UC San Diego

UC San Diego Electronic Theses and Dissertations

Title
Aspects of Symmetries in Quantum Field Theories

Permalink
https://escholarship.org/uc/item/8r1602hw

Author
Sun, Zhengdi

Publication Date
2023

Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/8r1602hw
https://escholarship.org
http://www.cdlib.org/

UNIVERSITY OF CALIFORNIA SAN DIEGO

Aspects of Symmetries in Quantum Field Theories

A dissertation submitted in partial satisfaction of the
requirements for the degree Doctor of Philosophy

n

Physics

by

Zhengdi Sun

Committee in charge:

Professor Kenneth Intriligator, Chair
Professor Daniel Green

Professor Tarun Grover

Professor John McGreevy

Professor James McKernan

2023



Copyright
Zhengdi Sun, 2023

All rights reserved.



The Dissertation of Zhengdi Sun is approved, and it is acceptable in quality and

form for publication on microfilm and electronically.

University of California San Diego

2023

il



DEDICATION

To my wife, my parents, and my grandparents.

v



EPIGRAPH

Every science, once it is treated not as an instrument for gaining dominion and power, but as part
of the adventure of knowledge of our species through the ages, may be nothing but that harmony,
more or less rich, more or less grand depending on the times, which unfolds over generations
and centuries through the delicate counterpoint of each of its themes as they appear one by one,

as if summoned forth from the void to join up and intermingle with each other.

Alexander Grothendieck, translated by Roy Lisker
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theoretical fusion categories to study the physical implications of triality defects in 2d CFT. We
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Chapter 1

Introduction

The central theme in this thesis is the symmetry in quantum field theories. Roughly
speaking, symmetry is an operation S of a given system, under which the the system is unchanged.
The symmetry would then imply relations between observable physical quantities; therefore it
is an important guideline for the study of the physical system. In this thesis, we will discuss
symmetry in the context of quantum field theory (QFT). There, the additional structure leads to a
more refined structure of the symmetry, and several important generalizations of the notion of
symmetry have be made in this context recently. This thesis aims to expand the understanding
of how ordinary symmetries refine physical observables, as well as explore the structure of the
generalized global symmetries and its physical implication.

Given a physical system, let’s consider the set G of all operations that leave the system
invariant. It is expected that G has the mathematical structure of a group. This means that given
two such operations, we can combine the two to a single operation. This corresponds to the
multiplication in the group. Furthermore, a trivial operation to the system will certainly keep
the system unchanged, hence belong to G and correspond to the identity element in the group.
Finally, given any operation g € G, it is expected that we could perform some other operation
to undo the operation g. This corresponds to the each element in a group has an inverse under
multiplication.

In the context of quantum field theory (QFT), the additional structure such as locality



or spacetime symmetry leads to a more refined structure of the symmetry. Here, the symmetry
group G is realized as extended operators in the QFT. Assuming G acts faithfully, then this
means for every g € G, there is a unitary operator U (g) supported on an equal time slice realizing
the symmetry transformation on the Hilbert space. If G is continuous, then the Noether’s
theorem further allows us to associate a local conserved current j* (x) satisfying d,, j* (x) = 0 to

Ir

a given continuous symmetry, and the unitary operator can be constructed as %™ But we
could alternatively considering the symmetry operator U(g,X;_1) supported on other codim-1
manifold X;_;; and instead of global fusion where we put two symmetry operators U (g1,X;_1)
and U(g2,X;_1) on top of each other, we can consider the local fusion where we only put part
of the symmetry operators on top of each other. If we have multiple symmetry operators, then
in general there are different ways of doing local fusions; and their difference captures the
additional structure known as the ’t Hooft anomaly of the symmetry G. When G is continuous,
the ’t Hooft anomaly is easier to extract from the correlation functions of j*(x)’s. The "t Hooft
anomaly is an important observable of the theory and can be used to constrain the possible IR
phases of a given QFT.

The modern description and generalization of the ordinary symmetry starts from the
two important features of these symmetry operators. First, for any g € G, there is a codim-1
surface operator U(g,X;_1) supported on the codim-1 manifold ¥;_;, and their fusion rules are
governed by the group multiplication law of G. Second, the symmetry operator U(g,X;_1) is
topological, which means it is invariant under the local deformation of its support £; ;. For
continuous symmetry, this is guaranteed by the Stoke’s theorem together with the property that
duj*(x) =0.

Several generalizations have been made by relaxing some of the properties mentioned
above. For instance, we could generalize the support of the invertible topological operator to be
codim-(p+ 1) surfaces for p > 0. This leads to the notion of p-form invertible symmetries and the
ordinary symmetry then corresponds to O-form symmetry. For a p-form symmetry A(?) where p >

0 and A(?) is an Abelian group, there is a topological surface operator U (p) (a,X4—p—1) for every



group element a € AlP) supported on a closed codim-(p + 1) surface X;_,_; in the spacetime.
And the fusion rule of U?) (a, £, p—1) is governed by the group multiplication law of AP Inthe
case where A(P) is continuous, there is a conserved (p 4 1)-form current (j(P))#1Hp+1 satisfying

. i(p)
by i for

Ay, (jP))H1Hp+1(x) = 0 and the topological surface operator is constructed as &
some codim-(p + 1) surface X;_,,_;. The ordinary O-form symmetries can interact non-trivially
with the higher form symmetries, and this leads to the structure of higher group symmetries.
Another direction of the generalization is to study the topological surface operator which
does not admit an inverse under the fusion. The study of codim-1 non-invertible topological
operators in 2d conformal field theory (CFT) has a long history, and the most famous example

is the Kramers-Wannier duality line N in the Ising CFT. Together with two lines 1 and 7 in an

ordinary Z, symmetry, their fusion rules form the Ising fusion algebra:
NN=Nn=N, N’=1+n. (1.0.1)

These line defects can fuse locally, and the F'-symbols characterize the difference between two
distinct ways of locally fusing three line defects. It is convenient to package the fusion algebra
together with the F-symbols as a structure known as the fusion category. Because of this, the
non-invertible symmetries are also known as categorical symmetries. Notice that this framework
is useful even for ordinary invertible O-form symmetries. Symmetries with the same finite group
G but with different 't Hooft anomalies will form different fusion categories. Therefore, an
important question in the study of the categorical symmetries in QFTs to understand how to
physically characterize these additional data other than fusion rules in QFTs and derive their
physical implications.

There are two types of non-invertible symmetries. Sometimes, non-invertible symmetries
can be engineered from invertible symmetries by some topological manipulations. Such non-
invertible symmetries are called non-intrinsically non-invertible; otherwise they are called

intrinsically non-invertible.



(d+1)-dim symTFT

A
~

Z 9 with symmetry defects inserted dynamical boundary (2| gapped boundary |C)

Figure 1.1. The idea of the symmetry TFT. The bulk of the slab is the (d + 1)-dim symmetry
TFT, and the right boundary is a topological boundary |C) which characterizes the topological

defects in ¢, while the left boundary is a non-topological boundary depending only on the theory
2 denoted as | Z").

An important tool to study the categorical symmetries is the notion of symmetry TFT.
Consider a d-dimensional QFT 2~ with categorical symmetries %’. The corresponding symmetry
TFT is a (d + 1)-dimensional topological field theory which allows us to expand the partition
functions of 2~ with topological defects inserted to a (d + 1)-dimensional slab. The bulk of
the slab is the (d + 1)-dim symmetry TFT, and the right boundary is a topological boundary
which characterizes the insertion of the topological defects in % while the left boundary is a
non-topological boundary depending only on the theory 2", as depicted in the Figure 1.1. We
will see examples of symmetry TFT and its application in determining whether a non-invertible
symmetry is non-intrinsically non-invertible later in the thesis.

This thesis is organized as follows. We first study that, in 2-dim CFT, how the global
symmetries can be used to refine the well-known Cardy formula, an asymptotic formula for the
density of states derived from modular invariance. We then move on to study the properties of
generalized global symmetries. We will first explore properties and physical implications of
the triality defects in 2-dim CFT. Then we will study when the non-invertible symmetries are
non-intrinsically non-invertible.

In Chapter 2, we prove a 2 dimensional Tauberian theorem in context of 2 dimensional
conformal field theory. The asymptotic density of states with conformal weight (h,/) — (o0, )
for any arbitrary spin is derived using the theorem. We further rigorously show that the error

term is controlled by the twist parameter and insensitive to spin. The sensitivity of the leading



piece towards spin is discussed. We identify a universal piece in microcanonical entropy when
the averaging window is large. An asymptotic spectral gap on (h, h) plane, hence the asymptotic
twist gap is derived. We prove an universal inequality stating that in a compact unitary 2D CFT
without any conserved current Ag < ”(627—41)# is satisfied, where g is the twist gap over vacuum
and A is the minimal “areal gap”, generalizing the minimal gap in dimension to (#',4) plane
and r = %g ~ 2.21. We investigate density of states in the regime where spin is parametrically
larger than twist with both going to infinity. Moreover, the large central charge regime is studied.
We also probe finite twist, large spin behavior of density of states.

In Chapter 3, we derive Cardy-like formulas for the growth of operators in different
sectors of unitary 2 dimensional CFT in the presence of topological defect lines by putting
an upper and lower bound on the number of states with scaling dimension in the interval
[A—3,A+ 8] for large A at fixed §. Consequently we prove that given any unitary modular
invariant 2D CFT symmetric under finite global symmetry G (acting faithfully), all the irreducible
representations of G appear in the spectra of the untwisted sector; the growth of states is Cardy
like and proportional to the “square” of the dimension of the irrep. In the Schwarzian limit,
the result matches onto that of JT gravity with a bulk gauge theory. If the symmetry is non-
anomalous, the result applies to any sector twisted by a group element. For ¢ > 1, the statements
are true for Virasoro primaries. Furthermore, the results are applicable to large ¢ CFTs. We also
extend our results for the continuous U (1) group.

In Chapter 4, we consider the triality fusion category discovered in the ¢ = 1 Kosterlitz-
Thouless theory [181]. We analyze this fusion category using the tools from the group theoretical
fusion category and compute the simple lines, fusion rules and F-symbols. We then studied the
physical implication of this fusion category including deriving the spin selection rule, computing
the asymptotic density of states of irreducible representations of the fusion category symmetries,
and analyzing its anomaly and constraints under the renormalization group flow. There is another

set of F-symbols for the fusion categories with the same fusion rule known in the literature [179].

We find these two solutions are different as they lead to different spin selection rules. This gives



a complete list of the fusion categories with the same fusion rule by the classification result in
[117].

Finally, in Chapter 5, we start with noticing that a quantum field theory with a finite
abelian symmetry G admits a non-invertible duality defect if it is invariant under gauging G.
For certain G, duality defects admit an alternative construction where one starts with invertible
symmetries with certain ’t Hooft anomaly, and gauging a non-anomalous subgroup. This special
type of duality defects are termed group theoretical. In this work, we determine when duality
defects are group theoretical, among G = Zz(\?) and ZI(\}) in 2d and 4d quantum field theories,
respectively. We show that a duality defect is group theoretical if and only if its Symmetry TFT
is a Dijkgraaf-Witten theory, which further translates to a stability condition of the topological
boundary conditions of the G gauge theory. By solving the stability condition, we find that a Zz(\(/))
duality defect in 2d is group theoretical if and only if N is a perfect square, and under certain
assumptions a Z](Vl) duality defect in 4d is group theoretical if and only if N = LM where —1 is
a quadratic residue of M. For these subset of N, we construct explicit topological manipulations

that map the non-invertible duality defects to invertible ones. We also comment on the connection

between our results and the recent discussion of obstruction to duality-preserving gapped phases.



Chapter 2

Tauberian-Cardy formula with spin

2.1 Summary & Discussion

The Cardy formula [42] for the asymptotic density of states has recently been rigorously
derived with an estimate for the error term in [158, 92]. A natural question is to ask whether
one can generalize the formalism so as to make it sensitive to the spin or equivalently to the
conformal weights h, h separately. This necessitates working out a 2 dimensional Tauberian
theorem, which we achieve here. The motivations for investigating Cardy formula on (4', /)
plane are several. First of all, the notion of infinity on a 2d plane is richer than A — oo limit. We
will see that the finer details of the Cardy formula actually depend on how infinity is approached
unless one makes extra assumption about the spectrum. Furthermore, there have been interesting
developments in the direction of lightcone bootstrap in recent times [134, 135, 55, 146, 28], our
analysis puts some of these results on rigorous footing. Another amazing feature is the ability to
investigate the “areal” notion of spectral gap. If we probe the (h’,h’) plane with circular areas of
radius R, centered at (A, ﬁ), then we find the optimal value of R which guarantees that the area
contains at least one state. Again unless we put in extra assumption, the value of R depends on
how infinity is approached and thus showing a richer asymptotic behavior. If we one assumes
existence of twist gap, it turns out that the twist gap is complementary to asymptotic spectral gap

in some sense, which we will make precise in due course.



The naive Cardy like analysis provides us with an expression for the asymptotic den-
sity of states where 4 and h are of the same order. One can re-express this as a function of
dimension A and spin J with A >~ J. Now a natural question is to ask whether the result is valid
when A and J is not of the same order. For example, in the large charge expansion literature
[107, 106, 154, 65, 64, 18, 161, 81, 132, 133], the regime where J ~ A'/" with n > 1 is being
probed. It turns out that only a part of the answer coming from the naive Cardy like analysis is
meaningful while the rest of it is comparable to the error term. We emphasize that the analysis is
only possible because now we have a rigorous estimate of the error term due to the Tauberian

theorem that we prove in this paper.

With our rigorous treatment, it is possible to address issues regarding whether we can
trust the naive Cardy formula when /4 and / are not of the same order. It turns out that the answer
to this question is intimately connected with the existence of twist gap. We show that we can
trust the naive Cardy formula for all the operators when max(h, ) = min(h, k)Y with 1 <Y < 2.
It is also shown that with the assumption of twist gap, the validity of Cardy formula for primaries

for ¢ > 1 CFTs does not require any restriction on Y.

The another motivation for taking up a rigorous study of Cardy formula is to be able
to probe the large central charge (c) sector, to be specific, to derive the density of states when
h/c,h/c are finite but c is very large. This part is in the spirit of result derived in [100]. A nice
feature that reveals itself through the rigorous treatment is a curious connection between validity
of Cardy regime and the twist gap above the vacuum. These features are important in the context

of holography.

The plan of the paper is to quote the main results here in the beginning and discuss its
consequences in terms of CFT data, such that the current section can be thought of as mostly self

contained. The next section §2.2 gives some intuitive understanding of the technical stuff that



follows. From §2.3 onwards, we plunge into technical proofs with a healthy relaxing intermission
in §2.6, where we numerically verify our results. For readers going for a really quick ride, we

have highlighted the main equations and results in what follows.

2.1.1 Integrated density of states

We prove a 2 dimensional Tauberian theorem in context of 2 dimensional conformal
field theory. The asymptotic density of states with conformal weight (h,h) — (o0, 0) is derived
using the theorem. We find that the error term is controlled by the twist parameter. We note that
as (h,h) — (o0,0), the twist also goes to co. We remark that the regime of validity depends on

whether we put in the assumption of having a twist gap.

Definition: by finite twist gap, we mean there exists a number T, > 0 such that there
is no operator with twist T € (0,7,) and there are finite number of zero twist operators' with

dimension less than c/12.

We make two remarks: a) the fact that there are finite number of zero twist operators with
dimension less than ¢/12 is always true since there are finite number of operators with dimension
less than ¢ /12 for finite central charge, b) Not having any operator with twist 7 € (0, 7,) disallows

having 0 as twist accumulation point.

!Usually, by finite twist gap, it is assumed that there is no zero twist primaries except the Identity. Here we are
using it in a slightly different manner, so one needs to be careful about using bounds on twist gap, such as the one
appearing in [56].



Main theorems on integrated density of states

No assumption on twist gap:
We show that for finite central charge ¢, the number of states with conformal weights

less than or equal to some specified large conformal weight &,/ is given by:

F(hh) = / di/ / A p(H I

/ (2.1.1)
i (25" e o () | [ ()]

h, hﬁoo

where 7 is the twist of the state with &,k and given by T = 2min{h,h}. Here we have assumed

that #/h = O(1) number?. As a result one could have written the error term as O (h_l/ 4) or

0 (R114).

Assuming a twist gap:

It turns out that if we assume a finite twist gap, we can trust eq. (2.1.1) even when 4 and
h are not of the same order but 2 = h® with 1/2 < v < 2. In such a scenario, the error term
becomes O(T%_l/ 2), where Y = max (v, 1/v). The Y characterizes how & and  are of different
order asymptotically in a symmetrized fashion, for example, if we approach the infinity along
the curve & = h'"! or h = h'"!, we have Y = 1.1. Thus our error estimation is symmetric if we

reflect the line of approach to infinity about 4 = £ line.

2If we say f = O(1), we mean | f| < M for a fixed positive number M.
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We have for 1 <Y < 2,

F(h,5) = / di / AR p (K7

e (@) | ro(e")], <2
<2

1 logh
logh

(2.1.2)
The eq. (2.1.1) and eq. (2.1.2) are two of the central results obtained in this paper. If 4
and / are not of the same order, we basically probe the large spin sector of density of states”,

to be precise, the regime where spin is parametrically larger than the twist but both goes to infinity.

The basic structure of both the eq. (2.1.1) and eq. (2.1.2) is that they have leading
exponential piece multiplied with a subleading polynomial suppression. The error term is then
further suppressed by a polynomial piece. Now if Y > 2, one can see the error term in (2.1.2) is
not really suppressed, hence is not in fact an error term. Thus we can not trust the polynomially

suppressed terms. In this regime, we are able to show that

F(hi) = exp|2mL +om | 0(7’3/4>, Y>2. (2.13)
i, hi—yoo 6 6

We further remark that for CFTs where the partition function nicely factorizes into

holomorphic and antiholomorphic pieces, the leading result directly follows from the analogous
result for large A = h -+ h, proven in [158], nonetheless the error term in analogues of eq. (2.1.1)
and eq. (2.1.2) goes like O(h_l/ 2), hence, in such a case, we have more control over the

approximation.

3A cautionary remark is that here in this paper unless otherwise mentioned, the twist is NOT kept finite while
taking this limit. This can be contrasted to the scenario in the usual large spin expansion [6], where one keeps the
twist finite.

11



Corollaries of the theorems [Eq. (2.1.1) and Eq. (2.1.2)] on integrated density of states

Below we will digress a bit and touch upon some of the interesting results that can
be extracted from the above before coming back to summazing our main results in the next

subsection §2.1.2.

Rich structure of asymptotic approach:
The integrated density of states show distinct leading behavior depending on how the

asymptotic infinity is approached. In [158], it has been shown that as A — oo, we have

A
FMZ(p) = /0 dA'p (A
13\ cA |
_ = e —1/2
5w 27 (CA) exp [2”\/ S| ro(a )]

We remark that in the asymptotic limit, both FM%(A — o) and F(h — o0, h — o) count

(2.1.4)

the total number of operators. But these functions approach infinity in a different manner (see

the figure 2.1). To be concrete, let us choose h = h= A/2, thus we have

14]
12}

10

6

0 2 4 6 8 10 12 14

Figure 2.1. Approaching to infinity on (#',/") plane: The number of operators bounded by
the blue lines is counted by FM%(A) originally calculated in [158]. The number of operators
bounded by the black lines is counded by F(A/2,A/2) calculated in this paper.
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1 /3\"? [cA

So we can see that Alim F(A/2,A/2) is power law suppressed compared to Alim FMZ(A) ie.
—300 —>0

[1+0(A—1/4)] . (2.1.5)

_ [(F(A/2,A)2) _
Jim (W) =0~

We see that the square Sii of size A/2 with one vertex at origin and another one at (A/2,A/2)
is always contained within the rightangled triangular region T, created by 4 axis, 4’ axis and
W' + k' = Aline. This is consistent with the observation that leading behavior of F(A/2,A/2) is
suppressed compared to FMZ(A). In fact, one can similarly study the distribution of the operators
in rectangular (or square) areas such that the rectangle is contained within T, and one vertex is

on the line &’ 4+ /' = A (see the figure 2.2). This study reveals that the among such areas, the

14
12

10

2 \
0 y

0 2 4 6 8 10 12 14

Figure 2.2. (1, ') plane : asymptotically, the rectangular region (blue shaded) contains expo-
nentially less number of operators compared to square region (red shaded). They are contained
within the rightangled triangle, created by A’ axis, h’ axis and &’ +h’ = A line. Here A = 12.

square Sii contains the most number of operators while any other rectangular region contains
fewer number of operators, in fact the number is exponentially suppressed compared to that of

the square Sii.
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Spin sensitivity of the asymptotics:
One can make a detailed analysis of spin sensitivity of the above result, which we

expound on §2.5.2.

Windowed entropy with respect to /2 and /:

An immediate consequence of the eq. (2.1.1) is the expression for “windowed” entropy
S 5.5 The windowed entropy is defined as logarithm of number of states within a rectangular
window of side length 28 and 26, centered at (h,h). This is analogous to entropy defined as in
microcanonical ensemble by proper “binning”, where the bin size is dictated by §,5. As we
take /1 — oo, 1 — oo, we can keep the bin size 8,8 order one or let them scale like 4% and 7%

respectively. We find that

h+-8 6 _
S&Szlog / dh’ﬁ _dip (K, 1K)

h—0 h—0
ch ch 1 25464 = -
= 2 [ 24D o tog |20 | +5(8,8,h 2.1.6
i T\VE TV 6 ) T 0g{36h3h3}+s( ML (2.1.5)

where for 3/8 < oo < 1/2, we have, :

6 ~ h* _ sinh (7, /S-S sinh (7,/S-%
S(5,5,h,ﬁ):log < :/E\/l;> —|—10g < Z/é\/ﬁ> _|_0(T3/4—2(X),
&~ h® AV Ve
(2.1.7)
§,6=0(1)  5-(8,8) <5(8,8,h,h) <s:(8,6) (2.1.8)

where the functions s (6, ) ) are determined in the section §2.3, in particular, we have sy =
exp(c+), and cy is given by (2.3.25). We remark that when the bin size is large, there is a
universal correction to Cardy formula given by the sinhyperbolic functions. This is analogous to

what is found in [158] from the analysis sensitive to dimension only.
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Windowed entropy with respect to A+ J:
One can define a microcanonical entropy with respect to A+J = 2max{h,h} (name this

parameter K) as
S5 =log[F(k/2+0,k/2+0)—F(k/2—68,k/2—6)], (2.1.9)

The asymptotic behavior of S§ is given by

S§:4m/%+log (i—i) +5(8,%), (2.1.10)

where for large enough bin size (6 ~ k%) we have

sinh (27,/5-2.)

6~«k%:5(8,7)=log —

+0 (xl/“—“) /4<a<l1/2. 2111

2.1.2 ¢ > 1 CFTs-results specific for primaries

One can make the results in the previous subsection specific to Virasoro primaries only,
in fact do better. This boils down essentially repeating the argument presented in §2.3,§2.4 and
§2.5 with minor modification. The idea of extending the argument from §2.3,§2.4 and §2.5 to
this case is similar in spirit and practice to how [158] obtained the specific results for primary
using methods suitable to study all the operators. The details can be found in §2.3, specifically
eq. (2.3.37) onwards. Without much ado, here is the result: for finite central charge ¢, we find

the integrated density of states specific for primaries behave like (from now on, we will be using

15



the superscript “Vir” to denote the result specific for primaries):

FVlr(h ]jl) / dh// dh/ Vlr(h/ h/)

2.1.12
1 3 C—l C—l _1/4 ( )
hh%oo -

The “windowed” entropy (we have considered bin of size 28 by 2§ just like what we did

for the analysis of all the operators) for Virasoro primaries is given by

h+6 h+6 _
5}715 = log ( / dn’ / dn'pVir (W h ))
. o ,/ "_1 ,/ C_l ;2};2% sVI'(8,8,h,h),  (2.1.13)
—>00

where for 1/8 < oo < 1/2, we have :

o ~h% . _
:sVlr(5,5,h,h)
S ~h”
sinh( —% smh %)
:log - +10g S +O(T1/4_2a),
™S 7

:‘l
Om

V1r(5 S
(2.1.14)

where the functions s (0,8) are the same functions that appear in the analysis for all the

operators.

Large spin, large twist sector for primaries:
If we assume a finite twist gap (as defined in {2.1.1}), the result given in eq. (2.1.12) is

true irrespective of whether 4 and / are of the order one or not. Thus unlike the case for all the

16



operators, here we can trust the polynomially suppressed correction for all values of v, where

h=h.
2.1.3 Large spin, finite twist sector

The large spin, finite twist sector is not entirely asymptotic regime since the quantity
knows about low lying spectrum in one of the weights. It turns out we can only put an upper
bound in this case. There is an O(1) error in the estimation. While for the upper bound this does
not cause any trouble, for the lower bound, it makes thing tricky. In particular, the lower bound
on the density of states, appropriately integrated, contains an exponential piece as expected from
extended Cardy formula [134, 135, 146, 28] but it comes with a multiplicative order one number,

which can become negative unless proven otherwise.

Analysis for all the operators:
In what follows, we will keep # finite and let 4 — oo, the windowed entropy Sg‘ 5 is found

to be bounded above by

£ ot ch 1 A (2.1.15)
Vs =Shap S = — 7192l gesr o

ft _ are defined as

where M is an order one number. Here Sgt 5 and Sh 5.5

) h+8 . h+6 _ L " h+6 . h+6 _, L
875}://1 dh/}_l Al p(H ), exp[Sh@S}:/o dh/_ Al p(H ).

exp [Sf
S -é h—6

The number M is given (or estimated) by

c
M=2r (h—l—5—ﬂ> +log

C+Z x;l(e—z’f)] . (2.1.16)
h
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where xj is the character for the conserved current with weight (h,0), h > 0 (including the
Identity) and c4 is an order one &,/ independent number, defined in §2.7. M is a finite number
as the absolute value of the sum over  is bounded above by the partition function evaluated at

B = B = 27, which is a finite number.

Analysis for primaries with/without conserved currents:

The above result can also be made specific to primaries:

Vlrft Vir, ft (C_ 1)]71 1 h Vir 2.1.17

Here SVlr T and SZI(; f(f-), are defined as

ex [SVII‘ft] — hto dh/ ITH_S d}_l/ Vir(h/ ljl/)

Vit h+8 S _
exp 57757 = / di / Ui pVEH ).
h—46 h—6

and MV is an order one number, given by

1
1‘4\]lr 27 (h+8—7) +10g

C+Ze 7 (h—5 1)] , (2.1.18)

where the zero twist primaries have weight (%,0), 4 > 0 (including the Identity) and c is an
order one i, h independent number, defined in §2.7. MV ig a finite number since the sum inside
the log is convergent. This happens because the absolute value of the sum is bounded by the

partition function evaluated at B = B = 27, which is a finite number.
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Analysis for primaries for CFT with no nontrivial conserved current:

If we assume that there is no nontrivial conserved current i.e the only zero twist primary
is the Identity and there is a finite twist gap (the finite twist gap as defined in {2.1.1}, combined
with the absence of nontrivial conserved current implies the usual twist gap condition used in the

literature, for example in [56]). we show that

V1rft Vir, ft
S < Sh 5.5 <2m

71'2

(c—1)h

1
—Elog

(5

h
5

c—1

24

2) —f—log( h+0—

)

(c—1)<h+6+c;

241) +log <1 — e_4”2(h+8_%)) +M,

6

(2.1.19)
where M’ is an order one / independent number. If we assume that (h+ 6 — S 1) is a very small
number compared to ——, this matches with the leading result appeared in the lightcone bootstrap

program [134, 135, 55, 146, 28] i.e.

(c=1)h
6

1
— -1
2

c—1
24

~|—310
2 g

h
Vir, ft Vir, ft
565 <Sh65<2 0g<4—

52

) (h+5— )+M

= M +1log(47?). We remark that the limit is very subtle here. There are several scales.

(2.1.20)
where M’
The scale set by / is the largest one and we are seeking an asymptotic behavior in 4. Then there
are two fixed parameters & and c. We are probing the regime where (h+ 0 —

<) is a very small

number compared to ﬁ' The details of the calculation can be found at the end of §2.7.

2.1.4 Asymptotic spectral gap

The idea about deriving an upper bound on spectral gap comes from binning the states.
If we make the bin size very small, we can not prove a positive lower bound on the number of
states in that bin, because the bin might not have any state at all. As we increase the bin size, the

chances are more that we find such positive lower bound. If we find a positive lower bound for a
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specific bin size centered at some large A, h; that would immediately imply existence of an upper

bound on the asymptotic spectral gap.

Probing spectral gap via Circle of order one area

With/without twist gap:

Here we do not put any assumption on twist gap.

Let us consider a square S of side @ + &, centered at (h,h) on (h', k) plane. Here &,

can be any arbitrarily small positive number. In the limit 4 — o0, 1 — oo we have
/ dn' di’ pV (1 i) > 0, (2.1.21)
S

where the asymptotic region is reached along a curve for which max(h, ) ~ # Thus

the spectral gap along this curve is bounded above by a circle of radius 3;—% and the best

possible value of r that we find is r = %g, this being the circle circumscribing the square.

An immediate corollary is that the asymptotic twist gap is upper bounded by @ ~4.42y.
For ¢ > 1, the argument can be made specific for primaries, hence the asymptotic gap. This in

some sense complements the bound on primary twist gap over the vacuum® [56, 28].

We suspect that either by suitable choice of function or by the better estimate of heavy
sector of the partition function, r and/or length of a side of the bounding square can be made to
1. If this can be done, then the bound becomes optimal for ¥y = 1, (assuming we always consider
circular/square region) since tensoring chiral Monster CFT with antichiral Monster CFT saturates
the bound. One can see the saturation by circumscribing a square of unit length by a circle of
radius % on (K, 1) plane [See the fig. 2.3]. Nonetheless, the optimality along a curve for y # 1

is not guaranteed. An immediate corollary of finding such a circle is that the asymptotic twist

4In [56], it is mentioned that the argument is due to Tom Hartman.
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gap is upper bounded by 2+/2 along & = h curve. The same bound holds for asymptotic primary
twist gap. We remark that in terms of twist, the above gap might not be optimal, since if we
tensor chiral Monster CFT with anti-chiral monster CFT, the asymptotic twist gap is 2. If one

can find a bounding square of side length given by 1, that would reproduce the optimal twist gap 2.

Figure 2.3. Operator spectrum of chiral Monster CFT tensored with its antichiral avatar on
(h',1) plane: each vertex in the lattice represents the presence of operators. Any circle centered
at (h,h) and of radius % + &, with &, > 0 would contain at least an operator.

The above result and the conjectures can not be applied to a scenario, where infinity is
approached along a curve where /£ is of widely different order compared to £, in particular, say,
if we want to approach the infinity along the curve ¥ = h with v # 1. To circumnavigate this
issue, we assume existence of twist gap g. We remind the readers that by finite twist gap, we
mean there exists a number 7, > 0 such that there is no operator with twist T € (0, 7,) and there
are finite number of zero twist operators with dimension less than ¢/12, and g > .. Moreover,

assuming existence of g helps us to get rid of dependence on 7.

CFT with twist gap g:

Now we assume that the CFT has a twist gap as defined in {2.1.1}.
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For a CFT with twist gap g (as defined in {2.1.1}) and central charge ¢ > 1, one can have

a bounding circle C specific to primaries having a radius G—; + & with & > 0, where

1 4
o:max<1, ¢ ) r:—ﬁ. (2.1.22)

12¢g T

irrespective of how infinity is approached, such that the bounding circle contains at least

one operator.

Thus for such a scenario there exists 4, and A, two order one numbers such that
/ di' i pVEH ) > 0, ¥ b > bk > e (2.1.23)
C

Again this is obtained by circumscribing the appropriate bounding square [See the fig. 2.4]. The
superscript “Vir” on p VI denotes that it is density of primary operators as opposed to all the
operators. In a compact unitary 2D CFT without any conserved current, one can use the upper

bound of twist gap due to Hartman, appearing in [56], to deduce

c—1 c—1
= 1 = . 2.1.24
O = max ( A T2g > \/ 12g ( )

Now we will explain the sense in which the minimal gap is complementary to twist gap:

22



4
I,X,~N ”' P
5
,,/ (/ \)
s N4

Figure 2.4. Assuming twist gap g: operator spectrum of chiral Monster CFT tensored with its
antichiral avatar on (i’, ") plane: each vertex in the lattice represents the presence of operators.

Any circle centered at (h,h) and of radius % + & with €, > 0, k > 1 would contain at least an

operator.

Suppose we consider a 2D compact unitary CFT with twist gap g such that it does not
have any zero twist primaries (conserved currents) except the Identity: if asymptotically
there exists a circle of minimal area® A on (#',/) plane such that it does not contain any

operator, we immediately deduce the following inequality

(c—1)r?

Ag<Z iy (2.1.25)

“One can imagine that operators having conformal weight (h,%) are denoted by the point (h,%) on
(W' i) plane. We name this set to be S. Now consider the set Sy = {d(a,b) : a,b € S}, where d(a,b) is
the Euclidean distance on the plane between the points a and b. Existence of a circle with minimal area
means Inf S; > 0. Asymptotically minimal area means that we look at the plane for 4’ > h, & b’ > h, and
construct the set S; and consider its infimum.

lower the upper bound on twist gap from -

This can be thought of as an upper bound on twist gap if the minimal areal gap A is known

(note that minimal areal gap obtained from the full spectra has to be less than or equal to the

asymptotic minimal gap). If one can make r = 1 and show that <A = "7" then it is possible to

1
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proving the proposed upper bound % in [28], if it is true. To rephrase, if one can show that the
minimal area A = %” (thus the diameter of the circle would be 2\/%, it would imply the proposed

bound. Similarly, any lower bound on twist gap translates to upper bound on minimal areal gap A.

The similar analysis can be done for all the operators assuming a twist gap. The only
difference is that ¢ would be given by ¢ = max (1, \ /@). We elucidate on these bounds in the
§2.3.

Probing spectral gap via Strips

Instead of squares , we can think of covering the (/’,4’) plane via strips of finite width
and ask what is the minimum width of the strip that guarantees existence of at least one state
(one can make the analysis sensitive to primaries such that the state is Virasoro primary) in the

strip. We can consider three kind of strips (see figure 2.5) :

Hy(h)={(W,}):h €[h—8,,h+8],h >0}, (2.1.26)
Hy(h)={(W,0): 1 € [h—&,h+ &],i >0}, (2.1.27)
Hy(A) = {(W, 1) : W +1 € |A—8,A+ 8],/ 0 >0}. (2.1.28)

It is shown in [92] that if & > %, we have
/ an’ dil V(i i) > 0 (2.129)
H3(A—o0)

Thus the asymptotic spectral gap is bounded above by 1.

In this work we show that

o 1
dn’ dn' pV* (K, 1) > 0 for 8§, > — 2.1.30
/Hl(h%oo) pTRLE) T2 ( :
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Figure 2.5. We consider three kind of strips: the red vertical one is H (%), the blue horizontal
one is H| (h) and the black one is H3(A). In each cases, we see that there is a minimum width of
the strip such that the strips contain at least one operator.

The same result holds true for the H» strip with & replaced by h, where Hy, H> are defined in
(2.1.26). This comes from putting a positive lower bound on the right hand side of the following
inequality:
/ an' dil Vi (i i) > / i’ di V(i B )e PP (2.131)
H (h—o0) Hy (h—o0)

We achieve this as a corollary of the lemma proven in §2.4 (a similar lemma can be proven for

primaries only and then we use the above inequality) . This shows that

Asymptotically on the (h’, /') plane, if the width of the horizontal or vertical strip is bigger
than /2, it contains at least one Virasoro primary. This might not be optimal since the

gap we find by tensoring chiral Monster CFT with its anti-chiral avatar is 1.
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2.1.5 Analysis at large central charge

We consider the ¢ — oo limit and parametrize the conformal weights in following way:

1 - 1 _
hzc(ﬁ+8) ,h:c(ﬁ+s), €, € fixed. (2.1.32)

Let us define &, = min(¢g,€) and €* = max (¢, €).

With/without twist gap:

We show that?

For min {(h/c—1/24),(h/c—1/24)} = €, > ¢, the microcanonical entropy for order

one window 8,8 ~ O(1) is given by

2

S5 & 2% (\/g (h— i) + \/g (iz— i)) “log(c) +0(1), (2.1.33)

while for 8,6 ~ ¢®* with 0 < a < 1, we have

C c cC/- = ¢
S5 =~ 2m (\/6 <h+6—ﬁ) +\/g <h+5—ﬁ)) “log(c) +O(1). (2.1.34)

Assuming finite twist gap:

If we assume a finite twist gap g (as defined in {2.1.1}), then

3Tt might be possible to extend the region of validity beyond this, in particular, following [100], one might expect

i i g> L
it to be valid for €€ > 55!
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The regime of validity of the Cardy result as in (2.1.33) can be extended to

2
8*>é[max{%,<l—6—g) }] &, = min{ (h/c— 1/24), (R/c—1/24)} .

c

(2.1.35)

Relevant recent work:

There has been recent surge in analyzing the asymptotics of CFT data on a rigorous
footing. The results have been obtained [168, 171] using techniques borrowed from a part of
mathematics literature, which goes by the name of Tauberian theorems. The appendix C of
[69] emphasizes the importance of Ingham theorem [114] in analyzing Cardy’s result [42] for
the asymptotic density of states in 2D CFT. Subsequently, the complex Tauberian theorems, as
appeared originally in [174] is utilized in the work of [157]. A complete rigorous treatment of
Cardy formula appeared in the work [158], where they figured out the density of states in A — oo
limit with a rigorous optimal estimate of the error term. The improvement of the result along
with a proof of the conjecture made in [158] has been put forward in [92]. An rigorous analysis
of the asymptotics of three point coefficients [130] appeared recently [165] where the main

challenge was to circumnavigate the negativity issue for the analysis of three point coefficients.

2.2 Setup

We consider a 2D CFT with spectrum of operators having conformal weights (4', /).
We assign different real temperatures 3, to the left-moving and the right-moving sectors

respectively. The partition function Z(j8, ) is given by:

Z(B,B) = ¥ e BU—c/2)-BU ~c/24), (2.2.1)

n i
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The modular invariance of the partition function yields:

= = 4m* -, 4n?
Z(ﬁ,ﬁ):Z(ﬁ/,ﬁ/), ﬁ/:_v B/:T (222)
B B
We further define the following measure
dF (W' ,h') =Y d(hi,hi)8(h — hi)8(H — hy), (2.2.3)

where d(h;, h;) is the degeneracy of the state with conformal weight (h;,h;). Our goal is to

estimate the integral of the measure dF over different regions.

2.2.1 A semi technical glimpse of the subtleties

One of the key step in deriving the Cardy formula is the intuitive understanding that at
high temperature, the partition function is dominated by the heavy states, thus doing an inverse
Laplace transform of the high temperature behavior of the partition function should produce the

asymptotic density of states. Schematically,

Z(B—0) = Leading Term + Error, (2.2.4)
—_——

Produces asymptotic density of states

Inverse Laplace [Error] ™ Error in asymptotic density of states. (2.2.5)

The underlying assumption while doing the above is that the inverse Laplace transform of the
error term is bounded as well, thus producing an error compared to the leading behavior of the
asymptotic density of states. The Tauberian formalism justifies this step by carefully estimating
the error terms. The way it works is following: one bounds the number of states within an
order an window centered at some heavy A, from above and below by some convolution (®) of

partition function at high temperature () and bandlimited function ¢4, schematically this looks
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like
[Z(B+it)® ¢_(t)] < #states in window < [Z(B +it) ® ¢ ()] . (2.2.6)
Intuitively, at this stage, we know that heavy states contribute to this partition function at

high temperature. Now we implement modular transformation, the partition function at high

temperature becomes partition function at low temperature. Schematically we have

{Z (/34—T—Zzt> ® P (t)} < #states in window < [Z (Bﬁit) ® q)+(t)] : (2.2.7)

At low temperature, low lying states contribute the most i.e Z <% — oo) is dominated by low
lying states. So, following [100], we separate the low lying states from heavy states; the low
lying states constitute the “light” part, while the “heavy” part is complement of that. The “light”
part contains finite number of operators at finite central charge. So we do the inverse Laplace
transform of this “Light” part to get the leading answer p... Thus p, reproduces the Z (4%2 — oo>

behavior upon doing Laplace transformation. We are still left with the “heavy” part contribution
of Z (l%) This part can be shown to produce a subleading correction to the leading piece
of asymptotic density of states, thus justifying (2.2.5) using the bound proven in [100]. This
requires relating the “heavy” part at temperature 8 to the “light” part at temperature 3’. The
upshot of this discussion is that we have a full control of the error term and its inverse Laplace
transformation. In practice, we only consider the Identity operator among all the operators in the
“light” region. So one might worry about the error coming from that but since there are finite
number of operators in the “Light” region, one can do inverse Laplace transformation term by
term and show that each of them is exponentially suppressed and hence the finite sum of them.
We emphasize the “finiteness” of finite sum is really very important for this and this is precisely

why we need to treat heavy part separately®. In fact, we remind the readers that in the large

central charge limit, we have infinite number of operators even in the “light” sector, hence we

®One could have imagined doing inverse Laplace transformation term by term including the operators from
“heavy” sector, even if each of them is suppressed, there’s no guarantee that the infinite sum is suppressed.
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need an extra assumption of sparseness, as done in [100].

The immediate generalization of this technique used in the [158] has obstacles because
of the cross terms present in the analysis, for example, say contribution from the states where
I is large but /' is not that large. The most obvious way to generalize the argument is to use
the generalized HKS [100] cut: dividing the (4’,/’) plane into two regions, where the “light”
region (call it IL) contains all the operators with one of 4’ or i’ being less than c/24 while the
heavy region is the complement of them. It is possible to make a similar statement about this
“heavy” region, relating it to the “light” part using HKS like argument. Nonetheless, one then
stumbles upon the issue of defining p,, which is supposed to reproduce the leading contribution
to the partition function at high temperature (8 — 0,8’ — ), to be precise, the light part of
the partition function at temperature 3’. Now the issue is that there are infinite number of
operators in this region L. Unlike the case in [158], we just can not take the Identity operator to
prove that this produces the leading behavior and say the rest are suppressed. In particular, the
previous argument of term by term exponential suppression fails because there are infinite of
them. The take home message is that it is not a priori clear whether just considering the vacuum
to calculate p, is good enough, because infinite number of other operators might conspire to spoil
the “leading contribution”, even if each one of them is exponentially suppressed. We reemphasize
that [158] did not face this problem, since in their case, the light region was A" < ¢/12 and the
region has finite number of operators and everything is under control, so in principle their p. was
defined having contribution from all those states with A’ < ¢/12 and in practice derivable from
the vacuum. To circumnavigate this problem, in §2.3, we use the original HKS cut i.e. we define
the “light” region to be the one where &’ +4’ < ¢/12 and the “heavy” region is the complement
of the light region. See fig. 2.6. The immediate cost for doing this is that we can make comment
only when /4 and 4 is of the same order asymptotically. The details depend on how infinity is
approached. But this is expected because intuitively the infinity can be reached several ways on

a plane. This issue persists for the analysis sensitive to primary as well. It turns out that one can
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Figure 2.6. The (h', ') plane: the light red shaded region contributes to Z; and the complement
of this contributes to Zy. The naive HKS cut makes the union of red and blue shaded region to
be the “Light” region which brings in the problem of having infinite number of operators in the
light region.

bypass this restriction of 4 and & being of the same order, if one assumes a twist gap (as defined
in {2.1.1} we require finite number of conserved currents with dimension less than ¢/12 to be
precise). In that scenario, the results in §2.3 holds true even if 4 and h are not of the same order
asymptotically. The estimation of the “heavy” region becomes really involved in this case and

carried out in details in §2.3. One has to further separate out the “heavy” zero twist operators

and estimate their contribution separately (see the right fig. 2.6).

