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Abstrac t 

This paper exajnines certain claims of "cogni-
tiv e significance "  whic h (wisel y o r  not )  hav e bee n 
base d upo n th e theoretica l  power s o f  tw o dis -
tinc t  classe s o f  connectionis t  networks ,  namely ,  th e 
"universa l  functio n approximators" ,  an d recurren t 
finite-state  simulatio n networks .  Eac h clas s wil l  b e 
considere d wit h respec t  t o it s  potentia l  i n th e real m 
of  cognitiv e modeling .  Regardin g th e first  class ,  I 
2irgu e that ,  contrar y t o th e claim s o f  som e influ -
entia l  connectionists ,  feed-forwar d network s d o no t 
posses s th e theoretica l  capacit y t o approximat e al l 
function s o f  interes t  t o cognitiv e scientists .  B y 
contrast ,  I  argu e tha t  a  certai n clas s o f  recurren t 
network s (i.e. ,  thos e whic h closel y approximat e de -
terministi c finite  automata ,  D F A )  show s consid -
erabl y greate r  promis e i n som e domains .  However , 
seriou s difficultie s aris e whe n w e conside r  ho w th e 
relevan t  recurren t  network s (RNNs )  coul d acquir e 
th e weigh t  vector s neede d t o suppor t  D F A simula -
tions . 

I n t r o d u c t i o n . 

Do connectionis t  network s hav e th e computationa l 
power ,  i n theory ,  t o provid e successfu l  explanator y 
model s fo r  high-leve l  h u m a n cognition ? M a n y con -
nectionist s believ e so ,  an d thei r  confidenc e stem s 
fro m a  numbe r  o f  forma l  result s tha t  hav e appeare d 
i n th e las t  decade .  Thes e 'computability'result s per -
tai n t o networ k architecture s which ,  o n th e fac e o f 
it ,  avoi d th e shortcoming s o f  th e oft-cite d McCulloc h 
& Pitt s (1943 )  implementatio n o f  conventiona l  'logi c 
gates' .  I t  i s no w widel y recognize d tha t  McCulloch -
Pitt s 'neura l  circuitry '  design s ar e radicall y unlik e 
th e kind s o f  neura l  structure s foun d i n actua l  brains , 
an d offe r  n o advantag e ove r  standar d digita l  cir -
cuitry .  B y contrast ,  som e networ k architecture s in -
volve d i n recen t  theoretica l  result s bea r  a t  leas t  a 
superficia l  resemblanc e t o biologica l  neura l  struc -
tures .  Thi s fac t  ha s inspire d hope ,  i n som e quar -
ters ,  tha t  connectionis t  network s (abbreviate d her e 
as 'c-nets' )  m a y bot h (a )  matc h th e powe r  o f  high -
level ,  symboli c A I  program s fo r  explainin g highe r 
cognitiv e function s (suc h a s abstrac t  planning ,  math -
ematica l  reasoning ,  an d theor y formation) ,  an d (b ) 
provid e insigh t  int o ho w thes e highe r  function s coul d 
be instantiate d i n livin g brains .  A m o n g thos e w h o 
hav e appeale d t o th e 'theoretica l  power '  o f  multi -
laye r  c-net s (especiall y thei r  purporte d 'universal ' 

functio n approximatio n capacity )  withi n a  cognitiv e 
contex t  ar e Churchlan d (1990) ,  E lma n e t  a l  (1996) , 
an d Niklasso n k  va n Gelde r  (1994) . 

Thi s pape r  wil l  examin e severa l  frequentl y cite d 
theoretica l  result s wit h regar d t o thei r  potentia l  fo r 
satisfyin g bot h condition s (a )  an d (b )  above .  I n par -
ticular ,  I  focu s upo n whethe r  th e relevan t  proof s ap -
peal  t o processin g model s whic h presen t  a  genuin e 
alternativ e t o conventiona l  high-leve l  symboli c pro -
cessing .  I n addition ,  I  explor e whethe r  th e propose d 
model s posses s som e measur e o f  cognitive/biologica l 
plausibility .  Fo r  eve n i f  a  give n c-ne t  architectur e 
essentiall y  implement s a  classica l  machine ,  a t  th e 
computationa l  level ,  suc h a n implementatio n woul d 
stil l  b e vcistl y  importan t  i f  i t  reveale d ho w high-leve l 
classica l  processe s coul d b e realize d i n brain-lik e sys -
tems . 

I n wha t  follows ,  I  conside r  'computabilit y re -
sults '  whic h fal l  int o tw o majo r  categories .  Thes e 
are :  (1 )  'universal '  functio n approximator s (em -
phati c scar e quotes) ,  (2 )  deterministi c finit e au -
tomat a simulators .  Paper s belongin g thes e cate -
gorie s are :  (1 )  Hartman ,  Keeler ,  &  Kowalsk i  (1990) ; 
Hornik ,  Stinchcombe ,  k  Whit e (1989) .  (2 )  Casey , 
1996 ;  Cleerman ,  Servan-Schreiber ,  k  McClellan d 
(1989) ;  Oml i n k  Gile s (1996) ;  Sonta g (1995) . 

I  shal l  argu e tha t  result s i n th e first  o f  th e abov e 
categorie s hol d n o promis e fo r  explainin g th e ab -
strac t  plannin g an d reasonin g capacitie s o f  humans . 
('Universal '  functio n approximator s lac k th e req -
uisit e powe r  -  the y ar e no t  universal. )  B y con -
trast ,  th e secon d categor y (deterministi c finite  au -
tomata ,  D F A )  offer s som e mecisur e o f  hop e pro -
vide d th e c-net s ar e designe d i n a  fashio n tha t  en -
sure s clos e mimicr y o f  th e stat e transition s o f  som e 
D F A.  However ,  eve n here ,  th e existenc e o f  cog -
nitively/biologicall y defensibl e trainin g method s i s 
highl y problematic . 

