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Geometric phase detection via NMR interferometry™

Sophia N. Fricke ™, Jeffrey A. Reimer"

2 Pines Magnetic Resonance Center, University of California, Berkeley, Berkeley, CA 94720, USA
b Department of Chemical and Biomolecular Engineering, University of California, Berkeley, Berkeley, CA 94720, USA

ARTICLE INFO ABSTRACT

Keywords: We introduce a benchtop NMR method for interferometric detection of geometric phase (also known as Berry/
Geometric phase Aharonov-Anandan phase) via spin coherence holonomy in bulk ensembles using phase-wound echo trains.
Holonomy

Consecutive 7 pulses with cyclic phase incrementation drive closed spinor trajectories on the Bloch sphere, while
a parity-based analysis isolates the geometric contribution and cancels dynamical offsets by comparing positive
and negative winding experiments with a zero-winding reference. The extracted phase increases linearly with
echo number, reverses sign under winding reversal, and is independent of echo time in the adiabatic regime,
consistent with spinor holonomy arising from parallel transport. Experiments performed in strongly inhomo-
geneous, low-field conditions demonstrate robustness to Bo gradients and diffusion. This approach establishes a
practical foundation for probing geometric phase effects in NMR, with extensions to non-adiabatic transport,
heterogeneous systems, and quantum sensing applications.

Berry phase

NMR interferometry
Spinor

Parallel transport

1. Introduction

Geometric phase is a fundamental quantum mechanical phenome-
non that links the curvature of parameter space to observable physical
rotation [1-7]. Although geometric, or Berry/Aharonov—Anandan (AA),
phases have been demonstrated in optical and solid-state systems, their
direct observation in bulk nuclear spin ensembles has remained under-
explored. Conventional nuclear magnetic resonance (NMR) methods are
dominated by dynamical phase accumulation and field inhomogeneity,
which obscure the geometric contribution [8-11]. A few NMR works
have relied upon interferometric experiments to demonstrate, for
example, the spinor behavior of half-integer spin nuclei [6-8]. Despite
early attention to geometric phase in NMR (see, for example, Ref. [12]),
systematic experimental approaches in bulk nuclear spin ensembles
have remained limited, while geometric and holonomic effects have
been actively developed in optical and condensed-matter quantum in-
formation platforms.

The unifying structure underlying these phenomena is parallel
transport, often introduced in quantum mechanics as the evolution of a
state vector constrained to follow a path on the Bloch sphere. More
generally, parallel transport is defined through the path-ordered expo-

nential of a connection, Mexp( — fy A) , for the path y and connection A

[13]. Indeed, while the mathematics of parallel transport and geometric
phase are well established in differential geometry and gauge theory,
they have not historically been emphasized in NMR theory [13-19]. This
is not because the underlying physics is absent, but because the standard
formalism of NMR was developed around reference frame trans-
formations that remove the most obvious manifestations of geometric
transport [20,21]. Ensemble NMR measurements are dominated by
dynamical phase accumulation arising from Zeeman evolution, radio-
frequency (rf) control fields, and static field inhomogeneity [22,23].
Standard refocusing sequences such as CPMG echo trains are explicitly
designed to cancel phase dispersion and retrace spin trajectories, sup-
pressing not only unwanted dephasing but also geometric contributions
that depend on directed transport in spin space [24-26]. As a result,
geometric phase effects are typically either refocused away by symmetry
or absorbed into effective Hamiltonians and phenomenological relaxa-
tion terms. Importantly, this limitation does not arise from pulse im-
perfections or experimental nonidealities, but from the absence of an
interferometric symmetry that distinguishes phase contributions by
parity under reversal of the spinor path.

From a modern perspective, the rotating frame transformation cen-
tral to NMR can be understood as a form of gauge fixing on the manifold
of spin states [27]. The laboratory-frame Hamiltonian acts as a generator
of time evolution from which one may identify a natural connection on
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projective Hilbert space, governing the parallel transport of spinors in mulated phase associated with distinct paths through control space.
time. Transforming into a rotating frame then corresponds to choosing Interferometry here is implemented by path parity rather than state
coordinates that follow this connection exactly, thereby eliminating selectivity. Geometric phase detection in this context does not require
rapid precession by construction. In doing so, curvature associated with resolving relative phase differences between | + ) and | — ) spinor states;
transport becomes hidden: evolution appears locally flat, with residual it is sufficient that a spinor vector undergoes parallel transport through a
effects interpreted as control fields or detuning. Because NMR theory sequence of non-commuting rotations with the accumulated holonomy
emphasizes toggling frames, interaction frames, and average Hamilto- measured relative to a fixed reference phase, here defined by the
nian theory, each involving successive changes of reference frame, receiver. This approach enables measurements in inhomogeneous, low-
geometric transport is rarely made explicit. As a result, quantities that field environments appropriate for quantum sensing, remote environ-
depend on comparing different paths, such as holonomy or curvature- ments, and education.
induced phase shifts, are typically folded into effective Hamiltonians
rather than isolated as geometric observables. 2. Results

The absence of explicit parallel transport language in NMR should
therefore be seen as historical and methodological rather than funda- Consecutive n-pulse phase winding in an echo train forms a spinor
mental. When experiments depart from these regimes — for example, interferometer that is inherently self-referencing (Fig. 1). Taking the
through time-dependent quantization axes or deliberately non- half-difference of positive and negative windings referenced to a zero-
commuting pulse sequences — the underlying geometric structure be- winding experiment isolates the odd-in-winding Berry/AA phase asso-
comes relevant. In this regime, parallel transport provides a natural ciated with transverse coherences. This analysis cancels Bo drift, receiver
organizing principle because it distinguishes between phase accrued due phase, and other dynamical offsets to first order, enabling robust geo-
to the local generator and phase accrued due to the geometry of the path metric phase detection without requiring homogeneous fields or high-
itself. We now show how parallel transport can be made explicit in bulk resolution conditions.
NMR by engineering directed spinor loops within a refocusing echo The protocol consists of three echo trains: positive winding, negative
train. winding, and zero winding. Their combined analysis isolates the geo-