We further point out that estimating the integrated density of states require us to prove
another lemma, which is special to 2 D Tauberian theorem. We achieve this in §2.4. The lemma
is then fed into the main proof in §2.5. The result for the integrated density of states also requires
an estimate of number of states within an order one area on (', ') plane, which is achieved in
§2.3. In §2.6, we verify our results using 2D Ising model. The large spin, finite twist is discussed
in §2.7. The large central charge regime is discussed in §2.8. We conclude with a list of open of

problems along with a brief discussion.

31



2.3 O(1) rectangular window

In this section, we study the number of states lying on an order one rectangular/square
area of (W, ') plane, centered at some large (/,) and having sides of length 28 and 25. We
are interested in i — oo, i — oo limit with §, & being fixed order one numbers. We do it in two
ways, in the first subsection, we do it generically without any assumption on twist gap while in
the next subsection, we assume existence of a twist gap. The assumption of the twist gap (as

defined in {2.1.1}) facilitates studying the regime where / is not of the same order as .

2.3.1 Generic analysis: with/without Twist gap

Following [158], let us choose functions ®-. (%, ) such that
O_(h,h)<0©,;s5(H 0) <D (K], (2.3.1)
where O, ; 5 5 (W ,h') is the indicator function of the rectangle and defined as

0555 (', B') = 0p_s s (h/>9[fz—5]z+5] (n), (2.3.2)

In principle, one can choose the energy window for the microcanonical ensemble to be of a
different shape, for example, a circle. But for now, we consider it to be a rectangle. Now, from
eq. (2.3.1) we obtain

eB(/1—6)4—3(}_1—5)6—[3}/—3?/(1)_ (h/,/jl/) <0

<05 5(W.H) < PO PIB 1 ).

(2.3.3)

Multiplying the above by the density of states p (4, #') and integrating yields the following

32



inequality:
eB(h8)+B(ilS)/dF(h/,f_/)eﬁh/BBl‘D(h/,f_z/)

h+8 h+5
<o s

Bh+8)+B(h+8) /dF (W, H)e B —BH g o, (W, 7).

At this point, we use the Fourier transform & (,7), defined as

&, (1 F) = / dr / dF b (1, F)eM=iNT,

This facilitates us to rewrite the inequality in (2.3.4) as

/ dn' dn' %, (B + it, B +if)®_(t,7)

h+68 h+8
<o his®

/dh’ di' %, (B +it, B +if) D (1,7),

where we have

% (B.B) = /Ooodh /()de p(h,h)e Ph—Ph.

(2.34)

(2.3.5)

(2.3.6)

(2.3.7)

Next we need to split Z = Z; + Zy. In [100], for the mixed temperature analysis, the light sector

is chosen to be {(/,h)|h < 57 or h < 57} and the heavy sector is the complement of that. Here,

we choose a different light sector {(h,h)|h+h < 5} which has finite size (for large central

charge, this is not true and one needs to have an extra sparseness condition on the low lying

spectra [100, 158]). So at least, in principle, we can choose p.(h,4) such that p, reproduce the

contributions from all operators in the light sector. In practice, we take p, such that it reproduces

only the vacuum state contribution, that is,
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which has the asymptotic behavior

p 0 [ () eV Lo () o (7)) e

96 \ h3h3

I ”) L. (B +it,B+if). So we get

—(B+it+B+if)c/24
Then we can write e Zr ( B+t Biit

P (h—8)+B (- </ dt df &_(t,7)%p, (B +it, B +if)
_ 2 2
_ / drdf e—(ﬁ+it+ﬁ+it_)c/24q")_(I’E)ZH< 47r. | _47: '_) D
B+it’ B+ir
h+6
/ / AR () < (2.3.10)
h

oB(h+8)+B(h+5) </ dr df & (t,7)%p. (B +it, B +if)

) B o4 s Am?  4x?
+ / dt dF e~ (BHirtB+if)c/24G, t.7)Z (_,___) D :
‘ oo ¢ +1)Zn B+it’ B+if

Now we can estimate the contribution from the heavy sector using the HKS bound. We choose
& such that & (¢,7) have finite support [—A,A~] for 7 and 7. A possible choice can be made
via modifying the functions appearing in [158, 92] a little bit. To be concrete, let us make the

following choices:

(2.3.11)

o_(H, 1) :f_(h—h’)f_(ﬁ—ﬁ’)<1 — <h;h/)2— (}_’__i’/)2>7 (2.3.12)
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where we have

4
fe(x) = {sinc (%” . (2.3.13)

We remark that for ®_, the locus 1 — (a/8)% — (b/§)* = 0 is inside the rectangle region, hence
it is a valid choice conforming to the inequality (2.3.1). Here a = h— K’ and b = h — I'. At this

point, our aim is to show that

An?  4Ax?

[ — B+ (h£3) AT AT
e B+it’ B+ir

/ " dr dr e~ (BHitB+iNe/ 248 (1 1)z ( ) ‘ (2.3.14)

is sub-leading. We will make use of the most basic HKS bound [100] for A in a clever way. We
remark that by requiring the saddle of the light sector is located at (h, /), we find B = /& <<
1, B =T, /6%-1 << 1, so some terms such as 6 can be dropped from the bounds as it goes to 0

for large h,h. Then using the fact that ®. is a bandlimited function, we have

Ci):t(l‘,t_) .

__ 2 2R
I < eﬁh+3h/dt dsz( 4xp AP ) (2.3.15)

B2 +12" B2+ 72

Now Zy has contribution from states where either 4’ or ' is greater than ¢/24. Since the
contributing states have h’ + W >c /12, both can not be less than or equal to ﬁ. We illustrate the

case for i’ > ¢/24.

Zy Sexp {_ﬂ (h/—£> 4mB <;—l/ c >]

B2 +12 24) Bryp\" 24
2c 4m’B c Am*B -
<e®hexp|——T P (h’ _ —) L (2.3.16)
o\ ) T
2. 72 Bxc 2
e — 4n=fB - c
< o 6f g OBZIAL) _ P (h’ i _>
<e%e exp[ ,kz—l—l\i + TR
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where B, is defined as B, = min (f, B_) , hence we have (for small enough 8 and )

- 472 4712 472 B,
mm( 3 ﬁz = ﬁz) = ﬁz , (2.3.17)
B=+AL B2+AL s +HAL

Thus we have

ot (5 o5, (4B
I <e eF 4B |e Pt Z —— ), 2.3.18
oo ( ) AR+ AL 2319
where the last Zy A = Y a>¢/12 ¢~ B(8=¢/12) i5 the heavy contribution from the original HKS
bound for A. We will be showing that the above term is subleading. There are two pieces, one
2 e e
with e % and another with e 6 . Let us illustrate the subleading nature of the term with e 6 .

The other term can be treated similarly.

In B, — 0 limit, we have

2 __ T 2 2 2
BB e AD) ZHA(M) < eﬁhwhe’éﬁzm(“”_ﬁ*)
S\BZ+AL S\BZ+AL
. 7T J K 2
N en@%—Zn@%—Zm/%(%)
) C_ Ci 2
h Z }—l: eZn\/%—i—Zn\/g—i—Zn\/%((%) —

- ch ch ch (A+ 2
h<h: em/ngZn G 2n 3(7) .

(2.3.19)

o) —

)

<

where h* = max(h,h) and T = 2 min(h,h). To make the contribution from the heavy sector

sub-leading, we need

2n 2w
AL <min| —,— |, 2.3.20
c<min (2 ) 2320
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where %}/‘ ~ h* (clearly, ¥ > 1). This can be achieved by choosing

21
A¢:<:l£:—.

(2.3.21)

Then at large 4, h, we have the following bound, starting from (2.3.10) (the second term i.e. the

term with the absolute value in (2.3.10) has already been shown to be subleading and we rewrite

the first term as an integral over #’, i’ below):

oB(h—8)+B(h— /dh/ dip (W i) ® (h/jl/)efﬁh/,ﬁﬁ/

h+8 [ htd B
/ / AR () <
h

h+5)+ﬁ h+6 /dh/ dh/p*(h/ }_l )q)+(h/ l_l) —ﬁh/—B/jl/‘

We can evaluate this integral by saddle point approximation,

h+0 h+6
(k) < / )< copa(h ),
c—Ps( 455 A 1P« (h, h)

where ¢4 is defined as
1 o
L= 4_1/ dx dy @4 (h+ 6x,h+ Sy).

With the previous choice of @, we have

. _ len? 1

T 9 §5A2sinc*(SA /4)sinct (BA, /4)’
16m% §26%A2 — 1252 — 1262

C_ =

9 85383A%
fﬂ:

where we must optimize over 0 < At <
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(2.3.23)

(2.3.24)

(2.3.25)

to get the tightest bound while keeping &, § arbitrary.



The condition for the lower bound to be positive is

: + : < AL (2.3.26)

¥ e 1 o
The allowed region increases as we increase A_. And the minimum area such that there has to
be at least one operator is given by 488 = 42—72/2 =4.86y%atd =08 = @/ . This analysis can be
made sensitive to primaries only, thus gives an asymptotic gap between primaries. We suspect
that the above does not give the tightest bound for spectral gap (this intuition is coming from the
similar analysis done for the spectral gap in A, appearing in [158, 92])!

Next we can keep 8, § arbitrary and optimize over 0 < Ay < @ to get the tightest bound.

(a) For lower bound:

h+8 h+6 2 S 2. 82
/ aF (. F T 00 (), VO6%2+0 T
n

455 “5 5 85 231
h+6/h+6 s b 2025252 — 4874(52 + 5?) b m> n
455 i 072835 P Tss  T oAy
(2.3.27)
(b) For upper bound:
5 -
_/ / Pl < 167 p«(h,h) . Aigﬁn,
466 h 988(A%)2 . (SANA . BAL Y
sinc(=5*) sinc(=3*)
- (2.3.28)
n_ 87 p«(h, 1) . V2m
/ / F(hF) < pacia R S L}
466 h 986 sinc ‘g”) sinc(‘s‘g”) 4
where A’ (6, 8) is the non-zero least positive solution of
5A+Cot<62 )+5A+cot<52+) =6. (2.3.29)
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2.3.2 Analysis of O(1) window assuming a twist gap

We have seen that the result proven in the previous subsection holds true when /4 and / are
of the same order asymptotically. When we make the analysis sensitive to primary, this feature
persists. Nonetheless, we can circumnavigate this issue by assuming an existence of twist gap
(as defined in {2.1.1}). One can also do this for the analysis sensitive to all the operators. The
only catch is that one has to separately treat the zero twist operators with dimension greater than
¢/12. We revisit the analysis of suppression of heavy region in the light of the above discussion.
At first, we take up the analysis for all the operators.

We go back to the eq. (2.3.16) and redo the first part of the analysis. We separate out
Zp into two pieces, one with zero twist heavy operators, we name it Z(O), while the other one

contains all the heavy operators with non-zero twist, we name it ZI(LIT ). We start with analyzing

Z,(; ) , assuming a twist gap. We have two scenarios.

Scenario I: If g < liz, we have

Zl(qr)aexp[ 4n°p (h’—i) 4n’p (71’ C)]

CB2412 24) Bryp\" 24
e _ 12 2 12 B —
<o (1660)4_ (Lﬁc)exp _ﬂ(h/—§>—ﬂ<il/—g)
a | BPHAL 2/ B24+AL 2
n2c(1—1$) 2 (1—%) _ 4%213 (2.3.30)
< e 6p 6B ex _ * h/ _|_h/ _ }
Pl g W 8)

Here going from the first inequality to the second one, we used 2/’ > g,2h’ > g; going from the

second one to the third (last) one, we used g < ¢/12. The rest of the analysis goes in a similar
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manner, as done subsequently after (2.3.16) and we deduce:
2
(o] 12¢g

Scenario IL: If ¢ > 5, we have /' > ¢/24 and I > c/24, leading to

2 2R
(1) _475ﬁ r N 4n-p 7 C
“u BeXp{ Brt2 ("-33) Brir (7-33)

47r2ﬁ* v €
<exp |-t (W =)
—CXP[ B3+A2i( T n

The rest of the analysis goes in a similar manner and we deduce:

Ai<\/§7l'.

(2.3.31)

(2.3.32)

(2.3.33)

Now we come back to analyzing the zero twist heavy sector. For this sector, #* = max(h,h) =
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A > ¢/12 > ¢/24, thus we have

zy
E - st el

- ;

5 2

< §exp{ [;;7:-?\2 (Ah/,O 2C4> } +Z [zﬁc 1;;7:_?\2 (A
< e% %"exp ﬁtf% (Ahgo — ;)} e ) exp [_—% (Ao,iz’ - i
< e% gexp - ﬁjfﬁi (Ahgo — %)} e gexp —% (A()h 102
< e% %:exp _ ﬁijf/li%_u (Ahgo — %)1 e ) exp -—% (Aoﬁ/ - 16_2
gezzﬁc;exp ﬁij—t:/lii (A—%)} —I—gte;ﬁce —% <A_1_62>]
< e”@ZH,A ( ﬁ;mzﬁ i) +e" %ZH,A ( Bji‘r:/lii) '

¢
24

)

(-
)

|

C

24

)

(2.3.34)

The subscript on A in the second line denotes the actual conformal weights of the operator and

in the penultimate line, we have extended the sum to all the heavy operators. Now one can see

the zero twist heavy sector is suppressed as long as we choose Ay < v/27. Thus, combining

everything, we have

Von

min(ﬁﬂ?,%): Z

V27,

g<c/12
Ar <

g>c/l12
where 2 — ﬁ. We can combine the above to write for all g,

) |

A+ < min (\/in, ?
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The above has immediate implication in terms of asymptotic gap for all the operators, in particular,
the gap does not depend on the term y anymore. Nonetheless, as we already know existence of
descendants asymptotically, the asymptotic gap for all the operators is not so illuminating, so we
will not illustrate upon this. Rather we come back to this when we make our analysis sensitive to

primaries and in that scenario, the result about asymptotic gap is indeed illuminating.

Analysis for primaries: twist gap complementary to asymptotic spectral gap:
The analysis for primaries proceeds in a similar manner. We will be estimating the

following object
h+8 h+6
exp / / dn’ di'pVE (W 1), (2.3.37)
h h

where pVi'(1', ') is the density of primaries. Instead of the partition function we consider the

following object (for ¢ > 1, the expansion of this object is universal)

prlmary(ﬁ B)
= n(B)n(B)Z(B) = 5 P [(1 —ef)(1-e )+ ¥ dh,jl,e—ﬁh’—ﬁiz’] |

W 0,1 #0
(2.3.38)

Under modular transformation, we have

— 2 2
Zprimary(ﬁ,ﬁ) = \/%\/%Zprlmary (%, 4%) . (2.3.39)

Then we define the crossing pY" (W', i) = pY"(K)pYi(I') to reproduce the high temperature

behavior of Zyimary (B, B) i.e we have
/‘”dh/ e PU=5) pVir(p) — (exp {ﬂz(c — 1)] exp {ﬂz(c _ 25)] )
0 ' 6B 6B )

21
/w dif e PU=53) pVir(/) = 2; (exp {M} e [M]) (2.3.40)
0 b 3 - - |



Explicitly, pY would be given by the following function:

: c—1
0if h/ < e

Vlr
p. (M) =
2 cosh (471.\/@—1) (h_ ﬂ)) — cosh (4ﬂ\/(c 25) (h— c—1)>:| ‘
Nt [ 24 27 27
i (2.3.41)

The analysis pertaining to the estimation of the heavy part presented before for the analysis of all

the operators can be used as a stepping stone for a similar analysis for primaries for ¢ > 1 CFTs.

We again use bandlimited functions and we deduce that the support A has to satisfy’:

. V21 c—1
A+ < min (C—pﬁn> , (2= ( 5 ) . (2.3.42)

The leading answer comes out to be

—_exp [sgjg} < (2.3.43)
exp |21 (c—=1)h (c—=1)h

1
5\/h—%\/ﬁ—% 6 * 6 ’

where c is defines as in the Eq. (2.3.24).

Asymptotic gap:
Now we come back to our discussion of asymptotic gap of primaries. We use the function
given in Eq. (2.3.12) but now with constraint as given in Eq. (2.3.42). Thus the asymptotic

binding square will have length 4‘[6 and the binding circle would have radius * f + & with

7Should we not assume twist gap, we would have A. < ﬂ” , just like the analysis for all the operators without
assuming twist gap.
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& >0, and o, r are given by

( c—l) 43
o=max | 1 ,

i =—, 2.3.44
"12g r (2.3.44)

If we consider tensoring the chiral Monster CFT with its antichiral avatar, we find g = 4

and our result predicts that the asymptotic spectral gap involves a circle of radius %6 irrespective
of how infinity is approached. This is above the suspected optimal value 1 (see fig. 2.4). In a

unitary compact CFT without conserved currents, there is a bound on twist gap[56]:

c—1
< . 2.3.45
85 ( )
In that scenario, we have
V2n V2n c—1
Ar <min| —= V2 | ==, 2= <—) . (2.3.46)
< Cp Cp P 12¢
As a result, we deduce the universal inequality satisfied by the “areal” spectral gap A and
twist gap g:
— 12
ag < M= (2.3.47)
12
where we have shown r = %5 ~2.21 > 1 and we suspect that it can be made to 1.

2.4 Lemma: density of states on strip of order one width

In this section, we prove a lemma which is going to play a pivotal role in the next section,
where we are going to prove an asymptotic result for the integrated density of states i.e number

of states upto a large (h, k) threshold. This also helps us to derive the asymptotic spectral gap via
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strip like regions as defined in {2.1.4}. We start by defining the following functions

h+5 _—

o(h,B) / / dn' p(W' i e P"
_ h+8 W
P(h,B) / / an' p(W' i Ye P"

The aim of this section is to prove the following lemma:

FPhomp) = o|ntexp|2n ,/%ﬂ/% : (2.4.2)
B T 6 6

6h

PPh,B) = o h 3 texp |27 \/%—H/% : (2.4.3)
N 6 6

(2.4.1)

Let us focus on the quantity Q, the argument for P follows in a similar manner. In order

to estimate Q, we write down the master inequality:

eﬁ(/’l—S)/ dh/ / dljl/ p(h/,ljl/)q)f(h,)e_ﬁh/_ﬁﬁ/
0

< Q(h ﬁ 2.4.4)
<P h+6/ dh’/ i p(H Yo (h/)efﬁh/,ﬁiy’

where we have used
¢o_(W) <O (W €h—8,h+8]) <o (). (2.4.5)

Next we note that

/ dn’ / il p(i 7)o (W )e PR =B
0 0

:e_ﬁc/24—5c/24/°° dr 6—1’6/24Z(B+lt73)q3i(l) (2.4.6)
Ar?  4g?\ .
— ¢ Be/24—Bc/24 —ue/24
—e / dr e Z<ﬁ+lt i >¢i(t)'
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o 2 4z . . o
Now we separate the contribution to Z ( g _’ﬁl = %) into two pieces Z;, (contribution from

the “light” sector) and Zy (contribution from the “heavy” sector). The inequality in (2.4.4) can

be written as

- 0o 2 2
oBlh—c/24-8)—Pc/24 / dr e”"/24ZL( am i) d_(1)

pru” B
< Q(h,B) (2.4.7)
< Plh—e/24+8)—pc/24 /:o dr e "¢/%z; ([34—7—2”’ %) ¢4 (1)
et e [ g ponetoiz = 4%2) 6.1

For notational simplicity, let us name the terms

2 o0 An?  Ax?\ .

7 — ﬁ(h—c/24:|:5)—ﬁc/24/ —itc/24 an” 24
L= _oodte t\ i 5 0+ (1), (2.4.8)
2 o0 An?  4Am?\ .

Ii — eﬁ(h—6/24i8)—ﬂc/24 /Oo dl e—ll‘c/24ZH (ﬁ i , ﬁT) ¢i (t) . (249)

The idea is to show that I3 is subleading with respect to I1.. The argument closely follows

the argument presented in §2.3. Let us concentrate on Ii first. We have

(2.4.10)

] v 2 2
2 Seﬁ(hc/24i5)ﬁc/24/ dt Z ( 4 4n ) 6.0,

P p

We notice that (for the heavy sector, i’ + W >c /12, thus one of them has to be greater
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than ¢/24)

71'2 /_ ¢ (5 _ ¢
<ﬁ427r2ﬁ2 ﬁ) L ) (- 5)
+127 B

( 2 4ﬂ2ﬁ /’l _47'L'ZB Blfi
e e PIHAL ’32“‘3&( 24), n>c/24
=9\ 2 B (- g)— B
eﬁﬁe Forag s W > )24
( 2L _ 47[ ﬁ* h/ 47[2[3* Blii
SR i ( 24), i )2 (2.4.11)
S 7526 — 4” ﬁ* h/_ 4ﬂ2ﬁ* (Ijll_i>
eh e PEHALT BT EN s 024
\
( 2, —n2cBy  4nlBs <
o5 N B TR
< 2 2
— cPx 4 % 7 c
ze _6([7;2+Ij\2) _B27r+ﬁ2 (W +H — 13 /
eoh e OPiHAL) @ Pithy h > c/24
\
Thus we have
4m*B  4n?
12 < (Plhre/24+3) )—Be /24/ dt Zn ( Bﬂ’ T > 62 (1)
zﬁ*cz 47’:2[3
< oBh—c/24£8)~ ﬁc/24( te )e 6(B2+AZ )ZH,A( % )/ dr [6(1)] .
B.p<2n B2+A1) -
(2.4.12)

The above analysis is analogous to the one presented in §2.3. Now we choose

5:7[‘/6%,3:7;,/%, (2.4.13)

and use the HKS bound [100] to estimate Zy A ( 4n’p, > This leads to the following inequality:

B24+AL
o ch Agk: _
ch ch ch b N e 642 > h
Ii < e”\/; <eﬂ\/: —l—e”\/;) / dr ¢+ (t) _ , (2.4.14)
- S h<h
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To estimate I, we consider p, (h,h), the crossing kernel, defined as

pu(x) = n\@h r f_(x; ) 0(x— o) +8(x—5;)

Hence, we have

=V [T [T a puw, ie VAV o)
0 0
= 25Cieﬂ\/%l)* (h),

where we have used separability of p, in the variable 4 and & and have defined

ci:%/w dx ¢+(h+ 0x).

(2.4.15)

(2.4.16)

(2.4.17)

(2.4.18)

Comparing the inequalities (2.4.17) and (2.4.14), we see that by choosing YA+ < /2,

with max(h, ) = yY*min(h, h); one can make I3 subleading, consequently in the &,/ — oo limit

we have

1

c \ ¢ _ ﬂ\/E c
26¢ (96h3) p«(h,h) <e O(h) <28cy (96h3)

—_

1 _
ps«(h,h).

By symmetry we obtain

B
B

28¢. ( pu (i) < &V Ep(R) < 28¢! <96—Ch3>7 p. ().

C >*
96h3 = =t
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The best possible value of ¢+ (¢/,) can be obtained from [92]. For the verification purpose,

here we choose the function given in [158] for estimating Q

—4 4
NONY . (Ay(h—N)
(h/) S < 4 > S1n < 4 > (2 4 21)
¢+ - A_+5 A+ (h*h/) ) o T
4 4
(A (h-H)\\ 4
. h—H 2 sin ( 7 >
4

The above function yields almost the same bound as found in [158], except for the fact that
we have to take care of the constraint A < @ In particular we find the following bounding

function 51 (0) = logcy:

( 3 —4
n( ®d : nd Ya
_ )3 2\@') <Sm(2ﬁy)> » 0< 3
Cy = {
2.02 , 6> I
\ Vo (2.4.23)
2V2y (52 67 6y
. —377,-53(5 —?) , 0<
o7
046 , 8=k

where a, = 3.38 [158]. We verify the eq. (2.4.19) in the §2.6 using the above values of ¢+ (in

particular, see the fig. 2.11). Similar verification can be done for the eq. (2.4.20) as well.

The analysis with the assumption of twist gap g proceeds as in the end of §2.3. We do

not repeat the analysis here. We just state the result. In that scenario, one obtains

. (V2n [ c
A+ < min <T\/§7t> , (= (@) . (2.4.24)
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If we make it specific for primaries, ¢ — ¢ — 1 and we have

A+ < min (ﬁ,\/@r)
Sp
_@ 2 _ c—1
6 C”_<12g>21

where the second equality follows only if there is no conserved currents because of the bound on

(2.4.25)

twist gap.

We can use this lemma to prove the result about asymptotic spectral gap in terms of strips,
as mentioned in {2.1.4}. For this purpose, we use the magic function introduced in [92]. We
can let Y =1 in the above analysis. We have to keep in mind that now the support of the Fourier

transform of @_ satisfies A < @, thus the minimal value of § comes out to be % in stead of

1/2 as in [92].

2.5 The integrated density of states
2.5.1 The main 2D Tauberian theorem

We prove in this section

F(hh) = / di! / di'p (W)
1 1/4 7 1
- (= /2
b 402 (@hh) 12T\ G o))

where 7 is the twist of the state with &,/ and given by T = 2min{h,h} and h = h® with 1/2 <

v <2and Y =max (v,1/v). When Y = 1, this reduces to the eq (2.1.1). In order to prove this

50



we define

Sp(hJ_l) = p(hvil) _p*(hai_l)v (2.5.1)
Z(B.B) =% (B.B)—%.(B.B). (25.2)

Since the leading term is already produced by p.(h, k), our job is to show that

W )
/ di/ / AW sp ()
0

1/4 (2.5.3)
:#(—365) exp |27 \/Ch \/ Y/4_1/2>.

In particular, we will be showing that

/0 " /0 WS )
= gexp 2n \/%—l— \/% [0 (h—3/4) 1o (5—3/4)} . 2:54)

Thus if v € (1/2,2), the error term is suppressed by maximum of 2~ U and B2 , arriving at (2.5.3).
Vi N3

In order to prove the above, we proceed as in [158] and introduce the following kernel:

1 [Brddz A2+ (z—B)? _

G(V) = — R TP ey o 255

V=g o 5 arpr e v 255)
1 BrAgz A2 (z-B) .. o,

Gy= - [[NENFEBS e g (2.5.6)
21 Jg—n 2 A2+ B2

Here we have done slight abuse of notation. It is implicitly assumed that the function G(V)
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depends on f3 instead of 8. Now it can be shown that [158]:

G(V)G(V) =[6(=V)+G(V)B(V)+ G- (V)B(=V)][B(=V) + G (V)8(V) + G- (V)B(-V)],
(2.5.7)

where G is defined exactly like in [158] for both the variable v and V. At this point, we use the

kernel given in (2.5.7) and integrate it against §p(A). This yields us the following equation

h h oo o
/O di/ /O AR Sp (i i) = /0 di’ /0 AR p (i, )G(V)G(V)
+/O°°dh’/0°°dﬁ’5p(h',ﬁ’) —0(=7)0(V)G1 (V) — 0(=7)0(=V)G_(V) = (v = 7)] (2.5.8)

+/°°dh’/°°dﬁ’5p(h’,ﬁ’) (—0(=7)G_(7)0(v)G (V) — 8(=7)G_(¥)6(—Vv)G_ (V)]
0 0

Most of the terms can be estimated using techniques from [158]. The new players in the

game are the cross terms, for example the term:
h ho _
z:/ dh’/ AR 8p (I ) [0(=7)0(V)Gs (V) + B(—7)0(—V)G_(v) + (v — )] . (2.5.11)
0 0

Below we will illustrate how to handle these terms. We remark that this is what requires us
to prove the lemma in the previous section. For concreteness, consider the following term
0(—V)6(v)G+(v) and analyze it carefully. The analysis for the other terms in Z goes exactly in

the same manner. In what follows, we will be using the inequalities for § > O:

0(—v)<e PV, (2.5.12)
G+(v)| <2e PVmin (1,(h—H')72), (2.5.13)
G (V)] < 2¢ F¥min (1,(A— )72 . (2.5.14)



The inequalities (2.5.13) and (2.5.14) have been derived in the appendix of [158].

Consider the term
_ / di! / i’ 8(=7)®(V)G(v)8p (I, 1), (2.5.15)
Clearly, we have
1Z1| < 2ePHHBR /0 K /0 TR PP [ B+ pu (i K] min (1, (h— 1)72) . (2.5.16)

For the term with p, (1, '), the estimation procedure mimics the one presented in the section 5

of [158]. In particular, we have

PitBi / di / di & B =BF p_ (1 ymin (1, (h— 1))

(h_3/4 2”(\F+\/7”)> 2.5.17)

The /' integral is done via saddle point method, note it is important to have the factor
min (1, (h—H )_2) for the validity of saddle point approximation. This is why, the /' integral
can not be done using saddle, hence does not produce any polynomial suppression in /. Now

consider the term

2ePHtBh / dn / di! e YR o (1 B ymin (1, (h—1')?)
0 0
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and we divide it into three pieces

27 h_h3/8 bt I Rl -
a) = 2P B / dan’ / di’ e P" =P o (1 W Ymin (1, (h—K')72) (2.5.18)
0
o hth? ) i}
ay = 2eP PR / ) / di e BB o (1 ymin (1, (h— 1')2) (2.5.19)
h—h
= 2 PHtPh / 4 K / di e Y =BH o (1 B ymin (1,(h—1')72) . (2.5.20)
h+h

The estimate for a; and a3 again proceeds like in [158] and we obtain
chy  [ch
a; = 0 <h3/4627r( 6 +\/:)) :
rh+ )
a3 = ( —3/4, (f \F ) (2.5.22)

(2.5.21)

The estimation of the term a, would require the lemma from the previous section §2.4.

We subdivide a; into three different parts:

= 26ﬁh+ﬁh/ _3/8 i / di’ e_ﬁh/_m/p(h/jl/)min (L (h_h/)_z) ; (2.5.23)
h
_ o Bhtpi / / di e PR o (1! ' Ymin (1,(h— 1K) 72, (2.5.24)
__ chtR3 _ ;AT _
23 = 2PNt / i / AR B =BF p (1 R ymin (1, (h—1')2) . (2.5.25)
h+1 0

We have already estimated ay; in the previous section §2.4. This is basically order one

window. Since, the estimation of a,; and a»3 proceeds in similar manner, we would demonstrate
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the estimation of the term ay;.

o1 = 2P PR /
h h3/8

}w3/8

_ h— k+1 _
:zeﬁh / / dR P BE o (i Ty (h— )2

_ Pk h—k+1
gzeﬁhz / dan’ / di e P o (1 )

/ di e BHBH o (1 B ymin (1, (h— 1))

(2.5.26)

where going from the third line to the fourth line requires use of lemma proven in the previous

section §2.4.

The estimation of the terms in (2.5.9) and (2.5.10) requires us to divide the (A, l_z) plane

into 9 regions (see figure 2.7):

Figure 2.7. The estimation of the terms in (2.5.9) and (2.5.10) requires us to divide the (,h)
plane into 9 regions. In the figure, the horizontal lines are /' = 0,1 — W/ 8 h+ w3/ 8 oo while the
vertical lines are /' = 0,/ — w3/ 8 h+ w3/ 8 0. The different colors denote the different methods

of treating them.
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Ry = {(h'a’_l/) W e0,h—h3H e [0’;_1_]?/8]} 7

Ry = {(h’,ﬁ’): W el0,h—h3H € [ﬁ_fl3/8’;l+;ls/8]}’

R; = {(h’,fz') W e0,h—h3)H € [}‘l+}‘l3/8,oo]} ,

Ry = {(h',l_z’) W e h— B8 1 e [0,71—713/8]} 7

Rs = {(h’,f_z') K e h— BB R B e [l_z—7z3/8,7z+}_l3/8]} ’ (2.5.27)
o {0 € PR

b= {000 e 05 P,

Rg = {(h/fl') K e [h+n38 0l € [5_7,3/8,;-1%3/8]} |

Ry = {w,m WA RN AR NS [,;”,3/8,00]} '
Basically, we have to estimate ) ; S; where S; is given by

S,-:/ i’ di'|8p (K, 1)) {|G+(V)G+(V)!+|G(V)G+(")\+(+H _4
A (2.5.28)

<4(st 452,

where we have used |8p| < p + ps, |G+(v) < 2¢ FVmin (1,(h—1')7?), and

G+ (V)| < 2¢ PVmin (1, (7 —')~2). The appearance of 4 is due to the fact that there are 4
terms in the integrand defining S; and each is suppressed in a same manner. Here Slm and Sl(z)
are defined as
st = 4/ di’ di'p (W7 )e PY =PV min (1, (h— 1)) min (1,(R — ') 2) ,
R;

) (2.5.29)
s —y / di’ di' p.(H K )e PY~PVmin (1, (h—h')"?) min (1, (R—}')?) .
R;
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Now for R; with i # 4,5,6 we have
1 R - - ! R — -
7 Siis s =P /R i di' p(W W' )e PP min (1, (h— 1) "2) min (1, (A — }) 2)
144,56

< BB / i di p (7 )e PP min (1, (R — 7))
Riza56

- h ch
—0 ¥ exp |2 | |/ S+ 2 .
exp |27 6 + 6

For R4 and Rg we observe the following

(2.5.30)

1 R7 - - '_ R - -
15124 o =ePhthh / dn’ di' p(W i )e P =P min (1, (h—1')~%) min (1, (h — 7') %)
’ Rizap
< eﬁ“m—’/ dn’ dn’ p(h’,f/)eiﬁh/*ﬁf’/min (1,(h— h’)*2)
Ri—s6
< P tPhp=3/4 / dn’ di' p(i 7 )e PY—BH
Riza

h ch
=0 | n3* o [/ Z 4+ /2 .
exp | 2w 6 + 6

For analyzing the region Rs, we are required to subdivide it into 9 regions again where

(2.5.31)

each of the region is Cartesian product of order one interval in 4’ and /’. Now one can use the

lemma proven in the section §2.3 to show that

% SU) —ePmtBh [ an aif p (W7 )ePH P min (1, (h— 1)) min (1, (R — ) ~2)
Rs

_ [ch  [ch
=0 h_3/4h_3/4exp 2r %—F %

(2.5.32)
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The estimation for S@) = Y, Sl@ can be done by saddle point method:

l _ _Bh+ph A R 17 —BH—BH - 1 ) 1
ZS()—e /O/Odh dn’ p.(h',h)e min 1,m min l,m

(2.5.33)

=0 | W33 exp |27 1/%—#\/% . (2.5.34)

We are yet to estimate the following term
m= / di / AR 8p (I, /) G(V)G(¥). (2.5.35)

which appears in the expression for [ di’ fOB dn'8p (W ,K). Using the definition of G(v) and

G(V), we arrive at

B+iA  pBHiA dzdz A® + B 221 Z_B 5 B )
B 4752/ / zZ A2(+ [32) A2(+ Bz> EL(2,7). (2.536)

Thus we have

dedt A2—12\ [ N2-F -
Bh+Bh _
= 4”2/ /A|ﬁ+ll||l3+zt| (A2+B2) (A2+Bz>e 62(z,2)].  (2537)

Now we use the inequality

2 2p,[5
16.%(z,2)| < e—(Re[z]+Re[z])c/24ZH (47T| T:[Z] : 47f|f|32€[2]) 7 (2.5.38)
Z Z
and subsequently the method utilized in §2.3 to put a bound by Zy a:
6 Blh—c/24) filli—c/24) 55 >
4A € ¢ 2 41~ B,
m| < e (f—ﬁz) (2.5.39)
9Bp (N°+p7) (N +F) TABEEA
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where y = 3 or B. Essentially this is exactly the same argument as in §2.3. Then by choosing
A<\21 (when h ~ h, otherwise we need to choose YA < /27, see the discussion in §2.3) and
using the HKS [100] argument, one can show that the above term is exponentially suppressed
compared to the leading answer coming from p, (/,/). When £ is not of the order of &, we need
to assume existence of twist gap (as defined in {2.1.1}) and proceed like we did in §2.3. This

concludes our analysis and hence the proof of the main theorem.

2.5.2 Sensitivity of Asymptotics towards spin J

The asymptotic formula given in eq. (2.1.1) and derived above can be rewritten in terms

of dimension A = h+ h and spin J = |h — h|:
_ h h_ _
F(h—>oo,h—>oo):/ dh’/ dip (W)
0 0
1 36 1/4 . \/C(A+J)+\/C(A—J)
g X _— _—
a2 \ Z(a2- 12 P 12 12

which is true when 1 < % = O(1). It turns out that even when A and J is not of the same order,

[1 +0 (A’1/4>] ,

(2.5.40)

we can do order by order correction to this integrated density of states by spin.

First of all, when J is of order one, we should just ignore J dependence of the eq. (2.5.40).

In fact, J = AY/" with n > 4 /3, one can ignore J dependence. Thus in this regime, we have

h ho_ -
F(A%M,J:Al/n%oo):/ dh’/ di p(H F), 4/3 <n<oo
0 0

1 (6 )1/zezn\/¥ [1+0<A—1/4>} -

“am \cA

(2.541)

When 8/7 < n < 4/3, the J dependence is meaningful only within the exponential i.e.
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we have

h ho .
F(A—><>0,J:A1/”—>oo):/ dh’/ di' p(n' 1), 8/7<n<4/3
0
1 /6\'? CA(l—f—zz) |
=— [ — —1/4
4n2 (CA) ¢ " [HO(A )]

When 16/15 < n < 8/7 (n can not less than one because of unitarity bound), we have

(2.5.42)

h h
F(A—>oo,J:A1/"%oo):/ dh’/ di p(W. ), 1<n<8/T
0 0

1 /6\'? J? \/C(A+J) \/C(A—J)
_W(C_A) (1+4A2>6Xp[2”< n VT2

We remark that not all the term in the exponential are meaningful, we have to do an J /A expansion

1+o(a1)].

(2.5.43)

and the only meaningful terms are of the form exp (A‘Z) with ¢ < 1/4 (since exp (A‘é ) ~14+A
becomes comparable to error term for ¢ < 1/4). For example, when n = 1 4, it is meaningful to

keep the following terms only:

27:(\/ B,

(a—J >> [ea(1_ 22 _ s/4 215 _ 42058 2431410
) T (1_872_12%4_1024A6_32768A8_262144A10> [1 10 (A—3/10>] )

One can generalize the equation (2.5.43) for J = A/ with 2,% =7 <n<s 2 — - <8/7

where m > 1 is a fixed integer. We define f(m) = % and we have :
0 B i
F(A—>oo,J:A1/”—>oo):/ dh’/ di p(W,F), fm+3)<n< fim+2)
0
1 /6\'? 72\" \/C(A+J) \/C(A—J) |
- = —1/4
an? (CA) (Z“" (AZ) exp | 27 2 V12 ro(at)].

(2.5.44)
where a;’s are defined as

J2 1/4 o J2 k
<1_P> :Zak<p> L A>T, (2.5.45)
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2.6 Verification: 2D Ising model

We verify the bounds on O(1) correction to entropy associated with order one window
centered at some large h and h, proven in §2.3 as shown in the figure 2.8, 2.9 and 2.10. In §2.3,
we have obtained two kinds of bounds, one without assuming any twist gap while the other one
assumes existence of a twist gap. For 2D Ising model, it turns out that the bound coming from
assuming a twist gap (indeed 2D Ising model has a twist gap) is stronger than the one without
using the information about twist gap. Thus in the figures below, we verify the bounds that uses
the information about twist gap. In fact, as we have mentioned in §2.3, the use of twist gap
actually enables us to probe regions where 4 and & are not of the same order. The figure 2.10

elucidates such a scenario. We verify the lemma proven in §2.4 as shown in the figure 2.11 and

2D Ising,hb=1.1h,6=1.5,6b=1.7
— Upper bound — Lower bound

s(h,h«1.1,1.5,1.7)

1.0
0.5
1010 N T N U Y0P PSRN NN N O L TR TSI
-0.5 :

-0}

-15F

Figure 2.8. Verifying the bounds on O(1) correction to entropy associated with order one
window centered at some large & and £ of the same order. The curvy cyan line is the difference
between the actual number of states lying within the window and leading answer coming from
the Cardy formula.

figure 2.12 using 2 dimensional Ising CFT. The partition function for 2 dimensional Ising CFT is

given by
pay L[ [6B) [6:(B) , [65(B) [65(B)  [64(B) |64(B)
Aons(P:P) 2(\/17([3)\/n(ﬁ)+\/n(ﬁ>\/n(ﬁ)+\/n(ﬁ>\/n(3))' o
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2D Ising,hb=2h,6=1.2,6b=1.2 — Upper bound
— Lower bound

s(h,h%2,1.2,1.2)

1.0F

Figure 2.9. Verifying the bounds on O(1) correction to entropy associated with order one
window centered at some large /& and & of the same order. The curvy cyan line is the difference
between the actual number of states lying within the window and leading answer coming from
the Cardy formula.

2D Ising,hb=h"1.1,6=1.3,6b=1.3

— Upper bound — Lower bound

s(h,h"1.1,1.3,1.3)

Figure 2.10. Verifying the bounds on O(1) correction to entropy associated with order one
window centered at some large 4 and £ of different order. The curvy cyan line is the difference
between the actual number of states lying within the window and leading answer coming from
the Cardy formula.

We verify the main theorem proven in §2.5 in fig. 2.13 and 2.14. We plot the total number
of states upto some (h, k) as a function of i. We have considered two different cases where the
asymptote is approached along different curves. We compare it against the asymptotic formula

we derive in §2.5.
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— Upper bound — Lower bound

Lemma(1.45,h,h+1.65)

0.5

-0.5-

Figure 2.11. The blue dots denotes the values of Lemma(J, h, k) , here we have § = 1.45 and
h = h+ 1.65, for different values of 4. The blue dots are bounded by an order one i.e. h,h
independent number, denoted by the red and the black curve. The values of c+ found in §2.4 are
used as the bounds.

— Upper bound — Lower bound

Lemma(0.85,h,1.2(h+0.85)

051

.
-0.5+

Figure 2.12. The blue dots denotes the values of Lemma(§,h,h), where § = 1.7 and h =
1.2(h+0.85), for different values of h. The blue dots are bounded by an order one i.e. h,h
independent number, denoted by the red and the black curve. The ¢4 found in the §2.4 are used
as the bounds.

