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ABSTRACT

The generalized vertex median of a weighted graph may be found by
complete enumeration or by some heuristic method. This paper investi~
gates alternatives and proposes a method that seems to perform well in

comparison with others found in the literature.



The problem of supplying some number of destinations, n, from a number
of sources, p, has been attacked with a variety of assumptions and methods.
If both sources and destinations are at fixed locations with given quanti-
ties available and required, the standard transportation problem of linear
programming appears. With given locations for destinations, the determination
of locations of sources in a euclidean plane may be called the generalized
Weber problem, after the nineteenth century student of industrial location
who examined this problem for the special case of the single location.
Operational generalizations of this form of the problem have been investi-

[1’2’3] using iterative approximation methods that are

gated by Cooper
appropriate where the locations for sources may be treated as continuous
in the plane. If destinations consist of fixed nodes on a network, but
sources may lie anywhere on network links and destination demands are
fixed while source capacities are unconstrained, it has been shown by
Hakimi[h’sl that the problem resolves itself into finding the generelized
absolute median of the weighted shortest path graph corresponding to the
network. Hakimi also demonstrated that there will exist such a generalized
p-median that includes only vertices of the graph, that is, nodes on the
network. Thus a solution to this problem will correspond to the case where
both destinations and sources lie on nodes of a network, a situation like
that investigated for fixed destination demands and unconstrained source
capacity by Maranzana.[6]
In this paper we deal with the problem of choice of location of p
sources of unconstrained capacity from among n destinations having fixed
demands and located at nodes of a network. The problem is essentially the

same as that investigated by Hakimi and Maranzana. However, our concern is

with alternative methods of solution.



The Discrete Allocation Problem as the Generalized Median of a Graph

Consider a network of n nodes, for each of which a demand hi is given.
For each pair of nodes i,j on the network, the minimum path distance dij is
found. The network may now be conveniently represented by an edge and vertex
weighted graph G. Each vertex Vs in G is weighted by the corresponding hi’
and each i-j edge by the shortest path dij‘

The vertex median of the graph G is defined in the following way.
Let the distance matrix D of G be the n X n symmetric matrix of dij be~

tween all pairs of vertices Vis V For a graph with equal vertex weights,

j‘
the vertex median vk will be that vertex for which the sum of the elements
in the corresponding column of D is minimized. That is, let
n
dj=z djy » (3 =1,2, ..., n) (1)
i=1

then Vi is the vertex median if and only if

4, = Min(d), 4, «ovs @) (2)

If the graph G has unequal vertex weights, then it is necessary to redefine
the distance matrix. Let H be the nth order diagonal matrix with vertex
weights on the diagonal. Now the weighted distance matrix R of G is

defined by

R = HD = [rij] = [hidij] . (3)

We have row multiplied D by the corresponding row vertex weights. R is
no longer generally symmetric. Each rij represents the weighted distance

quantity associated with vertex vy if Vj were the unique source. The vertex

median is defined as above in (1) and (2) but over the matrix R.



A generalization of the vertex median follows logically from (1) and
(2). Let Vp be some subset containing exactly p vertices of G. For an n
vertex graph there will be (;) possible subsets of this size; arbitrarily
index them by Vg (m=1, 2, ..., (;)). For each such subset we may con-
struct a submatrix Rg of R by adjoining all columns of R for which the
corresponding column vertices are contained in V;. R? is of order n X p
and describes succinctly the sources and associated weighted
distances for every destination if the set of sources is limited to
vertices in Vg. If we assume that sources have no capacity constraints,
each destination vy will be served by that source v, in V? for which ry

k k

is a minimum. That is,

s
r,, = rij for all Vi vj € V? . (&)

The total movement (weighted distance) r, for the Vg set of sources will be

the sum of the row minima of Rg:

n
&

r, = ZJ Ti o (5)
i=1

where k refers to the source for which rij is minimized. A generalized

*
vertex p-median of G is now defined as some Vg such that

ok = Min(rl, Yoy cees r(n)) s (6)
P
so that
r ., sr . (m=1, 2,. @)
m* m 2 Er e Ay

The p-median is not necessarily unique. Clearly, it defines a set of sources



that is in some sense "closest" to all vertex destinations in the discrete

locational system. The next task is to find it.

Finding the Generalized Median

So far no completely satisfactory method for finding the generalized
median of a graph has been put forward, In the following sections we
describe two approaches that have been suggested and advance a third that

seems to be a significant improvement although still subject to question.

The Direct Enumeration Method

For small systems the p-median may be found by direct enumeration and
evaluation of all possibilities. For every possible subset V? the value of
T, is calculated and the minimum T % found by inspection. This procedure
was used by Hakimi to find the 3-median of a graph with ten vertices.
Direct calculation seems to be reasonable so long as n and either p or
n - p are not large, since the number of possible subsets Vg equals (;).

