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ABSTRACT OF THE DISSERTATION

Large-Scale Trust-Region Methods and Their Application to Primal-Dual Interior-Point Methods

by

Alexander Guldemond

Doctor of Philosophy in Mathematics

University of California San Diego, 2023

Professor Philip Gill, Chair

Trust-region methods are amongst the most commonly used methods in unconstrained mathe-
matical optimization. Their impressive performance and sound theoretical guarantees make them suitable
for a wide range of problem types. However, the computational complexity of existing methods for
solving the trust-region subproblem prevents trust-region methods from being widely used in large-scale
problems in both unconstrained and constrained settings. This dissertation introduces and analyzes three
novel methods for solving the trust-region subproblem for large-scale constrained optimization problems.
Convergence rates and proofs are presented where applicable. Furthermore, a trust-region approach is
developed for the recently introduced all-shifted primal-dual penalty-barrier method for solving nonconvex,
constrained optimization problems.

The three trust-region algorithms introduced are the shifted and inverted generalized Lanczos
trust region algorithm, the locally optimal preconditioned conjugate gradient trust region, and the Jacobi-

Davidson QZ trust region algorithm. Each new method exhibits improved performance over the existing



standard methods and is best suited for problems too large for the traditional methods to handle efficiently.

Furthermore, each method exhibits particular benefits for differently scaled problems.

xi



Introduction

0.1 Overview

Mathematical optimization, sometimes called mathematical programming, is the selection of
the best element from a set of available alternatives. Although there are many different fields within
optimization, the subject can generally be divided into discrete and continuous optimization. Optimization
problems arise in every quantitative discipline, including but not limited to computer science, engineering,
operations research, economics, and data science. The study of optimization relies on formulating a
mathematical model of a given problem. Optimizing the model then means finding a point that either
minimizes or maximizes the model. These two formulations are interchangeable: maximizing a function is
equivalent to minimizing the negative of the function. Discrete optimization refers to problems in which
the set of allowable points is discrete, while continuous optimization refers to problems in which the set of
permissible points is continuous.

Continuous optimization can further be broken down into unconstrained and constrained op-
timization classes. In unconstrained optimization, all points in the domain of the function f(x) to be
minimized, the objective function, are possible solutions. In constrained optimization, the set of allowable
points, called the feasible set, excludes certain points. The mathematical model of the problem represents
the feasible set by a set of equality and inequality conditions.

The field of continuous optimization can further be broken down into the classes of convex and
nonconvex optimization. Convex optimization is only concerned with convex objective functions and
constraint sets. Nonconvex optimization, on the other hand, does not make any assumptions of convexity.
As a result, nonconvex algorithms are generally designed to perform well when applied to convex problems,
assuming that the convex problem in question satisfies whatever properties are required of the given
algorithm. On the other hand, algorithms for convex problems cannot be applied to nonconvex problems.

Every method discussed in this thesis is designed to solve continuous nonconvex optimization

problems and is both iterative and approximate in nature. If z* is the unknown solution, then a



sequence {xy}72, is generated such that each subsequent point in the sequence is a better estimate of z*.
Theoretically, these sequences are infinite. In practice, all algorithms terminate once the approximate
solution x; satisfies some optimality conditions to sufficient accuracy. These optimality conditions differ
depending on the type of problem being solved and play an essential role in any implementation of an
algorithm and its accompanying theoretical discussion. Such a sequence is generated by formulating a
local model of the objective function at the current estimate xx, and computing an update of the form
Tk+1 = Tk + Pk, where py is a vector which decreases the objective value and is inferred from the local
model.

One of the most popular implementations of this general procedure is the trust-region method.
In the trust-region method, the local model function is typically taken to be the second-order Taylor
series of the objective about the current estimate x;. The model is then minimized subject to the
constraint that the minimum lie in a convex subset of the feasible set called the trust region. This simple
procedure has enormous practical success and has strong theoretical guarantees. However, the application
of trust-region algorithms to large-scale problems is made difficult by the fact that the minimization of
the quadratic model subject to the trust-region constraint, called the trust-region subproblem, is itself
a constrained potentially nonconvex optimization problem. Although some methods exist for solving
large-scale trust-region subproblems, they perform poorly for particular problems, especially in constrained
cases. This thesis introduces three novel approaches to solving the large-scale trust-region subproblem.
These methods are designed to apply to the constrained case. None of them is claimed to be the best
algorithm in every case. However, between these three methods and the existing ones reviewed here, all
but the most extreme problems should be amenable to the trust-region method.

Applying the trust-region strategy to constrained problems presents several difficulties. One of
the most widely used classes of algorithms for solving constrained problems is the class of interior-point
methods. As the name implies, interior-point methods generate a sequence of points {x} that lies strictly
within the interior of the feasible set. This sequence is formed by adding a term to the objective function
that tends towards infinity as the sequence approaches the boundary. As the method continues, this barrier
term is modified to allow points to get closer to the boundary. As the solution to constrained problems
typically lies on the boundary of the feasible set, the sequence generated by interior-point methods will
only ever become arbitrarily close to the true solution. In [13], a new class of interior-point methods
called shifted barrier methods are introduced, which shifts the boundary of the feasible set, allowing the
sequence to fall on the feasible set’s boundary. This new approach has been shown to improve traditional

interior-point methods significantly. This dissertation presents a shifted barrier method with a trust-region



approach using the new algorithms for solving the trust-region subproblem.

This dissertation is organized into six chapters. Chapter 1 begins with a review of the necessary
results from linear algebra used throughout this thesis, including some less commonly known procedures,
such as the relationship between the Lanczos process and the preconditioned conjugate gradient algorithm.
Chapter 2 reviews results and techniques from unconstrained optimization, with particular emphasis on
the trust-region method. Chapter 3 examines results and techniques from constrained optimization, with
particular emphasis on interior-point methods. Chapter 4 reviews existing algorithms for solving the
trust-region subproblem and introduces the three new algorithms presented here. Chapter 5 discusses the

shifted barrier trust-region method. Finally, chapter 6 presents numerical results.

0.2 Contributions of This Dissertation

Chapter 2 introduces a more general set of assumptions under which the trust-region method is
guaranteed to converge. Typically speaking, the convergence results of trust-region algorithms assume
that the method used to compute the minimizer of the trust-region subproblem computes a point that is
as good as the negative gradient. This assumption is difficult to directly verify for the novel methods
presented in this dissertation. The more general result is that the method used to compute the minimizer
of the trust-region subproblem computes a point that is as good as any arbitrary steepest-descent direction.
Each of the techniques presented begins by first taking a different steepest-descent direction as the initial
estimate, making this assumption trivial to verify.

Chapter 4 introduces the three novel algorithms for solving the trust-region subproblem. The
first of these methods utilizes a shifted and inverted Lanczos process to transform a high-dimensional,
potentially ill-conditioned trust-region subproblem into a well-conditioned, low-dimensional problem that
can be trivially solved with existing methods. A technique for warm-starting this method, given an initial
approximation, is presented as well. As trust-region methods solve a sequence of trust-region subproblems,
the ability to utilize prior information from a previous subproblem is crucial to maintain rapid performance.
Additionally, the unstable nature of the Lanczos process necessitates the ability to restart the process
every so often. This enables the new algorithm to rapidly find the solution with previous information
to a high degree of accuracy. The second method presented is an application of a conjugate-gradient
style algorithm to the trust-region subproblem with a locally-optimal update taken at each iteration.
Equivalence between the trust-region subproblem and an unconstrained problem is established. This
equivalence allows results from unconstrained nonlinear conjugate-gradient algorithms to be applied to the

method, guaranteeing convergence. This second method differs from the first in that a fixed dimensional



subproblem is solved at each iteration to generate the locally optimal improvement to the approximate
solution. Additionally, unlike the first method, this method can use any preconditioning technique, or
potentially no preconditioning, to correct for any ill-conditioning. The final method discussed is based
on the Jacobi-Davidson QZ algorithm for solving generalized eigenvalue problems and is specifically
designed for a class of trust-region problems arising in constrained optimization called doubly-augmented
trust-region problems. The relationship between doubly-augmented matrices and regularized saddle-point
matrices is exploited to create a generalized algorithm that can use preconditioners that are not required to
be positive definite. For doubly-augmented problems, this implies that no explicit matrix factorizations are
necessary. Experiments reveal that for most practical problems, the first two methods perform considerably
better than existing methods. The last method, on the other hand, has demonstrated rapid convergence
on artificially generated doubly-augmented trust-region problems that are too large and ill-conditioned to
utilize any other method.

Chapter 5 presents a primal-dual penalty-barrier trust-region method for solving general nonlinear
constrained optimization problems utilizing the shifting strategy first introduced in [13] and [17]. Large-
scale trust-region methods typically suffer from the need to solve the trust-region subproblem at each
iteration, and thus techniques such as line searches are often preferred. However, the new methods
introduced in Chapter 4 make a large-scale trust-region algorithm far more feasible. This is particularly
useful in interior-point methods, where the barrier terms cause the trust-region subproblems to be
increasingly ill-conditioned as the solution is approached. The shifting of the primal-dual feasible set helps
reduce ill-conditioning’s influence, but it does not remove it entirely. The convergence of the trust-region
method for minimizing the penalty-barrier function is established. Additionally, global convergence is

established following the results in [13].

0.3 Notation

Given a set of vector {z1,z2,...,2,}, where z; € R™ for some n; € N for all i = 1,...,m, the
vector z consisting of the concatenation of all vectors x1,...,x,, is given by (x1,..., %, ). The subscript
k appended to a vector will typically denote its value during the k-th iterate of an algorithm or the k-th
value in a sequence. Square brackets and subscripts shall denote a particular entry in a vector, i.e., [zx];
shall denote the i-th entry of the vector xy. If x is not a member of a sequence of vectors, then the square
brackets are dropped. Given a matrix A € R®*™_ pairs of subscripts shall denote a particular entry of
the matrix A, i.e., 4; ; denotes the entry of A in the i-th row and the j-th column. Given two vectors

x and z of the same dimension, the vector with i-th component [z];[z]; is denoted by x - y. Similarly,



min{z, z} and max{x, z} shall denote the vector whose i-th component is min{[z];, [2];} or max{[z];, [2];},
respectively. The vectors e; shall denote the vector of all zeros except for the i-th entry, which has a 1,
and the vector e shall denote the vector of all 1s. The matrix I shall denote the identity matrix. The
context makes the size of e;, e, and I apparent. If the size of I is not apparent from the context, a
subscript is appended to denote its shape, i.e., I, denotes the n x n identity matrix. The symbol 0 denotes
the scalar 0, the vector of all zeros, and the matrix of all zeros, where the size and shape are apparent
from the context. Arbitrary matrix and vector norms are denoted with || - ||. The typical p-norms, and
their corresponding induced matrix norms, are denoted with || - ||,. The notation {|| - ||x}rex denotes a
sequence of norms indexed by some set K. The inertia of a symmetric matrix A, denoted by In(A), is
the integer triple (n4,n_,ng) of positive, negative, and zero eigenvalues of A. The ordered pair (A, B)
denotes the matrix pencil defined by matrices A and B. Given a function f(x) : R® — R, the gradient
of f at a point z is denoted as V f(z), and the Hessian matrix is denoted as V2 f(z). The symbol g(z)
is often used to denote the gradient V f(z), and, given a sequence of points {zy }rex, {9k }rex denotes
the sequence {V f(zy)}rex. The matrix J(z) denotes the Jacobian of a vector-valued function ¢(z). The
Lagrangian of a constrained optimization problem is L(x,y). The Hessian of the Lagrangian with respect
to the primal variables is denoted as H(x,y) and is given by V2  L(z,y). Let {zy}rex be a sequence of
scalars, vectors, or matrices, and {bx }rex a sequence of positive scalars. The notation z = O(by) implies
that there exists a positive scalar « such that ||z;|| < ~b; for all j € K. If there exists a sequence {4}
converging to zero such that ||z;|| < 7;b;, then z; = o(b;). If there exists a sequence {0y} converging to
zero and a positive constant b such that b; > bo;, then b; = £2(0;). The symbols >, >, <, and < denote
the Loener ordering on square, symmetric matrices, i.e., A > B if and only if A — B is positive definite.
The statement A > 0 implies that A is positive definite, and A > 0 implies that A is positive semi-definite.

Given a norm || - ||, the dual is denoted by || - ||«. Given two vector norms || - ||, and || - ||g, the matrix

norm induced by these two norms is denoted as || - ||a,3, i-e., ||A||a,s = maxz4o ||Az||g/||Z||o. Given an
unadorned vector norm || - ||, the matrix norm induced by || -|| and || - || is denoted as ||A||. If B is a
symmetric positive definite matrix, then (-,-)p and || - || denote the inner-product and norm induced

by B, respectively, i.e. (x,y)p = yT Bz, and ||z||p = VaTBx. The symbols >, >, <, and < applied to

vectors & and y are applied element-wise, i.e. z <y is true if [z]; < [y]; for all indices 3.



Chapter 1

Linear Algebra

This section discusses some fundamental results of Linear Algebra that are used throughout this
dissertation. Most of these results shall be presented without proof, as the proofs can be found in any

graduate text on linear algebra.

1.1 Symmetric Positive Definite Matrices

Definition 1.1.1 (Symmetric Positive Semidefinite Matrices). Let A € R**™ be a symmetric matrix, i.e.,

A= AT. Ais called positive semidefinite if
T Az >0

for all z € R™.

Definition 1.1.2 (Symmetric Positive Definite Matrices). A symmetric positive semidefinite matrix

A € R™" is called symmetric positive definite if T Az > 0 for all z € R™ not equal to zero.

Lemma 1.1.1 (Spectral Characterization of Positive Definite Matrices). Let A € R™*™ be symmetric
positive semidefinite. Let A be an eigenvalue of A, i.e., there exists a vector v # 0 such that Av = A\v.
Then X is real and nonnegative. If A is a symmetric positive definite matriz, then A is strictly positive.
Conversely, a symmetric matriz A is positive semidefinite (definite) if all eigenvalues of A are real and

nonnegative (positive).

Theorem 1.1.2 ([21], Theorem 7.2.6). Let A € R™*™ be a symmetric positive semidefinite matriz. Let

ke{2,3,...}.

1. There is a unique symmetric positive semidefinite matriz B such that B* = A.



2. There is a polynomial p with real coefficients such that B = p(A). Consequently, B commutes with

any matriz that commutes with A.
3. range(A) = range(B), so rank(A) = rank(B).

Theorem 1.1.3 (Cholesky decomposition, [21], Theorem 7.2.7). Let A € R™*™ be a symmetric matriz.
Then A is positive semidefinite (respectively, positive definite) if and only if there is an upper triangular
matriz R € R™ ™ with nonnegative (respectively, positive) diagonals entries such that A = RTR. If A is

positive definite, then R is unique.

1.2 Congruence

Definition 1.2.1 (Congruence Relation). Let A, B € R™*" be given. If there exists a nonsingular matrix

S such that B = SAST, then B is said to be congruent to A.
Theorem 1.2.1 ([21], Theorem 4.5.5). Congruence is an equivalence relation.

The objective for examining this equivalence relation is to be able to infer properties of the
eigenvalues of a matrix A, for which the eigenvalues themselves may be infeasibly difficult to calculate,
by making observations of the spectrum of a congruent matrix B. For this, the inertia of a symmetric

matrix is defined to be

Definition 1.2.2 (Inertia). Let A € R™*™ be symmetric. The inertia of A is the ordered triple

In(A) = (my,m_,myg),
where m denotes the number of positive eigenvalues of A, m_ the number of negative eigenvalues, and
mg the number of eigenvalues identically zero,

The following result will be used extensively in the discussion of constrained optimization.

Theorem 1.2.2 (Sylvester’s Law of Inertia, [21], Theorem 4.5.8). Symmetric matrices A, B € R"*™ are
congruent if and only if they have the same inertia, that is, if and only if they have the same number of

positive and negative eigenvalues.

Sylvester’s Law of Inertia states that a congruence transformation can be applied to a matrix A
to yield a matrix B whose inertia is readily apparent in order to learn the inertia of A. One particular

congruence transformation is that which yields the Schur complement.



Definition 1.2.3 (Schur Complement). Let a symmetric matrix M € R"*™ be partitioned as

A B
BT C
Assume that A is nonsingular. Let
I 0
L =
—BTA-' T
Then In(M) = In(N), where
A 0 A
N=L"ML= = 7
0 C-BTA'B 0o s

where S = C — BTA7!B is referred to as the Schur Complement.

A second strategy that is ubiquitous in constrained optimization is the symmetric indefinite

factorization, sometimes referred to as the inertia revealing factorization.

Theorem 1.2.3 (Symmetric Indefinite Factorization). Let A € R™ "™ be nonsingular and symmetric.
Then there exists a permutation matriz P, a unit lower triangular matrixz L, and a block diagonal matrix

D with1x1 and 2 x 2 blocks such that

PAPY = LDLT,

with every 2 x 2 block of D having one positive and one negative diagonal.

There are many different strategies for forming the symmetric indefinite factorization of a matrix.
More specifically, there are many different strategies for forming the permutation matrix P. In small to
medium-scale problems, P is chosen to preserve the stability of the factorization. In large, sparse cases,
there exists the additional goal of choosing P such that the factors L maintain the sparsity of A without
sacrificing stability. There exists a large array of available implementations of LDL™ factorizations
to choose from. Bunch and Kaufman describe a pivoting strategy in [6]. The symmetric indefinite
factorization, when applied to a positive definite matrix, is sometimes referred to as the square root free
Cholesky decomposition, as the implementation requires no square roots. In this case, it is guaranteed that
D is positive definite and diagonal. The permutation matrix, in this case, can always be taken to be the

identity matrix, however, other choices are used to improve stability.



1.3 Vector Norms and Matrix Norms

Theorem 1.3.1 (Norm Equivalence on Finite Dimensional Vector Spaces, [21], Corollary 5.4.6). Let V
be a finite dimensional vector space, and let || - || and || || be two norms on V. The norms || - ||o and

[| -1l are equivalent, i.e., there exists constants c; > 0, ca > 0 such that
allella <|lzlls < eall2lla

forallz e V.

Note that Theorem 1.3.1 also implies that

X T x
C2 A= > = C1 A

forall z € V.

Definition 1.3.1 (Dual Norm). Let V be a vector space equipped with norm || - ||. Let v* be the dual
space of V, i.e., the space of all linear functionals on V. The dual norm of || - ||, denoted as || - ||4, is given
by

ly(z)|
= max

for all y € v*.

One immediate observation that can be made is that for any = € V., y € v*, |y(z)| < ||z]|| ||y]|«-
If V is an inner product space equipped with inner product (-,-), then |{z,y)| < ||z|| ||y||s+. I V = R",
then this becomes |yTz| < ||z|| ||y||«-

For 1 < p < 00, let |||, denote the p-norm ||z||, = (37, |27])/?, with ||2||cc = max;eq1, ny |24
Let B € R™ ™ be a symmetric positive definite matrix. B then induces an inner product and a norm
denoted by, respectively

(#,9)p = yBz, and |[z||p = VaTBa
for all z,y € R™.

Theorem 1.3.2. Let B € R™*™ be a symmetric positive definite matriz. The dual norm of ||-||5, denoted

as || - || B« is given by || - ||p-1.



Proof. Due to the fact that B is a symmetric positive definite matrix, B is nonsingular. Then

|y "zl
[yl px = max ———.

t#0 /2T Bx

Let BY/2 denote the unique, positive definite square root of B. Then

T
Iyll5s = max 2L
270 /2T Bx
lyT |

max —————
z#0 /o TRB1/2B1/2,
ly™(B'/2)""v|

v7#0 voTy .

By the Cauchy-Schwartz inequality |y (BY/2)~ | < ||(BY2) " yll2||v]|2 = ||y]|z-1]||v]|2 for all y,v € R™.

This upper bound is achieved with v = (B'/2)~1y. Therefore, ||y||5x = ||y||5-1- O

Corollary 1.3.2.1. Let B € R™*" be a symmetric positive definite matriz. For all x,y € R™,

lyTal < llallsllyllz-1-
Let || - || be an arbitrary norm on R™. This norm || - || can be used to construct a corresponding
matrix norm on the vector space of square matrices R"*",

Definition 1.3.2 (Induced Norms). Let V' be a vector space equipped with a norm || - ||. Let A: V =V

be a linear operator. Then the induced norm of A is given by

A
11A]] = max 1421
w0 ||z||

This definition can be extended to the case where A : V. — W, where V is a vector space equipped

with norm || - ||, and W is a vector space equipped with norm || - ||s.

Definition 1.3.3. Let (V.|| - ||o) and (W,]| - ||g) be two normed linear spaces, and let A be a linear

operator from V' to W. Then the norm of A induced by the norms || - ||, and || - || is given by

A =
[[A]la,p = max

This section is concluded with a common result about the induced 2-norm on symmetric matrices.
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Lemma 1.3.3. Let A € R™™ be a symmetric matriz. Let Amax denote the eigenvalue of A with the

largest magnitude. Then

|| Az]|2 rT Az
Alls = = = Amax-
[1Alle = map Z = = max —a7 = Amax

1.4 Condition Numbers

When analyzing the stability and performance of various numerical methods for solving linear

algebra problems, one frequently encounters the notion of the condition number of a matrix A.

Definition 1.4.1 (Condition Number). Given a matrix norm || - ||, the condition number of a nonsingular
matrix A is given by

K(A) = [JA]| |A7H].

A matrix with a large condition number is said to be ill-conditioned. Conversely, if the condition
number is close to 1, then the matrix is considered to be well-conditioned. Clearly, the condition number
of a matrix depends on the norm. Typically, when referring to the condition number, the 2-norm is meant
implicitly. The performance of some algorithms can be improved by choosing a norm ahead of time which
reduces the condition number of a particular matrix.

Consider an orthogonal matrix Q. As [|Qz||2 = ||z]|2 for all z € R", and Q~! = Q7 it is clear

that
£(Q) =11Qll2 [|Q |2 = 1.

Therefore, a unitary matrix @) is perfectly conditioned in the 2-norm. Conversely, consider the matrix H,

given by
1
i+j—1

(Hn)ij =

1<i,j<n.

This matrix is referred to as the Hilbert matriz of order n and is an extreme example of an ill-conditioned
matrix. For instance, even at the low dimension of n = 12, it can be shown that x(Hi2) ~ 1.6 x 106, and
that the standard method of Gaussian elimination applied to the equation Hisx = b fails in double-precision
arithmetic.

If the matrix norm in question is induced by two norms instead of just one, i.e.,

1Al s = masx || Azll s /[[]]a
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the condition number is more appropriately defined as
K(A) = 1|Alla,sllA I5,0s

reflecting the fact that in this case, A is an operator from one normed space to a different normed space.
To see this, consider the nonsingular matrix A as an operator from (R”,|| - [|) to (R",]|| - ||g). Consider

the system Ax = b, and the perturbed system A(x 4 dx) = b+ 6b. Then
|1 Az]ls = [[blls, and ||ox]|o = [|A7"6b]|a.
From the first of these two equations, it holds that
10lls < [|Allall7]la

and from the second,

1620 < [[A7||5,al160]]5-

Combining these two results gives
) ob

|| xHDt SI{(A)H ||57

{EI |10l

where k(A4) = ||Al|a.sllA75,0-

1.5 Generalized Eigenvalues and Eigenvectors

Definition 1.5.1. Let A, B € R™*™ be two square matrices. The generalized eigenvalues and eigenvectors

of matrices A and B are the solution pairs (A, v) of the generalized eigenvalue problem
Av = ABw,

where v € C® and A € C U oo. The solutions A and v are also referred to as an eigenvalue and an

eigenvector, respectively, of the matriz pencil (A, B).

The term matriz pencil may also be used to describe the family of matrices of the form A — AB.

The case A = oo corresponds to the case where B is singular, and v € null(B). Some authors prefer to

12



avoid the inclusion of A = 0o, and so define the generalized eigenvalue problem as finding solutions to
aAv = BB,

where o, 3 € C are normalized so that |a|? + |3|? = 1. In this dissertation, only nonsingular choices of B
are considered, and therefore the first formulation of the generalized eigenvalue problem is preferred.
A matrix pencil (4, B) is called regular if det(A — AB) is not identically equal to zero. In this

case, the following result holds.

Theorem 1.5.1 (Generalized Schur Decomposition, [21], Theorem 2.6.1). Let A, B € R"*™. Then there
exist unitary matrices Q,Z € C"*" such that A = QSZ* and B = QT Z*. The eigenvalues of (A, B) are

the ratio of the diagonals if the matrices S and T, i.e., A\; = S;:/T;.i for each indez i.

This decomposition is often referred to as the QZ decomposition. There are instances in which a
problem only calls for the real eigenvalues of a matrix pencil. In this case, it is more convenient to work

with the real version of the generalized Schur decomposition.

Theorem 1.5.2 ([21], Theorem 2.6.2). Let A, B € R"*"™. There exist real orthogonal matrices Q, Z € R™*"
such that A = QSZ™ and B = QT Z™, where T is a real upper triangular matriz with nonnegative diagonals,
and S is real and upper quasitriangular, i.e., block upper triangular with blocks of size 1 X 1 and 2 X 2, in

which the 2 x 2 blocks correspond to complex eigenvalues.

One fairly intuitive method for dealing with generalized eigenvalue problems is to transform them
into a standard eigenvalue problem. Consider the generalized eigenvalue problem Av = ABw for matrices
A,B € R™™"™. Assume the pencil (4, B) is regular so that there exists a shift p such that A 4+ uB is
nonsingular. Then the generalized eigenvalue problem is equivalent to the problem (A+ puB)v = (A+ ) B,
which in turn is equivalent to,

1

A+ uB)'Buv=——u.
(A+uB)" " Bv /\+Hv

Many algorithms for finding generalized eigenvalues of (A, B) begin by performing this transformation for
some p with —p close to, but not identical to, the desired eigenvalue.
If B is a symmetric positive definite matrix, there is a simpler transformation that can be applied.

Let RTR = B be the Cholesky decomposition of B. Then

Az = ABx = ARTRx.

13



If y = Rz, then

AR 'y = AR"y, or equivalently R™TAR 'y = )y.

If R-TAR™! is normal, then the standard spectral theorem applies, and ) is guaranteed to be real. In

fact, if A is symmetric, the following generalization of the spectral decomposition exists.

Theorem 1.5.3. Let A € R™ ™ be symmetric and B € R"*"™ be symmetric positive definite. Then there
exists a B-orthogonal matriz U, i.e., UTBU = I, a B~'-orthogonal matriz V, and a real diagonal matriz
A such that

UTAU = A, A=VvVAVT, and VIU=1.

The diagonals of A are the eigenvalues of (A, B), and the columns of U are the corresponding eigenvectors.

Proof. The result follows from applying the real spectral theorem to the transformed eigenvalue problem

R TAR 'y = \y. O

Corollary 1.5.3.1. Let A, B € R™*"™ be symmetric. If there exists a shift p such that A+ puB is positive

definite, then the matriz pencil (A, B) has all real eigenvalues.

It is important to note that the converse of this statement is not necessarily true. As previously
mentioned, if the matrix B is a symmetric positive definite matrix, then it induces an inner product,
which in turn induces a norm, with a corresponding dual norm induced by B~!. If a matrix pencil (A4, B)

has A symmetric and B symmetric positive definite, the pencil (4, B) is called symmetric definite.

Lemma 1.5.4. Let A € R™"*"™ be symmetric, and let B be symmetric positive definite. Let Aypax and Amin

denote the largest and smallest eigenvalues, in magnitude, of the pencil (A, B). Then

||AHB,B—1 = ‘)\maxl

and
|)\max|

i(4) = 14llp, -1 147 1505 = 22

Proof. Let A=V AVT be the spectral decomposition of A with respect to the B-inner product, and let

U be defined by BU = V. Then

I|Al|g,B-1 = maxw _ max@
, z#£0 HJZ”B 220 \/m
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can be written as

VzTVAVTB-1IVAV Ty
VaTBz
R VUTUTVAVTB-TV AV TUu
u70 VuTUBUu
VuT A%y

~u e

Allm oy —
I|Allg, B max

Similarly,

VyTA-1BA-1y VoTA=2y 1

A= g1 p = max Y2 22 Yy

y#0 /yTB-1y v#£0 vTo [ Aminl

O

Given a symmetric matrix A and a vector x, the Rayleigh-quotient of z is defined to be ™ Ax/xTz.
This quotient typically appears in estimations of eigenvalues, as if x is an eigenvector of A with corre-
sponding eigenvalue \, then A = 2T Az/xTx. The Rayleigh-quotient can be generalized to the generalized

eigenvalue problem with respect to symmetric definite matrix pencil.

Definition 1.5.2. Let (A, B) be a matrix pencil in which A is symmetric, and B is a symmetric positive

definite matrix. Given a vector x, the Rayleigh quotient is given by 2T Az /xT Bx.

Theorem 1.5.5. Let (A4, B) be a matrix pencil in which A is symmetric, and B is symmetric positive
definite. Let Anax denote the largest generalized eigenvalue and Ay, the smallest generalized eigenvalue.

Then

A\ T Az I xT Az
max = INax an min = Min ———.
x x#£0 zT .’L" z#0 xzTBx

Proof. The result follows from applying the equivalent standard eigenvalue result to the matrix R~TAR™!,

where R is the Cholesky factor of B. O

1.6 The Lanczos Process

When dealing with a symmetric matrix A, it is often convenient to apply a similarity transform
to A to form a tridiagonal matrix and work with the equivalent transformed problem instead of the
original problem. Householder transformations are a convenient tool to perform this transformation.
Unfortunately, methods involving Householder reflectors do not scale well as the dimension of the matrix
A grows. As the dimension gets larger, it becomes more practical to work with an iterative process that
builds the tridiagonal matrix one step at a time, as opposed to all at once. The Lanczos process is one
method to achieve this goal. The Lanczos process is typically presented using the standard inner product

(z,y) = yTz, however, inner products induced by symmetric positive definite matrices can be used as well.
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Let A, B € R"*™ be two symmetric matrices. Additionally, assume that B is positive definite. Let
R be the Cholesky factor of B so that B = RTR. Define A as R-TAR™!. From the theory of Householder
reflectors, it is well known that for any vector 4; such that ||@1|| = 1, there exists an orthogonal matrix U

such that Ue; = @; and UTAU is a tridiagonal matrix

ar B
B2 az P
UYAU =T = By as
Bn
Brn  an

Now, UTAU =UTR-TAR~'U. Let U = R~'U, so that UTAU = T. Recall B induces an inner
product (x,y)p = yT Bx. The matrix U is B-orthogonal, as UTBU = UTR"TBR™'U = UTU = I. Thus,

for any B-orthonormal vector u;, there exists a B-orthogonal matrix U such that

Ues =wy, UTAU=T, and UTBU =1.

These three equations form the foundation of the Lanczos process. From the second and third equations,
it holds that

AU = BUT.

Let V = BU. As B is symmetric positive definite, B~ exists and is also symmetric positive definite, and

V is B~!-orthogonal. In terms of the columns of U and V, the above equation becomes

ay o
Ba az P
(Au1 Auy Aus - Aun> = <v1 Vg vz - vn> Bz a3
. 5,
Bn  an
Thus,
Auy = aqvy + Pavo, and
Au; = 61‘”1’—1 + o;v; + Bi+1vi+1 for all 7 = 2,...,n,

with 8,41 = 0. As UMV =1, ulv; = 0if i # j, and 1 if i = j. The scalars «; are then simply u} Au,.
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Setting 51 = 0, it holds that

Bix1vit1 =Au; — Bivi—1 — oyv;, and

1
Bix1uir1 =B7 7 Au; — Biui—1 — au;.

Thus,
Biy1 = \/(Aui — Bivi—1 — 0a;v;) "B (Av; — Bivi—1 — auv;),
1
Vi41 = 7(14%' — Bivi—1 — Oéivi), and
Bit1
Uiyl = (B~ Au; — Biui—1 — ;).
i1

These steps constitute the main loop of the Lanczos process. They can be summarized with the following

steps:
1. w= Auz - Bivi_l.

_ T
2. a; =u;

w.
3. w4 w — ;.
= _ p-1
4. Uij4+1 = B~ w.

5. Biv1 = VwTi.

1
6. Vi41 = mw

T Uiy = B%ﬂa”l'
In a practical implementation of these steps, the vectors #; and u; do not need to be stored separately.

Let U; and V; be the n x i dimensional matrices whose columns consist of the vectors uq,...,u; and

v1,...,0;, respectively. Let T; be the upper left ¢ x ¢ block of T. Then

AU; = ViTi + Bir1visre) = Vi T, (1.1)
where
~ T;
Biyred

Equation (1.1) is referred to as the Lanczos decomposition, and is the foundation of numerous iterative

algorithms for solving both linear systems and eigenvector problems. Note that

range(Uy) = Span{uy, B~ Auy, ..., (B~ A)* 1w} = K (B A, uy),
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the k-th Krylov subspace of B~'A and u;.

Consider the case where at the k-th iteration, it is determined that 841 = 0. Then, by (1.1),

AUk = Vka = BUka.

As T}, is symmetric, there exists a basis of R¥ consisting of orthonormal eigenvectors of Tj. Let (z,\) be
some eigenpair of Tj. Then

AUkZ = BUkaZ = /\BUkZ.

The vector ¢ = Uz solves the generalized eigenvector problem Aq = ABgq. Let Z be the matrix consisting
of all orthonormal eigenvectors of Ty, and Q = UrZ. Then each column of @ is a generalized eigenvector
of the matrix pencil (A, B), and the columns of @ form a basis for an eigenspace of (A, B). In this case,
the Lanczos process has exhausted an eigenspace of (A, B), and the Lanczos process has broken down.
This occurs when the initial vector u; € range(Q). In most applications of the Lanczos process, this
indicates that, in exact arithmetic, the solution to the problem has been found. However, this is not
always the case. Sometimes, the Lanczos process needs to be continued. In that case, a new vector uy41 is
chosen so that ugﬂBukH =1, and U,;f Bug41 = 0. Typical implementations of the Lanczos process only
store the matrix 7" in memory, not the matrices U and V. Thus, in the case of breakdown, the Lanczos
process would need to be rerun from the beginning in order to ensure that the chosen uyy; does not have

any components in the exhausted subspace.

1.6.1 Lanczos-CG

The Lanczos process provides a simple, powerful method for transforming certain linear algebra
problems into equivalent problems which are significantly easier to solve. For instance, consider solving
the system of linear equations Ax = b when A is symmetric positive definite. Let B be a symmetric
positive definite matrix such that B =~ A, and Bu = v is straightforward to solve. Popular choices include
B = diag(A), the matrix consisting of only the diagonals of A, or the incomplete Cholesky decomposition
of A (see [24]). Suppose the Lanczos process is initialized with v; = b/81, where §; is a constant so
that (le_1v1)1/2 =1, and B1BUe; = b. The idea is to find, at each iteration, an approximate solution

xy, € range(Uy) such that the residual vector 7, = b — Axy, satisfies

re L range(Uy) = K (B~ A, B~'b).
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Thus, at each iteration, the following projected subproblem needs to be solved:
Uy AUy = Tryr = Uy b = Brey.

The matrix A is positive definite, and therefore each T} is positive definite, so T} has a square root free
Cholesky decomposition T}, = LkaLg. This decomposition is the symmetric indefinite factorization of

Ty, where the positive definiteness of T} guarantees that Dy, is positive definite and diagonal. So,

ap P 1 dy 1 Iy
B2 az B3 I 1 do 1 I
B3 as Iz 1 ds 1
B, S
Br o Iy 1 dy, 1
Therefore,
di = o,

lk = ﬁk/dk7 and
dk = O — lkdk—llk for all k= 2, ey

As new entries are added to T', the previous Cholesky factors remain the same. These factors can be
stored in memory, so that the full Cholesky decomposition of T} need not be recomputed at each iteration.

Now, introduce a new vector zj, € R* such that DkLgyk = 2. Then Liz, = Bieq, or

1 &1 B1
L1 & 0
Iz 1 &E1=10

I, 1 &k 0

19



Then z;, is easily solved to be

b1
—12&1
Zk—1
Zp =1 —l3&% | =
—lk€k—1
—lp€k—1

The vector z; need not be fully computed at each iteration. Only the last entry of zj is unknown at

iteration k. Define the matrix P, by Uy = PkaL,;F. Then
xp = Upyp = PeDp Ly, = Pz
Let py,...,pr denote the columns of P,. Then

d2 1 l3
(U1 Uy Uk>:<p1 p2 v pk) . . ’

Ik

so that

p1=(1/di)ur and pp = (1/dp)(ur — dr—1lkpr—1)-

Notice that at each iteration, the first £ — 1 columns of P, are simply the columns of P,_;. Thus,
rg = Pyzg = Pe-12k-1 + Pk = Th—1 + P&y
Now, consider the residual vector rp, = b — Axy. It holds that
r=b— Az =b— AUryr = B1Vier — (ViTk + Brr1ve+1€p )Yk,

or

e = Vi(Brer — Thyk) — Brr1Vkr1er Ye = —Brt1Vk41€} Un-

This shows that the magnitude of the residual at iteration k& depends only on i1 and the last entry

of yx. This is how the method can converge before the Lanczos process exhausts a complete eigenspace.

20



Now, in the B~! norm, this becomes

T p—1 2 T, \2
T BT :5k+1(6k Yr)“.

From the definitions of yx, &, Ik, and di, it holds that rf B~'r, = &2, giving a convenient way to
measure the convergence of the algorithm.

It turns out that this algorithm is, in exact precision, equivalent to the more well-known pre-
conditioned conjugate gradient algorithm (PCG). The PCG algorithm is presented in Algorithm 1.1 for

completeness.

Algorithm 1.1. Preconditioned Conjugate Gradient Algorithm

: Given A = 0, B = A such that B = 0 and Bu = v is simple to compute, o € R™, b € R", € > 0.
: Returns x such that [|Az —b]|3 <e.
k + 0.
T < Xg.
ro < b— Axyg.
. if ||ro]|3 < € then
exit.
end if
: Solve Bzg = 9.
: Po < 20-
: while Not Converged do

© %P NPTk W

— =
= O

12: A <~ —1
13: X 4 T+ Pk
14: Thtl < Tk — OzkApk
15: if ||’I’]€+1H§ < ¢ then
16: exit.
17: end if
18: Solve Bz, = ry,.
19:  Brg1 i Fee
: k+1 ngk
200 Pp41 = 2kl T Prr1Pk
21: end while

Note that these parameters o; and (3; are not identical to the parameters appearing in the Lanczos
process. While Algorithm 1.1 is presented using the most commonly used notation, a change of variables
is used to avoid confusion. Let v; denote the PCG parameter «;, and 6; denote the parameter ;. The
residual in Algorithm 1.1 is updated at each iteration using the previous residual and the product of the
matrix A with the current search direction py. Eliminating the search direction pjy from this update yields

the three term-recursion

0 0
Tk k)rk—l-% k

Th+1 = —’ykAB_lTk + (1 —
V-1 V-1

Tk—1-
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Compare this with the three-term recursion in the Lanczos process for v;y1:

@ v — Bi
Y Bim

1
ABil’Ui —
Bit1 Bit1

Vi41 = Vi—1-

Recall that the vectors v; have unit B~! norm. Therefore,

—1)¢
Ui+1:| 1) Tit1-

Iri+1llp—
Thus, the search directions utilized in each method are equivalent to each other. Furthermore, considering

that both algorithms make the optimal choice of step length at each iteration, the two must be identical.

Theorem 1.6.1 (PCG Convergence). Let A, B € R™ ™ be two symmetric positive definite matrices,
where B™1 ~ A is such that solving systems of the form Bu = v is straightforward, and let b € R™.
Suppose that Algorithm 1.1, or equivalently, Lanczos-CG, is used to solve the system Ax =b using some

iniatial approximation xg. Let x* be the exact solution, xj the k-th iterate, and ey = x* — x. Then

k
IQB(A) —1
llexlla <2 (\/MW) lleoll 4,

where KB(A) = Amax(4, B)/Amin(4, B).

The above result shows that the worst-case convergence rate of Lanczos-CG depends on the
square root of the condition number of the matrix A in the B-norm. In practice, Lanczos-CG behaves
exceptionally well when a strong preconditioner is used and performs much faster than other methods.

In practical cases, PCG is preferred over Lanczos-CG due to the fact that one less vector needs
to be stored. However, this example demonstrates the power of the Lanczos process and how it can be
leveraged to find an approximate solution for various problems. For instance, a similar procedure can be
utilized to solve generalized eigenvalue problems of the form Az = ABz by finding the eigenvalues of T}
at each iteration. Suppose the LQ decomposition of fk is taken at each iteration instead of the Cholesky
decomposition of Tj. In that case, one can derive the popular MINRES algorithm for solving equations
Ax = b when A is only assumed to be symmetric.

It is crucial to note that the Lanczos process has drawbacks. In his Ph.D. thesis [26], Paige demon-
strated explicit bounds on the errors of the Lanczos vectors as the algorithm proceeds in finite-precision
arithmetic. Unfortunately, as the algorithm proceeds, the round-off errors build up until, eventually, the

vectors lose their B-orthogonality. Many schemes for correcting this issue have been proposed, such as the
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partial reorthogonalization scheme presented in [27]. Unfortunately, reorthogonalization schemes require
either storing the Lanczos vectors or rerunning the Lanczos process from the beginning once a loss of
orthogonality has been detected.

One alternative to reorthogonalization is restarting. For example, most practical implementations
of Algorithm 1.1 include a restart technique so that the Lanczos process is restarted before any significant
errors can accumulate. However, restarting schemes are typically algorithm specific and are not discussed

here.

1.6.2 The Block Lanczos Process

The Lanczos process need not be initialized with a single vector u;. For example, consider the
problem of solving the system AX = C, where A € R™*" is positive definite, C € R"*™ and X € R"*™.
Lanczos-CG would need to be applied m times to solve this problem. Alternatively, the Lanczos process
can be formulated to use n x m blocks of vectors to avoid applying the same process multiple times. In
what follows, assume without loss of generality that m divides n.

Let 171 = (u1,1,U1,2,...,U1,m) denote an n X m matrix with B-orthonormal columns, and let
\71 = Bﬁl. Then there exists a B-orthogonal matrix U and a B~!-orthogonal matrix V whose first m
columns are (71 and \71, respectively, such that UT AU is a block tridiagonal matrix 7. It still holds then
that AU = VT Let ﬁj and KA/J denote the j-th block of m columns of the matrices U and V. Equating

the columns of AU = VT yields

Ay BY
~ ~ ~ ~ ~ ~ B2 A2
(AU1 AT, - AUn/m>=(V1 v Vn/m) o N

where A; and B; € R™*™ and each A; is symmetric, for all indices . Thus,

Aﬁ1 = ‘71141 + ‘72B27 and

Aﬁl = ‘//\vi,lBiT +‘//\;;A7;+‘7;'+1B7;+1 for all i = 2,...7’)’L,
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with By, /41 = 0. As before, it holds that A; = [ZTAI/J\i7 and

‘/}i+1Bi+1 = AU; - ‘//\;71B¢T ~ VA,
[77;_1,_1 = B_l‘A/i_H, and

Uiijrl ‘71‘+1 =1I
Unlike the m = 1 case, there is some freedom in choosing how to form B;;. The most straightforward
method for forming B, is to perform Gram-Schmidt biorthogonalization on the columns of the matrices
Aﬁi — XA/i_lBiT — ‘A/iAi and Bil(A@ — ‘A/i_lBiT - IA/lAl) This yields a matrix B;11 that is upper triangular,
in which case T;41 is not only a block triangular matrix but a banded matrix. Column-pivoting can
be included to better detect when B;;; becomes rank-deficient, although this destroys the banded
structure of T'. A block version of Lanczos-CG can be derived by taking a block square root free Cholesky
decomposition of T} at each iteration and forming the appropriate approximate solution to the matrix X.
The block-Lanczos process is most commonly used for finding multiple eigenpairs simultaneously. It shall

be used in the shifted and inverted GLTR algorithm to allow convergence in the hard case and to enable

the warm-starting of the algorithm.

1.7 Other Results

Farkas’ lemma is a crucial result used when proving the optimality conditions for inequality-

constrained optimization problems. It has several equivalent statements, all of which are detailed here.
Lemma 1.7.1 (Farkas’ Lemma, [14] Section 7.7). Let A € R"** be a nonzero matriz and ¢ € R™. Then
1. ¢Tp >0 for all p such that Ap > 0 if and only if c = ATy for some y > 0.
2. There exists a p such that cTp < 0 and Ap > 0 if and only if c £ ATy.
3. Ezxactly one of the following holds:

(a) ¢ can be written as a nonnegative linear combination of the columns of AT.

(b) There exists a vector p such that ¢Tp < 0 and Ap > 0.

Lemma 1.7.2 (Debreu’s Lemma, [8]). Given an m x n matriz A and an n x n matriz H, then ™ Hx > 0
for all x € null(A) if and only if there exists a finite p > 0 such that H + pAT A is positive definite for all

p>p.
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Chapter 2

Unconstrained Optimization

2.1 Introduction

Consider the unconstrained optimization problem

min f(2), (2.1)

where x is a real vector with n components, and f : R®™ — R is a continuous function. f may be assumed
to be continuously differentiable, or twice continuously differentiable, depending on the method being

examined. Generally, the goal would be to find a point z* that is a global minimizer, i.e., a point such that
f(z®) < f(z) for all z € R™. (2.2)

Unfortunately, this goal is beyond the scope of what is feasible. This is due to the fact that optimization
algorithms generally only have access to local information about the function f, so instead, practical

methods are developed with the goal of finding local minimizers.

Definition 2.1.1 (Local Unconstrained Minimizer, [16] Chapter 3). A point z* is a local unconstrained

minimizer to problem (2.1) if there exists a neighborhood B of * such that
f(@*) < f(=) for all z € B.

This is also sometimes referred to as a weak local unconstrained minimizer in order to distinguish

it from a strict local unconstrained minimizer.

Definition 2.1.2 (Strict Local Unconstrained Minimizer, [16] Chapter 3). A local unconstrained minimizer
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*

x* is a strict local unconstrained minimizer if there exists a neighborhood B of x* such that
f(z") < f(z) for all z € B,z # z™.
Strict local minimizers may have other local minimizers that are arbitrarily close. A stronger

definition is that of an isolated local minimizer.

Definition 2.1.3 (Isolated Local Unconstrained Minimizer, [16] Chapter 3). A local unconstrained
minimizer x* is an isolated local unconstrained minimizer if there exists an open ball B(z*, ) about x* of

radius 6 > 0, such that z* is the only unconstrained minimizer in B(x*, ).

Theorem 2.1.1 (Isolated minimizers are strict, [16] Chapter 3). Given f : R" — R, an isolated

unconstrained minimizer x* of f is a strict unconstrained minimizer.
Proof. The result is proved using a contrapositive argument. Let £* be a local minimizer of f that is not
strict. Then there exists a d > 0 such that

f(z*) < f(x) for all z such that ||z —z*|| < 4.

As z* is not strict, there exists a point Z # x* such that ||z — 2*|| < 46 and f(Z) = f(2*). Then

B(z, 306) C B(z*,d). This implies that
f(@) < f(z) for all z € B(Z, 30).

Thus, Z is another local unconstrained minimizer of f within B(z*,d). The radius ¢ is arbitrary and can
be taken to be as small as necessary, so z* is not isolated. Therefore, z* can only be an isolated minimizer

if it is also a strict minimizer. O

2.2 Optimality Conditions

The definitions of minimizers given so far are not particularly useful when it comes to determining
if a point is optimal because they require checking infinitely many points in a neighborhood of a potential
optimal solution. To formulate practical algorithms, a method is needed to characterize minimizers
without having to check nearby points. Fortunately, if f is differentiable, then the derivative at a point

gives local information about f.
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Theorem 2.2.1 (First-order necessary condition for an unconstrained local minimizer, [16] Chapter 3).
Given f:R™ = R, let x* be a local unconstrained minimizer of f. Assume that f is differentiable at x*.

Then V f(z*) = 0.

Proof. By definition (2.1.1),

fl@*) < f(a* + ap) for all p € R" and, given p, all sufficiently small a. (2.3)

As f is differentiable at z*, it holds that if a | 0, then

. 1 * * _ *\ T n
alg&_a(f(x +ap)— f(x*)) =Vf(z*) p forall peR". (2.4)
Combining (2.3) and (2.4) shows that Vf(z*)Tp > 0 for all p € R, thus V f(z*) = 0. O

The proof can be applied under the weaker condition that f is only Gateaux-differentiable at
x*. Points that satisfy V f(x) = 0 are referred to as both stationary points and as critical points. It
is crucial to note that being a stationary point is not a sufficient condition for being an unconstrained
minimizer. Consider the functions f(z) = 2% and g(z) = $2*. The point z = 0 satisfies V f(z) = 0 and
Vg(z) = 0, but is only a minimizer for the function f. Thus, any method that naively attempts to solve

for V f(x) = 0 may converge to an arbitrary stationary point. Therefore, stricter conditions are needed.

Theorem 2.2.2 (Second-order necessary conditions for an unconstrained minimizer, [16] Chapter 3).
Given f: R™ = R, let x* be a local unconstrained minimizer of f. Assume that f is twice differentiable at

x*. Then Vf(z*) =0 and V2 f(z*) = 0.

Proof. Theorem 2.2.1 shows that V f(2*) = 0. By the definition of the second derivative,

1 1
lim — (f(=" +ap) — f(z)) = —pTV2f(z*)p for all p € R".
a—0 2

Suppose that V2f(z*) is not positive semidefinite. Then there exists a vector ¢ € R™ such that
qTV2f(x*)q < 0. Thus

lim — (f(" + ag) — f(z")) < 0.

a—0

This contradicts that * is a local minimizer, so V2 f(z*) = 0. O

Theorem 2.2.2 only provides necessary conditions for optimality. Points that satisfy Vf(x) =0

and V2f(x) = 0 are not necessarily local minimizers. Again, consider the function f(z) =
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simple cubic function satisfies Vf(0) = 0 and V2 £(0) = 0, but does not have zero as a local minimizer.

The following theorem proves stricter conditions that guarantee that a point x is a local minimum.

Theorem 2.2.3 (Second-order sufficient conditions for an unconstrained minimizer, [16] Chapter 3).
Given f:R™ = R, and z* € R™, assume that the second derivative of f exists at x*. If Vf(z*) =0 and

V2f(x*) = 0, then x* is an isolated (and therefore strict) local unconstrained minimizer of f.

Proof. First, it is shown that z* is a strict minimizer. By assumption, V f(z*) = 0, so

. 1 * * _1 T2 * n
lim — (f(2" +ap) = f(@")) = 5p" V' f(")p for all p € R™.

As V2f(z*) = 0, pTV2f(2*)p > 0 for all p # 0, thus f(z* +ap) — f(z*) > 0 for all p # 0 and « sufficiently
small. Therefore, there exists a neighborhood about z* in which f(z) > f(x*) for all = # z*, so that z* is
a strict local minimizer.

Now it is shown that xz* is also an isolated minimizer. As the second derivative of f exists at
x*, the gradient V f(x) exists in a neighborhood of z* and is continuous at z*. Suppose that * is not
an isolated minimizer. Then, for every neighborhood of x*, there exists a point x in this neighborhood,
which is also a stationary point. Therefore, a sequence of stationary points {xj}72 ; can be constructed

that is convergent to x*. As the second derivative of f exists at x*,

V@ 4 p) - V") — V2 )plla = 0.

lim
lIpll2—0 ||p||2

As xp —a* — 0 and Vf(zx) = Vf(a*) =0 for all k, this relation holds for each p, = xy, — 2*. For each k,

let ux, = pr/||pk||. Thus,
V2 f (2" ug]2 = 0.

lim
k—o0

However, V2 f(x*) is positive definite, and thus is nonsingular, so
IV f(z*)ulla 2 A > 0

for any unit length vector u, where ) is the eigenvalue of V2f(x*) of least magnitude. This creates a
contradiction, which shows that there exists a neighborhood in which z* is the only stationary point. The

result follows. O
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2.3 Directions of Decrease

Consider an objective function f defined on R™ to minimize, and some point z that is not a
local minimizer. The optimality conditions discussed in the previous section can help to form methods
for finding a local minimizer by constructing a sequence of points starting at x that converge to a local
minimizer. Note that every neighborhood of x must contain points such that the value of f is less than
f(x). Consequently, there exists a path starting at  that strictly decreases f. The most obvious choice

for such a path is a ray that emanates from z (although some methods consider nonlinear paths).

Definition 2.3.1 (Direction of Decrease, [16] Chapter 3). Let f: R™ — R be a differentiable function.
Let x € R™. A vector p € R™ is a direction of decrease for f at x if there exists a positive @ such that

flz+ap) < f(z) for all 0 < a < @

An immediate result of this definition is that if a direction of decrease exists at z, then z is not a

minimizer.
Result 2.3.1 (Existence of a direction of decrease, [16] Chapter 3). Given f : R™ — R, assume that f is
continuously differentiable on a convexr set D C R™, and let x € int(D).

1. If a vector p satisfies Vf(x)Tp < 0, then p is a direction of decrease at x

2. If f has a second derivative at x, then any p satisfying V f(x)Tp =0 and

pTV2f(x)p <0 is a direction of decrease at x.

Proof. Due to the fact that z is an interior point of D and V f(x) is continuous on D, the inequality
Vf(z)Tp < 0 implies there exists a § > 0 such that, for all a € [0,6), x + ap € D and Vf(z + ap)Tp < 0.

By the mean-value theorem, for every a € (0,4), there exists a t € (0,1) such that

fl@+ap) = f(z) = aV f(z + tap) "p.