2.7 Finite twist-Large spin

In this section, our aim is to estimate the finite twist and large spin sector of the density
of states. Without loss of generality, we will assume # is finite and /# — co. We will probe the

following quantity Uy, (h) in the limit & — oo:

_ h 8 ~
Us(R) = /O di! /}_1_S i p(H 1), 2.7.1)
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— 2D Ising,h,h+1 — Asymptotic formula — 2D Ising,h,h+1

F[h,h+1] Errorst'*
101

B

Figure 2.13. On the left, the black curve is the asymptotic Cardy formula while the red curve is
the actual number of operators till (/,/4)in the Ising model. Here 4 = h — 1. The picture on the
right hand side plot the relative error times h'/4 which is bounded above and below by an order
one number.

— 2D Ising,h,h"1.1 — Asymptotic formula — 2D Ising,h,h*1.1

F[h,n*.1] Errorsh?40
1.0

1x10° -

05

8x10° |

6x10° -

4x10°% -

-05F
2x10%

0 L L L L I h
10 15 20 25 30 35 40 -10-

Figure 2.14. On the left, the black curve is the asymptotic Cardy formula while the red curve is
the actual number of operators till (,4) in the Ising model. Here h!! = h. The picture on the
right hand side plot the relative error times 4°/4°, which is bounded above and below by an order
one number.

This is because we have

h+8 s ~ ~
/ L / o A p( ) < Uy (). (2.72)
h— e

Intuitively, it is clear that one can not make both 8 and f3 to approach zero while looking at the
partition function, as this would probe the regime /,h — oo. This suggests that we should let
B — 0 and keep B fixed.

We can prove an upper bound on density of states in this sector. Let us write down the
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following inequality:

Up(R) < B0 c/24/ dh’/ B p(h i )e Bl —c/24) (2.7.3)
h

from which we can write

/

=

Up(R) < e (1= 3a) P / an’ / )y (B )e PO =5)-F @74

At this point we choose

B=2rm, B:ﬂ:\/g,/jt—}oo. (2.7.5)

Again we separate the partition function into two pieces; the light sector, where the contribution
comes from two kinds of states: a) all the states with conformal weight (/',0) with 2’ > 0 and b)
the states such that ' + 1’ < ﬁ, and the heavy sector, which is defined to be the complement of
this. We remark the heavy sector does not contain any operator with conformal weight (#’,0).
In the usual asymptotic analysis as done previously, the operators with (/’,0) such that /' > 5
is put into the heavy sector, but here we can not do that since f is finite, there is no separation
between light or heavy in the sense of HKS [100] i.e. the operators with (/’,0) contribute on
equal footing as the operator (0,0). The upshot of the above discussion is that one can define a
kernel pt (“ft” stands for finite twist) such that
2

/ dn’ / di (i Yo BU—5) B — o5 Y o= B(hi—53) (2.7.6)
0 0 -

1

where the sum on the right hand side is over all the states with weight (%;,0) and we have used
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B = ﬁ =27. As aresult ptis given by

Pl (W 1) =p. (W)Y 8 (W —h) . (2.7.7)

hi

Once we have defined p., we follow the usual method and our next aim is to show that
the heavy part has a subleading contribution. The estimation of the heavy part is done depending
on whether both /' and /' is greater than ¢/24 or one of them is less than ¢/24. In the later
case, we have to assume existence of twist gap. Last but not the least, we have to estimate the
contribution from the states with (0,/’) with h’ > ¢/12. Following the methods in §2.3, we can

show that they are indeed subleading. The leading answer is then given by

Un(h) < em(h—ﬁ)#—n\/?/ dh//df_l/p,,ff(h/, i) o 2m(W—5)~ ﬂ\/_h’q)+( 7). (2.7.8)
The /' integral can be done using saddle point approximation and we obtain

1 - e
—Uy(h) < e 12 e~ 27 (hi—%)
S5 Unh) < E

1 - e
%Uh(h) <e me™ e p. () xo(e ).

(2.7.9)

where xo(g) is the vacuum character and ¢ = ¢ B where we have assumed that there is no

nontrivial conserved current. Here ¢ is defined as
cp = / dx @, (0 + 6x). (2.7.10)

One can extend this argument to a scenario where we have nontrivial conserved currents, then

we would have a sum over characters for all the conserved currents

1

%Uh(h)<c+p* ()™= th -2 (2.7.11)
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This sum over & is convergent as the absolute value of the sum is bounded above by partition
function evaluated at B = B = 2x. Similar result applies to h, i getting swapped. Thus for finite

h and h — oo limit we have

5§<S.55 <2n\/%—§log(7z)+2n<h+5—i> +log

2C+Szx,~1(e—2”)] . (2.7.12)
7

where Jj, is the character for the conserved current with weight (h,0).

The similar result specific for the primaries with finite 4 and & — oo limit, would read:

—1)h 1
SV" <SZ‘(§6 <2m %—1—2% (h—l—S—T) +log

ey e 2m(h—5)
ar ] |

(2.7.13)

where the zero twist primaries have weight (%,0). Here again, the sum over / is convergent as

the absolute value of the sum is bounded above by partition function evaluated at § = B = 27.

CFT without nontrivial zero twist primary:
In case the CFT does not have any conserved current, we do not need to worry about
(H',0) operators anymore and we can do much better as it is possible to choose § # 27 and still

define pf™Vir(W | 1') = pfVI' (W) pf-Vir (1) as a solution to the following equality:

= o— 472
/ i pftVir(p)e P~ ):1/%”(1—{5). (2.7.14)

This parallels the analysis for Virasoro primary in §2.3 (see (2.3.41)).
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In the present case, using the kernel pf=Vir(1’ 1) the leading answer turns out to be

. 77,'2 c— 71'2
SUNTR) < . (PO /%” (1 —eJﬁ) | (2.7.15)

Now by appropriately choosing B we can recover the “square-root” edge present in the

analysis in [146]. The square root edge in & dependence of the density of states should produce

1
(h—%")

a factor of (h— (¢ —1)/24)3/2. In particular, we choose 8 = and let & — 57 to be very

small8

Loy < crep e o (- L) (1- e 0o
5 <ciepi(h)e >4 e

(2.7.16)

h—c/24<< L

The above result is consistent with the leading result as reported in [134, 135, 146, 28].

2.8 Holographic CFTs

Holographic CFTs are the ones characterized by a sparse low lying spectrum and large
central charge. The sparseness condition is first derived in [100], then rederived in [158], where it
emerges naturally out of the Tauberian formalism. In the context of asymptotic behavior of OPE
coefficients in large ¢ CFTs, a stronger sparseness condition appears as elucidated in [165, 153].
In this section we will be exploring such CFTs with large central charge and a low lying sparse
spectra. In particular, we derive an expression for the density of states in the limit &, ~ ¢ — oo,

Following [158], we parameterize h,h as

1 - _ 1 _
h_c(s+ﬁ), h_c(e+ﬂ>, c — oo, € — fixed, € — fixed. (2.8.1)

8This is analogous to the condition written down in [146] as 0 < h— % << 1/c, there h is finite and 4 is let to
infinity.
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In this limit the asymptotic of the vacuum crossing kernel is given by

:ﬁ €€

ps(h,h) ‘@c—l (i) ! ez’“'(\/%*\@ 0(e)0(8)+---. (2.8.2)

As done in §2.3 we separate out the contribution to the partition function into two pieces: the

light Z;, and the heavy Zy.Here we choose

B=——,B=—"=. (2.8.3)

We are required to show that Zy term is sub-leading. Zy term gets contribution whenever 4’ or
I is greater than ¢/24 and A’ > ¢/12.
It can be shown that Zg contribution is sub-leading (the method is exactly similar as in

§2.3, one has to be careful about e Be/ 24-Pc/24 factor, since c is not finite in the analysis.). The

result of the analysis is summarized below:

2 21\’ _ Y
Ai<< 7 1 e ) (2.8.4)

* - . _— . 2
where y* = & > 1,&" =max(¢,€),&, = min(€,€). The above requires that 1 — o= > 0, that

1

is, £¥€, = €€ > L

In fact, it turns out that we will be requiring much more stronger condition on €, €:

1. v ry_r_1
8*>8,8 >max(€,ﬁ)—€>g, (285)
5¢
> 2.8.6
> ( )

This condition justifies the assumption that the first term is dominated by the vacuum. We

compare this with the result in [100], where the Cardy formula is reported to be applicable for

1

€.€" = €€ > 5. This implies that there is further scope to improve our result and reach the

69



HKS threshold rigorously. If we assume existence of a twist gap g, we can push the regime of

1 1 6g
& > 3 [max { i (1 — ?) }] . (2.8.7)

We will come back to the derivation of the bound on &, € at the end of this section. For now, with

validity to following:

this assumption of vacuum dominance, we find :

e—2nc(\/§5+\/§é)p* £ <_ h+6/h+6 (I < ch(\/§6+\/§8)p*(£’é)5+_
460 h
(2.8.8)

As a consequence, we find that for fixed &, > Ogaps

— C C C (- c

We can extend the above result to the case where 8,8 ~ ¢* where 0 < a < 1 by splitting the

integral domain into squares of unit area:

h+8  ph+d 28 28  h—6+m S+n _ _
/ / dn' di'p(K',h') =Y ), / / dn' dh'p (K1), (2.8.10)
h h h

m=1n=1 S+m—1 5+ —1

and then, using the previous bound, we find

Sh,fz(575):27r\/6 (h+5—ﬁ> +27r\/6 <h+6—ﬂ) —loge+0(1), ¢ —oo. (2.8.11)

Now we show that the vacuum contribution dominants the contribution from the light
sector. This is straightforward for the sector where hy, < ¢/24 and h;, < ¢/24. For this region,

we consider the sum
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A=ePPh Y L an dilp, g (W H)e PP o, (W 1), (2.8.12)
hL,ilL§C/24

where the crossing kernel of the operator with conformal dimension (hy, ;) is given by

5 \/i_ 3 _< L
P, (h) =27 —h—ﬁll<4n (24 he) (h 24))9<h 24)+6(h 24)7 (2.8.13)

Piy i (1) = pu, ()P, (),

and the above reproduces the contribution of this operator in the dual channel i.e. at high
temperature:

= - Bh _an? —c _am? —c
/d]’ldh phLﬁL(hah) e—ﬁh—ﬁh —e B (hL /24) B (hL /24)- (2814)

The asymptotic of the function py, (k) is given by

1 1 _]/2 _3/4 24hL 1/4 2mce %(1—24Z,1 )
Pn, (€) 2 6i/A° € 1 " e . (2.8.15)
Evaluating the each integral by saddle point approximation, we find
A=0O (C_]eZﬂfc\/ngZﬂ?c\/g Z e—47r\/@hL—47t\/@f_lL) ) (2816)
hp+h; <Ap
Subsequently, using the following sparseness condition
Y e PP — o), B,f > 21, c— oo, (2.8.17)
hp+hi <Ap
we find that
A~ O(ps(h,h)). (2.8.18)

where the condition 8, 8 > 27 translates to £, & > 1/24. Below we will see that we need to have

a more stronger condition i.e €, > 1/6.
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We are left to investigate the region where either of the &y or hy is greater than c/24.

This is basically given by the brown region in fig. 2.15. Without loss of generality, let us look at

3.0

2.5

2.0

1.5

1.0

0.5

0.0 - =
0.0 0.5 1.0 1.5 2.0 2.5 3.0

Figure 2.15. The light region is the union of the region colored with pink and the region colored
with brown. The brown regions requires a more careful treatment.
the region where A7, > ¢/24. Now the crossing would be given by
0 =2 [~ (2 (43 (- 5) (h-55) )0 (- 55) +3 (- )
P ) = h—g )" L™ 24 24 24)

Py iy (B ) = piy (R)py, (R),

(2.8.19)

We are going to estimate the following:

B = €ﬁh+BB/dh/ d}_l/ phLJ_lLe_ﬁhl_B”qD-l— (h,7}_l/)
B B (2.8.20)
_ Blh—c/24)+B(h—c/24) / ai' i py, i, e BU =B~/ (1 ).

The integral over i’ proceeds in usual manner since /iy < c/24. The integral over i’

proceeds in usual manner since /2y, < c¢/24. The integral over 4’ requires bit of care. Let us focus
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on

B(h— c/24/dh/ —B(H ~/ M (W}

(h C/24)/ dh’ph (h/)e_ﬁ(h/_c/24)q3+(h/,f_l,)
c/24 t
= eﬁ(hc/24)/0 dEI phL(/’l/)eiﬁE/q)Jr(h/al:/)

<Me’“\/_/ dE’ ‘ﬁE'

<ty (- &) exp {@

1 €
< M/ —exp {27rc\/j} exp [—ZE\/ 6£hL} ,
Cc—>o0 C 6

where in the second line we have used the ©® function present in the expression for py, . In

(2.8.21)

the penultimate line, we have used Ay < ¢/12. The strict inequality is important to make
sure replacing (hL ) with \[ does not spoil the inequality because of the presence of

exponential term. Now for the rest of the argument, we will require that

1 1 1
min (4€,€) > g & min (g,4€) > i £,€> g (2.8.22)

The above leads to (2.8.5). Now we sum over all the light states in the brown region to obtain

2mer/E+2me\[§ ) )
e —27\/6eh; —47m\/6Eh,, —47\/6eh,—27\/6Eh;,
0 Z e + Z e

¢ hL>l-1L thlle (2823)

B

0 (p*(h7h)) :
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Twistgap:

If we assume a finite twist gap g, the (2.8.21) can be revisited in the light of the twist gap:

eﬁ(h—c/24)/ dH py, (H)e P =</, (1! I

e [ 1y, Bon (1 P00 (1)
— Bli—c/2) /0 dE' p,u(hqe*ﬁE’qn(h’,h')

<Me”c\/_/ dE’ *BE’

F{ Wi
< Lo fone oo [-2(1-%) v

where now in the penultimate step we use hy, < ¢/12 — g/2. And this leads to the modified

(2.8.24)

validity regime as given in (2.8.7).

2.9 Open problems

We end with a list of open problems which would be nice to figure out:

1. One can hope to use these techniques to investigate the asymptotic OPE coefficients
[130, 69, 78, 55, ?, 40, 70, 38, 108, 172, 153] and make it spin sensitive. A richer structure

in such scenarios is expected as well.

2. For the large spin, finite twist, we have derived an upper bound on the windowed entropy.
It would be nice to put a lower bound as well and match up to the results of [134, 135, 55,
146, 28]. On a conservative note, we remark that even if one can prove a lower bound, it
seems hard to distinguish the order one error coming from considering a bin of width 20
in spin and the dependence of the extended Cardy formula on finite twist. At present, all

our attempts to prove a lower bound provided us with a Cardy like growth multiplied by a
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negative number, which is trivially true, hence we omitted the details of the trivial lower
bound in the text. Furthermore, it would be nice to find out the asymptotic formula for the

integrated version (integrated from spin O upto some large spin) of the density of states.

. It would be nice to have an expression for integrated density of states upto some particular
A within a specified range of spin. To be specific, we want to have an estimate of the

following quantity:

/OA dA’ JJZ A7 p(A,J), where Ji,Jy € [-A' ] | 2.9.1)
1

. It would be nice to improve on the value of r and possibly prove that r = 1 (the parameter

appearing in the asymptotic “areal” spectral gap) either by some suitable choice of magic

functions or by better estimate of the heavy sector of the partition function. The naive

generalization from [92] would not suffice. So one needs to be more creative. And this

might shed light on the twist gap and provide a way to expound on the proposed gap in

[28].

Our work should be thought of a part of modular bootstrap program[105, 84, 56, 49, 7,

4, 3,40, 130, 69, 70, 38, 131, 15, 37, 5]. On a more general ground, it would be interesting to

see whether Tauberian theorems and/or Modular bootstrap program can say anything about the

chaotic, irrational CFTs. An approach borrowing ideas from Tauberian techniques and that of

extremal functionals appearing in [147, 149, 148, 101, ?, ?, ?] might be useful in this regard.

Furthermore, for holographic CFTs, we can only achieve a reduced regime of validity of Cardy

formula compared to what is reported in [100]. It might be possible to improve our result. Albeit,

we remark that if the twist gap is greater than ¢/ 12, it is possible to achieve the regime of validity

of Cardy formula as predicted in [100]. We hope to come back to these problems in future.

Chapter 2, in full, is a reprint of the material as it appears in Sridip Pal, Zhengdi Sun,

JHEP 01, 135 (2020). The dissertation author was one of the primary investigator and author of
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this paper.
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Chapter 3

High Energy Modular Bootstrap, Global
Symmetries and Defects

3.1 Summary & Discussion

Symmetry plays a key role in studying Quantum Field theories (QFT). To study a QFT
admitting a symmetry, we consider irreducible representations (irreps) of the group and declare
that the quantum fields transform as irreps. A very natural and fundamental question is to ask
whether there is any consistency condition telling us existence or absence of particular kind of
irreps. These conditions can come about due to mathematical consistency and/or due to physical
requirements like unitarity. Some of the famous examples in this genre are Coleman Mandula
theorem [54], which roughly implies the impossibility of mixing space-time (Poincare) symmetry
with internal symmetry unless one has supersymmetry; the unitarity bounds in (34 1)-D CFT by
Mack [145], Weinberg-Witten theorem [186], which shows that impossiblity of having massless
particles with higher spin in a theory with Lorentz covariant energy momentum tensor/conserved
current.

In this work, we consider unitary modular invariant 2D conformal field theory. The
consistency condition that we are going to leverage is modular transformation properties of
Torus partition function with/without possible insertion of some operators. A standard result
along this line is the existence of infinite number of Virasoro primaries for ¢ > 1 CFTs [42, 158].

Recently, it has been established that every integer spin has to appear in the bosonic CFT [156] by
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projecting the grand canonical partition function of 2D CFT onto a particular spin and studying
the high temperature behavior of this fixed spin partition function. In a similar spirit, to study
the different sectors of a 2D CFT with global symmetries (more generically with insertion of
topological defect lines), we project the canonical partition function (with/without the insertion
of topological defect lines) onto relevant sectors and study the high temperature behavior to
extract the growth of operators within each sector. Further use of modular crossing equations
can be found in [130, 40, 100, 70, 108, 172, 38, 28, 5, 57, 37, 158, 92, 165, 167, 156] and some
aspects has been made symmetry sensitive in [69, 79, 17, 140].

One of the motivations for undertaking such investigation stems from a related question
in holography. In the context of AdS-CFT, it is widely believed that all the irreps of internal
gauge group appears in the gravity side a.k.a “completeness hypothesis”; on the CFT side, the
gauge symmetry becomes a global symmetry and hence it implies the existence of all the irreps
of the global symmetry modulo some fine prints[170, 19, 97, 99, 98]. To understand it better,
consider the case of U(1). If we know that an operator with minimal charge exists, we can
create black holes of arbitrary charge by collapsing such minimal charged objects in arbitrary
number. On the CFT side, this amounts to taking OPE and generating operators of arbitrary
charge. One of the main challenges is to show that the such minimal charged object exists, i.e.
U (1) acts faithfully. Here we will not be saying anything about faithfulness. Rather given the
faithfulness condition on the CFT side, we will pose the following question of whether one can
generate operators of arbitrary charge with arbitrarily high dimension in the way mentioned
above. On the gravity side this amounts to having black holes with arbitrary charge. By the
OPE argument, one can generate primaries of arbitrary charge and one needs to consider heavy
descendants to answer positively to the above question. Hence, a more refined and nontrivial
question is to ask whether we can say anything about heavy primaries with arbitrary charge and
if possible, whether we can estimate the growth of each irreps. It turns out that in a 2D CFT, one
can investigate this leveraging the modular invariance.

The recent study of partition function of 2-D JT gravity [173] with bulk gauge field
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[124, 112] motivates us as well. It is well appreciated that the genus zero contribution to the
partition function can be obtained by looking at dual quantum mechanical system, which is
known to be the Schwarzian limit of a 2-D CFT[152, 95]. Now considering a bulk gauge field
amounts to having a CFT with a global symmetry and then taking the Schwarzian limit. One
curious feature present in the calculation of [124] is the square of dimension of irrep in the
expression for density of states corresponding to the genus zero partition function of JT gravity
with bulk gauge field. Here we take up a CFT calculation to precisely reproduce this curious

factor.

Given a continuous global symmetry, we can turn on fugacity corresponding to the con-
served current and consider the grand canonical partition function. This idea can be generalized
to discrete symmetries by thinking of inserting topological defect lines (TDL) while doing the
path integral over the relevant manifold to define the grand canonical partition function. In
fact, one can allow non invertible TDLs (which does not correspond any global symmetry in
conventional sense, nonetheless meaningful object, see section 1 of [141]) and define grand
canonical partition functions. In this work, the relevant manifold is square torus, i.e.we consider
2D CFT on a spatial circle of length 27, at inverse temperature 3. If the topological defect line
is inserted along the spatial circle, it is exactly the grand canonical partition function. If the
topological line is inserted along the temporal circle, it creates a defect in the spatial manifold,
thereby defines a “defect” Hilbert space of operators. The partition function constructed out of
operators in the defect Hilbert space is related to the grand canonical partition function by a §
modular transformation. Roughly speaking, a $ modular transformation exchanges the spatial
and temporal circle, thereby changes the role of TDLs. Given this set up, we ask following

questions:

* Can we estimate the growth of operators in the defect Hilbert space ? The spectrum of

operators in the defect Hilbert space is not same as the original Hilbert space. On the
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other hand, one might think that introducing a defect only modifies the theory globally by
modifying the boundary conditions of the field, thus one should not expect any change in
asymptotic growth of operators compared to the original Hilbert space. We will confirm
this intuition in part by doing a rigorous calculation in this work. Even though, the spectrum
changes, the averaged behavior remains same (apart from a possible multiplicative factor,

which we explain below in the results) even in the presence of defects.

Given a 2D CFT with a global symmetry (finite group), do all the irreps of the global

symmetry group appear in the spectra of local operators? The answer turns out to be yes.

If the symmetry group is non-anomalous, it is possible to group the operators appearing in
the defect Hilbert space into irreps of the group and we ask whether all the irreps of the
global symmetry group appear in the defect spectra. Here also the answer turns out to be

yes.

The basic strategy that we follow to answer these questions is to consider a partition

function of the sector of the CFT which we want to study and then to look at its high temperature

behavior. The relevant sector specific partition function can be obtained by using appropriate

projection operators onto the partition function in appropriate channel. The precise way of

doing this is explained in details in the paper. Below we summarize our results and discuss the

implications.

Results:

1. We consider a CFT on a torus with the topological defect line (TDL) being inserted along

the temporal direction. We estimate the growth of operators in the defect Hilbert space

Hy as A — oo ;

growth of operators in 7% ~ Nypo(A) (3.1.1)
where
c \1 cA
po(A) = (48?> exp lzn ?] . (3.1.2)
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A rigorous statement is made in theorem [1] and in the eq. (3.3.2). The TDL can either
correspond to a Global symmetry or correspond to a non-invertible defect such as duality
defect. Here N is “quantum dimension”, obtained from the action of TDL on the A=0
state. For TDL corresponding to global symmetry the vacuum remains invariant and

No = 1, for TDL corresponding to duality defects, Ny may not be 1.

2. We consider a CFT with a finite global symmetry group (acting faithfully). We find that
every irreducible representation has to appear in the spectrum of operators in the untwisted

sector and they have a Cardy like growth as A — oo. In particular, we have

growth of occurence of particular irrep o ~ da|G|_1po(A) ,
(3.1.3)

growth of states in an irrep o ~ d%|G| 1 po(A).

where po(A) is defined in eq. (3.1.2). Here |G| is the order of the group and dy is the
dimension of the representation of irrep oc. We remark that if we sum over all the irreps,
we get back the usual Cardy like growth for all the operators, i.e.pg(A) . A more rigourous
statement is made in theorem [2] and in eq. (3.4.10). If the symmetry is non-anomalous,
the result is true for any particular twisted sector. The rigorous statement can be found in

theorem [3]. To illustrate, in the example of Z,, o can be even or odd, d,, = 1 and |G| = 2.
% A unified version of the above two results is presented in theorem [4] and in eq. (3.5.6).

* Schwarzian sector-JT gravity: 2-D CFT is known to have a schwarzian sector [95],
which is relevant for the study of JT gravity. The partition function corresponding to
the disk topology [173] corresponds to the identity character in some particular limit, as
explained in [152, 95]. Having a global symmetry on the CFT side induces a bulk gauge
field on the gravity side. In the set up [124], the bulk gauge theory is taken to be topological
BF theory. The corresponding partition function has been calculated in [124, 112], the

density of states has been shown to have a d2|G|~! factor multiplied with the seed gravity
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answer without the gauge field. Our result precisely reproduces this factor, since we can

readily take the Schwarzian limit of our answer following [152, 95].

% The factor d2, as opposed to d,, might be surprising because we expect the extra d-fold
degeneracy due to the symmetry. Intuitively, this comes about due to smearing!. The
growth formula is valid only after smearing over an order one window, and it turns out
that the order one window has dy number of « irreps. This might hint at emergence of
some approximate symmetry. This is exactly similar to the scenario in [124] where they
speculate about emergence of extra approximate symmetry. We discuss this after (3.4.6)
as one of the remarks and we explicitly look at 3-state Potts model (¢ = 4/5) to back up

our claim.

% The rigorous bounds in theorem [1] and theorem [2] have order one error. Without any
further input, that’s the best order of error that one can achieve. To optimize over the order

one error, we need to use Selberg-Beurling extremizers as elucidated in [156] .

3. All of the above estimates can be made in the limit ¢ — o and A = ¢ (ﬁ + 8) for € > ﬁ

following [100, 158]. We use A — {5 instead of A everywhere in the above formulas.

4. All of the above estimates can be made sensitive to Virasoro primaries for ¢ > 1 following

[158]. Instead of pg(A) we will have
1\ 3 DA

5. We find the analogous result for continuous group U(1) (acting faithfully). Under a
technical assumption, we show that every charged state has to appear in the spectrum and
they do have a Cardy like growth at large A given by \/3£_k % exp [2% \/%] . The rigorous
statement can be found in eq. (3.4.24). Again one can generalize this to Virasoro primaries

for ¢ > 1 in one hand and on the other hand to the large central charge regime.

'We thank Raghu Mahajan for discussion along this line.

82



e Application and future avenues:

We have already mentioned one application of our result upon taking the Schwarzian limit
and making contact with the results of JT gravity with a bulk gauge field. Here we list out few
more applications. For example, we can consider the following table 3.1. A similar one appears
in [109]. Same is explored in the context of Z, symmetry of Monster CFT in [141]. We consider
a theory A with a non-anomalous Z;. The untwisted sectors can be divided into two pieces: even
and odd, named as P and Q. This is obtained when the TDL corresponding to the Z, symmetry
is extended along the spatial direction. The twisted sector is obtained by keeping the TDL along
the time direction, thereby creating a defect. Since, Z; is non-anomalous, one can have even
and odd states in the twisted sector as well, we call them R and S respectively. Gauging this Z,
symmetry lands us onto the theory D. Both the theory A and D can be fermionized to theory F
and F. The effect of this amounts to permuting and relabelling the different sectors P,Q, R, S.
Using our result, we can estimate the growth of operators for each of the sector P,Q,R,S. All of

them have a Cardy like growth given by % Po(A) (corresponding to dy, = 1 and |G| = 2) for large

A | untwisted twisted D | untwisted twisted F | NS R F | NS R
even P R even /2 [0} bosonic P R bosonic /2 Q
odd (0] S odd R S fermionic S (0] fermionic S R

Figure 3.1. The theory A and D are related by orbifolding by Z,. The theory A and F are related
by Bosonization-Fermionization and so are D and F.

One can think of further applications of these ideas generalizing the results appearing
in [130, 70, 108, 172, 38]. Moreover, one can also make all of the above results spin-sensitive
following [156]. It would also be interesting to explore other aspects of modular bootstrap for
example bounding the dimension of lowest nontrivial Virasoro primary, constructing the extremal

functionals [105, 56, 49, 16, 148, 149, 4, 101, 15] in presence of TDLs.

83



As a technique, we generalize the application of Tauberian formalism in context of CFT
beyond S modular invariant partition functions. In particular, the method can be applied to
vector valued modular functions as elucidated in § 3.5. One immediate application would be
generalizing the results of [70] for LL'H-squared for two different operators using the Tauberian
technique. Note that the positivity is guaranteed in one of the channels while in other channel, it
is not there. This scenario is reminiscent of the partition function of the defect Hilbert space,

where positivity is guaranteed but in the S transformed channel, positivity is not guaranteed.

e Organization

The paper is organized in following manner. The § 3.2 reviews the idea of TDLs
as generalization of global symmetry. A nice and brief exposition can also be found in the
introduction of [141]. In § 3.3, we study the defect Hilbert space. In § 3.4 we study the growth
of operators within an irrep. The § 3.4.1 expounds on a simple example of Z; symmetry, which
we generalize and make rigorous in § 3.4.2. The similar question relevant to U (1) symmetry
is analyzed in § 3.4.3. The § 3.5 encapsulates the gist of applying the Tauberian technique to
the vector valued modular functions. In § A.1, we provide some numerics on known models to
cross-check our results. In § A.2, we review the derivation of spin selection rule for anomalous

global symmetry.

3.2 Lightning review of Topological defect line

Given any continuous global symmetry, one can define Noether’s current j, and the
charge Q is given by Q = [ d~'x jO, an integral of Ju over a codimension one surface, here the
surface is given by x” = constant. In general, one can define an operator, supported on any codim-
1 surface X and given by exp(10 [y xj). The statement that the charge conservation, d*j =0

boils down to the statement that the operator is invariant under continuous small deformation X.
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We also note that here the charge Q is a scalar, we name it 0 form symmetry. Now instead of
codimension 1 surface, one can in general consider topological surface operator of codim-(g+ 1)
and define g-form global symmetries [90]. For a O form symmetry, when the surface X is chosen
to be the full spatial slice, this operator is exactly the symmetry operator acting on the Hilbert
space; while if one of the direction of X is the time direction, then this operator creates a codim-1
defect in the space—any local operator undergoes a twisting when crossing the defect. For this
reason, topological surface operators are sometimes called the topological defects.

In 2-dim, ordinary O-form symmetries correspond to topological defects lines (TDL).
A natural question to ask if whether converse is true. The answer is generically no for the
following reason. The fusion of the TDLs associated with global symmetries must respect the
group multiplication. Therefore, for any TDL corresponding to an group, there must exist an
inverse TDL; in fact, the inverse line can be obtained by simply reversing the orientation of the
line. However, there do exist the so-called non-invertible line operators which don’t have an
inverse, (e.g. the duality line N in the Ising CFT or Monster CFT [140, 141]).

As in the general dimension space-time, we can place the TDL _# along the time direction
on R; x §1, which amounts to imposing the twisted boundary condition on S;. The resulting
Hilbert space is called the defect Hilbert space .77 whose states can be labelled by the usual
weights (h,h). This is possible because the energy momentum tensor commutes with TDL. Via
state-operator correspondence, a state in .7 corresponds to an operator, sitting at the end of the
Z. A particular important question for our analysis is whether there’s a state with conformal
weight (0,0) in the defect Hilbert space. As in [140], if we require that the global symmetry acts
faithfully on the Hilbert space of local operators, that is, the only line operator that commutes
with every local operators is the identity line, then the defect Hilbert space .7¢» contains no
weight-(0,0) state. Otherwise, the existence of such state would allow line .Z to connect to the
identity line via the corresponding operator, thus it would commute with every local operator,
violating our requirement (see fig. 3.2). As we will see, this makes sure the leading result in our

analysis is universal in the sense that it only depends on the central charge ¢ and the symmetry
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group G. We also remark here if the symmetry is anomalous (if one can not define action
of the symmetry in the defect Hilbert space consistently), then the ground state in the defect
Hilbert space has A > 0. This follows from the spin selection rule [140]. We review it in the

appendix §A.2.

$,0) $0,0)
° - e > e | S
o0 . O (O O
?,0) ®(0,0)
Lg ﬁg [':g Lg

Figure 3.2. %, denotes the g symmetry TDL; dashed line denotes the trivial line; & is arbitrary
local operator; and ¢ ) is the operator correspond to the weight (0,0) state in He,. The
existence of (g o) allows us to open the TDL to show that the £, commutes with every local
operator 0.

On the other hand, if we place the TDL along the spatial direction, then it acts as a group
element on the Hilbert space of local operators. Instead of R; x Sy, one can consider S; X S| and
generalize the above story. Since the modular transformation exchanges two cycles of S x Sy,
the configuration of TDL along the spatial circle must be related to the configuration of TDL
along the temporal circle. This brings us to the key property of the partition function of defect
Hilbert space, that is, it is related to the partition function with the insertion of the corresponding

charge operator (see fig. 3.3) along the spatial cycle. To be concrete, we define

Zy (B ) g) = Trjfjg (qLO*C/24qZ*C/24)’
(3.2.1)

77 (B,8) == Tr.p(§ gro—/>gl—</*),
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and modular transformation tells us that

Zy(B.g) =27 (— ) (3.2.2)

Figure 3.3. The partition function of the defect Hilbert space (the left figure, which we will
denote Z»(f,g)) is related to the partition function with the insertion of the corresponding
charge operator (the right figure, which we will denote Z< (B, g)).

We end this section by making a crucial remark that the low temperature expansion
coefficient of Z (3, g) is positive, hence falls under the purview of Tauberian formalism whereas
in the dual channel, positivity is not guaranteed. One needs to keep this in mind while expecting
whether a Cardy like statement is true or not. For example, whereas we can hope to prove the
asymptotic growth of low temperature expansion coefficient of Z«(, g), the same is not true for

ad (B, g) without any further assumption because the positivity is not guaranteed in this channel.

3.3 Charting Defect Hilbert Space 77, associated with TDL
Z

In the usual Cardy formula, the asymptotic growth of operators is controlled by the low
temperature limit of the partition function in the dual (S transformed) channel. As explained
in the previous section § 3.2, the dual channel corresponding to the partition function of a
defect Hilbert space (Z#(f3,g)) is the partition function evaluated on the original Hilbert space

47

with an insertion of group element g, which we call Z< (T’ g). The leading behavior (low

temperature) in the later channel is controlled by the vacuum operator. Thus one can expect a
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Cardy like growth for operators in the original channel i.e in the defect Hilbert space.

% 47[2 puatd
Zy(B—0,8)=Z2 (T—>O,g) ~ ¢ 3P (3.3.1)

and hence we expect the growth of the operators in the defect Hilbert space is given by inverse
7!26'
Laplace of e 3# , which is pg(A). In what follows, we will be making this idea rigorous using

Tauberian techniques.

3.3.1 Cardy Formula for Defect Hilbert Space

Theorem 1. Given a TDL £, the asymptotic behavior (A — o) of the growth of states in an

order one window of width 20, centered at A in the defect Hilbert space 7 is given by

1 A+6

_ A) < —
c NOPO( )—25 A—S

dA' p .y, (A') < c1Nopo(A) (3.3.2)

where Ny = 1 if the TDL is associated with a global symmetry, i.e.invertible one, otherwise it
is taken to be a positive number as defined below and po(A) is defined in eq. (3.1.2). Here c4
order one positive numbers. These numbers can be determined using the extremal functionals
appearing in [156]. In particular, we have c. = 1 +1/20. The above statement is true under

the following technical assumptions:

* The action of £ on the states are uniformly bounded, i.e.|(A|Z|A)| <N for all A in the
physical spectra. For example, if we consider 7, then, |(A|-L|A)| < 1, since the matrix
element is always a phase. In fact, this is true for any TDL associated with a finite group.
For non invertible TDLs, i.e.the ones which are not associated with global symmetry, we

take this as an assumption, which is true for a wide class of non invertible TDLs.

» The vacuum is invariant under any topological defect line associated with global symmetry.

Thus we have

Z10) = |0), (3.3.3)
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* The action of a non-invertible topological defect line £ (such as duality defects, not

associated with any global symmetry) on the vacuum state is given by:
Z|0) = Np|0), Ny > 0. (3.3.4)

For example, in Ising model, we have duality defect line N and N|0) = v/2|0).

The basic structure of the proof is similar to the one appeared in [158, 167, 156], though
the deatils are different as we will see. This comment applies to theorems proven in subsequent
sections as well. We start by considering two functions @ (A) whose Fourier transformation has
finite support [—A, A] and they majorise and minorise the characteristic function for the interval
[A—38,A+]:

¢ (A) < Oa_5.a+5)(A) < 9 (A). (3.3.5)

From the above it follows that
PE0) PG (N) < Op_s.a15(A) <P AT PN (A'). (3.3.6)

Multiplying both sides by the density of states of the twisted Hilbert space p_, and integrating

from O to oo, we find

o , A+ © ’
P00 [Car@)e o ) < [ Tar@) < PO [Car@e P @), 337)
0 A 0

where dF (A') = p, (A')dA’. We emphasize B, § are free parameters. We consider the Fourier

transformation of ¢4 (A) = [*_dt ¢.(¢)™*4, such that in Fourier domain the above inequality

89



becomes

PO [ g ()74 (B e P2

A+0 . 138
<[ ar@< (33.8)

P(AF9) /m dt ¢, (1)Zp (B +1t)e~ PFH1)/12,

The modular property implies

2
Zy(B+ut) :sz(;f_lt). (3.3.9)

Thus in the dual channel we have an expression in terms of the original Hilbert space. We split

this original Hilbert space .77 into light part and heavy part:

7% 47 L 47?2 o 472
<B+zt) L <B+zt) I (B+zz ' (3.3.10)

Notice that the contribution from the light sector Z'f is not necessary real if it contains

operators arbitrarily charged under global symmetry group G. For example, if we consider the
Z3 symmetry, then the TDL _Z can act on a state such the state picks up a phase of e*™/3_ One

can circumnavigate this by assuming charge conjugation invariance.

/ d (B+it)c/12 7 4m? —(B+it)c/12
10+(1)Zy(B+ut)e / dt ¢ (1)Z 5 €R
(3.3.11)

Then we can split it as

o 2
/ dtcmt)zf(_ﬁ“j >e—<ﬁ+w>c/12
—o0 it

A A (3.3.12)
— - 7 T —(B+it)c/12 / & ? —(B+it)c/12
/—oodtq)i(t)ZL (/3+zl‘> + ) Ar9=(07 Btu)€ '
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At first, we consider the light sector where A < ¢/12 choose a p()f (A) such that

© 2 —Ba—e/12) _ AT
dA p (Ae =7 (% ). (3.3.13)
0

As a result, the contribution from the light sector can be written as

oo N 47-[2 oo ’
eB(Aié)/ dr ¢ ()27 o (B+i)c/12 :eﬁ(Aié)/ A p (M) (A)e P
oo B+t 0

(3.3.14)

Notice that, in general, the light sector contains all the states with A < ¢/12. pag (A)
contains more than just contribution from the vacuum state Nopo(A) where po(A) is the crossing
kernel of the vacuum state. The extra light operators would give exponentially suppressed
corrections and are not universal (model dependent). Since there are finite number of operators

below ¢/12, so that sum of the contribution coming from each of the extra light operators is still

suppressed. In the following, we shall only consider the vacuum contribution.

Next, we treat contribution from the heavy sector and show they are suppressed in

magnitude, hence can be dropped from both the lower and the upper bound.

) [~ argu(nzi A1) B/ 2] < gBla-ce) [z ) 6.0
oo B\ B+u - oo A\ B+u
(3.3.15)
Now we do the following estimation
oy [ 4n? 47> c
o ()| Z oo 5|
B\ B+u AE/’Q B+u 12
4r’B c
<N Y exp{——(A——)} (3.3.16)
A>c/12 pr+r 12
47*B 47’p s
=NZy [W] < NZy [m] for t© < Ai
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where N, denote the action of .Z on a state with conformal dimension A and N denote the
upper bound of all Nx’s. We use this bound in (3.3.15) and the fact that ¢ (¢) has finite support

[—A4,A+] to have the following inequality

eﬁ(A—S)[ /0 “dA/pﬁf(Aqe—B%_(A’)—Ne—ﬁc/‘zzﬂ (ﬂ) _AAdtlé—O)@

B2+ A2
A+6
S/ AF(N) < (3.3.17)
A-&8
0 , 47’ Av o
A+8 &z —BA —Be/12
Bl )[/0 dA pZ (N )e PN 9, (A) + Ne P/ Zy(m) /_Mdt\m(t)!}

The bounds get greatly simplified once we consider the large A region. Indeed, as in
[158] using HKS bound, one can show
BAZ ﬂ ~ oBA %(%)2 ~ 3@)”%((%)*1) (3.3.18)
e’ Zy B A2 e’e Po , 3.
where we choose 8 = /53 << 1. Therefore the contribution from Zp is sub-leading once
we choose A+ < 27. Then the upper bound at large A (the lower bound is similar ¢4 — ¢_)

simplifies to

A+6 oo .
/ 5 dA pop, (A) < P2 / dA Nopo(A') g (A)e PA . (3.3.19)
A— - 0

Upon doing integrals by the saddle point approximation, we have in the A — oo limit

1 A+6

= 26 Jas dF(A") <Nocipo(A), wherecy = E(}LE(O) (3.3.20)
A_

N()C_po(A) 5

This concludes the proof of the theorem. For ¢ > 1 CFTs, the analysis can be made

sensitive to primaries only. We end this subsection with two remarks.

* Asin [92, 156], we can derive a spectral gap for the defect Hilbert .7#°,. The upper bound
on the gap is found to be 1. This is the optimal gap as one can consider the Monster CFT

with insertion of Identity line; now the defect Hilbert space is same as the original Hilbert
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space, as a result the gap is exactly 1. For further discussion related to optimality, we refer

the readers to [156].

* Following [158], we can also derive a global approximation of the number of states F ¢ (A)

in the defect Hilbert space .77 valid for large A:

3

1/4 ‘
A) e27t«/§A[1+0(A*1/2)], A— oo, (3.3.21)
C

Fo®) = [ asp () =50

3.4 Charting Hilbert Space .77 associated with invertible
TDL ¥

In this section we consider invertible TDLs associated with a global symmetry G. In
particular, we will be focussing on the case where the symmetry group is finite. The primary
goal is to focus on the untwisted sector (we are imposing periodic boundary condition along the
spatial circle) estimate the growth of operators which transforms under a particular irreducible
representation of the group G. Later on we will generalize our result to a given twisted sector,

where another TDL is inserted along the temporal direction if the symmetry is non-anomalous.

341 Warmup: G=7,

The symmetry group Z, has two elements: identity e and the element p, which squares

to Identity. We set up the following notation for any group element g € G:
Zf(ﬁ,g) =Tr (ge_B(LOJFZO_I%)) . (3.4.1)
Thus for g = e we have the usual partition function while for g = p we have

ZZ (B,p) = Zeven(B) — Zoaa(B), (3.4.2)

where Zeyven (Zogq) is the partition function for all the even (odd) operators. Clearly, Zeyen () +
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Zoad(B) = ZZ(B,e). In the usual Cardy formula, we want to have an estimate of partition
function at high temperature. Similarly, we want to have an expression for Zeyen () and Zogq(B)

in the B — O limit.

