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Abstract
Initial Data Construction in General Relativity
by
Yuchen Mao
Doctor of Philosophy in Mathematics
University of California, Berkeley

Associate Professor Sung-Jin Oh, Chair

The subject of this thesis is the initial data sets on R?® for the vacuum Einstein equation,
i.e., pairs (g,k) = (gij, kij) of symmetric tensor fields on R* (where g¢ is positive definite)
solving the vacuum constraint equation

Rigl+ (try 7 42 =0, o0
divy k —dtry k = 0. o

Indeed, any triple (M3, g, k) of a 3-manifold, Riemannian metric g and a covariant symmetric
2-tensor k satisfying (0.0.1) is called an initial data set for the vacuum Einstein equation

1
Ric[g] — 8 trg Ric|g| = 0. (0.0.2)

Various applications of initial data construction include global stability of Minkowski space-
time [CK93], weak cosmic censorship and naked singularity formation [Chr94|, disproving
the third law of black hole thermodynamics [KU22], and formation of black holes ([LY15] as
one example), etc.

To understand the nature of the nonlinear PDE system (0.0.1), it is instructive to consider
the direct linearization of this system around the simplest solution — i.e., the flat solution
(0,0) — that takes the form, respectively,

O (gij — S04 tr 9) = 0,
Gy = 39 tr9) (0.0.3)
(99(1%- - (52-]- tr k?) = 07

This system is comprised of underdetermined PDEs for a symmetric tensor g and a symmetric
tensor k. In analogy with vector fields v obeying the divergence-free condition 9;v7 = 0 — the



simplest such equation — one should expect quite a bit of flexibility for the set of solutions
to (3.1.1).

The author has developed with his collaborators explicit integral formulas for solving the
linearized system 0.0.3 that enjoy special localization properties so that they can be used to
study the nonlinear system 0.0.1.

Although being underdetermined, the system 0.0.1 is known to be rigid: one famous exam-
ple is the celebrated positive mass theorem first proved by [SY79] which states that only
Minkowski initial data can have rapid decay. Thus, an interesting question is in what special
unbounded regions the initial data can be localized. This will be the main topic of Chapter
2.

Another way to construct initial data sets is through gluing. Gluing means, by definition,
given two initial data sets (gi, k1) and (ga, k2) defined on disjoint regions A;, As, respectively,
finding a region A D A; U A, and initial data set (g, k) defined on A such that (g,k)|a, =
(gi,ki),i = 1,2. Because the divergence-type operators have nontrivial cokernel (especially
on the flat background), we expect conservation laws that these linear equations should
satisfy, called linear obstructions. One can ask under what conditions two initial data sets
can be glued together, especially if they violate the linear obstructions. The answer might be
surprising: Czimek—Rodnianski [CR22]| first proved obstruction-free gluing of characteristic
data defined on a null hypersurface, as well as spacelike obstruction-free gluing but under a
non-sharp positivity condition. The author and his collaborators have developed a method
using the aforementioned integral solution operators and manipulating the nonlinearity to
achieve obstruction-free gluing on spacelike hypersurfaces in the asymptotically flat regime
under a sharp positivity condition. This will be the topic of Chapter 3.

It is then natural to ask if the integral solution operators can also be constructed for curved
geometry. The author and his collaborators have developed a general abstract theory for a
wide class of underdetermined (and their adjoint) linear differential operators where an inte-
gral solution (representation) formula can be constructed. This will be the topic of Chapter
4. Some applications of this theory in geometry and physics are included in Appendix B.
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Chapter 1

Introduction

The major goal of this thesis is to illustrate a collection of mathematical tools developed and
used by the author and his collaborators to construct relativistic initial data.

1.1 Constraint Equation and Initial Data
Construction: An Overview

Let (M,g) be a 4-dimensional Lorentzian manifold. We say (M, g) solves the FEinstein
vacuum equation if
Ricg = 0. (1.1.1)

The equation (1.1.1) models spacetime in a vacuum.

A 3-dimensional Riemannian manifold (¥, g) together with a covariant symmetric 2-
tensor k is a initial data set of the Einstein vacuum equation (1.1.1) if (X, g, k) satisfies the
constraint equation

{R[g] + (trg k)* — [K[3 = 0, (1.1.2)

divyk — dtryk = 0.

where R[g| is the scalar curvature of (3, g). The system (1.1.2) is derived from Gauss and
Codazzi equations on a hypersurface. (M, g) is a solution to (1.1.1) with initial data (X, g, k)
if Ricg = 0 and (X, g) is isometrically embedded into (M, g) and k is the second fundamental
form on ¥ in M with fixed future unit normal vector field along ..

In this thesis, we are mainly concerned with constructing initial data —i.e. finding special
solutions to the system of nonlinear PDEs (1.1.2). Unlike other evolution equations (e.g.
wave equations) for which one is free to prescribe well localized data, the constrain equation
(1.1.2), although underdetermined and thus granting some freedom for construction, poses
rigidity to its solutions. The most well known result regarding rigidity of the system (1.1.2)
is the positive mass theorem first proved by Schoen—Yau [SY79] that states nontrivial (i.e.
non-flat) initial data cannot have rapid decay. Thus one interesting question is what kind of
localized data one can construct.
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Another way of constructing initial data is gluing. Here gluing means, given two initial
data sets defined on disjoint regions, finding an initial data set defined on a larger region
containing both regions and coincides with the given initial data sets on each small region
where they are defined. At the linear level, if the background geometry has symmetries, this
is almost impossible due to conservation laws of the linearized system. For simplicity, let us
examine the linearized system near the flat solution (d,0) to (1.1.2):

0% (gij — 3045 tr g) = 0, (1.13)

8j(/%:ij — 52']‘ tr k‘) = 0 o

This is a system of divergence-type equations, and similar to the divergence equation whose

solutions must have zero spherical integrals due to divergence theorem, solutions to (1.1.3)

have conserved quantities, called charges, linked to symmetries of the background. This is a

main difficulty when gluing initial data sets that violate the linear obstruction of conserved
charges.

Solving the nonlinear system (1.1.2) usually starts from studying the linearized system
(1.1.3), so in order to study (1.1.2) near curved background, one needs a robust method
of solving underdetermined linear elliptic systems. Although a generic underdetermined
linear elliptic differential operator may have only trivial cokernel, many interesting examples,
especially those from linearized constraint equations near special solutions, have nontrivial
cokernels and thus causing the aforementioned linear obstruction. From the perspective of
finding a solution operator (i.e. a right inverse to the differential operator up to the cokernel),
one needs to understand how the possibly nontrivial cokernel can be characterized in the
general method. Moreover, since an important motivation to this kind of analysis is solving
the nonlinear constraint equation (1.1.2), one also hopes that the solution operators enjoy
certain localization property.

The author together with his collaborators has established a robust method of finding
explicit integral solution operators with different localization properties to the linearized
constraint equations that can be applied to constructing solutions to (1.1.2). We summarize
the main results in the next section.

1.2 Main Results

Notation and Preliminaries

We first define

Qo ={z €R: L(z —y,w) <O}, Qg = Qowp- (1.2.1)
For s € R, H*(R%) is the Sobolev space. For s, € R, Hg(R%) and H;*(R%) are b-Sobolev
spaces that are defined in Definition 2.3.1. Moreover, for @ C R% we denote H*(Q) :=
{u € Hg"s :suppu C Q} the distributions supported in Q. The anisotropic b-Sobolev space
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H: = H3(Q,) is defined in Definition 2.5.1 for a specific region Q, = {(z/,74) € R? : |2/| <
xq,xq > 1}.

We define B,(€) to be the ball of radius r centered at &, A,(£) = By, (&) \ B,(€) for an
annulus of radii ~ r and A4, (€) = By, (€) \ B (§) for an enlargement of A,. When § = 0, we
shall omit () and write B, = B,.(0), A, = A,(0) etc.

Given a Banach space X = X (R?) of (possibly vector-valued) functions on R? and an
open subset 2 C R3, we define the space of extendible functions on 2 as X (Q2) = X (R?)/{u €
X(R?) : ul, = 0}, equipped with the ||lu||xq) = infzex(rs).a,—u [|Ullx. We also define the
space of functions supported in €2, denoted by X,(€2), to be the completion of C2°(£2) with
respect to ||'”X(Q).

The charges of the linearized constraint near the flat data (1.1.3) form a 10-vector, de-
noted by

Q[(g7 k)? aBT] = <E7 P17 P2a P37 Cla CQa C3a Jl) J2a J3)T[(ga k)v 831”]

A Q-admissible family of annular initial data sets is a family of solutions to (1.1.2) supported
on an annulus parametrized by Q € Q where Q is an open bounded subset of R!°. For the
precise definitions of charges and Q-admissible families, see 3.1.

In Chapter 4 and [Ise+25a], one of the main techniques that we use to construct explicit
integral solution /representation operators for under/overdetermined elliptic operators is the
recovery on curves condition. For simplicity, in this section we use a qualitative version of
this condition: Let P be an ry X sp-matrix-valued differential operator with C2° coefficients
on an open subset U C R¢ where 74 < sq.

(RC) Given any ¢ € C°(U), there exists a linear way to continuously recover ¢(x(0)) from
(the jet of) P*¢ on x and (the jet of) ¢ at x(1).

For the precise formulation of this condition, see Section 4.5. We also give an algebraic
sufficient condition of (RC), called the finite-dimensional cokernel condition: Let P* denote
the formal L?-adjoint of P and p(z, &), p*(z, &) denote the symbol of P, P*, respectively. Let
Pprin denote the principal part of P.

(FC) For all z € U and ¢ € C4\ {0}, p*(z,&) is injective (or equivalently, p*(z,&) is full
rank, or p(z,§) is surjective, or p(zx,§) is full rank).

Finally, we define the formal cokernel of P:

ker P*(U) = {Z € C>°(U) : P*Z =0 in D'(U)}, (1.2.2)

Main Results and Organization of the Thesis

In Chapter 2, we prove the following theorems from [MT22]:
First result is construction of initial data supported in cones with optimal decay.
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Theorem 1.2.1 (Initial data with conic support, [MT22]). Let d > 3. For w € S*! and
0 < 0 < /2, there exists a nontrivial asymptotically flat solution (g, k) € C*®(R?) of equation
(1.1.2) on R? supported in the cone Qg defined in (1.2.1), i.e. supp(gi; — 0ij, kij) C Qg
and the decay rate of (g, k) is given by

8£(g”(x) — 513) = O(<3§'>27d7€), 8%”(:1:) = O(<£L'>1idie), ¢ eN. (123)
Moreover, for s > d/2 and —d/2 < 6 < d/2 — 2, there is a smooth map
F o HY Q) x HY Y (Qy 0) = HY (Quie) x Hy "0 Q)

such that F' gives a one-to-one correspondences between solutions (h, ) to (1.1.3) and solu-
tions (g — 6,k) of (1.1.2) in a neighbourhood of 0. The differential of F' at 0 is the identity.

As a corollary, we have the following gluing result of [CS16a]:

Theorem 1.2.2 (Gluing flat data to data in a cone, [CS16a], [MT22]). Let d > 3, 0 <
Oy < 0 < 7/2 and w € S¥L. Suppose (go, ko) € C(RY) solves (1.1.2) inside Q¢ and
satisfies (1.2.3). Then there exists yo € Qy0,, |Yo| > 1 and an asymptotically flat solution
(g,k) € C=(R?) of equation (2.1.1) on R? such that

(90, k0), Qo0 \ B1(¥0),
(%“:{5m, RN (O U B(30)),

and (g, k) also has decay rate in (1.2.3) on RZ.

We can also construct data supported in a degenerate sector, an example of a regular
unbounded region that is strictly contained in a cone near infinity, as conjectured in [Car21].

Theorem 1.2.3 (Initial data supported in a degenerate sector, [MT22]). Let d > 3, 0 <
by < 0 < 7/2 and w € S¥1. Suppose (go, ko) € C(RY) solves (1.1.2) inside Q9 and
satisfies (1.2.3). Then there exists yo € Qu0,, |Yo| > 1 and an asymptotically flat solution
(g,k) € C=(R%) of equation (1.1.2) on R? such that

_J (90,k0)s Qo000 \ B1(%o),
<%“‘{5m, R (@0 U B ().

and (g, k) also has decay rate in (1.2.3) on RZ.

In Chapter 3, we prove the following theorems from [MOT23]: We start with the gluing
result that respects the linear obstructions:

Theorem 1.2.4 (Gluing up to linear obstructions at unit scale, [MOT23]). For each s > 3,

there exist €. = €.(s) > 0 and M. = M(s) > 0 such that the following holds. Let (g,k) be a
solution to (3.1.1) in H* x H*"Y(A;) such that

19 = 6, &)l pro sy, < € (1.2.4)
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Define Q € R by Q = Ql(g, k), Ay]. Let @ C R be a bounded open set such that
Qe Q, BueQcCo (1.2.5)

and consider an Q-admissible family of annular initial data sets {(go, ko)}geo on Ay with
Sobolev regularity s such that, for all Q,Q" € Q,

1(9q — 6, ko)l
1090 — 9¢, ko — ker)|
Then the following holds:

HexHs—1(A) = 6 (1.2.6)
HexHs=1(Ay) S K|Q - Q. (1.2.7)

1. Exterior gluing. Ife < e, and Ke < €., then there exists a solution (g, k) € H® X

H"Y(A)) to (1.1.2) and Q € Q such that ||(g — 0, k)] HexHe-1(Ay) ~ € 1@ — Q| < M.e2,
(9. k) in Ay,
@JOZ{ :

and
(9a: k) in Ay

2. Interior gluing. If ¢ < €. and Ke < €., then there exists a solution (g,k) € H® X
H* Y (A)) to (1.1.2) and Q € Q such that ||(g — 6, k)| Hexae-1(Ay) ~ € @ — Q) < M.,

and
go, k in A,
w¢»-{<Q 2 2

o

(é,k) m AQ

In both cases, the following additional statements hold as well:

o

e (Lipschitz continuity) The map (g, k) — (g,k, Q) is Lipschitz as a map from the subset
of H® x H*™' restricted by (1.2.4)~(1.2.5) into H* x H*™! x R0,

e (Persistence of reqularity) If (g, k:) € H5Tmx Hs””_l(gl) and the family { (99, ko) }oeo

is of Sobolev reqularity s +m for m € N, then (g, k) € H*™™ x H*™™ 1(A}) and

I(g —0,k)|

Hs+mXHs+m—1(A'1) S CH(E] - 67 k)‘
+Cll(9¢ — 9, kQ)HHs+mst+m—l(Xl)v

Hs+'m XHS_‘—m_l(A'l)

where C'= C(s,m, ||(g — 9, k‘)|

Hs+1x Hs (A1)’ “(gQ -9, kQ)' H5+1><Hs(gl))‘

Then we state the obstruction-free gluing result for almost flat on unit annuli:

Theorem 1.2.5 (Obstruction-free gluing for almost flat data on annuli, [MOT23]). Given
s> 3 and T > 1, there exist €, = €,(5,1') > 0, pto = po(s,I) > 0 and C, = Cy(s,T') > 0
such that the following holds. Let (gin, kin) € H® x H*7Y (A1), (Gout, kour) € H® x H*71(As)
be pairs solving (1.1.2). Define AQ = (AE, ..., AJ3) € R by

AQ = Q[(Gout, kout); Asz] — Q[(Gin Fin; A1)l (1.2.8)
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and assume that

AE > |AP|, (1.2.9)

ﬁ T, (1.2.10)

AE < €, (1.2.11)

IAC| +|AJ| < tAE, (1.2.12)

1(gin = 6, kin )| Zrssemrs—1 (a0 + 1(Gout = 65 Fout) 1irs o1 (a5 < HoAE. (1.2.13)

Then there exists (g, k) € H® x H*"Y(Bgy \ B1) solving (1.1.2) such that

(9,k) = (Gin, kin)  in A1, (9,k) = (Gouts kout)  in Asa, (1.2.14)
19 = 0, k) 1o o1 o) < CoAE. (1.2.15)

We remark that the inequality condition (1.2.9) is sharp—i.e. it is a necessary condition
for this kind of gluing to be possible.

After a scaling argument we can prove obstruction-free gluing for asymptotically flat
data:

Theorem 1.2.6 (Obstruction-free gluing for asymptotically flat data, [MOT23]). Let s > %
and o > % Let (Gins kin) s (Gouts kout) € HY . X Hfozl(Bfgo) be a-asymptotically flat pairs solving

(1.1.2). Define, for those components that are well-defined,

AQ = QADM[<gout7 kout)] - QADMKgim km)]y

and assume that

AE > |AP|.
Then there exists an asymptotically flat pair (g,k) € HS . X HS_I(BIC_-{O) solving (1.1.2) and

loc loc

r > Ry such that (g,k) = (gin, kin) on Ba, and (g, k) = (Gout, kout) 0on BS,,.

Again, here the condition AE > |AP] is sharp.
In Chapter 4, we prove the following theorems from [Ise+25a]: Recall the conditions
(RC) and (FC). We first state the theorem of conic-type integral operators:

Theorem 1.2.7 (Conic-type solution operators, representation formulas, and Poincaré-type
inequalities, [Ise+25a]). Let U be an open subset of R%. Let P satisfy (RC) for an admissible
family of curves x = x(y, y1,5) for all y in a neighborhood of U and y, € Uy for some open
subset Uy of RY (see Section /.5 for the precise formulation). Assume, moreover, that the
curves are nontrapped in U (i.e., the curve eventually exits U ) in the sense that

Unu, =0.

Then the following holds.
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1. Cokernel in W*S’pl(U). For any 1 < p < +o00 and s € R, define the cokernel in
W= (U) to be:

ketgy ., iy P* 1= {Z € W (U) : P*Z = 0 in D'(U)}, (1.2.16)

where U is an open subset of R? such that U C U, and the coefficients of P* are
extended in a smooth way to U (since Z € Wse' (U), this definition is independent of
these choices). Under the assumptions of this theorem, we have

kerw,s?p/(U) 7)* —= {0}

2. Integral solution formula. There exists a locally integrable integral kernel K :
U x U — C*0*" with the support property

supp K () € | x(y,41,[0.1))  for every y € U,

y1€U1

such that the integral operator S f(z fU y) dy for f € CX(U;C*) satisfies
PSf=f forall fe C';X’(U;(CSO),

Moreover, for any 1 < p < 400 and s € R, S extends to a bounded operator from
WeP(U;C™) to WsTmMP(U) x -+ x W0 ().

