UC Irvine
UC Irvine Previously Published Works

Title
Analysis of stochastic stem cell models with control

Permalink
https://escholarship.org/uc/item/8rd6p2pf

Authors

Yang, Jienian
Sun, Zheng
Komarova, Natalia L

Publication Date
2015-08-01

DOI
10.1016/j.mbs.2015.06.001

Peer reviewed

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/8r46p2pf
https://escholarship.org
http://www.cdlib.org/

1duosnuey Joyiny 1duosnuen Joyiny 1duosnuey Joyiny

1duosnuey Joyiny

Author manuscript
Math Biosci. Author manuscript; available in PMC 2017 November 09.

-, HHS Public Access
«

Published in final edited form as:
Math Biosci. 2015 August ; 266: 93-107. doi:10.1016/].mbs.2015.06.001.

Analysis of stochastic stem cell models with control

Jienian Yang, Zheng Sun, and Natalia L. Komarova”
Department of Mathematics, University of California Irvine, Irvine, CA 92617

Abstract

Understanding the dynamics of stem cell lineages is of central importance both for healthy and
cancerous tissues. We study stochastic population dynamics of stem cells and differentiated cells,
where cell decisions, such as proliferation vs differentiation decisions, or division and death
decisions, are under regulation from surrounding cells. The goal is to understand how different
types of control mechanisms affect the means and variances of cell numbers. We use the
assumption of weak dependencies of the regulatory functions (the controls) on the cell populations
near the equilibrium to formulate moment equations. We then study three different methods of
closure, showing that they all lead to the same results for the highest order terms in the expressions
for the moments. We derive simple explicit expressions for the means and the variances of stem
cell and differentiated cell numbers. It turns out that the variance is expressed as an algebraic
function of partial derivatives of the controls with respect to the population sizes at the
equilibrium. We demonstrate that these findings are consistent with the results previously obtained
in the context of particular systems, and also present two novel examples with negative and
positive control of division and differentiation decisions. This methodology is formulated without
any specific assumptions on the functional form of the controls, and thus can be used for any
biological system.

1 Introduction

Tissue turnover dynamics, especially in the context of stem cell regulation, have attracted the
attention of many researchers. Cell populations are assumed to possess a hierarchical
structure, where different classes of cells can interact in intricate ways. In the simplest case,
there are stem cells capable of self-renewing and regenerating the tissue, and differentiated
cells which can perform the tissue’s specific functions.

Differentiated cells are subject to relatively frequent cell death and need to be replenished by
stem cell divisions. These divisions can be of several types. Specifically, a stem cell can
differentiate by dividing into two differentiated cells, or it can proliferate, by dividing into
two stem cells. Differentiation/proliferation decisions are thought to be under regulation
coming from surrounding cells in the tissue. Various control loops help maintain a roughly
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constant overall tissue size, and keep variations in the numbers of stem and differentiated
cells to a minimum.

There is significant theoretical literature exploring various aspects of stem cell dynamics.
Conceptual theoretical issues for the studies of stem cells have been identified in [1, 2, 3].
Discrete and continuous models relevant for carcinogenesis have been studied [4, 5, 6, 7, 8,
9,10, 11, 12, 13, 14, 15]. Evolutionary modeling of stem cells in systems other than cancer
was introduced in [16]. Modeling of stem cells in the hematopoietic system was proposed by
several authors [17, 18, 19, 20, 21]. In these and other papers, both deterministic and
stochastic models have been introduced and studied (see a great review of many modeling
approaches provided in [22]). The deterministic (ODE) approach provides useful analytical
insights into the dynamics and long-term behavior of cell lineages. Two- and multi-
compartment models with several types of the regulation function have been studied in [23,
24], where the authors discuss important conceptual issues about stem cell regulation from
the engineering prospective. A systematic linear stability analysis of two- and three-
compartment models with regulation of self-renewal fractions or regulation of proliferation
rates was performed in [25]. Another type of regulation was studied in two-compartment
models by [26]. Analysis of the structure of stationary solutions in the 7-compartment
version of the model was presented in [27].

The stochastic approach allows to quantify the role of fluctuations in the behavior of the
system of interest [28, 29, 30, 31]. Apart from several exceptions [32, 33], most of the
literature is devoted to numerical explorations of stochastic stem cell systems. Recently, we
performed analytical studies of two stochastic stem cell systems involving nonlinear control
[34, 35] and found how the strength of control determines the amount of stochastic
fluctuations in the numbers of stem and differentiated cells. This was done for several
particular types of control functions. Unfortunately, the methods used in those papers cannot
be extended to study other types of control loops.

In the present paper we develop a general, analytical methodology for studying the behavior
of hierarchical, two-compartment (stem and differentiated cells) systems with nonlinear
control. We assume that division, death, and differentiation/proliferation decisions are given
by some (unspecified) functions of the numbers of stem and differentiated cells, and provide
tools to calculate the moments of the cell numbers, and importantly, the means and the
variances of the numbers of cells.

It turns out that under some general assumptions, the amount of variation in the system is a
function of the local behavior of the control functions near the equilibrium. For example, in
the simplest case of the constant total population systems, the variance in the number of
stem cells is inversely proportional to the derivative of the control function with respect to
the number of stem cells, evaluated at the equilibrium. For non-constant populations, we
develop similarly general methods and provide explicit formulas approximating cell number
means and variances.

The method developed here is algorithmically different, and simpler, than the linear noise
approximation [36]. We studied the connection between the two methods and proved that
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they give the same result to all orders of accuracy. Therefore, our method could be
considered a short-cut compared with the Van Kampen power series expansion. We
developed a computer program (written for Mathematica and presented in a supplement)
which allows to apply our method to any system of stem and differentiated cells with given
control functions. In other words, if we assign the rates of divisions, differentiation/
proliferation, and death to be some functions of the numbers of stem and differentiated cells,
our tools allow to calculate analytically the means and the variances of the stem and
differentiated cell numbers as functions of the system parameters, and to study stability and
robustness of the system.

The rest of this paper is organized as follows. In Section 2 we discuss systems with constant
total populations, where only differentiation/proliferation decisions are under nonlinear
regulation. In Section 3 we generalize this methodology to non-constant populations, where
three types of processes (divisions, deaths, and differentiation/proliferation decisions) are
under nonlinear regulation. In section 4, the results are illustrated by using previously solved
regulation problems as well as two novel examples. In the first example, both division and
differentiation decisions are under negative control from the population sizes. In the second
example, divisions are negatively regulated while differentiation decisions are under a
positive control loop. Section 5 compares and contrasts our new method with the power
series expansion method of Van Kampen. Discussion is provided in section 6.

2 Modeling constant total cell populations

In the first set of models we will assume that the population consists of /stem cells and J
differentiated cells, and that the total population size remains constant, /+ J= A. This
corresponds to a generalization of the well-known Moran process [37] in the presence of two
sub-populations of different properties. In the classical Moran process, each update consists
of a division event followed by a death event. All cells have an equal probability to die, and
any cell has a chance to divide. A division event is a replacement of the dividing parent cell
with two cells, which in the absence of mutations are both identical to the parent cell.

In the processes considered here, only differentiated cells die (with equal probabilities), and
only stem cells divide (also with equal probabilities), see figure 1. Moreover, there are two
types of stem cell divisions. A proliferation event results in two daughter cells which are
both stem cells. A differentiation event leads to the creation of two differentiated cells. The
probability of differentiation, p, is assumed to be under some regulatory loops from the stem
and/or differentiated cell populations. Since J= N -/, we can simply say that p= p;, a
function of the number of stem cells, /.

The above model gives rise to a 1D Markov process with Prob(/— /- 1) = p;and Proi(/
— [+1) =1 - p, Denoting by ¢/2 the probability to find the system at state /at time # we
can write down the following Kolmogorov forward equation:

P, =P (1 - p[—l) +Qr Py — o (]_)
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Depending on the functional form of the differentiation probability p,, the system can exhibit
different types of behavior, from oscillating around an equilibrium, to an unstable behavior
resulting in extinction/overflow.

2.1 Previous results for specific cases

In [34], several types of the differentiation probability p, have been studied.

. No control. It was shown that for p;= p= const, the system rapidly drifts to one
of the two extinction states: either the /= 0 state with no stem cells, or the /= N
state with no differentiated cells. This case corresponds to the absence of stem
cell regulation.

