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Phase-Matched Third-Harmonic Generation in 

Cholesterl.c Liquid Crystals 

J. W. Shelton and Y. R. Shen 

Department of Physics, University of California 
and 

Inorganic Materials Research Division, 
Lawrence Radiation Laboratory, 
Berkeley, California 94120, 

ABSTRACT 

Using De Vries' model, we predicted theoretically 

UCRL-19623 

that phase-matching of optical third-harmonic generation 

,,,..' can be achieved in cholesteric liquid crystals. The pre-

diction was verified by measurements of third-harmonic 

generation from a mixture ofcholesteryl chloride and 

cholesteryl myristate • 

.. 
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Phase-matched third-harmonic generation has been observed in 

1 2 crystals and in dye solutions. In crystals, phase-matching was 

achieved through linear birefringence of the crystal, and in dye 

solutions, through the anomalous dispersion of the dye. Here, using 
: ; 

De Vries' model for cholesteric liquid crystals,3 we show that phase-

matching of third-harmonic generation can also be achieved in a 

cholesteric liquid crystal through its peculiar properties derived 

from the helical structure. It has been suggested that phase-

matching·is possible in an optically active medium through compensa

tion of color dispersion by circular. birefringence,4 but this is not 

quite the case here. Our prediction has been verified by the experi-

mental results presented later in the paper. So far as we know, this 

is the first demonstration that phase-matched harmonic generation can 

be realized in a medium with a position-dependent dielectric constant. 

The good agreement between theory and experiments has constituted a very 

strong support of the model of De Vries. 3 

A cholesteric liquid crystal can be visualized as consisting of 

~~ny thin layers. 5 In each layer, the molecules·· are all aligned along 

a certain direction, but in successive layers, the direction of 

molecular alignment is turned through an angle~. The medium then has 

an overall helical structure with the helical axis perpendicular to 

the layers. To explain the linear optical properties of a cholesteric 

liquid crystal, De Vries5 used a continuum model. He treated the 

medium as a birefringent crystal twisted about one of the principal 

axes into a uniform helical structure with a pitch.p. For propagation 

of infinite plane waves along the helical a~is (taken as the z-axis), 
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the wave equation has the form 

, 2 2 2 2 2 2 NL J Cd /'dz ) + w e(z}lc ]~(z ,w) = ~(4nw IC)~ (z ,w) 

where E(z,w) is the optical field at frequency w, €(z) is the corres
~ 

ponding dielectric constant varying with z, andpNL(z,w) is the non-

linear polarization ,at frequency w. This ,wave equation is most 

easilysblved by first making a rotational transformation RCa), with 

8=2TT4/P, to a twisted coordinate frame. In this twisted coordinate 

system, Eq. (1) becomes 
'2 2 2 
[_d _ _ (2TT) + 4n a l + ~ € ] E (z w) = 

dZ 2 P P ~ 'dz c2 ~T -T ' 

NL NL . 
where ~T=~'~T=~ ,0 = R(3TT/2), and €T lS 

, ~ ~ ~ ~ 

diagonalized with prind-

pal values €t; and €n along the two principal ,axes t; and n in the plane 

" perpendicular to z. 

For the linear case, ~NL=O, the solution of Eq.(2) for waves 

propagating along the "d' t' . 3 z lrec 10n lS 

~T(z,W) = L (:t;). exp[imj(w/C)z - iwt) 
j=± n J 

Where€=(€t;+€n)/2' A'=2nC/wp, ex=(€t;-€n)/2' and m 'is negative for 

A,2.> €t;. In the ranges ex < A,2 « €n and A,2 » €t;' the two modes are 

nearly left and right circularly polarized respectively. 
NL ·NL 

For third-harmonic generation, ~T(3W)=XT ~T(w)~T(w)~T(w), and 
~ 

the solution of Eq. (2) with the usual parametric approximation is 

," 
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E (3w)(z) = 
-T . 

(4 ) 

with 

fun = m..(W) + m~W) + (w) _ 3m. (3W) 
: jkR.n.k N mn .J 

The third-harmonic generation is most efficient when the phase matching 

condition funjkR.n = ° is satisfied. This is possible in a cholesteric 

liquid crystal. Given w, £, and a, one can find from Eqs. (3b) and (5) 

a pitch p, which makes @njkR.n=O, for some combinations of j, k, t, and n. 

In particular, we can have fun ++++=0, since in Eq. (3b), £ normally increases 

with w,but AI is inversely proportional to w. It is interesting to 

notE;! that in the laboratory frame, each normal mode cart be decomposed into 

,}Ylo(dependent) circularly polarized propagating modes with refractive indices, 

'" [(w/c)mj±Q]/(W/C), and hence tm++++=O leads to 
. + + + 

- n-(w)=3[n-(3w)-n-(w)]. The last expression indicates that at + + + 

phase matching, the color dispersion is compensated through circular bire

fringence between the two (dependent) propagating modes. 

For 6m ~ 0, the third-harmonic intensity is proportional to . ++++ 

IE(3W)(z) 12 with IE(3w\z) 12 given approximately by 
- -

(6) 
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The nonlinear susceptibility (~NL)++++ should be non-zero from symmetry 

arguments if the birefringence factor ex is n()n-zero. Its value can 

be estimated from absolute intensity measurements of third-harmonic 

generation at phase-matching. 

In our experiments, the cholesteric liquid crystal used is a 

mixture of 1.15 cholesteryl chloride and 1 cholesteryl myristate. 1 

The pitch of this cholesteric liquid crystal can be adjusted from 

-1.1~t() ±oo to +2~ by' varying the temperature 'from 20°C to 68°c. 

