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INVOLVING THE SY~~TRIC ENERGY-MOMENTUM 

* TENSOR AND APPLICATIONS 

Lawrence Radiation Laboratory 
Uni versi ty of California 

Berkeley, California 

and 

J. Katz 

Purdue University 
Lafayette, Indiana 

December 16, 1969 

ABSTRACT 

The use of covariance and the Jacobi identity 

in the study of equal-time commutators is investigated. 

Denoting by T 
IJ.v 

the usual conserved and symmetric 

tensor density of Poincare transformations (the'syffimetric 
, , 

'energy-momentum tensor in Lagrangian models) and by X 

any of the operators 0, do¢, Jo' J£, or JO£ (defined 

by J
O

£ = dOJ£ - d£JO) we use the most general form of 

the equal-time commutators [i TOIJ.(X)' X(y)] and 

[i TOO(X), i TOO(Y)] compatible with covariance 

together with the Jacobi identities for 

[Ci TOO(X)' i TOO(y)J, X(z)] to derive relations between 
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the equal-time commutators [i TOm (xL x(y) J and 

[i Too(X)' y(y)J, where Y is any of the operators 

denoted by X orOy;,' dPf,~, . ~I-LJI-L' and 2PJom' This 

information is first used in deriving equal-time 

commutators in canonical models.· We then show tha~ 

the assumption of SU(2) ® SU(2) charge-current 

commutators together with 

- a 1jr(x) T I
5

0(:S - ~) , (where 

[Aoa(x), f(y) Jxo=yo ex! 

A a denotes the axial 
I-L 

vector current and 1jra spinor ,field) implies' (as 

obtained earlier by the authors under different assump-

tions) 

[Aka(x), fey holx =y = ~ f(x) 15 'k ~a o(i:S - Y.;) 
00 

+ 

[where f denotes (iyl-L d - m)1jrJ. In addition we 
I-L 

obtain an analogous equation for the conserved vector 

current, derived earlier by the authors directly using 

covariance. (For conserved currents the ;lS-integrated 

equations are a simple consequence of the Heisenberg 

equation of motion.) The incompatibility of field 

algebra current commutators with 

is noted. Taking 1jr to be the nucleon field (and 
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assuming usual current-field identities) it is shown 

that a certain form of the nucleon current leads to the 

above unless the right-hand side vanishes. (The 

consistency of 

covariance is checked. 1 Imposing this requirement one 
ex 

then obtainsgA 
1 

= g ,where gA a ex(x) ysY 2T ~(x) 
p 1 ~ ~ 

ex ex 
[gp v~· (x) y~; ~(x) ] denotes the contribution of Al 

(p) to f in terms of the renormalized field: 
m 

'ex ex) a (v . From this and the usual saturation of the 
~ ~ 

Weinberg spectral function sum rules by single particle 

intermediate 
2 

m 
....lL gp f 

p 

. where (f ) 
p 

is defined by 2 
PA (m ) 

1 

,[p (m2 ) = f 25(m2 - m 2)]. For currents obeying the 
p p p 

algebra of fields commutators restrictions on Schwinger 

terms contained in equal-time commuta.tors involving 

time derivatives of the currents are obtained. These 

relations show for example that in canonical realizations 

of current-field identities one needs derivative couplings 

of the spin-one field. 
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1. INTRQDUCTION 

It is generallyassum~dl-7 that in relativistic local field 

theories a conserved and symmetric local 'tensor operator T ex) 
J-lV 

exists with the property that the generators of Poincare transforma-

tions may be written as 

and 

P 
J-l 

M 
J-lv 

Denoting by 

f 3 . 
= . d x[x TO' (x) 

. J-l v 

ii, \if, J , and J r J-l' J-lv 

(1.1) 

(1.2) 

(defined as 

J == d J - () J) local operators with spins 0, 1/2, 1, and 2 
J-lv J-l v v J-l 

respectively, one fi'nds that the equal-time commutators (ETC) between 

T 
J-lV 

and these operators (and between the 

partly determined by covariance. 1 -4 ,8,9 

T r S themselves) are 
J-lv 

Using the Lorentz transforma-

tion properties of X (defined as any of the operators ¢, \if YO' 

Jo' J.e' or Jo.e)· and Eqs. (1.1) and (1.2) we obtain the most general 

form of the ETC [i TO (x), X(y)] , obeying these restrictions. in J-l . 

Eqs. (1.14) - (1.20) and (1.24) - (1.29). As may be :read off from 

Eqs. (1.14) - (1.20), the non-Schwinger terms (NST) and the first 

order Schwinger terms (FOST) -:-.the canonical terms--in the ETC 

[i TOO(X)' X(y)] are completely specified by covariance, whereas in 

the ETC [i TOm(x), l(y)] only the NST are completely determined this 

way while the FOST are shown to satisfy relations (1.30)-(1.35). 

These ETC have some immediate applications which we discuss next. 
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Turning first to Eq. (1.17) we remark that it follows from this 

that the Gell~Mann condition6,10 

12 
is equivalent to 

As we shall also see 

terms (NeT) 
.00 
J O; [k } ex 

... d .00 () 
~ JO; (kaJ x 

ex 

below for canonical 

13 14 . are absent' so 

,jfl J (x) 
fl 

= 0 

currents 

that Eq • 

(1.4) 

the noncanonical 

(1.3) holds in this 

·case. In addition it is 6 11 frequently assumed ' that only the scalar 

part of T breaks'the symmetry so that 
flv 

From (1.26) we s.ee that (1.5) is equivalent to 

== O. 

In Sec. III it is seen that in certain mOdels16-19 

(1.5) 

. (1. 6) 

.Om . h 
J O .'k } van~s es 

,1. ex 
so that Eq. (1.5) holds in such models. Furthermore (Sec. III) for 

fields ~ pr~portional to canonical ones the NCT in Eq. (1.15) are 

absent20 and thus 

, ;. 
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in analogy to Eq. (1.3) [Conditions under which the additonal Eqs. 

(3.38) - (3. 42 ) hold are also investigated in Sec. III.J 

As a consequence of Eq. (1.31) [Eq. (1.33)J the ETC of TOm 

with fields of spin 1/2 (space components of spin one fields) must at 

least have first order ST. Since the ETC between the time-space 

components of the canonical energy-momentum tensor 80m with any 

field which is proportional to a canonical one does not have ST, this 

property distinguishes the generators of local Lorentz transformations 

T (the symmetric energy-momentum tensor in canonical theories) 
JJ.V 

from 8 
JJ.v 

Canonical models in which both coincide therefore only 

contain basic fields of spin'O (the generalization of the argument to 

canonical variables with spin higher than one should be obvious) and 

thus no fermion operators at all. Since we are mainly interested in 

ETC in canonical theories which contain operators with spin 1/2 we , 

can not use the determination of the ST in Eqs. (1.14), (1.18), and 

(1.26) of Ref. 3, where Eq. (1.2) has been assumed with 80 [1 replacing 

21, 
TO[1· 

It is the main purpose of the present paper (Secs. II and III) 

to derive restrictions on the canonical and noncanonical terms in 

Eqs. (1.4)-(1.20) and (1.24)-(1.29). It is in view of the applications 

2-4 6 8 9 11 . made"" of these relatlons (see also Sec. IV and the Appendix) 

that a systematic investigation is desirable. 
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The results obtained in Secs. II and III are of different 

generality. Whereas in Sec. III we calculate ETC in canonical models 

(the results are described in statements 1-3), Sec. II depends only 

on the assumed validity of the Jacobi identities
22 

for 

([i TOO(x), i TOO(Y)J, X(Z)] (where X denotes any of the operators 

¢, *10 , JO' J.e' JO.e' or dO~n and on the transformation properties 

of T and X under Lorentz transformations. Writing these Jacobi 
!-LV 

identities [Eqs. (2.1)J we then calculate the left-hand sides of 

these equations by use of Eq.(1.21) and the right-hand sides by use 

of Eqs. (1.14)-(1.20). By suitable manipulations (as described in 

Sec. II) the contributions of the NCT in Eq. (1.21) are eliminated and 

the results given in Sec. II [mainly Eqs. (2.12)-(2.17), (2.34), and 

(2.35)J are obtained. These equations are used in obtaining
24 

some 

of the results in Sec. III [Eqs. (3.20) ,( 3.24), and (3.25)] but we 

would like to illustrate here possible applications by obtaining the 

commutator [i ToO(X)' JO.e(y)J in the Sugawara mode15 in which we 

have 

(1.8) 

Then we use (2.35d) [and the absence of NCT in Eqs. (1.17) and (1.18) 

for the Sugawara modelJ to see that at most NCT of second order 

contributes to the commutator under discussion. Using (1.8) and (2.15) 

we obtain 

o d 
[i TOO(X)' Jo.e(y)J = d JO.e(x) 5(~ - ~) + Jk.e(y) d~ 5(~ - ~) . 

