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Abstract: We present a theoretical analysis of the time-gated phase matching (ionization gat-
ing) mechanism in high-order harmonic generation for the isolation of attosecond pulses at
near-infrared and mid-infrared driver wavelengths, for both few-cycle and multi-cycle driving
laser pulses. Results of our high harmonic generation and three-dimensional propagation sim-
ulations show that broadband isolated pulses spanning from the extreme-ultraviolet well into
the soft X-ray region of the spectrum can be generated for both few-cycle and multi-cycle laser
pulses. We demonstrate the key role of absorption and group velocity matching for generating
bright, isolated, attosecond pulses using long wavelength multi-cycle pulses. Finally, we show
that this technique is robust against carrier-envelope phase and peak intensity variations.
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1. Introduction

High-order harmonic generation (HHG) in intense laser fields is a highly nonlinear process [1,2],
in which light at the driver laser frequency is coherently upconverted to shorter wavelengths up
to the soft X-ray regime [3]. Since high-order harmonics are generated during the rescattering
and recombination of an electron wave packet with the residual ion [4, 5], harmonic radiation
is emitted in each half-cycle of the driver laser pulse. Therefore, the radiation is typically com-
posed of a train of attosecond bursts, which is related to the number of times a rescattering
process occurs in the driving laser pulse.

The ultrashort duration of the harmonic bursts makes it possible to capture dynamical pro-
cesses of electrons and nuclei in atoms and molecules. For this goal it is sometimes preferable
to generate or isolate a single attosecond burst of harmonic radiation. Over the last decade,
different techniques have been proposed and developed to achieve this. Most of them rely on
controlling the rescattering process on the microscopic (single atom) level, for example using
few-cycle driver lasers [6,7], polarization gating [8,9], the combination of multicolor fields [10],
double optical gating [11], or single-atom ionization gating with an intense electric field be-
yond the gas saturation intensity [12]. These methods have been mainly demonstrated using
Ti:Sapphire laser pulses with a maximum harmonic photon energy of 284 eV in a single burst
achieved to date [13,14]. Recently, it has been further proposed to apply some of these methods
to isolate attosecond pulses of circular polarization [15].

A complementary approach for isolating a single attosecond burst from a train relies on
macroscopic phase-matching. Methods based on isolation using macroscopic propagation ef-
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fects include ionization gating or time-gated phase-matching [16–24] or spatio-temporal wave-
front control [25,26]. The time-gated phase-matching technique makes use of the compensation
of the phase mismatch due to the free electrons and the neutral atoms in the laser focus. Since
their relative contributions vary with the degree of ionization during the driving laser pulse, a
finite temporal window of perfect matching can be achieved. This window can be reduced to
a single laser half-cycle, leading to the desired phase-matched isolation of a single attosecond
burst of harmonic radiation. This principle has been demonstrated in experiment and theory for
the generation of 180 eV isolated attosecond pulses driven by 2 μm multi-cycle laser pulses
recently [24]. The preferable use of long mid-infrared driving laser pulses for this technique, to-
gether with the development of long wavelength laser systems [27, 28], presents an interesting
route towards the generation of isolated high-energy attosecond pulses.

In this paper we perform a theoretical analysis based on three-dimensional HHG and prop-
agation simulations to explore the limits of the time-gated phase-matching technique. To this
end, we present in Section II a brief theoretical analysis of the technique along with an overview
of the model used for the 3D propagation simulations. In Section III, we then show that isolated
attosecond pulses in a broad range of energies, from the few-eV to the keV regime, can be
generated by using near-infrared to mid-infrared driver wavelengths. We find that in contrast to
certain other techniques in which cutoff harmonics are filtered to obtain an isolated pulse, the
whole harmonic bandwidth is preserved. However, note that other techniques, such as polariza-
tion gating [8, 9] or attosecond light house [25], can be applied to preserve the full bandwidth
as well. Furthermore, we demonstrate that long wavelength multi-cycle driver laser pulses ex-
hibit a better yield scaling of the isolated attosecond harmonic radiation than few-cycle pulses,
which is due to the presence of group-velocity matching. Finally, we analyze the robustness of
the technique with respect to variations of the carrier-to-envelope phase and the peak intensity
of the driver pulse to show that this technique is robust against carrier-envelope phase and peak
intensity variations.