(Apar t  fro m th e foregoing ,  a  thir d clas s o f  com -
putabilit y  result s exists .  Thi s concern s Turing -
equivalen t  networks .  [Se e Siegelman n (1996) ;  Siegel -
m a nn k  Sontag ,  1994 ]  Thes e ar e examine d i n de -
tai l  i n m y extende d technica l  repor t  (Hadley ,  1999) , 
wher e I  argu e tha t  Turing-equivalen t  network s no t 
onl y requir e weight s an d node s o f  infinit e precision , 
but  ar e a t  leas t  a s "brittle "  an d "hand-crafted "  a s 
classica l  symboli c algorithms .  I t  shoul d b e note d 
tha t  th e "infinit e precision "  difficultie s hav e als o 
bee n explore d b y Sonta g [1995] .  Du e t o spac e 
constraints ,  I  mus t  her e omi t  furthe r  discussio n o f 
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Turing-equivalen t  networks. ) 

2. Universjil Function Approximators. 

The thesis that multi-layer, feed-forward neural 
network s ca n b e universa l  functio n approximators , 
derive s primaril y fro m tw o influentia l  publications ; 
Hornik ,  Stinchcomb e k  Whit e (1989 )  an d Hartman , 
Keele r  k  Kowalsk i  (1990) .  Althoug h th e title s o f 
bot h thes e publication s contai n th e phrase s 'univer -
sal  approximators '  an d 'universa l  approximations' , 
respectively ,  th e tex t  o f  eac h pape r  make s i t  clea r 
tha t  onl y a  certai n clas s o f  function s i s bein g ad -
dressed .  I n bot h cases ,  onl y th e clas s o f  measur -
abl e Bore l  function s i s discussed ,  bu t  thi s include s 
continuousl y value d functions .  Horni k e t  a l  conten d 
tha t  thi s clas s cover s 'virtuall y an y functio n o f  inter -
est' .  Hartma n e t  a l  d o no t  addres s thi s issue ,  per -
hap s becaus e the y believe d th e cite d wor k o f  Horni k 
et  a l  ha d sufficientl y explore d th e question .  I n an y 
case ,  th e differenc e betwee n th e proof s provide d b y 
thes e tw o group s o f  researcher s concern s onl y th e ac -
tivatio n function s applie d t o hidde n laye r  units ,  an d 
does no t  concer n th e input-outpu t  mappin g func -
tion s whic h ar e t o b e approximated .  Fo r  thi s reason , 
my discussio n wil l  cente r  upo n Horni k e t  al ,  sinc e 
their s i s th e earlie r  work .  M y conclusions ,  however , 
appl y equall y wel l  t o an y clai m o r  'proo f  tha t  finite 
multi-layer ,  feed-forwar d network s ca n b e universa l 
functio n approximators . 

2. 1 Problem s wit h Universality . 

Let  u s not e a t  th e outse t  tha t  an y give n measur -
abl e Bore l  functio n i s a  se t  o f  ordere d pairs ,  wher e 
eac h elemen t  o f  eac h ordere d pai r  i s  a  singl e rea l 
number .  Sinc e th e outpu t  laye r  o f  an y actua l  neura l 
networ k ca n contai n onl y a  finite  numbe r  o f  units , 
eac h havin g finite  precision ,  an y give n outpu t  valu e 
produce d fo r  a  give n inpu t  ca n hav e onl y finite  preci -
sion .  Suc h a n outpu t  valu e canno t  uniquel y approx -
imate ,  i n th e genera l  case ,  a  specifi c  rea l  number ,  n o 
matte r  ho w larg e th e outpu t  laye r  m a y be .  For ,  a n 
infinit y o f  rea l  number s wil l  li e arbitraril y  clos e t o 
any fixed  precisio n outpu t  value .  I n purel y numer -
ica l  domains ,  thi s m a y ofte n b e a  negligibl e issue . 
However ,  whe n numerica l  outpu t  i s bein g use d t o 
encod e symboli c formula e o r  sentences ,  seriou s prob -
lem s ca n arise .  Admittedly ,  suc h difficultie s ca n a t 
time s b e obviate d b y a  pruden t  choic e o f  encodin g 
schemes .  Unfortunately ,  thi s i s  ofte n no t  possibl e i n 
domain s associate d wit h highe r  cognition . 

For  example ,  th e realm s o f  logic ,  mathematics , 
and linguisti c theor y eac h involv e infinit e set s o f  for -
mula e o r  sentences .  I n addition ,  withi n thes e realm s 
ther e ar e importan t  function s whic h ca n m a p a  give n 
sentenc e fselecte d fro m a n infinit e set )  ont o anothe r 
sentenc e (o r  eve n a n infinit e se t  o f  sentences) .  Tha t 
is ,  suc h function s hav e infinit e range s an d domains . 
Yet ,  th e input/outpu t  layer s o f  an y physicall y realiz -
abl e c-ne t  ca n contai n onl y a  finite  numbe r  o f  units , 
eac h havin g finite  precision .  Thus ,  thes e layer s ca n 
accuratel y encod e value s spannin g onl y a  finite  in -
terval .  I f  a n infinit e numbe r  o f  formula e encoding s 
ar e t o b e 'packed '  int o a  finite  numerica l  span ,  ther e 
can b e n o lowe r  boun d o n ho w clos e togethe r  a  pai r 

of  encoding s ca n be. ' 
Now,  sinc e a  give n outpu t  valu e wil l  seldo m pre -

