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a b s t r a c t
We analyze a new mathematical and numerical framework, the ‘‘Voronoi Implicit Interface
Method’’ (‘‘VIIM’’), ﬁrst introduced in Saye and Sethian (2011) [R.I. Saye, J.A. Sethian, The
Voronoi Implicit Interface Method for computing multiphase physics, PNAS 108 (49)
(2011) 19498–19503] for tracking multiple interacting and evolving regions (‘‘phases’’)
whose motion is determined by complex physics (ﬂuids, mechanics, elasticity, etc.). From
a mathematical point of view, the method provides a theoretical framework for moving
interface problems that involve multiple junctions, deﬁning the motion as the formal limit
of a sequence of related problems. Discretizing this theoretical framework provides a
numerical methodolology which automatically handles multiple junctions, triple points
and quadruple points in two dimensions, as well as triple lines, etc. in higher dimensions.
Topological changes in the system occur naturally, with no surgery required. In this paper,
we present the method in detail, and demonstrate several new extensions of the method to
different physical phenomena, including curvature ﬂow with surface energy densities
deﬁned on a per-phase basis, as well as multiphase ﬂuid ﬂow in which density, viscosity
and surface tension can be deﬁned on a per-phase basis.
We test this method in a variety of ways. We perform rigorous analysis and demonstrate
convergence in both two and three dimensions for a variety of evolving interface problems,
including veriﬁcation of von Neumann–Mullins’ law in two dimensions (and its analog in
three dimensions), as well as normal driven ﬂow and curvature ﬂow with and without constraints, demonstrating topological change and the effects of different boundary conditions. We couple the method to a second order projection method solver for
incompressible ﬂuid ﬂow, and study the effects of membrane permeability and impermeability, large shearing torsional forces, and the effects of varying density, viscosity and surface tension on a per-phase basis. Finally, we demonstrate convergence in both space and
time of a topological change in a multiphase foam.
Ó 2012 Elsevier Inc. All rights reserved.

1. Introduction
Many scientiﬁc and engineering problems are characterized by a large number of different regions that touch in many
different conﬁgurations, and whose interaction depends on local geometries, complex physics, intricate jump conditions,
and other associated boundary conditions and constraints. Examples include the motion of foams, crystal grain growth,
and multicellular structures in man-made and biological materials, as well as mathematical problems, such as geometric
motion, domain decomposition and surface area minimization problems.
There are a host of mathematical and computational challenges associated with computing the solutions to these problems. Often, the physics, chemistry, and mechanics that drive the interface motion are complex, requiring the solution of
⇑ Corresponding author.
E-mail address: sethian@math.berkeley.edu (J.A. Sethian).
0021-9991/$ - see front matter Ó 2012 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.jcp.2012.04.004
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ﬂuid mechanical equations with speciﬁed jumps, elasticity solvers with different properties in each membrane, as well as
diffusion and transport effects of species both within and across the region boundaries, etc. It is challenging to construct
good and well-posed mathematical models that adequately describe the fundamental forces. At the same time, formulating
a consistent mathematical model and numerical methodology for the interface motion itself can be daunting, especially in
the presence of multi-junction points (triple points, quadruple points, etc.) in two dimensions and analogous structures in
three dimensions, including triple lines where multiple surfaces meet, etc.
1.1. Mathematical formulations
From a mathematical perspective, formulating a consistent model is a signiﬁcant part of the challenge. In general, the motion of triple points in two dimensions and triple lines in three dimensions (as well as objects with higher degrees of connectedness) must be speciﬁed, either explicitly or implicitly through requirements on the curves (in 2D) and surfaces (in 3D)
that connect them. As examples of how such motion may be speciﬁed for a purely geometric motion given by curvature ﬂow
in two dimensions:
 One option might be to employ curvature ﬂow on each interface, with the additional requirement that triple points
remain ﬁxed in time: in this case, the equilibrium solution is a network of straight lines.
 Another option might allow triple points to move in order to minimize the total length of the network of two dimensional
curves connecting the triple points: this motion would satisfy Young’s law for triple point angles. (In the simplest scenario, Young’s law states that triple points make 120° angles.) This case is of physical relevance, since various physical
situations demonstrate triple point angle conditions, including crystal grain growth and soap bubble foams. In this situation, generally speaking, quadruple points are unstable: they will quickly destabilize into two nearby triple points.
 A third option might be to disallow triple points and only allow quadruple points: this could lead to an equilibrium solution that resembles a quadrilateral mesh.
In this work, we concentrate mainly on the case relevant to many physical problems in which triple points are allowed to
move, often satisfying certain triple point angle conditions that naturally arise from the type of physics being considered.
This will carry over to three-dimensional analogs with no change to the fundamental formulation.
1.2. Numerical formulations
From a numerical perspective, we want a stable method that correctly includes the prescribed motion at triple points,
correctly represents moving-interface boundary conditions and associated physics, performs efﬁciently and accurately,
and handles rapid changes in topology and structure.
A variety of numerical methods have been proposed to track the evolution of these multiphase problems. Somewhat
broadly, major approaches include:
 Front tracking methods: Here, the interface is explicitly represented with a Lagrangian geometric representation, typically
taken as connected line segments in two dimensions and triangles in three dimensions (see, for example, [7,6,13]). Junctions (e.g. triple points) have shared nodes, and the positions of the elements making up the front are updated in time. In
these methods, an explicit surgery mechanism for topological change is required, which may be challenging in three
dimensions due to a range of possible types of topology change. For multiphase systems, Young’s law, which determines
the angles in a triple point, is explicitly assumed and enforced as a boundary condition.
 Volume of ﬂuid methods: Here, each phase/region is described by a characteristic function, which has a value of one inside
the phase and zero outside [18]. In discrete form, these become volume fractions on a mesh, in which multiple phases can
occupy the same cell, with respective volume fractions adding up to one. The values of these fractions inside the cells are
updated according to local reconstruction algorithms based on neighboring cell values. Junctions correspond to mixed
regions with more than two phases in a cell [4,8].
 Level set methods: Level set methods, introduced by Osher and Sethian [19], embed the interface as the zero level set of
an implicitly deﬁned signed distance function, and rely in part on the theory of curve and surface evolution given in
[24] and on the link between front propagation and hyperbolic conservation laws discussed in [25]. Level set methods
recast interface motion as a time-dependent Eulerian initial value partial differential equation, and use viscosity solutions of the appropriate differential equations to update the position of the front, using an interface velocity that is
derived from the relevant physics both on and off the interface. Topological change is handled as a straightforward
part of the implicit embedding, and geometric quantities such as normal directions and curvature are naturally calculated. The appropriate viscosity solutions are obtained by exploiting schemes from the numerical solution of hyperbolic conservation laws to build appropriate ﬁnite difference and ﬁnite element approximations, and the underlying
level set methods are made computationally efﬁcient through the use of adaptive narrow banding, see [1]. For a general review, see [27].
The extension of these methods to multiphase systems typically involves using multiple level set functions, one for
each phase/region (or some other encoding scheme): the ﬁrst such method was introduced in [17]. These different
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level set functions must be coupled together correctly in order to avoid creating vacuums or overlaps. This is typically
done through a ‘‘repair’’ procedure which is required at the end of every time step to ‘‘seal’’ the level set functions
back together. Later approaches include [30], in which a projection method is employed to project the values of the
multiple level set functions to a speciﬁc manifold that does not allow vacuums or overlaps.
When the desired motion is purely geometric, and other physics (ﬂuid motion, elasticity, etc.) are ignored, alternative
techniques have been developed. These include:
 Variational methods: Variational methods derive their evolution from gradient descent on an energy functional, and time
measures the progress towards the desired minimization conﬁguration, similar to solving a parabolic equation to obtain
the solution to an elliptic problem. These methods are often implemented in a level set framework for an evolving interface that moves to decrease the energy functional [34]. Multiple level set functions are again employed, and, rather than
repairing the gaps or overlaps that occur from the decoupled motion of individual phases, a penalty function is employed
with appropriate constraints that keep the separate level set functions from developing gaps or overlaps beyond some
tolerance. In these methods, which so far have been limited to geometric motion, Young’s law is not an explicit constraint,
but results automatically from the minimization.
 Phase ﬁeld models: Reaction–diffusion or phase ﬁeld models model the interface as a thin internal boundary/transition
layer of small width, the evolution of which is governed by potential energy functions that have special local minima,
see [12,17]. The interfacial layer must be resolved sufﬁciently well for numerical accuracy.
 Diffusion-generated methods: These methods alternate between two steps: ﬁrst, a diffusion step corresponding to convolution with a kernel, and then a reconstructive step. Here, the phases are typically represented using either multiple level
set functions or multiple characteristic functions, and Young’s law is automatically satisﬁed. These methods can be used
to generate mean curvature ﬂow and can be made unconditionally stable. See for example [11], which shows the modeling of curvature ﬂow on a system with tens of thousands of phases.
1.3. Overview of the Voronoi Implicit Interface Method
1.3.1. New contributions
The Voronoi Implicit Interface Method was ﬁrst introduced in [23]. In this paper, we analyze the method and provide
numerous new extensions. In particular:
 We present the mathematical formulation of moving multiphase multiple junction interface problems in more detail.
 We consider different approaches in numerically approximating the mathematical formulation, and analyze their applicability across a range of problems.
 We provide extensive convergence tests verifying the accuracy of the method, including two- and three-dimensional
analyses of motion in the presence of complex topological changes.
 We present extensions to different types of evolution, including energy minimization with different surface energy
densities.
 We couple the method to incompressible ﬂuid mechanics in which density, viscosity and surface tension can be deﬁned
on a per-phase basis, showing both two- and three-dimensional simulations.
1.3.2. Summary of the VIIM
The Voronoi Implicit Interface Method has a variety of important features, including:
 Mathematical features:
- Single representation: The general method, in its mathematical form, uses only one function for an entire multiphase
system, plus an additional indicator function.
- Accurate representation of geometric quantities: Key geometric quantities required for computing interface speeds,
including normal direction and curvature, are calculated in a natural manner without explicitly reconstructing the
interface between phases.
- Coupling with physics: The equation of motion for the interface evolution couples naturally with underlying physics in
such a way that time has physical meaning. The physics inﬂuences the evolution of the multiphase system, and the
evolution of the multiphase system inﬂuences the physics.
- Dimension independent: The formulation works in any number of spatial dimensions with no change to the fundamental algorithm.
- Multiple junctions and topological change: The formulation automatically deals with the evolution of triple points, triple
lines, and topological change in the multiphase system. Regions can disappear and new phases may be created.
- Consistency of multiphase motion: By construction, regions of overlap or vacuum separation cannot occur.
- Consistency with level set methods: The formulation captures the same motion as the standard level set method in the
case of only two phases.
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 Numerical/algorithmic features:
- Discretization: The method works on a ﬁxed Eulerian spatial mesh. We used a straightforward ﬁnite difference approximations on a rectangular grid; a ﬁnite element formulation on an unstructured mesh is also possible.
- Data structures: At any time step, each computational mesh point carries only a pair of function values, independent of
the number of phases.
- Accuracy: The method is ﬁrst order accurate at triple points/lines (and higher order junctions), and can be made of arbitrarily high order away from these degeneracies on smooth interfaces between two neighboring phases.
- Efﬁciency: Using narrow banding, the computational complexity of the method does not depend directly on the number of phases, but instead depends only on the number of grid cells containing the interface.
The outline of the paper is as follows. First, after a brief review of level set methods, we introduce the basic Voronoi Implicit Interface Method in Section 2. Aspects of the corresponding numerical algorithm and implementation are then discussed in Section 3, followed by convergence tests for various types of interface evolution in two and three dimensions,
including topological changes and different boundary conditions in Section 4. We then demonstrate in Sections 5 and 6 various applications of the VIIM, including different types of geometric evolution, and motion coupled to incompressible ﬂuid
dynamics.
2. Mathematical formulation
2.1. Level set methods
As background, we brieﬂy summarize a level set formulation for an interface separating two phases. (For an introduction,
including numerical methods and applications of the level set method, see [27].) We start with an n  1 dimensional hypersurface C in Rn , which is the location of the interface boundary between the two phases at time t = 0, as well as a speed function F deﬁned on the interface. We then embed C as the zero level set of a signed distance function /(x, t = 0), with the sign
chosen to be positive in one region and negative inside the other. The associated level set evolution equation is an initial
value PDE which evolves / in time in such a way that the zero level set always corresponds to the evolving front, namely