We have
Zoa(B) = 5 (27 (B.0) + 27 (B.0)) = I T a2 B.5)
8
1 d1m odd (343)
Zoaa(B) = 3 (27 (B.0) 27 (8.0)) = "M ¥ i) (B.g).
4

We remark that ﬁ YoXo (8)Z% (B,g) calculates the number (weighted by e~ #(4=¢/12)

, Where A
is the conformal weight) of times the irrep « is appearing, and the number of states is obtained
by multiplying the dimension of irrep to the quantity. We briefly review the representation theory
of finite group in § A.3. For any Abelian group, the dimension of irrep is 1 always, so it is
simpler in that scenario. The reason we wrote it in terms of characters J is that they immediately
generalize to any finite group. For Z, the trivial representation is the one where Xeyen(g) = 1 for

all g € G = Z,. The nontrivial irrep is the one where we have Yoqq(e) = 1 and Yoaqa(p) = —1.

For G = Z,, we have |G| = 2, the order of the finite group.

Before delving into the rigorous Tauberian formalism, let us gain some intuition by
doing usual Cardy like analysis. For brevity, let us write Z; = Zeyen, Z— = Zoqq and similarly

Keven = X+ Xodd = X—; dim(even) = d, dim(odd) = d_. Now in the dual channel, we have

2
2B 0 = T (128 ) 0122 (B )] . B =
, (3.4.4)
S Z2f sz B s wp)] . B

Here Zo(B’,e) is the usual partition function evaluated at the dual temperature §’. The quantity

Z (B, p) is obtained by doing modular transformation on Z< (8, p). Now ZZ (B, p) is not
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modular invariant, because it has an insertion of TDL along spatial direction. Under § modular
transformation, cycles of the torus get exchanged, thus we have a torus configuration where the
TDL is along the time direction. We can interpret this as having a defect in the spatial circle.

Thus Z ¢ (B’, p) is the partition function for the defect Hilbert space.

If the ground state in the defect Hilbert space (corresponding to g # ¢) has A > 0, we

have
d , dZ 2 1 2
Z.(B —0) = ﬁx;(e)zf(ﬁ S ooye) = ﬁexp [’;—ﬂ — Sexp {’;—lﬂ . (3.4.5)

Let us pause for a moment and discuss when we can ensure that A > 0 in the defect
Hilbert space. According to [140], if the Z, is anomalous, then the spin is constrained to be
of the form }‘ +7Z/2, thus excludes the possibility of having A = 0 state. Similar argument is
true for anomalous Z,, for any n. Since any finite group has a subgroup Z,, for some m € Z, if
the subgroup is anomalous, the argument applies and we can not have A = 0 state in the defect
Hilbert space corresponding to that subgroup. If Z, is non-anomalous, then we can not apply this
argument. Nonetheless, we can gauge the Z, group in such scenario to obtain the orbifold theory.
We note that A = O states is an even state, so it will be in the even sector of the defect Hilbert
space if it is there in defect Hilbert space to begin with. The orbifolded theory has even operators
from the usual Hilbert space (untwisted sector) and the even operators from the defect Hilbert
space (twisted sector). Now if we assume the uniqueness of the A = 0O state in the orbifolded
theory, the defect Hilbert space can not have any A = 0 state.The another way to phrase the
statement is to demand that the action of symmetry group is faithful, thus the only TDL which
commutes with all the operators is the Identity line as explained in the § 3.2. In what follows, we
will assume this as a generic condition that in the defect Hilbert space A > 0. We mention that

the assumption is true for the Ising model.
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From (3.4.5), we immediately derive the growth of operators in even and odd sector:

1 c 1 cA
pr®) = 3 (g5a) o [2”\/ 3

where p4 stands for density of states for even and odd operators respectively.

, (3.4.6)

We make some remarks below:

% Smearing turns d,, into d2: Presence of symmetry predicts an extra-fold degeneracy
of dy, where dy, is the dimension of « irrep. Thus it is somewhat surprising to find d2 in the
expression for density of states. But as we will show in the next subsection, the expression for
the density of states is true only after smearing over an order one window. This smearing® allows
for an effective extra-fold degeneracy of dé. This becomes particularly clear if we examine the
3-state Potts model (c =4/5), which has S3 symmetry (See [46] for a quick and nice exposition of
this theory with an emphasis on TDLs). S3 is a generated by two elements: one element generates
the Z3 symmetry, while the other element acts as Z3 charge conjugation. There are two doublet
of primaries in this CFT sitting in the nontrivial 2 dimensional S3 representation. Each of the
doublet contains a primary of Z3 charge ® and a primary of Z3 charge ®* = ®?. One doublet has
dimension 2/15 while the other one has dimension 4 /3. All the descendants of these primaries
sit in the same representation. If we consider a window of width 26 5 1, it contains descendants
of both the doublets. Thus it gives a factor of 22 = 4. Should we able to resolve the actual
density of states, we would have found degeneracy of 2 as predicted by the actual symmetry.
Furthermore, note that for S3, we have |G| = 6, thus we have a growth of 4 /6p for the doublet
irrep. From the perspective of Z3, we are counting all the operators with charge @ and ®?, thus
we should have a growth of (14 1)/3py, lo and behold 4/6 = 2/3. Roughly speaking, the irrep

o has to appear dg times in a window of width 26 — 17, this might hint at some approximate

2We thank Raghu Mahajan for discussion along this line.
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symmetry which emerges only because we smear. The scenario is very much similar to the one

present in the calculation of disk partition function of JT gravity and bulk gauge field theory [124].

% It might seem very tempting to discuss the growth of p; — p_. Naively, asymptotic
growth of p; — p_ is controlled by inverse Laplace transformation of Z< (8 — 0, p) =Z (B’ —
oo, p) [140]. Nonetheless this argument does not pass the rigorous treatment of Tauberian since
the positivity of p; — p_ is not guaranteed, in fact it can in principle widely oscillate. Nonetheless,

it is also possible to prove the following as a corollary of the theorem proven in the next section.

1

/ Aj dn’ [p (&) —p-(&)] ‘ < (ga33) o [m\/?] (3.4.7)

where we have used the extremal functions appearing in [156] to fix the order one number.

% For ¢ > 1, the analysis can be made sensitive to Virasoro primaries only. In the
following section, we will be generalizing the idea to arbitrary finite group G using the notion of

character as well as we will make our analysis rigorous using Tauberian formalism [158, 92, 167].

3.4.2 Arbitrary finite group G ala Tauberian

Untwisted sector

The partition function for the operators transforming under particular irreducible repre-

sentation ¢ is given by

zZ (B) = ‘G| ¥ 27 (Bo)tale) = [ 4N pu(s) (34.8)
geiG

where d, is the dimension of the irrep o. Under S modular transformation we have

zi (B) 3 Zza(B) = 15 ¥ Z2(B.8)2:(s) (3.4.9)

|G| geG
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where 8’ = ‘%2. Our objective is to establish the following theorem:

Theorem 2. We consider untwisted sector of a CFT admitting a global symmetry under a finite
group G. The states transforming under the irreducible representation o, has an asymptotic
growth, which is given by:

c_d? 1 A+5 2

c+d
— oA o 3.4.10
GO < 55 [ pa(a) < SEE () (3.4.10

Here po(A) is defined in (3.1.2) and c4 are order one positive numbers. These numbers can
be determined using the extremal functionals appearing in [156]. In particular, we have
c+ = 1£1/28. The above statement is true under the assumption that 7€ (g) does not contain
A = 0 state for g not equal to the identity (e) element. This ensures that the sum defining Z.o o (B’)

in eq. (3.4.9) is dominated by the A = 0 state coming from the original Hilbert space, i.e.from

Zf(ﬁlae)'

The proof of the theorem closely resembles the one in the previous section. The leading
answer comes from inverse Laplace transformation of | G|Z (B e)xs(e) = f—éf‘z (B"). The only
non-trivial part is to show the suppression of the heavy part of Z ¢ (472 /(B +1t)). Now we have
two ingredients, the character and the heavy part of the defect partition function. Like before, the

absolute value of the heavy part is dominated by |f| = A. Then we can use the following chain of

inequality

o (8p) s (50) 2 (5 ) ()

On the other hand, the character can be bound using

1
Xa(8 (Zb&x ) =G| = |X(x( )| < |G|1/2 . (3.4.11)
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Using the above two, we estimate the heavy part integrand for [¢| < A

de . do 4m*B ) 12 [AZ}
a2 L : <—VYZou|—5.,8) < N|G|'*d .l
(3.4.12)
Thus we have
AP A
heavy part| < N|G|'/2dyexp [F} /Adt |04 (1)| (3.4.13)

Again we use the bandlimited functions ¢+ and choose the support of ¢, to be [—A,A] with
A =27m. One can choose A < 27. In fact by careful treatment, it is possible to choose A =27
and the extremal functions appearing in [156] to deduce the value of order one numbers ¢+

appearing in the theorem.

Twisted sector

One can consider the twisted sector by introducing the TDL corresponding to the global
symmetry G along temporal direction. This is what we called defect Hilbert space. Now if
the symmetry is non-anomalous G, we can insert another TDL along the spatial direction and
unambiguously resolve the crossing of two TDLs. Within a twisted sector (twisted by a given

element g € G) one can estimate the growth of operators transforming under particular irrep of

G.

Here we use slightly different notations because now we have to deal insertion of two
TDLs. By Z(B,g0,g) we mean the partition function evaluated with TDL corresponding to g
inserted along temporal direction and TDL corresponding to g inserted along spatial direction.
We also put in gg as argument of density of states to remind ourselves that we are dealing with

the twisted sector. Thus the partition function Zf(;) (B, go) for the operators in the « irrep in the
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twisted sector is given by

(D(B.g0) =22 Y Zo(B.0,)x5(8 / dA’ palgo,A') (3.4.14)

|G| geG

where dy, is the dimension of the irrep &. Under S modular transformation® we have

2
Y Ze(Bi8.89 ) xal8), where B/ = 2%

(3.4.15)
geiG ﬁ

(ﬁ 20) |G|

The final result is again given by eq. (3.4.10). In particular we have

Theorem 3. We consider twisted sector (twisted by the go € G) of a CFT admitting a symmetry
(non-anomalous) under a group G. The (3.4.10) holds true for the growth of operators in this

sector. The assumptions are same as the one in theorem [2].

3.4.3 TDL associated with continuous symmetry U (1)

The idea presented above for the finite group can be generalized to continuous group as
well. The tricky part is to determine the behavior of ZZ( — 0,0) = Z #,(B" — o, ). Earlier
knowing that for g # e, the defect Hilbert space has states with A > 0 only sufficed because we
have a sum over group elements. But here we have an integral over the group manifold and as
g — e, the ground state of the defect Hilbert space goes to 0. Thus we need to know the behavior

of the ground state of the defect Hilbert space as g — e, to say something concrete.

In what follows, we can consider the compact U(1) group, which is generated by
J = Jo — Jo, coming from the Kac-Moody algebra. For a nice discussion related to compact vs

non compact we refer the readers to [29]. The partition function is given by

(B, v, V) Ze An—1z) 2TV (3.4.16)

3When g and gg are both non-identity elements, under S modular transformation, the relative orientation of the
TDLs corresponding to them changes. Hence in the dual channel we have g !inserted along the spatial direction.
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where g = ¢*™¥ € G=U(1) and v € (—1/2,1/2]. Usually we think of this as partition function
for Grand Canonical ensemble. Alternatively, we can think of this as a partition function
evaluated on Torus with insertion of TDLs corresponding to U(1).

We wish to estimate asymptotic growth of states with a definite J. We write down a

partition function for a fixed J = Q:

1/2 c
23 B)= [ | ave 0z (@) = Lo PO 1) (3417)

We pause here to comment about the integral range of v, i.e. v € (—1/2,1/2]. This implies that
we are considering “single” cover of U (1) and all the charges are integer. We further assume that
this action is faithful. Thus we exclude scenarios like where all the charges are even. Instead of
“single” cover, we can also consider N € Z cover , so that possible charges are of the form %
with N —1 > |¢| € N; in that scenario the v integral would have been from —N /2 to N/2 with a
multiplicative factor of 1%, for correct normalization. In this way of thinking, the scenario, where
all the charges are even can be treated as effectively making N = % In what follows, we will
be considering N = 1 case. Without loss of generality, we also assume the spectra is invariant
under Q — —Q as they correspond to taking v — —v. As an example, readers might keep in
mind compact boson with level k = 1 and radius R = 2, where the charge under Jy is 5 + mTR and

the charge under Jj) is B mTR with e,m € Z.

Modular transformation of Z% (B) gives us the partition function of the defect Hilbert

space and we have

47 2z 47
Z.ng <?) = /1/2dv e 2" vQng (?>

1/2 4n2 c 2 .

_ L N NV

= 2 dn,qﬁ/ dv e 2VQe™ B (A= fy kv —v(g+9))
n,q,9 —1/2

(3.4.18)

Y

where k is a parameter coming from the Kac-Moody algebra, ¢,g are the charge under Jy and J.
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We want to evaluate this integral in the f — 0 limit.

47[2 B _ﬁ Zn_L _ﬁi—lﬂM
40 <7) “\amk & %aq Fbmd) P (3.4.19)

T
lg+a|<'k

>

~ —\2
where A, = (A,, — %). The prime over < indicates whenever g + § becomes +k, there is a

factor of % associated with the v integral. The crucial point is to observe that the states in the

defect Hilbert space has dimension A+ (v — %2)2. Thus in the B — 0 limit, the v integral can
contribute only if (v — %{‘7) =0 for some v € (—1/2,1/2]. Thus the sum over g, g is restricted.

-~

Thus the leading piece is given by A = 0 states. Of course A = g = § = 0 would contribute. We

observe that the unitarity bound tells us that

¢+ (g+3)°

A>
- 2k T 4k 7

(3.4.20)

where the saturation of the second inequality can happen only if ¢ = g. Thus the states that

would contribute to the leading order is given by A= 0,9=4q,lq| < %. Hence we have

2 ~ B @i;f
Zg5(B = 0) = Noy /e (3.421)

2migQ

where No = ¥ g1<k/2W(g)e” & and w(q) = 1if |g| < k/2 and w(q) = 5 if |g| = §. Since

we have assumed ¢ — —¢g symmetry, N is a real number. Ny = 1 if only such state is the vacuum.
In what follows, we will assume that this is the case* and Ny = 1. Strictly speaking, in the

Tauberian analysis, we would require the above argument to hold for complex 8 + ir.

The next step is to split up the Hilbert space into the light and the heavy sector. Now

we divide the Hilbert space using the quantity A=A— qzﬁqz. The light sector is defined as

“We note that if the action of U(1) is not faithful, for example, if all the charges are even, then for odd charges,
the asymptotic expression should give 0, as a result Ny should have been equal to 0, in those cases the phases in the
sum defining Ny play a key role.
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A+ (v— 5£)? < ¢/12 while the heavy sector is the one with A+ (v— 5k)? > ¢/12. Thereafter,
we restrict our attention to the heavy sector and show it is suppressed. Recall the quantity related

to the heavy sector that appears in the Tauberian analysis is following:

| = PAEE—/12) / dr e—nc/lz Z qq/l/Z 2vae*g%i(Anfl—62+kv2+v(q+5)) '

n,q,q

Now we pull in the absolute value inside the integral and notice the exponential is

maximized for [t| = A. Thus we have

1/2

[ < eﬁ(AiSc/lZ)/
- 1/2

ﬁ —_Cak 2 = A N
AV Y dygge PR O BRI [ g 50
n.q.q A

heavy

1/2 4m’B A N
o—c
< PAE /12)/_1/2dv Zg, <—[32+A2)/ dr |o(1)
2 A2
:eﬁ(A:tS—c/lz)/l/z qv 7% (ﬁ +A >/ dr (1) (3.4.22)

~1/2

1/2 21N A
< eﬁ(AiS—c/lz)/ dv 7% (ﬁ A V= 0)/ dr [¢(2)|
~1/2 B —A
A2 [cA
Zi955427r 'Eg']

We will see that the suppression requires A < 27. The light sector produces the leading Cardy

20 A2

A
~ POEI—C/12) 5 47r2/ dr [§(r)] =~ exp
p0 A B=mv/

like behavior for density of states pQQ(A/ ) of operators with fixed order one charge Q,Q and
large conformal dimension A. This can be obtained by doing the following integral and realizing

that the integral is dominated by ¢ = 0 in the f — 0 limit:

=
>
H_
<
2
~
B
T
>
i
S
~
%)
fsT
?F ~
-~
o
>
o]
| — |
oY)
—~
=8
+ s
=
—_
<
H_
=

2 1/2
— PaEE—/12) . (0)exp [H} ﬂ (i) ﬁz/z (3.4.23)
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where the factor (%) 1/2 [33/ 2 comes from the integrating over the fluctuation around the saddle

att = 0. Thus we have following estimate:

c cA 1 [A+d c cA
) — 2T — | < — dA pp(A) < S 21y —
-y 48kA2eXp[ T\ 3] <25 )y s 40 Pol )—”\/ 48kA2eXp[ & 3]

Here ¢4 = %—gd)i (0) is order one positive number.

We conclude this section with two final remarks that one can generalize the analysis for

Virasoro primaries for CFT with ¢ > 1 and one can generalize this to large central charge.

3.5 Tauberian for Vector-valued modular function

The results for the finite group can nicely be encapsulated in terms of something known
as vector valued modular function. The vector-valued modular function Z obeys the following

transformation law under S modular transformation:

42
Z(ﬁ+lt) —F-Z(B +u) (3.5.1)

where Z is a column vector consisting of bunch of functions and F is a constant (8 independent)

matrix. The condition S% = I boils down to F? = 1.

e In the example of CFT with Z; symmetry we can consider
7= (Z+7Z—7ZP)T7

where Z. are the partition functions for even and odd operator and Z, is the defect Hilbert space
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with insertion of non-identity Z, TDL. The matrix F, in this case, is given by

1 1 |
1
F = 5 1 1 =1 (3.5.2)
2 =2 0

and F? is indeed identity.

e For a generic compact group G, the vector Z will have 2k — 1 entry , where & is the
number of conjugacy classes of the group G. The k entries correspond to k different irreps (recall
the number of conjugacy class is equal to number of irreps) and k£ — 1 entries correspond to the
partition function for the defect Hilbert space with insertion of non-identity element. It suffices
to consider one representative element from each conjugacy class as the partition function with
insertion of TDL along spatial direction is sensitive to conjugacy class only. For Z,, we have n

different conjugacy classes, i.e. n irreps.

To estimate the growth of operators in each of the sectors, we define a vector valued
density of states p(A). The upper bound (the lower bound is similar) on the integral of p(A) is

given by a matrix inequality

A+6 A 472
IS (AN < B(A+6)/ , —itc/12 5
/5 dA p(A) <e | drF-Z 5 )| ¢ (1) (3.5.3)

Thus we need to estimate the integrals of the form

A 4m? :
B(A+6) . —ite/12
e /Ath {Z<ﬁ+ll)}e o, (1)

in the B — O limit.
At this point, we separate out the light contribution and the heavy contribution in the

usual way. If we further assume that A = O state appears in one and only one of the sectors,
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without loss of generality we can keep it as first entry. Then the light sector ZL) will give

A+6 A 2 . N
/ dA p(A') < ePAFo) / dr F- [z“) ( i )] e "¢, (1) =27, (0)po(A)F
A-§ —A B+u

where F; is the first column of the F matrix. This determines the parameter Ny (or dtzx) appearing

previously.

We still need to show that the heavy sector Z(#) gives a suppressed contribution in
magnitude. In order to achieve that we will use that |F;;| < K. This is true for all the calculations
done previously and generically true because F is finite matrix and F2 = I. A more mathematical

way to saying this is that

|[F[|ec = Max; {Z |F,'j|} is finite .

J

We note that for [t| <A,

(o e ) el 55 | (%) s

To estimate the sum appearing in the rightmost, we observe that

P () <xo (e -3r [o(57)] s

J

Z [yl Z

Again we use the fact that A = 0 appears in one and only one sector to have

(55 o (55 g .

Choosing A < 27 suppress the heavy part. Thus we arrive at our general theorem.

Theorem 4. We consider vector valued modular function as defined in (3.5.1). Each entry in the
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column vector Z denotes different sector of the CFT. The growth of operators in each of these

sectors obey the following inequality:
1 A+6 , ,
c—po(A)Fj1 < %/A 5 dA pj(A’) < cipo(A)Fji, (3.5.0)

where ci. are order one numbers. These numbers can be determined using the extremal function-

als appearing in [156]. In particular, we have c1 = 1+1/20.

One can further apply similar technique to any rational CFT where characters are indeed
vector-valued modular functions, this would facilitate estimation of growth of descendants for
each primary (primary of the full chiral algebra). For ¢ < 1, one can apply this to Minimal
models and estimate the growth of descendants of each Virasoro primary.

Chapter 3, in full, is a reprint of the marterial as it appears in Sridip Pal, Zhengdi Sun,
JHEP 08, 064 (2020). The dissertation author was one of the primary investigator and author of

this paper.
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Chapter 4
On Triality Defects in 2d CFT

4.1 Introduction

Global symmetry is an important guideline for constructing and analyzing quantum field
theories. In modern language, the global symmetries, whether continuous or discrete, can be
represented as invertible topological operators supported on a codimensions-1 (codim-1) surface.
Any correlation functions with the topological surface operator insertion are invariant under
the small deformation of the codim-1 surface where the topological operator is supported. As
the result, the topological operator commute with the stress-energy tensor. For a continuous
symmetry given by a conserved current jy (x), the corresponding topological surface operator is

n d71 .
fry g 4 @) () and the invariance under the small deformation then follows

constructed as ¢
from the conservation equation dy, j* (x) = 0.

Several generalizations have been made from this point of view, which leads to the
concept of generalized global symmetries [90]. For instance, the support of the invertible
topological operator can be generalized to codim-p surfaces for p > 1, and the corresponding
symmetries are called (p — 1)-form symmetries [90, 125]. The standard O-form symmetries
can interact non-trivially with the 1-form symmetries, and this leads to the structure of 2-group
symmetries [60, 61, 62]. Another direction of generalization is to study the topological operators

which are not invertible. For instance, the non-invertible O-form symmetries in 2-dimensional

field theory can be described by the fusion categories, and the topological operators correspond
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to the objects in the fusion categories. Therefore, these non-invertible symmetries are also called
categorical symmetries. There is a lot of progress in the study of non-invertible symmetries in
dimension d > 3 recently [14, 102, 52, 63, 25, 68, 67, 123]. Of course, the categorical O-form
symmetries can interact non-trivially with the categorical higher form symmetries, this leads to
the concept of higher categorical symmetries [30].

For a more detailed review and a more complete list of references on the development of
the generalized global symmetries and their applications from the high energy physics perspective
and the condensed matter physics perspective, we refer the readers to the two reviews [62, 150].

There are two classes of non-invertible symmetries [123, 122]. Consider a field theory .7
with non-invertible symmetries %, if there exists some topological manipulation ¢ such as finite
gauging on the theory .7 such that the theory ¢ (.7) contains only invertible symmetries ¢ (%)
and the constraints on the RG flows of the theory .7 from the non-invertible symmetries 4" can
be completely determined from the constraints on the RG flows from the invertible symmetries
¢ (%) of the theory ¢(.7), we refer the non-invertible symmetries 4" as non-intrinsic [118].
Otherwise, the non-invertible symmetries are called intrinsic. A simple example of non-intrinsic
invertible symmetries is the Rep(S®) symmetries in the 2-dimensional field theory, acquired from
the topological manipulation of gauging the S> global symmetries. (For example, see [36].)

The study of codim-1 non-invertible topological operators (also known as topological
defect lines, or TDLs) in 2-dimensional CFT has a long history [41, 163, 162, 169, 85, 86, 87,
88, 82], focusing on their connection to boundary CFT, twisted partition function on various
2-manifold, orbifolds and symmetry TFT. Recent studies not only focus on searching for
interesting non-invertible TDLs [39, 180, 181, 45, 111, 44], but also extending the applications
of the TDLs, including their lattice construction [2, 1], constraints for 2d modular bootstrap
[141, 142, 166, 58, 119, 136], constraints on the RG flow [180, 46, 126, 127], gauging non-
invertible symmetries [36, 20] etc.

Perhaps the most well-studied non-invertible TDL is the duality line N under the Z;

gauging. The duality line N and two lines 1,1 in the Z, symmetries form the Ising fusion
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category with the fusion rule
NN=Nn=N, N>=I+n. (4.1.1)

The Ising fusion category has been extensively studied in the literature [39, 91, 141, 2, 1, 163,
162, 180, 181]. The existence of the duality line NV implies the conformal field theory is invariant
under the Z, gauging. One possible generalization is of course to consider the duality line
N under A-gauging where A is a finite Abelian group. The corresponding fusion category is
known as the Tambara-Yamagami Fusion category .7 (A, x,€) [177, 176] where J is a symmetric
bicharacter of the group A and € = +1 is the Frobenius-Schur indicator. The 7 (A, x, €) with
the same A but different ¥ and € satisfies the same fusion rules, yet they are different fusion
categories distinguished by the F'-symbols (also known as the crossing kernels ¢ in [46]), which
measures the difference between two different ways of resolving the crossing of two TDLs. The
F-symbols reduce to the familiar group anomaly measured by H>(G,U (1)) when considering
only invertible TDLs. For instance, there are two types of Ising fusion categories with different
FS indicators € = £1 and they can also be distinguished from the so-called spin selection rules
[46]. The studies of the Tambara-Yamagami fusion category symmetries in the physics literature
include [39, 141, 46, 180, 181].

Another generalization of the Ising fusion category is the triality fusion category and
recently is studied in [180, 181]. The simple TDLs contain symmetry operators which generate
Zo x I global symmetries, as well as a triality line £ and its orientation reversal .Z7;, satisfying

the fusion rule ! generalizing (4.1.1)

.,%QX.,%*: Z g, gQXfQIZf*, gX.,%Q:gQXg:gQ, gELyxX1y. (4.1.2)
gE€ELy X1y

'In general, the invertible symmetries in a triality fusion category does not have to be Z, x Z,. For simplicity,
however, the notion of the triality fusion category would specifically mean the case where the invertible symmetries
are Zo X 7.
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The triality fusion category is obtained by gauging the Z, global symmetry in A4 global symmetry
of the SU(2) theory. In general, consider a 2-dimensional theory .7 with the global symmetry G
and anomaly @ € H3(G,U(1)). One can gauge a non-anomalous subgroup H C G and additional
data which is the discrete torsion y € H?(H,U (1)) needs to be specified in this gauging process.
The fusion category that describes the categorical symmetries of the gauged theory .7 /H is
called the group theoretical fusion category, and it is denoted by ¥ (G, w, H, ). In this language,
the triality fusion category in the KT theory is €' (A4, 1,75, 1).

In this paper, we study this triality fusion category using the tools from the group
theoretical fusion category. We compute the spectrum of simple TDLs, their fusion rules, and
the F-symbols by using the description of the group theoretical fusion category in terms of
bimodules [164].

We then study the physical implication of the triality fusion category. We derive the spin
selection rules from the F-symbols we acquire. We also derive the Cardy formula for densities
of states using the result in [166]. Since these triality fusion categories are group-theoretical, its
constraint on the RG flow can be determined by the group G and the anomaly w. In general, this
means that finite non-intrinsic non-invertible O-form symmetries are completely characterized
by group theoretical fusion categories in a 2-dimensional bosonic theory. We then consider the
¢ = 1 KT theory as an example, and compute its twisted partition function explicitly and show
the result indeed agree with our general analysis.

It is a natural question to ask if there are more allowed F-symbols with the same
fusion relations. Just like the TY-categories characterizing the duality can have distinct FS
indicators with € = +1, the possible FS indicators of the triality fusion category are given by
a = 2™k/3 € 7 with k = 0, 1,2. One can see this from the fact that there are Z3 phase rotations
of the F-symbols which preserve the pentagon equations and are not gauge transformations.
Physically, this means one can construct triality fusion category with different FS indicator o’
from a known with « by taking the theory .7 with the triality defect .%p, staking a decoupled

theory .7’ with an anomalous Z3 global symmetry generated by 17, and defining a new triality
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line Zé = Zpn. From the group theoretical fusion category point of view, to acquire triality

fusion categories with the FS indicator ¢ = ¢2%ik/3

means we are gauging the non-anomalous
Zp symmetries in A4 but now with non-trivial "t Hooft anomaly for A4. The anomaly for A4
is classified by H3(A4,U(1)) ~ Zg and let’s denote its generator as @y. The triality fusion
categories with different FS indicators are €' (A4, 03¢, Z1,1) for k=0, 1,2.

However, just taking into account the FS indicators does not enumerate all the possible
triality fusion categories. Indeed, another set of F-symbols is computed in the condensed matter
literature [179] and it is natural to ask if these F-symbols lead to the same fusion categories as
ours. We show that the two sets of fusion categories are different and can be distinguished using

spin selection rules. Then this enumerates all the possible inequivalent F-symbols for the triality

fusion categories according to the classification result in [117].

4.1.1 Outline of the Paper

The goal of the paper is to provide a description of group theoretical triality fusion
categories € (Aq, a)gk ,Z,1) in terms of the bimodules of the Z, group algebra, and use it to
compute the fusion rule and F-symbols. The simplicity of the group theoretical fusion category
is that the objects naturally have a C-vector spaces structure, therefore every data we need can be
described using linear algebras.> We also pointed out there are triality fusion categories that are
not group theoretical, therefore are intrinsic. We show that whether the triality fusion category
is intrinsic or non-intrinsic can be determined from the spins of the defect Hilbert space of the
triality line.

In section 4.2, we briefly review the TDLs in CFT. In section 4.2.1, we introduce the
basic notions relate to the TDLs in 2d CFT. In section 4.2.2, we review the modular bootstrap

program, and describe how to relate the twisted partition function computes the action of TDL

ZNotice that there is no C-vector spaces structure on objects in a generic fusion category %'. For finite 0-form
symmetries in a bosonic theory, non-intrinsic non-invertible symmetries form group theoretical fusion categories.
This means non-intrinsic non-invertible symmetries naturally have C-vector space structure while the intrinsic non-
invertible symmetries do not. It would be interesting to check if there’s any physical understanding or implication of
this difference.
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-Z on Hilbert space ¢ and to the twisted partition function computes the states of the defect
Hilbert space .7¢». Then, in section 4.2.3, we briefly review the result in [166] on the asymptotic
density of states in various Hilbert spaces, which will be useful for us later.

In section 4.3, we describe how to understand the triality fusion categories discovered
in [180, 181] as group theoretical fusion category € (A4, 1,Z5,1). In section 4.3.1, we briefly
review the triality fusion category, which is acquired from gauging Z, subgroup in A4. Then, we
introduce the notion of group theoretical fusion category in section 4.3.2 and show the triality
fusion category in the KT theory can be described as €' (A4, 1,Z,, 1). We then begin to describe
the data of this triality fusion category from the % (A4, 1,75, 1) using the language of bimodules.
In the rest of this section, we give an explicit calculation of the spectrum of simple TDLs, their
fusion rules, and the F-symbols for ¢’ (A4, a)gk, 7, 1) using bimodules.

In section 4.4, we use the above result to derive physical consequences. In section 4.4.1,
we compute the spin selection rules following the techniques in [46]. Since €' (A4, a)gk, Zp,1) is
acquired from gauging the Z, subgroup in a theory with global symmetry A4, we can match the
irreducible representations (irreps) of the fusion ring of ¢'(Aq, cogk ,Z,1) to different sectors in
7. This allows us to derive the Cardy-like formulas for different irreps of €' (A4, @3*,Z,1) in
the section 4.4.2. Finally in the section 4.4.3, we show that the anomaly of the group theoretical
fusion categories € (G, w,H, y) is equivalent to the group anomaly @ of G, in the sense that the
symmetric gapped phases of (G, w,H, y) are equivalent to the symmetric gapped phases of
Vec? = ¢ (G,,Z;,1). This means that the finite non-intrinsic non-invertible symmetries are
completely characterized by group theoretical fusion categories for 2-dimensional bosonic field
theory.

In section 4.5, we first review the Kosterlitz-Thouless (KT) theory and its triality fusion
categories discovered in [180, 181]. We then compute the twisted partition function of the triality
defect and show the spins in the defect Hilbert space jng indeed match the spin selection
rules in the section 4.5.2. Since the KT theory has Z3 x Z3 C (U(l)é X U(l)‘ﬁ) X Zy global

symmetries, it is interesting to check if one can construct new triality line via .Zn, where n
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generates the one of the Z3 symmetry. We show explicitly this is not possible by checking that
the line .Zpn does not satisfy the fusion rule in the section 4.5.3.

In section 4.6, we consider other triality fusion categories. We first review the classifi-
cation of the triality fusion categories in [117] in the section 4.6.1. We then list the F'-symbols
for the intrinsic triality fusion categories computed in [179] in the section 4.6.2. In the section
4.6.3, We then compute the spin selection for the triality line .%p for the intrinsic triality fusion
categories and show that the triality fusion categories can be distinguished by the spins of the
states in the 7’,. We conclude the paper with a comment on when the spin selection rules

should be saturated.

4.1.2 Future Directions
We outline some of the future directions to explore.

Exploring generic group theoretical fusion categories

In this paper, we mainly focus on describing the group theoretical fusion categories
¢(A4,1,Z§,1). Since our approach can be easily generalized to other group theoretical fusion
categories, it would be interesting to systematically explore the group theoretical fusion categories
using Mathematica, for example, computing the simple TDLs, their fusion rules, and the F'-
symbols, as well as the physical implications such as the spin selection rules, classification of
¢ -symmetric gapped phases, and solutions of general modular bootstrap equations, etc. Group
theoretical fusion categories provide a systematic way of constructing N-ality fusion categories

in 2-dimension. Some of these will be done in the upcoming work by the authors [144].

Intrinsic triality defects

In this paper, we only study the spin selection rules of the intrinsic triality fusion cat-
egories, which is sufficient to distinguish them from the non-intrinsic ones. Unlike the group
theoretical fusion category symmetries, it’s harder to find examples of CFT with non-intrinsic tri-

ality symmetries. A possible candidate is the bosonization of the theory of 8 Majorana fermions

114



discussed in [183]. Furthermore, it would be interesting to understand the anomaly and in
general, the possible symmetric gapped phases, which are described to module categories .#
over the fusion category % . This can be done using the techniques developed in [151]. More
generally, a class of intrinsic N-ality fusion categories is constructed in [117] and it would be

interesting to answer the above questions for these as well.

Note added: By the time we are about to post this paper, a nice paper [139] generalizing
the result in [166] appears and their general result can be used to produce our results in the
section 4.4.2. Also, the three papers [138, 35, 21] appear on the arXiv the same day as the authors
post the first version of the draft on arXiv, which generalizes the idea of gauging non-normal or
non-Abelian subgroup will lead to non-invertible symmetries to higher form and higher group

symmetries in higher dimensions.>

4.2 Review on TDLs and their applications in 2d CFT

In this section, we give a brief review of TDLs in 2d CFT to fix the convention, and
readers who are interested in a more detailed review should look at [46, 36]. We also review

results on modular bootstraps and Cardy-like formulas which will be useful later.

4.2.1 TDLsin2d CFT

In 2-dimensional conformal field theory, the symmetry defects of the ordinary symmetry
are line operators and they are the very first examples of TDLs. For symmetry G of a CFT, the
corresponding TDLs are denoted as .Z,,g € G. The juxtaposition of two such TDLs satisfies the
group algebra, £, X £}, = Z,),. The TDL corresponds to the identity 1 in the group G is the

identity line which we will also denote as 1 = .#7. Since every group element has its inverse,

3For understanding the non-invertible symmetries from holographic point of view, see recent papers [10, 93,
104, 8].
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these TDLs also have their inverse in the sense that there exists another line such that they fuse
into a single identity line 1, i.e. they are invertible TDLs.

However, TDLs are ubiquitous in the CFT, and the way they fuse is beyond the group
algebra, more generally satisfying the fusion algebra. These TDLs then generate the non-
invertible symmetries or the fusion category symmetries, since the TDLs may not have their
inverse. The Kramer-Wannier duality line in the Ising CFT and most of the Verlinde lines in
rational CFT are examples of the non-invertible TDLs.

The TDL % can be deformed locally without changing the correlation functions (£ - - -)
where - - - denotes any other operator insertions. The topological nature of these TDLs imply that

they commute with stress energy tensor, therefore can be algebraically expressed as,
(Lo, Za) = [Ln, Za] = 0, (4.2.1)

where L,, L, are the generators of the Virasoro algebra. When the TDL %, acts on a state |¢) in
Hilbert space 77, the resulting state .Z, |¢) is still in 7.

When two TDLs are brought close to each other, their juxtaposition satisfies the fusion
rule,

Lux Ly =EPNY L (4.2.2)

where N7, is the fusion multiplicity which can only be non-negative integers. More specifically,

the TDLs can join at the point-like junction, which is equipped with a Hilbert space. For

example, the fusion of TDLs .Z},.% into £ corresponds to a vector space with dimension

depending on the fusion multiplicity, we dub the vector space as fusion space and denote by

Vjﬁ 2 Correspondingly, the TDL .#3 can split into .£7,.%>, whose vector space is split space
4,8

and denoted by 279

More complicated fusion/split process can be decomposed into the fusion/split space with

3 TDLs. However, the decomposition is not unique but under the isomorphism, b &, V:gl’”g2 ®
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L3 Ly L
€ VL1 Ly (] VL;: 2

L1 Lz L3

Figure 4.1. The fusion vertex of TDLs .%},.%, fuse into .3 and split vertex of TDLs %3 splits
into .£,.%,. The red cross marks the last leg, which determines the ordering of each vertex.

Ve, 2545 o =DV ‘%’33 ® V"% % This is called F-move and can be written diagrammatically
as shown in Figure 4.2. Notice that here we use the notion of F-symbol, which is same as the

crossing kernels % in [46] up to the flipping of some of the orientation of the TDLs.

X e v La Lo L3
a —_ *['1 —£2 -£3 u
Ls = Z [Fz, l(2s.0.8) (Lowv) %
(LG:IJ, V) v
Ly £

Figure 4.2. The fusion of three TDLs has two different ways, but they are related by the F-move
and characterized by the F-symbol defined in this diagram.

The F-symbols are constrained by the self-consistent conditions when applying F-moves
to the split process with 5 TDLs. Two sequences of F'-moves start with the same state and end
with the same state should be equivalent. These consistent conditions diagrammatically shown

in Figure 4.3 yield the pentagon equations on the F-symbols,

[Fﬁd} (8:B.7)(1,v.6) [ abl} (f>0,8) (k.. 2)

Fde

Zl;'f [ abc} fa,ﬁ)(h,wvc)[ eahd} (gm)(k,p,x)[ ¢ Lhw)(z,m (#:2

For example, the invertible symmetry G with anomaly @ is described by the category of G-
graded vector spaces, denoted by Vec®. The simple objects are 1—dimensional C-vector space

labeled by g € G, and physically they correspond to the TDLs which generates the g-action. The
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ey

Figure 4.3. The upper 2 F-moves and the lower 3 F-moves yield the same diagram, which gives
the pentagon equation in (4.2.3).

fusion rule is £, x .2}, = Z,;,. The F-symbols of this category are U (1) phase factors (rather
than generic complex numbers in order to preserve the normalization), @(g,h,k) = Fji ’kg’“g"
8

for £1 23 = L, nx as in Figure 4.2. These U(1) phase factors satisfy the pentagon equations,
a)(g,h,kl)a)(gh,k,l) = a)(h,k,l)a)(g,hk,l)a)(g,h,k), (424)

which is the cocycle condition for the 3-cocycle ® : G X G x G — U(1).
Notice that one can consider shifting the basis in Vgg,;h by a phase 3(g, %), which is an
element in C2(G,U(1)). This basis change does not change the physics and should be understood

as a gauge transformation of the F-symbols. The F-symbol changes as

B (g, hk)B(h, k)

el = OO 5 B en k)

4.2.5)

and is interpreted as changing @ by an exact element in the set of 3-coboundaries Z3(G,U(1)) C
C3(G,U(1)). Therefore, inequivalent Vec®’s are labelled by a finite group G and its anomaly

o€ H}G,U(1))=C*G,U(1))/Z3(G,U(1)).
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4.2.2 Modular bootstrap with TDLs

By utilizing the modular transformation properties of the partition functions or correlation
functions of a CFT on a torus with complex structure 7, one can extract many useful information
of the CFT [43, 40, 167, 166, 141, 142, 58, 119, 136, 159, 156]. Here, we are interested in
studying the modular properties of the CFT partition functions with networks of TDLs inserted on
the torus, which is called the twisted partition function on the torus. We will adopt the convention

from [181] on the twisted partition function over torus, as in Figure 4.4. To reveal the physical

— Z‘C?n,u:y ZQ—

L1Lo <T’ ?) - trHﬁl <£2)£37u,quo_ia 21

Figure 4.4. Convention on the twisted partition function Z:;f % (7,7).

meaning of Z2H Y 7,7T), we first consider the simple case where % =1 and %3 = .4 = Z.
gl 7 p

For convenience, we will sometimes abbreviate this partition function as Z« (7, 7). Because the
topological defect .Z is inserted along the time direction, it should be interpreted as a defect
along the spatial direction, leading to a different Hilbert space on the spatial circle S', and we

will denote this Hilbert space as the defect Hilbert space 7.

Zy(1,7) = Zo 1 (1,7) = Trp, g0~ Bgho 5, (4.2.6)

For instance, if .Z is a Z; symmetry defect 7, then the defect Hilbert space .77 is the Z, twisted
Hilbert space acquired by imposing the twisted boundary condition.

As an another simple example, let’s consider instead .2} = I and %5 = %43 = .Z. Simi-

larly, we will sometimes abbreviate this partition function as Z< (t,7). In this configuration, the
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Egﬁlzz
= Z {F L1

Lipo } (Ls,1.0),(La,p,0)

Figure 4.5. Generalized modular bootstrap equations from S modular transformation of the
twisted partition function Zﬁ:@; (1,7).

TDL .Z is inserted on an equal time slice, therefore should be interpreted as a quantum operator

_Z on the Hilbert space J:

7% (1, 71) =2 ) (2,7) = T Lgbo gl 5. (4.2.7)

More generally, if we consider the twisted partition function Zﬁ_"a’%‘/ (1,T), we should interpret
2 as a quantum operator (%3 ) ¢, ;, v acting on the defect Hilbert space .7y, , where the subscript
(L3, 1, v) indicates that for different intermediate lines .3 and different vertex labels u, v when

the fusion multiplicities are greater than 1, we will have a different operator in general.

$7 ) - o _ ¢ _J._C
235 (1.7) = Troy, () 2 uvg™ #q 02, 4.2.8)

Under the modular transformation, the twisted partition function Zﬁ_’gﬂ’;(f,’f) transforms as the

Figure 4.5,

suv( 1 1 BT Zh.0 _
zZhv(_Z )= [F(Z i 2] 770 (1 7). 42.9
fl 79/2 ( T T) f;,c jl ($37I'17V)»(§47P>0-) $27$1 ( ) ( )

As a simple example, we may consider taking .#7 to be the identity line. Then the

F-symbol is always trivial in this case (for example, see [46]) and u,v = 1 as the fusion is
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always one dimensional. Then we have
1 1 1 1
Zy (——, —%) =z <——, —:) =72 ,(1.7) =27 (1,%). (4.2.10)

As one can see, the S modular transformation relates the partition functions that count states the
defect Hilbert space .77 to the partition functions that compute the action of the TDL .Z on the
Hilbert space .77 . This allows us to derive interesting Cardy-like formula which we will now

review in the next subsection.