2. Theory

In this section we first discuss and briefly analyze the ionization gating or time-gated phase
matching mechanism using a one-dimensional longitudinal analytical model. In subsection
2.2 we outline the three-dimensional numerical method used to calculate the 3D full-quantum
single-atom high harmonic spectra and the 3D propagation of the driving and harmonic fields.
Note that the results presented in Section 3 are performed using this later method.

2.1. Time window for perfect phase matching

The time-gated phase-matching technique for isolating attosecond pulses has the advantage of
operating in a macroscopic configuration where the effects of free electrons and neutral atoms
in the refractive index of the fundamental beam are the dominant contributions to phase match-
ing. This can be achieved for a (nearly) constant intensity profile along the propagation axis in a
gas cell, a gas jet in a loose focusing geometry [24], or a waveguide [3, 22], where other contri-
butions to phase matching such as the geometrical (Gouy phase) and the longitudinal variation
of the intrinsic phase of the harmonics [29–32] are negligible. Under these assumptions, and
considering a homogeneous gas target of length L and pressure P, the phase mismatch of the
qth-order harmonic along the propagation direction (z) is given by [22, 33, 34]

Δkq = kq − ∂φq
∂z
� Δk free

q + Δkneutrals
q � qP

[
λe2

mc2
η(t) − 4π2 χ0

λ
[1 − η(t)]

]
(1)

where φq is the phase of the qth-order harmonic, η(t) is the time-dependent ionization, χ0 is the
linear susceptibility of the gas due to the neutral atoms, and m and e are the mass and charge of
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the electron, respectively. The contributions from the free electrons and the neutrals to Δkq are
opposite in sign and therefore perfect phase matching (Δkq = 0) can be achieved for an optimal
ionized population ηopt , also called critical ionization. For a given pulse shape and duration,
the condition for reaching ηopt near the peak of the pulse therefore corresponds to choosing
the wavelength and peak intensity [22]. As a consequence, lower intensities are required to
phase match harmonics driven by longer wavelengths. We note that in a waveguide geometry,
an additional geometric term, that depends on the mode and on the waveguide radius (see e.g.,
Eq. (2) in Ref. [34], or Refs. [33, 35]) has to be taken into account and contributes to the phase
mismatch, making it possible to use higher pressures and achieve higher harmonic yields, to
compensate for low single-atom yield.

As mentioned above, due to the increase of the ionization (and a corresponding decrease
of neutrals) over the laser pulse, perfect phase-matching can only be achieved during a finite
temporal window Δτ. This window is inversely proportional to the time derivative of the phase-
mismatch function and scales with pressure and wavelength as

1
Δτ
∝ ∂Δkq
∂τ

L � qPλL
∂η(t)
∂τ
∝ λnPL (2)

where τ is in units of the laser period. To derive the final proportionality in Eq. (2) one should
first note that under perfect phase-matching conditions (where the peak intensity is adjusted
at each driving wavelength to reach ηopt at the center of the pulse) the harmonic order scales
as q � λ2.7 [24]. On the other hand, using the ADK ionization rates [36], we have found
that ∂η(t)/∂τ � λ−2 for the multi-cycle pulses used in the present calculations, leading to
n � 1.7. Note that the value for n varies slightly for other pulse lengths. Based on this analysis
can therefore expect that the pressure-length product and the driving wavelength are the key
parameters to modify the time window for perfect phase matching, and thus, to control the
number of phase matched attosecond pulses after propagation.

