Lawrence Berkeley National Laboratory
Recent Work

Title
THE TRANSIENT BEHAVIOR OF A WAVE GUIDE NEAR CUTOFF

Permalink
https://escholarship.org/uc/item/8rk8t5t3

Author
Martinelli, Ernest A.

Publication Date
1951-04-10

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/8rk8t5t3
https://escholarship.org
http://www.cdlib.org/

UCRL 1230

UNIVERSITY OF
CALIFORNIA

Ernest Q. Luronce
Radiation
Laborator

TWO-WEEK LOAN COPY

This is a Library Circulating Copy
which may be borrowed for two weeks.
For a personal retention copy, call

4 Y

Tech. Info. Division, Ext. 5545

- - J
BERKELEY, CALIFORNIA

cy

D
QT =7139M

-
)



DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.



- A
d"‘:"— e

' ' UCRL~1230
Unclessified - Physics Distribution:

UNIVERSITY OF CALIFORNIA

" Radiation Laborstory

Contract No, W-7405-eng-48

 UNGLASSIFIED

THE TRANSIENT BEHAVIOR OF A WAVE GUIDE NEAR CUTOFT

Erne st A. Mart:melli

 pril 10, 1951

Berkeley, California



iz

-

UCRL-1230
e e
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The problem of the trensfer of energy from one end of airescnant_cavity in
the TM 016 mode to the other is of great interest in the.tneor; of linear accelerators,
esp601a11y in regard to the coupling of 050111ators and oscillator control problems
for 1ong accelerutors. Slnce the general problem of the transient behavior of -
waveguides is extremely complexl, a somewhat simpler epproach»was made, Vhat was
primafily desired was a time scale for the't?ansfer of large quantities of energy.
The assumption made was that the cavity was being excited at one end with a field
such that H¢'had the radial dependence for the TMOl mode of the Wavegulde, with
a time frequency W o | | ‘
The.TMOl-mode propagates inithe gnide With a propagation constant which depends
on the frequency;‘ Thus the waveguide represents a dispersive medium for the
propagation of electncmagnetiC'wavesi The problem then resolves itself to finding
how a signal travels in the waveguide. By a signal one means & wave train with
at least a beginning, Such a wave train has a spectrum of frequencies in the}
Fourier sense and each of these frequencies travels with different velocities on
the waveguide, The re-synthesis of theseuFourier_components at each distance and
time will show how tne signal propagates, .
o Tne mathematical analysis used in this repo}t folloWS the treatnent‘of

enomalous dispersion by‘Scmmerfeld?jend"Brillcuins. |

Ly, Cerrillo, Iransient ‘Phenomena in Wavegulds, Massachusetts Inst. of Technology
Technical Report No, 53, 1948,

A, Sommerfeld, Ann. de Physik 44, 177 (1914),
L. Brillouin; Ann. de Physik 44, 203, (1914)
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Propagation of :INxslods. in Cyllndrlcal Wave -Guide Wl'thosses,
~ In order to get a J.lnlte veloc1ty for energy transfer at the resona_nt lrecuency
it is necessary to_¢ncTude some enorgy 1ocs tems in. Maxwell“ eouatlons. I.L this
.. . Lo iy
is done by assuming a 1050 term 1noependent of fre’luency and he v1ng the correct !
value at the resonant frequency one can show that the propagation constant for such
a gulde ie glven by.,
b"(w, =;;\[w2_~w02 * 2ita | o
Cwhere - : o W o R
' Q= =g . (A)R = resonant frequency
W, = resonant frequency without losses,
' U)R= a%, lf Q.= Oq' ) ) TR V_.)» i s
S If X_#efv‘conside;' only the mOl mode of the gulce and an 1n11n1tely long 5;11ce
one can fdrmally express ﬂﬁ(zst) in terms of H/@’(O t) by a Fourier tran sform,
s . 2 Z
. . l\a)u—-u) - W, +21aw —) y . -
H(z,t)Y = [ Alw)e / o/ dp i
o e L
1 [ it
AW) = 57 | HOst) e at
_ . S - Tea -
The sim p*egt °lg1181 Lo feed in at z = 0 iss
t < 5 H(O t) = 0
3 t©
S t> 0 H(O,5) = etWE
T
This type of a signal cannot be represented by a Fourier integral but can'be' k;
.
: represented by’ a Laplace transform. Meking the usual substitution & = iW’, one - \
hasg B o | /7% VR R RIS
Y Go-/Frnfems &) -
H(z,t) =f 2 '-EL«—-' e edE e
Dpeion 4
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In order to evaluate the integral we will have to integrate ‘aréind a ‘contour in.