It follows that f(x+ap)— f(x) < 0, which establishes (1). Conversely, any direction satisfying V f(x)Tp > 0
cannot be a direction of decrease. Thus, for part (2), it suffices to consider vectors that satisfy V f(z)Tp = 0.

Suppose that f has a second derivative at x. Let p be a vector satisfying the properties in (2).

Then
lim 5 (f(z +0p) — f(x)) = £p" V2 (x)p < 0
0}1)1%)0[2']‘-1‘ Ofp—fl' _2p fzp<7
so f(z+ ap) — f(x) < 0 for « sufficiently small, therefore p is a direction of decrease. O
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Vectors p that satisfy Vf(x)Tp < 0 are referred to as descent directions, while vectors that satisfy

pTV2f(x)p < 0 are referred to as directions of negative curvature.

2.4 Line-search Methods

In this section it is shown how to use a descent direction p found by minimizing a strictly convex
local model of the objective function to take a suitable step toward a local minimizer. The goal of this
method is to generate a sequence of points {zy}7° ; such that limy_o V f(zg) = 0, where the sequence of

points is generated via an update rule of the form

Tht+1 = Tk + QpPr,

where py, is a descent direction at xj, and o is a suitable step-length. Such methods are commonly referred
to as line-search methods, as the descent directions are formed first, and then a suitable step-length is
found by sampling the function f along the ray {z : * = z; + ap, « > 0}. Two common methods for

choosing the search direction pj are considered: the steepest-descent method and Newton’s method.

2.4.1 Sufficient decrease conditions

It has been shown that if p; is a descent direction at xj, there exists a step-length & such that
flag + apr) < f(zy) for all 0 < @ < @. A naive approach would be to choose the step-length « as an
arbitrarily small value. Unfortunately, this will lead to an algorithm requiring far too many iterations to
achieve a sufficiently accurate local minimizer. It is necessary that any line-search method attempt to find
a step length that decreases the objective function without the decrease becoming so small that progress
is inhibited. This leads to the notion of sufficient decrease conditions.

The most extreme approach would be to choose the first minimizer of f along the ray {z) + apy :
a > 0}. This is referred to as an exact line search. Note that a step length «y chosen via exact line search

must satisfy

d
%Jc(ﬂﬁk + apy) = Vf(zy + apg) Tpr = 0.

The update is taken as xpy1 = z, + agpk, and has the property that the gradient of f at the new point is
orthogonal to the search direction, i.e., no more progress can be made along the given direction pj. In the

case that f is a strictly convex quadratic function of the form f(x) = %xTH x + ¢Tx, then, given a search
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direction pg, the optimal step length aj can be computed as

_ ~Vf(@e) pe —(g-i-ka)Tpk.

pi Hpy, pLHpy

&93

However, exact line searches are generally considered inefficient for more complicated objective functions,
as minimizing f along a direction pj is comparable in work to the overall problem of minimizing f itself.
So instead, the exact step length is used for theoretical purposes as the “best” step possible.

The convergence analysis of a line-search method depends on the method used to choose the
search direction py and the method used to choose the step length «. For now, suppose that a line-search
algorithm yields a sequence of points {xj} such that f(zry+1) < f(zx) for all k. Further, assume that
the function f is bounded below (otherwise, the optimization problem is not well posed). Then the
strictly decreasing sequence {f(x)} converges to a limit. Thus, given an initial iterate xg, all iterates
lie in the level set L£(f(z0)) = {x: f(x) < f(xo)}. If this level set is compact, then {f(zx)} is bounded
below and must converge. However, this is not enough to guarantee that f(zy) converges to the value
of f at a solution. More conditions are needed to show that the sequence of iterates xj converges to an
optimal point z*. Thus, instead of simply requiring that f(zp41) < f(2x), stricter conditions are enforced
to ensure that each new iterate achieves a decrease that is sufficient to guarantee progress to a local

minimizer.
Backtracking and the Armijo condition

At each iterate z of a line-search method, a local model of f at xj, denoted my (), is constructed
to measure how much improvement a step actually makes. The step length ay is then chosen so that the
actual reduction in the objective function is at least as large as a multiple of the predicted reduction given

by the local model function. To be more precise, ay, is chosen so that

fxk) = f@e + arpr) = nalmp () — mg(zk + agpr)), (2.5)

where 7, is held constant throughout the algorithm and 0 < n, < 1.
For the local model function mj to be a good model, two conditions are required. First,
m(xg + agpr) < mg(xg) for all « sufficiently small, so that py is a descent direction not only for f but for

my, as well. Furthermore, it is required that

lim f(zx) — f(og + apy)
a—0+ my(zk) — my(zr + apr)

)
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so that as a — 0, the local behavior of mj more closely matches that of f. The model my is also typically
chosen so that my(xr) = f(zr). This property can be enforced for higher order derivatives as well, i.e.,
V™ (xr) = V™ f(xy) for all m =1, ..., M for some positive integer M. Typical values of M do not
exceed 2.

For non-differentiable functions, the choice of the model function mj can be somewhat unintuitive.

For differentiable functions, the first-order Taylor series satisfies these conditions quite nicely. Thus,

my(z) = l(z) = fzr) + Vf(zp)(r — o)

gives the predicted reduction

mi(zr) — my(zg + ape) = —aV f(zr) .

The search direction py may also be chosen via a method that requires a local model of f. However, the
two model functions need not be the same. If p; is a descent direction, notice that the predicted reduction

is always positive. The sufficient decrease condition (2.5) can be written as

flai + apy) < flzk) + anaVf(ze) ok, (2.6)

commonly called the Armijo condition. Any line search attempting to satisfy this condition is called an
Armijo line search. However, this condition does not enforce the requirement that the step length « is not
too small. A sufficiently small o will always satisfy the Armijo condition. Instead, the goal should be
to find the largest a such that the Armijo condition holds. This motivates the backtracking line-search

algorithm. Notice that the main computational work is done in evaluating f(z + ap) for each choice of a.

Algorithm 2.1. Backtracking Line-Search

Given kpaz, 0 < <1,0<7v: <1, ag, z, p

k<0

< Qo

while k < k0, and f(z + ap) > f(z) + anaVf(z)Tp do
Q4 Yoo

end while

For methods based on computing search directions via Newton’s method, «g is chosen to be 1, whereas
steepest-descent methods may use a different initial choice at each step. This simple strategy works quite

well in practice. More sophisticated approaches add additional conditions on «. For instance, the Wolfe
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conditions require that
L f(zk +api) < flzk) + anaV (@) T pr,
2. Vf(xr +apk) pr > nwV f(zr) ",
where 1, < nw < 1. The strong Wolfe conditions are slightly stricter in that the requirements become
L f(xr + apr) < f(or) + anaV f(zx) T,
2. |V f(zx + apr) Tpr| < nw|Vf(zr) Tpxl.

Less used nowadays is also the Goldstein conditions, which require that

f@r) + (1 =n) V(@) ok < flar + arpr) < f(@r) + 0.V f (@r) T,

where 0 < 1, < % These three sets of conditions prevent the step length « from becoming too small.
Line-search methods that attempt to satisfy these stricter conditions often operate via interpolation and
bracketing to find an initial interval in which a step length « satisfies the conditions, then iterate to refine
the interval down to a point. Methods for solving the Wolfe conditions are particularly complicated both
theoretically and practically. Any practical implementation of a Wolfe line search must go to great lengths
to compensate for round-off error.

Two of the most widely used methods for choosing the search directions pj, are the steepest-descent
method and Newton’s method. First, the steepest-descent method is considered. Suppose that at the
current iterate zj, of some iterative method, V f(zx) # 0. The descent direction condition states that to
proceed, finding a vector such that V f(x)Tpr < 0 suffices. Thus, an intuitive choice would be to find a
search-direction p that minimizes the quantity V f(zz)Tpr. Let g = Vf(2r). Then the task is to find a

vector pi such that

pr = argmin — g p. (2.7)
pERN

Problem (2.7) is unbounded below. However, note that pj is a search direction, i.e. an iterative method is
allowed to search along the open ray {zj + apg : @ > 0}. Thus, the scaling of the search direction does

not matter here. Instead, pi is chosen to be

pr = argmin{—g,'p : ||p|| = 0} (2.8)
peR”
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for some scalar § and some norm. Then pj is the vector for which the inequality

~[lpxll llgwlle = —6llgxll« < i p

is satisfied with equality. Suppose the norm in question is the Fuclidean norm. Then p; = —mgk.
A straightforward choice for § is simply ||gk||2, thus giving the gradient-descent direction py = —gg. Of
course, the Euclidean norm is not the only norm possible. Choosing ¢ in (2.8) to be ||g||+ gives the
steepest-descent direction in an arbitrary norm. Let By be a symmetric positive definite matrix, and
let || - || g, be the norm induced by Bj. Then the steepest-descent direction in the Bj norm is given by
Dk = —Bk_lg. Other common choices are the 1-norm and the co-norm.

The next common method for choosing a search direction considered is Newton’s method. First,
consider the steepest-descent direction in the By-norm, py, = —B, 1g. This vector can also be found by
solving an unconstrained quadratic optimization problem

. 1
nin ax(zr+p) = flzr) + gip+ §pTka. (2.9)

The function g (z) is a quadratic model of f at xy, where the Hessian matrix of f at xzj is approximated
by a positive definite matrix B. Suppose now that f is strongly convex and twice-differentiable, i.e.,
there exists an m > 0 such that

ml = V2 f(x) (2.10)

for all z € L(f(xg)). Then, at each iterate xy, the approximate quadratic model g can be taken to be

the true quadratic model
1
i () = f(xx) + g5 (v — x3) + 5z = o) TV f () (z — ).

Minimizing the function Q(p) = qx(zx + p) yields the Newton direction p,, = —V?2f(x)) tgg. Thus, the
Newton direction is the steepest-descent direction in the V2 f(z)) norm.

The convergence behavior of a backtracking line-search method can now be analyzed. First, a
theorem is presented that shows that backtracking produces a sufficient decrease regardless of how the
search direction is chosen. Next, two theorems are presented, demonstrating convergence when the search

direction is chosen via steepest descent and Newton’s method.

Theorem 2.4.1 (An Armijo line-search gives a sufficient decrease, [16] Chapter 3). Let f : R™ — R be
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twice continuously differentiable on an open convex set D C R™. Let xg € D be chosen so that L(f(xo)) is
compact. At each iteration k, let py be a descent direction such that ||pg|| < v for some v independent of

k, i.e. the sequence {||px||} is bounded above by . Then
lim |V f(xx) "pe| = 0.
k—0

Proof. The Armijo condition implies

flan) = f@ps1) = —nacwV f(zn) "ok = nacw| V f(2) Tprl.

Thus, the sequence {z} is well-defined and lies entirely in £L(f(x0)). As f is bounded below on L(f(x¢)),
{f(zx)} is a bounded, strictly decreasing sequence and thus converges.

To establish a contradiction, assume that |V f(xx) Tpx| does not converge to zero. Thus, there
exists an ¢ > 0 such that |Vf(x3)"py| > e infinitely many times. Let G denote the subsequence
{k : [V f(x1)"pr| > e}. Now, the step length for the backtracking line search is given by ay = ~2% . where
Jk is the smallest nonnegative integer such that the Armijo conditions holds. Due to the fact that f(xy)
converges, f(zx) — f(wrs1) = f(zk) — f(zk + arpr) — 0, and |V f(xx) Tpx| > €, it must hold that ay — 0.
By assumption, {||pk||} is uniformly bounded, thus {axpy} converges to zero.

Let G denote the subsequence of G where the initial step was rejected, i.e., G = {k € G : jp > 0}.
The sequence {ay }reg converges to zero, so G is infinite. For each k € G, let o) = ai/7c, i.e., the last

rejected trial step length. As this step length fails the Armijo condition,

f(@e + orpr) > f(xr) + oxnaV f(ze) Tpr forall keg.

Equivalently,
f(@e + orpr) = fzr) — ok V f (@) Tpe > =0k (1 = 0a)V f (zk) i (2.11)
> oi(1 —na)e.
Consider the Taylor expansion of f about zj + oppy using the integral form of the remainder:
1
f@e+ orpr) — f(xr) — ouV f(xk) Tpx = Uk/ (Vf(xzk + toxpr) — V£ (1)) " prdt. (2.12)
0
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Let || - ||s denote the dual norm of || - ||. Then

[(Vf (@ + torpr) — Vf(2x) "okl < |V f(zk + torpr) — Vf (@) |pxl]-

Applying this to (2.11) and (2.12) gives

1
(1—na)e < /0 (Vf(xg + togpr) — Vf(xr) Tprdt < Joax, IV [z + towpr) — V f(@x)|«]|pe]|

for each k € G. As V£ is continuous, there exists a t; that achieves the maximum on the right-hand side.

Let 0 = tjor = tjou/ve < og. Then

(I =na)e <|IVf(xp + Oxpr) — Vf(xr)||«||pr]|-

Now, {arpr} converges to zero, and 0y < «y, therefore py converges to zero as well. The continuity of
V f then implies

IV f(zk + Orpr) — Vf(xr)|[x — 0.

However, ¢ and 7, are fixed, so (1 —n,)e > 0. This gives the desired contradiction. O

This result can be refined to take into account how the search direction py is chosen. For now,
assume that the search direction pj is chosen to be the steepest-descent direction in the || - || norm, i.e.,

pr = —V f(zx). Then the following holds:

Theorem 2.4.2 (Convergence of steepest-descent with backtracking line-search, [16] Chapter 3). Let
f:R" = R be continuously differentiable on an open convex set D. Consider the sequence {zj}32, C D
generated by the steepest-descent line-search method. If the initial point vy € D is chosen such that the

level set L(f(xo)) is compact, then either V f(x;) = 0 for some index | < 0o, or limy_,oo V f(z)) = 0.

Proof. Let || - || denote the Euclidean 2 norm. By the compactness of L(f(z)), the sequence {||px||} =
{|IVf(zx)||} is bounded. Thus, by theorem (2.4.1),

lim |V f(ay) "pr| = lim ||V F(zg)][3 =0
k—o0 k—o0
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Convergence of Newton’s methods with backtracking line-search

It has been shown that when a backtracking line search is used, it holds that
limg s o0 [V f(21) Tpr| = 0 under mild assumptions of f, assuming that py is a descent direction at each
iteration. Letting py be the steepest-descent direction shows that the sequence of gradients also converges
to zero. In the case of methods inspired by Newton’s method, the situation becomes more complicated.
First off, the condition that limy_,. |V f(2x)Tpx| = 0 does not guarantee that Vf(zx) — 0. Thus, py
needs to be chosen in such a manner that |V f(zx)Tpr| — 0 only if Vf(x;) — 0. This property of the

search direction py is independent of the line-search procedure.

Definition 2.4.1 (Directions of sufficient descent, [16] Chapter 3). A sequence of directions {py} is a

sequence of directions of sufficient descent if ||pg|| is bounded and
Vf(zr)Tpe — 0 implies Vf(zx) =0 and pj — 0.

The steepest-descent direction py = —V f(xy) clearly satisfies this definition. A more general set

of directions of sufficient decrease can be provided by the following lemma.

Lemma 2.4.3 ([16] Chapter 3). Let {Hy} be a sequence of symmetric positive-definite matrices with

bounded condition number, i.e.,
Amax(Hg) < M < o0 and Apin(Hg) > m > 0,

where M and m are constants and Apin and Apmax denote the largest and smallest eigenvalues of Hy. If

pr. is chosen to be the solutions of Hypr = —V f(xy), then py is a direction of sufficient descent.

Proof. By the definition of py,

IV f(xx) Tpr| = [pE Hepr| > Amin (He)||pk] > > m]|px| |-

Thus, if |V f(zx)Tpr] — 0, pr. — 0. Furthermore,

Hill ||pel] = [V f(xr)]],

or equivalently,

IV /ol

lpwll =
[ H k|
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Now, ||Hi|| = Amax(Hi) < M, thus py, — 0 implies that V f(xy) — 0. O

This notion of directions of sufficient decrease is enough to show the global convergence of

Newton’s method with a backtracking line search.

Theorem 2.4.4 (Global Convergence of Newton-based method, [16] Chapter 3). Let f : R™ — R be twice
continuously differentiable on an open convex set D C R™. Assume that f is strongly convez, i.e., that

there exists a uniform lower bound on the lowest eigenvalue of V2 f(x) for all x € D, i.e.,

d*V2f(z)d > ml||d||3 for some m > 0.

Given xg such that L(f(xzo)) is compact, consider the sequence of iterates xxy1 = Tk + appr, where
pr, satisfies V2 f(xr)pr = —Vf(xr) and oy satisfies the Armijo condition. Then the sequence {x}} is
well-defined and lies in L(f(x0)), and the algorithm finds some x thalt meets a convergence criterion, or

Proof. Given zy, € L(f(z0)), the positive definiteness of V2 f(z) ensures that py is a descent direction
at every iterate. Thus, there exists an «j, that satisfies the Armijo condition, so xp+1 € L(f(x0)). By
assumption, the lowest eigenvalue of V2 f(x;) is bounded away from zero. By the continuity of V2 f(z)
and the compactness of L(f(x0)), ||[V2f(xk)||2 is bounded, i.e., the largest eigenvalue is bounded above

by some constant M. Thus, py is a direction of sufficient decrease, so the method is convergent. O

The next theorem shows that the initial choice of step length aj = 1 eventually will produce a

sufficient decrease in f.

Theorem 2.4.5 (Sufficient decrease with unit step, [16] Chapter 3). Let f : R™ — R be twice continuously
differentiable on an open convex set D C R™. Assume that f is strongly convex, i.e., that there exists a

uniform lower bound on the lowest eigenvalue of V2 f(z) for all x € D, i.e.,

d™V2f(x)d > ml||d||3 for some m > 0.

Given xg such that L(f(xg)) is compact, consider the sequence of iterates xxy1 = Tk + appr, where
pr. satisfies V2 f(x)pr = —Vf(zk) and oy, satisfies the Armijo condition with the Armijo parameter

Na < % Then there exists an index K such that for all k > K for which convergence has not been achieved
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(Vf(xg) #0), the step ap, = 1 satisfies the Armijo condition

flae) = fae + apr) > —naaV f(zx) .

Proof. Notice that

—V f(zr)  pr = pp V2 f(2i)pr = m||pl|°-

It has been shown that Vf(z;) — 0 implies that the sequence of Newton direction {pi} converges
to zero. This condition, along with the descent property of pg, implies that for k£ sufficiently large,
xi +pr € L(f(x0)). Assume that index k is such an index where this is true. It remains to show that the
Armijo condition is satisfied with ap = 1.

Consider the Taylor expansion of f about x with the integral form of the remainder
1 1
fa+0) = @) + V1) 4 5" e+ [ 5 (T2 4 tp) — 92 (@) p(1 - .
0
Substituting the definition of py gives

flxr +pr) = flan) =naV (@) e = (1= 20.)V f(2r) Tpr

N

1
+/ pr (V2 f(z +tp) — V2 f(z)) pr(1 — t)dt.
0
Let
wi = max [V f(wx +tpx) = V2 f(y)]]

Due to the fact that £(f(zg)) is compact and V2 f(z) is continuous, wy, is bounded. Then

Pl pe) = k)~ maV T @) "o < (1= 20V k) s+ seonll?

5
1 w
< 5 (1= 2. = )V f (i) "pe
As pr — 0, there must exist an index K such that for all £ > K, wy will be sufficiently small so that

wr < m(l—2n,). Assuming that 1, < 1/2, then the term on the right-hand side will be negative. Thus,

the Armijo condition is satisfied with « = 1 for k > K. O

The following theorem demonstrates that, under certain conditions, Newton’s method with unit

step size achieves quadratic convergence.

Theorem 2.4.6 (Quadratic convergence of Netwon’s method, [16] Chapter 3). Suppose that f : R™ — R
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is twice continuously differentiable and that the Hessian matriz V2 f(x) is Lipschitz continuous in a
neighborhood of a solution x* at which the second order sufficient conditions are satisfied. Consider the

Newton iterations Ty, 1 = Tr + pr, where py satisfies V2 f(xx)pr = —V f(xx). Then,
1. If the starting point xq is sufficiently close to x*, xrp — z*,
2. The rate of convergence is quadratic, and
3. The sequence {||V f(xk)||} converges to zero quadratically.

Proof. Recall the optimality condition V f(z*) = 0. Counsider the error in x4, and the optimal solution

T*:

Ty +pp — 2t =ap —2F — V2f(vr) V f(a)
= V2 f ()" (V2 f(ar) (2 — 2%) = (Vf(2x) = V()

By Taylor’s theorem, it holds that

1
Vf(ay) - V(") = / V2 f (g + ta" — ) (g — 7).
0
Putting these two equations together yields
V2 f (i) (g, — 2*) = (V f(ax) = V("))
1
Il [ (V2 Fan) = 9o+ tla = 20) (- )|
0
2
< / IV2 f(xr) = V2 f(wn +t(a* = ap)|| o —a*[|dt
0
*[12 ! 1 * (12
< ||lzp — x*|] Ltdt = = Ll||xx — z*||*,
O 2
where L is the local Lipschitz constant of V2 f(x). As V2 f(x*) is nonsingular, and V2 f(x) is continuous,
there exists a radius r such that ||[V2f(z)7 Y| < 2||V2f(2*)7Y| for all ) such that ||z — 2*|| < 7.

Therefore,

ek +pre — 27[]2 < LIV (@) 7| [l — 271

If z¢ is chosen so that ||zg — z*|| < min(r, 1/(2L||V2f(2*)Y|])), then it can inductively be shown that

the sequence converges quadratically to z*.
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Now, consider the relations @41 — 2 = pi, and Vf(zx) + V2f(x1)pr = 0. Then
IV f(rs )l = [V f (@rg1) = VF(2r) = V2 f(2r)pl|
1
= [ 9+ tpa)anss — me)de = 9@l
0

1
< / 192 F( + tpw) — V2F ()] [lpxlldy

IN

1
L 2
5 llpl
1 _
< §L||V2f(o:k) PNV f ()2

< 2L||V2 f (@) TPV f (@)l
proving that the norm of the gradients converges quadratically. O

Note that this proof only shows convergence to stationary points, not necessarily to minimiz-
ers. The following theorem shows that if f satisfies additional properties, Newton’s method converges

quadratically to a local minimizer.

Theorem 2.4.7 ([5]). Let f : R™ — R be twice continuously differentiable. Assume that the Hessian
matriz V2 f(x) is Lipschitz continuous with Lipschitz constant L and that the eigenvalues of V2 f(z) are

bounded above and below, i.e., there exist constants m and M such that
ml <V f(x) X MI.

Then Newton’s method with a backtracking line search is globally convergent. Furthermore, an index K
exists such that, for all k > K, the backtracking line search accepts a = 1, and the method converges

quadratically once k > K.

Proof. Let 1 be some number such that 0 < 7 < m?/L. Assume that, at iteration k, ||V f(zx)|]2 > 7.
First, a lower bound on the step size selected by the backtracking line search is derived when this is the

case. By assumption, V2f(x;) < M1, and therefore,

M
f(@e + awpr) < f(g) + V() Tpe + ?azHPkH%

< J(@) — A @n)? + G-aPA @),

where \(z)? = pf V2 f(zp)pr = (Vf(2) T (V2 f(25)) "'V f(z) is the Newton decrement. Consider the
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step size & = m/M. Then & satisfies the Armijo condition, as
~ m o ~ 2
Flaw +apr) < flzr) = 5 A (@) < f(z) = na@A (@)™
Therefore, the backtracking line search yields a step oy > vom/M. The reduction in the objective is then

flrsr) — flazr) < —nacA(zk)?

m
< —Mavc M)‘(xk)Q

N

m
< _nA,VCW ‘ |vf($k)”%

9 M
< —Naven ek

Let v = naven? 4. Then

f(@py1) = fog) < — (2.13)

when ||V f(zk)||l2 > n. Thus, if the gradient at zj is sufficiently large, the backtracking line search will
produce a reduction in the objective at least as large as ~.

Now, suppose that ||V f(zk)||2 < n. Furthermore, assume that

2
m
n<3(1— 2%)7-

By the Lispchitz continuity of the second derivative, it holds for all positive step-sizes « that
IV?f(@x + apr) = V2 f(zx)|l2 < oL[pg]]2-

Therefore, it holds that

i (V2 f(zk + apr) — V2 f(xx))px| < aLllpg][3. (2.14)

Let fr(a) = f(z 4+ apy), so that f/'(a) = pTV?f(x), + apy)pr. Thus, (2.14) can be written as
|fi () = ()] < aLllpl3. (2.15)
After some rearrangement, this becomes

fil (@) < fi(0) + aLllpll3 < Maw)® + a—m Maw)®.

ma/2
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Integrating the above inequality yields

fil@) < Ji(0) + aX(zr)® + o M)’

2m3/2

< —Maxp)? + a(zp)? + o?

2m3/2 Ale)”,

where the second inequality uses the fact that fi(0) = —A(zy)?. Integrating again yields

Fre(@) < fr(0) — a(z)? + %QA(a?k)2 +a Aay)?.

6m3/2
Taking o = 1 gives

Flan+pe) < Flap) — %)\(azk)z + Aan)?, (2.16)

6m3/2

Consider the assumption that ||V f(zx)||2 <7 < 3(1 — 2n,)m?/L. By strong convexity and the definition

of the Newton decrement, it holds that

M) < 3(1 —2n,)m?/? /L.
Combining this with (2.16) yields

f(on+pr) < fx) = SM ) (2 - LAl
< f(xk) - UA/\(xk)Q
= fzr) + naVf(xe) T or.
Thus, the backtracking line search accepts the unit step. Next, the rate of convergence is analyzed.

Consider the following;:

1f (@ + pe)lle = || f(k + ) — VF(zr) — V2 f(2)pkl]2

- H /ol(wf (wk + tpr) — V2f (@))prdt

2

IN

Sl o
_ gHVQf(xk)_lVf(xk)H%

L
<5 IV@)IB

Note that (2.17) implies that if ||V f(zx)||2 <17 < m?/L, then ||f(x) + pr)||2 < 1 as well. Tt follows then
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that the method will select the full Newton step for the kth and all subsequent iterations and converge
quadratically if ||V f(xx)|| <7 = min{1,3(1 — 2n,)}m? /L. If this does not hold, the objective function is
still guaranteed to decrease by at least v each time the Newton step is not selected. Thus, there can only
be finitely many steps at which ||V f(zg)||2 > 1. The result follows.

O

Unfortunately, it is not always the case that the objective function is strongly convex. For
certain functions, there is no guarantee that the Hessian matrices of f are positive definite. In this case,
the Newton direction may not even be a descent direction. This opens up a wide array of potential
algorithms that fall under the category of modified Newton methods, in which the search directions py
are determined via (V2f(xy) + Ex)pr = Vf(x1), where Ej, is some symmetric positive definite matrix
such that (V2f(x) + Ey) is sufficiently positive definite. These methods can be shown to still be globally
convergent, and if Ej, is chosen to be zero if V2 f(z;) is already sufficiently positive definite, then quadratic
convergence can still be achieved. There exists an enormous amount of literature on modified Newton’s
methods. In the next section, an alternative family of methods is analyzed: trust-region methods. Trust-
region methods have the benefit of being able to work with the Hessian of f without needing to perform
some sort of modification. Instead, convergence is guaranteed by minimizing a sequence of potentially

non-convex quadratic models subject to a convex constraint.

2.5 The Trust-Region Method

Trust-region methods provide an alternative method of utilizing the local quadratic model of a
function f without modifications or assuming that the quadratic model is positive definite. In certain
situations, the distinction between line-search methods and trust-region methods becomes quite blurry,
and as the understanding of the two methods has grown, the distinction between the two has shrunk.

A basic trust-region algorithm is thoroughly analyzed in this section. This method already shares
some similarities with backtracking line searches. As before, a sequence of iterates {x} is computed with
an update rule of the form xy,1 = x) + pi, where a sufficient decrease condition is enforced by comparing
the actual reduction f(z) — f(xg+1) with the predicted reduction my(zx) — my(zr + pr), where my, is a
local model of f. As in a line-search method, should the sufficient decrease condition fail, the norm of
the search direction ||pg|| is reduced. However, in the trust-region case, instead of merely contracting the
step by reducing the step length, the direction of the vector py may be changed as well. This is done by

explicitly limiting the norm of the vector p; and by defining it as a minimizer of the constrained quadratic
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problem

min gx(zy +p) subject to |[p|| < oy,
peER™

where g, is the local quadratic model of f about xy, given by
1
qr(x) = flap) + gr(x —xp) + §($ —ap) Y Hy(x — xp), (2.18)

with gr, = Vf(zx) and Hy ~ V?f(x1). Note that the norm || - || in the constraint is arbitrary. The scalar
quantity dy is referred to as the trust-region radius, and the set {p : ||p|| < 0} is referred to as the trust

region. Once the step py is computed, the actual versus predicted reduction ratio is computed as

f(xr) — f(or + pr)

my(xr) — me(eg + i)

Pr =

A typical trust-region method chooses the model my, in the definition of pi to be qx, however, other choices
are possible. To simplify the notation, let Qr(p) = qr(zx +p) — qr(xx). This test deviates from the Armijo
condition, which uses a linear model function in the definition of py. If pr > n,, then the trust-region
step is accepted, setting xy1 = x) + pr. Should the test fail, i.e., pr < 14, then the trust-region radius
is reduced by some constant factor 7., and the trust-region subproblem is solved again with the new
radius. This method already bears some similarities to backtracking line searches, except now there is the
additional computational work of approximately solving the trust-region subproblem.

In order for the method to be competitive with the backtracking line-search method, the trust
region needs to have the opportunity to expand as well as shrink, otherwise, the method will fall into the
trap of simply taking arbitrarily small steps at each iteration. To achieve this goal, a second sufficient
decrease parameter 7 is chosen such that 1, < ny < 1. If px > 1z, then the local quadratic model is
assumed to be a very good model of the objective function f, so the trust-region radius is expanded by
some constant factor 5. This motivates the basic trust-region algorithm, presented in Algorithm 2.2.

Up until this point, the choice of norm used to define the trust region has not been specified. Two
of the most natural choices are the polygonal norms || - ||; and || - ||, and elliptic norms (including the
Euclidean norm). Unfortunately, polygonal norm trust-region subproblems have a number of theoretical
and practical difficulties associated with them, as they are instances of linearly-constrained quadratic
problems. In what follows, practical implementations of Algorithm 2.2 are restricted to use elliptic norms,
ie., ||pl| = |lpllz = (pTBp)'/? for some positive definite matrix B. In the unconstrained optimization

setting, B is typically chosen as I, however when the trust-region method is applied to a constrained
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Algorithm 2.2. Basic Trust-Region Algorithm

1: Given constants 1,4, N, Yo, Ve, 0o such that 0 <, < np < 1, ns <1/2,0 < 7ye <1 < g, and §p > 0
2: k<0

3: while Not converged do

4 pr = argming,ega {qe(zr +p) ¢ [pllk < 0k}

50 pr = (f(zr) — flox +pr))/(ax(zr) — ar(@r + pr))
6: if pi > n4 then

& Tht1 = Tk + Pk

8: if Pk = Mg then

9: Ok+1 < max{dk, Vi||pe|[}
10: else
11: Op41 < O
12: end if
13: else
14: Tht1 < Tk
15: Ok+1 < Yollprll
16: end if

17: k+—k+1
18: end while

problem, the matrix B is varied at each iteration. In the analysis, it shall be assumed that the norm
[|- 1l = |- |lx is changing at each iteration and that the family of norms {|| - ||} satisfies certain conditions

that ensure the algorithm converges.
The steepest-descent approximation to the trust-region subproblem

When using the basic trust-region method 2.2 to solve an optimization problem, it is crucial that
not too much effort be taken to solve the trust-region subproblem at each iteration. At the same time,
whatever method is used to compute an approximate solution to the subproblem must yield a solution
accurate enough that it does not interfere with the progress of the overall algorithm. Steepest-descent
directions play a vital role in defining viable approximations to the trust-region subproblem. It will be
shown that the convergence of the trust-region method will be guaranteed as long as the approximate
solution gives a predicted reduction in the objective function that is at least a fixed fraction of the

reduction predicted by the steepest-descent step scaled to lie within the trust-region.
Definition 2.5.1 (Gradient-descent Cauchy point, [7] Chapter 6, [16] Chapter 3). Let || - || be any norm.

Consider the trust-region problem.

_ 1
min Q(p) = 5p"Ha +¢"p 19)
g 2.19

subject to ||p|| < 4.
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Then the Cauchy point of the above problem is defined as

, 1
argmin Q(p) = ipTHp +g"p
peR™ aeR

subject to |[[p|| <d and p= —ag.

Let p© denote the Cauchy point as in Definition 2.5.1, and let o€ denote the step length used to

scale the Cauchy point, i.e., the scalar so that p© = —a“g. Then

T T
g9 . 99 T
if < and g Hg > 0;
oo —d9THg  gTHg " llglls
0 .
ol otherwise.
gl|B

This definition can be used to create an upper bound for the objective function Q(p°).

Lemma 2.5.1 ([16] Chapter 3). Let p© be the Cauchy point along the search direction —g of problem
(2.19). Then,

1 gl lglle
Q(P°) < —|lgl[2 min{s : }
2 gl " [ H ]2

Proof. First, consider the case where gTHg > 0. Then Q(—ag) = %anTHg —agTg. This has a unique

unconstrained minimizer at a® = a* = gTg/gT Hg. Then

1(97g)? 1 |9/13
—ag) = —= < :
Q=09 = =5 1y = 27H]],

Next, consider the case where gTg/gTHg > §/||g]|, so that a® = §/||g|| < a*, and

1
Q(—ag) =—ag g+ 5(040)29TH9

1
S—ozchg+§aca*gTHg

1. ( 5 ) | ( |g||2)
=—59 9\ 77 )=—5llgll2(d :
29 9\ igm) = 2192 (2 g

Finally, consider the case where g* Hg < 0, so no minimizer exists along —g, and a® = §/||g||. Then

1 1 llgl]2
Q(—ag) =—ag g+ 5(040)29TH9 < —aTg < —5lall (5 o)

The result follows. O
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Corollary 2.5.1.1. Let || - || denote any norm, and let ¢ > 0 be a constant such that ||d||2 > c||d||. Then

Defining the Cauchy step as in Definition 2.5.1 is sufficient to prove the theoretical convergence
of Algorithm 2.2. However, it is fairly unintuitive to define the Cauchy point of a trust-region problem in
which an arbitrary norm defines the shape of the trust region in terms of the gradient-descent direction.
Instead, the Cauchy step can be defined using the steepest-descent direction induced by the norm which
defines the trust region. Recall that, given a norm || - ||, it’s dual norm || - ||x, and a vector g = V f(x) at

some point x, the steepest-descent direction at x is defined as
h = argmin{g"z : ||z]| = [|g][+}, (2.20)
TER™

with h = —g when the norm is the 2-norm. Note that the Cauchy-Schwartz inequality implies h is the
vector that satisfies —||g||«||h|| = gTh. Combining this with (2.20) gives ||g||> = —gTh. This leads to the

following more general definition of the Cauchy point p©.

Definition 2.5.2 (Cauchy Point 2). Let || - || be any norm, with dual norm || - ||,. The Cauchy point of
problem (2.19) along the steepest-descent direction h induced by g and || - || is defined as
. I T
argmin Q(p) = 5p Hp+g'p
z€ER™,a€ER

subject to ||p|| <§ and p= ah.

This definition is more often used when defining an approximate solution to be used in a specific
implementation, whereas the previous definition more commonly appears in proofs of convergence. The

step length can similarly be defined as

lgllZ  lgll? s T
< d WTHR>0
o VnTHR WTHL = gl ™

= 5 ;
T otherwise
lgll«

Lemma 2.5.2. Let p© be the Cauchy point along the direction the steepest-descent direction h induced by

g and || - ||. Then,

1
Q(p°) < =5 llgllx min{d, [|gll /I Hl},
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|| H |«
|||

The proof is essentially identical to the proof of lemma (2.5.1). Finally, a third definition is

where ||H|| = max,-o

presented in which the search direction is any steepest-descent direction. This definition is a generalization

of Definitions 2.5.1 and 2.5.2.

Definition 2.5.3 (Cauchy Point Definition 3). Let || - || and || - ||’ be any two norms, with dual norms
[| - |« and || - ||, respectively. Let h denote the steepest-descent direction induced by || - || and the vector
g. Then the Cauchy step along h is given by
. 1
argmin Q(p) = 5p Hp+g'p
zER™, a€Rr

subject to ||p|| <d and p = ah.

Lemma 2.5.3. Let p© be the Cauchy point along the direction the steepest-descent direction h with respect

to some norm || - ||" not necessarily identical to the trust-region norm || -||. Then,

1 s lgll gl
Q(P°) < =3 llglli min{o== ", 12
2 [|All

[ Ha|[

x
flzll"*

where ||H||" = max,-o

Proof. To begin, recall that h satisfies —gTh = ||h||'||g||. = (||g]|%)?. Consider the case where hT Hh > 0.
Then Q(ah) = %thTHh + agTh. Let o* denote the unique unconstrained minimizer along this arc.

Then o* = —gTh/hTHh = (||g||%)?/hT Hh, and

12 2 12
Qam =3 (W) hHh ~ ((,'ﬁ'f'fil ) (gl
1l 1 (el
2 hWTHR — 2 [[H|

If o = o*, then the result holds. Assume then that this is not the case so that a“ = §/||h|| < o*. Then

Q(ah) = agTh + %(ac)thHh

IN

1
—a“(llgl[.)* + 5a“a*h T Hh

0 ra 10 (lgll)?) r
=—— S, KTHh

llgll%
[

Lo
= —2|gll.5
Sl
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Finally, consider the case where AT Hh < 0. Then a® = §/||h|| and

) 1 lg]l%
Q(ah) = a®gTh + 5(O;S)ZhTJLIh < —a(lglls)? < —§Hg||i5 Al

The result follows from combining all three cases. O

This new third definition reflects the case that arises in the proposed methods for solving the
trust-region subproblem for large-scale problems. These methods can trivially be shown to select a search
direction that achieves a reduction in the model function at least as large as the reduction predicted by the
steepest-descent direction induced by norms that are identical to neither the 2-norm nor the trust-region
norm.

Before analyzing Algorithm 2.2 using Definition 2.5.3, it is crucial to understand the concept of a
uniformly equivalent family of norms, as well as establish some results about such families. To begin, a

straightforward result about how the equivalence of two norms relates to the equivalence of their duals is

presented.
Lemma 2.5.4. Let || || and ||-||" be two norms norm such that c1||z|| < ||z||’ < eal|z|| for all z € R™,
with corresponding dual norm || - ||« and || - ||.. Then

1 1
- < <
e < il < vl

for all y € R™.
Proof. Let y € R™. Then

1yl Iyl
= max X ——
ol = o 2T < e )

< ca|lyl[s-

Similarly,

T
= < = < — .
Iyl = max o = max == < il

The result follows. O

Definition 2.5.4 (Uniform equivalence of norms). Let {|| - || }rex be a family of norms indexed by some

potentially infinite set K. Let || - || denote some other norm. The family of norms {|| - ||x ek is uniformly
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equivalent to || - || if there exists positive constants ¢; and ¢y such that
cilfz|lk < [lz]] < eof ][k

for all z € R™ and k € K.

Lemma 2.5.5. Suppose that {|| - ||k }rex if uniformly equivalent to || - || with constants ¢; and cy. Then

the family of dual norms {|| - ||k«} is uniformly equivalent to || - ||«, i.e.,

1 1
—yllex < llylle < —lyllx-
Co C1

Proof. The result follows from Lemma 2.5.4 and the definition of uniform equivalence. O
Lemma 2.5.6. Let {|| - ||}xex be a family of norms uniformly equivalent to some norm || -||. Then
{I - |} kex is uniformly equivalent to || - ||; for all j € K.

Proof. Let j € K, and x € R". Then
1 1
|| < S < ]
el < fall; < —llal
Furthermore, it holds that
Cc1 1 1 C2
— < — < < — < =
%ol < —lfall < llals < lfall < Z{lals

for every k € K. The result follows. O

Lemma 2.5.7. Let {||||}rex be a family of uniformly equivalent norms, i.e., there exist positive constants
c1 and ¢z such that, for eachi,j € K and x € R”, ci1||z||; < |lz|l; < collz|li. Then {|] - ||}rex is uniformly

equivalent to every norm on R™.

Proof. Fix j € K. Then, for each k € K,
allell; <|lzlle < coflal];-

Let || - || denote some other norm. As R”™ is finite-dimensional, there exists positive constants k1 and ko
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such that

rallz]| < lzll; < wellx]l.

It follows that

rici|lzl] < eillell; < lzllk < eoflzll; < racallz]]-

Thus, the proof is complete.

O

The previous two lemmas demonstrate that a uniformly equivalent family of norms on R™ need

not be defined with respect to a secondary norm. Henceforth, a uniformly equivalent family of norms

shall be defined as a family of norms that are uniformly equivalent to any norm. Properties of the matrix

norms that are induced by a uniformly equivalent family of norms can be inferred as well.

Lemma 2.5.8. Let {|| - ||x}rex be a family of uniformly equivalent norms, and let {|| - ||k« }rex be the

corresponding dual family of uniformly equivalent norms. Then the family of matriz norms {|| - ||k .k trex

18 also a uniformly equivalent family of norms.

Proof. By definition, for each j, k € IC,

1
cllelle < ll2ll; < eallfle, and  —{lyllee < [yl < =

for each z € R" and y € R™. Let A € R"*". Then

1155 = maxw < *gmaxm
20 el = et w0 lalle
and
H Hall.
H |l pr = mae W2 e oo M@l
7 w20 |||k 2#0 ||z,

The result follows.

O

Lemma 2.5.9. Let {|| - ||x}rex be a family of uniformly equivalent norms, and let {|| - ||k« }rex be the

corresponding dual family of uniformly equivalent norms. Then the family of matriz norms {|| - ||}kx.k 18

also a uniformly equivalent family of norms.

Proof. The result follows from Lemma 2.5.8 and the fact that the dual norm of a dual norm is the original

norm, i.e., ||z||.x = ||z|| for all x € R™.
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Now, when analyzing Algorithm 2.2 with the bound given in Lemma 2.5.3, it will sometimes be
necessary to compare the difference of various quantities at different iterations. In this case, it will not be
obvious which norm out of a family of uniformly equivalent norms should be applied. For this reason, a

new norm is constructed out of an existing uniformly equivalent family of norms to suit this purpose.

Theorem 2.5.10. Let {|| - ||k }rex be a uniformly equivalent family of norms with constants ¢1 and co

such that c1|z||x < ||z||; < collz|lx for all .k € K and x € R™. Consider the function

¥(z) = sup ||z
kek

Then ¥ (z) is a norm, and ||z||x < Y(x) < col|z||k for all z € R™ and k € K.

Proof. First, it must be established that (z) is in fact a norm. Let z € R™ be some vector. Then
Y(x) = supgex ||2||x > 0, with equality if and only if = 0. Next, consider ¥ (ax) = sup,ex ||az||x =

supgex |ol|z||k = o] suppex ||z||k = |aj(z). It remains to show that the triangle inequality holds.

Pz +y) = sup ||z +ylls < sup [[z][x + [[yllx < sup [[z][x + sup |[y[|x = P(z) + P(y)-
kex kex kex kek

Thus, ¢(x) is a norm. Let ||z||x = ¢(x) for all € R". Now, for the bounds, it clearly holds that
l|z|[x < ||z||x for all k € K. On the other hand, let j € K be fixed. Then ||z||x = supyex ||z|[x < cal|2|];-

As j is arbitrary, the upper bound holds. O

The upper bound on || - || is crucial, as it prevents ||z||c from being infinite for some finite vector
z. Now, note that in the definition of uniform equivalence, ¢; can be taken to be 1/cq, as the roles of j

and k can be freely swapped. Henceforth, reference is made only to a single constant ¢ = 5.

Lemma 2.5.11. Let {|| - ||x}rex be a uniformly equivalent family of norms with equivalence constant c.

Then

1
lllies < Tlyllics < Tyl

for all k € K, where || - ||« is the dual norm of || - ||k
Proof. The result follows from the definition of || - ||;cx and Lemma 2.5.4. O
The above result demonstrates that || - ||x. is not identical to supgcx || -||k+. It remains to establish

the equivalence of the uniformly equivalent family of induced matrix norms and the matrix norm induced

by ||l and || - [[icx-

53



Lemma 2.5.12. Let {|| - ||x trexc be a uniformly equivalent family of norms with equivalence constant c.
Then

1
§||H||k,k* <|[H|lrcpex < |[H] |k kx

for all k € K and H € R™*",

Proof. Let H € R*"*™ and let k € K. Then

[ H ||k || H ]|
H = max < max = ||H
H HKJC* 2220 ||xHK) = 0 ||ka || ||k1k*’
and
I 1Halles o 2o NH2lke _ 2 gy
=10 LRSI LLR _—
H HkJC* wi())( H‘T”k >cC 240 ||IH)C c || ||’C,’C*7

O

Algorithm 2.2 can now be analyzed. In what follows, the model function g is defined to be the

quadratic function

1
ar(zi +p) = f(v) + gpp + ipTHkp,

where g, = V f(x), but Hy, is not necessarily identical to V2 f(x). Note then that f(zx) = qx(zx) and

Vf(zr) = Vagi(zr). Let S and V denote the following iteration index sets:
S={k:px>n4}t, and V={k:px >ns}.

These two definitions constitute the sets of successful and very successful iterations, respectively. The

following properties are additionally assumed:
Assumption 2.5.1. The objective function f is twice continuously differentiable,
Assumption 2.5.2. The objective function f is bounded below by some f,

Assumption 2.5.3. The Hessian of the objective function is uniformly bounded, that is, there exists a

constant My such that {||V?f(z)||,.} < My for allk € S, and

Assumption 2.5.4. The sequence of Hessians of the model functions is uniformly bounded, that is, there

exists a constant My such that {||Hg|},} < Mz for allk € S.

Assumption 2.5.3 and 2.5.4 and Lemma 2.5.12 imply that {||V2f(zx)||s} < My and {||Hg||s} <

Ms. Note that Assumption 2.5.3 is often too strong of an assumption. Without loss of generality, this
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assumption can be replaced by the much weaker assumption that the Hessian is bounded for values of x

between two subsequent iterations. This is clearly satisfied when the level set £(f(z¢)) is bounded. The

following assumptions about the family of trust-region norms || - || used in Algorithm 2.2 must also be
made:
Assumption 2.5.5. The family of norms {|| - ||x} is a uniformly equivalent family of norms with an

equivalence constant c.

This assumption is crucial, otherwise, in the limit, the norms may asymptotically “flatten out.”
From here on out, the proofs diverge from the standard presentation of the convergence results of Algorithm
2.2, in that the Cauchy point along a steepest-descent direction hj induced, at each iteration, by gx and a
norm || - ||}, not necessarily identical to either || - ||z or || - ||2. The following assumption on the family

{1113} is made:

Assumption 2.5.6. The family of norms {|| - ||1.} is a uniformly equivalent family of norms with an

equivalence constant c’.

Let ||-||s and ||-||’s denote the norms ||z||s = supyes ||z||x and ||z||'s = supyes ||z]|}, respectively.

As both families of norms are uniformly equivalent, there exists a positive constant x such that
1 /
“llelle < flelli < sl

for all z € R” and k € S.
In light of Lemma 2.5.3, the following assumption on the computed solution of the trust-region

subproblem in Algorithm 2.2 is made:

Assumption 2.5.7. For all iterations k, let py, be the computed approzimate solution to the kth trust-region

subproblem. Assume that

/
. k
r(0) = o+ ) = ol i, 2L, (2.21)
k
where ||H||j, = maxgzo || Hz||), |||k, and hy is the steepest-descent direction induced by || - ||}, satisfying

17wl = [1gnllss for some 71 € (0,1).

This implies that the model decrease is at least as large as a fraction of the model decrease had
the Cauchy step pi been taken instead of py. In practice, py will be much closer to the true solution pj,

but for theoretical purposes, this bound is sufficient to prove convergence. These assumptions are the
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assumptions made in [7] Chapter 6 to analyze the basic trust-region method. The following result follows

directly from Assumption 2.5.7 .
Lemma 2.5.13. If Assumption 2.5.7 holds, and V f(xy) # 0, then qi(xk + pr) < qr(zk) and pg # 0.

The value of pg is then well-defined as long as xy, is not a first-order stationary point. Assumption
2.5.7 can be shown to hold in cases where the trust-region subproblem is assumed to be solved to a high

degree of accuracy, as seen in the following result.

Theorem 2.5.14 ([7] Chapter 6). Suppose that for all k, the computed solution py, satisfies

ax(xr) — q(rr + pr) > 71 (qr(@r) — ar(ze + 05)),

where 71 € (0,1). Then Assumption 2.5.7 holds for some value of 71.

Proof. It trivially holds that gy (zx + pi) < gr(zr + p§). Then

Qr(rx) — q(wr +pr) > Ti(qr(zr) — g (o + k) = Ti(an (k) — gr(zr + pR))-

The result then follows from Lemma 2.5.3. O

This result demonstrates the value of assuming the model is at least as good as a fraction of the

Cauchy point, as more practical implementations fall within this framework.
First-order Convergence

The goal of this section is to demonstrate that Algorithm 2.2 generates a sequence of point {xy}
such that all limit points satisfy the first-order necessary conditions for optimality. The results an theorems
of this section closely follow those of [7] Chapter 6, with some minor technical results changed to reflect
the use of a different definition of the Cauchy step. This first result bounds the error between f and the

model function g at the new iterates x + pi.

Theorem 2.5.15. Suppose that Assumptions 2.5.1, 2.5.3, 2.5.4, 2.5.5, and 2.5.6 hold. Then, for all k,

21

[Pl

2
|f(xr +pi) — ar(xr + )| < ( ) max{ My, M}z,

where My is the upper bound of the sequence {||V? f(zi)||},} and Ms is the upper bound of the sequence

{1 Hk]l}}-
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Proof. By the mean value theorem, it holds that

Pl pi) = Flon) + V() pi+ 5pE V2 (i + Expip

for some & € [0,1]. The definition of g gives

1

QPEHkpk-

Gk (zr + pr) = far) + V() Tpr +
Subtracting these two equations and taking the absolute value gives

1
|f(xr +pr) — ar(zr + pr)| = g\pEVQf(SUk + &epr )Pk — P Hipi|
1 1
< §\pgv2f(33k + Ekpr)pk| + §|ngkpk|

1
< §(M1 + M) (|pellz)?

2 (lpwll})?
(1P llx)?

> (|Ipxll1)?
S maX{Ml, Mg}ékm

1

<
-2

(My + M)(|[pxlx)

Corollary 2.5.15.1. If 2.5.5 and 2.5.6 hold, then there exists a constant 7o such that

|f(zk + i) — ar(@r + pr)| < 7207,

with

To = I€2 max{Ml, MQ}

(2.22)

Thus, the error between the objective function and the model function decreases quadratically

with the trust-region radius. This intuitively leads to the next result, which states that if the trust-region

radius is sufficiently small, then the next iteration is guaranteed to be very successful.

Theorem 2.5.16. Suppose that Assumptions 2.5.1, 2.5.8, 2.5.4, 2.5.5, 2.5.6, and 2.5.7 all hold. Suppose

that g, # 0, and that

5. < illonlle (= ne)

T2

Then iteration k is very successful.
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Proof. Recall that 7 € (0,1) and nx € (0,1). Thus 71(1 —ng) < 1. Conditions (2.23) and (2.22) then

imply that
g s
6 —_ 2.24
k< M, ( )
Assumption 2.5.7 then gives
ar(zr) — qr(zr + pr) > 719k [} O (2.25)
On the other hand, Theorem 2.5.15, Corollary 2.5.15.1, (2.24), (2.25), and (2.23) yield
e — 1] = [k +pr) — au(wk + pr) <™ <1 -
ar(zk) — qr(nk + i) 1k [
Therefore, pr, > ng, and the iteration is very successful. O

It then follows logically that the trust-region radius cannot become too small. This property

shows that progress will always be made unless the algorithm arrives at a critical point.

Theorem 2.5.17. Suppose that assumptions 2.5.1, 2.5.2, 2.5.8, 2.5.4, 2.5.5, 2.5.6, and 2.5.7 hold.
Further suppose there exists a constant § such that ||gi||},, > g for all iterations k. Then there is a

constant 8 such that 6 > 0 for all iterations k.

Proof. Let k denote the first iteration at which

YeT19(1 — 15)
T2

Spi1 < (2.26)

holds. As k is the first such iterate, it must hold that .0, < dx41, and thus

5. < Tlg(l —UE)
k> T .

Therefore, (2.23) is satisfied, and iteration k is very successful. But this contradicts that k was the first
such index that (2.26) holds. It follows that no iteration satisfies (2.26), and thus the trust-region radii

are bounded below when the norm of gj is bounded below. O

Now, consider the case where the number of successful iterations is finite. The following result

holds.

Theorem 2.5.18. Suppose that assumptions 2.5.1, 2.5.8, 2.5.4, 2.5.5, 2.5.6, and 2.5.7 hold, and that the

number of successful iterations is finite. Then xp = x* for all k sufficiently large, and x* is a first-order
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stationary point.

Proof. Algorithm 2.2 ensures that 2™ = xj41 = x4y  for all j > 0 if k is the last successful iteration. Now,
all iterations are unsuccessful for sufficiently large k. Therefore limy o0 65 = 0. If [|gry1|[}y 1, > 0, then
Theorem 2.5.16 implies that there must be a successful iteration after iteration k. This is a contradiction.

Thus ||gk+1]|;, = 0, and Assumption 2.5.6 implies that z* is a first-order stationary point. O

The more likely scenario is that there will be infinitely many successful iterations. The following

result established that the algorithm converges to a stationary point on a subsequence of the iterations.