Here we introduce a benchtop NMR interferometric method that metric component. In general, the net propagator per cycle can be
isolates geometric (Berry/Aharonov-Anandan) phase in spin coherences written
through consecutive n-pulse phase winding within an echo train. By )
recording echo trains with positive, negative, and zero winding and U, ~ etansom), €y

analyzing their parity, dynamical phase contributions are cancelled

while the odd-in-winding geometric phase is preserved. The resulting where ¢, is the geometric (Berry/AA) phase that changes sign when

phase increases linearly with echo number, characteristic of holonomy winding is reversed, and ¢g,, contains ordinary dynamical phase (off-

arising from parallel transport on the Bloch sphere. Crucially, the resonance effects, small timing asymmetries, etc.). By recording three

interferometric element of this approach does not rely on resolving su- echo trains with positive, negative, and zero winding, the geometric

perpositions of distinct spinor eigenstates, but on comparing the accu- phase of coherence states can be directly extracted with maximal
a) z b) ¢geometric
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Fig. 1. Schematic of how phase-winding NMR interferometry isolates geometric phase from dynamical transverse evolution of coherence states through parity,
revealing linear spinor holonomy. Positive winding around the transverse plane of the Bloch sphere is shown in purple (a), corresponding to geometric phase that
increases linearly with winding index (b). Negative winding is shown in blue (a), corresponding to geometric phase that decreases linearly with winding index (b). A
zero-winding reference (green) does not undergo directed transport around the Bloch sphere (a) and hence accumulates no geometric phase (b). (c) Here the x pulse
phase-increments by 90° in the transverse plane for each consecutive echo in a single scan, i.e., for a 3200-echo CPMG, the = pulses loop through this cycle 800 times
within each scan (see Methods for the pulse sequence, depicted in the Graphical Abstract). Each sub-panel shows the transverse plane and the n-pulse rotation applied
at that step, with purple arrows tracing positive winding and blue arrows tracing negative winding. Over the four steps (I, II, III, IV), the spinor is parallel transported
around the transverse circle, returning to +x after each full cycle. The dashed vertical lines in (b) mark the four sub-steps and align with (c), illustrating the cor-
respondence between pulse step and accumulated geometric phase. (For interpretation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)
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sensitivity by taking the half-difference of the complex echo decays,
1
Pgeo() ~ 5 (argS., (n) —argS_(n)) )]

where S. (n) is the complex echo amplitude recorded at echo index n for
echo trains with + winding. Given S, = |S.|e? and # = arctan(Im/Re),
the term argS.(n) is the phase of the n™ echo under + winding. To
remove residual dynamical contributions, the half-difference is refer-
enced to a zero-winding experiment:

D )

This normalized difference cancels receiver phase, By drift, and other
dynamical phase terms to first order, rendering the analysis robust in
inhomogeneous and low-field environments. Relaxation and diffusive
attenuation affect only the signal magnitude, not the odd-in-winding
geometric phase. Each 2n phase cycle (here every four echoes with
n/2 phase incrementation) traces a closed path on the Bloch sphere, set
by the n-pulse winding. Each pulse contributes a fixed Berry phase
increment per echo, Agy,,, if the receiver phase remains fixed. Over n

echoes, the total geometric phase is approximately
¢g€0 (n) ~ nA(ngO' (4)

Plotting the extracted ¢,,,(n) versus echo index n yields a straight
line through the origin, to which a linear fit reports the geometric phase
per echo cycle as the slope. The sign of this slope reverses between
positive and negative winding, while referencing to the zero-winding
experiment (or the first echo) yields a near-zero intercept. This linear
dependence of ¢,,,(n) is observed experimentally in Fig. 2, where the
slope directly reports the geometric phase increment per pulse.

a)
6000 T T T T T T
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B 4000 3 M .
8 OEcho index (n? o data
<& 2000 ----linear 1
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Fig. 2. Exemplary 'H geometric phase data of (a) water and (b) residuals
extracted according to Eq. (3) from an echo train of 3200 echoes with a 75 ps
echo time using a 4-step phase winding. A linear fit based on Eq. (4) yields the
expected geometric phase incrementation of 1.5708 rad~n/2 per echo.
Including additional 2nd order average Hamiltonian terms from Eq. (20)
quantifies the effect of diffusion in a constant magnetic field gradient by
modelling the cross commutators as linear combinations of sines and cosines
with pulse-synchronized periodicity (modulo 4 greater than geometric phase
winding frequency), which is found to be statistically negligible
(0.0007+0.0007 rad). An F-test for fit comparison yields F = 0.46 (p = 0.631).
Akaike information criteria (AIC) show no improvement in fit (linear AIC= —
23,084.2) with the inclusion of 2nd order AHT terms (AIC= — 23,081.1 with
2nd order AHT terms).
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Relaxation and diffusion attenuate the magnitude |S| but do not affect
the geometric phase (slope) unless phase noise dominates at low signal-
to-noise ratios in later echoes; truncating the echo train before this point
preserves the fidelity of the linear geometric phase evolution in Eq. (4).
To formalize the odd-in-winding geometric phase extraction, we
consider the per-cycle propagator and its decomposition into geometric
and dynamical contributions.

