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F u z z y Impl icat io n F o r m a t i o n i n 

Distr ibute d Associat iv e M e m o r y 

Rick L. Jenison and Gregg C. Oden 

Universit y o f  Wisconsi n 

An analysi s i s presente d o f  th e emergenc e o f  implicationa l  relation s withi n associativ e 

memory systems .  Implicatio n i s firs t  formulate d withi n th e framewor k o f  Zadeh' s theor y o f 

approximat e reasoning .  I n thi s framework ,  implicatio n i s see n t o b e a  fuzz y relation  holdin g 

betwee n linguisti c variables ,  tha t  is ,  variable s takin g linguisti c term s (e.g. ,  "young" ,  "ver y 

old" )  a s values .  Th e conditiona l  expression s tha t  obtai n fro m thi s formulatio n ma y b e 

naturall y cas t  i n term s o f  vector s an d matrice s representing  th e membershi p function s o f  th e 

fuzz y set s that ,  i n turn ,  represent  th e variou s linguisti c term s an d fuzz y relations .  Th e 

resulting  linea r  algebrai c equation s ar e show n t o directl y correspon d t o thos e tha t  specif y th e 

operatio n o f  certai n distribute d associativ e connectionis t  memor y systems .  I n term s o f  thi s 

correspondence ,  implicatio n a s a  fuzz y relatio n ca n b e see n t o aris e withi n th e associativ e 

memory b y mean s o f  th e operatio n o f  standar d unsupervise d learnin g procedures .  Tha t  is , 

implicatio n emerge s a s a  simpl e an d direc t  result  o f  experienc e wit h instance s o f  event s ove r 

whic h th e implicationa l  relationship  applies .  Thi s i s illustrate d wit h a n exampl e o f  emergen t 

implicatio n i n a  natura l  coarsel y code d sensor y system .  Th e percept s implie d b y sensor y 

input s i n thi s exampl e ar e see n t o exhibi t  propertie s tha t  have ,  i n fact ,  bee n observe d i n th e 

syste m i n nature .  Thus ,  th e approac h appear s t o hav e promis e fo r  accountin g fo r  th e 

inductio n o f  implicationa l  structure s i n cognitiv e systems . 

Th e natur e o f  implicatio n i s a  contentiou s topi c i n th e philosoph y an d psycholog y o f  reasoning . 

M u ch o f  th e difficult y arise s fro m attempt s t o mak e implicatio n b e trut h functiona l  and ,  thus , 

ca n b e avoide d b y recognizin g that ,  i n mos t  instances ,  conditiona l  proposition s ar e atomic . 

Nevertheless ,  lik e an y othe r  bi t  o f  knowledge ,  suc h proposition s mus t  aris e fro m experienc e 

somehow.  Th e presen t  pape r  discusse s h o w th e inductio n o f  implicatio n m a y b e accomplishe d 

throug h self-organizin g processe s i n a  distribute d associativ e memory . 

Linguisti c variables ,  fuzz y relation s an d th e compositiona l  rul e o f  inferenc e 

It will be useful to consider the very general form of implication developed by Zadeh (1975) as 

par t  o f  a  syste m fo r  approximat e reasoning .  Thi s syste m i s base d o n th e concep t  o f  linguisti c 

variables .  A  linguisti c variabl e take s o n value s tha t  ar e word s o r  phrase s rathe r  tha n numbers . 

A n ofte n cite d exampl e i s tha t  o f  th e linguisti c variabl e ag e whic h m a y hav e a s value s "old" , 

"ver y old" ,  "no t  ver y old" ,  "young" ,  etc .  Eac h suc h valu e i s actuall y a  fuzz y se t  define d ove r 

th e underlyin g bas e variabl e o f  year s lived .  Tha t  is ,  eac h linguisti c valu e i s fuzz y i n tha t  i t  m a y 

be appropriatel y applie d t o variou s year s t o differen t  degrees .  Fo r  an y give n underlyin g valu e 

(numbe r  o f  years) ,  ther e wil l  b e som e degre e t o whic h i t  belong s t o th e fuzz y set .  Figur e 1 

give s illustrativ e membershi p o r  compatibilit y  function s fo r  "young" ,  fo r  "old "  an d fo r  "ver y 

old "  (se e Oden ,  1978 ,  1984) . 
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Fig .  1 .  Compatibilit y  o f  chronologica l  age s wit h variou s linguisti c values . 

