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RAPID SPECTROME TER ANALYSIS

Arthur B. Wicklund

Lawrénc'e Radiation Laboratory
University of California
Berkeley, California

July 1968

ABSTRACT

We have discovered a general solutio.n- of Maxwell's equations which
describes the field of a Spectrometer"magnet with precision and accuracy.
For exarﬁple, starting w‘ith 70 000 field measurements rmade on an 18X 36X 8-
_in. bending magnet (AEC 67522) we emerged with a distillate of 200 param-
eters which describes all components of the.field everywhere at all currents
with errors less than 4X 10"”4 of the centr.al' field values{"(typically 1 or?2
gauss out of 15000); measured line integrals are ’reprodcced within one part
in 10%, | |

To summarize the solution: we describe the field by cuts and poles
near the real axis defined by the-longitudinal path through the field. Particle
orbits have a corresponding singularity structure. Inhomogeneities in the
field are introduced as perturbations on the residue functions which depend
on the orbit characteristics; by means of the residue theorem, one can take
these inhomogeneities into account by simply adding up the perturbed residue
functions. The essential mathematical'simpliﬁcation which we have achieved
is this; instead of expanding field inhomogbeneiti‘e's'as polynomials. in the co-
ordinates and integrating these along a ‘pathg we expand them in a series of
increasingly higher-order poles and then, because of the residue theorem,
‘we need retain only the first term in this series. |

Finally we note that nature is happy with this solution; the accuracy
of any momentum analysis done with the spectrometer isv limiut.ed only by un-
certainties in the original field measurements. With modifications th_é ideas
presented here can be extended to larger, more complicated fields. Analysis
capabilities are buttressed by the fact that with a typical spark chamber set-
up, one can fit orbits, compute Xz's and measure momenta at the rate of

16000 tracks per minute c_n the CDC 6600, using the techniques outlined below.
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‘1. GENERAL REMARKS
A dipole magnet, approximated by two arbitrary Helmholz coils,

has a return field atilarge distances which behaves:like R°3. Our solution
does not have this .feature; the field never changes sign and falls off as R-4,
Measurements show that the return field is undetectable in our magnet,
which differs from a simple Helmholz pair by having iron and by having up-
swept coils. ' | o

-+ Direct calculation shows that, for a Helmholz pair with upswept coils,

B is
z

B (09Yao) =
” T e O)]W B2 |[5, %+ (y £ y,)

2172 |
Symmetrized in y

“where YO is the longitudinal dimension, g4 " transverse dimension, and

[g1 + (gap/Z)Z] 1/2 . In general, for arbitrary x,z the solutlon/has

the form '
2 | Yiy | z L
Z Sy | Bl ePt | a)
=1 [((Y:':YO +g ] n=0 .

Symmetrized in ¥

where the \Pn-arefinc:reasingly higher-order polynomials in x, z.

The first term is a branch-cut singularity in the complex plane at
Ly = :i:yO:I: ig‘i; the remaining terms are multiple poles, which provide a nat-
ural cutoff in the expansion in x, z, since for n sufficiently. large, the pole
term acts like a delta function affecting only the regioﬁs ye :!:y0° The solu-
tion which we obtain has:
(1) Inly —zi) singularity instead of (y - z-i)mi/2
(2) A real pole B3/(y-= 23)

(3) Animaginary pole iBz/(ym zz-).
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Each term is expanded in a series like the one above, e.g.:

Real ¢ Un(y- zi) X [ Z : Phi(xo z)/(y - Z'i)n }
0

(o]

+oify-z, X[Z P_%(x, )/ (y - 25)"

-

P (x,2)/ly- 25" | ] (I-D)

P

+ 1/(ymz3) X[

D8 o

: 2 21/2
Because there are no terms in {y + G")

- R at infinity, the asymp-
totic dependence on R can only be i/Rzn, The necessity for three singular-
ities instead of the two required above stems from the asymptotic require-
ment that BZ ~ 1/R4 (not 1/R2~)9 as will be shown presently.

The branch cut gives rise to a step-like function (the phase of (y - 2'1)
which turns on when we enter the magnet (y<yo) and turns off when we leave
it.

The poles correct the shape of the gradient at yo_and fix up the be-
havior at infinity.

Any:resemblance.bétween (I-a) and (I-b) must be between the branch-
cut terms [We could add poles to {I-a) in order to smear out the singularities
at y, and change the shape of the gradient]. '

In (I-a) we have

~{y - YO‘) (Y+V0)

: +
[y-vg)> + 172 [ytyg? + 212

If we denote Y:f:(yO:I:ig) = Rei¢£9 .then these terms are just Bz = cos¢+~cos¢_
- (see Fig. 4a). This is just a localized function which approaches a square
well as g goes to zero.

Solution {1-b) accomplishes the same effect by the phase alone rather
than the cosine of the phase. Again "_y'(yo + ig) = Reiq)m; '}f-(myo +ig) = Rei¢+,
Then Bz = ¢, - ¢ (Fig. 1b).
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(c)

XBL688-3702

Fig. I-1. " Plots of the field B ‘asa functlon of (a) the cosine of
the phase and (b) the phase alone. B, is given by the d1:fference
of the top and bottom curves in each case. (c) shows the mean-
ing of the phase angles.
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The cosd, - cos¢_function has a sharper edge than. c}>+- ¢ .- However, both
functions-have a gradient at y = iyo- which is almost symmetric.about Yo

in the. limit g/yo << 41, and to introduce any appreciable asymmetry in this .
gradient, extra singularities. located at y.isl—‘ Vo are needed, but they must

be added in such a way-as to satisfy the asymptotic requirement that u
~ B_~ 1/R” ‘where N23.. This limit is dictated by the fact that, for-a track

in the midplane, ,

y ,
dy z
_LS x(y) must be finite in the: partlcular case that dx/dy (~<) = 0. For
B oo 1/R , we have . [ (y)~ £n(=«), which violates our requirement.