4.2.3 Asymptotic density of states

As an application of the modular bootstrap reviewed above, one can derive the asymptotic

density of states of a CFT [43, 159]. Intuitively, the modular bootstrap equation,
zz (L1 =Z(1,7) (4.2.11)
T, T » Y ) it

relates the high-temperature limit of the partition function Z< which computes the action of
the TDL .Z on 7 to the low-temperature limit of the partition function Z ¢ which computes
the spectrum of the defect Hilbert space .7#» and vice versa. Since in the low-temperature
limit, the partition function is always dominated by the ground state, (4.2.11) essentially allows
us to determine the partition function ZZ and Z in the high-temperature limit. In the high-
temperature limit, states with different energy would contribute equally to the partition sum,
knowing Z & in such limit would allow us to derive an approximation of the density of states for
the defect Hilbert space .7#°. This idea is made into a rigorous mathematical statement in [166]
using the techniques in [159], and we will only mention the result below.

Let F(A) denote the total number of states with scaling dimension A" < A in the defect

Hilbert space. By asymptotic density of states, we mean a continuous function py «(A) which
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approximates the actual density of states in the sense that
A
Fy(A) :/ dN po oz (A)+0(A712), A — o (4.2.12)
0

Let
, 4.2.13)

c \1/4 cA
pod) = (55z5) & [2”\/ 3

it is shown in [166] that the asymptotic density of states py ¢ of the defect Hilbert space 77 is

simply given by
Po.2(8) = (01210} po(A). (4.2.14)

where |0) is the ground state and (0|-Z’|0) is the quantum dimension of the TDL .Z.

Furthermore, let’s consider the theory with finite global symmetry G. Then the states in
the Hilbert space will organize into irreducible representations of G. For simplicity, we assume
G acts faithfully. Recall that a particular type of irreducible representation & can be counted by
ﬁ Y.ocG Xa(g)*Trg in a reducible representation of G where xq(g) is the character function of
the irrep a and |G| is the order of the group, then the partition function counts the number of
irrep o in the Hilbert space is given by

1

G Y Xal8)*Z8(1,7), (4.2.15)

geG

whose high-temperature limit is known since each Z8’s high-temperature limit is known. More-
over, the assumption that G acts faithfully implies that the ground state in the defect Hilbert space
has 1+ h > 0, therefore (4.2.15) is dominated by Z'(7,7) = Z(7,7) in the high temperature
limit. This allows us to derive the following result. Every irreducible representation has to appear
in the Hilbert space .77 and they also have a Cardy-like growth. Specifically, we can consider

the asymptotic growth pg (A) of the occurrence of a particular irrep ¢ of G as a function of the
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scaling dimension A takes the form,

Po.a(A) = —£po(A). (4.2.16)

This result will be useful for us later.

4.3 Non-intrinsic triality fusion category as group theoreti-
cal fusion category

As pointed out in [181], the origin of the triality fusion rule in the KT theory arises from
gauging Z, subgroup of A4 C SO(4) in the SU(2); theory. Generically, gauging a subgroup
H which is not normal in G or not Abelian leads to non-invertible symmetries [160]. In this
section, we first review the construction of triality acquired in [180, 181]. We then discuss
how to understand the group theoretical triality fusion category using the mathematical tools of
bimodule categories in [164]. Specifically, we describe how to understand and compute simple

TDLs, fusion rules and F-symbols.

4.3.1 A brief review of the triality category discovered in [180, 181]

The origin of the triality fusion category discovered in [180, 181] is a result of gauging
Z, subgroup in a theory with A4 global symmetry. Notice that A4 is an order 12 group and can

be presented as

1 1

As=(0,1,9|¢° =0*=n*q0q ' =on=no,qng ' = o). 4.3.1)

This means we can think of A4 containing a Z§ x Zg subgroup, and the conjugation by the Zgj
generator ¢ will permute the three Z, generators in ZS x ZQ. After gauging the Z$ symmetry,
the Zg subgroup will survive since it commutes with the Z§ subgroup, together with the quantum

7, which we will denote as Z¢, they form the Zg’ X ZQ invertible symmetries in the gauged
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theory. The symmetry operator g does not commute with o, therefore is not gauge invariant, and
will not appear as a genuine topological line operator in the gauged theory. However, the linear
combination

q+o0qo (4.3.2)

does commute with o and will survive as a genuine topological line operator in the gauged theory,
which we will denote as .£p. However, this operator is not invertible, as it has quantum dimension
2. Similarly, its orientation reversal .Z@ relates to the gauge-invariant linear combination
g '+ 0q'o. Itis pointed out in [180, 181] that Zp, £ together with the Zg’ X Zg forms the

triality fusion categories with the fusion rules,

EXLo=2Loxg=2p, gxLo=2Lxg=2Lp,

fQXgQZZD%Q, D%@XXQZZD%Q, f@XXQ:.,%QXg@: Z g.

The existence of the triality fusion category implies the theory is invariant under the Z‘f X Z;’
gauging, but Zg’ X Zg charge assignments will be permuted. This can be understood as the
following. Gauging the Zg’ quantum symmetry gives back the original theory with A4 symmetry,
then gauging Zg symmetry will give the same theory acquired from gauging the Z§ symmetry,
since Zg and Z§ are related by the conjugation of g. However, this will change the Z x Z,

charge assignment in the gauged theory since we are gauging different but equivalent Z,’s.

4.3.2 Group theoretical fusion category

Let’s consider the fusion category Vec®, where G is a finite group and @ € H*(G,U(1)).
Physically, this fusion category describes the global symmetry G with anomaly @ for 2-
dimensional field theory. The simple elements are labeled by group element g € G and the

fusion rule is simply the product of the group elements. The F-symbols are given by

F™ = o(g,h k). (4.3.4)
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If we consider a finite subgroup H in G, then the anomaly-free condition for H is that @ as a

function from G> to U (1) restricting to H? is trivial, that is,
0)(h1,h2,h3) =1, Vh €H. 4.3.5)

When H is anomaly free, we can consider gauging the subgroup H and we have to choose a
discrete torsion y € H*(G,U(1)). The resulting fusion category which describes the global
symmetry in the gauged theory is denoted as €' (G, w, H, y) and this class of fusion category is
called the group theoretical fusion category. In particular, Vec® = ¢ (G, w,Z,1).

Generically, when H is not a normal subgroup of G or is not Abelian, then the resulting
group theoretical fusion category is not of the form Vecg, meaning it contains non-invertible
simple lines. For example, gauging the Z, symmetry of > with @ = 1 leads to the fusion
category Rep(S?) [36] and gauging the Z, symmetry of A4 with @ = 1 leads to the triality fusion
category [180, 181].

Below, we will describe how to understand and compute the simple TDLs, fusion rules,
and F-symbols of the triality fusion category from the data of the group theoretical fusion
category. It would be helpful to point out that although the F-symbols for the group theoretical
fusion category can be computed by the more general method given in [20] by considering the
tube algebra Tub (.7 ), it is more convenient to compute the F-symbols using our approach. For
instance, the calculation of the F-symbol for ¢’(A4, 1,Z,, 1) using [20] requires to construct an
explicit Artin-Wedderburn isomorphism from the tube algebra Tubye. Ay () to a direct sum of
several matrix algebras, but since the tube algebra Tubv m () has a very large dimension 432

in this case, it’s computationally hard to explicitly construct the Artin-Wedderburn isomorphism.

4.3.3 Simple lines

As pointed out in [164], the simple TDLs in the gauged theory are described by indecom-

posable A — A bimodules in Vecg?, where A is the group algebra of H twisted by some 2-cocycle
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of w € H?(H,U(1)), corresponding to a choice of discrete torsion. In the case of SU(2); theory,
we take G = A4 and G is anomaly free so that @ = 1 € H3(G,U(1)). H = Z, C G and there’s
no non-trivial discrete torsion for Z;, so we can choose Y to be trivial as well. Hence, A is
simply the group algebra of Z;, namely a 2-dimensional vector space over C with a basis {1,0}
equipped with multiplication 12 = 62 = 1 and 61 = 16 = & which is the group multiplication
of Z».

In the special case of group-theoretical fusion category, by A — A bimodule M, we mean a
C-vector space M together a left multiplication A x M — M denoted as am fora € A,m € M and

a right multiplication M x A — M denoted as ma for a € A,m € M such that Va; € A and m € M:

ay(apym) = (ajap)m = ajaym, (map)ay = m(ayaz) =mayay, (aym)a; =aj(may) = ayma;.
(4.3.6)
The indecomposable A — A bimodule M is of the following form. Consider a double coset HgH

of H in G, and let H¢ denote the little group of HgH':
HS={hecH|3W € Hs.t.hgh' =g} CH. (4.3.7)

As one can check from the above definition, the little group H ¢ does not depend on the choice
of representative g’ € HgH up to isomorphism.

Each indecomposable A — A bimodule is labelled by a double coset HgH and an irre-
ducible representation p (potentially twisted by some 2-cocycle of the little group) of the little
group of an arbitrary element in the double coset HgH. More specifically, given (HgH,p), an

indecomposable A — A bimodule MZ oH is a vector space over C such that

My = @ M. (4.3.8)
g'€HgH

To describe the action of A on Mg or7» We only need to describe the action of the basis {h}nen
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on MZ oH-" And multiplication of % on the left induces an isomorphism from Mg, to M;;g, while
the multiplication of 4 on the right induces an isomorphism from Mg, to Mg,h. This implies
Mg,’s are isomorphic to each other. Consider Mg and we find for & € HS, multiplying & on the
left and multiplying the corresponding /' on the right leads to an isomorphism between Mg
and itself (since hgh' = g), this is why H$ is called the little group. Mg is the vector space of
the irreducible representation p of H8. Notice that in the case where the group algebra A is
twisted by non-trivial 2-cocycle y, the composition of two left(right) multiplications on Mfg) can
composite non-trivially. But in the case of the gauging Z, symmetry in A4 with no anomaly, such
data is trivial. The fusion of the TDLs in the gauged theory is described by the tensor product of
A — A bimodule over the algebra A.

We now list the indecomposable bimodule in ¢'(A4,1,ZS,1) and compute its fusion rule,
and show indeed we reproduce the fusion rule of the triality fusion category. There are 4 double

cosets of H =7y = {(),(12)(34)} = {1,0} in As:*

1={(),(12)(34)} ={1,0}, J={(13)(24),(14)(23)} = {n,no},
0 = {(143),(124),(132),(234)}, O = {(134),(142),(123),(243)}.

4.3.9)

The little group for the first two double cosets is H itself while for the last two double cosets are
trivial. Hence, for the first two double cosets 7,J, we need to label the irreducible representation

+ of H = 7, as well. Hence, we find the following 6 indecomposable A — A bimodules,

M =M &Mz, M; =My ®Mgy,
Mo = M{143) ® M124) ® M(132) © M234), (4.3.10)

Mg = M134) © M(142) D M(123) D M 243).

Notice that each Mg appears in the direct sum is a 1-dimensional vector space, so we will choose

“The g used in (4.3.1) is the cycle (143).
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a basis vector mg for each Mg . We choose the action of 4 € A on myg’s as,

P — P11 — 1P + _ + + o _ =+
Imy =myl =my, omy =+tmg,, Ny G =my;. (4.3.11)

As one can check, for M;” and M, the multiplication of ¢ on left and right simultaneously
does generate non-trivial action of Z, on M, for g € I,J. The bimodules MIjE correspond to the
quantum Z, symmetry in the gauged theory, while Mf generates the unbroken Z, symmetry in
Ay. Together they form the Z, x Z, symmetry in the gauged theory. Mg and Mg are identified
with the triality line £y and Z7.

To conclude, we point it out there is a natural dual module Homy (MZgH,A) for each

¥

bimodule MZgH, which is isomorphic to MZ gle,5 Physically this corresponds to taking the

orientation reversal of the TDL.

4.3.4 Fusion rules

The fusion of the TDLs in the gauged theory corresponds to the tensor product of

bimodules over the algebra A. Generically, let M and N be A — A bimodules, then
M@AN=M®N/ ~ (4.3.12)

where the first tensor product is the tensor product of vector spaces and ~ is the equivalence
relation

(ma)@n~m® (an), acA,meM,neN. (4.3.13)

The M ®4 N is naturally an A — A bimodule and we can then decompose it as a direct sum over
indecomposable A — A bimodules.

Using this, one can compute the tensor product of bimodules explicitly and acquire the

SGenerically, for an A — B bimodule M, one can either consider the dual being Homy (M,A) or Homg(M, B),
which are both B — A bimodules. Here, since we are considering A — A bimodule, we can consider either choice and
the results should be isomorphic.
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fusion rule. There is an additional rule one needs to know is that the grading of Mg X@aM 5, is

/

88 -

We will not list all the calculations but provide several examples to help the reader
understand the procedure.

To start, let’s consider the fusion between M;r with a generic MflgH. The tensor product
M oMb o7 has a basis {m] ® mg,,m}r ® mg,} gcHgr- After the identification with the equiva-
lence relation, we denote the equivalence class as ml+ R4 mg , = p(0)mE @4 mgg,. The resulting
bimodule M[+ XA Mg 1s isomorphic to Mfg) itself where mf“ ®Xa mg ~ mg . We can check the left

action of o on ml+ R4 mg gives the correct sign for p = —:

o(m{ ®a m) = (om|)®a mf = (m{ 6)®a mp = ml @4 (omb) = p(o)m| ®4 m’ég, (4.3.14)

where p(g) will produce the desired sign when p = —. Hence, we find the fusion rule M;” ®,
p p
MHgH = MHgH'

As another example, let’s consider the fusion between My and My. There are 16 basis
vectors in Mgy @ Mg and after modding out the equivalence relation we are left with 8 basis

vectors. The grading suggests there are two copies of M and we take them to be

M (143) @AM (143) = M(134),1,  M(143) DA M(124) = M(123) 15
m(132) DAM(143) = M(142) 1, M (132) DAM(124) = M(243) 1 43.15)
M(134) DAM(234) = M(142) 2, M (143) DAM(132) = M(243) 2,

m(132) DAM(132) = M(123) 2, M (132) DA M(234) = M(134) 2,
where the subscript mg ;,i = 1,2 indicates which copies of M.
As the final example, let’s consider the fusion between My and MQ. There are 16 basis

vectors in Mp ® My and after modding out the equivalence relation there are only 8 left. After

rewrite them as different linear combinations, we find they generate MIJr OM; @ M}“ oM,
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where

mi3) XA m(123)\%/—§m(143) ®A m(134) ~ mT7 m(132) X4 m(134)\4/'§m(143) XA m(123) ~ m:;’
m(132) ©A m(123)\;§m(143) ®AMm(134) ~ 7, m(132) ®a m(134)\;§m(143) ©AMm(123) ~m3,
m(132) ®4 M(243) ;5 M143) Sam(142) mt, 02 oA m““)\jim““) Damoe) me,,
m(132) ®a m(243)\;§m(143) QA M(142) ~ my m(132) ¥4 m(142)\;§m(143) QA M (243) ~ gy,
(4.3.16)

One can check the above identification is consistent with the action of ¢. For instance,

M (132) ©AM(123) — M(143) OaAM(134)  M(143) QaM(123) —M(132) DaM(134)

7 = 7 ~—Mg.
(4.3.17)

Gmfzc

Table 4.1. Result of tensor product of A — A bimodules.

®a | M| M7 | M| My Mo My

M| MF | M My M My My

My | My | M M| My My My

M7 | M| M| M7 M My My

M; | My | M M| M My My

My | My | Mg | My | Mg Mgz ® M M, ®M; M &N,
Mg | Mg | Mg | Mg | Mg | M ©M; ©M; ©N; Mo& My

The rest of the tensor products can be computed as above and we list the result in Tab. 4.1.
With the identifications between bimodules and TDLs given previously, we reproduce the fusion

rule of the triality fusion category.

4.3.5 F-symbols

The advantage of the description using bimodules is that we can easily compute the
F-symbols for the resulting fusion category. The local fusion of two TDLs labeled by bimodules

M, N into the TDL labeled by bimodule L can be identified as the vector space of bimodule
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homomorphism from M ®4 N to L:
HOIHA,A(M XA N,L). (4.3.18)

Here, a A — A bimodule homomorphism ¢ € Homy_4(M,N) from A — A bimodule M to A — A

bimodule N is a C-linear map from M to N such that
ap(m)d = ¢(amd'), Va,d €A,mecM. (4.3.19)

We can then consider choose a basis for each vector space Homy_4(M ®4 N,L) and use the
Greek letter i, v,---=1,2,--- to label the basis vectors.

For instance, let’s consider the fusion M f“ Q4 Mg studied previously. Since M 1+ Qa4 MP ~
Mg , there is only one fusion channel and Homy_4 (M ®4 N,L) is a 1-dim vector space. The
isomorphism

m; @, mg ~ mg (4.3.20)

is a basis vector for Homy_4 (M ®4 N, L).

As an another example, let’s consider My ®4 Mg ~ Mg ®Mg. In this case, M7 appears
twice in the direct sum, therefore Homy 4 (Mg ®4 MQ,MQ) would be 2-dimensional. The choice
of identifications in (4.3.15) leads a basis in Homy 4 (Mg ®4 MQ,MQ), which are given by two

A — A bimodule homomorphism ¢y, ¢, from My @4 Mg — Mg :

m(143) ®A m(143) I’I’Z(134)
m Kam m
gy« | MW TATRA | 023 | (4.3.21)
m(132) @A M(124) M (243)
m(132) ®4a m(143) M(142)
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and,

m(143) XA m234) m(142)
m Kam m
5 (143) @AMQ32) | [ 243) | (4.3.22)
m(132) ®A m(132) I’l’l(123)
m(132) XA m234) M(134)

Finally, let’s consider the fusion Mg ®4 M ~ M oM, @M ®M; . Since there are 4 modules
that appear in the direct sum and each only appears once, there are 4 Hom spaces and each
has dimension 1. For instance, Homy_4 (Mg x4 Mg, M, ) is the space of projection maps
from Mg ®4 MQ to M; . Our identification in (4.3.16) also determines a basis vector (which

is a projection map) in Homy_4 (Mg X4 Mg, M, ), given by the following A — A bimodule

homomorphism,

m(132) QA M(123) = M(234) ©A M (243) %ml_
m Kam ~m &Kam —Lmy
(143) DA M(134) (124) SaM(142) | A~ (4.3.23)
M (143) @A M(123) = M(124) DA M(243) —%mg
m(132) @A M(134) = M(234) ©A M(142) %mc_r

where unlisted elements are mapped to 0.

Let’s consider the F-symbol. The local fusions of the diagrams on both sides of the
diagram give A — A bimodule homomorphisms from M @4 N ®4 L to G in Homy 4 (M ®4 N ®4
L,G), and the F-symbol can be interpreted as the matrix elements of the linear transformation
between two sets of elements in Homy 4 (M ®4 N ®4 L, G).

With a choice of basis for each Homy (M ®4 N, P), we can acquire F-symbols which are
the matrix elements of the above transformation. Practically, let’s consider the fixed bimodule
M,N,L,G and choose basis vectors ¢pre,n—pu € Homy (M @4 N,L) for every junction space

Homy (M ®4 N,L), then the diagram on the left hand side leads to an element ¢pg,r—G,v ©
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Ome NPy € Homy o (M &y N @4 L,G):
Ol G,y © MNPy  MRaANRAl = Opo, 16 v(Ouenu(MRan)®al).  (4.3.24)

Similarly, ¢pr0,0-6,u © N, L—0,v € Homg_s (M @4 N @4 L, G) is defined as

OM©,0—G,pu © ONosL—0,v M ANRAL = Oy, 06, (MR PN —s0v(n@al)).  (4.3.25)

The F-symbols are just C-numbers such that the following equations of A — A bimodule homo-

morphisms from M @4 N ®4 L to G hold

OpoaL—sGv O OaaN-Pu = Y, [FG | by (0. ) OMEa0Gp O INosLs0a  (4.3.26)

0.a.p

To solve the above equation, we only need to evaluate the A-homomorphism on basis vectors of
M ®4 N ®4 L — G, which will produce a set of linear equations and can be solved quite easily.

As an example, let’s consider taking M =N =Q =My, L=M; ,P =G = M. This

would compute the F'-symbol [F%XQC}] (& (Lol B that is, we want to solve,
Enu'?l ) Q717

¢’M§®AM; —Mg,1 © ¢MQ®AMQ—>M§7IJ

Lo L6
— F,2°°
le",z[ “e L%#v‘)’(%”’

4.3.27)
) ¢MQ®AMQ6M§J3 © ¢MQ®AM]’%MQ,1'

We consider evaluate the above equation on m143) ®a m(143) ®am; and m(132) @am(132) @am; .
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As an example, we do this for mj43) ®4 m(143) ®4 m; . On the left-hand side, we have,

¢M§®AM1_*M*>1 © (PMQ@AMQ%M@H (m(143) ®AM(143) DA mf)
=Prty My b1 (Omg@4Mg—Mgu (M(143) @AM (143)) M)
:¢M§®AM1*%M@1 (5;171”1(134) R4 ml_)

=0y, 1M(134)

and on the right-hand side, we have,

Pg@aMo—Mg,B © Prigo M —shp,1 (M(143) @AM (143) @A)
:¢MQ®AMQ—>M§,[3 (m(143) ®a ¢MQ®AM1—_>MQ71 (m(143) @amy))
=¢MQ®AMQ—>M§,[3 (m(143) ®a m(143))

=08p,1Mm(134)-

Hence, we get the following 2 linear equations,

=[] P .
0 (L 1,1).(Lo.1.1) 0 (Z:2,1).(Lo.1.1)

Similarly, we get another two equations when evaluating on mj3;) ®4 m(132) @4 m

0= [F,%nga}
4 (

[ Lo L6
) -1= [F 0

L5l 1),(Z12) “0 ](%,2,1»(%,1,2) '

Qav

Solving the four equations, we found,

A 1 0
Ff.iﬂ 6 3
[isg](g 1),(Zp,1 o
Q?.u“, ) [0k} ’ﬁ) 0 _1

One can solve the rest of the F-symbols in a similar way.
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Just as the Ising fusion category containing duality line N is determined up to the FS
indicator £ € H?(Z,,U(1)), the fusion category containing triality defect also has a FS indicator
a € H3(Z3,U(1)). From the F-symbol point of view, given a solution of F-symbols for the

pentagon equations of the triality fusion categories, one can generate a new set of solutions [179]

by

Lo%5%0 | ommif3 pLo%G fQ L5%0%5 ., —2mmi/3 Lo «fQ«/

Fg, e Fg, Fygs e Fes
LoLyLy LoLyLy Lo LyLo 2,

ng o _ —27z:m|/3F o 7 FfQ 0 Q_> 27‘cm|/3F 0 Q (4.3.33)
0 o Q

e e —
0 <5

Alternatively, given a triality fusion category, we can construct the triality fusion category with
different FS indicator by stacking the theory with another theory with anomalous Z3 symmetry
7 and identify the new triality line as % = Zpf. If we gauge the quantum Z; symmetry,
then we would recover the theory with Ay symmetry but now the Ay symmetry has an anomaly
due to the anomaly of Z3. This implies the triality fusion category with different FS indicators
can be realized by Z; gauging of the A4 global symmetry with different anomalies. Indeed,
H3(A4,U(1)) = Zg and let y denote the generator of H>(A4,U(1)). The Z, x Z, subgroup
of A4 1s anomaly free only when the anomaly of A4 is a)gk for k =0,1,2 (where we use the
multiplicative notation for Zg), and gauging one of the Z, subgroup leads to the triality fusion

category with FS indicator @ = e2mkif3 6

®Notice that k = 0 (i.e. the anomaly of A4 is trivial) always leads to the trivial FS indicator ot = 1. We choose
the generator @y such that € (Aa, a)OZk, 7.9 ,1) has FS indicator o = e2mik/3
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Let o = ¢*™/3 € U(1), and we list the F-symbols below.

11 1111
1 Fg.th 87 _ F) ZLosZo _ (11 —1-1
1-1)> =fey = -1 1 -1
-1 1-1-1 1
1 [
| oo _ pstee _ (111
L) T =1y =\l 1)

-1 -1-1-1

111 1 1111 111 1 (4.3.34)
e _ (111 ptfefe _ (11 11| pfesfe _ (11 -1
Zy  —\11 11 [T =11 1 1 |0y ={1 11 21 )
11-1-1 =11 1 111 -1
< = 1 -111 | 87 = 11 1 1
© gh 2\ 177 10 Q eh 2 \| 1 11

The rest of the F'-symbols are listed in Table 4.2.

Table 4.2. The F-symbols of triality fusion categories & (Aa, a)o ,Zg , 1) for fusion multiplicity
2 where o = ¢2™i/3_ The ¢’ denotes the Pauli i matrix and o? is the 2 x 2 identity matrix.

& ! g n né
[ng.z’gg](g@wx(‘z@l’v} o0 o3 5! 2
[Fo‘;%gjg](ffgvlvu),(fg,l,v) o Lo o! _io?
[FngfQ](fQ,l,H),(,?@v,l) o? o3 o! e
[Fjgég g] (ZLo.p.1),(L5:1,v) c? o’ c! 52
[vaQégza] (L5 L.u),(Z5:1,v) o? o’ o! 52
[Fgg%f ](f L), (ZLo.v.1) c! o3 o! _ig2
[ -i”Qi’Q.i”Q] L) (L) o P P .
[ngiﬂQfQ] (Lot Loy, 1) a6 | —a163 | ool | o162

oL %y |
[FoiQQD;XQ (Lo:1.v),(g,1.1) \/%GO _—\/1503 \%cl %62
[Fv%Q “ o uw e \%GO \%63 %o‘l ‘—\/'g‘cﬂ
3207, '
[F:f@ e Loy | 4500 e o3 %61 = 52
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4.4 Physical implication of the group theoretical triality
fusion categories

In this section, we derive the physical implication of the group theoretical triality fusion
categories % (Aq, wgk, 7.5 ,1). We first derive the spin selection rules for the triality defect. Then
we show how to match the states in the Hilbert space which transforms in different irreducible
representations of the fusion category symmetry €' (A4, 03*,Z5, 1) of the theory .7 /Z3 with the
states in the Hilbert space ¢ or the defect Hilbert space .75 of the theory .7. This allows us to
derive the asymptotic density of states in .7 transforms in different irreducible representations
of € (A4, ®3*,Z3,1) by applying the result in [166]. Finally, we show that the constraint on the
RG flow from the fusion category symmetry & (A4, a)gk, 75 ,1) is equivalent to the constraint on

ka
the RG flow of Vec AE )

4.4.1 Spin selection rules

We now derive the spin selection rules for using the F-symbols computed in section
4.3.5.

To do this, we first consider the action of g € Z, X Z, on the defect Hilbert space z%fgg.
Following in the convention in (4.2.8) and suppressing the 1, 1 indices for the fusion channel
(since the multiplicity is just 1 in this case), we denote the operator as g ¢,. This is depicted in

Figure 4.6.

L]

[,Q

e

Figure 4.6. Symmetry operator g € Z X Z; acts on the defect Hilbert space .7, which we
denote as § .
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Notice that the action of Z; X Z, on #, can be twisted by 2-cocycle y(g,h) € Z%(Zo x

Z»,U(1)) such that

hy-82,=1(h,8)hg z,. (4.4.1)

We can compute y from the F-symbols via following configuration shown in the Figure 4.7.

_—— L — h
/ /
A A FgﬁQg
—1e -~ %
Lo L
1 9%
e ]
g Lo
h
— /_
g
// Lo(gh -1 Loh Lo
_ g A \\ (FZQQ((J )) Fc:j !}FZQQ!J
Lo
S
g
A/ \\ ( thlic;)*l ( F!JKQ(gh)yl FLahg poLag
= g Lg Lq Lo Lo
Lo
—1 gh -1 1
_ A\/ ( Fgﬁ&) ( FZJSQ(Q’I)) Fﬁﬁghg ng@g
Lo

Figure 4.7. The calculation of the product of § ¢, and h ¢, using F-moves.

Under a sequence of F-move, we relate the phase y(g, /) to products of F-symbols as
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following

1 1 1 1
nZ\ L [ e Zo(e\ " Lohe 0%, 1 -1 -1
Yhg) = (FE. @) (Fo2e®) Fpohrgres - L (442)
1 -1 1 -1
1 -1 -1 1

We list the eigenvalues of allowed irreducible representations as the following

(1,1,1,-1), (1,1,-1,1), (1,-1,1,1), (1,—1,—1,—1). (4.4.3)

Notice that the 2-cocycle y above is cohomologically trivial in the group cohomology, which is
consistent with the fact that we have 4 1-dimensional irreducible representations.” Yet we will
see its importance when deriving the spin selection rule for the intrinsic triality defects in later
sections.

Next, to derive the spin selection rules, we consider twisted partition function Z g, (1)
and apply 7 modular transformation three times, see Figure 4.8. This amounts to inserting ¢5%*

in the trace over the defect Hilbert space .#,, where s is the spin of the state.

T3

0

Figure 4.8. Applying T? to the twisted partition function Z gQ(T). This is equivalent to insert

¢ in the trace over H g,

77, x Z, only has a single 2-dimensional irreducible representation when twisted by the cohomologically
non-trivial 2-cocycle.
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We then apply a sequence of F-moves to relate Z gQ(‘C + 3) to the action of the symmetry

8 € Zy X Zy on the defect Hilbert space .#,, as shown in Figure 4.9. We find the following

relation:
Lo Lo, Lol L5
I T i I e TR .
§€Z2x 1 (4.4.4)
%
= aZ gy (7).

This implies the spin s of the states in defect Hilbert space .7, satisfies the following relation:
O = q, (4.4.5)
which implies,

e3, k=0,1,2, when a=1
P2 E@Jr% k=0,1,2, when o= eZEi/S’ (4.4.6)

2mik _ 2mi .
e3 9, k=0,1,2, when o= 2m/3

Now, we provide an alternative derivation of the same spin selection rule by constructing the
twisted partition function from the ungauged theory. Consider a CFT .7 with A4 global symmetry
with the anomaly parameterized by a)gk € H3(A4,U(1)) ~ Z¢ where k = 0,1,2. The 73 x Zg is
free of anomaly but the Z3 subgroup generated by g has 't Hooft anomaly. As pointed out before,
by gauging a Z; symmetry, we get the non-intrinsic triality fusion category with FS indicator

o = 2K/, By the fusion rule of the triality defect .2},
Lox Lox Lo=Lygx LogxL5=2 ) & (4.4.7)
8ELr X1y

In the gauged theory .7 /7Z,, the twisted sector is odd under the quantum Z,-symmetry, hence
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the entire twisted sector is annihilated by the triality defects %y or .f@. Then, we can construct
the twisted partition function Z'lf f%(r) of the gauged theory from the twisted partition function

of the original theory as follows,

Z
(Z7/2)7%. (%)

Lo—1/24—-Ly—1/24
:Tr;gq/zz(.ﬁqu =1/ q?° / )

:Trjf?/zz ,untwisted (ngLU - /24#70 - 1/24)

140 1 1/24_Ty—1/24 (4.4.8)
=Tz, ((g+ GqO')Tq 0~ 1/24gko=1/24y
(Z7)1(1)+(Z7)°U(1)+(Z7)1° (1) + (Z7)°9° (1)

2
=(27)"(7)+(Z7)%(7),

where we used the above twisted partition function only depending on the conjugacy class.

Applying the S-modular transformation on both sides, we find

(Z7/2,) 22 1(1) = (Z7)() + (Z7)oq (7). (44.9)

Then, the spin selection rules of the triality defect .Z are the same as the symmetry defect g and
og which generates Z3; symmetries in A4. The spin selection rules of Z3;-symmetry defect has

been derived in [46], which takes the form

1 k
i/ A 4.4.10
(NS 3 +9 ( )

We then find agreement between (4.4.6) and (4.4.10).

4.4.2 Asymptotic density of states

In this subsection, we derive several asymptotic density of states for different sectors in

the Hilbert space .77 for a theory with the group theoretical triality category symmetries.
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L

r=12

pv=12
y€Z2 X Lo

pr=12,
_I]EZQ X iy

o |

Lo

Lo
e |

\

9

Lo

yu

FﬁQﬁQﬁQ

E*ﬁ@ CQ
Q
FLQ

FﬁaﬁQﬁQ
Lq

] (1,1,1)(Lgmv)

:| (L,1,1)(Lg.msv)

} (]l,lAl)(LQ,u,V)[

} (n,1A1)(LQ,u,V)[

LoLoLly
F QEQ~Q

pretoly

KQ i| ([:a,u,l/)(g,l,l)

KQ j| ([:a,u,l/)(g,l,l)

Figure 4.9. Here, we start with the configuration which computes the ¢, Under sequence of
F-moves, we relate it to the action of g € Z; X Z; on the defect Hilbert space %”gg.

142



When acting on the Hilbert space .77, the 6 simple lines in the triality fusion category
1,6, n,én,ﬁg,fé correspond to 6 operators whose product satisfies the fusion rule (4.6.1),
from which we learn they all commute with each other, hence can be simultaneously diagonalized.
We enumerate eigenvalues for all 6 possible 1-dim irreducible representations as follows,

(1,1,1,1,2,2), (1,1,1,1,20,20%), (1,1,1,1,20%20),
(4.4.11)

(1,1,-1,-1,0,0), (1,-1,1,—1,0,0), (1,—1,1,—1,0,0).

We now derive a formula of the asymptotic density of states for all the 6 irreps by relating the
above 6 irreps to representations of finite group symmetries in the ungauged theory and utilizing
the result in [166], which we reviewed in section 4.2.3. Notice that since the asymptotic density
of states for different irreps of .7 only depends on the fusion ring structure of the fusion category,
we can derive the asymptotic density of states from the simplest case when the fusion category is
acquired from gauging Z3 subgroup of A4 with the trivial anomaly. Then, by relating the above 6
irreps to the representation of the A4 in the ungauged theory, we can use the result in [166] to get
the result. Let’s first consider the twisted sector in the gauged theory .7 /7S, which is odd under
the quantum symmetry 6. In the ungauged theory .7, these states correspond to the Z$ -even
states in the defect Hilbert space .77 . Since there’s no mixed "t Hooft anomaly between Z$
and Zg , there are well-defined Zg charges for states in the defect Hilbert space .77 », which
are the Zg charges for states in the gauged theory.

Next, let’s consider the untwisted sector from the Z$ gauging. This sector is given by the
Z§ even states in the ungauged theory with the global A4 symmetry. Here, we can use the fact
that the triality line acts on the untwisted sector as ¢ + cgo. We will relate the eigenvalues of
g+ 0qo of the states in the Z -invariant space in each irreducible representation of A4. This
group has 4 irreducible representation, labelled by the dimension 1,14,1p,3, where 1 is the
trivial irrep and 14 and 1p are two irreps where ¢, 1 acts as trivially and ¢ has eigenvalues @

and @? respectively, which means the states in these two irreps are invariant under the Z§ and
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have eigenvalues 2@ and 2w? under Zp ~ q+ 0qo respectively. For the three-dimensional

representation 3, the representation matrices are given by

1 0 0 10 0 010
Us(c)=10 -1 0|, UsmM=]l0 1 0|, Uslgg=10 0 1]|. (4412
0 0 —1 0 0 —1 100

As one can check, Zg -invariant space is 1-dimensional, and the operator ZQ ~ g+ 6q0o annihi-
lates this state.
We summarize the results in the Tab. 4.3.

Table 4.3. Relating the states in different irreps of the group-theoretical triality fusion category
¢(A4,1,Z§,1) in 7 /ZS to states in the ungauged theory .7.

Irrep in J75 /23 in the gauged theory .7 /Z, | Corresponding states in the theory .7
(1,1,1,1,2,2) the irrep 1 of A4 in
, L, 1,120,200 the 1rrep 14 of A4 In A5
1,1,1,1,2w,2 he irrep 14 of Ay in J7.
(1,1,1,1,20°,20?) the irrep 1p of A4 in
(1,1,—1,-1,0,0) the Z$ -even state in the 3 of A4 in J#%
(1,—1,1,—1,0,0) Zg—even, 7.5 -even states in 7
(1,—-1,—1,1,0,0) ZJ-0dd, Z$-even states in 7 o

The last 3 irreps of €(A4,1,7Z5,1) corresponds to the 3 irreps of Zg’ x Z3 in the gauged
theory .7 /79, therefore, we can directly apply the result in [166] in the gauged theory and find

the asymptotic density of states to be

1
Po,(1,1,-1,-1,0,0)(A) = Po,(1,-1,1,-1,0,0)(A) = Po,(1,—1,-1,1,00)(A) = ZPO(A)> (4.4.13)

where po(A) is defined in (4.2.13). To determine the asymptotic density of states in irreps

(1,1,1,1,20%,20w~%) we can simply use the relation in Table 4.3 and apply the result in [166].
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We then find

1
P0.(1,1,1,1 20k 20-+) (B) = EPO(A), k=0,1,2. (4.4.14)

4.4.3 Constraints on RG flow

To study the constraints on the RG flow, we want to determine if the fusion category
symmetry % is anomalous, in the sense that if it obstructs a %’-symmetric trivially gapped phase.
As pointed out in [180], module categories .# of ¢ are in bijection with 4 symmetric gapped
phases such that the ground-states are in bijection with the simple objects in .# . Therefore, to
check whether a fusion category symmetry % has a trivially gapped phase is to check if it has a
module category .# with a single simple object. Equivalently, one can check if 4" admits a fiber
functor.

In general, this is not an easy problem. For the case of the group-theoretic fusion category,
this is relatively easy because the module categories over 4" and over the dual module 47, are
in the canonical bijection as pointed out in [164]. Since the group theoretical fusion category
¢ (G,w,H, ) is the dual module of ¢ (G, ®,Z;,1) ~ Vec®, the anomaly of € (G,w,H,y) is
equivalent to the anomaly of Vecg.

Physically, this can be seen as follows. Let’s consider a relevant operator O(x) in a
CFT .7 /H which preserves the fusion category symmetries ¢’ (G, ®,H, y). We then consider
gauging the quantum symmetry Rep(H) to get back the theory .7 with global symmetry Vecg.
The relevant operator O(x) remains a local operator in the CFT 7. This operator will trigger
the RG flow in 7. If the theory .7 /H flows to the trivially gapped phase after perturbing by
the operator O(x), then this means the theory .7 would also flow to the trivially gapped phase
after perturbing by the operator O(x). However, we would run into contradiction if the 3-cocycle
® characterizes the G-anomaly is not trivial. Hence, we conclude the theory with the group
theoretical fusion category symmetries 4 (G, w,H, ) can not flow to a trivially gapped phase

when the anomaly @ # 1.
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4.5 Example: ¢ = 1 Compact boson at Kosterlitz-Thouless
point

In this section, we consider the example of ¢ = 1 compact boson at the Kosterlitz-Thouless
(KT) point and compute the twisted partition functions of triality defect in the ¢ = 1 compact
boson at the KT point. We match the spin selection rule and also show one can not construct a
new triality fusion category by combining the triality defect % with another generator 1 of the

Zs symmetry in the KT theory.

4.5.1 A lightning review of ¢ = 1 compact boson and the triality defect

We first briefly review the ¢ = 1 compact boson following the convention in [181]. The

theory is described by a scalar field X with period 27R,
X ~X+2nR. 4.5.1)

It is convenient to define 27-periodic field 6 and 27z-periodic conjugate momentum ¢ and

introduce the left and right moving fields X; g,
0 =R (X, +Xg), ¢=R(X,—Xg)/2. (4.5.2)
The global symmetry at a generic radius R is
Gpros = (U(1)? xU(1)?) x Z§ (4.5.3)

where U(1)? and U(1)? are the shifting symmetry of  and ¢ respectively, and the charge

conjugation C flips the sign of 8 and ¢ simultaneously.
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At a generic radius R, the primary local operators in this theory contain vertex operators,
V., = ()X i( =5 )XR — ,in® ,iwe

, nweEz 4.54)

with the scaling dimension,

- 1/n wR\> 1/n wR\?
(hah):<5 (I_?—i_?) 75(1_3_7> ), (4.5.5)

together with the normal ordered Schur symmetric polynomials in the U (1) currents j; = dXp

and 71 = §XR and their derivatives, denoted as,

Jadme  (hR) = (n m?). (4.5.6)
The spectrum can also be seen from the partition function,
Ly PG G, 4.5.7)

For ¢ = 1 CFT, there are null states in the descendent states when the Virasoro primary state has
. . . 2 . . .
scaling dimension & = 7 for n € Z. For a generic A, there is no null states in the descendent

states of a Virasoro primary state and the Virasoro character is given by,

x(T) = ——. (4.5.8)

) ) 2, )
For the primary state with 7 = ”T with n € Z, because of the null states, its character takes the

form,

NOE . (4.5.9)

At a generic point of the moduli space, terms with n % 0 or m # 0 correspond to characters with

primaries V,, ,,’s containing no null states. However, the term with n = m = 0 cannot be

1
n(e)n(7)
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a character of Virasoro primary (the identity operator) due to the appearance of null states, but
should correspond to the sum of characters of primary states and can be seen via the following

rewriting:

1 1 2 2 2 2
_ n (n+1)=\ (=m~ _ —(m+1)
n (‘L’)_T](f) n (T)_l](_f) n7§ ‘,O(q q ) (q q )7 (4.5.10)

where each term in the sum is a character for the primary operator with scaling dimension
(h,h) = (n*,m?), corresponding to the primary operator j > j » mentioned above.

It is worth mentioning at the special radius R = /2, the theory becomes SU (2)1, and
the global symmetry is enhanced to SO(4) = W. We can represent this SO(4) in its

vector representation, where the basis is given by 4 operators (sin6,cos8,sin¢,cos¢) [181].

The charge conjugation is represented as,

-1 0 0 O
0 1 0 O
C= 4.5.11)
0 0 -1 0
0 0 0 1
Similarly, the U(1)g and U(1)4 can be represented as,
coso¢ —sinax 0 O 1 0 O 0
sina cosae 0 O 01 O 0
Ry(o) = , Ry(a)= (4.5.12)
0 0 1 0 0 0 cosa —sina
0 0 01 0 0 sina cosx

The spectrum of primary operators of the SU(2); theory can be derived by decomposing the
partition function in terms of characters (4.5.9) of irreducible representations of the Virasoro

algebra [74, 89], and the details are presented in the Appendix B.1. The SU(2), Hilbert space
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decomposes as,

Hpe, = D VieV;eH o Y, (4.5.13)

J.J€3 L0,
J+JjeZ

where by V (Vj) we denote the spin- j(spin-j) representation of SU(2), (SU(2)g) and by vaz”
we denote the Virasoro representation with 1 = j2. Notice that here j and ; label the irrep of
SU(2)r, and SU(2)g symmetry rather than the affine SU(2)., or SU(2)g, therefore the affine
cut-off of j or j is not at presence. It is clear from this decomposition that how the W
acts on the 5y (2),-

The Zg symmetry is free of anomaly, so one could consider gauging it. The resulting
theories are a class of theories also parameterized by the radius R of the compact boson, and
we call the resulting theories the orbifold branch. The spectrum of Virasoro primaries on the
¢ = 1 orbifold branch consists of two sectors, the untwisted sector which contains Zg invariant
operators of the corresponding compact boson theory, and the twisted sector which contains the
Zg invariant non-local operators ending on the C defect line in the compact boson theory.