3. Integral representation formula & Friedrich-type inequality. Dually, we have
=8P forall p € C(U;C™).

Foranyl <p < +o00 and s € R, §* extends to a bounded operator from W‘S_mlvp’(U) X
x W=s=ms0 ' () to WP (U;C™). Moreover, the following Friedrich-type inequal-
ity holds:

105 0y S NP lmcmat (s ) o all 9 € W57 (U, C70),

The following theorem describes the Bogovskii-type integral operators:

Theorem 1.2.8 (Bogovskii-type solution operators, representation formulas, and Poincaré-type
inequalities, [Ise+25a]). Let U be a connected bounded open subset of RY. Let P satisfy (RC)
for an admissible family of curves x = x(y,y1,5) (see Section 4.5 for the precise formula-
tion). Assume that U is X-star-shaped with respect to Uy, where Uy is an open subset of U
such that Uy C U, in the sense that

U x.u.0.1)CT. (1.2.17)

yeU, el

Then the following holds.
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1. Cokernel in W= (U). For any 1 < p < 400 and s € R, define the cokernel in
W= (U) to be:

kery, oy P* = {Z € WP (U) : P*Z =0 in D'(U)}. (1.2.18)
We have the invariance property
kery, . (1) P* = ker P,
and the finite-dimensional property
dimker P*(U) < 4o0. (1.2.19)

where ker P* is the formal cokernel of P defined in (1.2.2). Moreover, for any open
subset V- C U, the restriction of ker P* to V, i.e.,

ker P*|y = {Z|y : Z € ker P*}
has the same dimension as ker P*.

2. Integral solution formula under orthogonality conditions. Consider a family
wa(z) € CX(U;C0) (A € {1,...,dimker P*}) satisfying (wa,Z) = 68" for some
basis {Z*'} of ker P*. Then there exists a locally integrable integral kernel K:UxU —
C#oxro ith the support property

suppK U x(y,11,[0,1]) CU  for everyy € U,

ety
(where the last mclusion follows simply from (1.2.17)) such that the integral operator
= [, K (y)dy for f € CX(U;C*) satisfies

PSf=f— > wa(ZA, ) for all f € C(U;C*).

Ae{l,...dimker P*}

Moreover, for any 1 < p < +oo and s € R, S extends to a bounded operator from
W”’(U Cro) to W™ (U) x - -+ X Ws+m50(U)

3. Integral representation formula & Poincaré-type inequality under orthogo-
nality conditions. Dually, we have

0 =SSP o+ Z ZA(wa, @) for all p € C*(U;C™).

Ae{l,...dimker P*}

Furthermore, for any 1 < p < 400 and s € R, S* defines a bounded operator from
W=s=mP(U) x - x W0 (U) to W= (U; C™), and the following Poincaré-type
inequality holds:

lo = 322 wa, @)l @icro) S 1Pl ity Jor all o € W9 (U;C7).
A
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Finally, we state the theorem of (FC) as a sufficient condition of (RC):

Theorem 1.2.9 ((FC) = (RC), [Ise+25a]). Let U be a connected open subset of R%, and
let P be an ro X so-matriz-valued differential operator on U with smooth coefficients.

1. Condition (FC) implies the existence of a mazimal graded augmented system (Pa)aca-
Hence, (FC) implies (RC) for any admissible family of curves, and Theorems 1.2.7-
1.2.8 apply.

2. If p* is independent of x (i.e., Ppun has constant coefficients), then the following are
equivalent:

a) p* satisfies (FC),

b) any ro X so-matriz-valued differential operator P’ on U with principal symbol p*
satisfies (RC) for any admissible family of curves, and

c) the formal cokernel of Ppyin (i-¢., ker Pl ={Z € C*(U) : P*;,Z =0 in D' (U)})

prin prin
s finite dimensional.

In addition, we give some examples in Appendix B that satisfies (FC) coming from
geometry and physics as applications of Theorem 1.2.8.

1.3 Related works

In this section we discuss some related works to our main theorems in Section 1.2. The
reader should note that this section is not intended to be a complete survey on works in
relativistic data construction, but rather a discussion of some pioneering works and more
recent developments in this area at the time this thesis is composed. The reader is referred to
Sections 2.1, 3.1, 4.1 for a more comprehensive review of literature related to each chapter’s
main results.

The first gluing results were proved by Corvino [Cor00], Corvino-Schoen [CS06], and
Chrusciel-Delay [CDO03] on compact regions using elliptic theory. Carlotto—Schoen proved
a gluing result with data supported in a cone [CS16a] (see also Theorem 1.2.3). Aretakis—
Czimek—Rodnianski [ACR25] [ACR23b] [ACR23a] proved the first results of characteristic
gluing—i.e. gluing of data on null hypersurfaces. A breakthrough in gluing problems was
the obstruction-free gluing of characteristic data by Czimek-Rodnianski [CR22]. While
their proof is fundamentally characteristic, they also proved a spacelike obstruction-free
gluing result under a non-sharp positivity condition. Kehle-Unger [KU22| used characteristic
gluing to glue a Minkowski piece to an extremal Reissner-Nordstrom black hole solving the
Einstein-Maxwell-charged scalar field equation, disproving the third law of thermodynamics
of black holes. Reshetnyak [Res83] [Res94] introduced the idea of completely integrable graded
augmented systems when studying some overdetermined operators, which heavily influenced
our framework in Theorem 1.2.7 and Theorem 1.2.8.
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More recently, Shen—-Wan [SW25] constructed Cauchy data containing no trapped sur-
faces but leading to formation of multiple black holes by combining Christodoulou’s short
pulse framework, stability analysis in transition region connecting the short pulse piece and
the gluing region, vacuum geometrostatic manifolds, and obstruction-free gluing in [MOT23]
(see also Theorem 1.2.2). Shen—Wan [SW26a] gave a simple construction of Cauchy data
leading to the formation of multiple black holes with prescribed ADM charges using conic
gluing of [CS16a] (see also [MT22] and Theorem 1.2.2) as well as obstruction-free gluing of
[IMOT23] (see also Theorem 1.2.5). Shen-Wan [SW26b] gave a simple construction of vac-
uum initial data with minimal decay by applying the conic solution operator in [MT22] (see
also Chapter 2 and Theorem 1.2.7). Giorgi-Shen-Wan [GSW25] constructed initial data for
the Einstein-Maxwell-Klein-Gordon equation leading to multiple collapsing boson stars using
an approach similar to [SW25]. Chen—Klainerman [CK25] constructed vacuum initial data
near Schwarzschild parametrized by 4 scalar functions and 6 small charges. Niitzi [Niit26]
constructed vacuum initial data by adding Kerr or Schwarzschild quadratic corrections to
small and decaying prescribed solutions to the linearized constraint.
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Chapter 2

Localized Initial Data for the Einstein
Vacuum Equation

Notation

For s € R, H*(R%) is the Sobolev space. For 5,8 € R, Hf(R?) and H>’(R%) are b-
Sobolev spaces that are defined in Definition 2.3.1. The anisotropic b-Sobolev space
H: = H3(Q,) is defined in Definition 2.5.1 for a specific region Q, = {(2',z4) € R? :
|2'| < 5,24 > 1}. We define H™® := N,H* and H>? .= N H?",

For a Banach space X = X (R?) that is contained in the space of distributions 2'(R%)
and a subset 2 C R? X(€) always means the supported X-space, i.e. functions in
X (R?) that are supported inside Q. If Q C R? is open, Xe,mp(£2) means the spaces of
functions/distributions in X (R¢) that are supported in a compact subset in €.

In this chapter, there are scalar functions, vector-valued functions, and functions val-
ued in symmetric two tensors Sym? R¢. The function spaces are naturally extended to
functions valued in vectors and symmetric two tensors, by considering all the compo-
nents.

We define the cones in R as follows. For y € RY, w € ST and 0 < 0 < 7/2, let
Qo= {r eR?: L(z —y,w) <0} (2.0.1)

be the cone in R? with center at 3, center vector w and angle #. When y = 0, we
introduce the abbreviated notation €2, 5 := €2 6.

An operator K : C%®(R?) — 2'(R?) is identified with its Schwartz kernel K (x,y) €
2'(R? x RY).
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2.1 Introduction

In this chapter, we provide a simple way to construct asymptotically flat initial data of the
Einstein equation with new localization properties. The vacuum Einstein equation reads

Ricg =0

where g is a Lorentzian metric and Ricg is the Ricci curvature. When we restrict to a
spacelike hypersurface, we get the Einstein constraint equation

{ Ry + (tryk)* — k|2 =0

div,(k — (trgk)g) = 0 (2.1.1)

where ¢ is the restriction of g to the spacelike hypersurface, k is the second fundamental
form, and R, is the scalar curvature of g. It is a system of nonlinear underdetermined PDEs
for initial data (g, k). When k& = 0, it specializes to a problem in Riemannian geometry,
namely, the vanishing of scalar curvature. In particular, we are interested in the following
question.

Question 1. What localization of asymptotically flat solutions to the FEinstein constraint
equation (2.1.1) is possible?

This question has surprisingly nontrivial answers. The famous positive mass theorem
[SY79; SY81; Wit81] says localization to a compact set is impossible. On the positive direc-
tion, Carlotto—Schoen [CS16b] gives a gluing construction which gives a localized solution
inside a cone. Aretakis—Czimek—Rodnianski [ACR25; ACR23b; ACR23a] gives an alternative
gluing construction based on the characteristic gluing.

An interesting problem that was left open in [CS16b] was whether the localized solution
gij(z) decays to the flat metric d;; as |x| — oo with the rate O(]xz|*~¢), which is ideal in view
of the positive mass theorem (see also Proposition 2.1.4 below); see Carlotto [Car21, Open
Problem 3.18]. The construction in [CS16b] achieves O(|z|?~%*€) for arbitrary ¢ > 0. The
characteristic gluing approach of Aretakis—Czimek—Rodnianski [ACR25] gives an affirmative
answer to [Car2l, Open Problem 3.18], but only for finite regularity. Here we give an
alternative spacelike proof, which can also achieve C'* regularity. Moreover, we also construct
nontrivial solutions localized in an even smaller domain, namely in a degenerate sector
{(z',24) € R |2'| < 29, x4 > 0} for 2= < o < 1, with sharp decay rate consistent with

d+1
the positive mass theorem. We state our main results below.

Main results

We propose a new method of solving the constraint equation (2.1.1) by constructing solution
operators for the corresponding linearized system. The linearized equation of (2.1.1) at the
trivial metric ¢;; = d;; and second fundamental form k;; = 0 can be written in the following
form after a change of variables (see §2.2)

@-@-hij = 0, &WU =0 (212)
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where h” = h/" and 7 = 7" are symmetric 2-tensors. Let P(h,m) = (9;0;h",0;7), we
construct in §2.2 a right inverse S of P, which we call a solution operator, with nice properties
in regularity, support, and asymptotic behavior of functions.

As the first application of our method, we give a simple spacelike construction of localized
solutions in a cone with optimal decay, answering [Car21, Open Problem 3.18] with C*
regularity.

Theorem 2.1.1 ([MT22]). Let d > 3. For w € S and 0 < 0 < w/2, there exists a
nontrivial asymptotically flat solution (g,k) € C®(R?) of equation (2.1.1) on RY supported
in the cone Q¢ defined in (2.0.1), i.e. supp(gi; — 0ij, kij) C Qw0 and the decay rate of (g, k)
s given by

O (gij(x) — 0y) = O((x)>" 1), O'kij(x) = O((x)" 1), LeN. (2.1.3)
Moreover, for s > d/2 and —d/2 < 6 < d/2 — 2, there is a smooth map
F o HY Q) x Hy " (Q0) = Hy' (Qu0) x Hy 0T (s 0)

such that F gives a one-to-one correspondences between solutions (h,m) to (2.1.2) and solu-
tions (g — 0, k) of (2.1.1) in a neighbourhood of 0. The differential of F' at 0 is the identity.

For any solution (hg, my) € C*(R?) of the linearized constraint equation (2.1.2) supported
in €2, ¢ with the same decay rate

afhéj(:r;) — O(<x>27d75)’ aéﬂ_éj(x> — O(<x>1fdf€)’ ¢/ e N (2.1.4>

such that (hg, mo) is small in certain b-Sobolev spaces (see §2.3), we can find such a solution
to the nonlinear equation (2.1.1) as a perturbation of (hg, m), and will obey bounds of the
form

|(h — ho, ™ — o)

HE P x HE~oT S [[(ho, ™) ?{éﬁngfl,éJrL

So a small solution of the linearized equation (2.1.2) with nontrivial linearized curvature will
lead to a nontrivial solution of (2.1.1) that is not isometric to the Euclidean space. For more
details, see the proof in §2.4.

We can also prove a similar gluing result as in [CS16b] following the same strategy.

Theorem 2.1.2 ([MT22]). Letd >3, 0 < 0y < 0 < 7/2 and w € S*1. Suppose (go, ko) €
C>=(RY) solves (2.1.1) inside Q, o and satisfies (2.1.3). Then there exists yo € D6y, |Yo| > 1
and an asymptotically flat solution (g,k) € C*(RY) of equation (2.1.1) on R? such that

_ ( kao)v Qyo#«% o \Bl( 0)7
(97 k) N { (ga 0)7 Rd \ (eroywﬁ L?j Bl (3/0)),

and (g, k) also has decay rate in (2.1.3) on R%.
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Another natural conjecture that Carlotto made in [Car21, Open Problem 3.14] is that
whether we can construct solutions localized in a smaller region as long as we do not violate
the constraint of the positive mass theorem. We give a partial answer for the case of a
degenerate sector.

Theorem 2.1.3 ([MT22]). Let d > 3 < a < 1. Consider the degenerate sector

T
Qo = {(¢,2a) € R?: |2'| < 2§, 24 > 1},

Then there exists a nontrivial asymptotically flat solution (g,k) € C®(R?) of (2.1.1) sup-
ported in Q, i.e.

supp(gij — dij, kij) C Qa,
and the decay rate of the solution is given by
05004 (gij(w) — 6) = O(()! ~W=D=1Ple=bay g — (8, B)) € N°. (2.1.5)
and
05 0%k, () = O((w)mod-Wle=bay g = (8, 8,) € N (2.1.6)

Again the solutions to the nonlinear equation (2.1.1) are obtained as perturbations of
solutions (hg, ) € C®(RY) of the linearized constraint equation (2.1.2) supported in €,
with the decay rate

0500 hy () = O((a)t=ol=D=W¥le=bay - g — (5 B;) € N (2.1.7)

05 0Pl (x) = O(()t-ed-1¥le=bay g = (8, ;) € N, (2.1.8)

When o = 1, this reduces to Theorem 2.1.1. The constraint a > ﬁ comes from the

proof and we do not expect it to be optimal. The decay rate (2.1.5) is optimal for localized
solutions in degenerate sectors with this type of anisotropic decay, in the following sense:

Proposition 2.1.4. Suppose g € C?(RY) is a metric such that g;j(x) = &; for v ¢ Q =
{(2',2q4) € RY: |2!]| < 28, 24 > 0} with 0 < a < 1. Suppose that for some € > 0 we have

aff,af;i(gz‘j(ﬁf) — §;) = O((x) o= D=Fle=bay 18| 4 g, < 2.

Then the ADM energy vanishes:

pegms [ RICIRLE a5 =0

Proof. We claim flftl:R g(2)ZdS = O(R™). This is because

||
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e Forv=j=d,

/ adg(x)ﬁds' 5 R—a(d—l)—eRa(d—l) — R€.
|z|=R 2]

e For i # d and j # d,

J
/ 8lg($)x—d5‘ S leozdfeRaflRa(dfl) — R
lz|=R |'T’

e Since

Tq l’j
/ 0;jg(x)—dS = 040;9(z)dx = / Oag(x)—dS
|z|=R

|z] |z|<R |z|=R x|

we have for j # d,

/ d;9(x) Td dS’ =
|z|=R

|z]

J
/ adg(x)%ds' 5 R_a(d_l)_gRa_lRO‘(d—l) — Ra—l—e. 0
\x|:R X

If the positive mass theorem holds and R, = 0, then g;;(z) satisfying the conditions in
Proposition 2.1.4 must be isometric to the flat Euclidean space. In this case, Theorem 2.1.3
has the optimal decay. We note that the positive mass theorem (see Carlotto [Car21, Ap-
pendix BJ) is usually stated without considering the anisotropic behavior. For example,
[Car21, Theorem B.9] works for o > 2&141), which does not include the full range o > %.
We expect that the positive mass theorem would actually hold for a larger region of « if one
considers solutions supported in a degenerate sector with anisotropic asymptotic behavior
like (2.1.5)(2.1.6).

We remark that our proof also gives a finite regularity version of Theorem 2.1.1-2.1.3,
which can deal with conic gluings for (g;; — d;5, kij) € H§’6 X Hlf*l"sﬂ when s > d/2, which is
optimal modulo the end point. We choose to state the smooth version here since it is easier
to understand.

The gluing technique in studying (2.1.1) was first studied by Corvino [Cor00] and Corvino—
Schoen [CS06], and was generalized by Chrusciel-Delay [CDO03]. They studied the gluing
problem in compact regions, in which case the linearized equation (2.1.2) has cokernel.
For an account of gluing with cokernels using similar solution operators, see Mao-Oh-Tao
[IMOT23] (see also Chapter 3) and Chrusciel-Cogo—Niitzi [CCN24]. In the pioneering paper
of Carlotto—Schoen [CS16b], which was discussed earlier, the gluing technique was extended
to noncompact regions and surprising first examples of localized solutions to (2.1.1) were ex-
hibited. Aretakis—Czimek-Rodnianski [ACR23a; ACR25; ACR23b] (see also [Areld; Arel7])
introduced and studied the characteristic gluing problem, and related it to the spacelike glu-
ing problems to show the optimal decay. We refer to Chrusciel [Chr19] and Carlotto [Car21]
for reviews on the conic gluing method and some open problems. See also [Hin22; Hin23c]
for a microlocal approach.
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Main ideas

Our construction is different from that of [CS16b]. Recall the linearized constraint equation
(2.1.2) is a divergence type equation Pu = 0. In [CS16b], Carlotto-Schoen use PP* to
reduce to an elliptic system, which makes it hard to control the support of solutions. The
key idea of our construction is to find a right inverse S of P that controls the support of the
output. In particular, if f is supported inside a cone, the solution S f of the equation Pu = f
is also supported in the same cone. Such solution operators of divergence type operators
with good support properties is motivated by Oh—Tataru [OT19, Section 4], in which they
constructed nice solution operators for the divergence equation d;u? = 0. We generalize their
construction here to (2.1.2). Then we use Picard iteration in appropriate Sobolev spaces to
get the solution of the nonlinear equation (2.1.1). In the case of the degenerate sector
(Theorem 2.1.3), we develop a new fundamental solution and introduce anisotropic Sobolev
spaces adapted to the degenerate sector. The sharp decay rate is obtained by representing
the solution as the solution operator applied to the nonlinearity.