8 Using the diffraction method with a He-Ne laser, we measured the 

pitch as a function of temperature, as shown in Fig. 1. We also 

measured~ using the prism method,9 the optical dielectric constants at 

80 0 e where the material is in the liquid state. We found e::(w)=2.19 and 

e:(3W) ::2.30 with.W corresponding to the 1.06 ~ Nd laser frequency. 

These values were assumed for e: in Eq. (3) over the whole range of 

temperature. From measurements of optical activity of the sample, we 

also calculated the birefringence factor ex as a function of temperature3 ,10 

(Fig. 2). This was done at the He-Ne laser frequency (6328 A) and we 

assUmed that the dispersion of ex is negligible. Knowing the values 

of e: and ex, we then predicted from Eqs. (3) and (5) that the phase 

matching condition, fun++++::;::O, for third-harmonic generation with a 

Nd, laser should occur at. p= -11. 3~ and 11. 4~, corresponding to the 

temperatures 49.4 ± .2oC and 54.2 ± .2°C respectively. Most qf the 

uncertainty in this prediction, we believe, arises from uncertainties 

inthe'measurements of p vs T and the color dispersion. Slight change 

in ex dOes not affect the phase-matched temperature appreciably. 

Both cholesteryl chloride and cholesteryl myristate are transparent at 
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the Ndlaser frequency and at its third harmonic. 

In our experiments of phase-matched third-harmonic generation, 

we required a nearly homogeneous, single~domain,cholesteric liquid 

crystal with its helical axis perpendicular to th~' cell windows. 

By ind~C:i.ng a shear in the material, we were able to obtain such samples 

with thickness up to 0.5 mm. In the experiments on third':"harmonic 

generation, we used a sample 130 ~ thick. It was immersed in a water 

batl} with the temperature controlled to within ± O.loC .. A mode-locked 

Nd:glass laser was used as the fundamental pump field in the third-

harmonic generation. The laser was mode-locked so that the total 

number of third-harmonic photons generated in each shot could be more. 

Because the sample was thin, the broad spectral width of the laser 

would not affect the results on generationbf third harmonics. The 

laser beam was normally incident on the sample. In order to have the 

fundamental waves propagating in the sample to be mainly in the "+" 

mode, we circularly polarized the laser beam. This also had the 

advantage of eliminating the background third~harmonic radiation 

generated from the cell windows, optical filters, and the water bath, 

since no third-harmonic can be generated in an isotropic medium by a 

11 circularly polarized beam. Our experimental arrangement was basically 

12 the sarile as those of others. The third-harmonic signals from the 

liquid crystal were always normalized against the reference signal of 

2 
third~harmonics generated from a phase-matched Fuchsin Basic dye cell. 

The experimental results of variation of third-harmonic intensity 

around the phase-matching temperatures are shown in Fig. 3. The two 

peaks at p < 0 (T < 51. 9°C) and at p > 0 ( T > 51. 9°C) correspond 

~\ 
\ 
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respectively to fundamental pump waves being left and right circularly 

polarized, as predicted by the theory. The peaks appear at temperatures 
. . 

wlthinO.loC of the predicted phase-matching temperatures. The theoreti-

cal phase~matching curve is also shown in the figure for comparison 

with the experimental data. The experimental peaks are definitely 

broader with no clear fine structure at the wings. This is probab~y 

due to the slight variation of the helical pitch in the sample, 

especially near the boundary surfaces. Since the"mo1ecular structures 

for p < 0 and for p > 0 are different and X!~++ could vary accordingly, 

we would not expect the two phase-matching peaks to be of the same 

height. Experimentally, we found that the two peaks were different in 

height, but their difference was within the 20% experimental accuracy. 

The third-harmonic output was found to be elliptically polarized 

with the ratio of the two circularly polarized components being 

5 ± 1. The theoretical ratio, given by3 
. . . 2 

II(A';"E~)f i3W)-llli3W)]j[(AI+E~)f i3W )-mi3W )] I is 4.8. Comparison of the 

phase-matched third-harmonic signals from the liquid crystal and from 

the Fuchsin Basic dye solution yields Ix!~++lllx~el ~ 0.1. We also 

measured the phase-matched third-harmonic generation from samples with 

different thickness. The third-harmonic intensities were indeed roughly 

proportional to the square of the sample thickness. Investigation of 

pha.se-matching conditions funjkR.n=O with other combinations of jkR.n is 

presently in progress. 

In summary, we have shown that the third-harmonic generation in a 

cholesteric liquid crystal is phase-matchable; This effect should be 

common for nearly all cholesteric liquid crystals. That our experimental 
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results agree well with the theory is another tritunph of De Vries' 

mode13 for cholesteric liquid crystals. 

/ 
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FIGURE CAPTIONS 

Fig. 1. Variation of the inverse pitch (lip ) with temperature for the 

miXture of 1.75 cholesteryl chloride and lcholesteryl myristate. 

.The ~xperimental uncertainty is ± 0.005 ~-l. The solid line is 

an approximate fit to the experimental points. 

Fig. 2. Variation of the birefringence factor ex. as a function of 

temperature at the He-Ne laser wavelength, 6328 A, for the mixture 

/of' 1.75 cholesteryl chloride and 1 cholesterYl myristate. The 

sol,id line is an approximate fit totheeXperimerital points. 

Fig. 3. Normalized third-harmonic intensityvs temperature nearthe 

phase matching temperatures. for the mixture of 1. 75 cholesteryl 

chloride and 1 cholesterylmyristate, in a cell 130~ thick. The 

peak at the lower temperature (corresponding to left helical 

structure) is generated by left circularly polarized fundamental 

waves and the one at the higher temperature by right circularly 

polarized funamental waves. The solid line is the theoretical 

. phase-matching curve and the dots are experimental data points. 
. . 

.The uncertainty in the experimental third harmonic intensity is 

about 20%. 
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