. A hyperbolic law. In this case, we assume the following functional dependence:

_ B
P @

where Sand /1 are parameters. The magnitude of /2 defines the degree of control,
and the case /7= 0 corresponds to the constant probability model. We obtained
the following results for the mean and the variance of the stem cell numbers in

this case:
1-28 1 g 1
E[I]= — = ="+,
. A Hill-type law. Consider the following functional form of differentiation
probability:
—_ IO[
PR @)

with 0 <k <Nand a = 0. Here, a =0 is the constant-p model, and a — ©o
corresponds to the Heaviside function. If we assume that & >> 1, then the
following approximations for the mean and the variance of the stem cell number
have been obtained:

k 2a—1

E [I] :k+%+0 (l/k) , Var [I] ZE-FW-FO (1/k) .

Q)

The methodology used to obtain the above formulas relies on formulating the moment
equations from the Kolmogorov forward equation, and decoupling them by means of a
truncation procedure (a cumulant and a central moment closure method). Because
probability functions p;,in the hyperbolic and the Hill-type laws are not polynomials of /,
obtaining the equations for the moments is a complicated procedure, which requires using
some auxiliary probability functions, and cannot be generalized to different functional forms
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of p;. Thus the analytical results of [34] have very limited applicability. We would like to
design a method that would allow to calculate means and variances for the stem cell
populations under a general, nonlinear control function. This method is presented below.

2.2 The linearization method

Suppose that we have a 1D Markov process with Prob(/— /- 1) = p;and Prob(/ — 1+ 1)
=1 - p;, where p,is a nondecreasing function of /. The mean value for /can be obtained by
simply solving the equation

b=

N | —

for the value /. Let us denote this value of /as fy: pp = 1/2.

The variance is obtained in the following way. Let us denote by 7= / - jy, the difference
between the current number of stem cells and the equilibrium number, /4. The variable 7
satisfies | < /o, and can take positive or negative values. Let us assume that the dependence
of the differentiation probability p;on its variable 7is slow. In the examples above this would
mean that

B/h>1, k> 1.

Then we can expand the function p;in terms of small #/y to obtain

1 .
pi = §+pw7’7

where p, is the derivative of p;with respect to /evaluated at /= 0. For the hyperbolic law
described above (equation (2)), we have i = (1 — 26)/hand

h

For the Hill-type law, equation (4), we obtain /= kand

«

We have the following Kolmogorov forward equation for the probability function ¢/9:

¢i=pi-1 (1 = pi—1) +Pit1Pi+1 — @i, (6)

or
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Oi=pi-1 (1/2 = pz (i — 1)) +it1 (1/2+4ps (i+1)) — ;.

Let us use the following notation for the moments:

Z%Z’j:E [ZJ] =T;.

Forming the equations for the first two moments, we obtain in steady state,

d
—r1=2 zL1=Y,
@121 =0, gy

d
@ ro=1 — dpaa=0
dt$2 P2 ) (8)

which corresponds to

1

Eli]=0, E|i*| =Var[i]=—-.

[1] ] =Varlil = - o

This reproduces the first approximation to the mean and variance values.

To improve the precision of the method, let us consider higher terms in the expansion of the
function p;in terms of /. Let us present the expansion of p;around the steady state as

L N1 dEp;

— — (3
",

2kl di

pi=

where the derivatives are evaluated at /= 0 and the cut-off A is defined by our desired
precision. In the master equation, equation (6), we can use this expansion to replace the
func.tion pi, and obtain equations for the unknown moments x;by multiplying equation (6)
by #and summing over / We obtain in the jth order,

[%%] < j > i\f: 1 d™p; [(j+21)/2] j
Lj—2k — 2 ol 'mZ < ) Tj41-2k+m — *Tj:(%
et 2k oym! di prt 2k — 1 (10)

where [.] stands for the integer part. For a particular choice of truncation A, equations (10)
do not comprise a closed system, and an approximate method must be used to decouple the
first Mequations from the rest. There are at least 3 different truncation methods that can be
readily implemented to solve this system.
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. Simple truncation method assumes that all the higher moments are 0, that is, xx
=0, for k> N, where Nis defined by the desired precision.

. Central moment truncation method assumes that the central moments are
equal to O for higher orders, that is, £[(/—£[1)X] = 0, where k > .

. Cumulant truncation method assumes that the higher order cumulants are
equal to 0, that is, x,= 0, where £ > \.

Below we demonstrate these methods by taking into account the second order terms in the
Taylor expansion. We will use the notation

d?p;

pzzzﬁy

evaluated at /= 0. We start by writing the Komogorov forward equation with the probability
functions expanded up to the second order terms:

. 1 , Dax /. 1 , Pax .
pim—pitpit (5~ li=1) = 26— 1) i (540 (4D + 222042

Multiplying this equation by 7and # on both sides, we obtain in steady state:

pm$1+lﬂf£2=07

2 (12)
Pew 1
PzT2+ 5 T3 = (13)

In the simple truncation method, we simply assume that x3 = 0. In the central moment and

cumulant truncation methods, we assume that ;3 — 31 z+223=0. Therefore, x; /=1, 2, 3
can be found by solving system (12-13). The results for the mean and variance are as
follows:

The hyperbolic model—In this case, we have Pi=7_ 77, — 7y (ig-+4)» Which corresponds to the
expansion coefficients

The simple truncation method yields:

Math Biosci. Author manuscript; available in PMC 2017 November 09.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Yang et al.

Page 8

To express the mean and the variance of the variable 7in terms of these quantities, we note
that

E[ﬂ =19+x1,

and that

Var [1|=E [(I - E[1))’| =B [(I —io — 21)’] =B [ G — 21)*] =25 — a}.

This yields

The central moment and cumulant truncation methods give the following solution:

1 8 3
=5 $2—E+Z7
which corresponds to
1-28 1 B 1
E[I]= PR Var[I]—h+2.

The Hill-type model—In this case, we have pi:ka+(7:0+7‘,)"” and the expansion
coefficients are:

«
pm:E7 pxaz:@
The simple truncation method gives:
1 k
ri=—, To=—.
« «

The results for the mean and the variance are:

1 k 1
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The central moment and cumulant truncation methods yield:

L ks

and the formulas for the mean and the variance are

1 ko1
E[I=k+—, Var[l]=—+—.
« a

3 General approach: modeling non-constant total cell populations

In a more general setting, the total number of cells in the system is not a constant number.
The number of stem cells, /, and the number of differentiated cells, J, vary independently,
giving rise to a 2D Markov process. Let us suppose that in an infinitesimal time-interval, A¢,
the following events can occur:

. With probability L, Ata stem cell divides. Two types of division are possible.

- With probability L, P, Ata stem cell differentiation takes place
resulting in a creation of two differentiated cells, (/, J) — (/- 1, J+ 2).

- With probability L, {1 - P; )Ata stem cell proliferation takes place
resulting in a creation of a stem cell, (/, ) — (/+ 1, J).

. With probability D; At, a differentiated cell dies, (/, J) — (/, /- 1).

All other events are assumed to happen with zero probability. The processes described above
are illustrated schematically in figure 2. Let us denote by ¢, 4 the probability to have /stem
cells and Jdifferentiated cells at time £ The Kolmogorov forward equation corresponding to
the above processes is given by:

¢1_,]:<P1,J+1DI,J+1 +SOI—1,,]LI—1,J (1 - PI—l,J) +(fol+l.,]—2LI+1,J—2PI+1,J—27901.,‘] <LI,J+DI,J) .

(14)

3.1 Previous results for a specific case

A specific form of this process was studied in [35], where we assumed

b r

L,,=——————, P ,=—— D, =1-1
B4R (IT) N g

1,0 1,07

(15)

and parameters /#and gare small. In this case, the probabilities of divisions and deaths are
functions of the variable /= /+ J, and the probability of differentiation is a function of the
number of differentiated cells, J, only. The resulting means and variances are listed below:

Math Biosci. Author manuscript; available in PMC 2017 November 09.
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1 2b—1

1 b

N]==4-
Var [ N] 4+h’ (17)

2bg — 8h+T7gh+20hr — \/4b292+h2(g — 4r)%4+4bgh (41 — 5g)

E|J
7] o ,

23 b2 b 1  br  3r% 2gb+Tgh —12hr
Var[J|=22_ 2 9 T O | O 290G T JEAT a2 024 k2 (g — 4r)244bgh (47 — Bg).
= e w1y agh e T magn VARG 129 — 4r)* +4bgh (47 — 59)

It is easier to interpret the results for the differentiated cells if we consider the behavior in
the limit of weak control, that is when #— 0 or g— 0. We have

ith -0 E[J=2—ty1it0m), var[)=24"4 i0m),
g h g 2 (18)
2r—1
Ifg = 0: E[J]=- +g+0(g), Var[J}zg—r—Z 0 (9)

(19)

In the following we will develop a general method of calculating the means and the
variances of non-constant population systems. It will be demonstrated how the above results
can be obtained in a way much simpler than that of [35].