Organization of the chapter

In §2.2 we give the construction of the solution operator adapted to a cone. In §2.3 we recall
several estimates for the b-Sobolev spaces. In §2.4 we prove Theorem 2.1.1 and 2.1.2 using
our solution operator. In §2.5 we adapt our method to the degenerate sector to give a proof
of Theorem 2.1.3.

2.2 Construction of the solution operator for the
linearized equation

The crux of our argument is an explicit solution operator to (2.1.2). In this section we will
show how to construct a solution operator S : C°(R?) — C>(R?) (d > 3) for the linearized
equation (2.1.2) such that for a cone 2 = Q, g,

supp f C Q = suppSf C (. (2.2.1)

Unlike in Corvino [Cor00], the linearized equation (2.1.2) does not have cokernel (on
appropriate weighted Sobolev spaces) since we consider (2.1.2) on a noncompact region €2.
The Schwartz kernel of S will have an appropriate decay property.

Linearized problem

We begin by reformulating (2.1.1) in the perturbative regime of the flat data (g, k) = (9,5, 0).
We introduce new variables (h, ), defined as follows:

(hm’, Wij) = (gZJ — 5ij — 52']‘ trg(g — 5), kij — 61’]’ tl'(; I{Z) (222)
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Observe that the transformation is obviously invertible with the formulae

1 1
(gij, kl]) = (611 + hij — ﬁ&] tl"5 h, 7Tij — ﬁdw tI‘5 7T). (223)

With respect to the new variables, the left-hand sides of (2.1.1) may be written as

Rlg] = 8,0;h" — M? (h, 8%h) — M (9h, Oh), (2.2.4)
(try k)2 = |K|Z = =M (m, 7), (2.2.5)
G (g7 ik — 0y trg k) = 8iw — NV (h, 0) — NV (0, 7), (2.2.6)

where each of M, }En) (u,v) or N, }(Ln)j (u,v) is a linear combination of contraction of v and v with
a smooth tensor field (of the appropriate order) on R¢ that depends only on h. Here the
index (n) is just a label and does not have any particular meaning.

In conclusion, (2.1.1) takes the form

8:0;h = M (h, 0%h) + MV (Oh, OR) + M (z, ), (2.2.7)
dirl = N (h, o) + NV (0, 7). (2.2.8)

The right hand side is viewed as the nonlinearity and its precise form will not matter in this
chapter. In the following, we study how to solve the linearized equations given by the left
hand side of (2.2.7)(2.2.8), which we call the double divergence equation and the symmetric
divergence equation, respectively.

Solution operator for the divergence equations

The construction of the following solution operators is the key for our proof of Theorem 2.1.1
and 2.1.2. In the following d; means Dirac delta function at 0.

Lemma 2.2.1. Suppose that k € C*(S*") and [;,_, k =1, then

0, (n (’i—‘) ’%) — §o(2). (2.2.9)

Proof. Tt is easy to verify (2.2.9) by definition. Here we give a derivation of this formula.
We want to construct a fundamental solution u which satisfies

ot = dp. (2.2.10)

For a test function ¢ € C®(R?), (2.2.10) is equivalent to

N /Rd u'(2)0ip(x)dz = (', ) = p(0).
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Thus, a natural fundamental solution supported on the ray Rsow is defined by

auw%:AmmeMu b€ C=(RY).

From this we can construct a smooth fundamental solution by averaging in w. Indeed, let
k€ C®(S*) with [, , k(w)dw = 1. Then

([ wtaos)= [ [ outomtoo

x x
= g Y(x)k (m) de.

Thus we have a fundamental solution

/Sdl k(W) To(z)dw = K (i) ﬁ (2.2.11)

kd
which is homogeneous of degree 1 — d and smooth outside the origin. O]
The same idea can be applied to the linearized constraint equations
;0;h" = f, (2.2.12)
ol = g. (2.2.13)

Theorem 2.2.2. Letv € S and k € C*(S™ ) such that [y, , k = 1. We define K., L., €
7'(R?) by

y x\ z'a?

Knj (‘1.) =K (m) |.§L’|d ) (2214)
. x \ xixtof + alakvl — vfake

LiF (z) = 0, </f (W) 2 ) : (2.2.15)

Then K}J and L, are fundamental solutions of the linearized constraint equations (2.2.12)(2.2.13),
respectively, i.e.,

(9@8][(,? = 50, angv = 50Uj.
Moreover, they satisfy the following properties

e K, and L, , are symmetric 2-tensors;
K

o The supports of K, L., lie inside the convex hull of the cone {x € R?: £ € suppk};

|z

o K, is homogeneous of degree 2 —d, L, , is homogeneous of degree 1 — d.
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o K., L, are smooth on R*\ {0}.

Remark 2.2.3. For a cone Q, we fix k € C*°(S*!) with [, , x = 1 and suppr C Q.
Then for f € C*(R%R) and g = (g;)%, € C(R%RY), we define

S, (f19) = (K7 « f, ZLK o * gr) € C2(RY Sym® RY) x C°(RY; Sym® R?)

where e, is the unit vector in the z, direction. By Theorem 2.2.2, for P(h, 7) = (9;0;h", 0;7"7),
the operator S is a right inverse of P, i.e., PS = I. Moreover, the support property of K,
and L, , implies that S satisfies (2.2.1).

Proof. Tt is not hard to verify the properties from the formulas (2.2.14)(2.2.15). We give the
derivation below.

For the first equation (2.2.12), in order to solve for 9;0;h" = &y, we take a test function
© € C*(R?). The equation is equivalent to

[ p@00s6ade = 00, 0) = o(0)

Thus, a natural fundamental solution supported on the ray Rsow is given by

(K5.0) = [ i, e Cr®)

Averaging w, we have

ko) = [ R @ —n (5) 22

For the second equation (2.2.13), we need to first find singular fundamental solutions as
before. For v,w € S¥1, let

% = Gy (w W + whwF? — viwhnd), (2.2.16)
the equation becomes
ajﬁjk = ajﬁggbijevk = §ov*.

Define ¢ € 2'(R?) so that for a test function ¢ € C>(RY),

(6o = / b (tw)dt
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Then 9;0;pw’w’ = §y and (2.2.16) gives a fundamental solution LF, such that 8;LiF, = dpv*
and L7¥, = L¥, . Averaging along w as before, we get

</ k(w) L, dw, w> = —/ K(w) /OO (9 (tw) (w4 whwkv? — viwhw?)dtdw
gd—1 gd—1 0

x wxtor + xlakvl — olykad
— [ () e ; o
Rd ||

||

x \ rialvr + xfaked — olakad
= 8 K —_— 5 .
< E < (m) 2] ) w>

So the fundamental solution reads

1oy o ) Py :

] |

2.3 Estimates on the b-Sobolev spaces

In order to capture the decay property of functions and get optimal regularity, we recall
basic estimates for b-Sobolev spaces in this section, and prove our solution operators are
bounded on b-Sobolev spaces.

The b-Sobolev space
Definition 2.3.1. For s € Ny, the b-Sobolev space H¢ = H¢(R?) is defined by the norm

%{g = Z ||<$>kaku||i2(u§d)-

k<s

lul

We extend the definition to s € R by duality and (complex) interpolation. We further define
for 6 € R, HY = (z)~°Hy. Moreover, for @ C R? we denote HY(Q) == {u € H :
supp u C §2} the distributions supported in 2.

The b-Sobolev space captures the property that the decay rate of a function improves
by (z)~! after taking a derivative. When s is an integer, the b-Sobolev space is nothing
but the weighted Sobolev space, which already appears in the classical work of Fischer and
Marsden [FM75]. We use noninteger s € R because we want to solve the problem with
optimal regularity (H2® x H: "' for s > d/2 in our case). Later we will use those spaces
for vector valued functions, but we shall use the same notation Hﬁ"s.

We recall some properties of the b-Sobolev space below. The most important one is the
Littlewood—Paley decomposition (2.3.2), which can serve as an alternative definition of the
b-Sobolev space and is what we actually use in this chapter.

Proposition 2.3.2. We have the following properties.
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(a) Littlewood—Paley decomposition: let B, = B,(0) be the ball with radius v > 0 and

D; = {2772 < |z| < 272} C R? be dyadic annuli for j >0, and

¢; R =R 2 2z, j>0.

Let Y x; =1 be a dyadic partition of unity such that
=0

=

Xo € C2(Bi;[0,1)),  x € C2(Do; [0,1]),  xj = dj(x) :=xo0 ", j>1.

Then

2
Hs

lul2s 2 30 229044 5 3 0)
§=0

(b) Sobolev embedding: for s > d/2,

)2 2l oo S [Jul

5,0 .
Hb

(¢) Bilinear estimate: the multiplication is bounded on the following spaces
(u,v) = wv - HY x H% — HY?

f07’(51+52:5—d/2, S1+ 89 >0,

>
<

IN]ISENJ IS

Y

:{ min(sy, sg), max(si, So)
S1 4 89 — g, max(sy, So)

(2.3.1)

(2.3.2)

(2.3.3)

(2.3.4)

Proof. We refer to [Hin22, §2.4] for a discussion on basic properties of b-Sobolev spaces.

(a) The Littlewood—Paley decomposition (2.3.2) is [Hin22, Lemma 2.3]. By interpolation
and duality, it suffices to check this for s € Ny, and it is direct to check (2.3.2)
inductively for s. Note our convention on ¢ is shifted by d/2 compared to [Hin22,

§2.4] due to a different choice of density near the boundary.

(b) The Sobolev embedding is essentially [Hin22, Corollary 2.4]. It is proved as a corollary

of (2.3.2):

() 0ul| e < sup 272 |l oo S sup 27|67 ()|
J J

e S Jlul

8,0 .
Hb
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(c) The bilinear estimate (2.3.4) is again a corollary of (2.3.2). We introduce a new cutoff
Xo € C(B1;[0,1]) such that xo(z) = 1 on supp xo. Similarly, let x; = ¢;.x for j > 1
where x € C°(Dy; [0, 1]) and x(z) =1 for « € supp x. We have

reo S 2 265 () e
J

S D2 gr ()|
J

[[uv]

2
Hs2

¢;(X;v)]

2
Hs1

H) (Z 2222 | () |
J

2
Hs2

We now show our solution operator is bounded on Hﬁ";. One important property of our
solution operator is that it is outgoing in the following sense.

< (z SPIO) 2 0)
J

S [lul O

i]ﬁlaél HU| 12L1§2752 :

Definition 2.3.3. Let Q C R? be a subset of RY. K(z,y) € 2'(R? x RY) be the Schwartz
kernel of an operator which we also denote by K. Suppose K has the property

u € C2(RY), suppu C Q = supp Ku C €.

We say K is outgoing (incoming, respectively) on € if there exists a constant C' > 0 such
that K(x,y) =0 for 2,y € Q and |y| > Clz| + C (for |z| > Cly| + C, respectively). We also
say K is diagonal if K is both incoming and outgoing.

Example 2.3.4. Let Q = Q4 for some w € S™! and 0 < 6 < 7/2. Let x € C=(QnN
S%1). The solution operator S constructed in Theorem 2.2.2 with Schwartz kernel (K;g (x—
y), LY, (x —y)) is outgoing on 2, where ey, is the unit vector in the x;, direction. Indeed we

have the following stronger property: S(z,y) = 0 for |z| < |y|, i.e. the value of Sf(x) only
depends on f(y) for |y| < |z|.

We give some criteria for the boundedness of diagonal/incoming/outgoing operators on
b-Sobolev spaces. The main idea is to decompose the space into dyadic regions and use
the decay of the operator norm away from the diagonal. It will be applied to our solution
operators constructed in §2.2 and their variants.

Lemma 2.3.5. Suppose K is a diagonal operator on €2 such that for some sq,s9,k € R, K
is bounded on HZL —— H2 and for any x € C®(R?\ {0}), there exists C > 0 such that

comp loc’

for all j € N, the operator with Schwartz kernel
K(2z,2y)x(2)x(y) (2.3.5)
is bounded by C2*=49) on H*' — H*2. Then
K HY(Q) — H2> Q)
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is bounded for any 6 € R. In particular, if
105, K (2,9)] S ()", LeN,

then K : Hb_N“S — Hév"s_k i1s bounded for any N € N, § € R.
Proof. Recall from Proposition 2.3.2 that for v € C°(Q2) and a partition of unity as in
(2.3.1),

2
Hs2

[l D 292065 (x Kw)

J

Let
* Xo € CZ(R% [0, 1));
o Y€ CX({27% < |z] < 290};[0,1]) and x,(z) = ¢jx(x) = X(277z) for j > 1

be another family of dyadic cutoffs such that for any (z,y) € supp K(z,y), * € supp x;
implies x;(y) = 1 (this is possible because K is diagonal). Therefore by the bound for
(2.3.5), we have

165 (i K w)|

e = || (K (X5u)|

i S 27|65 (5u)|

Hs1

and

| Ku| O

i & lul

Z§2»5—k 5 Z 22j(6+d/27k)22jkH‘ﬁ;(f(jlo’ fgﬁl,fi'
J

Lemma 2.3.6. Suppose K is an outgoing (incoming, respectively) operator on € such that
for some s1, 80,k € R, K is bounded on HS. —~— H2 and for any x € C*(R\ {0}) and

comp loc’

X € C*(RY), there exists C > 0 such that for any j,7" € N, the operator with Schwartz
kernel

K (22,27 y)x(2)X(y) (K (22,2 y)x(y)X(x), respectively)
is bounded by C2*=D (C27"*=d) respectively) on H' — H*2. Then
K : H(Q) — H>*7F(Q)
is bounded for § < d/2 (6 > —d/2 + k, respectively).

Proof. We will only show the outgoing case since the incoming case is similar. For K
outgoing, there exists a constant Cy > 0 such that (z,y) € supp K(z,y), © € supp xj,
y € supp x;- implies that j* < j+ . Thus for 5 € R be to determined later and u € C°(€2),
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we fix a dyadic partition of unity as in (2.3.1) and

2w 2 D BRI 5 )|
J

[ Kul o2

2

> G Kxu)

J'<j+Co

~ Z 92i(8+d/2—k)
J

2
< S guran [ §7 2j<’“‘d)2j/d||¢§f(xj/U)||H31)

Hs2

J J'<+Co
< ZQ2J(5+d/2—k) Z Qj(k—d)Qj'd25(j—j’)) ( Z 2j(k—d)2j’d2/5(j’—j)H¢;f,(xj/u)H§{81)_
J J'<i+Co J'<j+Co

We use the bound on gb;f(XjKXj/u) in the second to last step. Since § < d/2, we may choose
f € R such that 20 < § < d, so (in the first term one sums over j', while in the second term
one sums over j)

Z 9i(k=d)9j'd9B(i—j") < 2j/’f7 Z 92j(6+d/2=k)9jkgi(k—d)9j'doB(i'=j) < 92i'(6+d/2)
J'<j+Co J'<j+Co

So we conclude that

| Ku| O

i & lul

-/
2{2275% < Z 227 (5412 g (v )| ilil,é.

J

Remark 2.3.7. The threshold § < d/2 is natural. Since for an outgoing operator K with
Schwartz kernel {(x — y)*~¢ and compactly supported input f € C°, the best decay one can
hope is
k—d s,0—k
[Kf(@)| S ()" ¢ H" ", 62>d)2.

Proposition 2.3.8. Let K € C®(R\ {0})NZ'(R?) be a homogeneous distribution of degree
k—d,0<k<d. For—d/2<6<d/2—k, the map

u— Kxu(z):= | K(x—y)u(y)dy (2.3.6)

R4

1s bounded on H{j_k’Hk — Hg’é. Indeed, the operator u — K % u can be decomposed into
three parts Kgiqg + Ky, + Koue such that

(a) Kaiag(z,y) is supported in {27 y| < |z| < 2ly|} UBy x By and Kyiqg : HS T — H?
1s bounded for s € R and § € R.

(b) Kou(x,y) is supported in {|z] = (1 + c)ly|} \ Be x Be for some ¢ > 0, and Koy
H]D_N’5+k — Hév"; is bounded for any N € N and 6 < d/2 — k.
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(¢) Kin(z,y) is supported in {|z| < (1—c)|y|}\B.x Be for some ¢ > 0, and Ky, : H, V"% —
Hév"s is bounded for any N € N and § > —d/2.
We have the estimate

105y Fout (2, y)| + 10, , Kin (2, y)] S (L + Jof +[y))" ", LeN. (2.3.7)

Moreover, if we suppose K(x —1) is outgoing (incoming, respectively) on some Q C R?, then
for 6 < d/2 —k (for 6 > —d/2, respectively), the map (2.3.6) is bounded on HS *°**(Q) —
H ().

Proof. We decompose K (z —y) = Kaiag(z,y) + Kin(x,y) + Kow(z,y), where

Kdiag(xa y) = K(ZL‘ - y)@(ﬁfa y)
where p € C°(R? x R?) is a cutoff function such that ¢(z,y) = 1 near {|z| = |y|} and
=Y
o) =0 () gl > 259

for some other cutoff 1 € C°((—1/2,1/2)) such that ) = 1 near 0; Ki, = (K — Kajag) Ljz|<|y|
is incoming part of K, and Ko = (K — Kaiag)Ljz)>|y is the outgoing part of K. One can
check Kj, is incoming, K, is outgoing and K., is diagonal in the sense of Definition 2.3.3.

(a) For the diagonal part Kgiag, for any constant Cy > 0 and Cy' < |z] + |y| < Cp, we
have . . . . . .
Kaiag(2'2,27y) = K(2 (2 — y))p(2z,27y) = 27V K (x — y)p(x,y)

is a singular integral operator bounded by C2/~% on H** — H*. So the result
follows from Lemma 2.3.5.

(b) For the outgoing part Ko, for any constant Cy > 0 with Cy;' < |z| + |y| < Cp and
J>7,
Kou(22,2y) = K(Z2z — 2'y)(1 = 0(22,27y)) Ly ps 0 )
= 2j(k_d)K(x - 2j/_jy)(1 —p(z, 2j/_j?/))]1\x|>zj’fj|y|
satisfies o '
0, Ko (22,2 y)| S 200, (€N
and is thus bounded on H=" — H" for any N € N by Lemma 2.3.6.