(1.9) 

, .. . ~ 
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(Of course, the above result would also follow by direct calculation, 

a procedure which involves ambiguities due to products of fields at a 

point which is avoided by the derivation presented above.) 

Absence of NCT in Eq.(1.21) may be made plausible by assuming 

Schwinger's actionprinciplel which may be used to obtain 

d 
TOk(y) d~ 5(~ - ~) 

(1.10) 

However, our results do not depend on this assumption. 

Next we would like to make explicit25 the consequences which 

Eqs. (1.1) and (1.2) together with the transformation properties of X 

have for the commutators [i TO~(X), X(y)J. To describe a possible 

derivation we consider the commutators involving ~yO' Assuming only 

existence of the equal-time limit we may write 

= 
d X(x) 5(~ - ~) + ~(x) d~ 5(~ - ~) 

(1.11) 

Note the particular choice of the arguments of the ST in the above 

equation. This may always be achieved and will prove convenient in 

what follows. 'from the Heisenberg equation of motion [using Eq. (1.1)J 

we find 
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k 
= x.(y) - (J ~(y) • (1.12) 

Writing Eq. (1.11) for y~ = 0, multiplying by ~ and integrating 

over i5 we find by use of Eq. (1.2) from the known transformation 

properties of 1jr under boosts 

1 -
~(y) = 2" Hy) k' 

which determines the CT in Eq. (1.15). Applying the same reasoning 

to the other operators denoted by X one obtains the results25 

(J 
-- o(x - v) 
o~ rv ,z, , 

ex (1.14) 

where we have defined 

(1.16) 

~" 
'.,' 

,";' ',';)" 
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One also obtains 

= O~J~(x) 5(~ - ;[) + Jk(x) Cl~. o(~ - ;[) 

NOO(J ) . 

~ jOO () 0 . . . 0 5(x _ ) 
+ L_O;(k}Y ~ ~. '" ;[, 

0:=2 1· 0: 

(1.17 ) 

= J (x) o(x - ;[) ~ J (x) ~ o(x _ ;[) 
Oi ~ 0 oxi ~ 

(1.18) 

(1.19) 

i: .. . ," { .. 
',,1 



-8..., 

D d· 
. ~(x)5(~ -)iJ + dk~(X) d~ 5(~ - ;() 

(l. 20) 

and 

= i TOk(X) ~~ 5(~ - yJ +i 

(l. 2l) 

.. NST are absent in Eq. (l.2l) since However, the 

consequences of Lorentz covariance are not. yet completely exhausted 

in the above equation since from the transformation properties of . 

TOO(X) it also follows that 

and 

o 

I, ".' 

>,':."' . 

(l. 22) 

. , 
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\ 

We next use Eq. (Ll) for J.l = m to obtain 

[iTOm(X), JO(Y)] 

NOm(J ) 

= . -J (x) ~ 5(x - ;() + ~ j~( )(y) ~ •.. ~ 5(JE - ;() , ° oxm '" ~ 0, kcx ~l ~cx 
(1. 26) 
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(1.28) 

and 

(1. 29) 

Using Eq. (1.2) we further obtain 

(1.30 ) 

Ome·)·· On() 1 -( ) y y .y 1 -( ) - Xn Y + Xm Y = '2 IjJ YOm n - '2 1jJ. Y r Ogmn .,. (1.31) 

.. Orn() 
-JO;k Y 

. Ok() 
+ JO;m Y - o , 

. Orn() +. Ok() = 
-Jt;k Y J£;m Y (1.33) 

and 

. . 
.' ,~:. ., ~~., . 
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Before discussing applications of the results described above 

we proceed to introduce our basic assumptions and notations concerning 

ETC between currents and fields. We will restrict our attention to 

chiral SU(2) ® SU(2) 

The currents A a(x) 

and assume usual ETC between charge densities. 

iJ. 
and V a(x) (a = 1-3) 

iJ. 
will be denoted by 

(a = 1-6) with J a(x) = V a(x) for a = 1-3 
iJ. iJ. 

for a = 4-6. The structure constants 

are then defined by 

= . abc c() ( ) l e JO x 5 ~ - ~ • 

26 For the fermion field we will occasionally assume 

a -
[Ao (x), W(y)J = 

and 

abc 
e 

(1.36) 

It follows 27 from this (by an appropriate choice of the phase of A) 

assuming usual ETC between charge densities that 

1 - a 
= 2 w(x) r 5(~ - ~) (1.38) 

with 

a for 1-3 T a 
a r = (1. 39) 

YS 
a-3 for a 4-6 T = 

Turning next to the applications of Eqs. (1.14)-(1.21) we 

note that the connection between usual ETC of charge densities, ST 

in [Joa(x), .2liJ. JiJ.b(y)J, and current algebra commutators has already 

been partly discussed. 2,3,7 The discussion given in Refs. 2 and 3 



;..12- UCRL-19438 

made use of. Eq. (1.17) and assumed for the main conclusions that NCT 

were absent while in Ref. 'J use was made of Lorentz invariance and it 

was assumed that the ETC occurring in that derivation (T was not 
~v 

used in Ref. 7) contain at most a FOST. It was then shown2 ,3,7 that 

usual current algebra commutators follow provided that 

(x - y) [Joa(x), o~ J bey)] 
. m ~ 

o , (1.40 ) 

i.e., the above ETC contains no ST. 

In Refs. 8 and 9 it was shown that in certain models it follows 

from Eq. (1.37) that30 

where f is defined by 
m 

f (x) 
m . = 

+ iCy - x)· [Joa(x), f t(y) YO] , (1.·41) m m . 

(1-.42) 

for any m. [As noted in Ref. 9, Eq. (1.41) may be obtained for 

conserved currents, using direct consequences of covariance,27 from 

the Heisenberg equation ,of motion. Also for conserved currents the 

x-integrated Eq. (1.41) is a simple consequence of the Heisenberg 

equation of motion.] Absence of ST in the ETC 

and [o~ Ja(x), ~(x)] was also derived in Refs. 8 
~ 

and 9. 30 This result may be combined with Eq. (1.41) to see that 

[JOa(x), ft(y) YO] contains at most a FOST. 
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It is the first purpose of the applications made in Sec. IV to 

derive Eq. (1.41) from covariance and Eq. (1.37) alone and to discuss 

the dependence of the results of Refs. 8 and 9 on the absence of NeT 

in Eqs. (1.15) and (1.17) (as is the case for certain models discussed 

in Sec. III). 

We next illustrate31 applications of Eqs. (1.14)-(1.21) by 

considering the Jacobi identity for [i Too(X)' [Joa(y), J O
b

(x)J].2 

We" thus write 

- i 
bac c d 

e' Jk (x) o(~ - ~) o~ o(~ - ~) + Z(x,y,z) . 

