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ABSTRACT OF THE DISSERTATION

Hodge Structures with Hodge Numbers
(n,0,...,0,n)

and their Geometric Realizations
by

Laure Bonahon Flapan
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2017

Professor Burt Totaro, Chair

The focus of this thesis is Q-Hodge structures with Hodge numbers (n,0,...,0,n), which
are Q-vector spaces V' equipped with a decomposition into n-dimensional complex subspaces
V®oC = V¥Oqg V9% such that the two subspaces V0 and V%% are conjugate to each other.
In this first part of the thesis, we investigate the possible Hodge groups of simple polarizable
Q-Hodge structures with Hodge numbers (n, 0, ...,0,7n). In particular, we generalize work of
Moonen-Zarhin, Ribet, and Tankeev to completely determine the possible Hodge groups of
such Hodge structures when n is equal to 1, 4, or a prime p. In addition, we determine, under
certain conditions on the endomorphism algebra, the possible Hodge groups when n = 2p,
for p an odd prime. A consequence of these results is that, for all powers of a simple complex
2p-dimensional abelian variety whose endomorphism algebra is of a particular specified type,
both the Hodge and General Hodge Conjectures hold. In the second part of the thesis, we
investigate the geometry of a particular class of examples of smooth projective varieties whose

rational cohomology realizes a Q-Hodge structure with Hodge numbers (n,0,...,0,n).
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CHAPTER 1

Introduction

If X is a smooth complex projective variety, then, for any w > 1 there is a decomposition of
the rational cohomology of X given by
H"(X,Q®eC= @ H",
pta=w
such that the induced action of complex conjugation yields HP¢ = H%P. Moreover, any
codimension-p subvariety of X corresponds to a rational cohomology class which lies in the
H?P? subspace of H*(X,C) = H*(X,Q) ®g C under the above decomposition. The long-
standing Hodge conjecture predicts that all of the Hodge classes, meaning the elements of

H?!(X,Q) which lie in HPP, come from Q-linear combinations of subvarieties of X.

Although few cases of the Hodge Conjecture have been proven, one class of varieties for
which it is hoped that the Hodge Conjecture may be more tractable is the class of abelian
varieties; the reason being that, since abelian varieties are topologically tori, an abelian
variety X has an isomorphism on its cohomology ring given by H*(X,Q) = A\* H!(X,Q),
meaning that all of the rational cohomology of the abelian variety X, and even of any power
X* is determined by H'(X,Q).

Putting the above in a more abstract framework, a Q-Hodge structure of weight w > 1

is a Q-vector space V' together with a decomposition into linear subspaces
VaeC= @ v, (1.1)
ptg=w

such that Ve = V%P, [f the weight w is even, the Hodge classes of the Q-Hodge structure

V are the elements v € V which lie in V*/%%/2 under the above decomposition.



If V is a Q-Hodge structure, then for any m,n > 1, we get an induced Q-Hodge structure
on

T = VO g (V)P

The Hodge group Hg(V') of V' is then the connected reductive algebraic Q-subgroup of SL(V)

whose invariants in the algebra @, , 7" are exactly the Hodge classes.

Thus, very roughly speaking, the established strategy for verifying the Hodge Conjecture
for certain classes of abelian varieties is to show that the Hodge group of the Q-Hodge
structure V = H'(X,Q) is large, and thus the cohomology ring H*(X,Q) has few Hodge
classes, for which it is easy to verify the Hodge Conjecture. This was, for instance, the
strategy used by Ribet [Rib83] and Tankeev [Tan82] to prove the Hodge Conjecture for all

powers of a simple complex abelian variety of prime dimension.

As mentioned, the -Hodge structure considered in the case of abelian varieties is V =
H'(X,Q), which has Hodge decomposition V ®g C = V0@ V% where V1* and V%! each

have dimension n = dim X.

The topic of this thesis is the slightly more general situtation of Q-Hodge structures with
Hodge numbers (n,0,...,0,n), meaning Q-Hodge structures V with Hodge decomposition
satisfying

Vg C=v"'gvor,

where V%9 and V%% have dimension n.

Aside from the case of complex abelian varieties, such Q-Hodge structures arise naturally
in geometry as, for instance, the degree 3 rational cohomology of a a rigid Calabi-Yau
threefold. Moreover, we can produce a Q-Hodge structure with Hodge numbers (n,0,n)
geometrically as follows. If X is a smooth complex projective surface with maximal Picard
number, namely the Picard number of X is equal to A1 (X), then H?(X,Q) modulo the
subspace of Hodge classes is a Q-Hodge structure with Hodge numbers (p,(X),0,p,(X)).
For larger weights w, Arapura shows in [Aral6] how to construct a Q-Hodge structure with

Hodge numbers (n,0,...,0,n) as a direct summand of the rational cohomology of a power



EN of a CM elliptic curve and Bergeron-Millson-Moeglin show that Q-Hodge structures with
Hodge numbers (n,0,...,0,n) arise arithmetically as summands in the rational cohomology

of Shimura varieties associated with a standard unitary group [BMMI6l, Corollary 6.2].

We thus say that a Q-Hodge structures with Hodge numbers (n,0,...,0,n) comes from
geometry if it is a summand of the rational cohomology of a smooth complex projective
variety defined by a correspondence. Griffiths tranversality implies that a variation of Hodge
structures of weight at least 2 with no two adjacent non-zero Hodge numbers is locally
constant [Voi02l Theorem 10.2]. In particular, this applies to Q-Hodge structures with
Hodge numbers (n,0,...,0,n) and implies that only countably many Q-Hodge structures
with Hodge numbers (n,0,...,0,n) and weight at least 2 can come from geometry. Although
there are concrete examples of such Hodge structures that come from geometry, such as
those mentioned above, little is known about the subset of the period domain of all -Hodge

structures with Hodge numbers (n,0,...,0,n) consisting of those that come from geometry.

The first half of this thesis is concerned with Q-Hodge structures with Hodge num-
bers (n,0,...,0,n) in general, meaning not necessarily those that come from geometry. In
particular, we investigate what sort of Hodge groups such Q-Hodge structures can have,
generalizing many of the known results about Hodge groups of complex abelian varieties to
the case of Q-Hodge structures with Hodge numbers (n,0,...,0,n). In doing so, using new
results of Totaro [Tot15, Theorem 4.1] and Green-Griffiths-Kerr [GGK12], one may in fact
recover some new results about Hodge groups of complex abelian varieties in the context of

the Hodge conjecture.

The second half of this thesis is concerned with a specific class of varieties constructed by
Schreieder whose rational cohomology realizes a (Q-Hodge structures with Hodge numbers
(n,0,...,0,n). In particular, we investigate the geometry of these varieties and show that
they are equipped with a fibration over P!. Moreover, in the case when the varieties are of
dimension 2, we show that they fall into a special class of surfaces investigated by Shioda

[Shi72], called elliptic modular surfaces.



CHAPTER 2

Hodge Groups of Hodge Structures with Hodge
Numbers (n,0,...,0,n)

2.1 Introduction

Recall that a Q-Hodge structure of weight w > 1 with Hodge numbers (n,0,...,0,n) is a

Q-vector space V together with a decomposition into n-dimensional complex subspaces
VeeC=vV"evo

such that the two subspaces V¥ and V%% are conjugate to each other. Recently, Totaro
[Tot15, Theorem 4.1] classified all of the possible endomorphism algebras of simple polariz-
able Q-Hodge structures with Hodge numbers (n,0,...,0,7n). These possible endomorphism
algebras fall into four broad types, under a classification by Albert of division algebras with
positive involution [Alb39], which are referred to as Type I, Type II, Type III, and Type IV.

Complex abelian varieties of dimension n are equivalent, up to isogeny, to polarizable Q-
Hodge structures of weight 1 with Hodge numbers (n,n). Thus, Totaro’s result generalizes
a result of Shimura’s [Shi63l Theorem 5|, which classifies all the possible endomorphism

algebras of a complex abelian variety of fixed dimension.
If V is a Q-Hodge structure of even weight w with decomposition
V®eC= @ VP,
pHg=w
then the Hodge classes of V are the elements of V' that lie in the subspace V*/2%/2 in this

decomposition. These Hodge classes are the subject of the long-standing Hodge Conjecture.



The Hodge Conjecture states that if X is a smooth projective variety, then, for any p > 1, all
of the Hodge classes of H?P(X,Q) are Q-linear combinations of rational cohomology classes

of algebraic subvarieties of codimension p in X.

For a rational sub-Hodge structure W of a Q-Hodge structure V', meaning a subspace
W C V such that the summands WP := VP4 N W ®g C endow W with a Q-Hodge
structure, the level of W is (W) = max{p — ¢ | WP? # 0}. The General Hodge Conjecture
states that for a rational sub-Hodge structure W C H¥(X,Q) such that [((W) = w — 2p,
there exists a Zariski-closed subset Z of codimension p in X such that W is contained in
ker(H*(X,Q) —» HY(X — Z,Q)).

The Hodge group of a Q-Hodge structure V' is a connected algebraic Q-subgroup of SL(V)
whose invariants in the tensor algebra generated by V' and its dual V* are exactly the Hodge
classes. Thus Hodge groups are objects of interest towards a better understanding of both

the Hodge and General Hodge Conjectures.

In this chapter, we characterize the possible Hodge groups of simple polarizable Q-Hodge
structures with Hodge numbers (n,0, ...,0,n) by applying Totaro’s results about endomor-
phism algebras as well as by extending techniques of Moonen-Zarhin [MZ99|, Ribet [Rib83],
and Tankeev [Tan82| for determining Hodge groups and combining these with more recent
work of Green-Griffiths-Kerr |[GGKI12] about domains of polarizable Q-Hodge structures
with specified Hodge group. In particular, Proposition [2.12.1, Theorem and The-
orem determine the possible Hodge groups when n is equal to 1, a prime p, or 4,
respectively. Moreover, for n = 2p, where p is an odd prime, Theorem determines
the possible Hodge groups when the endomorphism algebra is of Types I, II, or III as well
as when the endomorphism algebra is of Type IV and has a particular type of action by an

imaginary quadratic field.

The results for n = 1, p, and 4 generalize known results about the possible Hodge groups

of simple complex abelian varieties, while the results for n = 2p are new.

In particular, Ribet and Tankeev showed in [Rib83] and [Tan82], respectively, that the



Hodge group of a simple complex abelian variety X of prime dimension is always equal to the
Lefschetz group of X, meaning, roughly speaking, that the Hodge group of X is always as
large as possible. We show that, in fact, the above holds for all simple polarizable Q-Hodge
structures with Hodge numbers (p,0,...,0,p). Moreover, for simple polarizable Q-Hodge
structures with Hodge numbers (2p,0,...,0,2p), we establish conditions under which the

above holds and conditions under which it does not.

Moonen and Zarhin addressed the case of simple complex abelian fourfolds in [MZ99].
They showed that the Hodge group of a simple complex abelian fourfold X is equal to the
Lefschetz group of X except in the cases when the endomorphism algebra of X is QQ or a
CM field of degree 2 or 8 over Q. In all of these exceptional cases, an additional group is

also possible.

We show that for a simple polarizable Q-Hodge structure V' with Hodge numbers (4,0...,0,4),
an additional group other than the Lefschetz group can arise as the Hodge group in all the
same exceptional cases that Moonen-Zarhin determined. When the endomorphism algebra
of V' is a CM field, the additional possible group is analogous to the one found by Moonen
and Zarhin. In the case when the endomorphism algebra of V' is equal to @QQ, Moonen and
Zarhin used a construction of Mumford’s [Mum69 Section 4] to show that the additional
group SL(2) x SO(4) arises. We show that the analogous group for an even-weight simple
polarizable Hodge structure with Hodge numbers (4,0, ...,0,4) does not arise, however that
a different non-Lefschetz group, namely the group SO(7) acting by the spin representation

does arise.

The Hodge ring of a smooth projective variety X is defined by
B'(X) =P (H*(X.QnH").
1>0
Most of the proven cases of the Hodge Conjecture and General Hodge Conjecture, particu-

larly for abelian varieties, are obtained by proving that the divisor ring D®*(X) of X, meaning
the Q-subalgebra of B*(X) generated by divisor classes, is equal to B*(X). Theorem [2.12.7
about simple polarizable Q-Hodge structures with Hodge numbers (2p,0,...,0,2p) allows



one to use this approach in Corollary [2.13.5/to prove the Hodge and General Hodge Conjec-
tures for all powers of a simple 2p-dimensional abelian variety whose endomorphism algebra

is of Type I or IT in Albert’s classification.

Mumford gave the first construction of a variety X such that B*(X) # D*(X) (see
[Poh68]). Weil later observed that the exceptional Hodge classes in Mumford’s example,
meaning the Hodge classes that did not come from divisor classes, were still, in some sense,
described by the endomorphisms of the rational cohomology of X [Wei79] (see Section[2.13).
The exceptional Hodge classes satisfying the property Weil described came to be known an
Weil classes. We show in Corollary that for any simple abelian variety X of dimension
2p satisfying the hypotheses of Theorem , the Hodge ring B*(X*) of any power X* is

generated by divisors and Weil classes.

The organization of this chapter is as follows. In Section [2.2] we introduce the necessary
background on Q-Hodge structures and their endomorphism algebras. Sections focus
on preliminary properties of Hodge structures with Hodge numbers (n,0,...,0,n). Sections
[2.9H2.11]then focus on results about the Hodge groups of these Hodge structures depending on
the endomorphism algebra type in Albert’s classification. The main results of the paper occur
in Section [2.12] where the possible Hodge groups for n = 1, 4, p, and 2p are characterized.
Section then gives consequences of the results in Section[2.12]in the context of the Hodge

Conjecture and General Hodge Conjecture for simple abelian varieties of dimension 2p.

2.2 Background on Hodge Structures

2.2.1 Hodge Structures and Polarizations

A Q-Hodge structure V' is a finite dimensional Q-vector space together with a decomposition

into linear subspaces

VaeC= @ v,

(p,q)€Z?



such that VP4 = V% and such that the weight grading p + q is defined over Q. Unless
stated otherwise, the term “Hodge structure” in this paper will always refer to a Q-Hodge
structure. A Q-Hodge structure V' is of (pure) weight w if VP4 = 0 whenever p + ¢ is not
equal to w. For example, any smooth complex projective variety X has a Hodge structure

of (pure) weight w on H*(X, Q).

Alternatively, a Q-Hodge structure can be defined as a finite dimensional Q-vector space

V together with a homomorphism of R-algebraic groups
h: RerGrn — GL(V ®g R), (2.1)

where Rc/r denotes the Weil restriction functor from C to R. Here h(z) acts on VP as

multiplication by z7Pz79.

A Q-Hodge structure V' has Hodge numbers (ag, ai, ..., a,) if V has weight w > 0 and

s a; for0<i<w
dim(cV’ =

0 otherwise.

A polarization of a Q-Hodge structure V' of weight w is a bilinear form (,) : V xV — Q
that is alternating if w is odd, symmetric if w is even, and whose extension to V ®¢g C

satisfies:

L (Ve V'Y =0 if pf #w —p

9. Z'pfq(_l)w(?D (x,7) > 0 for all nonzero x € VP4,

Note, for instance, that for X a smooth complex projective variety, a choice of ample line
bundle on X will determine a polarization on the Hodge structure H" (X, Q). The category
of polarizable Q-Hodge structures is a semisimple abelian category [M0099, Theorem 1.16].

All Hodge structures considered in this paper will be polarizable.



2.2.2 The Endomorphism Algebra

Let V be a simple Q-Hodge structure with polarization (,) : V. x V. — Q. Then the
endomorphism algebra L = Endg_ps(V) of V' as a Q-Hodge structure is a division algebra
over Q with an involution a — @, given by (az,y) = (z,ay) for all x,y € V. This involution

~ is called the Rosati involution.

The Rosati involution is a positive involution, meaning that, if (L) is the set of embed-
dings of the endomorphism algebra L into C, then for every element o € (L), the reduced
trace o(trg(2)) is positive as an element of R for all nonzero z € V' [Mo099, Remark 1.20].
It follows that if L is a field, then L is either a totally real or a CM field, where a CM field
means a totally imaginary quadratic extension of a totally real number field. Namely, if L

is a field, then the Rosati involution on L just corresponds to complex conjugation.

Letting F{ be the center of L and F' the subfield of F{, fixed by the Rosati involution,
Albert’s classification of division algebras over a number field that have positive involution

[AIb39, Chapter X, §11] yields that L is one of the following four types:

1. Type I: L = F is totally real
2. Type II: L is a totally indefinite quaternion algebra over the totally real field F
3. Type III: L is a totally definite quaternion algebra over the totally real field F

4. Type IV: L is a central simple algebra over the CM field Fy.

2.2.3 The Mumford-Tate Group and Hodge Group

The Mumford-Tate group MT (V') of a polarizable Q-Hodge structure V' is the Q-Zariski
closure of the homomorphism % : Re/rG,, — GL(V ®gR) which defines the Hodge structure

on V. Note that the Mumford-Tate group is thus a connected group. Define the cocharacter

t: Gy — RerGry



to be the unique cocharacter such that zogu is the identity in End(G,,) and Zop is trivial. Then
the Mumford-Tate group of V' may be alternatively described as the smallest (Q-algebraic

group contained in GL(V') such that
how:Gpe— GL(V ®q C)

factors through MT'(V)c.

Instead of working with the Mumford-Tate group, we will generally work with a slightly
smaller connected group, called the Hodge group Hg(V') of V. The Hodge group is the

Q-Zariski closure of the restriction of the homomorphism h to the circle group

Ui = ker(Norm : Re/rG,, — Gy).

If the Hodge structure V' is of weight 0, then Hg(V) and MT (V') coincide. If V is of
nonzero weight, then MT(V') contains G,,, and in fact, is equal to the almost direct product
Gm - Hg(V) in GL(V).

The category of polarizable Q-Hodge structures is a semi-simple Tannakian category,
which, in particular, implies that M7 (V') and Hg(V') are reductive Q-groups [M0099, The-

orem 1.16].

Remark 2.2.1. The key property of the Hodge group Hg(V') of a polarizable Q-Hodge struc-
ture V' is that Hg(V') is the subgroup of SL(V') preserving the Hodge classes in all the Q-
Hodge structures T formed as finite direct sums of spaces of the form T*! := V& @ (V*)®!,

where V* denotes the dual of the vector space V' [GGK12] I.B.1].

Remark 2.2.2. If V' is a polarizable Q-Hodge structure with Hodge group {1}, then h(z) acts
as the identity on nonzero V7 in the decomposition of V ®q C. However, by definition h(z)
acts on VP4 as multiplication by z7Pz~9. Hence, if Hg(V') = {1}, then V"7 is zero for all

p, q such that p # q.

Remark 2.2.3. If the endomorphism algebra L of a polarizable Q-Hodge structure V' has no
simple factors of Type IV, then the Hodge group of V is semisimple [M0099, Proposition
1.24].

10



2.2.4 The Lefschetz Group

Since elements of the endomorphism algebra L = Endg_ns(V) of a polarizable Q-Hodge
structure V preserve the Hodge decomposition, elements of L may be viewed as Hodge
classes of the Q-Hodge structure Endg (V) = V @ V*. Remark yields that these Hodge
classes are the elements of Endg (V') which are invariant under the action of the Hodge group
Hg(V). Namely we have
L = [Endg (V)79
In particular, the Hodge group of V' is contained in the connected component of the central-
izer of L in the Q-group SL(V).
Let the Lefschetz group Lef(V) of V' be the connected component of the centralizer of

L in:

Sp(V) if V is of odd weight

SO(V) if V is of even weight.
It should be noted that the definition of the Lefschetz group used here corresponds with the

definition used by Murty in [Mur84, Section 2|, which is the connected component of the
identity in the definition used by Murty in [Mur00), Section 3.6.2].

Remark 2.2.4. If (,) is a polarization on V', then Hg(V') preserves (,), which yields the
inclusions

Hg(V) C Lef(V).

2.3 Hodge Structures with Hodge Numbers (n,0,...,0,n)

We now specify our discussion to the main subject of this paper, namely polarizable Q-Hodge
structures with Hodge numbers (n,0,...,0,n). The first crucial observation to make about

these Hodge structures is the following.

Remark 2.3.1. There is an equivalence of categories between the category of Q-Hodge struc-

tures of weight w and Hodge numbers (n,0...,0,n), and the category of Q-Hodge struc-

11



tures of weight 1 and Hodge numbers (n,n). This equivalence is given simply by identifying
Vel C V®gC with V1. When w is odd, this equivalence preserves polarizability. However,

this is not the case when w is even.

However, there is also an equivalence of categories between the category of complex
abelian varieties up to isogeny and the category of polarizable Q-Hodge structures with
Hodge numbers (n,n) given by identifying a complex abelian variety with its weight-1 ra-
tional cohomology. Thus when analyzing properties of polarizable Q-Hodge structures with
Hodge numbers (n,0,...,0,n) in the context, for instance, of their endomorphism algebras,
Hodge groups, or Lefschetz groups, we may use existing machinery about complex abelian
varieties to deal with the odd-weight case. For the even weight case, however, new techniques

are needed.

In [Shi63], Shimura classifies all of the possible endomorphism algebras of simple polarized
complex abelian varieties, which in light of the above equivalence, yields a classification of of
the possible endomorphism algebras of odd-weight simple polarizable Hodge structures with
Hodge numbers (n,0,...,0,n). Totaro completes this classification in [Tot15] to include
all even-weight such Hodge structures as well. For reference, we include this classification

below.

2.3.1 Endomorphism Algebra Classification

Let V be a simple polarizable Q-Hodge structure of weight w > 1 with Hodge numbers
(n,0,...,0,n) and L its endomorphism algebra. Let Fj be the center of L, so that Fj is a
totally real or CM field (see Section , and let [’ be the maximal totally real subfield of
Fy. Writing g = [F: Q], 2n = m[L : Q|, ¢* = [L : Fy], let B = M,,,(L°?) be the centralizer
of L in Endg(V).

If L is of Type IV in Albert’s classification, so that Fy is a CM field, let X(Fp) =
{o1,...,04,T1,...,0,4} be the set of embeddings of Fj into C. Then L ®q C is isomorphic
to 2g copies of M,(C), one for each embedding o; € ¥(Fp). This decomposition of L ®q C
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yields a decomposition of V% C V ®¢g C into summands V*%(c;) on which Fj acts via the
embedding o; € X(Fy). Letting n,, = dime V*°(0;), we then have n,, + ns, = mq for each

1=1,...,9.

Theorem 2.3.2. (Totaro [Totld, Theorem 4.1]) In the above notation, if V is a simple
polarizable Q-Hodge structure of weight w > 1 with Hodge numbers (n,0,...,0,n), then
[L: Q)] divides 2n and [F : Q] divides n.

Conwversely, every division algebra with positive involution satisfying these two bounds is
the endomorphism algebra of some simple polarizable Q-Hodge structure with Hodge numbers

(n,0,...,0,n) except for the following 5 odd-weight and 7 even-weight exceptional cases.

Odd-weight exceptional cases:

1. Type IIl and m =1

2. Type III, m = 2, disc(B,” ) = 1 in F*/(F*)?

3. Type IV and Y7 nyng, =0, unlessm = q =1

4. Type IV, m=2,q=1, andn,, =ng, =1 foralli=1,...,¢g
5. Type IV, m=1,q=2, andn,, =ng, =1 foralli=1,...,¢g

Fven-weight exceptional cases

~

. Type Il and m =1

2. Type II, m = 2, disc(B,” ) =1 in F*/(F*)?

3. Type IV and Y7 nyng, =0, unlessm = q =1

4. Type IV, m =2, q=1, andn,, =nz, =1 forallt=1,...,¢
5 Type IV, m=1,q=2, andn,, =ng, =1 foralli=1,...,¢g
6. Type I and m = 2

7. Type I, m = 4, and (V, (,)) has discriminant 1 in F*/(F*)?

13



2.4 The Lefschetz Group of a (Q-Hodge Structure with Hodge
Numbers (n,0,...,0,n)

Let A be a central simple algebra over a field Ky with involution ~. Let K be the subfield
of Ky fixed by the involution ~. Define

Sym(A,") = {f € A| T = f}
AR(A ) ={feA|F=—f}

Then, following the Book of Involutions [KMRT98] and writing [A : K] = ¢*, we say
that the involution = on A is orthogonal if Ky = K and dimg Sym(A,”) = w. We
say the involution is symplectic if Ky = K and dimg Sym(A,”) = @. Finally, we say
the involution is wnitary if Ky # K. There are no other possibilities for the involution ~

[KMRT98|, Proposition 1.2.6].

Letting A* denote the group of invertible elements of A, define the group of isometries
of A by
so(4,")={ge A" |g=g"}
Then write

O(A,”) if ~ is orthogonal

Iso(A,7) = Sp(A,”) if ~ is symplectic

U(A,~) if ~ is unitary.