Any systematic deviation from this behavior in ¢g,,(n) would indi-
cate residual dynamical offsets (By drift, pulse miscalibration, or eddy
currents) or non-adiabatic effects (vide infra). Taking the + half-
difference provides the most robust suppression of such offsets
because it removes the vast majority of dynamic phase influence while
preserving the odd-in-winding geometric phase ramp. Consistent with
this expectation, diffusion in an inhomogeneous magnetic field is
modeled using second-order average Hamiltonian theory and found to
be statistically negligible (Fig. 2). By the same parity argument, any
spatial variation in the gradient strength across the sensitive slice enters
only through even-in-winding dynamical terms and is likewise sup-
pressed in the + half-difference.

In purely adiabatic evolution, individual eigenkets evolve with no
transitions to other states [4]. Here, the relevant eigenkets are super-
position states generated by an initial ©/2 pulse, followed by a series of ©
pulses whose phases increment in a four-step repeating loop. Each echo
cycle traces a closed trajectory on the Bloch sphere. When the winding is
well-defined, the geometric phase increment per pulse is fixed, yielding
a linear dependence of @, (1) with slope equal to the constant Berry
phase increment per pulse. Crucially, the effect is purely path-dependent
rather than rate-dependent: its magnitude is independent of echo time
because it arises solely from repeating the same cyclic path.

Echo-time dependence of the measured geometric phase would
therefore signal coupling between rf-driven evolution and spin dynamics
in an inhomogeneous field. When the gradient evolution angle per cycle
varies with echo time, the dynamical phase term Agy,, becomes coupled
to stochastic motion such as molecular diffusion or velocity autocorre-
lation [28-30]. In contrast, the geometric component remains defined
by the closed spinor path in Hilbert space and, if truly adiabatic, is in-
dependent of path speed. For each echo time, @g,(n) must then be
extracted from the + winding difference. If cancellation is ideal, the
computed slope remains constant until the noise floor limit, beyond
which deviations from linearity appear (Fig. 3). In practice, weak echo-
time dependence may arise from non-adiabaticity, eddy currents, or
diffusion-induced dephasing.

The observations and methods described above do not invoke new
physical principles or new forms of NMR spectroscopy. Instead, they

0 T T T T T T
S -2000 1
o
é <100 ps
o | | ® 125ps i
4000 150 s
175 us ~
® 200 ps
6000 L N N N N N
0 500 1000 1500 2000 2500 3000 3500

Echo index (n)

Fig. 3. Echo time dependence of the measured geometric phase for water with
echo times of 55, 75, 100, 125, 150, 175, and 200 ps (legend) using a 4-step
phase winding of — m/2. Data from the shortest three echo times are statisti-
cally equivalent and appear overlaid (yellow). All other traces show linear
accumulation of geometric phase until the signal decays when signal-to-noise
drops and only noise remains. (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)
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recast familiar NMR pulse sequences in the language of holonomy,
making explicit the geometric structure implicit in standard spin ma-
nipulations and enabling geometric phase to be exploited in new con-
texts. Toward that end, we now connect the observed phase evolution to
its description within quantum geometric phase theory.

3. Geometric phase theory

To connect the observed phase evolution to underlying quantum
geometry, we begin by recalling the gauge potential formalism for Berry
and Aharonov-Anandan geometric phases. If echo time dependence
persists and cannot be attributed to dynamical contamination (relaxa-
tion or diffusive attenuation) or imperfect cancellation, it may indicate a
genuine coupling between stochastic motion and the spinor path. Such
coupling would link geometric phase to classical transport and entropy,
revealing how geometric phase persists, distorts, or cancels as spins
undergo stochastic motion at different time scales. Moving toward path
rate-resolved detection thus transforms this static proof-of-principle into
an experimental framework for probing the interaction between geo-
metric phase, diffusion, and entropy evolution. To enter this regime, a
non-adiabatic generalization of geometric phase must be established.

3.1. Aharonov-Anandan geometric phase

The Aharonov-Anandan (AA) geometric phase is the non-adiabatic
generalization of the Berry phase [2]. For a cyclic evolution of a quan-
tum state, y/(t)) = e“|y(0)), the accumulated geometric phase over time
Tis

1 T
om=a—y [WOHOWO)

0

—argly(0) (1)) ~1m [ (w(e)] 5 )ar. -

In the adiabatic limit, this reduces to Berry phase. In the present
experiments, the cyclic evolution corresponds to one complete phase-
winding cycle of the refocusing pulse train, such that the accumulated
AA phase manifests directly as a systematic phase shift of successive
echoes. Practically, the + winding half-difference analysis continues to
isolate the geometric contribution even when the loop is not strictly
adiabatic, underscoring the robustness of the interferometric approach.

3.2. Gauge potential and geometric Hamiltonian

Fundamentally, geometric phase arises from a gauge structure that
can be represented in the Hamiltonian

oA

Heo(t) = h s A, (6)

where A, is a gauge vector potential defined by

A= finfa%, %)
with 4 a coordinate on the parameter manifold that defines the spinor
path. In NMR, this gauge term arises naturally from the time dependence
of the rf rotation axis; its integral over one winding cycle corresponds to
the experimentally observed geometric phase increment per echo. For
spin-%, the matrix-valued connection of Eq. (7) can be expanded on the
SU(2) generators as — iUIfU,f = a(t)-S, with a(t) the generator co-
efficients, such that Hg,(t) = ha(t)-S. More generally, phase in NMR is
associated with gradients in electromagnetic gauge fields imposed by By
or By fields [13]. Projecting A, onto a locally followed eigenstate maps
this term to an experimental observable; its time integral yields the
geometric phase.
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3.3. Parity under winding reversal

For spin-%; operators with SU(2) symmetry, successive rotations
about non-commuting axes generate an effective rotation proportional
to the enclosed solid angle on the Bloch sphere. As the rf phase winds
cyclically, the sequence of rotation axes traces a closed loop; the accu-
mulated commutator [S-711,S-f2] =iS-(A; x M2), with unit axes denoted
n, produces an additional rotation whose angle equals the solid angle
enclosed by this path. For a spin-!; aligned with the loop, the resulting
geometric phase per cycle is

Pgeo = — M, (8a)

which is the Berry or, more generally, the AA phase for a pure eigenstate
|ms) traversing a loop enclosing solid angle Q. [31-34] In bulk NMR,
however, the detected phase is tied to spin coherences arising from off-
diagonal density matrix elements p,, ,, that acquire the geometric phase
difference

(pmsm’s =P, — (pm’s = - (ms - m;)Q (8b)

For m; = i%, single-quantum coherences are (ms — ms) =1 and
Pmm, = — €, consistent with the experimentally extracted phase
increment per winding cycle (—Q per closed 2n loop, equivalent to —n/2
increment per echo in the four-step winding used here). Further deri-
vation is provided in Appendix A.

