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Flat band topology of magic angle graphene on a transition metal dichalcogenide

Tianle Wang,1, 2 Nick Bultinck,1, 3 and Michael P. Zaletel1, 2

1Department of Physics, University of California, Berkeley, CA 94720, USA
2Materials Science Division, Lawrence Berkeley National Laboratory, Berkeley, California 94720, USA

3Department of Physics, Ghent university, 9000 Gent, Belgium
(Dated: August 18, 2020)

We consider twisted bilayer graphene on a transition metal dichalcogenide substrate, where
proximity-induced spin-orbit coupling significantly alters the eight flat bands which occur near the
magic angle. The resulting band structure features a pair of extremely flat bands across most of the
mini-Brillouin zone. Further details depend sensitively on the symmetries of the heterostructure;
we find semiconducting band structures when all two-fold rotations around in-plane axis are bro-
ken, and semi-metallic band structures otherwise. We calculate the Chern numbers of the different
isolated bands, and identify the parameter regimes and filling factors where valley Chern insula-
tors and topological insulators are realized. Interestingly, we find that for realistic values of the
proximity-induced terms, it is possible to realize a topological insulator protected by time-reversal
symmetry by doping two holes or two electrons per superlattice unit cell into the system.

I. INTRODUCTION

Recent experimental progress [1–22] has maintained
continued interest in the study of twisted bilayer
graphene (TBG) in the magic angle regime, where the
twist angle between the two graphene layers is approxi-
mately one degree. Near this magic angle, the TBG band
spectrum structure contains eight bands near the charge
neutrality point with a very small bandwidth. When the
Fermi level lies within these flat bands, interactions play
an important role and lead to the appearance of corre-
lated insulating states at certain integer fillings. Inter-
estingly, the flat bands were also found to have a subtle
but non-trivial form of band topology [23–29].

In this work, we consider the band spectrum of magic
angle graphene in the presence of a transition metal
dichalcogenide (TMD) substrate. For some first exper-
imental results on such TBG-TMD devices, at angles
θ = 0.79°−0.97° somewhat below the first magic angle,
see Ref. [16]. The heavy atoms in a TMD substrate
are known to introduce significant spin-orbit coupling
(SOC) in graphene via the proximity effect. Because
of their small bandwidth, the flat bands are expected
to be significantly reconstructed by the SOC terms, and
the band topology of the SOC bands can potentially be
very different from the band topology of the original BM
bands. Studying how the flat band topology changes
in the presence of SOC is not purely a theoretical exer-
cise, but is also an important step towards understanding
the interacting phase diagram. One of the main reasons
is that magic angle graphene has a large approximate
U(4)×U(4) symmetry [30, 31], as a result of which there
are many different candidate symmetry-breaking states
which are very close in energy, as is seen for example in
numerical Hartree-Fock [10, 30, 32, 33], density matrix
renormalization group [31] and quantum Monte Carlo
[34] studies. Because of this close intrinsic competition,
small extrinsic effects coming from the substrate can tip
the balance between different symmetry-breaking states.
For example, the two-fold in-plane rotation symmetry

breaking staggered sublattice potential which is induced
by an aligned hexagonal Boron-Nitride substrate has al-
ready been observed to drastically change the interacting
phase diagram of magic angle graphene [11, 12, 19]. This
is in agreement with the numerical Hartree-Fock study of
Ref. [30], where it was found that a staggered sublattice
potential as small as 10 meV can change the nature of
the ground state at charge neutrality.

There are multiple different ways to combine TBG with
TMD substrates, depending on whether a TMD sub-
strate is placed on only one or on both sides of the TBG
device, and depending on the in-plane orientation of the
TMD relative to the graphene layers. In this work, we
consider all these possibilities and find that the different
devices have very different band structures. We also find
that C′2x, the spinful two-fold rotation symmetry around
the in-plane x-axis, plays an important role in explain-
ing the differences in band structure. In particular, our
results show that TBG-TMD heterostructures which are
C′2x symmetric have Dirac points near the Γ point, even
though the spinful C2zT symmetry is broken, while C ′2x
breaking heterostructures have a gapped band spectrum.
Interestingly, we find that the gapped band structures
have a pair of bands which are extremely flat around the
K± point. For a representative band structure display-
ing this pair of flat bands, see Figs. 1(b) and 1(c), where
the band structure is shown along a path between high-
symmetry points in the mini-Brillouin zone. We develop
an intuitive understanding of the spin-orbit coupled band
structures, and in particular how they are affected by the
different proximity-induced terms, by doing a k · p anal-
ysis at the different Dirac points.

For the devices with a gapped band spectrum, we cal-
culate the Chern numbers of the different isolated bands.
We find a very rich phase diagram depending on the rel-
ative strength of the different proximity-induced terms.
We identify the parameter regions and integer filling fac-
tors where valley Chern insulators and topological in-
sulators protected by time-reversal symmetry are real-
ized. Interestingly, we find that for realistic values of the
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proximity-induced terms, it is possible to obtain topolog-
ical insulators both at filling ν = −2 and ν = 2, i.e. at
the filling factors obtained by doping either two holes or
two electrons per moiré unit cell into the system.