In the above equati'on we have denoted by Z the sum of terms which 

d d .00 D t . h epen on JO;(k
a

}' ue 0 covarlance we ave 

(1.44 ) 

Note that if one assumes Eq. (1.3) then one may also write 
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J 

Next we multiply Eq. (1.43) by (x - y)m' integrate over ~ 

and ~, and use Eq. (1.44) to obtain (as a result of covariance, and 

the ETC between charge densities only) 

i e
bac 

Jmc(y) + Jfd3Z(Y - z)m[Joa(y), d~ J~b(z)] 

(1.46) 

Assuming Eq. (1.3) we then ,obtain from Eqs. (1.43) and (1.45) 

The above relation has been derived in Ref. 7 by use of Lorentz 

covariance and the assumption that at most a FOST.is present in the 

ETC and [J
O 
a(x),Jkb(y)]. In Ref. 3 it was 

obtained assuming absence of NCT in Eq. (1.17),. Our derivation 

shows that' it is a simple consequence of Eq .(1. 3) • 

From Eqs. (1.40) and (1.46) evidently usual charge-current 

commutators follow. 2,3,7 From covariance we derive in the Appendix 

'absence of ST in [Joa(x), d~ J~b(y)] for currents which obey field 

algebra commutators with charge densities. Also in the Appendix the 

usua12 symmetry relations for the FOST in [Jo a(x), J
m

b (y)] are 

obtained from assuming at most a FOST in this commutator. The 

Appendix, in which we employ the methods of Refs. 2 and 3, is 

independent of NCT in Eq. (1.17) and contains also a discussion of 

the further consequences of Eq. (1.3). This investigation is motivated 

.:,.," 

. i 

I 

, .... : 
I , 
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by noting that only for canonical currents absence of NCT [in Eqs. (1.17) 

or (3.4)J has been obtained. 2,3,8,9 

It is the main purpose of Sec. IV to investigate consequences 

of Eq. (1.41) for ETC between currents and fermion fields. It is 

argued in that section32 that large effects due to the interaction 

term in Eq. (1.41) are to be expected in contrast to Eq. (1.46) in 

which these effects are expected to be small. The relation in Eq. 

(1.41) shows that it is in fact due to the interaction of the spin 

1/2 field that deviations from the quark model result for 

[Jka(x),'i[(y) YOJ are possible (as pointed out in Ref. 9). Since 

- a 9 proportionality of the NST of this ETC to ~r Ym is incompatible 

with commutativity of the space components of the currents, we 

immediately see that the algebra of field current commutators are 

excluded if the fermion field is free. In order to investigate the 

compatibility of Eq. (1.37) with field algebra commutators we present 

in Sec. IV the follovnng model for the nucleon current 

f (x) = (c p[¢(x)] + [c V CX(x) + cA A CX(x) Y5 J-fL ,p}~(x) , 
m rr v f.l. f.l. 

(1.48) 

which may be interpreted by use of current-field identities. In 

Eqo (1.48), P[¢(x)J denotes an arbitrary polynomial of the pion field. 

If algebra of fields current commutators are assumed together with 

Eq. (1.48) then the second term on the right-hand side .of Eq. (1.41) 

(the interaction term) is proportional to the first term. Thus, 
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field algebr~ current commutators are compatible with Eq. (1.41) 

[a consequence of (1.37)J and Eq. (1.4S) only if the right-hand side 

of Eq. (1.41) vanishes, which yields the relations (4.1S)-(4.31). 

Therefore Eqs. (1.41) and (1.4S) suggest that33 

(1.49) 

in ca:se of algebra of fields commutators. (Note that the above 

equation is also a consequence of the canonical rules in case of 

canonical realizations of current-field identities. 34 ) 

In the remaining part of Sec. D1 consequences of Eqs. (1.15) 

and (1.17) are first discussed when they are combined with Eqs. (1.37) 

and (1.49) and finally the consequences of Eqs. (1.17) and (l.lS) for 

currents obeying field algebra commutators are obtained. The main 

results are Eqs. ( 4.40). and (4.42) which are obtained without any 

assumption about the NCT in (1.17) and (1.18). We would like to note 

. here that Eq. (4.40) shows that in canonical realizations of current-

field identities one needs derivative couplings involving the spin 

f ' ld 17,lS,34 one ~e . 

.' ~ 

"i 
I 
! 

I 
I 

·'I.i 
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II. CONSEQUENCES OF COVARIANCE 

In the present section22 we assume the Jacobi identities 

involving [[i TOO(X), i TOO(Y)]' X(z)] and utilize Eqs. (1.14)-(1022) 

and (1.24)-(1.29) to obtain relations connecting the ST in 

[i TQm(X), x(y)] with the NCT in [i TOO(X), y(y)]. In the above X 

(Y) denotes either of the operators ¢, ~-ro,Jo' J£, JO£' or dO¢ 

(diJ.fYiJ.' diJ. JiJ.' J Om' dOJO£' or O¢). Our present considerations are 

model independent since we only make some rather general assumptions 

about existence of equal-time limits and validity of the Jacobi 

identity. Since all the relations below are. obtained by analogous 

manipulations we shall only choose the cbmmutators involving lj.r to 

illustrate the calculations and merely give the results for the other 

cases. 

We start by writing the following Jacobi identities 

= [i TOO ( x), [ iT 00 (y ), X ( z ) ] ] - [i TOO (y ), [i TOO ( x), X ( z ) ] J . 
(2.1) 

In this equation X denotes either of the operators indica:ted above, •. 

For X(z) = ~(z), we use (1.15 ) and (1.21) to rewrite this as 



1 
- 2" 

" .. 1:,,',., . 
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000 r: y; ~ ••• ~ 6(x - v) ~ O(v - z) o k ox.. o~ rv ...... uy 1. ...... rv 

K1 0: ,k , 

(2.2) 

", ,'. 
" " , 

i 
• I 

I 

1,;, , 

i 
I 
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For a consistency check we first multiply the above equatiori by 

(y - Z)m and integrate over ~ and ~ to obtain 

Using once again Eq. (1.15) as well as Eq. (1.25) we then obtain, 

after some rearrangements 

Jd3y (y - z)m[i TOO(Y), cr-t;VCz) Yr-t YoJ = -~ (cr-t\if(z) Yr-t) Ym 

(2.4) 

Therefore, comparison with Eq. (1.15) shows that 

(transforms like a spin 1/2 field, as it snould. 

Employing the same reasoning as above and using Egs. (1.14) 

and (1.17)-(1.21) for each of the cases X = ~, J O' J1,;' J o £' and co~ 

respect,ively we then obtain the correct transformation properties for 

co~; cr-tJ r-t' J01,' CoJ01,' and 0 ~. 
We nm." return to Eg. (2.2) and multiply it by (x - y) and m 

integrate over x with the result ,..... 
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i 
,I 
1 

! 

X d~ 5(fS - ~) 

Note that there are no contributions from the higher order ST in 

Eq. (1. 21). Therefore the resulting expressions are identical to those 

which would be obtained oy use of Schwinger's condition. 
·1 

Using Eqs. (2.4) and (1.15) the aboye equation may then be 
\ 

',' 

\;' 
! 

written as .' 