With U(1) gauge structure, the connection A; = i(n(4) |0;n(4) ) acts as
vector potential in control parameter space, and the curvature F,; =
0,A; — d;A, corresponds to the associated magnetic field [13,35]." Here
2 and 1 label coordinates on the control manifold (e.g., A =, 1 = ¢ for
the Bloch sphere). The geometric phase represents the holonomy ac-
quired by parallel transport along a closed path,

Pgeo = % Adi = // Fds )

where, by Stokes' theorem, the line integral of the gauge potential
around the closed path is equivalent to the surface integral of its cur-
vature over the enclosed area. Both are gauge-invariant modulo 27.
Here, A denotes the rf phase, so + winding reverses the loop orientation
from Pgeo™ ~ Pgeo*

3.4. Average Hamiltonian analysis in a constant gradient

To determine whether static gradients or finite pulse durations can
introduce spurious odd-in-winding contributions that mimic geometric
phase, we analyze a single winding cycle using Average Hamiltonian
theory (AHT). [36] When signals from positive and negative windings
are collected and their half-difference is taken, any quantity X is pro-
jected onto its parity under winding reversal: Xoqq = 1 (X" — X)),
Xeven = £ (X +X)). The odd component survives in the + differ-
ence, whereas the even component cancels. The geometric term is odd
under winding reversal, while most ordinary dynamical terms from a
constant gradient are even. To evaluate one cycle via a Magnus expan-
sion with rf winding in a constant gradient, we start from the laboratory
frame Hamiltonian

1 More generally, for a matrix-valued gauge connection the curvature is given
in component form by F,; = d,A; — d;A; + [A;,A;], or, in exterior calculus
form, F = dA + A AA. [13] In the present case, where the Berry connection is
projected onto a single instantaneous eigenstate, the connection is Abelian and
the commutator term vanishes. This reduction mirrors electromagnetism,
where the U(1) gauge field is Abelian and [A;,A,] = 0. For non-Abelian gauge
fields or degenerate subspaces, however, the commutator term plays an
essential role. [35]
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H(t) = Hy(t) + Hg, (10)

where H(t) is the time-dependent rf component. The static term arising
from a constant field gradient is

H, = hag(r) S, 11)

with w,(r) = yG er = yGz. Transforming into the rf-fixed toggling
frame, the propagator is

st
Uy(t) = 7exp{f% / Hrf(s)ds] 12)
and the effective Hamiltonian becomes

= 10Uy~
H(t) = Ul H,Uy — mU;a—[f = Hy(t) + Heeo (1) (13)
where flg(t) captures the gradient term in toggling frame and Hg, (t) is
the geometric (gauge) contribution. Writing these two components
explicitly yields

Hy(t) = hawg (r)S-7i,(t) a4

where m,(t) = UffEU,f is the instantaneous direction to which S, is
rotated by the pulse train. Between ideal, instantaneous m pulses,
n,(t)— + 2, reducing to the familiar toggling function f(t) = +1, such
that

Hy(t) = hagf (£)S,. 15)

Considering the geometric part of the toggling frame Hamiltonian,
we have

ay,
I L/
Heo(t) = — iU}~ = ha(t)-S 16)
which is the adiabatic gauge potential responsible for the accumulated
Berry/AA geometric phase. Under winding reversal, a(t)— — a(t), cor-
responding to a reversal of the loop direction on the Bloch sphere.
Evaluating one complete cycle T with a Magnus expansion yields

U(T):exp{—%(91+92+...)}. a7

The first order average Hamiltonian is

Q = /0 Tﬁ(t)dt: fzs[ /0 Ta(t)dt—l—(ug /0 Tf(t)%dt}. (18)

The first term, containing the integral over a(t), gives rise to the
geometric phase. It is odd under winding reversal because it originates at
zero accumulated phase and changes sign when the winding sense is
inverted. The second term represents the dynamical phase accumulated
from the constant gradient during the echo train; this contribution is
even in winding. The square wave modulation f(t) integrates to zero
over a full echo cycle, so to first order this term vanishes. Because it is
even, it also cancels in the + half-difference, leaving Q; contributing
solely to the odd (geometric) phase component. The first-order cancel-
lation of gradient-induced phase explains the near-zero intercept and
high linearity of the data in Fig. 2.

The second order average Hamiltonian involves evaluating the
commutator

1 -
Q- / {H(tl) ,H(tz)]dtldtz. (19)

Inserting the terms for gradient (dynamical phase) and geometric
components of H(t) (gives)

Journal of Magnetic Resonance 390 (2026) 108099
1 - ~ -
QZ = 5//( |:Hg(tl) :Hg(tz) :| + [ngo(tl) 7ngo(t2) ] + |:Hg(tl) -,ngo(tz) :|

+ |:H850(t1) 7ﬁg(t2):| )dtldtz, (20)

The first commutator, {flg(tl),ﬁg(tz)], is proportional to

[S-n,(t1),S-n,(t2)]. For ideal, instantaneous pulses, the effective axis
remains +2 between pulses, so [S;,S,] = 0. With finite pulses, however,
n,(t) actively rotates during the pulse, giving [S-f,(t;) ,S-A,(t2) ] # 0 and
producing an extra rotation proportional to S-(f,(t;) x A,(tz)). This
term is even in winding if the pulse shapes are identical for the + ex-
periments and therefore cancels in the half-difference analysis.