The remainder of this paper is organized as follows. In
Section II, we start by reviewing the continuum model of
twisted bilayer graphene. In Section III we consider the
different TBG-TMD heterostructures, and discuss the
proximity-induced terms that appear in the TBG Hamil-
tonian, together with their symmetries. We then first
study the effect of only the leading Rashba spin-orbit
coupling terms in Section IV. We use a k · p analysis to
develop an understanding of the effects of Rashba spin-
orbit coupling on the TBG flat bands, and we investigate
the symmetry protection of the different Dirac cones in
the bands with spin-orbit coupling. In Section V, we add
the remaining subleading proximity induced terms, and
analyze the resulting flat bands. Again, we resort to a
k ·p analysis to develop an intuitive understanding of the
effects of the subleading terms. Next, we focus on the
heterostructures which can have gapped flat bands, and
we calculate the corresponding Chern numbers in Section
VI. We also discuss the different topological phases that
can be realized in these devices. We end with a discussion
of our results in Section VII.

II. TWISTED BILAYER GRAPHENE
CONTINUUM MODEL

In this section, we first review the continuum model
describing twisted bilayer graphene (TBG) [35–37]. We
start by defining the single-valley, spinless moiré Hamil-
tonian, which can be written as

HK =
∑
k

H0(k) +HT (k) . (1)

The first term H0(k) is the intra-layer term, given by

H0(k) =
∑
l

f†l (k)hlθ/2(k)fl(k) . (2)

Here, f†l (k) denotes the electrons from layer l, each hav-
ing two components from the two sublattices. l = +/−
is the index of top/bottom layer, and hθ(k) is the mono-
layer graphene Hamiltonian with twist angle θ and Fermi
velocity vF :

hθ(k) = ~vF (kxσ
x + kyσ

y) e−iθσ
z

, (3)

where σ acts on the electron sublattices. The top and
bottom layer in H0(k) are rotated by ±θ/2 respectively,
so the two layers have a relative twist angle θ.

The second term in Eq. (1), HT (k), is the inter-layer
tunneling term given by

HT (k) =

3∑
j=1

f†+(k + qj)Tjf−(k) + h.c. . (4)
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FIG. 1. (a) Band structure along a high symmetry line of
the BM Hamiltonian with a Rashba SOC term given by
λ+
R(τzσxsy−σysx). The twist angle is θ = 1.08°, and λ+

R = 16
meV. (b) Same as above, but now with the Rashba SOC as
λ−Rl

z(τzσxsy − σysx) which has opposite sign on both layers,
and λ−R = 16 meV. (c) Same as (b) but zoomed in to highlight
the flat bands. The solid and dotted lines represent the flat
bands from different valleys.

The momentum transfer q1 is defined as q1 = K−−K+,
i.e. it corresponds to the momentum difference between
the Dirac points of the bottom and top layer. The other
two momentum transfers q2 and q3 are related to q1

by the three-fold rotation symmetry: q2 = C3zq1, q3 =
C3zq2. The inter-layer hopping matrices Tj are defined
as

Tj = w0σ
0 + w1σ

xe
2πi
3 (j−1)σz . (5)

The two parameters w0, w1 respectively correspond to
the sublattice diagonal (AA/BB) and sublattice off-
diagonal (AB/BA) hopping strengths respectively. In
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this work, we use w1 = 110 meV and w0 = 0.75w1, which
takes into account corrugation effects [38–40]. For these
values of the inter-layer hopping, the single-valley TBG
Hamiltonian has two very flat bands around charge neu-
trality for twist angles close to the first magic angle value
θ∗ ∼ 1.08°.

Adding the spin and valley degrees of freedom, the
complete moiré Hamiltonian for TBG takes the form

HTBG =

(
HK(k)

HK̄(k)

)
τ

⊗ s0 , (6)

where τ ∈ {+,−} labels the two valleys, and sµ corre-
spond to the identity matrix and the three Pauli ma-
trices in spin space. The moiré Hamiltonians com-
ing from different valleys are related by time reversal:
HK̄(k) = H∗K(−k).

The Hamiltonian HTBG preserves the following sym-
metries: (1) Time-reversal symmetry T ; (2) C3z rotation
around the out-of-plane z-axis; (3) C2z rotation around
the z-axis and (4) C2x,2y rotation around the in-plane x-
and y-axes. For the purposes of this work, the most rel-
evant symmetries are T , C2z and C2x, which respectively
act as T = τxK (K is complex conjugation), C2z = τxσx

and C2x = lxσx. Note in particular that both T and
C2z interchange valleys, and are therefore absent in the
single-valley moiré Hamiltonian HK(k). As expected
form their geometrical definition, all two-fold rotations
interchange the sublattices, and only rotations about in-
plane axis interchange the two layers.
H0(k) contains two Dirac cones which are coupled in

the presence of HT (k). As a result, HTBG(k) has two
Dirac cones in each valley with renormalized Fermi ve-
locity [36]. Importantly, the Dirac cones are protected
by the C2zT symmetry, which acts within a single valley.