·,1 
," ,', , " : 

,~:: I 
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- ! (y- z) [i T (y) a~ ~(z) y ] 
- 2 m 00' I-t 

a a 
y y ~ ••• ~ 5 (;£ - k,) 
o m U.Yk u.Yk 

1 a: 

(2.6) 

Employing the same reasoning as above the collection of 

formulas obtained for X = ~J JOJ J,eJ aO~J and JOt may be written -

as 
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i 

! 
i 

(2.8) 

- ~ J (z) 6(v - z) - Jm(Y) ~ 6(t - ~) 2.em 'Iv "" uy .e 



-23- UCRL-19438 

d - d ¢(y) - e(l - z) o dyill rv 

1 f3 + -d x(x - y) 
2 ill 

(2.10) 

and 

(,I 

d 
-:s::- e(~ - ~) • 
U:i k . 

ex 

(2.11) 
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We will next obtain the relation between the FOST in 

[i TOm(Y)' ~(z) yo] and the second order ST in [i TOO(y),d~ ~(z) Y~J 

multiplying Eq. (2.6) by (y - z)m and integrating over ~. This 

gives 

1 - 1 - ~ 00 
+ -2 g ~(z) 0 + -8 ~(z) YO(Y Y - Y Y ) + d X (z) Y"YO . . mn . mn. nm mn ... 

(2.12) 

Analogously, the results for the other cases may be written as 

= - ~ ~d3y(y_ z)m(Y - z)n[i TOO(Y)' dO¢(Z)J + do¢mnOO(Z) , 

(2.13) 

= 

J ( ) + d~ .00 ( ) + gmn 0 z J~;mn z , (2.14) 

, . 

~: 
. I 

I 
, , 

: . .:' i 
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(2.16) 

and 

Note that Eqs. (1.30)~(1.35) (which have not been used in the preceding 

calculation) emerge from the above by antisymmetrization in m and n. 

Next we m~ tiply Eq~ (2.2) with (x - z )m' integrate o,ver ~, 

and use Eq. (1.15) to obtain 
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(2.18) 

Note once again that the ST in Eq. (1.21) have not contributed. By 

an analogous procedure we obtain for the remaining cases the following 

list of formulas 

(2.19) 

.,/.,.' 

.1 , 

I 
I 
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= ! J (z) 6(" - z) - ! J (y) d n 6(Z - z) 2 mt ~ ~ 2 m dy~ ~ 

I . .! 

) [ . (). 00 () ] d . .. d 6 ( ) 
z m l TOO x , Jt;[k

a
} z Oyk ~ Z - ~ . ' 

1 a 

(2.21 ) 
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00 . d d 
¢O. fk }(Z)J ~ ••• ~ 5(;'( - ~) 

,l ex uY k k 
1 ex 

(2.22) 

and 

1 C 
- '2 dZill 

.; 
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We would next like to obtain relations between the higher 

order-ST. To achieve this, we multiply Eq. (2.18) by (y - z) 
n

1 
(y - z)n ' integrate over 

2 
y, and use Eq. (1.25) to obtain 
rv 

From the above equation it is easy to 

XOO XOO = 0. In fact, when ° n
1

n 2 
n

l
n

2 

and 

On2 ° Onl Xn m(z) - X m (z) - X (z) 
1 nl n2 °mn2 

Adding these relations we then obtain 

° , 

the desired result. 

+ 00 r Y 
~ nOm 

1 2 

derive that XOm 
nl n2 

Eq. (2.24) gives 

° 

° 

= 

(2.24) 

° whenever 

(2.26) 

(2.27) 

We next derive the analogous results for the ST of third order 

by multiplying Eq. (2.18) by (y - z) (y - z) (y - z) , 
nl n2 n3 

integrating over ~,and using Eq. (1.25). We obtain 
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On
l 

On . On 
-3[Xn

Om
n, n (z) - Xmn n (z) - )( mn

2 
(z) - Xn n3 m(z)] 

1 2 3 2 3 '111 3 1 2 

... 

Once again it follows from the above tha tPO 
n

l
n2n

3 
== 0 implies that 

To see this, we write Eq. (2.28) when 

We obtain 

o ~l ~2 ~3 
)( mn n (z) - Xmn n (z) - X mn (z) - Xn n m(z) o· 
'111 2 3 2 3 n l 3 1 2 

(2.29) 

~di 

Adding and subtracting these equations we get 

and 

On' Om' . 1 . 
Xn'n'n' (z) - \n'n'n' (z) = 0 .• 

1 2 3 2 3 

Choosing m' = n2, ni = n
3

, n2 = m, n3== nl' and using the symmetry 

of xOm in the lower three indices we obtain from (2.32) 
'11

1
n

2
n

3 

,t, ... ',c . 



• 
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which upon comparison with Eq. (2.31) shows that X. Om (z) 
n

l
n

2
n

3
, 

vanishes. Clearly an analogous reasoning may be performed for higher 

order STbut we shall not do so in this paper since the generalizations 

are now apparent. 

Our resul ts may be schematically expressed as 
R . 

fd3x(X - Y)n~(x - y) [i TO (x), X(y)] 
1 I I n i m 

. i=2 

00 ' 
Z¢(¢k 000 kJ 

l' 'R 

Z-( x.?O ) 
'lr "kl···~ 

( .00 J.OO·) 
ZJ ,JO,ok .•• k_,o m·k .•. lL o 1 -"'R '1 -~ 

z "00 00 o ~(¢k ···lL· ¢Ook o·.k_) or 1 -~ , , 1 -"'R 

Z ( .00 J.OO.) 
J JOmo k • 0 olL 0 e ok o •• k O.e ' 1 -"'R' ., 1 R 

for X = ¢ 

For X = ~Yo 

for X = JO 

for X = J.e 

since analogous calculations may be performed for the other choices 

of Xo In the above we have denoted by Z those linear forms in the 

'.',' _" £1." 
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ST obtained following the procedure indicated. Note that they vanish 

l,;henever the· ST vanish. 

To obtain analogous results for commutators involving TOO 

and Y, with Y = 009',ofl\fy
fl

, oflJfl , J
Om

' 09', or 00J
Om 

we return 

R to Eq. (2.6). We multiply this equation by (y - z) ~ (y - z) 
n l 'li =2 n i 

(R = 2,3) and integrate over ~. Theexplidt non-ST on the right-

hand side do not contribute and we are left with a relat ion expressing 

the ST of order R + 2 in [iTOO(Y)' ofl \fez) Y flJ in terms of the ST .. 

of order R + 1 in [i TOm(Y), ~(z) YoJ and l'~Ok' 
1 2 

, 

00 
~ •• ·k_ • 
lR+2 

Using Eq. (2.34b) we then obtain a relation expressing 

the ST of order R + 2 in [i TOO(Y)' ofl~(z) YflJ in terms of 

Our results for the different Y may be 

schematically represented as 

, ',', ·'.i ';.~ , ',:' 

..." 

! 
I 
! 



I. 

= 

00 
Z~(¢k k 

'fJ 1 2' 

00 
¢k ···k ) 

1 -~+2 

00 
~ · .. lL ) 

, 1 -~+2 
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for Y dl-l ijJ Y 
I-l 

(2.35b ) 

.00 ) 
J m ' k .• 'lL. 

'1 -R+2 

.00 .00 .00 ) 
Jm' k lL; JO' k k , .•. ' JO' k ···lL , 1'" -R+2 '1 2 ' 1 ··R+2 

for Y = Jam (2.35d ) 

00 
Z~ ~(¢k k ..• , 

°0'fJ 1 2' , 

00 00 00 
¢k ···k_ ; ¢O'k k .•. ' ¢O'k "'k ) 1 -~+2 ., 1 2' '1 -~+2 

for Y = O¢ (2.35e) 

.00 .00 .00 ) 
JO£'k "'k_ ; J£'k_k ... ' J£'k ··.lL 

'1 -~+2 '-~ 2' '1 -~+2 

for Y = dO Jo£ . 