Anothe r  wa y t o vie w th e notio n o f  linguisti c variable s i s b y mean s o f  a  hierarchica l 

representatio n suc h a s tha t  show n i n Figur e 2 . 

LINGUISTI C 
VARIABLE 

LINGUISTI C 
VALUES ver y youn g young 

BASE VARIABL E 

30 4 0 5 0 6 0 7 0 

CHRONOLOGICAL AG E 

Fig .  2 .  Hierarchica l  structur e o f  a  linguisti c variable . 

This shows that the linguistic variable "age" can take on any of several linguistic terms as its 

valu e an d tha t  eac h term ,  suc h a s "ver y young" ,  i s a  fuzz y se t  containin g eac h o f  th e possibl e 

value s o f  th e bas e variabl e (chronologica l  age )  t o variou s degrees .  Again ,  th e degre e o f 

membershi p o f  a  give n chronologica l  ag e i n th e fuzz y se t  "ver y young "  ca n b e though t  o f  a s th e 

compatibilit y  o f  tha t  ag e wit h th e concep t  o f  a  ver y youn g person .  I t  i s  sometime s usefu l  t o 

represen t  fuzz y set s i n term s o f  th e pairing s o f  eac h bas e variabl e valu e wit h it s associate d 

compatibUit y valu e 

very young = {(5, 1.0), (10, 0.8) ... (120, 0)}, 

which is often more compactly represented in vector notation, A = [ 1.0 0.8 ... 0.0 ]. These 

representation s requir e a  discretize d vie w o f  th e bas e variable ,  but ,  o f  course ,  on e ca n hav e a s 

smal l  a  grai n siz e a s on e wishes . 
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A secon d componen t  o f  Zadeh' s extensio n o f  implicatio n involve s th e set-theoreti c notio n o f 

relations  holdin g betwee n objects .  Fo r  example ,  "les s than "  i s a  relation  tha t  hold s betwee n 

numbers .  K  fuzz y relatio n R  holdin g betwee n X  an d Y  i s a  fuzz y subse t  o f  th e Cartesia n 

produc t  X  X  Y ,  whic h i s ofte n represented  a s a  matri x havin g entrie s tha t  ar e th e respectiv e 

membershi p degrees ,  denote d b y JX r  (x,y) .  A  usefu l  wa y o f  visualizin g a  larg e complicate d 

matrix ,  suc h a s i s required  t o represen t  a  fuzz y relation,  i s  t o plo t  th e matri x a s a  surface . 

Figur e 3  illustrate s a  resemblance relation  plotte d a s a  surfac e an d als o i n tabula r  form' . 
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Fig .  3 .  Relatio n \i ^  (x,y )  show n a s a  surfac e togethe r  wit h th e uppe r  lef t  portio n o f  it s  matrix . 

Another way to represent a relation is as weighted graph or network, where ^iR(x,y) is taken to 

be th e weigh t  o n th e ar c fro m eac h x  t o eac h y .  W h e n viewe d i n thi s fashion ,  on e ca n imagin e 

a complicate d cascad e o f  relation s represente d b y a  multilayere d networ k architecture .  Th e 

"glue "  tha t  join s relations  i s th e compositio n operato r  denote d R  o  S .  Th e fuzz y set-theoreti c 

definitio n o f  compositio n i s o f  a  unio n o f  intersection s ove r  th e membershi p function s )I r  (x,y ) 

an d [J- s (y,z) .  Th e operatio n i s directl y analogou s t o tha t  o f  matri x multiplicatio n i n linea r 

algebra . 

^  A  resemblanc e relatio n i s define d a s bein g reflexiv e an d symmetiic ,  tha t  is ,  on e fo r  whic h |j, r  (x,y )  =  1 

and ̂I r  (x,y )  =  \i ^  (y,x) .  Th e membershi p functio n show n i n Figur e 1  i s ( 1 -  | x -  y|)-l . 
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Zade h draw s th e connectio n betwee n fuzz y implicatio n an d fuzz y relation s i n term s o f  formin g 

inference s base d upo n linguisti c variables .  Implicatio n serve s a s a  primitiv e fo r  a  basi c rul e o f 

inferenc e rathe r  tha n a s a  connectiv e derive d fro m a  trut h table .  Conside r  th e conditiona l 

expressio n I F A  AN D ( A = > B )  THE N B ,  whic h define s modu s ponen s i n traditiona l  logic, . 