The second commutator, [Hgo(t1),Hgeo(t2)], represents the non-
Abelian contribution whose integrated effect reproduces the geometric
curvature corresponding to the solid angle traversed by the spinor. This
term is odd under winding reversal.

3.5. Finite pulse width effects and cross-commutators

The cross commutators, {ﬁg(tl),ngo(tz)] and {ngo(tl),flg(tg)},

generate an additional [a(t1)-S, 04f (22)S: ] =
ihwef (t2)S+(a(t1) x Z). Upon double integration, this yields an extra
rotation proportional to wg and to the time-integrated geometric path.
Because a(t)— — a(t) under winding reversal while f(t) remains un-
changed, these cross terms are odd and therefore survive in the + half-
difference. Their amplitude scales approximately as the product of w7,
and the geometric loop area. This provides the formal route through
which a constant gradient can couple into the geometric component
when pulses have finite duration.

Overall, in the instantaneous §-pulse limit, the constant gradient
contributes neither to ; (zero time average) nor to Qy through

term written as

{f{g,ﬁg}; only the geometric term remains by parity. Finite pulse
duration in a static gradient, however, introduces odd cross-commutator
terms {qu,nga} that scale as w,7, times the geometric loop area, pro-

ducing a small but quantifiable bias, where 7, denotes pulse width. A
quantitative estimate using experimental parameters confirms that
diffusion during an echo cycle is negligible. Even though diffusion is
negligible between pulses, finite pulse duration in a strong static
gradient can generate cross-commutator terms that weakly bias the
geometric phase slope (see Methods).

3.6. Discussion and interpretation

To summarize: at first order, the gradient modulation cancels
because the toggling function f(t) alternates sign between free evolution
intervals, giving a zero net [ f(t)dt per echo. At second order, however,
the odd cross commutator terms generated during finite pulses — when
the rotation axis sweeps — do not cancel. This effect is analogous to
CRAZED-style mixing, in which gradients combined with non-
commuting rotations introduce additional phase factors that can
mimic geometric winding and bias the measured slope. [37] Fortu-
itously, the periodicity of this term (one oscillation per pulse) is distinct
from the four-pulse geometric phase incrementation. Including this term
in the fitting model allows quantitative, statistical assessment of its
magnitude.

Together, this analysis shows that the observed geometric phase
accumulation is symmetry-protected by parity under winding reversal
and is robust against static field gradients and diffusion to first order.
Finite pulse duration introduces higher-order corrections whose
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magnitude and scaling are predictable and experimentally distinguish-
able. As a result, the linear geometric phase ramps observed in Figs. 2
and 3 can be directly interpreted as holonomy arising from parallel
transport of spinors in projective Hilbert space. The present low-field
implementation was chosen to demonstrate robustness in strongly
inhomogeneous environments, but the interferometric protocol is not
restricted to low fields; extensions to high fields and to conventional
spectroscopic pulse sequences remain to be explored.

4. Conclusions

We have demonstrated a benchtop NMR approach for detecting
geometric (Berry/Aharonov-Anandan) phase using consecutive n-pulse
phase incrementation within an echo train. Phase winding drives a
closed spinor trajectory on the Bloch sphere each cycle, producing an
odd-in-winding geometric phase distinct from ordinary dynamical off-
sets. By recording echo trains with positive, negative, and zero winding,
the geometric phase is extracted through a half-difference analysis of the
complex echo decays, canceling Bo drift, receiver phase, and other
dynamical contributions to first order.

The resulting phase accumulates linearly with echo number and re-
verses sign under winding reversal, providing an unambiguous inter-
ferometric signature of geometric phase. Comparison across echo times
confirms the expected adiabatic invariance of the geometric contribu-
tion, while second-order AHT analysis quantifies small cross-terms
arising from finite pulse width in static magnetic field gradients.

These results establish a robust and general route for interferometric
detection of geometric phase in bulk spin ensembles using standard low-
field NMR hardware and pulse sequences. In contrast to interferometric
geometric phase measurements that rely on three-level systems to pro-
vide an internal phase reference, here the role of the third level is played
by the receiver, which enables geometric phase detection in a two-level
spin system and substantially broadens accessibility. Beyond serving as a
proof-of-principle, this framework provides a foundation for exploring
how quantum geometric phase couples to diffusion, irreversible entropy
production, and transport in experimentally relevant, inhomogeneous
environments. More broadly, this work portends reintegration of geo-
metric phase in NMR as a tool for exploring parallel transport and hol-
onomy in quantum spin systems.

5. Methods

NMR echo train [30,38] measurements were performed at room
temperature with an NMR-MOUSE (Mobile Universal Surface Explorer)
PM25 0.3 T unilateral magnet [39,40] and a Magritek Kea II spec-
trometer at a 'H resonant frequency of 13.11 MHz with a constant
gradient along the z-axis of 7 T m™~!, using Prospa v3.61 software from
Magritek (Malvern, PA). For all experiments, the number of x rf pulses in
a Carr-Purcell-Meiboom-Gill pulse sequence (CPMG) [25,26] was
3200, n/2 rf pulse lengths were 2.5 ps, the delay between = rf pulses was
varied between 55 and 200ps, and the repetition time for signal aver-
aging was 9.5s to sum 128 CPMG transient signals. Experiments were
recorded in triplicate to report the statistical average and standard error.