(2.35 f ) 

The explicit form of the Z (which vanish whenever the ST 

vanish) may be obtained by performing the manipulations described above, 

taking into account the explicit forms of the equations used. 
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III. COMMUTATORS IN CANONICAL THEORIES 

We obtain in this section some equal-time commutators of 

T· with currents and fields in canonical theories with basic 
O~ 

canonical fields of spins 0 and 1/2. We will someth'les also assume 

that the interaction Lagrangian does not contain derivatives of the 

spin 1/2 field. If canonical variables of higher spin are present, 

a generalization of our derivations under this assumption requires 

absence of derivatives of any field carrying spin from the interaction 

Lagrangian. In obtaining these commutators we will also make use of 

the information obtained in Sec. II. 

We start with some remarks concerning the canonical energy-

momentum tensor 8 and the symmetric energy-momentum tensor T 
~v ~v 

( the generator of local Lorentz transformations). The canonical 

tensor is given by.Noether's theorem as 

(3 (x) 
~v 

= aa ¢ (x) a ¢ (x) - g L(x) , 
v a ~v 

(3.1) 
~ a 

while the symmetric energy-momentum tensor 

= 8 (x) - at.. f (x). 
~v t..~v 

T 
~v 

is defined by 

(3. 2 ) 

We employ the formalism of Ref. 15. However, we choose the adjoint 

of the T given there as our symmetric energy-momentum tensor. This 
~v 

will prove convenient and is possible even if T 
~v 

is not Hermitian, 

since the non-Hermitian parts can not contribute to Eqs. (1.1) and 

(1.2). 

.'; . 

.. : 

i 
. , 

. ' .' ) 

i.~ ! 
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The canonical energy-momentum tensor 

that equal-time commutators such as35 

8. 
f.lv 

has the advantage 

[i 8 (x), Ijr(y)] om 

and 

df.l Jf.l(X)O(~ -;'[)+ Jk(x) d~ 6(~ -;'[) , 

(3. 4) 

are readily calculated, while if we consider the analogous commutators 

wi th T replacing 8 
f.lv f.lV 

we note that is different8 

from [i 800 (X), Ijr(y)] [see Eq. (3.15) below], [i TOO(X)' JO(Y)] 

is the same36 as [i 800 (x), JO(y)], and [i TOm(x), Ijr(y)] and 

[i TOm(X)' Jo(Y)] are in general not completely determined unless 

additional assumptions are made. 36 Incidentally we also note that9 

Evidently Eqs. (3.3) and (3.7) may not hold with TOO replacing 

800 due to covariance [i.e., Eq. (1.2)]. Since for any canonical 

variable 9 one derives9,15 
a 
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one finds from covariance that 

can hold only if all the basic canonical variables have vanishing spin. 

Similarly Eq. (3.5) with 8 Om replaced by TOm would be in contra-

diiction wi thEq. (1. 31). These facts have already been discussed in 

t.he introduction. It should also be not.ed that. even though the equal-

timecommut.ators involving TOI-l are in general different from those 

involving (3 they give the same result.s in some instances. 8,9,37 
011 

We will next derive 
00 x. o without. making any assumptions 

about derivative couplings. To this end we not.e t.hat for spin 1/2 

S [Eq. (4.18) of Ref. 15J is given by 
!J.v ;<:Xt3 

1 
= r(rr -rr) 

'+ I-l v v I-l 

Thus we may write [Eq. (4.19) of Rei'.14J 

where n is canonically conjugate to ~ 

n(x) = ... 

.. ,. -' i 
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A 

In the above ~ denotes the canonical field to which ~ is assumed 

to be proportional. We also note that if derivative couplings involving 
A 

~ are absent one has 

x 
dd 1jr(x) 

m 

Now, from Eq. (3.11) one easily obtains (using the antisymmetry 

of f in the first two indices) 

Then from Eqs. (3.2) and (3.3) one obtains 

or 

[i Toot(X), YO ~(y)J == d~ Y~1.\r(x) 5(;lS -;[) + ~ Yk1.\r(x) d~ 5(;lf -;[) 

(3. 14) 

[i TOO(x), \V(y)JOJ d~ \V(x)Y~ 5(;lS -;[) + ~ \V(x)Yk ;( 5(;lS - ;[) • 

(3.15) 

Next, for the time component of a canonical current defined by 

(3. 16) 

a where Fbc are the structure constants of the group considered, we 

use Eqs.(3.4) and (3.16) to obtain (Jo is Hermitian) 

[i ToO(x),JO(y)J == d~ J~(x) 5(;lS -;[) + Jk(x) d~ 5(;lS -;[) 

(3·17) 
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(To derive the above equation it is sufficient to realize that 

[df.l ff.lOO(X)' JO(y)J contains at most a FOST and thus the result follows 

by covariance.) 
A 

Next we assume absence of derivative couplings involving \)r 

and"obtain from Eqs. (3.10) and (3.13) [using Eq. (4.18) in Ref. 14J 

df.l fO (x) 
f.ln 

1 m A A 

= -8 d Crr(x)(Y Y, - Y Y ) \)rex) + 4 g n(x) \)r(x)} . mn nm mn 

(3. 18) 

Since the above expression contains only canonical variables we may 

calculate [i Tom(x),ijr(y) yo]' We obtain 

Now, since due to Eqs. (2.34b), (2.35b), (3.15), and (3.19), at most 

a second order ST is contained in [i TOO(X)' fm(Y)YoJ [fm has been 

defined in Eq. (1.42)J and at most a FOST in [i TOm(X)' fey) YO] we 

obtain from Eq. (2.12) and covariance that Eq. (3.19) is equivalent to 

~ 

f.l 1 - d 
d fm(X) Yf.l o(~ - ~) + 2 fm(X)Yk d~ o(~ - ~) 

(3. 20 ) 

Therefore, Eq. (3.20) is derived for canonical theories which do not 
A 

involve derivatives of \)r in the interaction Lagrangian . 

,.;'. I.":' . j 

·1 

.' , 

i -, 
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Our next task is to determine the commutators [i TOO(X)' Jk(Y)], 

[i TOk(X), Jo(y)J, and [i TOO(X)' d~ J~(y)J in canonical theories 

under the assumption that the interaction does not contain derivatives 

of the fermion field. We will make use of Eq. (3.6), obtained in Ref. 3 

and show under the present assumptions that the additional terms in the 

definition of TOm do not.contribute so that 

The relations in Sec. II will then be used to derive [i TOO(x), Jk(y)] 

together with further commutators. 

The derivation of Eq. (3.21) from Eqs. (3.6) and (3.18) is a 

straightforward calculation. Using the associative law and defining 

r by mn 

we may write 

= 

o 

' .. ! 
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We next note that due to Eq. (2.20) it follows from the absence 

of ST of higher order : than one in Eq. (3.21) and from Eq. (3.17) that 

Note that in obtaining Eq.(3.2!t) from (3.21) the special form of the 

FOST was not needed. Therefore, Eq. (3.24) depends only on the absence 

of ST of order higher than one in Eq. (3.21) and on the abs ence of NCT in 

Eq. (3.17). Now, due to Eqs. (2.34c) and ,(2.34d) absence of ST of order 

higher than one in Eq. (}.21) and in the COlUIllutator [i TO.e(x), Jm(Y)] 

follO\'IS from Eqs. (3.17) and (}.21t). It also follo'ViS from these 

equations [using Eqs. (2.2Sc) and (2.25d)] that no ST of order higher 

than two are present in the commutators of TOO with O~lJ~ and. with 

J
Om

' Thus [Eq. (2.34a)] in this case ST of order higher than hlO ar'e 

also absent in [i TO (x), o~ J (y)J. 
m ~ 

,Next, assuming Eqs. (3.17) and (3.24) we show that Eq. (3.21) 

and' 

are equivalent. Then, since Eqs. (3.17) and (3.21) are derived for 

16 ' 
certain models and since, as shown above, Eq. (3.24) follows from 

Eq. (3.21), this establishes the validHy of Eq. (3.25) in these models. 