Her e w e infe r  th e trut h o f  propositio n B  fro m th e trut h o f  A  an d th e trut h o f  th e implicatio n 

A = > B .  Zade h (1975 )  propose d a n extensio n o f  modu s ponens ,  whic h h e calle d th e composi -

tiona l  rul e o f  inference ,  tha t  use s th e compositio n operato r  a s describe d i n th e previou s section . 

The compositiona l  rul e o f  inferenc e i s define d a s follows :  Le t  X  an d Y  b e tw o universe s o f 

discours e wit h bas e variable s x  an d y ,  respectively .  Further ,  le t  R(x) ,  R(x,y )  an d R(y )  denot e 

fuzz y set s i n X ,  X  x  Y  an d Y .  The n th e compositiona l  rul e o f  inferenc e assert s tha t  th e 

solutio n o f  R(x )  =  A  togethe r  wit h R(x,y )  =  F  i s give n b y R(y )  =  A  o  F .  I n thi s sense ,  R(y )  i s 

inferre d fro m th e combinatio n o f  th e linguisti c valu e A  an d th e relatio n F .  Fo r  example ,  fo r 

A =  smal l  =  [  1  0. 6 0. 2 0 1 

and 

F =  approximatel y equa l  = 

1 0. 5 0  0 

0. 5 1  0. 5 0 

0 0. 5 1  0. 5 

L 0  0  0. 5 1  J 

the n R(y )  =  A  o  F  =  smal l  o  approximatel y equa l 

= [  1. 0 0. 6 0. 2 0 

1 0. 5 0  0 

0. 5 1  0. 5 0 

0 0. 5 1  0. 5 

L 0  0  0. 5 1 

= [  1  0. 6 0. 5 0. 2 ]  =  mor e o r  les s small . 

Distribute d associativ e m e m o r y 

In Zadeh's view, implication is a fuzzy relation and, thus, atomic rather than truth functional. 

The interpretatio n o f  implicatio n a s a  primitiv e instea d o f  a s a  connective ,  however ,  i s  stil l 

engineere d rathe r  tha n emergent .  Tha t  is ,  th e architec t  o f  th e reasonin g mode l  describe s th e 

implicatio n primitiv e i n th e for m o f  a  relatio n tha t  reflect s th e designer' s intuition .  I t  i s  natura l  t o 

wonder ,  however ,  h o w a  particula r  imphcationa l  expressio n migh t  aris e naturall y a s a  primitiv e 

term .  O n e possibl e answe r  i s base d o n th e strikin g similarit y o f  th e compositiona l  rul e o f 

inferenc e t o th e distribute d associativ e memor y model s propose d b y Kohone n (1987) .  Th e linea r 

recal l  proble m a s formulate d b y Kohone n is :  wha t  memor y arra y allow s on e representation ,  b , 

t o b e recalle d i n respons e t o anothe r  inpu t  representation ,  a ,  fo r  a  numbe r  o f  suc h associate d a- b 

pairs ? Kohone n formulate s thi s issu e i n linea r  algebrai c term s as :  wha t  i s  th e matri x operato r  M 

by whic h a  patter n h ^  i s obtaine d fro m a  patter n aĵ ,  i.e .  b ^  =  M •  â -  ?  I n th e followin g 

discussion ,  th e similaritie s o f  thi s questio n t o compositiona l  inferenc e ar e explored . 
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For  ou r  purposes ,  associativ e memorie s ar e heteroassociative :  the y stor e association s o f  dat a 

fro m conjoi m pairs :  (aibj) ,  (a2b2),.. .  (apbp) ,  wher e a  =  [a i  a ^  ]'' "  an d b  =  [bi,...,bN] ^ 

ar e vector s fro m differen t  N-dimensiona l  vecto r  space s .  Thes e vector s m a y correspon d t o 

cris p set s fro m binar y vecto r  spac e o r  fuzz y sets .  B y usin g a  simpl e correlationa l  o r  Hebbia n 

rule ,  th e association s betwee n pattern s a  an d b  ca n b e incrementall y store d a s a n optima l 