/t þ Fjr/j ¼ 0:
This formulation embeds the interface in a higher-dimensional function / deﬁned throughout the entire domain and, hence,
adds unnecessary computational labor. More sophisticated versions employ the Narrow Band Level Set Method introduced
in [1], which limits the signed distance function to a small neighborhood around the evolving front, and hence reduces the
computational complexity to roughly the number of elements on the front. We additionally note that the above equation
assumes that the speed function F exists off of the interface itself: efﬁcient ways of building such ‘‘extension velocities’’ were
introduced in [2]. Finally, we note that periodic reinitialization may be required: an accurate reinitialization method based
on bicubic/tricubic interpolation was introduced in [9].
2.2. The Voronoi reconstruction
Recall that the Voronoi diagram of a set of nodes in Rn is a tessellation of Rn into Voronoi cells, deﬁned so that all the
points in each cell are closer to one particular node than to any other node. The boundary between these cells is therefore
the set of points that are equidistant to at least two nodes, and no closer to any other node. In more generality, instead of
nodes we may have a collection of non-overlapping regions in Rn . We can still obtain a subdivision of Rn such that all points
in a particular cell are either inside one of these regions or closer to it than any other region. The Voronoi interface is deﬁned
to be the boundary of these cells.
The key idea in our approach is to rely on one of the main features of level set methods: the interface is embedded as the
zero level set of an implicit function (most commonly, the signed distance function to the interface), and the ensuing level set
function is updated according to an initial value PDE, deﬁned everywhere in the domain X. This means that the motion of a
level set (including the zero level set) is bracketed by the motion of the surrounding neighboring level sets. This property is
an immediate consequence of the comparison theorem under suitable restrictions on the speed function that moves the level
sets, and these restrictions are often satisﬁed through the construction of extension velocities developed in [2].
In the Voronoi Implicit Interface Method, we utilize this property by letting the evolution of a multiphase system be
determined by hypersurfaces that are nearby the interface. These hypersurfaces are obtained as the set of points that are
a small but ﬁxed distance away from the interface, and form a collection of individual surfaces each existing solely in one
phase. While an interface in a multiphase system may have intricate complexity where multiple phases touch (such as at
triple points, triple lines, etc.), neighboring hypersurfaces will be remarkably well behaved as the system evolves. The motion
of the interface between multiple phases is constructed from the position of these nearby hypersurfaces, using the Voronoi
interface of these hypersurfaces.
Less abstractly, we ﬁrst embed the interface of a multiphase system as the zero level set of an unsigned distance function /
. We also embed the speed function F that moves this interface in a higher dimensional function as well to create an ‘‘exten-
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sion velocity’’ which smoothly varies away from the interface, satisﬁes certain properties, and defaults to the given velocity
on the interface itself: this idea was introduced in [16], and efﬁcient ways to construct this extension velocity were presented in [2]. The level set evolution PDE is then applied to / for a small time Dt. Under this motion, the zero level set of
/ will generally not remain a co-dimension one surface. However, and this is the key point, for a sufﬁciently short time, nearby level sets (with value  > 0, say) will remain a co-dimension one surface. One can then reconstruct the interface after time
Dt as the Voronoi interface of the nearby level sets of / with value .
2.3. One- and two-dimensional examples
We illustrate with a simple one dimensional example (see Fig. 1). Imagine an interface, which is a single point located at
X(t) at time t, moving with speed F(x, t), thus dXðtÞ
¼ FðXðtÞ; tÞ. At t = 0, the zero level set of the unsigned distance function /
dt
corresponds to the initial location of the point, and is at an extremum. However, at the nearby level sets with value , the
distance function is smooth. We can update the distance function everywhere away from the zero level set in a straightforward manner. What remains is to obtain a suitable deﬁnition of the zero level set at time Dt in such a manner that it corresponds to the location of the front at this time. We can do so by deﬁning the zero level set as the point equidistant from the
two -level sets. This corresponds to constructing the Voronoi interface from the -level sets.
In higher dimensions, and in the presence of triple points, this same construction works. In Fig. 2(left), we see a triple
point of an unsigned distance function, which is non-negative everywhere. In Fig. 2(middle), we show the -level sets,
and in Fig. 2(right), the Voronoi reconstruction from these -level sets.
2.4. Mathematical formulation in multiple dimensions
We can now deﬁne the evolution of a multiphase system in any number of dimensions. Let V(/) be the operator that
reconstructs the unsigned distance function from the -level sets of / using the Voronoi interface. Let EDt(/) be the evolution
operator which evolves a given level set function / for a time step Dt. Fix a particular ﬁnal time T > 0 and let n be the number
of time steps required to reach that time, so that Dt = T/n. For some  > 0, we apply n time steps, each step consisting of an
evolution and a reconstruction. In the limit as n goes to inﬁnity, this deﬁnes a -smoothed solution /, given by

/ ¼

lim

ðV   EDt Þn ð/0 Þ;

Dt!0;n!1

Fig. 1. Evolution of an unsigned distance function / for an interface in one dimension.

Fig. 2. Reconstruction of a triple point from an unsigned distance function and the Voronoi interface.

ð1Þ
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where /0 is the initial condition. We point out that this construction deﬁnes / at intermediate times 0 6 t 6 T as well as the
ﬁnal time T.
We can now take the limit of these -smoothed solutions as  ? 0 from above, to obtain a solution given by

/¼0þ ¼ limþ / :

ð2Þ

!0

The formal deﬁnition of multiphase interface evolution, as deﬁned by the VIIM algorithm, is therefore taken to be the solution /¼0þ given in (2).
2.5. Additional comments
A few mathematical comments are in order at this point. First, the above formulation describes a sequence of problems,
one for each  > 0, such that in the limit  ? 0, one obtains the mathematical deﬁnition of multiphase evolution. Second,
while this formulation applies to multiphase problems with high order junctions (e.g. triple points, triple lines, etc.), it is
close to the standard level set method in the case of only two phases.
We suggest here that the above mathematical formulation of multiphase interface evolution is the correct way to formally deﬁne the solution to multiphase problems. As we show in our results below, it does indeed provide a solution that
is physically relevant. This formulation may serve as a possible way to analyze mathematically these ﬂows, however the
mathematical analysis is not straightforward. We shall report on this elsewhere [21].
3. Discrete approximations of the  = 0+ limit
Our goal now is to build numerical approximations to the formal deﬁnition given by the  = 0+ limit in Eqs. (1) and (2). In
this section, we discuss different approaches of discretizing time and space to ﬁnd the limit and what key algorithmic components are needed to achieve this. This paper focuses on an implementation that uses standard ﬁnite difference approximations to spatial and temporal derivatives on a rectangular grid. We emphasize however that the VIIM approach is
suited to many other settings (ﬁnite elements, unstructured meshes, etc.), and we make some additional comments on this
later. In this section, we also comment on the efﬁciency of the discrete algorithm, as well as a possible parallel implementation with MPI.
3.1. Spatial and temporal discretizations of the formal

 = 0+ limit

We begin with the usual discretizations having grid cell size h and time step Dt. We write our formal deﬁnition in more
detail in two steps as

/ ¼

lim



n!1;h!0

V h  EhDt

n

ð/0 Þ;

ð3Þ

followed by the limit

/¼0þ ¼ limþ / :
!0

ð4Þ

Here, V h is the operator that reconstructs the unsigned distance function on a grid with size h (using the Voronoi interface of
the -level sets of /), and EhDt is the evolution operator that evolves a given level set function on the grid for a time step Dt.
We assume that the time step Dt is suitably linked to h, as is usually required for stability. The VIIM contains an additional
parameter , corresponding to the choice of which neighboring level sets to use to rebuild the unsigned distance function.
The formal deﬁnition, given by /¼0þ , is the limit as  ? 0+ of the limit as the space and time discretizations Dt and h go to
zero. Here, we discuss several different ways to approximate this limit /¼0þ .
(i) The formal limit of a limit /¼0þ :
A discretized version of the formal limit given in (4) is to ﬁx  > 0, compute a converged (in space and time) solution
corresponding to the -smoothed solution given in (3), and then examine the limit as  ? 0+ to compute /¼0þ . More
precisely:
 Each choice of , Dt, and h gives a solution /D t;h .
 For any , we compute the converged limit / ¼ limðDt;hÞ!0 /D t;h .
 We then compute the limit of / as  goes to zero to obtain /¼0þ .
We note several important aspects of this approach:
 Imagine some CFL-type requirement relating Dt to h. Then, as h and Dt go to zero, we obtain a converged solution
to the -smoothed solution.
 The physical region between the -level sets and the multiphase interface is resolved as the grid cell size goes to
zero.
 If narrow bands are used to reduce the computational complexity, the size of these narrow bands increases as the
grid is resolved, since they must cover all of the domain between the -level sets and the interface.
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In the tests below, we use this approach to validate that this approximation produces a converged limit to our formal
deﬁnition.
(ii) The coupled formal limit /¼0þ : couple  and h, such that  > 2h:
Here, we couple  to h such that  is a constant multiple of h. This approach sends  ? 0 simultaneously with Dt, h ? 0,
and hence differs from the formal ‘‘limit of a limit’’ in the strict mathematical deﬁnition. This means that we always
use the same grid resolution between the -level sets and the multiphase interface: as the grid size is decreased, the
value of  is correspondingly reduced. This is, of course, much less laborious than looking at the sequence of converged
-smoothed solutions in the approach (i) above. More precisely:
t;h
 Each choice of Dt and h gives a solution /DðhÞ
. Here, we write (h) to emphasize that the choice of h dictates the
value of .
 We then study convergence as h and Dt go to zero to obtain /¼0þ .
We note several important aspects of this version:
 Linking  and h, and choosing  > 2h, is an easy method to implement, and converges to the correct solution (see
Section 4). Here, we choose  > 2h so that any ﬁnite difference stencils used to evolve the unsigned distance function stay completely in one phase and do not reach across the interface.
 Setting  to be a multiple of h means that the number of grid cells in the narrow band does not need to increase as h
decreases.
In the tests below, we select several cases to verify that this limiting process, which couples to  to h, obtains the same
solution as the formal deﬁnition.
t;h
(iii) Exchanging limits: ﬁnd the limit /D¼0
þ , and then construct the grid/time converged limit as (Dt, h) ? 0:
Alternatively, the limits in (3) and (4) may be exchanged: ﬁrst compute the inner limit as  goes to zero, to produce a
t;h
grid/time discretized solution /D¼0þ
, and then evaluate this solution as Dt, h vanish. More precisely:
t;h
 Compute /D¼0þ
by ﬁnding lim!0þ /D t;h .
t;h
 Now, take the limit as Dt, h goes to zero to produce /¼0þ ¼ limðDt;hÞ!0 /D¼0þ
.
We note several important aspects of this version:
 This approach uses the motion of the -level sets, in the limit  goes to zero from above. This limit can be evaluated
directly rather than through a limiting process.
 One approach is to use use one-sided differences to make sure that ﬁnite difference stencils used in the level set
update stay completely in one phase and do not reach across the interface.
 Alternatively, we can build suitable extensions of the unsigned distance function across the interface. In this fashion, ﬁnite difference stencils can reach across the interface without seeing discontinuities in the unsigned distance
function. This method is used below in the convergence tests. However, this requires considerable programming
complexity, and incurs additional computational expense in building the extensions.
In the tests below, and similar to the approaches (i) and (ii) above, we use this approach to verify that it obtains the
same solution as the formal deﬁnition.
3.2. Key algorithmic steps
Here we discuss some of the key steps in ﬁnding the discrete solutions using the different approaches presented above.
We shall not give details on the ﬁnite difference schemes, and instead refer the reader to standard references on level set
methods, see for example [27]. In each of the approaches above, a key component is rebuilding the unsigned distance function from the Voronoi interface. This can be split into two steps: ﬁnding the Voronoi interface, and then rebuilding the unsigned distance function from it.
3.2.1. The Voronoi interface
Given a function / and an indicator function v, the ﬁrst step is to characterize the Voronoi interface C from the -level
sets.
 Geometric construction: Consider the hypersurfaces corresponding to the -level sets, that is

C ¼ fx 2 X : /ðxÞ ¼ g:
These are curves in two dimensions and surfaces in three dimensions. We shall further classify these -level sets according to the phase in which they are located, and hence deﬁne

C;i ¼ fx 2 X : vðxÞ ¼ i and /ðxÞ ¼ g:
Then, we can deﬁne the Voronoi interface CV as the set of all points x that are equidistant to at least two different -level
sets belonging to different phases, and no closer to any other -level set. In other words, we deﬁne

CV ¼ fx 2 X : there exists i – j such that dðx; C;i Þ ¼ dðx; C;j Þ 6 dðx; C;k Þ for all k – i; jg;
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where d(x, C) is the distance between a point x and hypersurface C. (This formulation is useful when pursuing a front
tracking approximation to VIIM, as mentioned later.)
 Construction via solution of Eikonal equations: A related formulation is to pose a boundary value Eikonal equation, with
zero boundary values on the -level sets. This can be done in one of two ways: one can either pose a single Eikonal equation such that

jrwj ¼ 1;

wðxÞ ¼ 0 if x 2 C ;

where w is negative inside C (i.e., where / > ), and then ﬁnd the Voronoi interface CV as the maximal ridge of w between two different phases. Finding the ridge requires some care. A simpler alternative is to solve the Eikonal equation
for each C,i,

jr/i j ¼ 1;

/i ðxÞ ¼ 0 if x 2 C;i ;

choosing a solution such that /i is positive inside C,i, and then the Voronoi interface is given by





CV ¼ x 2 X : there exists i – j such that /i ðxÞ ¼ /j ðxÞ P max /k ðxÞ :
k–i;j

ð5Þ

In either case, the solution of the Eikonal equation(s) need only be computed in a small narrow band necessary to ﬁnd the
Voronoi interface. The size of this narrow band is directly related to the choice of .
3.2.2. Reconstructing the unsigned distance function
After ﬁnding the Voronoi interface, the next step is to reconstruct the unsigned distance function. Here, for every point in
the domain, we need to ﬁnd the distance to the Voronoi interface CV. This is found by again solving an Eikonal equation,
namely

jr/j ¼ 1;

/ðxÞ ¼ 0 if x 2 CV :

Finally, we rebuild the indicator function v which assigns the correct phase to each point by keeping track on which side of
CV the point belongs. This is done by utilizing the information used to ﬁnd the Voronoi interface. When using a single Eikonal
solve, this is naturally done through a traceback procedure; when multiple Eikonal equations are used, as in (5), then the
new indicator function is given by v(x) = arg maxi /i(x).