(¢) Similarly for the incoming parting Kj,, for any constant Cy > 0 with Cy ' < |z| + |y| <
Cy and j/ > 7,

Kin(22,2"y) = K (22 — 27y)(1 — (2, 2j/y))ﬂ'2j|z|<2j/|y\
_ Qj’(k—d)K(Qj—j’x —y)(1 — SO(Qj—j'x’ y))ﬂ‘ybw,j,'m'
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satisfies
¢ i of i (k—d
108, Kin(272,27"y)| S 277D reN.
It is bounded on H~~ — H¥ for any N € N by Lemma 2.3.6.
The estimate (2.3.7) follows from the explicit expression and we note that the derivative falls
on (z, ) only if || ~ Jy]
Finally, if K(x — y) is outgoing (incoming, respectively), the same proof works without
dealing with the incoming (outgoing, respectively) part. O

Smoothness of curvature

As a corollary of the bilinear estimate in Proposition 2.3.2(c), we can now conclude the maps
we consider are smooth on b-Sobolev spaces.

Lemma 2.3.9. Let s > d/2, 6 > —d/2. In a small neighbourhood of d;;, the inverse matriz

map

R

(9i7) = (7)) : (61) + H§’5 — (di5) + Hﬁ’(;
18 a smooth map.

Proof. By Cramer’s rule, the inverse matrix map can be obtained as compositions of multi-
plications and the following map (which appears in det(g;;) ™" if we write det(g;;) =1 — f):

TifHﬁ—1=f+f2+f3+'--

Since multiplication is bounded by Proposition 2.3.2(c), it suffices to prove T : H,j"s — Hgﬁ
is smooth for || f|| e <1 The boundedness is a corollary of the bilinear estimate (2.3.4)

again. To prove the boundedness of the derivatives, just observe
DTy (f) = (L +2fo+3f5 +---)f, D°Ty(fr, fo) = 2+ 6fo + 125 +---) fifa, -

. . . 5
are all continuous multilinear maps in H;°. O

Recall from (2.2.4)-(2.2.6) that M,(f) and N}Eg)j are bilinear expressions which depend
smoothly on h.

Proposition 2.3.10. For s > d/2, § > —d/2, the operator
(h,7) — (M (h, 8*R), MY (0n, 0n), M\ (zr, 7), NV (B, 07), N\ (9h, 7))
is smooth H® x H:™"T — H7>%2 in 4 small neighbourhood of (0,0).

Proof. The dependence of M }(f) and N,(f)j on h only involves multiplication and the map in
Lemma 2.3.9, which are both smooth by Proposition 2.3.2(c) and Lemma 2.3.9. To get the
correct exponents, one also uses that 0 : Hﬁ"s — H§_1’5+1 is bounded. O
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2.4 Solving the nonlinear equation

In this section we use our solution operators from Theorem 2.2.2 to prove Theorem 2.1.1
and 2.1.2. The basic idea is to solve the linearized equation (2.1.2) first and then use the
Banach fixed point theorem (or Picard iteration) to upgrade to a solution of the nonlinear
system (2.1.1).

In §2.4, we give a simple construction of solutions of the linearized equation (2.1.2), which
shows the linearized operator has a big kernel. In particular, one can choose a solution so that
the linearized Riemann curvature does not vanish, which will ensure that the final solution
to (2.1.1) we get is not isometric to Euclidean space. In §2.4, we solve the nonlinear system
(2.1.1) and prove it is actually smooth and has the decay (2.1.3). In §2.4 we prove Theo-

rem 2.1.2 following a similar strategy by also using the Bogovskii-type operator introduced
in [MOT23] (see also Chapter 3).

Construction of solutions to the linearized equation

Our construction of solutions of the constraint equation (2.1.1) relies on solutions of the
linearized equation (2.1.2). There are many compactly supported solutions to the homoge-
neous linearized equations (2.1.2). A basic observation is that to solve the double divergence
equation, we only need to solve the symmetric divergence equation

o;m* =0 (2.4.1)
since this would give 9;0,m% = 0. For (2.4.1), we may take an arbitrary ¢ € C>°(R?) and
7Tll = 8282¢, 7712 = 7'('21 = —3182qb, 7T22 = 8181925, 7Tjk =0 for {j, l{?} gZ {1,2}

Then we get a solution to 9;77% = 0.

Proof of Theorem 2.1.1

In this section we prove Theorem 2.1.1 by the Banach fixed point theorem (or Picard itera-
tion).

Proof of Theorem 2.1.1. The proof goes by three steps.
Step 1: Existence. Let

P(h, 7T) = (8Z~8jhij, 82‘7Tij)
®(h,w) = (M (h, 0°h) + MV (Oh, 0h) + M (7, x), NV (h, o) + NV (Oh, 7).
Then the equations (2.1.1) become

P(h, 1) = ®(h, 7). (2.4.2)
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Let Q = Q.4 be the cone in the statement of Theorem 2.1.1 and (hg, ) € C*(R?) be a
solution of the linearized equation P(hg,my) = 0 supported in 2 with decay rate (2.1.4) (such

solutions exist even with compact support, as discussed in §2.4). Let s > d/2, —d/2 < § <
d/2 — 2 and

S(f.9) = Salf.9) = (K% £.3 " LY, * gi) € C(R% Sym? RY) x O (R%; Sym® RY)

K,k
k

be the solution operator given by Theorem 2.2.2 and Remark 2.2.3 (see also Example 2.3.4).
Then
feP'RY, suppf C Q= suppSf CQ, PSf=f

due to the convexity of the cone 2. We consider the following fixed point problem
(hl,ﬂ'l) == Sq)(h0+h1,7T0+7T1>. (243)

By Proposition 2.3.10, ® : Hﬁ’d(Q) X H§_1’6+1(Q) — H§_2’5+2(Q) is a smooth map with the

differential at zero D®, = 0. By choosing ||(h, 7)|| 56, gs-1.641 < € := |[(ho, T0)|
b b

for some sufficiently small € > 0 we get

s,0 s—1,6+1
Hy" X Hy)

||(I)(h0 + h,ﬂ'g + 7T)|
||(D(h0 + h,T('o + 7'(') — (I)(h() + il,ﬂ'() + ﬁ')|

2
H§—2,5+2 5 €,

H]f)_Q"H‘2 5 €||(h7 ﬂ-) - (iL7 7~T)|

s,6 s—1,6+1.
Hy" xHy

By Proposition 2.3.8, S : HI *°"(Q) — H(Q) x H""(Q) is bounded. For ¢
sufficiently small, the map

G(h,m) = S®(ho + h,mo + 7) : H'(Q) x HE YT (Q) = H(Q) x H7HHQ)  (2.4.4)

is a contraction on {||(h, )|

S s+ < €}. By the Banach fixed point theorem, there

exists a unique fixed point (hy,m) € H2*(Q) x H™"°*1(Q) such that

(h1,m1) = S®(ho + h1, mo + 1), H(hl,m)HHg,ang_l,aﬂ < (ho, mo) |2

5,0 s—1,6+1-
H. " xH,

This implies that (ho + hy, mo + 1) solves (2.4.2):
P(ho + hy,m0 + m) = P(hy,m) = ®(ho + hy, 7m0 + m1).
An alternative way is to consider the following operator:
F:HY(Q) x H7 Q) — HY(Q) x HyH(Q)

defined by
F(h,m) = (h,7) — S®(h,7).
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Then (h, ) solves the constraint equation (2.4.2) if and only if F(h, ) solves the linearized
constraint equation P(F'(h, 7)) = 0. Since F' is a smooth operator and the differential of F’
at 0 is the identity, we know F' is invertible in a neighbourhood of 0.

As explained at the beginning of this section, choosing hg with nonzero linearized curva-

ture gives a metric with nonzero curvature since ||hq || 55 S [[hol ?{5
b b

Step 2: Smoothness. In the previous step, we construct a solution to (2.1.1) for fixed
regularity s. Now we show that if (hg, m) is taken to be smooth with the decay assumptions
(2.1.4), the solution we get is actually smooth. For simplicity, we take s = d 4 2 (this is not
essential) and —d/2 < § < d/2 — 2. We claim for € sufficiently small,

(hi,m) € HY® x HZY M s >d +2. (2.4.5)

We prove it inductively: suppose (hy,m) € H§’6 X H]j*l"s“ for some integer s > d + 2, we
will show (hy,m) € Hi ™ x HZH.

We decompose S = Sqiag + Sout as in the proof of Proposition 2.3.8 such that Sge, (2, y)
is supported near the diagonal and S,,; is supported in {|z| > (1 +¢)|y|} \ B. x B. for some
¢ > 0. Note there Sj, = 0 due to the outgoing property of S. Recall (hy,m) solves the
equation (2.4.3), which can be written as

(hl, 7T1) = Sdiag(q)(ho -+ hl, 0 + 7T1)) + Sout<q)(h0 + hl,’ﬂ'o + 7T1)). (246)

By bilinear estimate (2.3.4), ®(ho + hy,m + m) € HS >*™. By Proposition 2.3.8(b),
Sout(P(ho + hi,m0 + 1)) € H]SO’(S X H§°76+1. Now we differentiate (2.4.6),

O(h1,m1) = [0, Saiag)(P(ho+h1, To+m1))+Sdiag (OP (ho+h1, mo+1))+0Seut (P (ho+hy, To+m1)).
Recall
Saiag(1,4) = (Siiag(1.1), S5y (,9)) = (KD (x — ), K® (z — y))p(x, y)

where ¢ is defined as in (2.3.8) and K¥) is homogeneous of degree kj—dwith ky =2, ky = 1.
The Schwartz kernel of [0, S )

diag) 15 given by
KD(x = y)(0: + 9,)p(w,y)
which vanishes near {|x| = |y|}. Moreover, we have the following bound

8 (KD (2 = )(0, + 0 p(a,y)) S (@)1 e, j=1,2

By Lemma 2.3.5, this implies boundedness of (we actually have better regularity improve-
ment but we write a weaker estimate here which works for other cases we consider later in
Theorem 2.1.2)
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So [3, Sdiag](cl)(ho + h17 o + 7T1)) € H§’5+1 X H§_1’6+2. We are left with Sdmg(aq)(ho + hl, o +
m1)). Note we can differentiate (2.4.3) s times and get

as(hlv 7T1) = Sdiag(asq)(ho + hl, o + 71'1)) +e, e € Hév‘s“‘s > HS’6+S+1_
Now we note
qu)(ho—l-hhﬂo—l—m) = (Mho,hl (h0+h1785+2h1)’ Nho,h1 (h0+h1,as+1ﬂ'1))+€2, ey € H];l,5+s+2

where M, N are bilinear forms depending on hg, hy. So

Hasq)(ho -+ hl, 70 + 7T1>HH;1’5+5+2 S Hho + h1HHld/2+1,§(Hh1| H§+1’6 -+ Hﬂ'l‘ H§,6+1> + H€2||H;1,6+5+2.
D

Since Sgiag : Hy 0T — HH 5 HYT* is bounded by Proposition 2.3.8(a), this implies
that

[(Ry, )]

HSH"SXHE)";H 5 HhO + h1||H§z/2+1,5(Hh1| H£+1,5 + ||7T1| H§,5+1)

+ H(hl, 7T1)HH13),5><H§71,5+1 + H€1HHl1),5+s><Hg,6+s+1 + ”62HH1:1,5+3+2.

Since ||hg + hi|| yas2+16 is small, this shows

b
(hl,ﬂ'l) < H§+L6 X Hs’é_l.

This finishes the induction and proves (2.4.5).

Step 3: Tail estimate. Now we prove the last part of Theorem 2.1.1, namely the decay
rate estimate (2.1.3). Roughly speaking, if the nonlinearity is integrable, then the decay rate
comes from applying the solution operator to the nonlinearity, and should be the same as
the decay rate of the Schwartz kernel of the solution operator. For simplicity of the proof,
we choose § = d/2 —2.1. Since (hg, mo) satisfies (2.1.4), in order to show (2.1.3) it suffices to
show the following

0°hy (2)| S (), |0 my (o) < ()70 CeN. (2.4.7)

~

First we note the bilinear estimate (2.3.4) actually implies

®(ho + hy, mo +m) € HYOP T2 gpodPr2,

As in the previous step, we decompose S = Sgiqg + Sout- Recall from (2.4.6) that
(h1,71) = Saiag(P(ho + h1, T + 1)) + Souwt(P(ho + ha, o + m1)).

Since Syige 1 H™2T2 = H®® x H Y% is bounded for any s,0 € R, we have Sqie,(P(ho +
g+ 41y b b 9
hi, o +m)) € H?73% 5 go?2712 By Sobolev embedding (2.3.3), this implies
‘ais(])

diag

(®(ho + hy,mo+m))| < (@)= V2744 eN, j=1,2. (2.4.8)
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Let S S be the first and second component of Soy, and k1 = 2, ko = 1. By (2.3.7),

out? out
0455 (2, )] S (x4t e

This implies
0585 (@(ho + hy, o+ m))| S (@)= [ |®(hg + ha, w0 + 1) (y) ] dy. (2.4.9)

R4

Since ®(hg + hy,m + M) € Hﬁo’d/zﬂﬂ, the integral on the right hand side is finite by
Sobolev embedding (2.3.3). From (2.4.8) and (2.4.9), we conclude (2.4.7), which finishes the
proof. O]

Gluing construction of the solution

In this section we provide the proof of the gluing result in Theorem 2.1.2.
Let Qyowoo C Qyowe be the two cones centered at yo € R? in Theorem 2.1.2. Let
x € C*(R%[0,1]) be a cutoff such that

X(@) =1 near Qoo U Bij2(yo),  x(2) = 0 in R\ (Qyy 00 U Bi(yo))

and x(z) = ro((x — yo)/|z — yo|) for € Qyywe \ Bio(vo) for some ko € C®(S41). After
cutting off we only need to solve the constraint equation

P(xho + h, xmo + 7) = ®(xho + h, xm0 + 7) (2.4.10)

with (h,7) supported inside the region (2y,..0 U Bi(y0)) \ (Qyw,60 U B1/2(%0)). From now
on, all the weighted norms are defined with respect to the center y,. For example, let
Qint = (Qyo0.0 U B1(10)) \ (o600 U B1/2(10)), when s € N, we define

2 = O I — w00 u(a)

la|<s

[l

5,8 s—1,6+41 iS sufﬁ—
Hy" X Hy)

ciently small, and then we can apply the following solution operator to get a solution.

By asymptotic flatness, we may choose |yo| > 1 so that ||(xho, x70)|

Proposition 2.4.1. Let Qi = (Qyowo U Bi(yo)) \ (Qyo.w60 U Bij2(yo)), then there is a
solution operator Si,; bounded on the following spaces

Sint : H§_2’6+2(Qint) — Hgé(Qint) X Hg_175+1(Qint)

fors € R and§ < d/2—2, such that for any f € C(Qint), SUpp Sinef C Qint and PSipf = f.

Moreover, Si,: has a decomposition

Sint - Sint,diag + Sint,out
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where Sintdiag s diagonal operator and Sintour 15 an outgoing operator in the sense of Defi-
nition 2.3.3. The mappings

Sintdiag © HE T (Qine) = HE Q) X HE YT (Qune), 5,0 € R, (2.4.11)

d
Sintout © Hy V0T (Une) = HY?(Qe) ¥ HYM (), N €N, 6 < i 2, (2.4.12)

[0, Sint.diag) : HE 2P (Qine) = HI T () ¥ H2(Qi), 5,6 €R (2.4.13)
are bounded, and St out = (S(l) s@

int,out’ ~int,out

) satisfies the following bound

/

1050 SY) ()| S (@) k=2, ke =1, (' €N (2.4.14)

Proof. Let [ € H§_2’5+2(Qim) and we would like to solve Pu = f. Since €;,; is not a conic
region, we need to use the Bogovskii-type solution operator in [MOT23] (see also Chapter
3) to modify it. Let Q3 := Qs N Bs(yo) and Qs := Qyyy N Ba(yo). By Lemma 3.2.1, 3.2.2
in Chapter 3, there exists a pseudo-differential operator Sy with the following properties for
f e G (Qs):

e For f € C(Q3), supp Sof C Q.

e For f € C*(Q3), PSo(f) = f inside §; moreover, I — PSy has smooth Schwartz
kernel.

o So: H*2(Q3) — H*(23) x H*1(Q3) is bounded for any s € R.
o (0,50 : H2(Q3) — H*(Q3) x H*1(Q3) is bounded for any s € R.

We remark that 3.2.2 constructs such operators for a star-shaped region with respect to a
ball. However, a similar procedure (see also 3.5.8) can give such Bogovskii-type operators
on a finite union of star-shaped regions with respect to balls. We emphasize that we only
require PSy(f) = f on €y instead of the whole 23 since this cannot be achieved unless an
integral condition 3.2.1 (S2)(T2) is satisfied.

Let xo € C2°(Bs(yo)) such that xo =1 on Q. Then Sp(xof) solves Pu = f in Qy. Now
the outside region is conic and we can use our conic solution operators from Theorem 2.2.2.
Since Qi \ 22 is not convex, we make a partition of unity in angular variables and use the
conic solution operator on each piece.

Let SZ;l =S¥ + yo. Then we can decompose (200 \ Lyow.so) N SZZO*I = UU; into a
finite union of open sets U;, where each U; is star-shaped with respect to an open subset
Vi C U;. Let k; € C°(V;) be a cutoff function supported in V;, then as in Theorem 2.2.2 we
have solution operators Sy, with respect to U; so that supp f C yo + Rs1(U; — o) implies
supp Sk, f C yo + Ro1(U; — yo) and PS,,f = f. We can take R.; because of the strong
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outgoing property of the solution operator. We take a partition of unity x; with respect to
the covering {U;} and extend them conically. Define

S1=Y S X
J
The final solution operator S;,; is defined to be

Sint.f = S1(f = PSo(xof)) + So(xof) € Hi’é(ﬂim) X H{j_l’éH(Qint)-
One can check it is bounded on H§72’5+2(Qim) — Hﬁ’é(Qim) X Hﬁfl"sﬂ(ﬁmt) and

PSinif = PSi(f — PSo(xof)) + PSo(xof) = f — PSo(xof) + PSo(xof) = f-

The estimates (2.4.11)(2.4.12)(2.4.13)(2.4.14) follow from Proposition 2.3.8 applied to S,
since the Schwartz kernel of Syyg is compactly supported in ;e X Q. O

Proof of Theorem 2.1.2. Following the procedure of the previous section, we can get a gluing
solution from the solution operator Sj,; as follows. Consider the fixed point problem

(h,m) = G(h,7), (h,7) € H(Une) ¥ H M (Qpe) (2.4.15)

where G(h, ) = Sint(P(xho + h, Xm0 + m) — P(xho, xm)). We choose |yo| > 1 so that € :=

xho, XT0)|| =8, gs—1.6+1 is sufficiently small. Since ®(xho, xmo) — P(xho, x7o) is supported
b b

in €;,; and S;,; is bounded, we have

HSint<cI)(Xh’07 X7T0) - P(Xh07 Xﬂ-(]))|

HE,JXH§71,5+1 S COE

and

|G (h, )]
So G maps {||(h, )|

s—Lor1 < 2006.

b

H2O st < Coe + Cé*, for ||(h, )|

H’xH

HES w715 < 2Che} to itself when e is sufficiently small. Moreover,

IG(h, ™) — G(h, )]

H§,6XH§71,5+1 5 €H(h, 7T) - (il, ﬁ-)’ H§,6><H§71,6+1.