orthogona l  projectio n operato r  M ,  th e m e m o r y matrix^ .  T o illustrat e h o w self-organizatio n i n 

associativ e m e m o r y system s m a y effec t  emergen t  implicatio n stiiictures ,  w e wil l  examin e h o w 

coars e codin g ca n b e considere d t o b e a n implicationa l  process .  Thi s discussio n wil l  b e 

specificall y develope d i n term s o f  sensor y codin g i n th e auditor y system ;  thi s i s simpl y becaus e 

relevan t  neurophysiologica l  dat a i s availabl e t o u s an d w e hav e develope d a  filte r  mode l  o f  th e 

auditor y peripher y (Jenison ,  Kluender ,  Greenberg ,  an d Rhode ,  1990) .  However ,  i t  shoul d b e 

emphasize d tha t  thi s i s jus t  a  choic e o f  convenience ;  thi s analysi s ca n equall y wel l  b e applie d t o 

coars e codin g i n an y sensor y o r  conceptua l  domain . 

Th e periphera l  auditor y syste m ca n b e though t  o f  a s a  spectru m analyze r  o f  sorts .  Tha t  is ,  i n 

th e auditor y periphery ,  frequenc y component s ar e separate d ou t  an d th e degre e t o whic h eac h 

componen t  contribute s t o th e overal l  comple x o f  soun d i s transmitte d t o highe r  processin g 

center s b y a  pathwa y o f  nerv e fibers .  Thi s mappin g fro m a  physica l  acousti c sourc e t o 

representatio n i n th e auditor y syste m i s no t  cris p b y an y means .  A  simpl e mode l  o f  th e 

acousti c t o auditor y mappin g (derive d fro m Peterso n an d Boll ,  1983 )  i s show n schematicall y i n 

Figur e 5 .  Thi s illustrate s th e coars e codin g o f  th e acousti c signa l  i n term s o f  2 3 auditor y 

channel s spannin g th e frequenc y rang e fro m 0  t o 4500H z (her e quantize d int o 12 8 

frequencies) .  Eac h channe l  i s represente d i n th e figur e b y a  receptiv e fiel d o r  respons e are a 

mapped t o th e bas e variabl e o f  frequency .  Thi s i s directl y analogou s t o ou r  discussio n o f 

linguisti c variable s fo r  whic h membershi p function s specif y th e meanin g o f  eac h linguisti c 

valu e tha t  m a y b e assigne d t o a  linguisti c variable . 

c 0. 6 

200 0 300 0 

Frequenc y (Hz ) 

Fig. 5. Canonical auditory periphery response functions. 

500 0 

T̂rainin g th e networ k M o n th e conjoin t  associatio n o f  a  an d b  turn s ou t  t o b e equivalen t  t o solvin g M 

directly ,  M =  B  •  A+ ,  wher e +  denote s th e pseudoinvers e operato r  (Kohonen ,  1987) .  A  =  [a(̂),... ,  â )̂ ] 

and B  =  [b(̂ \... ,  b(̂ ) ]  denot e th e patter n matrices ,  wher e a  an d b  ar e colum n vectors . 
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I f  w e vie w th e auditor y respons e function s a s linguisti c value s ,  h o w migh t  implication s for m 

suc h tha t  a  perceptio n i s induce d a t  highe r  cognitiv e levels ? Th e auditor y respons e function s 

shown i n Figur e 5  ca n b e cas t  i n matri x notation ,  wher e eac h respons e are a correspond s t o a 

ro w i n th e matrix .  Th e colum n vectors ,  therefore ,  correspon d t o th e excitatio n patter n acros s 

th e 2 3 nerv e fiber s generate d b y a  particula r  frequenc y component .  Similarly ,  th e outpu t  o f  th e 

syste m i s a  matri x whic h correspond s t o th e identit y matrix .  Th e identit y matri x i s  represent -

ativ e o f  identificatio n tag s fo r  eac h pattern ,  whic h i s simpl y a  se t  o f  uni t  vectors ,  uniquel y 

taggin g eac h ton e (percept) .  Th e mappin g o f  respons e pattern s t o uni t  vector s ca n b e though t 

of  a s forming  optima l  tonotopi c maps ,  give n th e coars e codin g o f  th e auditor y periphery . 