cisel y represen t  th e targe t  encoding ,  on e wil l  usuall y 
be force d t o rel y upo n som e approximat e resul t  t o 
determin e whic h formul a wa s bein g output .  How -
ever ,  thi s woul d common l y lea d t o disaster ,  since , 
i n th e presen t  context ,  tw o number s whic h encod e 
distinc t  formula e shoul d no t  b e viewe d a s approx -
imation s o f  eac h other ,  n o matte r  ho w numericall y 
clos e th e encoding s are .  Fo r  example ,  a  give n numer -
ica l  code ,  C ,  m a y b e ver y clos e t o th e encodin g o f 
some theorem ,  an d ye t  C  m a y encod e som e othe r  for -
mul a whic h i s logicall y invalid .  Thi s difficult y canno t 
be circumvente d b y takin g som e actuall y generate d 
outpu t  valu e an d searchin g fo r  th e neares t  numbe r 
whic h encode s a  well-forme d formula .  Fo r  ther e sim -
pl y i s n o "neares t  formul a encoding" .  Give n an y pai r 
of  formula e encodings ,  som e other ,  distinc t  formul a 
encodin g woul d alway s li e betwee n them .  T h e brut e 
fac t  i s  tha t  formulji e ar e discret e object s whic h ca n 
seldo m b e viewe d a s approximation s o f  eac h other . 

I t  migh t  no w b e objecte d tha t  th e proble m jus t 
describe d i s no t  uniqu e t o neura l  networks .  Af -
te r  all ,  n o physicall y realizabl e compute r  coul d ac -
tuall y deriv e a n infinit y o f  symboli c theorems ,  o r 
proces s arbitraril y  lon g symboli c strings .  However , 
thi s objectio n misse s th e {/teore<tca/poin t  I  a m mak -
ing .  Th e poin t  i s  tha t  ther e ar e importan t  'func -
tion s o f  interest '  whic h canno t  b e approximate d b y 
any feed-forwar d network ,  eve n thoug h suc h net -
work s ca n approximat e m a n y continuousl y value d 
functions .  Function s whic h m a p formulae/sentence s 
int o othe r  formulae/sentence s ar e bot h interestin g 
and important ,  a s I  explai n below .  M a n y o f  thes e 
function s canno t  b e approximate d i n an y sens e rele -
van t  t o th e foregoin g discussion .  Yet ,  a s define d b y 
automat a theory ,  the y ar e compu<o6/ e function s (i.e. , 
recursive) .  W e ca n writ e usefu l  symboli c program s 
whic h intensionall y embod y thes e functions ,  an d th e 
program s wil l  halt ,  thoug h no t  alway s rapidly .  Thi s 
i s tru e eve n thoug h th e range s an d domain s o f  th e 
computabl e function s m a y b e infinite .  A n exampl e 
of  suc h a  function ,  use d b y som e automate d theo -
re m provers ,  i s  th e clause-for m conversio n algorithm . 
I t  take s an y sentenc e o f  first-order  logi c ( F O L )  an d 
generate s a  se t  o f  clauses .  Thi s se t  ca n o e writte n 
as a  simpl e conjunctio n o f  formula . 

N o w,  o f  course ,  a  give n computatio n involvin g a 
computabl e functio n ca n excee d a  computer' s m e m-
or y resources .  However ,  ji s  Fodo r  an d Pylyshy n ob -
serv e (1988) ,  on e ca n alway s ad d mor e m e m o r y with -
out  havin g t o alte r  th e program ,  o r  th e functio n be -
in g computed .  Thi s canno t  b e said ,  i n general ,  o f 
c-nets ,  wher e increasin g th e amoun t  o f  m e m o r y (o r 
nodes )  wil l  creat e a  differen t  weigh t  configuration , 
thereb y alterin g th e functio n bein g computed . 

Returnin g t o th e mai n thread ,  i t  migh t  b e ob -
jecte d tha t  th e foregoin g discussio n i s misguided , 
sinc e Horni k e t  a l  wer e addressin g measurable  nu -

'T o se e this ,  suppos e ther e existe d suc h a  finit e lowe r 
bound .  Sinc e ther e ar e a n infinit y o f  formula e encodings , 
and eac h pai r  o f  encoding s i s separate d b y a t  leas t  thi s 
lowe r  bound ,  the n th e entir e spanne d regio n woul d hav e 
t o b e infinitel y broad . 
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merica l  functions .  Function s whic h m a p symboli c 
expression s int o symboli c expression s ar e no t  mea -
surabl e i n th e relevan t  sense .  I n reply ,  I  woul d em -
phasiz e tw o points .  First ,  Horni k e t  a l  identif y th e 
cleis s o f  function s the y addres s wit h virtuall y an y 
functio n o f  interest' .  The y eve n sa y tha t  'failure s i n 
applicatio n ca n b e attribute d t o .. .  th e presenc e o f 
a stochasti c rathe r  tha n a  deterministi c relatio n be -
twee n inpu t  an d target' .  Secondly ,  regardles s o f  th e 
origina l  intent ,  Horni k e t  al' s  result s hav e bee n con -
strue d b y m a n y cognitivel y motivate d connection -
ist s a s a  clea r  demonstratio n that ,  i n principle ,  mul -
tilaye r  feed-forwar d c-net s ca n matc h th e powe r  o f 
conventiona l  A I  programs .  I t  i s  thi s construa l  (o r 
misconstrual )  whic h concern s m e most . 

My critiqu e thu s fa r  ha s centere d upo n prob -
lem s tha t  eiris e whe n interpretin g finit e numerica l 
outpu t  a s approximat e encoding s o f  discret e sym -
boli c strings .  However ,  significantl y deepe r  prob -
lem s ar e encountere d whe n w e conside r  th e kind s 
of  (potentiall y  non-halting )  computation s require d 
by theore m prover s i n th e real m o f  F O L an d highe r 
mathematics .  Fo r  thes e realms ,  ther e exis t  workin g 
program s whic h prov e interestin g theorems .  More -
over ,  standar d A I  textbook s presen t  variou s mean s 
whereb y theore m prover s fo r  F O L ca n b e applie d 
t o practica l  problem s suc h a s planning ,  natura l  lan -
guag e interpretation ,  an d eve n programming . 