Theorem 2.5.19. Suppose that assumptions 2.5.1, 2.5.2, 2.5.8, 2.5.4, 2.5.5, 2.5.6, and 2.5.7 hold. Then
liminf ||V f(zg)|}, = 0.
k—oc0

Proof. For the sake of establishing a contradiction, assume that the result does not hold, i.e., there exists
an € > 0 such that ||V f(zx)||}, = |lgxl|}, = € for all k. Suppose now that k is a successful iteration. It

then follows that

Flax) = Fen + k) > nalge(@r) — g @k +pr) > 716 min{M% 5).

Let ny denote the number of successful iterations in between the initial iteration and the kth iteration.

Then
k .
f(zo) = f(ary1) = Z (f(x5) = f(mjq1)) = neTiENA min{ﬁu o}
j=0,j€S 2

Now, as there are infinitely many successful iterations, ny — oo as k — oo. Thus, the difference between

f(xo) and f(zk41) is unbounded. This contradicts Assumption 2.5.2. The result follows. O
Theorem 2.5.19 can be leveraged to prove the following stronger result.

Theorem 2.5.20. Suppose that assumptions 2.5.1, 2.5.2, 2.5.3, 2.5.4, 2.5.5, 2.5.6, and 2.5.7 hold. Then

lim ||V f(2k) [ = 0.
k—o0

Proof. Assume, for the sake of establishing a contradiction, that the result does not hold, i.e., that there
exists a subsequence of successful iterates such that ||V f(zy)|[}, > ||V f(2k)||s, = 2¢ for some € > 0.

Theorem 2.5.19 and Assumption 2.5.6 ensures that for each iteration k, there exists a subsequent iteration
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() such that y is the first iteration larger than & to satisfy |[ge, [|'s, < [|g¢,l[7, . < €. Let K denote the

subset of successful iterations from k to ¢, i.e.,
K={jeS:k<j<l}
Then, it holds that, for all k € K,
flan) = f(@ee1) 2 nalge(@r) — au(zr + pr)) = T1ena min{Miz, o1} (2.27)

Now, the sequence {f(x)} is monotonically decreasing and bounded below, so f(x) — f(2g+1) — 0, and

therefore §;, — 0. It follows then that, for k € IC sufficiently large,

1
o <
T1EMNA

(f(zr) = f(r41))- (2.28)

From Assumption 2.5.5 and 2.5.6, it follows that,

Ly
ok =z lls < D Mo —2inllls
i—hick
L
<d Y lwi—zigall;
i=k i€k (2.29)

£ p
< Z ||z; — $i+1||¢54
— K3
it 19 = wisalli
f(@r) = fze,))-

kK

T T1ENA

The right-hand side of this inequality must converge to zero, and thus ||z — x4, ||'s converges to zero. By
the continuity of the gradient, it follows that ||V f(zx) — V f(xe, )||'s, converges to zero. However, the

definitions of k and /), ensure that ||gr — ge,||’s, > €. This is a contradiction. The result follows. O

This powerful result demonstrates that all limit points of the sequence of iterates satisfy the
first-order necessary conditions. In the next section, similar results are established for second-order

optimality conditions.
Second-order Convergence

Up until this point, the model functions ¢; have been assumed to agree with f at zp up to

first-order. Outside of boundedness, no assumptions on the matrices Hy have been made. In order to
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ensure convergence to points that satisfy second-order conditions, the second-order information of the
model ¢, must be considered. As with the previous section, the results and theorems of the previous
section closely follow those of [7] Chapter 6, with some technical details changed to reflect the use of a
different definition of the Cauchy step.

Notice that Theorem 2.5.20 only guarantees that {gx} converges to zero. It does not guarantee
that the sequence of iterates x; converges to a single limit point. In order to show this result, second-order
information is needed. The second-order derivatives of the model provide insight into the curvature of the

model. The following defines the notion of the least curvature of the quadratic model gy.

Definition 2.5.5. The least curvature of the quadratic model gy in the || - ||}, norm is defined as

A (Hy) = Hrﬂin zTHyx.
z||f=1

Note that if || - ||}, is the 2-norm, then X} (Hj) = Amin(Hg), and if || - ||}, is the Bp-norm for
some positive definite matrix By, then X\ (Hy) = Amin(Hr, By). Here again, the results depart from the
standard presentation, where A is always taken to be Ayin(Hg). The curvature in the || - ||'s norm is

similarly defined as

Ns(Hy) = Hrﬁ;n leHkx.

Note that if Hy is positive semidefinite, then

Ns(Hy) = min 2" Hyx

llzlls=1
xTHyz
= min 7/162 (2.30)
w0 (||z[|5s)
T
H,
< min Lﬁi = min zT Hpe = N, (Hy)
220 (||z[[})?  llzll=1

Lemma 2.5.21. Suppose that \j.(Hy) > ¢ > 0. Then

2
Pkl < =llgw -
3

Proof. Consider the model decrease at xj + pg, given by

1
qe(zr) — qu(zr + 1) = —9 pp — §ngkpk-

Two cases are considered. First, consider the case where g (zr) = qr(zr + pxr). Then gx = 0. Therefore,
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p,?Hkpk = 0. But, by the fact that Aj,(Hy) > €, Hj, is positive definite, so py = 0, in which case the result

holds trivially. Now, consider the more common case where g (xy + pr) < qr(2x), and pg # 0. Let

t2
o(t) = qu(zr) — qu(2k + tpr) = —tgy pr — 5PEHkpk

for positive values of . By assumption, ¢ is concave and quadratic, i.e., a downwards-facing parabola.
Note that ¢(0) = 0 and ¢(1) > 0 by construction. Furthermore, note that g'py < 0. Then the maximum
of ¢ satisfies

1
t, = argmax ¢(t) > 3
t
Furthermore, a simple calculation yields

_ lgerel gl
P Hipe — ellprlly

*

Combining these two equations yields the result. O

Corollary 2.5.21.1. Suppose that Ns(Hy) > € > 0. Then

2 2
[1pells. < llpells < Zlgellss < Zl1gxllis-

Proof. The proof is identical to the proof of Lemma 2.5.21 O

The behavior of Algorithm 2.2 is now examined when the sequence of approximate Hessian Hy,

are asymptotically positive definite along a subsequence of iterates.

Theorem 2.5.22. Suppose that assumptions 2.5.1, 2.5.2, 2.5.8, 2.5.4, 2.5.5, 2.5.6, and 2.5.7 hold.
Further, suppose that {xy,} is a subsequence of iterates converging to the first-order critical point x* and
that there exists a positive constant X such that N (Hy) > Ng(Hy) > X for all k such that xy is sufficiently

close to x*. Furthermore, suppose that V2 f(x*) is nonsingular. Then the sequence {x}} converges to x*.

Proof. By Theorem 2.5.20, x* is a first-order stationary point. If there are only finitely many successful
iterations, then the result follows from Theorem 2.5.18. Assume without loss of generality that the

subsequence {zy,} consists only of successful iterations, so that

Thi+1 = T; + Dk,
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for all 4. Let 6 > 0 be a constant so that A} (Hg) > Ng(Hy) > X holds for all k such that ||z, — z*|[), <

llzr — 2*||s < 0 and that
* 1 . 3 *
IV2f(2) = V2 f@)ls < g min{1, A, o5 (V2 f(27))} = do (2.31)

for all z such that ||z — 2*||'s < 0, where o%5(V? f(2*)) = min) z) =1 || V?f(2*)z|[s,, i.e., the measure of

Il’s
the curvature of V2f(z*) of least magnitude. As V2f(2*) is assumed to be nonsingular, it holds that

0%s(V2f(x*)) > 0. Let i1 be an index large enough to ensure

~

. A
ok, —2*|ls < = =d (2.32)
2dg + A
for all 4 > 4; and that
gkl < lgrlliw < dody <6 (2.33)

for all k > k;,. Equation (2.32) is possible due to the convergence of {zy,} to *, while (2.33) is possible

because of Theorem 2.5.20. Lemma 2.5.21 may now be applied at iteration k; with € = X to yield

!

2 2
Hpki :S' < i”gki fS'* < i”gki

Thus, it follows that
* |/ n l 2dy
|z 11 — 275 < [lzk, — 27[ls + lpells < 1+ dy = 6. (2.34)

Next, assume that

|k 41 — 27| > da. (2.35)

See now that

1
Jk;+1 = vf(xkr‘rl) = Vf(.T*) +/ v2f(mki+1 + t(I* - mki+1))(zki+1 - l‘*)dt
0
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By the triangle inequality, the definition of o’ (V?f(z*)), (2.34), the fact that V f(z*) = 0, and (2.35),

1
g +1llse = [IV2F (@) (@r,41 — 27) +/ (V2 (@1 + (" = 2p,41)) = V2F (@) (@41 — 27)dt][5,
0

!

1
/0 (V2 f (@p s + Ha" — 24 )) — V2F ) dt]| Np o — 2|

> V£ (@) @ —2*)[os — ]

s
1 /
> os(V2f(x*))dy — H / (V2 f(@p41 + t(a™ — zpy41)) — V2 F(2¥))dt|| 6.
0 s
(2.36)
Additionally,
1 /
H | (P2 100 = ) = V)
0 s
< e (V2 (g + 60" = a40) = V2 S @)ls (2.37)
< dp.
By combining (2.36), (2.37), and the definitions of dy and dy, it holds that
. 2o+ A dody (3X — 2d,
gk, 1115, > o5 (V2 f(2*))dy — dod > ddody — dod, OX _ dodi( 5 V) dod;.
This contradicts (2.33). Therefore,
k1 — ™[5 < dr < 0.
All the conditions established at x, remain satisfied at xy,41. Thus, for all j > 1, it holds that
|kt — 27|ls < dv < 0.
Taking the limit 6 — 0 shows that {z}} converges to z*. O

An additional assumption of Hy is added to ensure that the model asymptotically coincides with

the objective up to the second-order terms.
Assumption 2.5.8. Assume that limy_,o0 || V2 f (1) — Hgl|), = 0 whenever limy_o ||gx|[}, = 0.

Two technical lemmas are now presented, the second of which shall be used to improve the

convergence results.

Lemma 2.5.23. Suppose that assumptions 2.5.1, 2.5.2, 2.5.8, 2.5.4, 2.5.5, 2.5.6, 2.5.7, and 2.5.8 hold.

Further suppose that there exists a subsequence {k;} and a constant m > 0 such that

qk; (xkz) — qk; (xki +p/€z‘,) > m(||pk1||;cl)2 >0
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for all i sufficiently large. Furthermore, suppose that lim;_, . ||pk,

k; = 0. Then pr, > ng for i sufficiently

large.

Proof. The mean value theorems implies that for ¢ sufficiently large and some constant &, € (0, 1),

f(xkl +pki) — Gk; (xk?i +pki)

low =11 = Ok, (Tr,) — qr, (Tr, + Dry)
= m(||Pli B P V2 f (2k, + Eopr.)pk — P Hicpi|
= m(||pii||§€i)2|pg(v2f(xki + &k, ki) — Hi)pi|
< %HV?f(xki + &k, Pry) — Hil[1,
= LIV (o, +Eepi) — VS (o)) — (i~ VG )
S ;(”VQJC(JJM + &) = V2 (), + || Hy — V2f(a:ki)|§ﬂ>.

Now, both terms on the left-hand side converge to zero as i goes to infinity. and thus pg, converges to 1.

The result follows. O
A consequence of Lemma 2.5.23 is the following:

Lemma 2.5.24. Suppose that assumptions 2.5.1, 2.5.2, 2.5.8, 2.5.4, 2.5.5, 2.5.6, 2.5.7, and 2.5.8 hold.

Further suppose that there exists a positive constant m such that

ar(zk) — ae(zr + pe) > m(||pxll})?

for all k sufficiently large. Additionally, suppose that limy_, ||pk||}, = 0. Then all iterations are eventually

very successful and 0y is bounded away from zero.

The next result uses this lemma to show that if one of the limit points of the sequence of iterates
is an isolated minimizer, then the full sequence converges to the said minimizer. Furthermore, the steps

px eventually do not depend on the trust-region radius.

Theorem 2.5.25. Suppose that assumptions 2.5.1, 2.5.2, 2.5.8, 2.5.4, 2.5.5, 2.5.6, 2.5.7, and 2.5.8
hold, and that {xy,} is a subsequence of iterates generated by Algorithm 2.2 converging to the first-order
stationary point x*. Suppose that the steps pi # 0 for k are sufficiently large. Finally, suppose that x*
satisfies second-order sufficient optimality conditions, i.e., that V2 f(x*) = 0. The {x}} converges to x*,

all iterations are eventually very successful, and the trust-region radius 0 is bounded away from zero.
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Proof. Theorem 2.5.20, Assumption 2.5.8, and the positive definiteness of V2 f(z*) imply that Hy, is
positive definite for ¢ sufficiently large, where the subsequence {k;} is chosen to be the set of successful
iteration indices converging to z*. Thus, there exists a constant A such that N (Hy) > Ng(Hy) > X holds
for any such subsequence. Theorem 2.5.22 can then be applied to see that {x} converges to z*. Lemma

2.5.21 can be applied to show that

o~

A
lgrlle = llgrlls. = SlIpxlls =

o | >)

Pkl >0 (2.38)

for k sufficiently large. Assumption 2.5.7 and the fact that ||pk||}, = ||pk!lk HZiH:’: < O, HZiH:’: < Koy, yield

ar(x) — qr(k + pr) > %Xﬁllpkl\; nrlin{XQh;\ZL;c Ok}
> ;Xn¢@k|§nﬁn{2§6,i} (2.39)
> 0132
where R
0= %Xﬁ mm{z—j\;jz, %}

As g — 0 by Theorem 2.5.20, (2.38) additionally also shows that
lim_{[pgl[}, = 0.
k—o0

Lemma 2.5.24 can then be applied, and the result follows. O

Theorem 2.5.25 fully captures what occurs when the algorithm converges to an isolated minimizer.
Next, the convergence of the sequence of iterates to points that satisfy second-order necessary conditions
is examined without assuming the positive definiteness of the Hessian of the objective at the limit points.
Such points may be minimizers, but this is not necessarily the case. Such a result can only be possible if
the algorithm is able to avoid converging to maximizers and saddle points.

So far, it has only been assumed that the step p yields a model reduction at least as large as
the predicted reduction yielded by the Cauchy step. The predicted reduction when the step p; takes
advantage of directions of negative curvature is now examined. Consider the model Hessian Hy at iteration
k. Assume that it is indefinite, i.e., has at least one direction of negative curvature. Here again, the proofs

diverge from the standard presentation by considering directions of negative curvature with respect to
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the norm || - ||}, as opposed to || - ||2. Let 6x = X, (Hy) = minyjy. =y 2" Hyz. The assumption that Hy, is
indefinite guarantees that 0, < 0. Let uj be a direction that achieves a fraction of this negative curvature,

scaled so that ||ug|[x = &, and gfu, < 0. Then

/1\2

[k I7

for some constant 7 € (0,1]. Just like with the Cauchy step, the goal is to minimize the trust-region
subproblem along the vector ug. By construction, the minimizer is simply ug. An additional requirement

that the overall model decrease at zj, + pi to satisfy

@ (zk) — qp(or + pr) = 13(qr (@) — min{gg (zr + D)), qr(@r + uk)) (2.41)

for some 73 € (0, 1] is enforced.

Theorem 2.5.26. Suppose that Hy is indefinite. Then

(Il I7,)?

1
ar(Tr) — qr(Th + up) > — = 70,07 5
2 ||Uk||k

Proof. The result follows from the definition of ¢; and (2.40). O

Putting all assumptions on the model decrease together gives

1 S Ngrllex ¢ lgwll 1o ([|ukllp)?
ar (k) — qr(xk + pr) 27'3mau<{||gk|§C mm{ Ok — TR
2 * [Hell,” " helle S 7 2 %

This equation is quite cumbersome to work with. To simplify things, the following assumption on

Algorithm 2.2 is made alongside Assumption 2.5.7:

Assumption 2.5.9. If 0, <0, then

ar (k) — qr(on + pr) > 74|0k|07

for some constant T4 € (0,1/2)

This assumption is essentially stating that if the model function has negative curvature, a first-
order stationary point is approached, and if the second-order terms of the model appear to be relevant,

then the negative curvature is not ignored by the computed trust-region step.
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The first result with the new assumption states that the objective function must be convex on a

neighborhood of a subsequence of the iterates.

Theorem 2.5.27. Suppose that assumptions 2.5.1, 2.5.2, 2.5.8, 2.5.4, 2.5.5, 2.5.6, 2.5.7, 2.5.8, and
2.5.9 hold. Then

limsup 2TV f(zy)z > 0.

k—o0

for all x € R™,

Proof. For the sake of establishing a contradiction, assume that there exists a constant X < 0 such that

Ne(V2f(zp)) = min 2TV f(xp)r < A <0.

[zl =1
Theorem 2.5.20 guarantees that limy_, ||gx||}, = 0. Assumption 2.5.8 yields that, for k sufficiently large,
/ 1~
)‘k:(Hk) < 5)\-
Combining this with Assumption 2.5.9 gives

1 —~
qr(7x) — qr(vr +pr) > §T4|>\|512f-

Lemma 2.5.23 applied to the full sequence and the bound

[Pl 5 [Pkll

< 6 < Koy,
P I[P ||

[lpwllke = [Pl
shows that there exists an index kg and a scalar d; such that

pr > ng forall k > kg such that §; < d;.

Thus, each iteration that satisfies these two conditions is very successful, and the trust-region radius may

be expanded, i.e., dx+1 > Ox. As a consequence, it holds that, for all j > 0,

Okotj = min{vyedi, O, } := da. (2.42)
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The true reduction in the objective function is then bounded by

1 N
F(@rors) = f(@rorjr1) > 571AT4\A|d§ >0

when iteration kg + j is successful. If there are infinitely many successful iterations, then this contradicts
Assumption 2.5.2. Thus, once k is sufficiently large, all iterations fail to be successful, and J, is driven to

zero by the algorithm. But this contradicts (2.42). the result follows. O

This theorem does not make any reference to the limit points of {z;}. In fact, it does not even
assume that limit points exist. Thus, the following assumption, which guarantees the existence of limit

points, is made.
Assumption 2.5.10. All iterates {z}} lie within a compact domain.

This assumption is ubiquitous throughout optimization literature. It is often stated as an
assumption on the objective function and starting point, in that Assumption 2.5.10 holds if the level set

L(f(x)) is compact, as Algorithm 2.2 guarantees that f(zg+1) < f(zy) for all k

Theorem 2.5.28. Suppose that assumptions 2.5.1, 2.5.2, 2.5.8, 2.5.4, 2.5.5, 2.5.6, 2.5.7, 2.5.8, 2.5.9,
and 2.5.10 hold. Then {x\} has at least one limit point x* at which the second-order necessary conditions

hold.

Proof. Theorem 2.5.27 ensures the existence of a subsequence of iterates {xy, } such that {\},(V?f(z,))}
converges to a nonnegative number. Under Assumption 2.5.10, {zy, } must have a limit point z*. Along

with Assumption 2.5.6, this gives
Ns(V2f(z*)) 20 and Vf(z*) =0,

where the second inequality follows from Theorem 2.5.20. O

In order to make further claims, the behavior of Algorithm 2.2 when it yields a sequence {x}
that has a limit point z* that does not satisfy the second-order necessary conditions for optimality must

be investigated.

Lemma 2.5.29. Suppose that assumptions 2.5.1, 2.5.2, 2.5.3, 2.5.4, 2.5.5, 2.5.6, 2.5.8, 2.5.7, and 2.5.9

hold. Suppose that {x,} is a subsequence of iterates that converges to a point x* at which the matrix
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V2 f(x*) is indefinite, i.e., Ng(V2f(z*)) = X <0. Then

lim 5ki =0

1—00
and X\, (Hy,) < %X for i sufficiently large in every subsequence {xy,} of iterates converging to x*.
Proof. First, consider that
0> A= \s(V2f(a"))
= min 2TV2f(z")x
[Jz]]s=1

zTV2 f(x*)x
a0 ([lafls)?

e = (V)
for all k € S, where the last inequality makes use of the fact that ||z||}, < ||z||’s for all k, and therefore

—1/|Jz||s, < —1/||z||s for all k.

Now, Theorem 2.5.20 ensures that {||gz,

kix) converges to zero. Along with Assumption 2.5.8,
this gives

lim ||V f(z1,) — Hll}, = 0.
k—0

Assumption 2.5.1 then implies that X} (V?f(xx,)) is at most equal to )/2 for i sufficiently large. Using

2.5.8 again shows that for ¢ sufficiently large, A} (Hy) < %X

In order to show that the trust-region radius converges to zero, first consider the case where
S is finite. In this case, the result holds trivially, as the algorithm forces the radius to decrease. Next,
assume that there are infinitely many successful iterations. To establish a contradiction, assume that
there exists a subsequence {xzy, } converging to z* and a ¢ € (0,1) such that d;, > e for all i. Without loss

of generality, assume that the subsequence consists only of successful iterates. Notice that

1
—Ne(Hi)ok > =

v

A2,
(2.43)

[N R V)

N2 = 0.

v

Assumption 2.5.9 then yields that, for ¢ sufficiently large,

ak, (Tr,) — qr, (Tr, + Pr,) > T4,
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and therefore

flar,) = flan,) 2 namad.

This then implies that f is unbounded below, which is a contradiction. Thus, the sequence of trust-region

radii converges to zero, and the proof is complete. O
The main second-order convergence result can now be proved.

Theorem 2.5.30. Suppose that assumptions 2.5.1, 2.5.2, 2.5.8, 2.5.4, 2.5.5, 2.5.6, 2.5.8, 2.5.7, and
2.5.9 hold. Let x* be any limit point of the sequence of iterates generated by Algorithm 2.2. Then x*

satisfies the second-order necessary conditions for optimality.

Proof. Theorem 2.5.20 ensures that limy_, ||gx||;, = 0. For the sake of establishing a contradiction,
assume that

0> X = Ns(V2f(z")),

so that

A > N(V2f (%))

for all k. Assumption 2.5.8 then ensures that there exists a kg and a § > 0 such that
1~ /

for each k > ko such that ||z, — z*||'s < d. Let K be the subset of all such iteration indices. Assumption
2.5.9 then yields, for all k € I,

1 ~
ax(z) — qu(zk + pr) > §T4|)\|512¢ (2.44)

Consider now the ratio py. Lemma 2.5.24 applied to K, along with the bound ||px||}, < <0k, ensures that

there exists a kg and a d; such that
Pk >N >n4  for all k > kg such that ||z, — 2*||'s < & and 6, < d;.

Thus, any such iteration is very successful. Now, let £ > kg be an iteration such that ||z, — z*|| < 50.

1
2
Consider the sequence {z¢4;}. The two cases of the iterates remaining in {x : ||z — 2*||s < 6} and leaving
{z : ||z — 2*||'s < ¢} are considered separately.

First, suppose that the iterates remain in {z : ||z — a*||s < d}. Then each iteration is very
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successful if the trust-region radius is as small as d;, and therefore
(Sg+j Z min{'ycdl, 55} = d2 (245)
for j > 0. Combining this with (2.44) yields
1 NP2
Fl@er) = f@erjen) 2 5natalAldz > 0 (2.46)

whenever iteration ¢ 4+ j is successful. If there are only finitely many successful iterations, then the
trust-region radii converge to zero, contradicting the fact that d,4; > d2 > 0. Thus, there must be
infinitely many successful iterations. In this case, however, (2.46) contradicts Assumption 2.5.2. Thus,
the iterates must leave the ball {x : ||z — z*||s < ¢}.

If the sequence {x¢;} leaves the ball, then there must be a first successful iteration index p > ¢

such that xy = x, # zpy1. Let 2441 be the first iterate to leave the ball. Then

q

> < llagn — zpnlls < el
5 = IITg+1 Tptlls < Z lzk41 — zells
k=p,keS
q
< Z |Zrt1 — 2l (2.47)
k=p,keS
q
<dk Z Ok
k=p,keS

Now, assume there exists a smallest integer j such that p < j < ¢, and
0; > min{dmax, d1} := ds. (2.48)
If iteration j is successful, (2.44) yields
Fleg) = F(as1) = J@) = f(@i30) 2 GramN = ds >0,
If iteration j is not successful, then j > p (as p is successful), and
dy <05 <ypdj_q.

Now, j was assumed to be the first index such that (2.48) holds, so §;_; < J;. Thus, iteration j — 1 had
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to have been successful. It then follows that

Fla) = fa) 2 fos ) = F(o3) > gnaraAl(da/ve)? o= ds > 0 (2.49)

On the other hand, if no such j satisfying (2.48) exists, then all iterations between p and ¢ are very

successful, and

q q 5 ~y

q 1T
k=p,keS k=p,kes VE Ve

Combining this with (2.47) yields

5> (e =18
1= Tk "

Now, due to the fact that ¢ is the first iteration to leave the ball, it must have been successful. Therefore,
Fp) = fxqr1) > fzg) — f(@qr1) > naTa|N|d2 := d7 > 0.
Putting all bounds on f(x,) — f(24+1) together yields
f(zp) — f(zg41) > min{ds, ds,d7} > 0.

Assumption 2.5.2 then implies that the sequence {z,4;} may only leave the ball a finite number of times.

Recall that it has already been shown that the iterates cannot remain in the ball, it must hold that

(o7

llzr —27|ls =

[\

for all k sufficiently large. However, 2* is a limit point of the sequence {xy}. This is a contradiction, and

the result follows. O

This theorem implies that every limit point of the iterates produced by Algorithm 2.2 satisfies
the second-order necessary conditions. Adding in Assumption 2.5.10 ensures that limit points do in fact
exist, and thus the algorithm is guaranteed to converge to second-order stationary points.

The generality of Theorem 2.5.30 is applicable to a much larger class of methods than the standard
trust-region convergence theorems using the standard steepest-descent direction. Consider, for instance,
the case where Hy = V2 f(xy,) for all iterations k, the norms ||| are taken to be ||-|| g, for some symmetric
positive definite family of matrices By, such that Hj and By have the same sparsity pattern, and || - ||}, is

taken to be || - || m,+pu, B, for some bounded sequence of shifts py, such that each Hy + u By, is positive
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definite. The steepest-descent direction induced by this family of norms, i.e., g;, = (Hy + wrBr) " tg is
now a much better approximation to the true solution than the direction gz, and no modifications are
needed for the results to prove convergence.

This section is concluded with a proof of convergence of the trust-region method when the
trust-region subproblems are solved exactly, the matrix Hj, is chosen to be V2f(xy) for all k, and the
families of norms {|| - ||z} and {|| - ||;.} are both taken to be {|| - ||5,, where there exist positive constants
m and M such that mI < B, < M1 for all k. Let d; denote the solution to the subproblem

min Qr(d) = Vf(xp)Td+ %dTVZf(xk)d

(2.50)
subject to ||dk||B, < Ok
If g is the quadratic model of f at xj, then
ar(xk) — qr(xp +dg) >0 and  ||dgl|B, < Ok
Theorem (4.1.1) implies the existence of o} > 0 such that
(V2f(xx) + o Br)dy, = =V f(zr) and ox(k —||dil5,) = 0.
Therefore, o||dy||%, = oxd;, and
() — gyl + i) = (A7 (V2 (i) + 0k Bl + ou)).
The sufficient decrease condition ensures that
flaw) = flersr) = nalaw(@e) — qr(ze + di)) = %UA(dE(VQf(ﬂﬁk) + 01 By)dy, + 0k0) (2.51)

Theorem 2.5.31 ([16] Chapter 3). Let f(x) be twice continuously differentiable in an open conver subset
D C R", and assume that xo € D is chosen so that the level set L(f(x0)) is compact. Let {xy} be the
sequence defined by the trust-region method, where the sequence of trust-region matrices { By} satisfies
ml < By, < MI, then either the algorithm terminates at x, € L(f(x0)) with V f(x¢) =0 and V2 f(x,) = 0,

or {zx} has a limit point x* such that x* € L(f(z0)) with Vf(z*) =0 and V> f(z*) = 0.

Proof. If Vf(x¢) = 0 and V2f(x,) is positive semidefinite for some iteration ¢, the algorithm terminates

74



with dy = 0. Otherwise, qx(zx) — ¢(zx + di) > 0 for all k£ > 0, thus {z;} is well-defined and lies in the
set L(f(xo)). First, assume that a subsequence of {0y} converges to zero. As L(f(z)) is assumed to be
compact, the same subsequence of {z} must converge to some z* € L(f(zo)). The matrix V2 f(x)+0 By
is positive semidefinite, therefore {V2f(xy)} is positive semidefinite matrix on the given subsequence.

Now,

dy (V2 f (k) + orBr)di = (V ()T (V2 f(xk) + ok Bi) "V f (1)

Let Uy be a Bjg-orthogonal matrix such that ULV f(x)Uy = A, where A is diagonal. Let Vj =
By Uy, so that Vf(zg) = Ve AV,F. Then Vf(z) = ViUV f(zx) = Viy, where y = U'V f(zy). Thus,
||Vf($;c)||3k—1 = ||y||, and VkT(VQf(xk) + O'kBk)_IVk =A"1 Then,

(V)T (V2f(xr) + o1 Br) 'V f(xp) =y (A7 4+ op Dy

2
> [yll
Al + o
I\Vf(wk)llégl

IV @n)llp + on

By (2.51), df (V2 f(zk) + ok Bi)dx, and V f(zy) converge to zero for the given subsequence.
It remains to show that o; cannot remain bounded away from zero indefinitely. For the sake of

contradiction, assume that o) > € for all k. By (4.1.1), this implies that ||dg||p, = k. Therefore,
1 € 9
Qe (vx) — qr (2 +dg) > §0k5k > ~||di||5, -
By the second-order mean value theorem,

1
|f(ar + di) — qr(@r + di)| < §||dk||23k Jnax IV f (xn + di) — V2 f (1) |B,.-

Recall that
f(wg) — flzp +dy)
ar () — qr(2r + di)’

Pk =

and that gx(zx) = f(z). Combining these four equations gives
1
ok = 1] < = max [|[V2f(xy, + di) — V2 f (1) |5, - (2.52)

€ 0<t<1

The assumption that o > ¢ and (2.51) implies that {0;} converges to zero, and therefore ||dy||p,
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converges to zero. By the assumptions on By, this implies that ||dg|| — 0. As the parameter n, < 1
in the trust-region algorithm, and 1/e is bounded, (2.52) and the continuity of V?f(x) on the compact
set L(f(zo)) imply that px > 1, for k sufficiently large. However, the updating rules for ¢ imply that
0 stays bounded away from zero, as the step is accepted when pg > n,. This contradicts that §; — 0.

Therefore o, must not be bounded away from zero. O

Methods for solving the trust-region subproblem are explored in Chapter 4.
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Chapter 3

Constrained Optimization

3.1 Introduction

In this section, problems of the form

minimize f(z)

subject to ¢;(z) =0 for alli € &, (3.1)

and ¢;(z) >0 foralli e Z,

are examined, where £ and Z are finite index sets of the equality and inequality constraints, respectively,
as well as methods used to solve such problems. The list of methods is by no means exhaustive. Only
methods that will help develop an understanding of the all-shifted penalty-barrier method are examined.
Particular focus is placed on augmented Lagrangian methods for equality constraints and barrier methods
for equality constraints. The only assumptions made on problem (3.1) is that f and c¢ are both twice

continuously differentiable. The feasible set of problem (3.1) is defined as
R={x:¢(x)=0 forallie&andc;(z)>0foralliecI}.

Let D C R™ denote the intersection of the domains of the functions f(x), ¢1(z),...,cm-1(x), and ¢y (z),
where m is the number of constraints. For a given constraint ¢;(z), denote Ve¢;(z) as its gradient. Denote
c(z) as the vector valued function c(x) = (c1(),...,cn(x))T and J(z) as the Jacobian of the function c.
The gradient of the objective function f is denoted as V f(z), although the notation V f(z) = g(z) will
often be more convenient. The Hessian of f is similarly denoted as V2 f(x). The symbol H is reserved for

the Hessian of the Lagrangian function of (3.1).
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3.2 Equality Constraints

Consider the case where the index set of inequality constraints Z is empty so that the problem

being considered is
minimize f(x)
zeR” (32)
subject to c¢(z) = 0.

As in the case of unconstrained problems, it is crucial to begin by defining the notion of what it means to

be an optimal point.

Definition 3.2.1 (Constrained Global Minimizer, [16] Chapter5). A point z* € D is a constrained global
minimizer of f if z* is feasible, i.e., x € 2, and f(z*) = min{f(z) : = € 2}. If 2* is a minimizer, then

f(a*) is called the global minimum of f.

Unless f is convex and c is affine, the problem of finding a constrained global minimizer is
generally intractable. Instead, most methods focus on finding a point that minimizes f on a neighborhood
of feasible points. Let z* € £2. Define N (z*,4) to be the set of feasible points in an open §-ball about x*,

ie,{x €D : ||z —x*|| < d}. This motivates the following definition.

Definition 3.2.2 (Constrained Local Minimizer, [16] Chapter 5). Let f be defined on D C R™. Let
N (z*,0) denote the set B(z*, )N {2, where s* and § are such that B(z*,d) C D. A point z* is a constrained

local minimizer of f if there exists a d sufficiently small such that
f(x*) < f(x) for all z € N(z*,9).

Such an z* is called strict if this inequality holds strictly except at x*.

Note that if x* is locally unique, then it is necessarily a constrained local minimizer. As in the
unconstrained case, it is important to consider points that are isolated minimizers, i.e., points that lie in
a neighborhood in which there are no other minimizers of any kind. This is a stronger condition than

simply being a strict minimizer.

Definition 3.2.3 (Isolated Constrained Local Minimizer, [16] Chapter 5). Let N'(z*,d) = B(z*,d) N 2.
A constrained local minimizer x* is isolated if there is a § sufficiently small such that z* is the unique

constrained local minimizer in A/ (z*, ).

Open balls are not the only neighborhoods that can be considered.
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Definition 3.2.4 (Constrained Local Minimizer (2), [16] Chapter 5). The point x* is a constrained local
manimizer of f: D CR™ — R if there exists a compact set S such that
¥ €int(S) N N2 and f(z*) = min{f(z) : z€ SN N2}

3.2.1 Optimality Conditions

As in the case of unconstrained optimization, the above definitions of solutions are not particularly
useful for developing methods, as certifying optimality would require checking all points in a neighborhood
of a potential solution. The key observation is that if a point =* is to be locally optimal, then the objective

function cannot decrease on any path that remains in the feasible set. Such a path is called a feasible path.

Definition 3.2.5 (Feasible Path, [16] Chapter 5). A feasible path is a directed, twice-differentiable curve

x(«) starting at a point x*, parameterized by the scalar « such that
1. 2(0) = z* and c¢(x(a)) = 0 for all « satisfying 0 < o < &, where & > 0, and
2. The curve is regular, i.e., the tangent p to the curve z(«) is never equal to zero.

If 2(«) is to remain feasible as « increases, each constraint function must remain equal to zero
for all & € [0, @). Thus, the derivative of the function ¢(z(a)) must be zero for all « € [0, @). Taking the

derivative of the i-th constraint along z(«) gives

where p is the tangent vector of z(a) at a =0, i.e.,

p= lim l(:E(oz) — z(0)).

O(—)0+ «

If this holds for each constraint 7, then

J(x*)p=0. (3.3)

Thus, it holds that the tangent p of a feasible path lies in the null space of the Jacobian matrix J(z). A

similar result can be established for feasible sequences.

Definition 3.2.6 (Feasible sequences, [16] Chapter 5). Let x € £2. A feasible sequence converging to x is

a sequence {zy}2, such that for all k, z;, is feasible and zj, # x*.
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Consider the related sequence {py}, where py, is given by xy = © + txpg, with t; a normalizing
constant so that |[pk|| = 1. Then limg o0 tp = limgyo0 ||2 — z|| = 0. The sequence {py} then lies in
a compact set, and therefore it holds that a subsequence converges to some vector p. Without loss of
generality, it suffices to only consider this subsequence. A nonzero vector p is a tangent of 2 at z € (2 if

there exists a feasible sequence {zy} such that xy # z for all k and

1

lim ———(zp, — ) = %p.

k— o0 ||$Ic — acH

In order for each vector in the feasible sequence to be feasible, it must hold that each constraint satisfies
¢i(zr) = 0 for all k. Therefore,

ci(zr) = ci(z + tepr) = 0.
Taking the limit as &k goes to infinity and recalling that both ¢(z*) and c(z* + txpi) are zero gives

lim ci(x* + tepr) — c(z*)

=Vei(z*)Tp=0
pm i Cz(x)p >

where p = limy_, o0 pr- As this must hold for each constraint, it again holds that J(z*)p = 0, (see (3.3)).
The identity (3.3) show that the vector p lies in the null space of the matrix J(x). Let Z(z)
denote a matrix whose columns form a basis for the null space of J(x) so that J(z)Z(x) = 0. The vector
p can then be written as a linear combination of the columns of Z(z), i.e., p = Z(z)p, for some z.
Of particular interest is the collection of all tangent vectors corresponding to all feasible sequences

at . This leads to the notion of the tangent cone at a feasible point x.

Definition 3.2.7 (Tangent Cone, [16] Chapter 5). Let 71 (z) denote the set of all tangent vectors
associated with a feasible sequence starting at a feasible point z. Then T (z) = T (z) U {0} is known as

the tangent cone of ¢ at x.

Readers familiar with the definition of the tangent space of a submanifold of R™ defined by
{z € R™ : ¢(x) = 0} for some sufficiently regular function ¢ : R” — R™ may wonder why the terminology
used here is tangent cone as opposed to tangent space. The reason for this is that no assumptions about
¢(z) are made beyond the assumption that it is twice continuously differentiable. Thus it can only be
concluded that 7 (x) is a cone and not necessarily a vector space. The tangent cone provides the tools

needed to define usable conditions of optimality.

Theorem 3.2.1 ([16] Chapter 5). Assume that f and ¢ are differentiable. Let x* € {2 be a feasible point
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at which at least one feasible sequence exists. x* is a local solution to (3.2) only if Vf(z*)Tp > 0 for every

peT(x¥).

Proof. Let {z}} be a feasible sequence converging to z*. The definition of a constrained local minimizer
states that f(xp) > f(2*) for all k sufficiently large. Consider the sequences {t;} and {px} given by

Tk = x* + tgpk, where t are normalizing constants such that ||pg|| = 1. Then

f@ + tepr) = f(27)

for all sufficiently large k. By assumption, f is differentiable at x*, so

lim f(@* + tepr) — f(2¥)
k—0 ty

= Vf(z*)Tp, withp = lim py.
k—o0

It follows from the two above relations that V f(z*)Tp > 0. O

Thus, it holds that x is optimal only if V f(z*)Tp > 0 for each p € T(x). Consider the sets
T*(x)={g : ¢"p>0foralpecT(x)}

This set is referred to as the dual cone of T (x). It is clear from the definition of the dual cone that z is
optimal only if V f(x) € T*(x). However, this notion of optimality is still not particularly useful. What is
needed is a way to certify that V f(x) lies within the dual cone without having to actually check every
vector in the dual cone.

From (3.3), it is clear that T'(z) C null(J(x)). Null(J(z)) is itself a tangent cone (actually a
tangent space) of the linearized constraint at z. Consider the Taylor series of constraint function ¢(z) at a
point x¢:

c(x) = e(zo) + J(20)(x — x0) + O([[z = xol|2)-

Ignoring the higher order terms, the linearized constraint function at z( is defined as
Cr, (.’E; (E(]) = C((E()) + J(QL'())((E — $()). (34)

If ¢ is nonlinear with c¢(xg) # 0, then ¢, (z;z¢) = 0 defines an affine approximation of ¢(z) = 0 at xo. If zg
is feasible, and ¢(z¢) = 0, then ¢, (z;z¢) = 0 defines a set consisting of the intersection of m hyperplanes.

If 2 is clear from context, this linearized constraint is written as ¢, (x). A key property of the
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linearized constraint is that every vector p € null(J(z)) is tangent to a feasible sequence (with respect
to the linearized constraint) at a point = Z. It is fairly obvious that the tangent cone for a linearized

constraint is equivalent to the null space of J(z).

Lemma 3.2.2 ([16] Chapter 5). If T, (x) denotes the tangent cone of the linearized constraint ¢, (x) = 0,
then T, (x) = null(J(z)) = {p : p= Z(x)p.}, where the columns of Z(x) form a basis for the null space
of J(x).

Lemma 3.2.2 implies then that 7 (z) C 7, (z). The linearized tangent cone gives the machinery

needed to define a usable notion of optimality.

Theorem 3.2.3 (Lagrange Multipliers for problem (3.2), [16] Chapter 5). Assume that f and c are

differentiable at a feasible point x*. Then

VF(x*)Tp >0 for all p € null(J(z*))

if and only if there exists a vector y*, called the Lagrange multipliers, such that

Vi@*) = J(@)ty = 0.

Proof. If Vf(z*) — J(2*)Ty* = 0 for some y*, then for all p € null(J(x*)), it holds that

Vi) Tp= (") J(z*)p=0.

On the other hand, suppose there is no y* such that Vf(z*) — J(z*)Ty* = 0. Then Vf(x*) ¢

range(J(z*)T), so Vf(z*) can be uniquely decomposed into

Vf(z*) =gr+gn, where gy #0,

and gy € null(J(2*)) and gr € range(J(z*)T). Choosing p = —gn satisfies J(2z*)p = 0. Then

V() p=—llgnll3 < 0.

The result follows. O

The Lagrange multipliers y* can be shown to be unique if J(z*) has full row rank. The existence

of Lagrange multipliers provides a computable certificate of optimality.
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Definition 3.2.8 (KKT point for problem (3.2), [16] Chapter 5). Let z* € §2 such that there exists a
vector y* € R™ such that Vf(z*) — J(2*)Ty* = 0. The point z* is referred to as a first-order KKT point

for (3.2).

It is important to note that being a KKT point is not always a necessary condition for optimality.
The definition of KKT points depended on the linearized tangent cone and the true tangent cone at
a point z* to have equivalent dual cones, i.e., T*(x*) = T*(«*). For most problems, this is the case.
However, problems can be constructed for which this does not hold. In practice, it is useful to assume
that the constraint function ¢ possesses a regularity condition that is verifiable in practice, and implies
that a problem is not one of these pathological cases. Such a condition is called a constraint qualification.
Optimality conditions are often phrased using the following language: if x* is a local minimizer, then x* is
a KKT point or a constraint qualification does not hold. There are many different constraint qualifications
that are utilized when formulating algorithms. Different constraint qualifications tend to trade strictness
for practical verifiability, i.e., a constraint qualification may only apply to a small subset of problems for
which a local minimizer is a KKT point, but the qualification is easy to verify in practice. Conversely, a
constraint qualification may apply to a vast number of problems but may be quite difficult to verify. Only

a few commonly used constraint qualifications are listed here.

Definition 3.2.9 (Guignard constraint qualification, [16] Chapter 5). The Guignard constraint qualifica-
tion holds at = if z € 2 and T*(z) = T, ().

Working with the dual cones is not as convenient as working with the original cones. This

motivates the following definition.

Definition 3.2.10 (Abadie Constraint Qualification, [16] Chapter 5). The Abadie constraint qualification

holds at z if x € 2 and T (z) = T, (x).

The Abadie constraint qualification implies the Guignard constraint qualification, but not vice
versa. However, even the Abadie constraint qualification is difficult to verify in practice. A much more

convenient constraint qualification is the following:

Definition 3.2.11 (Linearly independent constraint qualification (LICQ), [16] Chapter 5). Assume that
the constraint function ¢(z) : R" — R™ is continuously differentiable. A sufficient condition for the

constraint qualification to hold at a feasible point x is that the rows of J(z*) are linearly independent.

Constraint qualifications and the KKT conditions are enough to establish first-order necessary

conditions for optimality, as the following result shows.
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Theorem 3.2.4 (First-Order Necessary Conditions for (3.2), [16] Chapter 5). If a constraint qualification

holds at x*, then x* is a local minimizer of (3.2) only if x* is a KKT point.

Note that the KKT conditions consists of Vf(z*) — J(x*)Ty* = 0 and the fact that z* € (2, i.e.,
c(x*) = 0. These two conditions together make up the KKT conditions. Both conditions can be described

in terms of a single function called the Lagrangian function

L(a,y) = f(a) -y e(x).
The KKT conditions then become a stationarity condition of L, i.e.,

x xTr) — $T
ey - THE0) _ [Vi@=a@T) (o

V,L(z,y) —c(x) 0
In general, a solution z* and an associated Lagrange multiplier y* that satisfies the KKT conditions do
not constitute a minimizer of L. Thus, algorithms for solving (3.2) cannot simply attempt to minimize
the Lagrangian. Instead, algorithms typically attempt to find critical points of L that satisfy both first

and second-order optimality conditions.
Second-Order Optimality Conditions

In the unconstrained case, second-order optimality conditions focused on properties of the second
derivative of the objective function at points that satisfied first-order optimality conditions. The same is
true here, except the second derivatives of the constraint function ¢ must be considered alongside the
second derivatives of the objective function f. The second derivatives of the Lagrangian play a crucial
role.

At a point (z,y), the Hessian of the Lagrangian with respect to the x variables is given by

H(z,y) =V f(z) - Zyiv2ci<x). (3.5)

This matrix plays a critical role in the following result.

Theorem 3.2.5 (Second-Order Necessary Conditions for (3.2), [16] Chapter 5). If a constraint qualification

holds at x*, then x* is a local solution of (3.2) if

2. there exist a vector y* such that Vf(z*) — J(x*)Ty* = 0, and
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3. pTH(z*,y*)p > 0 for every p € null(J(z*)).

Proof. The first two conditions are simply the first-order necessary conditions. Let p satisfy J(z*)p = 0.
If there is no such p, the result holds. Let 2*(«) be a twice continuous differentiable path such that
2(0) = z* and 2'(0) = p. Such a path is guaranteed to exist by the constraint qualification. Let v = 2" (0).

Due to the fact that c(z(«)) = 0, it holds that

= Vei(z)To 4+ pTV2¢i (z*)p. (3.6)

By the second condition, V f(z*) — J(z*)Ty* = 0 for some y*. Then

=Vf(*)p= (") J(=*)p=0. (3.7)

a=0

d
= f(@())

Therefore, z* is a stationary point along the feasible path. In order for z* to be a local minimizer along

this path, then the second order necessary condition for an unconstrained minimizer must hold, i.e.,

d2
@f(l"(a))

> 0.
a=0

Using (3.7) and the definition of v, it holds that

lal@)| =)+ V) 2 0. (39)

a=0

Combining (3.6) and (3.8) yields

d2
s H (@ ()

m
=-p" (Z yi*VQCi(x*)> p+p " Vf(z*)p=p H(z,y)p > 0.
=1

a=0
O

A point satisfying the conditions of Theorem 3.2.5 is called a second order KKT point of (3.2).

The following result gives sufficient conditions for a point z* to be a local minimizer of (3.2).

Theorem 3.2.6 (Second-Order Sufficient Conditions for (3.2), [16] Chapter 5). A point x* is a strict

local minimizer of (3.2) if
1. z* is feasible, i.e., c¢(x*) =0,

2. there exists a vector y* such that V f(z*) — J(x*)Ty* =0, and
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3. the strict inequality p™ H(x*,y*)p > 0 holds for every p # 0 such that J(z*)p = 0.

Proof. Consider a feasible sequence {z} converging to z*. Define the sequence {t;} and {py} via the
equation xy = x* + txpy, where ¢y is a normalizing constant so that ||px|| = 1. It follows that ¢, — 0. The
sequence {pg} is bounded, and therefore has a convergent subsequence. In what follows, {py} will denote
the subsequence converging to p. The Taylor-series expansion with the integral form of the remainder of

the constraint function ¢ at =* gives
1
c(xr) = c(x™) + tpJ (vx)pr + tk/ (J (2" + Etrpr) — J (7)) pr dE.
0

By construction, ¢(zy) = ¢(z*), so

J(z")pr = _/0 (J (" + Etrpr) — J(27)) pi dE.

Taking the limit as k — oo gives J(z*)p = 0.
Suppose now that z* is not a strict minimizer. Then there exists a feasible sequence {xy} such
that xp — «* and f(z*) > f(xx) for k sufficiently large. Again using a Taylor-series with an integral

remainder gives

1

0> f(ax) = f(&*) = 6V f (1) "pr + ti/ P V(@™ + Etrpr)pr(1 — €) dE, (3.9)

0
and
1
0= txVei(2®) Tpr + 17 / P Vei(z* + Etrpr)pr(1 — €) dE.
0

Multiplying the above expression by y for each index i and subtracting the result from (3.9), and using
Vf(z*) — J(z*)Ty* =0 gives

1
0< ti/ P H(z* + Etepr, " )pe(1 — €) dE.
0

Taking limits as k — oo yields pT H(z*,y*)p < 0. Therefore, in order for z* to be a strict minimizer, it

must hold that p™ H(x*,y*)p > 0. The result follows. O

It is important to note that the above result does not require that a constraint qualification hold
at x*. If a constraint qualification is included, as stronger statement about z* can be made, as seen in the

next result.
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Theorem 3.2.7 (Second-Order Sufficient Conditions for an Isolated Minimizer of (3.2), [16] Chapter 5).

A point x* is an isolated local minimizer of (3.2) if
1. z* is feasible, i.e., c(x*) =0,
2. there exists a vector y* such that V f(z*) — J(x*)Ty* = 0,
3. the strict inequality p™ H(x*,y*)p > 0 holds for every p # 0 such that J(z*)p =0, and
4. the constraint gradients at x* are linearly independent.

Proof. The first three conditions are the sufficient conditions of a strict local minimizer. All that remains
to show is that «* is isolated. Conditions (1) and (2) state that the point (z*,y*) is a zero of the function
F(z,y) = VL(z,y). The result follows from applying the implicit function theorem to F' and combining

it with condition (3). O
3.2.2 Augmented Lagrangian Methods

In this section, augmented Lagrangian methods are briefly reviewed. Techniques from these
methods will be applied to the equality constraints in the all-shifted primal-dual penalty-barrier trust-region
method.

Augmented Lagrangian methods can be derived using a variety of tools. They can be viewed as
a penalty method applied to a version of (3.2) with the constraints shifted by some optimal shift. If a
problem is convex, it can be viewed as applying a proximal method to the corresponding concave dual
problem. They can also be viewed as applying unconstrained optimization techniques to a sequence of
modified Lagrangian functions with additional terms added to ensure positive curvature in the necessary
directions.

Assume that the sufficient optimality conditions of Theorem 3.2.6 hold at a point =*. As previously
mentioned, z* is a stationary point of L(x,y*), where y* is the Lagrange multiplier, but not necessarily a
minimizer. By (3.2.6), the Hessian of L(x,y) at (z*, y*) is positive definite when restricted to the subspace
null(J(z*)). Therefore, the Lagrangian can only have directions of negative curvature in complementary
space range(J(z*)). This suggests that the Lagrangian can be augmented by an additional term to correct
for this negative curvature. Although there are many possible ways to augment the Lagrangian, the most

commonly seen approach is to add a quadratic penalty term, yielding

La(wsy®,p) = Liz.y") + Llle(@)]3, (3.10)
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for some parameter p, referred to as the penalty parameter. This penalty term has the effect of increasing
the potentially negative eigenvalues of H(z,y) but leaving eigenvalues that are guaranteed to be positive

unchanged.

Theorem 3.2.8 ([16] Chapter 5). Assume that x* satisfies second-order sufficient conditions for a strict
local minimizer of (3.2). Let y* be the Lagrange multipliers at x*. There is a finite p such that, for each
p > p, a solution x* of (3.2) is an isolated unconstrained local minimizer of the augmented Lagrangian

function L4 (z;y*, p).

Proof. The gradient of L,(x;y, p) is given by

VLa(z;y,p) = V(@) = J(2) " (y = pe(2)),
and the Hessian is given by
V2L, (25, p) = H(z,y — pe(x)) + pd () T J (2).
At a local minimizer z* of (3.2), ¢(z*) = 0, and therefore
VL™ p) = V@) = J(2")Ty" =0,
and
VELa(a™5y", p) = H(z",y") + pJ (") I (27).

The second order sufficient conditions imply that if Z is a matrix whose columns form a basis of null(J(z*)),
then ZTH(x*,y*)Z = 0. Therefore, there exists a constant p such that H(z*,y*) + pJ(z*)TJ(z*) is

positive definite for all p > p. Therefore, x* is an isolated minimizer of L,(x;y*, p). O

The above result is one of the main reasons augmented Lagrangian methods are preferred over
more classical penalty methods. Furthermore, note that the above result does not require that the
constraint gradients are linearly independent at x*.

One drawback of Theorem 3.2.8 is that y* is not known in advance. Therefore, practical augmented
Lagrangian methods make do with an estimate of the Lagrange multiplier y* that is updated along with

the penalty parameter. This forms the general outline of augmented Lagrangian methods:

1. Solve mingcrn L4(x;y%, p).
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2. Check for optimality.
3. Update p and y”.

These simple steps are iterated until some approximate optimality conditions are satisfied. A simple form

of the update for y¥ can be seen in the first-order optimality conditions of L,(x;y®, p). Recall that
VL,(xj5y°,p) = V() = J(2) " (y" — pe(ay)).

Clearly, the vector y7, | = y7 — pc(z;) satisfies V f(z;) — J(xj)TijH = 0. Thus, this update can be used
as a suitable approximation of y*. This expression is known as the first-order multipliers, due to the fact

that

llyier — v* [l < Mly; — 97|

for j sufficiently large. The augmented Lagrangian method using first-order multipliers can only converge
as fast as y;7 ; converges to y*. Thus, even a quadratically convergent technique will be slowed down by
this update rule. Although there exists other multiplier estimates that avoid this problem at the cost of
additional computation, they are not discussed here.