If the involution ~ is orthogonal, then, as an algebraic group, the kernel O (A,~) of the
reduced norm map O(A4,”) — {£1} is a K-form of SO(q), meaning the two groups are
isomorphic over an algebraic closure of K. If the involution ~ is symplectic, then Sp(A,™ ) is
a K-form of Sp(q) (in this case ¢ must be even). If the involution ~ is unitary, then U(A,™)
is a K-form of GL(q) and SU(A,” ) := ker(Normu/k: U(A,” ) = G, k) is a K-form of
SL(q).

Let V' be a simple polarizable Q-Hodge structure V' with Hodge numbers (n,0,...,0,n)

and let L be its endomorphism algebra. Using the notation introduced above as well as the
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notation of Section 2.3.1 we now list in Table Lefschetz group of V' depending on the
type that L has in Albert’s classification. Note that in the table, the notation gV denotes

V' considered as an F-vector space.

Table 2.1: The Lefschetz Group of V' Depending on L = Endg_gs(V)

L Lef(V)

Odd Weight Even Weight

Type I RF/QS]?(FV) RF/QSO(FV)

Type I | Rp/oSp(B,”) | RrigOt(B,”)

Type 111 RF/QO+(B,_ ) RF/QSP(B,_ )

Type IV RF/QU(B,_ ) RF/QU(B,_ )

2.5 Irreducible Representations of the Hodge Group

Let V be a simple polarizable Q-Hodge structure of weight w > 1 with Hodge numbers
(n,0,...,0,n) and endomorphism algebra L. Let H = Hg(V') be the Hodge group of V.

If L is of Types [, II, or IIT in Albert’s classification, then Fy = F and so, letting 3 (F)
denote the set of embeddings of F' into C, the action of L ®g C on V¢ := V ®g C induces a

decomposition as an He¢-representation

Ve= P oW, (2.2)

oceX(F)
If L is of Type IV, then F{ is a CM field with maximal totally real subfield F' and V¢

decomposes as an Hc-representation as

Ve= @ (@, @qW;). (2.3)

ceX(F)

In both cases, each of the summands W, for o € ¥(F) has complex dimension mg.
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Lemma 2.5.1. Fach representation W, of the group Hc is irreducible.

Proof. By construction each representation W, is nonzero and hence [W, @ W;]#¢ is nonzero.
Namely in the decomposition of [V ® V)¢ coming from (£2.2) respectively (2.3), the term

Hc Hc

EB (W, @ W) respectively EB 2¢° (W, @ W) )

ceX(F) ceX(F)

has dimension at least ¢*[Fy : Q] = [L : Q]. But since L is the endomorphism algebra
of V, we know [Ve ® Vg]H¢ has dimension exactly equal to [L : Q]. Therefore, each term
(W, @ W}]He has dimension equal to 1, meaning that the representation of He on W, is

irreducible. []

The group Hc, up to permutation of factors, has a canonical decomposition as an almost

direct product of its center Z(H )¢ and its simple factors H; given by
He=Z(H)c-Hy--- H,.
Passing to Lie algebras and writing ¢ = Lie(Z(H))c and g; = Lie(H;) yields

Lie(H)c =¢X g1 X -+ X gs.

Hence if W, C V¢ is one of the irreducible Hc-submodules introduced above, we have a

decomposition of W, as a representation of Lie(H )¢ given by
Wy,=xXp X X p,, (2.4)

where x is a character of ¢ and the p; are irreducible representations of the simple factors g;.

Note that in this notation the p; are allowed to be trivial.

In order to study this irreducible representation W,, we first recall some facts and ter-

minology about representations of semisimple Lie algebras.
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2.5.1 Representations of Semisimple Lie Algebras

Suppose g is a semisimple Lie algebra over an algebraically closed field K and let h be a
Cartan subalgebra of g. Let R be the root system of g with respect to h and let B =
{a1,..., a1} be a set of simple roots of R with corresponding set of coroots BY = {a"¥ | a €
B}. If wy is the longest element of the Weyl group of R with respect to the basis B, let
A — N := —wy(A) denote the opposition involution on h*. If A is a dominant weight, we can

write
A= Z Co * QU

where all the ¢, are in Q>¢. By Lemma 3.3 in [M0099], we have that ¢, + ¢4 lies in Zsq for
all & € B. Then define

length(\) = min ¢ + Co,

If R is an irreducible root system, we say that a dominant weight A is minuscule if (A, a")
lies in {—1,0,1} for all @ € R [Bou75, Chapter VIII, §7.3]. Then length()\) is equal to 1 if
and only if A is a minuscule weight and R is of classical type, meaning of type A;, B;, Cj, or

D, [Mo099, Example 3.6].

We make extensive use of Table , reproduced from [Moo099]. The table describes for a
given root system with minuscule weight A, the corresponding representation V'(\) (omitting
the weight 0). The table gives the dimension and autoduality of the representation V().
Note that in the table, the symbol — denotes a symplectic representation, the symbol +

denotes an orthogonal representation, and 0 denotes a non-self-dual representation.

2.5.2 The Representation W,

We now return to our consideration of the mg-dimensional irreducible representation W, =

X X pr X--- K pg of the complexified Hodge group Hc.

Lemma 2.5.2. FEach nontrivial p; for 1 <1i <'s in the above notation satisfies

1. The highest weight of p; is minuscule and g; is of classical type
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Table 2.2: Minuscule weights in irreducible root systems

Root system | Minuscule weight Representation Dimension Autoduality
A w;(1<j <) A (Standard) (") (1) if 1=2j—1
0 otherwise
B, wy Spin 2! + if [=0,3 mod4
— ifl=1,2 mod4
C w0 Standard 21 —
D; w1 Standard 21 +
W1, W Spin~, resp. Spin* 2i-1 + if [=0 mod 4
— if =2 mod4
0 if =1 mod 2
Eg w1 27 0
We 27 0
Er Wy 56 -1
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2. If p; is self dual, then p; is even-dimensional

3. If p; is symplectic with dimc(p;) = 2 (mod 4), then g; is of type Cy, where l > 1 is odd,

and the representation is the standard representation of spy,
4. If p; is orthogonal with dime(p;) =2 (mod 4), then g; is of type either:

(a) Dy, where | > 1 is odd, and the representation is the standard representation of

509;

(b) Agk_y, where k > 3, and the representation is /\2]%1(8’0), where St denotes the

standard representation of slyx

Proof. Moonen proves in [M0099, Theorem 3.11] that for any polarizable Q-Hodge structure
V' of weight w, the length of the highest weight of p; is bounded above by the integer IV,
where N + 1 is the number of integers p such that V?*~P =£ 0 in the Hodge decomposition
of Ve. A Q-Hodge structure with Hodge numbers (n,0,...,0,n) thus has N = 1. So the
highest weight \; of p; must have length 1, meaning that \; is minuscule and g; is of classical
type [Mo099, Section 3.6]. Table then yields the rest of the result, making use, for Item
, of the combinatorial fact that, for any integer z > 0, the binomial coefficient (2;) is
congruent to 2 mod 4 if and only if z is a power of 2. O]
Lemma 2.5.3. Suppose that the Hodge group H = Hg(V') is semisimple and that for each
of irreducible representations W, for o € X(F), there is only one nontrivial p;. If none of
these representations p; are of type Dy, then we have the equality

Lie(H)c = H (9i)o-

oEX(F)

Proof. For any polarizable Q-Hodge structure U and any positive integer m > 1, the Hodge
group of the direct sum of m copies of U is isomorphic to the Hodge group of U acting
diagonally on mU [Mo099, Remark 1.8]. Thus for each of the representations W, we have
Hg(¢W,) = Hg(W,). Hence the decompositions of and yield the inclusion

Lie(H)c € ] (a1)o (2.5)

ceX(F)
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where, in addition, we know that Lie(H )¢ surjects onto each of the (g;), factors.

If this inclusion is strict, then there must exist an isomorphism between two factors (g;),,
and (g;),, whose graph gives the representation (p;)q, ® (pi)s,. However, since (g;),, is not of
type Dy, its outer automorphism group is either trivial or is Z /27 [FH04, Chapter 20]. Hence,
an isomorphism between (g;),, and (g;)s, is induced by conjugation by an isomorphism
between the underlying representations W,, and W,,. But this contradicts the fact that the
representations W, were defined according to the decomposition L ®g C = ], ¢y ) Mo(C).

Hence no such isomorphism exists and so the inclusion in (2.5) must be an equality. [

2.6 SL(2)-factors and the Hodge Group

Let V be a simple polarizable Q-Hodge structure of weight w > 1 with Hodge numbers
(n,0,...,0,n) and endomorphism algebra L. Recall the definition of the Mumford-Tate
group M = MT(V) of V' as the smallest Q-algebraic group contained in GL(V') such that
the homomorphism

vi=hou: Gyec— GL(V)c
factors through Mc. Defining the representation ¢ to be the tautological representation

¢: M — GL(V),

the weights in V¢ of the composition ¢ o v are exactly the cocharacters z — z7P, for p an

w

integer such that V?*~P £ 0, meaning that the only two possible weights are z — 27" or

z+— 1.
Observe that if the Hodge group H = Hg(V') has decomposition Hc = Z(H)c-H; - - - Hs,

then the Mumford-Tate group has decomposition

Me = Z(M)¢ - Hy - H,.

Passing to Lie algebras and writing ¢ = Lie(Z(H))c, ¢ = Lie(Z(M))c, and g, = Lie(H;)
yields
Lie(H)c =¢X g1 X -+ X g
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Lie(M)c =¢ x gy X -+ X gs.

Now, for o € X(F), let W, be an irreducible representation of M¢ defined as in Section

ﬂ with decomposition as a representation of Lie(M )¢ given by
W=xKp X-- X p,, (2.6)

where Y is a character of ¢’ and the p; are irreducible representations of the simple factors
Gi-
Write the weights in W, of the homomorphism v: G,,,c — Mc as z — (z7lo 270 27k

according to the decomposition W, = x X p; X --- X pq.

Lemma 2.6.1. Suppose that g; = sly for some 1 < i <'s. Denote the two possible values of

l; by a and B and denote the possible values of <Zj:0 lj> —l; by A, ... N\ forr = %.

Then eithera==0o0r A\ =---= A\, = 0.

Proof. The only two weights of ¢ oy in W, are the cocharacters z — 27" and z — 1. Hence
for any weight of v: G,,c — Mc written as z — (27,27, ..., 27"), we must have the sum

Z;:l l; either equal to w — c or equal to 0. In other words, half of the elements in the set
fat A [1<k<riu{B+A|1<k<r}

are equal to 0 and half are equal to w — c.

Ifa+X=0and + Ay =w—cforall ]l <k<r, then \;y = —a=w—c— [ for all
1 <k <r. But then the representation Xj.;p; is just multiplication by 2. But Hk# gk is
contained in sl, and hence Y, _, Ay = r(—a) = 0. Thus Ay =0 for all 1 <k < r and we are

done.

If it is not the case that « + \y = 0 and S+ Ay = w —c for all 1 < k < r, then

there exists t € {1,...,7} such that without loss of generality A\ = --- = A\, = —« and
Ai1 =+ =N =w—c—a. Adding [ yields f —a = 0. Then since p; acts as multiplication
by 27 and g; = sly, we have 2a=0, hence a = § = 0. n
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Corollary 2.6.2. There is no simple polarizable Q-Hodge structure V' of weight w > 1 with
Hodge numbers (n,0,...,0,n) such that

Hg(V)e = SL(2,C) x G,

where G is a nontrivial semisimple C-group having no simple factors isomorphic to SL(2,C)
and Hg(V)c acts irreducibly on Vi by the product of the standard representation of SL(2,C)

with a representation of G.

Proof. If such a Hodge structure V' existed, then by Lemma [2.6.1} the homomorphism ~
would actually factor through either Z(M)¢ - SL(2,C) or through Z(M)c - G. But then,
since G has no simple factors isomorphic to SL(2,C), the Hodge group would be a Q-form
of SL(2) or a Q-form of G, which is a contradiction. O

2.7 Lower Bound on the Rank of the Hodge Group

The following lemma restates a result proved by Orr [Orrl5, Theorem 1.1] for abelian vari-

eties, which generalized an earlier result by Ribet [Rib81] for abelian varieties of CM-type.

Lemma 2.7.1. Let V be a polarizable Q-Hodge structure of weight w > 1 with Hodge
numbers (n,0,...,0,n) whose endomorphism algebra L is commutative. Then the rank, as

a Q-algebraic group, of the Hodge group Hg(V') satisfies
Rank(Hg(V)) > log,(2n).

Proof. As in previous sections, for the Mumford-Tate group M = MT(V'), we have decom-
positions Lie(M)c = ¢x g1 X -+ X g and W, = xR p; K- - - K p,, where W, is an irreducible
Mc-module coming from the decomposition of L&gC according to the embeddings o € ¥(F).
By Lemma the nontrivial p; have highest weights which are minuscule and so their

weight spaces are all one-dimensional.

Let T be a maximal torus of M and let r be its rank. Consider the restricted repre-

sentation on W, given by (x X p; X --- X ps) |p. Since the characters of 7" in a minuscule
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representation have multiplicity 1, we know

dim W, = ( number of characters of (x X p; X --- X pg) |7).

Moreover, since L is commutative, none of the representations W, indexed by the em-
beddings o € X(F) can be isomorphic to each other and so, since non-isomorphic minus-
cule representations have disjoint characters, these W, have disjoint characters. Letting
¢: M — GL(V) be the tautological representation, the sum Vi of the representations W,

satisfies dim Vi = 2n, so we have

2n = ( number of characters of ¢|7). (2.7)

Let S be the set of Aut(C/Q)-conjugates of the homomorphism ~ and let S’ be the
set of cocharacters of the torus T¢ that are M(C)-conjugate to an element of S. Note
that the images of the M (C)-conjugates of elements of S generate Mc. Moreover, because
every cocharacter of M is M (C)-conjugate to a cocharacter of T¢, the images of the M (C)-

conjugates of elements of S’ still generate Mc.

Consider the action of the Weyl group of M on X, (T') ®z Q = Hom(G,,, Tt) ®7 Q. Since
S" is closed under this action and M is generated by the images of the M (C)-conjugates of
elements of ', it must be the case that S’ spans X,.(T') ®7 Q as a Q-vector space. Thus, let
A be a basis for X,(T') ®z Q contained in S’. So, |A| is equal to the rank r of T

Any weight A € Hom(7¢, G,,) of the representation ¢ is then determined by the integers
(A, 0) for 6 € A. But any 0 in A is also in S and thus is some Aut(C/Q)- and M (C)-conjugate

of .

Recall that for any z € C*, the map ¢ o v acts as multiplication by 2% on V% and as

the identity on V%%, Hence, if § € A, the integer (\,d) can only be 0 or —w. Namely,
( number of characters of ¢|r) < 2.

However, this bound may be reduced by noting that M contains the homotheties. Namely,

there is a unique cocharacter v : G,, — Mc such that for z € C*, the map ¢ o v acts by
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w

multiplication by z~". So, in fact, ¥ may be viewed as an element of X,(7T) ®z Q and,

moreover, (A, v) is equal to —w for any character A of ¢ |r. We may thus choose a new
subset A" of X,(T') ®z Q and S’ such that v U A’ forms a basis of X,(T') ®7 Q. Repeating

the above arguments for A’ then yields
(number of characters of ¢|r) <271 (2.8)
Combining and yields
logy(2n) <r—1,

where r is the rank of M as an algebraic group over QQ. However we know M is the almost

direct product inside GL(V) of G,,, and Hg(V'), so Hg(V') has rank r — 1. O

2.8 Hodge Representations and Mumford-Tate domains

Following [GGKI2, Section IV.A], we introduce the notions of Hodge representations and

Mumford-Tate domains, which will prove useful in later sections.

Definition 2.8.1. Suppose V is a Q-vector space and (,): V®V — Q is a bilinear form on
V' such that (u,v) = (—1)*(v,u) for some integer w > 1. A Hodge representation (H, p, ®)

is the data of a representation defined over Q
p: H— Aut(V, (,))
of a connected Q-algebraic group H and a non-constant homomorphism
¢: Uy — Hg
such that the data (V,(,),h := po ¢) is a polarized Q-Hodge structure of weight w.

Let (H, p, ) be a Hodge representation attached to the Q-vector space V' with bilinear
form (,) and let h = p o ¢ be its associated polarized Q-Hodge structure of weight w. Let

D be the period domain of all Q-Hodge structures with the same Hodge numbers as V.

24



Consider the Mumford-Tate domain Dy, given by the H(R)-orbit of the Hodge structure h
inside of the period domain D. Let D?{h be a connected component of this Mumford-Tate

domain Dy, .

Note that D%h is a closed analytic space and thus we may speak of a very general Q-
Hodge structure in D%h to mean a Q-Hodge structure in D%h occurring outside of countably

many closed analytic subspaces not equal to D?{h.

Lemma 2.8.2. A wvery general Q-Hodge structure in D%h has Hodge group a connected

normal Q-subgroup of H.

Proof. The following proof is heavily inspired by the very similar proofs of Totaro’s [Totl5,
Page 4110] and Green-Griffiths-Kerr [GGK12, Proposition VI.A.5]. From |[GGKI12, Propo-
sition IV.A.2], every Q-Hodge structure in D%h has Hodge group contained in the group H.
Moreover, the Hodge group G of a very general (Q-Hodge structure in D%h is determined
by the data (V,(,),p, D, ). Using that Dy is connected, the action of the group H(Q)
preserves this data and hence normalizes the algebraic group G. Since H is a connected
group over the perfect field Q, the group H(Q) is Zariski dense in H [Borl12, Corollary 18.3].
Thus, in fact, the group H normalizes the group G. Since G C H, we have that G is a

connected normal Q-subgroup of H. n

Corollary 2.8.3. Let (H,p,®) be a Hodge representation of a polarized Q-Hodge structure
(V,{(,), h := po@) such that there exists p # q such that VP? # 0 in the Hodge decomposition
of Ve. If H is a Q-simple group, then a very general Q-Hodge structure in D%h has Hodge
group equal to H.

Proof. By Lemma [2.8.2] since H is Q-simple, the Hodge group G of a very general Q-Hodge
structure in D%h is either 1 or all of H. But since there exists p # ¢ such that V74 is nonzero,

by Remark [2.2.2] the group G must be nontrivial. n
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2.9 Hodge Groups for Type I Endomorphism Algebras

We now begin our characterization of Hodge groups of simple polarizable Q-Hodge struc-
tures with Hodge numbers (n,0,...,0,7n), making use of the notation for Hodge groups and

Lefschetz groups established in Section [2.4]

Proposition 2.9.1. Let V be a simple polarizable Q-Hodge structure of weight w > 1 with

Hodge numbers (n,0,...,0,n) and endomorphism algebra L a totally real number field such
that | = ﬁ 1s odd. Then,
RpoSp(LV) if w is odd
Hg(V) =

R1gSO(LV) or Ry pSU(2%) (for k>3 and 2l = (23:)) if w is even.

Moreover, if w is even, then | > 3 and both possible groups occur.

Proof. When V' is of odd weight, the result follows using the equivalence of Remark
together with a result of Ribet’s [Rib83, Theorem 1], which proves the result for simple
complex abelian varieties. Thus we may assume that the weight w of V' is even.

The case when w is even and | = 1 is exceptional case (6) in Totaro’s classification of
the of the possible endomorphism algebras of Q-Hodge structures of the specified type (see
Section [2.3.1]), and thus, since [ is assumed to be odd, we know [ > 3.

Let H = Hg(V) be the Hodge group of V', which by Remark [2.2.3]is semisimple. Remark
and Table [2.1] about the Lefschetz group of V' imply

H C RpjpSO(LV).

Now, in the notation of Section [2.5] consider an irreducible representation W, = p; X

+++ X p, of Lie(H)c induced by the decomposition L ®g C = [, e C.

Note that since the representation W, is orthogonal, each of the nontrivial p; is a self-dual
representation, meaning either symplectic or orthogonal, and the number of ¢ such that p; is

symplectic must be even. Since W, has dimension 2/ with [ odd, using Part of Lemma
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[2.5.2] none of the dimensions of the representations p; can be divisible by 4 and there can be
only one ¢ such that p; is nontrivial. Hence this nontrivial p; must be orthogonal. Applying
Part (4)) of Lemma [2.5.2] yields that this nontrivial p; is either of type D;, acting on W, by
the standard representation of s0g or, in the case that 2] = (2,3:) for some k£ > 3, of type

Aqk_y, acting on W, by the (2% — 1)-th exterior product of the standard representation of

5[2k-

Applying Lemma then yields

Lie(H)c = [] a..
)

oeX(L

where g, is either equal to soy; or to slyx for 21 = (2,3:) for some k > 3. But since the group
H must be defined over Q, we must have either g, = soy for all ¢ € 3(L) or g, = sl for

all o0 € X(L).

Hence either H = Rp;pSO(LV), which is the generic case [GGKI12, Corollary II.A.6],
or H = RypSU(2F) acting via the representation p: Ry ,oSU(2") — SO(V) given by the
product over all embeddings ¢ € (L) of the 2% — 1-th exterior product of the standard

representation of SU(2%). We must show that this second case really can occur.

Let r = [L : Q] and consider the homomorphism
¢: Uy — SU(2F, R)"

given by

ZﬁQk%l . Iko—l ‘ 0

2F 1w
z ok—1

zeCr—

0

Let h be the composition h = po¢. Then observe that h defines a weight w polarized Hodge
structure with Hodge numbers (n,0,...,0,n) on V. Namely, the data (Rp,gSU(2%), p, ®)

defines a Hodge representation with Hodge numbers (n,0,...,0,n).

Since RpoSU (2%) is Q-simple, by Corollary a very general (Q-Hodge structure in
a connected component of the Mumford-Tate domain Dp_ 10SU(24), will have Hodge group

equal to Ry oSU(2%).
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]

Proposition 2.9.2. Let V' be a simple polarizable Q-Hodge structure of weight w > 1 with
Hodge numbers (n,0,...,0,n) and endomorphism algebra L a totally real number field such

that ﬁ = 2. Then

RpoSp(LV) if wis odd
Hg(V) =

Rp/@SO(LV) if w is even.
Proof. Let H = Hg(V') be the Hodge group of V', which is semisimple by Remark [2.2.3| So
then, using Remark and Table when w is even (respectively when w is odd), we

have

H C RpoSO(LV) (respectively H C Ry 0Sp(LV)).

As in the proof Proposition and using the notation of Section let W, = p1 X
--- X pg be an irreducible representation of Lie(H )¢ induced by the decomposition L ®¢C =
HUGZ( L C. These W, are 4-dimensional and are orthogonal (respectively symplectic), which
implies that each nontrivial p; is self-dual and the number of ¢ such that p; is symplectic
must be even (respectively odd). Hence Lemma yields that the representation W, is
of type A; x A; acting by the product of the standard representations of sly (respectively of

type Cy acting by the standard representation of sp,).

In the latter case, namely when w is odd and hence the representation W, is of type Cs,
Lemmayields Lie(H)c = [[,ex () sps and so H = Ry oSp(LV).

Now consider the case when w is even and hence the representation W, is of type A; x A;.
If the Hodge structure V' is such that the Lefschetz group Ry ,0SO(.V) is simple, then either
H is all of Rp,pSO(LV) or, as in the proof of Lemma , there is a Lie(H)c-module
isomorphism « between factors so, and sos. Such an isomorphism « may be viewed as a

matrix

,QZ)H 1/112
77Z)21 77022

, (2.9)
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where each 1;; € Aut(sly). Since automorphisms of sl, are all inner, as in the proof of
Lemma , the nonzero 1);; induce isomorphisms of the standard representations of their
corresponding sly factors. Namely, if a is an isomorphism between the copy of so, acting
on Wy = Uy ® Ujp and the copy of so4 acting on Wy = Us; ® Usy, where each Uj; is the
standard representation of sly, then each nonzero v;; induces a Lie(H )c-module isomorphism
between Uy; and Uy;. Since the matrix in (2.9)) is invertible, we get Uy = Usy, Uz = Usy or
Uy = Usy, Uyy = Usy, which in either case yields W, = Ws, contradicting the assumption
that the endomorphism algebra L is a field. Hence, if Ry, ,0SO(1V) is simple, then the Hodge
group H is all of Ry ,0SO(LV).

Now suppose that the Lefschetz group Ry,gSO(LV) is not simple. This occurs when V/
has discriminant 1 in L*/(L*)? and thus SO(;V) is the product of two subgroups SL(1, L)
and SL(1,L"°P), where L' is a quaternion algebra over L [KMRT98, Corollary 15.12]. So

then we know that the Hodge group H as a Q-group satisfies
H cC SL(1,L") - SL(1, L'P) (2.10)

and that H surjects onto each of these two factors. Hence H is either the entire product or

H is the graph of an isomorphism between the two simple factors.