T h e theore m provin g program s jus t  allude d t o ar e 
not  guarantee d t o hal t  (complet e thei r  computa -
tions )  i n general ,  thoug h fo r  man y inpu t  values ,  the y 
vyil l  hal t  an d produc e interestin g output .  However , 
thes e program s ar e usuall y deterministi c an d instan -
tiat e partia l  recursiv e function s (th e relevan t  set s o f 
theorem s ar e recursivel y enumerable) .  Suc h func -
tion s compris e a  majo r  focu s o f  recursiv e functio n 
theory .  Furthermore ,  a s fa r  a s w e presentl y know , 
humans m a y a t  time s emplo y high-leve l  menta l  pro -
cesse s whic h ar e bes t  modele d b y non-haltin g pro -
gram s o f  th e kin d bein g considered .  O n e obviou s 
exampl e woul d involv e mathematician s w h o discove r 
comple x proof s fo r  existin g conjectures .  Th e mos t 
successfu l  cognitiv e model s i n thi s are a ar e high-leve l 
program s whic h emplo y bot h heuristi c rule s an d sub -
program s tha t  hal t  fo r  som e input s bu t  no t  others . 

N o w,  program s whic h implemen t  theore m prover s 
fo r  standar d first-order  logi c an d higher-orde r  math -
ematica l  domain s involv e iterativ e processes .  Thei r 
computationa l  complexit y i s infinite ,  sinc e n o a  pri -
o n limi t  ca n b e se t  o n th e numbe r  o f  iteration s 
involved .  B y contreist ,  non-recurrent ,  feed-forwar d 
network s hav e computationa l  complexit y whic h i s 
linear .  Suc h network s (implemente d i n parallel ,  a s 
connectionis t  theor y assumes )  alway s complet e thei r 
computation s i n tim e whic h i s a  hnea r  functio n o f 
th e numbe r  o f  layer s present .  Moreover ,  unlik e 
partia l  recursiv e function s (o r  thei r  correspondin g 
programs) ,  thes e network s alway s produc e a n out -
put  fo r  an y give n input .  I n ligh t  o f  this ,  i t  i s  ex -
tremel y doubtfu l  tha t  multi-laye r  feed-forwar d net -
work s coul d approximat e th e partia l  recursiv e func -
tion s unde r  consideration .  Fo r  example ,  conside r  th e 
partia l  functio n which ,  give n an y suspecte d theore m 
of  standar d F O L ,  yield s a  forma l  proo f  fo r  tha t  sen -
tenc e i f  an d onl y i f  a  proo f  exists .  Certainly ,  n o 

feed-forwar d networ k coul d reliabl y produc e a n 'ap -
proximat e output '  whic h coul d the n b e use d t o me -
chanicall y infe r  th e desire d theorem-proof ,  i f  on e ex -
ists .  Fo r  thi s suppositio n woul d entai l  tha t  ther e ex -
ist s a n effectiv e decisio n procedur e fo r  ascertainin g 
theoremhoo d i n th e ful l  first-order  calculus .  Suc h a 
decisio n procedur e ha s bee n prove n t o b e impossibl e 
(Church ,  1956) . 

Moreover ,  nothin g i n Horni k e t  a l  (o r  i n Hartma n 
et  al )  woul d sugges t  tha t  a  feed-forwar d networ k 
coul d eve n frequentl y produc e outpu t  tha t  approxi -
mate d th e encodin g o f  a  targe t  proo f  fo r  a  suspecte d 
theorem .  Thei r  proof s simpl y d o no t  addres s th e 
clas s o f  partia l  recursiv e functions .  W e kno w also , 
fro m th e renowne d wor k o f  Churc h (1956) ,  Gode l 
(1931 )  an d others ,  tha t  a  functio n whic h relate s 
arbitrar y sentence s o f  F O L (o r  numbe r  theory )  t o 
thei r  suppose d proof s i s no t  reducibl e t o an y arith -
meti c (o r  algebraic )  equation .  T o b e sure ,  th e 'proo f 
predicates '  employe d b y Gode l  i n hi s famou s incom -
)letenes s theorem s correspon d t o algebrai c formu -
ae.  However ,  thes e predicate s appl y (o r  'hold' )  onl y 

i n case s wher e a  proo f  actuall y exists .  Thus ,  thes e 
'proo f  predicates '  coul d no t  b e embedde d i n a  c-net' s 
weigh t  configuratio n i n orde r  t o determin e whethe r  a . 
suspecte d theore m ha d a  proof .  An y purporte d feed -
forwar d ne t  o f  thi s kin d woul d produc e outpu t  fo r 
theorem s an d non-theorem s alike ,  an d thi s outpu t 
coul d no t  b e use d t o distinguis h th e tw o cases . 

I t  migh t  no w b e objecte d tha t  th e difficultie s jus t 
considere d ar e innocuous ,  sinc e i t  m a y appea r  tha t 
partia l  recursiv e function s (PRFs )  ar e no t  reall y 
function s a t  all .  Afte r  all ,  thes e "functions "  ar e onl y 
partiall y  defined ;  the y fai l  t o produc e outpu t  fo r  cer -
tai n inpu t  values . 