Note that the augmented Lagrangian method treats the primal variables x and the dual variables
(Lagrange multipliers) y separately. Alternative approaches operate by treating both sets of variables
as variables minimized that minimize an objective function. One such approach is the primal-dual

augmented-Lagrangian method.
The Primal-Dual Augmented-Lagrangian Method

In [15], Gill et al. propose methods for solving problem (3.2) centered around the primal dual
augmented Lagrangian

My 5%, 1) = f(z) — () Ty + m%nc(mné + 2M%Hc(ac) - )R (3.11)

The penalty parameter p in this equation has been replaced with 1/u”. p” will be referred to as the
penalty parameter from now on. This function M will be incorporated into the merit function used in the
all-shifted primal-dual penalty-barrier merit function. The general framework of a method utilizing M

would be as follows:

1. Take a step (r+1,Yk+1) = (Tk + Dk, Yr + @) towards a solution of the unconstrained problem

M « o B P
mMiNgcRn,ycR™ M(I, Y5 Y » )u’k)
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2. Check for optimality.
3. Update y® and p”.

In this case, the update to y” is based on the most recently computed yy, as opposed to some estimate
based on z;. Although the details of the overall method are not investigated here (see [15] for more
details), some properties of M are examined. Consider the first and second-order derivatives of M in both

x and y:

Let ¥ = (y” — l%pc(sc)) Note that 7Y is equivalent to the first-order multiplier update detailed in the

augmented Lagrangian method. Then

Vi(z) = J(@)"(2nY —y)

VM = ,
p(y — )
and
— H(x,27ryfy)+ulpJ(x)TJ(x) J(z)"
J(x) utI

From the gradient of M, it can be observed that at a local minimizer of M, n¥ — y = 0. After some
rearrangement, this becomes the perturbed feasibility condition ¢(z) = u”(y* — y). Thus, it can be shown
that minimizing a sequence of primal-dual augmented Lagrangian functions is equivalent to solving a

sequence of perturbed first-order KKT conditions

This basic structure will be expanded upon once methods for managing inequality constraints have been

discussed.
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3.3 Inequality Constraints

Now, consider the case where the set of equality constraints £ is empty, so that the problem under

consideration becomes

minimize f(x)
veR” (3.12)
subject to c¢(z) > 0.

As in the unconstrained and equality-constrained case, the first task is to characterize the notion of
optimality for problem (3.12).

3.3.1 Optimality Conditions

Definition 3.3.1 ([16] Chapter 6). A constraint ¢;(z) > 0 is said to be active at a point * if ¢;(z*) = 0,
and inactive if ¢;(z*) > 0.

As before, let {2 denote the feasible set {x : ¢;(z) > 0 for all ¢ € Z}. The feasible set is said
to have a strict interior if there exists a point T € 2 such that all constraints are inactive at . The

discussion of optimality conditions proceeds similar to the equality constrained case, with the distinction

that feasible paths and sequences are not bound to lie on the constraint surface for all constraints.

Definition 3.3.2 ([16] Chapter 6). Let « € 2 be a feasible point. The set A(x) = {i € Z: ¢;(z) =0} is

referred to as the active set at x, and consists of the index set of the active constraints at a point z.

The notation ¢, (x) is used to denote the subset of constraints in the active set evaluated at .

Similarly, J,(z) is used to denote the gradient of the active constraints at x. Let m,(x) = | A(z)|.

Definition 3.3.3 (Feasible path, [16] Chapter 6). Let x € {2. A feasible path is a twice-differentiable

curve z(«) such that
1. 2(0) =z and c(z(a)) > 0 for all « satisfying 0 < o < & for some & > 0, and
2. the tangent vector p = 2/(0) to the feasible path at = is nonzero.

Definition 3.3.4 (Feasible sequences, [16] Chapter 6). Let x € §2. A feasible sequence converging to z is

a sequence {xy} such that, for all k, c¢(zx) > 0, 2 # z, and limg_ oo T = .

The tangent of a feasible sequence is defined by constructing sequence {tx} and {px} via xx =
x + tgpr, where ¢, is a normalizing constant so that ||pg|| = 1. The sequence {ps} is therefore bounded, so
there exists a convergent subsequence. Without loss of generality, the convergent subsequence converges

to a vector p, the tangent vector of {xy}.
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Definition 3.3.5 (The tangent cone, [16] Chapter 6). Let 7t (z) denote the set of tangent vectors
associated with every feasible sequence converging to a feasible point z. The tangent cone is then

T(x) =T+ (x)U{0}.

If a constraint ¢;(x) is inactive at x, then there exists a neighborhood of z in which ¢;(x) is
inactive for all points in this neighborhood, thus it does not place any restrictions on tangent vectors. On
the other hand, active constraints limit the directions of potential tangent vectors of feasible sequences. A
feasible path x(«), or a feasible sequence {z}, is called binding if some constraint ¢;(z) remains feasible
for all points along the path or sequence. If p is tangent to a binding feasible sequence, then that constraint

functions as an equality constraint for the sequence, so the result

Vei(z)Tp=0 (3.13)

holds. On the other hand, if p is tangent to a nonbinding sequence, then

Vei(z)Tp > 0. (3.14)

As was the case with equality constraints, optimality conditions are determined by examining the behavior

of the objective function along feasible paths and sequences.

Theorem 3.3.1 ([16] Chapter 6). Assume that f and c are differentiable. A feasible point x* is a local

solution of problem (3.12) only if Vf(x*)Tp > 0 for every p € T(x*), i.e., if Vf(x*) € T*(z*).

It follows from (3.13) and (3.14) that every vector p € T (z*) satisfies J,(z*)p > 0. This
relation describes the linearized tangent cone T (z*) of the linearized active constraints c,(z;z*) =
ca(x*) + Jo(z*)(z — x*). So, the goal is to discover algebraic conditions that imply that V f(z*)Tp >0
for all p such that J,(z*) > 0. Conditions for the existence of Lagrange multipliers follow directly from

Farkas’ lemma.

Theorem 3.3.2 (Lagrange Multipliers for (3.12), [16] Chapter 6). Assume that f and ¢ are differentiable

at a feasible point x*. If Jo(x*) € R™=*" denotes the matriz of active constraint gradients at x*, then

1. Vf(x*)Tp > for all p such that J,(x*)p > 0 if and only if V f(x*) — J.(z*) Ty for some y; € R™Ma

such that y; > 0.

2. There exists a vector p such thatV f(x*) p < 0 and J,(z*)p > 0 if and only if V f(x*) — Jo(2*) Tyq # 0

for any y, > 0.
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3. Exactly one of the following statements holds:

(a) Vf(z*) can be written as a nonnegative linear combination of the columns of J,(z*)T, or

(b) there exists a vector p such that V f(z*)Tp < 0 and J,(z*)p > 0.

The key difference between this and the equality-constrained case is that the Lagrange multipliers

are nonnegative, whereas previously they were unconstrained.

Definition 3.3.6 (First-order KKT point for (3.12), active set form, [16] Chapter 6). The first-order KKT
conditions for the inequality constrained problem (3.12) hold at z* if there exists a vector of Lagrange

multipliers y; € R™* such that

V(") = Ja(z*)"ys =0, (3.15a)
c(x*) >0, and c¢u(z*) =0, (3.15b)
Yo = 0. (3.15¢)

This definition is often refined into a second definition in which the vector of Lagrange multipliers

is extended to include zero multipliers for the inactive constraints.

Definition 3.3.7 (First-order KKT point for (3.12), complementarity form, [16] Chapter 6). The first-
order KKT conditions for the inequality constrained problem (3.12) hold at «* if there exists a vector of

Lagrange multipliers y* € R™ such that

V() = J(@*) Ty =0, (3.16a)
c(z*) >0, (3.16b)

y* >0, (3.16¢)

c(z*) - y* =0. (3.16d)

Condition (3.16a) can be interpreted as a stationarity condition of the Lagrangian function
L(z,y) = f(z) —yTe(x), ie., VoL(z*,y*) = 0. Depending on the problem, there may be more than one

possible value of y* for a first-order KKT point z*. This motivates the following definition.

Definition 3.3.8 ([16] Chapter 6). Given a KKT point z* for problem (3.12), the set of acceptable

Lagrange multipliers is defined as

y(z*) = {y eR™ : Vf(l‘*) — J(x*)Ty =0, and C(l‘*) . y* _ 0}.
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Condition (3.16d) forces the Lagrange multiplier y; of an inactive constraint ¢;(z) > 0 to be
zero. On the other hand, if the i-th constraint is active, there is nothing preventing y; from being
zero. Strict complementarity is defined to be the case when all active constraints have strictly positive
Lagrange multipliers. If an active constraint does not satisfy strict complementarity, i.e., y; = 0 is the
only acceptable multiplier, then ¢;(z) > 0 is said to have a null multiplier, and is said to be weakly active.
If there exists a single positive acceptable multiplier, it is said to be strongly active.

As was the case with equality-constrained problems, the first-order KKT conditions are not always
necessary conditions for optimality. Some constraint qualifications need to hold in order for the KKT
conditions to be used as a certificate of optimality. Here, a few of the most commonly used constraint

qualifications are enumerated.

Definition 3.3.9 (Guignard constraint qualification, [16] Chapter 6). The Guignard constraint qualifica-

tion holds at o* if T} (x*) = T*(z*).
The following constraint qualifications all imply the Guignard constraint qualification.
Definition 3.3.10 (First-order constraint qualifications, [16] Chapter 6).

1. The Abadie constraint qualification holds at x if x is strictly feasible, i.e., no constraints are active,

or To(z) =T (x).
2. The linear constraint qualification holds at x if the active constraints at x are all linear.

3. The linear independence constraint qualification (LICQ) holds at z if the active constraint gradients

at x are all linearly independent.

4. The Mangasarian-Fromovitz constraint qualification (MFCQ) holds at x if there exists a vector p
such that Ve;(x)Tp > 0 for all i € A(z).

5. Slater’s condition holds if the feasible set 2 = {z : ¢(x) > 0} is convex and there exists a strictly

feasible point z, i.e., ¢(x) > 0.
The first-order necessary conditions for optimality can now be stated.

Theorem 3.3.3 ([16] Chapter 6). If 2* is a local minimizer of problem (3.2) at which the MFCQ holds,

then x* is a KKT point.

Proof. Let z* be a local minimizer at which MFCQ holds. Then z* € (2. If the set of active constraint

A(x) is empty, then x* is an unconstrained local minimizer, and the result holds. Suppose then at least
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one constraint is active. The MFCQ states that there exists a vector p such that J,(z*)p > 0. As c is

differentiable, the Taylor-series of ¢ yields
ci(z” + ap) = ¢i(a*) + aVei(@) Tp + O(|[pl ).

. If « is sufficiently small and the i-th constraint is active, it follows that ¢;(x* + ap) > 0. If, for this
same vector p, Vf(2*)Tp < 0, then the differentiability of f similarly gives f(z* + ap) < f(z*), as p
would be a descent direction for f. This contradicts the fact that =* is a local minimizer. Therefore, it
can be concluded that Vf(z*)Tp > 0 for every P such that J(z*)p > 0. By Farkas’ lemma, Vf(z*) is a

nonnegative linear combination of the columns of J,(z*). The result follows. O
Second-Order Optimality Conditions

Like the unconstrained and equality-constrained cases, first-order conditions alone are insufficient
to ensure optimality, unless the problem in question is convex. As in the equality-constrained case,

second-order conditions involve the Hessian of the Lagrangian function

H(z,y) = V*f(z) - ZyiVQCi(x).
i=1

A key difference between the equality-constrained case and the inequality-constrained case is that in the
inequality-constrained case, second-order conditions need not be examined along all feasible directions.
Instead, it suffices to investigate the curvature of the objective function f along feasible directions on
which f is stationary. In the equality-constrained case, these two sets of directions were identical, whereas
here, they are not. It suffices to only examine the curvature of f along binding feasible directions, i.e.,

direction p such that J,(z)p = 0. This motivates a second-order constraint qualification.

Definition 3.3.11 (Second-order constraint qualification (SOCQ). [16] Chapter 6). A second-order
constraint qualification for inequality-constrained optimization problems holds at a feasible point = if
every nonzero p satisfying J, (z)p = 0 is tangent to a twice-differentiable path x(«a) such that ¢, (z(a)) =0

for all 0 < a < & for some & > 0.
The second-order necessary conditions for inequality-constrained optimization can now be stated.

Theorem 3.3.4 (Second-order necessary conditions for (3.12), [16] Chapter 6). Let x* be a point such
that c¢(x*) > 0, with ¢(x*), = 0. If the first and second-order constraint qualifications hold at x*, then x*

is a local solution to (3.12) only if
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1. =¥ is a first-order KKT point, and

2. for some y € Y(z*) and all p # 0 satisfying Vf(z*)p = 0 and J,(z*)p > 0, it holds that

pTH(z*,y*)p > 0.

There are many different statements of the second-order sufficient conditions for both strict and
isolated minimizers of (3.12); too many to discuss here. This discussion is limited to the statement of

sufficient second-order conditions for a strict minimizer.

Theorem 3.3.5 (Second-order sufficient conditions for a strict minimizer (3.12), [16] Chapter 6). A point

*

x* is a strict minimizer of problem (3.12) if
1. x* is a KKT point, and

2. There exists a vector y € Y(z*) such that for all p # 0 such that Vf(x*)Tp =0 and J,(z*)p > 0,

there exists a positive scalar w such that p™ H(x*,y*)p > w||p||>.

Proof. For the same of establishing a contradiction, suppose that the assumptions of the theorem hold, but
that z* is not a strict local minimizer. Then there exists a feasible sequence {z)} C (2 that converges to
a* such that f(zx) < f(x*). Let {t;} and {pi} denote the sequences given by the equation z = =* +tipy,
where ¢, is a normalizing constant such that ||px|| =1 for all k. The sequence {px} lies in a compact set,
and thus {p;} has a convergent subsequence. Therefore, it can be assumed, without loss of generality,
that pr — p for some vector p. Furthermore, due to the fact that a nonnegative y is assumed to exist, it
must be true that c(xy)Ty > 0.

For each k, let ¢y (t) = c(x*t + pr) Ty, so that ¢, (0) = 0 and ¢p(ty) = c(wx)Ty > 0. The
Taylor-expansion of ¢, then gives

Outx) = 136/ (0) + 5 R0 (Buti) > 0 (3.17)

for some 0, € (0,1). The first and second-order derivatives of ¢ are

m
O, (t) = pfJ(a* +tpr)Ty, and @}(t) = ZyipEVQCi(x* + tpr ) p-
i=1
Therefore,
1,(0) = pi J(z")y. (3.18)
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By assumption, f(a* + tgpr) — f(z*) <0, thus
1
f@ +tipr) = f(2*) = 6V f(2*) Tpr + ipgvf(x* + &ktrpr)p < 0, (3.19)

for some &, € (0,1). Combining (3.17), (3.18), and (3.19) yields

* * T 1 * = *
te (Vf(z*) = J(@*)Ty) pi + §tip/;f (VZf(ﬂf + Ertpr) — Yy V(@ + 9ktkpk)> pr <0.
i=1

As z* is assumed to be a KKT point, and y € Y(x*), Vf(z*) — J(z*)Ty = 0. Therefore,

or (sz(f* + &rtepr) — Zyivzci(l’* + Wkﬁk)) pr < 0.

i=1

In the limit as k — oo,

pe H(z",y")pr <0. (3.20)

Now, as t — 0 and ¢ (tx) > 0, (3.17) implies that liminf & — co¢},(0) > 0. But pr — p, and therefore

(3.18) implies that limy_,, exists an is given by

lim ¢/(0), = pTJ(z%)y. (3.21)

k—o0

The assumed properties of z* then yield

lim ¢'(0), = p*J(z*)y = Vf(z*)Tp.

k—o0

By the construction of the vector p, it holds that
Jim ¢/(0)i = p"J(2")y = V(a*) "p = 0. (3.22)
—00
As cqo(2*) = 0 and cq(2* + txpr) > 0, it must hold that J,(z*)p > 0. Along with (3.22), this gives

Jo(z¥)p>0 and Vf(z*)'p=0.

Combining the above result with (3.20) contradicts the assumptions of the theorem. Therefore, z* is a

strict local minimizer. O
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3.3.2 Interior-Point Methods

Interior point methods are some of the most widely-used methods for solving nonlinear inequality-
constrained optimization problems. In this section, a brief overview of modern approaches to interior
methods is presented with the goal of building up enough intuition to motivate the all-shifted primal-dual
penalty-barrier method.

The motivating idea behind some of the more basic interior-point methods is to solve problem
(3.12) by approximately solving a sequence of unconstrained problems whose solutions converge to the
solution of (3.12). This idea is quite similar to the motivating ideas of penalty methods and augmented
Lagrangian methods for equality-constrained optimization. The situation is complicated by the fact
the constraints in question are inequality constraints. Thus, the objective function of the proposed
unconstrained problem should not penalize points that are feasible but should penalize points that are
infeasible. This motivates the idea of a barrier function, i.e., a function that is defined to be infinite off of

the feasible region. Consider the function

0 ifze
I_Q(.’E): .
oo ifxé N

If 2 is convex, this function is sometimes referred to as the convez indicator function. Problem (3.12) is
then equivalent to solving
min f(z) + In(z). (3.23)

reRn”

Unfortunately, none of the previously discussed methods for solving unconstrained problems can be applied
to (3.23), due to the extreme irregularity of the indicator function. The goal then is to approximate (3.23)

with a sequence of problems with computable solutions. Consider the function

Tog (z) = — Z log(c; ().

This is the so-called logarithmic-barrier function and is the most commonly used barrier function in

interior-point methods. With this function, the composite objective function
B(a;p”) = f(x) — p” Log(x) = f(z) — p® Y _log(c;())
i=1

can be constructed for some positive barrier parameter u®. Note that B(x; u?) preserves the differentiability
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of f and c on the strict interior of the feasible set and is infinite outside the feasible set and on {z : ¢(z) = 0}.
As p® is driven towards zero, B(x; u”) behaves like f except in close proximity to points where ¢(x) = 0.

The classic barrier method is then intuitively given by the following algorithm:

Algorithm 3.1. Classical Barrier Algorithm

1: Given xg such that c(zg) > 0, u§ > 0, and 7. such that 0 < v. < 1.
2: k+ 0

3: while Not Converged do

4 Tp41 ¢ argmin B(z; )

zER™
5: N?+1¢‘70U§
6: k<+—k+1.

7: end while

In practical applications of Algorithm 3.1, the unconstrained minimization step is only carried
out approximately, with only a few iterations of any given unconstrained method being applied at any
given iteration.

Consider the first-order optimality conditions of B(z;u?) for a given p®

VB(x;u®) =V f(x) — u® Z %Vei(x). (3.24)

(&

Let y,5 denote the vector [y,5]; = u”/ci(x). Then

VB(x;p”) = Vf(z) = p® ) ﬁvci(x) o
i=1 " 3.25

= V() ~ J(x) "ye.

Furthermore, note that if ¢;(x) > 0, then [y,5]; > 0. The components of the vector y,» are called the
barrier multipliers. Observe the similarity between the derivative of B and the first-order stationarity
condition Vf(z*) — J(2*)Ty* = 0 for some y* € Y(z*).

Furthermore, observe the similarity between the complementarity condition ¢(z*) - y* = 0 and the

following rearrangement of the definition of y,,5:

c(z) -y, = p”. (3.26)

Equation (3.26) is referred to as the perturbed complementarity condition. As u® is driven towards zero,
the perturbed complementarity condition approaches the true complementarity condition.

It is important to note that the set on which B(z; u?) is less than infinity differs from both the
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feasible set {2 and the topological notion of the interior of {2, denoted as int((2).

Definition 3.3.12 (Strictly Feasible Set). The subset of points in {2 for which all constraint functions

are strictly positive is denoted by int.({2) and is given by
int.(2) ={z : ¢(x) > 0}.

If € int.(£2), then z is said to be strictly feasible.

Consider the constraint set 2 = {z : 22 > 0}. This set is equivalent to R, and therefore int(§2) = R.
However, int.(£2) = R\ {0}. A constraint for which int.(£2) # int({2) is said to be topologically inconsistent.
Such constraints tend to cause problems with interior-point methods, and care should be taken to address
topologically inconsistent constraints when modeling problems.

Although the convergence of classical barrier methods can be proven under relatively weak
assumptions, such results are not presented here. Instead, the focus is given to a more modern class of

methods: the class of primal-dual interior methods.

3.3.3 Primal-Dual Interior Methods

The classical barrier method presented in Algorithm 3.1 only solves for the primal variables x.
The approximation of the Lagrange multipliers, also called the dual variables, is inferred via the current
iterate x; and not solved directly. Primal-dual methods instead treat the dual variables similarly to
the primal variables. Instead of attempting to iterate towards a constrained minimizer of the objective
function f, primal methods iterate towards a zero of the first-order KKT conditions by perturbing the
complementarity condition, as in (3.26). To be more precise, given a barrier parameter p”, a primal-dual

method attempts to solve

Vf(x) = J(x)y =0, (3.27a)

c(z) -y = pZe. (3.27b)
Let C(x) denote the diagonal matrix diag(c(z)), Y = diag(y), and F*” be

B V() - J(I)Ty
C(x)Ye — p®e
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Newton’s method can be applied directly to F*” . The corresponding Newton’s equations are given by

H(zx, —J(x)T Ax Vi) —Jx)T
@y ~I@) (Vi@ -@| 9
YJ() Clx) Ay C(z)Ye— uPe
This matrix can be symmetrized to yield a regularized saddle-point system
H(zx, J(x)T Ax Vf(z)—J()T
(wy) I BN AOEOY 529)
J(z) —Y71CO(x) —Ay C(r)e — u?Yle

Recall from the discussion of the classical barrier method that the barrier multipliers were defined as

[uBli = 1”/ci(x). Use ¥ to denote this auxiliary vector. Then (3.29) can be written as

H(zy)  J@)" Az Vi(z) = J(@)ty
J(@) —Y7'C(x)) \-Ay (Y=1C(@))(y — =)

or, letting D = Y~1C(x), as

T T

Hy) J@7 [ac| (Vi@ - 1@ 0
J(x) =D —Ay D(y — )

All primal-dual methods begin with this formulation. On its own, however, these equations are insufficient

to ensure convergence. For starters, Newton’s method is a zero-finding strategy; thus, iterations of this

form may not converge to a minimizer. However, if a suitable technique is employed to guarantee a

sufficient decrease at each iteration, methods based on solving equation (3.30) perform exceptionally well

in practice.

Typically, primal-dual interior methods are broken into inner and outer iterations. Inner iterations
correspond to iterations of Newton’s method or one of its variants for a particular value of u?. Outer
iterations correspond to a reduction of the barrier parameter once the inner iterations have made sufficient
progress. It remains to show what it means for a sequence of inner iterations to achieve “sufficient
progress.”

One of the most popular methods to measure progress is to define a suitable merit function. While
some methods use the primal log-barrier function f(z) — pu? > 1" log(c;(x)) as a merit function, this goes

against the spirit of the primal-dual method, in which both primal and dual variables are considered at
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the same time. Instead, consider the Forsgren-Gill merit function presented in [11]:

xX)Y; Ci(X)Y;
M (z,y; u”®) — i Z(logcl )+ log fu)y +1- ;2y> (3.31)

This merit function penalizes departure from the feasible path, as well as the departure from the barrier
trajectory, defined to be the path of zeroes of the function * for decreasing values of ;®. An equivalent

form of (3.31) (up to constant terms) is

M(z,y; 1) = f(z) + c(z) "y — 2u” Zlogcl /ﬁZlogyi. (3.32)
i=1

In this form, it becomes clear that M penalizes the departure of the feasible set for the primal constraints

and the departure of the dual variables from the dual constraint y > 0. Simple calculation yields

Vi) = J(@)(2nY —y)

VM (z,y;p”) = (3.33)
D(y —m)
and
x,2mY — 2)TC ()t ITY )T
VQM(x,y;,uB): H(z,2 y)+2J(x) C(x) 1 1IYVJ J(z) . (3.34)
J(x) DIvy—1

By the second part of (3.33), it can be seen that y and «¥ are equivalent at stationary points of M. This

motivates the substitution

v H(x,y)+j(J§x) D='J J(Z) . (3.35)

Linear and quadratic models of the merit function can be formed with VM and HM, which allows

line-search and trust-region methods to be applied to M. The modified Newton’s equations of M are thus

H(x,y)+2J(x)TD 1T J(x)T Az Vf(z) — J(z)T(2nY —y)
J(z) D Ay D(y — =)

A simple transformation of the above Newton’s equations shows that this is equivalent to Newton’s

equations for F*” (3.30).
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3.3.4 The Slack Formulation

Consider a line-search approach applied to the merit function defined in (3.31). Suppose a search
direction (Ax, Ay) is computed such that, at iteration k, ¢(zy + Az); < 0. Then the merit function M is
undefined at (xx + Az, yr + Ay). In this case, maintaining the strict feasibility of the iterates becomes
complicated by the fact that each constraint c(xy, + apAz) needs to be checked before evaluating the merit
function M. Fortunately, a straightforward remedy exists. Each inequality constraint can be reformulated
into a linear inequality constraint and a nonlinear equality constraint by introducing a vector s of slack
variables. To be more precise, for each 4, the constraint ¢;(z) > 0 becomes ¢;(z) —s; = 0 and s; > 0. Thus,

problem (3.12) becomes

1 /@ (5.36)

subject to ¢(z) —s =10, and s>0.

Primal-dual interior and penalty methods can then be combined to handle the inequality and equality

constraints.
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Chapter 4

The Trust-Region Subproblem

4.1 Overview

This section reviews two commonly used methods for solving the trust-region subproblem.
Additionally, three novel approaches for solving the trust-region subproblem are introduced. In the most
general case, the trust-region subproblem can be expressed as the following quadratically constrained

quadratic optimization problem:

1
nel]iRr}L q(z) = §$TH$ +g%
‘ (4.1)

subject to ||z||ar <6,

where H, M e R™*" H=HT, M =MT, M ~ 0, and g € R®. As M is positive definite, many authors
use the Cholesky decomposition of M, M = RTR, to transform the problem into the form

min 1ITH::: +qTx

z€R™ 2

subject to |]z||2 < 9,

to avoid explicitly working with the matrix M. While there is nothing theoretically wrong with this
approach, there exist situations in which the Cholesky factorization of M would add significant overhead
to the run time of any algorithm, so all results shall work with the generalized form. Before analyzing
various methods for solving the trust-region subproblem, it is important to understand the conditions

guaranteeing that a point z is a solution.
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4.1.1 Optimality Conditions

Algorithms for finding the global minimum of the trust-region subproblem are based on the

following result.
Theorem 4.1.1 ([16] Chapter 3). Let § > 0. A vector x is a global minimum of (4.1) with radius 0 if
and only if ||z||pm < 0 and there exists a scalar ¢ > 0 such that

H+4+oM)z+¢g=0, and o(16%—31izTMz) =0, 4.2
2 2

with H + oM positive definite. If H 4+ oM 1is positive definite, then the global minimizer is unique.

Proof. The above theorem can be proven using the second-order optimality conditions for constrained
minimization. However, this proof will not use such techniques. Suppose that the pair (z, o) satisfy (4.2),
and that ||z||ar < § and H + oM = 0. Then z is the global minimum of the unconstrained optimization

problem min, Q(v) = gTv + v (H + 6 M)v. Therefore, for all v € R", Q(v) > Q(x). Thus,
T, 17 T Ll LT T
gv+§v Hv>yg ac—l—ix Hx+§a(a: Mz —v" Mv). (4.3)

Now, |[z||ass =6, and o > 0, s0 gTv+ 3vTHv > gTa+ 12THa + 30(6% — vTMv). Thus, gTv+ JvTHo >
9Tz + 12T Hzx for all v such that vTMv < §2. Therefore, z is a solution to the trust-region subproblem.
Assume now that z is additionally a global solution. If ||z||ps < J, then z is an unconstrained
minimizer of the objective function. Paired with o = 0, (z, o) satisfies the conditions of Theorem 4.1.1.
Now, if ||z|[as = 6, then = must solve the constrained problem min{g"z + 12"Hz : 32T Mz =
%62}. The method of Lagrange multipliers guarantees the existence of a multiplier A € R™ such that the

gradient of the Lagrangian L(z,\) = gTa + 2T Hx — $A(6% — T M) is zero. Differentiating L gives

g+ Hx+ Mz
VL = =0.
T Mz — 62

Consequently, o = X\. As x solves the trust-region problem, it follows that gTz + %xTHx <gTv+ %vTHU

for all v such that vTMwv < 62. This implies that

1 1 1
gtv+ ivTHv >gtx+ §$THI + §U(ITM~’C — v Mv)
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for any v such that v Mv = 2T Mx. Using the condition (H + oM)z + g = 0 gives
1 T
i(v—x) (H+oM)(v—1)>0.

As the direction of the vector v is arbitrary, it follows that v — x is also arbitrary, and H 4+ oM must be
positive semidefinite.

To show that o > 0, observe that the optimality conditions for an unconstrained quadratic
function with a Hessian matrix H 4+ oM imply that (4.3) is valid for each v € R™. If ¢ < 0, then this
implies that

1 1
gTv + ivTHv > gTa: + imTHx for all vTMv > 2T Hzx.

As z solves the trust-region subproblem, it must be an unconstrained minimizer. Otherwise, if ||z||pr = 9,
then there must exist a v with v Mv > 2T Mx such that gTv+ %UTHU < gT:EJr%xTHx, which contradicts

the above bound. If z is an unconstrained minimizer, then the Lagrange multiplier ¢ is 0. Thus, ¢ > 0. O

An important observation is that only one possible value of o exists, such that H + oM is positive
semidefinite and singular. Let A, < ... < \; be the generalized eigenvalues of the matrix pencil (H, M).

For any 0 > —\,,, H + oM is positive definite and nonsingular, and the solution is given by
x(o) = —(H +oM) 'g.

The function ¢ (z) = \/x(0)TMx(0) is a well-defined function for all o > —\,,.

Corollary 4.1.1.1 ([16] Chapter 3). The scalar o exists and is unique.

Proof. The feasible set {z : ||z||a;s < 0} is compact, implying that a global solution x exists. Theorem
4.1.1 implies that there exists a scalar ¢ > 0 and a vector = such that

(H+oM)x+g=0 and a(%xTMx - %62) =0,

with H + oM positive semidefinite. Let & also satisfy the optimality conditions. Without loss of generality,
assume that ¢ > o > —\,. If = —\,,, then 6 = 0. Assume that 6 > —\,. Then H + M is positive
definite, and « is the unique solution. Therefore, (H +o0M)x+g =0 and (H +cM)x+ g = 0. Subtracting
the two equations yields

(0 —a)Mz =0.
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Recall that M is positive definite, so M is nonsingular, thus

(o0 —a)x=0.

If © # 0, then 0 = &. If © = 0, then «x is the unconstrained minimizer (recall the assumption that ¢ > 0),

thus ¢ = @ = 0. Therefore, o is unique. O

It has been shown that if ¢ > —)\,,, the solution to the trust-region subproblem is easily attainable
once the value of o is known. If, however, ¢ = —\,,, then the problem becomes, computationally, much
more challenging to solve. The most difficult subset of such problems is frequently referred to as the hard

case.

4.1.2 The Hard Case

Consider a solution pair (x,0) of (4.1), where ¢ = —\,,. By Theorem 4.1.1, (H — \,M)x = —g,
with H — A\, M positive semidefinite and singular. Thus, the vector g must lie in the range of the matrix
H — )\, M, or equivalently, the orthogonal complement to the null space of H — \,, M, i.e., g is orthogonal
to the leftmost eigenvector of the matrix pencil H — A\, M. Therefore, the solution vector x can be

decomposed into two components:

r=s+u, with s=—(H —\,M)Tg, and u € null(H — X\, M).

Consider now the constraint ||z||ps < 6. If A\, < 0, then the constraint must be active, so
[|z||ps = 0. Without loss of generality, assume that A, is a simple eigenvalue. Let w,, be the normalized
eigenvector of )\, such that u,s Mu, = 1. Then x = s + au,, for some scalar « such that ||z||3; = §. If
sTMs > 62, no such « exists. In this case, the vector s already violates the trust-region constraint, so

0 # —An. Therefore, the hard case occurs when the following two conditions are met:
1. g € null(H — A\, M), and
2. s =—(H — \,M)Tg is such that sTMs < 6.

The solution of the subproblem for the hard case is then given by

x=—(H - /\n)MTg—i—aun, o= —\n,

where « is chosen such that ||x|[a; = 0.
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This degenerate case is called the hard case as it adds the additional complexity of solving an
eigenvector problem to solve the trust-region subproblem. Several algorithms for solving the trust-region
subproblem disregard the hard case entirely and will converge to some vector that is not necessarily a
minimizer. Fortunately, the hard case rarely occurs in practice. On the other hand, the so-called “near
hard case” can occur quite frequently. As a result, algorithms that disregard the hard case may struggle
to converge if the problem is arbitrarily close to the hard case. This problem is particularly evident with

the GLTR algorithm.

4.2 The Moré-Sorensen Algorithm

The Moré-Sorensen approach is perhaps the most well-known method for solving the trust-region
subproblem. It is relatively straightforward to implement and can quickly find highly accurate solutions
in low to medium-dimension problems. In the methods to follow, this algorithm will primarily be used for
finding the solutions to the trust-region problem projected onto various subspaces that approximate the
true solution, thus representing an essential step in building robust, large-scale methods.

Let A1, ..., A, denote the eigenvalues of the symmetric definite matrix pencil (H, M), where H,
M € R™ ™ are symmetric, and M is positive definite. Let g € R™, and § > 0. Consider the trust-region
problem defined by H, M, g, and J, as in (4.1). Let  and o denote the optimal solution and Lagrange
multiplier. If ¢ > —\,,, then, by Theorem 4.1.1, H + oM is positive definite, and x = —(H + o M) 1g.
Use the notation (o) to denote, for any o > —\,,, —(H + 0 M)g. Let U be a matrix whose columns are

the M-orthonormal generalized eigenvectors of (H, M). Let V = BU. Then

H=vAVT =% Nov/,
j=1

and
(H +oM)™ = Z-n i i— Ouzu;-r,
S0
x(o) = — Z:ZI )\jSgaul

Therefore, by taking the M-norm of each side and squaring,

el =3 (1.0
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This expression implies that if, for some i € {1,...,n}, uf g # 0, then ||z(c)||ps has a pole at ¢ = —)\;.
Suppose that the solution z lies on the boundary of the trust region, i.e., ||z||as = §. Then solving the

trust-region problem is equivalent to finding the appropriate zero of the function

Y(o) = |lz(o)||am — 6, where x=—(H+ JM)*lg. (4.5)

More specifically, suppose that & is the zero of 1) such that H+&M is positive definite. Then o = max{0,5}
is the unique optimal Lagrange multiplier of problem (4.1). A straightforward calculation shows that v is
convex and nonincreasing on (—\,,00). If g # 0, then v is strictly convex and strictly decreasing.

The following result gives the conditions under which it is guaranteed that a zero of v exists in

(= Ap, 00).

Lemma 4.2.1 ([16] Chapter 3). If lim,_,_j,

x(o)||ar > 6, then ¢ has a unique zero in (—\y, 00).

Proof. (4.4) implies that lim,_, ||2(0)||am = 0, and therefore lim,_,o0 ¥ (0) = =5 < 0. Iflim,,_», ||z(0)||amr >
d, then lim,—,_», ¥(o) > 0. Therefore, 1) undergoes a sign change on the interval (—\,,,00). The result

follows as v is convex, strictly decreasing, and continuous on (—\,,, 00). O

Consider the hard-case, where g € null(H — \,,M)*. Then u} g = 0. Consider the implications of
this in the expansion (4.4) of ||z (0)||3;. If ulg # 0, then ||z(0)||ps diverges as ¢ — —\,,. The case where
g € null(H — A\, M)* is said to be degenerate. Note that all instances of the hard case are degenerate, but

not all degenerate problems are instances of the hard case.

Lemma 4.2.2 ([16] Chapter 3). The quantity ||x(o)||ar is finite as 0 — — X, if an only if g € null(H —
An M)

Proof. 1f ||z(o)||ar is finite as 0 — —\,,, then (4.4) implies that ul g = 0 for all u; € null(H — A\, M).
This collection of u; form a basis for null(H — A\, M), thus uTg = 0 for all v € null(H — A, M), thus
g € null(H — A\, M)%. On the other hand, if ||x(0)|[as — o0 as ¢ — =\, then gTu; # 0 for at least one

u; € null(H — A\, M). O

The following result gives an equivalent characterization for when the trust-region problem is

degenerate.

Lemma 4.2.3 ([16] Chapter 3). The quantity lim,_,_», ¥(o) is finite if and only if the equations

(H — Ay M)z = —g are compatible, i.e., there exists at least one solution.
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Proof. Assume that lim,_,_, (o) is finite. Then Lemma 4.2.2 implies that ulg = 0 for all u; €
null(H — A\, M), thus g € null(H — A\, M)+ = range(H — A, M). Therefore, the system has at least one
solution.

On the other hand, if lim,,_», (o) = oo, then (4.2.2) implies that there exists a vector
u € null(H — A\, M) such that uTg # 0. The vector g can be uniquely decomposed into g = gy + gr,
where gy € null(H — \,,M) and gg € range(H — A\, M). Then it holds that gTu = ghu+ghu = gru#0,

so gy # 0. Therefore, g # ggr, and g ¢ range(H — A\,, M), and the system is not compatible. O
Corollary 4.2.3.1 ([16] Chapter 3). Iflim,_,_», () is finite, then lim, , _ x(c) = —(H — \,)Tg

If the trust-region problem is degenerate, and ||(H — A\, M)'g|[ps < &, then 1 has no zero in
(=An,00). Only this situation is referred to as the hard case, as outside this situation, the degeneracy of
the system does not come into play.

Now, the function 1 could be used in a method for solving the trust-region problem. A safeguarded
Newton’s method could be applied, and it would eventually converge to a zero, giving a solution on the
boundary or terminated early if ¢ = 0 yields a solution. However, in most cases, ¥ has a singularity at
—An, which may be arbitrarily close to the optimal value of o. Newton’s method for zero finding converges
in one solution if the function is linear but may converge slowly if the function is highly nonlinear, as is
the case with v near a singularity. Therefore, Newton’s method applied ¢ will not be a reliable method in
many cases.

In [25], Moré and Sorensen instead suggested using Newton’s method on the function

1 1

) = 5 o)

where (H +oM)z = —g. (4.6)

To be precise, their paper only considered the case M = I. However, the result is easily extended to the
general case. The derivative of ¢ has discontinuities at the eigenvalues of (—H, M) but has no poles,
and is approximately linear in a larger neighborhood of the optimal value of ¢, making ¢ a much more
suitable function on which to apply Newton’s method and achieve convergence in a reasonable number of
iterations. This forms the basis of the Moré-Sorensen algorithm for solving the trust-region problem. A

straightforward calculation shows that the Newton iterates of ¢ are given by

zj Ma; (II%‘IM—5

=9 TN (H + ;M) Ma 5 ) , where (H+ M)z = =g

Typically, these iterates are implemented by taking the Cholesky decomposition of H 4 o; M at
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each iteration. These factorizations constitute the majority of the work done by the algorithm. Like any
eigenvalue algorithm, the Moré-Sorensen algorithm is iterative, and no exact a priori quantity can be
given for the computation needed to solve the trust-region problem. Thus, this algorithm is iterative and
approximate, and requires some termination criteria to indicate that the solution found is sufficiently close
to the true solution. A reasonable stopping criterion is terminating the algorithm when |1 (c)| is smaller
than some predefined tolerance. However, as ¢ will not be exactly zero, the solution x may violate the
trust-region constraint by some amount that depends on the given tolerance. To compensate for this, the
algorithm instead attempts to find the approximate zero of ¢ defined with a scalar A slightly less than

the true radius §. Suppose the Newton iteration terminates when o satisfies

)= el

(H+oM)z=—g, and (o (4.7

for some 0 < &€ < 1. then
A1 —e) < [fallar < A(L+2).

A reasonable choice of A is §/(1 + €), as then ||z||as < 6, as is required. Thus, the zero finding method

should be applied to the perturbed trust-region problem mingcr~{q(z) : ||z||p < A}.

Theorem 4.2.4 ([16] Chapter 3). Let € be a scalar such that 0 <e <1, A=4§/(1+¢€), and let s € R"
satisfy
(H+oM)s+g=0, and ||[s|l;y—A|/A <e,

with H+ oM > 0. Then s satisfies

q(s) < (1 —e)?q(s*), where q(s*) = min{q(z) : ||zfla < A}. (4.8)
Furthermore, q(s) approximates the unique global minimum ¢* = mingern{q(x) : ||z||p < 6}, ie.,
(1 B 5)2 *
< = d < 4.
o)< S=Fa and il <

Proof. The vector s is the exact solution to the problem ¢(s) = mingern{q(s) : ||z||lp < ||s||amr}- By

assumption, ||s|[ar > (1 —e)A > ||(1 — €)s*||nr, thus,

a(5) < a((1—2)s%) = (1= £)g™s" + (1 — &)’ Hs".
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Now, gTs* = —s*(H + 0*M)s* < 0, where o* is the Lagrange multiplier of s*, and therefore
4(s) < (1= e)%q(s7), and [|sl|nr < (1+)A.

Let z* be such that ¢* = ¢(z*) = mingern{q(z) : ||z|lpm < d}. Recall § = (1 +¢)A. Then

2% <6 = (1 +&)A, 50 [[2*/(1+)llar < A. Then,
1
¢(s") < q(@* /(1 +e)) =g " /(1 +¢) + So Hz"[(1+6)* < q(a")/(1+¢)*.
Combining the two results gives

q(s) < (1—€)%q(s") < (1 - e)/(1+¢))*¢"

O

Recall that in the hard case, the solution is given by #* = (H — A\, M)"g + Tu,,. In this case, 1
does not have a zero in (—\,, o), and Newton’s iteration applied to ¢ will not necessarily yield an optimal
solution. Simply solving for the eigenvalue A, is considerably more difficult than finding ¢ in most cases.
Therefore, the method should avoid any such explicit calculation unless the dimension of the problem
is sufficiently small. The definition of the hard case does, however, suggest an alternative resolution.
Consider the case when ¢;, the current best estimate of the optimal value of o, has o; > max{0, -\, }.
Let s; satisfy (H +o0;M)s; +¢g = 0. If ||s;||ar < A, then the method should search for a vector z; so that
the step satisfies ||s; + z;|| = A and (4.8). Unless 0; = —\,,, z; will not be a null vector. However, if it is
sufficiently close to a null vector, then the solution s; + z; may be sufficiently accurate as an approximate

solution. Let & = s; + z;. Then,
Lor 1 2 1 7
q(z) = —5s; (H+0;M)s; — 50;A% + 2, (H +0;M)z;.

The vector z that minimizes the above quantity is z = s* — s;. As s* is unknown, other values of z; that
seek to minimize g(z) should be chosen. A reasonable option would be to find z; such that ||z;|| =1 and
2} (H 4 0)z; is as small as possible. Then z; could be scaled so that x; = s; + z; lies on the boundary of
the trust region. As z' (H +0;M)z; > 0 for all z € R", including z; = s* — s, it holds that

1 1
—§SJT(H +o;M)s; — iajAQ < q(s%).
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Suppose that z; is found to satisfy
2T(H+o0;M)z<e(2— 5)(S]T(H +o;M)zj+ 0;A%). (4.9)

Then

q(z) < —(1- 5)2(%SJT(H +o;M)s; + %@AZ) < (1 —e)*q(s¥).

Thus, = s; + z; is a sufficiently accurate solution if z; satisfies (4.9). In their original paper, Moré and
Sorensen recommended using LINPACK for finding z;. A more modern implementation might use the
LAPACK routine DLACN2, a thread-safe version of DLACON, which estimates the 1-norm condition
number of a matrix using matrix-vector products and produces an approximate null vector as a by-product.

The precise termination criteria for the Moré-Sorensen algorithm can now be stated. Let {o;}
be the sequence of Lagrange multipliers created by Newton’s method applied to ¢(c). ¢ = o;, with
associated vector x; is considered an approximate zero of ¢(o) if |1Z| < e. Additionally, the algorithm is

terminated early if either
1. 0; =0 and @(aj) < g, or

2. 0; >0, QZ(OJ‘) < —¢, and there exists a sufficiently accurate null vector z; of (H + ;M) such that

(4.9) is true.

Now, notice that the function ¢ on which Newton’s method is being performed is univariate.
Thus, Newton’s method can be combined with a bisection method to create a safeguarded Newton’s
method. This both improves the performance of the algorithm and guarantees convergence. This involves
constructing a sequence of intervals I; = [a;,b;] with I; C I;_1 and o € I;. If any b; is negative, A, <0,
and the algorithm can be terminated with o = 0. If og € (—\,,, 00), then all subsequent iterations lie in

(—An,00), and the method converges. For more details, see [25].

4.3 The Truncated Conjugate-Gradient Algorithm

The Moré-Sorensen algorithm works very well for problems of small to medium size and even for
some large problems in which matrices of the form H + oM are reasonably sparse. However, the need
to compute a new factorization of H + o;M at each iteration makes it unsuitable for large optimization
problems. As mentioned, it is important not to waste too much computational effort on solving the
trust-region subproblem exactly. One of the first methods for approximately solving the trust-region

subproblem that does not rely on explicit factorizations is the truncated conjugate-gradient method. The
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method is introduced here as a natural predecessor to the more sophisticated GLTR algorithm and the
new locally-optimal preconditioned conjugate-gradient trust-region algorithm presented later. As shown
later, phase one of the GLTR algorithm is equivalent to the truncated conjugate-gradient algorithm.
Consider an instance of the trust-region problem in which ¢ = 0. Then problem (4.1) is equivalent to the
unconstrained convex quadratic problem mingecgn gtz + %xTH z. One of the most well-known algorithms
for solving problems of this form is the preconditioned conjugate-gradient algorithm, which is given in
Algorithm 1.1. As inferred by its name, the truncated conjugate-gradient algorithm is a truncated version
of the preconditioned conjugate-gradient method.

More specifically, consider running Algorithm 1.1 on ming,ecg» % gTz+ 2T Hx using the trust-region
matrix M as a preconditioner, i.e., computing the vector z; via Mz, = ;. As will be shown in Section
4.5, the iterates {x} produced by PCG using M as a preconditioner have ||zg||pr < ||zk+1]||as for all k.
Furthermore, the PCG algorithm can detect the positive definiteness of the matrix H by checking that
the step-length parameter oy is positive at each iteration. If, at iteration k, it is determined that either
a < 0 or ||zk||am > d, then a final update is make to xy, with xx11 = xp + @gpk, where &y is chosen so
that ||z + arprllar = I, and the algorithm is terminated. In the case where o = 0, as will be the case
when the trust-region method becomes Newton’s method, the truncated conjugate-gradient method can
find the solution to arbitrary accuracy. Otherwise, the final vector is guaranteed to lie within the trust
region. Furthermore, if the algorithm is started with xg = 0, then the final value xj, is guaranteed to have
q(zx) < q(z™), where 2™ = —a™ B~1g and o is scalar forcing z* to lie in the trust-region.

In the case that ¢ > 0, this method may produce a result quite far from the true solution to the
trust-region problem. For some optimization problems, this may not present an issue. The truncated
conjugate-gradient method has been demonstrated to work quite well for a wide range of problems.
However, for some problems, it may be necessary that the trust-region subproblem is solved far more
accurately at each step. This motivates the GLTR algorithm, which allows the truncated conjugate-
gradient algorithm to continue past the point of detecting indefiniteness or exceeding the trust-region

boundary at the expense of requiring more iterations.

4.4 The GLTR Algorithm

This section presents the generalized Lanczos trust-region (GLTR) algorithm introduced by Gould
et al. in [18]. The GLTR algorithm utilizes a Galerkin approach to solving the trust-region problem, i.e.,

it constructs a matrix V' whose columns form a basis for some m < n dimensional subspace of R™, and
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problem (4.1) is solved on this subspace. This is equivalent to solving the subproblem

1
min 5yTvTHVy +9"Vy
JeRm (4.10)
subject to  ||y||, Ty <0

By (4.2), a primal dual solution pair (y, o) satisfies
VIig+ (VTHV + oVTMV)y = 0.
The approximate solution z is recovered via x = Vy. This is equivalent to the Galerkin condition
g+ (H +oM)z L range(V), =z € range(V).

In the GLTR algorithm, the basis matrix V is generated via a generalized Lanczos process on the matrix
pencil (H, M). The algorithm is terminated when the residual vector g + (H + o M)z is sufficiently close

to the zero vector.

4.4.1 The Algorithm

As the matrix M in the constraint equation ||z||ps < § is symmetric positive definite, it induces
an inner product (z,y)y = y*Mx. The GLTR algorithm uses a Lanczos process on the matrix pencil

(H, M) to generate a sequence of M orthonormal vectors {u;}¥_, such that
T
U HU; = Ty,

where U; = [us - - - u;] and T} is symmetric and tridiagonal. The choice of the initial vector u; is given by
B =1lgllg-1 and u; = B~'g/B. Subsequent vectors are computed via the Lanczos decomposition (1.1).

These vectors span the j dimensional Krylov subspace

Kj(M~*H,M~'g) =span{M~'g,....,(M*H) "'M~ g},
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just as in the Lanczos-CG method. After each new Lanczos vector is computed, a trust-region subproblem

is solved on the subspace K, (M—YH,M~1g), ie.,

1
min g(x) = ixTHo: +gT2
velkr (4.11)
subject to ||z||am <9, x € range(U;).

This simplifies to

, 1
min ¢(y) = 5y Tyz+ Bery )
412

subject to  ||yl||2 < 6.

For any o, T; + oI is tridiagonal. Thus, the Moré-Sorensen algorithm can quickly solve problem (4.12).
Unlike Lanczos-CG, a complete Cholesky decomposition of the matrix T; 4+ 0;I must be computed at each
iteration. However, at each iteration, the previous Lagrange multiplier o;_; will be reasonably close to o},
so the Moré-Sorensen algorithm can be easily warm-started using the value of o;_; from the previous
iteration. Should o; = 0,11, as will likely be the case close to termination, the Cholesky decomposition of
T;_1 4+ 011 can be used to find the Cholesky decomposition of T 4 o;1. The projected solution of the
original problem is then given by x = Ujy;, where y; is the solution to problem (4.12). It is crucial to
note that this vector z need not be constructed at each iteration but only after convergence is achieved.
Further note that at each iteration j, the optimality condition ijUjTMijj = ac;erj < 82 is satisfied.

Convergence of the GLTR algorithm is measured via the residual vector r; = (H + o;M)Uj;y; + g.
It can be shown that

[HU;y; + oMUy, + g3+ = (Bjtae; y;)*.

Once this measure of the residual is sufficiently small, the vector x is constructed by either regenerating
the Lanczos vectors or calling them from in-memory storage.

While the GLTR method performs reasonably well for many large-scale sparse problems, several
problems exist. First, the method as described does not account for the hard case. If g L null(H — A, M),
then each Lanczos vector u; will lie in the M-orthogonal compliment of null(H — A, M). Thus, the hard

case will not be detected, and the iterates x; will instead converge to the solution of

1
min -z Hz + ¢tz
2eRn 2 (4.13)
st ||z|lar <6, T Mu=0for all u € null(H — \, M),

completely ignoring the direction with the most negative curvature.
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A second issue concerns the rate of convergence. Let Ay > Ao > ... > A\, be the generalized
eigenvalues of the matrix pencil (H, M). This matrix pencil is symmetric definite, and therefore all
eigenvalues are real. It is shown in [23] that the rate of convergence for z; = Uj,y; to the optimal
solution z* is related to the M-condition number of the matrix H + ¢*M in a manner similar to the
preconditioned conjugate-gradient method. Unfortunately, M may not be a suitable preconditioner for

the matrix H + o*M. Denote the M condition number as

A1+0'

kpm(H4+oM) = N 1o

Then the following theorem applies.

Theorem 4.4.1 (GLTR Convergence, [23] Theorem 4.11). Let H, M € R™*™ be symmetric, and M = 0.
Let g e R", and § > 0. Let x* and o* be the optimal solution and Lagrange multiplier, respectively, of

the trust-region problem given by H, M, g, and §, as in (4.1). Let {(zx,0r)} be the sequence of iterates
produced by the GLTR algorithm. Then

(4.14)

VEu(H+o0*M)+1

k+1
N kpy(HA+o0*M) —1 "
l|lzh — 2| Hyornr < 2 ( ( ) ) 2™ ||z 0

and

2(k+1)
" \/IQM(H—FU*M)—l
o —o| <c

VEu(H+0*M)+1

for some constant c.

Suppose Ky (H + 0*M) is sufficiently large. In that case, the GLTR algorithm will require many
iterations to converge, so much so that in a practical setting, the algorithm may need to end early before
the convergence criteria are reached. It is well known that the Lanczos algorithm is numerically unstable,
eventually leading to the vectors u; losing their M-orthogonality. Partial or full reorthogonalization can
be implemented. However, these schemes may significantly slow down runtime, particularly as the number
of iterations grows very large. Furthermore, they require that the vectors u; be stored in fast memory,
which may be quickly exhausted as the number of iterations grows.

Even if M is a reasonable choice of the preconditioner for H 4+ ¢*M, the conditioning of the

trust-region problem is adversely affected by the proximity of o* to —\,,.

