to (zfi > 0) the wholesale market,

and 3) amount of gi to generate while subject to sales and output constraints.

maximize
zfi, l

a
i ≥ 0, gi ≥ 0

pci l
a
i + pi

∑
f

zfi −
∑
i

Cg
i (gi) (A.12a)

subject to∑
f

zfi + lai −Ki − gi = 0 (δi), (A.12b)

gi ≤ Gi (κi) (A.12c)

The first-order conditions of the aggregator i’s problem for variables zfi, l
a
i , gi, and κi
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are summarized as follows.

pi − δi = 0 (A.13a)

0 ≤ lai ⊥ pci − δi ≤ 0 (A.13b)

0 ≤ gi ⊥ −Cg′
i + δi − κi ≤ 0 (A.13c)

0 ≤ κi ⊥ gi −Gi ≤ 0 (A.13d)

At equilibrium, lai = lpi with pci defining the contract premium:

lai = lci , (pci ) (A.14)

Assuming that lai = lpi > 0, we have i) pci − δi = 0 from (A.13b), which is equivalent to

(2.3a) and ii) pci = ϵi from (A.11b). Thus, we can conclude that ϵi = δi. (A.11a) can

then be written as 0 ≤ li ⊥ A0
i −B0

i li − δi ≤ 0, which is equivalent to (2.3b). Moreover,

(A.13a)=(2.3a), (A.13c)=(2.3c), and (A.13d)=(2.3e). This establishes the equivalence

of the model in Section (2.2.1.2) and the model here.
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Appendix A

Derivation of Problem Reformulations

in Chapter 3

A.1 Wolfe Duality of Lower-Level Problem

Since the lower-level problem is a concave program, we can obtain the opti-

mal solution by solving its dual problem. Particularly, for a general concave program

maxx{f(x) : g(x) ≤ 0}, the corresponding Wolfe dual is minx,λ{L(x, λ) : ∇xL(x, λ) =

0, λ ≥ 0}, where ∇xL(x, λ) are the gradients of the Lagrangian L(x, λ) = f(x)−λ⊤g(x).

For a concave (or convex) programming problem, strong duality holds between the

primal and Wolfe dual problems. Consequently, the Wolfe dual of the social welfare

maximization problem in the lower level is:
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min
Ω∪Λ

∑
i

Bi(di)−
∑

f,i,h∈Hfi

Cfih(xfih) (A-1a)

−
∑

f,i,h∈Hfi

βfih(xfih −Xfih)−
∑
k

λ+
k (

∑
i

PTDFki − Tk)

−
∑
k

λ−
k (

∑
i

−PTDFkiyi − Tk)−
∑
i

ηidi +
∑
i

ηizi

+
∑

f,i,h∈Hfi

ηixfih +
∑
i

ηiyi − θ
∑
i

yi +
∑

f,i,h∈Hfi

εfihxfih

+
∑
i

ξidi

subject to

− C ′
fih(xfih)− βfih + ηi + εfih = 0 ∀f, i, h ∈ Hfi (A-1b)

B′
i(di)− ηi + ξi = 0 ∀i (A-1c)

−
∑
k

(λ+
k − λ−

k )PTDFki + ηi − θ = 0 ∀i (A-1d)

βfih, εfih ≥ 0 ∀f, i, h ∈ Hfi (A-1e)

λ+
k , λ

−
k ≥ 0 ∀k (A-1f)

ξi ≥ 0 ∀i (A-1g)

Note that non-negativity constraints are imposed on {βfih, λ+
k , λ

−
k , εfih, ξi},

which are associated with the inequality constraints in the primal problem. Otherwise,

variables are unrestricted.

Given the concavity of the social welfare maximization problem and that strong
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duality holds, the original objective functions and (A-1a) have the same value. Thus:

−
∑

f,i,h∈Hfi

βfih(xfig −Xfih) +
∑

f,i,h∈Hfi

εfihxfih (A-2)

−
∑
k

λ+
k (

∑
i

PTDFkiyi − Tk) +
∑
i

ξidi

−
∑
k

λ−
k (

∑
i

−PTDFkiyi − Tk)− θ
∑
i

yi

−
∑
i

ηidi +
∑

f,i,h∈Hfi

ηixfih +
∑
i

ηizi +
∑
i

ηiyi = 0

Using constraints (A-1b)-(A-1d), we further simplify (A-2). In particular, from

(A-1b) we have:

(
−C ′

fih(xfih)− βfih + ηi + εfih
)
xfih = 0∑

f,i,h∈Hfi

(−βfih + ηi + εfih)xfih =
∑

f,i,h∈Hfi

C ′
fih(xfih)xfih

(A-3)

From (A-1c), we derive:

(
B′

i(di)− ηi + ξi
)
di = 0∑

i

(
−ηi + ξi

)
di = −

∑
i

B′
i(di)di

(A-4)

Fom (A-1d), we obtain:

(
−
∑
k

(λ+
k − λ−

k )PTDFk + ηi − θ
)
yi = 0

∑
i

(
ηi − θ

)
yi =

∑
k,i

(λ+
k − λ−

k )PTDFkyi

(A-5)

Substituting (A-3), (A-4), and (A-5) into (A-2), we can rewrite the bilinear
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term
∑

i ηizi as follows:

∑
i

ηizi =
∑
i

B′
i(di)di −

∑
k

(λ+
k + λ−

k )Tk (A-6)

−
∑

f,i,h∈Hfi

(
C ′
fih(xfih)xfih + βfihXfih

)

A.2 Concavification of Objective Function in MPEC

We can substitute (A-6) with the bilinear term
∑

i ηizi in the original objective

function of the MPEC. Along with other constraints, the objective function of MPEC,

or the Stackelberg leader formulation for the prosumer, is then rewritten as follows:

max
Φ∪Ω∪Λ

∑
i

B′
i(di)di −

∑
k

(λ+
k + λ−

k )Tk (B-1)

−
∑

f,i,h∈Hfi

(
C ′
fih(xfih)xfih + βfihXfih

)
+
∑
i

(
Bl

i(li)− Cg
i (gi)

)
+
∑
i

P c
i

(
Ki − zi − li + gi

)

A.3 MIQP Reformulation

In MPEC formulation (B-1), we overcome the bilinear terms in the objective

function using Wolfe’s duality. As a final step, we further remove non-convex terms

caused by the complementarity conditions from the lower-level problem by utilizing

disjunctive constraints. With binary variables {r̄fih, r+k , r
−
k , rfih, r̂i} and positive big

constants {M1,M2,M3,M4,M5}, we reformulate the MPEC into an MIQP as follows:
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max
Φ∪Ω∪Λ∪Ψ

∑
i

B′
i(di)di −

∑
k

(λ+
k + λ−

k )Tk (C-1a)

−
∑

f,i,h∈Hfi

(
C ′
fih(xfih)xfih + βfihXfih

)
+
∑
i

(
Bl

i(li)− Cg
i (gi)

)
+
∑
i

P c
i

(
Ki − zi − li + gi

)
subject to

σi

√
1−Ri

Ri
+ zi + li − gi −Ki ≤ 0 ∀i (C-1b)

gi ≤ Gi ∀i (C-1c)

li, gi ≥ 0 ∀i (C-1d)

− C ′
fih(xfih)− βfih + ηi + εfih = 0 ∀f, i, h ∈ Hfi (C-1e)

B′
i(di)− ηi + ξi = 0 ∀i (C-1f)

−
∑
k

(λ+
k − λ−

k )PTDFki + ηi − θ = 0 ∀i (C-1g)

0 ≤ −(xfih −Xfih) ≤ M1r̄fih ∀f, i, h ∈ Hfi (C-1h)

0 ≤ βfih ≤ M1(1− r̄fih) ∀f, i, h ∈ Hfi (C-1i)

di −
∑

f,h∈Hfi

xfih − zi − yi = 0 ∀i (C-1j)

0 ≤ −
(∑

i

PTDFkiyi − Tk

)
≤ M2r

+
k ∀k (C-1k)

0 ≤ λ+
k ≤ M2(1− r+k ) ∀k (C-1l)

0 ≤ −
(
−
∑
i

PTDFkiyi − Tk

)
≤ M3r

−
k ∀k (C-1m)

0 ≤ λ−
k ≤ M3(1− r−k ) ∀k (C-1n)∑

i

yi = 0 (C-1o)

0 ≤ xfih ≤ M4rfih ∀f, i, h ∈ Hfi (C-1p)

0 ≤ εfih ≤ M4(1− rfih) ∀f, i, h ∈ Hfi (C-1q)

0 ≤ di ≤ M5r̂i ∀i (C-1r)

0 ≤ ξi ≤ M5(1− r̂i) ∀i (C-1s)

r̄fih, r
+
k , r

−
k , rfih, r̂i ∈ {0, 1} (C-1t)
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This is now the mixed-integer quadratic program equivalent of the original

optimization problem faced by the leader (prosumer).
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