So for e sufficiently small, GG is a contraction. By the Banach fixed point theorem we conclude
that there is a unique solution (hy, ) € HE’E(QW) X H§_1’5+1(Qint) solving the fixed point
problem (2.4.15). The proof for the smoothness and decay rate is similar to the arguments
in Theorem 2.1.1. O

2.5 Solving the problem in a degenerate sector

In this section we construct solutions of the Einstein constraint equations in the degenerate
sector

Q=0Q,:={(2,2q) € R? : |2/| < 2, x4 > 1}.
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Anisotropic Sobolev space

In order to analyze the regularity of the solution, we introduce the anisotropic weighted
Sobolev space defined as follows.

Definition 2.5.1. Let o € (0,1], s € R and § € R, H3°(Q) is defined as the completion of
C'°(2) with respect to the norm

2
Hs

o
. (d—1)a+1
lull2 s = > 250 3 ()|
j=0

where . '
¢0 - 1d7 ¢j(x) = (2a]x/72]xd)7 .] 2 1
and ) x; = 1 be a dyadic partition of unity such that
j=0

It is easy to check that when s € N, we have an alternative description

m S (a0 g2,
|8'|4+Ba<s

Jull, s

We provide a few properties of this norm.
Proposition 2.5.2. Let u,v € C°(R2), then
(a) For s >d/2 and 6 € R,

(d—1)a+1
z)™ = Pullzee S flull rgs- (2.5.1)

(b) For s; + sy >0 and 61,52 € R, we have
||UU| Hg/r? 5 ||u| Hzlv‘sl ||U| H;Q’(S?’ (2.5.2)

where 6 = 01 + 09 + (d_l# and

Y

. min(sy, sp), max(sy,sy) >
S1+ S9 — g, max(sy, Sg) <

MISENIsH

Proof. The Sobolev embedding estimate (a) follows from the definition. The bilinear estimate

(b) is proved similarly to Proposition 2.3.2(c). We omit the details since the proof is identical.
]
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There are also analogues of Lemma 2.3.5 and Lemma 2.3.6. The proof is identical but
with different exponents. We omit the details here.

Lemma 2.5.3. Suppose K is a diagonal operator on 2 such that for some s1,s9,k € R, K
is bounded on HZ, ~— H:? and for any x € C*(R?\ {0}), there exists C > 0 such that

comp loc’

for any j € N, the operator with the Schwartz kernel
K(¢(x), ¢;(y))x(z)x () (2.5.3)

is bounded by C20k—ald=1)=1) op [s1 s H52  Then
K : H(Q) — H2°7F(Q)
1s bounded for any 6 € R.

Lemma 2.5.4. Suppose K is an outgoing (incoming, respectively) operator on Q such that
for some sy, 89,k € R, K is bounded on HS:, ~— H2, and for any x € C(R?\ {0}) and

comp loc’

X € C*(RY), there exists C > 0 such that for any j,7" € N, the operator with Schwartz
kernel

K(¢;(x), ¢y (w))x(@)x(y) (K (¢5(2), &5 (y))x(y)X(2), respectively)
is bounded by C2/*k=ald=0)=1) (Coi'(k=ald=1)=1) "respectively) on H* — H*2. Then

K @ H30(Q) — H27F(Q)

is bounded for § < % (6 > —% + k, respectively).

Solution operators on a degenerate sector

Now we turn to the construction of solution operators for the linearized constraint equation
(2.1.2). We start with the divergence equation d;u’ = f as before. We can find fundamental
solutions of the divergence equation supported on a curve.

Lemma 2.5.5. For any smooth curve v : [0,00) — R® with v(0) =y and tlim ~(t) = oo, the
—00
distribution 0. defined as

6,00 = [ w0 @
0
1 a fundamental solution for the divergence equation
(%-uj = 6y.

Proof. Let p € C°(R?Y), then

(9,0, ) = — /OOO Ajp(y(t))y (t)dt = — /Ooo Irp(y(t))dt = (7(0)) = ¢(y). O
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As before, we average a family of fundamental solutions to get a more regular solution
supported in 2. Note the solution operators will no longer be convolution operators due to
the geometry of the degenerate sector 2. In other words, the shape of the curves we are
taking average on will depend on the initial point y (previously they were just translations
of straight lines).

Lemma 2.5.6. We have a solution operator Ky for the divergence equation on Q = Q, i.c.
0;K{f = [ such that for ¢ < %7

supp f C Q = supp Kof C Q, and Ky : HY(Q) — H2(Q) is bounded.

Moreover, f(o = f(o Jdiag T f(o out Such that

Kodiag : H7YH(Q) — H(Q), s€R, §€R, (2.5.4)
0, Kodiag) : HY(Q) = H%(Q), s€R, R (2.5.5)
Koou : H;VPHQ) —» HY®(Q), N€N, §< % (2.5.6)
are all bounded, and the Schwartz kernel of KO,out satisfies
0705107, 054 Ko out (i, y)| S ()@ Wlembagyyilemma 5 7 e N, (2.5.7)

Proof. We construct the solution operator in two steps.
Let W5 (4) = y + (wys, ya)t, k1 € C(R41) with Jpar k1 = 1. We define

Ki(z,y) = /R o (w)d g () = ( (@' = y)/ yg) =y g5

(wa = ya)/Ya ) yg @~V Ht |z ja

Then div K7 = 0(z — y). Let x2 € C(R) be a cutoff with y2 = 1 near 0 and

~ x E—
Kl(‘ray):X2( dy yd) Kl(x>y>
d

- 1 _
Then div K, f = f + y—X; (xdy yd) K. Let %2 = (v + w((1+ ) — 1),y + t) and
d d

Ka(oy) = [ m(e)dg (e
(e ) (b= = )7 (a ) I )

14+ 24—ya)*—1 (1+ 24 —yq)® —

We define Ko(z,y) = K1(z,y) + Ko(z, y) where

1 _
_/KQ(x>Z)_X/2 (Zd yd) Kl(zvy)dz
Yd Yd
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Then

suppf C Q= suppKf CQ, divKf=Ff.

It is straightforward to verify

o . ’ o 1—a)(d—1 —d—|B8"la—
e K, is diagonal, 85,853]{1(3:,3;) gyfl X )|$d—yd!1 d=|B"le—Pa,

e K, is outgoing and smooth, with the property

85,/35d8T//8le~(2(x,y) < |ag| D O Ba gy =T lemTa g e N9 (2.5.9)

Td"Y TYd

We then define f(oﬁdiag to be the operator with Schwartz kernel K, and f(oput to be the
operator with Schwartz kernel K. It suffices to show their boundedness.

(a)

First we show (2.5.4), i.e. Ki : H3 %1 — H:9 is bounded for any 5,6 € R. Let
K = (K{’K{l)7 then

K (2990, 2 g, 20y 27y,) = 27 d-Da=bgia gt 9l i),

By Lemma 2.5.3, it suffices to show K is bounded on H,, — Hip,.. Indeed, Ki(x,y)
is a pseudodifferential operator of order —1. Let

b(ya, z) = k1 (Zl/ Ya ) (2'/yq 2a/ya)

zd/Yd yg(d_1)+1|§_z|d’

Then a is homogeneous of degree —1 and

—a 1! —1 7~ 1 x _y (x—y)- o ¢/
(yd Kl(x7y)7yd1Kii('r7y)): (27T)dX2( dyd d>/e( y)ga(ydé.?ydgd)df'

Let x be a cutoff near £ = 0, then (1 — x(€))a(y5€’, ya€a) is a symbol in the sense that

195 02((1 = x(€)alyq€’, yata))l Spoy (€)1

Thus the pseudodifferential operator maps from H, g;nip to H; .. Moreover, the rest part
[ @ (E)alyse, yala)dé € C™ has smooth Schwartz kernel, thus gives a smoothing

operator.

Now the bound (2.5.5) is similar, since from the expression (2.5.8) one sees that the
commutator only comes from differentiating in the y; terms, which will give a similar
expression with improvement of decay by y; .

For the outgoing part Ky, the bounds (2.5.6)(2.5.7) follow from (2.5.9). Lemma 2.5.4
implies that Ky : H; N0t — HN9 is bounded for any N € N and § < (&0t —

(d—1)a—1
(d=a-1 O
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The construction of solution operators for the double divergence equation and the sym-
metric divergence equation is similar.
Proposition 2.5.7. There is a solution operator K for the double divergence equation, i.e.
0:0; K9 f = f and K" = K" such that for § < %,
suppf C Q= suppKf C Q, and K : H29%2(Q) — H*%(Q) is bounded.

Moreover, K = f(dmg + f(out such that

Kaig : H22(Q) — H(Q), s€R, §€R, (2.5.10)
. d—1) —
Kow : H;V2(Q) — HY9(Q), NeN, §< w (2.5.11)
0, Kqiag) : HE2HHQ) — H®(Q), s€R, R (2.5.12)
are all bounded. Moreover, the Schwartz kernel f(out(x, y) of f(wt satisfies
10053407, 07t Kout (,y)| S ()~ DWlefagy=ilo=ma - g 7 e N, (2.5.13)

Proof. Given a smooth curve () : [0,00) — R? such that v(0) = y and lim y(¢) = co. We

t—o00

want to find K, € 2'(R? x RY) such that for a test function ¢ € C>°(R?),

In order to recover ¢(y) for 0;0;¢, it suffices to integrate twice:

oly) = / Ty / T (Y0050 (s))dsdt

= [T [ ) visyoosetsnas
= [ 6 =207 (57806t 5))s.

So the fundamental solution K ij supported on the curve v is given by
(50 = [ 65) = 10 (503,29
0

We then average along curves as in Lemma 2.5.6. For fyZSlU)J(t) =y + (Wy$,ya)t, w € R,
k1 € C®(R41), we average among the solution operator K o) (x,y) we get from the curve
Y,w

1
s

Ko = [ m@)p (o)
~ ( (¢ - y’)/y3> (x — y)i(z —y)’

. IHa(d=1)z9—yq|d
(Ta — Ya)/ya Yy |—dyd 4|
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For %52&@) = (' +w((1 +1)* = 1),yq + t), we average among K (x,y) we get form the
curve v52:

Kg(il’,y) = /Rdl Hl(W)KZSi)(I,y)dW

1 =y
—K 1+ xg—yg)® —1)"E@Y
2 1((1+xd—yd)a—1)(( = ya)" — 1)

((x — o (ate - e 1)j o) (ol =) DA 1)) |

1+ aq—ya)*— 1 (L4 2a — ya)* —
We then define K from K, and K5 as in Lemma 2.5.6. The bounds (2.5.10)-(2.5.13) follow

from a similar proof. O

Proposition 2.5.8. There exists a solution operator L for the symmetric divergence equa-
tion, i.e. LY f; = fr and L = LI such that for § < =2

supp f C Q= suppLf C Q, and L : H"19"272(Q) — H(Q) is bounded.

Moreover, L = Edmg + iout such that

Laiag : HV0T279(Q) — H9(Q), scR, § R, (2.5.14)
- d+1) —
Low : H;VOP272(Q) - HN9(Q), NeN, §< W (2.5.15)
[0, Laiag) : H9H72(Q) — H(Q), scR, R (2.5.16)
are all bounded. Moreover, the Schwartz kernel Eout(x, y) of Eout satisfies
10705207, 07 Loy (2, y)| S () m0d- I l0Ba(yy=Irlo=ra 5+ € N4, (2.5.17)

Proof. Fix a smooth curve v(t) : [0,00) — R? such that v(0) = y and tlim v(t) = co. We
—00
want to find L, € 2’'(R? x R?) such that

1

Pe(y) = (OiLY (), 05() = _§<Lfyj,k('7y)vai90j + 0501, 5 € CF(RY),

In order to recover i (y) from (;; = —%(@goj + 0j¢;), we let n;; = %((Zgoj — 0j¢;) so that

Since
1 1 1 1
0jGik = —53%9% - 5332k90¢, OnGij = —§3i2k90j - §a]2k<ﬁi;
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we have

o

9 070k — Oeps) = OhGij — OiC (2.5.19)

3#73% =

Now we can integrate (2.5.19) along v and get

nik(7(t)) = — /too(v’(S)iaka(v(S)) —7'(5)'03Gik(7(s)))ds.

Then we can integrate (2.5.18),
oi(y) = — / T @ (1)) — A (G (1))t

- [ 6o ane) - a6 ( R dt) s+ [ arc o

_ / 0,6 1(0)) — A (006 (1)) (1) — A(0) )t + / V(4G ()t
So the fundamental solution Lgk supported on the curve v is given by
_ / (00 (8)) — A (P01 () (1 (2): — 4(0))dt + / () (0))

We then average along curves as in Lemma 2.5.6. For fyz(llz(t) =y + (Wy$,ya)t, w € R,

k1 € CX(RIY), we average among the solution operators L’Y(l) (x,y) we get for the curve
Y,w

1
s

Li(z,y) : = /Rd1 (W)L (2, y)dw = 0 </€1 ((gg’ —¥)/vq ) (d '1)+yj)(;ci — ) )

(Tqg — Ya)/ya Yag — yal/yg
Ly (Hl ( («' = y’)/yg) (20— y) (27 —y")ix + (2* —y >§jk>>
2 (%a — Ya)/Ya Y3 I g — yalt/yd
1 ( («' — y’)/y?i) (' = y)0n + (27 — y")0u
2 (Tq — Ya)/ya yg(d_1)+1|$d — val*/y§

_l_

_l’_
(2.5.20)
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For v0(t) = (i +w((1+1)* — 1), yg +t), we average among L (x,y) from the curve 3
Y,w

L) = [ m)L g e
1 x/ —ay
=30 (m (( . 1) (1 +zq —ya)* = 1)~

14+ 24— ya)* —

(1 +xq — yd)“_l

() R gy (o () yf'>>

1 =y a —(d—1
+§8l</<;1(( ) 1>($l—yz)((1+9€d—yd) — 1)

1+24—yq)* —

/ / (1+xd_yd>a_l )j ( / / (1+xd_yd

- 1) b+ - 5
((a(fc Ol T r— et O s r

1 =y o (d—

+§m<(1+xd—yd)a—1>((1+xd_yd> B

/ / (1+xd_yd)a71 )Z ( / / (1+xd_yda !

- 1) 6+ - 52
((O‘(*T y)(1+xd—yd)“—1 ik a(z y)(1+$d—yd k

We then define the solution operator L from Ly and Ly as in Lemma 2.5.6 and (2.5.14)-
(2.5.17) follow from a similar proof. D

Remark 2.5.9. In Proposition 2.5.8, the mapping property L : H5 10t2-¢(Q) — H9(Q)
looks different from Proposition 2.5.7. This can be seen easily from the expressions. For
example, for the first term in Lq:

L’ﬁk(x,y) = O,k (/{1 ((x’ _ y/)/yg> yggﬁl)— y)(z" —y') ) ’

(Ta — Ya)/Ya MNag — yald /)yl

where we compute the rescaling as in Lemma 2.5.3 fori=j=d and 1 <k <d— 1, we get
Lijfik(%(iﬂ% bi(y)) = 2_j((d_1)a+1)2(2_a)jL§lflk(fa Y).

So the § index is shifted by 2 — a.
From Proposition 2.5.7 and Proposition 2.5.8, S := (K, L) is a right inverse of P(h,n) =
(0;0;h", 0;7"7). Moreover, S has the decomposition into the diagonal part and outgoing part

g = Sdiag + gout; where gdiag = (Rdiaga Ediag) and gout = (Kouta Lout)-

We can now give the proof of Theorem 2.1.3 following the same strategy as the proof of
Theorem 2.1.1.
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Proof of Theorem 2.1.3. Let d > 3 and % < a < 1 be as in Theorem 2.1.3. Take s > d+ 2
and w <6< w. We start with solutions (hg,my) € C®(RY) of the linearized

equation P(hg,my) = 0 supported in  with decay (2.1.7)(2.1.8) (again such solutions exist
even with compact support, as discussed in §2.4). We want to solve the fixed point problem

(h,m) = S®(hg + h, 7 + 7). (2.5.21)

on the space H29(Q) x H:~19t(Q). The condition § > 2= engures the multiplica-
tion is bounded on H29 x H=20+2a _y ps=20+2  prs=lota o prs—lota o [1s=2042 (gee
Proposition 2.5.2(b)) and the following bilinear estimate holds (note 9 : H? — H3~10% in
general).

H(I)(ho + h,7T0 + 7T)|

g3 20+2 Sllho%lle,s [[(ho + h, o + )| fq;v‘st;*L““'
«

a(d—1)—3
2

K - H;f2,5+2 N H;’67 L - H§72,5+2 N Hifl,zSJra

The condition § < ensures the solution operators

are bounded (note this index is shifted from Proposition 2.5.8).
By the Banach fixed point theorem, for ||(ho, mo)|| s, ys-1.9+a sufficiently small, we get
a unique solution to (2.5.21):

(ha,m1) € H3*(Q) x Hy 7 (Q),  [|(hy, m))|

HO x g3~ hote S, “ (hU, 71—0) ||§_I;’5><H;—1,§+a-
(2.5.22)

Applying P to (2.5.21), we conclude (hg+ hy, m+ 1) is a solution to the constraint equation
(2.4.2). The estimate (2.5.22) ensures that the solution is nontrivial.

Now we claim indeed
(hy,m) € HO x HO (2.5.23)

where H>? := N,H*°. In order to show the smoothness, we inductively prove the following
statement: if (h,m1) € Hg® x H3 29 for some integer s > d+2, then (hy, m) € H3'
Hs,6+a
Sore,
We write (2.5.21) as

(hl, 7T1) = gdiagq)(hO —|— hl, 0 —|— 7T1) —|— goutq)(ho —|— hl, 0 —f- 7T1>. (2524)
Differentiate it we get

d(hy,m) = gdiagaq)(ho + hy, 7o + 1)
+ [0, S’diag]q)(ho + hy, mo + 1) + agoutq)(ho + hy, mo + M1).