Lemma 4.4.2. Let H M € R" be symmetric, and M be positive definite. Let A1 and A, denote the
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algebraically largest and smallest eigenvalues of (H, M), respectively. Let € > 0, and let 0 > —\,,. If

o+ A, <e(h— ),

then the condition number kp(H + oM) is bounded below by 1/e

Proof. Tt is straightforward to see that, under the above assumptions,

>\1+O' )\17An /\1*>\n 1
H M) = > > = —.
o (H + o M) Anto ™ Ap+o “e(M—N\) e

O

Unfortunately, the trust-region subproblem must be solved to know whether this lemma applies.

However, it can be used to show a priori that specific trust-region problems are poorly conditioned.

Theorem 4.4.3. Let H, M € R" be symmetric, and M be positive definite. Let g € R™, and § > 0.
Let A\1 > Ao > ... > A, denote the eigenvalues of the matriz pencil (H, M). Assume that A\, < 0. Let
1>e>0. If

HQHTM” <e(M—An),

then the trust-region problem defined by H, M, g, and § has an optimal dual solution o* such that the

condition number ky(H + 0* M) is bounded below by 1/e.

Proof. Consider the optimality condition (H + oM )x = —g. Then

gllar-+ = [I(H + o M)x|[ps-1
<|[H + o M|l m

= (M1 +0)94,

so ||gllar-1/9 — A1 < o. Similarly, it can be shown that o < ||g||ar-1/0 — A\n. By the second-order
optimality condition H 4+ oM > 0, it also holds that —\, < ¢. In addition to the nonnegativity of o, the

following bounds on ¢ hold:

llgllar-1

5 _ )\1} <og< max{O, MiM_l — )\n} (415)

0

max{0, — A,

By assumption, ||g|[ar-1/0 < A1 — A\, and =\, > 0. Therefore, the maximum on the left-hand side

is achieved by —\,,. By the upper bound, it also holds that o + A, < ||g||ar-1/9. By Lemma 4.4.2; it
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is known that if o + A\, < (A — \,), the lower bound is true. Thus, if ||g||a-1/6 < e(A1 — An), the

condition number is at least 1/e. O

Experiments reveal that this can result in needing a number of iterations on the scale of the
dimension of the problem, drastically reducing the reliability of the GLTR method. A similar issue

involving the ill-conditioning of trust-region problem occurs in the near hard case.

Theorem 4.4.4. Let H M € R" be symmetric, and M be positive definite. Let g € R™, and § > 0.
Let \y > Xy > ... > )\, denote the eigenvalues of the matrix pencil (H, M), and qi,...q, denote the

corresponding M -orthonormal eigenvectors. Assume that A, < 0, and that |gXg| > 0. Let 1 > ¢ > 0. Let
=—(H -\, M)tg. If

|Zllar <6 and g, 9] < (M — M) (8% — 2" Mz)'/2,

then the trust-region problem defined by H, M, g, and 6 has an optimal dual solution o* such that condition

number Ky (H + o*M) is bounded below by 1/e.

Proof. Let x* denote the optimal solution z* = —(H + 0*M)~'g. Let Q denote the matrix whose i-th
column is ¢;, for i = 1,...,n. Then QTMQ =1, QQTM = I, and MQQT = I. The vectors g, z*, and &

can each be expanded in terms of this M-orthonormal bases:

n

9=MQQ"g =Y (4" 9)My;,

i=1
*=—(H+o*M) g

=—QQ"M(H +o*M)"*MQQ™g

_ “NOTy — 49
QA+ 1Q g=— o= and

i=1

— _ T — T T T qz
(H=MM)g=-QQ"M(H — X\, M)'MQQ"g ZA

As the matrix H is indefinite, the trust-region constraint (z*)TMaz* < §% must be active, therefore

2N~ _(a'9)” (419)>
o 0 T A

i=1
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Without loss of generality, assume that \,,_1 > A\,. Aso* > -, and \;, — A\, >0foralli=1,...,n—1,

n-1 T,\2 T,\2
2 (4i 9) (40 9)
PEL B A

or equivalently
(4n9)° _ (4 9)?

n—1 (q¢Fg)? T2 —2TME
82 - 3 pi, v

Thus, by Lemma 4.4.2; if

79 < e = An)(8” — 2T Ma)!/2,
then kp(H +o0M) > 1/e. O

These two results show that unlike the preconditioned-conjugate-gradient algorithm, where a
preconditioner can be specifically chosen to reduce the condition number, the trust-region subproblem,
when solved with GLTR, has an intrinsic condition number determined by the parameters of the problem
itself. If this condition number is large enough, GLTR may take far too many iterations to be considered
useful in a practical setting, particularly when many trust-region subproblems must be solved without any

prior information.

4.5 The Shifted and Inverted GLTR Algorithm

As the previous section shows, using the GLTR method with the matrix pencil (H, M) does not
necessarily yield favorable results. Therefore, this section presents a new approach that utilizes a Lanczos
process with a shift and invert technique capable of resolving the issues inherent in the GLTR method.
For this reason, it is referred to as the shifted and inverted generalized Lanczos trust-region algorithm
(SIGLTR).

Let 1 > 0 be a shift such that H + pM is positive definite. If the trust-region problem is not an
instance of the hard case, then the ideal choice would be p = 0. The Lanczos process is performed on the
symmetric definite matrix pencil (M, H 4+ uM), i.e., a sequence of vectors uq, ..., ux is found such that if
Uk = [ul uk],

UrMU, =Ty, and UL (H + pM)U, =1, (4.16)

where T} is a k x k tridiagonal matrix, just as in the GLTR algorithm. Thus, it holds that

UYHU, = UX (H + pM)U, — pUI MU = T — uTy. (4.17)
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If the Lanczos process is allowed to run for n iterations, the result is an H + pM-orthonormal basis matrix

U, for R™ such that U, MU, = T,,. Therefore, BU,, = (H + uM)U,T,,, with

ar [
P2 az B3
Tn = B3 a3
Bn
Bn  an

Equating the columns of both sides gives the following 3-term recursion relation:
Mu; = B;(H + pM)u;—1 + o (H + pM)u; + B (H + pM)u;q1,
or, if (H + pM)u; = v; for all j, and V; = [01 v]},
Muj = Bjvj-1 + ;v + Bjt1vj41-
As, by definition, ujv; = 0 for all i # j, it holds that

T T T
aj =uj Muj =u; (Muj — Bjvj_1) = uj w;.

Then
Bit1vj+1 = wj — ayvs,  ||vjpill @ punny— =1,

SO

Bjr = llwj — cjvjll s pnny-1s vier = (wj — ajv;)/Bisr, wjn = (H+ pM) " v

The following steps summarize one iteration of the Lanczos process:
1. w <+ Muj — Bjvj—1
2. o 4~ u;Fw
3. w4 w— a;v;
4. ujiq1 + (H+pM) tw

5. Bj1 ¢ (wTujp0)'/?
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6. Vj41 < w/ﬂjﬂ
7. Uj+1 < uj+1/5j+17

where 81 = ||gl|(g4pry)-1, vo = 0, v1 = —g/P1, and uy = (H + pM)~tvy. The Lanczos decomposition
can then be written as

MU, =V, T, + ﬁk+1vk+1€;€r. (4.18)

By applying a similar argument to (4.17), it holds that
HU, =V, — uVi Ty, — Mﬁk+1vk+1€g. (4.19)
At each iteration, a subproblem of the form

1
min —y" (I — pT%)y + Biet y
yeRk2 (4.20)

subject to  ||y||1, <9

is solved via the Moré-Sorensen algorithm. The approximate solution to the original problem (4.1) is then
given by z; = Ugyk. As in GLTR, it is unnecessary to construct xj at each iteration. Instead, zj is only
constructed once the residual vector ry, = (H + o, M)xy, + ¢ is sufficiently small. By Theorem 4.1.1, the
solution (yx,ox) to (4.20) has (I, + (ox — px)Tk)yr + fre1 = 0. By applying (4.18) and (4.19), it holds

that
e = (H + oMz +g =
= (H + JkM)Ukyk + 51(H + uM)Ukel
= (H + pM)Ury + (0 — ) MUpyx, + B1(H + pM)Ugey
= (H + pM)Uryi + (o1 — 1) (H + pM) (Ui T + Brgrur+1ep )y + B1(H + pM)Ugey
= (H + pM)U((It + (o — )Tk )yx + Brer) + (ox — 1) Bear (H + pM upi1ep yi
= (0% — 1) Brs1(H + pM)ugi1ef yp.
Thus,

ri(H + pM) ™ 're = (0 — 1) By (ef yi) . (4.21)

The solution xy, is only constructed once ||7¢||(z 4 ar)-1 is less than some predefined tolerance. Note that

if u = o, the solution is found after only a single iteration. Intuitively, this method will require far fewer
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iterations than the standard GLTR method.

As mentioned, if the optimal Lagrange multiplier ¢ is 0, the GLTR algorithm reduces to Lanczos-
CG. The shifted-and-inverted GLTR algorithm can similarly use the matrices T} to construct conjugate-
gradient-like iterates so that xj; is constructed as the algorithm proceeds instead of all at once at the
end. At each iteration, the solution to Hx = —g is approximated on the subspace spanned by the first k&

Lanczos vectors. A Galerkin condition is imposed so that the approximate solution xj is given by

Uy HUpyr = —Uj g = —frer.

By 4.19, this is simply

(I — pTx)yr = —Prea. (4.22)

At each iteration, I — pT} must be checked for positive definiteness. If indefiniteness is detected, the
method switches to solving (4.20) at each iteration.

Positive definiteness is most easily checked by taking a square root-free Cholesky decomposition

LpDyLy = Ij — Ty,

where

12 1 d2
Ly,

Is 1 and Dy = ds ;

Iy 1 dg;

where d; = 1 — paq, I = —pPr/dk—1, and dy, = (1 — pag) — lgdi—1l = (1 — payg) + p Ik Bx. Equation

(4.22) is now separated into two systems

Lkzk = 7ﬂ1€1, DkLkTyk = Zk.
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The vector zj, is easily solved as

&1 —B1

&2 —126;
k= 1&| =] —l3&

§k —Ik€r—1

Instead of solving for yx, x) is directly formed by defining the matrix P, by Uy = Py Dy L. Then
2 = Upyr = PrDyLiyr = Py

As the first &k — 1 components of z; are just zx_1, T can be built via the equation xy = Przp =

Py_12p—1 + pe&e = k-1 + prk- To find py, take Uy = Py Dy Ly, or

dl 1 l2

dg 1 l3
(U1 Ug - Uk-><]71 p2 - pk) . .

dy; 1

Thus,

p1=(1/di)ur and py = (1/di)(ur + pBrpr—1)-

This process is repeated at each iteration k until either dj, < 0 or ||zx||pr > 8. The quantity x;} Mx), must

be calculated recursively at each iteration. Using xp = xr_1 + pré yields

zp Mzy, = (z—1 + pr&) " M (2p—1 + pré)
(4.23)

=ap  Murg_1 + 2kprMay_1 + Eipy Mpy,

so two additional recursions are required, one for ng rr_1 and another for ng D

— (uk + pBrpr—1)" M (Tr—2 + Pe—1&k—1)

pp Maj_q1 = 7
k
(4.24)
&

1
1
= d—(uEMxk_Q + ug Mpp—1&x—1 + pBr(pr_ i My—2 + pi_ i Mpr—1€5-1)).
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Now, 9 = Ux_2yk_2, SO ungk,g = 0. Furthermore, u,?Mpk,l = Bk /di—1. Thus

1 _
kaMmk‘71 _ 7(ﬁ§£k 1
k—1

i + 1B (pi_  Mxy_o + pi_  Mpr_1&k_1)), (4.25)

so all that remains is the recursion relation for ng D -

1
pi Mpy, = dﬁ(Uk + uBrpr—1) " M (up, + 1Brpr—1)
k
wt My, + 2pBipp_y Muy, + 12 Bepr_1 Mpr—1) (4.26)

Br
dr—1

1
=
T

ag +2pu + 12pp_ Mpy,—1).

1
= dii(
These three recursion relations can compute ac,;rM x, without calculating additional matrix-vector opera-
tions. Much like in the Lanczos-CG algorithm, the norm of the residual vector ||g + ka”%H-i—uM)—l is
given by 51%-&-1'

A crucial aspect of the GLTR algorithm is that xEM x) increases at each iteration while in phase
one. This enables the algorithm to switch to phase two upon detecting that the trust-region constraint
is violated and detecting indefiniteness. It remains to be seen that the same holds for SIGLTR. Thus,
it suffices to investigate the §kngxk_1 term. By construction, each 8 > 0 and dy > 0. Thus, each
Iy = —pBr/dr—1 < 0. The scalar & satisfies § = —1 < 0, therefore &; = —1;§;_1 < 0 for all subsequent
iterations ¢. Thus, each &, = —l;&x—1 < 0. So, it suffices to show that each pyMzr_1 < 0 to show that
xf Mxy, is increasing.

xo is always taken to be the zero vector, so pf Mz = 0. Thus,

i(ﬁQé‘l
di” dy

py Mz = + pBapt Mp1&1) < 0.

Using induction, it is straightforward to see that this term will always be non-positive. Putting everything
together, it is seen that ng xk is non-decreasing at each iteration, and therefore, SIGLTR can utilize
the same two-phase structure as GLTR. This gives all the necessary elements of the shifted-and-inverted
GLTR algorithm.

The key detail is that this still requires at least one factorization of a matrix of the form (H + uM).
In some cases, this is comparable to the work that GLTR must perform, as GLTR requires a factorization
of the positive definite matrix M. However, most practical instances of the trust-region problem possess a

matrix M that is simple to invert, such as the identity matrix or a diagonal matrix. Thus, the significantly
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fewer iterations are the primary benefit of shifting and inverting. Conversely, this method requires far fewer
factorizations than a Moré-Sorensen style algorithm, particularly in a nonlinear optimization algorithm,
where the choice of p can be selected as the dual solution ¢ of the previous problem. Furthermore, the
choice of p and the factorization of (H + pM) can be reused on subsequent solutions of the trust-region
subproblem with a restricted radius.

Recall from Section 2.5 the convergence of a trust-region method requires that the computed
solution yields a value of the objective function that is less than a fixed fraction of the value of the
objective function for some steepest-descent direction. Consider the initial vector Lanczos vector fiu; =
(H + pM)~1g. This vector is colinear with the steepest-descent direction induced by the H + uM
norm. Thus, the objective value after the first iteration is sufficient to ensure the convergence of an
outer trust-region method. Furthermore, the sequence of iterates {zy} generated by SIGLTR satisfies
q(zr+1) < q(zy) for all iterations k. Thus, solutions computed by SIGLTR are sufficient to ensure the

convergence of a trust-region method after one iteration.
4.5.1 The Projected Trust-Region Subproblem

Consider the reduced trust-region subproblem (4.20). By Theorem 4.1.1, the optimality conditions

of this problem are:
L (I + (0 —p)Tk)y + Ber =0,

2. 0% — yTTky >0,

5. I+ (o —u)T = 0.

Recall that the shifted and inverted GLTR algorithm acts as Lanczos-CG until either the trust-region
boundary is encountered or the matrix H is detected not to be positive definite. Thus, if the algorithm
switches to trust-region mode, then the solution to the trust-region problem must lie on the trust-region

boundary. Problem 4.20 can be simplified to

1
min —y " (I — pTy)y + Bery
yer:2 (4.27)
st |yl =9,

which has optimality conditions
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1. I+ (c—p)T)y+ Ber =0,
2. 6% — yTTky =0,
3. I+ (c—u)T = 0.

Let v = 0 — . Then the first condition becomes (I + vT)y + fe; = 0, and the third condition becomes

I+ vT > 0. The second condition remains unchanged. These are the optimality conditions for the problem

1
min —y "y + Bery
yeRrt2 (4.28)

st. llyllz, = 6.

This problem can easily be solved via the Moré-Sorensen algorithm, just as in the unshifted GLTR
algorithm. However, one modification needs to be made that is worth mentioning. The Moré-Sorensen
algorithm begins by creating an interval in which the optimal v must lie. BY (4.15), a sufficient choice of

the initial interval is
1Beally,

[|Ber|l7-
k T,
5 —/\§)§u§f’“—/\g€),

where )\gk), and )\%k) are the largest and smallest eigenvalues of the matrix pencil (I,T}), respectively.
However, computing both )\gk) and )\slk) is, in general, more difficult than computing »*), the optimal

Lagrange multiplier. Instead,
lBexllp-1 |1Bexllp-1
Tk oy <y — "k
5 u<rv< 5 ,

where [ < )\, and u > A\ are constants found via the Gershgorin circle theorem.

Typically, in the Moré-Sorensen algorithm, in the case where the matrix which defines the trust
region is the identity matrix, this interval is approximated by replacing the eigenvalues with the upper and
lower bounds given via the Gershgorin circle theorem. However, unless T}, is strictly diagonally dominant,
there is no equally convenient theorem to find upper and lower bounds on the eigenvalues of the pencil
(1, Ti).

Consider the generalized eigenvalue problem s = ATjs. This is a banded symmetric positive
definite generalized eigenvalue problem. Thus all the eigenvalues are positive. Next, consider the related
problem Tgs = 7s. Thus, Ay = 1/,, and A\, = 1/v;1, and Gershgorin circle bounds for the problem
Tis = ~vs can be used for the problem s = ATys. Alternatively, a split Cholesky decomposition of the
matrix T} can be used to transform the problem s = AT}%s to a problem of the form Cys = As, where Cj,

is a tridiagonal matrix. The LAPACK routine DPBSTF can be used to perform this transformation.
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4.5.2 Solving in the Hard Case

The GLTR algorithm, as originally presented in [18], does not attempt to solve problem (4.1)
correctly if it is an instance of the hard case. The SIGLTR algorithm, as presented thus far, suffers from the
same issue, i.e., if g € null(H —\,, M)+, then all subsequent Lanczos vectors u; will lie in the same subspace,
and a solution of the form x = (H — \,, M) + Tu,, will never be found. Fortunately, there exists a simple
correction to mitigate this issue. A block-Lanczos process can replace the standard Lanczos process used
to construct the basis for solving the projected subproblem. Let m > 1 be the predetermined block size.
Let V; € R™ ™ where Viep = —g, and Vie; for i = 2,...,m be Gaussian random vectors with variance
||g||%H+MM)_1. Let U; = (H + pM)~'V;. With high probability, range(U;) N null(H — X\, M) # {0}.
By utilizing the Gram-Schmidt biorthogonalization process, matrices Uy, V3 € R™*™ and B; € R™*™
upper-triangular can be found such that Ul = U;B; and ‘71 = V1B;1. Note then that Ung = Bie; € R™.
The block-Lanczos process then proceeds like the standard Lanczos process, replacing the normalization
step with a Gram-Schmidt biorthogonalization step.

In the Lanczos process with m = 1, breakdown occurs when 8;11 = 0. In this case, no other
Lanczos vectors can be found without initializing a new vector u;41 that is M-orthogonal to all previous
Lanczos vectors. In exact arithmetic, breakdown occurs when the Lanczos vectors computed thus far
span the smallest (H + uM )~ M-invariant subspace containing the vector (H + uM)~'g. Fortunately,
the GLTR and SIGLTR algorithms do not need to take this extra step, as the convergence criteria show
that if a breakdown occurs, the algorithm has converged. Typically, convergence will occur far before
breakdown. However, as this algorithm should also function in the low dimensional case, this must still be
considered in any practical implementation.

In the block-Lanczos process, extra care must be taken. Breakdown occurs in this case when
rank(Bjt1) = rj41 < m. If ;41 > 0, then an additional r; 41 Lanczos vectors are obtained with which to
search for a solution. Thus, one additional iteration is carried out with U;;1 € R"*7+1 B, 1 € R7+1X™,
and A, € RT+1X7+1 Subsequently, B;12 = 0, so the convergence criteria indicate that convergence
will occur in this final step. It is essential to carry out this final step in the low dimensional case when m

does not divide n. In the block case, the residual vector can be computed via the expression

i (H + M)~ v = (0% — 1)*)| Bes1 Eryrl[3, (4.29)
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where
[Yk]k—m+1
Eyyr =
(Yl

There is a trade-off for using the block version. The computation per iteration involving vectors
of size n is effectively multiplied by m per iteration. Unfortunately, this does not hold for the number of
iterations. As the block-size increases, the number of iterations only slightly decreases, with diminishing
returns as m — n. If m = n, the algorithm reduces to the Moré-Sorensen algorithm acting on a transformed

trust-region problem. Thus, it is recommended to keep the block-size m small.

4.5.3 The Full Algorithm

Here, the pseudocode for the full shifted-and-inverted GLTR algorithm is presented. This uses
the block version without loss of generality to account for the hard case. In a typical implementation
of a block-Lanczos process, the k, k + 1 block of T', denoted Bj1, is typically found by taking the QR
decomposition of ﬁk+1 = HU, — U, A — Uk_lBE to get Ug41Br+1 = Uk+1- As the block size is typically
on the order of m < 10, and the dimension n may be enormous, the Gram-Schmidt version of the QR
decomposition is the best choice. Two modifications are made. First, due to the use of the matrix
H + uM over the Euclidean inner product, the biorthogonal Gram-Schmidt process is used to form
Up+1Brs1 = Upy1 such that UL (H 4 pM)Upy1 = I, Additionally, the QR decomposition with column
pivoting is used to detect better when a breakdown occurs. The biorthogonalization process with column

pivoting is presented in Algorithm 4.1.
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Algorithm 4.1. Biorthogonalization with Column Pivoting

1. Given U € R™ ™.V ¢ R™¥™
Yields U, V such that VIU = 1I,,,, M is an upper triangular matrix with permuted columns, and P is
a permutation matrix such that UM = UP, and VM = VP, and r = rank(U)

N

3: U+ U

4V V

5. B+ Omxm

6: 7+ 0

7. ipiv ¢— [1 2 ... m}

8 fori=1,..., mdo

9: norms; + (V,TU;)'/?

10: end for

11: for i=1, ..., m do

12: k < maxpe(;,... m) normsy
13: if normsy, < /¢ then exit
14: end if

15: rank < rank + 1

16: if k # i then

17: Swap U; and Uy

18: Swap V; and Vj

19: Swap norms; and normsy,
20: Swap ipiv; and ipivy,
21: end if

22: U; + U;/norms;

23: V; < V;/norms;

24: B; ipiv, < norms;

25: forj=i+1,..., mdo
26: Bi,ipivj — ‘/;TUJ‘

27: Vj < Vj — Biipiv, Vi
28: Uj — Uj — Bi,ipivj Uz
29: norms; < [norms; — Biipivj |1/2
30: end for

31: end for

32: P + Permutation matrix form of ipiv.

The full SIGLTR algorithm is presented in Algorithm 4.2.
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Algorithm 4.2. Shifted and Inverted GLTR

Given H,M € R™"*" B > 0, 4 > 0 such that H + uM > 0, g € R, and § > 0.
Let £1,E2 > 0
Let m > 1 be the block-size.
k<0
Vo« [g vy - vm}, where vs, ..., v, are Gaussian random vectors.
U« (H+upM)"'V.
(U,V, By) + Biorthogonalize(U, V)
B < Boes
z+ 0
(xTMz) 0
: (P"Mzx) + 0,
: (PYMP) < O
AO < Omxm
BO < Omxm
D+ 1,
Dprev < Omxm
L <+ Omxm
z < 0
Vprev 0
: mode + CG
: TR Solved + false
: breakdown < false
while not converged do
k+—k+1
if £ > 1 then
Store Bk in Tk,kfl
end if
W« MU — VprevBT
Ak <« UTW
Store Ay in T}
if mode = CG then
Dprev ~D
L+ MBkDprev
D« (I, — pAyg) — LDpreVLT
if D > 0 then
P+ (U+ ,uPBT)D*1
(PT™Mzx) < D~ (B;QDp]rlev
if k=1 then
z+ —f
else
z <4+ —Lz
end if

ey pary—2 = 272
if ||7"||%H_~_MM,),1 < ¢; then

LW oW W W W W W NDNDNDNNNRNLN E 2= s e e
S TR LN P QY XN R RN RO O 0T R WO

2+ pBr((PTMz) + (PTMP)2))

AR R A A W W W

converged < true
else
v+ x+ Pz
(PTMP) < D71 (A + 2uBkDprCVBT + p?M(P™MP)BI) D!
(v TM:L’) ( TMw) + 22T (PTMz) + 2T (PTMP)z
if \/(z (14 &2)6 then
mode — TR
end if
end if

CU Ol O OU R s A A A
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54: else

55: mode < TR

56: end if

57: end if

58: if TR Solved and not converged then
59: 1 onpy 1 = (0 — )] By
60: if ||7‘|\%H_~_WV[)_1 <¢; then

61: converged < true

62: end if

63: end if

64: if not converged and mode # C'G then
65: Solve (4.20) for y and o.

66: TR Solved « true

67: end if

68: if breakdown then

69: exit

70: end if

71: if converged then

72: exit

73: end if

74: W<+ W VA,

75: Vprev ~—V

76: VW

77 U< (H+upuM)"V

78: (U,V, Bi41,rank) «+ BOCP(U,V)

79: if rank < m then

80: breakdown < true

81: if rank = 0 then

82: exit

83: end if

84: end if

85: Optional: Orthogonalize U and V against previous Lanczos vectors.
86: end while

87: if mode = TR then

88: Build z from y and regenerated or stored vectors U
89: end if

> If D is indefinite

4.5.4 Choice of Shift

One question that remains to be answered is how to choose the shift . The ideal choice would

be to choose = 0. Thus, the goal is to approximate o as close as possible. Recall that

lgllar—
o

max{0, —\,,

0
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The choice of u should attempt to remain within these bounds. Consider the optimality condition

(H+oM)x+ g =0. If z is the optimal solution and is a constrained minimizer, then

—¢Te —2THyx
olw) = zTMzx

This expression can be used to construct a guess o from any approximate solution on the boundary. The

only vector available before any computation is g, so suppose an initial guess of o of the form

—5 ) gtg  gTHg
g9) = - :
l1gl|ar Slgllve gTMg

a(

is chosen. Notice that the second term is simply the Rayleigh quotient of the vector g. Since max{—\,, ||g||pr-1/0—
MY <o <|lgllam-1/0 — Ay —gTHg/g" Mg can be replaced with —\,, to ensure that u yields a positive

definite matrix. Thus,
9'g

eI (4.30)

is a reliable choice of .
Note that the Cauchy-Schwartz inequality implies gTg/||gllar < |lgllar—1, 80 —An < pu <
llgllar-1/6 — An. Of course, the complexity of finding A, generally exceeds that of finding o, so an

approximation should be used. Approximations can be found via Gerschgorin circles, or from a few steps

of any iterative eigenvalue algorithm.
4.5.5 Convergence Properties

Before analyzing the rate of convergence of the shifted and inverted GLTR algorithm, it will help to
prove that the sequence of Lagrange multipliers {Uk}ﬁzim generated satisfles 01 < o9 < ... <oy, <o
First, consider the case ||z*||p < d, so that o, = o* = 0 for all iterations k. The following lemma

demonstrates the relationship between the Krylov subspace used in the shifted and inverted GLTR

algorithm and the Krylov subspace used in the preconditioned conjugate-gradient algorithm.

Lemma 4.5.1. Let H, M € R™*"™ be symmetric matrices, with M additionally positive definite, and let

w>0. If u =0 and o* = 0, the shifted and inverted GLTR algorithm converges in one iteration. Let
C=H+uM. Let

Kp(C™*M,C7g) =span{C~'g,C'MC™g,...,(CT*M)F~1C~1g}
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be the k-th Krylov subspace searched in the shifted-and-inverted GLTR method. Then
Kip(C™*M,C 1) = K1, (CT H,C™ 1)

Proof. The lemma immediately holds for k¥ = 1. Suppose that lemma (4.5.1) holds for some k£ > 1. Then

(CHYCtg=(C'H)(C*H)*1Cclg=CtHv
for some v € Ki(C~1M,C71g) = Kx(C~1H,C~1g). Now,

C'Hv=C"'Cv—pC 'Mv=v—pC 'Mv € Kj41(C7M,C™tyg),

50 Kxy1(C7rH,C71g) C K1 (C~tM,C~tg). Similarly,

(CMkClg = (CcI M) (CTTH) T ICT g = M
for some v € K, (C~*M,C~1g) = Ki(C~1H,C~1g). Now,

1

1 1 1
~C'Cv —
p

—C'Hv=—v— —C 'Hv e Kj41(C7'H,C1g),
H oo

C 'Mv =

SO Ick_y_l(CilM, Cilg) - ’C]H_l(C*lH, Cilg). O

Corollary 4.5.1.1. It holds that
Kp(C7IM,C 1 g) = Kp(CTHH +oM),C™g)

for any o # p.

Lemma 4.5.2. Let H and M be symmetric positive definite matrices, and let 4 > 0. Let C = H + uM.
Let
Kp(CT*M,C™tg) = span{C g, C~'MCg,...,(CT' MY 1C g}

be the k-th Krylov subspace searched by the shifted-and-inverted GLTR method, and

) 1
T = argmin —2THx + ¢gTx.
€K, (C—1M,C—1g)
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If 1 <k <1<, then ||zgllc < ||lzille-

Proof. The lemma follows from Lemma 4.5.1 and the well-known fact that the conjugate-gradient iterates

increase in the norm induced by the preconditioner as the algorithm proceeds. O

From the construction of phase one of the SIGLTR algorithm, the following result holds:

Lemma 4.5.3. Let H, M be symmetric positive definite matrices, and let p > 0. Let C = H + uM . Let
Kp(C™'M,C™ g) = span{C~'g,C*MCg,....(C' M)y~ 1C1g}
be the k-th Krylov subspace searched by the shifted-and-inverted GLTR method, and

) 1
T = argmin —2THx + ¢gTx.
€K (C~1M,C—1g)

If1<i<j<m, then ||z;|[ar < ||2j|nr-
To simplify notation, let Sy = Kp(C~tM,C~tg). Let Z;, be any C-orthonormal basis for Si.

Lemma 4.5.4. Let H be symmetric, M be symmetric positive definite, p > 0, and C' = H + pM positive
definite. Let ZyHZy, + 0,2, M Z), be positive definite for i € {1,2}. Let

i 1
xgc) = argmin ~z(H + o; M)z + g x.
€Sk

Then

o2 <o = |lele = llzVle

Proof. For each 1, a:,(ci) is given by ZE(H + aiM)Zky,(j) = —Z,;fg, and xy = Zxyp. As H + o;M is
nonsingular, Z;F(H + ;M) Zj, is as well. Therefore, y,(j) = —(ZY(H +o;:M)Z) " Z L g, and
2\ = 2 (ZF(H + 0, M) Z,) ' 25 g.
Thus,
2118 = 9" Zu(ZE (H + 0:M) 21) 22} g
The result follows. O

While the above result does have some useful implications, the trust-region problem is more

concerned with ||z||as than ||z||c. Thus, the following result is needed.
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Lemma 4.5.5. Let H be symmetric and M be positive definite. Let p > 0 and C = H + pM be positive
definite. Let ZyHZ), + 0;Z, M Z}, be positive definite for i € {1,2}. Let

i 1
m,(;) = argmin 2 (H + o; M)z + g .
€Sy, 2

Then

Y

o3 < o1 = |22 1nr > |2 .

Proof. For each 1, acg) is given by Z(H + UZ-M)Zkyl(f) = —ZFg, and z, = Zyyp. As H +o;M is
non-singular, Z;' (H + ;M) Zj, is as well. Thus y,(:) =—(ZYH+o;:M)Z) * Z}F g, and

2\ = —Z(ZF(H + 0, M) Z,) ' 28 g.

Thus
1213 = 9" Zu(ZE(H + 0,M) Z1) " ZEM 2 (ZE (H + 0:M) Z) "' Z g

To simplify the notation, let g = Z,;Fg, H= Z,;FHZ;C, and M = Z,;FMZk. Then
2”113, = 3" ( + o:0) ™ M(H + 0,0) 3.
Then
2130 — Nl 135 = 9™ ((H + 02 D)™ M (H + 02M) ™" = (H + o0 M) ™ M(H + 010) ") g.

Recall that for two nonsingular matrices X,Y € R"*", X —Y = 0 if and only if Y ~! — X~1 = 0. With

this in mind, consider the matrix

( + oy MYM " (H + 01 M) — (H + 0o M)M~(H + 05 M)

= 2(0’1 — 0'2)([?? + (TQM) + (01 - UQ)QM t 0.
The result follows. O
It can now be shown that the sequence of Lagrange multipliers is non-decreasing.

Theorem 4.5.6. Let H be symmetric, M symmetric positive definite, and p > 0 such that C = H+uM »
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0. For ke {1,...,n}, let xx be the solution to

: 1 T T
-z H
iy 5o e+

st |zl <6

with corresponding Lagrange multipliers o. If 1 <i < j <n, then
g; S gj.

Proof. For each S, let Zx be a C-orthonormal basis for Sy, and let xx = Zpyi for all k. Then, by

Theorem 4.1.1, x, solves the k-th trust-region subproblem if and only if
L. ZJ(H + oxM) Zyy, = — 2y, g,
2. 0, >0,
3. 82—yl ZIXMZyy, > 0,
4. 0;(0% —yL ZF M Zyyy) = 0,
5. Z ' (H 4 01, M)Zy, = 0.

Recall that zy lies strictly within the trust region only if o, = 0; otherwise, it lies on the boundary.
Thus, if ¢ < j and 0; = 0, ||z;||m < ||zj]|am < 6, 50 0; =0. If 0; =0 and o; > 0, there is nothing to show.
Thus, assume that ; > 0 and o; > 0, so that ||yl||Z:fMZ7 = ||zillpm = HyjHZJTMZj = ||z;||a = 9. First,
assume that ZlT(H + 0, M)Z; is singular, and that o; < ;. Then there exists some vector w € K; C K;
such that w™ (H + o;M)w < 0. Thus, Z]'(H + 0;M)Z; is not positive semidefinite, so o; is not the
Lagrange multiplier of the j-th trust-region subproblem. Thus, o; < 0.

Now, assume that both ZT(H + o;M)Z; = 0 and ZJT(H +o0;M)Z; - 0. By Corollary 4.5.1.1, z;
is a solution to the unconstrained minimization problem

1
gégl ixT(H + oMz + g7z

For the sake of contradiction, assume that o; > o;. This implies that ZJT(H +o0;M)Z; = 0. Let £; be the
solution to

1
min §xT(H +oiM)z + g .

TES;
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By Lemma 4.5.3, ||2;||ar > ||zi]|ar = ||z;||m = 0. By Lemma 4.5.5, 0; < ¢;, which is a contradiction.
Finally, assume that Z'(H + 0;M)Z; is singular, so that Z(H + (0; +€)M)Z; » 0. Then Z(H +
(0j +e)M)Z; >~ 0. Let Z; and Z; solve
1 1
m'}él ixT(H +(oj +e)M)z + gz and m}él ixT(H + (oj +e)M)z + gz,
e, zel;

respectively. Then ||Z;|[ar < ||Z;||m < 0. As ||zi||m =0, 05 < 0j + €. As € can be made arbitrarily small,

0; < 0. The result follows. O

Theorem 4.4.1 shows that the standard GLTR algorithm converges towards the optimal solution
z* in a manner identical to that of the preconditioned conjugate-gradient algorithm for solving the system
(H+0c*M)x+ g =0 when o* is known, and M is used as a preconditioner, assuming that the trust-region
problem being solved is not an instance of the hard-case. It stands to reason that a similar result could be
shown for SIGLTR, where the convergence is instead identical to solving the same system using H + uM
as a preconditioner. The proof presented in [23] is closely followed with some technical details changed to
show this similar result.
Without loss of generality, assume that the trust-region constraint matrix M = I. Adachi et al.

prove in [1] that the trust-region subproblem is equivalent to solving a 2n x 2n generalized eigenvector

problem of the matrix

1T
N [T I e (4.31)
1 —-H
Let p1,. .., o, be the eigenvalues of N ordered in decreasing order of the real parts, i.e.,

Re(p1) > -+ > Re(pan).

Then the following intuitive theorem holds:

Theorem 4.5.7. Let (z*,0*) be the optimal primal-dual solution to the trust-region problem defined by
H, g, and §, with ||z*|| = §. Then the leftmost eigenvalue uy of N is real and simple, and p; = o*. Let
y = (y1,y2) € R?" be the eigenvector of N corresponding to 1, and suppose that gTys # 0. Then the

unique solution to the trust-region problem is

52
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Remark. Adachi et al. also prove that gTy, = 0 corresponds to the hard case. By assumption, the problem

is not an instance of the hard case, which guarantees that gTys # 0.

Let {(xk,0r)} be the iterates generated by the SIGLTR algorithm with shift x such that C' =
H + pul = 0. Let k™ be the final iteration index. It has already been shown in Theorem 4.5.6 that
0<o0; <...<o0p« =0" Assume that at iteration K, phase one ends and phase two begins, so that
||z|| = 6 and o), > 0 for each k > K. Let Uy € R™** be the C-orthogonal matrix consisting of the first k

Lanczos vectors. Use S, to denote the Krylov subspace K (C~1H,C~1g). Then range(Uy) = Si. Let

and

Sy, = range(Uy,) = S @ S, € R?".

Let Dy =1 — pTy. Let

2
- - —Dy, ﬁ—eleT
Nk = UI;TNUk‘ = o ! )
Ty —Dk
and
- Ty
Ty, =
T,

Then the projected eigenvalue problem is, at each iteration k

(k) (k)
N . = T, .
RO N0

By Theorem 4.5.7 and the construction of the SIGLTR algorithm, ,ugk) = oy, and p(lk) is real and

A

simple. Let z(%) = be the eigenvector of Vi associated with ,ugk), scaled so that (z(k))TTkz("”') =1.

2

Note that T}, is symmetric positive definite (as T = U, kT Uyi), and therefore Tk is as well. Then

v =l | T k)
Z Uiz

is the Ritz vector of IV associated with the rightmost eigenvalue p; = ¢*, and has unit length.
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Recall that a left eigenvector of the pencil (N, Tk) is a right eigenvector of the pencil (N ];F , TkT )=

(NI, T},). With this in mind, it is trivial to see that the left eigenvector of (N, T) is

o0

21

Alternatively, note that the generalized eigenvector problem Njz(*) = ukaz(k) is equivalent to the

standard eigenvector problem T,; INez®) = 1B 2(F) | which has a left eigenvector

Tkzék)

Tkzﬁk)

associated with ,ugk). From the structure of Vi, it holds that

k)

Zé = (Dk + Jka)ilTkzgk) = (I + (O’k — /J,)Tk)ilTkzgk).

Before proceeding, the following lesser-known definition of the spectral condition number of an eigenvalue

is needed.

Definition 4.5.1. Let A be an eigenvalue of the matrix pencil (M, N), where N is symmetric positive-

definite, and let v and v be the corresponding left and right eigenvectors. Then the spectral condition

number of A is

[ull[v]lv
A)="—5—7+——
s [vT Nu
Thus, the spectral condition number of u(lk) is
k 1 1
s(u”) = =

Similarly, the spectral condition number of ¢*, the leftmost eigenvalue of N, is

1

s(c™) = .
) = T o T

By Theorem 4.5.7, the unique solution to (4.20) is
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giving
R
ef 2"

l'k:Ukhk:—

Let Z(u,V) denote the acute angle between a vector v and a subspace V, so that
sin Z(u, V) =

where 7 is the orthogonal projector onto V. This notion is generalized to the case where the finite-
dimensional space in which V is embedded uses a different inner product than the Euclidean inner product,
as is the case here. Let M be the positive-definite matrix that induces the inner product. Denote the

M-angle between v and V' by Z(u, V), so that

(I = m)ullm

sin Z(u, V)p = Tallar

where 7 is now a M-orthogonal projector onto V. Let

N C H+ pl
C: = M
C H+pl

Let 7, = Uy, UkTC' be the C’-orthogonal projector onto Si, and 7, = Uy, UkTC be the C-orthogonal projector
onto Si. At iteration k,

o —op = p — ugk).
The following lemma from [22] can be applied.

Lemma 4.5.8. Let ,ugk) = oy and py = o* be the rightmost eigenvalues of Ny and N, respectively.

Suppose that ||2*|| = ||zx|| = 8. Then for sin Z(y, Sk)a sufficiently small, it holds that
o — O < S(Uk);?k Siné(yv gk)é + O(SiHQ é(yv Sk)é)a

where s(o) is defined by (4.32), and 7y, = ||[FEN(I — 71)|| &

From (4.32) and the definition of y,

s(o3) = ——r
2|(y5) Ty
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which converges to s(c*) defined by (4.33) as y*) — y. Furthermore, 9 < ||N||5. Thus, in order to
analyze how fast o} converges to o*, it suffices to analyze how quickly sin Z(y, Sk)é decreases as k — k*.
Now, notice that the definitions of s(ox) and s(o*) do not depend on the scaling of (yik), ygk)) and (y1,y2)-

Let y be rescaled so that ||y||s = 1. Then,

1

sin® Z(y, Sk)g = (1 — ) 16 = 1T = )yl pr + 1T = m)yellr

Y2

Before analyzing this expression, the relationship between the eigenvalues of (H,C') and (H +

o*I,C) must be made clear.

Lemma 4.5.9. Suppose the matriz pencil (H,C) has eigenvalues \y > ... > \,. Denote the eigenvalues

of (H+0*I,C) as M > > Let A= diag(A1,...,\,) and A = diag(j\l,...,j\n). If w = o*, then

A=T Ifp>0*, then \i = %+ E=CN, and if p < 0%, Ai = & + B2\, 1

Proof. Let Q € R™ " such that QTCQ = I and QTHQ = A, the diagonal matrix consisting of eigenvalues
M, An. Let S=CQ, so that H = SAST, STQ =1I, and STC~1S = I. Then

* * * *

H-i-a*I:U—(H—i—u])—i—(l—U—)H: 10.,.(1_1)}[’
f f I I
thus
QTH+oDQ="-1+2"7 4,
I [
and

H+o'T=2955T 4+ g4sT.
7 7

Two cases must be considered: p > ¢*, and p < ¢*. p = o* has n unit eigenvalues. First, consider p > o*.

Then, fori=1,...,n,

=2 4+ 277
1 1
On the other hand, if y < o*, then
< o* —o*
Ai = —+ a Ant1—i-
I

O

First, ||[(I — mk)y1]|c is analyzed. Let Py denote the set of polynomials of degree no larger than
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k + 1. Consider the following lemma:

Lemma 4.5.10. The distance ||(I — m)z*||c between x* and the Krylov subspace Sy satisfies

I —m)x"||c = min CYH+o*D))z*|c,
0=l = _min  |pe(C (0 +0 D)o

and
* k
(I —7m)z"|lo < [|odlc sg )
where
(k) . o* w—o*
e = _min max [[p(— + P
pEP;,p(0)=11<i<n I L

with Ay > ... > A, the generalized eigenvalues of the pencil (H,C). Furthermore,

VicH+on-1\"
<o (Vo Do)
Veo(H+ o)+ 1

where

ko(H +o*I) =

gzﬂﬁzz

is the C' condition number of H + o*1.

Proof. By Theorem 4.1.1, (H + 0*)z* + g = 0. Recall that, by the shift-invariance of Krylov subspaces,
Sk = Kp(C~YH + 0*I),C~tg). Let Q, S, and A be defined as in Lemma 4.5.10. Then

I— * — . *
10 =male = min e =alle

= min |[z* —q(C (H+0"1))C g|c

qEPL_1

= min |z*+¢(C ' (H +0*1))C ! (H 4 o*I)z*||c

qEPK 1

— min C_l H + U*I .T*
Pk €Pr,pi (0)=1 Hpk( ( )) Ite
* . O'* M — 0-*
Pr€Pr,pr(0)=1 1 o

IN

= ||z*||c e,

where the last equality is derived via the standard estimates applied to 5@ using scaled and shifted

Chebyshev polynomials of the first kind. O

Now, y; and z* only differ in scaling. Thus, the above theorem establishes an upper bound for
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(I =)yl

Corollary 4.5.10.1. Let y = (y1,y2) be the eigenvector of M associated with = o*. Then

VEec(H +o*I)—1 e
VEc(H +0*1) +1 '

(I =7y lle < 2[lnllc (

So far, the proof has been mostly identical to standard proofs of the convergence of the precondi-
tioned conjugate-gradient algorithm. Unfortunately, in order to analyze the convergence of o to o*, the

quantity ||(I — 7x)y2||c must be analyzed as well. First, to simplify the notation, let
k=ko(H +0o*I).

Theorem 4.5.11. It holds that

A (k)
(I = mi)yzllc < 4m||yl||052 ,
where
*) _ -
=Ly G 1)
and
k+1
n= > 1.
K—1

Proof. Let Q, S, and A be defined as in Lemma 4.5.10. From Theorem 4.1.1, (H+o*I)z*+g = 0.

Combining this with Theorem 4.5.7 yields

52

Ty,

H+o%)y =g
P ( Y1

The structure of the matrix NV yields

y2 = (H+0*I) 1.

Making use of the shift-invariance of Krylov subspaces and the C-orthogonality of the matrix @ in the
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generalized spectral decomposition of H 4+ ¢*I, it holds that

(I = mr)yalle = 2 = 2lle

min
2€EKL(C—1(H+0*I),C~1g

= mi —q(CY(H +o*1))C7t
i lyz —¢(C7H(H +0"D)C gllo

2

= min ||(H4o*I) 'y, — q(C™Y(H +0*1))C™ (H + o* Dyi1|c

4EPs_1 g%
2
= mi H+4 o)ty — “YH +o*I “YH +o*I
i ([ + 0" 1)y — g O (H 40" Dg(C7N(H + 0" D)o
= min [|[CTYH+0"])[(H+0o*)"'C(H+0*I)"' —p(C™'(H +0c*I))] willc

PEPL_1

<||H +o*I||c énpin | [(H+o"D)"'C(H +0*I)"' —p(C™YH +0*I))] willc
p k—1
= ||H 4 o*I i A2 (A OT
I1H +o HcpénplkrilllQ[ ()] @7l

<Myl min - max
PEPL_1 ze[A,,A1]

) —p(2)]-

z

Consider the change of variables

M=X At A
_M - -1-17

i 2 2

which creates a bijection from [—1,1] to [An, A;]. Then

1

min max |— —p(z
PEPL_1 ze[An 0] | 22 p(2)
. 4
= min max = - —p(z)
pEP—1z€[-1,1] | (N — )\n)2(x _ 77)2
4 3 1 (Xl - S\n)Q
= —=———=—— min max 5~ p(x)
(A1 — Ap)2 PEP—1 2€[-1,1] | (T — 1) 4
4 . 1
= == Iin max |.——5 —q(z)
(A1 — A\p)? ¢€Pe—1 2€[-1,1] (IL‘ /)
4
()‘1 - )\n)2

O

Unlike e§’“), Eék) does not have a well-known explicit solution. However, if it can be shown that
it is of the same order a§’“), then the proof can proceed. Following [23], Chebyshev polynomials of the

second kind shall be used to establish a similar bound.
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Theorem 4.5.12. The approximation error satisfies

o (p h2) 4 (Va1 s
2 = |Int| ) 1—t2 \Vr+1

and ||(I — mg)yz||c satisfies

(I = 7x)yellc <

161 ||y |l <1+k+2)<ﬁ—1)k+3
(A1 — X2)2(1 — 12) |t ) \Vr+1 ’

where t = n — /1% — 1.

Proof. Let U;(x) = sin(j arccos(z)) denote the j-th degree Chebyshev polynomial of the second kind.

Then U; has the following generating function, see [3]:

> 1—¢?
D) U;( S — 4.34
;JJ“ T 1+ - 2tx)? (4:34)

If t = n — \/n? — 1, then it is easily confirmed that 1 + #* = 2nt. Then (4.34) becomes

= , 1—¢2
i+ DU () = ———,
]go( ) J( ) 4152(‘%717)2
or equivalently
1 M2 X
= T S 0
n =0
Let
42 &
pr(e) = T3 SO0+ DEU; ()
j=0

Note that py is in fact a k-th degree polynomial, despite the 1/(1 — #?) term. Furthermore, note that
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—Int = |Int| for t € (0,1) and |Uj(x)| <1 for € [-1,1]. Then

(k) < LI
R Sl (e
4w i (j+ DU, (x)
= Imnax Pa—— (X
cel-1,1] |1 — 2 J J
Jj=k+1
< i G+ 1)
Jj=k+1
4t2 o
= Ht?d
1—¢2 /k+1(2+ )i dz

B 4t2 z+1tz
1-#2\ It |,
k4 2\ 4¢kt3
(1= =
Int ) 1—¢2

2 4k+3
:<1+k+ ) t

0o
k+1

[Int] ) 1—¢2"
As before, n = :—ﬂ, thust=n—+/n2-1= \/‘fgﬁ Thus, the result holds. O

Combining the above results yields the following bounds.

Theorem 4.5.13. Suppose that ||z*|| = ||zk|| = 0. Then

k41
. N k—1
sin Z(y, Sk)o < ckl|ly1]| <\/> )

VE+1
and
k1
* ~ k—1
7~ o< el (V1)
where

16X ( k+2) <\/E1)2
=24 — - 14 .
TR =) U T ) \VE+T

This establishes that o — o* as k increases. However, experimentally, it is quite clear that this

bound is not particularly sharp. To improve upon this result, the following technical result is derived:

Theorem 4.5.14. For k =0,...,k*, the following bound holds:

46 K— 1)+
et (Dy+ 4+ 0*Tj) ey —ef (Dy + 0*Tg) ter < ngH (£+ 1) .

Proof. Suppose, in the SIGLTR algorithm, ¢* and k* are known a priori. Then, at iteration k*, the
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projected trust-region subproblem (4.20) could be replaced with the linear system
(Dy + 0* Ty )h = —PBey, (4.35)

where 8 = ||g||c-1, and Dy~ + 0* Ty~ is symmetric positive definite (by the assumption that the problem
in question is not an instance of the hard-case). The linear system implicitly solved at each previous
iteration would be

(Dy + 0™ Ty) g = —Pe.

Let Ex = (e1,e2,...,€x41). Let hy = Egyp. Define ey = h — hy, and the residual vector ry =
—per — (Dg+ + 0T+ )hy. Thus,

(Di» + 0" T e = 13,

and ||ro|| = B2. Therefore,

||5k‘|2Dk*+U*Tk* = Eg(Dk* + 0" T+ ek

TI;F(D]C* + U*Tk*)_l’r'k

= BQ(elT(Dk* + 0 T )" tey — elT(Dk +0*Ty) " tey),

SO

I —

el (D + 0" Tpe) " Yey — el (Dy 4 0" Ty) "tey = 5 (4.36)

By construction, the eigenvalues of Dy« + 0*T+ are a subset of the eigenvalues of (H + o*I,C), thus the
eigenvalues of Dy 4+ 0*Ty« lie in the interval [S\n, :\1] The error € and residuals r; are exactly the error

and residual vectors of the conjugate-gradient iterations applied to (4.35). Therefore,

2(k+1)
JR—1
ekl ooz, <4 ( leollB. oo

VE+1

The initial error is given by
leollby. torry. = B2t (Dis + 0™ T ) len,
k*t 3
Now, B||(Dg+ + 0" Ty )exl|r,. = [|hll1,. =6, so

Bel (Di+ + 0*Ti=) er < Bllexlzzro.
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Assume that SIGLTR runs, in exact precision, until breakdown occurs. Thus, at iteration k*, it holds that
U = ViThpr, ot UpTi' = Vi,
so that T,.' = VIVj = UL C?Uy-. Therefore el T;.'e; = gTg/B2%, and
Bet (Di- + 0™ T ) "ter < [|g]]0.

The result then follows. O

The left-hand side of the inequality in Theorem 4.5.14 can be utilized in an upper bound for

o* — 0.

Theorem 4.5.15. Assume that the shifted and inverted Lanczos process breaks down at iteration k* and

that ||z*|| = ||xk|| = 0 for k=0,...,k*. Then for k sufficiently large,
0" —ox < nalef (Die + 0" Tiw) " er — ef (Di + 0 Ti) " ter) + mi2(a(an) — q(z*)),

where the scalars ni1 and N2 are given by

_ B
Tl = 52 32T (Dy + 0 Ty) T4 (Dy, + 0*Th)ter|
and
2
Nk,2

- 02 + ﬁzelT(Dk + O’*Tk)flTk(Dk + O”"Tk)flel7
and 3 = ||9H(H+u1)‘1'

Proof. At iteration k, the solution to the projected trust-region subproblem is

hy = —B(Dy, + o Ty) e,
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and ||hy||7, = BI[(Dx + 0xTh)'erl|r, = 6. By (4.20), g(zx) = ¢(hy), and

q(z1) = =Bl (Dy, + 01 Ti) ter + %526F(Dk + 01 Ti) "' Dy (D + o1 Tr) ter
= fﬂzelT(Dk + O'ka)71€1
+ %BQelT(Dk + 0k T) (D, + 0k Tk — 0. T3) (D, + 0 T) " teq
= —B%e] (Dy, + o Ty) tes + %526?(Dk +opTi) ey (4.37)
— %akﬁzelT(Dk + Jka)*lTk(D;€ + Jka)71€1
= f%ﬂ%f(pk +0xTi) ter — %gw%?(pk + opTy) ' T(Dy, + 01 Th) ey

1 1
= —iﬂQB;F(Dk + O'ka)71€1 - §Uk52.