For systems with many vertices the computational time demands grow very

rapidly and shortcut methods become necessary.

The Partition Method

(6l

parallels in several respects the

(3] .

A method put forward by Maranzane
iterative procedure used for the continuous location case by Cooper
first sight it appears attractive, but its performance may be quite erratic
as we show below. In essence the method approaches the p-median by finding
successive single vertex medians of p subsets of destination vertices each
associated with one source, and then adjusting the subsets before repeating

the process.



Select some initial subset Vl of p vertices from the vertex set V of

the graph G. Consider these as initial source locations. For each vertex

Vj in V1 define an associated set of destinatlon vertices Plj such that

Plj = {vilrij <ry ¥V v e Vl] . (7)

The collection

P, = {Pljlvj € vl}

of vertex subsets Plj constitutes a partition of V. Compute the total

weighted distance for the system on the assumption that Vl is the source

set. Call this first weighted distance total

r = 2
j € Vl

V. A

E: iy (8)
i € Plj

Now for each Plj find the single vertex median of its associated subgraph

of G. In general this vertex median may be any vertex in Plj including vj.
Let the set of vertices so found constitute a new source subset V2 of V.
Again define for each vertex vj in V2 its associated P2j destination set

and compute r It is easily shown that r_, £ r.. Labelling the vertex

2 1

median of each destination set Plj as its source must by definition either

o

reduce or leave unchanged the weighted distance sum for that subset.
Shifting any vertex into a new subset during the definition of the P2j
subsets must by (7) reduce the contribution to the total weighted distance
made by that destination vertex. Thus neither step can increase the total

weighted distance value.



This process continues until at some iteration t, every vj is also the
vertex median of its associated Ptj’ and for all vj the corresponding Ptj

equals P

61,5 No further reduction in ry is now possible., The system
J

has achieved a form of equilibrium and the set Vt is an estimate of the
generalized p-median of G. There is no assurance that the true p-median
and global minimum r have been found. Maranzana claims that with several
initial choices for Vl a solution close to the optimum is likely. For the
special example that he used this seems possible. For other cases it may

not be so.

The Vertex Substitution Method

The partition method lends itself to visualization as a series of
geometric operations. A set of points is chosen as the initial source
configuration. Destinations are assigned to "market sets” similar to con-
ventional market areas. The optimum source location within each market
set is found. The market sets are redefined with reference to the new
source locations, and the process iterated until no improvement can be
achieved. An alternative approach concentrates upon the formal definition
of the generalized vertex median and its associated weighted distance
matrix.

Consider the definition of the generalized vertex median given by
(5) and (6). For each possible subset of source vertices Vg we may con-
struct a submatrix Rg of R by adjoining the p columns corresponding to the
vertices v'j in V?. The source from which any destination vertex vy is

served is defined as that vk such that

=
r., = rij for all Vi vj € Vg .



This is the ith row minimum in R?. The total weighted distance T for the
mth source subset will be the sum of these row minima.
Suppose that we decide to replace one vertex, vj, in the source subset

by another, v, Several kinds of resultant effect on total weighted distance

b
may occur. If rij were not the ith row minimum of Rg, then no change in
the ith row contribution to r would result. If rij were the ith row minimum,

then its replacement by T might have several outcomes depending upon

b
whether:
<
Tib = Tij (92)
or
= <
Tig = Tiv - Tis (9p)
or
< < G
Tij3 % Tis ¥ Tip (Se)

where Tig is the weight-distance quantity from vy to that vertex vy for

which

for v
s

v,
p

and'vs* % vj, v

*
(10)

g *

In other words, L is the second smallest ith row element in R-. In

case (9a), the ith row contribution to r from the substitution of vy for

Vj is now incremented by

%5 = Fi5 " Tip 2 (11)

and
fﬁbj =0 .

In case (9b), the ith row contribution to r is incremented by



%y %15 " Tiv 2 (12)
and
=
iAbj =0 .
In case (9c), the comparable increment is
i%j = Fij " Tis (13)

and

v
(@

1%
Whether it is worth substituting vertex vy for vj depends upon the net

effect of the increments summed over all rows:

n

Bg = Z %y (14)

i=1

Substituting vy for vj reduces total weighted distance only if

Bys <O (15)

These observations suggest an approach to finding the generalized
median that involves an iterative process of single vertex substitution in
the following steps.

(i) Select some initial source vertex subset V,; for convenience in
exposition let it contain vertices Vis Voo eees Vi eees v_.

J b

(ii) For each vertex v'j find its associated Plj destination subset

as in (7), and compute the total weighted distance for the system, ry, as
in (8).