I n reply ,  tw o point s ar e relevant .  First ,  a s previ -
ousl y noted ,  P R F s for m a  majo r  topi c i n recursiv e 
functio n theory .  Researcher s i n thi s real m (includ -
in g Ala n Turing ,  Alonz o Church ,  an d othe r  giants ) 
certainl y hav e regarde d P R F s a s a n importan t  typ e 
of  function ,  an d recursiv e functio n theor y i s a n es -
sentia l  field  withi n bot h Mathematic s an d Compute r 
Science .  However ,  settin g asid e quibble s abou t  th e 
semantic s o f  'function' ,  ther e remain s th e crucia l 
poin t  tha t  theoretica l  proof s abou t  "universal "  func -
tio n approximatio n hav e bee n cite d b y man y con -
nectionist s a s conclusiv e evidenc e tha t  an y menta l 
computatio n could ,  i n principle ,  b e closel y approxi -
mate d b y feed-forwar d networks .  Her e lie s th e cru x 
of  th e matter .  N o w ,  certai n o f  th e P R F s cite d abov e 
hav e bee n use d t o mode l  high-leve l  cognitiv e pro -
cesses ,  an d i t  i s  beyon d disput e tha t  compute r  pro -
gram s embodyin g thes e P R F s actuall y perfor m com -
putations .  Moreover ,  i t  woul d b e entirel y question -
beggin g fo r  an y connectionis t  t o insis t  tha t  th e men -
ta l  computation s o f  interes t  coul d neve r  b e accu -
ratel y modele d b y PRFs .  So ,  regardles s o f  ho w nar -
rowl y w e choos e t o constru e th e sens e o f  'function' , 
th e theoretica l  proof s i n questio n simpl y hav e no t 
establishe d tha t  al l  menta l  computation s o f  interes t 
ca n b e approximate d b y feed-forwar d networks . 

3. Recurrent Neural Networks and 
Deterministi c Finit e A u t o m a t a . 

In a 1989 paper, Cleermans et al offered a demon-
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stratio n tha t  simpl e recurren t  network s "ca n lear n t o 
mimi c closel y a  finite-state  automato n (FSA )  bot h 
i n it s behavio r  an d i n it s stat e representations" . 
Thei r  demonstratio n wa s experimental ,  rathe r  tha n 
formal .  Usin g backpropagation ,  the y successfull y 
traine d recurren t  network s t o induc e comparativel y 
simpl e deterministi c finite  automat a (DFA) .  Exper -
imenta l  evidenc e o f  thi s natur e coul d not ,  o f  course , 
establis h an y genera l  equivalenc e betwee n recurren t 
neura l  network s (RNNs )  an d DFA .  Indeed ,  Elman' s 
wor k wit h R N N s (1990 ,  1993 )  illustrate d tha t  sim -
pl e recurren t  nets ,  traine d vi a backpropagation ,  ma y 
provid e onl y limite d approximation s t o D F A ,  i n tha t 
networ k performanc e ca n significantl y degrad e whe n 
eve n moderatel y dee p recursio n i s presen t  withi n in -
put  strings .  O n a  mor e encouragin g note ,  th e capac -
it y o f  R N N s t o simulat e th e genera l  clas s o f  D F A s 
has bee n formall y prove n (se e Sontag ,  1995 ;  Casey , 
1996 ;  Omli n k  Giles ,  1996) .  Thes e proof s ar e sig -
nifican t  becaus e man y powerfu l  computationa l  pro -
cesse s ca n b e modele d b y DFAs .  (Whethe r  high -
leve l  huma n cognitio n can ,  i n general ,  b e modele d 
by DFA s i s les s clear ,  however .  W e shal l  retur n t o 
tha t  issu e below. ) 

Now,  i t  i s  noteworth y tha t  R N N s an d D F A s ar e 
not  equivalen t  classes .  Give n a  particula r  DFA , 
ther e doe s exis t  som e R N N whos e I/ O behaviou r 
i s equivalen t  t o th e D F A .  However ,  ther e ar e man y 
R N Ns whic h fai l  t o approximat e an y D F A t o a  de -
cre e sufficien t  t o enabl e successfu l  automato n simu -
atio n o n lon g inpu t  strings .  Omli n k  Gile s (1996 ) 

ar e emphati c o n thi s point .  The y als o provid e a n al -
gorith m whic h partiall y  pre-determine s a  network' s 
weights ,  prio r  t o training ,  i n orde r  t o ensur e tha t 
subsequen t  learnin g yield s weigh t  vector s tha t  guar -
ante e successfu l  simulation .  Th e resultin g network s 
can achiev e ver y clos e simulation s o f  D F A ,  bu t  th e 
questio n naturall y  arises ,  d o thes e simulation s pos -
sess an y advantag e ove r  classica l  D F A ? Fo r  example , 
wil l  th e networ k posses s a  toleranc e t o 'noise '  whic h 
woul d b e absen t  i n a n entirel y precis e D F A simula -
tion ? 

I n principle ,  som e degre e o f  nois e toleranc e coul d 
be present .  Indeed ,  Case y (1996 )  ha s prove n tha t 
R NN simulation s o f  D F A can ,  i n general ,  b e nois e 
toleran t  (withi n narro w bounds )  provide d th e requi -
sit e weigh t  vector s ar e assume d t o b e present .  How -
ever ,  Case y doe s no t  offe r  a n algorith m fo r  gener -
atin g th e require d weights .  Hi s concern s wer e o f  a 
differen t  order . 

The overridin g goa l  o f  Casey' s wor k (1996 )  wa s 
demonstrate d i n hi s first  theorem ,  whic h state s tha t 
"i f  a n R N N perform s a n F S M [finit e stat e machine ] 
computation ,  the n i t  mus t  organiz e itsel f  s o tha t  i t 
model s th e minima l  D F A whic h perform s th e sam e 
F SM computation. "  Th e minima l  D F A i s on e tha t 
achieve s th e give n tas k wit h th e leas t  numbe r  o f 
state s (an d stat e nodes) .  Elsewhere ,  Case y assert s 
tha t  th e R N N "mimics "  th e organizatio n o f  th e min -
ima l  DFA . 