3.2 The general 2D model of control

Let us define the steady state of the system, (/y, /o), by the the following equations:

1
Liy,jo=Diy,jo = Lo, P7707]'o:§' (20)

Similar to the previous section, we will use lower-case letters to measure the difference
between the current cell numbers and their equilibrium numbers: i=/-/f, j=J - .

Define ¢ such that ¢, ;=¢, ,, and Zi,j:Z,“,, where Z; jdenotes any of the functions L,
Py Dy 5 Then equation (14) can be expressed as:
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Gi i =%i j1Dijri+@i1jLio1; (1 - Pifl-,j> +@it1j—2Liv1,j—2Piv1,j—2—P; (Li,j"‘Dw‘) .

(21)

Let us use the following short-hand notation for the moments:

zap = B 1] =Y 3,55,
i

Then, we obtain:

Elll= ZI ) 991,.122 (i+io) (ﬁi,jzmw"'iﬂ;
IJ i, (23)

B[] =31 ¢, ,=> (i+i0) @i =wa0+2io10+i3; o
1,J i,J

Var [I|=E [ I?] - E[I]*=zx+a%. (25)

Similarily, we have:

E[J] =x01+70; Var[J] ::L'ng.%'gl. (26)

Our goal now is to find the quantities xp1, X109, Xo2, X20, Which are essential for calculating
the expectation and variance for /and J. In order to derive equations for these quantities, we
multiply equation (21) by /2B with a+8< 2, and perform the summation in and /in the
quasi-stationary state. Each of the resulting 5 moment equations involve higher moments,
which means that the number of the unknowns is larger than the number of equations. More
precisely, these 5 equations involve 20 unknown variables, x, g with 1 < a + S<5. In order
to proceed, we need to implement a truncation methods to close the system. In other words,
we need to derive the missing equations for the higher moments, x5 3 < a + S<5.

As in the 1D case, there are at least 3 different truncation methods that can be readily
implemented to solve this system:

. Simple truncation method assumes that all the higher moments are 0, that is,
Xqp=0, for a + gz 3. This method requires the least amount of calculations,

Math Biosci. Author manuscript; available in PMC 2017 November 09.
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because by assuming that all the higher moments are 0, we get a 5 x 5 linear
system of equations.

. Central moment truncation method assumes that the central moments are
equal to O for higher orders, that is, E[(/—E[1)“(/-E[/])P] = 0, where a + 8= 3.

. Cumulant truncation method assumes that the higher order multivariate
cumulants are equal to 0, that is, x, 5= 0, where a + §= 3.

The three methods are compared and contrasted in Appendix C.

In order to solve the resulting system of algebraic equations, we use the approximation of
weak dependencies of the control functions on the cell numbers. Let us suppose that we can
represent the functions L, ; D; ; and Py snear the equilibriumas L, ;= L(el, &J), P; ;= P(el,
eJj), and D, ;= D(el, eJ), where the parameter e < 1 defines the weakness of the
dependence. It is convenient to denote x = &/, y = eJ. Then we can expand the functions L, ;
Py sand Dy jaround the steady state in Taylor series:

Lij =L, ,=L (gio+e (I —io),ejote (J — jo)) :L0+lmz+lyj+§ (lmzz—i—lyyjz—i—%zyzy) +oe

(27)

~ . 1 . . ..
D;; = DL‘,:LO+dwz+dy]+§ (dwx22+dyy32+2dwy1j> 4+ 28)

pi_’j

1 . 1 ) _ B
PI,,]:_+pIZ+py]+_ <p$$22+pyy]2+2pzyz]> 4

2 2 (29)

where the subscripts denote the partial derivatives of the functions with respect to its
argument, evaluated at the equilibrium, (/, J) = (%, fo), and /=iy + 7, J= jo + J. We further
adopt the following convention: /= Lye, /= L2, etc. In this description, the upper case
constants L= O(1), Ly,= O(1), etc are all of order one, and all the derivatives expressed by
lower-case letters contain a power of e. In particular, the first derivatives /y, /, py, etc
contain a factor &, and all the second derivatives /yy, /xys /s Pxx tc contain a factor £.In
Appendix C we demonstrate that all three truncation methods give the same result in the
highest order of expansion in terms of e.

3.3 Results for the cell number means and variances

Here we present the results for the means and the variances of the cell numbers. Let use
define the pair (/, jo) by equation (20), and derive the equations for the moments (the
summation equations) by expanding the probability functions around this point, see

Math Biosci. Author manuscript; available in PMC 2017 November 09.
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Appendix A. By the simple truncation method we set x,5= 0 for all a + #> 2 and obtain
the following five equations for the first and second moments:

(1,0
LoPyx10+LoPyxo1+eLy Praog+e (LyPy+Ly Py) 211+ Ly Pyag2=0, (30)

(0,1)
(—Dm-i-L:c-i-QLopx) xr10+ (—Dy—l—Ly-i-QLopy) xo1+2e L, Prrog+2e (LyPT-i-L:ch) 11 +25LyPyCL’02:0,

31)
(2,0
Lo+eLgx10+eLyxog — 4eLoPpxog — 4eLoPyx11=0, (32)
11
Lo+¢e (Ly+2LoP,) 19
+e (Ly+2LoPy) xo1
+e(Dy — Ly — 2LoPy+2e Ly Py) z20
+e(Dy — Ly — 2Ly (Py — Py) +2e (LyPp+L,Py)) z11
+2e (LoPy+eLy Py) x92=0, (33)
0.2
3Lo+e (Dyp+2L,+4LoPy) 219
+e (Dy+2Ly+4LoPy) x01
+4e? L, P
+2¢ (—=Dy+Ly+2L0Py+2¢e (LyPy+L,Py)) 11
+2¢ (=Dy+Ly+2LyPy+2cL, P,) xp2=0. (34)

Solving these to the highest order terms in e and using (23), (25), and (26), we obtain the
following result:

B[] =ig+0 (£°), (35)

E[J]=jo+0 (EO) © (36

 q+8LIpIA2LoA

Var [I] 1BA + (50), @7)
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Var [ J]

24 8L2p2+6LyA
:ql+ Opz+ 0 o) (EO)
4BA

where we used the following notations:

Gz=ly — dq, (Iy:ly - dyv

A:py%c — pzQy, B=2Lg (px:py) 4y (39)

Appendix B demonstrates the application of our methods to system (15). As discussed, all
three methods yield the same result in the highest order of expansion, and the results
coincide with the ones previously obtained. The correction terms are different in different
methods.

Quantities A and B, equation (39), are key for determining the stability properties of the
stem cell lineage. It was shown in [38] that conditions A > 0, B> 0 are necessary and
sufficient for stability. Furthermore, equations (37) and (38) relate these quantities with the
size of variance experienced by the cells in the stem and differentiated compartment.
Expressions (39) define a subset in the four-dimensional parameter space, (gx, gy, Px Py),
that is compatible with stability. Minimizing the variance in expressions (37, 38) restricts
this subset further to identify the most general parameter region that is consistent with stable
homeostasis. Note that only local properties (the derivatives at the steady state) of the
control functions are needed to characterize homeostasis.

4 Numerical Simulations

In this section, we will demonstrate that the formulas given by equations (35-38) agree with
the results from numerical simulations via two examples on two different types of control.

Throughout this section, let us denote x= e/, y=eJ, §,=L, — D,, 4,=Ly — D,. Thus, g,
and g, are the partial derivatives of the net growth rate, L — D, with respect to xand y. To
clarify the biological meaning of these parameters, consider the quantity L. If it is nonzero,
it means that the probability of stem cell division is controlled by the differentiated cell
population. Moreover, if L), < 0, this means that the control is negative (the more
differentiated cells in the system, the less likely the stem cells are to divide); L,,> 0 means
the existence of a positive control loop. The other three quantities can be interpreted in a
similar manner. Below are two examples.