2.2. 3D propagation simulations

To confirm these expectations, we have performed three-dimensional simulations including
phase-matching of the high-order harmonics during propagation. We have computed harmonic
propagation using the electromagnetic field propagator [37]. We discretize the target (gas cell
or gas jet) into elementary radiators, and propagate the emitted field E j (r j , t) to the far-field
detector,

E j (rd , t) =
qjsd

c2 |rd − r j | ×
[
sd × a j

(
t − |rd − r j |

c

)]
(3)

where sd is the unitary vector pointing to the detector, and rd and r j are the position vectors of
the detector and of the elementary radiator j, respectively. Due to the large excursion lengths of
the electron wave packet at mid-infrared wavelengths, computation of the dipole acceleration
of each elementary radiator via the exact solution of the time dependent Schrödinger equation
(TDSE) would be time consuming. Instead, we have therefore used the SFA+ approach [38], an
extension of the standard strong field approximation [39–41], which has been shown to provide
results in good quantitative agreement with TDSE results for single-atom HHG yields from near
to mid infrared [38, 42]. In Eq. (3) we assume that the harmonic radiation propagates with the
vacuum phase velocity, which is a reasonable assumption for high-order harmonics. Finally, the
total field at the detector has been computed as the coherent addition of the elementary con-
tributions. Phase and group velocity propagation effects in the fundamental field are included
through the contributions of the free charges and the neutrals to the time-dependent refractive
index. The ionization rate η(r, t) has been computed via the quasi-static model of the ADK the-
ory [36, 43], thus including nonlinear phase shifts in the driving field. Nonlinear spatial effects
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Fig. 1. Optimal gas pressure, laser wavelength and pulse duration for generating bright iso-
lated attosecond pulses. We show the attosecond pulse yields and temporal profiles as a
function of the gas pressure of a 2-mm-helium-gas-cell for driving laser pulses of wave-
length (λ) 0.8 μm (a)(d), 1.3 μm (b)(e) and 2 μm (c)(f) and temporal duration (τp ) of
1.4 (front row) and 5.8 (back row) cycles FWHM respectively. The laser pulse is modeled
by a sin2 envelope with a peak intensity chosen to match optimal phase matching condi-
tions [22]. The yield in each lineout is divided by the gas pressure for the sake of clarity,
and normalized to the yield of the attosecond pulse structure obtained at 5 torr.

are not taken into account. Absorption in the propagation of the harmonics is included through
Beer’s law.

In the results presented in this paper we have considered a loose focusing geometry. To this
end, we have modeled our driving beam as a Bessel beam with a transverse field distribution
given by J0(2.405ρ/a), where ρ is the radial coordinate, and a = 60 μm is the beam radius.
Note that the main results obtained here are general and relevant to all other schemes where
the driving beam longitudinal phase variation is negligible on the length scale of the target,
such as a loosely focused Gaussian beam [44], a waveguide geometry [22, 33, 34], and flat-top
beams [45, 46]. The driving beam propagates into a L = 2 mm helium cell centered at the
beam focus. As an example of our results, we present the attosecond pulse emission detected
on-axis. In our simulations we did not observe any relevant deviations for off-axis contributions
of the XUV/soft x-ray beam. The driving laser field is of the form sin2(πt/2

√
2τp )cos(2πct/λ+

φCEO), with wavelength λ, intensity pulse duration τp in full width at half maximum (FWHM)
and carrier-envelope offset φCEO . In all simulations the peak intensity was chosen to match the
optimal phase matching condition near the center of the pulse [22].

3. Results

In this section we use the results of our 3D numerical simulations to first demonstrate the iso-
lation mechanism at different driver pulse wavelengths. We then proceed to analyze the role
of group velocity matching and reabsorption for few- and multi-cycle laser pulses and, finally,
consider variations of the pulse in the carrier envelope phase as well as the peak laser intensity.

3.1. Isolation of attosecond pulses at near-infrared to mid-infrared driver wavelengths

In figure 1 we present the variation of the attosecond pulse yield and temporal profile as a
function of pressure at three different driving laser wavelengths (λ): 0.8 μm (a)(d), 1.3 μm
(b)(e) and 2 μm (c)(f) and temporal durations (τp) of 1.4 (front row) and 5.8 (back row) cycles
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Fig. 2. Time gated phase-matching mechanism for the generation of soft X-ray isolated
attosecond pulses. The time-frequency analysis of the high-harmonic radiation is shown
for laser driving pulses of 0.8 μm (left column) and 2 μm (right column), and 5.8 cycles
FWHM pulse duration. The pressure of the generating helium cell increases from (a) 5 torr
to (e) 400 torr at 0.8 μm and from (b) 5 torr to (f) 150 torr at 2 μm. The time-frequency
yield is normalized in each panel. Note that in agreement with theoretical prediction in Eq.
(2), isolation of attosecond pulses occurs at lower pressures for the longer wavelength laser
pulse.