3.2.3. Solving the Eikonal equation
In our work, we have extensively used the Eikonal equation method of rebuilding the unsigned distance function. This is
advantageous since the -level sets and the Voronoi interface need never be explicitly constructed. To do this, we need to
solve the Eikonal equation on a ﬁxed mesh with a robust, fast and accurate method. We make extensive use of the accurate
and fast Eikonal reinitialization algorithm developed by Chopp (see [9]), which utilizes bicubic (tricubic in 3D) interpolation
to accurately initialize the Fast Marching Method [26]. In more detail, if a grid cell is identiﬁed to contain the zero level set of
a function w (which need not be a distance function), then w is interpolated in that cell using a bicubic/tricubic patch. A Newton solver is then used to ﬁnd the closest point on the interpolated interface, from which the exact distance to the interpolated interface is computed at the nodes of all such grid cells. This procedure creates a small initial band that can be input to
the efﬁcient Fast Marching Method [26], which is a Dijkstra-like ordered upwind ﬁnite difference scheme for solving the full
Eikonal equation outside this initial band. A different Dijkstra-like control theoretic discretization of the Eikonal equation
stemming from optimal control was developed in [32], and we refer the reader to [29] for a detailed discussion and extensions of Fast Marching Methods to general front propagation problems.

3.2.4. Adding physics and evaluation of the speed function F
A speed function F which captures the appropriate physics must also be speciﬁed with our multiphase problem. At each
time step, we imagine that we are given a speed function F, deﬁned in all of space and which can depend on position, normal,
and curvature. This speed function is produced by solving the relevant equations of motion, where the location and geometry
of the Voronoi interface can provide jump conditions, source terms, etc. Typically, the solution of these equations requires
solving additional PDEs throughout the entire domain. When explicit extraction of the interface is required in order to evaluate any of the quantities that serve as input to these PDEs, our formulation leads to a natural meshing algorithm, which will
be presented below.
We note again that the formulation of the VIIM, by construction, cannot create overlaps or vacuums: each point in the
domain is part of a unique phase at all times. Our reconstruction differs from existing algorithms in that there is neither
a ‘‘no overlap/vacuum’’ condition, nor is there a penalty term that penalizes region of vacuums or overlap. The interface
is always well-deﬁned at every time step. This means that relevant physics in each phase correctly interact, and there is
no need to invent physics in regions of ‘‘vacuum’’.
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3.3. Creation and destruction of phases
The VIIM provides a straightforward way to add or create new phases. Such a new phase may arise for several reasons, for
example through spontaneous nucleation via a chemical reaction, solidiﬁcation or when parts of a liquid begin to boil. Suppose, at some time t in the evolving calculation, one wants to create a new phase in the multiphase system. The boundary of
this new phase is then supplied as a boundary condition when the unsigned distance function is reconstructed; all grid
points within the new phase are then assigned a new value of the indicator function.
An analogous process occurs for the destruction of phases. A common way that this occurs is due to collapse of the
region itself, such as in curvature ﬂow. This is naturally handled through the Voronoi interface reconstruction: as the region shrinks, its -level set ceases to exist at some point in time and then does not contribute to the Voronoi reconstruction. In other applications, a component of the network of interfaces may disappear spontaneously (such as the popping of
a bubble). In this case, the boundary is removed and material on both sides of the interface is given the same value for the
indicator function.
3.4. Efﬁciency
To obtain computational efﬁciency, we use the ideas of the Narrow Band Level Set Method [1]. In particular, the unsigned
distance function / is only deﬁned in an adaptive narrow band of size k grid cells on either side of the interface. Together
with the Eikonal equation solver that uses the Fast Marching Method, the operation count for the numerical VIIM algorithm
is OðkN log NÞ per time step, where N is the number of grid cells containing the interface. In particular, the computational
complexity depends only on the measure of the interface, and does not directly depend on the number of phases which deﬁne that interface.
3.5. Interface extraction and visualization
At times, it is important to explicitly extract the interface, for example, to calculate accurate jump conditions, physics,
chemistry, etc. at the interface, or for visualization to display the evolving structures. In the two-phase case, there are several
standard visualization algorithms extracting level sets of implicit functions in two and three dimensions, including marching
cubes [14], marching tetrahedrons, and their variants.
In our case, we have a more complex, multiphase structure. Here, we introduce a new extraction algorithm applicable to
multiphase ﬂow, and which capitalizes on the Voronoi interpretation, coupled to aspects of marching tetrahedrons. Using
the approach of solving Eikonal equations to ﬁnd the Voronoi interface, as given in Section 3.2.1, suppose we have signed
distance functions /i, deﬁned on a grid and which determine the distance to Ci,. Then, the part of CV which gives the interface Cij between phase i and phase j – i is given implicitly by (5):

Cij ¼ fx 2 X : /i ðxÞ ¼ /j ðxÞ P /k ðxÞ for all k – i; jg:

ð6Þ

To extract an explicit representation of Cij, there are three steps:
(a) Determine a continuous piecewise linear interpolation of every /i function (known only at grid points) to determine /i
at arbitrary points.
(b) Extract the zero level set of /i  /j, thereby producing a collection of surface elements {E‘:1 6 ‘ 6 n}, where each E‘ is a
straight line segment in 2D or a triangle in 3D. Since the last condition in (6) is not necessarily satisﬁed on every surS
face element, we have that Cij # ‘E‘.
(c) For each element E‘, keep the set of points x 2 E‘ that satisfy /i(x) = /j(x) P /k(x) for all k – i,j. This is achieved by a
series of ‘‘chop’’ operations that takes E‘ and chops it into pieces (a set of line segments in 2D or triangles in 3D), using
the zero level set of /i  /k as the position of the cut, and keeping those pieces on which /i P /k. Pieces on which
/i < /k are thrown away. The result is a collection of surface elements whose union is Cij.
We note several features about the above procedure.
 Although we used piecewise linear interpolation, in principle, any interpolation in which the resulting surface elements
can be chopped accurately could be used, for example, quadratic surface elements chopped by other quadratic surface
elements.
 The algorithm is exact, in the sense that the interface of the interpolated multiphase system is extracted exactly. As a
result, different interfaces Cij and Ckl which meet at a higher order junction do so without overlap or gaps.
 Piecewise linear interpolation is natural for visualization purposes, since line segments and triangles are naturally displayed, and chopping such elements with other elements is straightforward. We additionally note that piecewise linear
interpolation is second order accurate wherever the function being interpolated is smooth, which is accurate enough for
many purposes. We use a marching tetrahedrons based interpolation, in which each grid cell is divided into two triangles
(in 2D) or six tetrahedrons (in 3D). This provides a well deﬁned, predictable piecewise linear interpolant, unlike in March-
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ing Cubes where the structure of the interpolant can change between cells and indeed between different interfaces in the
same cell.
 The algorithm can be made very efﬁcient by noting that the interpolation of /i functions in step (a) above only needs to be
performed in grid cells containing the interface. Lookup tables, similar to those found in Marching Cubes, yields efﬁcient
extraction of mesh elements and efﬁcient chopping operations. The total operation count is OðNÞ, where N is the number
of cells containing the Voronoi interface, independent of the number of phases, due to narrow banding.
 Unlike methods based on contour plotting or triangulations, the use of the Voronoi reconstruction produces a result with
no artifacts at junctions where multiple interfaces meet.
3.6. Parallel implementation using MPI
We have developed a parallel framework, using MPI and a domain decomposition approach. This is useful for curvature
ﬂow calculations that involve many time steps, as well as complex three-dimensional ﬂuid ﬂow simulations. In this work,
the domain is a simple rectangular Cartesian grid, and this is sub-divided into smaller grids that are assigned to individual
processors in the MPI implementation. Synchronization of data on the subgrids is performed using ghost layers of sufﬁcient
size. Many algorithms can be parallelized easily with this approach, while other algorithms require more care, such as the
solution of Eikonal equations and elliptic equation solvers.
To parallelize the Eikonal equation solver, we exploit the fact that we only need data in a narrow band. Thus, each processor can solve the Eikonal equation locally, in an area which is the size of the subgrid assigned to that processor, plus a
number of layers corresponding to the size of the narrow band. Once the data on this slightly larger grid is initialized with
bicubic/tricubic interpolation, the normal Fast Marching Method can be used. In this fashion, each processor can solve the
Eikonal equation locally and independentally of the other processors. The parallel efﬁciency of this method depends on
the geometry of the interface and the relative size of the subgrid vs. narrow band: if the interface is sufﬁciently dense, as
it often is in multiphase simulations, the method scales very well.
For ﬂuid ﬂow equations, it is usually the Navier–Stokes solver that needs the most computing time, due to requiring the
solution of an elliptic equation (for pressure) at each time step. Here, we have parallelized a multigrid solver using standard
approaches that use, for instance, processor idling. We have tested the parallel efﬁciency of the solver, and found that multiphase ﬂuid simulations scale very well to thousands of processors.
3.7. Alternative approaches
Finally, before turning to convergence studies based on our implementation of the VIIM on a regular Cartesian grid, we
mention that other approaches are possible. Viewed from a very high level, our formulation is to
1. Advance the -level sets (deﬁned as sets a distance  from the multiphase interface), for one time step.
2. Redeﬁne the interface at the next time step as the Voronoi interface of these -level sets.
3. Loop to 1.
In the above, we have concentrated on a level set ﬁnite difference methodology. We emphasize that these two steps may
be approximated using a host of numerical technologies, such as ﬁnite element methods, semi-Lagrangian techniques, and
front tracking approaches. For example, a front tracking method version may be constructed as follows:
 First, given a collection of phases, build a discrete approximation of the set of points located a distance  from the multiphase interface. In two dimensions, this discrete approximation might consist most naturally of connected line segements; in three dimensions, a triangulated representation might be most natural. Regardless, the important salient fact
is that each of these discrete approximations will lie in a single phase.
 Second, update their positions by advancing the discretization in a Lagrangian manner, which typically involves updating
the nodes of the discretization.
 Finally, ﬁnd the Voronoi interface to build a new multiphase interface and repeat.
We will discuss these alternative numerical technologies for approximating the solution to the VIIM elsewhere [22].
4. Convergence tests and veriﬁcation
In this section, we perform convergence tests of our methods in two and three dimensions, verifying the accuracy, robustness, and convergence properties under reﬁnement of numerical parameters. We consider three different ways to test convergence in our method, as outlined in Section 3.1:
(i) Fix  independent of the grid size h and study convergence as h ? 0, followed by the limit  ? 0. Another way to say
this is that we compute the converged solution to the problem for a ﬁxed , i.e. the -smoothed solution, and then
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consider the limit of this -smoothed solution as  goes to zero. This directly follows our mathematical deﬁnition of
multiphase evolution, and produces a converged solution. In the following, we denote this approach as the ‘‘ ﬁxed
regime’’.
(ii) Couple  with the grid size h, i.e. set  = ah where a is a ﬁxed constant, and study convergence as h ? 0. This approach
sends  ? 0 simultaneously with h ? 0, and hence differs from the formal ‘‘limit of a limit’’ in the strict mathematical
deﬁnition. However, this method is more computationally practical, as the width of a narrow band implementation
remains ﬁxed, independent of the grid size. Our results will show that coupling  to h in this manner also produces
the same, converged solution. We denote this approach as the ‘‘ coupled regime’’.
(iii) Exchange the limits, and ﬁrst compute an inner limit with  ? 0+, and then study convergence as h ? 0. In the following, the numerical solution obtained with this approach is labeled as ‘‘ = 0+’’.
For some test problems, the solution is known and we can measure the error between the numerical results and the exact
solution. In other cases, the solution is not known and we shall use grid convergence. In both of these scenarios, the ‘‘error’’
measures the difference in interface position, deﬁned by the Hausdorff metric dH: given two interfaces C1 and C2 (each a
surface of co-dimension one), we let

dH ðC1 ; C2 Þ ¼ maxðsup inf kx  yk2 ; sup inf kx  yk2 Þ:
x2C1 y2C2

y2C2 x2C1

Roughly speaking, the Hausdorff distance measures the maximum width of the region between C1 and C2. In our convergence tests we measure convergence in time as well as in space. We use an averaged L1 norm in time1 and the Hausdorff
metric in space, i.e. if C1(t) and C2(t) are interfaces evolving over a time interval t 2 [0, T], then we deﬁne

dðC1 ; C2 Þ ¼

1
T

Z

T

dH ðC1 ðtÞ; C2 ðtÞÞ dt:

ð7Þ

0

To numerically evaluate (7) in practice, the interfaces Ci are reconstructed explicitly from the distance function / as a mesh
and the Hausdorff distance between two meshes is computed. This is a second order accurate approximation of dH(,) and is
sufﬁcient for our purposes.
In all of our tests, the domain is a unit square in 2D (or a unit cube in 3D) and we use a uniform Cartesian grid with cell
size h. Standard ﬁrst or second order ﬁnite difference schemes are used for the evolution (upwinding when necessary), and
the time step constraint for forward Euler will be indicated. We measure convergence as h ? 0 for a variety of  values for the
two regimes. We denote by Ch ¼ Ch ðtÞ the time evolution of the interface obtained with a grid size h and parameter . When
grid convergence is being used, we suppose that the leading order component of the error is Chp for some constants C and p,


and in the usual fashion we measure the difference of two solutions on two different grids, in our case using d Ch ; C2h , and



calculate ratios between these differences to determine the rate of convergence p. Speciﬁcally, we deﬁne dh :¼ dðCh ; C2h Þ and
 

estimate p  log2 d2h =dh . Finally, we note that if a data point is missing in a convergence plot or table then it is because the
corresponding grid was too coarse to successfully determine the evolution (e.g. a phase became so small that its -level set
vanished).
4.1. Two-dimensions: basic tests
We ﬁrst verify that our method produces correct results in the case of straightforward two-phase problems. While these
could easily be modeled with traditional level set methods, we include these for completeness.
4.1.1. Circle expanding with unit speed
We ﬁrst test the case of a circle expanding with unit speed F = 1, as illustrated in Fig. 3(left). The circle’s initial radius is 15
and is evolved over a time of T ¼ 15 so that its ﬁnal radius is 25. For this evolution, the time step constraint is Dt < h and we have
ﬁxed Dt ¼ 12 h. For an unsigned distance function to a circle, the Voronoi reconstructed interface using any -level set is exact.
This implies that for this test problem, errors in the numerical results of the VIIM will be largely independent of , and our
results conﬁrm this. Fig. 3 shows the numerical results at ﬁnal time t = T obtained on the same grid size (h = 1/512) for dif

ferent  values; there are no observable differences. Fig. 4 plots the error compared with the exact solution, d Ch ; Cexact , and
shows that we obtain ﬁrst order accuracy in space and time, independent of the choice of .
4.1.2. Initially square interface expanding with unit speed
We now consider an initially square interface expanding with unit speed F = 1, as illustrated in Fig. 5 (left) (recall that the
viscosity solution of the corresponding Hamilton–Jacobi equation yields an expanding square with rounded corners). The
square’s initial width is 25 and is evolved over a time of T ¼ 15 so that its ﬁnal width is 45. The time step constraint is Dt < h
1
We also ran tests using the maximum norm in time, e.g. max06t6T dH(,). Convergence is still obtained under this norm as well, with the same overarching
convergence rate. However, between one grid size and the next, the convergence rate can be spurious, due to the sensitivity of the Hausdorff distance to the
location of triple points in a grid cell. Instead, we use the L1 norm in time, which for the tests we perform here, does not weaken any conclusions we make about
convergence.
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Fig. 3. Evolution of a circle expanding with unit speed T ¼ 15 (left), and the solution at time t = T obtained on the same grid (h = 1/512), with
(middle) and  coupled to h (right).



ﬁxed

Fig. 4. Corresponding to the test case in Fig. 3, the error dðCh ; Cexact Þ as a function of grid size h for the two regimes:  ﬁxed (left), and  coupled to h (right).
The slope of both lines is 1.0.



Fig. 5. Evolution of an initially square interface expanding with unit speed T ¼ 15 (left), and the solution at time t = T obtained on the same grid (h = 1/512),
with  ﬁxed (middle) and  coupled to h (right).

and we have ﬁxed Dt ¼ 12 h. In this test case, due to the corners present in the initial interface, the Voronoi reconstructed
interface changes with the choice of . Fig. 5 shows the numerical results at ﬁnal time t = T obtained on the same grid size
(h = 1/512) for the two  regimes. In particular, in Fig. 5(middle), we see that when  > 0 is ﬁxed, the -smoothed solution is
not the same as the exact solution, but converges to it as  ? 0. A convergence analysis of the results is presented in Table 1
and Fig. 6. In Fig. 6(left) we see that if  > 0 is ﬁxed, then convergence to the correct solution is not obtained. However, in
Table 1, and in the same regime, we observe that despite not obtaining convergence to the correct solution, the numerical
results are nevertheless converging (to the -smoothed solution). In the regime where  is proportional to h, we obtain
approximate ﬁrst order convergence to the solution as h ? 0.
4.1.3. Square shrinking with unit speed
Now we consider the case of a square shrinking with unit speed, as illustrated in Fig. 7(left). The square has an initial
width of 45 and is evolved over a time T ¼ 15 to ﬁnish with a width of 25. Similar to before, the Voronoi reconstructed interface
has an error depending on the choice of . Fig. 7 shows the numerical results at ﬁnal time t = T obtained on the same grid size
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Table 1
Corresponding to the test case in Fig. 5, convergence results for the ﬁxed
+

=0

h



1/64
1/128
1/256
1/512

 regime.

 = 0.02

dh

Rate

0.00924
0.00445
0.00262
0.00174

–
1.1
0.8
0.6



 = 0.04

dh

Rate

0.00727
0.00409
0.00245
0.00121

–
0.8
0.7
1.0



 = 0.06


dh

Rate

dh

Rate

0.00739
0.00390
0.00218
0.00108

–
0.9
0.8
1.0

0.00758
0.00371
0.00209
0.00101

–
1.0
0.8
1.1

Fig. 6. Corresponding to the test case in Fig. 5, the error dðCh ; Cexact Þ as a function of grid size h for the two regimes:  ﬁxed (left), and  coupled to h (right).
The slope of both lines is 0.8.



Fig. 7. Evolution of a square shrinking with unit speed T ¼ 15 (left), and the solution at time t = T obtained on the same grid (h = 1/512), with
(middle) and  coupled to h (right).



ﬁxed

(h = 1/512) for different  values. In particular, in Fig. 7(middle), we see that when  > 0 is ﬁxed, the -smoothed solution is
not the same as the exact solution, but converges to it as  ? 0. A convergence analysis is presented in Table 2 and Fig. 8,
which show similar convergence properties to the correct solution as in the previous test.

4.1.4. Curvature ﬂow on a circle
We next consider curvature ﬂow applied to a circle with speed F = j, as illustrated in Fig. 9(left). The circle has an initial
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
radius of r0 = 0.375 and is evolved over a time of T = 0.04; the exact solution has radius at time t given by rðtÞ ¼ r 20  2t . The
2

time step constraint for this problem (using the fact that / does not deviate from a distance function) is Dt < 14 h . At each
grid point we use standard ﬁnite difference stencils that approximate the curvature of the level set passing through that grid
point. It follows that the -level sets inside and outside the circle move with different speeds, and this implies that the Voronoi reconstructed interface moves with a speed depending on . (In fact, it can be shown that this dependence on  is of the
form F actual ¼ F exact þ Oð2 Þ.) Fig. 9 shows the numerical results at ﬁnal time t = T obtained on the same grid size (h = 1/512)
for different  values. Once again, the limit of -smoothed solutions as  ? 0 yields the correct solution. This is made more
quantitative in Fig. 10 and Table 3. In the regime where  is proportional to h, we obtain second order convergence to the
solution as h ? 0, independent of the constant of proportionality. In this case, second order convergence is obtained because
we are using second order ﬁnite difference methods and forward Euler time stepping with a second order time step
2

Dt ¼ Oðh Þ.
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Table 2
Corresponding to the test case in Fig. 7, convergence results for the ﬁxed
h

=0

+



1/64
1/128
1/256
1/512

 regime.

 = 0.02

dh

Rate

0.01655
0.00855
0.00415
0.00225

–
1.0
1.0
0.9



 = 0.04

dh

Rate

0.01424
0.00787
0.00329
0.00147

–
0.9
1.3
1.2



 = 0.06


dh

Rate

dh

Rate

0.01475
0.00738
0.00296
0.00118

–
1.0
1.3
1.3

0.01252
0.00604
0.00254
0.00123

–
1.1
1.2
1.0

Fig. 8. Corresponding to the test case in Fig. 7, the error dðCh ; Cexact Þ as a function of grid size h for the two regimes:  ﬁxed (left), and  coupled to h (right).
The slope of both lines is 1.0.

Fig. 9. Evolution of a circle collapsing under curvature ﬂow with speed F = j (T = 0.04) (left), and the solution at time t = T obtained on the same grid (h = 1/
512), with  ﬁxed (middle) and  coupled to h (right).

Fig. 10. Corresponding to the test case in Fig. 9, the error dðCh ; Cexact Þ as a function of grid size h for the two regimes:  ﬁxed (left), and  coupled to h (right).
The slope of both lines is 2.0.

4.2. Triple points in two dimensions
Next, we consider a single T junction that moves into a Y junction under curvature ﬂow with F = j. We consider two dif2
ferent boundary conditions: zero Neumann and Dirichlet (‘‘anchored’’). In both cases, we set Dt ¼ 14 h and evolve over a time
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Table 3
Corresponding to the test case in Fig. 9, convergence results for the ﬁxed
h

+

=0


1/64
1/128
1/256
1/512

 regime.

 = 0.02

dh

Rate

0.00123
0.00030
0.00008
0.00002

–
2.0
1.9
2.0



 = 0.04

dh

Rate

0.00123
0.00031
0.00008
0.00002

–
2.0
1.9
1.9



 = 0.06


dh

Rate

dh

Rate

0.00127
0.00030
0.00009
0.00003

–
2.1
1.7
1.7

0.00132
0.00030
0.00010
0.00003

–
2.1
1.6
1.5

of T ¼ 125
 0:244 (corresponding to 1000 time steps on the coarsest grid). Fig. 11 illustrates the evolution for both types of
512
boundary conditions. We see that the T junction moves into a Y junction with 120° angles. In the case of anchored boundary
conditions, the evolution ultimately converges to an equilibrium with straight lines.
Fig. 12 shows the numerical results at ﬁnal time t = T obtained on the same grid size (h = 1/512) for different  values.
Once again, for the regime with ﬁxed , we see that different -smoothed solutions are obtained for different ﬁxed , but
there is a well deﬁned limit as  ? 0. In this convergence test, the exact solution is not known and so we rely on grid reﬁnement to measure convergence. Table 4 (ﬁxed  regime) and Table 5 ( coupled to h regime) contain the results. We see that in
all cases, in both  regimes, the VIIM converges in both space and time at ﬁrst order. Although not shown here, we also veriﬁed that in the ﬁxed  regime, that in the limit  ? 0, all solutions ultimately converged to the same solution.

4.3. von Neumann–Mullins’ law in 2D
4.3.1. Veriﬁcation of von Neumann–Mullins’ law in 2D
In the last convergence test of a T junction moving into a Y junction, we saw that the VIIM applied to curvature ﬂow on a
triple point resulted in that triple point obtaining 120° angles. This is known as Young’s law and naturally arises when view-



, with anchored boundary conditions (top) and Neumann
Fig. 11. Evolution of curvature ﬂow applied to an interface that is initially a T junction T ¼ 125
512
boundary conditions (bottom).