By (2.5.11) and (2.5.15), we have

5?outcl)(ho + hl, o + 7]'1) c HSOJS % H;O,(H—a.
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By (2.5.12) and (2.5.16), we have
[aa gdiag]q)(ho + hl, o + 7-(1) c H§,5+1 > H;71,§+1+a‘
So we conclude

8’8(h1,7T1) = Sdmgﬁﬁcb(ho + h1,7T0 + 71'1) + 61”3, |5| =S

1,8 / 0,0 !
c gL +|8'|a+Bq x HY +|8'|a+Bq+a

with ey g . We note as before, for 3] = s,

(95<I>(h0 + hl, o + 7T1> = (Mho,hl (hl + ho, 86+2h1), Nho,hl (hl + ho, 05“7?1)) + €213
where ey 3 € H&LHI’G/'O‘W"’H and M, N are bilinear forms depending smoothly on hg, h;.
The bilinear estimate (2.5.2) shows

| Saiag?” ®(ho + ha, mo + 1) HH;,aﬂﬁ'\awdXH2,6+|6’|a+ad+a

5 ||66(I)(h0 + h17 o + 7T1) ||H71,5+\,3’\a+ﬁd+2
S Nho + hall jarzens ([ ha]

gt + 1] H;“&) + H€2,B||H*175H5/|0‘+5d+2'
«@

Thus we have

[ (hy, 1)

arrsszote S 1o+ hall gareevs ([l gaers + [lmll ggove) + [1(ha, m)

H2’5XH2_1’5+Q

T Z HeLB||H;75+\/3/|0‘+ﬁdXH2’5+‘ﬁl‘a+ﬁd+a + Z He2,ﬁ”H;1,6+\/3’\a+ﬁd+2.
|Bl=s |B]=s

For ||ho + hal| jasz+1s sufficiently small, we conclude (hy,m) € H s+L0 5 H39%  This finishes
the induction and proves (2.5.23).

Finally we check the decay rate (2.1.5)(2.1.6). We estimate the two terms on the right
hand side of (2.5.24) separately. For (h,7) € H2° x H>*® the bilinear estimate (2.5.2)
implies
oo,25+2a+%

O(ho + hi,mo + 1) € Ha

Since a > % and § < % can be taken to be arbitrarily close to (d—12)o¢—37 we have

oo, =Dt | . . .
®(hg + hy,mo + ™) € Ho ' 2 5 for some € > 0 and is thus integrable. Thus the tail
estimates (2.5.13)(2.5.17) implies Sou®(ho + h1, mo + 1) has the decay rate (2.1.5)(2.1.6).

(d—1)a+1

For the diagonal part Sdmgq)(ho + hy,mo + ) we recall ®(hg + hy,mo + 1) € Hy ' 2
and thus

—+€

((171)0473_"_6 007(d+12)a73+5

gdmgq)(ho + ]’Ll,ﬂ'() + 7T1) € HSQ 2 x Hg

The Sobolev embedding (2.5.1) then implies the diagonal part has even stronger decay than
(2.1.5)(2.1.6). O
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Chapter 3

Gluing of Asymptotically Flat Initial
Data

3.1 Introduction

Let (M3, g) be a Riemannian manifold and k be a symmetric (contravariant) 2-tensor on
M?3. The FEinstein vacuum constraint equation reads

R[g] + (try k)* — k|2 =0, (5.1.1)
div, k —dtryk =0, o
where Rl[g] is the scalar curvature of g, div,k; = Diky;(g7")" with D; the Levi-Civita
connection associated with g, trg k = (¢g71)k;; and |k|2 = kijkyy(97")" (97")*". By the fun-
damental theorem of Choquet-Bruhat [Fou52], to any (sufficiently regular) triple (M3, g, k)
solving (3.1.1) corresponds a (geometrically) unique spacetime (M3 g) solving the Ein-
stein vacuum equation

1
Ric[g] — 58 trg Ric[g] = 0, (3.1.2)

into which (M3, g) isometrically embeds with k as the second fundamental form. In this
sense, a pair (g, k) solving (3.1.1) constitutes an initial data set for the Einstein vacuum
equation.

While underdetermined, the nonlinear nature of (3.1.1) imposes nontrivial constraints
on the class of initial data sets for the Einstein vacuum equation, as exemplified by the
celebrated positive mass theorem [SY79; Wit81]. Understanding the flexibility of initial
data solving (3.1.1) is often an indispensable part of the study of solutions to the Einstein
vacuum equation.

The subject of this chapter is initial data gluing, which asks: given two initial data sets,
find — if possible — another initial data set which contains the two. We focus on initial data
sets (M3, g, k) such that either (1) (M?3,g) is bounded and (g, k) is almost flat (i.e., close
to the flat data (8,0)) or (2) M3 is unbounded but (g, k) is asymptotically flat (i.e., M3
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is diffeomorphic to the exterior of a ball in R® and (g,k) — (4,0) as |x| — o00). These
two cases are closely related as the latter is typically reduced to the former via rescaling.
Since the pioneering work of Corvino [Cor00], many results have appeared on initial data
gluing in this setting, such as (1) gluing a general asymptotically flat initial data set to the
exterior of initial data for one of the Kerr spacetimes [CCI11; CS06; CDO03], and (2) gluing
an interior region to a general asymptotically flat initial data defined in the exterior of a ball
to produce a globally defined initial data [Chr17; BC17], and so on. See also the recent works
[Hin22; Hin23c; Hin23a] adopting a geometric microlocal approach. For further discussion
and additional references, we refer the reader to the excellent review article [Car21].

The first contribution of this chapter is a new short proof of a basic gluing result on an
almost flat annulus at unit scale (Theorem 3.1.3), which leads to the above gluing results
(1) and (2) for asymptotically flat initial data after suitable rescaling arguments; see also
Theorem 3.1.6 and Remark 3.1.11. The main simplification comes from the use of explicit
Bogovskii-type solution operators to solve the linearization of (3.1.1) around the flat case
(Gij, kij) = (;5,0) on an annular domain with zero boundary condition. As a byproduct of
its simple and explicit nature, our proof readily handles the optimal (modulo the endpoint)
Sobolev regularity.

Another contribution of this chapter is a proof of a new optimal version of obstruction-
free gluing & la Czimek-Rodnianski [CR22]; see Theorems 3.1.7 and 3.1.10 for the precise
formulation. This novel type of gluing theorem, which relies on remarkable properties of the
nonlinearity of (3.1.1), was originally proved in [CR22] using the theory of null (or charac-
teristic) data gluing, pioneered by Aretakis [Arel5; Arel7] and Aretakis—Czimek—Rodnianski
[ACR25; ACR23b; ACR23a] (see also [CC22; KU22; KU23]). Our direct proof, independent
of null gluing, optimizes the positivity, regularity, size and spatial decay requirements in
obstruction-free gluing for asymptotically flat initial data; see Remarks 3.1.8 and 3.1.11. It
is based on the first main theorem (Theorem 3.1.3), as well as the construction of multi-
bump initial data sets with prescribed charges and support properties that rely on several
ingredients: (1) conic-type solution operators for the linearized constraint equations around
the flat case as in [MT22] (see also Chapter 2), which can be used to construct initial data
sets localized in conic regions (cf. Carlotto—Schoen [CS16a] as well as [ACR25; ACR23b;
ACR23al); (2) a nonlinear computation similar to that of Bartnik in [Bar86] concerning the
positivity of mass in the time-symmetric, almost flat case; and (3) a localized boost argu-
ment based on the fundamental theorem of Choquet-Bruhat [Fou52] and the computation
of Chrusciel [Chr85] (see also [CDO03]). A more detailed sketch of the proof is in Section 3.5
below, which can be read after Sections 3.1 and 3.2.

Remark 3.1.1 (Solution operators to divergence-type equations with prescribed support). As
indicated above, the approach in this chapter is based on the use of solution operators for the
linearized constraint equations around the flat case whose support properties are prescribed
(in a bounded set or in a cone); see Lemmas 3.2.2 and 3.2.4 below. In [MT22] (see also
Chapter 2), a similar approach was employed to construct of localized initial data sets a la
Carlotto—Schoen [CS16a]. In fact, construction of such solution operators may be extended
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to other divergence-type equations with variable coefficients and/or on different manifolds;
this is addressed in Chapter 4 (see also [Ise+25a]).

Notation and conventions

Before stating the main results, we introduce some notation.

e As usual, A < B is the shorthand for |A| < CB for some C' > 0 (implicit constant),
which may differ from line to line. We write A~ Bif A< B and B < A.

e N is the set of (positive) natural integers, No = NU {0}.

e We denote by (x!, 22, 23) the rectangular coordinates on R®. We equip R® with the
Euclidean metric, given by the identity matrix d;; with respect to (z', 22, ). We use
latin indices 4, 7, . .. for tensors on R?; all latin indices are raised and lowered using d.
Also, trs T =), Tj;.

e We denote by (2°, 2!, 2%, 2%) the rectangular coordinates on R'*3. We equip R with

the Minkowski metric, given by the diagonal matrix 7, with entries —1, +1,+1,+1
with respect to (2%, 2!, 22, 23). We use greek indices y, v, A, . .. for tensors on R'T3; all
greek indices are raised and lowered using 1. Also, tr, T = n*T,,,.

e We define B, (§) to be the ball of radius r centered at &, A,(§) = Ba-(§) \ B,(€) for an
annulus of radii ~ r and A,(¢) = By, (€) \ B (§) for an enlargement of A,. When £ = 0,
we shall omit () and write B, = B,(0), A, = A,.(0) etc. We introduce two pieces of
notation for cones in R?: first, given w C S?, we define C, = {x € R* : £ € w}, and
second, given 6 € (0,7) and w € S?, we define Cy(w) = {z € R? : L(r,w) < 0}. We
write Q¢ for the complement of Q in R}, —Q = {z e R®: —z € Q}, and Q + & =
{x+¢eR:2e€Q}.

e For F}; defined on a symmetric subset Q of R? (i.e., Q = —Q), we denote its decomposi-
tion into the even and odd parts by F; = F;; + F,;, where F=(x) = 3(F(z) £ F(—z)).

1j) 2

e We introduce e; = 0;, v = ‘”“—;'ej (the outward unit normal to 0B,) and Y; = eijkxjek
(the infinitesimal generator of rotation about the z’-axis), where €;;; is the Levi-Civita

symbol.

e Given a Banach space X = X(R?) of (possibly vector-valued) functions on R3 and
an open subset 2 C R? we define the space of extendible functions on Q as X(Q) =
X(R?)/{u € X(R?) : ulg, = 0}, equipped with the [lu||xq) = infzex®s).a,—u [|U]|x.
We also define the space of functions supported in 2, denoted by X(£2), to be the
completion of C2°(2) with respect to |||/ x(q)-
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Scaling invariance and charges in the almost flat regime

In this chapter, we shall consider solutions (g, k) to (3.1.1) equipped with global coordinates
x', 2% x® — or more concretely, defined on a subset  of R?. For any such initial data (g, k)
and any r > 0, define (¢, k™) by
(9,8) = (67(2), KO(2)) = (glr), rh(rz)). (3.1.3)
Observe that (3.1.1) is invariant under (3.1.3), which we shall call the invariant scaling
transformation.
We also introduce the following charges of (g, k) measured on the sphere 0B, which are

conserved (i.e., independent of r) if (g, k) solves the linearization of (3.1.1) around (4, 0) (see
Lemma 3.2.6 below):

1 .
E[(Qa k); aBr] = BY /8& ; (aigij - 8jgn‘) v’ dS, (3.1.4)
P.[(g,k); OB,] = / (ki — 63 txs k) 7 dS, (3.1.5)
OB,

1 ,
Cil(g, k);0B,] = b /aB Z (2105915 — 21059 — Oir(gij — 0ij) + On(gi — i) V! AS, (3.1.6)

34l(9.k); 0B,] = / (ks — by b k) Yivd dS. (3.1.7)
0B,

We put these together to form a 10-vector,
Q[(97 k)a aBT] - <E7 Pl? P27 P37 Cla 027 CS; J17 J27 J3)T[(ga k)7 aB’f]

Taking (formally) the limit as » — oo leads to the usual ADM energy, linear momenta,
center of mass and angular momenta under a suitable asymptotic flatness assumption (see
Definition 3.1.5 and Lemma 3.4.1 below). For these quantities, we introduce the notation

QP [(g, k)] = (BAPY, . J4PM) (g, 1)) = (lim Bl(g, k);0B,], .., lim Ts[(g, k): 0B,])"

Since we will be working with annuli, it is also convenient to introduce the following (smoothly)
averaged charges. Fix n € C2°(0, 00) such that suppn C (1,2), [n(r')dr’ =1 and n,(r') =
r~in(r='"). We define

Ql(g,k); Al = (E, ..., 3)[(g,k); Ar] = /nr(r')(E, o J3)(g,k); OB dr. (3.1.8)
In accordance with this notation, we shall denote the components of @ € R by

Q = (E(Q), P1(Q), P2(Q), P5(Q), C1(Q), C2(Q), C5(Q), 31(Q), J2(Q), J5(Q)".

These quantities are conserved for solutions to the linearization of (3.1.1) around (0, 0); see
Lemma 3.2.6. They are not invariant under (3.1.3), but transform as follows:

(E7 P)[(g(r)a k(r))> ARO] = 7'71<E, P)[(ga k)v ArRo]a (C7 J)[(g(r)a k(r))v ARO] = T72(07 J)[(g, k)> ArRo]a
and similarly for Q[(g, k); 0B,].
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Gluing up to linear obstructions

Suppose that we are given two disjoint dyadic annuli Ag, and Ag,,, (i-e., 2R, < Reu) and
initial data sets (gin, kin) and (Gout, kout) on the annuli Ag, and Ag, ,, respectively, that
are almost flat (i.e., close to (d,0) in some suitable sense). Consider the following gluing
problem: find an almost flat initial data set (g, k) on Bag,,, \ Br,, that agrees with (gin, ki)
and (gout, kour) on Ag, and Ag,,,, respectively.

If all the initial data sets solve not (3.1.1) but rather its linearization around (4, 0), then
an obvious necessary condition for the solvability of this problem is Q[(gin, kin); Ar,,] =
Ql(gout, kout); Ar,,,|, in view of the conservation laws (see Lemma 3.2.6 below). In fact,
this condition turns out to be sufficient as well'; in this sense, (the failure of) the condition
Q[(gin, kin); Ar,,] = Ql(Gouts kout); Ar,,,] is precisely the obstruction for linearized initial data
gluing.

Our first main result generalizes the above linear considerations to the nonlinear setting.
To state it, we first need to formulate the notion of admissible initial data sets (cf. [CS06])
on an annulus.

Definition 3.1.2 (Q-admissible initial data sets). Let a bounded open subset @ C R'% and
s € R be given. We say that a 10-parameter family {(gg, kg)}o is a Q-admissible family of
annular initial data sets on A, with Sobolev regularity s if:

1. for each Q € Q, (gg, ko) € (H' N C°) x L*(A,) and solves (3.1.1) in A,;

2. for each Q € Q, (g9q,kq) € H* x H* ' (4,);

3. the map Q@ — H*® x H*"!(A,) defined by Q — (9o, ko) is Lipschitz;
4. for each Q € Q@ C R we have Q = Q|(gg, kg); A.].

Theorem 3.1.3 (Gluing up to linear obstructions at unit scale,[MOT23]). For each s > 3,

o

there exist €. = €.(s) > 0 and M. = M.(s) > 0 such that the following holds. Let (g,k) be a
solution to (3.1.1) in H* x H*"Y(A;) such that

H(g - 57 l::>||H~§XHS—1(gl) < e (319)
Define Q € R0 by Q= Ql(g, k), Ai]. Let @ C R be a bounded open set such that

and consider an Q-admissible family of annular initial data sets {(go, kg)}oeo on Ay with
Sobolev reqularity s such that, for all Q,Q" € Q,

109 = 0. k)| o o121,y < € (3.1.11)
1(9e — 90 k@ — ko)l o epro1(a,y < KIQ — Q. (3.1.12)

1Sufficiency of Q[(gin, kin); Ar,,] = Ql(Jouts kout); Ar,,,] for linearized gluing can be established using
Lemma 3.2.1 along with simple extension procedures; we leave the details to the interested reader.
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Then the following holds:

1. Exterior gluing. If e < e and Ke < €., then there exists a solution (9,k) € H® x
H*'(Ay) to (3.1.1) and Q € Q such that ||(g — 6, k)| Hex 1A S € @ — Q) < M€,

and )
g,k in Ai,
(9.0 = LW H A,
(90,kg) in As.

2. Interior gluing. If e < €. and Ke < €., then there exists a solution (g,k) € H*® X
H* Y (Ay) to (3.1.1) and Q € Q such that ||(g — 6, k)| Hexro-1(Ay) ~ € @ — Q) < M.e?,

and
go, k in A,
(9.k) = {< 2 k) 2

o

(g,k) m AQ

In both cases, the following additional statements hold as well:

o

e (Lipschitz continuity) The map (g, k) — (g,k, Q) is Lipschitz as a map from the subset
of H® x H*™! restricted by (3.1.9)(3.1.10) into H* x H*~! x R1°.

e (Persistence of reqularity) If (g, k;) € Hstmx Hs+m_1(g1) and the family {(9¢g, ko) }oeco

is of Sobolev reqularity s +m for m € N, then (g, k) € H*T™ x H*T™ 1(A}) and

I(g —0,k)|

Hs+mx Hs+m—1(A;) < CH(L& - 5a k)| Hstmx Hs+m—1(A;)
+C1(9q — 0, kq)

Hs+tmx fs+m—1 (Zl) 9

where C'= C(s,m, (g = 6, k)| gress e,y 109@ = 0 k@) e s (1) -
Theorem 3.1.3 is proved in Section 3.3.

Remark 3.1.4. 1. In view of the fact that 2 x Hz is invariant under (3.1.3), the regularity
requirement s > % is optimal modulo the endpoint. Moreover, using different Moser and
product estimates on R? in lieu Lemma 3.3.1 below, it is not difficult to extend the result

3
to the case when H*® is replaced by B} ? (scaling invariant Besov space) or W*P with
s>%and1<p<3.