Negative control of differentiation and division

Consider the following functional forms of negatively controlled rates of division and
differentiation:
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L, ,=L(el,eJ)=e ', P, =P (eI, eJ)=e "/,

D,_’J:D (EI,EJ):lfL,J. (40)

We therefore have Py =0, P, = -e8/<, G,=— 2¢ ¢ <0, 4,,=0. The steady state of the

1
system can be obtained by solving P (z,y) =5 and L(x, ) = D(x, J):

.. log2
7/02.70=T-

By equations (35-38), we can obtain the means and the variances of the system:

E[ll=io, (42)
E[J]=jo, (42)

Var [1] SL%PUQ—l—ZLOPy(]T 1
ar[l|=———%— " =
“SLoPjl, =7 (4g)

Var [ 7] <Lt 6L0Pyid, 1
T 8LoPjd, £ g

where all the partial derivatives are evaluated at (/y, fp), and Lo = L(ehy, efg) = 1/2.

For each value of &, we ran numerical simulations starting at the expected values of the cell
population given above, and finishing either when the number of time-steps reached 2 - 10°,
or if any of the cell types went extinct. We then computed the means and the variances of the
cell population over the time-course of each simulation. A typical run for a particular value
of eis presented in figure 3.

From figure 4, we observe that the theoretical results for the means and the variances show a
good agreement with the numerical results for smaller values of &, which is what we expect.
Also, the means and the variances of the cell population decrease as the value of e increases,
which is already predicted by the formulas given by equations (41-44).

Math Biosci. Author manuscript; available in PMC 2017 November 09.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Yang et al. Page 16

Positive control of differentiation and negative regulation of division

The second example is given by equations:

1
L, ,=L(cleJ) ey P, ,=P(el,eJ)=0.7-tanh (¢I),

D, ,=D(el,e])=1— L(zL,]). (45

A typical stochastic simulation of system (45) for a particular value of & is presented in
figure 5.

To calculate the variances, we calculate P, = 0.7 - sech?(e/) > 0, Py=0, §,=0,

G,= — 2(1+5J)’2<0. The steady state of the system can be obtained by solving

P (2,y) =3, and L(x ) = D(X, Y

. logb . 1
2022—> Jo==-
€ €

By equations (35-38), we can obtain the means and the variances of the system:

E[I=io, (46)

E[J]=jo, (47)

ABA < (48)

L2P24+6LoA 1
Var [ J] :w -
4BA € (49)
where all the partial derivatives are evaluated at (/y, fp), and Lg = 1/2,
A=P,q, — Pyd,= — Pyd,, B=2Lo (P, — P,) — 4,=2LoP; — §,,.
We used the same numerical scheme as in the previous example with 2 - 10° time steps. As

observed in figure 6, the theoretical results are in good agreement with the numerical results
for smaller values of e, which is consistent with the previous example. The means and the
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variances of the cell population decrease as the value of e increases, which is foretold by
equations (46-49). From figure 7, we can see the overall pattern of the relative error: the
smaller the value of ¢, the smaller the relative error, which is what we expect.

5 Connection with the power series expansion method of Van Kampen

In this section, we will show that the simple truncation method described here and the well-
known power series expansion method of Van Kampen [36] give exactly the same results, up
to any order of expansion. First, we demonsrate how the Van Kampen method can be used
for our system of stem and differentiated cells (as was done in [38]), and then argue that the
two methods give the same results.

5.1 The method of Van Kampen: review and notations

Let us introduce the operators E* and E, such that

Elf[fl.,]]:fIJrk-.,]’ E,]j[fI.J]:fI,JJrk .

Then equation (14) can be rewritten more conveniently,

9&1,]:(Ejlfl)[‘pl.JDr,J]jL(E;l71)[991,JLI,J (17PT,J)]+(Ej1E;271)[LIQT,JLI,JPI,J]' (50)

Equation (50) is nonlinear, and a general solution cannot be found. Therefore, we will use
approximate methods to solve it. Let us assume that the functions L, ; P, ; and D, ;depend
weakly on their arguments:

L,,=%(cl,ed), P, ,=P(el,e]), D, ,=%(cl,eJ),

where e < 1. We will use this parameter to perform the Van Kampen master equation
expansion, in order to formulate the linear noise approximation [39]. We expect that in the
long run, the probability distribution, ¢, 5 will have a peak somewhere around the (large)
values

¢,

.o
0= y Jo= )
3 €

with ¢, ~ &9, ¢, ~ £°. Let us suppose that the width of those peaks scales with 1/£/2, This is
expressed in the following change of variables,

60, €0 _0,(1), ()

I= , .
e e/’ e /27 (51

This change of variables will be used in the master equation (50). First of all, the probability
function ¢, (2 is now a function of £and 7:
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Pr,g t)= H (&, mst) .

Its time-derivative can be written as follows,

de,, () T OI1; oIl
i ot o T

Because the left hand sides of expressions (51) are time-independent, we have £= — gz%l /51/2,

i=— ¢, /"% Also, we will introduce a slow time-scale,

T=c¢t

(the necessity for this rescaling will become apparent once all the terms at different orders of
e are collected in the master equation). Therefore, we have for the time-derivative of ¢, ;

. O s (21100, , 01100,
Yro=tg; — ¢ (ag or  0On 87)' (52)

Next, we evaluate the shift operators. A jump of size kin the value of /is reflected by the
jump of size k&2 in the value of &:

Hk:QSIT(t)JF%%:% (¢,+51/2 (§+k51/2)> :

Similar arguments hold for the values of J. This allows us to express the shift operators E’j

and E’j in terms of a (Taylor) series of differential operators,

5 0 k2% 02
Ef=14ke/? 4= 4.,
! o6 2 0¢? (53)

and similarly for the shift in the Jdirection.

Finally, we use ansatz (51) to expand the functions L, ; P, ; and D, ; We have

L (el,ed) =2 (9,427, 6,+"*n).

It is convenient to denote x= e/, y= e/ such that L, ,=.¢ (z,y), and denote by the
subscripts the derivatives of this function with respect to its argument, evaluated at

(¢,,0,) :Le=02 [0, Ly=0% [y, etc. We have
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9 3
L (6,476, 6,42 *n) =L (6,,6,) +¢" € Lot P1Ly 45 € Lot S Ly +e€nLay+ -

Similarly, we expand the functions &7 and 2. These expressions, together with the operator
expansions (53) and the time-derivative (52), are substituted into the master equation (50).
Then the terms in different orders of e are equated. At order &2 we have

o1l

o114,  911d9, oIl o11
on

o¢ dr  On dr  O¢

$(¢]7¢J) (1 -2 (¢1’¢J))+

This equation gives rise to two “macroscopic laws”,

as, _
dr

do,
dr

$(¢1a¢1) (1_2'@ (¢I’¢J))? =2Z (¢[1¢J)'@(¢]7d)J)_@(¢]7¢J)'

(54)

or in steady state simply

‘@(¢I7¢J):1/2’ @(¢I’¢J):$ (¢I7¢J) = Lo. (55)

Let us introduce the notations

Ly — D, qx ~ Ly_Dy:q_y.

T iy WL el

where gy, gy are defined in section 3.3. At order e of the master equation expansion, after
rescaling time once more by

T=Lgyr=Lyet,

we obtain the following linear Fokker-Planck equation:

%:—(qyww ID,~(@+2P)(E I D, +2Pe (D +2P(n H)n+%(3Hm—2H&+H&>.

(56)

This is the linear noise approximation of Van Kampen [39]. The validity of this
approximation has been studied extensively, see e.g. [40, 41]. Here we mention that the
relative size of typical fluctuations scales with /2, and thus for sufficiently small values of
&, the system will remain near the equilibrium and stochastic extinction is an unlikely event,
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at least for a time-duration which grows with 1/e. For a rigorous study of extinction times of
birth-death processes see e.g. [42, 43].

From equation (56) we can obtain the equations for the first and second moments in a
standard way:

d{§)
o = AR O AP ),
%:(%”Py) () +(G,+2P:) (€), (58)
2
d(<15T>: — A(P, <52> +P, (En))+1, 59

d{n*)
T

=20,12P,) (1) 420042 €n) 43, oo

LD g, 2P, (1) + @t 2P2) (&) = 2P () +P, (7)) - 1.

dT (61)

As we will show in the next section, the above moment equations are exactly the same as the
summation equations (30)—(34) if we only keep the leading order terms, and hence Van
Kampen method and simple truncation method give the same results to the leading order, see
(35)—(38).