To prove the equivalence, we note that Eq. (3.21) follQl.,s from Eq. (3.25) 

since [Eq. (2.34c)] at most a FOST is contained in this commutator 

which [Eq. (2.14)] is as given in Eq.(3.2l). Assuming Eq. (3.21), We 

,,, , 
:. i 

, ' 

, I 

, i 

I 
, I , . , 
I I , I 
, ! 

i. . 

, I 
;, I 

i 
i 

~:'#I 
" I 

:/ i 
; i 
, I 
I 

i I , , 
• I 

f 
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first note [Eq. (2.35c)] that at most a second order ST is contained in 

[i TOO(x), dfl Jfl(Y)]. This ST also vanishes [Eq. (2.14)J and Eq. (3.25) 

follows from covariance. Thus, Eq. (3.25) is indeed a consequence of 

Furthermore we note that as soon as Eq.(3.25) is established, 

absence of ST of order higher than two in [i TOO(X)' dO dfl Jfl(y)J 

[Eq. (2.35a)J and of order higher than one in [i TO ' dfl J (y)J m fl 

Ceq. (2.34a)] follows [note also Eq. (2.13)]. In addition from Eqs. 

(3.17) and (3.24) it may be seen that ST of order higher than two are 

absent in [i Too(X)' dfl Jfl(Y)] [Eq. (2.35c)] and in [i TOO(X), Jo£(y)J 

[Eq. (2.35d)] and that ST of order higher than one are absent in 

[i TOm(x),J£(y)J [Eq. (2.34d)]. Note also that the relation 

[Eq. (2.15)] connects the ST in [i TOm(y), J£(z)J with those in 

[i TOO(y),JO£(z)J. 

We would like to investigate next scalar fields ¢(x) which are 

proportional to canonical ones. For example, the divergence of the 

axial vector current in Langrangian models of PCAC has this property. 

Since, for such fields15 ,9 

. .,' . 
:',., 
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and 

we have 

If the coupling does not contain. derivatives of the fields 

carrying spin we have (since 9 is Hermitian 

[Absence of ST of order higher than one is already a consequence of 

Eqs.(2.34a) and (3.29).J From Eqs. (2.35a) and (3.29) we learn that 

at most a second order ST is contained in [i TOO(X)' dO ~(y)J and that 

this term vanishes due to (3.29), (3.30L and (2.13). Thus it follows 

(using covariance) that 

== 0 ~(x) o(~- ;t) + dk ~(x) d 
(j~ o(~ - ;t) 

(3·31) 

This relation, which may have been obtained easily from the formulas 
A 

gi vem in the Appendix of Ref. 9 if d
O
¢ is canonically conjugate t'o 

A A 

¢ (i.e., if derivative couplings involving ¢ are absent) now is seen 

to be valid even when the coupling contains derivatives of ¢. 

Using Eqs. (2.13), '(2.34a), and (3.29) one may evidently also 

derive Eq. (3.30) from (3.31). From (3.29), (3.31), (2.,4e), and 

(2.35e) it follows that ST of order higher than two (one) are absent in 

, .... ',-, 

~i 

! 
",i 

. (.1 
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From Eqs. (3.31) and (2.16) we thus obtain equivalence of the relations 

and 

. 0 
- do ¢(x) ~ 6(~ - ~) 

ax 

(C=J + m2
) dO ¢(x) 6(~ -~) . 

(3.33 ) 

Note that Eq. (3.32) is a consequence of the canonical rules in case 

that derivative couplings are completely absent. 

The following statements summarize the content of the above 

discussion. 

Statement lao Assume Eq. (3.15). Then: 

(1) There are no ST of order higher than one in 

[i TOm(X), *(y)J. 

(2) The Eqs. (3.19) and (3.20) are equivalent. 

statement lb. For a nucleon field proportional to a canonical 
A 

field * Eq. (3.15) holds. If the interaction Lagrangian does not 
A 

contain derivatives of * then in addition Eq. (3.19) holds [and 

consequently Eq. (3.20) holds,] 

statement 2a. Assume Eq. (3.17) and at most a FOST in 

[i TOm(X)' Jo(y)]. Then Eq. (3.24) follows. 

Statement 2b. Assume Eqs. (3.17) and (3.24). Then: 

(1) The Eqs. (3.21) and> (3.25') are equivalent. 

(2) ST of order higher than one are absent in the commutators 
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(3) ST of order higher than two are absent in the commutators 

[i TOO(X), 

[i TOk(X)' 

iJfl J (y) J, 
fl 

iJfl J (y)]. 
fl 

statement 2c. If J (x) 
fl 

denot.es.a canonical current. Eq. (3.17) 

holds. If the interaction Lagrangian does not contain derivatives of 

1jr, Eq. (3.21) holds [and consequently Eqs. (3.24) and (3.25) also holdJ. 

statement 3a. Assume Eq. (3.29). Then 

(1) The Eqs. (3.30) and (3.31) are equivalent. 

(2) There are no ST of order higher than one (two) in t.he ETC 

[i TOk(X)' iJ ¢(y)J ([i TOO(X), 0 ¢(y)]}. 

statement 3b. Assume Eqs. (3.29) and (3.30). Then Eqs. (3.32) 

and (3.33) are equivalent. 

statement 3c. If ¢(x) is a canonical spin zero field, Eq. 
"'-

(3.29) holds. If the coupling does not contain derivatives of 1jr, 

Eq. (3.30) [and consequently (3.3l)J holds. If all derivative couplings 

are absent, Eq. (3.32) [and consequently (3.33)J also holds. 

Finally we note relations analogous to Eq.(1.3) which may also 

be obtained. This relation itself (as noted in the introduction) 

fol~ows from Eq. (3.17) and has thus been derived for canonical currents. 

Analogously we may derive Eq. (1.7) from Eq. (3.15) (which holds for 

. all spinor fields 1jr proportional to canonical fields). If the 

"'-

coupling do~s not contain derivatives of 1jr we may write [from Eq. 
I 

(3.20) and statement lb] 

.1 
i 

, ., 

.i 



.. 

-45- UCRL-19438 

From Eqs. (3.21), (3.24), (3.25), and with the assumption of Eq. (3.34) 

we have (using statement 2c) 

Jd
3y [i TOm(X)' Jo(Y)] == o , 

Jd
3y [i TOO(x), Jm(Y)] == J Om (y) , 

and 

J d3y [i TOO(X), dfl Jfl (y)] == dO dfl Jfl(x) . 

If c) is proportional to a canonical field it follows from Eq. (3.29) 

and statement 3c that 

A 

If the coupling does not contain derivatives of * it follows from 

statement 3c and Eqs. (3.30) and (3.31) 

and 

If the coupling does not contain any derivatives of the canonical 

variables we obtain from Eqs. (3.32), (3.33), and statement 3c 

and 

Jd3y [i ToO(X)' (0+ m
2

) ¢(y)] == (0 + m
2

) dO ¢(x) 

(3. 42 ) 
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IV. SELECTED APPLICATIONS 

Applications of the relations obtained in, the preceding sections 

may be distinguished as to whether the result depends on 

absence of NCT or as to whether it depends on the specific form 

of the FOST in Eqs. (1.24)-(1.29) obtained in canonical theories. 

Those applications which only depend on general assumptions such as 

existence of equal-time limits and Jacobi identities will as such be 

of a much higher generality than the others. 

First let us consider the applications to the ETC assumed in 

Eq. (1.37). We then note27 the validity of Eq. (1.38) (assuming usual 

SU(2) ® SU(2) commutators between charges and currents) and write 

the Jacobi identity for [i TOO(X), [Joa(y), \jf(z) 'YoJ] making use 

of Eqs. (1.15) and (1.17) 

(4.1) 

In the above equation Z(x,y,z) denotes the sum of the contributions 

from NCT; it has the,property stated in Eq. (1.44). We have also 

defined 

'."'1, .. ' 

. , 
- ! 