I t  i s  importan t  t o appreciat e th e generalit y o f 
Casey' s results .  Fo r  w e no w kno w tha t  ever y deter -
ministi c R N N whic h successfull y matche s th e input -
outpu t  behaviou r  o f  a  give n D F A mus t  implemen t 
some particula r  D F A ,  viz. ,  th e minima l  D F A tha t 

)erform s th e give n computation .  T o b e sure ,  th e 
imite d nois e toleranc e o f  th e R N N implementatio n 

may brin g advantage s i n som e domains .  Neverthe -
less ,  a  precis e correspondenc e wil l  exis t  betwee n th e 
R NN stat e representation s an d thos e o f  th e minima l 
D FA i n question .  An y attemp t  t o expan d th e nois e 
toleranc e o f  th e R N N ca n introduc e error s o n eac h 
iterativ e stat e transition .  Suc h error s ar e rapidl y 
compounde d an d lea d t o increasingl y degrade d per -
formance . 

Now,  o n th e fac e o f  it ,  Casey' s result s conflic t 
wit h a n observatio n o f  Cleermans ,  e t  al ,  namel y tha t 
"representation s [withi n th e simpl e recurren t  net -
work ]  correspon d t o node s i n th e F S A onl y whe n 
resource s ar e severel y constrained. "  Th e conflic t  dis -
solves ,  however ,  whe n w e recal l  tha t  Cleerman s e t  a l 
ar e thinkin g o f  th e F S A whic h on e i s ostensibl y mod -
eling ,  wherea s Casey' s proo f  refer s t o th e minima l 
DFA. 

Th e upsho t  o f  th e foregoin g discussio n i s tha t  suc -
cessfu l  R N N simulation s o f  D F A ca n b e viewe d a s 
clos e approximation s o f  D F A .  Moreover ,  ever y D F A 
implement s som e classica l  algorithm .  Th e questio n 
naturall y arises ,  then ,  whethe r  R N N implementa -
tion s o f  D F A ca n provid e importan t  insight s int o 
ho w high-leve l  algorithmi c processe s coul d b e im -
plemente d i n th e brain .  A s I  wil l  no w argue ,  th e 
answer  largel y depend s upo n th e cognitiv e plausibil -
it y  o f  severa l  assumption s whic h ar e crucia l  t o th e 
computabilit y  result s cite d above . 
3. 1 Genesi s o f  Weigh t  Vectors . 

A ke y premise ,  foun d bot h i n (Casey ,  1996 )  an d 
(Sontag ,  1995 )  i s tha t  weight s vectors ,  havin g suit -
abl e topologica l  properties ,  m a y b e assume d t o b e 
presen t  i n th e R N N .  Admittedly ,  Case y show s con -
cer n fo r  ho w weight s ar e t o b e acquired .  Fo r  thi s 
rezison ,  hi s proof s ar e designe d wit h "robust "  R N N s 
i n min d (th e weigh t  vector s nee d fal l  onl y withi n 
certai n toleranc e ranges) .  Nevertheless ,  neithe r  h e 
nor  Sonta g prove s tha t  th e requisit e weight s ca n b e 
generate d b y an y feasibl e method .  Le t  u s consider , 
therefore ,  ho w th e appropriat e weigh t  vector s migh t 
come t o b e present . 

Ther e appea r  t o b e jus t  thre e salien t  possibilities . 
(A )  Som e o r  al l  o f  th e require d weight s ar e innatel y 
present .  (B )  Th e weight s ar e induce d b y supervise d 
training ,  e.g. ,  vi a th e backpropagatio n algorithm . 
(C )  Th e weight s ar e induce d b y unsupervise d learn -
in g methods . 

For  eac h o f  thes e thre e possibilities ,  ther e m a y b e 
cognitiv e realm s wher e considerabl e plausibilit y  ex -
ists .  However ,  th e real m o f  high-leve l  cognitio n (ab -
strac t  re2isoning ,  planning ,  theor y formation )  seem s 
t o presen t  som e difficult y fo r  al l  thre e possibilities . 

Conside r  first  th e innatenes s hypothesis .  Give n 
tha t  mos t  form s o f  abstrac t  reasonin g an d theor y 
formatio n rely ,  i n part ,  o n a  variet y o f  specialize d 
menta l  skill s  (e.g. ,  th e abilit y  t o appl y acquire d ver -
bal  rules ,  th e abilit y  t o find  analogie s wit h exist -
in g theories/methods ;  th e abilit y  t o mentall y en -
tertai n a  lis t  o f  alternativ e plans ;  etc.) ,  i t  seem s 
highl y likel y tha t  som e prio r  learning ,  a t  least ,  i s 
require d t o suppor t  thes e powerfu l  cognitiv e pro -
cesse s (cf .  Hadley ,  i n press) .  So ,  th e suppositio n 
tha t  w e emplo y a n innate ,  full y  weight-configure d 
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R NN t o achiev e al l  suc h cognitiv e processin g i s prob -
lemati c a t  best .  Nevertheless ,  ther e remain s th e ap -
paren t  possibilit y  tha t  w e posses s certai n modula r 
N Ns whic h ar e traine d b y experience ,  bu t  tha t  w e 
als o posses s a  high-level ,  innately-configured ,  gen -
era l  proble m solvin g R N N ,  whic h matche s th e powe r 
of  som e D F A .  Thi s general-purpos e R N N migh t  in -
vok e th e empirically-traine d module s t o achiev e cer -
tai n sub-tasks ,  bu t  th e high-leve l  R N N coul d stil l  b e 
viewe d a s a n innatel y programme d network . 