5.2 Comparison of the simple truncation method and the Van Kampen method
Before we illustrate the equivalence of the two methods, we state for convenience some
fundamental facts that we will use later:

. Taylor series expansion. We know the Taylor expansion of ) = /7 center at j= a
is: /7= & +nd"Y(j - a)+...+na(j — 8" +(j — &)". Notice that the second to the
last term is a product of the jump size a and the derivative of the last term (j -
a”.

. Integration by parts. When we compute | ()5 dn, integration by parts will
give () =S n () dn.

The leading order—By using the ansatz (51) in the previous section, we have in steady
states:
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(&%)

xaﬁ:IXJ:QD[,J(I - Z(J)a(‘] - jo)ﬁ:E(oH»ﬂ)/Q 5

(62)

where X,z is defined in (22).

By using (62), we can rewrite the summation equations from section 3.3 in terms of <§anﬂ>.
It turns out that they are the same as moment equations (57-61) if we only keep the leading
order terms. Since the moment equations agree to the leading order, the two methods give
the same results to the leading order.

The next order—Next, we investigate if the two methods provide the same result in the
next order of accuracy. To this end, we will investigate the structure of a moment equation in
depth from both methods by looking at a particular term. For illustration, we will analyze the
first term in equation (60) and its counterpart in equation (34) from section 3.3:

d <’72>:2(qy+2py) () +...

dT (63)

dx
—2 _9¢ (—Dy+Ly+2LoP,) Toa+ . ..

dt (64)

If we trace back the terms which contribute to 2(q,+2F;) <772> in (63), we will have the
following diagram:

2L (e 2D,) 262 (1L by, 0y )e' 20 Py) 212 (P, b ) nLy)

—(qy + 2F,)(nll),

[f 7 (-)dndg

0

. . . . 1/2
Let us focus on the third term at the first level, we have the following observation: —2¢"/ on

is the second term of Taylor series of EJ‘Z; P (¢,,0,)Is the first term of P, ;in Taylor
expansion; el/quyis the third term of Taylor series of L, ;

To draw comparison, we will also trace back the terms which contribute to 2e(-D), + L),
+2LoP)) Xp2 in (64). We obtain the following picture:
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4
[
-

Let us look at the corresponding counterpart at the first level. Observe that 1/2 is the first
term of Taylor expansion of Puy jo; Lye(j —2) is the third term of L ;- in Taylor
expansion; 4(j - 2) is the second to the last term of Taylor expansion of /2 centered at j = 2.

It is not hard to see that the term 4(/ - 2) “captures” the jump size of E;Q; namely 2, and the
derivative of 7% (obtained from integration by parts in the first diagram); moreover, the

d
differential operator — an will be offset after integration by parts. Hence, the two terms are
exactly the same. In fact, it can be shown that any two corresponding terms at the first level
(from both diagrams) are the same by similar analysis, which are due to the fundamental
properties mentioned at the beginning of this section. This methodology is essentially
carried over in any two corresponding terms in a homologous pair of moment equations.

To see whether the two methods agree to the next order corrections, we need to assume y is
sufficiently large, where y is the constant for which x,5=0 for a + 8 > yin the simple
truncation method. It turns out that the moment equations that are used to compute the next
order correction are the same for the two methods if we set y =5, see Appendix E for
details.

Generalization to higher orders of accuracy—BY the methodology presented in the
previous section, we can deduce that the two methods will produce the same moment
equations for computing any order corrections if we set y sufficiently large, hence the two
methods give exactly the same results (up to any order) to the general two-step model as
stated at the beginning. However, as the value of y increases, the computation of moment
equations will become more and more tedious. So, there is a trade off between efficiency
and accuracy.

Under the same value of ¥, cumulant truncation method is the most accurate among the
three truncation methods presented in section 3.2. To see this, set = 3 and look at the
leading order of the terms x5 for @ + 8= 4. From Appendix D, we see that the leading

1 1
order is O <g) and O <€—g> from central moment truncation and cumulant closure method,

respectively. On the other hand, we can obtain the leading order of (£27%) is O(1) for a + g8
=4 from Van Kampen method, as shown in E of appendix. By (62), the leading order of x,5

1
is O (8—2> for a + = 4. Therefore, cumulant truncation method is the most accurate though
it’s the most expensive in terms of computation, which verdicts the trade off between
efficiency and accuracy.

In conclusion, simple truncation method produces the same results as Van Kampen method
up to any order by setting y sufficiently large. The advantage of simple truncation method is
the straightforward calculations that it involves. To see this, we can compare the steps used
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to obtain the moment/summation equations in each method. For simple truncation method,
we only use Taylor expansion on the probability functions of the master equation. On the
other hand, Van Kampen method uses integration besides the master equation expansion in
Taylor series. Our method could be regarded as a short-cut compared to the Van Kampen
derivation. To see this, recall that we multiplied the equation (56) by £27), and then
integrated to obtain the moment equations given by (57-61), for a + < 2. This extra step
requires more computational work. Clearly, there will be more terms to integrate in order to
compute the moment equations for the next order corrections, since we extend the equation
(56) to order O(1/2), see appendix E.1. In the Supplementary Materials, we provide a
Mathematica program that implements our methodology to compute the summation
equations.

6 Discussion and conclusions

In this paper we presented a very general approach to the studies of stem cell/differentiated
cell dynamics. We assumed that cell divisions and deaths happen according to a Markov
process, where the probability rates for different events are some functions of the current
populations. Our methodology allows us to compute the means and the variances of the stem
and differentiated cell populations. It is based on the linearization of the control functions
near the steady state and truncating the moment equations by using three different
techniques. We have shown that all three techniques yield identical results for the highest
order term in the mean and the variance. Therefore, it is to one’s advantage to use the easiest
of the three methods, namely, what we called the simple truncation method. We have shown
that while the result of this method coincides with a variation of the Van Kampen power
series expansion, our method is easier to implement in practice, as it requires only a Taylor
series expansion, while the Van Kampen method also includes integration.

For the system with constant populations, the method yields 2 linear algebraic equations for
the moments, which can be solved to give simple expressions for the cell number variances.
For non-constant populations, we obtain 5 linear algebraic equations for the moments.

In the case of constant overall populations, where only differentiation/proliferation decisions
lead to fluctuations of the stem cell numbers, we demonstrated that the variance of the stem
cell numbers is given by 1/4 times the inverse of the derivative of the control function with
respect to the number of stem cells, taken at the equilibrium, formula (9).

In the case where the overall population varies, we have derived an equivalent formula for
the variances, expressed as a function of the partial derivatives of the controls with respect to
the two population sizes, taken at the equilibrium, equations (37-38). The analytical
expressions for the means and variances of the stem and differentiated cell populations are
compared with numerical simulations for two different examples.

Applications

There are several general areas of application of this kind of modeling. Firstly, one can study
the questions about the tissue architecture of different organs. Why does mouse epithelium
at different locations have different structure and different division symmetry? We are
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currently using a modification of the models presented here to explain this. Secondly, one
could implement a parameterized model of stem cell lineage control and ask questions about
the dynamics of cell renewal both in healthy tissues, and in cancer. What type of mutations
can lead to rapid expansion? What is the effect of a given mutation on cell population
dynamics, given the underlying control system? This is a continuation of the work started in
[44], but with a more general theoretical basis for the description of control networks.
Finally, one can attempt to solve the “inverse problem”: suppose we know the cell numbers
in different compartments. Can we then reconstruct the underlying control network that
governs the dynamics?

Our present study differs from previous theoretical literature on the subject because we do
not make any prior assumptions on the type and direction of control loops, apart from the
fact that a stable equilibrium exists, which biologically corresponds to the existence of
homeostatic control. Instead of looking at particular functional forms of regulatory
mechanisms, we investigate the population dynamics of cell lineages in the most general
setting. The particular functional forms of control loops can be inferred from careful
measurements of biological systems of interest.