at FWHM, respectively. The phase matched peak intensities for the 5.8 cycles (1.4 cycles) laser
pulses are 6.76× 1014 W/cm2 (7.70× 1014 W/cm2) for 0.8 μm, 5.35× 1014 W/cm2 (6.01× 1014

W/cm2) for 1.3 μm, and 4.47×1014 W/cm2 (4.96×1014 W/cm2) for 2 μm. The carrier-envelope
offset was set to φCEO = 0 for the 5.8-cycle drivers and φCEO = 0.25π for the 1.4-cycle drivers
to optimize the isolation of a single attosecond pulse. The yield in each panel is normalized to
the yield of the attosecond pulse structure obtained at 5 torr. In order to show a clear comparison
of the growth of the attosecond pulse yield with pressure, we have also divided the attosecond
pulse yield by the gas pressure (i.e., the yield must be multiplied by the pressure to obtain the
actual scaling, as performed later on in Section 3.2).

For the 1.4-cycle drivers presented in Figs. 1(d) to (f), we observe that isolated attosecond
pulses are already obtained at lower pressures, but the scaling of their yield with pressure varies
with the driving wavelength. For the results using 5.8-cycle drivers, presented in Figs. 1(a) to (c),
we observe the trends predicted by Eq. (2). First, in each panel, as the pressure is increased, the
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number of pulses in the train is reduced towards the isolation of a single attosecond burst of 360
as at 0.8 μm, 555 as at 1.3 μm and 650 as at 2 μm. Second, the longer the driver wavelength is,
the lower is the pressure needed to isolate a single burst. As a consequence time-gated isolation
of attosecond pulses driven by long-wavelength lasers also mitigates nonlinear effects, which
typically appear at high pressures. Note that for the pressures considered in this work (<1 atm),
nonlinear effects in helium are negligible [47]. We expect that the scaling of the attosecond
pulse yields would be modified if pressures >1 atm are used.

In order to get more insight into the isolation process, we compare in figure 2 the time-
frequency analysis driven by 5.8-cycle pulses of 0.8 μm and 2 μm central wavelength for three
helium pressures. The positive slope of the resulting structures indicates that the so-called short
trajectories are dominant and, thus, the isolated attosecond pulses are positively chirped. Further,
it can be observed how the phase matching window decreases as the pressure increases, reducing
the harmonic yield in the wings of the train while preserving the whole harmonic bandwidth in
the central cycle of the pulse during the process. This is in contrast to certain other techniques
in which the selection of the cutoff harmonics is used to obtain an isolated attosecond pulse.
According to the present results, the isolated attosecond pulses contain a true supercontinuum
extending from a few-eV to 160 eV for the 0.8 μm driver pulse, and reaching 350 eV for 1.3
μm, and 0.55 keV for 2.0 μm laser pulses. Indeed, the present set of calculations do not indicate
a limitation in the process and we may therefore expect that a few keV isolated attosecond
pulses can be generated via the time-gated phase matching technique when driving high-order
harmonics with even longer wavelengths [3].

3.2. Few-cycle vs. multi-cycle pulses

Next, we investigate in Fig. 3 the integrated yield of the central pulse of the train as a function of
the gas pressure for the (a) multi-cycle (5.8 cycles) and (b) few-cycle (1.4 cycles) laser pulse, at
0.8 μm (red circles), 1.3 μm (green diamonds) and 2.0 μm (purple triangles). In the multi-cycle
case (a) the yield increases faster with an increase of the pressure the longer the wavelength of
the driving pulse is. We attribute this behavior to the influence of reabsorption of the near-UV
harmonics in the helium target. In Fig. 2(e) one can observe how at 0.8 μm wavelength the
yield of low-order harmonics is substantially reduced at high pressures. In test calculations we
removed the effect of reabsorption in the generating medium from the simulations. The results,
presented by dashed lines in Fig. 3(a), confirm that the yield increases when absorption is not
taken into account and the increase is largest at the smallest driver wavelength (0.8 μm, red
lines with circles).