5.1. Effects of finite pulse duration in a strong static gradient

On a unilateral magnet such as the NMR-MOUSE, there is a constant
gradient, G, =7T m~L. [39,40] A short echo time of 75 ps is chosen so
that the toggling function f(t) = +1 averages to zero over a full echo,
giving Q gqq = 0. For a sample of free water with self-diffusion coeffi-
cient D 2.3 x 10 °m?s™}, the one-dimensional diffusion step over 100
ps is o1p ~ V2DAt ~ v/2:2.3 x 1079-10~% ~ 0.68 ym, i.e., <1 pm per
interval. With an appropriate excitation bandwidth, this motion is
negligible for toggling-function averaging.

To compare the pulse bandwidth versus the gradient, a 799 = 2.5 us
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hard pulse has a bandwidth of ~ 1 /799 ~ 400 kHz. The spatial frequency
sweep of the gradient is yG ~ (42.58 MHz T H7ZT m™!) ~ 298 MHz
m '~ 298Hz pm~!. A 400 kHz pulse bandwidth therefore corresponds
to an excited slice thickness of Az =~ bandwidth/(yG) =~ 1.3mm. This
thickness is much larger than the ~1 pm diffusion range, confirming that
diffusion does not compromise the first order cancellation of the
toggling function. While this is advantageous for refocusing between
pulses, it also implies that during each pulse, the spins across the excited
slice experience significant off-resonance offsets from the gradient. For a
7180 & 5 ps pulse, the dimensionless parameter Aw,7, across a 1 mm slice
can approach unity, indicating that the cross-commutator term may not
be negligible.

5.2. Pulse sequence phase incrementation

To perform geometric phase winding, consecutive © pulses in each
transient echo train were phase-incremented in four steps of 1/2: i.e., [x,
y, —x, —y] and [x, —y, —X, y] for positive and negative winding. The
interferometric approach requires three experiments, for example:

1. Positive phase winding: initial /2 pulse = x; © = [y,—X,—y,x]
repeated n echoes/4; receiver = x.

Here the n pulse phase-increments for each consecutive echo in a
single scan, i.e., for a 3200-echo CPMG, the n pulses loop through this
cycle 800 times within each scan.

2. Negative phase winding: initial n/2 pulse = x; & = [y,x,—y,—x]
repeated n echoes/4; receiver = x.

3. Zero phase winding: initial ©/2 pulse = x; & = [y,y,y,y] repeated n
echoes/4; receiver = x.

This acts as a control and as a reference to subtract from positive or
negative phase winding experiments.

To cancel artifacts arising from pulse imperfections, the initial n/2 rf
pulse and the receiver were cycled between + x and — x phase, while
holding the = rf pulse phase constant at + y for zero-winding reference
experiments. To maintain continuity in the direction of geometric phase
winding across scans (so geometric phase adds constructively rather
than cancels), the phase of the first © pulse must alternate sign
depending on the n/2 pulse phase. Thus, the three experiments become:

1. Positive phase winding:

Initial ©/2 pulse = x; & = [y, —x, —Y, x] repeated n echoes/4; receiver
=X.

Initial n/2 pulse = —x; © = [y, X, ¥y, —x] repeated n echoes/4;
receiver = —Xx.

This ensures the positive phase winding accumulates rather than
canceling out. Likewise for the others:

2. Negative phase winding:

Initial ©/2 pulse = x; = = [y, X, —y, —x] repeated n echoes/4; receiver
=X.
Initial n/2 pulse = —x; © = [—y, —X, y, X] repeated n echoes/4;
receiver = —Xx.

3. Zero phase winding:

Initial n/2 pulse = x; © = [y, y, y, y] repeated n echoes/4; receiver =
X.

Initial ©/2 pulse = —x; © = [y, —y, —y, —y] repeated n echoes/4;
receiver = —Xx.

This acts as a control and as a reference to subtract from positive or
negative phase winding experiments.

All data analysis was accomplished with MATLAB (Mathworks,
Natick, MA). An exemplary script is provided below that can be saved as
an m file for analysis.

5.3. Exemplary script
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function out = berry(Splus, Sminus, Szero, label)

% Inputs: [N x 3] arrays [time, real, imag] for +, -, © winding

% Fits geometric phase per echo (slope) plus optional period-4 oscillatory

% offset from 2nd order average Hamiltonian theory cross-terms

% Reports slope, 2nd order offset (AHT), SEs, and model comparison (F-test, AIC)

% --- Build complex arrays ---
Sp = complex(Splus(:,2), Splus(:,3));
Sm = complex(Sminus(:,2), Sminus(:,3));
Sz = complex(Szero(:,2), Szero(:,3));

tiny = le-30; Sz(abs(Sz)==0)=tiny;
Rplus = Sp ./ Sz;
Rminus = Sm ./ Sz;

phi_geo = ©.5*( unwrap(angle(Rplus)) - unwrap(angle(Rminus)) );
N = numel(phi_geo);
n = (1:N).";

Linear + AHT period-4 model
phi(n) = a@ + b*n + C4*sin(pi/2*n) + D4*cos(pi/2*n)

3 3R ® R

w4 = pi/2;

X_full = [ones(N,1), n, sin(w4*n), cos(wd*n)];
beta_full = X_full \ phi_geo;

yfit_full = X_full*beta_full;

resid_full = phi_geo - yfit_full;

p_full = size(X_full,2);

dof_full = N - p_full;

SSR_full = resid_full.'*resid_full;

% Parameters

a0 = beta_full(1);

slope = beta_full(2);

C4 = beta_full(3); D4 = beta_full(4);
ripple_amp = hypot(C4,D4);
ripple_phase = atan2(D4,C4);