III. COMBINING TBG WITH A TMD
SUBSTRATE

As is known from previous work [41], placing graphene
on a transition metal dichalcogenide (TMD) substrate
(such as MoS2) can induce significant spin-orbit coupling
(SOC) for the graphene electrons. Because the TMD lat-
tice is highly incommensurate with graphene, its effect on
the low-energy spectrum of graphene can be well approxi-
mated by a spatially-independent perturbation HSOC on
the graphene layer nearest to the substrate. The most
important SOC terms which are induced are the Ising
SOC, which takes the form

HSOCI = λIτ
zsz , (7)

and the Rashba SOC, which is given by

HSOCR = λR(τzσxsy − σysx) , (8)

where τ, σ, s act on the graphene layer proximate to the
TMD. Note that magnitudes of the SOC terms in princi-
ple depend on the angle of the TMD-graphene alignment.

In particular, the TMD is not invariant under a C′2z rota-
tion, leading to the C′2z-odd termHSOCI : if the alignment
is rotated by 180°, λI → −λI . In recent experiments, the
typical strengths of the different proximity-induced terms
in each layer were found to be λR ≈ 16 meV, λI ≈ 1 meV
and u ≈ 1 meV [42–46].

In magic angle graphene the kinetic energy of the elec-
trons is quenched and the SOC strength becomes com-
parable to the bandwidth of the nearly flat bands. For
this reason, the SOC can potentially have a drastic effect
on the moiré bands. We note that the effect of SOC on
TBG was also studied previously in Ref.[16] using the
same model studied here, but in the regime below the
magic angle (θ ∼ 0.8°).

In addition to the SOC terms, the TMD also induces
a finite sublattice splitting, given by

HSL = uσz . (9)

The sublattice splitting is also induced by an aligned
hexagonal Boron-Nitride substrate [47–52], and has been
observed experimentally to have a non-trivial effect on
the correlated phase diagram of TBG [11, 12, 19].

Because of the SOC, the TBG-TMD heterostructures
is no longer invariant under the spinless symmetries men-
tioned in the previous section. We therefore need to con-
sider the spinful generalizations of the three relevant sym-
metries discussed above, which are given by T ′ = iτxsyK,
C′2z = iτxσxsz and C′2x = ilxσxsx. This will help us de-
termine how the signs of λI , λR and u depend on the rel-
ative orientation of the TMD layer to the TBG. Namely,
the C′2z operation, which is equivalent to a 180° rotation
of the TMD layer, anti-commutes with HSOCI and HSL

but commutes with HSOCR . This means that the λI and
u terms will change sign upon changing the TMD orienta-
tion, but λR term will not. We will denote the proximity-
induced terms with a ± superscript, which corresponds
to their relative sign on both layers (i.e., λ+

I denotes Ising
coupling with the same sign on both layers).

In this work, we focus on three different kinds of
TBG-TMD heterostructures: (1) a TMD-TBG-TMD
heterostructure with the same TMD orientation on
both sides (“even”), (2) a TMD-TBG-TMD heterostruc-
ture with opposite TMD orientation on both sides
(“odd”), and (3) a one-sided TBG-TMD heterostructure.
The even/odd heterostructures add even/odd proximity-
induced terms to the TBG Hamiltonian, respectively
given by

HPI
e =

u+

2
σz +

λ+
I

2
τzsz +

λ−R
2
lz(τzσxsy − σysx) , (10)

HPI
o = lz

(
u−

2
σz +

λ−I
2
τzsz +

λ−R
2

(τzσxsy − σysx)

)
.

(11)

Note that the Rashba term is required to have opposite
sign on the two graphene layers by the layer-exchanging
C′2x symmetry. The one-sided TBG-TMD stacking only
has proximity-induced terms on one layer, and can be
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m (T , T ′) (C2z, C′2z) (C2x, C′2x) C′2zT ′ C′2yT ′

u+ (X,X) (×,×) (×,×) × X
λ+
I (×,X) (×,×) (X,×) × X
λ+
R (×,X) (×,X) (X,×) X ×
u− (X,X) (×,×) (X,X) × ×
λ−I (×,X) (×,×) (×,X) × ×
λ−R (×,X) (×,X) (×,X) X X

TABLE I. Symmetry transformation properties of the
proximity-induced terms in Eqs. (10), (11) and (12). A “×”
entry in the table means that the term on that row is odd
under the symmetry labeling the column, i.e. the symmetry
is broken. A “X” entry means that the proximity-induced
term is even and therefore symmetry-preserving.

written as a combination of the even and odd proximity-
induced terms:

HPI
1s =

1 + lz

2

(
u

2
σz +

λI
2
τzsz +

λR
2

(τzσxsy − σysx)

)
.

(12)
In Table I, we list all the proximity-induced terms

(Ising SOC, Rashba SOC and sublattice splitting) in both
the even and odd form, and their transformation proper-
ties under time-reversal and different two-fold rotations.
From the table, we see that the different TBG-TMD het-
erostructures are distinguished by their transformation
properties under C ′2x. In particular, He breaks C′2x, while
Ho is invariant under it. Importantly, because of the Ising
SOC and sublattice splitting, all heterostructures neces-
sarily break not only the spinless C2z symmetry, but also
the spinful C ′2z symmetry. All proximity-induced terms,
however, do respect the spinful time-reversal symmetry
T ′. As in the original TBG continuum model, the single-
valley moiré Hamiltonians of the TBG-TMD heterostruc-
tures are interchanged by time-reversal symmetry.