Now, by assumption,
T = Upchpe = 2%, op =0, and  q(zp) = q(z*) = ¢(hg),

1; =0, and the eigenvalues of Dy« are a subset of the eigenvalues of (H,C). By letting k = k*
in (4.37),

1 1
q(z*) = —5,6261T(Dk* + 0" T ) "oy — 50*62. (4.38)
Subtracting (4.37) and (4.38) yields
(0" — 01,)6% = B2 (elT(Dk + 0 Tk) " ter — el (D + J*Tk*)_lel) + 2(q(xk) - q(x*))
Consider the expression elT(D;c + Uka)_lel. It holds that

(Dk + O'ka)_l = (Dk +o*T) + (O'k — U*)Tk)_l

— (D + 0" Ti)(I = (0 — 04) (D + 0" Tx) ' Ti))

(I — (0'* — O'k)(Dk + O'*Tk)_lTk)_l(Dk + O'*T]g)_l.

Consider the matrix (I — (0* — o) (Dy + 0*T},) " 1T%) L. If ||(0* — 0k )(Dy + 0*Ty,) 1 Tk|| < 1, a Neumann
series can be used to analyze (I — (¢* — o1,)(Dy, + 0*T}) ~T},) L. Tt has been shown that (o* — oy) is
nonnegative and tends towards zero as k — 0, so it suffices to show that ||(Dy, + 0*T) " Tk|| is bounded
above by some constant. Note that Dy +0*Ty = I + (0* — u)T} and Ty, commute, therefore (Dy, +o*Tj)

and T commute. T} is positive definite, thus T} has a unique positive definite square root Tk1 / 2, which
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also commutes with (Dy + o*T},)~!. So,

(D + 0*T3) "' T|| = |1 *(Dy + o™ T3) 2T

2T (D), + o* )T

- I:?;%( xTx
- yT(Dk+U*Tk)_1 T
= max —
y#0 yT, "y
1
< b)
~a, +o*

where v, is the smallest standard eigenvalue of H. Therefore, in order to apply a Neumann series, k needs
to be sufficiently large so that (0* — o)||(Dg + o*Tx) ' Tk|| < 1, i.e., 0* — 0 < o, + 0*. By Theorem

4.5.13, a sufficient choice of k is an index such that

k+1
—1
Vi > <a,+o".

cxs(ok) Vel [yl (\/E—i—l

By continuity, as o — o,
el (Dy + oxTi) ter — ef (Dps + 0" Thr ) "Ler — el (Dy + 0" Ty) " tey — ef (D 4 0 Th) “Ley.

By (4.36), e (D + 03xTx) te; — el (Dg+ + 0*Ti+)~te; must become nonpositive for k sufficiently large.
Thus,

(O’ — O’k)(sz < 52 (61 (Dk* + 0o Tk*) er — e (Dk + O’ka) ) + 2((]({1,‘k) - q(m*)) (439)

when k is sufficiently large.
Now, consider the term el (D + 0. T)) " ter. As (6% — op)||(Dy + 0xTk) " 'T%|| < 1, the Neumann

series of the matrix (I — (¢* — o )(Dy + 01 T)) " 'T}) ! can be considered.

(Dk + O’ka)71 = (I — (O'* — O'k)(Dk + U*Tk)ilTk)il(Dk + O'*Tk)71
= (I + (U* — Uk)(Dk + U*Tk)_lTk + O((O'* — O'k)2))(Dk + O'*Tk)_l
= (Dk + O'*Tk)71 + (O'* — O’k)(Dk + U*Tk)ilTk(Dk + O'*Tk.)71

+0O((c* — o1)?).

151



Therefore,
T * -1, __T —1
eq (Dk* + o Tk*) e —eq (Dk + CTka) e1
= e (D +0*Tp=) "ter —ef (Dy + 0*Tx) tey
(4.40)
— (0'* — O'k)elT((Dk + O'*Tk)ilTk(Dk + J*Tk)71)61
- (’)((0* - ok)Q),

which is nonnegative if k is sufficiently large. Substituting this into (4.39) and dropping higher order

terms gives
o — o < (ef (D + 0" Tie) " ter — ef (D + 0™ Ti) er) + me2(q(zr) — g(z¥)),

proving the result. Note that both 7y, and 72 can be bounded above for k sufficiently large. O
All that remains now is to bound g(zy) — g(z*).

Theorem 4.5.16. Suppose that ||z*|| = ||zk|| = . Let c1,c2 > 0 be constants such that
alle]] <zl < eoflxl],

and

1 1
—llzllc < lzll < —llzllc
Co C1

for all x. Then,
(1+ )

5 Az — 2|4 (4.41)

0 < q(zx) —q(a”) <

for any & € Ki(C~YH,C~1g) not equal to zero.

Proof. Let & € Ki,(C~*H,C~'g) and  # 0. Let v = Hgllj’ and r = v — z*. Then,
0 < q(zr) — q(z") < q(v) — q(z7)
1
= ngHr +rT(Hz* + g)
1
=—rTHr —o*rTa*
2
1 T * 1 * 2
= 2 TH + 0" D < L H + " Iclirli.
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Now,

Irlle < e = Zlle + ||z = vlle

. . 6
= [le" = Zllo + |7 - =—2lle
122

.
|1Z]|2

)
]
12|

<|lo* = ille + e2l12]] - 6

= |lz" = Zlle + [|#[lc

< |fz" = Z[lo + cof 7]

= |l2* = Zllc + e2[|2]] — []2"]]
<le" = #llo + eof | — 27|

~ C2 .
< |la* = Zfle + =z — 27|le
1

C2 « -
=@+ D"~ e

Thus,
(1+2)°

|11+ o Tlol|E — 72

q(zx) —q(z") <

Using bounds for ||z — 2*||¢ yields the following result.

Theorem 4.5.17. Suppose ||z*|| = ||zk|| = . Then

JE—1 ) 2(k+1)

* €212 2:27%
< — <
0 < q(zk) q(x)_2(1+01)025)\1(\/ﬁ 1

Proof. Equation (4.41) gives

0 < qlan) — qa”) < 25 n -2
S (T q(x >~ 9 1 ieICk(Crr*l}rI{[’Cflg) X T C-
Recall that
min & =2l = |7 = m)e| 2

€K (C—1H,C~1g)

Combining this with lemma (4.5.10) gives

1
TE€KL(C—1H,C-1g)

N 2(k+1)
\/E+1) '

min ||56—17*|20S4|1E*S4|$*||20<
Using ||z*||4 < 362 yields the result.
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k

The quantity ¢* — ¢ can now be bounded.

Theorem 4.5.18. Suppose that ||x*|| = ||zk|| = 0. Then, if k is sufficiently large,

2(k+1)
dnwa|lgl]d C2\2 227 VE—1

*—op < : 2 1 A .

o a,_( 2t Mk,2( +Cl)c2 U\ e

\/E*l ) 2(k+1)
VE+1

o converges to o* significantly faster than xj converges to x*. The multiplier o} will converge to some

This theorem indicates that c* — o, converges at least as fast as ( . Thus, as expected,

level of accuracy in about half as many iterations as x; will need to reach the same level of accuracy.

This indicates that a restarting technique could be used in which SIGLTR is restarted with a new shift

Mo = 0.
4.5.6 Effect of Shifting on the Convergence Rate

This section analyzes the effect of the choice of i on the convergence rate. Consider the generalized

eigenvalue problem

Hx =Mz,

with eigenvalues \;y > Ay > ... > A,. Then the problem
(H+4+oM)x =AMz,
has eigenvalues A\1 + 0 > Ay +0 > ... > A\, + 0. Now, consider

(H+oM)x =v(H+ uM)x.

The eigenvalues v; of this problem can be expressed in terms of Aq,..., \,. So,
Hzx = i UM x.
1—v

Thus, if v is an eigenvalue of the above problem, A = (vu — 0)/(1 — v) is an eigenvalue of the original

problem. A simple rearrangement of this expression gives

Ato
V= .
A+p
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Note that by assumption, A\; +p > 0 for all j € {1,...,n}. Thus, if 0 < p, the (H + pM)-condition

number is given by

v M+o)/ M+ km(HA+oM)
Kp4pm(H +oM) = Vn (Mn40)/On+p)  kn(H+pM)

Conversely, if u < o, then

Thus,

v Qut o)/ Ont ) mar(H )
rreun (oM ) = = e T + ) s (H + o)

Ky (H + min{o, u} M)
ki (H + max{o, u} M)’

HH+HM(H+0'M) = (442)

Consider the the case where u is very close to o. More specifically, consider the case 0 < y — o <

(A1 — An). Then

An +
HH+MM(H+UM):KM(H+O'M))\1+Z
MF+o+pu—o
= H+oM)——"F——
o ( 7 ))\1—|—U—|—u—a
Anto+e(A —Ay)
< H M
<km(H+oM) N to
1 Al — A

< H M .
<km(HA+o )(KM(H-"-UM)_'_E)\l—I—O')

By assumption, —\, < o, so it holds that

1 <kppum(H+oM)<1+ery(H+oM).

Similarly, if 0 < 0 — p < (A1 — A,), then

1 < I€H+#M(H+(TM) < 1+€I‘&M(H+,LLM)

Thus, if |u — o] <e(A1 — A\n)

1 < kppum(H+0M) <1+ ekpy(H + min{o, p} M).

Thus, it can be seen here that it is essential to choose a p that is not too close to A,. Otherwise, the

matrix H + puM becomes nearly singular. If the trust-region radius is relatively small, then this will lead
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to ill-conditioning.
4.5.7 Warm-starting and Restarting

Consider using PCG, or equivalently Lanczos-CG, to solve the problem Hz = b, where some vector
xo is known such that the residual vector » = b — Axg has ||r|| < ||b]], i-e., zo is an initial approximation
to the solution = of Hx = b. Then the linear system can be reformulated as H(z¢+ Z) = b, or equivalently
Hz = r, where the solution to the original problem is then & = xg 4+ &, and & can be solved for via PCG.
Such a procedure can be added to an implementation of Algorithm 1.1 to either warm-start PCG or
restart PCG when the search directions lose their H-conjugacy (or equivalently, when the residual vectors
lose their M-orthogonality). A similar technique can be applied to SIGLTR. It is unknown if any similar
procedure has been used with GLTR. However, what follows would only require minor modifications to
apply to GLTR.

Consider an initial approximation zp to the solution of the trust-region problem (4.1). No
restrictions are placed on xg, though for practical reasons, zy should be scaled to lie within the trust
region. Problem (4.1) can be written as

min 1(:f +20) T HZ + g™ (2 + 20)
TeR 2 (4.43)
subject to  ||Z + xo||ar <6,

or, after removing constant terms from the objective, as

1
min —z " HZ + (g + Hxo) 'z
zTER™ 2
(4.44)
subject to  Z'MZ + 220 MZ + xg Mxy < 62,

Problem (4.44) is not a trust-region problem. Instead, it is an instance of what is referred to as a generalized
trust-region problem. However, as it is equivalent to a trust-region problem, a simple modification to
SIGLTR allows problem (4.44) to be solved without resorting to more complicated methods for solving
generalized trust-region problems.

The goal is to apply the block version of SIGLTR to problem (4.44), with a block size of 2. Suppose

the initial block is chosen so that Vi = (g + Hzg, Mxo). Applying Gram-Schmidt biorthogonalization

_ Pia B,
then yields U, and Vi, where ViB; = Vi, (H + uM)U; = Vi, and By = |0 "P% | 1£ U is the full

0 B2
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n X n matrix of Lanczos vectors, then

51,1 51,2

0 Ba,2
UYg+Hzo)=| 0 |, and UTMzo=| 0
0 0

Also note that the initial residual ro = g + Hxog + oo Mxg € range(V7) for any value of 0g. Projecting the

problem onto the k-th Krylov subspace then gives

1
min 5y" (1= uTh)y + ey
ye (4.45)

subject to  y Ty + 2(P12e1 + 62’262)’1"!] + (ng:UO) < 62,

where the k-th approximation to the true solution x is given by xy = x¢+ Uryx. The optimality conditions

of problem (4.45) are
L (I+ (0 —pw)T)yx + Prae1 + o(Br2e1 + Pa2e2) =0,
2. 020,
3. yT Ty + 2(B12e1 + Ba2e2) Ty + (2 Mxg) < 62,
4. 0(6% —y Ty — 2(B12e1 + 527262)Ty — (zd Mz)) = 0, and
5. (I 4 (0 — u)Tx) = 0.

A simple calculation shows that the (H + ,uM)_1 norm of the residual vector ry, = g + Hzyp + o Mxy, is
given by equation (4.29).

The projected subproblem (4.45) is not a trust-region subproblem. It can, however, be manipulated
into a trust-region subproblem. Let b; = ;1 1e1 and by = B; 2e1 + B2.2e2. The projected constraint can be
written as

y Ty T + 26y y + by Ty by < 6% 4 b3 T, Tby — (29 May),

or equivalently

(y + Ty '02) " Tioy + T 'ba) < 6% + by Ty, Hbo — (g Maxo),
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Let 6 = (62 + b T}, "by — (xd Mxp))'/2. Then the projected problem can be written as

1
Jmin oyt (1= pT) + (b — Ty 'z + b2) Ty
veR (4.46)

subject to  ||7|7, <0,

As Ty, is a block-tridiagonal matrix, problem (4.46) can be solved efficiently with the Moré-Sorensen
algorithm. The vector y; can be recovered with yx = gr — Tk_lbg. If x¢ is chosen to lie within the trust
region, i.e., ||zo|| < 6, then § is guaranteed to be positive.

As with SIGLTR, warm-started SIGLTR can be broken up into two phases. While the approximate
solution zp = xo + Ugyy lies strictly within the trust region, SIGLTR is equivalent to Lanczos-CG applied
to the warm-started system H(xo + Z) = 79 = —g — Hxo. All computations for computing xj remain
identical, including the calculation of the residual ri(H + uM)~lry = §i+171 + 5134_1,2. More precisely, at
each iteration, xj is computed to be zp = xo + Upyr = o + Przr = Ti—1 + Pr,1&k,1 + Pk,2&k,2, Where the
search-directions pj 1 and py 2 are computed in the same manner as before. Using two search directions
reflects that the block size was chosen to be two. The only change is in the computation of the norm of the
approximation . Now, it holds that z My = (zo + Z) " M (2o + Tx) = 24 Mo + 228 MZ) + fEM:Ek,
where Ty = Uryr = Przr. The term x(;ero can be computed upfront, while ;f,rfMa‘ck can be computed
using block versions of equations (4.23), (4.24), (4.25), and (4.26). All that remains is to show how to

compute z¢ Mz. It holds that
moTMfk = <51,2 52,2) Vlek = (51,2 52,2) VlTszk

&k
T e T ;
=xg BTp-1+ (5172 52,2) Vi <pk,1 Pk,z)

k2

s

Now, ngfo =0,

-1

(p1,1 p1,2) = (u1,1 U1,2> Dy,
— + BT D—l
Pkl Dk Ukl  Uk2 B\pr—11 DPk-12 Kk k

for all k£ > 1, and therefore

and

T -1 T T T -1
Vi <P1,1 p1,2> =Dy, and V) <pk,1 pk,2>:MV1 (pk—l,l pk—1,2> By D,
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These equations can update x} M, without computing additional inner products with vectors of length
n or any other matrix-vector multiplications. Thus, SIGLTR can be effectively warm-started or restarted
by relaxing the trust-region problem to a generalized trust-region problem. Experiments reveal that the
convergence to the true solution x is effected similarly to restarting the preconditioned conjugate-gradient

method.

4.5.8 Use in a Trust-Region Algorithm

In a typical trust-region algorithm, such as Algorithm 2.2, it is often necessary to solve a sequence
of trust-region subproblems where the only difference is the decreased radius. Suppose the GLTR algorithm
is used in a case where a particular subproblem needs to be solved multiple times, with a reduced radius in
each instance. Recall that GLTR requires access to the matrix-vector operations v <— Hu and u < M~ 'v.
In the limit as the radius § goes to zero, the solution to the subproblem converges in direction to the
steepest-descent direction —M ~'g. Because the operation u < M ~!v is assumed to be available, the
GLTR algorithm will eventually only require one iteration to converge. This is further motivated by the
fact that as § = 0, 0 — oo and kp (H + cM) — 1. This implies that as § — 0, GLTR will require fewer
and fewer iterations to converge. Observe that the tridiagonal matrix 7" generated by the GLTR algorithm
does not depend on the value of §. Therefore, it can be reused for each value of § without needing to
be regenerated. An optimist may look at this situation as a positive. If the subproblem needs to be
resolved with a different radius, less work is required. On the other hand, a pessimist may argue the extra
computation used to compute the solution of the initial trust-region subproblem is wasted, and that it
would be preferable that the initial problem be the simpler problem to solve. This is another benefit that
SIGLTR affords.

Suppose a trust-region method arrives at a point where a trust-region subproblem needs to be

solved for a sequence of radii 6y > o > ... > J;

Jmax *

Additionally, suppose some oracle provides the
optimal value of the dual variable oy for the initial trust-region problem, and that the problem in question
is not an instance of the hard case. Let u be the fixed shift used for each application of SIGLTR, and set
p = o1. Then the initial problem is solved in one iteration, with the solution given by —(H + uM)~!g,
and kg yun(H 4+ 01 M) = 1. Tt then holds that =01 < 02 < ... < 0j,,... Moreover, by (4.42), it holds

that
A + 0j

I<LH+#M(H+UJ'M) = HM(H+MM)>\1 iyt
J

where \; > )\, are the largest and smallest eigenvalues of (H, M), respectively. This expression is

strictly increasing on the domain ¢ > —\, and is bounded above by ky(H + uM), and therefore
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Katpm(H +0;M) < kgypm(H + 0401 M) < ka(H + pM) for all j. This implies that, in general, the
number of iterations required by SIGLTR will increase as the radius converges to zero. Of course, no
oracle to provide pu = o7 exists, however, good choices of p will exhibit similar asymptotic behavior.

As with GLTR, the matrix T' computed by the Lanczos process can be recycled. If the i-th
vectors used in the Lanczos process are stored, then SIGLTR can begin solving the reduced problem
at iteration 4, and proceed until termination. Thus, no unnecessary Lanczos vectors are computed. A
similar argument applies to the warm-started SIGLTR algorithm. Of course, the instability of the Lanczos
process still presents a problem, and thus the best results are found by combining the restart strategies of
this section and the previous section. To be more precise, for a given trust-region subproblem solved for a
decreasing sequence of trust-region radii, an upper limit on the number of SIGLTR iterations should be
set. Once this number is reached, the algorithm should be restarted with the technique of the previous
section independent of how many times the trust-region subproblem has been solved thus far. This upper
limit should depend on whether the Lanczos vectors are stored in memory, whether a reorthogonalization

scheme is used, and the estimated conditioning of the problem.

4.6 A Jacobi-Davidson Correction Trust-Region Algorithm

One advantage of the shifted and inverted GLTR algorithm is that the subproblem on the basis
spanned by the computed Lanczos vectors is increasing in dimension at each iteration. Unlike methods
that work with successive subspaces, no information is discarded as the algorithm proceeds. Provided that
the choice in shift y is reasonably accurate, significantly fewer iterations are required than in standard
GLTR. However, there is still the unfortunate need to compute solutions to (H 4+ uM)u = v at each
iteration. In many large, well-structured problems, sophisticated sparse factorization techniques can
mitigate this issue. However, an upper limit of matrix size and density exists where using explicit matrix
factorizations becomes infeasible. One reasonable option would be to solve (H + uM)u = v at each
iteration via an iterative method. As H + uM is constructed to be positive definite, the conjugate-gradient
or preconditioned conjugate-gradient method is a natural choice. Unfortunately, a tight convergence
criterion must be employed to ensure sufficient accuracy. Otherwise, the computed solution will have
some error component away from the actual Lanczos vector. This will lead to each iteration requiring
many matrix-vector products to calculate the necessary Lanczos vector to high precision.

Furthermore, unlike using an approach based on explicit matrix factors, no work can be preserved
between each iteration. One benefit of this approach is that an arbitrary preconditioner of H + M may

be used, giving this approach somewhat more flexibility. However, the high degree of accuracy needed
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makes this method prohibitively expensive.

Instead, it would be convenient to derive a method that builds up an orthonormal basis of
subspaces, like SIGLTR, in which the basis vectors can be computed by solving a linear system with
low accuracy. These goals are accomplished by relaxing the requirement that the subspace be a Krylov
subspace.

Counsider some initial guess of the trust-region problem’s primal-dual solution (xg,09), and the
corresponding residual vector ro = —g — (H + 0o M )xo. Furthermore, suppose that xq is scaled such that
it is the best approximation in the span of the matrix V' = (vg), and that o¢ is the appropriate dual
variable, i.e. so that rd o = 0. Finally, let o* be the optimal value of o. The motivating idea is to extend
the search space by adding a column v; to the matrix V such that vf Mz = 0, and that solution in the
expanded basis reduces the residual to zero. This ideal vector is constructed by solving the following

problem, referred to as the correction equation:
(H+o*M)(zo+v1) = —g, vIMzy=0, (4.47)

or equivalently

(H+0*M)vy =79+ (00 — 0" )Mz, v Maxy=0.

Solving this equation exactly would yield the solution to the trust-region subproblem. However, as o* is

unknown at this point, it is replaced with the best approximation available, i.e., oq, yielding
(H + ooM)vy =19, ’UFM.’L‘Q =0. (4.48)

By the second condition, vy = (I — (xozg M)/(za Mxg))v1, S0

zord M

H MY — ———
(H + oo M)( a?ngo

)’01 =7T0.

This equation can be projected onto the space spanned by Mz and its orthogonal complement.

Mazoxl zord M Mazoxt
—(H M)(T — = =0,
x(;FMxo( +ooM)( zg Mxg v acOTMxOTO
as r4 ¥ = 0 by assumption, and
M:ongj xOxOTM M:roxgj
I————)H+oM)(I — ————)v1 = — ———")1r0 =10.
( xOTMxO)( 7o M)( xOTMxO) 1= xOTMxO) 0 0
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Putting everything together, the correction equation is

T
~ Muwox
JJOTM.'EQ

TN
YH + ooM)(I — %)vl =ro, vIMazg=0.
0

(I

This correction equation is similar to the correction equation used in the Jacobi-Davidson method for
solving eigenvector problems (see [10]). However, in that case, the residual takes a different form. As it is
used here to correct the error in the solution to the trust-region equation, the same terminology is used.
It is for this reason that this method is called the Jacobi-Davidson trust-region algorithm (JDTR). Once
solved, vy is added to the search space matrix V, and the subproblem

;rel]iRr% %yTVTHVy +gTVy

subject to <6,

||y||vTMv

is solved. The solution is approximated as x; = Vy, and o; is set to the dual variable of the above
problem. The residual is computed to be r; = —g — (H + 01 M)x1. A new correction equation is solved,
and vo is added to V. However, as vg is only guaranteed to be M-orthogonal to x1, it is important to use
Gram-Schmidt biorthogonalization on vy against the vectors currently in V. Thus, the main computational

work at each iteration lies in solving the correction equation

(I - e Y(H + o M)(I — o Vig1 =15, v Mz =0, (4.49)

and maintaining the M-orthogonality of the basis vectors.

A solution y to the subproblem at any iteration k satisfies the equation

VIg+ VI H +oM)Vy=VT(g+ (H +cM)Vy) = 0.

This is equivalent to imposing a Galerkin condition on z at each iteration, i.e.,

x €range(V), and g+ (H+oM)x LV,

which enforces the condition rgxk =0 for all k.
A reasonable question would be whether it is crucial to enforce the condition v, ; Mz = 0 when

computing search directions. If this condition is dropped, and H + oM is nonsingular (as will most
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commonly be the case), then (4.48) becomes
Vit1 = —(H =+ O'Z‘M)ilg — Xj.

However, if the algorithm is reasonably far along, then z will already be a good approximation of
—(H + oM)~tg, meaning that very little new information is obtained. If g = 0, the solution becomes
v = —z, and no new information is obtained. Thus, enforcing the condition v;",; Mz), = 0 ensures
that the subspace remains robust and keeps the algorithm from breaking down prematurely. This is
particularly important when using floating point arithmetic, as round-off error and the instability of
the Gram-Schmidt process will cause the search directions to become linearly dependent. The biggest
remaining question is how to solve the correction equation (4.49). If H 4+ oM is positive definite, then
H=(I—- Mzl /(afMzp))(H +oM)(I — zpof M/(zf Mxy)) is positive definite on the M-orthogonal
complement of xp. Therefore, preconditioned conjugate-gradient is a viable choice of algorithm. Let
B~ H + 0;M be some preconditioner for H + o;M. Then

T T
- My B _xkka

B=( R
( mngk a:ngk

is a suitable preconditioner for H. What remains to show is how to solve the equation Bu = v, u™ Mxy = 0,

T
M

where vTz, = 0. As uTMay, =0, (I — Z5=)u = u, so
T Mxy

MazyxF
I — ———)Bu =w.
( zf Mz, u=v

Therefore,

uw=aB "Mz, + B 'v.

The scalar a can be determined via the condition ™ Mz = 0.

0=axfMu=oazf MB~ Mz, + 2 MB™ v,

or
_ CEEM B~
- 2fMB-'Muay’
Note that B~'Mz), need only be computed once.
Suppose the preconditioned conjugate-gradient algorithm is used to solve Hpvg 1 = —7% exactly.
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In that case, the Jacobi-Davidson trust-region algorithm will require prohibitively many matrix-vector
products per iteration, much like SIGLTR using preconditioned conjugate-gradient to solve for each
Lanczos vector. Fortunately, as the Jacobi-Davidson trust-region method does not impose any conditions
on the matrix V besides M-orthogonality, equation (4.47) need not be solved exactly. Relatively loose
stopping criteria are sufficient to achieve fast convergence. In addition, suppose at some iteration k, the
matrix (H + o M) is not positive semidefinite. The preconditioned conjugate gradient algorithm can still
be applied as long as it is terminated once the indefiniteness is detected. The vector v computed thus far
can still be used to expand the subspace. Alternatively, an algorithm that does not require H + oM to be
positive definite, such as MINRES or MINRES-QLP, could be used instead of preconditioned conjugate
gradient.

At the same time, if the correction equations are sufficiently well conditioned, in the sense that
preconditioned conjugate-gradient can be allowed to run to completion, then the algorithm can exhibit

rapid convergence, as shown by the following theorem.

Theorem 4.6.1. Suppose the correction equation (4.49) is solved exactly at each iteration. Then, if the
ingtial vector x1 is sufficiently close to the optimal solution x*, the sequence of iterates {xy} converges s

quadratically to x=*, and the sequence of Lagrange multipliers {oy} converges to o*.

Proof. Let x* and o* be the optimal solution and Lagrange multiplier to the trust-region subproblem given
by H, M, g, and ¢. Let 1 and o7 be the starting point of the algorithm, with r; = —g — (H — 01 M)z
such that 721 = 0. By Theorem 4.1.1, (H + 0*M)x* + g = 0. Then x* can be written as z* = z1 + ey,

where e; is the error. Then,

(H+0’1M)61 = (H—l—alM)ac* — (H—l—O'lM)l‘l
=H+o"M)x* + (01 —o")Mz* — (H + o1 M),
(4.50)
=—g—(H+o01)x1+ (01 —0")Mz*

=r; + (0’1 — O'*)M.’E*

Let vy be the exact solution to the correction equation (4.49), so

M T
(I_ TJ:1$1> (H+o1M)vg =71, and vy Mz, = 0.
xy Mz
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M.L].L’lr

Note that by construction, (I — =
i Mz

)r1 =r1. Now,

¥ — (x1 +v2) = e1 — va.

Thus, for quadratic convergence, it suffices to show that

[l2* = (21 +v2)ll = llex — vall = O([lex][?).
i L
Multiplying (4.50) by the projection operator (I — MTJ%) and subtracting from the correction equation
Il Xy
gives
Mzt
I—-——|(H+oM —
5 [CERANICERS
M T
= (01— 0%) <I - Txlzl> Ma*
xy Mz
MazxyzT MazyzT (4.51)
= o) (-2 v PN il ot B N V2
= (1= i, o= (1= ) e
Mzt
= —0") | [ — —+— | Me;.
(1= 07) ( o T M, “
Multiplying (4.50) by { and using the fact that r{z; = 0 gives:
T(H M
o — 0 = w. (4.52)
xy Maz*
Thus,
Mzl 9
l(or =) (1= S ) el = O )
Assuming that H + o1 M is nonsingular, the result follows. O

A second advantage Jacobi Davidson trust-region has over SIGLTR is that it can be restarted
using the best approximation xj found thus far without resorting to any block-matrix structure. Once a
set number of iterations is reached, the current estimate x; can be used as the first column of a new basis
matrix V. This is useful for keeping the memory requirements down to a fixed, reasonable level and the
subproblem sufficiently small.

Now, the first several iterations of this method are likely to yield approximations o that are far
from o*. If o), < o*, then the matrix H + oM may be very poorly conditioned, as o may be arbitrarily
close to some eigenvalue, making the matrix H + oM nearly singular. It is efficient to begin with a

low-rank basis matrix V' that is simple to compute and yields a reasonable approximation of o*. Thus,

165



for the first ¢ iterations, the correction equation (4.49) is modified, replacing o with some & chosen
beforehand such that H + ¢M is positive definite. The larger the value of &, the lower the condition
number of H + &M, making the first few iterations require fewer conjugate-gradient iterations. This allows
the method to build up an initial subspace and helps to avoid any iterations where the preconditioned
conjugate-gradient method requires too many iterations to be feasible. This is particularly useful if
MINRES is used to solve (4.49), as most off-the-shelf implementations of MINRES do not track whether
indefiniteness has been detected.

The Jacobi-Davidson trust-region method will converge in at most n iterations, where n is the
dimension of the problem. However, convergence is typically achieved significantly faster. If £ is chosen
large enough to avoid any ill-conditioned instances of the correction equation, the algorithm typically
requires just a few more iterations. The algorithm may even converge before ¢ iterations if the trust-region
problem is well-conditioned. Furthermore, any preconditioner of the form H + o, M may be used to solve
the k-th correction equation, giving the algorithm quite a bit of flexibility. The preconditioner need not
be updated at each iteration. It can instead be reused at each iteration, particularly when |o) — og41]| is
small.

To accommodate the hard case, including a randomly initialized vector u in the initial matrix V'
suffices. When restarting, the new matrix V' should include a column consisting of the best approximation
of the left-most eigenvector.

Overall, the Jacobi-Davison trust-region method behaves quite well in practice. However, it tends
to struggle with particularly ill-conditioned problems. The principal advantages of this method over
SIGLTR, are that any preconditioner can be used and that the linear systems solved at each step need not
be solved exactly. Furthermore, as the value of ¢ is updated in the correction equation at each iteration,
this method often requires fewer iterations than SIGLTR. However, considerably more computation is
needed to compute each basis vector. Therefore, SIGLTR is still recommended if factoring one matrix of
the form H + oM is not prohibitively expensive. If, on the other hand, factoring H 4+ oM constitutes the
vast majority of the run time of SIGLTR, then the Jacobi-Davidson trust-region method is preferred. Of
course, the algorithm presented here is only one potential variant. Other methods that either solve the
correction equation using different techniques or solve approximations of the correction equation could be
implemented and found to have differing degrees of effectiveness.

The Jacobi-Davidson trust-region algorithm is presented in Algorithm 4.3.
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Algorithm 4.3. Jacobi-Davidson Trust-Region Algorithm

1: Given HLM € R M = 0, g € R", 25 € R® with af Mz < §2, 09 > 0 such that rqg =
—g — (H + ogM)zq satisfies rf zg = 0, and & > 0.
Given £ > 0 and m > 0.
Given & such that H + oM > 0.
Returns z and o such that ||g + (H + oM)z||3 < e and VaTMz < (1 +¢)d.
k 0.
ro < —g — (H + oo M)zo.
if ||ro||2 < ¢ then
exit.
end if
v w0/ 2l Mg
Vo [’Uo u], where u is a random vector.
k<« 0
while ||r;||3 <e do
if kK < m then

© P NPT

= s
w9

T
: u_ Hu
U argmilly, 4o yerange(V) T Mu

—
o

16: v <z /[T Mxy,

17: V + [vku]

18: end if

19: if k </ and o), <& then
20: G+ O

21: else

22: G o

23: end if

T T
. o Mzyxy, — _ TpTy M ) _ T _
24: Solve (I Tl Y(H +aM)(I T ies Wirk =Tk, Vi Map =0

25: M-othonormalize vg11 against V'

26: V + [V Uk+1]

27: Solve min,egrr1 {3y"VTHVYy + ¢TVTy : yTVTMVy < 6%}
28: Tp+1 — Vy

29: Tkl < —g — (H+ UkM)l'kJ,-l

30: end while

Recall from Section 2.5 the convergence of a trust-region method requires that the computed
solution yields a value of the objective function that is less than a fixed fraction of the value of the
objective function for some steepest-descent direction. Thus, in order to guarantee convergence, it suffices
to choose an initial vector zy that is the steepest-descent direction in some norm. Since the subspace is
expanded at each iteration, the objective value is guaranteed to decrease until restarting. At a restart,
the new starting vector is the best approximation thus far, so the value of the objective function cannot
increase. Therefore, choosing xg = —ag for some scalar « is sufficient convergence of an outer trust-region

method using the Jacobi-Davidson trust-region algorithm to solve the trust-region subproblem.
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4.7 A Locally-Optimal Preconditioned Conjugate-Gradient
Trust-Region Algorithm

The main aspect that both SIGLTR and the JDTR have in common is that they work with a
sequence of expanding subspaces, i.e., the subspace on which the trust-region subproblem is solved is
extended by at least one vector per iteration. As both of these methods are designed to require significantly
fewer iterations than GLTR, the subproblem can be expected to remain reasonably low dimensional.
Thus each method requires reasonably few iterations. The trade-off is that computing each subsequent
basis vector comes at a significant computational effort in each technique. As a result, there may be
some problems in which neither of these methods is feasible. The overwhelming majority of optimization
algorithms for solving arbitrary problems, such as gradient descent or nonlinear conjugate gradient, operate
by computing a new search direction at each iteration, and discarding all previous search directions, in
direct contrast to the methods described thus far. Thus, to solve problems in which computing the new
search direction in each of the previous methods is infeasible, it stands to reason that a method requiring
more iterations, but less computation per iteration, will offer some advantages. The preconditioned
conjugate-gradient algorithm for solving linear systems of the form Hx = b, where H is positive definite,
motivates such a method. The preconditioned conjugate-gradient algorithm can be seen in Algorithm 1.1.

The preconditioned conjugate gradient is derived as a method for minimizing the quadratic
function

1
q(x) = yTH:ﬂ +g'z,

where H is symmetric positive definite. An instance of the trust-region problem in which ¢ = 0 is
thus equivalent to this unconstrained minimization problem and can be solved with the same algorithm.
However, the preconditioned conjugate-gradient algorithm cannot be applied to any instance of the
trust-region subproblem with ¢ > 0. As ¢ is not known, it also cannot be used to solve the system
(H + oM)x = —g, or equivalently the problem

: g,.T 52
;relﬁgq(x)—FQ(x Mz —67).

However, techniques employed by this algorithm can still be used.
In line 11 of Algorithm 1.1, the scalar « is determined by performing an exact line search along
the direction pg. As seen in the review of Lanczos-CG, this is equivalent to finding the optimal solution

xy, restricted to the subspace span{py,...,pr}. In the shifted and inverted GLTR method, this property
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is preserved, with the trade-offs of being unable to use an arbitrary preconditioner and needing to either
store or regenerate every search vector once the termination criteria are satisfied. In this method, the
opposite trade-off is made.

Consider line 12 of the conjugate-gradient algorithm, x < = + aypg. This is equivalent to
performing the operation

: 1
z 4+ argmin ¢Tv+ —vTHu,
v=x+api,x€ER 2

which in turn is equivalent to

1
x4+ argmin g¢gTv+ —vTHu.
vE€span{z,px } 2

By line 18, px = zx + Bxpr—1. Therefore, line 12 is, in exact precision, equivalent to the locally optimal
update

) 1
T argmin gTv+ —vTHu.
vEspan{z,zk,Pr—1} 2

In the case of the trust-region algorithm, this three-term recursion is modified to suit the structure
of the trust-region subproblem. In what follows, px_1 denotes the previous search direction, r, denotes
the current residual rp, = —g — (H + o, M)z, where oy, is the current approximation of o, and z; denotes
the solution to Bz = 1, for some positive definite preconditioner B. The update step becomes

1
& + argmin gTv + ixTHx

subject to v € span{x, zx, pp—1}, (4.53)

o]l <6,

and oy, is updated with the value of o from the above low-dimensional trust-region subproblem. The
low-dimensional problem can be solved quickly using the Moré-Sorensen algorithm. Therefore, the new
vector is a linear combination of the previous estimate, the preconditioned residual, and the previous
search direction, i.e.,

Th1 = YTk + ak2i + BrPr—1,

where v, ag, and Sk, are determined by solving the low dimensional subproblem. The vector py is
intuitively set to

Pk = Tk+1 — Tk-

Observe this update guarantees that xj € span{xx,1,pr}. Thus, the previous approximation lies within

the subsequent three-dimensional subspace. The basis {xy, zx, px—1} is preferred over the equivalent basis
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{xk, zk, Tr—1} simply because, as the algorithm converges, z; and zj_; will only differ slightly. The

matrix [mk 2k xk—1:| will have nearly linearly dependent columns. The new residual is given by

Tet1 = —9 — (H + opp1 M) g1

=—g— (H+ op1M)(zx + pr)

—g — (H + oM + (O‘k+1 — O’k)M)(LBk +pk) (4'54)

—g— (H+oxM)xy, — (H + o, M)pi, + (0% — Ogg1) M (x) + pi)

=71 — (H + opr1 M)py, + (o) — Opg1) My,

Notice that this update differs from the residual update in the conjugate-gradient algorithm in that an
extra vector Mz is needed. This vector is also used to compute the scalars yx, ax, and Sg_1. In the
preconditioned conjugate-gradient algorithm, the subproblem is solved via an exact line search, which can
be calculated explicitly without resorting to any iterative algorithm. In the trust-region case, this property
is discarded, and the subproblem is solved via an iterative method. However, it is well known that in
floating-point arithmetic, the H-conjugacy of the search directions is lost as the algorithm proceeds. In
the trust-region case, this implies that the vectors {xg, zk, pr—1} will eventually become nearly linearly
dependent, creating difficulties for the iterative algorithm to solve the subproblem. To mitigate this effect,
the Gram-Schmidt biorthogonalization process is used at each iteration to force the search directions
to be M-orthogonal. In addition, column pivoting can be included to detect better when a breakdown
has occurred. This gives enough to form an initial locally-optimal preconditioned conjugate-gradient

trust-region algorithm (LOPCGTR).
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Algorithm 4.4. Locally-Optimal Preconditioned Conjugate-Gradient Trust-Region Algorithm

1: Given H,M € R™"*", M = 0, B € R™*™ such that Bz = r is simple to compute and B = 0, z¢o € R",
00>0,ge R e>0.

2: Returns = and o such that ||g + (H + oM)z||3 < e and VaT Mz < (1 +¢)d.
3: k+ 0.

4: 19+ —g — (H 4+ oo M)xy.

5: if ||ro||3 < e then

6: exit.

7: end if

8: Solve Bzg =g

9: p_1+0

10: while Not Converged do

11: Z [:Ek Zk pkfl]

12: (MZ)+ MZ

13: (Z,(MZ),R,r) < qr(Z,(MZ))

14: (HZ)«+ HZ

15: (ZHZ) + ZT(HZ)

16: (ZMZ) + ZV(MZ).

17: (Zg) + Z"%g

18: y < argming,cp {3y (ZHZ)y + (Zg)"y : y"(ZMZ)y < 6%}
19: pr — (HZ)y — xx

20: Tht1 < T + D

21: 0k+1 < dual solution

22: Tht1 < Tk — (H+O’k+1M)pk+(0k—Gk+1)M$k
23: if rpyq is sufficiently small then

24: exit

25: end if

26: Solve Bzi41 = Tk4+1

27: end while

The operation (Z,(MZ),R,r) < qr(Z,(MZ)) refers to the action of biorthonormalizing the
columns of the matrices Z and (M Z), by left multiplying by the matrix R, where r denotes the numerical
rank of the result.

This method could be modified to include a larger history of previous search directions so that
each iteration solves a subproblem over the subspace span{z, 2k, px—1, . - ., Pk—¢} for some £ > 0. For the
first ¢ iterations, the iterates would be, in exact arithmetic, equivalent to the first ¢ iterations of shifted
and inverted GLTR, assuming the same preconditioner is used. However, the cost of biorthonormalizing
the subspace at each iteration grows rapidly with ¢. For this reason, the subspace should be limited to
one previous search direction.

It is worth noting that this is only one potential implementation of a conjugate-gradient style
algorithm for solving the trust-region subproblem. For example, instead of solving the low dimensional
subproblem exactly, the update of x could be x < x + apy, where o would be computed via an exact line

search. Due to the simple structure of the trust-region problem, an exact line search in any direction can
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be calculated explicitly. The update to the search direction could similarly be replaced by pix < zr + Bipk,
where B would be computed by any of the numerous expressions used in the nonlinear conjugate-gradient
method. However, the trust-region problem has a convenient structure that makes finding the locally
optimal update based on the three vectors xzy, zx, and pr_1 relatively straightforward. Therefore this
version is preferred.

As previously mentioned, if the solution x* to the trust-region problem is an unconstrained
minimizer with ||z|| < d, then this algorithm reverts to the standard conjugate-gradient algorithm for
solving Hx = —g. With this in mind, the algorithm could be broken up into two phases: an initial
conjugate-gradient phase that runs until either the trust-region constraint is violated or indefiniteness of
H is detected, and then a second phase that runs the locally-optimal preconditioned conjugate-gradient
trust-region algorithm.

Now, consider the case where the trust-region subproblem is an instance of the hard case and
xo = 0. Then clearly, this algorithm will not converge to the true solution, as no search directions will
ever be generated with a nonzero component in the direction of the leftmost eigenvector w,,. Thus, to
accommodate convergence to the solution in the hard case from xy = 0, a secondary step approximating
u = u, must be included. Before updating any vectors, a second subproblem

uTHu

Upt1 = argmin —T
u€span{Tx,uk,2k,pr-1} U Mu

is solved. The initial choice of uy must be randomly initialized. Otherwise, the leftmost eigenvector may
not be found. This ensures that no components of the leftmost eigenvector are lost as the iterations
proceed, yielding a reasonable approximation of the leftmost eigenvector by the time convergence is

reached. This is sufficient to formulate a method that converges even in the hard case.
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Algorithm 4.5. Locally-Optimal Preconditioned Conjugate-Gradient Trust-Region Algorithm V2

1: Given H,M € R™*™, M = 0, B € R"*" such that Mz = r is simple to compute and B >~ 0, o¢g > 0,
o, up € R", g € R® ¢ > 0.

2: Returns z and o such that ||g + (H + oM)z||3 < e and VaT Mz < (1 +¢)d.

3: 19 < —g — Huxp.

4 if ||ro||3 < e then

5: exit.

6: end if

7: Solve Bzg =19

8 p_1+0

9: while Not Converged do

10: 7 [l‘k Uk 2k pk—l}

11: (MZ)«+—~ MZ

12: (Z,(MZ),R,r) < qr(Z,MZ)

13: (HZ)«+ HZ

14: (ZHZ) + ZT(HZ)

15: (ZMZ) «+ ZY(MZ).

16: (Zg) + Z"%g

17: y < argming g {5y (ZHZ)y + (Z9)"y : y"(ZMZ)y < 6}
. TzHuz

18: q < argming . %

19: Pk — 2y — X,

20: Tk41 & Tk + Dk

21: Ok+1 < dual solution

22: Uk41 Zq

23: Thgl < Tk — (H + O’k+1M)pk + (Ok — O—k»Jrl)Mxk-

24: if rg4q is sufficiently small then

25: exit

26: end if

27: Solve sz-i-l = Tk4+1

28: end while

The preconditioner B is chosen so that B ~ H +¢* M, where o* is the optimal Lagrange multiplier.
Unfortunately, o* is not known ahead of time, so instead, M is chosen such that B ~ H + ¢ M, where &
is some approximation of ¢*. In most implementations of preconditioned conjugate-gradient, a restarting
scheme is utilized to help mitigate the effects of the numerical instability of the Gram-Schmidt process.
The LOPCGTR algorithm can be restarted similarly. Say the algorithm is restarted after m iterations.
Before the algorithm is resumed, the preconditioner B may be updated using the current estimate of o so
that B ~ H + 0, M. This can significantly reduce the number of iterations until convergence and helps
to ensure that not too many restarts are required.

In the standard conjugate-gradient algorithm, the residual r, = b — Hzxy, is the gradient of the
quadratic objective function %xTH 2 — bTx. Therefore, the conjugate-gradient method is guaranteed to
converge at least as fast as gradient descent and is guaranteed to converge. However, in the LOPCGTR

algorithm, r, = —g— (H 4+ 0 M)z}, is not the gradient of any obvious function. Instead, it is the derivative
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of the Lagrangian function L with respect to the primal variables z. To better motivate convergence,
it would help to show that the residual vector rj is colinear with the gradient of some unconstrained
objective function that shares a global minimum x* with the trust-region problem.

Consider the case where the solution = satisfies the trust-region constraint so that ||z||y = 6.

Then the value of the objective function ¢(x) is equivalent to the value of the function

LaoTHz + Lx”Mng

52
w(z) =46 T x

This function is continuous everywhere except at & = 0. Furthermore, for any = # 0, w(ax) = aw(z) for
all « > 0. Thus, if « is a constrained global minimizer of the trust-region subproblem, then az is a global
minimizer of w for all & > 0. Note that for any « > 0, ax is not an isolated minimizer of w. Now, w and

q agree on the trust-region boundary but not on the interior of the trust region. Let

%xTHm + max(||§|\M,6)ng

max(zT Mz, §2)

fla) =02

Then f(z) = g(x) for all  such that ||z||y < 0, and if ||z||ar = 9, f(az) = q(z) for all @ > 1. Thus,
if x is either an unconstrained or constrained global minimizer of the trust-region problem, then z is
an unconstrained global minimizer of f. On the other hand, if x is an unconstrained minimizer of f,
then & = (6/ max(d,||z||ar))z is a minimizer of the trust-region problem. Thus, techniques for solving
unconstrained problems (such as the nonlinear conjugate-gradient method) can be used to solve the
trust-region problem. The gradient of f is clearly discontinuous on {z : ||z||ps = §}. However, it will be
shown that this does not present any difficulties. First, on the interior of the trust-region {z : ||z||as < d},
f(x) = q(x), so
Vf(x) =9+ Hz.

On the set {x : ||z||pm > 6}, f(z) = w(x), so Vf(z) = Vw(z), and

IE IRy T
52 ||$HM o 5 r+x Hx o
= T — x
xTMzx ) g xTMzx

Vw(z) =

Let {z,} C {z : ||z||m > &} be a sequence outside the trust-region that converges to a point ¥ on the

trust-region boundary. Then

lim Vf(z)=¢g+ Hx+d(x)Mz,

Ty —T
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where

[lz||ar T T
r+ax Hx

zTMx
If
0 if ||z]|p < O
6(x) =
o(x) iff|z||lar =6,
then
52 max(||z||ar, ) N
Vf(x) (2T Mz, 07) ( 3 g+ Hzx+46(x) x)
everywhere but the boundary of the trust region. Let
52 max(||z||ar, 9)
h(z) = ’ Hz +6(z)M
(z) max(zT Mz, §2) < 5 g+ Hrt () x) ’

with domain R". Suppose that = is a minimizer of f satisfying ||z||ps = §. Then z is a constrained
minimizer of the trust-region problem. Therefore, a ¢ > 0 exists such that g + Hx + cMx = 0. By left

multiplying by z, it holds that

lzllar v 1w
gTz+%ITHI 5 Y T+ s Hr )
O T ™Mz - xTMzx = ().

Thus, if = is a minimizer of f, then h(z) = 0, even where Vf(z) is undefined. The residual vector

x = —9— (H 4+ o, M)z used in the LOPCGTR algorithm is equivalent to —g — (H 4 & (xx) M )z, when x
is restricted to the trust-region, and is colinear with h(x). It is worth mentioning that, in the constrained
case, 0* does not necessarily maximize the function &(z). Note that the locally optimal update step
guarantees each iterate xj lies within the trust region. Therefore, the LOPCGTR algorithm can be
expected to converge at least as fast as the nonlinear conjugate-gradient algorithm applied to the function
f(x), and is guaranteed to converge.

Overall, the trust-region conjugate-gradient algorithm performs in a very predictable manner.
Convergence requires more iterations than in the shifted and inverted SIGLTR algorithm when B = H+uM,
where p is the shift parameter. This is because subsequent iterations discard previous information. However,
the subproblem being solved is limited to four dimensions, unlike SIGLTR, in which the subproblem adds
a new search direction at each iteration without discarding any previous information. Furthermore, the
computation required to compute each new search direction only requires the solution of the preconditioning

equation Bz = ry, instead of the significantly more costly (H + uM)u = v. In addition, the conjugate-
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gradient trust region method is considerably more flexible in choosing a preconditioner. Any positive
definite matrix B can be used, whereas SIGLTR is restricted to preconditioners of the form B = H + uM.
Overall, SIGLTR is still the preferred method if one factorization of H 4+ M is not prohibitively expensive.

Experiments also indicate that this conjugate-gradient style algorithm performs much more
favorably than the Jacobi-Davidson style algorithm in practically all cases. At best, the Jacobi-Davidson
style algorithm required a comparable number of conjugate-gradient iterations while requiring the additional
overhead of orthogonalizing the update vector against every computed vector thus far. The only true
advantage the Jacobi-Davidson trust-region method maintains is that the correction equation can be
solved via any means possible, simplifying the method if the objective and constraint matrices have a
particular structure.

Recall from Section 2.5 the convergence of a trust-region method requires that the computed
solution yields a value of the objective function that is less than a fixed fraction of the value of the objective
function for some steepest-descent direction. If the locally-optimal preconditioned conjugate-gradient
algorithm is not warm started and used a preconditioner B, the first search space is a one-dimensional
subspace spanned by z; = B~'r; = —B~lg. As B is chosen to be positive definite, z; is the steepest-
descent direction in the B norm. Furthermore, the current subspace span{xy,ri, pr—1} always contains
x), and xi_1, so the value of the objective function can only decrease at each iteration. Thus, the locally-
optimal preconditioned conjugate-gradient algorithm guarantees a sufficient reduction of the quadratic

objective function after 1 iteration.

4.8 Doubly-Augmented Trust-Region Problems

In the trust-region method for unconstrained optimization, the trust-region subproblem is typically
of the form )
in d'g+ -d"Hd
g9ty

subject to ||d|| < 4,

where g is the gradient of the objective function f, and H is the (potentially indefinite) Hessian of f.
Depending on the problem, Moré-Sorensen, SIGLTR, or LOPCGTR can reliably solve the trust-region

subproblem to any arbitrary level of accuracy. In the constrained case, as shall be seen in later chapters,
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the trust-region method can be applied with trust-region subproblems of the form

. T T dy 1 T - H+92JTp-1y —JT i
dweRI’{I,gjeRm 9z Gy + 5 d _dy

—dy —J D —d,
(4.55)
B B dy
subject to (dg _d;f> b 21 <62,

By1 Bapo —dy

where D is a diagonal and positive definite matrix. Let
H+2JT™D"tg —Jv Bix BF
HY = , and B = ’

) )

The superscript on H™ denotes that H is the Hessian matrix of some merit function. Due to the 2JTD~1.J
term in the upper diagonal block, the matrix B is referred to as doubly augmented. The doubly-augmented
structure of H makes this problem considerably more difficult to solve than the general sparse case.
If J is sparse, then even performing the matrix triple product JTD~'.J may be prohibitively expensive.
Moreover, if J has a single dense row, the resulting matrix H* will have a dense upper left block.

Additionally, the objective matrix H™ is extremely ill-conditioned in the Euclidean norm, partic-
ularly when the elements of D approach either 0 or infinity. Thus, special consideration must be given
to any implementations of the previous algorithms for problems of this form. It is also crucial that the
matrix B be chosen carefully, so whatever special treatment is given to the matrix H* can be given to
matrices H™ + o B. For this reason, two special cases of the matrix B are considered:

I+2J'D"'g —J*t

I 0
BW = , and B® = , (4.56)
0 D —J D

both of which are positive definite.

Proof. BM is clearly positive definite given that D is positive definite. Let R denote the matrix

~ I J'D™!
R =
0 I
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Then

Tp—-1
ap@pr_ [1+ITD7 0

Note that R is nonsingular, with

The identity matrix is positive definite, and the matrix JTD~1.J is positive semidefinite. Thus, the Schur
complement matrix I + JTD~1J is also positive definite. Therefore, RB@RT is positive definite. For
any v € R", vTB®y = UTﬁfl(ﬁB@)ﬁT)(ﬁT)’lv > 0, with equality if v = 0. Thus, B® is positive

definite. O

For both the Moré Sorensen and SIGLTR algorithms, inertia-revealing factors of H» + oM are
required, i.e., factorizations that also provide the integer triple In(H™ + oM) = (n4,n_,ng), where n is
the number of positive eigenvalues, n_ is the number of negative eigenvalues, and ng is the number of 0
eigenvalues. The complete inertia is not strictly necessary, as a Cholesky decomposition can suffice to
determine if a matrix is positive definite. That being said, it is essential to factor matrices of this form
without computing the matrix triple product, and use said factors in determining whether the matrix is

positive definite. Let
I 2JTD1
R= . (4.57)
0 -1

Observe that R% = I. Define the following matrices:

T
K = RHY = / ,
J =D
T
TW = RBMW = 2/ , and
0 —-D
T
T2 — RB® — rJ
J =D

It then holds that H + 0B® = R(K 4 oT®), and (H" + ¢cB®)~! = (K +oT®)~'R for i = 1,2. Thus,
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it is sufficient to factor matrices of the form K + o7, Consider the case i = 1. Then

T
K+ 0T — H+ol (1420)J

J —(1+4+0)D

This matrix is not symmetric. However, the columns can be scaled so that the resulting matrix is

symmetric. Let

I 0 S L H+ol J*T
S = , and KW = (K +0TW)s = . (4.58)
0 1+120 J —11J:_2(2D

Let ¢ = (14+0)/(1420). As this matrix is symmetric, an inertia-revealing symmetric indefinite factorization

can be applied.