% Covariance and standard error
sigma2_full = SSR_full/dof_full;
Cbeta = sigma2_full*inv(X_full.'*X_full); %#ok<MINV>
se_full = sqrt(diag(Cbeta));
slope_se = se_full(2);
C4_se = se_full(3); D4_se = se_full(4);
if ripple_amp>@
ripple_amp_se = sqrt((C4/ripple_amp)~2*C4_se”2 + (D4/ripple_amp)~2*D4_se”2);
else
ripple_amp_se = sqrt(C4_se”2 + D4_se"2);

end

Slope-only model
_lin = [ones(N,1), n];

beta_lin = X_lin \ phi_geo;
yfit_lin = X_lin*beta_lin;
resid_lin = phi_geo - yfit_lin;
p_lin = size(X_1lin,2);
dof_lin = N - p_lin;
SSR_lin = resid_lin.'*resid_lin;
slope_only = beta_lin(2);
sigma2_lin = SSR_lin/dof_lin;
Sxx = sum((n-mean(n)).”2);
slope_only _se = sqrt(sigma2_lin / Sxx);

NN

>

%
% Model comparison

% ==

% F-test: does adding 2nd order AHT terms to fit significantly reduce SSR?
F = ((SSR_1in - SSR_full)/(p_full-p_lin)) / (SSR_full/dof_full);

pval = 1 - fcdf(F, p_full-p_lin, dof_full);

% AIC
AIC_lin = N*log(SSR_1lin/N) + 2*p_lin;
AIC_full = N*log(SSR_full/N) + 2*p_full;
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% --- Plot

figure('Color','w");

subplot(2,1,1);

plot(n, phi_geo, 'o', 'MarkerSize', 3); hold on;

plot(n, yfit_lin, 'b--', 'LineWidth', 1.2);

plot(n, yfit_full,'r-', ‘LineWidth', 1.2);

xlabel('Echo index (n)"); ylabel('\phi_{geo} (rad)");

legend('data’, 'linear', 'linear+AHT', 'Location', 'best');

ttl = sprintf('%s | slope = %.4ft%.4f rad/echo; ripple = %.4f+%.4f rad\nF=%.2f (p=%.3f), AIC_lin=%.1f,
AIC_full=%.1f",...

label, slope, slope_se, ripple_amp, ripple_amp_se, F, pval, AIC_lin, AIC_full);
title(ttl, "Interpreter’, 'tex');

subplot(2,1,2);

plot(n, resid_lin, 'b."); hold on;

plot(n, resid_full,'r.");

xlabel('Echo index (n)'); ylabel('Residuals (rad)');
legend('slope-only', 'slope+ripple’, 'Location’, 'best');

% --- Output structure

out = struct( ...
‘n',n, 'phi_geo',phi_geo,
'slope_rad_per_echo',slope,
‘slope_se_rad_per_echo',slope_se,
‘ripple4_amp_rad',ripple_amp,
'ripple4_amp_se_rad',ripple_amp_se,
'ripple4_phase_rad',ripple_phase,
'slope_only_rad_per_echo',slope_only,
'slope_only_se_rad_per_echo',slope_only_se,
'AIC_lin',AIC_lin,'AIC_full',AIC_full,
'Fstat',F,"'pval’',pval, ...
'fit_lin',yfit_lin,'fit_full',yfit_full,
‘resid_lin',resid_lin, 'resid_full',resid_full);

end
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Appendix A. Geometric phase for Zeeman eigenstates and coherences

Here we develop and generalize the expression for geometric phase accumulated by spin eigenstates and, more importantly for bulk NMR, by the
coherences detected experimentally in terms of curvature. The following is a derivation of Eq. (8a) and (8b) in the main text, where the geometric
phase of an instantaneous Zeeman eigenstate is written as — m;Q. [31-34] We start with the Berry connection (a vector potential on parameter space)
and its curvature (the corresponding field strength), translate the result into the coherence phase p,, ,, accessed in bulk NMR, and show how this
generalizes to higher spins and multiple quantum coherences. The Berry connection defines parallel transport, curvature measures its non-
integrability, the accumulated phase around a loop is the curvature flux through the enclosed surface.

First, consider a spin-/2 system with instantaneous eigenstates | + ) = |m; = +3; ﬁ> and|—)=|m; = — ﬁ>, where 1i(t) denotes the direction of
the effective field and m; denotes the spin quantum number. In this basis, the density matrix may be written as
s~ _ P+ P A1)
’ (pf+ P )
with elements p, . = (+[p+),p._ =(+[p—),p_, =(—1|p+),and p__ = (—|p — ). The detected transverse signal is proportional to the dif-

ference of the single quantum coherences p_, and p__. Thus, bulk NMR is sensitive not to the absolute geometric phase of a single eigenstate, but to
the relative phase accumulated between two eigenstates, encoded in the evolution of the coherence.
Using this notation, we can more generally consider a spin S in an effective field direction n (6, ¢), with instantaneous eigenstates |m,; i) defined by

(ﬁ's)lms§ﬁ> :mslms;ﬁ>7 (A.2)

wherem; € { —S,-S + 1, ..., S}. These eigenstates can be conveniently parametrized by rotating the fixed Z-quantized basis |m,) = |my; Z) into the
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direction n. This rotation can be introduced as an SU(2) operator in the spin-S representation

U(O,p) = e 5 ¢ (A.3)
so that
|mg; ﬁ(07 (ﬂ)> = U(07 (ﬂ)lm5>~ (A4

Any other choice of basis differs by a gauge phase e%(®¢), which changes the vector potential (and hence Berry connection) but not the curvature or
the solid angle relation [35].
The Berry connection 1-form for the eigenstate |mg; 1i) is given by