IV. FLAT BANDS FROM RASHBA
SPIN-ORBIT COUPLING

As mentioned in the last section, Rashba SOC is the
dominant term introduced by the proximity effect of
TMD. Therefore, we will first isolate its effect on the
flat band spectrum of TBG, and later add the Ising SOC
and sublattice splitting as small perturbations.

We first consider a TBG-TMD heterostructure with
both even and odd Rashba SOC terms:

HR = HTBG +
1

2

(
λ+
R + λ−Rl

z
)

(τzσxsy − σysx) (13)

HR features four flat bands in each valley, with opposite
valleys related by T ′ symmetry. In Fig. 1, we highlight
the four flat bands of HR from the K valley, with both
(λ+
R, λ

−
R) = (16, 0) meV and (λ+

R, λ
−
R) = (0, 16) meV.

The band spectrum with λ−R = 0, as shown in Fig. 1(a),

remains almost two-fold degenerate and is not very dif-
ferent from the original BM band spectrum. The het-
erostructure with λ+

R = 0, on the other hand, has a very
intricate band structure with several remarkable features
as shown in Figs. 1(b) and (c). First, near the K± points
there is one pair of well-separated bands which are ex-
tremely flat, while the other two bands have Dirac cones
at K±. Second, we find that in total there are sixteen dif-
ferent linear band crossings or Dirac points, all of which
are protected by the spinful C′2zT ′ symmetry. Two of
the Dirac points are located at the Γ point, and they
are displaced in energy, i.e. one Dirac point is between
the top two bands and one Dirac point is between the
bottom two bands. The three different Γ−M lines each
contain two linear band crossings, one between the top
two bands, and one between the bottom two bands. The
six final Dirac points are very close to, but not exactly
on, the Γ − K+ and Γ − K− lines. For the parameter
values we used, we find that the Dirac points along the
Γ −M and Γ −K± are all located very closely to the Γ
point. Because of the spin-orbit coupling, the two-band
single-valley BM model becomes a four-band model. As a
result, the chirality of the Dirac points is no longer well
defined, and it is more appropriate to think about the
Dirac points as carrying a non-Abelian charge [29, 53].

Below, we use a k ·p analysis around both the K± and
Γ points to develop an understanding of the drastically
different effects of the even and odd Rashba SOC on the
BM bands, and analyze the symmetry properties of the
Dirac points along the Γ−M lines.

Before diving into the details, the fundamental differ-
ence between λ−R [Fig. 1(b)] and λ+

R [Fig. 1(c)] can be
summarized as follows. While far from the magic angle
the two mini-Dirac points at K± are localized onto one-
or the other layer, near the magic angle the interlayer-
tunneling causes the flat bands to be delocalized 50-50
between the two layers. And as explained in more detail
below, we also find the flat band states to have a rela-
tive phase difference of i between the two layers. As a
result, when projecting HR into the flat band, one finds
that the effect of λ+

R on the two layers cancels, leaving

the band structure almost unaffected, while for λ−R they
add. The flatness of the band throughout most of the
mBZ is simply a result of the momentum-independence
of the Rashba coupling.

A. Analysis of the Dirac points at K±

For our k · p analysis near the K± points, we start
by considering the approximation of the ”chiral limit”
of tBLG, which corresponds to artificially putting w0 =
0 in the BM Hamiltonian [54, 55]. In the chiral limit,
the Bloch states of the flat bands around both the K±

points can be taken to be completely localized on one
of the two sublattices (i.e A vs B). Therefore, we can
write the four-component Bloch states of the spinless,
single-valley BM Hamiltonian in this sublattice-polarized
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basis as ψ(r) and χ(r), where both ψ and χ have two
components corresponding to the two different layers, but
live on different sublattices. The chiral Bloch states for
the complete moiré Hamiltonian are then given by ψk(r),
χk(r), ψk̄(r) and χk̄(r) , where {k, k̄} denote the K/K̄
valleys, and two spins are represented by the same Bloch
states.

We can use the symmetries of the BM model to relate
the different chiral Bloch states. First, HTBG is invari-
ant under C2zT = σxK symmetry, which exchanges the
sublattices. Therefore the Bloch states of HTBG which
live on different sublattices transform into each other by
C2zT , which implies that χk(r) = ψ∗k(−r). Similarly,
HTBG is also invariant under T = τxK symmetry, giv-
ing the following relation between other basis functions:
{ψk̄(r), χk̄(r)} = {ψ∗−k(r), χ∗−k(r)}. These relations al-
low us to fix all chiral Bloch states given a single Bloch
state ψk(r).