However, even without absorption the yields do not follow the pressure square rule expected
for perfect phase-matching [48]. We have found that this deviation mainly results from the trans-
verse phase mismatch [49], given by Δk⊥

q = kq − ∂φq

∂ρ , which is not perfect due to the transverse
intensity distribution in our focusing geometry. To further support our conclusions, we have
performed one-dimensional simulations for a 2 μm driver (yellow line), where transverse phase-
matching does not play a role. We observe that the 1D scaling is closer to the pressure-square
rule, thus illustrating the relevance of transverse phase-matching in our 3D scenario. On the
other hand, the results in Fig. 3(b) show that the integrated yield increase at a lower rate for the
few-cycle (1.4 cycles) laser pulses as compared to the multi-cycle cases shown in Fig. 3(a). The
difference in the increase between the two cases is strongest for the longest wavelength which
clearly shows the highest yields for the multi-cycle pulse. As we will demonstrate below this
effect is due to group velocity matching.

The effect of group velocity matching (GVM) in HHG has been studied recently for the
first time [50]. Propagation effects have been usually understood in terms of phase velocity
matching, however, for media with a high density-length product the group velocity of the
harmonics and of the fundamental can differ substantially, as it is well known for perturbative
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Fig. 3. Influence of group-velocity matching and absorption on the isolated attosecond
pulse yields. We show the integrated yield of the central attosecond pulse as a function
of gas pressure for a (a) multi-cycle (5.8) and (b) few-cycle (1.4) driving laser pulse of
wavelengths 0.8 μm (red circles), 1.3 μm (green diamonds) and 2.0 μm (purple triangles).
In panel (a) the dashed lines correspond to the simulations where absorption is not taken
into account in the simulations. The yellow line represents the results of one-dimensional
simulations at 2 μm for the sake of comparison. In panel (b), the dashed lines correspond to
simulations where group velocity mismatch is not considered (absorption included), show-
ing the relevance of group velocity walk off in the case of few-cycle laser pulses.

harmonic generation in crystals [51,52]. Since in the present time-gated technique perfect phase
matching is achieved in media with a high pressure-length product, the role of GVM is not
longer negligible. The group velocity, given by vg (λ)−1 = n(λ)/c − λ/c∂n(λ)/∂λ, imprints a
time delay in the envelope of the fundamental laser pulse as it propagates through the medium.
To quantify the GVM process in HHG, one can define –analogous to the coherence length– the
walk-off length as [50]

Lwalk−o f f =
tπ
walk−o f f∣∣∣Δv−1

g

∣∣∣ (4)

where Δv−1
g = vg (λ0)−1 − c−1, and tπ

walk−o f f is the envelope walk-off time needed to dephase
a harmonic by π. The variation of the electric field peak strength due to the change in the carrier
to envelope phase during propagation affects the semiclassical action, and thus the phase of the
high-order harmonics. Analogous to the coherence length, one can interpret the walk-off length
as the propagation distance between two atoms whose harmonic emission interfere destructively
due to group velocity mismatch. The walk-off length is found to decrease with a decrease of the
pulse duration and for an increase of the wavelength. Thus, whereas group velocity matching
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does not affect the harmonic emission if driven by short vacuum ultraviolet wavelengths [53],
it is expected to play a significant role for longer mid-IR drivers [50]. Actually, the strong
reduction of the harmonic yield for few-cycle long wavelength laser pulses in Fig. 3(b) can
be unequivocally related to the group-velocity mismatch. This is confirmed by the results of
test calculations [dashed lines in Fig. 3(b)] in which we neglected the group velocity effect.
Clearly, one sees that in this case for long driving wavelengths the yields increase at a similar
rate as for multi-cycle pulses [Fig. 3(a)]. Thus, we can conclude that for the generation of bright
isolated attosecond pulses with the time-gated phase matching technique it is preferable to use
multi-cycle pulses for which the effect due to group velocity mismatch is negligible.