Through conjoint association, a matrix M forms as a function of Hebbian learning^. The 

derive d matrix ,  whic h ca n n o w b e though t  o f  a s a  fuzz y relationa l  instantiatio n o f  emergen t 

implication ,  i s  show n i n Figur e 6 .  Th e surfac e describe d b y th e fuzz y relatio n correspond s t o 

th e connectio n strengths/compatibilit y  value s betwee n th e linguisti c variabl e quantifie d b y th e 

respons e area s an d th e outpu t  auditor y percepts . 

Fig .  6 .  Fuzz y relatio n derive d fro m respons e functio n vecto r  input s an d outpu t  identit y matrix . 

Thi s expositio n o f  implicatio n i n th e auditor y neura l  substrat e ha s bee n strictl y illustrative ,  bu t 

i t  i s  interestin g t o conside r  wha t  thi s syste m migh t  "infer "  give n som e acousti c input .  Tha t  is , 

what  perceptua l  even t  wil l  b e take n t o b e implie d b y give n sensor y facts ? Conside r  th e 

composit e inpu t  respons e functio n show n i n Figur e 7 ,  representin g th e excitatio n patter n o f 

thre e tone s code d b y th e respons e area s i n Figur e 5 . 

•̂T o achiev e th e desire d independenc e o f  coding ,  on e need s t o augmen t  a  simpl e Hebbia n feedforwar d ne t 
wit h mutua l  inhibitio n a t  th e outpu t  node s (Matsuoka ,  1989) .  I n ou r  example ,  thi s wa s accomplishe d 
implicitl y  b y mean s o f  th e applicatio n o f  th e pseudoinvers e operato r  (se e foomot e 2  an d th e referenc e 
therein) . 
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0 50 0 100 0 150 0 200 0 250 0 300 0 350 0 400 0 

Frequenc y (Hz ) 

Fig. 7. Excitation pattern generated by 1500, 2000, and 2800 Hz. 

The vector for this combination is the value assigned to the linguistic variable A. Now we apply 

th e matri x multiplicatio n for m o f  th e compositio n operato r  t o A  togethe r  wit h th e fuzz y relatio n 

(emergen t  implication )  matri x R  show n i n Figur e 6  t o infe r  som e outpu t  B ,  show n i n Figur e 8 . 

We observ e tha t  althoug h th e implie d outpu t  fro m th e linguisti c variabl e A  an d th e fuzz y relatio n 

has similaritie s t o it s  antecedent ,  suc h a s thre e prominen t  peaks ,  i t  exhibit s certaii \  interestin g 

difference s a s well .  Th e thre e frequenc y component s ar e clearl y mor e distinctiv e tha n initiall y 

suggeste d b y th e coars e code d representatio n . 

5 0.0 5 

1000  1500  200 0 250 0 300 0 350 0 400 0 

Frequenc y (Hz ) 

Fig. 8. Implied output vector from compositional inference. 

The effect of compositional inference is one of integrating information that is coarse coded to 

produc e a n optima l  output .  I n addition ,  th e implie d outpu t  exhibit s a  degre e o f  latera l  inhibitio n 

tha t  suppresse s neighborin g percepts ,  a s show n b y th e negativ e value s i n Figur e 8 .  Thi s 

phenomeno n ha s ofte n bee n describe d i n th e auditor y syste m a s wel l  a s othe r  sensor y system s 

(Sach s an d Kiang ,  1968 )  Thus ,  th e implie d percep t  ma y indee d hav e perceptua l  reality. 
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Conclusio n 

We have developed a simple account of emergent implication from unsupervised exposure to 

linguisti c variables .  Th e concept s use d i n constructin g th e framewor k o f  emergen t  implicatio n 

wer e take n fro m Zadeh' s notio n o f  implicatio n a s a  fuzz y relatio n an d fro m connectionis t 

model s o f  associativ e memory .  A n applicatio n o f  thi s machiner y t o th e periphera l  auditor y 

syste m illustrate d h o w i t  m a y serv e a s a  leve l  o f  symboli c descriptio n linke d b y mean s o f 

emergen t  implicatio n t o a  subsymboli c descriptio n thereb y achievin g th e kin d o f  bistrata l 

accoun t  advocate d b y Ode n (1988) . 
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