For the purpose of our k · p analysis, we are only inter-
ested in the chiral Bloch state ψk(r) near the K± points.
We have observed numerically that in this region the chi-
ral Bloch states are to a very good approximation given
by the following simple form:

ψK±(r) ∼
(

1
−i

)
f(r) , (14)

where f(r) is some envelope function which ensures that
the wavefunction amplitude is concentrated on the AA
regions. Eq. (14) thus implies that the wavefunction com-
ponents on different layers have the same magnitude and
a relative phase difference of π/2. Importantly, we find
that away from the chiral limit, and even for realistic
values of w0, one can still find a basis for the flat bands
where the expression in Eq. (14) remains a very good
approximation for the basis states. This basis precisely
corresponds to the sublattice polarized basis introduced
in Ref. [30]. The observation that we can work in a basis
of the form in Eq. (14) at realistic values of w0 will help
us understand many of the results obtained below.

Now we explain how we construct the k ·p Hamiltonian
near the K± points. We start with numerically diagonal-
izing HTBG at the K± points. Because the bands at the
K± are degenerate, the corresponding eigenbasis is not
uniquely defined. To remedy this, we fix the eigenbasis
by imposing that the C′2zT ′ symmetry acts as iσxsxK.
Next, we project HR(k) in the neighborhood of the K±

points into the symmetry-fixed eigenbasis, and obtain the
following matrix:(

H̃R,K±(k)
)
ij
≡ 〈i|HR(k)|j〉 , (15)

where |i〉 ∈ {|ψK±〉, |χK±〉, |ψK̄±〉, |χK̄±〉}. This proce-
dure gives us the following effective k · p Hamiltonian to
first order in k:

H̃R,K±(k) = E0,K+ṽK(kxσ
x+kyτ

zσy)+
λ̃−R
2

(τzσxsy−σysx) ,

(16)

kx
k∗x

k2xk1x

C1

C2

FIG. 2. C′2x symmetric contour around a Dirac point at k∗ =
(k∗x, 0). The contour consists of two parts C1 and C2, which
are related by C′2x. k1x and k2x are the begin (end) and end
(begin) points of C1 (C2).

where ṽK is the renormalized Dirac velocity of the tBLG.
Note that under the flat band projection, the even
Rashba SOC term (λ+

R) vanishes, and therefore it has no
effect on the band spectrum in first order perturbation
theory. The odd Rashba terms λ−R, on the other hand,
is unaffected by the projection. One can explicitly check
these properties of the even and odd Rashba terms under
projection into the flat bands by using the approximate
expression for the flat band basis states given in Eq. (14).

In each valley, the projected odd Rashba SOC in
Eq. (16) has eigenvalues {−λ̃−R, 0, 0, λ̃

−
R}. This separates

two of the four zero-energy bands with quantum num-
ber σzszτz = −1 with a band gap ∆ = 2λ̃−R, producing
the flat bands in Figs. 1(b) and (c), while the other two
bands remain unchanged and retain their Dirac crossing.
These Dirac points are protected by the C′2zT ′ symmetry
of HR.

B. Analysis of the Dirac points on the Γ−M lines

Having analyzed the Dirac cones at the K-points, we
now turn our attention to those Dirac cones in the band
structure of Fig. 1(c) which lie on the three different Γ−M
lines. Our goal is to identify the symmetries which pro-
tect these Dirac points. Let us first consider the Dirac
cones at the Γ point, and focus on the case with λ+

R = 0.
As a first step, we again perform a k · p analysis. We do
this by numerically diagonalizing HR at the Γ point, and
then using the eigenstates to construct the k · p Hamilto-
nian. To fix the eigenbasis, we impose different symmetry
representations with a new basis {τ, σ̃, s̃}: T̃ ′ = iτyK,

C̃′2zT̃ ′ = K, and C̃′2x = iτzσ̃z s̃z. Here, τ still refers to
the valley degree of freedom, but σ̃ and s̃ no longer rep-
resent the original sublattices or spins, as they are now
hybridized by the Rashba SOC. Instead, σ̃z distinguishes
the pair of high energy (σ̃z = +) and the pair of low en-
ergy bands (σ̃z = −) at Γ, and s̃µ acts within each pair
of high or low energy bands. Note that in this basis, the
C̃′2x operator is diagonal matrix, which will be helpful for
our later discussions.

After projecting HR(k) in the neighborhood of the Γ
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point into this eigenbasis, we obtain the following effec-
tive k · p Hamiltonian to first order in k:

H̃R,Γ = (E0,Γ + m̃σ̃z) + ṽΓτ
z(kxs̃

z + kyσ̃
z s̃x) (17)

In each valley, HR has two separated Dirac cones at the
Γ point. Similar to the Dirac cones in the BM band
spectrum, they are protected by the valley-charge con-
servation symmetry and C′2zT ′.

From the k · p analysis we also observe that all valley-
diagonal mass terms, i.e. the terms τ0,zσ̃0,z s̃y, not only
break the C̃′2zT̃ ′ symmetry, but also the C̃′2x symmetry.
As a next step, we will show that this is no accident,
and that the Dirac cone at Γ is protected by the C′2x
symmetry. At the same time, we will also show that the
additional Dirac points along the C′2x-invariant Γ − M
line are also protected by C′2x, and that the Dirac points
along the two Γ − M lines which are interchanged by
C′2x are protected by a combination of the C′2x and C′3z
symmetries, where the latter is the spinful three-fold in-
plane rotation symmetry.