2. We formulated Theorem 3.1.3 for initial data sets on Zl for technical convenience. Nonethe-
less, by the extension lemmas proved below (Lemmas 3.5.8 and 3.5.9), the theorem may
be immediately reformulated in terms of initial data in two annuli A 1 and A, with av-
eraged charges measured in the respective annuli. As alluded to before, this formulation
provides a sufficient condition for solving the gluing problem with R;, = % and Ry = 2
analogous to the linear problem. The result may also be easily extended to any other pair

of concentric annuli whose closures are disjoint.
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Using Theorem 3.1.3, we may retrieve the celebrated gluing result of Corvino-Schoen
[CS06] (see also Chrusciel-Delay [CD03] and Chrusciel-Corvino—Isenberg [CCI11]) for asymp-
totically flat initial data sets, under (essentially) optimal assumptions on the regularity and
the spatial decay. We adopt the following definition of asymptotic flatness:

Definition 3.1.5. Let (g, k) € H;, x H;,.'(Bg,) for s > 2 and Ry € 2V. We say that (g, k)

loc loc

is ac-asymptotically flat if, for some o € R and Dy > 0, we have

(g —6,k)| < Dyr—t2  forallr € 2N B, (3.1.13)

s xHs—1(A,)

_s43
Hs(Ag) T R™*%2 |lu(R)|

where? ||u| Ho(Ay):

By the Sobolev embedding, « corresponds to the pointwise decay rate of g — ¢ in |z|!.

Theorem 3.1.6 (Corvino—Schoen [CS06] and Chrusciel-Delay [CDO03]; see also [CCI11]). Let
5 > % and o > % Given any a-asymptotically flat initial data (i, kin) € H}, X Hlsozl(B}ébo)

solving (3.1.1) and satisfying |EAPM[(g, k)]| > |PAPM[(g,k)]|, there exist (g,k) € Hj, x

loc

H}; N(Bg,) solving (3.1.1) and r > Ry such that (9,k) = (gin, kin) on B, and (g,k) equals

loc
an initial data set for one of the Kerr spacetimes on BS,..

Theorem 3.1.6 is proved in Section 3.4. We remark that o > % is the sharp (up to
endpoint) threshold for the ADM energy-momentum to be well-defined [Bar86]; see also
Lemma 3.4.1 for sufficiency.

Obstruction-free gluing

We return to the problem of gluing two initial data sets (Ag,, , Gin, kin) and (Ag,.,, Jout, Kout)
that are almost flat. Recall from the discussion in Section 3.1 that the linearized gluing
problem is solvable (if and) only if the 10 charges Q are identical. Remarkably, the original
nonlinear problem turns out to be solvable if these identities among charges (obstructions)
are replaced by mere positivity conditions! This novel type of gluing — obstruction-free gluing
— has been recently introduced and established by Czimek-Rodnianski® [CR22].

We provide a new purely spacelike proof of obstruction-free gluing (the original approach
of [CR22] involves null gluing), and furthermore sharpen the positivity, regularity and size
requirements — see Remark 3.1.8 below. Our main result for almost flat data on two annuli
reads as follows.

Theorem 3.1.7 (Obstruction-free gluing for almost flat data on annuli, [MOT23]). Given
s> 2 and T > 1, there exist €, = €,(s,T) > 0, f1o = p1o(s,I') > 0 and C, = Cy(s,T') > 0

When s € N, observe that 1l g0 3y = ||8g(gs)u||L2(gR) + R™°(ull p27)-
3We note that, instead of annular data, [CR22] work with data on two spheres.
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such that the following holds. Let (gin, kin) € H® X H* (A1), (Gouts kour) € H® x H*1(Ass)
be pairs solving (3.1.1). Define AQ = (AE,...,AJ3) € R1? by

AQ - Q[(goutv kout>; A32] - Q{(gwn kznu Al)]a (3114>
and assume that
AE > |AP|, (3.1.15)
—=2E__ T, (3.1.16)
(AE)?—|APJ?
AE < €, (3.1.17)
|AC| + |AJ] < p,AE, (3.1.18)
”(gm - 57 km)‘ ?15><HS*1(A1) + H(gout - 57 kout” %ISxHS*l(AM) < ,quE. (3-1-19)
Then there exists (g, k) € H® x H*~'(Bgy \ By) solving (3.1.1) such that
(g7 k) = (g'mv km) g A17 (gu k) = (gouta kout) in A327 (3120>
19 = &, )5 cro-1 o7y < CoAE- (3.1.21)

Remark 3.1.8 (Sharpness of positivity, regularity and size assumptions). As observed in
[CR22], the positivity requirement AE > |AP| is a key necessary condition for the validity
of obstruction-free gluing in general (see also Remark 3.1.11 below). In Theorem 3.1.7, |AP|
is allowed to be arbitrarily close to AE (i.e., I is arbitrarily large in view of (3.1.16)) provided
that the bounds (3.1.17)-(3.1.19) hold with sufficiently small €, and jo (depending on T").
As before, the regularity requirement s > % is sharp (up to endpoint) in relation to the
scaling critical exponent. In view of the conservation law for E (see Lemma 3.2.6 below),
for a solution (g,k) € H* x H*"}(Bgr \ B1) (s > 3) satisfying (3.1.1), (3.1.14) and (3.1.20),

it is necessary that
2
H#xH*~1(Bgar\B1)"

AE Sar [[(g — 0, k)]

Thus (3.1.21) is sharp up to a constant, and hence so are the assumptions (3.1.18) and
(3.1.19). Finally, we remark that the choice of the radii R;, = 1 and R,,; = 32 is arbitrary,
and the result may be easily extended to any other pair of concentric annuli whose closures
are disjoint.

Remark 3.1.9. By a minor modification of the proof of Theorem 3.1.7, the following state-
ments may also be established (where the domains are omitted for simplicity):

e (Persistence of regularity) If (gin, kin, Gout: kout) € (H*HT™ x H5TM=1) 5 (HsTm 5 {5tm=1)
for m € N, then (g7 k;) c Hstm x Hs+m71’

e (Lipschitz continuity) The correspondence (gin, Kin, Gout, Kout) = (g, k) in Theorem 3.1.7
may be put together to define a locally Lipschitz map from the subset of (H® x H*™!) x
(H*® x H*™1) restricted by (3.1.15)—(3.1.19) into H® x H*™1.
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The corresponding result for asymptotically flat initial data sets has a more elegant
hypothesis, at the expense of performing the gluing procedure in an annulus sufficiently afar
(as in Theorem 3.1.6).

Theorem 3.1.10 (Obstruction-free gluing for asymptotically flat data, [MOT23]). Let s > 2
and o > % Let (Gin, kin) s (Gout, kout) € Hj XHs_l(Bf%o) be a-asymptotically flat pairs solving

loc loc

(3.1.1). Define, for those components that are well-defined,

AQ = QADM[(gouh kout)] - QADM[(gina km)];

and assume that

AE > |AP|.
Then there exists an asymptotically flat pair (g,k) € H} , X Hs_l(B‘]ébO) solving (3.1.1) and

loc loc

r > Ry such that (g,k) = (gin, kin) on Ba. and (g, k) = (Gout, kour) on BS,,..

Theorems 3.1.7 and 3.1.10 are proved in Section 3.5.

Remark 3.1.11. Taking (gin, kin) = (6,0) shows that the condition AE > |AP]| is sharp in
view of the positive mass theorem [SY79; Wit81]. Note that this case recovers the interior
gluing of Bieri-Chrusciel [BC17].

The requirements on the regularity and spatial decay exponents s > % and a > % are
sharp (up to endpoints) as discussed in Section 3.1; in particular, AE and AP are well-

defined. On the contrary, CAPM JAPM peed not be well-defined for either (Gin, kin) or
(Gout kout) to apply Theorem 3.1.10.

Organization of the chapter

The remainder of the chapter is structured as follows. Section 3.2 collects some preliminary
facts concerning the linearization of (3.1.1) and (3.1.2) around the flat case. More specif-
ically, after rewriting (3.1.1) as a quasilinear perturbation of divergence-type equations on
(R3,0) (i.e., the linearization of (3.1.1) around the flat case) in Section 3.2, we write down
Bogovskii- and conic-type operators for these equations (see also Chapter 4 and [Ise+25al)
in Sections 3.2 and 3.2, respectively. We discuss the conservation laws for the linearization
of (3.1.1) (which involve Q) in Section 3.2, and for the linearization of (3.1.2) (which will
be used in the proof of obstruction free gluing) in Section 3.2. Then in Section 3.3, we
prove Theorem 3.1.3. In Section 3.4, we collect some basic facts about asymptotic flatness
and establish Theorem 3.1.6, with some technical details concerning Kerr initial data sets
deferred to Appendix A. Finally, in Section 3.5, we prove Theorems 3.1.7 and 3.1.10; an
outline of the proof is provided in Section 3.5.
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3.2 Linearization around the flat case

Schematic notation and reformulation of (3.1.1)

We begin by reformulating (3.1.1) in a sufficiently flat region. We introduce new variables
(h, ), defined as follows:

(hi]‘, 7T2‘j) = (gZ] — 5ij — 57;]' trg(g — 5), kij — 5ij tI‘(S ]{?) (321)
Observe that the transformation is obviously invertible with the formulae
1 1
(gij, kz]) = (513 + hij — 5(51] tI‘5 h, 7Tij — 5(51] tI‘§ 7T>. (322)

With respect to the new variables, we write the left-hand sides of (3.1.1) schematically as

Rlg] = 3:0;h"7 — M\? (h, 9*h) — M\" (8h, Oh), (3.2.3)
(trg k)2 = [k[2 = =M (m, 7), (3.2.4)
¢ (9" Dyikvys — 0y trg k) = 0w — NV (b, o) — NV (0, 7). (3.2.5)

In conclusion, (3.1.1) takes the form
8:0;h = M (h, 0%h) + MY (Oh, OR) + M (z, ) (3.2.6)
1] - h 9 h 9 h Y 9 A
g = NI (b, o) + NV (0, 7), (3.2.7)
where the indices are raised and lowered using the Euclidean metric ¢. Introducing

P(h, ) = (0;0;h¥,9;77),  N(h,7) = (M(h,n), N(h,7)) := (RHS of (3.2.6), RHS of (3.2.7)),

we may abbreviate (3.2.6), (3.2.7) as P(h,7) = N(h, ).

Bogovskii-type operators

We now state our main tool for inverting the LHS of (3.2.6)—(3.2.7) while preserving the
annular support property.

Lemma 3.2.1. Let Q = Ay. There exists a linear operator S defined for f € C°(Q2) and
taking values in symmetric 2-tensor fields (i.e., symmetric 3 X 3 matriz-valued functions)
such that

(S1) supp Sf C Q (recall f € CX(Q));
(52) 9;0;(S)7 = fif [ f- (1,21, 29, 23) dz = 0;
(53) 1S fllezsr o Wfllpgsr—2 for any s € R;
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(54) (IS, 051l s S (1]

Moreover, there exists a linear operator T defined for £ € C°(Q;R?) and taking values in
symmetric 2-tensor fields such that

(T1) suppTf C Q (recall f € C=(Q;R3));

ys'—2 forany s € Rand j=1,...,d.

( ) (Tf)l] = f] ’Lf fQ el,eg,eg,Yl,Yg,Yg)T dx = 0
(T3) Tt g So ||Ell o= for any 8" € R;
(T4) [T, 01|l s Ssv ]l gsr=1 for any 8" € R and j =1,...,d.

Concerning the integral conditions in (S2) (resp. (72)), observe that 1, z1, x5, x3 span the
kernel of the formal L?-adjoint of the double divergence operator h — 9;0;h" (resp. ey, ...,
Y3 span the kernel of the formal L?-adjoint of the symmetric divergence operator 7 — 9;7%).

The basic ingredient for the proof of Lemma 3.2.1 is the following explicit operators in
the case € is star-shaped with respect to a ball (see Lemma 3.2.2 for the definition), which is
analogous to the classical Bogovskii operator [Bog79] for the divergence operator u — 9;u’.

Lemma 3.2.2 (Bogovskii-type operators). Let Q be an open set in R3 that is star-shaped

with respect to a ball B C Q, i.e., for every x € U and y € B, the line segment [T,y| is

contained in Q. Fiz C(B) such that [ ndz =1, and xq € C(R?) such that xqo =1 on Q.
Then the operator defined for all f € C>(R?) by

(S1)(x) = / Wi (2, ) f(y) dy. (3.29)

. o (%]
vl (z+y,y) = </ 1 (rm + y) r? dr) TZT:,, (3.2.10)
21

satisfies (S1) (when supp f C Q) and (52). Moreover, f — S(xaf) is a classical pseudodif-
ferential operator of order —2, which also implies (S3) and (S4) when supp f C Q.
Moreover, the operator defined by

(Tf)"(z) = /(‘I’n)Zj(% y)f*(y) dy, (3.2.11)

(0,7 (2 +1y,y) = ! (/Oon <ré +y> r2dr> 2|73 (267 + 6},27)

2

2
([l )t se)
- Zk((/oo ( B |+y>r dr)|z| 34t )

satisfies (T'1) (when suppf C Q) and (T2). Moreover, f — T (xaf) is a classical pseudodif-
ferential operator of order —1, which also implies (T'3) and (T'4) when suppf C Q.
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Proof. That (S1) and (7'1) hold may be verified by computation using the explicit formulae.
To prove (S1), we first recall the computation 0. [% f‘j n(ri + y)r? dr} = do(2) —n(z +
y), where the expression inside the parentheses is the classical Bogovskii operator for the
divergence operator [Bog79]. We may then compute

i, 00 (%] 00
0,i0,i¥,(2+y,y) =0, |0 2= 23 / n ri +y | r?dr + 2= 23 0, / n ri +y | r?dr
|2 2| 2| |2| |2| |2|

0[5 / T"n (r0) rar] = o e )
= 60(2) — 4n(z +y) — 2(0in) (= + ),

where we used the preceding identity on the last line. From this computation, (52) follows.
On the other hand, a proof of (7'2) can be found in [IO16], where the same operator was
introduced and used (alternatively, (7'2) can also be verified by computation as above).
Next, following an argument similar to [OT19], it may be verified that f — S(xqof) and
f — T(xof) are pseudodifferential operators of order —2 and —1, respectively. Then (S3),
(S4), (T'3) and (T4) follow. O

Proof of Lemma 3.2.1. We shall call S (resp. T) satisfying (S1)-(S4) (resp. (T'1)—(74)) a
Bogouskii-type operator on ). Lemma 3.2.2 says that such operators exist for any open set
star-shaped with respect to a ball. We claim that a Bogovskii-type operator can be defined
on the union of any two open sets on each of which such an operator is defined. By a simple
recursion argument, this observation would allow us to define a Bogovskii-type operator on
any finite union of such sets. Since A; is clearly a finite union of open star-shaped sets with
respect to balls, Lemma 3.2.1 would then follow.

It remains to verify the claim. We focus on the case of S, the case of T' being similar.
Let U; and U, be open sets on which Bogovskii-type operators S; and S,, respectively, exist.
When Uy NUy # 0, let {x1, x2} be a smooth partition of unity on U subordinate to {Uy, Us}
and fix n € C°(U; N Uy). Write go =1, g; = z; (j = 1,2,3) and define G, = [ g,9.7° d.
If n # 0, note that G, is positive-definite and in particular invertible. Now, we define
0" = (G=")*g,n?, so that [ 0"g,, dx =4}, and 6* € C*(Uy N Uz). We decompose f into

f:f1+f2+</fdx> Ho—i(/ijdx)ej,

where f, = fxe — ([ fxedz) 6° — Z?Zl ([ fxwzrjdx)6i. Then f = fi + fo if and only if
[ F(1, 21,29, 23)" dw = 0. Moreover, supp fi, C Uy, with [ fx(1, 21,22, 23)" dz = 0. We claim
that the following defines a desired Bogovskii-type operator on U:

Sf =511+ S/
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That (S1)—(S3) hold is straightforward. To check (54), note that
1S, 0;1f = [S1, 01 f1 + [S2, 051 f2 + S1((9;./)1 — 03 f1) + S2((0; )2 — 95 fo)- (3.2.13)

That the H* norm of the first two terms on the RHS is bounded by || f||+ - is clear by
(S84) for Sj, and the definition of f;,. To estimate the H* norm of the third term, in view of
(S3) for Sy, we write

151000 f)1 = 05 f)llgsr S 1105 )1 — O fi

where, for the last inequality, we used the observation that all terms involving 6* may be
bounded by || fl 2. But |0;fx1 — 0;(fx)llge—2 = |fOixallgs— S || fll gs—2, which is
acceptable. The fourth term in (3.2.13) is handled similarly. O

Hs'—2 5 Haij1 - aj(fX1)\

w2 + || f]

Hs’72 9

Conic operators

Here we state the main tool for inverting the LHS of (3.2.6)—(3.2.7) while preserving the
conic support property. We first define the relevant weighted Sobolev space.

Definition 3.2.3. For s € Ny, the b-Sobolev space H{(R?) is defined by the norm

%{g = Z \|<$>kvkuHi2(R3)-

k<s

|

We extend the definition to s € R by duality and (complex) interpolation. We further define
for § € R, HY® := ()~ H}.

In [MT22] (see also Chapter 2 and [OT19]), the following was proved.

Lemma 3.2.4. Let w C S? be a convex open subset, and consider k € C=(S?) with [ =1
and suppk C w. Consider the linear translation-invariant operator S. defined for f &
C*(C,) and taking values in symmetric 2-tensor fields (i.e., symmetric 3 X 3 matriz-valued
functions) given by

A2

(Se) = [ KP =) dn K2 () = (@)

Then S, satisfies

(Sel) supp Sef € Co;

(5c2) 9:0;(S:f)7 = f;

(S.3) HSfHHEI’& Ses |]fHH£/_2,5+2 for any &' € R and § < —3.
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Moreover, consider the linear translation-invariant operator T, defined for f € C>*(C,,;R?)
and taking values in symmetric 2-tensor fields given by

i ii ; 2T §L T — i g
7.t = [(K)7(@ - )t ) uawwwﬂ%<dﬁ> 7 k)’
Then T, satisfies
(T.1) suppT.f C C,;
(T.2) O;(T.£)4 = fi;

(1e3) || Tef]

b <« |If| e/~ Lat for any s € R and § < %

Remark 3.2.5. The definition of K, is not exactly the same as [MT22] (see also Chapter
2), but the boundedness assertion (S.3) for the solution operator was proved for any ho-
mogeneous distribution with outgoing property, which clearly applies here. The fact (S.1)

is obvious from the defintion and convexity of the cone and (S,.2) can be checked by direct
computation:

zZ ZiZj zZ ZiZj z ZiZj zZ Zi
0i0, (“ (m) W) =0 (@“ (m) R (m> % (WD =0 (“ (m) w) = 0.