''J • 
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= (4.2) 

In Ref. 8 and 9 this equation with Z = 0 has been obtained if NCT 

are absent. Multiplying Eq.(4.1) by (x- Y)m' integrating over ~, 

and using,Eq. (1.44) we obtain 

where f has been defined in Eq. (1.42). Note that Eq. (4.3) has m 

been obtained in Refs. 8 and 9 assuming absence of NCT and is thus seen 

to hold independent of this assumption. We next discuss the dependence 

of the further results of Refs. 8 and 9 on the model dependentassump-

tions made there. 

We multiply Eq. (4.1) by 

obtain 

(x - z) and integrate over ~ to m 

(4.4) 

.Integrating the above equation over -:L we obtain 

o , 

i.e., the above ETC has no FOST if one writes its ST with arguments z. 

This result has been obtained in Ref. 27 by a more explicit use of 

covariance. 

we obtain 

Multiplying Eq. (4.4) by (y - z) and integrating over -:L 
n 
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fd3y (y - z) (y - z) [d~ J a(y), ;-V(Z) YOJ . 
m n .~ 

(4.6) 

Thus for conserved currents FOST are absent in [Jma(y), ~(z)YoJ. 

Furthermore it may be seen by multiplying Eq. (4.4) with 

(y - z) ••. (y - z) , integrating over Y., and using a little algebra 
n

l 
. N 

that for conserved currents also no ST of higher order are contained 

in this commutator. This result has also been obtained in Ref. 27 by 

a direct use of covariance. In Ref. 9 this result has been used to 

obtain Eq. (4.3) for the conserved vector currents. We note in passing 

that the ;?S-integrated Eq.(4.3) for conserved currents is a simple 

consequence of the Heisenberg equation of motion. 

Applying the manipulations described above to Eq. (4.6) for 

d~ J f o relations between ST are obtained. To obtain the most 
~ 

powerful results of Refs. 8 and 9 one must assume the validity of 

Eqs. (3.15) and (3.17). Then Z = 0 in Eq. (4.1) and integration 

over Y., shows the absence of ST in the ETC [d~ J~a(x),;-v(y) YoJ. 

Multiplying Eq. (4.1) by (x - z)m (x - Y)n' integration over Y., shows 

then also the absence of ST in the ETC [Jka(x), ;-V(y) YOJ for nonconserved 

currents. 

It is evident that Eq. (1.37) is a natural assumption for 

current-field commutators in a model in which.~ is proportional to a 

canonical field ,and is a ~anonical current since thi~ equation 
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is then a formal consequence of the canonical rules and the associative 

law. Since formal agreement with current algebra commutators might 

therefore be expected, no such direct formal argument for algebra of 

fields commutators exists and it is not at all clear from the outset 

if the assumed current-field commutator (1.37) would be in formal 

agreement with algebra of fields commutators. The answer depends on 

the ETC between space components of the currents and the fermion field. C 

Since
8

,9 proportionality of Jd3X[Jm
a

(x), 'V(Y) YOJ to ~(y) r a rm 

(the quark model result) excludes (using the Jacobi identity for 

commutativity between the space 

components of the currents, Eq.(4.3) shows that for a free fermion 

field the field algebra commutators are in fact excluded. However, 

one expects32 in Eq. (4.3) large effects due to the' interaction term 

[we shall eXhibit below a model for the nucleon currents for which the 

right-hand side of Eq. (4.3) vanishesJ, in sharp distinction from 

Eq. (1.46) in which the deviation from the twice integrated current 

algebra commutators is due to ST in 
. a ~ b 

[Jo (x), d J~ (y)J, a term which 

is usually assumed to arise only in electromagnetic or weak interactions. 

Incidentally, note that the a.ssociative law and canonical rules do not 

allow for a ST in the ETC between the time component of a canonical 

current and a canonical field. The presence of such terms3 in 

[Joa(x), d~ A~~(Y)J in case of minimal electromagnetic coupling shows 

a.n immediatecQnflict between formal reasoning, PCAC, and minimal 

electromagnetic coupling. 

'.' 
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We shall next investigate 

o 

which using the Jacobi identity involving 

(4.8) 

is equivalent to 

o 

In order to motivate the above choice we first mention that 

Eqs. (4.7) and (4.9) are simple consequences of the canonical rules if 

current-field identities and PCAC hold. Next note that the above 

choice is the only possibility to express current-field commutators as 

linear forms in 'if and its space derivatives which is compatible with 

the algebra of fields. As another justification of Eqs. (4.7) and 

(4.9) we will give a model for fm for 1vhich these equations hold. 

Consider the part of the nucleon current 

written as 

f (x) 
m 

(i -fL d - m) 'if(x) 
Ii 

f which may be 
m 

(p[¢(x)] + [c Va(x) + c
A 

A a(x) Y5] ~ ~a} 'if(x) , 
v Ii Ii 

(4.10) 

where p[¢(x)] denotes any polynomial in the pion field with the right 

quantum numbers. Concerning the part of the nucleon current not 

, ,. 
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contained in Eq. (4.10) it will be sufficient for our conclusion to 

assume that its equal-time commutator with J o
a 

contains no FOST. 

We assume field algebra commutators for the currents and define 

the c -number ST by 

~ o(x - :tJ 
dXk "" 

(4.11) 

Next we remark that due to Eq. (J+.ll), PCAC, Eq. (1.46), and the absence 

of ST of order higher than one38 in the ETC [Joa(x), d~ J~b(Y)J we 

may write 

and 

o . (4.12 ) 

We define normalized n, Al , and p fields by34 

m 2 f f(x) , 
n n 

(4.13) 

(4.14) 

(4.15 ) 

Next we integrate Eq. (4.3) over ~ and obtain 

Jd3y[Jm
a

(y), 1iJ(z) YOJ = 1iJ(z) ~a Ym + Jd3y i(z - Y)m[JOa(y),fmt(Z)YoJ 

(4.16) 
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Upon use of Eqs .. (4.10), (4.12), and (4.16) it follows that 

fd3x [Jma(x),ijf(y) YOl = (-cJc + ~) iV(y) r
a 

Yk . 

Using the Jacobi identity for ~d3x d3Y~Jma(x), Jnb(y)], iV(z)yo ] 

one sees that Eq. (4.17) is incompatible with the assumed commu~ativity 

of. the 'space components of the currents unless 

and 

1 

2c c = 1 
A 

(4.18) 

, (4.19) 

We now use Eqs. (4.13)-(4.15) to express the nucleon current 

in Eq. (4.10) in terms of the normalized, 11, Al , and p fields as 

f (x) 
m 

~ a a a 
(p[¢(x)] + [-g11 d~ ''{J (x)j5 + gp v ~ (x) + gAl all (x) Y5 ] r ; )Ijr(x) 

(4.20) 

where we have defined 

gx = 2c
J 

f , 
X (4.21) 

i. e. 

f -1 1 g = -11, 11 c (4.22) 

fA 
-1 1 

gA = 
1 1 c (4.23) 

and 

f -1 1 
gp = 

P c (4.24) 

'. 