To show that Dirac cones along the C′2x invariant line
are protected by C′2x, let us consider the general situation
where there is a Dirac point at momentum k∗ = (k∗x, 0).
For generality, we will also allow the C′2zT ′ symmetry to
be broken. Denoting the cell-periodic part of the Bloch
states as |uk,n〉, the C′2x symmetry implies that

D(C′2x)|uk,n〉 = eiαn(k)|uC2xk,n〉 , (18)

where C2xk = (kx,−ky), D(C′2x) is the C′2x representa-
tion acting on the periodic part of the Bloch states, and
eiαn(k) is a gauge-dependent phase factor. Note that we
always work in a continuous gauge, such that αn(k) is a
continuous function of momentum. Since C′22x = −1, the
phase factors eiαn(k) satisfy exp(i[αn(k) + αn(C2xk)]) =
−1. Along the C2x-invariant momentum line, the phase
factors exp(iαn(k)) = ±i are the C′2x eigenvalues of
the Bloch states. From the C′2x transformation prop-
erty in Eq. (18), it follows that the Berry connection
An(k) = i〈uk,n|∇|un,k〉 satisfies

An(k) = C2xAn(C2xk)−∇αn(k) . (19)

Note that Eq. (19) implies that the Berry curvature
F (k) = ∂xAn,y(k)− ∂yAn,x(k) is odd under C′2x.

Next, we consider a C2x symmetric contour C encir-
cling the Dirac point at k∗. This contour consists of two
parts C1 and C2, which are related by C2x. The two
parts C1 and C2 meet at the points k1

x and k2
x on the

C2x-invariant line ky = 0. See Fig. 2 for an example of
the contour C. The Berry phase along the closed contour
C is given by

∮
C

An(k) · dk =

∫
C1

An(k) · dk +

∫
C2

An(k) · dk (20)

Using Eq. (19), we can write the contribution to the
Berry phase of the C2 section of the contour as

∫
C2

An(k) · dk = −
∫
C2xC1

An(k) · dk (21)

= −
∫
C1

C2xAn(C2xk) · dk (22)

= −
∫
C1

(An(k) +∇αn(k)) · dk ,(23)

where the minus sign in the first line comes from the fact
that C2 and C2xC1 have different orientations, and in the
third line we have used Eq. (19).

Combining Eqs. (20) and (23), we find that the Berry
phase is given by∮

C

An(k) · dk = αn(k1
x, 0)− αn(k2

x, 0) . (24)

Because the Berry curvature is odd under C′2x, and be-
cause the contour C is C2x symmetric, we know that the
only contribution to the Berry phase can come from the
Dirac cone at k∗. This means that the Berry phase is
equal to π. From Eq. (24), it then follows that the C′2x
eigenvalues of the Bloch states along the C2x-invariant
line have to change sign on crossing the Dirac point. This
implies that every band has to cross an even number
of Dirac points along the C2x-invariant momentum line.
In a gapped band spectrum, the C′2x eigenvalue of the
Bloch states has to be constant along the C2x-invariant
line ky = 0, so Eq. (24) implies that the Dirac cones are
protected by the C′2x symmetry. This can also be un-
derstood by noting that since the Berry curvature is odd
under C′2x, the Berry phase along any C2x-symmetric con-
tour in a gapped band spectrum has to vanish, while this
Berry phase is equal to π on encircling the Dirac point.

The arguments above show that the Dirac points along
the C′2x-invariant Γ − M line are protected by the C′2x
symmetry. The C′3z symmetry then implies that also
the Dirac points along the two Γ−M lines interchanged
by C′2x cannot be gapped, which means that these Dirac
crossing are protected by the combination of the C′2x and
C′3z symmetries.

We can explicitly check the above conclusions by revis-
iting the k ·p Hamiltonian in Eq. (17). The k ·p Hamilto-

nian along the ky = 0 line takes the form H̃R,Γ(ky = 0) =
E0,Γ + m̃σ̃z + ṽΓkxτ

z s̃z, and the C′2x symmetry acts as
iτzσ̃z s̃z. From these expressions, it immediately follows
that each band will indeed have opposite C′2x eigenvalues
at different sides of the Dirac points at Γ. We have also
numerically computed the C′2x eigenvalues of the four flat
bands along the entire Γ−M line, and we observed that
the four bands change their C′2x eigenvalue not only at Γ,
but also on crossing the other Dirac points on the Γ−M
line. This confirms that these Dirac points are indeed
protected by the C′2x symmetry.
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FIG. 3. Example of band spectra along Γ−K+ line and Γ−M line in four different kinds of devices: (a) TBG withouth TMD
substrate; (b) one-sided TBG-TMD heterostructures; (c) even TMD-TBG-TMD heterostructures; (d) odd TMD-TBG-TMD
heterostructures. The strengths of proximity-induced terms are (λR, λI , u) = (16, 1, 2) for all figures.