II. THE SOLUTION

No matter how intractable the field, we can describe Bz(x9 v, 0) and
deduce the behavior for Z 7& 0 from Maxwell's equations. For convenience,
- we do Taylor series in x and z, assufning that for real particles traveling
_ thfough the field,7 x and z-will be bounded so that no i}lsolublyvdivergent
integrals can result. |

. Let B‘.(xgy_,, 0) = Y(x,y) = Y[y, ;(x ], where the o (x) are parameters
g1v1ng the positions and residues of the singularities in the complex y plane.

Then if Bi = d/dx1 B(x,y,2),- we-get:
= » 3,2 5 4 -
B(xs vy 2} = 2d(x,y) + 2707, y) + 2T (% ) e
Applying VZ@ =0 -we deduce ' ' ] .
(x,y,2) = 2~ 27/6 [dxl+ dy?1y +2°/ 120 [asP+ dy?] Gy - -+
Similarly we expand |

Ulx, y) = U(y, 0) + d/dei Y(y, 0) dei/dx : '
.0 2 4 4 6 6 , y

ail = ai” + aif x2+af1x @i x  eee, {I-c)

Note that the genera] structure of the solution, if ¢ or dkl)/dy is proportional
to [{y - yo) + gt ] from poles at y,+ig, is simply
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oo

) . (2n+2m) /d.)Zn 4 | |
B(x,y,2) = z T "=l | T (II-d)
: nZO Goz) A\ | (yg)2e g2

Here T2n is a polynomial of order (2n'+ 2m) in x,y, where - ‘mis the degree
of the polynomial at z = 0. Roughly, this says that highevr—order inhomo-
geneities become increasingly localized at the pole positions (e.g., at the
physical edge of the magnet, where the gradient'in y is largest.)

Specifically, our solution for ¢ {y[ea(x)]} is

" ‘ vty \. y-y
B tan_1 ' 1 - tam"1 (———1) ]
1 _ g4 g4

.
TN

W(y,a(0))

Tles ttya)"] gy (y-y5) 7 /

g g
+ B, { e }
~ Ll Fy ) 1 gy "+ (y-y,)2]

Equivalently we have

B N sk . sk
Yy, «(0)) ”23 [@ﬂyféi )= dnly-5 )+ Inly+t ) -2nw+éiﬂ,

1,1 1 _1 9

e + - - sk
~y+§3 »Y §3 y 43 y—§3 ]

where §. = vy. +ig.. L (II-€
i Y3 g1

We incorporate the x and z dependence as described above, fitting
each parameter to a power series in x and applying Maxwell's equations.

For any given pole we get an expansion
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[>e]

w o “
Ylpole) = Z ™ (%, 2) dzn (yi_). L (I-f)
’ . 1/

n=0 i

Denoting B-i(X) = Bi(x) - Bio “and Wi(x) = Qi(x) - .@i(O),,,-‘where BiO are the con-

" stants for x =z = 0 used in {-e) above, we get:

1,° - B+ [B () = 22 '/6 B, (é)(x) + Y120 B - J

T, = [—z /6 B. (X)+2z4/120 Bi(z)(X)] \

Ti4 = [ 4/120 B. (x)J

Tt = B,° x W, (%) -z /6 W, @) +2%/120 Wi(4)(x)"'J

Ti3 - Bio « | =22/6 W, (x) +22%/120 Wi(Z)(x).,.J |

T{'S = Bio‘ X P z“%/iZO ';/Vi(x)J.‘ | | (I-g)

Note that in:expansion {I-f) the fn(y- Qi) terms have

: a e/ 4 ‘ | |
d SR R NS AR |

| Expansion {II-f gives - B> BZ from the polynomial (II-g) easily; BY is just

s n dn+1 |
BY: w7 z T (X,Z) dgn'i”i (Y_§1> °

n=20 T

The asymptotic behavior is given by

Z

- 2. .., 4
Ay—e)

,S‘ince BZ must fall off faster than Y-“"Z,- we get an important constraint on B3:

¥
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- which must hold for all x. Then correct asymptotic behaviorin y is as-

sured for all x, z.

.-If the field is not symmetric in y, then the pole positions and residues
can be varied at each physical end. ~Asymme-tries in x and z are created by
introducing a linear x term in di(x) and corresponding terms in z2 and z
in ¢ {x,v, 2z).

If either dimension :x sor .z ois :.expected.td:be large for real .
trajectories, so that a polynomial is undesirable; we can fit ozi(x) or ozi(z) to
more tractable functions (e. g., the same functions as were used for the y
dependence--examine the complex x-plane for example) and do the Taylor
series in only one variable.

In what follows we denote the B BZ’ and B3 terms in (JI-f) by qu,

, 1
L[)z,_ L|J3‘ (%, y, x}). . Figures II-1 and . II-2 show the accuracy of the fit to Eqs.
(II«-\e) and (II-f). Figure II-5 shows the current dependence of the param-

eters B'l’ ‘Bz:and B3.,

III. TRAJECTORIES
The equations of motion for a particle in a magnetic field can bg”ex“

!
pressed as

= Bz(x,y,2z) - —3—3 By(x, v, z)

g
S
TN
B
<l
!

and .
o d d d
o (&) E e

where ds = (d>'<2 +.~dy2 + dzz)i/zg and p is measured in arbitrary units.
Conventionally {e. g., in most bubble chamber calculations) starting
with the equations of motion,

d dX:I _ dx,
B D
P T\ g5l = €ijk P Bk(x, vy, z),

one derives

- Pd {/ds = Bz.- 'i;ﬁ;&,(cosnp By + sinyBx)
Pd\/ds = siny By=cbs¢Bx
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Plots of the qué.ntlty 100X (T3 (x, z) =
z=0,1, and 2 in.