Experimentally there is another factor which favors bright high-harmonic and attosecond
pulse generation using multi-cycle driver wavelengths, related to the optimal pressure-length
product to reach the absorption-limited length. The required pressure-length products to reach
the maximum HHG yield are much higher for longer driving wavelengths. This is defined as
∼6×Labs , where Labs is the absorption-limited length. For example, for He and 0.8, 1.3 and
2 μm drivers the pressure-length products increase significantly from 1.3×104, 9.1×104, up
to 6.1×105 torr·mm, for both a gas-cell or a waveguide HHG geometry. As the driving laser
wavelength increases towards the mid-IR, the HHG flux reduces even faster for few-cycle laser
pulses since the signal buildup starts to decrease at much lower pressure compared to using
multi-cycle pulses (see Fig. 1 and Fig. 3). As a result, few-cycle longer-wavelength drivers
cannot fully benefit from the allowed very high pressure-length product to compensate for the
low single-atom yield.

3.3. Robustness of isolated soft x-ray attosecond pulses against fluctuations

Finally, we proceed to investigate how fluctuations in the electric field of the driving laser pulse
may affect the generation of soft x-ray isolated attosecond pulses through the time-gated phase
matching technique. The phase matching condition, which is related to the optimal ionized pop-
ulation in the medium, yields an ideal peak intensity for a given wavelength and pulse duration.
As a consequence, we may expect that variations of the carrier-envelope-phase (CEP) offset
and the peak intensity of the driving laser pulse modify the temporal window for perfect phase
matching. Previous studies indicated the robustness against CEP in the generation of XUV at-
tosecond pulses driven by 800 nm laser pulses [19].

In figure 4 we present the yields and temporal profiles of the pulses, generated at 150 Torr
with a λ = 2 μm, τp = 5.8 cycles laser pulse, as functions of (a) the carrier-envelope-phase
(φCEO) and (b) the peak intensity. It is seen that the variation of the carrier-envelope-phase and
the related change of the temporal window for phase matching, leads, in general, to a change
from the emission of a bright isolated attosecond pulse for the optimal φCEO = 0, at which all
the previous analysis has been done, to a two pulse structure, which is strongly suppressed in its
yield. More important however, the time-gated phase-matching isolation technique appears to be
rather robust for variations over a rather wide range of carrier-envelope-phases, for the present
set of simulations from φCEO = −π/4 to φCEO = π/4. For comparison, most of CEP stabilized
laser systems have much lower CEP variation on the scale of sub-200 mrad [35, 54–56].

On the other hand, an intensity increase will move the phase matching window towards the
front part of the laser pulse, whereas an intensity decrease will move it toward the rear part. As
a result, in figure 4(b) we observe how the temporal position of the isolated pulse is shifted with
intensity, which is being stable within fluctuations of intensity of about ±2.5%, which exceeds
the stability of most state-of-the-art laser systems.

4. Conclusions

In summary, we have theoretically analyzed the key parameters for a route to obtain isolated
attosecond pulses at high energies, using the time-gated phase matching technique with near-
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Fig. 4. Robustness of the time-gated phase-matching isolation technique against carrier-
envelope-phase and intensity variations. We present the yields and temporal profile of the
harmonic emission generated at a gas pressure of 150 Torr with a λ = 2 μm, τp = 5.8
cycles laser pulse, as a function of (a) the carrier-envelope-phase φCEO and (b) the peak
intensity of the driving laser pulse. This technique appears to be robust for variations over
a rather wide range of carrier-envelope-phases (from φCEO = −π/4 to φCEO = π/4), and
within intensity fluctuations of about ±2.5%.

and mid-infrared laser pulses. It is shown that the technique allows to generate isolated broad
bandwidth harmonic emission at driving laser wavelengths ranging from 0.8 μm to 2 μm. In-
deed, the results of the present simulations do not show that there exist a fundamental limitation
to apply the technique at even longer wavelengths, which would lead to the generation of iso-
lated attosecond pulse in the keV regime. Our results have further confirmed that the effects
of reabsorption and group velocity matching need to be considered and make the technique
most effective regarding the brightness of the emission for multi-cycle long driver wavelengths.
Finally, our simulations show that the technique is robust with respect to variations of the carrier-
envelope-phase and the peak intensity of the laser pulse.
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