V. EFFECTS OF SUBLATTICE SPLITTING
AND ISING SOC

After our analysis of the effect of Rashba SOC on the
BM bands, we will now include the Ising SOC and sub-
lattice splitting terms in our analysis. Specifically, we
consider the even and odd TBG-TMD heterostructure,
where the Ising SOC (λ±I ) and sublattice splitting (u±)
are introduced according to Eqs. (10) and (11) respec-
tively:

He,o = HTBG +HPI
e,o , (25)

and they can be treated as perturbations to HR in
Eq. (13), with λ+

R = 0 and λ−R 6= 0. A similar treatment
can be applied to one-sided TBG-TMD heterostructure

H1s = HTBG +HPI
1s , (26)

but the conclusion would be similar, as we found in the
previous section that the λ+

R term in H1s has only a small
effect.

Similar to Rashba SOC, the additional proximity-
induced terms in He and Ho will change the band struc-
ture of HTBG. In Fig. 3, we show the band spectra of He,
Ho and H1s along high-symmetry lines. We see that all
the band spectra are gapped at the K± points where the
gapless Dirac cones are broken by the proximity-induced
terms, but the band gap in He,1s are much larger than
that of Ho. As for the Γ point, He,1s and Ho also show
different characters: Ho still retains the two gapless Dirac
cones along the Γ−M line, while He,1s have all of these
Dirac cones gapped out. The three Hamiltonians also
gap out the Dirac cones away from high-symmetry lines,
but the difference between the resulting spectra is less
significant. Overall, it is expected that H1s has a band
spectrum similar to He since they share the same per-
turbation terms, and we will now explain the different
band features of He and Ho in the perspective of both
symmetry protection and k · p analysis.

We can understand the different band gaps in He and
Ho from symmetry considerations. According to Table I,

both the u± and λ±I terms in He,o break the C′2zT ′ sym-
metry, removing the protection on the Dirac cones at the
K± points. However, the u− and λ−I terms in Ho pre-
serve the C′2x symmetry protecting the Dirac cones along
the Γ − M line, therefore they will not induce a band
gap. The u+ and λ+

I terms, on the other hand, do not
preserve C′2x, so we do expect those Dirac cones to be
gapped in He, but not in Ho.

The arguments above can be made explicit by using
our k · p analysis at the K± and Γ points. At the K±

points, we use the same approximate Bloch states as in
the previous section to obtain a k · p Hamiltonian. In
this way, we obtain the following effective Hamiltonians
for He,o near the K± points:

H̃e,K± = H̃R,K± + ũ+σz + λ̃+
I τ

zsz ; (27)

H̃o,K± = H̃R,K± . (28)

In He, the additional terms in Eq. (27) gap out the Dirac
cone, as they indeed break the C′2zT ′ = iσxsxK symme-

try. Note that the ũ+ and λ̃+
I terms commute, which

implies that they are competing mass terms. As for Ho,
we find that u− and λ−I simply vanish under the projec-
tion involved in the k · p construction. This can easily be
checked explicitly by using the simple approximate form
for the BM Bloch states around the K±, as discussed
in detail in the previous section. Even so, u− and λ−I
terms still gap out the Dirac cones as these terms break
the C′2zT ′ symmetry. The Dirac mass generated by these
two terms, however, will only appear in second order per-
turbation theory, and will therefore be much smaller than
the Dirac masses in He. From Fig. 3, we indeed see that
the gaps at the K± points in Ho are significantly smaller
than the corresponding gaps in He, which are barely vis-
ible on this scale.

At the Γ point, the k · p Hamiltonians corresponding
to He,o are

H̃e,Γ = H̃R,Γ + ũ+τzσ̃y s̃z + m̃+
I τ

zσ̃z s̃y , (29)

H̃o,Γ = H̃R,Γ + (ũ− + m̃−I )τzσ̃y s̃x , (30)
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With the symmetry representations C̃′2zT̃ ′ = K and

C̃′2x = iτzσ̃z s̃z, we see that H̃e,Γ breaks both of these

symmetries, while H̃o,Γ breaks C̃′2zT̃ ′ but not C̃′2x. This
means that only He lifts all the symmetry protection on
the Dirac cones and obtains a fully gapped bands in first
order perturbation. On the other hand, Ho will only
renormalize but not gap out these Dirac cones, as they
are still under the protection of C′2x.

VI. VALLEY CHERN NUMBERS AND
TOPOLOGICAL INSULATORS

In the previous section we found that both for the even
and one-sided TBG-TMD heterostructures the flat bands
can be fully gapped in the presence of all proximity-
induced terms. This allows us to define Chern numbers
for these isolated bands and determine their topologi-
cal properties. In this section, we examine how these

Chern numbers depend on the proximity-induced terms,
and what topological phases can be realized in different
parameter regimes and for different fillings.

We obtain the Chern numbers for the different iso-
lated bands, as well as for different heterostructures, as
follows. First, we note that since all heterostructures pre-
serve time-reversal symmetry T ′, we only need to calcu-
late the Chern numbers for the four flat bands in a single
valley, as the bands in different valleys related by T ′ will
have opposite Chern number. The Chern numbers of the
isolated bands in one of the valleys are computed using
the method of Ref.[56].