‘ UCRL-18317

1)/B versus x for
(a), (b), and (c) are for i=1,2, and 3 respec~
For clarity the origins are displaced upwards 5 units

for z= 1 and 410 units for z=2; this also establishes the ordinate

scale.
ations.

The other parameters y; and g; have similar spatlal vari=-
The data are taken at 900 A.
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(KG)

Field

O 20 40 60 80 100

Y coordinate (in.)

XBL688-3706

Fig. II-4. Field in kilogauss versus y axis showing the contributions

of each term Lpi, y,, and ¢3 and also the derivative dL]Ji/dY. The
data are taken at 960 A,
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©
x
L. i
21.0
_17.0}
=
o
C 13.0
m‘.
S 9.0
5.0 .| | R R | I |

620 840 1060 1280 1500
Current (A)

XBL688-3701

Fig. II-5. Plot of the parameters By(a), B,(b), and Bj3(c) expressed
respectively in kilogauss, kilogauss-inches, and kilogauss-inches.
The abscissa gives the current in amperes. The remaining param-
eters y; and g; vary less than 15% over the full range of currents.
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whe re
dx/ds

dy/ds .
dz/ds .= sin\.

siny cosh

cosy cosh

The advantage of the formulation: in (III-a) is that we do not need to
know the path length preci'sely, although-this could in principle be calculated
from our analytic expression for the field. Also, from the point of view of a
spark-chamber experiment, dx/ds,, dy/ds,,‘ and dz/ds are the directly mea-

surable quantities, and p-is determined by

[~ s} [- o]
o0
P= S B G’;)dy+§ '% By(x)dy | /[ dx/ds. (I11-b)
Jeo oo -
To obtain P accurately, we need to know
[>e] o0 »
S B, (0,y,0) dy + g B_(x,y,2) + A By (x,y, 2) -B_(0,y,0) |dy-
Seo ' o o . (

The latter term'is typicé_lly less than 1% of the first term (rriore'
nearly 0.2 to 0.4%).

The sequence of calculations required is:
[>e]

o]

1. . Obtain P = 5 'B_(0,y,0) dy/[ dx/ds.

- 00
=200

Now 1/P=(1- 6P/P)/R P = P, + P), where 6P/P is less than
0.01, and we want to get OP. -

2. For any track the same calculation gives us X(y),._z(y) to ai;l
accuracy of at least 0.2 in. inside the magnet, and from this we can gé:ner-ate
the correction integral due tovinhomogeneity to an accuracy of ©04% of the
leading term. ' | .

It is relevant to point out at this stage that we do not know_ZBZ(O, v, 0)dy
to better than 0.2% because of qncertainties in the current, but this only re-
sults in an overall shift of the spectrum in P {a constant correction <5P/Po
rather than a random error which affects resolution). The inhomogeneity cor-
rection can be calculated with confidence; it is the principle factor in deter-

mining the resolution.
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3. We use the correction integral to correct the original trajec-

tories so that at large vy, X{(y})= Ay + B is known to an accuracy 0.05% X y.

2
d™x d dx _ 0
2 T <ds) Z % (y,0.2,7)/P.
dy T :

We solve

The left side is too large by ~0.8%, since cosy =~ 1 - LlJZ/Z =~ (0.992 for a 15deg
bend. The right side is too larée by the correction for inhomogeneity or
about 0.5% to -0.5% (for large z). The correction for the By term is only
.02% for dz/dy < 0.02. v , . '

Thus the major errors tend tovcancel, and for given XO9 dX/cl"yO9 PO
we can calculate a trajectory good to. ~ 1%, which is perfectly adequate to cal-
culate the correction integral due td X, z dependence. -

X, + £o(y-v,) +[Z Mi'(y)J/PO
-3, R '
dx/dy(y) = £, + (Z dM,/dy) /P,. , {111~ c)
1

x(y)

Finally, d x/dy (y) = (ﬁ d- M/d )/P Z\I/ (v, 0, a )/p The-M,'s are

specified by 11m M (y) =0, hm dM /dy = O, and d /dy M (y)) LlJ (y90 «. O),
>

The solution 1s
) > )
M, (y) = - B /z {ygiﬂn (R /R ) +a, [(y+yi) -2y ]+ o [(y'=y1)]“63f1g1}

BN

M,(y) = B { /z In (R, /R, ) - g5la, +a3+>=2y3}
M, (v} =-_B.1y1g1/2 En(R1 Rf/R3 R;)Z - BZgZ/Z 4n (R, R /R RZ)Z,

where: (III d)

2 2 2%
R, = (yky)" + g% d/dy R,™ = 2(y2y,),

- tan” " (g/(y;5y))

s}
H

"
+

2

n

d/aye* = 3 g/[g,° + (YiYi>2]=

1 1
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" We see that Ri and a, together constitute the magnitude and phase of
the distances from the four poles in @ii:; we have adopted the: convention that

the phase of (y- zi) is (-) the phase-of (y - 'z;‘ﬁ), with the result:

o+ +
a; Ay) =0 ; @, _(y)f I .
Y.—>_.00 Y —> ©0
_ - +
Note that @1—‘-]3_1><(a"1 +cv1 ).