Theorem 4.8.1. H" +0BW is positive definite if and only if I?,gl) has exactly n positive and m negative

etgenvalues.
Proof.
L H+ol+2JYD"1J —JT
HY + oBW = , (4.59)
—J (14+0)D
SO
I 1J%TJTD*1 H+ol+2JTD71J —JT I 0
0 I —J (1+0)D 1J%UD*J 1
(4.60)

H+ol+2JTD1J

(14+0)D

Therefore, H™ + o B is positive definite if an only if H 4+ oI + %J TD=1J is positive definite. Conversely,

I Z2J*™D7 ') [H+ol JT I 0 H+ol+ 2JTD71J

)

0 I J  —eD| \iD7'J I —aD

therefore In(IA(((,l)) = (n,m,0) if and only if H+ oI+ 1JTD~"J is positive definite. The result follows. [J

Now, consider the case ¢ = 2. Then

T
Kt oT® — H+4+ol (1+40)J

(14+o0)J —(1+4+0)D
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This matrix is already symmetric, so no additional transformations are required. The following result

shows that the inertia of H™ + ¢ B can be inferred from the inertia of K + oT().
Theorem 4.8.2. The matriz H™ 4+ 0B is positive definite if and only if In(K + oT®) = (n,m,0).
Proof. Consider the transformation
I J'D™! H+ol+21+0)JTD'J —(1+0)JT 1 0
0 I —(14+0)J (1+0)D D7YJ I
H+ol+(1+40)JTD71J

(1+0)D

Therefore, H” 4 0B?) is positive definite if an only if H 4+ oI + (1 4+ 0)JTD~1J is positive definite.

Conversely,
I JTD™! H4ol (1+0)JT 1 0
0 1 (14+0)J —(1+4+0)D D'J I

H+ol+(1+0)JTD71J

-(14+0)D

Therefore, In(K + oT®?)) = (n,m,0) if and only if H 4 oI + (1 + ¢)JTD~J is positive definite. The

result follows. O

Note that any system involving H + ¢B® can be solved in terms of 1?51)7 K +0T® and
the transformations R and S. Thus, any factorizations that need to be performed can be done with
an inertia-revealing symmetric indefinite factorization, allowing any of the algorithms discussed in the
previous sections for solving the trust-region problem to be applied. This is particularly beneficial for the
Moré Sorensen and SIGLTR algorithms, regardless of whether the problem being solved uses B or B(?),
as I?((,l) and K + oT® share the same sparsity pattern.

However, some remarks must be made before applying the standard GLTR and the LOPCGTR
algorithms. Recall that the SIGLTR algorithm utilizes a matrix of the form H™ + ;B as a preconditioner
in the Lanczos process, whereas GLTR uses B("). The matrix B(!) is diagonal and thus does not require
any factorizations to solve the system B(Mvu = v. On the other hand, B® has the same doubly-augmented
structure as H™ and cannot be directly factored. Instead, the matrix 7® can be factored, and the

system B®u = v can be solved via By = RT®)y = v. Thus, applying the GLTR algorithm may be

180



limited to ¢ = 1. At the same time, consider the case where the trust-region subproblem given by H* and
BW has ¢ = 0. Then the GLTR algorithm becomes the preconditioned conjugate-gradient method using
the matrix B as a preconditioner. This system is poorly conditioned and thus may take far too many
iterations per trust-region subproblem to be considered viable. These factors must be considered before
choosing an algorithm.

The LOPCGTR algorithm requires some remarks as well. As in the case of preconditioned
conjugate gradient, the algorithm’s success largely depends on the choice of the preconditioner. For both
H™ 4+ ¢BW and HY + ¢B®, an appropriate choice of the preconditioner is far from obvious due to the
presence of the doubly-augmented upper left block. In experiments, preconditioners N () were chosen to

have the form
G+upl+2JTD g —JT

NO —
—J (1+p)D
and
N G+pl +20+ ) J*DJ —(1+p)JT
—(1+p)J (I+p)D
where G denotes the diagonal matrix such that G;; = H;;. Equations of the form N®qy = v can be

solved using the same transformations R and 7" and an indefinite matrix with a similar sparsity pattern as
K + puT™. In a typical problem, factoring N should take less computation than factoring H" + o B,
However, if the dimension of the problem is particularly large, this may still be prohibitively expensive.
The common thread between the application of Moré Sorensen, GLTR, SIGLTR, and LOPCGTR
to the doubly-augmented trust-region problem is that particularly large problems may be out of reach for
all four methods, especially when at least one factorization of a saddle point matrix is required. What is
needed is a method that does not require any sparse factorization techniques but can still use an arbitrary
preconditioner to combat any ill-conditioning inherent to the problem. The Jacobi-Davidson trust-region

method, while an impractical choice in the general case, can be modified to meet these goals.

4.8.1 The Jacobi-Davidson QZ Trust-Region Algorithm

The modifications to the Jacobi-Davidson algorithm for solving the doubly-augmented trust-region
problem are inspired by the JDQZ algorithm for solving indefinite generalized eigenvalue problems. See
[10] for the details of the JDQZ algorithm. Hence, this algorithm is dubbed the Jacobi-Davidson QZ
trust-region algorithm (JDQZTR). This method exploits the relationship between the potentially dense

trust-region equations and the sparse indefinite saddle point systems of the previous section. Consider
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problem (4.55), with either B = BW or M = B® . By Theorem 4.1.1, the optimality conditions of this

problem are the following:
1. (HY + 0Bz + g =0,
2. zTBWg < 62
3. 0 <0,
4. 0(62 —2TBWzx) = 0, and
5. HY + oB" = 0.

Let g = Rg. The first condition can be written as
(K +oTW)z 4§ =0.

The final condition is equivalent to the condition that the matrix H* 4+ ¢ B has only positive eigenvalues.
If i = 1, then this is equivalent to I?,(,l) having the correct inertia, and if i = 2, K + ¢T( having the
correct inertia. However, in the large-scale case, in which inertia-revealing factorizations are not viable,
this inertia condition is not particularly useful, as using it would require making commentary on every
single eigenvalue of an indefinite matrix. On the other hand, showing that all eigenvalues are positive
only requires commentary on the smallest eigenvalue, i.e., if the smallest eigenvalue is positive, then all

eigenvalues are positive. This motivates the following result.

Theorem 4.8.3. The matrizc H" + cB® | for some o € R" and i € {1,2} is positive semidefinite if and

only if the generalized eigenvalue problem (K + oT®)x = XT™) has only nonnegative solutions.

Proof. Suppose the matrix H™ 40 B® has inertia (n,,n_, ng). As B is positive definite, it has a unique
positive definite square root. By Sylvester’s Law of Inertia, In((B®)~Y2(H™ + ¢B®)(BW)~1/2) =

(n4,n_,ng). The eigenvalue problem
(BY=V2(H™ 4 oBOYBW) ™12 = Az

is equivalent to

(H™ + 0BW)y = ABWy,
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where y = (B®)~1/2z. Right multiplying by the matrix R gives

(K +oT®W)y = AXTWy,

The result follows. O

The Jacobi-Davidson method, as presented earlier, seeks to solve the standard trust-region
optimality conditions. The goal here is to devise a new method that seeks to solve the following equivalent

conditions:
1. (K+oTOz+g=0,
2. 2TBW g < §2,
3. 0>0,
4. 0(6% = 2TBWz) =0, and
5. (K + 0T, T®) has no negative eigenvalues.

As (K + oT®, T(i)) is not a symmetric-definite pencil, one would typically also have to add a condition
that all of the eigenvalues of are real (K + oT), T(i)) as well. However, the proof of Theorem 4.8.3 also
shows that all eigenvalues of (K + o7, T(") are real.

The main idea of the Jacobi-Davidson method is to build a suitable subspace on which to solve
a projected trust-region subproblem. The projected trust-region subproblem in JDTR is derived via a
Galerkin condition. However, due to the indefinite nature of the pencil under consideration, a Galerkin
condition may no longer be appropriate. Instead, consider a Petrov-Galerkin condition, in which the
search space range(V) is distinct from the test space range(W) for some basis matrices V and W. Let
r denote the residual vector (K 4+ ¢T)z + § = 0. Given a search space range(V) and a test space

range(W), the method seeks to solve the following projected conditions:

WK +oTOYVy+WT5=0 (4.61a)
yTVTB(i)Vy <52 (4.61b)
o>0 (4.61c)
o(0? —yTVTBOVy) =0 (4.61d)
(WTKV + oW TTOV, WTT®V) has no real eigenvalues less than zero. (4.61e)
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Projecting the generalized eigenvalue problem onto V' and W may introduce complex eigenvalues. Observe

that condition 1 above is equivalent to finding a vector € V such that

(K +o0T)z 4§ L W.

To formulate a practical method out of these conditions, how to construct the subspaces V' and W must
be understood. Additionally, a strategy is needed for solving the projected subproblem.

Suppose, at iteration k, k orthonormal basis vectors for both k-dimensional spaces V; and
Wy, are known, and some approximate solution zp € Vi and o > 0 such that the residual vector
re = —(K + O'kT(i))J?k — g is orthogonal to W} has been computed. The next basis vector is found by

approximately solving the correction equation

2Rz , TRt
(I - ]frk ) (K + UkT(z)) (I - x}frx];) Vk+1 = Tk, UkTHSUk =0. (4.62)
k

The key difference between (4.62) and (4.49) is that the projection operator on the left-hand side differs
from the projection operator on the right. Following [10], z) is chosen to lie in the span of Kz and Txy,
ie., zr = apKxp + BrTx for some scalars ap and S;. The scheme for choosing oy and By is postponed
until the correction equation is further examined. As in the case of the symmetric definite Jacobi-Davidson
algorithm, the convergence is quadratic if the correction equation is solved exactly.

Once vgy1 has been found, Vi1 is taken to be [Vi, vg+1], and thus a new vector wy41 needs to be
found for Wi.41. Following the construction of zx, wi41 is chosen to lie in the space o K Vi1 + BxT Vita.
A straightforward choice is

Wiy1 = apKvp1 + BpTvry1.

Once vi4+1 and wg41 have been computed, they are orthogonalized against the previous k basis vectors
using the modified Gram-Schmidt process. Then, the next projected subproblem is solved.

Some care needs to be taken when solving the projected subproblem. In the symmetric definite
case, the projected subproblem was a low dimensional trust-region problem, and thus the Moré-Sorensen
algorithm could be applied without any complications. In this case, it is less clear how to formulate a
solution. At iteration k, let y; denote a vector in R¥ that satisfies (4.61), and let o) be the associated
multiplier. Then z; = Viyi, and o will be used to formulate the k + 1-th correction equation.

Let K; = W,CTKVk, T = WETVk, M, = VkTMVk, and g = W,€T§. Like the Moré-Sorensen

algorithm, the goal is to create a sequence of trial multipliers {7} converging to oi. Unfortunately,
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there is no direct inertia-revealing factorization for determining if all real eigenvalues of the matrix pencil
(Ky + 5ka, T}.) are nonnegative, given a trial value 7;. Fortunately, the projected subproblem is low
dimensional, so more computationally intensive techniques can be used. Define the matrices Qg, Zx, Sk,

and Py as factors in the real, generalized Schur decomposition of (Kj, T}), i.e.,

QrKiZy =Sy, and QpTpZy = Py,

where Qp, Z), € R* are real and orthogonal, Si, € R¥ is a real, upper quasi-triangular matrix (block upper
triangular with blocks of size one or two), and P, € R¥ a real, upper triangular matrix with nonnegative
values along the diagonal. Such a decomposition always exists. The real eigenvalues of (K}, T}) are given
by the ratios of the diagonal entries of Sy and Py, where the real eigenvalues correspond to the 1 x 1 blocks

of Sj. The complex eigenvalues correspond to the 2 x 2 blocks. The eigenvalues of (K}, + @T i, Tr) can
(k)

therefore be easily found for any value of 5;. Let A ;, denote the lowest real eigenvalue of the pencil. Then,
(k)

for any o > —A, ;. , the system (K + 0Ty)yx = —gr has a unique solution. If the Schur decomposition has
been found, the entire system can be transformed to use the Schur factors. Let 2, = Zlyx, hi = QL g,

and Ny = ZI M Z,. Then (4.61) becomes

(Sk +0Pg)zi +hp =0 (4.63a)
X Nyzp < 62, (4.63b)
o >0, (4.63c)
0 (6% — 2F Npzp) = 0, and (4.63d)
(Sk + 0 Py, P;) has no real eigenvalues less than zero. (4.63¢)
Note that N is symmetric positive definite. Thus, if )‘r(:i)n > 0 and zp = fSk_lhk has zENkzk < 42,

then zj satisfies the above conditions, and can be used to form the approximation zj to the trust-region
problem. This corresponds to the solution of the trust-region problem where o = 0. If this z; fails to

satisfy the above conditions, then oy > 0 and 2 Nyzj, = §2. Let 2;,(0) = —(Sk + 0 P) " 1hy, and

(o) =1/ zk(0)T Nyzi (o) — 0.

_\®)

The following result shows that, under suitable conditions, the function 1 has a zero on (—A, 7 , 00).

Theorem 4.8.4. If P, is nonsingular, that is all the diagonals of Py are positive, and the system
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(Sk — AR Py)zi, = —hy, is not compatible, then (o) has at least one root on the interval (—Amin, 00).

min

Proof. Without loss of generality, assume the matrix Sy is upper triangular, i.e., there are no complex
eigenvalues, and that N, = I. To simplify notation, drop the iteration index k. Assume the eigenvalue
Amin has algebraic multiplicity m. The generalized Schur decomposition can be constructed so that Apin

corresponds to the lower right m x m block. Then,
2(0) = —(S+oP)"'h

can be solved via backward substitution, i.e.,

n
P—j1 = D ik jr2(Sk—j+1,i + 0 Pr—jy1,4)zi
Sk—jt1,k—j+1 + 0Tp—j41,k—j+1

Rk—j+1 =

for j =1,...,k. By the incompatibility assumption, hp_.,+1 through hy are not equal to zero. So,

hy

2k = 7
Skt + 0 Pr i

is a rational function of o. Proceeding via induction, it is straightforward to show that

J
Rk—j+1 =
’ pj(o)’

where ¢; is a polynomial of degree not exceeding j — 1, and p; is a polynomial of degree j with largest

root —Amin. Then
2
2

20)T2(0) = Ek: 4;(9)"
= pi(o)

2 = 00, and all other terms in the sum are

Then lim,_, .. 2(0)Tz(0) = oo, as lim,_,_»,,, 2x(0)
nonnegative, and lim, o 2(0)Tz(c) = 0. Now, z(c)Tz(0) is continuous and nonnegative, therefore
2(0)Tz(0) is continuous. By the intermediate value theorem, 1)(¢) must then have at least one zero in

(_/\min’oo)' ]

Unlike the standard trust problem, ¢ may in fact have multiple roots in (—Apin, 00). Fortunately,
this does not seem to cause issues in practice and is rarely the case. Like the Moré-Sorensen algorithm, a

safeguarded Newton’s method can be performed on the function

1

1
%) = 5 @)l
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to find such a root.

It is worth mentioning that the condition that Pj be nonsingular will almost always be true in
practice. If this fails to hold at some iteration k, solving the subproblem can be skipped. The updated
solution can be taken to be zp41 = a(xy + vgy1), where a > 0 is chosen so that the approximation does
not exceed the trust-region boundary, and o1 is taken to be zero if xpy1 is on the interior of the trust
region, and og11 = — (9T xps1 + mg+1Hmk+1)/52 if 11 is on the boundary. A more difficult issue is the
compatibility condition. This corresponds to the hard case in the standard trust-region problem. To

(k)

min

is a simple eigenvalue appearing in the upper left entry of Sy and

NG,

min

illustrate the situation, assume that A

Py) L null(ST — AW

min

Py, and that (S), — A%

tminPi) 2 = —hy, is compatible. Then hy, € range(Sy, — P,;r)

Let v(k)

min

be the left eigenvector of (S — A Py) corresponding to )\Er’fi)n. Then the system is compatible if

T, (k) (k)

and only if h; v, 7, = 0. Note that the corresponding right eigenvector is u, 7, = e1. Let s; be the solution

to the following problem:

i ||s]],

subject to (S — A Py)s = —hy.

min

If A%

min

is simple, then this corresponds to a one-dimensional minimization problem. If ||sk||n, < d, then
(k) (k)

sk + Tu,,,, satisfies (4.63) for some 7. Otherwise, ¢ must have at least one root in (—A.,; ,00), which
can be solved for via Newton’s method. Using the computed Schur decomposition, the left and right
eigenvectors are straightforward to find. Therefore, the hard case can be checked upfront before running
Newton’s method. Furthermore, the Schur decomposition implies that (Sy + o Py) will always be nearly
upper triangular. Thus any systems of the form (Sy 4+ o Py)zr = —hy are trivial to solve. Therefore, the
termination criteria used in this method are more straightforward than that of the Moré Sorensen method,
i.e. once the ¢ = 0 and the hard case are checked for, the safeguarded Newton’s method is applied to ¢(o)
until |¢(0)] < ed and ||z(0)||n, < (14 ¢€)d for some tolerance € > 0.

The scheme for updating the interval in which o belongs is equivalent to the Moré-Sorensen
algorithm. However, the initial choice of interval [0y, 0y,] is less obvious. As Apin can be inferred from the
Schur decomposition, o; is set to max{0, —Amin}. On the other hand, there is no simple expression with
which to infer a choice of . Instead, an iterative approach is taken. Choosing ooy = max{r,;} for some
7> 0, and 0 = v70g for some v > 0, a sequence {¢)(c;)} can be computed until a j with ¢(c;) < 0 is
found. Setting o, = 0; then creates a viable initial interval. The modified Moré-Sorensen algorithm can

then proceed. The upper quasi-triangular structure of Sy + 0P and low dimension imply that this initial

iterative procedure only negligibly impacts the run time. Nevertheless, it is still recommended to choose ~
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to be large enough that an acceptable o, can be quickly found.

The final issue to be discussed is the choice of ay and 8. A simple option is ap = 0 and 8 = 1,
which experimentally yield the most consistent results. However, other choices seem best suited for scalars
in the interior of the spectrum of (K, T'), as would be the case for using a Jacobi-Davidson method to find
interior eigenvalues.

This choice of ay, and Sy yields a correction equation (4.62) that is not symmetric and, therefore,
cannot be solved with preconditioned conjugate gradient. This, however, is in line with the primary
motivation of this method. Recall that K and T, in the case ¢+ = 2, form a saddle point system, and
in the case i = 1, create a system equivalent to a saddle point system under column scaling. Unlike

the locally-optimal preconditioned conjugate-gradient trust-region method, preconditioners no longer

JT
need to be limited to the form . Any preconditioner can be used, such as the incomplete LU
J =D

decomposition or the incomplete signed Cholesky decomposition if i = 2. As both preconditioners were
developed with GMRES in mind, restarted GMRES is used to solve the correction equation. However,
other methods, such as CGS or BICGSTAB, could be used instead of GMRES.

As was the case with the standard JDTR algorithm, it is beneficial to set a fixed number of
initial iterations in which the correction equation is solved with o; replaced with p such that H" + pB®
is positive definite. This is equivalent to the requirement placed on the shift of the SIGLTR algorithm.

Equation (4.30) suggests using

g%g

on = _)\estv
dllgllm

where Aot is an estimate of the lowest eigenvalue of (HM,B("’)). Recall that H" 4+ ¢BW is positive
definite if and only if H + ol + %JTD_lJ is positive definite, and H™ + 0 B® is positive definite if and
only if H+ oI + (14 0)JTD~1J is positive definite. This implies that if H + o[ is positive definite, then
H™ + B® for both values of i. Thus, finding an estimate of the lowest eigenvalue of H provides a reliable
choice of . One simple method would be to use a few iterations of the Lanczos process to find such an
estimate. Let At (H) be the approximate eigenvalue found by a few iterations of the Lanczos process.
Then A\, (H) < Aest(H), and p = % — Aest (H) is not guaranteed to yield a positive definite matrix.
Let ¢ denote the lower bound on A, (H) found by the Gerschgorin circle theorem. Then ¢ < A\, (H). Most
likely, ¢ will be a significant underestimate of A, (H). This motivates the choice of

T
99 ((

Slglls — 4 T)Aest (H) + 70) (4.64)
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for some small positive value of 7. If this choice of p fails to yield a positive definite matrix, the choice

gty

) 4.65
Sllglls (4.65)

is guaranteed to succeed. These estimates work well for both JDQZTR and SIGLTR applied to doubly-
augmented trust-region problems.

The Jacobi-Davidson QZ trust-region algorithm is best suited for doubly-augmented trust-region

JT
problems in which the dimension is so large that even one factorization of a matrix of the form
J —-D

is infeasible. If such a factorization can be performed efficiently, then the other methods discussed thus
far tend to outperform this method. No problems in the CUTEST NLP collection required using this
method in experiments. However, some artificially constructed doubly-augmented trust-region problems
could rapidly converge using this method. In contrast, the other methods could not be applied, as the
single matrix factorization exhausted all available memory before completing. This method also suffers all
of the issues from ill-conditioning that GMRES suffers from. Namely, if the correction equation using a
given preconditioner is ill-conditioned, convergence can be quite slow when far from the solution. In these
situations, SIGLTR and locally optimal preconditioned conjugate-gradient tended to perform comparably
to this method, even if the initial factorization took a large percentage of the execution time. The key
takeaway is that the collection of methods presented here should provide a suitable means of solving all

but the most extreme of doubly-augmented trust-region subproblems.
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Chapter 5

The All-Shifted Primal-Dual Penalty-Barrier
Trust-Region Method

5.1 Introduction

Consider the inequality-constrained optimization problem

I -

subject to ¢(z) > 0,

where f: R" — R and c¢: R® — R™ are assumed to be twice continuously differentiable, and the notation
v > 0 is defined to act element-wise on a vector v. This problem can be reformulated to only include

simple bounds by introducing a vector s € R™ of slack variables. The resulting problem is given by

A C)
subject to c¢(z) —s=0, (5.2)
and s>0.

Note that any additional equality constraints and bounds on z can easily be incorporated into this
formulation. Most practical implementations of constrained optimization algorithms explicitly work with
problems in the generic form

min f(x)

subject to £, < x < uy,

and {5 < c(z) < ug,

190



or the slack formulation
min f(z)

subject to l; <z < uy,,
(5.3)
l; < s <,
and c(x) —s=0,
where —oo < 4, < u, < oo and —oco < £y < ug < 0o, however the problem formats (5.1) and (5.2) are

sufficient for any theoretical analysis.

5.2 Shifted Primal-Dual Interior Point Algorithm

Consider the inequality and equality constrained problem (5.2). A vector v* = (x*, s*, y*, w*) is

a first-order KKT point of (5.2) if

clx*)—s"=0, s >0, (5.4a)
g(z*) = J@)Ty* =0, y*—w =0 (5.4b)
s wt =0, w*>0. (5.4c)

The vectors y* € R™ and w* € R™ are the Lagrange multipliers for the equality and inequality constraints,
respectively. Let vy = (2, Sk, Yk, wi) denote the k-th primal-dual iterate computed by the algorithm,
with the goal that the limit points of {v;}72, are first-order KKT points that satisfy (5.4).

In a typical interior-point algorithm, the complementarity condition (5.4c) is perturbed to be

where e is the vector of all ones and p” > 0 is the barrier parameter. This has the effect of forcing the
variables s; and wy, to remain in the set {s > 0,w > 0}, i.e., the strictly feasible set. In [13], Gill et al.

propose perturbing the complementarity condition instead by

E

s-w=p’(w" —w),

where w” is an estimate of the optimal values of w. This has the effect of shifting the primal constraint
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$>0tos>—pe. In [17], Gill et al. further suggest perturbing the complementarity condition by

sow = pP(s" = 5) + p” (" —w),

where s” is an estimate of the optimal value of s. This can be rewritten as

(s +n”e) - (w+ pe) = ps” + pw® + (u”)%e.

Perturbing the complementarity condition in such a manner, therefore, has the effect of shifting the
boundary of the strictly feasible set to {s + p"e = 0,w + pu” = 0}, allowing iterates to temporarily leave
the feasible set on the way to the optimal value. Moreover, as the optimal values of s and w will, in many
cases, lie on the boundary of the feasible set, this formulation avoids requiring u” to be driven to zero.
The equality constraints are similarly perturbed using a primal-dual augmented Lagrangian

approach, as in [15]. The perturbed first-order KKT conditions are then

Vi) —J) Ty=0, y—w=0 (5.5a)
c(x) —s=p"(y" —y), 5>0 (5.5b)
s w = pP(w? —w) + p°(s¥ —s), w >0, (5.5¢)

where p” > 0 is the penalty parameter, and y” is an estimate of the optimal value of y. In a neighborhood
of a first-order KKT point, it is well known that computing a search direction as the solution of Newton’s
equations for a zero of the perturbed optimality conditions provides the ideal local convergence rates
commonly associated with Newton’s method. At the same time, to ensure convergence from an arbitrary

starting point, any algorithm must include a strategy for deciding whether one iterate is preferable to
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another. To that end, the following merit function is introduced.

M(xvSay7w;3anE7wE7/’(‘P’MB) = (J?) —(C(Z‘) _S)TyE

—~ ———
A B
b @) — s e e(@) — s+ "y — yF)| P
2ur 2ur
C D

=23 (nPwf + pPsf + (1)) In(si + p”) + 27T e

=1 F
E

=S WPwE 4 P 4 (u7)) In(w; + p°) + pPwe + s (5.6)

It will be shown that, in a neighborhood of a minimizer of (5.2) satisfying certain second-order optimality
conditions, Newton’s equations for a zero of the perturbed optimality conditions (5.5) are equivalent to
the Newton equations for a minimizer of M. Additionally, it will be shown that if the parameters s®, yZ,
w®, p* and p® are updated appropriately, then stationary points of M have convenient properties that
can be used to construct a globally convergent method to solve (5.2).

Before proceeding, some additional notation is needed. Let S and W denote the diagonal matrices

diag(s) and diag(w), respectively. Let

1 _
ﬂyzyE—N—P(c(x)—s), and 7 = (S+ p°I) 1(quE—uB(s—sE)), (5.7)
and
Dy =p"I, and Dy = (S+p"I)(W +pu”1)"". (5.8)

Note that y = 7¥ and w = 7" are the stationary points of M with the variables x and s fixed. Then VM

may be written as
g(x) = J (@) (2 —y)
279 —y) — (27Y —w
o | —w - —w
(

D
Dy(w —7")
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Let Wy =W + p”I and [TY = diag(n™ + p”e). The penalty barrier function Hessian can be written as

H+2J(x)" D, " J(x) —2J(x)" D, * J(x)T 0
—2D; Y (x 2(D; '+ Dw tITY -1 1
w2f — y J (@) (D, 5 AT C (5.10)
J -1 D, 0
0 I 0 D Wil

where H = H(x,27Y — y) is the Hessian of the Lagrangian with respect to the x variables, i.e. H(z,y) =
V2 f(@) = 3005 viViei(@).
5.2.1 Minimizing the Primal-Dual Merit Function

In [13] and [17], Gill et al. propose a method for minimizing the merit function M using a suitable
line search approach. However, the method presented here differs in that a trust-region approach is
used instead of a line search procedure. With the trust-region algorithms introduced in Chapter 4, a
pure trust-region approach has become significantly more feasible for use in large-scale optimization, and
unlike in [12], a solution to the trust-region subproblem can be followed up with solving a trust-region
subproblem with a reduction of the trust-region radius, as opposed to a line search.

In what follows, consider the parameters s, y®, w®, u”, and p” to be fixed. Let
1
qr(v) = M(vg) + VM (vg,) T (v — vp,) + 5(1} — ) THY (v — wg)

be a local quadratic model of the merit function M, and let Qr(d,) = qr(vi + dy) — qx(vi). At each

iteration, the following trust-region subproblem is solved:

1
: — T M - THI\/I
L Qr(dy) = dy VM(vy) + 5 d, H'dy

(5.11)
subject to  d B,d, < 62,
where By is a positive definite matrix, and
H(z,y)+2J(z)" Dy J(x) —2J(z)"Dy;t J()T 0
—2D; ' J(x 2(D;' + Dt —1I 1
e )1 @) (Dy'+ DY) 12)
J -1 D, 0
0 1 0 Dy,
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is the matrix obtained by replace 7¥ and n% with y and w, respectively. Note that H has a doubly-
augmented structure. Before defining By, suppose that the problem being solved has H(z,y) strongly
positive definite and that Newton’s method can be directly applied to M. Then the search direction at
each step satisfies

HY'd, = —V M.

Following Section 4.8, this can be transformed to

H(z,y) 0 —J@) 0 ) [do V(@) —J(@)ty
0 0 1 -1 ds Y —w
=— . (5.13)
—J(x) I D, 0 dy Dy(m¥ —y)
0 —I 0 D, dy D, (7% — w)
This system should not be solved directly. Instead, the system can be further reduced to
H(x,y —J(x d, Vf(x)—Jx)Ty
(z,y) (z) _ (z) = J(x) (5.14)
—J(@)  —(Dy+Duw)) \dy Dy(n¥ = y) + Duy (0 — w)

and

dw =y—w+d,, and ds=p"W; (0" + s —s) — Dy(y +d,).

It can be shown that the matrix H* is positive definite if and only if the matrix appearing in (5.14) has
exactly n positive and m negative eigenvalues. Depending on the definition of By, a similar procedure can

be followed to simplify systems of the form

(H,iw + O'Bk)dv = VM.

The choice of model function Hessian H* can be further justified by examining the path-following

equations. Consider the path-following equations of the perturbed KKT conditions (5.5)

Vi(z) = J(x)Ty
F(I s .o E E E P B\ __ y—w . 1
, 8y, wis® Yyt w pt pt) = =0. (5.15)
c(z) —s+p"(y —y®)

s w4 pP(s — %) + pP(w — w”)
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A zero of F satisfying s > —p”e and w > —pPe approximates a solution of problem (5.2). The
approximation becomes increasingly accurate as p”(y — y®) — 0, u?(s — s¥) — 0, and p®(w — w®) — 0.

The Newton equations for F' are

H(x,y) 0 —J(x) 0 d, Vi(z)—J(x)Ty
0 0 1 —1I ds B Yy—w
J(x) —I D, 0 dy c(z) —s+p"(y —y~)

0 W+ n”I1 0 S+ u”l

Qu
S

5w+ (s = 7) + p? (w — w*)

A simple row scaling shows that these equations are equivalent to (5.13).
In [12], Gertz et al. propose a primal dual interior point trust-region algorithm in which the

trust-region matrix By is defined as

I 0 0 0
01 0 0

B — (5.16)
00 D, 0
00 0 D,

While this matrix is straightforward to work with, the matrix pencils (H}', B,gl)) are poorly conditioned
because of the doubly-augmented structure of H}’. The matrix B,(Cl) is referred to as the diagonal

trust-region matriz. Consider the alternative trust-region matrix

[+2J(@)T™D; ()  —2J@)7TD;Y  J@T 0
2D 1 (z [+2(D'+ DY) I I
BY - v @) Py ) , (5.17)
J I D, 0
0 I 0 D,

which is called the doubly-augmented trust-region matriz. Both matrices are positive definite, and systems

of the form (HM + 0 B\")d, = —V M}, can be reduced similarly to (5.14) for both i = 1 and 2.
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First, consider the case i = 1, so for any u,

H(z,y) + pl 4 2J ()T D, J(x) —2J(x)TD,* J(z)" 0
HY 4 4B — —2D; 1 J () pl +2(D;' + Dyt -1 I
J —I (1+ ul)D, 0

0 I 0 (1+ puI)D,,

Regardless of which trust-region method is used, equations of the form (H™ + uB™))v = r should not be
solved directly. Let r = (r,,ry,7,,7w), and v = (z,s,y,w). Let J = J(x), H = H(x,y), and

xr sy

I 0 2J'D;Y 0
0 I -2D;' 2D.*
R =
0 0 —I 0
0 0 0 -1
Then
H+pul 0 —(1+2u)J" 0 x ry +2J7 D,
0 1 142p)I —(1+2u)1 s ry—2D;tr, + 2D tr,
R(HY + yuBW)y = [ (1+42p) (14 2p) _ v Ty
-J I —(1+4up)D, 0 Yy -,
0 -1 0 —(1+ p)Dy, w —Ty

Let g = 11;*2‘2 . Then the above equation can be symmetrized to become

H+4+upl 0 —J*b 0 x rm+2JTDy_1ry
0 ul I —1I s Ty — 2Dy_1ry +2D 1y,
—J I —-pb, 0 (1+2u)y -,
0 -1 0 —itDy, (14 2p)w —Ty

A row and column permutation then gives

H+ul —JT 0 0 x T, + 2JTD;1ry
—J —uD, I 0 (14 2u)y B -7,
0 I ul -1 s T — 2D;1ry +2Dtr,
0 0 —I —puD, (14 2p)w —Ty
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These equations, which are almost block-diagonal with the majority of nonzero blocks diagonal, can be

further simplified. Let D = (ud + %D;l)_l7 and

I 0 O 0
. |o 1 =D ip;'D
R= !
00 I —ip;t
In
0 0 O 1
Left multiplying by R gives
H+ul —J*T 0 0 T
-J  —[iD,—D 0 0 (1+42u)y
0 I D' 0 s
0 0 —I  —pDy, (1+2p)w

T, + 2JTDy_1Ty

_ =Ty = D(r, — 2Dy_1ry +2D3tr,) — %D;lDrw

ry — 2D;1ry + 2Dy + IDyr,,

—Ty

The upper left block can be used to solve for z and y, and then substitution can be used to find the
remaining variables. Thus, the (n + 3m) x (n + 3m) dimensional system can be converted into an
(n+m) x (n+ m) dimensional saddle-point system.

Next, consider the case i = 2, so for any u,

1 _ _
T (H + pl) + 27D, LT —2JTD, JT 0
_op-1 u —1 -1y _
(HY +uB®) = (14 p) o r AP D)
J —I D, 0
0 I 0 D,
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Let R be defined the same as before, so that

ﬁ(H +upl) O
0 =y
R(HM —I—MB(Q))U — (1 +,u> 1+p
—J I
0 —I
A row and column permutation then gives
e (H+pl) —JT 0
—J -D, I
(1+p) .
O I 14w
0 0 -1
Let D = (gh I+ Dy')~" and
I 0
~ 0 I
R f—
0 0
0 0
Left multiplying by R gives
ﬁ(H + ul) —JT 0 0
—J -D,—D 0
(14 p) .
0 I D1 0
0 0 -1 —-D,

-Jt 0 x r, +2JD, 1 r,
1 -1 s | 7s— 2Dy_17“y + 2D;1ru,
-D, 0 =Ty
0 —Dy, w —Tw
0 x r, +2J7 D,
0 Y —ry
-1 s Ty —2D;1Ty+2D;1rw
—D,, w —Tw
0 0
-D Dj'D
I -Dgt
0 I
T
)
s
w
r, +2J7 D, r,
77’9 - D(rs - 2D;17"y + 2D;1T1u) - qulDTw
Ty — 2D;1ry + 2D;1rw + DTy,

7Tw

The upper left block can be used to solve for z and y, and then substitution can be used to find the

remaining variables. Thus, the (n + 3m) x (n 4+ 3m) dimensional system can be converted into an

(n+m) x (n+m) dimensional saddle-point system.
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As discussed in Section 2.5, trust-region methods for unconstrained optimization problems have
excellent theoretical properties and work quite well in practice, often exhibiting convergence in fewer
iterations than inertia-controlling line-search strategies at the cost of the larger computational overhead
required to solve the trust-region subproblems. However, some difficulties emerge when applying these
results to the minimization of M. First, because of the barrier terms in the merit function, M is not
defined outside the strict interior of the shifted feasible set. The merit function M can be defined as
infinity off this set. Doing so ensures that the trust-region method will reject any steps outside this set.
Because of the improvements in trust-region algorithms presented in Chapter 4, it is possible to solve a
subsequent trust-region subproblem with a reduced radius quickly. The trust-region step vg4+1 = vg + dy

is accepted if the condition

M(vk) - M(l)k+1) 2 7771Qk(d1)) (518)

holds, where 7, € (0, %) Due to the shifted constraints, iterates vi41 can satisfy this condition even if
they lie outside the feasible set. This includes the boundary of the feasible set, which is excluded in typical
interior methods. As usual, the restriction of n; to (0, %) prevents the sufficient decrease condition from
interfering with the asymptotic convergence rate of the algorithm.

The trust-region algorithm used is presented in Algorithm 5.1

Algorithm 5.1. Merit Function Trust-Region Algorithm

1: Given constants 71, 12, Yo, Y&, 0o such that 0 < <m2 < 1,171 <1/2,0< v <1 < ~vg, and §o >0
2: k<« 0

3: while not converged do

4 dy, = argmin,cg. {Qx(dy) : ||d»UHBI(Ci) < 0}

5 pe = (M(vg) = M(vk + dy))/Qr(dy)

6 if pr > 11 then

7 U1 = Vg + di;

8 if py > ny then

9 Ot1 max{ék,vEHdkHBy)}

10: else

11: 6k+1 «— O,

12: end if

13: Sk1  max{Spr1, c(@py1) — p1” (Y + 5 (Wit — Yrs1) + pZe) > Slack Reset
14: Vg1 < (Try1s Skt 1, Yot 1, Wt 1)

15: else

16: Vi1 € Vg

17: Okt1 < %HdkHB](:)

18: end if

19: k+—k+1
20: end while
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An approximate solution d, to (5.11) is required to satisfy the following conditions:

Qr(dy) < Tmin{by 1,bk2}, (5.19a)
||dv||B(i) < 6, and (5.19b)
k
either VM (vy,)Td, <0, or VM (v3)*d, < 0 and d} H'd, <0, (5.19¢)
where
bt = — (VM (o) | {5, I ) (5.20)
k1= — Vk (i)y 1 ININ k> 5 .
(By)~t HHéWHBI(;)
and
1 i
bro = 55,% min{0, Amin (H', B} (5.21)

for some 7 € (0,1). These bounds are the model decrease of @ subject to the trust-region constraint
along the steepest-descent direction induced by the trust-region norm and the leftmost eigenvector of
(H})Y, B,(f)), respectively. Compare this with Assumptions 2.5.7 and 2.5.9. In practice, the approximate
solution to each trust-region subproblem will be very close to the true solution. However, this requirement
is sufficient to achieve convergence. Line 13 of Algorithm 5.1 constitute an additional step known as a
slack reset. This step is crucial to the convergence of the outer algorithm. It will be shown that the slack

reset does not hinder the convergence of Algorithm 5.1 to a local minimizer of M.
5.2.2 Convergence Analysis

The following assumptions are made for the convergence analysis:
Assumption 5.2.1. The functions f and ¢ are twice continuously differentiable.
Assumption 5.2.2. The sequence of iterates {x} is contained in a bounded set.

Note the similarities between Assumptions 5.2.1 and 5.2.2 and Assumption 2.5.1 and 2.5.10. It is
important to note that not every iteration of Algorithm 5.1 is successful. Recalling that M is defined to

be infinite outside the shifted feasible set, define the sets
S={k:pr>m} and V= {k:pp>n}

to be the set of successful and very successful trust-region iterations, respectively. Note that if k ¢ S,

then dx+1 < k. The following result shows that M satisfies the decrease condition M (vgy1) < M (vg).
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Lemma 5.2.1. For each iteration k > 0, it holds that M (v4+1) < M (vg).

Proof. Before the slack reset, the sufficient decrease condition ensures that M is decreasing. Thus, the only
way the result can be false is if the slack reset can increase M. The vector c(zy41) — p”(y® + 3 (wg+1 —
Yr+1) + 1Pe) is the unique minimizer of the sum of terms (B), (C), (D), (F), (H), and (I) in the definition
of M, so the slack reset does not increase these terms. (A) is independent of s. The slack reset can only
increase the individual entries of s. Thus the remaining terms can only decrease. Thus, the slack reset

can only reduce the value of M. O

Corollary 5.2.1.1. If k€ S, then
M (vg) = M(vig1) > M(vg) — M (Ugg1) > —mQ(dy k).

The above inequality will allow the proofs of the following results to closely follow the results
presented in Section 2.5. The following result demonstrates that most of the assumptions of section 2.5

are satisfied by the function M and the model functions gy.

Lemma 5.2.2. The sequence of iterates {vi} = {(xk, Sk, Yk, W)} computed by Algorithm 5.1 satisfies the

following properties.
1. The sequences {s}, {c(xr) — sk}, {yr} and {wy} are bounded.

2. For each index i € {1,...,m}, it holds that

. By > . BY >
htknzlglf(sk +up"e); >0 and lnglzlglf(wk +u”); > 0.

3. The sequences {m¥(zk, sk)}, {7 (sk)}, and VM (vy) are bounded.
4. There exists a scalar M such that M (vy) > M for all K.

5. The eigenvalues of the matrices {B,(j)} are all positive, bounded away from zero, and bounded
above. Therefore, there exists a positive constant k1 such that (1/k1)[|v]| < [[v]|p; < k1l[v]] for all

v € RnH3m,
6. The sequence {||H}'||} is bounded.

7. The sequence {||V?M (vy)||} is bounded.
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Proof. Assume that the sequence {sj} is unbounded to establish a contradiction. By construction,
sk + pPe > 0 for all k. Therefore, if {s;} is unbounded, then there exists a subsequence K and an index ¢
such that

,lif?c[sk]i =o0 and [sg]; > [sk]; for all k € K and j. (5.22)
€

It will be shown that if this is the case, then M goes to infinity, contradicting Lemma 5.2.1. It follows
from (5.22), Assumption 5.2.2, and the continuity of ¢ that the term (A) in the definition of M is bounded
below for all k, the term (B) cannot go to —oo faster than ||sg|| on K, and the term (C) goes to oo on K
at the same rate as ||sx||?. Furthermore, (D) is bounded below by zero. On the other hand, the barrier

term (E) goes to —oo on S like —In([sx]; + 1”). The terms (F), (H), and (I) can be rewritten as
(F) + (H) + (I) = (w + 1%) "(sg + p%€) + 12 (51 + pe) e — 2(u®)e.

As s+ pPe > 0 and w + pPe > 0 for all k by construction, the sum (F) + (H) + (I) is bounded below.
Therefore, if (G) is bounded below, M goes to co on M, establishing the contradiction with lemma (5.2.1).
If instead (G) goes to —oo, then it follows that there exists an index j of w such that [wg]; — co. In
that case, the (H) term will go to oo faster than (G) goes to —oo, so M goes to oo. Thus, {s;} must be
bounded. Now, because ¢ is continuous and {xy} is bounded, {¢(xg) — sx} is bounded as well.

Next, it will be shown that {yx} is bounded. To establish a contradiction, assume that it is not,

i.e., that there exists a subsequence KC and index i such that
lim [[ye]i| = 0o and |[yslil > [[y];| for all k € K and j. (5.23)

Terms (A), (B), and (C) are bounded below for all k, and (D) converges to oo at the same rate as ([yx]:)?.
By the boundedness of {si}, (E) is bounded below. Similar to before, if (G) is bounded below, then M
goes to 0o, establishing the contradiction, and if not, i.e., if (G) goes to —oo, it does so slower than (H)
goes to 0o, 0 M goes to oo. Thus, {yx} is bounded.

Finally, {wg} is bounded, otherwise (G) may be unbounded below on a subsequence K, and (H)
goes to 0o on K faster than (G) goes to —oo.

Part 2 is similarly proved by contradiction, in that if it is false, M goes to co. Suppose that
lim infg>(sk +p”e); = 0 for some index 4. Then there exists a subsequence C such that limges s;+p” = 0.
Then all terms except the barrier terms (E) and (G) are bounded below for all k. By construction,

(w” + s” + pPe) > 0, and {s;} and {wy} are bounded. Then (E) goes to oo on S, contradiction lemma
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(5.2.1). Similarly, if limges w; + p® = 0, then (G) goes to oo of S, contradicting the same lemma.

Part 3 follows from parts 1 and 2, and Assumptions 5.2.1 and 5.2.2.

For part 4, it suffices to show that each term in M is bounded below. (A) is bounded below
by assumptions 5.2.1 and 5.2.2. (B) is bounded below by the boundedness of {zx} and {sx}, and the
continuity of ¢. (C) and (D) are bounded below by zero, and the sum of (F), (H), and (I) are bounded
below by construction, as si + p%e > 0 and wy + p”e > 0 for all k. The barrier terms are bounded below
by the boundedness of {s} and {wy} established in part 1. Therefore, M (vy) is bounded below by some
M.

Part 5 follows from parts 1 and 2, Assumptions 5.2.1 and 5.2.2, and the fact that B® are
constructed to always be positive definite.

Parts 6 and 7 follow from parts 1 and 2, Assumptions 5.2.1 and 5.2.2. O
Lemma 5.2.2 validates Assumptions 2.5.2, 2.5.3, 2.5.4, 2.5.5, 2.5.6, and 2.5.10.
First-order convergence of Algorithm 5.1

This section shows the convergence of iterates {vy} generated by Algorithm 5.1 to first-order

stationary points of M. Let || - ||s denote the norm ||v|ls = supges||v - ||sx its dual, and

g |l
l|H||s = ||H||s,s« the induced matrix norm. The following proofs differ slightly from section 2.5 in that

some slight modifications are needed to address the extra slack reset step when an iteration is successful.

Lemma 5.2.3. There exists constants Hy and Hy such that ||V?f(vy) y < Hy and |[HY'|| gy < Ha
k

||B](:

for all iterations k.
Proof. The result follows directly from Lemma 5.2.2 parts 5, 6, and 7. O

Theorem 5.2.4. For all iterations k, it holds that
|M Uk 1) = qx (O41)| < max{Hy, H2}6%.
Proof. By the mean value theorem, there exists a & € [0, 1] such that

~ 1
M(vk+1) = M('Uk) + VM(’Uk;)Td'U’k; + idEkVQM(’Uk + §kdv,k)dv,}c~
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Subtracting g (Vx+1) and taking the absolute value yields

~ 5 1
| M (Vig1) — qr(Vs1)| = §|dEkV2M(vk + &)y — dX L HY dy i
1 1
< §|dg:kv2M(vk + Skdv,k)dv,kl + §‘d3‘,kHlI€udv,k|
1 2
< g + )y sl

S maX{Hl, HQ}(S]%

O
If the scalar 75 is set to max{H;, Ha}, then
| M (Dk41) — qr(Os1)| < 7267 (5.24)

Thus, the error between the merit and model functions before the slack reset decreases quadratically with
the trust-region radius. Intuitively, this implies that as the radius shrinks, the model function becomes a
better and better approximation of the merit function. This leads to the following result, which states that
if the trust-region radius is sufficiently small at iteration k, then the k-th iterate will be very successful,

assuming that stationarity has yet to be achieved.

Theorem 5.2.5. Suppose that VM (vi) # 0, and that

TIIVM (i)l oy -2 (1 =n2)

T2

ES

Then pr > 12, and iteration k is very successful.

Proof. By construction, 0 <73 <1 and 0 < 7 < 1, and 75 < Hy. It follows then that

VAL (03| -+

0 <
k I,

By assumption,
@k (V) — g (Vk41) > T5k||VM(Uk)||(BI<€i>)71'

On the other hand, Theorem 5.2.4 gives

M (Uk+1) — qr (V1) T2
@ (Vi) — qe(Uk41) |~ T||VM(U1¢)||(B](:,))_1

lpe — 1] = 6 <1 —np.
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Therefore, iteration k is very successful. O

The following result shows that not only can the trust-region radii not be too small in between
two iterates, but that the entire sequence of trust-region radii {0y} is bounded below while the optimality

conditions fail to hold.

Theorem 5.2.6. Suppose that there exists a constant g such that ||V M (vy) > g for all iterations

H(Bl(ci))_l

k in a subsequence S of the iterates. Then there exists a constant § such that 8, > & for all iterations k.
Proof. The result follows from Theorem 5.2.5, Lemma 5.2.2, and Theorem 2.5.17 O

This result can be used to show that if there are only finitely many successful iterations, then the

sequence {vy} generated by Algorithm 5.1 converges to a first-order stationary point of M.

Theorem 5.2.7. Suppose that |S| < co. Then v, = v* for all k sufficiently large, and v* is a first-order

stationary point.

Proof. Suppose that k is the final successful iterate. Then wviy; = vp41 = v* for all j > 0. As all

||(B,<€i))*1 > 07

subsequent iterates are unsuccessful, 0y — 0. If vi41 is not a stationary point, i.e. ||[VM (vg)
then 5.2.6 implies that there must be a subsequent successful iteration. This is a contradiction, and thus

[|VM (vg) y-1 = 0. The result follows. O

e
Consider the more general case where S is infinite. The following result shows convergence to a

first-order stationary point on a subset of the iterates.

Theorem 5.2.8. It holds that liminfy_, o ||V M (vk) =0.

H(BI(:))—I

Proof. Suppose there exists an € > 0 such that ||V M (vg) > ¢ for all iterations k. Suppose that

H(Bl(ci))_l

the k-th iterate is successful, so that

M(g) = M(vis1) 2 M(vg) = M(@ir) 2 m(ae(v) = as(Bs1)) > remmin { 7.5},

where § is the lower bound on the trust-region radii guaranteed by Theorem 5.2.6. Let n; denote the
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number of successful iterations in between the first and k-th iterate. It then follows that

k
M(vo) ~ M(vign) = > (M(v)) ~ M(vy 1))
j=0,j€8
k
> 3 (M) - M(@140))
j=0,7€8

> i { ° 5}
nETEN MIN § —,0 ¢.
Z NETEM H,

Now, as there are infinitely many successful iterations, ny — oo as k — oo. Thus, the difference between

M (vg) and M (vj1) is unbounded. This, however, contradicts Lemma 5.2.2 part 4. The result follows. [
Theorem 5.2.8 can be leveraged to prove the following stronger result.

Theorem 5.2.9. [t holds that limy_, ||V M (vi) =0.

H(B}(@“)—l

Proof. For the sake of establishing a contradiction, assume that there exists a subsequence of successful

iterates such that ||V M (vg)||sx > 2e for some € > 0. Then HVM(U;C)H(B(Z-)
k

)-1 > 2¢. Theorem 5.2.8 and
Lemma 5.2.2 part 5 ensure that for each iteration k, there exists a subsequent iteration £ such that £

is the first iteration after k to satisfy ||V M (ve,)||s« < ||V M (ve,,)

< H(ij'))fl < €. Let ¢ be the equivalence
k

constant of the family of the uniformly equivalent norms || - || ;). Let K denote the subset of successful
k
iterations from k to ¢, i.e.,

K={jeS:k<j<{l}
Then, it holds that, for all k € K,
M (vg) — M(viy1) > M(vg) — M (V1)

> (g (vr) — qr(Vk+1)) (5.25)

> i {E 5}
TE min _— .
Z TEM H,’ k

Now, the sequence {M (vy)} is monotonically decreasing and bounded below by Lemma 5.2.1 and 5.2.2

part 4, so M (vg) — M (vgy1) — 0, and therefore § — 0. It follows then that, for k sufficiently large,

5k S (M(’Uk) - M(Uk+1)). (526)

TEM
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From Lemma 5.2.2 part 5, it follows that

L

ok —vells < Y lvi = vigalls
i=k,iek

Ly
<c Z v — Ui+1||B](€i)
i=k,iek

Ly
<c Z i
i—kyiek

< %(M(vw — M(vgs1))-

The right-hand side of this inequality must converge to zero, and thus ||vx — vy, ||s converges to zero. By
the continuity of the gradient of M, it follows that ||V M (vi) — VM (v, )||s« converges to zero. However,
the definitions of k and /) ensure that ||VM (vy) — VM (v, )||sx > €. The result follows from this

contradiction. O

Thus, iterates generated by Algorithm 5.1 converge to first-order stationary points. Next,
convergence to points satisfying second-order optimality conditions is established. The second-order
information of the merit function M and the model function g must be examined to establish convergence

to second-order stationary points.
Lemma 5.2.10. It holds that limy_, ||VZM (vg) — HY|| = 0 whenever lim_, ||[VM (vi)|| = 0.

Proof. The result follows from the definitions of VM, V2M, and H} combined with Lemma 5.2.2 part

3. O

The above lemma validates assumption 2.5.8. The final result can be directly stated with the last

assumption from section 2.5 validated.

Theorem 5.2.11. Let v* be any limit point of the sequence of iterates generated by Algorithm 5.1, Then

v* satisfies the second-order necessary conditions for optimality.

Proof. The result follows from Theorem 2.5.30, Lemmas 5.2.2 and 5.2.10, and the fact that M (vi) <

M (Dy41) for all iterations k.

Theorems 5.2.9 and 5.2.11 demonstrate that neither the slack reset nor the lack of uniform
continuity on the entire shifted feasible set weaken the results of the basic trust-region algorithm when
applied to the merit function M. Thus, Algorithm 5.1 is well-suited to guarantee convergence to a

minimizer of problem (5.2) along the sequences of inner iterations.
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5.2.3 Solving the Constrained Nonlinear Optimization Problem

This section discusses and analyzes the outer algorithm used to solve problem (5.2). The algorithm
is based on an inner and outer iteration strategy, where the inner iterations use a few steps of Algorithm
5.1 to take steps towards a minimizer of the merit function, and the outer iterations adjust the parameters

that were treated as fixed in the previous section.