Since the band gaps are mainly determined by the
strengths of Ising SOC λI and sublattice splitting u, we
fix the Rashba SOC strength λR = 16 meV, and focus
on how the Chern numbers depend on both u and λI .
The resulting phase diagrams of the single-valley moiré
Hamiltonians (in valley τ = +) corresponding to both the
even and one-sided heterostructures are shown in Fig. 4.



9

Note that it is sufficient to consider the parameter regime
where λI > 0 because the u± and λ±I change sign un-
der C′2zT ′, which implies that the bands with parameters
(−u,−λI) have opposite Chern numbers from those with
(+u,+λI).

From the phase diagrams in Fig. 4, we can identify
the different parameter regimes where, based on a single-
particle picture, non-trivial gapped topological phases
are realized in the heterostructures. In Fig. 5, we show
the possible phases in the even heterostructure at fillings
ν = −2, 0, 2, where bands can fill in T ′-related pairs.
The different topological phases are characterized by the
Chern numbers of the occupied bands, and are distin-
guished physically in several ways. The most robust
phases are those which have an odd total Chern num-
ber in each valley. These states are topological insula-
tors which are protected by the T ′ Kramers symmetry,
and are characterized by gapless helical edge modes. The
phases which have an even but non-zero total Chern num-
ber in each valley are “valley-Hall” states protected only
by the valley-charge conservation symmetry. In the bulk,
the valley-charge conservation symmetry is preserved to
a very good approximation, but it can be significantly
broken along the edge of the device. Therefore, the insu-
lators with an even but non-zero valley Chern number are
separated from both the trivial and topological insulators
by a bulk gap closing, even though their edge modes will
acquire a small mass because of the valley-U(1) breaking
terms on the edge (while we do not attempt this anal-
ysis, these phases are presumably classified by different
symmetry-protected distinctions between atomic insula-
tors). It is reasonable to expect the gap of the edge modes
is smaller than the bulk gap, such that transport experi-
ments on a device with non-zero even valley Chern num-
ber will measure a significantly smaller gap compared to
devices with zero valley Chern number.

We can summarize the most relevant experimental im-
plications of our results as follows. First, for the even
and one-sided TBG-TMD heterostructure, it is possi-
ble to realize a variety of topological phases by tuning
the strength of proximity-induced coupling and the fill-
ing fraction of the electron flat bands. At filling ν = 0,
gapped phases can be realized with valley Chern num-
bers CV = ±2,±4 in two-sided even heterostructures,
and also CV = ±1,±3 in one-sided heterostructures. As
for filling ν = ±2, there is a large and physically real-
istic parameter regime where phases with CV = ±1 can
be realized, which correspond to non-trivial topological
insulators protected by time-reversal symmetry.

VII. DISCUSSION AND OUTLOOK

To summarize, we have analyzed the band structures
of different TBG-TMD heterostructures near the magic

angle. First, the effect of the dominant Rashba SOC on
the TBG flat bands was examined, and the resulting spin-
orbit coupled band spectrum was found to exhibit some
remarkable features such as a pair of very flat bands near
the K± points, and a very high number of Dirac cones.
Based on an approximation of the BM Bloch states near
the K± point, we provided a simple explanation for how
the Rasha SOC gives rise to the very flat bands. We also
analyzed the stability of the different Dirac cones, and
found that to gap out all Dirac cones one does not only
need to break the spinful C′2zT ′ symmetry, but also the
C′2x symmetry, as the latter protects the Dirac cones on
the three Γ−M lines (as explained above, some of these
Dirac cones additionally require C′3z to be protected).
Having understood the effect of the Rashba SOC, we
then included the subleading Ising SOC and sublattice
splitting terms. We found that C′2x breaking heterostruc-
tures generically have a fully gapped band spectrum con-
taining eight isolated bands, with the Ising SOC and
sublattice splitting terms behaving as competing mass
terms driving various phase transitions between different
gapped phases. Away from the phase transitions we cal-
culated the Chern numbers of the isolated bands, and we
obtained a rich phase diagram with many topologically
non-trivial phases. We explicitly identified the parame-
ter regimes where topological insulators and valley-Hall
insulators are realized at filling factors ν = −2, 0, 2.

We hope that the analysis presented here can be the
starting point for future experimental and theoretical
work on TBG-TMD systems near the magic angle. The
obvious open question is how the band structures found
in this work will be affected by the Coulomb interaction.
It would especially be interesting to see how the phase di-
agram as a function of doping at the magic angle changes
in the presence of SOC, as this could potentially provide
insight into the nature of the different correlated insu-
lators and the superconducting domes. On the theoret-
ical side, it would be interesting to apply a mean-field
analysis and see if the same dominant ordering tenden-
cies are found as in the case without SOC, and whether
at the integer fillings there is perhaps a clear candidate
symmetry-breaking order which has significantly lower
energy. At filling factors ν = ±2, it would be especially
interesting if no sign of additional symmetry breaking
is found in Hartree-Fock, and the topological insulators
survive in the presence of interactions, at least on the
mean-field level. We leave the study of these questions
for future work.
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