In Eq. (III-d) the term ,Mo(y) is a combination of terms from "Mi’
. MZ’ and M3, each of which di_verges separately as /n yowhe‘n' yo goes to - ..
Because of the asymptotic condition (II-h), the combination does not diverge.

Finally, we have:
_ N S -
dMi/dy.—~B1{gi/2 In (R,7/R,D) "+ (yty e, (y-y ey }

_ - +
dM,/dy = B, i“-z ) }

‘ £,0 -2
dMé/dy,: B3/2- In (R, /R37)

. (II-e)

. 7
We have included in each Mi appropriate contributions from dMoﬁ/dy; this-is
possible because dMi/dy approaches ymi.as y goes to infinity, and so the
choice of initial coordinate is irrelevant to any dMi/dy°

Asymptotically, it is frue that

1im dMi/dy =2mB,y, .

( .
y >0 dMZ/dy: 2™ B,
dM;/dy = 0
lim [Y dx/ds {y) = 2w (B,y, + B,)/P.
gty 171 2

- Also, as required: the limits on M, (y) are

lim M(y) = 0;  lim M,(y)= y(litnh dM,/dy)
Y=o yro B iy o0 (I1I-f)

We will derive (III-f) directly in Section IV by calculus of residues.
- Seé Fig. III-1. 1
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(2) Plot of the trajectory x(y) and the contributions of the
(b) Plot of the slope dx/ds and the contributions

of the functions (d Mi/dy)/P. Initial conditions are chosen to make

x(y) symmetric in y.
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" There are two corrections to the‘M. functions which we now take into
account: ;
(1) the correction due to 'ds/.dy # 1
(2) the correction due to B(x,y,z) -B(0,y, 0) # 0.

- We treat.the'se.as small perturbations-and. start with (1), assuming no x-z

inhomogeneity.

Then (IlI-c} above must be revised to read:

3
CX(y) = Xt £o(S=5) + [Z '[Mi<y)+6Mi(y>>]/P}

5 1
dx L \' d- ;
- 1 . ’
a®x L2 ‘ ' -
Tyds - d y M/P, _ _ - (LI g)

where Z'_B_Mi is a correction to fhe ‘M functi.o'n‘.
Since dy/ds = 1-(dx/ds)2/é to sufficient accuracy, and sincﬁ' the

second of Eqs. (III-c) is exact, we require
[1-=(dx/ds)2][Z-a/ay<mi+§Mi)J = Z a/ayM;. - (I11-h)
To this order of accuracy [no terms in (dx/ds)4] , we find

o S y y -
2 M) MMt (Y MMIM! d
| z féMi'(y) = (dx/ds)“/2 - Z'Mi(y) - gO ;g:oo P S:.-oo _1:2—1,

- where : . ' , : 2
(<-‘1X/d?"')2 = <§o+ m/liv . >
and 3 ' o
M&) =) M(y). (H-4)
o =1 |
Proof:.. 7

Equation (III-h) imﬁlies
—(dx/ds)%/2 dM/dy + d/dy &M = 0.

» Equation (III-i) gives

d/dy&M = (dx/ds)Z/Z dM/dy + M dx/ds d/dy(dx/ds)
- £, MM"/P - MM'™M'/P?,
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or
{de/ds d/dy(dx/ds) = M(§0+'M‘/P) M”/P}.

So the result is established. Thus we can write:

X(y) = X+ £(S-5,) + M(y)/P[(1+dx/ds®)/2] + 6M/P
SM(y) = SY dy(£, MM'!/P +MM!/P%)

dx/ds(y) = gov +M!/P

d%x/dyds = M''/P = B_(0,.0).

Note that the integral for 8M'"t strongly convergent (M" —>y_“"4,. M-y,

M! - constant as y = =,
In addition, it is necessary to calculate s(y} = oh + f_zo ds/dy dy.
By analogy with the technique used above to get the path integral of

"M!', write

sly) = {(1 + o5 )/2] + &s(y

Then

3 05 = - [ /2] Y Ts dear

v '
~> &s(y) = "S y(E,* M!/P) M't dy.
0

See Fig. IlI-4. Combining goés(y) + OM(y) in (III-g) above, we have

. 1 2
X(y) = X0+§-0"Y_+& P {M a+ —-—‘/2 +AM(y)}
amey) == (Egyem/PIEgs M/ PIM /P ay
o0 2
:S' (-, %%} L2 gy,

dy

We have done the integrals over [-=, ] to get the total correction
due to curvature to the quantity X(y—~») - X{(y—> -«); for large vy, the inte-

grand is proportional to y~
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Fig.{ III-4. Plot of s(y) versus y for a symmetric track having an

initial slope of 7.5 deg, together with (s-y)X 100. s(y) is ob-
tained from the computation outlined in the text. '
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The correction is zero for a symmetric track, since the integrand

is then an odd function of V.

In general, we can write: : .
£, Eg+ BE
€
oo
g; = - —1-;— B dy-
8 2P z ’°?
O s OO

where 06f denotes the deviation of E,O from E,O fora symmetric track of mo-

mentum P .. The result:is::

0

o0

amty) = 68/py% | M &ty ay

=00

[¢]
d .
= 1 —(yM)dy. I1I-
1/2 (6 r£/Pox | Mt o ymay (111
The correction is typically 10“3 in. and can be easily computed for a
given event, since the integral is only a single constant common to all tracks.
The second correction to the M functions is due to the correction for

inhomogeneity in Bza Here we only have.to consider the asymptotic effect of

the correction, and insert it in such a way that

M- My) + 6M, (y),

where 6Mh is due to field inhomogeneity in x and z. Then, denoting,

[+ o]
61 :S‘ BZ(:_K9 Vs 2) = A By(xg vy, z) -B(0, vy, 0) dy,
oo

we require:

. d _
lim s 6Mh(y) =8I

yoree

lim d/ds 6M, = 0.