The Mumford-Tate domain D of Hodge structures with Hodge numbers (n,0...,0,n)
and endomorphism algebra contained in L is isomorphic to (CP*UCP!)¢, where g = [L : Q).
Consider the homomorphism v: G,,c = MT (V)¢ defining the Mumford-Tate group of V.
Then by Lemma , the weights in each irreducible representation W, = U, ® U, 2 of 7y

must either be trivial on U, or on U, ».

Observe that if the Hodge group H is the graph of an isomorphism between the simple
factors SL(1,L') and SL(1,L"P) in (2.10), then either the weights of v on U, are trivial
for all 0 € (L) or the weights of v on U, are trivial for all o € 3(L). Namely the Hodge
structure V' lies exactly on the two connected components of the Mumford-Tate domain
D whose generic elements are non-simple, as proved by Totaro in [Tot15, Theorem 4.1].

Namely, if H is the graph of an isomorphism between the two factors in (2.10]), then the
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Hodge structure V' is not simple, which is a contradiction. Hence the Hodge group H is all

of SL(1, L) - SL(1, ') 2 Ry ,oSO(, V). O

Proposition 2.9.3. Let V' be a simple polarizable Q-Hodge structure of weight w > 1 with
Hodge numbers (n,0,...,0,n), where n is twice an odd number, such that the endomorphism

algebra L of V' is equal to Q. Then

Ho(V) = Sp(V) if wis odd

SO(V) or Ry gSU(2") (for k>3 and 2n = (2{1)) if w is even.

In the case when w is even, both possible groups occur.

Proof. Let H = Hg(V') be the Hodge group of V. Then, using Remark and Table 2.1]

when w is even (respectively when w is odd), we have

H C SO(V) (respectively H C Sp(V)).

Since the endomorphism algebra L is equal to Q, the representation V' of H is irreducible.

Applying Lemma [2.5.2] the possibilities for H acting on V are:

1. SO(2n) acting by the standard representation

2. SO(2F), with 2n = (2,3:) for k > 3, acting by A>  (Standard)

3. SU(2) x SO(n) acting by the tensor product of the two standard representations
(respectively,

1. Sp(2n) acting by the standard representation

2. SL(2) x SO(n) acting by the tensor product of the two standard representations

3. SL(2) x SL(2F), with n = (2,?:) for £ > 3, acting by the standard representation of
SL(2) tensor /\Qkfl(Standard).
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However, using Corollary we may eliminate SL(2) x SO(n) (respectively SL(2) x
SO(n) and SL(2) x SL(2%)) as possibilities. Hence Hc must be SO(V) = SO(2n) or SO(2F)
acting by /\2k71(Standard) (respectively Sp(V') = Sp(2n)).

As in the proof of Proposition [2.9.1] the case H = SO(V) is the generic case and thus is
always possible [GGK12, Corollary 11.A.6]. Thus, it remains to show that when w is even
and 2n = (231) for k > 3, the Hodge group SU(2*) acting by the representation

p: RpoSU(2%, L) — SO(V),

given by the 2¥ — 1-th exterior product of the standard representation of SU(2*, L), is also
possible. However, as in the proof of Proposition [2.9.1} the homomorphism

¢: Uy — SU(2F,R)

given by

defines a Hodge representation (SU(2*%), p, ¢) with Hodge numbers (n,0,...,0,n). Since the
Q-group SU(2*) is simple, Corollary finishes the proof. O

Proposition 2.9.4. Let V' be a simple polarizable Q-Hodge structure of weight w > 1 with

Hodge numbers (4,0, ...,0,4) and endomorphism algebra L equal to Q. Then

Ha(V) Sp(V') or SL(2) x SO(4) acting by product of standard representations if w is odd
g =
SO(V) or SO(7) acting by spin representation if w is even.

Moreover, all of the above groups occur.

Proof. When V' is of odd weight, the result follows using the equivalence of Remark
together with the analogous statement for abelian fourfolds proved by Moonen and Zarhin

[IMZ99,, 4.1]. Thus we may assume that V' is of even weight.

In this case, using Table the Lefschetz group of V' is SO(V) = SO(8). Since the
endomorphism algebra L is equal to Q, the representation V' of H is irreducible. Applying
Lemma [2.5.2] the possibilities for H acting on V are:
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1. SO(8) acting by the standard representation,
2. SO(7) acting by the spin representation
3. SL(2) x Sp(4) acting by the tensor product of the two standard representations.

However, using Corollary we may eliminate SL(2) x Sp(4) as a possibility. As in the
preceding proofs, the case H = SO(V) = SO(8) is the generic case and thus is always
possible [GGK12, Corollary IT1.A.6]. Thus, it remains to show that the Hodge group SO(7)

acting by the spin representation is also possible.

To construct the spin representation p, choose a pair (W, W*) of maximal isotropic sub-
spaces of Q7 equipped with a symmetric bilinear form () such that WNW* = 0. If ay, as, a3
is a basis for W, then there is a unique basis a1, as, a3 of W* such that for all ¢ and j

(a;, ;) = d;5. Now consider the element 1),,, of the Lie algebra so; given by
Yany(v) = 2((y, v)z — (2,0)y)).
We can identify /\2 Q7 with the Lie algebra so; via the map
TAY = Yy
Now let ¢: Uy — SO(7,R) be induced by the map on Lie algebras sending
1= 2w(ag Aay).

Then the data (SO(7), p, ¢) defines a Hodge representation with Hodge numbers (4,0, ...,0,4).
Since SO(7) is Q-simple, Corollary finishes the proof.

2.10 Hodge Groups for Type II/II1 Endomorphism Algebras

Proposition 2.10.1. Let V be a simple polarizable Q-Hodge structure of weight w > 1
with Hodge numbers (n,0,...,0,n) and endomorphism algebra L of Type II or III such that
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m = % is odd. Let B = M,,(L°?) be the centralizer of L in Endg(V') and let F' be the

center of L. Then

1. If L is of Type II, then:

RpoSp(B,™) if w is odd
Hg(V) =

RrjgOT(B,™) or RpgSU(2F) (wz’th 2m = (2351) for k> 3) if w is even.
2. If L is of Type I, then:

Rp/O*(B,”) or RpipSU(2F) (with 2m = ,f: fork>3) ifw is odd
o) — | e SV ( () )

RpioSp(B,™) if w is even.
Additionally, when L is of Type II and w is even or when L is of Type III and w is odd,

then m > 3 and both possible groups occur.

Proof. The restriction on m when L is of Type Il and w is even or when L is of Type III

and w is odd follows from Totaro’s classification (see Section [2.3.1)).

Let H = Hg(V') be the Hodge group of V', which by Remark is semisimple. Remark
and Table 2.1 when L is of Type IT and w is even or when L is of Type III and w is
odd (respectively when L is of Type IT and w is odd or when L is of Type III and w is even)
yield

H C RpqO™(B,”) (respectively Rp/gSp(B,™).)
Here OT(B,™) is an F-form of SO(2m) and Sp(B,” ) is an F-form of Sp(2m).

Thus, in the notation of Section , the decomposition L ®g C = [[ M2(C) indexed by
the set of embeddings ¥(F') induces a decomposition
Ve= P 2We,
cEX(F)
where each W, is a 2m-dimensional irreducible orthogonal (respectively symplectic) Hc-
representation, where m is odd. The rest of the proof then proceeds identically to the proof

of Proposition [2.9.1]
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]

Proposition 2.10.2. Let V' be a simple polarizable Q-Hodge structure of weight w > 1 with
Hodge numbers (n,0,...,0,n) and endomorphism algebra L of V' of Type II or Il such that

[L: Q] =n. Let B = My(LP) be the centralizer of L in Endg(V') and let F' be the center of
L. Then

1. If L 1s of Type 11, then:

RpoSp(B,”) if w is odd
Hg(V) =

Rp/O*(B,”) ifw is even.

2. If L s of Type 111, then:

Rp/O*(B,”) ifw is odd
Hyg(V) =

RpoSp(B,”) if w is even.
Proof. By identical arguments as those in Proposition [2.10.1, the Hodge group H is semisim-
ple and the decomposition L&gC = [[ M2(C) indexed by the set of embeddings ¥(F') induces

a decomposition

Vo= 2w,

ceX(F)

where each W, is a 4-dimensional irreducible orthogonal (respectively symplectic) Hc-representation.

The rest of the proof then proceeds identically to the proof of Proposition [2.9.2] n

Proposition 2.10.3. Let V be a simple polarizable Q-Hodge structure of weight w > 1
with Hodge numbers (n,0,...,0,n), where n is four times an odd number, such that the
endomorphism algebra L of V' is a quaternion algebra over Q. Let B = M, »(L°P) be the
centralizer of L in Endg(V'). Then:

1. If L is of Type II, then:

Sp(B,™) if wis odd

OT(B,”) or SU(2¥) <f07" k>3 andn = (2551)) if w is even.

Hg(V) =
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2. If L is of Type III, then:

H(V) = Ot (B,”) or SU(Q’“) <for k>3 andn= (2§fl)> if w is odd

Sp(B,”) if w is even.
Proof. Again, we proceed as in the first half of the proof of Proposition 2.10.1] using Lemma
to get an irreducible n-dimensional orthogonal (respectively symplectic) representation
W of the semisimple group H¢ such that Vo = W & W. Since n = 2k, where k is, by
hypothesis, twice an odd number, the rest of the proof then proceeds identically to the proof
of Proposition [2.9.3] O

2.11 Hodge Groups for Type IV Endomorphism Algebras

Let us briefly recall the notation introduced in Section about the Type IV endomor-
phism algebra case. Let V' be a simple polarizable Q-Hodge structure of weight w > 1 with
Hodge numbers (n,0,...,0,n) whose endomorphism algebra L is of Type IV in Albert’s
classification. Then the center Fy of L is a CM field (see Section [2.2.2) with maximal totally
real subfield denoted by F'.

Let us write ¢ = [F : Q], 2n = m[L : Q|, and ¢* = [L : Fy]. Now if o(Fy) =
{o1,...,04,01,...,04} is the set of embeddings of Fj, into C, then L ®g C is isomorphic
to 2g copies of M,(C), one for each embedding o € X(Fj), and this decomposition of L ®gC
yields a decomposition of V¥9 C V¢ into summands V(o) on which Fj acts via the em-
bedding o € X(Fp). Letting n, denote the complex dimension of V*(¢), we then have that

N, +nz, =mqfori=1,...,¢.

Proposition 2.11.1. Let V be a simple polarizable Q-Hodge structure of weight w > 1
with Hodge numbers (n,0,...,0,n) and endomorphism algebra L an imaginary quadratic
field. Letting (L) = {0,@} be the set of embeddings of L into C and B = M, (L) be the
centralizer of L in Endg(V), if n, and ng, as defined above, are coprime, then Hg(V) =
U(B,).
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Proof. The above result and its proof are analogous to those given in [Rib83, Theorem 3| for
simple complex abelian varieties. Let H = Hg(V') be the Hodge group of V. From Remark
and Table we know H C U(B,™ ), so we just need to show this containment is an
equality.

As introduced in Section in Equation , the action of L ®g C induces a decompo-
sition

Ve=W, o W;. (2.11)
Let M = MT(V) be the Mumford-Tate group of V' and consider the map
p: M(c — GL(WU)

induced by the action of M¢ on W,. Let N be the image of p.

Note firstly of all that N is a reductive, connected subgroup of GL(W,). Secondly,
because L = End,/(V'), where L ®g C = C & C, and because the action of M is compatible
with the decomposition in , we have must have EndyW, = C. Thirdly, note that for
z € C* the composition

pohoyu:G, — GL(W,)

acts as multiplication by 2~ on V*%(¢) and as the identity on V%% (o). Namely, N contains
the group of automorphisms of W, that are a homothety on V*%(g) and the identity on

V9% (). Fourthly, the dimensions n, = dim V*%(¢) and ny = dim V%% (o) are coprime.

These four observations are exactly the situation of a result of Serre [Ser67, Proposition
5] which establishes that, under these circumstances, we have N = GL(W,). In particular,
the fact that p surjects onto GL(W,) implies that the commutator subgroup of M¢ surjects
onto SL(W,).

The Lefschetz group U(B,™ ) of V' is a Q-form of GL(n). Hence, by dimension arguments,
in order to show that the Hodge group H is equal to U(B,” ), it is enough to show that the
center of M has dimension at least 2. To do this, it is enough to produce a two-dimensional

torus which is a quotient of M.
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The inclusion M — GL(,V), recalling that ,V denotes V' considered as an L-vector

space, yields a determinant map

o0 : M — RL/QGm.

Now, the character group of Ry oGy, is just the free abelian group on o and . Thus
(RL/QGm)(c = Gm X Gm.

The Mumford-Tate group M contains the torus of homotheties of GL(V'). In the image over
C of the map 4, this torus of homotheties corresponds to the diagonal G,, in the expression

G,, x G,,.

The composition

oou:G,, -G, xG,,

is given by

z€Cr = (2", 2"7).

But since n, and ns are coprime, they are not equal and so the image of § o it is a subtorus of
G,, X G,, which is not the diagonal. Hence 9 is surjective. So, the Mumford-Tate group M

indeed has a quotient which is a two-dimensional torus and thus we have H = U(B,”). O

2.11.1 FE-Hodge Structures

Let E be a number field. Define an E-Hodge structure to be a Q-Hodge structure V' together

with a homomorphism of Q-algebras F — Endg_pgs(V).

Suppose F is, in fact, a totally real or CM field. Then, writing a — @ for the involution
on E given by complex conjugation (which is the identity involution if E is totally real),
we may define a polarized E-Hodge structure to be a polarized Q-Hodge structure together
with a homomorphism E — Endg_gs(V) of Q-algebras with involution. Namely, the form
(,):V xV — Q satisfies (az,y) = (z,ay) for all a € F and all z,y € V. In fact, if V is an

FE-Hodge structure whose underlying Q-Hodge structure is polarizable, then V' is polarizable
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as an F-Hodge structure [Tot15, Lemma 2.1]. There does not seem to be a good definition

of a polarized E-Hodge structure for £ a number field which is not totally real or a CM field.

If V is an E-Hodge structure of weight w, then each V7 in the decomposition of V ®gC
is an I ®g C-module and so splits as a direct sum
VP — @ VP (g),
c€X(E)
where V?4(o) is the subspace of V ®g C where E acts via o.

We say that V' has Hodge numbers (ao,...,a,) as an E-Hodge structure if, for each
embedding o € ¥(F), the summand V7"~ (s) has complex dimension a; for all j. Note that
if V' is an E-Hodge structure with Hodge numbers (ay, ..., a,) and [E : Q] = r, then V is a

Q-Hodge structure with Hodge numbers (raq, . . ., ra,).

Lemma 2.11.2. Let V be a polarizable Q-Hodge structure of weight w > 1 with Hodge
numbers (n,0,...,0,n). Suppose there exists a CM field E embedding into the endomorphism
algebra L of V.. Writing [E : Q] = r and 2n = lr, let J be the maximal totally real subfield
of E and let C = M;(E°P) be the centralizer of E in Endg(V'). Then we have the inclusion

Hg(V) C RyoSU(C,™)
if and only if V is an E-Hodge structure with Hodge numbers (*,0,...,0,%).

Proof. We know V ®qC has rank [ as a free F2®gC-module, so consider the exterior product
A% V. An element o in Hg(V) acts on A%V as multiplication by Normp(a). Since E is
contained in L, we already know that Hg(V') is contained in R;/oU(C,” ). Hence we have
Hg(V) C Ry@SU(C,™ ) if and only if AL V is invariant under the action of Hg(V), meaning

L1

if and only if A%V is purely of type (£, 1) as a sub-Hodge structure of /\f@ V.

273

For each o € 3(E), let e, = dime V(o) in the decomposition

VagC= @ (V") V(o).

oeX(E)
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Then we have,

(/\V) ®q C = /\ (V ®qC)

E E@Q(C

l
= P AV avie(o)

c€EXN(E)
€o l—es
- @ B(Are Avo)
c€X(E) eo

Thus A%V is purely of type (£, %) if and only if e, = L = [ — ¢, for all embeddings

= | — e, for all embeddings

N~ no|~

o € Y(E) of E into C. But the property of having e, =
o € X(F) is exactly what it means for V' to be an E-Hodge structure with Hodge numbers
(%,0,...,0,%), so this finishes the proof.

]

Proposition 2.11.3. Let V be a simple polarizable E-Hodge structure with Hodge numbers
(p,0,...,0,p), where p is prime and E is a CM field of degree r over Q. Suppose the
endomorphism algebra of V' as a Q-Hodge structure is E. Let C' = My, (E°P) be the centralizer
of E in Endg(V) and let J be the maximal totally real subfield of E. Then Hg(V) =
RjSU(C,™).

Proof. Let H = Hg(V) be the Hodge group of V. Since V is an E-Hodge structure, by
Lemma 2.11.2{ we know H C Rj/oSU(C,™ ), where SU(C,™ ) is a J-form of SL(2p). We just

need to prove equality.

Since £ = [Endg(V)]¥, the center of H is contained in the center of E, which in this
case is all of E/. Hence the center of H is contained in R;oSU(C,” )N E. So elements of the
center of H must be 2n-th roots of unity in F, of which there are only finitely many. Thus,

the center of H is finite, which, since H is also reductive, implies that H is semisimple.

In the notation of Section [2.5] let

W,=p K- Xp,
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be an irreducible representation of Lie(H )¢ in the decomposition
Ve = @ (Wo & Wy).
cex(J)

Namely the representation W, is 2p-dimensional and not self-dual. So, we may assume
without loss of generality than none of the p; are self-dual either. Lemma yields that
the highest weight of each of the p; is minuscule and each g; is of classical type. Hence
consulting Table yields the following possibilities for the Lie algebra g; x --- X g, acting
on W;:

1. The Lie algebra sly, acting by the standard representation
2. When p = 5, the Lie algebra sl5 acting by /\Q(Standard)

3. When p # 2, the Lie algebra sly x sl, acting by the product of the standard represen-

tations.

Now let M¢ be the complexified Mumford-Tate group of V' and consider Case (2). Write
the weights in W; of the homomorphism v: G,,,c = Mc as z — (27°, 2711), according to the
decomposition W = x X p;, where x is a character of ¢ and p; is the representation of sl

acting by /\*(Standard).

Let Ay,..., A5 be the 5 possible values of [;. Then we know, half of the elements in the
set S = {N +XA; |1 <1i<j <5} are equal to 0 and half are equal to w — ¢. Using a

pigeon-hole argument, there exists 7 and j, k # ¢ such that \; = —\; = —\;. But since either

w—cC

5 and

Aj = —=Apor \j = w —c— A\, we must have either \; = \; = Ay =0or \; = —

Aj = A = “5°. In either case though, there is no way to choose the two remaining values
of 1 so as to satisfy the requirement on the set S. So the Case (2) in the above list not

possible.

Similarly, for Case (3) on the list, write the weights in W; of the homomorphism v: G, ¢c —
Mg as z — (27¢, 2711 2712) according to the decomposition W = y X p; K po, where p; is

the standard representation of sly and p, is the standard representation of sl,. Denote the
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two possible values of [; by & and 3 and denote the possible values of [y by Aq,...,\,. Then
by Lemma [2.6.1] either « = f =0 or \y = --- = A\, = 0. But if @ = 3 = 0, then half
of the A\, for must be equal to w — ¢ and half of the A\, must be equal to 0. Since p is
odd, this is impossible. Therefore, we must have A\; = --- = A\, = 0 and hence a« = 0 and
= w — c. But then the homomorphism ~ factors through Z(M)c - SL(2,C)"/2. So then
He C SL(2, C)"/2. But since sly x sl, acts on the representation W by the product of the
standard representations, the group H¢ must surject onto SL(p,C), which contradicts the

statement that He is contained in SL(2,C)™/2. Hence, Case (3) is not possible.

Hence the representation W, must be the standard representation of sly,. Applying

Lemma , then gives He = HUGE(J) SL(2p), which completes the proof.

[]

Proposition 2.11.4. Let V' be a simple polarizable Q-Hodge structure of weight w > 1
which is an E-Hodge structure with Hodge numbers (n,0,...,0,n) for some CM field E.
Writing [E : Q| = r, suppose that the endomorphism algebra L of V is a CM field such that
[L : Q] = 2r. Moreover suppose that n, = dim V*% (o) and ny = dim V*°(3) are coprime
for all embeddings o € X(L). Then, letting B = M,(L°?) denote the centralizer of L in
Endg(V) and F' the mazimal totally real subfield of L, we have

Hg(V) = RpoSU(B,™).

Proof. Let M = MT (V') be the Mumford-Tate group of V and, as in the proof of Proposition
2.11.1} consider the map
p: Mc — GL(W,)

induced by the action of M¢ on an n-dimensional summand W, in the decomposition V¢ =
Doy Wo & Wy Since L ®g C = [[ o) (C @ C), if N is the image of p, we have
Endy(W,) = C. So by an argument identical to that given in the proof of Proposition [2.11]

the map p is surjective. Hence the commutator subgroup of Mg surjects onto SL(W,).
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Now, since the Hodge group Hg(V') is contained in the Lefschetz group we know
RpqSU(B,” ) € H C RpiU (B, ). (2.12)

Note that U(B,” ) is an F-form of GL(n) and SU(B,” ) is an F-form of SL(n).

But since V' is an E-Hodge structure with Hodge numbers (n,0,...,0,n), by Lemma

R2.11.2l we also know
H C R{]/QSU(C,i ),

where J is the subfield of F fixed by complex conjugation and C' = M, (E°P) is the centralizer
of £ in Endg(V). Note that the group SU(C,™ ) is a J-form of SL(2n).

We know L = [Endg(V)]¥, hence the center of H is contained in L. Hence the center
of H is contained in RpqU(B,”) N L. So if A\; and A, are elements of the center of H,
both must have norm 1. Moreover, because H is contained in R;/@SU(C,™ ), considering
an embedding of Rp/qU(B,”) N L into R;oSU(C,” ), we must have A\; Ay an n-th root of
unity in L. There are only finitely many such \; and As in L, so the center of H is finite,
which, since H is reductive, implies H is semisimple. The inclusions in thus yield
H = Rp/oSU (B, ). O

Proposition 2.11.5. Let V be a simple polarizable Q-Hodge structure of weight w > 1
which is an E-Hodge structure with Hodge numbers (n,0,...,0,n) for some CM field E.
Writing [E : Q] = r, suppose that the endomorphism algebra L of V' is a CM field such that
L : Q] = nr. Then, letting B = My(L°?) be the centralizer of L in Endg(V') and F the

maximal totally real subfield of L, we have
Hg(V) = RpSU (B, ).
Proof. Let H = Hg(V'). The Lefschetz group of V' is Rp/oU(B,™ ), so we have:
H C RpoU(B,”), (2.13)

where U(B,” ) is an F-form of GL(2).
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Since V' is an E-Hodge structure with Hodge numbers (n,0,...,0,n). Thus by Lemma
2.11.2] we have:

H C RyoSU(C,™ ),
where J is the maximal totally real subfield of E and C' = M,, (E°P) is the centralizer of F
in Endg (V). Here, the group SU(C,™ ) is a J-form of SL(2n).
By the same argument as in the proof of Proposition [2.11.4] the center of H is contained in
RpoU(B,” )NL and so all its elements have norm 1 and since H is contained in R;/oSU(C,™)
any product of n such elements is equal to +1. Since there are only finitely many elements

of L with this property, the center of H is finite and so, since H is reductive, we have that

H is semisimple. The inclusion of (2.13]) then yields
H C RpSU(B,™),

where SU(B,™ ) is an F-form of SL(2). Then in the decomposition Vg = €

ceEY

)y We ® W5
coming from the action of L®gC, the 2-dimensional irreducible representation W, of Lie(H )¢
is just the standard representation of sl,. By Lemma , we get Lie(H)c = [],cxr) 5k
which finishes the proof. m

Consider the torus given by

U, = ker(NormL: RL/@Gm — RF/QGm).

Letting J denote the maximal totally real subfield of F, define the torus SUz,g to be the

subtorus of Uy, given by
SUL/E = ker(NormL/E: U, — RJ/QGm)
Observe that SUp g has codimension [J : Q] in Uy.