, the complex.s plane. This integrand has a pole at s =-iw:and bfaﬁ@hfpoints at

thé'roots of~tha.$quaré répﬁ.

sv= -?d‘* iy w 2 . a?

'Q
p-ilUR" =—a— s
| B
' I
L

Fig. 1

These are shown in Fig. 1.

3 In order to make the function.singlé'§alued in the piaﬁe a cyt must be made
g ' : o : : .
© between the two branch points, The;contour must not cross the cut.“f

‘'For large s the exponential becomess

s(t - %75'

_ hence if t<_-z-,_ |

one can form the conmtour to the right of all singularities and hence get O for -
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the integral.. - .. . -

« t

includes both the pole and branch points, Thile the. contribution from the pole .
is easy to evaluate, the cdntribution;from-the integral around the two branch
points is not easily evaluated, Hence it is'necéssary to resort to a saddle

point approximation for the integral,

The phése 6f ﬁhe sxponential is given byé'. ‘ e i
gost-f 2 rwl? s =
the saddle points are therefore at:
/sd‘+w2+2as
If wetle? %;-= Us ;

i uZﬁ;l’H‘”L‘j:M"‘er':" e
If we expand ﬁ'about the saddle point we haveigrévﬁg + g@~$2_

The second term must be real and negative along the path of integration,

P R CR S AT
(] ] -
v/ 52 + aéz + 2as (s* L 2as)
at s = - a F 1
uz—l
5 _
uc =1 z
g" =i ( )(Pz + {)"
\\ R -/ °

1
» H.
A

hence ;2 =

L}

[
hence we must iﬁteé}aﬁé-éiéhg a 45° line through the saddle point, until the

integrand vecomes very small, and then close the. contour in such a-way that.

th For b '..i;.--;jthé;?cont-:dufi'mgsit.;b;é; closed inithe 16t half planel this however'

ot

ooy

u x: .‘;‘,‘"
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there ik negligible contribution along the remainder of the path. As long as we
cen keep our contour far away from the pole the integral can be approx1mated by
taking the constant value of the phase at the saddle p01nt and 1ntegrat1ng over
along the correct contour. |

Th:.s glves a solutlon for 5= << Y

/s ’ 2 s : =
'Z + G. .. . LYy o :
B(ot) = gk ) S RN

(2,8) = 751 ST W, L7z cwy W (O

-0
wwy Wy o
";Q,-at/e,j:é—--“t- 'c- -
1 ' Juz-1' = Ywe-1 - 217 nwg ©

.H(z,t)' = 2ni

The case of interest is wo = a)R is,60s the input signal is at the resonant

frequency. As u increases (t increaising at a given z) the saddlé point moves

-fromob»z:fdd:vﬁl" {:hé "lirie -a + iy and approaches the branch poin‘b Howe#er, at &

_ time u which 1s stich’ that the" 45 line from the saddle p01nt goes through the

pole a‘b 1a)R, thers w111 be a sudden :mcrease in the fleld at z3 mathematlca.lly

this means we will get a direct contribution to the integral from the pole in our

~contour integration,

Physically this implies that we are 'finaily réceiving,signals W:Lth a frequency

which is within the band pé.ss of the resonator, This :.'time oa.n be interpreted as

the .time it takes the bulk of the signal to arrive 2t z. The value of u for

this to happen is given bys

uw,— B
X =Wy +a
u=1 ) ) , .
il wR‘ -
u =, 57 if we ignore a compared to
and o dt a
Wo compared to s~
a =a—)§‘; ? . .

24
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hehqe ..i1;> u ;UV.Q_ : _l

‘ iy oAt ihEr s ! . : . ‘:'t. .
z v, = 4]
T - s
Q

. ) : L e s mgh e
. For later times one has the first part of the solution decréasing as g "

and now the pole must be integrated around a separate loop. The main contribution

from this time on comes from the integral around the pole which gives the residual

at ‘the pdle;
This cen be evaluated very simply and gives a steady state solution of the
forms WR g Wg

which is a wave moving with a vhase velocitys:

c-
I

Since the transient solution we have found is good for only small values of

z . s . ' : .
t > =, no numerical evaluation of the transient part of the solution hes been
" made.  The important numbers one has obtained from this analysis are the velocity
af the signal o

1@ signe . :

: Vy 1
St P ammtrmnacn
°© Y
and the steady state velocity,

‘VP
(s}

i
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