Y—h«.oo ) . L
Correspondingly:

lim 6Mh(y) = 0l. (S~ SO)

Sy

lim 6M, (y) = 0.

y e
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We will show that the field inhomogeneities act: likexiesidues of ipoles at

Therefore ‘we can turn on. 1nhomogene1t1es at :l:y of magmtude

mT. [x, z(y )] by means of ‘the functions

-8 dy'dy" _ = 2q [V '
S‘ S‘ — (y—y_i) . (—2-)+ tan g1> +‘,gi.

dly
g + (y-v,)
These functions are the same as § (y- yi) @, i:-(y.) defined above.  Then:
3 |
6M;, (y) zz [@(-yi, y) T,(-y) + 2y, y), Tvi(yi)] »
i=1 '
- where, as we explain in IV
7 v

lim y —eo 6MhA: y. 81 as required. ..

{

{

There are other ways of inserting the inhomogeneities; for exal/’nple

6M, .= M(y) . 61/1.

For truly asymptotic regions (y-v./g.>>1 for all i) it does not matter what
y asymp g y=Vi/g ‘

form we choose, to the accuracy in x(y) desired. See Fig. III-2

To summarize:

X(y) 5 Xy (s - 5) + 20 { 1 +<§§> '/2}+ (6.t
+ '115 ®-ysy) Tileyy) + 2:0y5 y) Tilyy)- (I1I-k)

: W_here Ti(yi) are given in (V-d).

Z TRAJECTORIES

To get the inhomogeneity integral, we have to know z{y) to about
. - To do this we solve

0.25 in. in the region y =#20 in., as well as x(y)

\
4% d d
P2 -2X B .B ~P g

2 ds y X dy

0.1

S
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Y coordinate-(in.)

XBL688-3708
Fig. III=2. Trajectory correction caused by inhomogeneities in units
of 107 in. In (a) the trajectory is defined by xg ==2, z=+2.5; in =
(b) x,=+42, z=2.5. The momentum and initial conditions are chosen

to make the track symmetric with a 15-deg bend. The curves re-
present respectively:

a,at = T T, (xy;)¢ (£y;)

b, b' = M(y) X 81/1, 3
c = (a=b) X1000; c' = (a'=-b")X 10
d, d' = ZT;(+yi)¢ (+y;)

e, et = ZT;(~y;) ¢ (~y;).

"
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Then
z(y) = z, + )xo(s - s_o) + MZ(.y)/P,
- where ‘
lim Mz(y) =0
Y—;oo Mz'(y) = O
and
d2 dx ;
—_— M o e B - B.
7 M= T 0By -,

We do not have to solve this analytically, although it is possible to do so with
reasonable accuracy. ' ‘

Since BX and B_-are small perturbations on the orbit, we treat them
exactly like the inhomogeneities which affect the-orbit in the xy plane. Thus,

o an adequate .approximation, z= zdléhn(s -‘so,) for y <0 and even to y < +20 in.

: By acts to converge rays from a distant source, while Bx divergszs these

rays {for trajectories which enter at: XO ~0.and dx/ds (-=) < 0), (/the net ef-

fect being a slight convergence of rays for large z
~2.5, N\

0

Typically, for a ray with z =~ 0.02, we get A(+») =0.016,

0 0
with symmetric.15-deg bending trajectories. Thus we write

dx -
S8 a1y g wp by

and

o0
S.,oo B dy = T (zg, Mg ¥gn S}

Both BX and BY are nearly . linear in .z. - The BY: integral is trivial, as will

be shown in general, using the method of residues:

T =B, {%;—5 (-y ) T2g- 2gv,1- -g-;—‘ (v )z, + xoyil}. (I-1)

TX can be complited along with the -inhomogeneity terms in B, (see

Section V below), provided z and )\0 are known. . Unfortunately TX must

be calculated first to give a fit to determine Z4s )yo. Because of the strong

linearity in z, it turns out that
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T =-:1" 1 zo(xo + 2.6) [ZTr(Biy + BZ]/10'3]. (I1I- m)

1

We then parameterize z(y) as

7

z{y) = z, * hols-s4) + %, {‘I’(-yisy)[Ty(wiH'.Tx/Z]

T oolyp v [Tylyy) + TX/Z]}, (III-n)
where

= 3 dx 4y .
Ty(iY1) -+ TTB1 dS (iYi) (ZO:I: )\OYi)-

Thus - (III-n) gives correctly the asymptotic dip angles dz/dy and reproduces
z(y) at lérge distances. To facilita_fe track analysis, it is useful to note that

z(y) can be written
z(y) = Bly) z, + Cly) A,

If B(Y-i)" C(Yi) are measured at a set of fixed points (yi is the fixed
position of a spark chamber), then 2z and )\O can be fitted by least-squares
analysis, and z(y) can then be determined. at any other fixed set of points
(for-exafnple, at the locations of the poles in the field). See Fig. III-3.