The Zg-invariant twisted sector is constructed by acting on the two ground states ] %, %>i

i = 1,2 with even powers of the operators ¢, and o _,, (where now n,n’ € % + Z>() appearing

in the mode expansion of the compact boson ¢ with twisted boundary condition [96],

Horbifold, wisted = § O—ny =+ Obepyy &y -+ Obpyy

11 1
—,— ) mE€=+Zsp . 4.5.14
16’16>]. ni € 5+ 2z (4.5.14)

The two ground states }1—16, 11—6>l. are denoted as o; where i = 1,2.% The first two excited states are

—_

primary states givenby o1 Q@ 1 ‘%, %>i which both have scaling dimensions (19—6, %) and we
2 2
will denote the two as 7; where i = 1,2.

8We abuse the notation slightly here. These o; should be distinguished from ¢ appear in the previous section,
which denotes an element of the A4 group. The readers should be able to distinguish the two based on context.
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The untwisted sector contains,

V+ o Vn,w+v—n,—w

= 4.5.15
nw A ( )

which are invariant under the Zg, as well as the Zg invariant normal-ordered Schur polynomials
which are given by,

J2m2, With m—ne2Z. (4.5.16)
At a generic point of the orbifold branch, there is a Dg = (s, r|s?> = r* = (rs)> = 1) global
symmetry, acting on the untwisted sector as,

ri(0,0) = (0+mo+m), s:(6,0)—(6,0+7). (4.5.17)

For the operators in the twisted sector, Dg acts as follows. The generator s exchanges two ground
states o; while r acts as

r:(o1,07) — (io1,—iop) (4.5.18)

and

FiO_p+——0_py, T:0_pm— —0_py, ”amGZEOJFE- (4.5.19)

This implies 7 : (71, 72) — (iT1, —iTy). There are two important D4 subgroups of Dg:
D} =(?s), DE=(rsr). (4.5.20)

An important result we will use later to determine the action of the triality line .Zp on the twisted
sector Sk twisted 18 that the action of r? acts as —1 on the entire twisted sector, which can be
seen from (4.5.14)(4.5.18)(4.5.19). Furthermore, since r? acts trivially on the entire untwisted
sector and acts as —1 on the entire twisted sector, we identify as the generator C of the quantum

Zo symmetry from the Zg gauging.
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4.5.2 Spectrum of triality defect and twisted partition functions on torus

The KT theory can be acquired by gauging the Zg symmetry of the SU(2); theory, which
locates at the intersection point between the circle branch and the orbifold branch. And in [181],
the triality defect -Zp has been identified with the element Q € W global symmetries

of the SU(2); theory. In the representation of SO(4) we used above, Q can be represented as

01 0 0
0 0 -10

0-— 4.5.21)
-10 0 0
0 0 0 1

However, the symmetry operator Q does not commute with C, therefore, in the gauged theory,

the reminiscent of the symmetry operator Q is given by the triality line .Zp, related to Q as
Zp=0+COC, (4.5.22)
with the fusion rule [181]

Lox Lp=2%5, LoxLy= Y g (4.5.23)

8€Dyp

As one can see, the charge conjugation C corresponds to o € A4 and Q corresponds to g € Ay
discussed previously and as one can check using the matrix representation above the minimal
subgroup of SO(4) containing C and Q is indeed A4.

From the above fusion rule and the irreducible representations of D4 = Z; X Z; given by
(1,1,1,1), (1,1,—-1,-1), (1,—-1,1,—1) (1,—1,—-1,1), (4.5.24)

we find the action of %) on a state |y) in the KT theory are non-trivial only if |y) transforms in
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the trivial representation of Djy.

Now, we determine the action of the triality line £} on the states in the KT theory. For
the states in twisted sector, all twisted sector states transform non-trivially under Z, = (r?), thus
non-trivially under D4p as well. Hence, by the fusion rule (4.5.23), the triality operator .%jp must
annihilate all the states in the twisted sector.

The action of .} on the untwisted sector can be determined by (4.5.22). We simply need
to construct the representation matrices of C and Q for (j, j) irreducible representation of SO(4)
global symmetry in the SU(2) theory. And the action of %) on the untwisted sector is simply
given by O + CQC restricted on the Zg—invariant sector of each (j, j) irreducible representation
of SO(4).

Knowing the action of .Zj on the KT theory Hilbert space /7% allows us to compute the
twisted partition function (Zx7)<. Since -Zp annihilates the twisted sector, the twisted partition
Lo —

function (Zgr) Tt ., (XQqLo_l/ 245L0-1/24) can be reduced to the untwisted sector and

expressed as the following sum of the twisted partition function of the SU(2); theory,

(ZKT)O(/Q — Trjﬁ(T (ngL071/24qL71/24)

= Trej“ﬁ(T,umWisted ("g’ﬂQqLo - 1/24qz_ : /24)
(4.5.25)

1+C ;a7
= Trf%ﬂsu(z)1 ((Q "‘CQC)TQLO 1/24qL0 1/24)

(Zsu2),)? + (Zsu(2)) @ + (Zsu(2),) % + (Zsu (2),)9C)
5 .

To evaluate the twisted partition function in SU(2); theories, we must first rewrite the partition

function in terms of irreps of W global symmetries, as in [74, 89]. As shown in the

Appendix B.1, this is given by,

Zow), (T = Y, (2j+D@j+ Dxp(0)x(7). (4.5.26)
J.j€3Lzo,
Jt+JiEZ
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Since TDL commutes with the stress energy tensor 7' (z) and T(Z), we only need to study its
action on the V; ®Vj. For this purpose, we can represent the group element Q,C € SO(4) =

w as the tensor product of representations of SU(2); and SU (2)g, that is,

Q=01®0r, C=CRC, (4.5.27)

where Qr,,Cy. are matrices of a spin-j representation of SU(2);, and Qg,Cg are matrices of a
spin-j representation of SU(2)g. This allows us to compute trace easily since the generic form
of the character of SU(2) is well-known. Following the calculation in Appendix B.2, we find,

sin((2j+1)x/3) sin((2j+1)7/3)
sin(7/3) sin(m/3) '

T”v,@VjQ = Trvj®V7(CQC) (Trv, QL)(Trv Or) =

Try,ey-CO=Try oy (QC) = (Trv;01.CL)(Try OrCR)
:sin((Zj—i— 1)27/3) sin((2j +1)27/3)

sin(27/3) sin(27/3)
~sin((2j+1)7/3) sin((2j+ 1)7/3) 1
T sin(n)3) sin(rj3) " o ) € (2209 220) <(2 T220)® (5 +220)

8 n(2j+1), . w2j+1),, » 2R (a2
T 20 — J° Ut (gl —gU+D7y
17]672207
i€z
(4.5.29)
We can then rewrite the partition function over the familiar sum over the Narain lattice,
R% 2nw (m)z_(nfw)z
(Zxr)“2(1,7) = Z cos( —|—cos( 3 )¢ 2 q 7). (4.5.30)
nweZ
Using the S-modular transformation, we find,
_ 1 (n+w+%)2_(nfw+%)2 (n+wf%)2_(n w+§)2
(Zkr) (v == ¥ ¢ * 4 * +q * g§ * . (4.5.31)
|n(T)| n’ng
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This twisted partition function computes the states in the defect Hilbert space 77 7, and is
consistent as it has integer coefficients in the ¢ and g expansion.

Then applying T-transformation, we find

1
(Zkr) 25,2,(7)
=(Zkr) 2(7+ 1) (4.5.32)
n+w+%)2 (nfwwL%)z _ogin (n+w7%)2 (nfwwL%)z

1 2w ( _ _
CGIR S A
nwe

This twisted partition function computes the spin of the twisted Hilbert space 77k, %> Which is
given by the phase in front of the g of g expansion. And the result is consistent with the spin
selection rule derived in (4.4.6) for the case where the FS indicator o = 1.

Next, we move to compute the twisted partition function of .Z@. By the fusion rule
Lo = Zp x £y, £ annihilates the twisted sector in the KT theory and therefore to compute
(ZKT)‘E 2, we only need to focus on the untwisted sector. There are two ways to represent the

actions of .,%@ on the untwisted sector. The first is to consider the action of
L5=0>+CQC (4.5.33)

on the C-invariant subspace of Hgy(7),. Alternatively, we may consider using the fusion rule and
compute the action of 92”5 on the C-invariant subspace of Hgyy(3),. As a consistency check, one
can show the two approaches agree with each other.

The twisted partition function is given,

.2 sin(ZH27) Gp(@it2my -
(ZkT) Q:l G ) : 23_7[ : 23_ﬂ (¢" —qUtD7) (g —qu+th,
n j eV s, sin sin
JHIEL

(4.5.34)
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and can be written as a sum over the Narain lattice where j = ”+W j = _W
_f 27w (n+w>2_( n7w)2
(Zxr)70(7,7) = ——= )., | cos( +C°S(T> gz g (4.5.35)
n WEZ

taken the same form as (Zx7)%2(7,7).

4.5.3 Constructing more triality lines from the known ones

Now we explore the possibility of constructing more triality line fé from the known
one via combining the known triality line £ with the global symmetry Gy, at the KT point.

The most apparent strategy is to take the generator 1 of some Z3 C Gy, = (U(1)% x

U (1)"3) X Zg, and attempt to construct the line operator,
gé = .,?QT], gé = T]gQ, (4.5.36)

which has been considered in [181, 180, 46] to construct the duality line N with different FS
indicator. However, for this to preserve the fusion rule in general, £ x Lo X Lo =2Y oc7,x7, &
7N has to commute with .Zp. Indeed, the construction used in [181, 180, 46] is to tensor product
one theory with duality line N and another theory with anomalous Z; global symmetry 1, and
consider the operator N1, where the duality line N in one theory apparently commutes with
the operator 7 in another theory. As we will see, however, the candidate Z3 subgroups are the
Z3 subgroups of U(1) x U(1), which does not commute with .Z}, therefore fusion % with
generators of Z3 will not lead to new triality lines.

To see this is the case, we consider the action of £pn or 1%, on the untwisted sector
KT untwisted and check whether (XQn)3 or (n-%p) only has eigenvalues 0, 8 or not.

For that, we need to understand the origin of the U (1)5 x U (1)‘5 in the KT theory from
the SU(2); theory. Under the ZS -gauging, the subgroup of the SO(4) global symmetry commute

with the Zg would survive the gauging and remain as the global symmetry of the resulting KT
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theory. Since the charge conjugation C in the adjoint representation of SO(4) is given by (4.5.11),

the commutant of Zg therefore contains

cosoe 0O sino O 1 0 0 0
0 1 0 O 0 cosB O sinf
Ri(a)= , R(B)= (4.5.37)
—sinax 0 cosoa O 0 0 1 0
0 0o 0 1 0 —sinfB 0 cosf

Notice that C is identified as the w-rotation R (7). Hence, gauging Zg would half the radius of
R () which we identify as U(1)4 (that is, Ry (7) acts trivially on every state in the KT theory)
and double the radius of R>(ct) which we identify as U(1)4 (that is Ry (27) acts non-trivially on
the twisted sector in the KT theory).

To check the fusion rule, we only need to consider the action of 11.%p or -£pn on the
untwisted sector, as 1.Zp or .Zp1n automatically annihilates the twisted sector therefore satisfies
the fusion rule when acting on the twisted sector. The Z? cU (1)é is generated by either R (7/3)
or R{(2m/3) while the Zf C U(l)‘ﬁ is generated by either Ry(87/3) = Ry(27/3) or Ry(47/3)
when acting on the untwisted sector. For convenience, we take the generator 1g of Zg to be
Ry(27/3) and the generator of 15 of Z? to be Ry(27/3) as well.

We can check explicitly that on the (j, j) = (3/2,3/2) irrep of SO(4) that % does not
commute with 1 and their product £ n does not lead to triality line. Following the convention
in Appendix B.2, we construct the matrix of Q + CQC as well as 1 and diagonalize it using C

eigenstates as a basis. For (j, j) = (3/2,3/2) irrep, the dimension of C invariant states is 5 and
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project Q + CQC to this subspace we find,

(4.5.38)

o o o o o o o o
[a) ﬁ_?. o [Salls\l ﬁ_Z o —lan O
o o o o o o o o
o N o Yn —n o ﬁmz S
o ﬁmz o~ ﬁ_z O cln O
o o o o o o o o
[e) —Nn O ﬁ_Z 3ﬂ2 (] ﬂ_?. (@]
o o o o o o o o

1

@)

A

)

I_|

Q
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and the generator 15 of Zg cU (1)é and the generator 1 of Zf cU (1)‘5 are

A 3 V3 _3 9 0 _3V3
16 8 16 8 16 16
31 V3 o339 3 33
8 16 4 16 16 8 16
33 _V3 1 3 o 33 3 _o9
16 4 16 8 16 8 16
0 3vi 3 1 3V3 0 9 _3
ng = 16 8 16 16 16 8
° AT SV T T TV S S
8 16 16 16 8 16 4
_9 3 V3 _3 Z 0 _3V3
16 8 16 8 16 16
0 33 3 9 33 A 3
16 8 16 16 16 8
33 g _9 3 _V3 3/ 31
16 16 8 4 16 8 16
(4.5.39)
_13 15 33 33 15 _9 93 3/
32 32 32 32 32 32 32 32
L5 71 13 33 9 3 _93 93
32 32 32 32 32 32 32 32
L33 WA 1 15 93 %A 3 9
32 32 32 32 32 32 32 32
33 33 _ls 13 33 93 9 IS
n; = 32 32 32 32 32 32 32 32
0 s 9 93 33 1 3 _953 _1v3 |’
32 32 32 32 32 32 32 32
_9 3 93 _9%3 3 u 53 _9v3
32 32 32 32 32 32 32 32
L9393 3 9 93 53 1 _3
32 32 32 32 32 32 32 32
3V3 93 _9 15 7v3 93 3 A

9N
[\
9N
[\
%]
[\S]
(9N
[\
O8]
[\S]
[S%]
[\S]
%]
[\
%]
[\

and the possible 1 = n&né where (i, j) # (0,0). As one can check explicitly, the product Zpn
or 11.%p does not lead to new duality line, as (£pn)> or (1%p)? does not have eigenvalues
which are either O or 8. Hence, we conclude we can’t build new triality out of the known one
Zp from this procedure.

Since the generator 1 of Z3 and, in fact, elements of U (1) x U(1) in general, does not
commute with £, we can consider another possible construction, namely to conjugate .Zp by

anelementh € U(1) x U(1),

Lp=h""Lph (4.5.40)
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with the fusion rule,

LyxLhxLh=2 Y h'gh, (4.5.41)
8E€ELy X1y

and .,2% = h_l.i”@h. Notice that we do get a "new” triality category under this procedure, since

(h~'gh)? = 1. However, this new” triality defect should be Morita equivalent to the old one.

4.6 More Triality Fusion Categories

One might wonder if there exist more fusion categories besides the ones described
previously satisfying the same fusion rule. Indeed, there are another set of F-symbols that have
been computed in the condensed matter literature [179]. It is natural to ask if their F-symbols
give the same fusion categories as ours and if there are more inequivalent F'-symbols. We will

answer these questions in this section.

4.6.1 The classification of triality fusion category

We first review the result in [117] which classifies the fusion category whose simple

objects containing g € Zy X Zy, £p and éfé. They satisfy the following fusion relations,

EX Lo =2Loxg=2p, gxL5=2Lgxg=5%2p,
LoxLy=22y LoxL5=2%p, (4.6.1)
8EL X1y
Theorem 1.4 in [117] then implies there are 6 inequivalent fusion categories with the simple
objects satisfying the above fusion relations. Since the Frobenius-Schur indicator is given by an
element in H3(Z3,U(1)) = Zg3, the 6 inequivalent fusion categories organize into 2 classes each
containing 3 related by choosing different FS indicator.
Theorem 1.1 in [117] further describes the two classes of fusion categories. The first

one is the group theoretic fusion category with different FS indicator o (which are the ones we

159



studied in section 4.3) while the second class is constructed explicitly in [117] in terms of the
classification data (but the F-symbols are not explicitly given). We will argue the F-symbols
computed in [179] correspond to the second class as they lead to different fusion categories
from ours. Since the second class is not group theoretical fusion category, these triality fusion

categories are intrinsic non-invertible in the sense of [123].

4.6.2 F-symbols of intrinsic triality fusion category

We follow [179] to list the F'-symbols of the triality category. Recall that the triality line

satisfies,

Lox Lo=2%5 LoxLs= Y & (4.6.2)

and invertible symmetry lines g satisfy the fusion rule of Vecy,.7,. We represent invert-
ible symmetry line g by Z,-valued vectors {(0,0),(1,0),(0,1),(1,1)} (which corresponds to
(1,6,n,6n) in previous notation). In this representation, the triality symmetry is also a Z,-

valued matrix,

Az = = . (4.6.3)
The R-symbols between different invertible symmetry lines are,
RN = (—1)8'C Nk o he 7y X T, (4.6.4)

where ' are the Pauli i matrices. The braiding phase is 2.7, = R&"Rl$ = (—1)8"®'h The
F-symbols can be understood as a representation of the double cover of A4. We choose the 2-d

representations as,

o) = 0", A1) =10", 1) =—i0°, 1) =i0". (4.6.5)
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The F-symbols consist of a free parameter o0 = e2ki/3 ,k=0,1,2 which is the Frobenius-Schur

indicator. The list of F-symbols is given by,

Fét =1 &hkeZyxy

nggh Rg,(/\3h)7 th!fQ: Rh,(A_%g)7 ng”gh DS (n
Q ( 3g)

Zo
LoL58 2 2% .,2” 2 g g.,i”

When exchanging £ < .,2%, the F-symbols are obtained by replacing A3 <> A2,

Lgh 2 gh?s g.L5h
08" pe,(Azh) 0 _ ph(Aszg) ot _
Fyl® = RN, Fy "= RN, FG = 9.7 0
L= L= L84 2
0708 _ pgAsh 8§00 _ pexhAsg 080 _ g,A38
Fo7e8 — peah - pETOTC _p B TP =97 o R,
and
-1

Other F-symbols are listed in Tab. 4.4.

4.6.3 Spin selection rules

(4.6.6)

(4.6.7)

(4.6.8)

(4.6.9)

(4.6.10)

(4.6.11)

We now derive the spin selection rules from the above F-symbols. Repeating the same

calculation in section 4.4.1, we find,

11 1 1
1 1 -1 -1

y(h,g) = ,
1 -1 1 -1
1 -1 —1 1
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Table 4.4. The rest of F-symbols computed in [179] where Ogym = exp(5 — > =) and gy, =
Y= {(1,0),(0,1),(1,1)} Fg- O = ¢27k/3 is the FS indicator.
8 1 6 n 61
ngQg 0 . | ) . 3
[Ffa ](gé,ﬂ,l),(gQ,l,V) 9 —10 10 —10
20820 0 ) ) -
[F 5 ](XQ,I,M),(XQ,I,V) 9 Te -0 —ic
ngf 0 -3 | )
Fo ™ ") (2o 0) (Z5v0) o i ic —io
ZL5Lr8
00 0 -1 ) . 3
[F;fQ ](.,(fQ,u,l) (.,fQ,l,v) (o —10 10 —10
L58L5
Fog, "Nyt m).(Z500) o ic ic _io
8450 0 ) 3 .|
Fg, ]cz L) (Lo, 1) o —io ic ic
_zﬂ Z0Zy — —
Z0%0% —1 1 ~—1
[F ]gQul ) (Zow) | OOgm i o, —ia0* Oy, 063 oy,
ZoZ0Zg : 1 0 1 3 1.
[F:‘S,;Q _— ](XQ u,v),(g,1,1) \/"Gsymc ﬁcsymc —Tlﬁsymc ﬁ'GSymG
04g~%0 3| a1 2 a1 0
[Fja ](XQ u,v),(g,1,1) f'csymc ﬁ'csymc \['Gsymc ﬁasymc
[F‘ZE"%Q"?Q]( (2 ) i 1o? —o 1" —ia~lo! i~ 1o?
fQ &8 1,1), Q,[.L,V ﬁ ﬁ \/i ﬁ
[Fngg Q] ﬁ 7i0'1 ﬁ 70_0
gg (g7171),($Q7[i7V) ﬁ \/§ \/i \/E
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with the same four 1-dimensional irreducible representations as in the non-intrinsic or group-

theoretical case,

(1,1,1,-1), (1,1,—1,1), (1,-1,1,1), (1,—1,—1,—1). (4.6.13)

Then, consider the same calculation in Figure 4.9 and plug in the F-symbols for the intrinsic

triality defects, we find,

L5402

Lo0Lo Ly v
Zg (T+3)= [F } [F 029 Q:| ° (¢
$Tox Tz (4.6.14)
a <
=5 X Zggg(f)-
8E€ELy XUy

where o = ¢2™/3 k= 0,1,2 is the FS indicator. This implies,

e67tis —

a .
5 Y &g (4.6.15)
8ELr X1y

Using the eigenvalues of the irreducible representations of Z, x Z, with phase y(g,h) given by
(4.6.13), we have,
O = +a. (4.6.16)

Notice that 2-cocycle y(g,h) ensures the eigenvalues lead to consistent result in (4.6.14), as the
result on the right-hand side has to be a phase, which is not true for the eigenvalues of the usual

irreducible representations of Z, x Z,. We find the allowed spin is given by,

(

&3 (=0,1,2,3,4,5, a=1,

eZnis — 2ri k%ri

93, k=0,1,2,3,4,5 o=/, (4.6.17)

T £=0,1,2,3,4,5, =T/
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Determine the triality fusion category from spin selection rules

We now argue that one can determine the triality fusion category from the spins of the
defect Hilbert space #,. It is clear that we can determine the FS indicator from the spins that
appear in #y,.

We now argue that we can distinguish between intrinsic and non-intrinsic triality fusion
categories from the spins. For example, considering the case when the FS indicator & = 1, then
the allowed spin s for the non-intrinsic triality fusion categories satisfies s € %Z while the allowed
spin s for the intrinsic triality fusion categories satisfies s € (3Z) U (3Z+ 3). To distinguish the
two cases, we only need to show the additional spin where s € %Z + % must appear.

To see this, we can show all the allowed irreducible representations of Z; X Z, in (4.6.13)

has to appear using the technique in [166]. Specifically, consider the following partition function

;Y 1925 (1=iB) (4.6.18)

gEZzXZZ

where ), is the character associated with the irreducible representation &, which can be seen from
(4.6.13). For each choice of ), we keep only the contribution from the particular irreducible
representation o. We only need to show this is non-zero for any «.

For this, we consider applying the S-modular transformation and get,

S S
2a(2) Trr, (.,%Q)g+e F-1R) . 46.19)

B
=
8
x
N
S&
&9
=
|
=
Il
B

8E€Zy x7n 8E€ZLy X7

Considering the high-temperature limit § — 0, we can see in the dual channel on the right-hand
side, the partition sum is dominated by the ground state in each defect Hilbert space J7;. As
long as the Z x Z, acts faithfully in the theory, the ground state in JZ; for g # 1 has positive

energy, hence the R.H.S. is dominated by the vacuum state in .77, which implies

>0, (4.6.20)

Bl —

g€l X1y
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where in the last step we used Y (1) = 1 for every o as in (4.6.13) and ,Z@ acts on vacuum
state as its quantum dimension 2. Since in the high-temperature limit the partition sum over a
particular fixed irreducible representation is positive, we know each irreducible representation
must appear. This then implies the spin s such that s € %Z + % has to appear since it comes from
the states with irreducible representation (1,—1,—1,—1).

Hence, we can distinguish the different triality fusion categories by the spins that appeared
in the defect Hilbert space Ay,

To conclude this subsection, we briefly comment on when the spin selection rule should
be saturated.® For illustration, let’s consider the three-state Potts model. This RCFT contains

two Zj3 self-duality lines N, N’ [46] with the fusion rules:
N*=(N')? =T+n+T7, 4.6.21)

where 1 generates the Z3 global symmetries. The spins of the defect Hilbert space satisfy,

1 1 1 Z 1 1
: ~7 - - ’ — ——— 7. 4.6.22
ERES +{8’ 24}’ I SE2+{ 8’24} (4.6.22)
The spin selection rule is derived in [46] from the relation,
- 1 L s 1+ 0%+ o
YY) = —= (W1 + A+ y) = ——=—— (4.6.23)

V3 V3

by requiring that % where a,b=0,1,2 and ® = ¢*™/3 is a phase which takes the form,
1 1 1

At first glance, the spin selection rule is not saturated. This is because the spin selection rule is

not derived from the eigenvalues of the (projective) representation. For instance, let’s consider

The authors thank Yifan Wang for mentioning this example which leads to this discussion.
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the irrep of Z» x Z, which leads to ¢*™ = ¢~ T in the defect Hilbert space 4, say (1,@?,1).

From this, we can derive the 2-cocycle y(g, h),

1 1 1
Ygh =1 o o*]|- (4.6.25)
1 0 o

The allowed irreducible representations twisted by this 2-cocycle are given by,
(Lo*1), (1,L0%, (L0 ), (4.6.26)

. i 27i .

where the first two lead to spin such that ¢*™'s = ¢~ 12 and the last one leads to the spin such that
H 27i . . . . .

&S = o5 By the same argument, each irreducible representation has to appear and this spin

selection rule must be saturated, which indeed is the case. Similarly, if we consider the defect

Hilbert space of .7, the 2-cocycle Y (g, h) is now given by

1 1 1
Ygh=|1 0* o (4.6.27)
1 o o?

and the allowed irreducible representations are given by

(l,o,1), (1,1,0), (1,0% %), (4.6.28)

where the first two leads to spin such that ¢*™ = ¢7i/12 and the last one leads to spin such that
¢S — o= 2mi/4 Similarly, this spin selection rule is also saturated. One might wonder why there
could be two different 2-cocycles arising from the same Z3-duality category. This is because
when deriving the crossing kernels, even after fixing the FS-indicator € = 1, one needs to choose

the o to be either ¢27/3 or ¢=2%/3, Two different choices relate to each other by relabeling n
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as 7. Such relabelling will change y(g,h) to ¥'(g,h) as well. In the case of two duality lines
N and N’, both form a Z3-duality category with the same Z3 symmetry, hence there’s no way
we can relabel the 1 in one Zj3 fusion category without doing the same relabeling for the other.

£27is/3 matter here.

Therefore, the choices of w = ¢
Chapter 4, in full, is a reprint of the material as it appears in Da-Chuan Lu, Zhengdi Sun,

JHEP 02, 173 (2023). The dissertation author was the primary investigator and author of this

paper.
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Chapter 5

When are Duality Defects
Group-Theoretical?

5.1 Introduction and summary

5.1.1 The problem
Duality defects:

A d-dimensional quantum field theory (QFT) 2~ with a finite, non-anomalous, p-form
abelian global symmetry GP) has a non-invertible duality symmetry when 2" is invariant under

gauging GV [50, 51],
X =2)GP). (5.1.1)

This in particular requires p = % — 1, so that the gauged theory 2"/ G'?) also has the same G(P)
global symmetry.! Each finite symmetry is associated with a topological defect [90], and in
the present case the duality defect. The duality defect can be constructed by gauging G?) on

half-space and imposing the Dirichlet boundary condition for G() at the defect locus. It has

IFor simplicity, we only consider the symmetry of a single form-degree. One can also consider symmetries
with multiple form-degrees, say, a p-form symmetry and a g-form symmetry. The theory can also be self-dual
under gauging both symmetries if d —2 = p+¢q. See e.g. [121, 72] for such examples. More generally, a finite
invertible symmetry in d dimensional quantum field theory is described by a higher-group, and gauging it leads
to the higher representation category of a higher group. Self-duality under gauging the higher group requires its
higher representation category coincides with itself. See [30, 35, 83, 34, 22, 32, 33, 24, 23, 59, 31] for the recent
developments of higher categorical theory description of global symmetries.
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been shown that the duality defect satisfies non-invertible fusion rule [50, 51]. By construction,
duality defect implements gauging GP). Note that there are additional data specifying the
duality defects, such as the (symmetric and non-degenerate) bicharacter and the Frobenius-Schur
indicator. Different QFT .2 satisfying (5.1.1) may yield duality defects with different choices
of such additional data. Throughout this work, for simplicity, we will denote the duality defect
associated with gauging G?) as GP) duality defect, to emphasize the underlying invertible
symmetry, and leave the dependence of additional data implicit.

A generic G symmetric QFT does not satisfy (5.1.1). However, there are some well-
known examples satisfying (5.1.1), including compact scalars in 2d with Z](\?) symmetry [115, 50],
Maxwell theories in 4d with Z,(\}) symmetry [50], .4/~ = 4 super Yang-Mills theories in 4d with
Zz(\}) symmetry [121], etc. For these theories, showing (5.1.1) often requires a T-duality in 2d or
S-duality in 4d,? and these dualities are usually found only in highly fine-tuned theories. Thus it
is highly non-trivial and interesting to find deformations preserving the duality symmetry, i.e. the
relation (5.1.1). See [66] for recent discussions on duality-preserving deformation of the .4 =4

super Yang-Mills theory.

An alternative construction:

In [121], an alternative construction of theories with duality symmetry was proposed for
certain G(P). See also [30, 31] for further generalizations. The idea is to start with a theory %
with invertible symmetries only, and a mixed anomaly. Gauging a non-anomalous subgroup
of % yields another theory 2", and the mixed anomaly in % enforces the existence of duality
symmetry in 2 .

Let’s illustrate the idea by an example. Take a 4d QFT % with global symmetry

G x HO) = Zgl) X Zgo). We also assume a mixed anomaly characterized by the 5d anomaly

20ne should distinguish the T or S-dualities from the duality transformation associated with gauging G().
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theory?

2 (B
™| AW u%. (5.1.2)
5
The anomaly means that the partition function of % obeys
% [BY] = 2 [B)] ™ P B2, (5.1.3)

j »(B2) .. " .
Iy, 7B/ evaluates to be a non-trivial phase, the partition function

In particular, when e
2y [B(z)] vanishes (for example due to the presence of zero modes). Next, we construct the

theory 2 by gauging G(1) = Zgl) of % and then stacking an Zgl) SPT,*

ZrBO) = Y 2y pO) bV il 2B 2, (5.14)
b eH? (X4,Zz)

Combining with (5.1.3), it is straightforward to check that 2" = 2"/ Zgl), i.e.

i 2p®@)
ZyBY) = Y 2y @t TET (5.1.5)
bR eH? (X4, Zs)
The associated duality defect can be obtained using half-gauging. Hence we have found an
alternative, yet systematic, way to construct theories with duality symmetry associated with

gauging Zg), as well as the Zgl) duality defect.

It is useful to know that the duality symmetry associated with gauging Zgl) admits
the above alternative construction. Note that this construction does not require any detailed

dynamical information of % (such as whether ¢ is a CFT or a free field theory). Any %/, as

long as it has the requested symmetry and anomaly can be fed into the construction. In particular,

3Only Zgo) normal subgroup of Zgo) is anomalous. But rigorously speaking, (5.1.2) is well-defined only when

AW belongs to H' (Xs,Z4) (rather than H'(Xs,7Z5)) due to the 1/2 factor.
“We suppress the overall normalization throughout the paper. Please refer to [50, 122] for systematic discussions
of the overall normalizations.
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because only the invertible symmetries of the theory % play a role in the construction, it is easy
to turn on perturbations leaving the symmetry and anomaly unchanged. After gauging Zgl), such
symmetric perturbation in 2 becomes a duality-symmetry preserving perturbation in .2". Hence
it is easy to turn on duality-preserving deformations, and allows one to study the consequence
of duality symmetry along the RG flow. Moreover, this alternative construction allows one to
uncover new duality defects in gauge theories. For instance, this construction can be used to show
the presence of duality defects in a large class of gauge theories, including non-invertible time
reversal symmetries in the 4d Yang-Mills theories [121, 30, 53], non-invertible axial symmetries
in 4d QED and QCD [52, 63, 184], etc.

It turns out that for an arbitrary G(), such an alternative construction may or may not
exist. It is therefore useful to ask for which G(P) such an alternative construction exists. When
it exists, the non-invertible duality defect in QFT 2~ can be mapped to an invertible defect in
QFT % under a topological manipulation &, which includes gauging a non-anomalous subgroup
and stacking an SPT etc, and such duality defect was named non-intrinsically non-invertible
[123]. Conversely, a duality defect which does not admit the alternative construction will be
called intrinsically non-invertible.

On the other hand, for 2d QFTs with a generic finite Abelian symmetry G, the condition
of when the alternative construction exists has been classified in mathematical literatures [94].
The duality defect was named group theoretical if the alternative construction exists. In this
work, we will follow the math notation and determine for which G?) the duality defect is group
theoretical.

As the answer in 2d is known, we will first review the results in [94], and the goal is to
present the discussion there using a more physical language, and pave the way for generalization
to higher dimensions. For concreteness, we focus on the Zl(\(,)) symmetry, although generalization
to more complicated Abelian symmetries is possible.

We then generalize the 2d discussion and proceed to determine when duality defects

associated with gauging Z](\}) in 4d QFTs are group theoretical. A partial list of group theoretical
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duality defects have been identified in [51, 26]. Our results not only reproduce the known
ones in [51], but also uncover new ones. As a systematic theory of higher category is less
well-established than those in lower dimensions, we are unable to fully generalize the proofs
in [94] to higher dimensions. Hence the completeness of our list of group theoretical duality

defects only holds under certain assumptions which we will specify in Sec. 5.2.

5.1.2 Main results

The key idea to find the group theoretical duality defect is to use the Symmetry Topological
Field Theory (SymTFT) [122, 11, 83, 128, 116, 91, 39, 33, 139, 129].° A d-dimensional QFT
with a global symmetry described by a (higher) fusion category % is equivalent to a (d + 1)-
dimensional “sandwich” where in the bulk is a SymTFT describing the Drinfeld center of %,
the left d-dimensional boundary condition is a canonical/Dirichlet boundary condition where
the defects labeled by % are supported, and the right boundary condition is a non-topological
boundary condition encoding all the dynamical information of the QFT. Since the bulk is
topological, one can shrink the sandwich by colliding the left and right boundaries to recover the
d-dimensional QFT.

One of the advantages of the sandwich construction is that it automatically encodes
the additional data of the duality defect mentioned in Sec. 5.1.1, i.e. the bicharacters and the
Frobenius-Schur indicator, while they are not explicit from (5.1.1).

The sandwich construction also enjoys two interesting properties [122, 11, 83]. First,
when the symmetry of the QFT is invertible, the SymTFT is a gauged anomaly theory, i.e. a

Dijkgraaf-Witten theory, whose partition function is

z=Y 00 (5.1.6)
geG

where G is the finite (higher) gauge group of the Dijkgraaf-Witten theory, g is a (higher form)

5See also [113, 33, 24, 143, 120, 189, 155, 185, 47, 12, 10, 9] for applications of the SymTFT to the dynamics
of QFTs, lattice models and string/M-theories.
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gauge field valued in G.° and @(g) is the twist term which specifies the G-anomaly.” Second,
because all the symmetry defects (or background fields when the symmetry is invertible) are
supported on the left topological boundary, topological manipulations (including gauging and
stacking an invertible phase) do not change the SymTFT. Combining these two properties, we
conclude that a duality defect is group theoretical if and only if its SymTFT is a Dijkgraaf-Witten
theory.

The SymTFT of a duality defect associated with gauging G(*) admits a convenient
construction [122, 189]. One starts with the SymTFT of G symmetry (without a duality
defect), which is simply a G (p+ 1)-form gauge theory in 2p + 3 dimensions. Such a theory
admits an electro-magnetic (EM) exchange symmetry whose order depends the parity of p.
The SymTFT of the duality defect (including G symmetry) is obtained by gauging the EM
exchange symmetry of the G (p+ 1)-form gauge theory. As we will review in Sec. 5.2, such
SymTFT is a Dijkgraaf-Witten theory amounts to the existence of an EM stable topological
boundary condition of the G») (p+ 1)-form gauge theory. This latter condition will be explicitly
checked in the following sections.

In this paper, we focus on the duality defects associated with gauging G = Zl(\(,)) in 2d,
and G(P) = Z](Vl) in 4d. We determine for which N together with the choice of bicharacters and
the Frobenius-Schur indicator, the duality defect is group theoretical by examining when the EM
stable topological boundary condition of Z1(\?) (or ZI(\})) gauge theory exists in 3d (or 5d). We find

the following results:

ZI(\(,)) duality defects in 2d:

The ZI(\(,)) duality defect is group theoretical if and only if N is a perfect square.

®For simplicity we use g € G to represent a g gauge field taking value in G, although a more appropriate way is
to write g € H*(X;+1,G). We hope this simplified notation does not lead to confusion.

"There are more restricted definition of the Dijkgraaf-Witten in the literature, where G is an ordinary group.
For more general G, e.g. G is a 2-group, the corresponding 4d TFT is called Yetter TFT [187]. See [113] for a
review of various TFTs in higher dimensions. Here we denote the G gauge theory with any finite (higher) group G
as Dijkgraaf-Witten.
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Zz(\}) duality defects in 4d:
On spin manifolds, the Zj(vl) duality defect is group theoretical if and only if N = L>M

where —1 is a quadratic residue of M.

The above conclusion holds for arbitrary choices of additional data, including the bicharac-
ters and the Frobenius-Schur indicators.

The 2d results were already proven in a mathematics reference [94]. In the main text, for
both 2d and 4d cases, we will show the if direction by explicitly demonstrating the SymTFT to
be a Dijkgraaf-Witten, and also working out the explicit topological manipulation. In particular,
the special case of L = 1 in 4d was known in [51], and our result shows that there are new cases
for L > 1. However, unlike the 2d case where the only if direction is proven,8 for the 4d case the
only if direction remains a conjecture.

We also note that the question of whether a duality defect is group theoretical has also
been extensively discussed in the context of string/M-theories. See [103, 137, 12]. In particular,
in [12] whether the Z](\}) duality defect is group theoretical was phrased in terms of Hanany-
Witten transition between strings and 7-branes in the holographic IIB setup, and the authors
found the same sequence of N for N < 29.°

Note that we assumed the 4d spacetime to be a spin manifold. On non-spin manifolds,
the criteria for odd N remains the same. However, for even N, the situation is more complicated,
and we will comment on them in the main text.

The organization of the paper is as follows. In Sec. 5.2, we discuss the general strategy
to determine when a duality defect is group theoretical. This section is largely based on [94],

presented in a way that applies to higher dimensions as well. Sec. 5.3 and Sec. 5.4 are in parallel,

8In [122], the authors used the SymTFT to give a physical derivation of the only if direction in 2d. The
observation there is that the SymTFT of the duality defect has line operators of quantum dimension v/N. Note
that all line operators in any bosonic Dijkgraaf-Witten theory are of integer quantum dimension [110, 75, 71], the
SymTFT can be Dijkgraaf-Witten only if N is a perfect square.

9 After our preprint appeared on arXiv, we were informed by Fabio Apruzzi that [12] contains overlapping results
with the present work.
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which discuss the group theoretical duality defects in 2d and 4d respectively. In both sections, we
first identify the group theoretical N’s using the stable topological boundary condition following
the strategy of Sec. 5.2. Then for each N, we explicitly demonstrate that the SymTFT is a
Dijkgraaf-Witten theory, and also propose the explicit topological manipulation which maps the
duality defect to the invertible defect. In Sec. 5.5, we comment on the relation between group

theoretical duality defects and obstructions to duality preserving gapped phases.

5.2 Criteria of group-theoretical duality defects

In this section, we study in general when the duality defects are group theoretical. A
rigorous mathematical discussion of this problem in 2d was already available in [94]. The goal
of this section is to translate the discussion to a more physicist-friendly language. We also try to

present the discussion in a way applicable to 4d.

5.2.1 Symmetry TFT of duality defects

As reviewed in the introduction, the SymTFT is a useful tool to identify whether a fusion

category is group theoretical. We thus first review the properties of the SymTFT of duality

defects, focusing on Zz(\;i/ 2-1) symmetry in d dimensions, for d = 2,4. We will follow the
discussion in [122].
Consider a d dimensional QFT 2" with a non-anomalous Zz(\?/ 2=1) symmetry. Let’s

denote its partition function as % [B(d/ 2)]. Any such theory can be expanded into a d + 1
dimensional slab, as shown in Fig. 5.1. In the bulk of the slab, there is a d + 1 dimensional Zy

d /2-form gauge theory, whose Lagrangian is
7 = ) gy, (5.2.1)
N

This is the SymTFT of the Z](\;l/ 2-1) symmetry. On the left boundary, there is a Dirichlet

topological boundary condition/state obtained by setting the electric field b/2) to background
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Zy d /2-form

ANNNNANNY
gauge theory
Xy [BU/2)] (Dir(B4/2))] |27)
Figure 5.1. A d dimensional QFT 2~ with a non-anomalous Z](\?/ 2-1) symmetry can be expanded

into a d 4+ 1 dimensional slab, where the bulk of the slab is the SymTFT of the Zl(\f/ 2=1)

symmetry—Zy d /2-form gauge theory.

value,

(Dir(BY/2)| = Y 8(b\4/2) — B2y (pld/2)] (5.2.2)
b/ eH2(Xy, L)
On the right boundary, there is a dynamical boundary encoding all the information of the QFT

2, where the boundary state is

|2 = Y L B |pl4/2)y (5.2.3)
b2 eH42 (X, Zy)
Shrinking the slab amounts to colliding the boundary states (5.2.1) and (5.2.2), which reproduces
the partition function 25 [B\@/?)].
We further require the QFT 2" to be invariant under gauging Z](\?/ 271), ie. 2 =
'/ Zl(j/ 2_1), so that the symmetry of 2" contains not only Zl(j/ 2~V but also self-duality. To
obtain the SymTFT of the full symmetry, we start with the Zy d/2-form gauge theory in d + 1

dimensions and gauge the electro-magnetic (EM) exchange symmetry. This symmetry basically

exchanges b\/2) and pld/ 2), to be more precise,
B B B B R (5.2.4)

where uv = 1 mod N. By Chinese Remainder Theorem, both u and v are coprime with N.
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The minus sign means that the EM exchange symmetry is Z5™ when d = 2 mod 4, and is Z3™
when d = 0 mod 4.!° Below for simplicity the EM symmetry will be denoted as Z™, with
x=4/ 214/212 Note that when gauging ZS™, there is a freedom of choosing the discrete theta term
labeled by € € H4*! (Z5",U(1)). When d = 2, different choices of u (and hence v) correspond
to bicharacters of the Tambara- Yamagami fusion category TY(Z](\E)) ,u, €), while different choices

of the discrete theta term € correspond to the Frobenius-Schur indicator [178, 189, 180]. For

simplicity, we will adopt the same notation in d = 4 as well. In short,

SymTFT of duality symmetry = Zy d/2-form gauge theory /(Z5" )u.e- (5.2.5)

5.2.2 Criteria for group-theoretical duality defects

We proceed to use the SymTFT to determine when the Z](\?/ 2-1) duality defect is group

theoretical. The schematic idea is shown in Fig. 5.2. We first recall, as discussed in the
introduction, that a duality defect is group theoretical if and only if its SymTFT is a Dijkgraaf-
Witten theory. Using (5.2.5), the problem boils down to showing that the Zy d/2-form gauge
theory /(Z$")u.e is a Dijkgraaf-Witten theory. This completes the first two arrows on the top of
Fig. 5.2.