Proposition 2.11.6. Let V be a simple polarizable Q-Hodge structure of weight w > 1 which
is an E-Hodge structure with Hodge numbers (n,0,...,0,n) for some CM field E. Writing
[E : Q] =r, suppose that the endomorphism algebra L of V' is a CM field and [L : Q] = 2nr.
Then we have the inclusion Hg(V') C SUL/p.
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Proof. Since dimy V' = 1, the Lefschetz group of V is just the torus U, and thus we
know Hg(V) C Ug. Now, as in previous proofs, by Lemma [2.11.2] we know Hg(V) C
R;oSU(C,™ ). Recall that SU(C,™ ) is defined to be the kernel of the norm map Norme,/g
acting on U(C,™ ), and so, in particular, given the inclusion Hg(V) C Uy, all the elements

of Hg(V') lie in the kernel of the norm map Normy /g, which implies Hg(V') C SUp/p. O

Proposition 2.11.7. Let V' be a simple polarizable Q-Hodge structure of weight w > 1 which
is an E-Hodge structure with Hodge numbers (p,0,...,0,p), where p is an odd prime, for
some imaginary quadratic field E. Suppose that the endomorphism algebra L of V' satisfies:

1. L is of Type IV
2. L/Q is a Galois extension
5. [L:Q]=4p
Then L is a CM field and Hg(V') = SUL/E.

Proof. Note, first of all, that using Albert’s classification, since L is of Type IV, we know
the center Fy of L is a CM field and hence [Fy : Q] is even. Writing ¢*> = [L : Fp), since
[L : Q] = 4p with p odd, we have that ¢ = 1 and so L is a CM field. Thus, Proposition

2.11.6{implies Hg(V') C SUL/E.

Since E is an imaginary quadratic field, we know this torus SUy, /g has codimension 1 in

Uy, which has rank [F': Q] = 2p. Hence the rank of SU. g is 2p — 1.

Following [Dod87] and [Kub65], for ¥(L) = {01, ..., 04,} the set of embeddings of L into
C, a CM type © C (L) is defined by the criterion © U© = (L) and the Hodge structure
V' corresponds to a unique CM type © on L [GGKI12, Section V.C].

Now let L be the Galois closure of L and consider Gal(L/Q). For every g € Gal(L/Q)
and for every o; € ©, let 67: L — C be the element of ¥(L) defined by x — ¢ - o;(x). We

then have a CM-type on L given by
09 = {of,...,00,}.
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The Kubota rank of ©, denoted Rank(0), is the rank over Z of the submodule of Z[¥(L)]
spanned by the set {09 | g € Gal(L/Q)}.

We then have [GGKI12, Proposition V.D.5]

Rank(©) = dimg Hg(V). (2.14)

However, Tankeev proves in [Tan01, Corollary 3.15], that for a simple CM type © on a
CM field L of degree 2p over Q, where p is an odd prime, we have:

Rank(©) > 2p — 1.

Hence it follows from ({2.14) that we have dimg Hg(V) > 2p — 1 and so the result is

proved. O

We now combine the above results to obtain the following theorem about simple polar-
izable Q-Hodge structures that have endomorphism algebra of Type IV and that are also

E-Hodge structures with Hodge numbers (p,0,...,0,p).

Theorem 2.11.8. Let V' be a simple polarizable Q-Hodge structure of weight w > 1 which
is an E-Hodge structure with Hodge numbers (p,0,...,0,p), where p is a prime and E 1is
an imaginary quadratic field. If the endomorphism algebra L = Endg_pgs(V') is of Type IV,
then L is a CM field. Writing 4p = m[L : Q|, letting B = M,,(L°?) be the centralizer of L
in Endg(V), and letting F' be the maximal totally real subfield of L, we have

RroSU(B,™) if [L: Q] #4p

SUL/E if [L: Q] = 4p and either p =2 or L/Q is a Galois extension.

Hg(V) =

Proof. Observe that since dimg V' = 2p, we must have, using the embedding F — L, that

[L : E] is equal to one of 1, 2, p, or 2p. The case when [L : E] = 1 is taken care of by

Proposition 2.11.3

In the case when [L : E] = 2, we know [L : Q] = 4. Since L is assumed to be of Type
IV, Albert’s classification (see Section [2.2.2)) yields that L is a CM field. So m = p and
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g = 1, and thus we have n, + ny = p for all embeddings o € 3(L). But since p is prime, the

numbers n, and ng are coprime and so the result follows from Proposition [2.11.4]

When [L : E] = p, we know [L : Q] = 2p, and so, because L is of Type IV, Albert’s
classification yields that L is a CM field. Hence the result follows from Proposition [2.11.5]

Lastly, consider the case when [L : E] = 2p, namely when [L : Q] = 4p. If p is an
odd prime, then the result follows by Proposition 2.11.7} So suppose we have p = 2. Then
Albert’s classification yields that either L is a CM field of degree 8 over Q or L is a division
algebra of degree 4 over an imaginary quadratic field Fp. In the latter case, we would have
ng + Nz = 2, where o and @ are the 2 embeddings of Fj into C. Namely, we have either
Ny = Ny = 1 or n, = 2 and ny = 0, which correspond to exceptional cases (3) and (4) in
Totaro’s classification (see Theorem . Hence the endomorphism algebra L cannot be a
division algebra and therefore must be a CM field of degree 8 over Q. Moreover, by Lemma
, because V' is an E-Hodge structure, we know Hg(V) is contained in SUp, g, which
has dimension 3. However by Lemma , the group Hg(V') has dimension at least 3. So
Hg(V) is equal to SU,g, which finishes the proof. ]

2.12 Main Results

Proposition 2.12.1. Let V' be a simple polarizable Q-Hodge structure of weight w > 1 and
Hodge numbers (1,0,...,0,1). Then Hg(V') = Lef(V).

Proof. Albert’s classification yields that the endomorphism algebra L of V is either Q or
an imaginary quadratic field. Writing 2 = m[L : Q)], this corresponds to L being of Type I
with m = 2 or L being of Type IV with m = 1. When the weight w is odd, the first case
corresponds to exceptional case (6) in Totaro’s classification. Thus, if w is odd, then the
endomorphism algebra L of V' is either QQ or an imaginary quadratic field, while if w is even,

then L must be an imaginary quadratic field.

In the case when L is Q, then by Table we have Hg(V') C SL(V'), where SL(V') has

46



rank 1. However, by Remark the Hodge group Hg(V') is nontrivial and by Remark
the group Hg(V') is semisimple. Hence Hg(V) is equal to SL(2).

In the case when L is an imaginary quadratic field, Table yields Hg(V') C Uy. Since
Ur, has dimension 1 and Hg(V') must be nontrivial, we get Hg(V') = Uy. O

2.12.1 Hodge Numbers (p,0,...,0,p)

Theorem 2.12.2. Let V' be a simple polarizable Q-Hodge structure of weight w > 1 with
Hodge numbers (p,0,...,0,p), where p is prime. Then Hg(V') = Lef(V).

Proof. When V is of odd weight, the result follows using the equivalence of Remark
together with results of Ribet [Rib83l Theorems 1,2], from whose proofs we extensively
borrow, and Tankeev [Tan82], which prove the result for simple complex abelian varieties of

prime dimension. Thus we may assume that V is of even weight.

Assume first that p is odd. Then Albert’s classification yields that the endomorphism
algebra L of V is either a totally real field or a CM field. Moreover, Totaro’s exceptional
case (6) allows us to eliminate the possibility that L is a totally real field of degree p over

Q. Thus we are left with the following possibilities for L:

1. Q (Type I)
2. An imaginary quadratic field (Type IV)

3. A CM-field of degree 2p over Q (Type IV).

First consider Case (1). By Table[2.1] the Lefschetz group Le f(V') of V is SO(V). Letting
H = Hg(V) denote the Hodge group of V', Proposition yields that H is either equal to
Lef(V) or is equal to SU(2%), where 2p = (2,3:) for some k& > 3. Thus, to prove the result
we must show that this second option cannot occur. To do this, we use the following simple

combinatorial argument to show that we cannot have 2p = (2,3:) for any k£ > 3. We know

2k _22k,1.1-3-5.--(2'f—1)
k-1 - (2k—1>! :
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Moreover, by De Polignac’s formula for the prime factorization of n!, the 2-adic order of the

term (2F1)!is 25871 — 1. So, after cancellation, we have

(2.15)

( 2k ) B (product of all odd numbers less than 2)
k-1 ) — <7 (

product of some odd numbers all less than 2k-1)°

Using known bounds on the prime-counting function 7 [RS62, Corollary 1] yields 7 (2%) —
7(281) > 2 for k > 3. Namely, the numerator in (2.15) always contains at least two terms
not cancelled by the denominator. Hence we cannot have 2p = (2,3:) for any k > 3. This

finishes Case (1).

Now consider Case (2). In this case, the Lefschetz group Lef(V') of V is U(B,” ). As in
previous proofs, since m = p and ¢ = 1 in this case, we have n,+ngs = p in the decomposition

of V ®q C induced by L ®g C. Hence n, and nz are coprime and thus the result follows
from Proposition [2.11.1]

Finally, consider Case (3). In this case, the Lefschetz group of V' is U, = ker(Normy,: Ry /0G,, —
Rp/9Gry), so we know H C Up. Since [F : Q| = p, the torus Uy, has dimension p over Q,

and so to show H = Uy, we just need to show that dimg(H) = p.

Consider the character groups X*(H), X*(Ur), and X*(R./9G,,). Since both H and
Uy, are contained in Ry oGy, the groups X*(H) and X*(Uy) are quotients of X*(Rp,9Gn).
Here X*(R./9(G,,)) is the free abelian group on the embeddings o € 3(L). The group
X*(Rp/gG,) has a natural left action by Gal(Q/Q). The group X*(Uy) is the quotient of
X*(Rr/gGm) by the relation o + 7 = 0 for all embeddings ¢ € ¥(L). The group X*(H)
is a quotient of X*(Uy) with the property that the images of the embeddings o in X*(H)
are all distinct. Indeed, since L = Endg(V) is commutative, the H-module V' cannot
have multiplicities greater than 1 in its decomposition into simple modules over H, each

corresponding to an embedding o € X(L).

Now, consider the homomorphism
p: Gal(Q/Q) — Aut(X*(H))
giving the action of Gal(Q/Q) on Aut(X*(H)). Because the elements of X*(H) are the
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embeddings o € (L), each one occurring once, we have
Ker(p) = Gal(Q/L),

where L denotes the Galois closure of L. Hence the order of Im(p) is [L : Q]. But [L : Q] is
divisible by the prime number p, since [L : Q] = 2p. Hence we may choose some g € Im(p)

of order p. Since g is in Aut(X*(H)), the action of g on the Q-vector space
Y=X*H)®Q

makes Y into a module over Q[z]/(z? —1). We may write Q[z]/(z? — 1) = Q(u,) x Q, where

iy is @ p-th root of unity. Thus write
Y=Y &Y,

where Y; is a Q(u,)-vector space and Y5 is a Q-vector space. Because ¢ has order p and thus
does not have order 1, the element x does not act as the identity on Y;. So Y7 is nonzero.

Then the dimension of Y; over QQ is a multiple of p — 1, which yields

dimg(H) > p—1.

To show that dimg(H) = p, it just remains to show that Y5 is nonzero. Namely we
need to show that Y contains a nonzero element fixed under the action of g. Choosing some

embedding og : L — C, it is clear that the element
X =00+goo+-+g" ‘oo (2.16)

in X*(H) is fixed by g. So we just need to show that x is nonzero.

Let M be the Mumford-Tate group of V' and consider the cocharacter groups X,(H),
X.(M), and X.(Rp/9Gy). As in Proposition 2.11.7) let © C X(L) be the CM type corre-
sponding to the Hodge structure V' [GGKI2, Section V.C]. We may view © as an element
of X, (Ry/9G,) by identifying it with oy + -+ + 0, in X, (R /oGm).

Since M is the smallest Q-algebraic group such that the cocharacter v: G,, — GL(V¢)
factors through M, the element © lies in X, (M) and, in fact, the Z[Gal(Q/Q)]-submodule
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of X,(Rpr/9G,) generated by © is contained in X, (M). But X, (H) consists of the elements
of X.(M) which have degree 0 in X.(Rr/g(G,,)). Thus, in particular, n = © — © is an

element of X,(H). Since each embedding o € (L) has coefficient +w in n, we have:
(n,o) = +w for all o € X(L),

where ( , ) : X.(H) X X*(H) — Z denotes the natural bilinear pairing. Then, from the
description of x in (2.16]), the integer (n, x) is the sum of p terms each of which is +w. Since
p is odd, this means (7, x) is nonzero. Hence y must be nonzero. So indeed Y contains a
nonzero element fixed under the action of g and hence we have dimg H = p. This finishes

Case (3) and so the statement of the theorem holds whenever p is odd.

So now assume p = 2. As before, Totaro’s exceptional case (6) eliminates the possibility
that L is a totally real quadratic field. Additionally, Totaro’s exceptional case (1) eliminates
the possibility that L is a totally indefinite quaternion algebra over C. Now consider the
case when L is of Type IV. Since [L : Q] = 4, Albert’s classification yields that L is a CM
field of degree 2 or 4 over Q. In the first case, namely when L is an imaginary quadratic
field, we have m = 2 and ¢ = 1 and so n, + ny = 2 for the two embeddings o,7 € %(L).
Hence, either n, = 0 and ny = 2 or n, = ny = 1. These correspond to exceptional cases (3)
and (4) in Totaro’s classification, so L cannot be an imaginary quadratic field. We are thus

left with the following possibilities for L:

1. Q (Type I)
2. A totally definite quaternion algebra over Q (Type III)

3. A CM-field of degree 4 (Type IV).

Consider Case (1) first. In this case, the Lefschetz group of V' is SO(V'), where SO(V)
has rank 2. Observe that by Lemma the rank of H as an algebraic group over Q must
be greater than or equal to 2. Moreover, by Remark [2.2.3] the group H is semisimple. Since
SO(V) is a Q-form of SO(4), it contains no semisimple proper subgroups of rank at least 2.
So indeed H is equal to the Lefschetz group SO(V).
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For Case (2), the Lefschetz group is equal to Sp(L,” ), which is a Q-form of SL, and
hence has rank 1. Thus we must have H = Lef(V).

For Case (3), the Lefschetz group is Uy, which is a torus of dimension 2. Applying Lemma
yields that H has dimension at least 2, so we must have H = Uy,. Thus, indeed, when
p = 2 the Hodge group of V' is always equal to the Lefschetz group of V', which finishes the
proof. O

2.12.2 Hodge Numbers (4,0,...,0,4)

Theorem 2.12.3. Let V' be a simple polarizable Q-Hodge structure of weight w > 1 with
Hodge numbers (4,0, ...,0,4) with endomorphism algebra L. Then the Hodge group Hg(V)
of V is described by Table [2.3 In particular, we have Hg(V) = Lef(V) except in the

following cases:

1. If L = Q and w is odd, then we can also have Hg(V) = SL(2) x SO(4), acting on V

by the product of the standard representations

2. If L =Q and w is even, then we can also have Hg(V') = SO(7), acting on V by the

spin representation.

3. If L is an imaginary quadratic field such that V is an L-Hodge structure with Hodge
numbers (2,0,...,0,2), then Hg(V) = RpioSU(B,” ), where B = My(L°P) is the
centralizer of L in Endg(V)

4. If L s a CM field of degree 8 containing an imaginary quadratic field E such that V
is an E-Hodge structure with Hodge numbers (2,0,...,0,2), then Hg(V') = SULp.

Proof. 1f the endomorphism algebra L is of Type I, then L is either Q, a totally real quadratic
field, or a totally real field of degree 4 over Q. However, the case when w is even and L is
a totally real field of degree 4 corresponds to Totaro’s exceptional case (6) and thus cannot

occur.
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Table 2.3: Hodge groups for Q-Hodge structures with Hodge numbers (4,0, ...,0,4)

L [L: Q) Possible Hodge Groups Equal to Lefschetz Group?

Odd Weight Even Weight

Type 1 1 Sp(8) SO(8) Yes

SL(2) x SO(4) - No

- SO(7) No

2 RpoSp(rV) | RrSO(FV) Yes

4 RpoSp(rV) - Yes

Type II 4 Sp(B,”) Ot (B,”) Yes

8 Rp/oSp(L,™) - Yes

Type 111 4 Ot (B,”) Sp(B,”) Yes

8 - Rp/oSp(L,™) Yes

Type IV 2 U(B,”) U(B,”) Yes

SU(B,™) SU(B,”) No

ReoU(B.") | ReoU(B,) Yes

8 Ur, U, Yes

SULE SUL No

Similarly, if L is of Type II or III, then L is either a quaternion algebra over QQ or
a quaternion algebra over a real quadratic field. However, Totaro’s exceptional cases (1)
eliminate the possibility of L being a Type II (respectively Type III) quaternion algebra

over a totally real quadratic field if w is even (respectively odd).

Lastly, writing ¢*> = [L : Fy] for the degree of L over its center Fy, if L is of Type IV
and ¢ = 2, then Albert’s classification implies m = 1. Namely, we have [L : Q] = 8 and L
is a central simple algebra over the imaginary quadratic field Fy. But, as argued in the last
paragraph of the proof of Theorem such an L is not possible. Namely, if L is of Type
IV, then L is a CM field.

We thus have the following list of possibilities for L:
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- Q (Type I)

2. A totally real quadratic field (Type I)

3. A totally real field of degree 4 (if w odd) (Type I)

4. A quaternion algebra over Q (Type II/ Type III)

5. A quaternion algebra over F' with [F': Q] =2 (Type II if w odd/ Type III if w even)
6. An imaginary quadratic field (Type IV)

7. A CM field of degree 4 (Type IV)

8. A CM field of degree 8 (Type IV).

Using Table when L is of Type I, then the Lefschetz group of V' is Rp/gSp(rV) when
w is odd and Rp/pSO(rV) when w is even. Case (1) is then taken care of by Proposition
2.9.4 Case (2) is taken care of by Proposition 2.9.2, and Case (3) is taken care of by
Proposition [2.9.1] From these, we conclude that when L is of Type I, the Hodge group of
V' is always equal to the Lefschetz group of V', except when L = Q, in which case, the two
additional groups SL(2)x.SO(4) in the odd weight case, acting by the product of the standard
representations, and SO(7) in the even-weight case, acting by the spin representation, are

also possible.

Similarly, Case (4) is taken care of by Proposition as well as by Proposition
and Case (5) is taken care of by Proposition . From these, we conclude that when L
is of Type II or III, then the Hodge group of V is always equal to the Lefschetz group of
V. This leaves only the cases when L is of Type IV to consider. The result of the theorem
then follows from the following propositions below: Proposition [2.12.4] Proposition [2.12.5]
and Proposition [2.12.6] which address Cases (6), (7), and (8) respectively.

Proposition 2.12.4. Let V' be a simple polarizable Q-Hodge structure of weight w > 1 and

Hodge numbers (4,0, ...,0,4) such that the endomorphism algebra L of V is an imaginary
quadratic field. Let B = My(L°P) be the centralizer of L in Endg(V), let (L) = {0,7} be
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the set of embeddings of L into C, and let n, = dim V¥%(o) and ny = dim V*°(7). Then,
either {n,,nz} = {1,3} or {n,,nz} = {2,2} and we have:

UB,") if{nenz} ={1,3}

SU(B,” ) if {ny,ns} = {2,2}.

Hg(V) =

Proof. Since L is an imaginary quadratic field, we know m =4 and ¢ = 1, so n, + ny = 4.
Totaro’s exceptional case (3) implies that we cannot have {n,, n5z} = {0,4}. Therefore either
we have {n,,nz} = {1,3} or we have {n,,ns} = {2,2}. The case when {n,,ns} = {1,3}
is taken care of by Proposition 2.11.1] In the case when {n,, ny} = {2,2}, then V is

an L-Hodge structure with Hodge numbers (2,0,...,0,2). Hence the result follows from
Proposition 2.11.3 O

Proposition 2.12.5. Let V be a simple polarizable Q-Hodge structure of weight w > 1 and
Hodge numbers (4,0, ...,0,4) such that the endomorphism algebra L of V' is a CM field of
degree 4. Let F' be mazximal totally real subfield of L and let B = My(L°P) be the centralizer
of L in Endg(V). Then Hg(V) = Rp)oU (B, ).

Proof. The following proof borrows from Moonen and Zarhin’s proof [MZ99, 7.5] of the
analogous result for simple abelian fourfolds.

Consider the set of embeddings ¥(L) = {01,771, 02,72} of the CM field L into C. Then,
since [L : Q] = 4, we know m = 2 and ¢ = 1, hence for each i € {1, 2}, we have n,, +ng, = 2.
However, the case n, nz, + ngy,ng, = 0 corresponds to exceptional case (3) in Totaro’s
classification and the case n,, = n,, = 1 corresponds to exceptional case (4). So neither of

these can occur. Thus, without loss of generality, we have

(Noy, M, ) = (2,0) and (ng,, ng,) = (1, 1). (2.17)

Let Z denote the center of H. Then since H is contained in the Lefschetz group

Rp/oU(B,™ ), we must have Z contained in the 2-dimensional torus Uy, := ker(Normy : Ry 0G, —

RrgGn).
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Suppose Z is trivial. This implies H C RpgSU(B,” ). However the centralizer of
RpgSU(B,” ) in Endg(V) is a quaternion algebra over F', whereas the centralizer of H
in Endg(V') is L. Hence Z must be nontrivial.

Suppose Z has dimension 1. Then by Lemma 7.3 in [MZ99] there exists an imaginary
quadratic subfield E of L such that Z = SUp/g. Now let C' = My(E°P) be the centralizer
of £ in Endg(V). Then having the center Z of H equal to SUr g implies H C SU(C,™).
Let v and ¥ be the two embeddings of E into C. Then letting n, = dim V*%(v), we have
n, +ny = 4. By Lemma[2.11.2] we must have n, = 2 = n;;. However, since E is contained in
L, the equalities in (2.17) imply {n,,nz} = {1,3}, which is a contradiction. Hence Z cannot
have dimension 1 and so we have shown that Z is 2-dimensional, meaning Z = Uy.

Now let p; and ps be the two embeddings of F' into C. Without loss of generality, we may
assume that the two embeddings 01,71 € 3(L) both extend p; and that the two embeddings

09,09 € X(L) both extend p,.

The action of F'®g C on V ®q C yields a decomposition
V®QC — Xpl @ngy

where X, and X, are 4-dimensional C-vector spaces.

For a fixed polarization (,) of V let ¢ : V x V — F be the bilinear form such that
(,) = Trg o1 and let ¢, and v,, be the restrictions of ¥ to to X, and X,, respectively.
For any v,w € V and any f € L we have 1(fv,w) = ¢(v, fw). Hence, since the field F is
fixed under the Rosati involution on L, the vector spaces X, and X, are orthogonal with

respect to ¢. So 1, and 1),, are nondegenerate alternating bilinear forms such that
He C UKy, 1) @ U(X,0 ). (2.18)
Hence, if HZ® denotes the semisimple part of H¢ we have
HE CSU(X,, ) @ SU(X,,, 0,,). (2.19)
For i € {1,2} write

X, = V(o)) & V(), (2.20)
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where V' (0;) and V (7;) are 2-dimensional irreducible Hc-modules.

Using the decompositions (2.18)) and ([2.20)) in combination, we may write the center Z¢

of Hc as
Ze ={(z1-1d, =21 - Id, 29 - Id, =22 - Id) | 21,20 € C} C U(X,,,v,,) ® U(X,,, ¢p,)-

Because the V(o;) and V(a;) are 2-dimensional irreducible He-modules, the above de-
scription of Z¢ yields that the projection of HZ onto each factor SU(X,,,v,,) must be
nonzero. But both of the SU(X,,,v,,) factors are simple. Thus, HZ surjects onto each

factor SU(X,,,,,) in the inclusion in (2.19).

The argument in the proof of Lemma then yields that the inclusion in (2.18]) is in
fact an equality. Since we already showed that the center of H¢ is all of Up, we have thus

shown that H is equal to the Lefschetz group RpqU(B,™ ). ]

The last remaining case to deal with in the proof of Theorem [2.12.3|is Case (8), namely

the case when the endomorphism algebra is a CM field of degree 8.

Proposition 2.12.6. Let V be a simple polarizable Q-Hodge structure of weight w > 1 and
Hodge numbers (4,0, ...,0,4) with endomorphism algebra L a CM field of degree 8. Letting

F be the mazimal totally real subfield of L, we have

¢

SUr/e  if L contains an imaginary quadratic field E such that V' is an
Hg(V) = E-Hodge structure with Hodge numbers (2,0,...,0,2)

Uy, otherwise.

Proof. Let H = Hg(V') be the Hodge group of V. By Table the Lefschetz group of V/
is the 4-dimensional torus Uy. By Lemma the rank of H is greater than or equal to

log,(8) = 3. So either H is a 3-dimensional subtorus of U, or H is all of Uy.