X

From an initial fit to x(y) and dx/ds(y) we can determine -PO, 0

dx/ds'(:tyi) (yi is the pole in &, with residue Bi)° Then we have

1

+ @y y)-B,Ely,) + TX/Z]}
and

Clyy) =y, --Pod [‘15 (-y 4o y;) Byyy 80-v,)

+ 2y, y;) Byyy é(yi)]

z(y) is then easily analyzed, since we can express B and C as

=
<
i

m m
xo/Potay /P,

m m
'1+oz1 §_/PO+ @, §+/P0.+ agy

and

@)
<
1

m m
Y T By ng/P0 + B, g+/PO.
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Fig. III-3. (a) Variation of z(y) - stses—yog

Fig. III-3. (a) Variation of z(y) - zg for a symmetric track with
Zg = 2.5, Ag= 0, xg=0. The "approximate curve' is given by
Eq. (III-n); the "numerical curve'' is obtained from numerical
integration of the differential equation. The ordinate is in tenths
of an inch and the curves have been arbitrarily separated for
clarity. (b) Net change in the dip angle in milliradians as
computed by numerical integration of the differential equations
(ordinate) versus the approximate integral given by (III-1) plus
(III-m). The tracks were generated by Monte Carlo simulation
of random initial conditions.
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The arim, Bi m are constants associated with the spark chamber locations Ym'

IV. CALCULATION OF STRAIGHT-LINE INTEGRALS

We want f:o \Ifi(x, y,z)dy, with X, Z fixed. Re_fé.rri.ng to (II-f), the

only term that contributes to the integral from a given pole in \Ifi is

(1/y-5.) [BGx) - 22/2 B2 (xi+ 2/ 120 B ()],

We can close the contour either in the upper or lower half plane. For con-

venience, later we will do both and take half the sum, i.e.,

§~v-‘@

and

Trivially, we have

o0

4, dy=2n [Bz(x) -2%/2 8,0 + 2%/120 B2(4)]

e OO
(‘00
$,dy =0.
& 00 3 Y
To do \pi terms, we use integration by parts and get

B j +o0 oo y
1 , 1 Bd
fat [omormeg] or oo [ smevy - o]

The first term on the RHS does not contribute, because the term due to the

5
pole at § 1 cancels with the term from the pole at -Qi , and we are left with

oo 1
gm vpdy = Sv Bylyddy = 2my, B, (x, 2).
1

«
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.' Thes‘,é_‘f resu_l‘llts agree .'precisely with the values of dMi/dy obtained in III by

-di recfi}} v‘i,r_lt,ég rating the trajectories.

'Emi)ivri"cally, referring to the Apollo magnet we find that

B z B(yi) AYi = [1-0.003:‘ [2#(B1y1+ BZ)} |x=z=0 .

y=-53
T_hisi'ervnp'virical relatidn.hold's for all currents, so the correction factor 0.003
is just the integrdl of the fringes Measured deviations.in the line integrals
from the central line integrals-a'ré reproduced within 1/10000 (central value)

bythe X-Z-dependent Bi"s..

V. CALCULATIONS FOR ARBITRARY TRAJECTORIES

When x(y), z(y) are not constant, two major difficulties arise which
have to be accounted for sati,sfactorily

1. Higher-order poles 8@ 1/y i) need to be included, since the res-

-idue functlons are now not independent of y. If we write (II-f) as

agn_(i'/wt’é) ™" [X(Y)f %(Y):l )

then

4 1 n | " ‘
SLIJi(?é) =S‘dy°m)z{n—, 8,  T" [x (L), z(é)]} ~ (V-a)

Note that the terms ’I'09 TZ, and T4 in (II-g) are associated with Bi(x), while

T 3,, a@d T

5

1’ are associated with {(x). They have the/ iar'operty that, if

8én ™ has a term zzma }-(Zm B(x), then

n+2 ..nt+2 2m, 2m-2

8,; - T has a term =z Bé B(x). Now

ag B=~ 0 B dx/dy, so the higher-order corrections give rise to Tn+2/T

=, (dx/dy) 2, .Whlch is typically 0.01, while the initial correction terms them-
selves, TO and Ti, are onlh 1 to 2% to begln w1th Thus we con31der only

TO and T1 in a reasonable analysis.
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2. The residue fqnctions are analytic only in a limited domain of the.
x-y plane and blow up for large x and z; asymptotically x is 'proportic.mal
to y{dx/dy), and so all the integrals, in pfinciples diverge. Tﬂe-‘ source of
this difficulty is that, for large x we need to join the pelynomial in x and z
with an-analytic' function that falls off with large %,z as Xnn,- Zﬁ'mn,v for n>2.

The re]sidﬁe functions must have distant cuts and singularities in order
to fall off at large x,z. - These cannot be determined. Furthermore, we do
not know how to make the analytic continuation of B[x(y)}] into the complex y-
plane where the poles are located. In principle this is a serious dlfflculty,
since the trajectory x(y) itself has singularities at the poles of \If in the y
plane. It turns out from an inspection of the re81due functions that these are
all singularities of the type (y-{}fn{y-L} orv(ymé) In (y-4), which vanish at
the poles - { and produce no mathematical c:a.tastrophes°

To avoid the divergence difficulty, we 1mpose a cutoff A in the inte-
gral J;co x?.‘yf, z) - ${0,y,0)] dy, and for y>y we assume Y(x,y,z)~ RO/R
as discussed in section IV. Since the field is accurately determined only to
x =7 1in., we place a cutoff at y =~ 40 in. We also test that this--chdice does
not have any systematic effect on the answer by vai'y'ing Y. for a random
bundle of rays. (See Fig. V-4). The parameters start to change rapidly be-
yond x = 6.5 in., and the role of the cutoff is to obtain a reésonable answer
for x >6.5, where vy >y

The correction integral can be written

Sjo B (x,y,2) - B_{0, Y»O)dy Z S x(y),z(y]dy g g ( 0)" g.ﬂg ,

(V-Db)