, I 

I 

, , 
:-: 

'. ' 
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comparing Eqs. (4.23) and (4.24) we obtain 

(4.25 ) 

A more detailed result is obtained if one saturates the vacuum 

expectation value of (4.11) for a = 1-3 by the p meson intermediate 

state. Then 

c = 
2 -2 

f m 
p p 

, 

which, combined with Eq. (4.24-) gives 

= m 2 f -1 
p p 

Combining this with Eq. (4.25) we have 

2 
m 

f --1L. 
Al f 2 

p 

(4.26) 

(4.28 ) 

Assuming validity of the usual saturation of the Weinberg spectral 

.function sum rules39 one has 

f 
p 

Thus Eqs. (4.25) and (4.28) may be written as 

gA = gp 
1 

and 2 m 

(~) gA = ~ mA f 
1 p 1 

(4.29) 

2 -1 f -
Al 
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Having discussed a nucleon current such that Eqs. (4.8) and 

(4.9) hold we would next like to obtain consequences of covariance for 

this case. From Eq. (4.3) we obtain 

:a 

fCy)~ Ym o(i[ -~) - iCy - z)m [Joa(y), fnit(y) YOJ 

or equivalently 

o = ( y - z) [ d~ J a (y ), 'if ( Z ) YO J m ~, 
( 0 a -
y - z)m [d JO (y), ~(z) YoJ 

(4·33) 

i.e., the result obtained for the nonconserved axial current from 

assuming absence of NCT in Eqs. (1.15) and (1.17) now holds due to 

covariance even if NCT are present in these equations. 

Next we use Eqs. (1.15) and (1.18) to write the Jacobi identity 

involving [i Too(X)' [J.t(y),'if(z) YoJ] as 

a 
+ [Jo.tCx), 'if(z) YOJ o(~ - ;[) - 'if(x) ~ 

+ Z(x,y,z) 

Under the ,present assumpi:;ions of Eqs. (4.8) and (4.9) the left-hand 

side as well as the [J.e a(x), 'if(y) YOJ terms on the right-hand side 

I 
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vanish. Multiplying the above equation with (x ~ z) and integrating m 

over ~ we thus obtain 

(4.35) 

i.e. in canonical realizations of current-field identities with 

"'. 
canonical fermion fields ~ we have 

(y - z) 
m 

due to the canonical rules. Multiplying Eq. (4.34) by 

o , 

(x - y) and m 

integrating over ~ we obtain a relation which is identical to Eg. 

(4.34) if use is made of the Heisenberg equation of' motion. It reads 

Note that as a consequence of the Heisenberg equation of motion one 

may also write 

Jd3y [Jka(y), all f(x) Y
Il

] a(~ -~) = - [JOka(x), fez) YoJ . 

(4.38) 

Finally we would like to obtain the restrictions which Lorentz 

covariance imposes on currents obeying the algebra of fields commutators. 

To this end we first write the Jacobi identity for 

[i TOO(X)' [Jka(y), J£b(z)J] as 
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=: 
bac c :::::. 

i e J k (x) 5(*.,- X) ~ 5(fS - ~) 
dX . 

Note that the c-number ST contributions have dropped. As usual, Z 

has the property stated in Eq. (1. 44). Multiplying Eq. (4.39) by 

(x - z) and integrating over fS we obtain m 

. b a bac c 
(z - Y)m [J£ (z), J Ok (y)] i e gtm Jk (y) 5(~ - ~) 

(4.40) 

From this we see that"canonical realizations of current-field identies34 

require derivative couplings involving the vector and axial vector 

fields. From Eq. (4.40) we also obtain absence of ST of order higher 

than one in the ETC b· a· [J£ (z), JOk (y)]. Note once again that only 

covariance is required in this application. 

Next consider the Jacobi identity for [i TOO(X), [Joa(y),J£b(z)]) 

which under the present assumptions reads 

+ i 
abc c d 

e JO (x) 5(fS - ~) dXi: 5(fS- ~) + Z(x,y,z) . (4.41) 

... : 

., 
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We multiply the above equation by (x - y) and integrate over ~ . m 

to obtain 

. abc c 
le gm£ J O (y) o(~ - ~) . 

(4.42) 

Multiplying Eq. (4.41) by (x - z) and integrating over ~ we m 

obtain 

O. 

The above Eqs. (4.42) and (4.43) show that ST of orders higher than 

one are absent in the ETC involved. Finally, those weaker relations 

which follow by 'Use of the Heisenberg equation of motion alone may be 

obtained from Eqs. (4.39) and (4.41) by integration over ~ and read 

b a a b) 
[J £ (z), J Ok (y) J - [ J k (y), J 0 £ (z J 

. bac J c() 0 o( _ ~.) _ . abc J c( ) 0 o( _ z) = le k Y -£ Y:., . _ le .£ Z k Yv ~ 
Cy oz 

(4.44) 

and 

~ a b a) b [0 J~ (y), J£ (z)J + [JO (y , JO£ (z)J 

(4.45) 

Note that for conserved currents Eqs. (4.42) and (4.45) are equivalent. 
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APPENDIX 

In this Appendix we would like .to note more fully some 

consequences of Eq. (1.3) and of the Jacobi identity given in Eq. (1.43). 

We start by noting that as an immediate consequence of the Heisenberg 

equation of motion we may write 

[Q.a(xo ), 2P Job(x)] - Jd3y [JOb(x), dl-l Jl-la(Y)J = ie
abc 

dO Joc(x) , 

(A.l) 

where charge-current commutators have been assumed. Combining Eqs. 

(1.47) and (A.l) one obtains as a consequence of assuming Eq. (1.3) 

= 

(A.2) 

Next we compare this equation with Eq. (1.46) under the assumption 

that at most a second order ST contributes to [Joa(x), dl-l Jl-lb(Y)J. 

For later use we write for any R 

R 
ab . ~ 

- . a (x) 5(~ - l).+ ~ 
cx==l 

and obtain for R = 2 upon comparing Eqs. (1.46) and (A.?). no 

restrictions on 
ab 

o ab f and ok ,Hhereas or 

[as a result of Eq. (1.3)J 

it follm'is that 
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o (A.4) 

A more involved relation would be obtained for general R. 

We next obtain-using the method of Refs. 2 and 3-the consequences 

of covariance if at most a FOST is present in [Joa(x), Jp,b(y)J. We 

do not specialize to R = 2 in Eq. (A.3) in what follows. Multiplying 

Eq. (1.43) by (x - Y)m and integrating over ~ we have 

In the special case of R = 2, it follows from this that [multiplying 

(A.5) by, (z - y) and integrating over k,J 
n 

2a ab(y) = S ba() S ab(z). ron m;n y - n;m (A.6) , 

Assuming, for general R, absence of ST of order higher than one in 

[Joa(y),Jk b(z)J, we multiply for R ~ 2 Eq. (A.5) successively with 

(z - y) ... (z -y) , .•• ,(z - y) (z - y) and obtain that at most 
ml ~ ml , m2 

a ST of/second order is contained in [Joa(y}, cIJ. JIJ.b(z)J. For this 

therefore Eq. (A.6) holds. Especially for field algebra commutators 

with only the usual first order c-number ST we find from this result, 

Eq. (A.6), and Eq. (1.46) that no ST are contained in [Joa(x), cIJ. JIJ.b(y)J. 

• 

j: 

, 
I' 

: : 
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We collect our results for the conserved vector current and 

the nonconserved axial vector in the following two statements. 

statement AI. If usual field-algebra commutators of charged 

densitites with currents hold, [JOa(x), dJ.1. JJ.1.b(y)] contains no ST. 

Statement A2. Assume 

(y - x)m[JOa(x), J£b(y)J 

Then R = 2 in Eq. (A.3), 

and 

-VA 
S t3 ex 

m;n 

Furthermore 

is equivalent to 

v f3,v ex 
S n;m 

A VA. 
S ex f-' 

. n;m 

0' 
mn 

ab 

= 

, 

o 

AAA 
S f-' ex 

n;m 

Moreover, from Eqs. (A.4) [as a result of Eq. _ (1.3)J 

(A.S) 

(A.IO) 

(A. II) 

(A.12) 

The reader should notice that Eqs. (A.B), (A.9), and (A.ll) 

have been obtained in Ref. 2 from different assumptions by essentially 

the same method. For another method to obtain analogous results see 

Ref. 7. 
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