Fig. 12. Corresponding to the test in Fig. 11, the solution at time t = T obtained on the same grid (h = 1/512) with different choices of  for the two different 
regimes; anchored boundary conditions (left pair) and Neumann boundary conditions (right pair).
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Table 4
Corresponding to the test in Fig. 11, convergence results for the ﬁxed
h

=0

+



 regime.

 = 0.02

dh

Rate



 = 0.04

dh

Rate



 = 0.06


dh

Rate

dh

Rate

Anchored

1/64
1/128
1/256
1/512

0.00305
0.00164
0.00083
0.00044

–
0.9
1.0
0.9

0.00269
0.00186
0.00118
0.00062

–
0.5
0.7
0.9

0.00326
0.00229
0.00140
0.00076

–
0.5
0.7
0.9

0.00393
0.00260
0.00175
0.00090

–
0.6
0.6
1.0

Neumann

1/64
1/128
1/256
1/512

0.00335
0.00183
0.00090
0.00048

–
0.9
1.0
0.9

0.00290
0.00216
0.00129
0.00047

–
0.4
0.7
1.4

0.00374
0.00261
0.00112
0.00062

–
0.5
1.2
0.9

0.00448
0.00280
0.00182
0.00125

–
0.7
0.6
0.5

Table 5
Corresponding to the test in Fig. 11, convergence results for regime in which
h

=0

+



 is coupled to h.

 = 2h


 = 4h


 = 6h


dh

Rate

dh

Rate

dh

Rate

dh

Rate

Anchored

1/64
1/128
1/256
1/512

0.00305
0.00164
0.00083
0.00044

–
0.9
1.0
0.9

0.01092
0.00631
0.00336
0.00174

–
0.8
0.9
1.0

0.01626
0.01019
0.00549
0.00283

–
0.7
0.9
1.0

0.01868
0.01322
0.00737
0.00383

–
0.5
0.8
0.9

Neumann

1/64
1/128
1/256
1/512

0.00335
0.00183
0.00090
0.00048

–
0.9
1.0
0.9

0.01799
0.00932
0.00475
0.00242

–
0.9
1.0
1.0

0.03571
0.01695
0.00834
0.00415

–
1.1
1.0
1.0

–
0.02502
0.01190
0.00582

–
–
1.1
1.0

ing curvature ﬂow as minimizing perimeter (or surface area in 3D). We now study in more depth curvature ﬂow on a random
set of phases involving a connected network of interfaces with several triple points. Assuming Young’s law holds, von Neumann and Mullins showed that if the speed of the interface is F = cj (where c is a constant), then the rate of change of area of
R
any phase is an afﬁne function of the number of sides of the phase. The law can be derived from the relation dA
¼ C F (taking
dt
into account the angles at triple points), and states that

n

dA
¼ 2pc  1 :
dt
6

ð8Þ

Our algorithm assigns a true meaning to time evolution and this relation was used in [23] to test convergence of the VIIM,
and in Figs. 13 and 14, we perform a test of this law. We start with a set of 25 randomly positioned phases and apply curvature ﬂow (with c = 1), using periodic boundary conditions (grid size 256  256). As the system evolves, a phase changes
area according to the above law: the area vs. time plot should be a straight line until the number of sides changes due to
topological changes in the network. Once this happens, this creates a new constant rate dA
for a given phase, depending
dt
on the number of sides, so that the area of each phase as a function of time is piecewise linear. Fig. 13 illustrates the evolution. We pick nine of the initial phases, and, for each of the nine initial phases, we plot the evolution of area in time in
Fig. 14. The results show correct match with von Neumann–Mullins’ law throughout the evolution.
4.3.2. Using von Neumann–Mullins’ law to check convergence
Using von Neumann–Mullins’ law as information about the exact solution, we can also test the convergence of the VIIM
applied to curvature ﬂow as a function of grid reﬁnement.
We ﬁrst make some remarks about the reconstruction frequency, i.e. how often the unsigned distance function is reconstructed from the Voronoi interface. In the basic VIIM algorithm presented above, the interface is rebuilt after every time
step. However, we have found that it can be advantageous to reconstruct less frequently, say every 10 time steps. There
is a tradeoff between the temporal errors incurred in delaying reconstruction, compared to spatial errors incurred due to
the sharp corners often present in a multiphase system. The optimal balance depends on the exact application and the time
step being used.
To test the numerical results of the VIIM against von Neumann–Mullins’ law, we consider n sided shapes, for n = 4, 6 and
8, suitably connected to the boundary (see Fig. 15). (In addition to the tests shown here, we have also tested cases with n = 3,
5, 7.) The initial shape is chosen to be circular with radius 0.3, and is evolved over a time T = 0.08. The time step is again
2
chosen to be Dt ¼ 14 h . As part of our convergence tests, we examined the role of reinitialization frequency/reconstruction
interval in convergence. Denote by k the reconstruction interval, e.g. if k = 1 then the Voronoi interface is reconstructed every
time step. For the time step used here, we found that consistent convergence rates were obtained for approximately k P 8,
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Fig. 13. Curvature ﬂow applied to an initial set of 25 randomly positioned phases. According to von Neumann–Mullins’ law, phases with more than six sides
grow, those with less than six shrink, and those with six sides conserve their area. This process leads to ‘‘coarsening’’ of the system.

Fig. 14. Area as a function of time for a selected set of nine phases corresponding to the evolution shown in Fig. 13. According to von Neumann–Mullins’
law, the area of a particular phase should be a piecewise linear function, with a derivative that is an afﬁne function of the number of sides of the phase. We
have therefore colored each part of the trajectories by the number of sides the phase had at that particular time. The slopes of the trajectories matches with
what is predicted by von Neumann–Mullins’ law.

and we have set k = 16 in the following. To measure the error in this multiphase curvature evolution, we measure the difference between the computed value of dA
(obtained via the slope of a linear regression of the shape’s area over 100 equally
dt
spaced points in time) compared with that predicted by von Neumann–Mullins’ law. To simplify matters, we skip over convergence for the regime where  is ﬁxed, and instead only consider the case when  = ah is coupled to the grid size h, as
h ? 0. For each n, we have given:
 a time sequence illustrating the evolution of the n-sided shape over time (Fig. 15);
as a function of h (Fig. 16); and
 a plot of the error in dA
dt
 a table with convergence rates obtained with grid reﬁnement, measuring convergence of the interface evolution in space
and time (Table 6).
According to von Neumann–Mullins’ law (8), the shapes decrease in area if n < 6, increase in area if n > 6 and have constant area if n = 6. This is demonstrated in the ﬁgures, as well as the fact that the evolution quickly become self-similar.
Including the test cases not shown here (with n = 3, 5, 7), in most cases we obtain well behaved convergence, whereby
the VIIM converges at ﬁrst order rate in both space and time. The exception is the case when n = 6 where the error is smaller
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Fig. 15. Evolution of initially circular n-sided shapes under curvature ﬂow with c = 1 (T = 0.08).

Fig. 16. Plot of the error in the computed value of
(right).

dA
dt

as a function of grid size h for the n-sided shapes of Fig. 15, with n = 4 (left), n = 6 (middle) and n = 8

Table 6
Convergence results for the n-sided shape undergoing curvature ﬂow in Fig. 15.
n

h

 = 0+


4

6

8

1/64
1/128
1/256
1/512
1/64
1/128
1/256
1/512
1/64
1/128
1/256
1/512

 = 2h


 = 4h


 = 6h


dh

Rate

dh

Rate

dh

Rate

dh

Rate

0.00235
0.00104
0.00049
0.00024
0.00233
0.00252
0.00116
0.00082
0.00300
0.00149
0.00092
0.00056

–
1.2
1.1
1.0
–
0.1
1.1
0.5
–
1.0
0.7
0.7

0.04159
0.00622
0.00249
0.00115
0.00307
0.00169
0.00183
0.00096
0.02056
0.00851
0.00422
0.00211

–
2.7
1.3
1.1
–
0.9
0.1
0.9
–
1.3
1.0
1.0

0.11469
0.02101
0.00498
0.00207
0.00299
0.00280
0.00233
0.00121
0.03031
0.01793
0.00762
0.00368

–
2.4
2.1
1.3
–
0.1
0.3
1.0
–
0.8
1.2
1.1

0.12696
0.06301
0.00823
0.00302
0.22553
0.00370
0.00276
0.00189
0.04964
0.02987
0.01141
0.00524

–
1.0
2.9
1.4
–
5.9
0.4
0.5
–
0.7
1.4
1.1

than the other cases but does not exhibit consistent convergence rates. This is most likely due to the fact that the shape is
essentially stationary, and so grid alignment based errors dominate.
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125
Fig. 17. Evolution of a three-dimensional analogue of a T junction subject to curvature ﬂow (T ¼ 1024
, computed on a 1283 grid).

Table 7
Convergence results for the curvature ﬂow illustrated in Fig. 17.
h

 = 0+


1/64
1/128
1/256

 = 2h


 = 4h


 = 6h


dh

Rate

dh

Rate

dh

Rate

dh

Rate

0.00529
0.00279
0.00147

–
0.9
0.9

0.02705
0.01396
0.00709

–
1.0
1.0

0.05866
0.02469
0.01225

–
1.2
1.0

0.16831
0.03578
0.01722

–
2.2
1.1

Fig. 18. Evolution of a Reuleaux tetrahedron shrinking under multiphase curvature ﬂow (T = 0.025, computed on a 1283 grid).

4.4. Three dimensions: evolution of triple lines
The VIIM easily extends to three dimensions and correctly handles the three-dimensional analogues of triple points. In
Fig. 17, we repeat results from [23] showing the evolution of a ‘‘three-dimensional T junction’’, composed of four triple lines
meeting at a single quadruple point, subject to curvature ﬂow with Neumann boundary conditions. The shape is evolved over
125
a time of T ¼ 1024
 0:122 (corresponding to 500 time steps on the coarsest grid). We observe qualitatively that the surfaces
make 120° angles at triple lines, which is one of Plateau’s laws on the shapes of soap bubbles in a foam. Using grid reﬁnement
to measure convergence, Table 7 shows that the VIIM has ﬁrst order convergence in both space and time.
4.5. von Neumann–Mullins’ law in three dimensions
The two-dimensional von Neumann–Mullins’ law was recently generalized to three or more dimensions and provides a
formula for dV
involving a ‘‘mean-width’’ [15], for multiphase mean curvature ﬂow. In particular, the growth rate is no longer
dt
a function based purely on the topology (as it is in two-dimensions) and can depend on the particular shape the phase/region
has. In [15], a formula is given for calculating dV
for a region approximated by a polyhedron, assuming that the polyhedron
dt
makes 120° angles at triple lines. It is reasonable to consider using this formula as veriﬁcation in the same way that we did
with the two-dimensional von Neumann–Mullins’ law. However, the resulting formula for dV
is sensitive to the angles that
dt
the polyhedron makes at triple lines, which makes prediction of dV
using this method noisy.
dt
Instead, we test our algorithm on a known solution for curvature ﬂow that has a self-similar evolution, namely by using a
shrinking Reuleaux tetrahedron, which is an analogue of the two-dimensional Reuleaux triangle. This is a tetrahedron with
spherical sides that satisﬁes Young’s law where its edges meet at planar surfaces. The shape and its evolution is shown in
Fig. 18. It satisﬁes dtd V 2=3 ¼ C where C  5.2885 is a constant.2 We compute the error between the exact value for dtd V 2=3 and
pﬃﬃ
2
1 1
2
The volume of a Reuleaux tetrahedron having spherical sides of radius r is V(r) = CVr3 where C V :¼ 83 p  27
4 cos
3 þ 4 ; its surface area is S(r) = CSr where


2
1
1=3
d
d 3
d
C S :¼ 4 2p  92 cos1 13 . Since j ¼ 2r , we have that under self-similar curvature ﬂow, dt
V ¼ S 2r . It follows that dt
V ¼ 23 V 3 dt
V ¼ 43 C V C S ¼: C  5:28854633.
2
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Fig. 19. Plot of the error in the computed value of

d
dt

V 2=3 for the shrinking Reuleaux tetrahedron in Fig. 18. The slope of the line is 0.85.

Table 8
Convergence results for the curvature ﬂow illustrated in Fig. 18.