T =y 4 | 2 2.
where §(Y - dN R7- /dYs a-nd KYO = Z[Big Y1+B2g2\g7 *YZ )+B3Y3(g3 +Y2 )]°
. (V-b)

The last term is just

Ky 4

_ 2 0 (g
3

y

2 2

+ £ )

0
C

which is expressed in terms of the asymptotic slopes and is typically

o4
3X4i0 "X 1 .
‘ 0
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The integral of 5¢i is the x-dependent part of each pole contribution,

namely T and T1 above with no constant terms in the residues.
If we use calculus of residues and ignore the effect of the cutoffs, we

find two types of integrals:
£ o | ©
- SN
AN ‘ e/ w!ﬁa .

g ¥ B B
a’ 1 b b
~(b) = —

2 ) y=3

y-3

B
(@ 5 g 5T T
et y y-3 ) YT
We assume the residues ((x; z) are real analytic in the Y plane.
‘Assume . : > 2
y-y
, 2% (._.E__g) |

2
Blx(y), z(y)_jgﬁ(yo)+§-$§,-0 (y-v,) aYo2

This assumption:is reasonable if '[3 is analytic in Y near the real axis. At
Y=Y = ig, we see that. Imp = (8B/dy)g. The series is expected to),éonverge

rapidly because ‘
' o _ 08 0B | . _

_an = _fiax £+ =\, (& = dx/ds)
Thus-at a pole (y- Yo = ig),

B + gz B ?I/Z 4o e @
075 Py

Re B8 =
g€, (By' + g“£%/6 Byt

Imp =
We ignore derivatives in z which depend on.‘ \, since )\/E, ~0.4; the Taylor

series is, in any case, perfectly well determined for any finite polynomial

Higher-order terms in § are negligible, like higher-order poles.

in x; z.
For the integrals we get: :
(a) I =+m Re B(t_,o) »

(B) I = -7 Imp (&) (V-c)

Note that the infinity semicircles contribute but cancel.
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In the Taylor series we ignored d/d_y(dx/ds) terms; it can be shown
that these terms are reduced by a factor of the order x/yo from the terms
‘we have employed. -
Having expanded all residues'in a Taylor series up to order (y 3 Vi)
about the poles at. £y., we note that for certain parameters, the first or i
even the second derivatives are needed to give nonvanishing contributions.
Thus P and g5 need 0 [3/8y because they have double poles at :i:y_i; B3
needs 0 6/8 Y3 because the BO term does not contribute to Im(B). Param-
eters g, and Y3 need 0 [3/83}2 because they have a double pole with imaginary
residue. Terms like B,_ls Vo B2 with 31ng1e poles and real residues need
only the Bo(yi) term. '
To take into account the cutoff, we have to subtract contributions to
each integral from Y>Yc” which turns out to be eqﬁivalent to replacing w in
the residue theorem by:

(1) = = 2 tan~ 1UC for zeroth order terms

(2) = — 2(tan” iUC) Uc for first derivatives

(3)y m—=2 {tanm 1Uc.m [UC(UC2+-2)]/[2 (UCZ+ 1})]}' for second derivatives,

where U_= [(y‘cm yi)/gi] .

These factors represent respectively:

U
¢ 1
(1) S‘ du
=1 14U
.
4
(2) g
- du
C

C
9§ [ 1oy (5] e ‘
cl1+0 i+U ¢

We can regard the mathematics in several ways:
1., We are integrating the field over a finite range-where the power
series in x and z and the first order expansion in the parameters them-

selves {e.g. l-c) is justified.
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2.- We can replace the (exact but limited) polynomials in x by an ap-
proximate Taylor series in y. By limiting the expansion to order y we
can make the integrals converge, and hence use the residue theorem.

Thus, from the a—symptotic condition. (I-h}, we have

. 2 2 v 2, 4
BZN {(Kiﬁ sz +K3y‘))/y ]+Ky /y .

The first term cancels for large vy, provided the Taylor expansion is made
a.'bout‘ the same point Yo for all poles.

Even though the integrals converge, they are still not quite right,
since we want the asymptotic behavior to be 1/R4. Thus we must subtract
the contribution beyond a certain cutoff Yoo and replace this part of the in-
tegral by fi/R

All procedures are essentially equivalent, in that some cutoff in y is
needed to produce satisfactory asymptotic behavior. By treating each term
individually and using the functions of U to replace w as described above,
we reproduce exactly the integral of each set of poles out to the cutoff. On
the other hand, if we just integrate the Taylor expansion. (us1ng m™XZ res-
idues) we get a reasonably close answer for the total integral, but the indi-
vidual pole terms come out wildly wrbng; the individual terms have relatively
different contributions from the asymptotic region, which _affelct the individ-
nal integrals but which tend to cancel when all poles-are added together.

We now summarize the terms needed in a table.

Write:
T, Bix, 2)=68.2(x) - (=%/6) B \x)) y 4/120) B, (4)(;;)
Tiy(x, z) = 'Bio [(Sy x) - (z /6) y (x) /120) y x)]

T;5(x, 2) = 5.0 [6g,(x) - (2°/6) g, V) + (2 /120)gi(4) (x)]

These define polynomials in x and z which can be Taylor-series-expanded

in vy.