Below, we argue for the remaining arrows. Sec. 5.2.2 establishes the two arrows in the
middle of Fig. 5.2. Sec. 5.2.2 and Sec. 5.2.2 discusses the upward and dashed downward arrow

at the bottom, respectively.
Dijkgraaf-Witten = existence of Lagrangian subcategory

Let’s start with the observation that a SymTFT (5.2.5) is Dijkgraaf-Witten if and only if
there exist a set of topological operators Sy’s such that

1. Sq’s form a (higher) representation category of some symmetry group G, and for simplicity

we schematically denote them as Rep(G). !

1When N = 2 and d = 0 mod 4, the EM exchange symmetry is still Zgo) because b(@/2) = —p(@/2) mod 2.
"The higher representation category, e.g. 2Rep(G), has been discussed recently in the context of generalized
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[ Z](\;i/ 2-1) duality defect is group theoretical ]

A

~

[ Zy d/2-form gauge theory/(Z$™)ue is Dijkgraaf-Witten ]

A

g

d Lagrangian subcategory . in Zy
d/2-form gauge theory/(Z5")u.e
JZ" stable Lagrangian subgroup
Zpre in Zy d/2-form gauge theory
Figure 5.2. Idea of determining when a Z](g/ 2D duality defect is group theoretical. We will

argue (at the physics level of rigor) for the solid arrows, while for the dashed arrow, our argument
is based on an assumption that is only proved in d = 2.

2. Sg’s are gaugable and gauging them leads to an invertible theory. 12

Let’s denote the subcategory whose objects are Sy, as the Lagrangian subcategory .. One
direction of this claim is obvious: in the Dijkgraaf-Witten theory with gauge group G and cocycle
o, obviously the set of Wilson operators form Rep(G). Hence the first property is satisfied.
Furthermore, Rep(G) is gaugable because it is the quantum symmetry from gauging G of the G
symmetric invertible theory (i.e. G-SPT) w. This further means that gauging Rep(G) leads to an
invertible theory. This shows the second property, and completes the only if direction, i.e. the |
in the middle of Fig. 5.2.

For the if direction, suppose a SymTFT has a set of gaugable topological operators

symmetries and generalized charges in [21, 35, 23, 32, 22, 31, 33]. In this section, we will schematically denote
both the ordinary and higher representation categories as Rep(G).

2Gauging . amounts to first form a algebra object .7 from Sy ’s, and insert a mesh of <7 in the path integral.
For 3d TFT, an algebra such that after gauging it leads to an invertible theory is known as Lagrangian algebra, which
is shown to be a gaugable algebra, whose quantum dimension is the total quantum dimension of the TFT. In higher
dimension, the theory of Lagrangian algebra is less well established, and we will simply define the Lagrangian
algebra to be gaugable (i.e. can consistently insert a mesh of it) and has the property that gauging it would lead
to an invertible theory. See [191] for a recent discussion of the Lagrangian algebra of 4d TFTs. Mathematically
rigorous discussions on gauging a fusion 2-category can be found in [73, 72].
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labelled by Rep(G) and gauging them leads to an invertible theory whose partition function is a
phase ¢/?, then the quantum symmetry is G and we can gauge G to recover the original SymTFT.
This ensures the original SymTFT is Dijkgraaf-Witten. This completes the if direction, i.e. the 1
in the middle of Fig. 5.2.

The above definition of the “Lagrangian subcategory” was motivated by the results of 3d
TFT. In the context of 3d TFT, the set of anyons satisfying the above conditions form a fusion
subcategory known as the Lagrangian subcategory L [94, 76]. It satisfies the following two

conditions

1. L is of the form Rep(G) equipped with the standard symmetric braiding for some finite

group G. The subcategory of this form is called Tannakian.

2. L= L' where L' is the centralizer defined as the fusion subcategory (of the entire braided
modular tensor category of the 3d TFT) which contains all the anyon a having trivial

braiding with every anyon in L.

Notice that the first condition ensures the 1-form symmetries generated by Rep(G) is gaugable,
and to gauge it we can consider condensing the algebra Ag which is the regular representation
in Rep(G). The second condition implies every line operator outside L is charged non-trivially
under the 1-form symmetry generated by the lines in L, hence condensing L would project
out every line operator and end up with an invertible theory. In other words, the algebra Ag
is Lagrangian. We reformulate the second condition such that the statement works for higher
dimension as well. For this reason, we will also name the higher dimensional generalization of
L,i.e. .7, as the Lagrangian subcategory.

Given a Lagrangian algebra Ag as the regular representation in Rep(G), we can consider
half-gauging it to engineer a gapped boundary for the SymTFT. In the half space with invertible
theory, there’s apparently a quantum G symmetry whose symmetry defects can terminate on the

gapped boundary and the intersections are the G-symmetry defects on the gapped boundary.
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Up arrow at the bottom of Fig. 5.2

We proceed to argue for the up arrow at the bottom of Fig. 5.2, i.e.

d Lagrangian subcategory .7 in Zy

d/2-form gauge theory/(Zy™) e

[

JZ5" stable Lagrangian subgroup

Zpre in Zy d/2-form gauge theory (5.2.6)

Here we denote the Lagrangian subgroup of the Zy d/2-form gauge theory (without gauging
Z5") as Spre, Where the subscript pre is to distinguish it from the Lagrangian subcategory .&
of the Z%" gauged theory (5.2.5). Since Zy d /2-form gauge theory is an abelian TQFT, its
boundary condition is specified by the Lagrangian (higher) subgroup [48]. The operators in the
Lagrangian subgroup automatically form a d/2 representation category, i.e. -#pre = Rep(G), for
certain finite group G. Thus the Lagrangian subgroup is automatically a Lagrangian subcategory.
For this reason, we will use the Lagrangian subgroup to denote the Lagrangian subcategory of
an Abelian TQFT throughout this paper.

A Lagrangian subgroup .#pre is Z5," stable means that Z5" is a group endomorphism of
S pre» 1.€. under Z%m, Spre 1s mapped to ¥ itself, while each object in .. might transform
non-trivially. Suppose “pre is Z5" stable, we can recover a Zﬁ automorphism acting the group
G itself from this. In the Z5™ gauged theory, we can then construct a fusion subcategory of the
form Rep(G xp Zy), generated by Z, orbit of Rep(G) and the quantum Z, symmetry defect
K. Indeed, an irreducible representation in G X, Zy is either constructed as a direct sum of
two irreducible representations of G related by Z,, or a tensor product between a Zy-invariant
irreducible representation of G and a representation of the Z;.

It remains to show that .#” = Rep(G X, Zy ) is gaugable and that gauging it leads to an
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invertible theory. This is the case because gauging the entire Rep(G xp Zy) can be achieved
by sequential gauging where we first gauge chdfz) generated by the quantum Z, defect K to
recover Rep(G) and then gauge the anomaly free Rep(G) which will leads to the trivial theory.
Hence Rep(G X, Zy ) is the Lagrangian subcategory of the 2" gauged theory. This completes
the proof.

We comment that the Z5™ stable Lagrangian subgroup is equivalent to Z5™ stable bound-
ary condition or state of the Zy d/2-form gauge theory. Given a Lagrangian subgroup consisting
of the operators Sq, where o € . and .# is the index set labeling the simple object in Z e,
the topological boundary state |y ~) is determined via Sy |y) = |y) for all @ € .#. Note that
the boundary state is unique, and can be constructed by gauging the Lagrangian subgroup on

half space. Denote the symmetry operator of Z5" as U, stable Lagrangian subcategory means

USqU™! = Sp where § € .. It follows that
SpUy) =USaU~'U|y) =USu|y) =Uly) (5.2.7)

meaning that U |y) is stabilized by the same Lagrangian subgroup. By uniqueness, we have
U |y) = |y), which means the boundary state |y) is also Z3" stable.

In Sec. 5.3 and Sec. 5.4, we will enumerate all the Lagrangian subgroups of the Zy d/2-
form gauge theory and classify when they are Z;’Cm stable. When there exist stable Lagrangian
subgroups, we will explicitly show that gauging the Z5™ symmetry leads to Dijkgraaf-Witten
theory, and also find explicit topological manipulations that map the duality defect to an invertible
defect. Such an explicit construction gives a practical proof of the up arrows, from the bottom to

the top, in Fig. 5.2.
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Dashed down arrow at the bottom of Fig. 5.2

We proceed to show the dashed down arrow at the bottom of Fig. 5.2, i.e.

d Lagrangian subcategory .7 in Zy

d/2-form gauge theory/(Zy™) e

1

1

1

1
~

JZ5" stable Lagrangian subgroup

Zpre in Zy d/2-form gauge theory (5.2.8)

We use the dashed arrow to emphasize that it is proven only in d = 2 [94], while for higher d,
we are only able to generalize the results in [94] under an assumption which we specify below.

Suppose the Zy d /2-form gauge theory /(Z$™)uve contains a Lagrangian subcategory
/= Rep(G). Since the theory comes from gauging Z$", there must be an ZZ™ bosonic
topological line operator K corresponding to the quantum Z, (d — 1)-form symmetry of the
gauged theory. Clearly, the subcategory generated by K is of the form Rep(Zf ). Below we will

make a key assumption:

Key assumption:

Rep(Z§ ) is a subcategory of . = Rep(G).

Since K obeys the Z, fusion rule, it must be labelled by an order y representation of G.
Equivalently, we can describe K as a surjective homomorphism G — Z,, and denote the kernel

of this homomorphism as H then we have the following short exact sequence:

0—H—=G—Zy—0. (5.2.9)
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After gauging ZI; by condensing the K-line, the Lagrangian subcategory Rep(G) then becomes
Rep(H). To see Rep(H) is Lagrangian, notice that gauging H is the second step in the sequential
gauging, which corresponds to gauge Rep(G) in the original theory. Therefore, gauging Rep(H )
must lead to an invertible theory and Rep(H) is Lagrangian. It is also clear that Rep(H ) must be
stable under the 0-form Z5™ symmetry from condensing K. Hence, up to the assumption that
the Lagrangian subcategory Rep(G) contains Rep(Zf ) as a subcategory, we argued that (5.2.8)
holds.

When d = 2, however, there is a theorem guarantees that the key assumption is true: we
can always find a Rep(G) such that it contains the K-line[77, 80]. Given a Tannakian subcategory
Rep(H),'? in general it may be contained as a subcategory in another Tannakian subcategory
Rep(H'). A Tannakian subcategory which is not properly!'# contained in another Tannakian
subcategory is called maximal [77, 80]. Notice that a Lagrangian subcategory is automatically
a maximal Tannakian subcategory. Since a Tannakian subcategory describes gaugable 1-form
symmetries, one can consider condense those anyons to get a smaller TFT. In [77, 80], it was
shown that condensing maximal Tannakian subcategory would lead to equivalent TFT which
doesn’t depend on the choice of the maximal Tannakian subcategory.!> Using this, we can start
with the Tannakian subcategory Rep(Zé( ) and find the maximal Tannakian subcategory Rep(G)
containing it. Then, by the above theorem, condensing Rep(G) would lead to trivial theory and
therefore Rep(G) is Lagrangian. This completes the proof for the necessary condition for d = 2.
For higher dimensions, we do not know if the analog of such theorem exists, so (5.2.8) is only a

conjecture.

3Note that H here is a generic group and should not be confused with the H in (5.2.9).

14Given two categories € and &,  is properly contained in % if & is a subcategory of % but Z is not the same
as 6.

5The TFT acquired from the gauging is called the core of the original TFT, which seems to give a measure on
the intrinsically non-invertibleness of a symmetry TFT.
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5.3 Group theoretical duality defects in 2d

The SymTFT of Z](\(,)) duality defects is a 3d Zy gauge theory with Z5™ symmetry
gauged. It has been shown in [94], which we revisited in Sec. 5.2, that the duality defect is
group theoretical if and only if the 3d Zy gauge theory admits ZS™ stable topological boundary
condition. In this section, we first review the topological boundary condition of the 3d Zy gauge
theories, and determine when a Z5™ stable topological boundary condition is allowed. We then
explicitly show that for those allowed N the SymTFT is a Dijkgraaf-Witten theory, and find
explicit topological manipulations under which the duality defects are mapped to invertible

defects.

5.3.1 Lagrangian subgroups of 3d Zy gauge theory

The action of the Zy gauge theory is
7 =2asa (5.3.1)
where @, a are both Zy cochains. It has a ZS™ exchange symmetry
a— ua, a—va, (5.3.2)
with uv = 1 mod N. The topological lines are

2rie

Liem)(7) = 1 $19e" K $2 (5.3.3)

The topological boundary conditions of an Abelian TQFT are classified by the Lagrangian
subgroups. The Lagrangian subgroup </ consists of N topological line operators L, ,) with the

following conditions,

1. L, has trivial topological spin, i.e. e2%"/N =1,
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2. Any two lines L, ;) and L.,y in the Lagrangian subgroup </ have trivial mutual braiding,

ie. e27ti(em'+e'm)/N —1.

3. Any other line operator that does not belong to .o/ braids non-trivially with at least one

line in .« .

We remark that the first condition automatically implies the second condition, since the mutual
braiding phase B, ) (¢/,n) between two lines L, ,,y and Ly, is determined by their self
SPins (¢ m) aS B(e,m) (! ') = Oete! ymtm')/ (8(e.m) O(e’ mr))- However, in order to contrast with the
analogue condition in higher dimensions, we still present the second property explicitly. The
third property is guaranteed by the fact that there are N lines in <7, which we will verify at the
end of this subsection.

To enumerate all possible Lagrangian subgroups, we first assume that a particular line
L ) belongs to <7, hence Ly, ) also belongs to <7 due to group structure, for any k € Z.

The trivial topological spin means e and m can not be simultaneously coprime with N.
This means that there must exist a k < N such that L, 1, is a purely electric line L, o) or
purely magnetic line Lq ;). So any Lagrangian subgroup contains at least one non-trivial purely
electric or magnetic line. Without loss of generality, we assume that a electric line L, o) belongs
to &7, where 1 < p’ < N. Under multiplication, L, 0) also belongs to <7, where p = ged(p/,N).
Note that L(,, o) is the purely electric line with the smallest electric charge. For convenience, we

also denote ¢ = N/p. Summarizing the above, we have shown that ./’ contains g purely electric

lines among N lines in total

Lkp.0); k=0,1,...,q—1. (5.34)

Suppose L, ) also belongs to <7 (which is independent of the L, ) in the previous

paragraph), with m %% 0 mod N. Trivial mutual braiding with purely electric lines requires pm =0
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mod N, or equivalently
m=sq (5.3.5)

for certain s € Z. Denoting t = gcd(s, p), it follows that under multiplication, Ly 14) also belongs

to o7, for certain ¢’. Trivial topological spin of Ly 14) requires
te’ =0 mod p. (5.3.6)

Note that 7g is the minimal magnetic charge mod N in the orbit L, 4, for different k € Z.

Supplementing L., to the set (5.3.4), we find the following lines in the Lagrangian subgroup

e tq

,
Lupivewig:  k=01,g—1,  K=01,..,p/r—1. (5.3.7)

Thus we find gp/t = N/t lines in the Lagrangian subgroup. Since the Lagrangian subgroup
contains N lines, unless t = 1, the above set does not contain enough lines to form a Lagrangian
subgroup. However, since the charge lattice is two dimensional, any missing line should be
generated by the two generators L, o) and L/, (note that they are not linearly dependently
when 7 > 1), which is a contradiction. This implies that 7 = 1, and by (5.3.6), ¢ = 0 mod p.'6 In

conclusion, the Lagrangian subgroup is completely specified by p where p|N, which is generated

16 Another way to see = 1 is as follows. We prove by contradiction. Assume ¢ > 1, and we would like to find an
operator that is not generated by L(,, o) and Ly ;). By (5.3.6), ¢’ = (p/t)x for x € Z. When x = 0 mod 7, ¢’ = 0 mod
p, and one can compose L ;4) With L, o) to get Lq ). Clearly, the generator L 4 can not be generated by L, o)
and L ;4)- When x # 0 mod ¢, we can assume 0 < x <7,ie. 0 < ¢’ < p without loss of generality. We can then
consider L(q ), which has the trivial topological spin and the trivial mutual braiding with both L, ) and L./ 1)
thanks to (5.3.6). Because 0 < ¢’ < p, L 0,14) 1s not generated by L, o) and L/ ;). In both cases, we find at least
one operator that can be added into the Lagrangian subgroup, showing that L, ¢y and L/ ;4) do not generate the full
Lagrangian subgroup. When ¢t = 1 however, (5.3.6) shows ¢’ = 0 mod p, and clearly L) and Ly 4 generate the
entire Lagrangian subgroup.
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by L(p,O) and L(O7N/p)’ i.e.

,,pr = {L(xp,yN/p) |x € ZN/p,y S Zp}. (5.3.8)

Finally, we show the third property of the Lagrangian subgroup, that for any line L, ;) not
within .27, it must braid non-trivially with at least one element in .27,,. We prove by contradiction.
Suppose there exists L, ) ¢ ., which braids trivially with every element in .%7,. The assumption
implies eyN /p + mxp = 0 mod N for any x,y. We first take y = 0, then mxp = 0 mod N for any
x implies m = 0 mod N/p. Similarly, by taking x = 0, then eyN/p = 0 mod N for any y implies
e =0 mod p. Thus L, ) € 4, which contradicts with the assumption. This completes the

proof.

5.3.2 Z5™ stable Lagrangian subgroup

We further classify which topological boundary condition is Z5™ stable. The Z5™
symmetry (5.3.2) maps the charges (e,m) to (vin,ue). The generators of the Lagrangian subgroup

<7, are mapped to

Lp,0) = Loup): Lon/p) = Lon/po)- (5.3.9)

Z5™ stability implies the above Z5™ of the generators also belong to <7, i.e.

Lo.up) = Lixpyn/p)> Ln/p0) = Lizpwn/p)- (5.3.10)
The above implies x € (N/p)Z, w € pZ, and

up=yN/pmod N, vN/p =zp mod N. (5.3.11)
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Combining the two conditions, we find zy = 1 mod p as well as zy = 1 mod N/p. This in
particular implies y and z are coprime with both p and N/p. On the other hand, the first condition
in (5.3.11) implies p = (vy+ pa)N/p for certain integer @. However, because y is coprime
with p and v is coprime with N (hence p), (vy+ po) is also coprime with p. So this condition
can be satisfied only when (N/p)|p. Similarly, the second equality in (5.3.11) implies p|(N/p).

Combining the two conditions, we find

p=N/p (5.3.12)

which means N = p? is a perfect square. By the results in Sec. 5.2, we conclude that the Zz(\(/))

duality defect is group theoretical if and only if N is a perfect square, for any choice of u, v (i.e.
the bicharacter). Since the choice of the Frobenius-Schur indicator € does not enter the above
discussion, the group-theoretical condition is also independent of € as well. We emphasize that
this result has been already proven in [94], and hope that our discussion is more accessible to

physicists.
5.3.3 SymTFT as a Dijkgraaf-Witten theory

In Sec. 5.3.2, we showed that a Zy duality defect is group theoretical if and only if NV is a
perfect square, for any choice of u,v, €. In this section, we would like to explicitly show that the
SymTFT for a perfect square N is indeed a Dijkgraaf-Witten theory.

Since N = pz, the Zy cochains a,a can be rewritten as
a=pb+c, a=pc+b (5.3.13)

where ¢, b are Z,, cochains, and b, ¢ are Zy cochains. In terms of these new variables, (5.3.1) is
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rewritten as

2 - Mo~ 2 2
L =T (et b)S(pb+ ) = Zbh+ Lese+ H s (5.3.14)
N p p N

In the second equality, we dropped 27hS¢ since it belongs to 277Z. On the right hand side, the
first two terms are the standard BF couplings where b = b’ mod p and ¢ = ¢’ mod p, while the
last term is the DW twist term. Thus the Zy gauge theory without a DW term is equivalent to
Ly X L), gauge theory with a DW term.

The advantage of recasting (5.3.1) into (5.3.14) is that the electric-magnetic exchange
symmetry exchanging a and @ becomes a symmetry that only exchanges among the electric fields
b,c, and among the magnetic fields ?9\, ¢, separately. But the electric and magnetic fields do not

mix under Z5™. Concretely, the (5.3.2) acts on the Z, cochains via
b — v, ¢ — ub, Z—>ua ¢ — vb. (5.3.15)

Thus gauging (5.3.2) of (5.3.1) is equivalent to gauging (5.3.15) of (5.3.14). From the latter, it is
almost by definition that the gauged theory is Dijkgraaf-Witten, where the definition is reviewed
in Sec. 5.1.2.

We remark that the new variables introduced in (5.3.13) is motivated from the Lagrangian
subgroup derived in Sec. 5.3.2. The Lagrangian subgroup is generated by enrfa— e%fc and
eNPa e% ﬁb, and we require that these operators are closed under Z5™ transformation. This
is obvious from (5.3.15).

Let’s derive the Lagrangian from gauging (5.3.15) of (5.3.14). The first step is to couple
to the Z5™ background field x, and sum over all the flat configuration of x, i.e. gauge Z5".
Coupling to the Z§™ background field amounts to changing the ordinary differential operator &

to the twisted differential operator d, and ordinary cup product U to twisted cup product U,. See

[27, App. A] for a review of twisted cochains, differentials and cup products. In components, the
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Z5™ gauged Lagrangian on a 3-simplex (ijkl) is

27T ~ T
Dgﬁz?ged bTKxu (Kxjkbk[ b+ bjk) + Nb/iTijKXij (Kxjkbkl b/l + ka) + TEX; jX jp Xy
(5.3.16)
where
0 v b . 4
K= , b= , b = (5.3.17)
u 0 c ¢

and x is the dynamical, flat, Z§™ gauge field. The last term is the twist one can add upon gauging
Z,, whose coefficient € is related to the FS indicator (—1)%. The action is invariant under the

gauge transformations

bij — Kby + K" — i), by — (K") (b + KB —B;), xij = xij+¥— %

(5.3.18)

Summing over b constrains b to be a twisted cocycle (i.e. it is twisted-flat), in components,
(84b) jxi = K¥i*bgy —b j; +b jx = 0 mod p. Thus the partition function is independent of how the

Zp, fields b are lifted to Zy fields b". The full partition function is

gauged Z Hexp ( bT oK (Kx’kbkl — bjl +bjk) + ﬂiexijxjkxkl) . (5.3.19)
(b,x) ijkl

The pair (b,x) with the above flatness condition is the gauge field for the gauge group (Z,, x
Zp) X Zo, with the Z, exchanging the two Z,’s. 17 The partition function is clearly of the form

of DW, for any choice of u,v, €.

7The special case of N =4, p = 2 was discussed in a lattice model in [190].

190



5.3.4 Explicit topological manipulation

We finally proceed to find an explicit topological manipulation that maps the duality
defect to an invertible defect.

Suppose a 2d QFT 2" is self-dual. This means

ZylAl= Y Zylde™ (5.3.20)

ac’ly

The summation a € Zy means summing over 1-cochain a valued in Zy, with flatness condition
0a = 0 mod N, modulo gauge transformations. The parameter v (which is coprime with N)
paramaterizes different ways of gauging Zy. By gauging Zy on half of the spacetime, we get a
duality defect .4".

To motivate the topological manipulation, we first note that the QFT .2~ corresponds the
SymTFT being Zy gauge theory and Dirichlet boundary condition of a. Under the decomposition
(5.3.13), the Dirichlet boundary condition of a translates to the Dirichlet boundary condition of
¢ and Dirichlet boundary condition of b. Given a Dijkgraaf-Witten theory as the SymTFT, the
invertible symmetry corresponds to the Dirichlet boundary condition of electric fields i.e. b,c
only, so the topological manipulation should transform the above topological boundary condition
to the Dirichlet boundary condition of both b and c. Concretely, in terms of the boundary states

defined in Sec. 5.2.1,

Aal— Yy (ph+C| e JioPB (5.3.21)

bez,
where (A| is the Dirichlet boundary state with Zy = Z, background field A, the second factor
on the RHS is the boundary term coming from the integration by parts of the first term in
(5.3.14), so that it has the standard BF coupling 27”5519. We also set the electric fields b, ¢ in the
SymTFT (5.3.14) to background fields B, C respectively. Taking the inner product between the

new topological boundary state (5.3.21) and the dynamical boundary state (5.2.3), we get the

191



new partition function

ZBCl= Y Zylpb+Cle mth (5.3.22)
b€eZ,,8b=—BC

The summation is over all b with the constraint 85 = —BC, modulo gauge transformations. '

The constraint comes from the flatness condition of A before topological manipulation, which
descends to the flatness condition of pg+ C. The constraint also enforces that the exponent
2 T - . . . . . . .

% / m, bB 1s not gauge invariant, and one way to make it gauge invariant is to introduce a 3d

bulk[175],

o
[ pge. (5.3.23)
P JIMs

This shows that after gauging, there is a mixed anomaly between two Z;, symmetries.

We claim that (5.3.22) defines the desired topological manipulation mapping the self
duality under gauging Zy to an invertible symmetry. To see this, we perform a self-duality
transformation on the right hand side of (5.3.22). Concretely, we substitute (5.3.20) to the right

hand side of (5.3.22), and get

i [ pbB+va(ph+C

ZyBC= % Py lale ™ I PPETValpbFC)
a€Zy,beL,,
8b=—PpC

(5.3.24)

Summing over b enforces a = uB mod p, which is equivalent to a = pc +uB mod N. The
flatness condition of a enforces 6¢ = —uf3 B. Substituting this solution to the partition function,
the exponent becomes % Ju, v(pe +uB)C = % Ju, veC + %BC. The last term is a counter

term, which can be absorbed to the bulk anomaly SPT action (5.3.23) by exchanging B <+ C, i.e.

188 is the Bockstein homomorphism 8 : H!(M,,7Z,) — H*(M>,7Z,).
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% Ju, BC+ % Ju, BBC = % Ju, CBB. Combining the above, (5.3.24) finally becomes

2z v
Z;B.Cl= Y ZylpctuBler mC = ¥ [ uB. (5.3.25)
c€Zp,0c=—ufB

This shows that the self duality symmetry in 2~ is mapped to an invertible Z, symmetry that

simply maps the background fields as
B —vC, C—uB (5.3.26)

which is indeed consistent with the transformation (5.3.15) in the SymTFT.

5.4 Group theoretical duality defects in 4d

We generalize the discussion of duality defects in 2d to duality defects in 4d. The
discussion is overall in parallel with Sec. 5.3, but there are additional subtleties which we

highlight.
5.4.1 Lagrangian subgroups of 5d Zy 2-form gauge theory

The action of the Zy 2-form gauge theory is

27T~
= —bdb 5.4.1
<z N , ( )

where b,g are both Zy 2-cochains. It has a Zg™ exchange symmetry

b—ub, b——vb, (5.4.2)

where uv = 1 mod N. Comparing with (5.3.2), the additional minus sign comes from the change

of form degree of the gauge fields, which consequently makes the exchange symmetry to be
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order four, rather than order two.!” The topological surfaces are

Stem)(0) = X fab ™K fob. (5.4.3)

One significance is that the topological surface operator can be modified by a local counter term
¢V 2(9) for even N, and eV 7 (%) for odd N, where we Z(0) is the Pontryagin square of
0 € Hy(X,Zy). In the absence of such counter term, the surface operators are not closed under
fusion, S ) (G)S(er ) (0) = €% ™ (OO)S 4y i) (0).

A full classification of topological boundary conditions of a generic 5d TQFT is still under
development. However, for 5d Zy 2-form gauge theory, its topological boundary conditions are
expected to be classified by the Lagrangian subgroup of its surface operators, with additional
data specifying the topological refinements [48]. We will take this as an assumption throughout
the rest of the paper. In particular, the surface operators within the Lagrangian subgroup are

closed under fusion.? The Lagrangian subgroup <7 consists of N topological surface operators

S(e,m) With the following conditions,
1. S(, m) has trivial topological spin. This is automatically satisfied for any (e,m) [48].

2. Any two surfaces S, ) and Sy ) in the Lagrangian subgroup &/ have trivial mutual

braiding, i.e. e W (em'—me') _ 1

3. Any other surface operator that does not belong to .27 braids non-trivially with at least one

line in .« .

19When N = 2, due to b = —b mod 2, 7™ reduces to Z35™.
200ne way to understand the closedness under fusion is as follows. Assuming two operators S(e,m) and S ) are

within the Lagrangian subalgebra, where S, (e,m) is related to S, ,,,) by stacking a counter term specified in the previous
paragraph. This means that the associated boundary state | %) is stabilized by both of them. § (e;m) | B) = |B),
S (¢'.m') | %) = |%). This means that their product S (em)S(e/ ') also stabilizes the boundary state | 98), hence belongs

to the Lagrangian subalgebra. Now, let (e +¢',m+m’) = (0,0) mod N, hence S(e m)S(e o) is at most a phase
specified by the counter term. If the counter term is non-trivial, the boundary state must vanish. Thus we should
carefully choose the counter term such that S(e m>S<e/ w) = 1 whenever (e+¢',m+m ) (O 0) mod N. This is

ensured if we demand the operators S, (e,m) are closed under fusion for arbitrary (e,m), i.e. S, (em)S(e' ') = S(ete mim)-
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Since the trivial self-braiding condition is automatically satisfied, the Lagrangian subgroup in 5d
is less constrained than that in 3d, hence the structure of .o/ is richer. For example, we will see
that the Lagrangian subgroups can be generated by an arbitrary single surface S (e,;m) s long as
gcd(e,m,N) = 1, while in the 3d Zy gauge theory we should further require it to be a self-boson
em = 0 mod N which is much more constraining.

Like in 3d Zy gauge theory, the third condition is guaranteed when there are N topological
surface operators in .2/. We will verify this at the end of this subsection.

Below, we classify the topological boundary condition of Zy 2-form gauge theory by

classifying its Lagrangian subgroups. We first derive the classification at the level of charges in

Sec. 5.4.1, by assuming that the surface operators within it are closed fusion, i.e.

Stem)(0)S(em)(6") = Semy(0+0), (5.4.4)

5(37’”) (G)S(E'Jn/) (G) = S(e+e’,m+m’) (6)7 (545)

where S ) =S (e7m)e"K€=m<676> with K, ,, determined by the closeness under fusion. We then
discuss the phase factors in Sec. 5.4.1, where we will find for each charge (e,m) there can be

distinct topological refinements, as emphasized in [48].
Classifying Lagrangian subgroup: charges

We first classify the charges of the surface operators in the Lagrangian subgroup, fol-
lowing the discussion in Sec. 5.3.1. In App. C.1 we provide an alternative derivation of the
Lagrangian subgroups.

Suppose there are pure electric surface operators in the Lagrangian subgroup, and
the one with minimal electric charge is §(p70), where p|[N and 1 < p <N 21 1t is clear that

there are additional operators Sy (v /) having trivial mutual braiding with S, o), hence can be

supplemented into the Lagrangian subgroup. Denoting ¢ = ged(s, p), it follows that Sy, also

2I'When p = N, there is no pure electric operator.

195



belongs to the Lagrangian subgroup, where £ = x¢' mod p and sx = ¢ mod p.

We proceed to show that r = 1 for §( p,0) and S:(g_/t N/p) to generate the entire Lagrangian
subgroup. To see this, we denote ged(z,£) = 7. It follows that §<€ 14N/ pl) also has trivial braiding
with the above two generators, and should belong to the Lagrangian subgroup, meaning that
it can be expended by the generators. This is possible only when # = 1, meaning ¢ and ¢ are
coprime. Then we fuse p/t copies of the second generator to get §(£p /1,0)» hence should be
generated by the first generator, i.e. £p/t = px for an integer x. This means ¢ = xt, in other words,
gcd(4,t) =t =1, as desired. When ¢ = 1, indeed 5(1,70) and §(47N/p) generate (N/p) x p=N
surfaces, which is the size of the Lagrangian subgroup. In summary, Lagrangian subgroups are

specified by (¢, p), generated by S, o) and Sy y /), i-€.

‘/Q{(&P) - {§(XP+y€,yN/p)|x € ZN/pay € Zp} (5.4.6)

We finally verify the third property of the Lagrangian subgroup, that for any surface
S(e,m) DOt within &7, ), it must braid non-trivially with at least one element in <7, ,). We again
prove by contradiction. Suppose there exists S, ) ¢ Ay, py which braids trivially with every

element in </, ). The assumption means
N
ey— —m(xp+yf) =0mod N, Vx € Zyjp,y € Lp. (5.4.7)
p

Setting y = 0, we get mxp = 0 mod N for any x € Zy,, which means m = 0 mod N/p. Let’s
denote m = mN /p. We can alternatively set x = 0, then (eN/p —mf)y = 0 mod N for any y,

meaning e —m¢ = 0 mod p. Let’s then denote e = pe+ {m. So
(e,m) = (pe+tm,mN/p) = (p,0)e+ ((,N/p)m € oy p). (5.4.8)

This contradicts with the assumption that (e,m) is not within 4, p)- Hence the third property in

the Lagrangian subgroup is verified.
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Classifying Lagrangian subgroup: including phases

In Sec. 5.4.1, we have determined the charges in the Lagrangian subgroups. In this
section, we explicitly construct the surface operators, in particular specify the counter terms

within S, ,,). The most general ansatz is

S(em)(0) = S(00)(0)S(0my(0)eKem'®:). (5.4.9)

Closedness under fusion requires (5.4.4) and (5.4.5). In the above, (e,m) belongs to k(p,q) for
one generator case, and (px+ £y,yN/p) for two generators case. We discuss these two cases
separately.

We substitute (e,m) = (xp+y¢,yN/p) withx=0,1,...N/p—1andy=0,1,....p— 1.
Similarly, (¢/,m') = (X' p+y'¢,y’N/p). However, (e+¢ ,m+m') = (x+x)p+ (y+Y)l, (y+

y')N/p) should be more precisely written as

(,m') =x+x'+(y+)y - [y+y/]P)I£;]N/p(va) ++y1(¢,N/p), (5.4.10)

where by [x], is the mod p function taking value in 0,---, p — 1. Then (5.4.4) yields

ZENEL (xp+yl)yN/p mod 2, N odd
Keptyerynp = : (5.4.11)
377\5 (xp+yl)yN/p+mJ,y mod 2w, N even

Substituting (5.4.11) into (5.4.5), we find that for odd N (5.4.11) is automatically satisfied, while

for even N, J,, should satisfy

~

—(+Y) =D+YD) +xy+xy = x+ X+ 0+ =+ 1)/ Pl +¥1p

S

(5.4.12)

= e+ by =ty 1) g4 — Iy Iy mod 2.

It is not straightforward to explicitly solve for J , analytically. However, by numerically
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solving (5.4.12) for N < 100, we confirmed that the solution exist for all even N’s: there are
four solutions when p,N/p,¢ are all even, and two solutions otherwise. In particular, from
the numerical results, we find that when p,N/p,¢ are all even, the four solutions are of the
form J, y, = xy + c1x+ ¢y mod 2, where cy,c2 = 0,1 parameterize the four solutions. Another
situation where we are able to solve Jy , is when the Lagrangian subgroup is generated by only
one surface operator, which we will discuss in App. C.2.

The situation significantly simplifies when we restrict the 4d boundary of the 5d SymTFT
to be spin manifolds. In this case, the 7/, , term in (5.4.11) can be ignored due to (6,0) =0

mod 2.

5.4.2 Zj™ stable Lagrangian subgroup

We proceed to examine when the Lagrangian subalgebra is stable under Zg™. Recall that
under Z3", the gauge field transforms as (5.4.2). So S(,0)(0) = S(0,ue)(0), and S(g ) (0) —
S(—vm,O) (G) :

When the 4d spacetime X4 is a spin manifold, the counter terms for even and odd N

are given by (5.4.11) with J,, = 0. Under Zg™, the generators S, ) and Sy y/,,) are mapped
to §(07up) and §(va /p.ut) Tespectively for both even and odd N. Stability under Zg™ implies
(0,up) = (xp+yl,yN/p) mod N, and (—vN/p,ul) = (zp + wl,wN/p) mod N. In components,

we have

xp+yl = 0modN, (5.4.13)
yN/p = upmodN, (5.4.14)
zp+wl = —vN/pmodN, (5.4.15)
wN/p = ulmodN. (5.4.16)

Once the Z3™ images of the generators are within the Lagrangian subgroup, it is not hard to show

that the Z§™ images of all other surface operators in the Lagrangian subgroup are all within the
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Lagrangian subgroup as well.

Given N,u,v, can we find p, /¢, x,y,z,w such that (5.4.13)~(5.4.16) are satisfied? Below,
we provide an equivalent but simpler-looking criteria of N for which the solutions exists.?? First,
multiplying p on both sides of (5.4.14) yields p> = 0 mod N (note that u,v are coprime with N).

This means

pr=NM (5.4.17)

for some integer M. As a consequence, we have p = (N/p)M, which means

L:=ged(p,N/p) =N/p, (5.4.18)

hence we write p = ML. Substituting this into (5.4.17), we have (ML)?> = NM, which gives rise

to

N=L’M. (5.4.19)

So far, we only used (5.4.14). To see the condition of M, we multiply ¢ on both sides of (5.4.16),

(> =vwIN/p =v(—vN/p—zp)N/p = —(vN/p)* = —v*L?> mod N (5.4.20)

where in the second equality we used (5.4.15). Multiplying «* and dividing L? on both sides, we

find

(ul/L)* = —1 mod M. (5.4.21)

In other words, £ = Lrv with r> = —1 mod M. Finally, we note that (5.4.13) does not impose

22We are grateful to Justin Kaidi for discussing the following proof.
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Table 5.1. N’s that admit Zg™ stable Lagrangian subgroups, i.e. N = L>M labeled by colors.
The red and blue ones are the N’s with L =1 and L > 1 respectively. They correspond to the
Lagrangian subgroups that are generated by one and two generators.

o1 (234|567 |89 |10/11|12|13|14|15]16|17 |18 |19
20121 1222324252627 (28 |29|30|31|32|33|34|35|36|37|38]39
40 | 41 |42 |43 |44 | 45146 |47 |48 |49 |50 |51 |52 |53 |54 |55|56|57|58]|59
60|61 |62|63|[64|65]66|67 68|69 70|71 72|73 |74 75|76 77|78 |79
80 | 81|82 |83 |84 |85 |8 |87 |88 |8 |9 |91 9293|194 |95|96 |97 (98|99

further constraints and can be solved by x = —r and y = uM.
So far, we have shown that (5.4.13)~(5.4.16) imply N = L*M where —1 is a quadratic

residue of M. To show the converse is also true, we simply take
(N,x,y,2,w,p,0) = (L*M,—r,uM, —vA,r,LM,Lrv) (5.4.22)

where r satisfies 72 4+ 1 = AM, and it is straightforward to check that (5.4.13)~(5.4.16) are

satisfied. In summary, we have the criteria:

Stability criteria:
When the 4d spacetime is a spin manifold, a Zg§™ stable Lagrangian subgroup exists if
and only if N = L?M and for every choice of bicharacter labeled by u,v with uv = 1 mod N,

where —1 is a quadratic residue of M. We enumerate such N’s in Tab. 5.1.

Let’s make several comments.

1. Combining the above criteria with the general discussion in Sec. 5.2, we claim that the
duality defect associated with gauging Zz(\}) is group theoretical if and only if N = L>M
where —1 is a quadratic residue of M. The if direction is proven in Sec. 5.2, and will be
further supported by explicitly showing the SymTFT is a Dijkgraaf-Witten theory and also
explicitly constructing the topological manipulation for every such N. The condition is also

independent of the choice of bicharacters u, v and the higher dimensional generalization of

the Frobenius-Schur indicator €, which will be further discussed in Sec. 5.4.3. However
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the only if direction is less solid, and remains a conjecture.

2. On non-spin manifolds, the criteria for odd N remains the same. For even N, we don’t
have the full classification of stable Lagrangian subgroups, but let’s comment on two
special cases. The first case is when the Lagrangian subgroup is generated by one surface
operator, then we are able to show that the stable Lagrangian subgroup does not exist. We
present the details in App. C.2. The second case is when N = L? is a perfect square so that
(p,N/p,l) = (L,L,0) are all even for even L. On top of the stability condition on charges
(5.4.13)~(5.4.16) whose solution is (N,x,y,z,w,p,¥) = (L?,0,u,—v,0,L,0) for even L,
there are additional stability conditions on the topological refinements Jy , = xy +ci1x+cpy
mod 2 enforcing ¢ = ¢ mod 2. In Sec. 5.4.4 we will comment on the explicit topological

manipulation on non-spin manifold corresponding to this special case.

3. When L = 1, there is only one generator :S'v(nl), with (vr)? = —1 mod N. This is precisely
the condition found in [53, App. C], as well as in [26] for prime N’s, for the Zl(vl) duality

defect to be group theoretical on spin manifolds.

4. In [12], the problem of determining group theoretical-ness was phrased in terms of Hanany-
Witten transition between strings and 7-branes in the holographic IIB setup. In particular,
the main result, summarized in Tab. 5 of [12], coincides with Tab. 5.1 of the current work

for N < 29.

5. Tt is intriguing to note that the same series N = L>M (with —1 being a quadratic residue of
M) was found in a completely different context in [13], where the authors showed that a
(spin) TQFT with Z](\}) symmetry N satisfies exactly the same condition. In Sec. 5.5, we

explain such a coincidence.

5.4.3 SymTFT as a Dijkgraaf-Witten theory

In this subsection, we show explicitly that the SymTFT for the entire Zy duality symmetry

is a Dijkgraaf-Witten theory when the Z3™ stable Lagrangian subgroup exists. From Sec. 5.3.3,
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we learned that for the SymTFT obtained from gauging the electric-magnetic exchange symmetry
of the Zy gauge theory to be a Dijkgraaf-Witten theory, we should rewrite the original Zy gauge
theory in terms of a set of new gauge fields so that the em exchange symmetry acts on the electric
and magnetic gauge fields separately, and does not exchange them. We will find below how this

can be achieved for 5d Zy 2-form gauge theory.