Model parameterization

What defines the shape of the control loops, that is, the functional forms of the functions L(/,
A, D(/, J), and P(/, J? Stem cell regulation is often described in the context of the so-called
stem cell niche, an anatomic location that regulates how stem cells participate in tissue
generation, maintenance and repair [45]. The niche includes both cellular and non-cellular
components that interact in order to control the adult stem cell [46]. Within a niche, the stem
cell fate - that is, its division and differentiation decisions - are under the regulation of many
different factors, including structural and physical forces, paracrine and endocrine signaling
from neighboring and distant cells, metabolic factors and neural signaling [47].

The regulatory mechanisms that have been discussed in the literature include growth factors,
cell-cell contacts, and cell-matrix adhesions [48], regulation by microRNAs [49, 50],
signaling from mesenchymal cells, as well as differentiated cells [51]. In [46], both physical
contact with the niche, and diffusible factors that regulate stem cell behavior, have been
catalogued for neural, epidermal, haematopoietic, and intestinal stem cells. Many more
mechanisms exist that are responsible for controlling cell decisions of both stem cells and
other cell types, see e.g. [52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68].

For example, there is evidence in the literature that the differentiation probability, P (/, J), is
a decaying function of /, because of cell crowding and contact inhibition effects that take
place inside the stem cell niche [62]. In our example (15) the function Pwas assumed a
decaying function of the stem cell number.

In other circumstances, P (/, J) could be a growing function of its variables [69], because in
some systems, mechanical strain has been shown to increase cell differentiation [62, 53, 61].
In our example (45), Pis increases as a function of the stem cell population.
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Negative control of differentiation from downstream (that is, by differentiated cells) has
been reported in the context of the adult neurogenesis [52], in colon [51], in the
haematopoietic system [64] and in the olfactory epithelium [23]. Our example (40) assumes
that P decays with J, the number of differentiated cells.

It has been observed that the rate of cell divisions, L(/, J), like the division type, is also under
regulation of several types of control loops [67]. A “crowd-control” model is described in
[58] consistent with L(/, J) — D(/, J) being a decreasing function of cell numbers. In
examples (40) and (45), the function L — Dis assumed to be a decreasing function of the
number of stem cells and differentiated cells, respectively, while in example (15) it is a
decreasing function of the total population 7+ J.

In the present paper we show how the biological information of this kind can be
incorporated in a rather transparent way to inform us about the efficiency of control in
maintaining the homeostasis by keeping the variance of cell populations low. This is a first
step in the direction of understanding the dynamics of different types of control loops.
Future directions include generalizing this model to multiple cell compartments, and
including a variety of other cellular processes such as de-differentiation and asymmetric
stem cell divisions. Furthermore, the present model is non-spatial. Incorporation of spatial
information about the geometry of the stem cell niche would be very useful. Cell signaling is
mediated by soluble compounds and its effectiveness is intrinsically a function of distance.
Cellular compartments that are separated in space will by necessity have weaker influence
on each other’s cell decisions compared to neighboring compartments. Therefore,
developing effective analysis methods, which take explicit account of spatial interactions is
an important future direction.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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A The summation equations

Here we consider the patterns for the 5 summation equations which are derived from
equation (21) by multiplying by 7/ and summing over jand j, for a + 8< 2. Let us denote
the summation equation derived from multiplying by 72/ by the pair of numbers (a,f).

We present the example of equation (1, 0). Multiplying equation (21) by 7and summing over
fand j, we obtain
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1 : 1o, iy _ 1,
():Zz%j(—55(41L0Pw+4jLoPy) - 552[212(2Lwa+LoPm)+4ZJ(Lwa+Lony+LxPy)+2j2(2LyPy+LoPyy)} - 553[13
(2]

+ij? (4L gy Py+2L 3 Pyy+4Ly Pry+2Ly, Py)+5° (2Lyy Py+2Ly Pyy)]

1 .
— 564[Z4L$IP$$

+2i3§(Lay Pra+Lag Pry)

+i2j2(LyyPrl'+4Lwway+LmPyy)"'jQLnyny

(65)

From the above equation, we notice that the power of ¢ is consistent with the power of 72/,
Indeed, every term containing X term multiplies a term of the form /45, where a + = k.
The reason for this can be seen by examining the structure of equation (21). In this equation,
every term containing the power & of & (as follows from the number of derivatives of the
probability functions), is multiplied by /2@ with a + 8= k.

The same property holds for the other four summation equations, which we do not present
here. To derive all the summation equations, we need to perform the summations in 7and /
and use definition (22) for the moments. Each equation will be coupled to other equations

containing higher order moments. The easiest way to close the system is to use the simple

truncation method. The resulting system of 5 equations is given by (30-34). The other two
truncation methods are worked out below.

B A case study

In this section, we will consider a special case of the general model equation (14). We will
see that the results for the general case coincide with the results found previously by a
different methodology in [35] and reported in Section 3.1. In particular, we will demonstrate

that all three truncation methods have the same result for aaﬁ, but different results for aiﬁ,

(% o
where xa[j:E—n+€n71, a+tps2.

In this example, we assume that

b r

where A, g< 1 and b, r= O(1) are two constants. The corresponding Kolmogorov forward
equation is given by:
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¢J1N:@J+],N+] (1 -Q (N+1)) +CIOJ,N—1Q (N - 1) (1 -P (‘D) +SDJ—2,N—1Q (N - 1) P (J - 2)799J,N‘

(66)

Let rg and jj be the steady state, and n= N- my, j= J— jo. My and J are defined to satisfy the
deterministic equations:

L M=) -(1-Q))

2 J=2Q(N)P ()~ (1-Q(N))

. 2b—1
We can easily see that no="—7—

Define @, , such that ¢, , =, , and Q (n) =Q (N), P (j) =P (.J), then (66) can be rewritten
as:

Gin=Pjt1.nr1 (1 -Q (n+1)) +S77j,n—1@ (n—1) (1 -p (])) +95j—2,n—1Q (n—1)P(j— 2)=@jn-

(67)

Expanding Q(A) and AJ) in Taylor series, we obtain

1
Q(N)=g+rintron®+ -+,

1
P (J)=g+sij+sa’+ -,

Let us multiply both sides of equation (67) by /2r? and sum over j; 77in the quasi-stationary
state. We obtain the following 5 summation equations, where waFZjZnJ“nB%:
r1xo1+reoxo2=0

2r1xo1+81710+2r2002+27r1 81711 +2r251012+ 82720 +271 52721 +2r2 52022 =0

1+4rixpa+4rexo3=0
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14+s1210+27r1202
+ (2r1+s1+42r181) T11+S0w00+2r9203
+2 (ro+ris1+r2st) r12
+ (s2+2r182) T21 421281713
+25s9 (r1+712) T22

+27‘252$23 =0

3
§+T1$01 +2s1m10

+roxoa+4ry (14+s1) 11
+2(s1+82) w0

+4ry (1451) 212

+4rq (s1+s2) 01
+2s9w30

+4rg (s1482) 222
+4r182231

+4rasaw3p=0

As in the general case, we expand every term in the Taylor series:

1 hy hE,
N)== — —n4+-2
Q(N) 5 4n+8n,

1 g0 95 »
P(J)==—-Zj+20
(J)=g = 3+

where we introduce the following short-hand notations:

ho==, go==, 1

L

b ’ r ho '

We will use the truncation equations of Appendix D for central moment and cumulant
_%ag | Gag

closure method to solve the system for “e8~ h hgﬂ, a + B< 2. The solutions are

presented below.

1. Simple truncation method

. 4+3n 9
Ej] =T10=75 (2+77)+O (ho>
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. 2+3n 1
E | %] =290= —+0 (h
{J ] 20 n (2 ) (ho)
Ejn] =r11=—— % ~+0 (o)
S 0

E [TLQ] :(L'()Q:hio-i-O (ho)

Comparing with the old results in formulas (16)-(19), here we have

2b—1 1
B[N]==7—+3, Var[N]=

>
RNy

2. Central moment truncation method

4430 44n+108n> 493> +27nt
0=
2(2+47) 8(2+1)°

ho+0 (h3)

:E()l:%—tho-l—O (hg)

243 1 84+92n+138n%+93n3+27n*
_ no, L Ul 7 377 n+0(h0)
n(2+n)  ho 4n(2+n)

20

2 1 16424n+22n%+9n3
Tl=—— % — T2 T L0 (ho)
2+n  ho 2(2+7)

1 3
_Li2om
02 h0+4+ (ho) (68)
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3. Cumulant truncation method

4+3 228+5561+483n2+1351°
T10= " +77( " Z " )h0+0 (hg)
2(2+n) 32(24n)

x01:%+§h0+0 <h3>

_ 243y 1 328+-580m+438n%+135n>
n(24+n)  ho 16(24n)°

€20 +0 (hg)

2 1 128+4140n+184n%+105n3
Pl T2 T2 40 (h)
24n  ho 16(2+n)

1 3
ZOQ—h_0+Z+O (ho)

From the above results, all three truncation methods have the same solution for aéﬂ, but
f‘iﬂ n %as

different solutions for 7,5, where 7= 7 il at B2,

As we can see, the simple truncation, central moment truncation and cumulant truncation

methods yield the same result for the highest order terms in X, 5 where a + S< 2.