 = 0+

h



1/64
1/128
1/256

 = 2h


 = 4h


 = 6h


dh

Rate

dh

Rate

dh

Rate

dh

Rate

0.00397
0.00193
0.00096

–
1.0
1.0

0.01774
0.00838
0.00415

–
1.1
1.0

0.09394
0.01788
0.00778

–
2.4
1.2

0.16874
0.04128
0.01187

–
2.0
1.8

that of the simulation (obtained via the slope of a linear regression of V2/3 over 50 equally spaced points in time). The results are
shown in Fig. 19 and Table 8 and shows that the VIIM once again obtains convergence as h ? 0 for every value of .
4.6. Summary of convergence results
The preceding shows that the Voronoi Implicit Interface Method converges under several different tests. Our convergence
tests are in both time and space, verifying that the method correctly computes complex ﬂows in a converged manner: we
obtained ﬁrst order convergence in almost all cases. The method yields the correct evolution in the case of two phase ﬂow,
convergence for triple junctions and multiply-connected regions, yields a ﬂow satisfying Young’s law, and matches von Neumann–Mullins’ law in two-dimensions and can be used to accurately predict growth rates in three-dimensions. We remark
that in these multiphase systems, using Eulerian based PDE methods, ﬁrst order accuracy at triple junctions is probably all
that can be expected in this framework.
5. Geometric ﬂows
In this section, we illustrate the capabilities of the VIIM with various geometric examples in two and three space
dimensions.
5.1. Constant normal driven ﬂow
We ﬁrst consider an example in which the interface moves in its normal direction with a constant speed that can change
depending on the type of interface. A physical example corresponds to each phase being assigned a bulk energy density and
the entire system evolving to minimize the total bulk energy. Under gradient descent, the interface between phase i and
phase j moves with a speed proportional to the difference between bulk energy densities in phase i and j. In general, we
may specify the speed Fij of interface Cij in the normal direction pointing from phase i into phase j. Thus we must require
Fji = Fij. The equation of evolution for / is given by

/t þ F ext jr/j ¼ 0;
where Fext is an appropriate extension speed, computed by Fext(x) = Fij where x is inside phase i, and j is chosen such that x is
closest to Cij. This uniquely deﬁnes j everywhere except on a set of measure zero, where one may choose any such j. This
ambiguity does not affect the results of the VIIM, due to its underlying regularization properties.
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Fig. 20. Results of a constant normal driven ﬂow such that Green and Blue grow with unit speed into White and stop at each other: FGW = FBW = 1, FGB = 0.
The initial radii of the circles (spheres) is 0.1 with a separation of 0.3 between their centers. (For interpretation of the references to color in this ﬁgure
legend, the reader is referred to the web version of this article.)

Fig. 21. Results of a constant normal driven ﬂow where White expands into Green, which in turn expands into Blue, which in turn expands into White, all
with unit speed (FWG = 1, FBW = 1, FGB = 1). This ﬂow generates two spiraling triple points in 2D and a spiraling triple line in 3D that do not change position,
where the thickness of the spirals is limited by grid resolution. The initial setup is two non-overlapping circles (spheres) with radii 0.175 and a separation of
0.2 between their centers. In the 3D case, we have cut away a quadrant to render the inside structure visible. (For interpretation of the references to color in
this ﬁgure legend, the reader is referred to the web version of this article.)

In Fig. 20, we show the results of two- and three-dimensional simulations of a system with three phases, composed of two
circles (spheres in 3D), denoted by G = Green (left) and B = Blue (right), and an exterior phase (W = White), such that both
Blue and Green expand into White with unit speed, FBW = FGW = 1, but neither Blue nor Green is allowed to advance on
the other, FBG = FGB = 0.3 The resulting evolution is simply two circles (spheres) growing in size such that they do not overlap.
In the last frame of the 3D simulation in Fig. 20, we have cut away a sector to show that the interface CBG is correctly obtained.
In this and the next example, the frames are from a simulation computed on a 256  256 (256) grid in the unit square (cube),
with  = 0+.
In Fig. 21, we show the results of a similar system but with FWG = 1, FBW = 1, FGB = 1. Here White expands into Green, which
in turn expands into Blue, which in turn expands into White. This type of ﬂow generates two spiraling triple points in 2D, and
a spiraling circular triple line in 3D, the positions of which do not change. A large number of turns is obtained, and the thickness of the spirals is limited by grid resolution. This example is discussed in [20], in which a mathematical framework, called
the ‘‘vanishing surface tension’’ limit, is derived for studying two-dimensional multiphase systems whose evolution is governed by constant normal driven ﬂow. The results in Fig. 21 of the VIIM applied to this problem correspond to adding an
artiﬁcial surface tension with strength proportional to the grid size h.

3

For interpretation of color in Figs. 20, 21, 31 and 32, the reader is referred to the web version of this article.
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Fig. 22. Advection by an external velocity ﬁeld that implements counterclockwise rotation such that t = 2p corresponds to one complete revolution about
the indicated origin (axis of rotation pointing up in the case of 3D).

Fig. 23. Convergence analysis for area conservation corresponding to the two-dimensional simulation of Fig. 22. Here, the error is measured using (9) with
N = 17 phases and a grid size of n  n.

5.2. Advection by an external velocity ﬁeld
In this example, the interface is advected by an external velocity ﬁeld, such as one that might arise from rotation or translation. The equation of evolution is given by a pure advection equation, namely

/t þ u  r/ ¼ 0:
In Fig. 22, we show both two- and three-dimensional simulations under a constant velocity ﬁeld implementing rotation,
using a simple second order ENO upwinding scheme for the advection term and forward Euler in time. Here, the simulation
was computed on a 256  256 grid in 2D and a 1923 grid in 3D, applied to an initial set of 17 phases in 2D and 28 phases in
3D, with  = 0+. Under this ﬂow, the area (or volume) of each phase should be conserved, and we perform a simple convergence test of this property. For a 2D case, let e be the error in conserving the area of each phase, measured by calculating the
maximum deviation in area over the time interval 0 6 t 6 T and summing this over each phase, i.e.

e¼

N
X
i¼1

max jAi ðtÞ  Ai ð0Þj;
t2½0;T

ð9Þ

where N is the number of phases and Ai(t) is the area of phase i at time t. For the 2D simulation shown in Fig. 22, the error e as
a function of grid size is shown in Fig. 23. For this example and the associated numerical scheme, most of the numerical error
in time and space is concentrated at the junctions. These occupy small regions of space and therefore contribute a small
amount to the error in area conservation, and explains why the convergence rate observed in Fig. 23 is predominantly
superlinear.
5.3. Mean curvature ﬂow with constraints
5.3.1. Volume conservation
By adding a discontinuous source term to the right hand side of the mean curvature ﬂow equation, the VIIM can simulate
mean curvature ﬂow with volume conservation, see [23]. The modiﬁed forward Euler step is
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/nþ1  /n
¼ cjn jr/n j þ sn jr/n j;
Dt
where

sn ðxÞ ¼

V 0i  V ni
Ani Dt

where i is such that x 2 Xi :

ð10Þ

Here V ni denotes the volume (area in 2D) of phase i at time step n; V 0i is the initial volume (area) of phase i, and Ani is its
surface area (perimeter in 2D) at time step n. In effect, the source term snjr/nj grows or shrinks each phase equally around
its boundary by an amount that corrects for any mass loss/gain. The volumes and surface areas of each phase at time step n
are calculated by extracting the interface as a triangular mesh (polygon in 2D) using the method described in Section 3.5.
Despite each phase potentially growing or shrinking at different rates, the VIIM robustly and smoothly handles the discontinuity of the source term (10) and conserves volume almost exactly. In Fig. 24, repeated from [23], we demonstrate the
method in two and three dimensions on a set of 100 initially random phases (using zero Neumann boundary conditions).
Mean curvature ﬂow minimizes perimeter (surface area in 3D), which, subject to the constraint of area (volume) conservation, eventually attains an equilibrium. We see this in Fig. 24, and in particular, one can observe various topological changes
occur and at all times triple junctions have 120° angles.
5.3.2. Volume targeting
One can easily replace the constant V 0i in the source term in (10) with any constant. In particular, we can evolve a multiphase system under mean curvature ﬂow to an equilibrium that has all phases with the same volume. Fig. 25 shows the
resulting evolution for the same set of phases used in Fig. 24. In the two-dimensional case, the system ultimately attains
a shape similar to a honeycomb. The best arrangement of tiles (in two dimensions) having the same area and minimal perimeter is known to be a honeycomb, but in the three-dimensional case the situation is less well known.
5.3.3. Different surface energy densities
One interpretation of curvature ﬂow is that it corresponds to gradient descent on an energy functional measuring the surface energy of each interface. If all interfaces have the same surface energy density, then there is a global coefﬁcient of curvature c and the 120° angle Young’s law holds. One can generalize this to the case where each interface Cij has different
surface energy densities, i.e. different coefﬁcients of curvature. In this situation, there is a generalized Young’s law, which
states that the angles hi of a triple point satisfy

sin hi

cjk

¼

sin hj

cik

¼

sin hk

cij

;

ð11Þ

where hi is the angle in phase i and cjk is the coefﬁcient of curvature of Cjk. Coefﬁcients can be speciﬁed on a per-phase basis
(rather than a per-interface basis), so that phase i has coefﬁcient ci. For mean curvature ﬂow, this naturally leads to interface
Cij having an effective coefﬁcient of curvature of cij ¼ 12 ðci þ cj Þ. Allowing different phases to have different coefﬁcients of
curvature can easily be implemented in the VIIM. The modiﬁed mean curvature ﬂow equation is

Fig. 24. Mean curvature ﬂow (c = 1) with area/volume conservation on a set of 100 randomly created phases (zero Neumann boundary conditions). By the
time t = 0.1, the solution has approximately attained equilibrium. (Top) Two-dimensional results, computed on a 256  256 grid on the domain [0, 1]2
(approximately 13,000 time steps, taking about 20 min on a quad core laptop). (Bottom) Three-dimensional results, in which a selection of phases have
been colored solid, computed on a 1283 grid in a unit cube (approximately 3300 time steps, taking about 150 min on an eight-core desktop).
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Fig. 25. Mean curvature ﬂow (c = 1) with area/volume targeting, so that every phase ultimately has the same area/volume (zero Neumann boundary
conditions). By the time t = 0.1, the solution has approximately attained equilibrium. (Top) Two-dimensional results, computed on a 256  256 grid on the
domain [0, 1]2. (Bottom) Three-dimensional results in which a selection of phases have been colored solid.

Fig. 26. Mean curvature ﬂow with area targeting, so that all phases ultimately have the same area, with variable coefﬁcients of curvature: blue phases have
c = 1, while white phases have c = 0.1. By the time t = 0.1, the solution has approximately attained equilibrium. Simulation computed on a 256  256 grid in
the unit square, with zero Neumann boundary conditions. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web
version of this article.)

/t ¼ cjjr/j;

where cðxÞ ¼ ci

if x 2 Xi ;

that is, the coefﬁcient of curvature used in any ﬁnite difference updates is determined based on which phase occupies the
grid point in question. The discontinuity in c(x) across the interface is easily handled by the VIIM, owing to the motion of the
-level sets that exist solely in one phase. In Fig. 26 we demonstrate this method by choosing a set of 100 random phases,
with half being assigned a curvature coefﬁcient of ci = 0.1 (white phases) and the other half a coefﬁcient of ci = 1 (blue
phases), moving under curvature ﬂow with area targeting. According to Young’s law (11), if three white phases or three blue
phases meet at a triple point, then they do so at 120° angles. If two white phases and one blue phase meet at a triple point,
the blue phase makes an angle of 170°, while the two white phases make 95° angles. If two blue phases and one white phase
meet, the angles are 155.5° and 49°. This is observed in Fig. 26, in which the blue phases surrounded by white phases are
approximately circular. By using a suitably modiﬁed von Neumann–Mullins’ law, we have conﬁrmed that the VIIM correctly
converges to a solution satisfying the generalized Young’s law (11).
6. Fluid ﬂow with permeability
Aside from geometric examples, the VIIM can also be applied to multiphase evolution determined by complex physics,
and we demonstrate this here by coupling the method to incompressible multiphase ﬂuid ﬂow. In [23], we presented an
application in simulating dry foams. A foam is a system of gas bubbles separated by a liquid component, and is considered
‘‘dry’’ when the fraction of volume occupied by the liquid is less than 10% [33]. In this case, the liquid forms a connected
network of thin ﬁlms separating the gas bubbles. These interfaces are ﬂexible, exhibit surface tension, and meet at junctions
(triple points in 2D and Plateau borders in 3D) with 120° angles. The membranes may also be permeable to the gas, so that
gas can diffuse from one bubble to its neighbor, and this leads to ‘‘diffusive coarsening’’: bubbles with a large number of faces
grow in size at the expense of bubbles with a small number of faces which shrink. As a foam evolves due to coarsening or any
other dynamics, bubbles can change neighborship with other bubbles, leading to complex topological changes, especially in
three dimensions.
One can model the dynamics of a dry foam by considering the ﬂuid mechanics of the gas phase coupled with membrane
surface tension and permeability. For simplicity, we consider the case where the membranes can be idealized as massless
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and inﬁnitely thin. This system was studied in detail in [13], using an immersed boundary method. There, the authors coupled the ﬂuid mechanics of the gas to the evolution of the interface so that foams far from equilibrium can be modeled,
which, for example, allowed them to apply large shearing forces to a foam. A large number of physical conﬁgurations were
studied, showing a range of physical effects. Two-dimensional motion was considered, and topological changes were not
allowed.
We now extend the framework developed in [23] to the case where different phases can have different densities and viscosities, and different membranes can have different surface tensions.
The set up of our multiphase ﬂuid system is as follows. Suppose there are N phases, labeled i = 1, . . . , N. Each phase satisﬁes
the incompressible Navier–Stokes equations with density qi and viscosity li. Consider now an interface Cij between phase i
and phase j, having surface tension rij. The interface provides a force of surface tension that induces a pressure jump across
the interface of [p] = rijj where j is the mean curvature of the interface (measured with an orientation consistent with deﬁning the pressure jump [p]). When there is no permeability, the interface is advected by the velocity u of the ﬂuid, assumed to
be continuous across the interface. When there is permeability, the rate of diffusion of ﬂuid is proportional to the pressure
difference [33]. We adopt the approach used in [13], and model permeability as a slip of the interface in the normal direction
relative to u. The velocity of the interface in this case is thus u  Mrijjn, where M P 0 is a physical parameter denoting the
amount of permeability, and n is the unit normal of the interface (with the same orientation as that used to calculate j).
In practice, the discontinuity in density and viscosity of the ﬂuid across the interface must be regularized. A standard approach used in two-phase ﬂuid ﬂow problems (see the review [28]), is to smooth the density and viscosity across the interface, through the use of a smoothed Heaviside function. In the multiphase case, we deﬁne