Also let F;’l = 2 tanmiUc_/Tr
_ -1 o
F, =2 {tan UC~UC)/n and
-1, . 2 2
= 2 = + o [T
F, {tan U, UC/Z [UC +2/UC 11} . /=
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Then we get the following "residues't with 7~ Fi in the residue theorem:

. . Residue Residue
- Parameter (y=-vyi) . (y==vi)
: B ' B,
"B! Bt F
By =831 (-y3)F, tes T o (Fy3)h Fy
i
V3 tgy T3” (-y3) Fy tg3 T3™ (y3) Fy
g g
€4 teg Tym by Fy -8, Ty (hyy) F,
gil gll
g2 ~gy Ty” (-y,) Fy ~g, T (vl Fy
1 1

‘Prime denotes 9 /oy. (V-d)

The B1 term deserves extra effort, since it requires integration by

parts as explained above.

y

(¢ n -1 -1 _
6Bi(y) tan " U+ =tan ~ U-> dy =

;_YC |

o

Ve o .
[ Iy} {tanm'xl[(wr y )/ g] etan“i[Y'myi/g]}
E:-'y’

C

where -

6B, (y) = T, (x,2), 8/0y Ily) = 6B,(y), Us=(y£y )/g,.

-
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As above, we neglect the pole at - vy in integrating over +y -and vice versa,

- and arrive at two contributions:

C
I(Y_C) 5_(U) + SU 1(y) AU/ 1+ U2,

4

8 (U ) = {tan"i[(yC +y, /gl - tari_i[(yg Yi-)/gil},

y
I(y)y = So B, (y) dy,

y
I{-y) = So 6B, (-y) dy,

and we get.two residue functions, one for each set of pole/s (-Yi" :I-__yi). - To do

the integral of 6B,, we expand x(y) and & Bi[x(y)] in a Taylor series. Also,

i
to improve accuracy slightly, we take

. y- Y4
Lly) = Ity ) + (y-y)) 'y} + =) I'" (vy)

Then we get for the B1 term

[1 (y,) 8,(U) +1(y,) F,+g,° I'"(y,) FZ/Z] (V-e)

where I (Yi) =6B,! (yi)° To get I(y,) we write

1 1

2
. = t i
6B,(y) = 6B,(0) +8B,'y +(8B,'"/2)y",

where _
6§B,' = £.8 (6B)/0x
1 0 \
‘ - g2 52 2‘6B+d§0 9 (6B}/d
_ 6B1 = gO 9°/ox Fay (6 B}/ ox
\ £, = d/dy x(0)
dg,,
_d—F = Bz (Xos 0, zO-)/PO .
Denoting 8B,(0) = By, 8/0x 8B =B, 3 Jox” §B,(0) = B,, we have
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_ 2 i 2
5Bi(y) = B0+yB1§0+y [Bigo +g0 BZ/Z]

at 7de
+Y3[go% BZ] + Y4[<_d_yo> ,BZ/ZJD
‘ 2 2 4 2
and I{y) = B0y+(B1§O)y /2 + [Biﬁo'ﬂ' 6,0 BZ/Z] v/3

(y= Y{l) + {Eoﬁoi BZ:I y4/4+ [goiszZ/z] y5/5. (V1)

This approximation, checked against numerical computation, is perfect.

For »I(yc),, a good approximation is

1}

. XC
I(y,) 1<y1>+<§ 5 B(x) d%/gw,

3 Xi
Where x = x(yc), Xy = x(y), and'goo = lim dx/dy({«).

c
To summarize, we have shown that the contribution from inhomogenei-

ties in-all lLi terms can be written as

3 o

i=1

yl:yc 2 d 2
A Bzéy")%}—s‘) (y'+odcly'i I{y'),
y'=-y.

where the Ti“s are obtained from (Vob), or for the B, term, from {V.e) to-

gether with (V-f). _

1

From the trajectory functions (no x, z dependence} we can calculate

X(Yi) and vz(y‘i) to good accuracy from

~ x + ]
xly,) = x, + £y, + M(y,)/P,
z(yi) =z + }»0 A

To the accuracy needed (x,z to 0.25-in.}, gog)\og 2y and" Pomfl can be in-
ferred from the input data, so x(y‘i) is a linear function of input data [M (yi}
are constants, calculated only once in the experiment]. |

For an iterative procedure (though this should not be necessary)(IIl-k)
with - P = P.' can be used for a slightly better approximation to x(y}. Also,

0 0
fBX can be written as a sum of residues and inserted in (IIl-n} for a beiter
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approximation to the z trajectory.
For nonnegligible dip angles (>0.03) all residue functions must be re-

placed by:

dx 9T dz 0T
1 — e P o ey —_—
T (y) = dy 8T/0x dy 9x * dy 0z

Figures V-1 through V-3 show the results (in 0.1% of the central line
.integrai) of residues plus cutoff versus numerical integration in determining
these corrections due to inhomogeneity. Evidently the calculation.is reliable

to 0.05%.
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Fig. V-1. Plot of the numerical integral of the inhomogeneities in
0.1% of the central line integral for random tracks; the ordinate
has y.= 70 in.; the abscissa has y_ =40 in. This shows that the
choice of a cutoff does not affect the actual value of the integral,
and so the only problem is to find a good approximation to the
numerical integral by the residue technique.
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Fig. V-2. (a) Integral of B, inhomogeneity by the method of
- residues (ordinate) versus numerical integration (abscissa).
(b) Numerical integral [ (dx/ds) B_(y)dy(ordinate) versus
- integral by residues (abscissa) in uni}tr:s of 0.1% of the central
line integral.
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Fig. V=3. Plots of residue (abscissa) versus numerical (ordinate)
‘integration of inhomogeneities due to §, L|J2, and y,. Yc is
chosen to be 40 in. and units are 0.1% ot central line integral.
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This report was prepared as an account of Government

sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A.

Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report. '

As used in the above, '"person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.