Therefore, all three methods have the same result for the mean and variance of AVand J, if
we only keep the highest order term, as summarized below:

2b—1 1
E[N]:T+§+O(h), (69)
Ve N—b O(1
C2r—1 443n
P ey O (71)
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2+3n
1 (2+1n)

Var [J] = *hio—l—O (1).

(72)

To compare the above results with formulas (16)—(19), derived from direct calculations in
Section 3.1, we expand formulas (16)—(19) with respect to /i, and then only keep the highest
order terms. The results are identical to equations (69-72).

C Comparison of the three truncation methods

Each of the three truncation methods has its own advantages and disadvantages. The
advantage of the simple truncation method is its simplicity. Compared to the simple
truncation method, both the central moment and cumulant truncation method require more
extensive calculations. However, these methods can give more accurate results, as shown
below.

The order of magnitude for the lower moments

oo

Let us expand the moments x5 in a power series in terms of &, Iaﬁzz,n:_ooXé%)E". We

will consider only the two highest order terms in this expansion, with the corresponding

coefficients denoted as a;, 5 and aiﬁ. That is, we write

1

_%ap a3 o (1/e72
xaﬂ_g_n+5n71+ ( /6 )"

where a5, aZ ;=0 (1) are unknown constants that we need to find. Next, we prove that for
Xqp Where a + S< 2, all three truncation methods yield the same result for a}w, but the
results of the three methods differ for aiﬁ.

To determine the largest contributions to the expansions for X, we consider the five
moment equations. At order (7, k), we multiply equation (21) by 7/7/¥ and perform a double-
summations in 7and /. We call the resulting equations the summation equations. Because of
expansion (27-29), coefficients in front of different variables x,z will have a different order
in terms of &. In general, such an equation will contain terms multiplying X, 5 4+ With s=0,
1,...and r=0, 1, .... The coefficient in front of the term X, s k+is of the order £*”. The
summation equations may also contain a nonhomogeneous (constant) term of order O(1).
Because xp1 = £[J], and j= J — fy is a small perturbation around the steady state, it is

reasonable to assume that z:; =a}, +a2, e and z;o=al,+a?,c. Because xp2 = £[£], X2
1 1
should be at least of order O (g) But if xp; is of order O (5—2) or higher, then from the 5

1
summation equations, the coefficient of the terms with power O (g) with k=2 should be
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1 1
L. Ap2 | 2 . . aip | 2
0, which is not the case. Therefore, 1E02=—€ ~+ago. Similarly, we have x11=—€ +a7; and

1
a
JJQUZ%-F&%O. Calculations presented in Appendix A demonstrate these arguments in detail.

As it will be discussed in E.3 of Appendix, these assumptions are indeed valid.

The order of magnitude of the higher moments

For the 3rd order truncation equations, the central moment and the cumulant closure
methods have the same truncation equations, because for a + g = 3 we have (/- E[1)*( -
AR = xq,p Setting these moments to zero yields 4 equations (equations (73)—(76) in

1
Appendix D). Because x,5= (1) for a + =1 and Tap=0 (g) for a + B=2, in order to

1
balance equations (73-76), x,swith a + 8= 3 has to be of the order of 0 (g)

For a+p = 4, the central moment and the cumulant closure methods have different truncation
equations (see Appendix D.2). For the central moment truncation method, we have

1 1
Tap=0 (g) with a+8= 4, 5. For the cumulant truncation method, we have as=0 (g)
where a + B=4, 5 (see Appendix D).

All three methods coincide for 4!, but differ for .2,

Next, we will show that all three truncation methods give the same result for (1(113, but

1 2
. Uog  Ggp 1
different results for aZ s, where -’L’aﬁz—; toat0\ oz )anda+ <2,

First, we look for the highest order term of e in the 5 summation equations. By the above
and equation (65) in Appendix A, the highest order term in the 5 summation equations is

ef1 (zo1,x10) +e2 fo (202, T11,T20) 5

where £ is a function of xo;, X10 and % is a function of xpp, X11, Xo0. Presenting X, g with a
+ B< 2 as a series, and keeping only the highest order terms in the summation equations, we

obtain a linear system for a}yﬁ. Because the linear system derived from the moment equations
is independent of the truncation methods, we can see that all three truncation methods yield

the same result for a}m, where a +8< 2. This is also the reason why the highest order
contributions to the expectation and variance for 7and jare the same for all the three
methods, and so are the leading order to the expectation and variance for | and J by
equations (23), (25), and (26).

Next, we will show that aiﬁ with a+f8 <2 are different in the 3 truncation methods by
looking for the second highest order terms of « in the 5 summation equations.
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In the simple truncation method, the second highest order terms are a§552, a+tp<2,
because we simply assume that all the higher moments are 0. Thus, we get a linear system

for aiﬁ, a+f<2.

In the central moment truncation method, the second highest order terms are a?meQ fora+ g
<2, and a},4e” for a + B= 3, because when a + B2 4, the power is at least O(e®), by
equation (65). Therefore, we obtain a linear system for aig, a + B< 2, which contains terms

ajs With a + B= 3. We can solve the system for coefficients a5 with a + =3 from the
third order central moment truncation equations.

Finally, for the cumulant truncation method, the second highest order terms are aiﬁez for a

+ <2, and a}ze” for a + B=3, 4 (the argument is similar to the one presented above). The
difference from the central moment closure method is that the linear system for afw with a +
B < 2 does not only contain terms a}w with a + =3, but also contains terms a}lﬂ with a + g8

= 4. Similarly, aaﬁ with a + 8= 4 can be obtained from the cumulant truncation equations.

From the above considerations, we can see that the equations for aiﬁ with a + g< 2 for the
simple truncation method contain no information about the higher order terms x5 a + 2
3. For the central moment truncation method, these equations contain some information
about the higher order terms, which is x, s with a + = 3. Finally, for the cumulant
truncation method, these equations contain information about x,gwith a + g=3, 4.

In conclusion, the three truncation methods produce the same result to the leading order of
the mean and variance for the cell population. While we expect the central moment and
cumulant truncation methods to give more accurate results to the next order correction, they
require more extensive computations. In section 5.2, we show that the cumulant truncation is
the most accurate among the three methods. The advantage of the simple truncation method
is the straightforward calculations that it involves.

D Truncation equations

For more sophisticated truncation techniques employed here, we need to use truncation
equations that express the higher moments in terms of the lower moments. Here we present
these truncation equations for the central moment truncation method and the cumulant
truncation method.

D.1 Truncation equations for x4 where a + =3

These two methods have the same truncation equations for x5 where a+g=3:

22y — 3r10r20+230=0 (73)
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2rm Ty — 2T10T11 — To1220+T21=0 (74)
2x1023; — 201211 — T10T02+T12=0 (75)

23331 — 3x02x01+x03=0 (76)

1 1
Because X1, Xo1 = O(1) and Xoq, Xq1, £02=0 <g> we can see that Zas=0 (g) with a + 8

=3.

D.2 Truncation equations for X4 where a + = 4,5

When a + =4, 5, central moment closure method has different truncation equations
compared to cumulant closure method.