A = i{mg; ndmmg; i) = i(m,|U'dU|m,), (A.5)

where d is the exterior derivative on the parameter manifold (here, the Bloch sphere parametrized by 0,¢). The geometric phase around a closed loop C
in parameter space is then the holonomy

o0 = fA (4.6)
Cc
To compute A, we evaluate U'dU explicitly
dU = (d,U)do+ (0,U) dg. (A7)
Using Eq. (A.3), the derivative with respect to 6 around the meridian yields
0pU = e % (—iS,)e ™ =Ul9,U = €™ S e70% (—iS, e ™ = —iS,, (A.8)
such that
i(ms|U'9,Ulms) = i{my|(—iS,)|m;) = (m,|S,|ms) = 0. (A.9)

Next, the derivative with respect to ¢ around the azimuth yields

0,U=(—iS,)UsU9,U= —iU'S,U. (A.10)
To calculate the rotated operator U'S,U, realize that the ¢-rotations cancel inside U'S,U, leaving

U'S,U = e*S,e ™ = S,cos0 -+ Sysiné. (A.11)

Taking the expectation in |m;), an eigenstate of S, gives

(mS,mmg) = my, (A.12a)

(my|Sxy|ms) = 0. (A.12b)
Thus,

i(m|U'0,Ulm) = i(m;|( —1)(Szcos6 + Sysind) |m;) = m,cos6. (A.13)

In this gauge, then,
A=A,dyp, (A.14a)

A, = mscosb. (A.14b)

From here, it appears that the connection is m;cosfdyp, whereas the standard monopole expression is typically written in terms of (1 — cost). The
difference is purely a gauge term, since
mgcosfdp = —m(1 — cosd)dyp + mydy. (A.15)
The last term, mydp = d(msp), is locally exact, which means that it can be absorbed by a gauge transformation
|my; ) —e ™ |mg; n). (A.16)
This does not change the curvature F = dA, and it only changes § A by integer multiples of 27 when the loop winds around the ¢ coordinate (i.e., in
the xy plane).

Here the physically meaningful object is the curvature (field strength), and the holonomy is most easily computed using a gauge that is nonsingular
on the surface chosen by the pulse sequence [35]. To this end, we choose the conventional gauge potential

A = —my(1 —cos)dey, (A.17)

which is smooth everywhere except at one pole (i.e., a Dirac string) [35]. This is the direct analogue of a vector potential whose curl produces a
monopole field. Taking the exterior derivative gives the curvature 2-form

F=dA =d(—m(1 —cost)dp ) = —m,sinddd A dg. (A.18)

Here, d9 A dp denotes the antisymmetric wedge product of the coordinate 1-forms, dd Adp = — dg A df, which ensures that the 2-form F
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transforms correctly under reparametrization of the surface; the scalar shorthand sinfdfdg used in Egs. (A.20)—(A.21) follows once an orientation is
fixed. Importantly, this curvature is gauge-invariant because it is independent of the particular choice of phase convention for |mg; n); it acts as the
Faraday tensor on the parameter manifold [13].

Applying Stokes' theorem on the sphere relates this curvature 2-form to the geometric phase. For a closed path C traced by n(t), let £ denote any
surface on the sphere whose boundary is C, such that 0 = C. (Then)

B = A = F. A.19
«ams()y{ // A19)

Using the expression for F in Eq. (A.18),

#50(C) = // (= mysindd dp) — —m, // sinddo dp. (A.20)
z z
Happily, this remaining integral is exactly the oriented solid angle Q subtended by X on the unit sphere:
Q) = // sin0do do. (A.21)
z

Therefore, we have derived the expression in Eq. (8a):
Pgeo = — M Q. (A.22)

This relation tells us that geometric phase is curvature flux, with my acting as an effective monopole charge coupling to the curvature, and the sign
fixed by the convention adopted above.

However, bulk NMR does not measure this global eigenket phase; instead, it measures phases of coherences. To connect directly to what is detected
in the framework developed here, consider a density matrix element in the instantaneous eigenbasis,

Pmgn, = (ms; | plm; ). (A.23)
Under cyclic adiabatic evolution, the eigenkets transform as |mg; il)—e*n: |my; ), where ¢,, includes both dynamic and geometric contributions.
The density matrix transforms as p—UpU', which indicates the off-diagonal element transforms as

—€ms e = ¢llom=om) Dot - (A.24)

/)msm; 511

Hence, the coherence phase is inherently a difference of eigenstate phases. Isolating the geometric part gives the expression in Eq. (8b):

q;fi‘,’n; = 8 — (p;‘:;" =(-mQ)— (-m,Q) = — (m,—m) Q. (A.25)

ms s
Defining the coherence order g = m; — m, allows the experimentally relevant geometric phase to be written more compactly as

(pgmi(:n; = —qQ. (A.26)
Thus, for spin-4, each eigenstate accumulates geometric phase as +/2, but the detected single-quantum coherence connecting m; = +1/2 and
m, = —1/2has g =1, so the coherence accumulates geometric phase as — Q. For an equatorial loop with Q = 27, the coherence geometric phase per
loop is — 2z, consistent with what is extracted from the interferometric echo train-derived slopes in the main text.
The same derivation applies unchanged for higher spins. The only input is that (m|S;|ms) = m; and (m|Sy,|m;) = 0, so the curvature remains
proportional to m,, and coherences always carry the difference g = m; — m;. For spin-1 (m; € { — 1,0, +1}), eigenstate geometric phases are ¢,; = —

Q,70 =0, p_; = + Q. Single-quantum coherences (¢ = 1) acquire geometric phase equivalent to — Q, while double-quantum coherences (¢ = 2)
acquire — 2Q. For spin-3 (m; € { -3 -1+ Jr%}), the eigenstate phases are ¢,, = —m,Q (i.e., £3Q and +1Q), while single-, double-, and triple-

quantum coherences acquire geometric phase proportional to — Q, — 2Q, and — 3Q, respectively. In general, for any spin S, the geometric phase
of a coherence is always — qQ, with g the coherence order. This is the natural geometric observable for bulk NMR interferometry, where coherences
are the measured objects.
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