PN

qðxÞ ¼ Pi¼1
N

qi H1 ð/i Þ

i¼1 H 1 ð/i Þ

PN

;

lðxÞ ¼ Pi¼1N

li H1 ð/i Þ

i¼1 H 1 ð/i Þ

;

ð12Þ

where /i is a signed distance function to the boundary of phase i (positive inside phase i) and H1 is a commonly used
smoothed Heaviside function given by

8
0
if x 6 1;
>
>
< 

1
x
1
p
x
1
þ
þ
sin
if
jxj 6 1;
H1 ðxÞ ¼ 2
1
p
1
>
>
:
1
if x P 1:

ð13Þ

Here, 1 measures the width of the smoothing transition (and is usually denoted by , but we do not wish to cause confusion
with the  used in the VIIM). We have set 1 = 2h for our simulations. Note that we have normalized by the sum of Heaviside
functions in (12). This only matters at junctions, e.g. triple points, and is required to ensure mini qi 6 q(x) 6 maxi qi.
Surface tension in the multiphase system is modeled as a body force through the use of a Dirac delta function [5,31,28]. In
a two-phase ﬂuid ﬂow problem, this force takes the form st = rjd(/) r/ where / is a signed level set function for the interface. In our case, we have multiple phases which meet at triple junctions (and quad points in 3D), where ‘‘curvature’’ needs to
be suitably deﬁned. It is both physically and mathematically natural to take the same deﬁnition applied to each phase separately, sum all of these, and normalize by a factor of two. This is physically consistent, since in the case of a dry foam, each
bubble is separated from the others by a thin membrane, and it is mathematically natural because the resulting formula
effectively enforces Young’s law at triple points. To account for different interfaces having different surface tensions, we suppose that each phase has an effective ‘‘surface tension’’ ri such that rij ¼ 12 ðri þ rj Þ. This is similar to the case of variable surface energy densities considered in Section 5.3.3. Using this formulation for surface tension for a multiphase system, we
therefore deﬁne

st ¼ 

N
1X
ri jð/i Þdð/i Þr/i ;
2 i¼1

ð14Þ

where /i is a signed level set function for phase i. Note that this gives the correct surface tension of rij ¼ 12 ðr1 þ r2 Þ on the
interface between phase i and j. We also note that the normal vector r(/i) is not well deﬁned at corners, e.g. at a triple junction, but the ‘‘curvature times the normal’’, j(/i) r/i, is well deﬁned as a distribution, and is a Dirac delta function with magnitude related to the angle of the corner.
Of course, in practice we must smooth the surface tension term onto the grid. One possible approach is to use (14) directly
but with smoothed Dirac delta functions, i.e.

st 1 ¼ 

N
1X
ri jð/i Þd1 ð/i Þr/i ;
2 i¼1

where d1 is a smoothed one-dimensional delta function, e.g. the derivative of the smoothed Heaviside function in (13),

(
d1 ðxÞ ¼

1
21

0



1 þ cos p1x
if jxj < 1;

otherwise:

ð15Þ
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However, this method can suffer from excessive noise at triple junctions, due to the singularity in the curvature and gradient
calculations that are essentially decoupled. We have obtained better results by instead mollifying the surface tension to
smooth it, i.e. deﬁning st 1 :¼ st dn1 where dn1 is an n-dimensional molliﬁer. This method exhibits less noise because the calculation of interface curvature and normal are coupled together in a consistent fashion, using an explicitly reconstructed
interface, as follows. We have

st 1 ðxÞ ¼ ðst dn1 ÞðxÞ ¼
¼

N
1X
2 i¼1

Z
Ci

Z
X

stðyÞdn1 ðx  yÞdy ¼ 

N
1X
2 i¼1

Z
X

dð/i ÞðyÞðri jð/i Þr/i ÞðyÞdn1 ðx  yÞdy

ri ðjnÞðyÞdn1 ðx  yÞdSðyÞ:

ð16Þ

We see that the n-dimensional convolution becomes a surface integral of jn weighted by the mollifer. The formula further
S
simpliﬁes if we use a piecewise linear reconstruction of the interface C = iCi, i.e. a polygon in 2D or polyhedron in 3D using
the procedure in Section 3.5, since then jn is itself a sum of delta functions with support on the vertices of the polygon or
edges of the polyhedron. The ﬁnal resulting formula obtained with this approach is similar to that obtained in immersed
boundary methods and better treats the singularity in surface tension calculations at triple junctions. In our implementation,
Q
we have used the n-dimensional molliﬁer dn1 ðxÞ ¼ ni¼1 d1 ðxi Þ where d1 is given in (15) and x = (x1, . . . , xn), which was found to
give accurate pressure calculations.
The equations of motion for the entire multiphase system are therefore the incompressible Navier–Stokes equations with
variable density, viscosity and surface tension in the form of a body force, and are given by

qðut þ ðu  rÞuÞ ¼  rp þ r  ðlðru þ ruT ÞÞ þ st 1 ð/Þ þ F;
r  u ¼ 0;
/t þ u  r/ ¼ M rjjr/j;
where q, l are given by (12), st1 is given by (16), and F is any additional body forces (such as gravity). To solve the Navier–
Stokes equations numerically, we have used a second order variable density approximate projection method [3], which is
based on Chorin’s projection method [10]. We have used a second order upwinding ENO scheme for the advection term
(for both u and /), Crank–Nicholson for the diffusion term and forward Euler in time. The projection method was implemented with a variable coefﬁcient multigrid solver, and the entire code has been parallelized with MPI.
6.1. Testing convergence during topological change
In a multiphase ﬂuid ﬂow calculation, accurately simulating topological changes represents a signiﬁcant challenge. Here,
we perform a convergence analysis to examine the ability of the VIIM and our Navier–Stokes solver to accurately calculate
the evolution of a ‘‘T1’’ topological change in a two-dimensional foam. A T1 change (see [33]) is one in which two triple
points come together and temporarily form a quadruple point, which then splits apart into two different triple points. During
this process, an interface between two phases is destroyed and a new interface between the other two phases is created.

Fig. 27. Evolution of a four-phase ﬂuid system which has two T1 topological changes. Streamlines are shown, and the colors indicate the magnitude of the
stream function w. At t = 0, we have drawn a schematic of the initial condition having periodic boundary conditions on the bottom and top (and the velocity
ﬁeld is periodic on all four sides). Due to local effects of surface tension, the triple points start to retract (t = 0.008), temporarily form two quadruple points
(t  0.038), which then split apart (t = 0.042), by which point X1 and X2 have detached from one another.
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Table 9
Convergence results for the evolution in Fig. 27. Here, T1(h) is the time of the T1 event on grid with cell size h, and supposing that to leading order, T1(h) = t0 +
C hp, the ‘‘rate’’ column calculates p by using ratios of T1(2h)  T1(h). In addition, dh = d(Ch, C2h) measures the difference in interface evolution, in space and
time, over the time interval 0 6 t 6 0.1.
h

Time of T1 event

1/64
1/128
1/256
1/512
1/1024

Evolution

T1(h)

T1(2h)  T1(h)

Rate

dh

Rate

0.050781
0.044470
0.040723
0.038704
0.037512

–
0.006311
0.003748
0.002018
0.001192

–
–
0.8
0.9
0.8

–
0.008390
0.007231
0.005036
0.002720

–
–
0.2
0.5
0.9

As a speciﬁc example, we consider the situation shown in Fig. 27, whereby two long and thin phases split apart from each
other. The domain is 0; 12  ½0; 1 and periodic boundary conditions are used, so that the velocity ﬁeld is periodic on all four
sides of the domain, and the interface is periodic on the bottom and top boundaries. In Fig. 27, we have indicated the ﬂow of
the liquid by drawing representative streamlines, together with a density plot of the stream function w (satisfying
Dw = @ yu + @ xv). During the evolution, the two long and thin phases (labeled X1 and X2) begin to retract so that their triple points merge. At time t  0.038, two quadruple points instantaneously exist before splitting, so that phases X1 and X2 are
no longer in contact, while X3 and X4 are now in contact. The system is near steady state by the time t = 0.1. In this example,
phases X1 and X2 have ri = 10, while phases X3 and X4 have ri = 1. These values of ri were chosen to make a T1 change
favorable for the geometry considered here. In particular, the ﬁnal state has much less surface energy than the initial conﬁguration. To complete the speciﬁcation of the physical parameters, we have set all four phases to have q = 1 and l = 0.1.
With a grid size of 2n  n (so that h = 1/n), we perform a convergence analysis on the computed time of the T1 event, as well
as measure grid convergence on the evolution of the interface. Let T1(h) denote the time of the topological change computed
on a grid with cell size h. This time is calculated by detecting the ﬁrst instance of when an interface between phase X3 and
p
phase X4 is born. Since the time step Dt is coupled to h, we suppose that T 1 ðhÞ ¼ t 0 þ Oðh Þ, and measure the convergence
rate p. In addition, let dh:¼d(Ch, C2h) denote the difference in interface evolution for grid sizes h and 2h, measured using the
L1 norm in time and the Hausdorff metric in space; see (7). This is the same method we used in Section 4 to measure convergence of the interface location in both space and time. Table 9 contains the results of these convergence measurements
for our numerical method, computed on grid sizes of 32  64 to 512  1024. We see that the time of the T1 event is predicted
with near ﬁrst order accuracy, and that the VIIM successfully converges in both space and time, accurately predicting the
evolution of multiphase ﬂuid dynamics through a topological change.
6.2. Application to dry foams
The application of the VIIM to dry foams was ﬁrst demonstrated, for constant density, viscosity and surface tension, in
[23], in which the above framework was used to simulate a foam being ‘‘agitated’’ by a strong external force such that
the foam is ﬁrst spun counterclockwise, settles momentarily, and then is spun clockwise for the same amount of time. Here,
we expand on those results for some of the test cases.
6.2.1. Two-dimensional results
For convenience, we restate the simulation parameters. The domain is a unit square [0, 1]2 with periodic boundary conditions, and all phases have the same density and viscosity, with q = 1, r = 1, l = 0.005. These parameters do not necessarily
correspond to a speciﬁc physical problem, but are chosen so that effects of inertia, viscosity and surface tension are of similar
importance. To implement the agitator, we use an external force F in the Navier–Stokes momentum equations given by

Fðx; y; tÞ ¼ 10ðsin px sin 2py;  sin 2px sin pyÞ sin pt;

0 6 x; y 6 1;

which corresponds to a spinning force, in the counterclockwise direction about the center point x ¼ y ¼ 12 for 0 6 t 6 1, and
clockwise about the center point for 1 6 t 6 2. The factor of 10 in F has been chosen to give a relatively strong shearing/spinning force that dominates the stabilization effects of surface tension.
A case with no permeability, in which M = 0, was shown in detail in [23], and we do not repeat it here. We instead consider a case where there is permeability, and set M = 0.04, which leads to signiﬁcant coarsening over the time interval
0 6 t 6 2. We start with 25 random phases and evolve the Navier–Stokes equations with agitator forcing. The simulation
was performed on a 1024  1024 grid with periodic boundary conditions and  = 2h. Fig. 28 illustrates the results with plots
of phase evolution, streamlines and stream function, and pressure ﬁelds, over ﬁve different points in time, t = 0.01, 0.5, 1, 1.5
and 2 corresponding to extremums in the agitator forcing. We see that there is signiﬁcant shearing and several topological
changes occur as the foam coarsens. Despite strong shearing and complicated ﬂuid-interface interaction, the ﬂuid ﬂow is
incompressible and so von Neumann–Mullins’ law describing the rate of change of area of each phase should nevertheless
hold, and gives
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Fig. 28. Results of a ﬂuid ﬂow simulation with an external agitator force and permeability.
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Fig. 29. Area as a function of time for some of the phases in the simulation of Fig. 28. Each line corresponds to a different phase, and the color and style is
determined by the number of sides that phase had at that particular instant.

n

dA
¼ 2pM r  1 ;
dt
6
where n is the number of sides of a particular phase (or one of its connected components if it has more than one component).
We have plotted the area as a function of time for some of the phases in Fig. 29. Similar to the plot obtained in our convergence tests (i.e. Fig. 14), we see that the area of each phase is a piecewise linear function of time, with slope a function of the
number of sides only, in excellent agreement with von Neumann–Mullins’ law, even in the presence of complicated ﬂuid
ﬂow.
6.2.2. Three-dimensional results
We now consider a three-dimensional analogue of the agitator. The domain is a unit cube [0, 1]3 and the external force is
essentially the same but with no forcing in the z-direction, i.e.