(a). Central moment closure method

3 2
—3201719+321pT11+3T01T10T20 — 3T10%21 — To1230+231=0
2 2 2 ) ) 2 o
=321 710 +T0277p+4T01T10%11 — 2T10%12+T(1 T20 — 2T01T21 +222=0
3 2 . e
—3x10Tg +3T51 11 +3T01T10T02 — 3T01212 — T10T03+213=0
4ok a3 3 —6x0127 3z3,x10—3z2 6 3 2 2 =0
T1T70—L02T79—0L01270L11+0X 19T 12 =0T 1 T10T20+0L01L10L21 =X 10T 22+ X1 L30 — 20131+ L 32=
4a3,xd 3 =6z 1022 3z2 3z3 6 3 2 2 =0
L0201 —T20201 —0210T01 X11+3T 1 T21 —3X10L012X02+0201T10T12 —3L01T22+T 1903 —2X10T13+T23=

1 1
Because xqg, X1 = O(1), Xo0, X11, 202=0 <g> and X, Xo1, X12, 203=0 (g) by the above

1
truncation equations, ag=0 (g), fora + B=4,5.

(b). Cumulant closure method

The truncation equations for cumulant closure method for x5 where a + =4, 5 are:
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2 3
T31 — 3T10T21 — L0130 — 3T20T11 +6T20T01T10+6211279 — 6T79T01=0
To9—2 -2 - —222, +2m9073, +2T02 730 +8 —623)28,=0
22— 210712 — 2T 0121 —T20T02 — 2271 +2220701 +2202219+8T11 21001 — 0219 T =
2 3
13 — 3T01T12 — 10203 — 3T02211+6X02201T10+621125; — 625 £10=0

242:%1 x?o — 61:029:‘;’0
- 36[6011‘%01‘11
—|—12$10]J%1
+6£L‘%0.’L‘12
— 18%%11‘101‘20
+62022710220
+12z01211720
— 3w1220
+12x01x10121
— 6zy1w01
— 3x10%22
+213(2)1IL‘30

— x2w30 — 2x01231+732=0

Uafyry; — 610],
- 36[6101‘311‘11
+12$01JJ%1
+6£L‘(2)1.’L‘21
— 18%%03&‘011‘02
+6x20T01 702
+12x10711 702
— 321702
+12x01x10112
— 6112192
— 3201222
+21‘%OIL‘03

— x20T03 — 2T10713+723=0

1
By these truncation equations, we get Tap=0 <§> fora+ p=4,5.
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E Moment Equations

E.1 Linear Noise Approximation

To find the next order correction, we will collect terms up to O(£%2) in the master equation
expansion. After rescaling time by 7= Loz = Lget, we will extend the Fokker-Planck
equation (56) to O(£1/2). Then, we can obtain the moment equations by integrations. Here
we will only illustrate several of them:

) 2(Py () + Py ) e 2(Prot ) ()~ (4 222 (3 )Py T
()
2
L) ap (&) 4P, en)
2L, P, 2L, P, L,Py+LyP, L, (&) Ly,
Lok 2(Prat =) (€) 2Pyt =) (€0 ) —A( Pyt =5 (€0) 4= = B,
(78)
3
o)
6P, (¢%n)
+3 (&) +"/2[=3 (€1 (Prat QLLQEOPI )-3 (&%) (P 222t g (¢n) (&ﬁ%f‘yﬂ)% (¢%) é—z+3 (€n) i—z],
(79)

A& _gp (¢') — 8P, (€%n) +6(&2).

dT (80)

E.2 Simple Trunciation

Correspond with (77) — (80), we have:
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1,0)
—2¢ [ Lo (Pywo1+Pra10)] + [—2Ly (Pyxoa+Pra11) — 2L, (Pyx11+Peaag) — Lo (Pyyoa+2Pey 11+ Prytan)] €2=0,

(81)
(2,0)
LO — 4L0(Py1?11+P21320)6
1 2L, P, 2L, P, L,P,+L,P,
+(Lyxo1+Lmz10)5+§52[74L0(Pm+ L“O 2)a30—4Lo(Pyy+ Lyo y)11278L0(ny+%)x21+Lyyxo2+Lml

(82)

(3,0
3L0$10+€(3Lyl‘11 +3Lz$20—2L0PyiL‘01—6L0Pyl‘21—2L0le‘10—6LQPZZE30)

+e%(

— QLIPy.%'H
3

+5Lyyl‘12

- QLIPImQO

+3L$yl’21

3
+§Lzzx30

- 6L2Py1‘31 - 2LyPyI02 - 6LyPyl‘22 - 2Lypzl‘11 - 6LwaI31 - 6L1P21‘40 - LQPyyl‘OQ - 3L0Pyyx22 - 2L0ny13

(83)

(4,0)
Lo+6Lozog+e (Lny‘(n+6Lyl‘21+LI.’L‘10—|—6LI$3o — 8L Pyx11 — 8LoPyx31 — 8Ly Prxay — 8LoPrx40) =0.

(84)

By using (62), equations (77)—(79) coincide with equations (81)—(83) to O(£!/2), and
equations (80) agrees with (84) to O(1). In fact, all the first, second, and third order moment
equations from the two methods coincide to O(!/2), and so are the fourth order moment
equations to O(1).

E.3 Methodology

To find O(£!2) terms of the first order moments (&), (), (77) shows we only need O(1)
terms of (£2), (7). £n). Since the two methods give the same results to the leading order of
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the second order moments, O(£1/2) terms of the first order moments (which turn out to be
non-zero) are the same for the two methods. It follows that the next order correction to the
first order moments are the same for the two methods.

To find O(e!2) terms of the second order moments {£2), {£n), {77), (78) shows we only
need O(1) terms of (£2P) for a + B=3, and O(1) terms of (&), (7). Through (79) and the
other third order moment equations, we have O(1) terms of (£2P) for a + = 3 are all zero
since O(1) terms of (&), (#) are zero. It follows that O(<!/2) terms of the second order

moments {£2), {&n), {17) are all zero.

To O(e) terms of the second order moments {&£2), {£n), {72, (78) shows we need O(£1/2)
terms of (£2P) for a + B =3, and O(e'/2) terms of (&), (7). We know O(e12) terms of (&),
(n) are the same for the two methods. To find O(£1/2) terms of {£2P) for a + =4, and
O(1) terms of {&27P) for a + B= 2 other (79). Now, (80) and the other fourth order moment
equations show that O(1) terms of {£27) coincide for the two methods, for a + = 4, since
both methods give the same results to the leading order of the second order moments. It
follows that the next order corrections to the second order moments (which turn out to be
non-zero) are the same for the two methods.

By using (62), we have just shown that Van Kampen method and simple truncation give the
same results to the next order correction of the mean and variance of the cell population. In
particular, let /and /4 denote the number of stem cells and its steady state; respectively, then
we have the following results:

(€) =aloe"*+-1 (85)
<§2> :a%0+a305+ A (86)

E[I]=iotajo+--; (87)

1

a 2
Var [1|="2+a3y — (aly) +---. )
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Highlights
. We study stochastic population dynamics of stem cells and differentiated cells
. We ask how different types of control affect means and variances of cell
numbers
. Simple explicit expressions for the means and variances are derived
. The method is general and works for any functional form of the controls
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A schematic showing one step of the update for the constant total population model. Circles
represent stem cells (“S”) and differentiated cells (“D”). Following a death of a randomly
chosen differentiated cells, one of the stem cells is chosen for division. With probability p,
(where /is the current number of stem cells in the system) it will differentiate, that is, divide
into two daughter differentiated cells. With probability 1 — p,, it will proliferate, that is,
divide into two stem cells.
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Page 45

A non-constant total population process. A schematics showing the cellular processes and
their probabilities. Circles represent stem cells (“S™) and differentiated cells (“D”). A stem
cell divides with probability £, ; where /and Jare the current populations of stem and
differentiated cells respectively. The division can be a differentiation event (with probability
Py ) or a proliferation event (with probability 1 — #; ). A differentiated cell dies with the rate

D/J.
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Figure 3.

A numerical simulation of the system in (40) with &= 0.01 ran for 10° time steps. (‘")
stands for the stem cell population, and (“J’) stands for the differentiated cell population.
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The behavior of the means and the variances of the cell population described by equation

(40). The analytical results given by equations (41-44) (X’s) are compared with the values

obtained by numerical simulations (stars), for different values of e. (“T’) stands for the
theoretical results, and (‘N”) stands for the numerical results.
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Figure 5.
A typical numerical simulation of example (45) with &= 10~*and 3 - 106 time steps. (‘I’)

stands for the stem cell population, and (“J’) stands for the differentiated cell population.
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Figure 6.
Same as in figure 4, except the means and variances are calculated of system (45).
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The behavior of the relative error of the means and the variances for different values of e.

We used the relative error =
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