(iii) sSelect some vertex, Vi not in the source subset.



(iv) For each vertex Vj in Vl substitute vy and compute Abj'

(v) Find that vertex v, in V, such that

By <O

and. (16)

Abk=MinAbj’ (j=l’ 2, ooy p)

(vi) If a vertex v, meeting the conditions (16) can be found,

k
substitute vy for vy in the source subset, label the new subset so formed
V,, and compute r,. If no vertex meets the conditions (16), retain the
source subset V. and continue to step (vii).

1

(vii) Select another vertex not contained in V, or V, and not
previously tried, and repeat steps (iv) through (vi).

(viii) When all vertices in the complement of Vl have been tried,
define the resulting source subset V, as a new V, and repeat steps (ii)
through (vii), Call each such complete repetition a cycle.

(ix) When one complete cycle of steps (ii) through (viii) results
in no reduction in r, terminate the procedure. The final Vt is an estimate
of the vertex p-median of G.

At first sight this procedure appears laborious in comparison with the
partition method. However, the component steps are simple and the compu-
tational time reasonable. In no case during our trials have more than
four cycles been required to reach a stable estimate of the p-median.

As with the partition method, no assurance can be given that the final
Vt and ry will be global optimum values. It is possible to construct cases

in which single vertex substitution yields no improvement in r while pair-

wise or higher substitutions will still reduce it. At present we are
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working on tests for the existence of such cases. The problems involved are

difficult owing to the arbitrary nature of the R matrix.

A Simple Example

The comparative use of the three approaches may be illustrated by an

example graph used by Hakimi.[5]
v

v 3 010
é,,,ﬂuff”’"ﬂ_ 2 /.
1 3 NG

X | AN
2 0.57'3 \\\\
307

Figure 1: An Example Weighted Graph

The graph in Figure 1 yields the following matrix R.

1 o v3 vh v5 v6 v7 Vg v9 vlo h
o 12 15 9 3 6 12 15 18
0 3 L > p ) > 3
2.5 1.5 2.5 2 1.5 0,5 1 0.5
6 15 6 12 9 15 18 15
2 8 8 L 0 1k 2 6 8 10
R=|12 20 8 16 8 0 12 L 8 12
10 25 15 15 5 15 0 10 15 20
i L 1 5 3 1 2 Y 2
15 15 6 18 12 6 9 3 0 6
12 6 2 10 10 6 8 b L 0




Complete enumeration reveals that more than one 3-median exists. Among
them is the source subset {vh, VS’ v8) with an associated value of 21.5

for total weighted distance. If we now choose an initial subset

Vl = (vl, Vo v3), we find that the partition method immediately yields the
correct result, as does vertex substitution. But if the initial subset

consisted of (v6, v vlo], then, depending upon the way in which we

9’
assign equidistant destinations to vertices in the source set, the parti-
tion method would yield an estimate of the 3-median of either {v5, v7, vlo}
with value 28.5 or {vs, vgs vio} with value 24,5 Neither of these is a

true multimedian for G. The vertex substitution method again yields the

correct result in one cycle.

Experimental Results

In order to compare the methods, we have run a number of tests on
random and non-random number matrices. The results presented below in
Table 1 are illustrative of the kind of performance that we have found.
The systems for both random and non-random numbers consisted of graphs
containing twenty-four vertices. Both 3- and 7-medians were estimated
using identical initial starting subsets. The number of runs was not
generally very large. Even so the results are consistent from experiment
to experiment, including those not reported here. These results suggest a
high degree of variability inherent in the partition method. In the forty
trials comprising the data in Table 1, the partition method produced not a
single instance of either the true multimedian or the minimum value estimate.
In contrast, vertex substitution showed only two instances in which the

minimum value was not achieved. Similar results appear in tests of both



Table 1l:

Estimation Methods.

12

Experimental Results for Alternative Generalized Median

Random Number Matrix (2h x 2k)

3-Median (10 trials)

*
Mean Percent Error

7-Median (15 trials)

¥
Mean Percent Error

Partition Method

Vertex Substitution

57.4

0.0

89.9

0.0

Non-Random Number Matrix (24 X 24)

3-Median (5 trials)
*

Mean Percent Error

7-Median (10 trials)
¥

Mean Percent Error

Partition Method

Vertex Substitution

71.8

11.8

9.k
0.3

*
Based on r value

given by complete enumeration.

¥
Based on minimum r value given by any method.

larger and smaller systems.

Although the tests are not sufficiently

numerous to be conclusive, they do suggest that the vertex substitution

method may be a preferable heuristic.

If the partition method is used,

caution in selection of initial locations is clearly necessary.
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