Fðx; y; z; tÞ ¼ 15ðsin px sin 2py;  sin 2px sin py; 0Þ sin pt;

0 6 x; y; z 6 1;

which corresponds to a spinning force about a line with coordinates x ¼ y ¼ 12. Other parameters are left unaltered, i.e. we set
q = 1, r = 1, l = 0.005 and use periodic boundary conditions.
Two cases are considered: without permeability (M = 0) and with permeability (M = 0.05). We start with 125 random
phases and evolve the Navier–Stokes equations with the agitator forcing; Fig. 30 illustrates the results over ﬁve different
points in time, t  0, 0.5, 1, 1.5 and 2. The simulation was performed on a 256  256  256 grid with periodic boundary conditions and  = 2h. We have colored solid 13 representative phases in order to visualize the bulk ﬂow of the agitation. The
velocity ﬁeld is illustrated by freezing the velocity ﬁeld and drawing streamlines seeded from a random set of points, for each
time frame. The streamlines are colored according to the azimuthal component of the velocity ﬁeld, relative to the center line
of the agitation, computed by u  ^
h where

^h ¼
h




y þ 12 ; x  12 ; 0

2 
2 i12
y þ 12 þ x  12

ð17Þ

is the azimuthal tangent vector corresponding to a cylindrical coordinate system with center line x ¼ y ¼ 12. Thus, the color of
the streamlines give an indication of the direction the ﬂow is spinning about the center line, where green means counterclockwise (looking down from the tip of the indicated arrow), and blue means clockwise. When the forcing is at its maximum, i.e. when t = 0.5 and t = 1.5, the ﬂuid ﬂow is predominantly in the direction of forcing. At intermediate times,
effects of surface tension are more apparent and the ﬂow is more localized in nature. This is especially noticeable in the case
of no permeability, in which the stabilization effects of surface tension act more quickly to decrease the momentum gained
from the agitator forcing. As in the two-dimensional case, there is signiﬁcant rearrangement of phases, with several topological changes.
6.3. Variable ﬂuid properties
Our ﬁnal application couples the VIIM to multiphase ﬂuid ﬂow with variable density and viscosity. This is demonstrated
with a foam that has one phase more dense and more viscous than the other phases. In addition, this phase initially has several connected components dispersed throughout the foam. Under the action of gravity, the heavier phase sinks and the surrounding less dense phases rise. This process depends on the competing effects of surface tension at triple junctions and
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Fig. 30. Results of a ﬂuid ﬂow simulation with an external agitator force in three dimensions, with and without and permeability. Streamlines are colored
by the azimuthal component of the velocity ﬁeld, computed by u  ^
h, where ^
h is deﬁned in (17).
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gravity: regions of denser liquid need to be sufﬁciently large in size for the force of gravity to dominate the stabilization effects of surface tension. As the system evolves, and the components of the heavier phase sink, they merge together, forming a
pool of liquid at the bottom. We also demonstrate the effect of different interfaces having different surface tensions, giving
rise to triple junctions with different angle conﬁgurations.
The parameters of our simulation are as follows. The domain X is the unit square (unit cube in 3D), and we employ slip
boundary conditions on the velocity ﬁeld, given by

u  n ¼ 0;

@u
 s ¼ 0;
@n

on @ X;

where n is the normal to the boundary and s is any tangent vector to the boundary. We identify the heavy phase with the
label H, and for each phase i, we set

ðqi ; li ; ri Þ ¼



ð1; 0:005; 0:1Þ

if i ¼ H;

ð0:1; 0:00005; 0:01Þ otherwise:

The system therefore has density ratios of 10 and viscosity ratios of 100, in such a way that there is a Reynolds number ratio
of 10 (using the same velocity and length scales independent of the phase). Due to the different surface tensions, there are
also different triple junction angles. According to the generalized Young’s law (11), the angles (hi, hj, hk) made by phases i, j, k
at a triple point are


ðhi ; hj ; hk Þ ¼

ð120 ; 120 ; 120 Þ if none of i; j; k equal H;
ð170 ; 95 ; 95 Þ

if i ¼ H and j; k – H:

ð18Þ

^,
We have set permeability to zero, M = 0, and the external force F in the Navier–Stokes equations is given by gravity, F ¼ qg g
^ is a unit vector pointing down. Once again, while these choices of parameters may not necessarily correwhere g = 5 and g
spond to a particular physical situation, we have chosen them to illustrate the various effects of variable density, viscosity
and surface tension.
We have implemented a 90° contact angle model, whereby the interface meets the boundary of the domain at 90° angles.
Since the unsigned distance function / in the VIIM is advected only by u, and u satisﬁes slip boundary conditions, it is inappropriate to specify boundary conditions on /. Instead, the contact angle model is implemented through the surface tension
force in the Navier–Stokes equations: the force drives the velocity ﬁeld which in turn restores 90° angles in the interface. This
is implemented in the same way that would occur if the contact point was considered to be an imaginary triple point that
was allowed to move only tangentially along the boundary.
Finally, we make some remarks about connected components and merging and breaking. Just as in the standard level set
method, the VIIM easily and automatically handles merging and breaking, which means the number of connected components of any particular phase can change over time, depending on the dynamics driving the evolution of the interface. In
the following simulation, we make the analogy that the heavier phase H is a liquid embedded in a foam of gas bubbles,
and then we make use of connected components in two distinct ways:
 The heavy phase H will initially have several connected components of various different sizes. Due to the external force of
gravity and the higher density of phase H, these components will tend to sink to the bottom and merge together, forming
a pool of liquid at the bottom of the domain. Thus, we rely on the VIIM to handle the merging of the different components
of phase H into fewer connected components. All these components have the same identiﬁer in the indicator function v.
 On the other hand, we think of the less dense phases as making a ‘‘gaseous foam’’, in which merging of different bubbles
of gas is not allowed. Thus, here we choose to not allow any of the less dense phases to have more than one connected
component. This means that, as the simulation evolves, if one of these phases splits into two components, then each component is separately given a new unique identiﬁer, thereby preventing re-merging at a later point in time. As a result, at
the end of the simulation we often have more than the initial number of phases. This choice is a simple model of the complex multi-scale phenomena of foam production, whereby microscale dynamics of thin-ﬁlm membranes, surfactant ﬂow
and surface tension, determine the macroscopic creation and evolution of foams.
6.3.1. Two-dimensional results
We begin with a two-dimensional simulation of the above variable density ﬂuid ﬂow problem. Fig. 31 illustrates the results, starting with the conﬁguration shown at time t = 0, and is computed on a 256  256 grid with slip boundary conditions, with  = 0+. Here, the heavier phase, initially having nine separate components of circular shape, is colored orange.
The other phases, of which there are initially approximately 35, are colored shades of blue and green. Fig. 31 shows snapshots of the simulation at different times of note, showing plots of phase evolution, streamlines and stream function, and
pressure ﬁelds.
We note several features of our results. Most of the components of the heavy phase H (shown in orange) sink to the bottom. In particular, the component initially attached to the top, ﬁrst falls down, leaving behind it a trailing tail. It then detaches from the top boundary, forming a jet that quickly retracts (as seen at t = 1.32). On the other hand, the two
smallest components of the heavy phase do not sink, and remain embedded in the foam at time t = 1.81. Here, the local forces
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Fig. 31. Results of a ﬂuid ﬂow simulation with gravity, in which the orange colored phase is more viscous and more dense than the other phases. (For
interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)
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of surface tension, particularly at the triple points, dominate the force of gravity and prevent them from falling. This is similar
to an air bubble at the surface of water: depending on its diameter, the bubble can range from being almost fully submersed
and spherical in shape to entirely on the surface with a hemispherical shape.
By the time the component of H initially at the top merges with the other components at the bottom, it has gained a large
amount of momentum. This causes some less dense phases to break off from the bulk and be submerged (see, e.g., time
t = 0.92). These two bubbles, still submerged at t = 1.32, eventually rise due to buoyancy, and burst at the surface of H, at
t = 1.81. On the other hand, near the bottom right corner, some less dense phases break off and remain attached to the bottom of the square. Here, the local effects of surface tension implementing a 90° contact angle model dominates the force of
buoyancy, and the bubbles remain attached to the bottom.
From the streamlines, we can observe that the ﬂow inside the heavier phase is more viscous, since the streamlines there
are more regular. One can also see that the pressure has larger gradients inside the heavier phase, consistent with the liquid
having a higher density there. Finally, we note that the angles in the triple points are consistent with those predicted by
Young’s law (18): the heavier phase is nearly locally ﬂat at triple points, while the less dense phases meet the heavier phase
at nearly 90° angles, and have 120° angles elsewhere in the foam.
6.3.2. Three-dimensional results
Fig. 32 illustrates the results for an analogous, three-dimensional simulation, computed on a 1283 grid with slip boundary
conditions, using  = 0+. The simulation starts with 15 components of H, and there are approximately 100 of the less dense
phases. For all but the last snapshot in Fig. 32, the heavier phase H is colored solid orange, while the other phases have been
rendered mostly transparent, together with the triple line junctions as a network of curves. In the last snapshot, at time
t = 1.8, we have rendered the bulk foam opaque, to make the structure of the foam more obvious.
Various phenomena similar to the 2D case is observed. The large component of H initially attached to the top falls down
under the action of gravity, leaving behind it a tail that eventually detaches. The tail splits into three components, much like
a mean curvature ﬂow on a dumbbell splits into two components. The bottom two components continue traveling to the
pool of liquid at the bottom, while the top component remains attached to the ceiling of the domain, and stays there due
to the local effects of the 90° contact angle boundary condition dominating gravity. Meanwhile, one other component (seen
on the back left-facing wall) stays attached to the wall, unable to fully sink, and this is again due to local effects of surface
tension dominating effects of buoyancy. Finally, we note that the heavier phase is locally ﬂat at triple lines, while triple lines
elsewhere in the foam have 120° angles, consistent with the 3D analogy of the generalized Young’s law.

Fig. 32. Results of a ﬂuid ﬂow simulation in three dimensions with gravity, in which the orange colored phase is more viscous and more dense than the
other phases. The bulk foam is rendered mostly transparent except for the last frame, where it is rendered opaque to make the structure more prominent.
(For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)
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7. Conclusion
The Voronoi Implicit Interface Method tracks a large number of evolving, interconnected interfaces moving under complex interactions of geometry, physics, constraints and boundary conditions. It combines properties of implicit interface evolution with a generalization of the Voronoi tessellation that yields robustness through a wide range of topological changes,
and it works in any number of spatial dimensions with no changes to the underlying algorithm. In this paper, the mathematical framework of the method has been presented, and a numerical discretization has been discussed. The method has been
tested and convergence results have been provided, including veriﬁcation of von Neumann–Mullins’ law and convergence
through topological changes in multiphase ﬂuid ﬂow. We have also demonstrated its application to various geometric ﬂows,
including mean curvature ﬂow with different surface energy densities, and to multiphase ﬂuid ﬂow where density, viscosity
and surface tension can be deﬁned on a per-phase basis.
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