Suppose L contains an imaginary quadratic field £ such that V' is an E-Hodge structure
with Hodge numbers (2,0,...,0,2). Then by Proposition [2.11.6] the group H is contained

in the 3-dimensional torus SUy,g. Hence in this case H = SUp /.

o6



Conversely, if H is 3-dimensional, then by Lemma 7.3 in [MZ99], there exists an imaginary
quadratic field £ in L such that H = SUp/g. Moreover, by Lemma [2.11.2| this means V'
must be an F-Hodge structure with Hodge numbers (2,0, ...,0,2).

Hence, if L contains no such field F, then H must be 4-dimensional and hence H must

be equal to the Lefschetz group Uy. O]

Proposition [2.12.4] Proposition [2.12.5 and Proposition thus indeed verify the
statement of Theorem [2.12.3]in Cases (6), (7), and (8) respectively. Since we have previously
confirmed the statement of Theorem in Cases (1)-(5), this completes the proof of
Theorem 2.12.3.

2.12.3 Hodge Numbers (2p,0,...,0,2p)

Theorem 2.12.7. Let V be a simple polarizable Q-Hodge structure of weight w > 1 with
Hodge numbers (2p,0,...,0,2p), where p is an odd prime. If the endomorphism algebra L
of V is of Type I, II, or 11, then

Hy(V) = Lef(V).

However, if L is of Type IV and L contains an imaginary quadratic field E such that V
is an E-Hodge structure with Hodge numbers (p,0,...,0,p), then

RpoSU(B,”) if [L: Q] # 4p

SUL/E if [L: Q] =4p and L/Q is a Galois extension.

Hg(V) =

Proof. Tt L is of Type I, II, or III, we use Albert’s and Totaro’s classifications to obtain a
list of possibilities for L. As in previous proofs, the case when w is even and L is a totally
real field of degree 2p corresponds to Totaro’s exceptional case (6) and thus cannot occur.

Additionally, Totaro’s exceptional cases (1) eliminate the possibility of L being a Type II
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(respectively Type III) quaternion algebra over a totally real field of degree p over Q if w is

even (respectively odd).

If L is of Type IV and satisfies the assumptions of the theorem, then by Theorem [2.11.8]
we know that L must be a CM field.

We thus have the following list of possibilities for L:
1. Q (Type I)
2. A real quadratic field (Type I)
3. A totally real field of degree p (Type I)
4. A totally real field of degree 2p (if w odd) (Type I)
5. A quaternion algebra over Q (Type II/ Type III)
6. A quaternion algebra over F', where [F': Q] = p (Type II if w odd/ Type III if w even)
7. A CM field of degree 2 (Type IV)
8. A CM field of degree 4 (Type IV)
9. A CM field of degree 2p (Type 1IV)
10. A CM field of degree 4p (Type IV).

First consider the cases when L is of Type I. Then by Table 2.1] the Lefschetz group of
V'is Rp/gSp(rV), when w is odd, and Rp/pSO(rV'), when w is even. So consider Case (1).
By Proposition the Hodge group H = Hg(V) is either equal to Lef(V') or, when w
is even, we may also have RL/QSU(Zk), where 4p = (2,3:) for some k > 3. However, by a
combinatorial argument similar to the one used in the proof of Theorem [2.12.2] this latter

case is impossible.

In Case (2), Proposition yields that H is either equal to Lef(V') or, when w is even,

we may also have Rp,pSU (2’“), where 2p = (2,3:) for some k > 3. However, as verified
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in the proof of Theorem [2.12.2] this latter case is impossible. Case (3) is taken care of by
Proposition [2.9.2, Case (4) is taken care of by Proposition since in this case 75 =1
and thus in both even and odd weights the only possibility for H is Lef(V'). This finishes

the cases for L of Type I.

For L of Type IT or Type 111, referring to Table , Case (5) is taken care of by Proposition

2.10.1 again using that 2p cannot be of the form (231) for £ > 3. Case (6) is also taken
care of by Proposition [2.10.1]
When L is of Type IV, Tableyields that the Lefschetz group is Rp/oU(B,” ). Namely,

under the hypotheses of the theorem, the predicted Hodge group in the cases when L is of
Type IV is strictly smaller than the Lefschetz group. The statement of the theorem for

these Type IV endomorphism algebra cases, meaning Cases (7) through (10), follows from
Theorem 2.11.8] O]

2.13 Applications to the Hodge Conjecture for Abelian Varieties

In Section we determined the possible Hodge groups of simple polarizable Q-Hodge
structures with Hodge numbers (n,0,...,0,n) when n was equal to 1, a prime p, 4 and 2p.
The results for n = 1, p, and 4 are generalizations of previous results in [Rib83], [Tan82], and
[IMZ99] about the possible Hodge groups of simple n-dimensional abelian varieties. However,

the results in Section [2.12] about the Hodge groups when n is equal 2p are new.

Since, by Remark [2.3.1] there is a polarization-preserving equivalence of categories be-
tween the category of Q-Hodge structures of odd weight and Hodge numbers (n,0...,0,n),
and the category of complex abelian varieties of dimension n, it is natural to ask about the
implications of Theorem for complex abelian varieties. In particular, it is natural
to wonder about the implications in terms of both the Hodge Conjecture and the General

Hodge conjecture for these simple complex abelian varieties of dimension 2p.

In order to simplify notation, in the case of an abelian variety A, we will denote by

Hg(A) and Lef(A) the Hodge and Lefschetz groups respectively of the Q-Hodge structure
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V =H'Y(A,Q).
If A has dimension n, we also introduce the notation W (A) to denote the set of CM fields

E such that V' is an E-Hodge structure with Hodge numbers (%:,0,...,0

B B
Corollary 2.13.1. Let A be a simple complex abelian variety of dimension 2p, where p is
an odd prime. Suppose the endomorphism algebra L of the Q-Hodge structure V.= H'(A, Q)

satisfies either

1. L is of Type I, II, or 111

2. L is of Type IV, there exists an imaginary quadratic field E € W(A), and [L : Q] # 4p.

Then, if the Hodge conjecture is true for all powers of A, then the General Hodge Conjecture

1s true for all powers of A.

Proof. By Theorem [2.12.7] the Hodge group H g(A) is semisimple and is equal to the semisim-

ple part Lef(A)*® of the Lefschetz group of A. Moreover, when L is of Type III, then by

Shimura’s classification of the possible endomorphism algebras of a simple abelian variety
4p

[Shi63, Theorem 5|, we must have L a quaternion algebra over Q. Namely ol is equal to

p, where p is odd. So A satisfies the following two conditions:
1. Hg(A) = Lef(A)*

2. If L is of Type III, then 2%{‘ is odd.

These conditions are exactly the hypotheses of a result of Abdulali [Abd97, Theorem 5.1],
which then shows that under the above circumstances, the Hodge Conjecture for all powers

of A implies the General Hodge Conjecture for all powers of A. m

For any £ € W(A), let J be the maximal totally real subfield of E and let C' be the the
centralizer of E in Endg(V). The Hodge structure V may be viewed as an E-vector space,

say of dimension /. Thus define

WE:/\V.



Since V' is an E-Hodge structure, a result of Moonen and Zarhin [MZ98, Section 6] shows

that Wy consists entirely of Hodge classes. The elements of Wy are called Weil classes.

We now introduce the group M (A), originally defined by Murty in [Mur00, Section 3.6.4].

Definition 2.13.2. For a simple complex abelian variety A, let the Murty group M(A) be

given by

M(A) =Lef(A)()| () RuyeSUC,)

EEW(A)

Thus for any simple complex abelian variety A, we have:
Hg(A) C M(A) C Lef(A). (2.21)
In [Mur(00], Murty proves the following property about the Murty group:

Proposition 2.13.3. [Mur00, Proposition 3.8] For a complezx abelian variety A, the Hodge
ring

B.(Ak) _ @ (HZZ(Ak,Q) N Hl’l)

1>0
is generated by divisors and Weil classes for all k > 1 if and only if Hg(A) = M(A).

Corollary 2.13.4. Let A be a simple complex abelian variety of dimension 2p, where p is
an odd prime. Suppose the endomorphism algebra L of the Q-Hodge structure V- = H'(A, Q)

satisfies either

1. L is of Type I, II, or 111

2. L is of Type IV, there exists an imaginary quadratic field E € W(A), and if [L : Q] =
4p, then L/Q is Galois.

Then for every k > 1, the Hodge ring B*(A*) = @5, (H?(A*, Q) N H™) is generated by

divisors and Weil classes.

Proof. When L is of Type I, II, or III in Albert’s classification, then by [2.13.3] we have
Lef(A) = M(A). Since A corresponds to a simple polarizable Q-Hodge structure V' with
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Hodge numbers (2p,2p), when L is of Type I, II, or III, then by Theorem [2.12.7, we have
Hg(A) = Lef(A). Hence, in Case (1) in the statement of the corollary, the Hodge group of

A is indeed equal to the Murty group of A.

In the situation of Case (2), by Theorem [2.12.7 we have

RpoSU(B,”) if [L: Q] #4p

Hg(A) =

where B is the centralizer of L in Endg(V'). Moreover, in this case, the Lefschetz group of
Ais:
RpU(B,”) if [L:Q] # 4p

However, observe that this means for some E € W(A) with totally real subfield J and

Lef(A) =

centralizer C' in Endg(V'), we have:
Hg(A) = Lef(A) N RyoSU(C,™ ).

Namely, M(A) C Hg(A) and so by (2.21]) above, we have M(A) = Hg(A). Then Murty’s
result, Proposition [2.13.3) implies that for every k > 1 the Hodge ring B*(A¥) is generated

by divisors and Weil classes. [

Corollary 2.13.5. Let A be a simple abelian variety of dimension 2p, where p is an odd
prime. Suppose the endomorphism algebra L of the corresponding Hodge structure V =
HY(X,Q) is of Type I or II in Albert’s classification. Then both the Hodge and General

Hodge Congjectures are satisfied for every power of A.

Proof. In [MZ98, Section 13], Moonen and Zarhin show that both the Type IIT and Type IV
cases in the statement of Corollary will yield exceptional Hodge classes in Wy, but
that this will not occur in the Type I and Type II cases. Namely if L is of Type I or Type
II, then all of the Weil classes in Wy are actually just divisor classes. Hence the Hodge ring

B*(A¥) is generated by divisors and so the Hodge Conjecture is satisfied for every power of
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A. However, by Corollary [2.13.1] since the Hodge Conjecture holds for all powers of A, the
General Hodge Conjecture holds for all powers of A. m
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CHAPTER 3

Geometry of Schreieder’s Varieties with Hodge

NumbeI‘S (9707 L 7079)

3.1 Introduction

In this chapter, we turn our attention to one particular class of examples, constructed by
Schreieder in [Sch15], of smooth projective varieties whose rational cohomology realizes a
Q-Hodge structure with Hodge numbers (n,0,...,0,n). Fixing an integer ¢ > 1 and a
dimension d > 1, these smooth projective varieties X, are constructed as smooth models of a
quotient C’j /G, where Cy is a hyperelliptic curve of genus g = % and where G = (Z/3°7)%1
is a finite group of automorphism acting on the product Cg. Recalling the notation for the

Hodge numbers h?? = dim HP in the decomposition H*(X,,C) = P HP4 Schreieder

p+g=k

proves that these smooth projective varieties X, have the following property:

Proposition 3.1.1. [Schi5, Theorem 17] For any ¢ > 1, the Hodge numbers of the d-

dimensional variety X, satisfy h*® = h% = g and h?? = 0 for all other p # q.

Moreover, Schreieder proves that all Hodge classes of X, are algebraic [Sch15l, Section 8.2].
Hence, in addition to their noteworthy Hodge numbers, these varieties X, give an infinite
collection of varieties for which the group H%(X,,Z).i, of algebraic classes in H%(X,,Z) has
rank h%%%/2 which is the maximum possible. In particular, in dimension d = 2 these varieties
X, give examples of surfaces with arbitrarily large geometric genus having maximal Picard
number. They thus add to recent examples of Picard maximal surfaces given by Beauville

in [Beald] and Arapura-Solapurkar in [Aral6]. In higher dimensions, Shioda [Shi79, Section
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3] and Beauville [Beald, Propsition 11] showed that 2d-dimensional Fermat hypersurfaces F
of degree 3 and 4 have their group of algebraic classes H?(F,Z),, of maximal rank equal to
h4/2:4/2 and Beauville [Beal4], Proposition 12] constructed examples of cubic fourfolds which
have this property as well, however aside from these, very few other nontrivial examples (for
instance, with nonzero Hodge number h%?) were previously known. All of this motivates the

study of this particular class of examples.

In the context of this thesis, the particular features of the Hodge numbers and Hodge

classes of these varieties X, allows us to prove:

Theorem For the d-dimensional variety X., the subspace V, C HY(X.,Q) of tran-
scendental classes is a Q-Hodge structure of CM type with Hodge numbers (g,0,...,0,q). It
decomposes into a sum V, = @f;é W;, where each W; is a simple polarizable Q-Hodge struc-

ture of CM type with Hodge numbers (31,0, ...,0,3") and endomorphism algebra Q(¢3 "),

Note that if the dimension d of the variety X, is odd, then we have V, = H¢(X,,Q),
meaning that the degree d rational cohomology of X, is itself a Q-Hodge structure with

Hodge numbers (g,0,...,0,g).

The fact that these varieties X, thus give an explicit geometric realization of a Q-Hodge
structure with Hodge numbers (g, 0, ..., 0, g) as the rational cohomology of a smooth projec-
tive variety motivates our investigation of the geometry of these varieties X,.. In this chapter,

we study the litaka fibration of the varieties X. and prove the following:

Theorem [3.5.1. For every ¢ > 2, the litaka fibration of X. has image P' and yields a
fibration f: X, — P! with exactly 3¢ + 2 singular fibers, where the reducible fibers occur

above 0 and oo and the irreducible fibers occur above the 3¢-th roots of (—1)%.

In the case, when the variety X. has dimension 2, we may give a more detailed geometric

analysis of the litaka fibration in order to conclude that for a particular subgroup I'. of index

6-3°in SL(2,Z):

Theorem [3.6.8 For ¢ > 2, the surface X, is the elliptic modular surface attached to I...
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The organization of this chapter is as follows. In Section [3.2] we discuss initial cohomo-
logical properties of the varieties X, that may be obtained directly from their construction.
In Section [3.3], we present the details of the construction of these varieties X,.. In Section
3.4 we calculate the Kodaira dimension of the varieties X., showing first in Section |3.4.2
that X, has Kodaira dimension 1 when X, has dimension 2 and then proving inductively in
Section that the varieties X, have Kodaira dimension 1 in any dimension d. In Sec-
tion |3.5, we investigate the litaka fibration of X, in arbitrary dimension d. Then in Section
[3.6] we investigate the Iitaka fibration of X, in greater detail in the case d = 2. We analyze
the induced elliptic fibration f: X, — P!, showing in Section that X, is an extremal
ellitpic surface with Mordell-Weil group Z/47Z. In Section we analyze the j-invariant of
the fibration and use this to show in Section that the surface X, is an elliptic modular

surface.

3.2 Initial Properties

Before going into the details of the construction of the varieties X., we begin by presenting
some of the initial cohomological properties of these varieties, so as to motivate further

investigation of their geometry and place them within the broader context of this thesis.

Proposition 3.2.1. [Schib, Section 8.2] The d-dimensional Schreieder variety X. comes
equipped with an automorphism ¢ of order 3¢ such that the pair (X., @) satisfies:

1. The Hodge numbers h?4 of X, are given by h*® = h%? = g and h»? = 0 for all other
pFq

2. The action of ¢ on H¥°(X,) has eigenvalues (,(?, ..., (9, where ¢ is a primitive 3°-th

root of unity.

3. For all p > 0, the group HPP(X.) is generated by algebraic classes which are fixed by
the action of ¢.

Since HPP(X,.) is generated by algebraic classes, the varieties X, perforce satisfy the
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Hodge Conjecture. Moreover, we have the stronger statement that for any 0 < p < d,
the subgroup of algebraic classes H*(X,,Z)a, in H*?(X,,Z) has maximal rank h?P?. These

rather special properties of the varieties X, allow us to prove the following:

Theorem 3.2.2. For the d-dimensional variety X,, the subspace V. C HY(X,,Q) of tran-
scendental classes is a Q-Hodge structure of CM type with Hodge numbers (g,0,...,0,q). It

decomposes into a sum V, = @f;é W, where each W is a simple polarizable Q-Hodge struc-

ture of CM type with Hodge numbers (3°,0,...,0,3") and endomorphism algebra @(C367<H1>).

Proof. From Proposition , if d is even, we have a decomposition H%(X,,C) = H** @
H24/2q {04 where the subspaces H4° and H%? have dimension ¢ and where the subspace
H?24/2 i3 generated entirely by algebraic classes. Thus since H%? @ H%¢ is the orthogonal
complement of H%?%2 in H(X,, C) under the intersection pairing, which is a bilinear form
defined over Q, we know that the space H4° @ H%? is defined over Q. Namely, the subspace
V. C HY(X.,Q) of transcendental classes has the property that V. ®g C = H4® & H%? and
thus V. is a Q-Hodge structure with Hodge numbers (g,0,...,0,g). If d is odd, then we just
have HY(X,,Q) = H*° ® H% and so V, = HY(X., Q).

It thus remains to show that the Hodge structure V. is of CM type with endomorphism

algebra having the stated property.

By Proposition [3.2.1] the variety X. comes equipped with an automorphism ¢ of order
3°. We now consider the induced action ¢* of ¢ on the Hodge structure V.. From (2) of
Proposition , this induced action ¢* of ¢ on H%Y has eigenvalues ¢,(?,...,¢9. Since ¢
has order 3¢, we know that ¢* satisfies the equation 23" — 1 = 0. Now, we may factor the
polynomial 2% — 1 into a product of the k-th cyclotomic polynomial ®,(z) for k dividing 3¢

as follows :

¥ —1= Z Oy (x) = O1(x)P3(x) - - - P3e ().

k|3¢
Observe that ¢¥ is a root of ®s.—; for every 0 < j < ¢ — 1 and that moreover every such ¢¥

appears in the list ¢,(?, ..., (9. Therefore, the lowest degree polynomial f(x) of which ¢* is
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a root is the polynomial:

c_
513'3 1

rx—1

() = [T B =

Consider the endomorphism algebra L = Endg_pgs(Ve) of V. as a Hodge structure. Since

¢* gives an automorphism of the Hodge structure V, we know:
Q[=/(f) c L. (3.1)
Now observe that the degree of f(z) is 3 — 1, which is equal to 2g. So we have
29 = [Q[z]/(f) : QI < [L: Q] <2g.

Hence we must have the equality L = Q[z]/(f). Then using the factorization of the poly-
nomial f(z) and the semisimplicity of the category of Q-Hodge structures, we have that the
Q-Hodge structure V, decomposes into a sumV, = @f;é W;, where each W; is a simple polar-
izable Q-Hodge structure with Hodge numbers (3,0,...,0,3") and endomorphism algebra
@(C?’C*(Hl)). Since each Hodge structure W; has endomorphism algebra with an embedded
CM field of degree equal to the dimension of W;, it follows that each W; is of CM type and

consequently so is V. [GGK12, Proposition V.3]. O

3.3 Construction of X,

Now that we have provided some motivation for the study of the varieties X,., we present

the details of their construction as presented in [Sch15l Section 8§].

For a fixed ¢ > 1 consider the hyperelliptic curve C, of genus g = % given by a smooth

projective model of the affine curve
[ = 0%+ 41}

The curve Cy is obtained from this affine curve by adding a point at oo, which is covered by
an affine piece

{v? = 2 4},
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1

where © = w=! and y = v - u=9"!. Note that to unify the discussion, here a hyperelliptic

curve of genus 1 means an elliptic curve.

Consider the automorphism % on Cj of order 3¢ given by, for ¢ a primitive 3°th root of

unity,

(z,y) = (C-z,y)

(u,v) = (71 - u, ()

The d-dimensional variety X. is constructed inductively, so let us denote by X.(d) the
d-dimensional such variety. Then, each X.(d) comes equipped with a distinguished auto-
morphism, which we denote ¢4. In the case d = 1, the variety X.(1) is just the curve C, and

its distinguished automorphism ¢; is the automorphism 1.

The idea for the inductive construction is that if two such varieties (X.(d;), ¢q,) and
(X.(dz), ¢a,) have been constructed, the new variety (X.(dy +ds), ¢a, 14,) can be constructed

as follows:

Consider the subgroup of Aut(X.(d;) x X.(dz2)) given by
H = (¢ xid,id x ¢g,).
For each i = 1,...,c, consider the element of order 3! inside of H given by
= (¢g, X a,)* .
Thus 7; generates a cyclic subgroup H; := (1;) C H, which gives a filtration
0=HyCHi C---CH.= (" x )

such that each quotient H;/H; 1 is cyclic of order 3. Now, let

Yo = Xi(dy) x Xi(da),
Y, = Blow up of Y; along Fixy, (1),

Yy = Blow up of Yj along Fixyy(n:).
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Observe that since the action of the group H restricts to an action on Fixy,(n;), the action
of H on Y lifts to an action on Y and then similarly to an action on Yj'. Here, by abuse of
notation, we let (1) denote both the subgroups of Aut(Y,) and Aut(Y,’) generated by the

action of n; € H.

Define for i € {1,...,k}:

Y, =Y /{ni),

Y/ = Blow up of Y; along Fixy, (n;11),

Y;" = Blow up of Y} along Fixy:(n;11).
Namely we have the following diagram:

NS \YZ/\YM/ N\,

Each arrow to the left in the above diagram corresponds to a sequence of two blow-up maps

and each arrow to the right corresponds to a 3 : 1 cover.

Schreieder proves [Sch15l, Proposition 19] that each Y;,4 is a smooth model of Y;/(n;) and
thus, in particular, the variety X.(dy + dz) := Y. is a smooth model of Yy/(¢;" x ¢a,). The
distinguished automorphism ¢g4, 14, on X.(d; + ds) is then defined to be the one induced by

the automorphism id x ¢4, on Y.

Thus, the inductive construction of X.(d) is as follows. We know we can construct the
variety X, (1) with distinguished automorphism ¢y, since, as discussed, this is just the curve
C, with automorphism . Assume we can construct the variety X.(d) with distinguished
automorphism ¢4, then the above construction allows us to construct the variety X.(d + 1)

with distinguished automophism ¢4 1.

We will by abuse of notation assume that these varieties X, are minimal. As constructed
above, they are not, but since subvarieties correspond to Hodge classes in cohomology, after
sufficient contractions they can be taken to be minimal, without affecting the desired form

of the Hodge diamond.
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3.4 The Kodaira Dimension of X,

For a smooth algebraic variety V' and any m > 0, the m-th plurigenus of V' is given by P, =
RO(V, KZ™). The Kodaira dimension r of V is —oo if P, = 0 for all m > 0 and otherwise
it is the minimum x such that P,,/m" is bounded. If V' has dimension d, then the Kodaira

dimension of V' is either —oo or an integer 0 < x < d.

In order to compute the Kodaira dimension of the variety X,., we thus wish to consider
the plurigenera P,, = h®(X., Kg™) for m > 0. Since X_ is constructed from C¢ by a sequence
of blow-ups and quotients, it is necessary to establish what happens to global sections of
powers of the canonical bundle of C’g under these blow-ups and quotients. More generally,
we establish how the vanishing of forms on X, in any dimension changes under blow-ups and

quotients.

3.4.1 Forms Under Quotients

Recalling the notation from the construction of X, in Section [3.3] consider the 3 : 1 cover
maps f; : V" — Y1, where V" and Y;;; have dimension d. The Riemann-Hurwitz formula

gives:

. a—1
Kyr=f | Kvi,+ Y —D (3.2)
DeDiv(Yiy1)

where a is the order of the group fixing the divisors in Y;” mapping to D under f;. However,
by construction, the group G,1/G; acting on Y;” is isomorphic to Z/3Z. Namely for every
irreducible divisor D € Div(Y;11), either a = 1 or a = 3. Moreover, the irreducible D for
which a = 3 are exactly the images of the irreducible components of the exceptional divisors
E! obtained from the blow-up map Y;” — Y/, where it should be noted that it may happen
that £ = Ej. Let Ef, ..., E/, be the irreducible components of E;. Observe that since

N;+1 fixes each of the E!

i, each component E}; descends to an irreducible divisor on Yjy;.
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Equation (3.2)) then yields:

k;
KY/’ - fz* (KYi+1) + Z 2Ez{fj‘

j=1
This gives:
k;
K =" omEl = f; (K;%ﬁ) . (3.3)
j=1
Now for an algebraic variety V' with a coordinate patch (21, ..., z4) having the standard
action of G¢, on C?, we say that a form w is toric on the patch (z1,..., z4) if the divisor of
zeros of w is invariant under the action of G2,.
Definition 3.4.1. A toric form w on a coordinate patch (z1, ..., z4) on an algebraic variety
V' has vanishing sequence (B, ..., [Bq) on the point (z1,...,2z4) = (0,...,0) if w vanishes to
order f3; along the hypersurface z; = 0.
Now consider a G, j-invariant form o on Y;”. Suppose Y;” has local coordinates (z1, . . ., zq)

around some E!. such that without loss of generality E

g ' is given by z; = 0 and E}; is fixed

s

by the action of G;;1.
Consider the point R = (0,...,0) on E};. Suppose the vanishing sequence of o on R is
(a1, .., qq).