The Algorithm

The proposed algorithm is presented in Algorithm 5.2. The method separates iterates into O, M,
and F iterates, depending on how the algorithm is coming along.

Optimality iterates, or O iterates, are characterized by a non-negligible improvement to the
optimality conditions. This progress is defined in terms of the following measures of the feasibility,

stationarity, and complementarity conditions:

Xteas(Vk+1) = [|c(Th+1) — k41|
Xstny (Vk41) = max{||g(zrs1) — J(@rs1) " Yrsll, [[Yrs1 — wisal]}, and (5.27)
Xcomp(vkﬂ;ﬂf) = H min{(h(vkﬂ),Q2(Uk+1;/$f)}||7

where

q1(vkg1) = max{|min{sgy1, wri1,0}], [Spr1 - Wi},

@2(vk4r pg) = max{pie, [min{sg1 + ppe, wepr + pge, 03 [(se1 + pge) - (Wi + pie) [}

With these definitions in mind, a first-order KKT point of vg; for problem (5.2) satisfies

X(va /u') = Xfeas(v) + Xstny(v) + Xcomp(va :u) = 0. (528)

max

Iteration k is classified as an O-iterate if x(vit1, pf) < X, where {x}***} is a monotonically decreasing
positive sequence. At such an iterate, the parameters are updated as s, = max{0, sp41}, Y51 = Ye+1,
wy = wiy1 and XY = x3** /2. This reflects the fact the current iterate vy represents the best-known
approximation of the optimal values for s, y, and w, and ensures that if there are infinitely many O-iterates,
then {x}***} is driven to zero monotonically.

If the test for an O-iterate fails, a second test is used to determine if the current iterate vjyyq is
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an approximate first-order solution to the unconstrained problem

minimize M (v S, Yr, Wi, 47, 5 [4F, )- (5.29)

v=(z,5,y,w)

To be more precise, an iterate is called an M-iterate (or a merit iterated), if vgy; satisfies

Ve M (Uit 15 k15 Vi1, Wigas 175 1) loo < T, (5.30a)
Vs M (0k415 1 Y1 Whprs 1175 1) oo < T (5.30b)
IV y M (Vk 415 85415 Yhr 15 Whpts B 117)]|oo < TkHDIZéJrlHoov and (5.30c)
(Vo M (V115 85415 Yig1s Wha1s 15 1) oo < Tk [ Dy lloos (5.30d)

where 7y, is a positive tolerance. In this case, vg41 is classified as an M-iterate due to the fact that it is an
approximate first-order solution of (5.29). In this case, the estimates s, y*, and w® are defined by the
safeguarded update

Spy1 = max{max{0, sy41}, Smaxe},

Yrr1 = Max{—Ymax€, Min{yk+1 Ymaxe}}, and (5.31)

w1 = Max{Wpi1, Wnax€},

where Smax, Ymax, and wy,,, are large positive constants. The method then checks if

Xfeas (vk+1) < Tk-

If so, the penalty parameter p” remains unchanged. Otherwise, it is reduced by % to place greater
emphasis on satisfying the equality constraints c¢(z) — s = 0 on subsequent iterations. Similarly, the
method checks if

Xecomp (V415 i) < Ty Sky1 = —Tre, and wyp1 > —Te. (5.32)

The barrier parameter ;” remains unchanged if these conditions are true. Otherwise, it is reduced by a
factor of 1/2 to place greater emphasis on satisfying the complementarity conditions s - w = 0.

An iterate vg41 that cannot be classified as an O or an M iterate is called an F-iterate, or a failed
iterate. F-iterates neither improve the optimality of the overall constrained problem nor the solution to
the merit function. In this case, all parameters are left unchanged so that progress is measured solely in

terms of the reduction of the merit function.
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Algorithm 5.2. All Shifted Trust-Region Interior Method

N N KN DD DNDNDNNDNLN = = = = = = = =

30:
31:

Given initial point vg = (24, sg, 9, wg )T, where (sg,wq) > 0.
Given constants 71,12, Yo, Ye, 0o such that 0 < n; <n <1, m <1/2,0 < ve <1 < g, and dy > 0.
Given constants ymax > 0, Wmax > 0, Smax > 0.
Given constants py > 0 and pg > 0.
Choose wg and s§ such that wy + s§ + ufe > 0.
Choose y§, x5 > 0.
k<0
while |[[VM(v)|| >0 do
(8%, 9%, w?, p”, u?) (Sf’yf’wlfvﬂg’ﬂlf)
Compute vgy1 in steps 4-19 of Algorithm 5.1 until the sufficient decrease condition is achieved.
if x (Vg1 1) < xP** then > O-Iterate
(Xﬁlﬁ’ﬁ y,§+1, wlf—i—lv /~L11:+17 /~L1)c3+1v Tht1) (%X};}axa Yk+1, Wk+1, /‘Ev /‘1)37 )
Skl & max{0, Sg41}
else if vy satisfies (5.30 then > M-Iterate

max )

(inj)lc’ Tk-‘rl) — (Xk s Tk
Update si, 1, 5,1, wy,, using 5.31
if Xfeas(vk+1) < Tk then
Whv1 < Mg
else
Mhy1 < Hi /2
end if
if Xcomp(Vk+1; g ) < Tk, Sk41 > —Tre, and wiy1 > —Tre then
Pyl < Br
else
iy1 < Hi /2
Reset si4+1 and wg41 so that sg+1 + pPe > 0 and wg1 + pPe >0
end if
else > F-Iterate
(ng)lca ylf_t,-h w]?+17 M]?+17 M]?+17 Tk+1) — (Xglaxv y]f:7 wl?? /1']?7 Ml?v Tk)
end if
end while
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Now, the initial shifting of the feasible set by u§ and subsequent reduction of the barrier parameter
implies that, at some M iterations, the reduction of uy, ; may force the current values of sx1 and w41
to violate the shifted constraints spy1 + pg, e > 0 and wyy1 + pg, e > 0. If, for some iteration k,
a multiplier [wy]; becomes infeasible, it is reset as max{y;, w;}. If a slack variable [s;]; is infeasible,
the inequality constraint s; > 0 is temporarily converted into a trivial equality constraint s; = 0. The
primal-dual augmented Lagrangian term enforces this constraint in the merit function (terms (C) and (D)
of the merit function), until the constraint value ¢(z); becomes large enough that it reenters the shifted
feasible set, at which point s; is assigned c(x);. At this point, it becomes free to change value again. The

corresponding Lagrange multiplier is reinitialized as max{y;, e}, where ¢ is some positive constant.
Convergence Analysis

Convergence of the iterates is established under the properties of the complementary approzimate

KKT condition (CAKKT) proposed by Andreani, Martinez, and Svaiter [2].

Definition 5.2.1 (CAKKT Condition). A feasible point (z*,s*) (i.e., a point such that ¢(z*) —s* =0
and s* > 0) is said to satisfy the CAKKT condition if there exists a sequence {(x;,s;,y;, w;)} with

xz; — 2" and s; — s* such that

g(x;) = J(x;) T y; =0, (5.33a)
y; —2; =0, (5.33b)

w; >0, and (5.33¢)

s;-w; — 0. (5.33d)

Any such (z*, s*) is called a CAKKT point.

The CAKKT condition is a sequential optimality condition that holds for each local minimizer.
Compared to other sequential optimality conditions, it is relatively tight insofar as not many CAKKT
points are not local minimizers. The method for relating CAKKT points with KKT points is given by
CAKKT-regularity, which is the weakest known constraint qualification that guarantees the following

result.

Theorem 5.2.12. If (z*,s*) is a CAKKT point that satisfies CAKKT regularity, then (z*,s*) is a
first-order KKT point for (5.2).

The first part of the analysis concerns the conditions under which limit points of the sequence
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{(z*, s*)} are CAKKT points. As the results are tied to the different iterations types, the following index
sets are defined:

O = {k : iteration k is an O-iteration}

M = {k : iteration k is an M-iteration}

F ={k : iteration k is an F-iteration}

The first part of the analysis establishes that limit points of the sequence of O-iterates are CAKKT

points.

Lemma 5.2.13. If |O] = oo, then there exists at least one limit point (z*,s*) of the infinite sequence

{(zk+1, Sk+1) tkeo, and any such limit point is a CAKKT point.

Proof. Assumption 5.2.2 implies that there must exist at least one limit point of {zy41}reo. If * is such
a limit point, assumption 5.2.1 implies the existence of a subsequence K C O such that {zx11}trec — =*
and {c(xp41)}kex — c(x*). As |O| = oo, {xp**} — 0. Furthermore, as x(vi+1, ) < xp** for all
ke K, and Xfeas(Vk+1) < X(vk41; 7)) for all k, it follows that Xreas(vi+1) converges to zero on K. With
the definition s* = ¢(x*), if follows that {skt1}rex — limgex c(zrt1) = e(a™) = s*, which implies that

(x*, s*) is feasible for the general constraints because ¢(z*) — s* = 0. The remaining feasibility condition

is proved componentwise. For any 1 < i < m, define

Q1 ={k : [q1(vk+1)]i < lg2(vrs1,p6)li} and Q2 ={k : [q1(vit+1)li > [g2(Vrs1, ui)]i}s

where ¢; and gz are as they are in the definition of Xcomp. If K N Q1 is infinite, then it follows from the
inequalities {Xcomp (Vk41; %) Jrere < AX(Vrt1, i) Jrex < {X3™ Frex — O that s7 = limgcxng, [Sk+1]i >
0. Similarly, if K N Qs is infinite, then s} = limgexng, [Sk+1)i = liMrexng, [Sk+1 + ©e]; > 0, where the
second inequality uses the limit {y]} — 0 that follows from the definition of Q2. Combining these two
cases implies s} > 0, as claimed. It follows that the limit point (x*, s*) is feasible.

It remains to show that (z*,s*) is a CAKKT point. Let

~ [Sk+1}i ifk e Ql
[Sk+1}i =
[sk1]i + 07 ifke@q
and
max{[wk4+1];,0} ifk € @
[Wrt1]i =

[Wt1]i + 1 ifk e Qo
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for every 1 < i < m, and consider the sequence (Zg41, Sk+1, Yk+1, Wk+1) as a candidate for the sequence
used in Definition 5.2.1 to verify that (s*, s*) is a CAKKT point. If ONQs is finite, then it follows from the
definition of 511 and the limit sg41 — s* that {[Sk+1]i}kex — sF. Furthermore, {Xcomp(vkﬂmg)}kac —
0 implies that lim infgex[wgr1] > 0, and therefore {[@Wg11—wgk41]i tkexc — 0. On the other hand, if ONQ5 is
infinite, then the definitions of Q2 and Xcomp(Vk+1; 47 ), together with the limit {Xcomp (Vi+1, 15 ) brex — 0
imply that {u;} — 0, giving {[Sx+1]i }kex — s; and {[Wr41 — wrt1]ikex — 0. A 4 is an arbitrary index,
these cases together imply that {Sx41}trex — s* and {Wr11 — W11 trex — 0.

The next step is to show that {(g+1, Sk+1, Yk+1, Wk+1) trex satisfies the conditions required by
Definition 5.2.1. It follows from the limit {x(vi4+1 pg)}rex — O established above that {xstny(ve+1) +
Xcomp (Vk+1; 17 ) teexc — 0. This, together with the limit {@x1 —wiy1}rex — 0 implies that {V f(zg41)—
J(@r1) T yri1 brexc — 0and {ygy1—wpy1} — 0, which establishes that the first two conditions of Definition
5.2.1 hold. Then nonnegativity of w1 for all k is clear from the definition. It must finally be shown
that the sequential complementarity holds. Consider the i-th components of wy1 and wg41. If the
set KK N @1 is infinite, then the definitions of Sx11, g2(Vi+1, ), and Xcomp(Vk+1, iy ), along with the
limit {Xcomp(Vk+1; 15 ) thex — 0 imply that {[@Wg+1 - Sp+1]itkexng, — 0. On the other hand, if the
set K N Q2 is infinite, then the definitions of Sx11, g2(Vk+1, 1), and Xcomp(Vk+1, iy ), along with the
limits {Xcomp(Vk+1; 45 ) teex — 0 and {Wit+1 — wit1 tkex — 0 imply that {[Wrr1 - Sk+1)itkecng, — O-

Combining these two shows that the last condition is satisfied. Therefore, (z*, s*) is a CAKKT point. O

In the complementary case, where |O| < oo, it will be shown that every limit point of the iterations
sequence {Txt1, Sk+1}kem is infeasible with respect to the constraint ¢(x) — s = 0, but does solve the

least-infeasibility problem

o1 2 .
- — > 0. .
Iinimize 2\|c(x) s||5 subject to s> 0 (5.34)

The first-order KKT conditions to (5.34) are

J(x)T(c(x) — s) =0, s* >0, (5.35a)

s (c(x)—s) =0, c(x) —s <0. (5.35b)

These conditions define an infeasible stationary point.

Definition 5.2.2 (Infeasible Stationary Point). The pair (z*,s*) is an infeasible stationary point if

c(x*) — s* # 0 and (z*, s*) satisfies conditions (5.35).
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The following result shows that if there are only finitely many O-iterations, then there are infinitely

many M-iterations.
Lemma 5.2.14. If |O| < oo, then |M| = co.

Proof. Suppose that |M| < oo, in which case |O U M| < co. Therefore, k € F for all k sufficiently large,

i.e., there exists an iteration index kp such that
ke ]:7 yllc; = Yk, and (Tlﬁw]?nu;?//'f) = (T7wE7,uPu,U/B) >0

for all kK > kp. This means that the iterates computed by Algorithm 5.2 are equivalent to the successful
iterations of 5.1 for all k > kp. In this case, Lemma 5.2.2 and Theorem 5.2.9 can be applied to show
that the (5.30) is satisfied for all k sufficiently large. This contradicts the assumption that the number of

M-iterates is finite. The result follows. O

The following result justifies the right-hand side of (5.30).

Lemma 5.2.15. If |M| = oo then

klg\l/[ ||7T12<J;+1 — Yt1lloc = 0,
li [ =0
kg}\l/t I — Wetlloo )
klg}\l/l ||7T}Z+1 = Ti1lleo =0, and

klgjl\l/t |Yk+1 — wry1lloo = 0,

Proof. It follows from (5.9) and (5.30) that
Imier = vkalloo <7k, and |7y — wigalloo < 7 (5.36)

By assumption, |[M| = oo, thus 7, — 0 as k — oco. This fact, together with (5.36), establishes the first
two limits in the result. It also then follows, by (5.30) and (5.9), that the third limit holds. Finally, it
follows that

0= klér}\l/t ||7Tlgi+1 - 77;cU+1||oo
klgjr\l/l (71 = vka1) + (Wkar — wieg1) + (e + 1300) oo

=1 - .
kénj\l/l||2/k+1 Wit1||oo
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The following result shows that if the set of O-iterates is finite, then any limit point of the
sequence {(Zx+1, Sk+1) bkem is infeasible with respect to (¢(z) — s) = 0. It is important to note here that

an M-iterate satisfies conditions (5.30) and fails to be an O-iterate.

Lemma 5.2.16. If |O| < 0o, then every limit point (x*,s*) of the subsequence

{(@kt1, Sk41) frem satisfies c(z™) — s* # 0.

Proof. Let (x*,s*) be a limit point of the infinite sequence M. Then a subsequence K C M exists on
which iterates converge to (z*, s*). For the sake of establishing a contradiction, assume that c(z*) —s* =0,

so that

lim [[e(zi41) = sl| = 0. (5.37)

First, it is shown that s* > 0, which will imply that (z*,s*) is feasible. The trust-region method ensures
that spy1 + e > 0 for all k. Thus, if limg_, o0 tr = 0, then s* > 0. On the other hand, if u7 does
not converge to zero, then that must mean that p® is reduced only a finite number of times so that
pp = p” >0 and (5.32) holds for all k& € M sufficiently large. Taking the limit over all £k € M in (5.32)
and recalling that limy_, o 7 = 0 gives s* > 0. Therefore, the limit point (z*, s*) is feasible.

Now the assumption that O is finite and the implication that M is infinite, along with the update

rule for x;'®* establishes that lim;_,o 7, = 0 and

Xp o = x> 0 for all sufficiently large k € K. (5.38)

Using |O| < o0, Lemma 5.2.15, and the fact that M is defined to be infinite outside the shifted feasible

set in Algorithm 5.2 gives

lim [[ypg1 = wia|| =0, and wipy +pfype > 0 for all k > 0. (5.39)

From the definitions of 7, and VM, it holds that
Vi(@k = J(@r11) rrr = Vi (@ra1) — J(@p) T rly 4+ yepn — 270 44)
= Vo M (21555, Y i 1> 1) — 2 (@r41) T (Ygr — 7y y)-

Thus,

]};lenlé Vf(.’l,'k+1) — J(.’L’k+1)Tyk+1 =0. (540)

It is now shown that limgex Xcomp(Vk+1; 5 ) = 0, the proof of which involves two cases.
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Case 1: Assume that limy_, ¢ 7# 0. In this case, uj > 0 for all sufficiently large k. Combined with
the fact that limg oo 7 = 0, it must be that (5.32) holds for all k£ € K sufficiently large. Therefore,
limk € KXcomp(Vkt1; 1) = 0.

Case 2: Assume that limy o gy = 0. Lemma 5.2.15 implies that limpex (7}, — wry1) = 0. Now,
the matrix sequence {Sky1 + pp I }rex must be bounded, as sg41 — s* on K and pf is monotonically

decreasing to zero. The definition of 7}’ ; then gives

. B w I B, E
0= ,llenlﬂc(skﬂ + g D) (Tl — W) = ]ileﬂllc(ﬂk W — (Sk+1+ufl)wk+1)' (5.41)

Moreover, as |O] < oo and wy + p > 0 by construction, the updating strategy for wj in Algorithm 5.2
guarantees that w;’ is bounded over all iterations k. It then follows from (5.41), the uniform boundedness

of {w}, and the fact that limj_, o uf = 0 that

0= lim ([sk41)i + p)[wera]s = M ([skvali + ) ([wrals + 1) (5.42)

for all indices ¢. Consider an individual constraint s; > 0. This constraint may either be active, in which
case s; = 0, or inactive, in which case s; > 0. The two cases are considered separately.

Subcase 2a: s} > 0 for some index i. As limgeic[sp+1]i = s§ and limg_oo pff = 0, it follows from (5.42)
that limgexc[wgy1]; = 0. Combining these two limits shows that limgexc[qr (vig+1)]: = 0.

Subcase 2b: s} = 0 for some index ¢. In this case, it follows from limy_,o g = 0, (5.42), the fact that
Wi1 + g > 0, and the limit limgex[sk41]; = s = 0 that limgex[ga(vet1; g )]s = 0.

As one of these two subcases must occur for each index i, it follows that
lim Xcomp (Vi1 f1;) = 0,

which completes the proof of case 2.
It has been shown that the limit limpex x(vit1; ;) = 0 holds under the assumption that
c(x*) — s = 0. Therefore, k € O for all k € K sufficiently large. However, this contradicts the fact that

|O] < oo, which establishes the result that c(z*) — s*/neq0. O

The following result establishes that if the number of O-iterates is finite, then the sequence of
M-iterates {(Zx+1, Sk+1)}kesm has at least one limit point and that any such limit point is an infeasible

stationary point.
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Lemma 5.2.17. If |O] < oo, then there exists at least one limit point (x*,s*) of the necessarily infinite
sequence {(xr4, Sk+1) teem, and any such point is an infeasible stationary point as defined by Definition

5.2.2.

Proof. Suppose that |O] < co. Then Lemma 5.2.14 implies that |[M| = co. The updating strategy of
Algorithm 5.2 ensures that {s;}, {y;}, and {w}]} are bounded. The next step is to show that {sxt1}rem
is bounded as well.

For a proof by contradiction, suppose that there is an index 7 and a subsequence K C M on which
limgex[Sk+1)i = 0co. When Assumption 5.2.1 and 5.2.2 hold, the sequences {c(xg+1) treic, {Vf(Tr+1) trek,
and {J(zx41)}rex must be bounded. Therefore, {7} }xex must be unbounded. On the other hand,

(5.9), (5.30a), the fact that limg_,o, 7% = 0, and Lemma 5.2.15 imply that

0= lim [[VoM (vr+15 58, Yk Wi i, )|
= lim ||V f(zp41) ~ J(@re) Ty = @) T (70— )|

= lim (VS (ws1) = I () "l )

However, this contradicts that 7} 41 is unbounded. Therefore, {Sk+1}rem is bounded.

The next step is establishing the feasibility of s*, i.e., that s* > 0. The M-iterate check in Algorithm
5.2, i.e., the check that (5.32) holds, is performed infinitely many times. If (5.32) is satisfied only a finite
number of times, then the reduction of nf forces limy_,o pf; = 0. By construction, sg4q1 + g > 0, and
therefore s* > 0. On the other hand, if (5.32) holds for all but finitely many iterations, thenyuy,, = u” >0
for all k sufficiently large. Therefore, limgex Xcomp(Vit1; 157) = 0, as 7, — 0. It follows then that s* > 0.

The boundedness of {sg41}rem and the assumed boundedness of {2411 }ream ensures the existence
of at least one limit point of {(zgi1, Sk+1) }kem. Let (*,s*) be such a limit point. Then there exists
a subsequence K C M such that {(@r+1, Sk+1) teex — (2%, 8*). It remains to show that (z*,s*) is an
infeasible stationary point.

As |O| < o0, it follows from Lemma 5.2.16 that c(z*) — s* # 0. As K C M is infinite, it holds
that limg_,o 7% = 0. It follows then that Xfeas < 7% will not hold for all sufficiently large & € K. The

barrier parameter updates ensure {y; } — 0. Combining this with the boundedness of {y;/} and Lemma

5.2.15 gives

1
{e(@ry1 — skv1) brex < {uk (v + §(wk+1 — Yk+1)) bkex — 0.

This implies that c¢(z*) — s* < 0, and the second condition in (5.35b) holds.
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For a proof of the first condition of (5.35a), observe that the merit function gradients must satisfy
{VaM (vt g, yp w1y, 1) Yeeic — 0, as condition (5.30a) is satisfied for all k& € M. Multiplying this

by the penalty parameter uj and applying the definition of 7} 41 gives
lim i g(zren) = J (@) (il + o (s = Yetn)) = 0,
Combining this with limgex 2x+1 — 2%, limy oo pj, = 0, and Lemma 5.2.15 yields
. T . T
lim —J(zp0) " (i) = lim —J (2r) " (0 yi = (e(@ran) = sw41)) = 0-

The boundedness of {y; }, and the facts that u; — 0 and {(@rt1, Sk+1) trex — (2%, s*) shows that the
equality condition of (5.35a) holds.

It remains to show that the complementarity condition of (5.35b) holds. Lemma 5.2.15 shows
that limgex ), — y +1 = 0. Therefore, multiplying the sequence of vectors {77};”+1 -y +1} term by term

by the bounded sequence {u} (Sk+1 + )} does not change the limit. This yields
Jim gy (w = 1+ sk) = i (Serr + pie Dye + (Sear + e D) (e(@h11) = sp41) = 0.

Thus,

lim (Se1 + e D) (e(@r41) = sk41) = 0.
As c(x*) — s* # 0, there must exist an index ¢ such that [c(x*) — s*]; # 0. For this index, it follows that
limpexc[spt1)i + 1 =0. As s* > 0, it then follows that ;] — 0. It then follows that s* - (c(z*) — s*) = 0.

Thus, all conditions of (5.35) hold, completing the proof. O
The following result directly follows from the preceding discussion.
Theorem 5.2.18. Under Assumption 5.2.1 and 5.2.2, one of the following occurs:

1. |O| = oo, in which case limit points of {(Tx+1, Sk+1) }keo exist, and every such limit point (x*, s*) is
a CAKKT point for problem (5.2). If, in addition, CAKKT reqularity holds at (z*,s*), then (z*,s*)

is a KKT point for problem (5.2).

2. |0| < o0, in which case | M| = oo, limit points of {(xg+1, Sk+1) tkem exist, and every such limit

point (x*,s*) is an infeasible stationary point of (5.2).
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5.2.4 Implementation Details

Numerical results are given for a Fortran implementation of the all-shifted primal-dual penalty-
barrier trust-region algorithm (Algorithm 5.2). Results are obtained for the CUTEst NLP test collection

(see Bongartz et al. [4] and Gould, Orban, and Toint [19]). The CUTEst problems are given in the form

Iy T Uy
min f(z) subject to < <
ek ls c(z) Us
The i-th constraint is an equality constraint if [I;]; = [us]; or [ls]; = [us];- A variable or constraint

is unbounded either above or below if the bound is greater than or equal to 10%°. Internally, the
implementation converts problems to the equivalent form

iinize I

subject to ¢(x) — s =0, E,x=0b Exz—-1,>0, wu,— E,t>0,

F,s=h, Fs—1,>0, us—F,s>0.

The matrices F,, F;, E,, F,, F}, F,, correspond to matrices with rows of the identity matrix which selects
the entries of x and s that are fixed, bounded below, and bounded above, respectively. The constraint
FE.x = b is not treated as an equality constraint. Instead, E,x is held constant, and those particular
variables are not allowed to change. Thus, the problem can be written in the equivalent form

s @

subject to c(z) —s=0, Exz—10,>0, u,—E,xz>0,

F,s=h, Fs—1,>0, wus—F,s>0.

The dual variables corresponding to Fjx — I, > 0 and u, — E,x > 0 are denoted as z; and z,,
while the dual variables corresponding to F,.s = h, Fis — s > 0, and us — F;s > 0 are denoted as w,,
wy, and w,. As the algorithm proceeds, any of the variables may become infeasible with respect to
the shifted inequality constraints. An infeasible slack variable is treated by temporarily fixing it on its
bound, and treating the corresponding constraint function c¢(x) as an equality constraint. A different
strategy is needed should a variable [z]; become infeasible. Suppose that [z]; becomes less than [I,]; — p®.

The constraint [z]; — [l;]; is then included as a temporary equality constraint, with its own term in the

merit function, and its own Lagrange multiplier [v;];. The same is done if [z]; becomes infeasible with
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respect to its upper bound. While it is infeasible, its associated barrier terms are removed from the
merit function. Analogously, it is possible for a dual variable to become infeasible with respect to the
shifted dual inequality constraints. Suppose [Eszl]i becomes infeasible. Then it is simply reinitialized as
max{[V f(z) — J(z)Ty — Elz.];, 3[Ef );}. Similarly, if [F;Tw,]; becomes infeasible, it is reinitialized to
mazx{[y — Fgwm - FuTwu]w %[FlTwl]z}

The iterates are terminated at the first point which satisfies e, < 7, and eq < 74, where e, and

eq are the primal and dual infeasibilities

min{0, Bz — Iy, uy — By}

(z.9) H min{0, F;s — s, us — Fy, s} H
ep(z,s) = )
|[Fys = hloo °

lle(@) = slloo/ max{1, ||s||oc }

and

V(@) = J(2)Ty — Bz — By 2ullo /0
ly — Flwe *FlTwl — Flwul]oo

e, 5.1 2 20 w0, 0) = H z;-min{l, Bz — I, } H ’

zy - min{l, u, — Eyx}

wy -min{l, Fis — I}

wy, - min{l, us — Fy s}

where o = max{1, |V £ ()] oc, max{1, [ylloc }J ()] |oc}-

Experiments reveal that the basic trust-region approach of Algorithm 5.1 is not always effective.
In [17], a flexible projected line-search approach is used to minimize the merit function M. Experiments
reveal that a similar approach adapted to the basic trust-region algorithm can yield better results. In the
flexible line-search strategy, a second barrier parameter p” such that u* > u” is established. Let F(v; u®)
denote the path-following equations (5.15) with penalty parameter p*, and let M (v; u”) denote the value
of the merit function M evaluated at v with barrier parameter u”. The sufficient-decrease condition in

the flexible trust-region approach is satisfied if

M (vy, 4 dy; ) < max {M (vi; 1”), Minax }, (5.43a)
M (vy, + dy; ) < max { M (vg; p*), Miax }, and (5.43b)
|| F (v, + dis 1) oo < np max {[|F (v, + dis 117) oo, Finax } (5.43¢)
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or if

M (vg; ) = M (v + dig; 1™) > mQr(dy), (5.44)

where p” € [p”, p*], nrp < 1, and Mpax and Fyax are large preassigned parameters. If equations (5.43)
hold, then Fi,.yx is updated to npFmax. It is not feasible to check for all p* € [u”, u*], so instead, the
search is restricted to the two endpoints. If either of these two sets of conditions holds for n; and nF 1,
then the iteration is successful. If they hold for n, and nr2 < 7,1, then it is very successful. With these

modifications, Algorithm 5.1 becomes Algorithm 5.3.

Algorithm 5.3. Merit Function Flexible Trust-Region Algorithm

1: Given constants m1, M2,MF1, NMF2, Yo, Ve, 0o such that 0 < m1 < n2 < 1, m < 1/2, npa < Npa,
0<v <1<7g,and §o >0

2: k<0

3: while not converged do

4: di = argminpekn{Qk(dv) : ||deBl(€1) < 5k}

5: if (5.43) or (5.44) hold for 7; and ng; then

6: Vk+1 = Vg + dg

7: if (5.43) or (5.44) hold for 7o and ng o then
8: 5k+1 «— max{ék,ny\|dkHB£7)}

9: else

10: Op41 < Of

11: end if

12: Sk+1 ¢ max{Sk41, c(Tr41) — pF (Y + %(wk_l,_l — Yp+1) + pfe) > Slack Reset
13: Vi1 < (Th1, Skt1s Yot 1, Wt1)

14: else

15: Vg4+1 < Vg

16: 5k+1 — ’yCHdkHB)(:,)

17: end if
18: k+—k+1
19: end while

Additionally, Algorithm 5.2 needs to be modified to include an update to p* that ensures that

py > py for all k. Consider the update

I if M (vg; pg) — M (vie + dis ;) 2 mQr(di) and iy = iy,
L
Mk+1 - (545)

max{%pf, "}  otherwise .

Algorithm 5.2 then becomes Algorithm 5.4.
Another issue that is important to address is what occurs when computed iterates become
arbitrarily close to the shifted boundary. Consider the constraint x; > 0 for some index ¢, which, when

shifted, becomes x; > —p”®. In the theoretical discussion, there are no issues in saying that x; becomes
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Algorithm 5.4. All Shifted Flexible Trust-Region Interior Method

1: Given initial point vy = (g, S0, Yo, Wo ), Where (sg,wp) > 0.

2: Given constants 01,12, 7r1, NF2, Yo, Ve, 00 such that 0 < m1 < m2 < 1, m < 1/2, np2 < nra,
0<v: <1<z, and § > 0.

3: Given constants ymax > 0, Wmax > 0, Smax > 0.

4: Given constants pf > 0 and p§ > 0.

5: Choose w§ and s§ such that w§ + s§ + p®e > 0.

6: Choose yg5, xg** > 0.

7 k<0

8: while |[VM(vg)|| >0 do

9: (8%, y"w" pul pt wP) < (SELuE, Wi s s g 1)

10: Compute viy1 in steps 4-19 of Algorithm 5.3 until the sufficient decrease condition is achieved.

11: Update Fiax.

12: if x (Vg1 1) < xP** then > O-Iterate

13: (Xfﬁ’fa y}?.t,-p w}f+17 FLII:+17 /‘LEJ,-l? Tk+1) — (%Xr];]ax’ Yk+1, Wk+1, NE» /1'])57 Tk)

14: Spp1 ¢ max{0,sp11}

15: else if vy satisfies (5.30 then > M-Iterate

16: (X}cnj)lcv Tht1) (ernax’ k)

17: Update s, 1, ¥i, 1, Wi, using (5.31)

18: if Xfeas(Vi+1) < 7i then

19: M1 < 1y

20: else

21: i1 & 5HE

22: end if

23: if Xcomp (Vk+15 1) < ks Sk1 = —Tke, and wy41 > —7xe then

21, WD

25: else

26: Pi1 < 3hE

27: Reset sx4+1 and wgy1 so that sg41 + pfe > 0 and wi1 + pe >0

28: end if

29: else > F-Iterate

30: OGEET s Yk 1> Whp1s M1 M1 Th1) = O Y > Wi s B s B » Th)

31: end if

32: Update pj; via Equation (5.45).
33: end while
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arbitrarily close to —p®. In the computational setting, the logarithmic barrier terms can create errors
when trying to evaluate the barrier arbitrarily close to the shifted boundary. To mitigate this issue, a
so-called fraction to the boundary rule can be imposed. Let o be some parameter such that 0 < o < 1.

Consider a bound v > ¢ for some variable v. The shifted constraint is then v > ¢ — p®.

An update
Vg1 = Vg + dj is rejected if

Vg1 < vp — o(vg — € — u®). (5.46)

This condition is checked before the merit function is evaluated to prevent issues with the barrier terms in
the merit function. In the implementation, ¢ was chosen to be fixed throughout the algorithm, although
other interior-point methods take an adaptive approach in which the fraction to the boundary parameter
depends on p”.

The final implementation detail that remains to be discussed is how to choose the initial trust-
region radius §y. Experimentally, it has been determined that this initial choice can drastically impact
the performance of the algorithm, so much so that the trust-region method approach may perform worse
than an inertia-controlling technique. If the initial radius is chosen to be too small, many iterations may
be needed until the radius expands to a value large enough to enable rapid convergence. If the initial
radius is chosen to be too large, then several iterations may be needed before the radius shrinks to a point
where the model function becomes a good approximation of the merit function. For this reason, the initial
trust-region radius is chosen adaptively on a problem-dependent basis by using an inertia-controlling
scheme at the first iteration.

Algorithm 5.5 presents an inertia-controlling algorithm in which the matrix H}’ is modified by

scalar multiples of B(()i) until Hj" + O'B(()i) has the correct inertia.

Algorithm 5.5. Iterative inertia control algorithm

Given H™ and B, oj. > 0, v, > 1.
if H > 0 then
exit
end if
O < Oje
while HY + 0B % 0 do
0 < 0%ic
end while

Once a suitable value of o is found, the search direction is taken to be d,o = (H§" +
00Bo) "'V M (vg), and the initial radius is taken to be dy = ||dy 0||B,- The trust-region method then
proceeds as presented previously. This adaptive choice ensures that a suitable initial radius is chosen. Of

course, Algorithm 5.5 cannot be run as is for large-scale problems. Instead, this algorithm can replace the
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Moré-Sorensen algorithm when solving the projected subproblem in each of the methods presented in
Chapter 4. This simple strategy provides a reliable adaptive method for choosing the initial trust-region

radius.
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Chapter 6

Numerical Results

6.1 Comparing the Different Trust-Region Algorithms

This section examines the experimental performance of the various trust-region algorithms at
varying scales. All algorithms are implemented in Fortran using the 2018 standard, and are compiled with
gfortran. Intel MKL is used for all BLAS and LAPACK operations. The Intel oneAPI Inspector-Executor
routines are used for sparse matrix-vector multiplications. All of the experiments were performed on an
Intel Core (TM) i7 CPU with 2.2GHz and 16 GM of RAM. First, consider the trust-region problem given
by

miileiﬂr{f}zize q(x) = %IETHI + 9Tz

subject to ||z|| < 4.

Let p=||g||/d — £, where £ is the lower bound on the smallest eigenvalue of H given by the Gershgorin
circle theorem. All algorithms will choose o = 0 as the initial estimate. Let 7, = 1078, SIGLTR is
applied with shift u. The Lanczos vectors are stored, but no reorthogonalization is applied. SIGLTR is
terminated once |7 |[(z4ur)—1 < T1llgll(H4+un -1+ For now, SIGLTR does not use the restarting strategy.
LOPCGTR uses the incomplete Cholesky decomposition of H 4+ ul as a preconditioner. Let B denote the
preconditioner. LOPCGTR is terminated once ||rx||z < 71/|g|| 5, and is restarted every 1000 iterations.
JDTR uses the same preconditioner B to solve the correction equation. The preconditioner is not updated
as the value of o changes. JDTR is set to substitute o; with p in the correction equation for the first 15
iterations and is restarted after 50 iterations. Let 7, = 1073, The application of preconditioned conjugate
gradient to the correction equation is terminated when ||r;||g < 72||r|| 5, where r is the right-hand side of
the correction equation. JDTR uses the same termination criteria as LOPCGTR. Additionally, conjugate-
gradient is applied to the system (H + o*I)x = —g with no preconditioner and with preconditioner

B for comparison. Recall that in exact arithmetic, GLTR converges in the same number of iterations
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Figure 6.1. A random Gaussian trust-region subproblem.

Table 6.1. A Gaussian random trust-region problem.

Method H products | M products | Preconditioner Applications | Iterations
SIGLTR 0 87 86 86
LOPCGTR 123 123 121 120
JDTR 413 413 386 22
CG 142 142 142 142
PCG 112 112 112 112

as conjugate-gradient with no preconditioner. The incomplete Cholesky decomposition is found using
HSL_MI28 with all parameters set to their default values. The factorization of H + uI used in SIGLTR is
found using HSL_MAB7 with all parameters set to their default values. Each solve of H + uI uses one
iterative refinement step.

For the first experiment, let n = 10,000, § = 100, g be a Gaussian random vector with mean
0 and variance 1, and H be a random sparse matrix with an average of 25 nonzero entries per column,
whose entries are Gaussian random with mean 0 and variance 1. This is a relatively well-conditioned
problem. For this reason, it is expected that standard conjugate-gradient, and therefore GLTR, shall
perform reasonably well and that the number of iterations is not dramatically improved by the new
methods. See Figure 6.1 and Table 6.1.

For the second experiment, let all parameters remain the same except for the objective matrix H.
Let H = H + D, where H is the same random matrix as before, and D is a diagonal matrix such that
(D)ii = i3/2 /n — 1. This additional diagonal term makes the problem slightly more ill-conditioned. Thus,

it is expected that the new algorithms will show more noticeable improvements over GLTR. See Figure
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Figure 6.2. A random Gaussian trust-region subproblem with a small diagonal offset.

Table 6.2. A Gaussian random trust-region problem with a small diagonal offset.

Method H products | M products | Preconditioner Applications | Iterations
SIGLTR 0 69 67 66
LOPCGTR 64 64 64 62
JDTR 155 155 134 18
CG 136 136 136 136
PCG 73 73 73 73

70

6.2 and Table 6.2.

For the third experiment, let all parameters remain the same, except for the diagonal offset to
the objective matrix H, which is now set to (D);; = i — n. This matrix is extremely ill-conditioned
and is dominated by the D term. The extreme ill-conditioning of this system all but guarantees that
conjugate-gradient fails to converge. It is worth noting that the eigenvalues of the matrix H are clustered
toward the low end of the spectrum, which may help the convergence of all methods considered. For the
instance of this problem shown, o &~ 9998.9, and |0 — u| &~ 35.7. Thus, p is relatively close to 0. See
Table 6.3 for details. The plots of the residual norms and Lagrange multiplier values are not particularly
illustrative for this problem and are excluded.

For the next experiment, let § = 1,000, and H be the diagonal matrix such that (H);, = ¢ — 101.
Let g be a Gaussian random vector with mean 0 and variance 1 such that [g]; = 0, thus making this
problem an instance of the hard case. The optimal value of o is then 100. Conjugate gradient and
preconditioned conjugate gradient are not used in this comparison, as the matrix H 4 ¢*I is singular.

SIGLTR is run with a block size of 2 to guarantee convergence. See Figure 6.3 and Table 6.4. Each
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Table 6.3. A Gaussian random trust-region problem with a large diagonal offset.

Method H products | M products | Preconditioner Applications | Iterations
SIGLTR 0 21 18 18
LOPCGTR 20 20 18 17
JDTR 72 72 72 16
CG 410,000 410,000 410,000 410,000
PCG 21 21 21 21
- «10% Iterations vs Residual - Iterations vs Sigma
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Figure 6.3. Hard Case.

algorithm was able to converge to the actual solution, and o was computed to be equal to the left-most
eigenvalue.

These experiments reveal that the best choice for an arbitrary trust-region problem using the
identity matrix to define the trust region is LOPCGTR. Its ability to use the incomplete Cholesky
decomposition of H + ul as a preconditioner gives the method a distinct advantage over GLTR. Conversely,
the fact that LOPCGTR does not require a full factorization of H + ul gives a distinct advantage over
SIGLTR. Although SIGLTR has the benefit of not requiring any multiplications of H, this is offset by
the fact that linear systems of the form (H 4 pf)u = v must be solved at each iteration. This operation

is significantly more expensive than applying the incomplete Cholesky decomposition. Moreover, if the

Table 6.4. Hard Case.

Method H products | M products | Preconditioner Applications | Iterations
SIGLTR 0 17 14 6
LOPCGTR 13 13 11 10
JDTR 43 43 30 10
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Figure 6.4. SIGLTR vs Restarting SIGLTR.

block size is taken to be 2 in SIGLTR, even more matrix-vector operations are required, although this is
offset by the fact that most implementations of these libraries heavily optimize the application to vector
blocks. Although JDTR tends to converge in fewer iterations, each iteration requires more applications of
H and the precondition, which usually means more work for JDTR.

For the next experiment, the restarting of SIGLTR is examined. Let g be a Gaussian random
vector with mean 0 and variance 1, M = I, § = 1000, and H a matrix with on average 25 nonzero entries
per column, whose values are Gaussian random variables with mean 0 and variance 1. First, SIGLTR
is run with a block size of 2 and no restarting. Next, it is set to restart every 25 iterations. This is a
very aggressive restart strategy. In practice, it is advisable to restart far less often. See Figure 6.4. These
graphs indicate that restarting, even frequently, only negligibly hinders convergence.

For the next experiment, consider the doubly-augmented problem

, ( . T) x 1 ( . T) H+2JTD-1g —J7T x
min_ g, g tola y
d,€R",d, €R Yy y 2 _J D y
I+2JTDp-1g —Jv x )
subject to (xT yT) < 67,
—J D y

where g = (g, gy) is a Gaussian random vector with mean 0 and variance 1, 6 = 1,000, J € R™*" is a
sparse Gaussian random matrix with an average of 5 nonzero entries per column with mean 0 and variance
1, H € R™*" is a sparse Gaussian random matrix with an average of 5 nonzero entries per column with

mean 0 and variance 1 plus a diagonal matrix E given by (E), ; = i3/2 —100, and D € R™*"™ is a random
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Table 6.5. A Doubly-Augmented Trust-Region Problem.

Method H products | J products | Preconditioner Applications | Iterations
SIGLTR 0 398 78 7
LOPCGTR 146 582 144 143
JDTR 483 1091 440 41

diagonal matrix whose entries are the absolute value Gaussian random variables with mean 1073 and
variance 0. Let n = 10,000, and m = 9,999. Let H" denote the objective matrix, and M denote the
constraint matrix. Let u = gTg/(0||gllar) — M (H), where A, (H) is the leftmost eigenvalue of H. As
before, SIGLTR is used with shift u, stored Lanczos vectors, and no reorthogonalization. LOPCGTR is

run with the matrix

diag(H + pl) + (1 4+ p)2JTD~1J
—(1+p)J

—(14pJt
(I+p)D

implicitly used as a preconditioner. JDQZTR is applied using the signed incomplete Cholesky decomposi-

tion of the fixed matrix
H 4 pul

(14 p)J

(1+p)J"
-1+ p)D

as a preconditioner for the correction equation. The signed incomplete Cholesky decomposition is found
with HSL_MI30 with all parameters set to default values. The correction equation is solved using restarted
GMRES with a relative convergence tolerance of 7 = 1073, Due to the fact that JDQZTR measures
the residual in the Euclidean norm, the results in 6.5 are normalized by dividing by the largest value
that the residual norm takes as the algorithm proceeds. This example shows that for both SIGLTR and
LOPCGTR, it is possible for the residual to increase in between iterations. However, once the correct
value of o is found, the residual seems to be strictly decreasing. This example also shows that the value of
o does not strictly increase in the JDQZTR algorithm, as the Petrov-Galerkin condition does not preserve
the Cauchy interlacing property. The results of this experiment are more challenging to interpret. Both
SIGLTR and LOPCGTR require one call to HSL_MAS57. This constitutes the majority of the execution
time for this problem. LOPCGTR required the factorization of a less dense matrix. However, it required
almost twice as many iterations. JDTR required the fewest iterations but significantly more matrix-vector
products with H and J. Overall, it seems that the best choice of algorithm is problem dependent. That

being said, the instability of the JDQZTR algorithm suggests that it should only be used in problems so
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Figure 6.5. A Doubly-Augmented Trust-Region Problem.

large that a single call to HSL_MAS57 is prohibitively expensive. For instance, consider the same problem
as above, but with 6 = 10, n = 100,000, and m = 99,999. JDQZTR was able to converge for this problem
in 29 iterations and required 264 multiplications with H, 618 multiplications with .J, and 232 applications
of the preconditioner.

On the other hand, both SIGLTR and LOPCGTR could not complete the single factorization of
their respective preconditioners without exhausting the available memory of the workstation. At the same
time, it is well known that GMRES can converge very slowly when applied to saddle-point systems, even
when preconditioning is used. For these reasons, in most cases, SIGLTR and LOPCGTR are recommended

over GLTR and JDQZTR.

6.2 The Shifted Primal-Dual Interior-Point Algorithm

This section examines the experimental performance of the all-shifted primal-dual penalty-barrier
trust-region method. The algorithm is run on the CUTEst NLP problem collection, consisting of problems
with nonlinear objective functions, bound constraints, linear constraints, and nonlinear constraints, ranging
from low dimension (less than five variables and constraints) to large dimension (greater than 50,000
variables and constraints). Analysis of the results is carried out with performance profiles, see [9]. See
Table 6.6 for the parameters used in the implementation of Algorithm 5.1 and Algorithm 5.2.

The first test examines the performance between using the diagonal trust-region matrix M™) vs
M@ Intuitively, it stands to reason that M2 will yield better results, as the trust-region subproblems

are better conditioned, and as the trust-region radius converges to zero, the search direction still takes into

232



Table 6.6. Algorithm 5.3 and 5.4 Parameters

Parameter Description Value
m Successful trust-region iteration parameter 0.001
N2 Very successful trust-region iteration parameter 0.25
NF1 Successful trust-region iteration parameter for de- | 0.9
crease in path-following equations
NF,2 Very successful trust-region iteration parameter for | 0.45
decrease in path-following equations
Ye Trust region contraction parameter 0.5
Ve Trust region expansion parameter 2.0
Smax Safeguard for s* 1.0 x 108
Ymax Safeguard for y? 1.0 x 108
Wmax Safeguard for w? 1.0 x 10
1y Initial penalty parameter 0.001
i Initial flexible trust-region parameter 0.1
ug Initial barrier parameter 0.001
o Fraction to the boundary parameter 0.9
Cic Initial inertia control modification 0.1
Yie Inertia control expansion parameter 1.5
Sfunbounded Unbounded objective function tolerance —1.0 x 10°
M inax Constant in sufficient decrease tolerance 1.0 x 101°
Frax Initial constant in sufficient decrease tolerance 1.0 x 108
X0 Initial O-iterate tolerance 1000
To Initial M-iterate tolerance 0.1
Tp Primal feasibility tolerance 1.0 x 107°
o Dual feasibility tolerance 1.0 x 107®
Tinf Infeasible stationary-point tolerance 1.0 x 10™°
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Figure 6.6. Performance Profile of function evaluations used in all-shifted primal-dual penalty-barrier
trust-region method with different trust-region matrices

account some of the curvature information of the constraints. On the other hand, when using M) as
the trust-region radius decreases, the search directions converge to the gradient-descent direction, which is
well known to yield poor search directions in interior-point methods. This experiment is run with the
Moré-Sorensen method for solving the trust-region subproblem. The method was considered to have failed
if it required more than 500 iterations or if the execution took longer than 30 minutes. The performance
profiles shown here are of the number of evaluations of the objective function and objective function
gradient. The results are essentially identical when the performance profiles are of the number of inner
iterations. See Figure 6.6. Disappointingly, the result is not uniform, as some problems converged in fewer
iterations with the diagonal trust-region matrix. However, the results indicate that the doubly-augmented
trust-region matrix is the preferred choice.

Table 6.7 shows the number of iterations and function evaluations of the all-shifted primal-dual

penalty-barrier trust-region method using SIGLTR with the doubly-augmented trust-region matrix to
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solve the trust-region subproblem on the Hock-Schittkowski [20] problems. These simpler problems tend
to yield a good initial benchmark of how well an algorithm will perform before applying it to larger, more
complicated problems. The iterations column only reflects the number of successful trust-region iterations.
The feyais column counts the number of objective function evaluations. This count coincides with the
number of total trust-region iterations, as one function evaluation occurs per trust-region iteration. Simple
bounds on the primal variables are not included in the number of constraints.

The next experiment compares the performance of the all-shifted primal-dual penalty-barrier
trust-region method with two different implementations to guarantee convergence of the inner iterations.
The first is a hybrid trust-region line-search method. This method follows the method presented in [12].
The hybrid trust-region line-search method differs from a pure trust-region method in that progress is
made even in unsuccessful iterations by performing a backtracking line search or a Wolfe line search on the
search direction computed by solving the trust-region subproblem if the iteration is unsuccessful. The idea
behind this method is that fewer trust-region subproblems need to be solved in such a method than in a
pure trust-region approach at the expense of more iterations. The second method is similar to the pure
trust-region method, however after an unsuccessful iteration yields a search direction d, , subsequent
trust-region subproblems are projected onto the subspace span{d, , (B@)~='VM}. This two-dimensional
subproblem is trivial to solve. Therefore this method does not require significantly more computation
than the hybrid trust-region line-search method. This experiment used the doubly-augmented trust-region
matrix and the Moré-Sorensen algorithm. See Figure 6.7. As expected, the trust-region method performs
best overall. However, the additional computation required by the Moré-Sorenson algorithm makes this
method prohibitively expensive. The SIGLTR and LOPCGTR methods enormously help to alleviate this
overhead, particularly when their warm-starting capabilities are taken advantage of. Interestingly, the
JDQZTR algorithm tended to perform slower than even the Moré-Sorenson algorithm when applied to
these real problems. This is perhaps because GMRES tends to converge quite slowly on saddle-point
problems, and thus even if JDQZTR requires fewer iterations than other methods, the cost of each iteration
outweighs this benefit. For this reason, JDQZTR is not compared here. Instead, JDQZTR should be
considered a last resort for problems that are too large to handle by other methods.

First, the number of function evaluations between the method using the Moré-Sorensen algorithm
and the SIGLTR algorithm are compared in Figure 6.8. Interestingly, using the SIGLTR algorithm led to
better overall performance, even though the same trust-region subproblems are being solved. This could
be because SIGLTR yields more accurate trust-region solutions. More likely, the faster execution time of

SIGLTR meant that fewer problems were deemed to have failed.
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trust-region method with different inner iterations strategies
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Table 6.7. Hock-Schittkowski Results

Problem Variables Constraints | Iterations  feyals
HS6 2 1 20 36
HS7 2 1 9 13
HS8 2 2 4 6
HS9 2 1 4 5
HS10 2 1 9 10
HS11 2 1 8 9
HS12 2 1 28 40
HS13 2 1 12 13
HS14 2 2 8 9
HS15 2 2 71 78
HS16 2 2 8 9
HS17 2 2 9 10
HS18 2 2 22 35
HS19 2 2 29 30
HS20 2 3 18 19
HS21 2 1 8 9
HS21MOD 7 1 11 12
HS22 2 2 8 9
HS23 2 5 15 16
HS24 2 3 9 10
HS26 3 1 25 26
HS27 3 1 47 59
HS28 3 1 1 2
HS29 3 1 65 114
HS30 3 1 7 8
HS31 3 1 8 9
HS32 3 2 11 12
HS33 3 2 51 97
HS34 3 2 10 11
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Table 6.7. (cont.)

HS35
HS351
HS35MOD
HS36
HS37
HS39
HS40
HS41
HS42
HS43
HS44
HS44NEW
HS46
HS47
HS48
HS49
HS50
HS51
HS52
HS53
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HS55
HS56
HS57
HS59
HS60
HS61
HS62
HS63
HS64
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Table 6.7. (cont.)

HS65
HS66
HS67
HS68
HS69
HS70
HS71
HS72
HS73
HS74
HS75
HS76
HS761
HS77
HS78
HS79
HS80
HS81
HS83
HS84
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HS93
HS95
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88
17
20
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Table 6.7. (cont.)

HS96

HS97

HS98

HS99
HS99EXP
HS100
HS100LNP
HS100MOD
HS101
HS102
HS103
HS104
HS105
HS106
HS107
HS108
HS109
HS111
HS111LNP
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HS117
HS118
HS119
HS268
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52
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22
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17
22
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Finally, the number of function evaluations required by the outer algorithm when using SIGLTR
and LOPCGTR are compared in Figure 6.9. This plot shows that the two methods yield comparable
results.

In conclusion, the methods presented in this dissertation yield noticeable improvements over
existing trust-region methods when applied to interior-point methods. In particular, the SIGLTR and
LOPCGTR methods exhibit exceptional performance in all cases, especially compared to existing methods.
Both methods have strong theoretical guarantees and can be restarted and warm-started to accelerate
convergence and improve stability. These two methods make pure trust-region implementations of
interior-point methods significantly more practical than traditional methods, allowing interior-point
methods to take advantage of the strong theoretical results of trust-region methods. The JDTR algorithm,
while showing improvements over existing methods, does not exhibit the performance of the SIGLTR or
LOPCGTR methods. For unconstrained problems, trust-region methods using SIGLTR and LOPCGTR
should be attempted before JDTR. JDQZTR should only be used for constrained problems if SIGLTR
and LOPCGTR cannot be applied.
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