Unfortunately ,  a  seriou s difficult y remains .  Specif -
ically ,  th e innat e weight-configuratio n hypothesi s 
woul d find  littl e suppor t  a m o n g som e prominen t 
neuro-psychologist s an d connectionists .  Fo r  exam -
ple ,  Elman ,  Bates ,  e t  a l  (1996 )  argu e forcefull y tha t 
detailed ,  pre-specifie d weight s (supportin g specifi c 
representations )  ar e no t  innatel y presen t  i n th e cere -
bra l  cortex .  Wnil e thi s propositio n i s no t  embrace d 
by al l  developmentalists ,  i t  i s  worrisom e tha t  it s  dis -
senter s hav e no t  produce d physiologica l  evidenc e t o 
th e contrary .  Not e also ,  tha t  th e partia l  weigh t  pre -
specificatio n strateg y o f  Oml i n k  Gile s (1996 )  i s 
seemingl y undermine d b y E lma n e t  ai' s  arguments . 
For ,  thoug h Omli n &  Gile s offe r  a n algorith m fo r 
pre-specifyin g weights ,  thi s algorith m i s no t  drive n 
by experientia l  training .  Thus ,  thei r  a-prior i  weigh t 
pre-specificatio n shoul d b e viewe d a s comparabl e t o 
innat e structuring . 

Turnin g no w t o (B) ,  th e supervise d learnin g hy -
pothesis ,  w e ar e agai n confronte d wit h a  seriou s 
obstacle .  For ,  al l  know n supervise d learnin g algo -
rithm s requir e a  representativ e samplin g o f  targe t 
outpu t  value s t o b e availabl e durin g th e trainin g 
process .  Yet ,  i n domain s suc h a s abstrac t  reason -
ing ,  planning ,  an d especiall y theor y formation ,  th e 
overwhelmin g majorit y o f  "outpu t  values "  ar e no t 
availabl e beforehand .  Rather ,  the y hav e ye t  t o b e 
discovere d b y th e agent s w h o ar e undergoin g train -
ing .  Also ,  i n thi s domain ,  "interpolation "  betwee n 
know n outpu t  value s ofte n fail s t o wor k (a s w e sa w 
i n th e cas e o f  'universal '  functio n approximation) . 
Moreover ,  i t  woul d b e ludicrou s t o suppos e tha t  hu -
m a ns lear n ho w t o devis e theorie s o r  t o prov e the -
orem s b y a  simpl e for m o f  stimulus-respons e train -
ing .  Par t  o f  th e learnin g process ,  a t  th e ver y least , 
involve s bein g taugh t  genera l  principles ,  an d the n 
applying  thes e principle s i n nove l  combination s (cf . 
Hadley ,  i n press) . 

Apar t  fro m th e above ,  w e mus t  bea r  i n min d tha t 
abstrac t  reasoning ,  an d theor y formatio n ar e highl y 
comple x processes .  A n y computationall y complet e 
and effectiv e D F A mode l  o f  thes e processe s wil l  in -
volv e hundred s o r  thousand s o f  distinc t  state s an d 
stat e transitions ,  a t  th e least. ^  I n ligh t  o f  this ,  an y 
R.NN,  correspondin g t o suc h a  D F A ,  wil l  involv e 
comple x an d length y recursiv e processes .  N o w ,  a s 
Oml i n L  Gile s hav e emphasized ,  ther e ar e n o know n 
supervise d learnin g algorithm s whic h reliabl y induc e 
weigh t  configuration s i n R N N s s o a s t o achiev e suc -
cessfu l  simulatio n o f  D F A s i n th e fac e o f  length y re -
cursiv e processes .  Yet ,  human s certainl y engag e i n 

^Th e skeptica l  rccide r  migh t  attemp t  t o construc t  a n 
complet e D F A mode l  fo r  S O A R (Laird ,  e t  al ,  1987) ,  a 
wel l  know n candidat e fo r  a  'genera l  cognitiv e model' . 

length y interna l  processin g i n case s wher e the y ar e 
devisin g a  proo f  strateg y or ,  say ,  plannin g thei r  nex t 
move i n a  ches s game .  So ,  eve n ignorin g th e diffi -
cult y o f  'unavailabl e targe t  outputs' ,  w e presentl y 
hav e n o reaso n t o believ e tha t  supervise d learnin g 
method s coul d induc e th e requisit e weigh t  vectors . 

Admittedly ,  i t  i s  possibl e tha t  a n appropriate ,  su -
pervise d learnin g metho d wil l  someda y b e discov -
ered .  However ,  fro m thi s i t  doe s no t  follo w tha t 
a purel y agnosti c attitud e o n th e issu e i s reason -
able .  An y successful ,  supervise d learnin g algorith m 
(i n thi s domain )  mus t  hav e highl y specifi c  mathe -
matica l  properties ,  jus t  a s a  proo f  fo r  a  mathemat -
ica l  propositio n mus t  hav e ver y specia l  properties . 
I f  on e arbitraril y  pinpoint s som e extremel y comple x 
mathematica l  propositio n an d asserts ,  'I t  i s jus t  a s 
likel y tha t  thi s propositio n i s provabl e a s tha t  i t  i s 
not' ,  on e m a y expec t  a  (figurative )  barrag e o f  rot -
te n tomatoe s befor e a n audienc e o f  mathematicians . 
Likewise ,  i t  woul d b e impruden t  t o clai m tha t  th e 
existenc e o f  th e require d supervise d learnin g algo -
rith m i s jus t  a s likel y a s it s non-existence . 

Ther e remains ,  o f  course ,  possibilit y  (C )  -  unsu -
pervise d learnin g methods .  Unfortunately ,  a s man y 
experience d connectionist s ca n testify ,  i t  i s  eve n 
mor e difficul t  t o induc e appropriat e weigh t  vector s 
i n a  large ,  comple x R N N vi a unsupervise d method s 
tha n b y supervise d training .  Thi s explain s wh y th e 
overwhelmin g majorit y o f  connectionis t  model s pub -
lishe d (i n variou s Cognitiv e Scienc e journal s an d pro -
ceedings )  emplo y backpropagatio n (o r  it s nea r  kin ) 
rathe r  tha n unsupervise d algorithms . 