Then, using Equation (3.3, the vanishing sequence of the pushforward of o to Y;,; has

vanishing sequence on the image of R in Y;,; given by:

(%(al —2m), g, ..., Qq). (3.4)

3.4.1.1 Forms Under Blow-Ups

Let V be a d-dimensional variety with a global section o of K™. Consider a codimension-k
subvariety Z of V', where k > 2, given locally by z; = -+ - = z; = 0. Suppose we have a form

o on V with vanishing sequence (o, ..., a4, 0,...,0) on Z. Namely, o is given locally by:
flz1, .. 2q)(dzy - - dzg)®™,
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and the polynomial f has vanishing sequence (aq,...,a,0,...,0) on 2y = -+ = z, = 0.
Blowing up V' at Z introduces new coordinates (z1, ..., z;,), with 22} = z;2] for all ¢, j. Then,

on the coordinate patch of the blown-up variety V' given by z. # 0, we have coordinates:

(Zl, e Ry Ry Zi+17 ey Zk>zk+1> ceey Zd),

!

where Z; = i—ﬂ and thus z; = #;2Z;. Thus, locally around the exceptional divisor E, the form

/
[

o pulls back to the form:

m(k—1) z = > > 5 p s 5 ®m
2 Jf(ziZ1, o 20, 20y ZiZig 1y - Ziks Zkrds - - o5 Za)(d2L - - A2y dzidZiyy - - - dZpdzgy - - - dzg) ™™

In the new coordinates (21, ..., 21, 2, Zit1,s - - - » 2k, Zkt1, - - -, 2d), consider the point R =

(0,...,0). Then the vanishing sequence on R of the pullback of ¢ to V' is given by:

k
(041,---7041‘—1,Zal+m(k_1)a04i+1,-~,04d)- (3.5)
I=1

3.4.2 The 2-Dimensional Case

We begin by computing the Kodaira dimension of X, in the case when X, is a surface.
Consider the product C, x Cy and the automorphism of Cy x C, given by %—1 X 4. The

surface X, is then the minimal resolution of the quotient (Cy x Cy)/ (¥, X 1y).

Observe that the fixed set of the action of ¢, on C, consists of 3 points. In the coordinate

patch given by {y* = 229" 4 1} we have two fixed points:
P :(z,y)=(0,1) and P» : (z,y) = (0, —1).
In the coordinate patch given by {v? = 42972 + u}, we have a third fixed point:
Q: (u,v) = (0,0).

Hence, the fixed set of wg_l x 1y on Cy x Cy is 9 points consisting of pairs of points taken
from the set {P, P, Q}. The surface X, is then obtained from (C, X Cg)/(@/)g_l X 1),) by

resolving these 9 singular points.
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Now using the Implicit Function Theorem one may verify that the coordinate x is a local
coordinate in the coordinate patch on C, given by {y? = 2%*! + 1} and the coordinate v is
a local coordinate in the coordinate patch on C, given by {v? = u?9*? + u}. Hence v, acts

with weight 1 around P; and P, and acts with weight g around Q.

Thus the Z/3°Z-action of @0;1 X 1y on Cy x C; has weights (—1,1) around fixed points
of the form (P;, P;), weights (—1, g) around fixed points of the form (P;, Q)), weights (—g,1)
around fixed points of the form (Q, P;), and weights (—g, g) around the fixed point (Q, Q).

We will call the 5 fixed points on which z/Jg_l x 1), has weights (—1,1) or (—g, g) the Type
I fized points of Cy, x C, and the 4 fixed points on which wg_l X 1), has weights (—1,g) or
(—g,1) the Type II fized points of C, x C,.

Proposition 3.4.2. For ¢ > 2, the surface X, has Kodaira dimension 1.

Proof. Let o be a global section of Kf%m with vanishing sequence (aj,as) on the 7.-fixed

point (@, P;) and with vanishing sequence (31, ) on the 7.-fixed point (P, Q).

Now, as discussed in Section 7 the automorphism 7. acts with weights (—g, 1) around
(Q, P1). Thus 5, acts locally on the preimage Ej of (@, P1) in Fixyy(n.) with weights

(—g,9+ 1) and (g,1).

Hence 7. acts locally on the preimage Ej of (Q, P1) in Fixyy(n.)with weights

(—=9,0),(0,g+1),(9,9+2), and (—(g + 2),1).
In particular, there is a coordinate patch W{ on Ej on which 7. acts with weights (—g,0).
In the coordinate patch W/, consider the point Ry = (0, 0).

By Equation (3.5)) in Section [3.4.1.1] the image of o on Y’ has vanishing sequence on Ry
given by:
(o + 209 + 2m, ).

Let W, denote the image of W/ under the map fy : ¥y’ — Y; and let Z; denote the image
of Ej under fy. Then, by Equation (3.4) in Section [3.4.1] the image of o on Y] has vanishing
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sequence on fo(Ry) given by:

(%(al + 2a2),a2) |

Now observe that 7. acts with weights (—g,0) on Wj, meaning the fixed locus of the
action of n. on Wi is all of Z;. But Z; has codimension 1 in Y;. Hence, locally on W7, the
blow up maps Y/ — Y/ — Y are isomorphisms. Namely, we have W; = W] = W/ and
Zy = 717 = Z], where 1. acts on W{" with weights (—g,0) and this action has fixed locus
Z{. Then, if W is the image of W]’ under the map f; : Y{" — Y5 and Z, is the image of Z7

under fy, then 7. acts on Wy with weights (—g,0) and this action has fixed locus Z.

Inductively, define W; to be the image of W/, under the map f;—; : Y, — Y; and let
Z; be the image of Z! | under f;_;. Then by induction, for all 1 <i¢ < ¢ — 1, we have that
n. acts on W; with weights (—g,0) and this action has fixed locus Z;. So we always have
W, =2W! =W/ and Z;, =2 Z! = Z!.

Tracing the point Ry through this sequence of blow-ups and quotients, consider the image
of Ry in Y,. Inductively using Equations and , the image of o on Y, has vanishing

sequence on the image of Ry given by:

3c
So, from Equation (3.21)), for o to correspond to a global section of K{™, we need:

(l(a1 + 205 — 3m(3°t - 1)), ag) :

ay +2ay >3m(3—1) and  ay > 0. (3.6)

Symmetrically, since 7, acts with weights (—1, g) around (P, @), there is a coordinate
patch W¢ on the preimage of (P, Q) in Fixys(n.) on which 7, acts with weights (0, g). In

this coordinate patch Wé’ , consider the point Ry = (0,0).

Using Equation 1} the image of o on Y’ has vanishing sequence on R given by:

(81,2081 + B2+ 2m).

Thus, by Equation 1) the image of o on Y; has vanishing sequence on fO(RO) given by:

(ﬁu %(251 + 52))
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in the coordinate patch Wy := fo(W¢).

Once again, considering the image of the point Ry in Y, we have inductively, using
Equations and , that the image of o on Y, has vanishing sequence on the image of
R() given by:

(51, %(251 + By — 3m(3°7! — 1))) .

Hence for o to correspond to a global section of K}‘?Z”, we need:

B >0 and 281+ By >3m (37 —1). (3.7)

We now make use of the following theorem of Kock and Tait:

Theorem 3.4.3. [KT15, Theorem 5.1] Let C' be a hyperelliptic curve of genus g > 2 of the

form y* = f(x) for some f and let w € K™ be given by w = df}%. Then an explicit basis
for H'(C, K3™) is given by the following:

(

w,Tw, ..., 29w ifm=1

W, TW, T2w ifm=2andg=2"

w,zw, ..., "9 D yw, zyw, ..., 2™ DED"2y0,  otherwise

Observe that for the purposes of computing Kodaira dimension, we may assume m > 1.
Thus we consider global sections of K %gm of the form z%w, where 0 < a < m(g—1) or of the
form z%yw, where 0 <a < (m—1)(g —1) — 2.

Begin by considering the affine patch of C; given by {y* = 2%*! + 1}. We know the
variable z is a local coordinate for C, at the points P, and P». Since we have

dx®™m

ym

W = 5

the form w has order of vanishing equal to 0 at P, and P,. Hence both forms z%w and x*yw

have order of vanishing a at fixed points P; and P,.

In (u,v)-coordinates, the form w is given by:

(_ 1>dum(g71)du®m

/l)m
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Recall that v is a local coordinate near the point (). The equation v? = u?*2 + u yields
20 - dv = ((2g + 2)u** + 1) - du. Namely, du and v vanish to the same order. Moreover, u
has order of vanishing 2 with respect to v, hence the order of vanishing of w at the point @)

is 2m(g — 1), which is equal to 3m(3°7! — 1).

Hence a form x%w = u~%w has order of vanishing at () given by:
3m(37) — 2a
and a form z%w = v~ (@+t9+Dyw has order of vanishing at Q given by:
2m(g—1)—2(a+g+1)+1=3m(3 ") - 2a — 3.

Now, from Theorem , without loss of generality global sections of K{i%m are of three
possible forms:

1. 2{'w; X 52w

2. 21wy X 5% Yows

3. 'y X 252 Yaws.

Consider first the case of a global section o of Kf%m of the form z7'w; X x5%w,. Then in

the above notation we have:
(a1, a9) = (3m(3°1 = 1) — 2ay, a9) (3.8)

(B1, B2) = (a1, 3m(3°71 — 1) — 2ay) (3.9)

Then Equations (3.6) and (3.7) yield, after simplification, that we must have:

a; = Q9.

In the case of a global section o of Kf%m of the form z{'w; X 252ysws, we have:

(a1, a9) = (3m (3" — 1) — 2ay, as) (3.10)
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(B1, B2) = (ay,3m(3° — 1) — 2ay — 3°) (3.11)

Then Equations (3.6) and (3.7)) yield, after simplification, that we must have:
2@2 2 2@2 + 30,

which is impossible. So no such ¢ can exist.

Finally, in the case of a global section ¢ of Kf%m of the form z{'y;w; X x52ysws, we have:
(a1, a) = (3m(3°t = 1) — 2a; — 3¢, ay) (3.12)

(61, B2) = (a1,3m(3°7" = 1) — 2a, — 3°) (3.13)

Then Equations (3.6) and (3.7) yield, after simplification, that we must have:
2&2 2 2&2 +2- 30,

which is impossible. So no such ¢ can exist.

Therefore, any global section of Kg?:” must necessarily come from a G.-invariant global
section of K™ of the form:

Tiwy X THws
for 0 <a<m(g—1).

Now observe that 1, sends the form w to ("w. Hence the form z{w; X 25w, is G -invariant

if and only if (—m —a) + (a+m) =0 mod 3¢, which is always the case.

Therefore, any global section of Kg?;” corresponds exactly to a form x{w; X x§wy with
0 <a<m(g—1). This is a linear condition on m, therefore the Kodaira dimension of X,

is at most equal to 1.

However, by construction, we have h%(X,, Kx.) = h*® = ¢. In particular, this means
ho(X., Kx,) is greater than 1, so the Kodaira dimension of X, is at least equal to 1. Hence,

the Kodaira dimension of X, is exactly equal to 1.
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3.4.3 Kodaira Dimension of X, in Arbitrary Dimension

Recall the notation and construction established in Section 3.3} In particular, recall that
the fixed set of the action of ) on C, consists of 3 points. In the coordinate patch given by

{y? = 2?97 + 1} we have two fixed points:
Pl : (x,y) = (071) and P2 : (:E,y) = (07_1>
In the coordinate patch given by {v? = 42972 + u}, we have a third fixed point:

Q : (u,v) =(0,0).

Lemma 3.4.4. For ¢ > 2, consider the d-dimensional variety X.. There exists a coordinate
patch Vi on Fixx, (¢) on which ¢ acts with Z/3°Z-weights (0,...,0,1) and there exists a
coordinate patch V, on Fixx, (¢) on which ¢ acts with Z/3°Z-weights (0, ...,0,g).

Moreover, for 1 < j <d let o; be a global section of Kg)gm vanishing to order a;; on Py and
P, and vanishing to order 3; on Q). Then Vi and V, may be chosen so that the form on X,
induced by o1 X - - - X 0, has vanishing sequence (V1. ..,Vi—1,xq) on Vi for some v1,. .., Vi1

and vanishing sequence (M1, ..., Aa—1, Ba) on Vj.

Proof. We proceed by induction on d. In order to keep track of the dimension, let us denote
the d-dimensional variety associated to ¢ > 2 by X.(d) and denote by ¢, its distinguished

automorphism of order 3¢.

Recall that using the Implicit Function Theorem one may verify that the coordinate x is
a local coordinate in the coordinate patch on C, given by {y? = 2%*!+1} and the coordinate
v is a local coordinate in the coordinate patch on C, given by {v* = u?*™ + u}. Hence ¢
acts with Z/3Z-weight 1 around P; and P, and acts with Z/3°Z-weight g around Q. This

verifies the d = 1 case.

Assume the result holds for d—1. Then there is a coordinate patch V; on Fixx, (q—1)(¢q-1)
on which ¢4 acts with Z/3°Z-weights (0,...,0,1) and there exists a coordinate patch V,

on Fixx, (a-1)(¢4—1) on which ¢q_1 acts with Z/3°Z-weights (0,...,0, g). Moreover, we may
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choose V; and Vj so that the form on X,_; induced by oy X --- 04 has vanishing sequence

(71, -+ Yd—1, q) on V; for some 71, ..., 741 and vanishing sequence (Aq, ..., Ag_1, Bq) on V.

Now let
Yy :=Cy x Xo(d—1).

Consider the action of id x ¢4_1 on Y. Then V; corresponds to a coordinate patch V; on
Fixy, (id X ¢pg—1) on which id X ¢4_; acts with Z/3Z-weights (0,0, ...,0,1) and V; corresponds
to a coordinate patch V on which id x ¢y, acts with Z/3°Z-weights (0,0, ...,0, g). Moreover,

the form on Yj induced by o1 X g9 X -- - 04 has vanishing sequence on V] given by:

(07717 cee 7/7d*17ad)

and has vanishing sequence on V given by:
(07 )\17 tey )\d—la 5d)
Now consider the action on Yy of

Te = wil X ¢d71-

On V! N Fixy,(m) the Z/3°Z-action of 7. has weights (—1,0...,0,1) and (—g,0,...,0,1)
and on V] N Fixy, () the Z/3Z-action of 7. has weights (=1,0...,0,g) and (—g,0...,0,9).

Denote by Vi the coordinate patch on V/ N Fixy,(7,) on which the Z/3°Z-action of 7,
has weights (—g,0,...,0,1) and denote by V, the coordinate patch on V, N Fixy,(m) on
which the Z/3°Z-action of 7. has weights (—1,0,...,0,g). Then the form on Y; induced by

01 X 09 X - - - 04 has vanishing sequence on V; given by:

(07’717 CIE 7’Yd—1>ad)

and vanishing sequence on \N/g given by:
(07 Ah CII) >‘d—17 Bd)

The variety X.(d) is obtained from Y := C,; x X.(d — 1) by performing a sequence of

blow-ups along the fixed set of some n;-action and Z/3Z-quotients. Consider the variety Yy,
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obtained by blowing up Yj at Fixy,(1;). Locally in Vi and f/g, the blow up introduces new co-
ordinates z1, Z,. In the 21 # 0 patches, the Z/3°Z-action of 1. has weights (—g,0,...,0,g9+1)
and (—1,0,...,0,g9-+1) respectively. The Z/3°Z-action of id X ¢,,_1 has weights (0,0,...,0,1)
and (0,0,...,0,g) respectively. Moreover, using Section the form on Yy induced by

01 X 03 X - - - 04 has vanishing sequence on the strict transform of ‘71 given by:

(Qa +m, Y150 Va1, 0a)

and has vanishing sequence on the strict transform of \79 given by:
(ﬁd + m, Ah ) )‘d—17 611)

Inductively, considering at each blow-up step the coordinate patch given by Z; # 0, the
corresponding coordinate patches in Y. = X, will have Z/3°Z-action of id x ¢4 having
weights (0,0,...,0,1) and (0,0,...,0, g) respectively. Note that since since both 1 and g are
congruent to 1 mod 3, these weights will be unaffected by the Z/3Z-quotients. Additionally,

the form induced by o1 X g9 X --- 04 has vanishing sequences on them given by:

(01004 + 02m, Y1, - -+ s Ya—1, Q)

and
(€184 + em, A1, ..., Ag—1, Ba)

for some constants 41, ds, €1, €5. However, by construction ¢4 is just the image of id X ¢4

on Xy, so this finishes the proof. m

3.4.3.1 Kodaira Dimension Computation for X,

Theorem 3.4.5. For ¢ > 2, the d-dimensional Schreieder variety X. has Kodaira dimension

1.

Proof. We proceed inductively on d. As in the proof of Lemma let X.(d) denote the
d-dimensional Schreieder variety associated to ¢ > 2 and let ¢, denote its distinguished

automorphism of order 3¢.
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Using the proof of Theorem , we know that global sections of K™ correspond to

m

global sections of K¢, of the form

Tiwy X THws

where 0 < a < m(g —1). Thus, for the induction hypothesis, assume that global sections of

K;‘?Z’Z 1) correspond to global sections of K ?gﬁ , of the form
Tiwy X« X TG Wa—1

where 0 < a < m(g — 1). Then we may proceed much in the same way as in the proof of

Theorem [3.4.2]

Let Yy = Cy x X(d — 1). Let o be a global section of K?™. Then we may write

o=01 XT,

where o7 is a global section of K, ?gm and 7 is a global section of Kﬁ?:(l i-1)-

Inductively, the form 7 corresponds to a global section of K?;T , of the form
g

Towa X + - X THWq,

where 0 < a < m(g—1).

Suppose that o vanishes to order 3, on the ¢-fixed points P, and P, of Cy and suppose
that oy vanishes to order «; on the 9-fixed point @ of Cj.

Moreover, for 2 < j < d suppose the form z§w; vanishes to order o; on P and P, and van-
ishes to order 8; on ). By Lemma there exists a coordinate patch V; on Fixx, | (¢4-1)
on which ¢4_; acts with Z/3Z-weights (0, ...,0, 1) and there exists a coordinate patch V, on
Fixx, ,(¢n—1) on which ¢,_; acts with Z/3°Z-weights (0, ...,0, g). Additionally, the patches
Vi and V, may be chosen so that 7 has vanishing sequence on the point R; = (0,...,0) in
Vi given by:

(Y1 -+ Yd—2, g—1)
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for some 7, ...,74—2 and vanishing sequence on the point R, = (0,...,0) in V; given by:
()\b I 7)\d727 6(171)-

Consider the action of
o= (7 X gar)*
on Yy. We have:
Fixy, (m) = Fixg, (™) x Fixx, ,(¢a_1)-

Hence, the action of

Ne = wil X ¢d71
has Z/3°Z-weights

(—g,0,...,0,1)

around @) x V; and has Z/3°Z-weights

around P, x V. Moreover, the form o has vanishing sequence

(al? Y5 oe s Vd—2s O‘d*l)

on () X Ry and has vanishing sequence

(61, )‘17 CIE) Ad—27 /Bd—l)

OI'IP1XR9.

Since 7. acts with weights (—g,0,...,0,1) around @ x Vi, we have that 7. acts with
weights
(—=g,0,...,0,g+1) and (g,0,...,0,1)

locally on the preimages of @ x Vi in Fixyy(n.). Hence 7. acts with weights

(—g,0,...,0,0),(0,0,...,0,9g+1),(g,0,...,0,9g +2), and (—(g + 2),0,...,0,1)
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on the preimages of @ x V; in Fixyy(.).

In particular, there is a coordinate patch W' on the preimage Ej of @ x V} in Fixyy ()
on which 7. acts with weights (—g,0,...,0,0). Consider the point Sy = (0,...,0) in W{.

By Equation in Section [3.4.1.] the image of o on Yj has vanishing sequence on Sy
given by:

(o1 + 2aq-1 +2m, 71, -, Va2, Gd-1)-

Let W, denote the image of W/ under the map f; : Y’ — Y7 and let Z; denote the image
of Ef under fy. Then, by Equation (3.4)in Section |3.4.1} the image of o on Y; has vanishing

sequence on fy(Sp) given by:
1
(g(oq +209-1), 715 - - Va-2s Qd-1)-

Now observe that 7. acts with weights (—g,0,...,0,0) on W;, meaning the fixed locus of
the action of n. on Wj is all of Z;. But Z; has codimension 1 in Y;. Hence, locally on W,
the blow up maps Y;" — Y/ — Y7 are isomorphisms. Namely, we have W; = W] = W}" and
Zy = 71 =2 7], where 1. acts on W[ with weights (—g,0,...,0,0) and this action has fixed
locus Z7. Then, if W5 is the image of W{" under the map f; : Y{" — Y5 and Z, is the image
of Z7 under fy, then 7. acts on Wy with weights (—g,0,...,0,0) and this action has fixed

locus Zs.

Inductively, define W; to be the image of W/ | under the map f;—; : ¥;”, — Y; and let
Z; be the image of Z!" | under f;—;. Then by induction, for all 1 <i < ¢ — 1, we have that
n. acts on W; with weights (—g,0,...,0,0) and this action has fixed locus Z;. So we always
have W; = W/ =2 W/ and Z; = Z] = Z!'.

Tracing the point Sy through this sequence of blowups and quotients, consider the image
of Sy in Y.. Inductively using Equations and , the image of o on Y, has vanishing

sequence on the image of Sy given by:

1
(g(Cﬁ + QOéd_l — 3m(36_1 — 1)), Y1y« o 5 Yd—25 ad_l).

84



So for & to correspond to a global section of K¥™, we need:

oy 4 20q-1 > 3m(3 = 1), 71, ..., 74-2 > 0, and ag_y > 0. (3.14)

Symmetrically, since 7. acts with weights (—1,0,...,0,g) around P, x Vj, there is a
coordinate patch Wé’ on the preimage of P, x Vg in Fixyx(7.) on which 7. acts with weights

0,0,...,0,¢). In this coordinate patch W/, consider the point Sy = (0, ..., 0).
0

Using Equation 1} the image of ¢ on Y’ has vanishing sequence on Sy given by:

(61, )\la EEER Ad—?a 251 + ﬂd—l + 2m)

Thus, by Equation 1' the image of ¢ on Y] has vanishing sequence on fO(S'O) given by:

1
(Bis Aty v Ada, 5(251 + Ba-1))
in the coordinate patch Wy := fo(WY).

Once again, considering the image of the point Sy in Y,, we have inductively, using
Equations and , that the image of o on Y, has vanishing sequence on the image of
Sy given by:

(Bi, ALy Aaa, %(2& + Ba-1 — 3d(3°7E = 1))).

Hence for o to correspond to a global section of K™, we need:

61 2 O, )\1, c. ,)\d,Q 2, and 251 + ﬁd,1 2 3d(3071 — 1) (315)

By Theorem the form o, is of the form x8w;, where 0 < b < m(g — 1) or of the
form 2%y,w, where 0 < b < (m —1)(g — 1) —2. Moreover, by the argument used in the proof
of Theorem both forms z%w; and 28y w; have order of vanishing b at fixed points P,
and P,. Forms 24w, have order of vanishing 3m(3°71) —2b at Q and forms z4y,w; have order

of vanishing 3m(3“7!) — 2b — 3¢ at Q.

Now without loss of generality o is of two possible forms:

1. 28wy x 1
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2. xlfylwl X T

Consider first the case of ¢ of the form x{*w; x 7. Then in the above notation we have:

(ala V5o e Vd—2, Oédfl) = (3777/(3071 - 1) - 2b7 Yi5- -5 Vd—25 CL) (316>
(517 A17 P )\d—27 /Bd—l) = (b, )\17 ceey )\d_g, 3m(30_1 - 1) - 20,) (317)
Then Equations (3.14) and (3.15)) yield, after simplification, that we must have:

a=b.

In the case of o of the form x7'y;w; X 7, we have:
(ala Y15 -5 Vd—2, CVd—l) = (3m(3c—1 - 1) —2b— 307 Y15 -5 Vd—2; a) (318)

(Biy A, Aae2, Bae1) = (0, A1, .o, Agea, 3m(371 — 1) — 2a) (3.19)

Then Equations (3.14) and (3.15)) yield, after simplification, that we must have:
2a2 > 2&2 + 3C,

which is impossible. So no such ¢ can exist.