Odd N:

From Sec. 5.4.2, we found that the Z™ stable Lagrangian subgroup is generated by
surface operators S, (Lm,0) and S (Lrv,) With the constraints that > +1 = AM for some integer A.
Inspired by the discussion in Sec. 5.3.3, we decompose the Zy 2-form gauge fields into new

ones as follows
(29\, b) = (LM,0)a+ (Lrv,L)c— (A,0)c — (rv,1)a (5.4.23)

where (a,c,a,c) are (Zr,Zrm,Zn,Zn) cochains respectively. We again label the magnetic fields

by hatted letters, while the electric fields by unhatted letters. Under Z§™, (5.4.2) implies

~

(b,b) — (—vb,ub) = (0,ulM)@+ (—vL,Lr)¢ — (0,ul)c — (—v,r)a
= [~ (LM,0)r + (Lrv,L)Mula + [ (LM,0)Av + (Lrv,L)rjc  (5.4.24)

—[=(A,0)r+ (vr, 1) Au]c — [—(A,0)Mv + (vr,1)r]a
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where in the second line we used (5.4.13)~(5.4.16). Comparing (5.4.23) and (5.4.24), we find

the transformation of new gauge fields as>

a— —ra— Avc,
¢ — uMa+rc,

(5.4.25)
a— ra+ulc,

c— —Mva—rc,

where the electric and magnetic fields do not mix under Z3™. Indeed, the generators of the
. 2mip 2mi ¢ 27 > 2mid ¢ . .

Lagrangian subgroup e N $b = =T fa and N FLVOHLD — o= i £¢ gre all written in terms of

the electric fields, hence their generating set is stable under Z§™. The Lagrangian of the Zy

2-form gauge theory can be rewritten in terms of the new gauge fields as

27T~
“Zbsb
N
21 2wA 2wA 2 . N+1 IR . N+1
= TnaSa—k Z;/[ c3c+L§Ma5c—|— ﬁS(—chc—i— T+L2rvcc—Lrvac+ i rvaa)
21 2TA 2wA
=— TG&H_ i coc+ LzMa5c+.,2”bdy.
(5.4.26)

In the second line, the first two terms are the BF terms that couple electric fields (a,c) to the
magnetic fields (a,c¢), while the third term is the mixed coupling (Dijkgraaf-Witten twist term)
that only depends on the electric fields a,c. The last term Z,qy is the boundary term which
does not play any role in this subsection, while it will be crucial in Sec. 5.4.4. Because the Zg™
only exchanges among the electric fields and the magnetic fields separately, we conclude that
after gauging Z3™, the theory is still a Dijkgraaf-Witten. The explicit form the Dijkgraaf-Witten
can be analogously constructed as in Sec. 5.3.3. See also [122]. Concretely, after gauging Z$™,

we introduce the ZZ™ cocycle x as a dynamical gauge field. Denote the two component 2-form

23The coefficient of a and c in (5.4.24) is designed to ensure that a, ¢ transform in a conjugate way as @, ¢ and
also (@,a) and (¢, c) appear as conjugate fields in the Lagrangian.
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gauge field
a— ’ A= . (5.4.27)
The gauged Zy 2-form gauge theory becomes

gauged _ 270 7 Xit (X
Ziikimn = e WK (K™ g, — Qggnn + akin — ki)

5.4.28
L2 e ( )
+ WaijkVK ! (K An — Apn T Aggy — aklm) + 7xij<ﬁx)jkl(ﬁx)lmn
where
r uir - —r —Av -M 0 0 1
K = , K= , W= , V= (5.4.29)
—Mv —r uM  r 0o 2 -1 0

and (Bx) ju == %(5x) k= zll(xkl —Xj;+xji) is always an integer valued since x is a Z4 cocycle.

The gauged theory is invariant under gauge transformations

ajx — KM (aj + K o — o+ 045),
A — K M@+ Ko — O+ 0j), (5.4.30)
Xij = Xij + ¥ — Y
thanks to the identities KWK = W and KTVK = V. Summing over a constrains a to be a

twisted cocycle, i.e. a is twisted-flat. In components, W (K*¥a;,,,,, — Qjun + akin — axsm) = 0 mod

LM. This means that a,x form a non-trivial 2-group. The full partition function is
it , iTe
«gfgauged = Z H exp (Ta?jkVlek (kalalmn — Qmn + A — aklm) + TXij(ﬁx)jkl(Bx)lmn>
axijkimn
(5.4.31)
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where we only sum over the gauge fields a,x with the twisted-flatness condition. The partition

function is obviously of the form of Dijkgraaf-Witten (see Eq. (5.1.6)).

Even N:

When the 4d spacetime is a spin manifold, the discussion is almost the same as above,
such as (5.4.23), (5.4.24) and (5.4.25). The only modification is to replace the factor NTH in
the Lagrangian (5.4.26) by %, and the self pairing e.g. aa by the Pontryagin square of a, i.e.
Z(a). When the 4d spacetime is a non-spin manifold, in the special case where the Lagrangian
subgroup has only a single generator, we find in App. C.2 that there is no stable Lagrangian
subgroup, hence the SymTFT obtained by gauging Z§™ can not be a Dijkgraaf-Witten. When

there are two generators, we do not solve the stability condition in this paper.

In summary, for all the cases where the stable Lagrangian subgroup exist, we showed

that the SymTFT for the duality symmetry is a Dijkgraaf-Witten theory.

5.4.4 Explicit topological manipulations

We finally proceed to find explicit topological manipulations that map the duality defect
to an invertible defect.
Suppose a 4d QFT with Z](Vl) one-form symmetry is self-dual under gauging Z](\,l). This

means

ZyBl= Y Zyble ¥ mitE (5.4.32)
beZN

The summation b € Zy means summing over 2-cochain b valued in Zy with flatness condition
0b =0 mod N, modulo gauge transformations. The idea of identifying the topological manip-
ulation which maps the duality defect to an invertible defect is the same as in Sec. 5.3.4. The
self-dual theory .2 corresponds to Dirichlet boundary condition of b. The desired topological

manipulation should map such boundary condition to a new topological boundary condition
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where all the new electric fields have Dirichlet boundary conditions. In the meantime, the
discrete theta terms should be introduced coming from the boundary terms of the SymTFT #,qy

in (5.4.26).

Odd N:

In this case, N has the form N = LM where —1 is a quadratic residue of M. The
topological manipulation should map the Dirichlet boundary condition of b to the Dirichlet
boundary conditions of a, ¢ defined via (5.4.23). Denoting the background field for the former as

B, and those for the latter as A and C, we have
i rvA) o 2T N+ 2rveetr
(Bl — Y (Le— Al e 1t Juy ARCHMAT T iy, (IEnceenan), (5.4.33)
E\EZLM

The phase factor on the RHS is the Z,qy in (5.4.26). This implies that the new partition function

obtained by topological manipulation is
2mi ~ 2mi N+1 i~
ZAAC = Y ZylLe—Ale T lu ACrATE Sy (Pncenad) (5.4.34)
EEZLM

Notice that we start with taking the background gauge field A,C to be Zy gauge field for
convenience. However, the action (5.4.34) is invariant up to terms containing only background

fields under the following transformation:

A—A+LX, C— C+LMY, cC—T+X, (5.4.35)

where X,Y € Zy. Eq. (5.4.35) shows that A is actually a Z; background field and C is a Zpy
background field.

We proceed to check what does the duality symmetry of 2" is mapped to in 2. Substi-
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tuting (5.4.32) into (5.4.34), we find

ZAAC= Y Zylble N dus A ey ACHATTE IRy (LEnTrad),

E‘\GZLM7b€ZN

(5.4.36)

b+AC A 2mi N+1
We first sum over ¢, where the relevant terms are Yzcz,, € i1 I (B HACHNAE R ey, €2

This sum is non-vanishing only when vb + AC 4 rvA can be divided by L. >* We thus define

b= Lb' —u(AC+rvA). Substituting this into (5.4.36) and summing over ¢, we get

‘ngg/[A7C] _ Z Py [Lb/ . u(?LC+ rvA)]e_% fM4(—va'-i—)»C-i—rvA)A-i—%NTJrl j}\,,4 AA+L2rvb b
e abIGZLM

2mi N+1
- [ulC—i— rA, —vMA — rCle —JALA fM4(2/lMAC+rulCC+rvMAA)

(5.4.37)

Therefore we have shown that the duality symmetry of .2~ becomes an invertible symmetry

mapping on the background fields of the new theory 2 as
A— uAC+rAmodL, C — —vMA —rC mod ML. (5.4.38)

This agrees with (5.4.25).

Even N:
When the 4d spacetime is a spin manifold, the discussion is almost identical to the odd

N case. The only modifications are to replace & +1

by 1 5. and self pairing, e.g. BB, by &(B) in
(5.4.33), (5.4.34), (5.4.36), (5.4.37). The duality symmetry (5.4.32) is mapped to an invertible
symmetry (5.4.38).

When the 4d spacetime is a non-spin manifold, we haven’t classified all the solutions.

However, as mentioned in Sec. 5.4.2, when N = L? for even L, there is a stable Lagrangian sub-

24This can be seen by replacing ¢ with ¢+ s where s is an integer valued cochain, and demand the sum does not
change as ¢ is a dummy variable.
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group. Inspired by a similar discussion in Sec. 5.3.4, we claim that the topological manipulation

is simply gauging the Z(Ll) subgroup, i.e. X =% / Zg). Concretely,

ZA,Cl= ¥ ZylLe—ale” T (5.4.39)

ac’ly,

where A,C are both Z; 2-form gauge fields. Substituting (5.4.32) into (5.4.39), we find the

background fields A, C are mapped as
A —uCmod L, C— —vAmodL. (5.4.40)

Hence when the 4d spacetime is a non-spin manifold, we have at least confirmed a spacial case

where N = L? such that the Z](Vl) duality defect is group theoretical.

In summary, for all the cases where the stable Lagrangian subgroup exist (on spin
manifolds), we have constructed explicit topological manipulation which maps the duality

symmetry to an invertible symmetry.

5.5 Connection with obstruction to duality-preserving
gapped phases

We have observed in the above that for the Z](\?/ 2-1) duality defect to be group theoretical,
some number-theoretic condition should be satisfied, and exactly the same condition has appeared
in other contexts, including whether there exists an SPT or TQFT invariant under gauging

Z](\f/ 2-1) [50, 51, 13, 189]. In this section, we comment on the relation between them.

5.5.1 Duality defects, gauging, and SPT

(d/2-1)

Given a finite abelian group Zy, and an integer u coprime with N which specifies
how to gauge Zl(\jl/ 2_1), one may look for Zz(\;l/ =1 SPTs in d dimensions satisfying the one of

the following closely related properties:
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(a) The Zz(\?/ 2= spTis equipped with a ZI(\;Z/ 2-1) duality defect with an unspecified Frobenius-

Schur indicator (labeled by €). Note that the bicharacter is specified by u. Equivalently,

the ZI(\;I/ =1 SPT is invariant under gauging Z](\?/ 2_1);

(b) The Z](g/ >V SPTis equipped with a Z](\;i/ 2D duality defect with a given Frobenius-Schur

indicator (labeled by ¢€).

A Zz(\?/ -1 spT satisfying property (b) automatically satisfies property (a) since Zz(\?/ 2-1) duality

defect implements gauging Z](\f/ 2=, However, the converse is not true: it is possible that for a
given coprime pair (N, u), the duality defect with certain € may not be realized by any Zz(\?/ 2-1)
SPT, or equivalently, the duality defect may be anomalous for some choice of €. See [180] for
the general criteria of the anomaly in 2d.

In [50, 51, 13, 122, 180], the authors discussed the G-SPTs with property (a). It was

found that

1. in 2d and among all N’s, the only Zl(\(,)) SPT is a trivial SPT with partition function 2" = 1.
Furthermore, the trivial SPT is not invariant under gauging Zj(\?) for any coprime pair

(N,u);

2. in 4d and among all N’s, an Zz(\}) SPT is classified by

2k N +1 . .
—_— , € 4N, 4 = Spin or non-spin,
BYBY . keZy, Xi= sp p
N 2 Jx,
N . LB,
2N Jx,

ke Zy, X4 = spin,

and there exists an ZI(\}) SPT invariant under gauging ZZ(\,I) for a given u if and only if there
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is an integer r solving the following equation®

;

N, odd N on spin and non-spin Xy,

r"=—1mod ¢ N, even N on spin X4, (5.5.2)

2N, even N on non-spin Xj.
\

Solving (b) is harder. In 2d, for general G, a classification of G SPTs equipped with a
G duality defect was achieved in [180], see also [189]. In 3d, some related recent works on the

anomaly of fusion 2-categories can be found in [73, 72].

5.5.2 Duality defects, gauging, TQFT, and relation with group theoreti-
cal duality defects

(1)

Given an abelian group Zy’ and an integer u coprime with N which specifies how to

gauge ZI(\,I), one may look for ZZ(\,I) symmetric 4d TQFTs?0 satisfying the one of the following

closely related properties:

(a’) The Z](\}) symmetric TQFT (with one ground state on S* spatial manifold) is equipped with

a Zz(\}) duality defect with an unspecified Frobenius-Schur indicator (labeled by €). Note

that the bicharacter is specified by u. Equivalently, the Zl(vl) symmetric TQFT is invariant

under gauging Z](Vl);

(b’) The Zl(vl) symmetric TQFT (with one ground state on S° spatial manifold) is equipped with

a Z](Vl) duality defect with a given Frobenius-Schur indicator (labeled by ¢€).

(1)

The requirement of one ground state on > spatial manifold ensures that the Z y~ duality symmetry

is not spontaneously broken, however, the Zz(\;) symmetry is allowed to be spontaneously broken

since we don’t require one ground state on other spatial manifolds such as 7. Similar to the

231n [50] only the case u = 1 was discussed. But it is straightforward to check that the same condition holds for
any u coprime with N.

%61n this subsection, we constrain our discussion to duality defects in 4d. The reason is that in 2d, the TQFTs
with one ground state on S! spatial manifold is always an SPT, hence the discussion reduces to Sec. 5.5.1.
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SPT = SPT/Z
(a)

Group theoretical
ZI(\(,)) duality defect

Figure 5.3. For 2d theory: space of N where group theoretical Zz(\?) duality defects exist

(bounded by orange circle and contains N being a perfect square), and where there exists a
Z](\(,))-SPT invariant under gauging Z](\(,)) (bounded by blue circle and contains only N = 1).

discussion in Sec. 5.5.1, a Zz(\}) symmetric TQFT satisfying property (b’) automatically satisfies

property (a’). However, the converse is not true.
In [13], a classification for (a’), when the 4d manifold is spin, has been achieved. It was

found that a 4d (spin) TQFT is invariant under gauging Zz(\}) if and only if N has the form

N=L1M, L € Z, and 3 an integer r solving r? =—1mod M. (5.5.3)

This is precisely the condition for the Z](\}) duality defects to be group theoretical.

To understand why there is such a coincidence, we again use the SymTFT. It turns out
that the SymTFT is a natural set up in discussing 4d TQFTs with the property (a’) or (b’). Any 4d
TQFT with a non-anomalous Zz(\}) global symmetry can be expanded into a 5d slab where in the
5d bulk is a Zy 2-form gauge theory (5.2.1), the left boundary is the Dirichlet boundary condition
(5.2.2), and the right boundary is another topological boundary condition (5.2.3) specified by
the 4d TQFT. Since the SymTFT does not contain genuinue line or point operator, it is clear

that after shrinking the 5d slab to get a genuine 4d theory, there isn’t any non-trivial topological

local operator, neither directly coming from point operator in the bulk nor from compactifying
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SPT = SPT/Z}’
(a)

3 TQFT equipped with Z](\}) duality
defect with given € (b’)

TQFT = TQFT/ Z](Vl) _ Group theoretical
(@) Zz(\}) duality defect

Figure 5.4. The Venn diagram captures the result for 4d theory: the orange circle bounds N
satisfying (a’), the red circle bounds the N satisfying (b') while the blue circle bounds the N
satisfying (a).
line operators along the shrinked direction. Hence the only topological local operator is the
trivial identity, and the unique ground state on S° is guaranteed. Furthermore, it is also known
[122, 83, 33, 189, 8] that gauging Zl(vl) of the 4d TQFT can be equivalently achieved by fusing
a Z§" symmetry defect (constructed as a condensation defect in [122, 8]) of the 5d Zl(vl) gauge
theory to either of the topological boundary. Requiring (a’), i.e. the TQFT to be invariant under
gauging ZI(\,I), amounts to requiring the right topological boundary state (5.2.3) to be invariant
under fusing with the Z§™ symmetry defect. This is precisely the stability condition in Sec. 5.4.2,
from where we derived the same condition as (5.5.3).

Solving (b’) is again harder. To achieve a full classification of TQFTs equipped with
a duality defect, we need to consider the SymTFT of the duality symmetry, i.e. Z](\}) 2-form
gauge theory with Z3™ gauged, as in (5.2.5). Note that the resulting SymTFT depends on both
the choice of bicharacters (see the discussion below (5.2.5)), as well as the choice of a discrete
theta term of the Z§™ gauge field x. The choice of discrete theta term can be understood as a

higher dimensional generalization of the Frobenius Schur indicator as discussed in Sec. 5.4.3.

There is a topological line operator K = e? #* which by construction topologically terminates
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on the left topological boundary, just as the electric surface operator e b does. To ensure that
the duality symmetry is not spontaneously broken (or equivalently there is one ground state on
53), we should demand that the K-line can not topologically terminate on the right topological
boundary. This imposes additional constraints for (b”), which will be left for future study.

We summarize the main results of Zz(\?) duality defects in 2d in Fig. 5.3, and those of Zz(\})
duality defects in 4d in Fig. 5.4. %’

Chapter 5, in full, is currently being prepared for submission for publication of the

material. Zhengdi Sun, Yunqin Zheng, arXiv:2307.14428 [hep-th]. The dissertation author was

one of the primary investigator and author of this material.

2TWe thank Philip Boyle Smith for the discussions on the Venn diagrams.
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Appendix A

High Energy Modular Bootstrap, Global
Symmetries and Defects

A.1 Verification
A.1.1 Ising CFT with Z; symmetry

The Ising model has three primaries: I, €, 6. Under the Z, symmetry, I (with h = 1 = 0)
and € (with h = i = }) are even while the & (with h = h = ) is odd. The central charge is given
by c = % Let us denote the characters corresponding to I, &, 6 as o, X1/2, X116 respectively. A
nice exposition of the Ising model in context of TDLs can be found in [140]. Here we briefly
recapitulate the necessary ingredients for verifying our formulas (3.4.10) and (3.3.2) against the

Ising model.

The partition function of the Ising model with TDL (name it 1) corresponding to Z,
group element (the identity element e and the non-identity element p) inserted along the spatial

direction is given by

Z"(B,e) = Z(B) = xol* + 121> + 2116/
(A1)

Z"(B,p) = lxol* + 212> = 12116/ -

e Irreps: The growth of the even and the odd operators (denoted by p4 respectively) are
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controlled by % (Z"(B,e) £Z"(B,p)) in the B — O limit. From eq. (3.4.10), we have

1 ogars A1 1
s(6)§10g[%/ dApi(A)}—%r E——log(@>+log(2)§s+(5) (A.1.2)

A-§

where s+ = log(c ). We use the value of ¢4 presented in [92]. We verify the above inequality in

fig. A.1.

ISING CFT Z2 even,6=1.1 — Upper bound — Lower bound ISING CFT Z2 0odd,6=1.1 — Upper bound — Lower bound

s(1.1,4) s(1.1,4)

04f 04

0.2 02

00 L L L L A 0.0 L L L L )

-02f -02

04 -04

-0.6 -0.6

Figure A.1. The estimate of the number of even and odd operators (under Z,) in Ising CFT. We
plot the logarithm of the ratio of actual number of operators in the interval of size 26 = 2.2 and
the leading prediction from Tauberian-Cardy analysis.

e Defect Hilbert space: The partition function corresponding to the defect Hilbert space

is given by the S modular transformation of Z (3, p):

Zn(B) = 0%1 2+ %1220 + 1 %1 /161 - (A.1.3)

The Virasoro primaries have weights (0,1/2), (1/2,0) and (1/16,1/16). We note that there is
no A = 0 state in the defect Hilbert space. The states with A = 1/2 corresponds to Fermions. We
can verify following estimate of the growth of number of operators in the defect Hilbert space

(defect corresponding to Z,, here the TDL is extended along the time direction) of the Ising CFT:

| a+s , A1 1
5_(8) < log %/H AP (A)| —2m /o = Jlog (s ) S50(8) (ALY

where s+ = log(c4+ ). The above follows from eq. (3.3.2). Again we use the value of ¢ presented

in [92] and verify the inequality in fig. A.2.
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ISING CFT Z2 defect Hilbert,6=1.1

— Upper bound — Lower bound

s(1.1,4)

0.4

0.2

0.0

L L L L A
100 200 300 400 500
-0.2|

-041

-06

Figure A.2. The estimate of the number of operators in the defect Hilbert space corresponding to
Z» in Ising CFT. We plot the logarithm of the ratio of actual number of operators in the interval
of size 20 = 2.2 and the leading prediction from Tauberian-Cardy analysis.

The Ising model also has a duality defect line N. This is non invertible TDL. The fusion

rule is given by NxN=I+ 1N, thus the action of Nis given by

Nleven) = v/2|even), Nlodd) = 0).

The growth of the operators in the defect Hilbert space corresponding to the duality line

can be estimated via eq. (3.3.2):

| a+s , A1 1 1
5_(8) <log %/H AN'p o (8)| =2y 2 — Jlog 5 ) — 3 1og(2) <5.(8), (A1)

which we verify in the fig. A.3.
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ISING CFT duality defect Hilbert,6=1.1

— Upper bound — Lower bound

s(1.1,4)

041
0.2

0.0 I R S S S A

Figure A.3. The estimate of the number of operators in the defect Hilbert space of the duality
defect line NV in the Ising CFT. We plot the logarithm of the ratio of actual number of operators
in the interval of size 26 = 2.2 and the leading prediction from Tauberian-Cardy analysis.

A.1.2 Compact Boson at R = 5 with U(1) symmetry

For compact Boson at radius R = %, the U(1) generated by Jy — Jy acts faithfully. The

partition function for the charge Q is given by

72(q)=q+ 1 =g+ 1 (1+49+94°+20q° +0(q")) . (A.1.6)

w1 [93(61)] w_ L
For compact boson k = 1, thus the growth of operators with charge Q is given by

(8) <1 i/mcm' (A") —27:\/5—1 ) 4 L ioe3h) < 5. (8), (A1)
s-(8) <log| -5 - .4, 3 ~log | 1% 5 log <s5.(8), 1.

which follows from eq. (3.4.24). This is verified in fig. A.4.
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Compact Boson charge 0,6=1.1 Compact Boson charge 1,6=1.1

— Upper bound — Lower bound — Upper bound — Lower bound

s(1.1,4) s(1.1,4)

041 0.4

0.2 0.2

0.0 ' ' ' ' A 00 L L L L A

-0.2 -0.2

-04F -04F

-06 -06[

Figure A.4. The estimate of the number of operators with charge Q = 0, 1 of the U (1) symmetry
in compact boson at R = . We plot the logarithm of the ratio of actual number of operators in
the interval of size 26 = 2.2 and the leading prediction from Tauberian-Cardy analysis.

A.2 Spin selection rule for anomalous symmetry

The defect Hilbert space is defined by having a TDL along the time like direction. Now
if we want to define the action of the symmetry in the defect Hilbert space, we need to introduce
another TDL along the spatial direction. Since, the two TDLs cross each other, we need to
resolve the crossing. And this is how the global symmetry can turn out to have 't Hooft anomaly,
which is related to the ambiguity in locally resolving the crossing configuration of two TDL (see
fig. A.5). Two different ways of resolution leads to defining two operators .Z. acting on the
states in the defect Hilbert space. Relationship between these two different ways of resolving
ambiguity leads to the “crossing relations”, which naturally generalize to the any TDLs (not only
the one corresponding to the global symmetry). We will see that such ’t Hooft anomaly of global

symmetry will impose spin selection rules on the defect Hilbert space (see fig. A.7).
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/ \

L U
T

Figure A.S. Here, we consider the Z, symmetry line on a torus. There are two ways to resolve
the crossing configuration on the top, which are related by o = 1 for non-anomalous Z, and
o = —1 is for the anomalous Z;. We note the left configuration as .Z’; and the right configuration
as .Z_.

We will focus on the group Z, for rest of the appendix. Following [140], to derive a spin
selection rule, we first determine the action of .2 on the defect Hilbert space and then consider
a specific configuration which relates the action of 24 to the spin of the state. We consider the

fig. A.6 to derive a? = 1.

Il
Q
Il
Q

Figure A.6. Here we consider two .Z, on the left figure and show it is equal to & acting on
states in the defect Hilbert space.

On the other hand, we have

(Ls 2| h) = alh,h) = Ly |hh)y = £\/alh.h). (A2.1)

For the next step, we consider mapping .2, |h, 1) from R; x S! to R? and unwind the £+
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to deduce

Lo |h,h) = 2™\ h, h). (A2.2)

Ih, By

Figure A.7. Here, we consider the action of .i%r acting on the state |/, h) on R, x S I and maps s to
RR? via the operator-state correspondence map. Then unwinding .2, shows £ |h, k) = ¢*™|h, h).

Combining the previous results, we find:

¢ in the non-anomalous case where ¢ = 1, we have

Z if j+ acts as + 1,
S (A.2.3)

%+Z if £, actsas — 1;
¢ in the anomalous case where o¢ = —1, we have

+%‘ +7 if P actsas +i,
s € (A.2.4)

—}1+Z if.,i%r acts as —1i.

Analogously, one can generalize the above result to Z, [46]. Thus the spin selection rule
automatically rules out the existence of A = 0 states in the defect Hilbert space if the symmetry
is anomalous. For completeness, we remark here that if the symmetry is non-anomalous, we can
rule out the existence of A = 0 state by requiring that that symmetry group acts faithfully on the

Hilbert space.
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A.3 Review of Representation Theory for Finite Group

We review some basic notions and results in the representation theory for finite group.

For a more detailed exposition including proofs and jokes, see II.1 and II.2 of [188].

Given a finite group G and a unitary (reducible or irreducible) representation » of G given

by matrices D) (g), we define the character ¥(")(g) to be
%\ (g) =D (g). (A3.1)

The Great Orthogonality Theorem together with one of its corollary states that, given
two irreducible representation r, s,
()TN () ok |G’ rs si sk
Y D" (g) ;D\ ()" = —-6"8"18"; (A3.2)
g dy
where |G]| is the order of the group, d, is the dimension of the irrep r, and 6" = 1 if two irreps
are the same and 6" = 0 otherwise. For a proof of this result, see II.2 of [188].

From the above result, one can derive the so-called character orthogonality. By taking

trace, we find

Y (x"(2) %W (g) = G|8™. (A.3.3)
8

We can use the character orthogonality to count how many times a given irrep r appears
in a reducible representation. First, notice that if a reducible representation R can be decompose

into a direct sum of irreps r;, then

N
x®e) =Y x"(g). (A.3.4)
i=1
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Applying the character orthogonality, we find
1 * : . [I3%1)
@Z(x(’) (2))*2™® (g) = No of times irrep “r” appears. (A.3.5)

In context of conformal field theory, the finite symmetry group G commutes with the Vi-
rasoro algebra, thus the states with the same scaling dimension A form a reducible representation

of G. Therefore,

* f L() C/Z4—L() 6/24
G L @7 B rG\ ) e gt g )
“ o ZZ% )*(Ttp,8)e PA—e/12) (A3.6)

= ZN(X Ae*ﬁ(A*C/IZ)

where N 4 is the number of irrep o with scaling dimension A. We used this basic fact in the

statements below (3.4.3).
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Appendix B
On Triality Defects in 2d CFT

B.1 Details on the compact boson partition function

We show that the compact boson partition function, which is derived using (4.5.13), can
be rewritten as the familiar sum over lattice. We start with breaking Zg (), into the partition
sum over irreps with integer spins j, j denoted as Zgy(2),,r and the partition sum over irreps with

half-integer spins j, j denoted as Zsy(2), 11

(D) Zsu2), 1

— : . -2 -~
= Y @i+DEi+ e~ @ —gv)

j=0,1,-
7:0717“'
= ¥ [+ )@+ 17 ] —( Y [@i+D@i-10¢'d ] - <21+1>(—1)qu)
J=0,1,- Jj=0,1,-, j=0,1,-
J=0,1,-- 7=0,1,
(T lei-nene'd]- L @ieneng )
J=0,1,-
+< [(2j—-1)(2j—-1)q" g ] [(2j—=1D)(=1)q"] - [(2]—1)(—1)5172} +1>
J;ZO,I, j=0,1 7:0 1
7=0,1
_ 4 ]27;2 B > AN ) jz |
(]-071 74 ) <j—()’1"..‘ 1 > <j_01 1 >+
j=0,1

(B.1.1)
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and similarly,

D 2
MO Zweyu= Y, 44 (B.1.2)

It is then straightforward to see from the above that summing over two parts lead to the familiar

sum over 2d Narain lattice,

n+w\2 n—w\2
|n(T)|2(ZSU(2)1,I+ZSU(2)1,11) =) g3 g ) (B.1.3)

n,wez

The twisted partition functions (4.5.29) and (4.5.34) can be rewritten as a sum over Narain lattice

(4.5.30) and (4.5.35) using the same method.

B.2 Group theory convention

We normalize the generators T' (i = 1,2,3) of su(2) Lie algebra such that,
(T8, T7] = ekTk, (B.2.1)

We match the generators of the vector representation of SO(4) with SU(2), x SU(2)g as,

0 0 0 1% 0 01 0 0 1 00
1 1 1
o 0 0 10 12 0 00 -1 | 72 0 0 0
| ’ | ’ |
0 -1 00 -1 00 o0 0o 0 o0 1
-1 0 00 0 10 0 0 0 —3 0
(B.2.2)
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and,

0 0 0 1 00 -3 0 0 10 0
0 0 -1 0 00 0 -1 100 o0
T) = 2 , Ta= |, = 2
0 1 0 0 0 0 0 0 00 —3
-0 0 0 054 0 0 0 01 0
(B.2.3)
The symmetry operator Q € SO(4) can be written as,
0 1 0 0
, 0 0 —10
Q:R9<Z>R¢ (Z) _ , (B.2.4)
2 2 10 0 0
0 0 0 1
where,
0 100 0 010
-1 000 , 0 100
0 (g) _ RO (g) _ (B.2.5)
0 010 -1 000
0 00 1 0 00 1

Notice that we can write,

#(3)—eo(Sa+md). #(3)-eo(Su-10).  ®20)
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This allows us to break Q into tensor product of Q; € SU(2),, and Qg € SU(2)g where,

[N

o
[N
o5

T
Etl%) - i

T
0= exp(ztf)exp(

o
5 5
* .
3
[\®)

3
Y

o
o5

(B.2.7)

Q

>
S

T T
Or = eXP(?}%) eXP(—iﬁ%) =

aQ

=5
aQ
N5

S
S

where in the adjoint representation of SU(2), ¢/

— o' satisfying [t 1/] = el/k¢k,
The charge conjugation C of ¢ = 1 compact boson is chosen to be RY () which can also
be written as a tensor product C = C; ® Cg where,

C; = —Cp = —io?. (B.2.8)

Notice that since Qy,Qg,Cr,Cg are all SU(2) elements, their trace over a spin— j representation

is nothing but the character x;(¢) of SU(2) for some ¢, given by,

2i(9) = W (B.2.9)

And the ¢ can be solved by matching the j = % result known from the above representation. We
find,

Try (Q1) = sin((2j+1)m/3)

~sin((2j+ 1)27/3)
| Sln—(n’/3) , TI’Vj(QLCL) . SIHEZTC/S) 7 (B.2.10)
T, (00 = Sy Tv@cn) = S

Next, we list the group theory result for Q = Q2. The decomposition is given by,

roI—
roI—
oI

0, =

B[—
[NSIE
= N—=

(B.2.11)

NI
|
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We then have,

T (00) =Ty (0C) = sin(ii{éji/)i?/”, (B.2.12)
Trvj(éR) = Trvj(@RCR) _ Sm(g;(—;;/)i;r/?))

We will also need to construct the representation matrices of the group SO(4) on the (j, j)
irrep as well, which can be done via the tensor product of the representation matrices of the

group SU(2)r, and SU (2)g. The spin-j representation matrices of the SU(2) can be acquired by

exponentiate the generators S ) where j labels the spinand i = 1,---,3. The § ) is constructed

(j (j
from,
[S(j)mn = Bnr1aV/ (G +1) = G+ 1 =m)(j —m), (B.2.13)
e ST (S Sto— (st
Sij) = % Sty = _%’ Sty =850 (B.2.14)
As one can check,
[S’(‘j),Sl( o= sk’ms’g;). (B.2.15)

B.3 Detail on the basis in Homy (M ®4 N, L)

In this section, we list our choices of basis in Homs (M ®4 N,L). Notice that if ¢ €

Homy (M ®4 N, L), then,
ap(m@an)a; = ¢((aym) @4 (nay)), Va;eAmeM,neN. (B.3.1)
Let’s consider the example Hy (M, ®4 Mg, Mg). If we choose,

¢M5®AM§—>M§(”%_; ®am(134)) = M(243), (B.3.2)
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then acting ¢ on left or right or both side on ¢M,; @aMg— Mé(m,; Q4 m(134)) allows us to determine,

My @A M(134) mM(243)
My Q&AM (123 m142
Outy iyt | S I e b (B.3.3)
My @A M(142) —M(123)
My QA M(243) —M(134)

Hence, we will only list the action of ¢ € Homy (M ®4 N, L) on a single element which allows

one to determine its action on the rest of the elements as follows,

— p p P + p
OMt aMfy g —MDy - SAMG Mgy By o gt g @A = g

R - o — +

Ort oMy —my 1Y @AMy = My Qe eyt 2y @amy v my,
ot - - o + —

Pattcoanay sy My @Al =My Py prr oy My @ammy = my

(0] cmp @amy = my, @ My ®@amy s my

M @AMy —M,; - ' FA T 10 YM;@aM; —M; ' FAT 1o

Dvtgeay Mg - M(143) AN = M143)s Pyrrgapymg 2 1M1 PAM(143) — M(143), (B34
: + R

Prtpenmi sy - M(143) @AMy = M234)s  Purtmysay My DANM(143) = M(124)

‘PMQ®AM;_>MQ DM (143) @AMy = M(234), ¢MJ®AMQ—>MQ My DAM(143) — M(124),

Ortgeoahty —shy - T(134) DAY = M(134), Bygooypgs gy My BAM(134) — M(134),

: + ot
‘PM§®AM,+—>M§ Sm(134) @AMy > M(142), ‘PM,*@AM@%M@ My @AM(134) = M(243)

¢M§®AM,‘—>M§ L M(134) QA My > M(142)5 (PMJ_®AM§_>M§ Py QANM(134) > M(243)
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and,

Pg@aMo—sMz,1 > 1(143) DATI(143) > M(134),

3

PhgoaMy—Mp,1 * 11 (134) DATI(134) > 1M(143),

: +
Ortgadtg—n - M(132) ®aM(123) = =My,

. +
OMgeamg—nry * M(132) DAM(243) = =My,

: +
¢M§®AMQ_>M,+ M(134) @A M(143) > —=y

SRR

¢M§® aMg %M}r

1
FM(142) @M (132) = ﬁmﬁa Prt 00—t * M (142) D M(132) A

Php@aMo—sMy,2 - 1(143) DAT(234) > M(142),
PhtgoaMy—Mp.2 - 1(134) DAT(142) > M (234),
1

1

¢MQ®AM§%MJ SMm(132) DA M(243) %mg ,

¢M§®AMQ—>MI_ IM(134) ©A M(143) ﬁml )

0
(B.3.5)

The ¢ (m ®4 n)’s which can not be determined using (B.3.1) are set to zero.
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Appendix C

When are Duality Defects
Group-Theoretical?

C.1 Lagrangian subgroup for Zy 2-form gauge theory in Sd

In this appendix, we provide an alternative derivation of the Lagrangian subgroups for Zy
2-form gauge theory in 5d. Recall the Lagrangian subgroup consists of maximal number of pairs

2mi

(e,m) such that any two pairs (e,m) and (¢/,m’) satisfy e~ & (@' ~me){0.0)

= 1. The maximal
condition ensures that if we condense all the surface operators in the Lagrangian subgroup, every
surface operator outside the Lagrangian subgroup braids non-trivially with at least one surface
operator in the Lagrangian subgroup, and hence is projected out.

To proceed, we quote a theorem from [182, Sec. 4.2], which claims that the Lagrangian
subgroups are classified by a subgroup Q of H = Zy and a symmetric bilinear form W on Q, that

is, ¥: O xQ— U(l)where
W(hi,ho) = ¥(ho, ), ®(hiho,hs) =P(hy,h3)¥(ha, h3). (C.1.1)

In this case, Q = Z,, for some integer p dividing N. To see all symmetric bilinear forms ¥ on

Zp, let 1 denote the generator of Z,, and from (C.1.1) we find
¥(n",n")=¥(n,n)". (C.1.2)
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Hence, ¥ is completely determined by W(n, 7). First note that ¥(n,1) = ¥(1,n) = 1.! Taking
2mil
m = p and n = 1 in the above equation, we find ¥(n,n) =e » where {=0,1,---, p— 1. Hence,

we will use the '), ; to denote the symmetric bilinear form such that

2mip

Ypu(n,m)=er . (C.1.3)

The Ref. [182, Sec. 4.2] also specifies how the elements in the Lagrangian subgroup can
be constructed from (Q,¥,, /). Denote an arbitrary operator with electric and magnetic charge
(x,y) as a*pB?, with y € Zy and x € Hom(Zy,U (1)) ~ Zy. We also define the standard pairing
o(B) = eV, The key statement is that o*3” belongs to the Lagrangian subgroup specified by

(Qalpp,ﬂ) if
* the magnetic charge takes value in Q, 1.e. y = %]y’ with y' € Q;

» the electric charge is constrained by the pairing relation: o*(BY) =¥, ¢(b”,b*) for any
N .
7= ;z’ withz € Q =7Z,.

27i N

By definition, a*(”) = e ™ »7¥ Using (C.1.3), the above condition gives
J(x—0y)=0mod p, V7 €Z, (C.1.4)
This enforces x = £y’ + px’ with X" € Zy,,. Thus the charges are
(6, y) = (&' +px,y'N/p)=x'(p.0) +Y ((,N/p), X €Zyjp, ¥ €Zp. (C.L5)

In other words, the charges in the Lagrangian subgroup are generated by

(¢,N/p), (p,0). (C.1.6)

I'This follows from the second condition in (C.1.1), where iy = h, = 1 and h3 = n.
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Notice that the two generators could be linearly dependent in general, but they nevertheless

generated the full Lagrangian algebra.

C.2 Lagrangian subgroup with one generator

In this appendix, we focus on the case where the Lagrangian subgroup of 5d Zy 2-

form gauge theory is generated by a single surface operator S, ,), with the coprime condition

gcd(p,q,N) = 1. This special case has been explored in [48].

Ap.g) = {Sprok € Zn,ged(p,q,N) = 1}. (C.2.1)

Because of the coprime condition, it generates N distinct operators S, xg) Withk=0,1,....N —1.

kp.kq
The trivial mutual braiding condition is clearly satisfied. Different pairs (p,q) may generate
the same Lagrangian subgroup, for instance when N =5, (p,q) = (1,1) and (p’,4') = (3,3)
generate the same Lagrangian subgroup {§ (k,k) |k € Zs}. Such redundancy will not be a problem
for our purposes.

To determine the counter term within Sy, x,), We substitute (e,m) = k(p,q) in (5.4.4),

and find

N2 pg mod 27, odd N

Kip kg = . (C.2.2)
%’,kzpq + nJiy mod 2w, even N

Substituting (C.2.2) into (5.4.5), we find that for odd N (5.4.5) is automatically satisfied, while

for even N, J; should satisfy
Jiy = kJ mod 2 (C.2.3)

where J = 0 or 1. These two solutions are precisely the topological refinement discussed

extensively in [48].
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For even N, it is useful to extend the range of charges from Zy to Z,y, so that shifting
the topological refinement J — J 4 1 can be replaced by shifting the electric or magnetic charge
by N. For simplicity, take k = 1. Since ged(p,q,N) = 1, p, ¢ can not be both even. Suppose p is
odd. Then J — J 41 can be achieved by shifting g — g+ N.

In summary, when there is a single generator, the Lagrangian subgroup of 5d Zy 2-form

gauge theory is generated by the surface operator

2mwi N+1
~ S ’0)(6)5(07 )(G)eTTqu,G)’ odd N
Stp.)(0) = ’ ! . (C.2.4)
S(p,O) <6)S(0,q) (G)eﬁpq‘@(c)ﬂﬂwm, even N

where J = 0,1 specifies the topological refinement in [48] on 4d non-spin spacetime manifold.

When the 4d spacetime manifold is spin, the J dependence is trivialized.

73" stable Lagrangian subgroup for odd N:

Under Zg", it is mapped to S(_,, ) (0), which should also belong to the Lagrangian

subalgebra, if stable. So stable Lagrangian subalgebra implies that there exists k, such that

k(p,q) = (—vq,up) mod N. (C.2.5)

Given (C.2.5), the Z™ image of any other element a(p, g) is also within the Lagrangian subal-
gebra, a(—vq,up) = ka(p,q) mod N. So the Lagrangian subalgebra is Z§™ stable if and only if
(C.2.5) is satisfied.

For which N, u,v do there exist k, p, g such that (C.2.5) holds? We first note that (C.2.5)

implies

(k*+1)p=0modN,  (kK*+1)g=0modN. (C.2.6)

Further combining with ged(p,q,N) = 1, we have xp + yg = 1 mod N. Multiplying x and y to
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the above two equations in (C.2.6), we find k> = —1 mod N. Conversely, given k satisfying
k? = —1 mod N, we simply take (p,q) = (vk,u) such that gcd(p,q,N) = 1 and (C.2.5) is satisfied.
Thus we have shown that (C.2.5) holds if and only if

k> +1=0mod N (C.2.7)

holds, for any u,v. This corresponds to the special case L =1 in Sec. 5.4.2. As commented there,
(C.2.7) 1s precisely the condition where the Z](\}) duality defect in 4d with odd N can be mapped
to an invertible defect discussed in [51, App.C], and also in [26] for prime N. Such odd N’s

belong to the red series listed in Tab. 5.1.

Z5™ stable Lagrangian subgroup for even N:

As pointed out in Sec. 5.4.1, the generator also depends on the choice of topological
refinement J = 0, 1, and different choices can be packaged by extending the range of electric and
magnetic charges from Zy to Z,y, hence we take p,q € Z,y below for convenience. Under Zg",

the generator S, ,y(0) is mapped to

Sipg)(0) =5 o), (C.2.8)

—vq,up) (

and the Lagrangian subgroup is Z§™ stable if and only if there exists k such that

(—vq,up) = k(p,q) mod 2N. (C.2.9)

By applying the same argument as for (C.2.7), we find that (C.2.9) is again equivalent to

k* = —1 mod 2N. (C.2.10)

There is no solution to this for any even N. However, if we restrict to 4d spin manifolds,

different topological refinements are trivialized and the electric and magnetic charges obey
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p~p+Nand g ~qg+N, ie. the charges are back to Zy valued. Thus (C.2.9) reduces to
(—vq,up) = k(p,q) mod N, which is equivalent to k> = —1 mod N. This again reproduces the

special case L =1 in Sec. 5.4.2 as well as the results in [51, App. C].
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