T o b e sure ,  i t  i s  widel y agree d tha t  muc h hu -
m an learnin g occur s i n a n unsupervise d fashion . 
Moreover ,  unsupervise d competitiv e and/o r  Heb -
bia n learnin g appear s t o b e th e foundatio n fo r  mos t 
or  al l  "weigh t  adjustment "  (vi a synapti c modifica -
tion )  tha t  occur s i n th e cerebra l  corte x (cf .  El -
m an e t  al ,  1996) .  Presumabl y then ,  unsupervise d 
learnin g ca n achiev e astoundin g result s i n th e cogni -
tiv e realm .  Give n this ,  shoul d w e no t  remai n open -
minde d regardin g hypothesi s (C) ? 

Unfortunately ,  matter s ar e no t  s o simple .  Al -
thoug h I  happil y embrac e th e vie w tha t  unsuper -
vise d learnin g m a y achiev e wonderfu l  feats ,  i t  i s  fa r 
fro m clea r  tha t  i t  doe s s o vi a trainin g R N N s t o be -
hav e lik e D F A .  I  hav e argue d elsewher e (Hadley ,  i n 
press )  tha t  muc h o f  th e powe r  o f  high-leve l  cognitio n 
derive s fro m architecture s tha t  aris e throug h nove l 
interaction s o f  modules .  Unsupervise d learning ,  i n 
conjunctio n wit h othe r  form s o f  plasticity ,  probabl y 
play s a  larg e rol e i n th e formatio n o f  thes e mod -
ules .  However ,  i t  i s  unclear ,  a t  best ,  whethe r  thes e 
module s ca n b e modele d a s D F A .  A m o n g othe r  dif -
ficulties,  D F A d o no t  eve n posses s suflRcien t  powe r 
t o pars e context-sensitiv e grammars . 

I n summary ,  w e hav e no w see n tha t  significan t 
doubt s arise ,  fo r  al l  thre e possibilitie s {(A) ,  (B) , 
an d (C)} ,  wit h respec t  t o ho w suitabl e weigh t  vec -
tors ,  neede d t o suppor t  D F A simulation ,  coul d occu r 
withi n brain-base d R N N s .  Th e innatenes s hypoth -
esi s present s fewe r  difficulties ,  a t  first  glance .  How -
ever ,  thi s hypothesi s finds  littl e favo r  i n som e con -
nectionis t  quarters ,  du e t o th e deart h o f  supportin g 
physiologica l  evidence .  O f  th e learning-base d pos -
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sibilities ,  onl y supervise d algorithm s (i n particular , 
variant s o f  backpropagation )  hav e successfull y in -
duce d eve n approximatel y correc t  weight s i n com -
parativel y simpl e R N N s .  I t  i s  noteworthy ,  more -
over ,  tha t  backpropagation ,  an d it s refinements , 
hav e thu s fa r  resiste d an y reductio n t o biologicall y 
base d weigh t  modificatio n methods .  Thi s aspec t  fur -
the r  cloud s th e prospec t  tha t  traine d R N N s ma y re -
veal  th e natur e o f  cognttivel y plausibl e implementa -
tion s o f  D F A i n actua l  brains . 

Conclusions and Summary. 

In the foregoing, I have examined claims made for 
th e computationa l  power s o f  tw o distinc t  classe s o f 
connectionis t  networks ,  namely ,  th e (putative )  "uni -
versa l  functio n approximators" ,  an d recurren t  finite-
stat e simulatio n networks .  Eac h clas s wa s consid -
ere d wit h respec t  t o it s potentia l  i n th e real m o f 
cognitiv e modeling .  Regardin g th e first  class ,  I  ar -
gued that ,  contrar y t o th e claim s o f  som e influentia l 
connectionists ,  feed-forwar d network s d o no t  posses s 
th e capacit y t o approximat e al l  function s o f  interes t 
t o cognitiv e scientists .  The y clearl y d o no t  posses s 
th e abilit y  t o approximat e partia l  recursiv e (non -
halting )  functions ,  thoug h th e latte r  m a y ver y wel l 
provid e goo d model s o f  som e high-leve l  cognitiv e 
processes .  Moreover ,  w e sa w tha t  feed-forwar d net -
work s canno t  approximat e certai n important ,  sim -
pl e recursiv e (halting )  function s whic h m a p symboli c 
string s ont o othe r  symboli c strings . 

By contrast ,  w e sa w tha t  a  particula r  clas s o f 
recurren t  network s (namely ,  R N N s tha t  closel y 
approximat e DFAs )  show s considerabl y greate r 
promis e i n som e domains .  For ,  man y computabl e 
functions ,  whic h m a p symboli c string s o f  arbitrar y 
lengt h ont o simila r  string s can ,  i n principle ,  b e mod -
ele d b y DFA s an d thei r  connectionis t  simulations . 
However ,  seriou s difficultie s emerge d whe n w e con -
sidere d ho w th e relevan t  recurren t  network s coul d 
acquir e th e weigh t  vector s neede d t o suppor t  D F A 
simulations .  Indeed ,  th e mos t  widel y use d metho d 
of  inducin g weigh t  vector s (supervise d learning )  wa s 
seen t o b e implausibl e i n th e real m o f  severa l  high -
leve l  cognitiv e functions .  Furthermore ,  hypothe -
ses founde d upo n innate-wirin g an d self-organizin g 
learnin g likewis e presente d seriou s obstacles .  Thi s i s 
not  t o sa y tha t  a  se t  o f  separat e R N N module s woul d 
presen t  simila r  obstacles .  However ,  a  se t  o f  R N N 
module s i s no t  a n R N N i n th e sens e assume d b y th e 
variou s theoretica l  proof s w e hav e considere d here . 
Moreover ,  a s previousl y mentioned ,  I  offe r  theoret -
ica l  argument s i n (Hadley ,  i n press )  t o sho w tha t  a 
modula r  connectionis t  architectur e inevitabl y lead s 
t o classica l  pattern s o f  inter-modula r  processing . 
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