Therefore, any global section of Kg?.f(‘ 4 must necessarily come from a G -invariant global
section o of Ky'™ of the form:

Tiwy X T

for 0 < a < m(g — 1). Hence, global sections of K;‘?Z’(l o) correspond to J-invariant global
sections of K5 of the form:
g

Tiwy X - Wy,

for 0 < a < m(g—1). In particular, since the number of forms x{w; X - - x%w, is linear in

m, the Kodaira dimension of X.(d) is at most 1.

However, by construction, we have h°(X.(d), Kx,)) = g, where we know g > 4. In
particular, this means h°(X.(d), Kx,(a)) is greater than 1, so the Kodaira dimension of X, (d)

is at least equal to 1. Hence, the Kodaira dimension of X.(d) is exactly equal to 1.
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3.5 The litaka Fibration of X,

By Theorem m, the surface X, has Kodaira dimension 1. Let P(H°(X,, K§™)) denote
the space of hyperplanes in H°(X,, K}‘?T). Then the image of the litaka fibration of X,

f: X, = PH"X,, K$™),

given by sending a point z to its evaluation on a basis of global sections of KE?Z” for m
sufficiently divisible (see [Laz04, Theorem 2.1.33]), is a curve. Moreover, since X, has h*? =
h%! = 0, this curve must have genus 0. Moreover, the smooth fibers of the morphism f have

Kodaira dimension 0 [Laz04, Theorem 2.1.33]).

Theorem 3.5.1. For ¢ > 2, the morphism f: X, — P(H*(X., K{™)) has the following

properties

1. The image of f is isomorphic to P*.
2. The fibration f: X, — P has exactly 3¢ + 2 singular fibers.
3. The reducible fibers occur above 0 and oo in P!,

4. The irreducible fibers occur above the 3¢ roots of the polynomial t3° — (—1)% and each
has a single singular point.

Proof. For m sufficiently divisible we have the following diagram:

Xe —— P(H(X., K}))
| (3.20)

The horizontal maps are the litaka fibrations associated to K§™ and K 57" and the rational
g
vertical map on the left is the sequence of blow-ups, blow-downs, and quotients needed to

obtain X, from CY.

87



To understand the fibration f : X, — P! ¢ P(H°(X,, K{™)), we thus first would like to

understand the composition

a:Cl--» P(H(X,K$™).

Recall from Theorem W that global sections of K g?;” are of the form

zw for 0 <a<m(g—1).

Observe that the only points of C, on which the form 2% can vanish are the points
P :(z,y)=(0,1) and P, : (z,y) = (0, —1)
in the coordinate patch on Cy given by {y* = 2?9*! + 1} and the point
Q : (u,v) = (0,0)
in the coordinate patch given by {v? = 42972 + u}. In fact, we have:
dz™ ifa=0

w(Py) = (3.21)
0 otherwise,

(=1)™dz™ ifa=0
Tw(Py) = (3.22)
0 otherwise,

)™ ifa=m(g—1
rw(Q) = =) =1 (3.23)

0 otherwise.

From the proof of Theorem W, global sections of Kﬁ?;ﬂ correspond to global sections

of K gﬂcg of the form:

Sq = Tiwy X -+ - TWy,

for 0 < a < m(g —1). Thus we may view the map a : C4 --» P(H*(X,, KY™)) as the

rational map sending:

(Zla s >Zd) = [80(217 .- '7Zd) S Sm(gfl)(zla s >Zd)]'
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Say that P(H°(X,, K$™)) has coordinates [wp : -+ : Wp(g—1)]. Then on the affine patch

of P(H(X,, K{™)) given by wg # 0, the image of a is of the form
(t,t%, ... ),

where t = x1(21) - - - xa(2q).

The images on the other affine patches of P(H°(X,, K$™)) take similar forms. Hence the
image of o : C4 --» P(H(X,, K$™)) is the rational curve P'. This establishes statement

(1)) in the statement of the theorem.

Observe that a sends any curve in Cf of the form Cy x Py, x - P,

in—1

or any permutation
of these coordinates to the point [1: 0 : --- : 0] in P(H°(X,, K;%l")), which corresponds to
the point [1 : 0] in P!. Moreover, the action of the group G which acts on C’g does not
identify these various curves. Namely, the images of all of these curves are curves in the
fiber of [1 : 0] under the fibration f. In particular, the fiber of [1 : 0] under the fibration f

is singular.

Similarly, the map « sends all d curves of the form Cy x @ x --- x @) or any permutation
of these coordinates to the point [0 : --- : 0 : 1] in P(H°(X,, K;’?:")), which corresponds to
the point [0 : 1] in P!. Moreover, the action of the group G does not identify these curves.
Namely, the images of all of these curves are curves in the fiber of [0 : 1] under the fibration

f. In particular, the fiber of [0 : 1] under the fibration f is singular.

So we have identified two reducible singular fibers of f: one occurring at the point [1 : 0]
in P! and one occurring at the point [0 : 1] in P!, which proves statement of the theorem.
Away from these two points, the image of « is given by points (¢,¢2,...,t%9~1) where

t =x1(21) - x4(2q) is not equal to zero.

The fibers of o away from [1 : 0] and [0 : 1] are then the G-invariant hypersurfaces F; in
C’g defined by:

(y%:$?9+1+17 y§:$§g+l+17 R y§:I§g+1+17 l’l"'l’d:t),
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where we are assuming t # 0. Such hypersurfaces F; have Jacobian:

(29 +1)239 2y, 0 0 --- 0 0
0 0 (20413 2y - 0 0
0 0 0 0 - (20+1)22 2y,
Ty g 0 aag-axg 0 - xy-794 O
Hence the fiber F; is singular exactly when y; = --- = y; = 0. When this is the case,
then for each i = 1,...,d we have that z; satisfies the equation a:?gH + 1 =0, namely z; of

the form €271 where £ is a primitive 2 - 3°-th root of unity and 0 < ~; < 3¢ — 1. Hence we

have

= ()

and so

£3° = ¢43° = (_1)(1.

In other words, it ¢ € Cx is such that t** = (—1)¢, then the fiber F} is singular and has

singularities at the points of the form

((z1,1), - (g ya)) = (€ 1), (€7 1),

Now since ( is an even power of &, the action of the group G permutes the points on Fj.
Namely, the image of F; in X, is a hypersurface with a single singular point. Thus there are
3¢ irreducible singular fibers of f, each having a single singular point. Since we have already

shown there are 2 reducible singular fibers, this finishes the proof. n

3.6 Geometry of X, in the Dimension 2 Case

By Theorem [3.5.1] when X, is a surface, the Iitaka fibration f : X. — P! endows X, with an
elliptic fibration. In this section, we study this elliptic fibration in greater detail, exploiting
many of the known tools for studying elliptic surfaces. One may find many of the basic

properties of elliptic surfaces in the surveys [Mir89] and [SS10].

90



In order to understand the geometry of the elliptic surface f : X, — P!, it will be
necessary to understand the resolutions of the singular points in (Cy x Cy)/(3;" X 9)y). To
do this, we will make use of established facts about surface cyclic quotient singularities and
Hirzebruch-Jung resolutions. A brief survey of these can be found in [Kol07, Section 2.4]

and a more detailed explanation can be found in [Reil2].

3.6.1 Surface Cyclic Quotient Singularities and X,

Consider the action of the cyclic group Z/rZ on C? given by
(21, 29) > (€21, €29),
for some a coprime to r, where € is a primitive r-th root of unity. We denote this action by:
1
—(1,a).
(1,0

For coprime integers r and a, the Hirzebruch-Jung continued fraction of ~ is the expan-

sion:

The Hirzebruch-Jung expansion of * is then the sequence

[bOa b17b27b3a s bs]

Then the minimal resolution of the singularity C?/1(1,a) consists of a chain of s +
1 exceptional curves Fy, F1,...,FE, with nonzero intersection numbers F;.F; = —b; and
E;.E;+1 = 1 [Kol07, Proposition 2.32].

Recall from Section that C, x Uy has 9 fixed points under the action of wg_l X 1)y five
Type I fixed points of the form (P, P;) or (@, Q) and four Type II fixed points of the form
(P, Q) or (Q, P;). The automorphism wg_l x 1,4 locally acts on the Type I fixed points with
weights (—1,1) on points (P, P;) and with weights (—g, g) on the point (@, Q). It locally
acts on the Type II fixed points with weights (—1, g) on points (P;, Q) and with weights

(—g,1) on points (Q, P;).
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Hence, the Type I singular points of (Cy x Cy) /{1, X 1y), meaning those points corre-
sponding to Type I fixed points of Cy x C, under the action of %—1 X 1), have Hirzebruch-Jung
expansion:

2,...,2] .

—_——
(3¢—1)—times

-1

Namely the Type I singular points of Cy x Cy /(4

X 1py) are DuVal singularities of type
Asec_1. In other words, the minimal resolution of each Type I singular point consists of a

chain of 3¢ — 1 rational curves, each with self-intersection —2.

The Type IT singular points of (Cy x Cy)/(¥," X 1by) have Hirzebruch-Jung expansion:
2,9 +1].

Hence the minimal resolution of each Type II singular point consists of a chain of two rational

curves, one with self-intersection —2 and one with self-intersection —(g + 1).

3.6.2 Singular Fibers of f: X, — P!

We now study in detail the geometry of the elliptic fibration f : X, — P!. In particular,
although we know from Theorem [3.5.1] where the singular fibers of this fibration occur, we
would like to study the specifics of these fibers. We extensively use Kodaira’s classification,
in [Kod63] and [Kod60], of the possible singular fibers of an elliptic surface. For a survey of
the possible fiber types, see [Mir89, I.4] and [SS10, Section 4].

As we will see, the two kinds of singular fibers that appear here are the singular fibers of
type I, for b > 0 and singular fibers of type I; for b > 0. Singular fibers of type I, consist
of b smooth rational curves meeting in a cycle, namely meeting with dual graph the affine
Dynkin diagram A,. Singular fibers of type I, ; consist of b+5 smooth rational curves meeting

with dual graph the affine Dynkin diagram Dj,4.

Theorem 3.6.1. For ¢ > 2, the elliptic surface f : X, — P! has 3¢+ 2 singular fibers: one
of type I3 located at 0, one of type I5. located at oo, and the remaining 3¢ of type I, and
located at the points Ct, for ¢ a primitive 3¢-th root of unity.
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b3
4-3€ |3C
CxP QxC,
CxP = Q X P,
rQXPZ
[ 4
= P, X Q
/—RXQ
[ 4
PxC,
RxC, CxQ
PxP PxPR
RXP PXP QxQ
@ o 9
0 t o)

Figure 3.1: The elliptic surface f: X, — P!

Proof. Recall from the proof of Theorem that for m sufficiently divisible, we have the

following diagram

X, — s P(HO(X,, KE™))

1 t (3.24)

C, x C;, —— P(H°(C, x Cg,Ka”;Cg))

and we consider the composition

a:Cyx Cy--+PHX,KY™))
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given by
(21, 22) — [50(21, 2'2) AR 8m(g—1)<217 22)],

where s, = z{w; X rjwy. Then using the vanishing of forms established in Equations (3.21)),

7 , we have

o ([L:0: 2 0]) =(P x (Cy = Q) U (P2 x (Cy — Q) U((Cy — Q) x P)U((Cy — Q) X P)

a([0::0: 1) =(Q x Q)U(Q X (Cg = P = P2)) U ((Cy — PL = Py) x Q).
(3.25)

Consider the fixed points in C, x C, of the form (P, P;). By (3.25), we know that the
image under o of these points is the point [1:0:---: 0] in P(H°(X,, K™)).

As established in Section , the points (P, P;) are DuVal singularities of type Agze_;
under the action of wg_l X 14. Thus the resolution of each such point consists of a chain
of 37! rational curves of self-intersection —2. By the diagram , for each such point
(P;, P;), all of these 37! rational curves in X, must get mapped to the point [1:0: ---: (]

by the fibration f: X, — P(H(X., K3™)).

Moreover, by (3.24]) in conjunction with (3.25)), since f is a morphism we must have that

the strict transforms in X, of the curves
P1><Cg, PQXCg, CgXPh anngXP2

also get sent to [1: 0 : ---: 0]. Note that the strict transform of C, x P; will intersect the
chain of rational curves resolving the singularity F; x P; at one end of the chain and the

strict transform of P; x €y will intersect the chain at the other end of the chain.

Now, consider the fixed point (Q, Q) in C, x Cy. It gets sent to the point [0:---:0: 1]
by «a. As established in Section [3.6.1] the point (@, Q) is also a DuVal singularity of type
Asze_; under the action of ¢, x ¢, Thus the resolution of (@, Q) consists of a chain of 3~

rational curves of self-intersection —2. So, all of these 37! rational curves in X get mapped

to the point [0 :---:0: 1] by the fibration f : X, — P(H°(X,, K¥™)).

Moreover, again by (3.24]) in conjunction with (3.25)), since f is a morphism we must
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have that the strict transforms in X of the curves
Q x Cyand Oy x Q

get sent to [0 : --- : 0 : 1] as well. Again, the strict transform of @ x C, will intersect the
chain of rational curves resolving the singularity (Q, @) at one end and the strict transform

of Cy x @) will intersect the chain at the other end.

So f sends the strict transforms in X, of the curves

Py x Cy, Py xCy, Cygx P, and Cy x Py (3.26)

to[1:0:---:0] and the strict transforms of the curves
Q x Cyand C; x Q (3.27)
to [0:---:0:1]. Each of the four Type II fixed points in Cy x C,, namely those of the

form either @ x P; or P; x @, has two of the curves in (3.26)) and (3.27)) passing through it.
Observe that these four Type II fixed points are exactly the points on which the rational
map « : Cy x Cy --» P(H°(X,, K™)) is not defined.

Now, as established in Section[3.6.1] these Type II singular points have minimal resolution
consisting of a chain of two rational curves, one with self-intersection —2 and one with self-
intersection —(g + 1). Observe that for a Type II point of the form @ x P;, the strict
transform in X, of the curve @) x Cy will intersect this chain of rational curves at the end
of the (—2)-curve and the strict transform of the curve C, x P, will intersect the chain of

rational curves at the end of the —(g + 1)-curve.

By the adjunction formula, the irreducible curves on X, contained in a fiber of f : X, —
P' C P(H°(X., K¥™)) are exactly those curves F C X, with Ky .F = 0. So, of the two
curves in the resolution of a Type II singular point, the curve with self-intersection —2 gets
mapped to a point by f and the curve with self-intersection —(g + 1) gets mapped to all of
P! by f.

Since the (—2)-curve in the resolution of each Type II singular point intersects either the

curve () x C, or the curve C, x @, both of which get sent to the point [0:---:0: 1] by «,
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we have that f sends these (—2)-curves in the resolutions of the Type II singular points to

[0:---:0:1] as well.

So we have accounted for all of the curves in the resolutions of the singular points of (C, x
Cy)/(th;" X 1g). In summary, the fiber in X, of the point [1:0:---: 0] in P(H°(X,, KY™))
is a cycle consisting of the four sets of 3 — 1 rational curves coming from the resolutions
of the points F; x P; together with the four curves in . Namely, the fiber under f of
[1:0:---:0] consists of

43 =1)+4=4-3°

rational curves. This is a fiber of type I3 in Kodaira’s classification of the singular fibers

of an elliptic surface.

Similarly, the fiber in X, of the point [0 : ---: 0 : 1] consists of the 3¢ — 1 rational curves
resolving the singularity @ x @ together with the curves in and the four (—2)-curves,
each from a resolution of a Type II point. Namely, the fiber under f of [0 : --- : 0 : 1]
consists of a chain of 3¢+ 1 rational curves, where each curve on the ends of the chain has

two additional curves coming off it. This is a fiber of type I3..

Now, by Theorem we know that away from the points 0 and oo in P!, the fibration
f: X. — P! has singular fibers given by curves with a single singularity above the points ¢
for 0 < ¢ < 2¢. By Kodaira’s classification of the singular fibers of an elliptic surface, the

fiber F, must, in fact, be a rational nodal curve, namely a fiber of type I;.

Therefore, in summary, we have identified a singular fiber of type I4.3c at the point 0 in
P!, we have identified a singular fiber of type I} at the point oo, and we have identified 3°

singular fibers of type I, located at the points ('.

We may confirm that these are indeed all of the singular fibers of f using the following
description of the topological Euler number of an elliptic surface. From [CD89, Proposition
5.16] we have that for a complex elliptic surface f : S — C with fiber F, at v € C' having

m, components, we have

Xtop(S) =Y _e(F,), (3.28)

veC
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where

0 if F, is smooth

e(Fy) = { m, if F, is of type I,

m, + 1 otherwise.
\

For any elliptic surface, Noether’s formula implies that the topological Euler number is 12
times the geometric Euler number. Since the surface X, has irregularity ¢ = 0 and geometric

genus p, = ¢, we thus have
Xtop(Xe) =12(g +1) =6-3°+ 6.

Considering the fibration f : X, — P!, the 4 - 3¢ components from the singular fiber of
type Iy.3¢, the 3+ 5 components from the singular fiber of type I3., and the 3° components
from the 3¢ singular fibers of type I; account for exactly 6 - 3¢ 4+ 6 on the right hand side of
Equation . Thus, we have verified that we indeed have identified all the singular fibers
of the elliptic surface X.. O

3.6.3 The Mordell-Weil group of X,

The Mordell-Weil group of an elliptic surface f : S — C'is the group of K-rational points
on the generic fiber of f, where K = C(C). Such an elliptic surface S is called eztremal if
it has maximal Picard rank p(S), meaning p(S) = A™'(S), and if it has Mordell-Weil rank
r=0.

Corollary 3.6.2. The surface f : X. — P! is an extremal elliptic surface.

Proof. Following the notation in [SSI0], for the fibration f : X, — P! and for any v € P!,
let F, denote the fiber f~'(v). Let m, denote the number of components of F, and let R

denote the points of P! underneath reducible fibers. Namely, we have

R = {v € P! | F, is reducible}.
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The Shioda-Tate formula [SS10, Corollary 6.13] gives the Picard number p(X.) in terms of
both the reducible singular fibers of f : X, — P! and the rank r of the Mordell-Weil group:

p(Xe) =2+ (my—1)+r. (3.29)

From Theorem the elliptic fibration f : X, — P! has two reducible singular fibers:
one of type Iy 3 at 0 and one of type Ij. at co. These have 4 - 3¢ and 3° + 5 components

respectively. Hence we have:

D (my—1)= (43— 1)+ (3°+4)

vER

—5.3°43.

So then Equation ([3.29) becomes:
p(X.)=5-3+5+r.

However we know the Picard number p(X.) of X, satisfies p(X.) < hb1(X,).

As discussed in the proof of Theorem [3.6.1] we have Xop(X.) = 12(g+1). Since h'0(X,) =
%1 (X,) = 0 and A*°(X,) = h%%(X,) = g, it follows that h'1(X.) = 10(g +1) =5 3¢ + 5.
Therefore r = 0 and p(X.) = h'1(X,). O

Since the Mordell-Weil group of the elliptic fibration f : X, — P! is the group of C(P!)-
rational points on the generic fiber of f, elements of the Mordell-Weil group determine
sections P! — X, and so may be viewed as curves in X.. In order to determine the Mordell-
Weil group of f: X, — P!, we thus would like to understand the sections of f as curves in
Xe.

Recall that the action of wg_l X 1y on Cy x Cy has 9 fixed points: 5 of Type I, meaning
of the form (P, Pj) or (@, @), and 4 of Type II, meaning of the form (P, Q) or (Q), P;). Let

us denote these four Type II points by:

01 =Qx P, p=Qx P, 03=P xQ, o,=PFPxQ.
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We have seen in the proof of Theorem that the images in X, of the points ¢§; consist
of two rational curves: one with self-intersection —2 and one with self-intersection —(g+1).

Let us denote the —(g + 1)-curves corresponding to d1, ds, 03, and dy, respectively, by:
Cl, CQ, 03, and C4.
Then we have the following:

Proposition 3.6.3. For ¢ > 2, the elliptic fibration f : X, — P! has exactly four sections.

Viewed as curves in X., these sections correspond exactly to the curves Cy, Cs, C3, and Cy.

Proof. By Corollary [3.6.2, the Mordell-Weil group of f : X, — P! has rank 0. Namely, the

fibration f : X — P! has only finitely many sections.

Now suppose we have a section s : P* — X, of f. Let us view s as a curve 5 in X.. So
5 is a rational curve sitting inside of X, and for every t € P!, the curve 5 meets f~1(¢) at

exactly one point.

If 5 is not one of the rational curves introduced in resolving the singular points of (C, x
Cy)/(¥; ' X 1bg), then 5 meets the set of rational curves resolving such a singular point in at
most one point. Namely, the curve 5 is isomorphic to a curve 5 in (Cy x Cy) /(¥ X 9y).
Moreover, the curve 5 intersects the fiber Fy = f71(0) exactly once and intersects the fiber

Fy = f~!(c0) exactly once. Hence the preimage § of § in C; x C has at most two points

fixed by the action of 1/);1 X 1)4. Since § has genus 0, the Riemann-Hurwitz formula yields:
2g(8) —2=3(=2)+ (3= 1)(I) for 0<I<2.

Simplifying using the bounds on [ yields:

Namely, we have a morphism § — C, x Cj, where 5 has genus less than or equal to 1.
However this is impossible since any such morphism can be composed with the projection

map to get a morphism s — Cj;, which cannot exist since C; has genus g > 4. Hence we

99



have shown that any section s : P! — X, must correspond to one of the rational curves

introduced in resolving the singular points of (Cy x Cy)/{1h;" X 1hg).

Moreover, using the canonical bundle formula for an elliptic surface, any section s : P! —
X, considered as a curve in X, must have self-intersection given by the negative of the

geometric Euler characteristic —x(X.) = —(g + 1) [SS10, Corollary 6.9].

However, we have established in the proof of Theorem [3.6.1| that all of the curves in the
resolution of the singular points of (Cy x Cy) /{1, x 1by) have self-intersection —2 except for
the four curves Cy, Cy, C3, and C4 coming from the resolution of the Type II fixed points ¢y,
d2, 03, and d4. It thus remains only to verify that these four —(g + 1)-curves Cy, Cs, C3, and

C, indeed give sections of f : X, — P

Consider the point @ x P; in C; x C,. As discussed in the proof of Theorem ,
the coordinate v is a local coordinate for Cy; near the point ) and the coordinate x is a
local coordinate for C'y near the points F;. So then wg_l X 1), locally acts on the coordinate
patch (v, z2) around @ x P; with weights (—g, 1). After blowing up the point @ x P;, the

automorphism %—1 X 1)4 locally acts with weights:

(=g9,9+1) and (g,1)

on the exceptional curve.
Explicitly, if the coordinates of the exceptional curve are [w; : ws], then %—1 X 14 acts on

the affine patch having coordinates (vy,ws) with weights (—g, g + 1) and acts on the affine

patch having coordinates (wy, x2) with weights (g, 1).

There are two fixed points of this action, corresponding to the points at 0 and at oo on
the exceptional curve. Blowing up these two points yields local action by @b;l X 14 having

weights:

(=9,0), (0,9+1), (g,9+2), and (—(g+2),1).

Thus observe that the exceptional curve E obtained from blowing up the point [w; :

wy| = [1 : 0] is point-wise fixed by the action of wg_l x 1),. Namely, the curve F is unaffected
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by all subsequent blow-ups and quotients involved in producing Y, from C, x C, aside from
the fact that each Z/3Z-quotient multiplies the self-intersection number of E by 3. Hence
the image of E in Y, has self-intersection —3° = —(2¢g + 1).

One may verify that obtaining the minimal surface X, from Y. requires g rounds of
contracting (—1)-curves in the chain of curves resolving ) x P,. At each stage, a (—1)-curve

lies adjacent to F in the chain. This is how in the minimal resolution of ) x P;, the image

of E has self-intersection —(g + 1).

Now, as discussed in the proof of Theorem [3.6.1} away from the points at 0 and at oo in
P!, a fiber F; of the fibration f : X, — P! may be viewed as the image in X, of the curve
F, c C, x Cy given by:

(i =23 + 1, ys =23 + 1,z =1).

As we approach the point Q x P;, we would like to switch coordinates and view this curve

F; as the curve given by:

2, 2g+2 2, 2g+1 -1 _
(v =u?" g, Yy =2+ 1, uy e = t).

Since we have local coordinates (v, z5) near the point @) x P;, very close to Q) X P; we may

think of F} as being given simply by:

v(vy) Ty =t

where v(v1) is a continuous function in v;. Namely, very close to @ x P; the curve F; has

coordinates given by:
(v1, 2) = (v, ty(v1)).
It follows that the slope of F; as we approach the point @ x P; given by (v, z9) = (0,0) is:

t
lim (o) _ 0.
v1—0 Ul

Hence the strict transform F} of F; in the blow-up at @) x P, intersects the exceptional

curve at the point [wy : wy] = [1 : 0]. Near this point, we have local coordinates (vy,ws),

101



where £ = viwy. So very close to the point [w; : we] = [1 : 0], also given by (v1,ws) = (0,0),
the strict transform F/ is given by vyws = ty(vy).
But we know that the point [w; : we] = [1 : 0] gets blown up and its exceptional curve

is E. Hence the strict transform F}’ of F] after this second blow-up must intersect £. Very

close to the point [wy : wy] = [1 : 0], the strict transform F} has coordinates given by:
ty(v
(U17w2) - (Uh 7( 1>> .
U1
Hence the slope of F] as we approach [w; : wy] = [1: 0] is:
t
lim 702)1) =1t.
=0 vy

Namely, the curve I/ intersects E at the point with coordinate ¢ on E. Hence the image F;

of F}' in X, intersects the image of E at the point with coordinate ¢.

So we have shown that a fiber F; of the fibration f : X, — P! intersects the —(g + 1)-
curves C; and Cs in each of the resolutions of the points 4; = Q) x P; and §, = () X P, at the
point on C;-curve with coordinate . Symmetrically, the same also holds for the intersection
of F, with the —(g+ 1)-curves C3 and C4 in each of the resolutions of the points d3 = P; X @
and 0, = P, x Q. Hence for each i = 1,...,4, the morphism s; : P! — X, given by sending
the point ¢ to the point on C; with coordinate ¢ defines a section of the fibration f : X, — P

So we indeed have four sections of f given by the curves Cy, Cy, C3, and Cy. O

Corollary 3.6.4. For ¢ > 2, the Mordell-Weil group of f : X. — P! is isomorphic to Z/AZ.

Proof. From Proposition [3.6.3, the Mordell-Weil group of X. has order 4, namely it must
be either the cyclic group Z/47 or the group Z/27 x Z/27. Viewed as curves in X, the

elements of the Mordell-Weil group correspond to the —(g + 1)-curves
Cy, Co, C3, and Cy
in the resolutions of the four Type II singular points
0N =QXP, 0p=0QX%XP, 03=PxQ, 0g=FPxQ
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in Cy x Cy/ (=1 x 1).

Recall from the proof of Theorem that each resolution of a Type II singular point
9; resulted in two curves: the —(g + 1)-curve C; and a (—2)-curve, which we denote by 7;.
These curves T; form the outermost four components of the fiber of f of type I3., which is

located above oco.
Now let

Sl, SQ, Sg, and S4

denote the strict transforms in X, of the curves (respectively):
Cyx P, Cygx Py, Pp xCy, and P, x C,,.

Then, from the proof of Theorem the curves S; all lie in the fiber of f of type I3,

which is located above 0. Each curve C; intersects the curve S;.

Now an elliptic surface f : S — C' has a group structure on all of its fibers, not just on
its smooth fibers. The group elements in a singular fiber F;, are in correspondence with the

components of multiplicity 1 in F, (see [Mir89, VII.2.6]).

In particular, singular fibers of type [, have all their components of multiplicity 1 and have
group structure G(I,) = Z/bZ. Singular fibers of type I have 4 components of multiplicity 1,
corresponding to the four extremal components, and have group structure G(I}') = (Z/27)?

if b is even and G(I}) = Z/4Z if b is odd [SS10, Lemma 7.3].

For any such elliptic surface f : S — C, let R denote the set of reducible fibers of f.
Then if MW (S) is the Mordell-Weil group of f : S — C, we have, see [SS10, Corollary 7.5],

an injective homomorphism

¥ MW(S)iors = > G(F,),

vER

given by sending a section to the respective fiber components that it meets.

Namely, in the case of the elliptic surface f : X, — P!, we have an injection
v MW(X,) = Z/(4-3°Z x Z]AZ,
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such that
Y(Ci) = (5:,Th).
Hence, we indeed have MW (X,) = Z/47Z. O

3.6.4 The j-Invariant of f: X, — P!

Following Kodaira [Kod63|, for an elliptic surface f : S — C without multiple fibers, let
j : C' --» P! be the rational map such that for every P € C such that f~!(P) is nonsingular,
we have j(P) is the j-invariant of the elliptic curve f~1(P). This rational map j can in fact
be extended to all of C. The morphism j : C — P! is called the j-invariant of the elliptic
surface f : S — C. If P € C is such that f~!(P) is singular, then we have the following
(reproduced from [Klo04]):

Fiber Type over P | j(P)
I # 00
Iy, Ix (b>0) 00
11, 1V, IV* II* 0
111, 11T~ 1728

Lemma 3.6.5. For ¢ > 2, the j-invariant j : P* — P! of f : X, — P! is non-constant.

Proof. From Theorem [3.6.1} all of the singular fibers of f : X. — P! are of type [, or I
with b > 0. Hence the j-invariant of f : X. — P! satisfies j(P) = oo for all P € P! such
that f~1(P) is singular. However, since generically for P € P! the j-invariant j(P) is the j-

invariant of the elliptic curve f~!(P), generically j cannot be co. Thus j is non-constant. [

Proposition 3.6.6. For ¢ > 2, the j-invariant j : P* — P! of f : X, — P! has degree 6 - 3¢
and is ramified at the points 0, 1728, and oo. There are 2 - 3¢ branch points above 0, all of
ramification index 3. There are 3 - 3¢ branch points above 1728, all of ramification index 2.
Finally, there are 2 branch points above oo, one with ramification index 4 - 3¢ corresponding
to the point 0 € P! with singular fiber under f of type Iysc, and one with ramification index

3¢ corresponding to the point oo € P! with singular fiber of type Isc.
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Proof. This follows directly from results of Mangala Nori in [Nor85]. Since f : X, — P! is

extremal with non-constant j-invariant, it follows from [Nor85, Theorem 3.1] that j : P! — P!

is ramified only over the points 0, 1728, and co and that we have:

deg(j) =Y b+ b,
Iy I

where the two sums occur over all the singular fibers of f of type I, and of type I} respectively.

From Theorem the surface X, has one fiber of type 143, a total of 3¢ fibers of type

I, and one fiber of type I5.. We thus have:

deg(j) =6 - 3“.

So indeed the j-invariant of f : X, — P! has degree 6 - 3¢. Now let

Ro={veP[j(v) =0}

Riros = {U € P! | j(U) = 1728}

Then if e, denotes the ramification index of a point v € P!, let

ROZZ(ev_l)

vER

Ry = Z (e, — 1)

vER1728

Then [Nor85, Lemma 3.2] in conjunction with Theorem implies we have the following

3 equations:
7 deg(y)

Ry + Ri7os = 6

 2-deg(y)
3

deg(j)
2

Ry >0

Ri798 — >0

Observe that

2-deg(j) , deg(y) _ 7-deg())
3 2 6
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Therefore we must have equality in Equations (3.31) and (3.32). Namely, we have

2. j
3
deg(j
Ri7os = g2(j) =33

Moreover, because equality holds in (3.31]), Nori’s proof in [Nor85, Lemma 3.2] also implies
that
deg(j) = 3|Rol-

Hence we have:

|Ro| =2 - 3. (3.33)
Now from [Nor85, Theorem 3.1], for any v € Ry, we must have e, < 3. Hence using ,
Ry <4-3°
But we have already shown that in fact equality holds, therefore we have e, = 3 for all
v € Ryp.

Since X, is extremal and f : X, — P! has no singular fibers of type I11*, Nori’s results

[Nor85, Theorem 3.1} also imply that e, = 2 for all v € Ry7ss.

Finally, we know j has a pole of order b; at points v; € P! where the fiber over v; is of

type Iy, or of type I;;. Hence the result follows from Theorem [3.6.1] O

3.6.5 The Surface X, is Elliptic Modular

We begin by giving a brief introduction to elliptic modular surfaces as defined by Shioda
[Shi72].

3.6.5.1 Preliminaries on Elliptic Modular Surfaces

Following Nori [Nor85|, for an elliptic surface f : S — C with j-invariant j : C — P!, let us
define
C'=C\j'{0,1728, c}.
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In particular, for every v € C’, the fiber F, = f~1(v) is smooth.

The sheaf G = R'f,Z on C is the homological invariant of the elliptic surface S. The

restriction of G to C” is then a locally constant sheaf of rank two Z-modules.

Consider the monodromy homomorphism p : 7, (C") — SL(2,Z) associated to f : S — C.
Observe that p both determines and is determined by the sheaf G.

Conversely, let j : C — P! be a holomorphic map from an algebraic curve C to P! and
let " = C\j7'{0,1728,00}. Let X = {z € C | Im(z) > 0} be the upper half-plane in C
and consider the elliptic modular function J : H — P'\{0,1728,00}. Finally let U’ be the
universal cover of C’. Then there exists a holomorphic map w : U’ — H such that the

following diagram commutes:

U ———H

lﬂ | L; (3.34)

C' —L— P"\{0,1728,00}.
This map w thus induces a homomorphism p : m(C') — PSL(2,Z).

Now suppose we have a homomorphism p : m(C") — SL(2,Z) such that the following

diagram commutes:
m(C") —L2—— SL(2,7)

PSL(2,7Z)
Then it is possible to construct a unique elliptic surface f : S — C having j-invariant given
by the holomorphic map j : C — P! and having homological invariant given by the sheaf G

associated to the homomorphism p [Kod63, Section 8.

So now consider any finite-index subgroup I" of the modular group SL(2,Z) not containing
—Id. Then T" acts on the upper half plane H and the quotient T'\H, together with a finite
number of cusps, forms an algebraic curve Cr. For any other such subgroup I/, if I' C I”, then
the canonical map I'\'H — I'"\H extends to a holomorphic map Cr — Cpv. In particular,

taking I" = SL(2,7Z) and identifying Cp with P! via the elliptic modular function J, we get
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a holomorphic map
jp : Cp — ]P)l.

Hence, as discussed, there exists a w : U’ — H fitting into a diagram (3.34)) which induces
a representation p : 7 (C') — I € PSL(2,Z), where T is the image of I in PSL(2,7Z).
Because I' contains no element of order 2, this homomorphism p lifts to a homomorphism

p:m(C") — SL(2,Z), which then gives rise to a sheaf Gr on Cr.

Definition 3.6.7. [Shi72] For any finite index subgroup I' of SL(2,Z) not containing —Id,
the associated elliptic surface f : Sp — Cr having j-invariant jr and homological invariant

Gr is called the elliptic modular surface attached to I'.

3.6.5.2 The case of X,
We now return to considering the elliptic surface f : X, — P!. Recall that we have studied
the j-invariant of f: X, — P! in detail in Proposition [3.6.6]

Let us define the following elements Ay, A ..., Ase, As of SL(2,7Z) as elements of the

following conjugacy classes:

1 4.3° 1 1 -1 -3¢
Ay € Aq, ... Az € Ay €
0 1 0 1 0 -1

Then consider the subgroup I'.. of index 6-3¢ in SL(2,Z) with the following presentation:
FC = <A0, Al, N ,A3c, Aoo ’ A()Al c AgcAoo == Id>

We remark that I, is not a congruence subgroup as it does not appear on the list in [CP03]
of the genus 0 congruence subgroups of SL(2,Z) (see [CLY04] for more details on such
subgroups).

Theorem 3.6.8. For ¢ > 2, the surface X, is the elliptic modular surface attached to T'..

Proof. A result of Mangala Nori shows that an extremal elliptic surface f : S — C with a

section and with non-constant j-invariant is an elliptic modular surface as long as f : S — C
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has no singular fibers of type I7* or I11* in Kodaira’s classification [Nor85, Theorem 3.5].
Therefore, since the surface f : X. — P! is extremal (by Corollary , has a section (by
Proposition , has non-constant j-invariant (by Lemma , and only has fibers of
type I, and I; (by Theorem , we know X, is indeed an elliptic modular surface.

So let I' be the finite-index subgroup of SL(2,7Z) attached to X.. By Proposition ,
the degree of the j-invariant of f : X, — P! is 6 - 3°>. Hence the group I' has index 6 - 3¢ in
SL(2,Z).

Now consider the j-invariant j : P! — P! of X,, which we have investigated in Proposition

3.6.6, Let C" =P'"\{0,1728, cc}.

Because X, is elliptic modular, its j-invariant induces a homomorphism
p:m(C") =T CSL(2,Z).

Let us write the set

§710,1728,00} = {v1, ..., vs}.

By Proposition [3.6.5, we know s = 5 -3¢+ 2. For each point v; let «; be the loop element in
7m1(C") going around v;. Then 71(C”) is the free group on these generators oy, .. ., a, subject

to the relation (taken in cyclic order) ay - --a; = 1 [BT03 Lemma 2.1].

Now, by Proposition all of the points v; such that j(v;) = 0 have ramification
index 3. Hence by [Nor85, Proposition 1.4], for the corresponding «;, we have p(«;) = +1d.
However since X, is elliptic modular, the subgroup I' cannot contain —Id. Hence, for all ¢
such that j(v;) = 0, we must have p(a;) = Id.

Similarly, by Proposition all of the points v; such that j(v;) = 1728 have ramification
index 2. But then by [Nor85, Proposition 1.4}, for all such i, we have p(a;) = £Id and thus,
in fact, p(«;) € Id.

Therefore the only points v; € j71{0,1728, 00} that contribute non-identity elements to

I" are the points sent to oo by j. These are exactly the points of P! underneath the singular

fibers of f : X, — P!. From [Shi72 Proposition 4.2], if a point v; has singular fiber of type
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I, with b > 0, then we have:
1 b

01

plai) €
If a point v; has singular fiber of type I; with b > 0, then we have:

-1 —=b
pla;) €
0 -1

Therefore, using Theorem m, in the case of f : X, — P!, the point 0 contributes a

generator Ay of I' in the conjugacy class of

1 4.3°
0 1

in SL(2,Z). Each point ¢*, for ¢ a 3°th root of unity, contributes a generator A;,; in the

conjugacy class of
11

01

Finally, the point co contributes a generator A, in the conjugacy class of

-1 -3
0 -1

Then I is the free group on these generators Ag, Ay, ..., Asec, Ay subject to the relation

AOAl t A3CAoo - Id

Hence we indeed have that I' is the group I'. defined above. O]

110



[Abd97]

[Alb39]

[Aral6]

[Beal4]

[BMMI6]

[Bor12]

[Bou75]

[BT03]

[CD8Y]

[CLY04]

[CP03]

[Dod87]

[FHO4]

[GGK12]

REFERENCES

Salman Abdulali. Abelian varieties and the general Hodge conjecture. Compo-
sitio Math., 109(3):341-355, 1997.

A. Adrian Albert. Structure of Algebras. American Mathematical Society Collo-
quium Publications, vol. 24. American Mathematical Society, New York, 1939.

Donu Arapura. Geometric Hodge structures with prescribed Hodge numbers. In
Recent advances in Hodge theory, volume 427 of London Math. Soc. Lecture Note
Ser., pages 414-421. Cambridge Univ. Press, Cambridge, 2016.

Arnaud Beauville. Some surfaces with maximal Picard number. J. Ee. Polytech.
Math., 1:101-116, 2014.

Nicolas Bergeron, John Millson, and Colette Moeglin. The Hodge conjecture
and arithmetic quotients of complex balls. Acta Math., 216(1):1-125, 2016.

Armand Borel. Linear algebraic groups, volume 126. Springer, 2012.

Nicolas Bourbaki. Eléments de mathématique: Groupes et algebres de Lie:
Chapitre 7, Sous-algébres de Cartan, éléments réguliers. Chapitre 8, Algébres
de Lie semi-simples déployées. Hermann, 1975.

Fedor Bogomolov and Yuri Tschinkel. Monodromy of elliptic surfaces. In Galois
groups and fundamental groups, volume 41 of Math. Sci. Res. Inst. Publ., pages
167-181. Cambridge Univ. Press, Cambridge, 2003.

Francois R. Cossec and Igor V. Dolgachev. FEnriques surfaces. I, volume 76 of
Progress in Mathematics. Birkhauser Boston, Inc., Boston, MA, 1989.

Kok Seng Chua, Mong Lung Lang, and Yifan Yang. On Rademacher’s conjec-
ture: congruence subgroups of genus zero of the modular group. J. Algebra,
277(1):408-428, 2004.

C. J. Cummins and S. Pauli. Congruence subgroups of PSL(2,Z) of genus less
than or equal to 24. Ezperiment. Math., 12(2):243-255, 2003.

B. Dodson. On the Mumford-Tate group of an abelian variety with complex
multiplication. J. Algebra, 111(1):49-73, 1987.

William Fulton and Joe Harris.  Representation Theory: A First Course.
Springer, 2004.

Mark Green, Phillip Griffiths, and Matt Kerr. Mumford-Tate groups and do-
mains, volume 183 of Annals of Mathematics Studies, 2012.

111



[Klo04]

[KMRTO8]

[Kod60)

[Kod63)]

[Kol07]
[KT15]

[Kub65]

[Laz04]

[Mir89]

[Mo099]

[Mum69)]

[Mur84]

[Mur00]

IMZ98]

[MZ99]

[Nor85]

Remke Kloosterman. Extremal elliptic surfaces and infinitesimal Torelli. Michi-
gan Math. J., 52(1):141-161, 2004.

Max-Albert Knus, Alexander Merkurjev, Markus Rost, and Jean-Pierre Tignol.
The book of involutions. American Mathematical Society, 1998.

Kunihiko Kodaira. On compact analytic surfaces. In Analytic functions, pages
121-135. Princeton Univ. Press, Princeton, N.J., 1960.

K. Kodaira. On compact analytic surfaces. II, III. Ann. of Math. (2) 77 (1963),
H63—-626; ibid., 78:1-40, 1963.

Janos Kollar. Resolution of singularities. Princeton University Press, 2007.

Bernhard Kock and Joseph Tait. Faithfulness of actions on Riemann-Roch
spaces. Canad. J. Math., 67(4):848-869, 2015.

Tomio Kubota. On the field extension by complex multiplication. Trans. Amer.
Math. Soc., 118:113-122, 1965.

Robert Lazarsfeld. Positivity in algebraic geometry. I. Springer-Verlag, Berlin,
2004.

Rick Miranda. The basic theory of elliptic surfaces. Dottorato di Ricerca in
Matematica. [Doctorate in Mathematical Research]. ETS Editrice, Pisa, 1989.

Ben Moonen. Notes on Mumford-Tate groups. http://www.math.ru.nl/
~bmoonen/Lecturenotes/CEBnotesMT. pdf}, 1999.

D. Mumford. A note of Shimura’s paper “Discontinuous groups and abelian
varieties”. Math. Ann., 181:345-351, 1969.

V. Kumar Murty. Exceptional Hodge classes on certain abelian varieties. Math.
Ann., 268(2):197-206, 1984.

V. Kumar Murty. Hodge and Weil classes on abelian varieties. In The arithmetic
and geometry of algebraic cycles (Banff, AB, 1998), volume 548 of NATO Sci.
Ser. C Math. Phys. Sci., pages 83-115. Kluwer Acad. Publ., Dordrecht, 2000.

B. J. J. Moonen and Yu. G. Zarhin. Welil classes on abelian varieties. J. Reine
Angew. Math., 496:83-92, 1998.

B. J. J. Moonen and Yu. G. Zarhin. Hodge classes on abelian varieties of low
dimension. Math. Ann., 315(4):711-733, 1999.

Mangala Nori. On certain elliptic surfaces with maximal Picard number. Topol-
ogy, 24(2):175-186, 1985.

112


http://www.math.ru.nl/~bmoonen/Lecturenotes/CEBnotesMT.pdf
http://www.math.ru.nl/~bmoonen/Lecturenotes/CEBnotesMT.pdf

[Orr15]

[Poh68]

[Reil2]

[Rib83]

[Rib81]

[RS62]

[Sch15]

[Ser67]

[Shi63)]

[ShiT2]

[Shi79]

SS10]

[Tan82]

[Tan01]

[Tot15]

[Voi02]

Martin Orr. Lower bounds for ranks of Mumford-Tate groups. Bull. Soc. Math.
France, 143(2):229-246, 2015.

Henry Pohlmann. Algebraic cycles on abelian varieties of complex multiplication
type. Ann. of Math. (2), 83:161-180, 1968.

Miles Reid. Surface cyclic quotient singularities and Hirzebruch-Jung resolutions.
2012. http://www.warwick.ac.uk/masda/surf.

Kenneth A. Ribet. Hodge classes on certain types of abelian varieties. Amer. J.
Math., 105(2):523-538, 1983.

K. A. Ribet. Division fields of abelian varieties with complex multiplication.
Mém. Soc. Math. France (N.S.), (2):75-94, 1980/81. Abelian functions and
transcendental numbers (Colloq., Etole Polytech., Palaiseau, 1979).

J. Barkley Rosser and Lowell Schoenfeld. Approximate formulas for some func-
tions of prime numbers. [llinois J. Math., 6:64-94, 1962.

Stefan Schreieder. On the construction problem for Hodge numbers. Geom.
Topol., 19(1):295-342, 2015.

J.-P. Serre. Sur les groupes de Galois attachés aux groupes p-divisibles. In Proc.
Conf. Local Fields (Driebergen, 1966), pages 118-131. Springer, Berlin, 1967.

Goro Shimura. On analytic families of polarized abelian varieties and automor-
phic functions. Ann. of Math. (2), 78:149-192, 1963.

Tetsuji Shioda. On elliptic modular surfaces. J. Math. Soc. Japan, 24:20-59,
1972.

Tetsuji Shioda. The Hodge conjecture for Fermat varieties. Math. Ann.,
245(2):175-184, 1979.

Matthias Schiitt and Tetsuji Shioda. Elliptic surfaces. In Algebraic Geometry
in East Asia—Seoul 2008, volume 60 of Adv. Stud. Pure Math., pages 51-160.
Math. Soc. Japan, Tokyo, 2010.

S. G. Tankeev. Cycles on simple abelian varieties of prime dimension. Izv. Akad.
Nauk SSSR Ser. Mat., 46(1):155-170, 192, 1982.

S. G. Tankeev. Cycles of small codimension on a simple abelian variety. J. Math.
Sci. (New York), 106(5):3365-3382, 2001. Algebraic geometry, 11.

Burt Totaro. Hodge structures of type (n,0,...,0,n). Int. Math. Res. Not.
IMRN, (12):4097-4120, 2015.

Claire Voisin. Hodge theory and complex algebraic geometry. I, Volume 76 of
Cambridge Studies in advanced mathematics, 2002.

113


http://www. warwick. ac. uk/masda/surf

[Wei79]  André Weil. Abelian varieties and the Hodge ring. In Collected Papers., volume
I11, [1977c¢], pages 421-429. Springer-Verlag, New York, 1979.

114



	Introduction
	Hodge Groups of Hodge Structures with Hodge Numbers (n,0,…,0,n)
	Introduction
	Background on Hodge Structures
	Hodge Structures and Polarizations
	The Endomorphism Algebra
	The Mumford-Tate Group and Hodge Group
	The Lefschetz Group

	Hodge Structures with Hodge Numbers (n,0,…,0,n)
	Endomorphism Algebra Classification

	The Lefschetz Group of a Q-Hodge Structure with Hodge Numbers (n,0,…,0,n)
	Irreducible Representations of the Hodge Group
	Representations of Semisimple Lie Algebras
	The Representation W

	SL(2)-factors and the Hodge Group
	Lower Bound on the Rank of the Hodge Group
	Hodge Representations and Mumford-Tate domains
	Hodge Groups for Type I Endomorphism Algebras
	Hodge Groups for Type II/III Endomorphism Algebras
	Hodge Groups for Type IV Endomorphism Algebras
	E-Hodge Structures

	Main Results
	Hodge Numbers (p,0,…,0,p)
	Hodge Numbers (4,0,…,0,4)
	Hodge Numbers (2p,0,…,0,2p)

	Applications to the Hodge Conjecture for Abelian Varieties

	Geometry of Schreieder's Varieties with Hodge Numbers (g,0,…,0,g)
	Introduction
	Initial Properties
	Construction of Xc
	The Kodaira Dimension of Xc
	Forms Under Quotients
	The 2-Dimensional Case
	Kodaira Dimension of Xc in Arbitrary Dimension

	The Iitaka Fibration of Xc
	Geometry of Xc in the Dimension 2 Case
	Surface Cyclic Quotient Singularities and Xc
	Singular Fibers of f:XcP1
	The Mordell-Weil group of Xc
	The j-Invariant of f:XcP1
	The Surface Xc is Elliptic Modular


	References