Conservation laws for the linearized constraint equation

We now state a tool for controlling the variation of charges Q (both averaged or unaveraged).
For 0 < rg < 71, and 7, is as in (3.1.8), we introduce

Mwmﬁz/WOMWU—mdﬂ)W“ (3:2.14)

o0

Lemma 3.2.6. Let (g, k) and (h,7) be related by (3.2.1). For any 0 < ro < r1, we have

1 E E
il x C C

[ soame |1 ar= | & le 0B - | €| 100508,
BTl\BTO 2 2 2
9]1: P, P,
e% PQ P2
ii e] P P

/ Y o | i [ de= | 5P 1g. k):0B,] = | 57| [(9.K): 0By,
B, \B'r X 1 1 1
Y Y? Jo Jo

2
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and in terms of averaged charges, we have

1 E E
ij | L1 G . C, .
JRSERGILL N Bl R e NURSR B el IPRGIE
T3 05 05
e] P, P,
e% P, P,
i e] P P
/ZXTO,H(T)&'WJ Y? dr = Jf [(g, k);Am] - Jf [(97 k);Aro]~
! Y) Jo Jo
Y} Js J3

This lemma follows immediately by integration by parts, (3.2.1) and the fact that 1, z, ..., x3
(resp. e, ..., Y3) belong to the kernel of the L2-adjoint of h — 9;0;h" (resp. m + ;™).

Conservation laws for the linearized Einstein vacuum equations

In this subsection, we work in an oriented spacetime domain € equipped with a flat (i.e.,
Minkowski) metric . We use greek indices «, 3, ... to refer to spacetime tensorial indices.
We always raise and lower indices using the flat metric n, and denote by V the (trivial)
covariant derivative with respect to 7.

Consider the Einstein tensor G[g] = Ric[g] — 1g trg Ric[g]. Its linearization around the
flat metric m, which trivially satisfies G[n] = 0, takes the form

1
D, G[g]as = 3 (=V'V,Hos + VoV'H, 5 + VsV'H,, — 0,,V'V°Hys) , (3.2.15)

where H = g— %77 tr, & Note that, by linearizing the second Bianchi identity D?G|[g].s = 0,
we have VD, G[g].s = 0.

Let X be a Killing vector field with respect to n, i.e., (Lxn)as = VaXp + VX, = 0.
By the linearized second Bianchi identity, observe that V?(D, G[g].sX®) = 0; hence, the
1-form D, G[g].sX* is co-closed. In fact, there exists 2-form whose co-differential is this
1-form; following [CDO03, Appendix E] (see also [Chr85]), we introduce

PWaslg] = 5 [(~VaHys + ViHoa + 0,0V Hgs — 1,3V Hos) X7 + H,o VX — Hys VX, ]

(3.2.16)

1
2
By a straightforward computation, it may be verified that

V(P Uaslg]) = Dy GlglasX”. (3.2.17)
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Equivalently, d(x®U[g]) = — x D, G[g](X, -) using the Hodge star operator % associated to
1. By the Stokes theorem,

| +uig) = [ i) - - [ 4D,GlEIX. ). (3.2.18)

Consider a system of coordinates {z°,..., 23} with respect to which n = —(dz°)? +
(dzh)? + (d2?)? + (d2?)? and dz® Adz! Adz? Adz? has positive orientation — such coordinates
shall be referred to as canonical. On Ly = {2° = 0}, define

: . ~ L. : :
9ij = &ij (x9—0}’ kij = 2 (D0&ij — Digjo — D;&io) (29=0) (3.2.19)
It may be checked that (cf. (3.2.1) and (3.2.8))
D, Glgloo = 50;0k(¢" — 6" trs §),  DnGlglo; = ' (kje — 650 trs ko). (3.2.20)

Indeed, these may be proved by linearizing the nonlinear relations G[gloo = 1 (R[g]—(trg k)>+

|E|§), Glglo; = EEE][ — Jjtrk on Yy, where g is the induced metric, D is the induced
connection and k is the second fundamental form on Xy (see (3.5.10) below for the formulae
for (g, k)).

The space of Killing vector fields with respect to 1 are spanned by 0.+ and x,0,» — 2, 0yx
(u,v =0,1,2,3). For r > 0, we define the associated charges by

Pl (o = 0, 2] = r}] = / SOy g,

{29=0,[al=r} (3.2.21)
Juy[g; {xo — 0’ |x’ — 7,}] — / *(xuaxl/ffzuaz/"')U{g]’

{29=0, |z|=r}

where {z° = 0, |z| = r} is oriented with x(dz" A d|z|). We have the following relationship
between P, J,, and the charges for (g, k).

Lemma 3.2.7. For any r > 0 and canonical coordinates " on Q containing {z° = 0, |z| <

r},
(]P)O) ]P)ia J107ij)[g7 {mo = O’ |[E| = T}] - (E7 Pi7 Cia EZ]kJZ)[((S + g? k)a aBT]a

where (g, k) is given in terms of & by (3.2.19) in the coordinates (x°, x', 2% x?).

Indeed, these identities may be quickly verified by comparing (3.2.18) with U = {z° =
0, |z| < r} and (3.2.20) with Lemma 3.2.6.

We conclude this discussion with some formulae concerning Poincaré transformations.
Let A*, € SO*(L,3), ie., n,A" A, =n,, (isometry), det A = 1 (proper) and A% > 0
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(orthochronous) and &€ € R'™. If {z#} is a system of canonical coordinates, then so is
{y* = A“u,x“/ + £}, Observe the following transformation laws for the Killing vector fields:

_ AW
Dy = N D,

" , , (3.2.22)
yuﬁyu — y,,ayu = A#H AVV (:p,,@xl,/ — x,/f)mu/) + EMAVV a:nV’ — suAuM aru’,

where A" (defined via index raising and lowering using n) is identical to (A~')”, in view of
the isometry property. Using (3.2.18), (3.2.21), (3.2.22) and Lemma (3.2.7), as well as the
linearity of ®)U in X, transformation properties of the charges (E, P, C, J) under isometries
of m may be derived.

3.3 Gluing up to linear obstructions

Proof of Theorem 3.1.3. Step 1. We begin by forming the first trial for the desired initial
data set. Let x(z) be a smooth radial function which equals 0 for x| < 1 and 1 for |z| > 2.
We introduce

(é,/oc,gQ,kQ) for Statement (1),

in; 7kin‘ s Yout; 7k0u‘ = o 7
(9in:@» Kin:@» Jout:Q tQ) {(gQ,kQ,g, k)  for Statement (2).

Let (Ring, Tinig) and (Rout:, Tout:q) be defined by (3.2.1) with (g, k) replaced by (gin:0, kin:g)
and (Gout;@, kour;g), respectively. We introduce the first guess for the glued initial data,
namely,

(ho,7q) = (1 = X) (hinss Tins@) + X(hout:@s Tour:)- (3.3.1)

Of course, (hg,Tg) would not solve the constraint equations (3.2.6)—(3.2.7); our aim is

to find a correction (hg,7g) supported in A; and a choice of @ € Q such that (h,7) =
(hg + hg, T + 7o) solves (3.2.6)—(3.2.7).

A quick algebraic cornputation shows that we want (hg,Tg) to satisfy
0dihg = Fo + M o (hg +ho. 0% (hq + hq)) — My (hg, 0°hq)

+ME<U+ (a(hQ + hg),0(ho + hg)) — ME(S(GEQ, Ohq) (3.3.2)

Mﬁ() ~ (7TQ+7TQ,7TQ+7TQ) ME(Z)(%Q’%Q)’

07y = Gl + NE (B + ho, d(To +7g)) — NE(;”' (hq, 070)

N (3(hg + h 7o) — N (0he, o7 (833)

NG ( Q +hq)Tq +mq) — Ny _"(9hq, 0Tq),

where Fy and G are the errors incurred by plugging (hg,7g) into (3.2.6)(3.2.7), i.e
Fg = —0,0;hg + M. (hQ,th ) + Sg(aEQ,aEQ) + Mg(mﬁ@),

G = -0, _g + N (hQ, aﬂ'Q) + N (c")EQ, fQ).
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There is, of course, considerable flexibility in specifying (EQ, 7o) due to the underdeter-
mined nature of the problem, which we now fix. Let (S,7") be defined as in Lemma 3.2.1

with Q = A;. For each Q € Q, we look for (EQ, Tg) solving the fixed point problems
(hq,7g) = S(Mg, No), (3.3.4)

where MQ and Né are our shorthands for the RHS of (3.3.2) and (3.3.3), respectively, and

—

S(F,G) = (SF,TG). Next, we look for @ € Q such that
/ %MQ(l,xl, Ty, x3)  da = 0, (3.3.5)
/NQ ' (617627837Y17Y27Y3)T do = O; (336)

which would ensure that %Q, 7o solve (3.3.2) and (3.3.3) by (52), (172).
Step 2: Finding (EQ, 7). We shall use the following standard estimates:

Lemma 3.3.1. Let u,v be (possibly vector-valued) Schwartz functions on R3.

1. Moser estimates. Let F' be a C™ function with bounded derivatives. Then for s > 0,
we have

He Ss,FJull o [0

£ (u) — F(0)]

e (3.3.7)

2. Moser difference estimates. Let ' be a C* function with bounded derivatives.
Then for s > 0, we have

[F(u) = Fo)l[ms S

e Ss,Flull ool oo 18— ]

ws + ]

ue). (3.3.8)

ws + Jlu = vl ([[u]

3. Product estimates. For sg,s1,So such that sy + s1 + so > %, So + 51+ s9 >
max{sg, $1, S2} with at least one of the inequalities strict, we have

[ ll=s0 Ssosrse [l o [[0]l ez (3:3.9)

See, for instance, [BCD11, Sec. 2.8]; the results therein easily imply Lemma 3.3.1. In
what follows, we shall apply (3.3.7) and (3.3.8) with the given s, and (3.3.9) with (sg, s1, $2) =
(2—s,8,s—2)and (2—s,s — 1,5 — 1), all of which are valid thanks to s > %

For each Q € Q, we now find (EQ, 7o) satisfying (3.3.4). We first claim that,

supp(Fo,Gg) C Ay, ||Fol

Hs—2 + ||GQ|

ez S e (3.3.10)

Indeed, from (3.3.1) it is clear that (hg,7q) solves (3.2.6)-(3.2.7) outside A;, from which
the support property follows. Using the definition of localized norms, the support property
and Lemma 3.3.1, the Sobolev norm bound follows®.

4We note that, in fact, Fo and Gg enjoy better Sobolev regularities, but this gain is useless in view of
(3.3.11), which is sharp.
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Next, we claim that if supp(EQ,%Q) C A; and H(EQa%Q”
then

msxms—1 < M.e for M. > 0,

supp(Mg — Fo, Ng — Gg) C Ay, ||Mg — Fy

Dlle— Sar, €. (3.3.11)

Indeed, the support property follows from that of (hQ,ﬂ'Q) and the structure of the terms

MQ - F and NQ G¢. The Sobolev norm bound follows from the assumptions on (hQ, Q)
and (hg,Tg), as well as Lemma 3.3.1. By the same lemma, if, in addition to the previous

assumptions for (hQ,ﬂ'Q) we have supp(# ,Tg) € Ay and (R, , o) | xms— < Mee, then

1M, [(ho, 7o)l — Mo[(h, 7o)l s + | No[(ha, 7@)] — Nol(hly, o)l
S ell(hq — hg, T — 7o) lmssms—-

Hs—2

(3.3.12)

Therefore, by a standard Picard iteration argument, if 0 < € < ¢, and ¢, > 0 is sufficiently
small, then for every @Q € Q we may find a unique (hg, 7o) € H® x H*~!. By the support-

preserving property of S and 7', it follows that (hg,7Tg) vanish outside of A;. Finally, by
varying ) and using a similar argument as before, one may verify that @ — (7LQ,77Q) €
H* x H* ! is locally Lipschitz, whose details we omit.

Step 3: Finding (). To conclude the proof of existence, it only remains to find @ € Q
such that (3.3.5)—(3.3.6) hold. Since (hqg,7Tg) and (hg, 7o) are e-small on A, it is sensible to
isolate the linear terms —&@Eg and —81-?8 on the RHS of (3.3.2) and (3.3.3), respectively.
Introduce X1 5 as in (3.2.14). Observe that supp X%Q(r) C Ay, and X12 = 1 on Ay, which
contains the support of the RHS of (3.3.2). Hence, by Lemma 3.2.6, the LHS of (3.3.5)
equals

1 1
s ij | T1 A nonlin | L1
/XQ()aahQ o dx—i—/Al (3R | ]
T3 I3
E E 1
Cl . Cl . A rnonlin | L1
= C, [(gimQ’km;Q)’A%] - C, [(gout;kaout;Q)7A2] _|'/A1 X1\T ( ) MQ To dz,
C; C x3

where Mg"””“ = (RHS of (3.3.2)) + @@-Eg. To compute further the first two terms on the
last line, we multiply (3.2.6) for (hi,, ) by X%J(?‘) and integrate by parts; by which we
obtain

E E 1

: [(gin;Qv kin;Q)§ A%] = [(gm;Q’ kin;Q)3 Ayl + /; X11 (T)%M;Zm(jgm dz,
C3 Cg A1 ZT3
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where MU = (RHS of (3.2.6)) with (h,7) = (hin, Tinig). Carrying out a similar
computation for (Reusq, Tout,g) using x12 and MJoE" = (RHS of (3.2.6)) with (h,7) =
(hout:0» Tout: ), then going back to the previous computation, we arrive at

(LHS Of (335)) = [(gin;Q> kin;Q); Al] - [(gout;Qa kout;Q>; Al] +
Cs; Cs n[@}cg
(3.3.13)
where
n|Qle N 1
) = (e sz ) | | e 330
n[Q]C3 Zs3

Similarly, working with (3.3.3), we may show that

Pl Pl n[Q]P1
(LHS of (3.3.6)) = | ¢ | [(gin@s kin0); A1l = | ¢ | [(Gour:0s Kout:0); A1) + :
J3 JS n[Q]J:s
(3.3.15)
with
n[Q]P1 _ €1
= (e Nz Nz - | 6| o (330
n[Q]J5 4 Y3

where Ngoin = N7owlin[(ho 7o), (hg, )] and NG = (RHS of (3.2.7)) with (h,m) =
(ho.g, mo,g) with O = in or out.
For the nonlinear contribution n[@], we claim that

R[QN S €, Il S Ke

We begin by recalling the expressions (3.3.14) and (3.3.16). The terms that do not involve
8i/8j/hg and 8i/7rg, where (hQ, 7TQ) may be (EQ, %Q), (EQ,%Q), (hm;Q, '/Tin;Q), or (hout;Q7 Wout;Q),
can be handled using the L> and H' x L? norms of (hg, 7o) (which are all e-small), as well as
the trivial observation that 1, x', ... e, ..., Y5 and their derivatives are uniformly bounded
on A;. For the terms containing such a factor, observe that this factor is always linear and
we may integrate one derivative by parts off of it, after which the L> and H' norms of
(hg,mg) again suffice. The Lipschitz bound is proved similarly, using in addition (3.1.12).
We are now ready to conclude this step. For the sake of concreteness, we focus on
the case of exterior gluing from this point on; the case of interior gluing is similar. Then
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Q[(gin:0: kinig); A1] = (), whereas Q[(gout:0, kout:); A1] = Q. Hence, (3.3.13)—(3.3.15) reduce
to a fixed point problem

Q = Q +n[Q]. (3.3.17)
Moreover, we have shown that [n[Q]| < €® and ||n[Q]|lzp < Ke. We take M, to be

the implicit constant in the first inequality so that |n[Q]| < M.e?. By hypothesis,
dist(Q,9Q) > M.e2. Hence, for e, sufficiently small (recall that ¢ < ¢.), the RHS of (3.3.17)
is thus a contraction on {@ : |Q — Q| < M%) C Q. Tt follows that a unique Q € Q
satisfying (3.3.17) and |Q — Q] < M.,e? exists by the Banach fixed point theorem.

Step 4: Conclusion of the proof. It remains to verify that, taking €. > 0 smaller
if necessary, the Lipschitz dependence and persistence of regularity properties hold. The
Lipschitz dependence property is immediate from the Picard iteration (or Banach fixed
point) schemes above; we omit the details. In case of persistence of regularity, we need to
differentiate (3.3.4) and estimate (80‘7”2@, 0°Tg) in H* x H*! for |a| < m. While achieving
this bound is straightforward if €. is allowed to depend on m, we need to show that a single
choice of €. works for all m. We sketch the necessary argument below.

From now on, we omit the subscript ) since it remains fixed. We first consider a-
priori bounds under the assumption that all objects are smooth. We take 0% of (3.3.4) and
rearrange the equations as

(9°h,0°%) — § (D@%)(]\Ai, N)[(8°F, aa%)])
= §[0*(F,G)] + [0°, SY(M, N)(h,7) + (E, 7. B, 5)[(h, 7)],

, a,

(3.3.18)

where D(E%)(M’ N)[(h,#)] is the linearization of M around (h,7) applied to (h,7). (Here,
hij(z), Tij(z) are regarded as coefficients). Observe that we have put all highest order

derivatives of (h,7) on the LHS. Proceeding as in Step 2, but also using (S4) and (74), as
well as Gagliardo—Nirenberg, we may show that

HRHS Of (3.3.18)”HS><HS—1 S/ (1 + G)H(E, f)HHs—Q—mXHS-Q-m—l

+ [y )l + 11 (B, )]

Hs+1 XHS] H(%, %)| Hs+m—1 ><I{s-‘,—m,—27
where m = |a|. On the other hand, observe that the LHS of (3.3.18) defines the same linear
operator for (0“h,0°7) independent of a. Proceeding as in Step 2, for € sufficiently small
independent of a, we obtain

ILHS of (3.3.18)|| gexme—1 = |[(8%h, 0°F) || e scare-1.

We fix ¢. > 0 so that this estimate holds. At this point, it is straightforward to set up
an induction scheme involving difference quotients to prove the persistence of regularity. [J
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3.4 Asymptotic flatness

In this section, we collect some facts concerning asymptotic flat initial data sets, which will be
useful in the remainder of this chapter. As an application, we also establish Theorem 3.1.6.

Lemma 3.4.1 (Annular restriction of asymptotically flat data). Let (g, k) be an a-asymptotically
flat pair on Bg, solving (3.1.1), and let r € 2% Then the following holds.

1. The pair (g, k) solves (3.1.1) on {|z| > 'Ry} and obeys

1™ — &, k)]

. —«
Hsx Hs—1(A;) S DOT )

where s, Dy and a are from (3.1.13).

2. For a > 3, EAPM qnd PAPM are well-defined for (g, k). Moreover, for r > Ry such
that Dor— <1, we have

El(g", &7); At = rTEAPM| 4 [P[(") KY)); Ay] — T PAPY] S DR, (3.4.0)

EADM PADM

where and are evaluated for (g, k). For the remaining averaged charges,
forr > 1rg > Ry such that Dory® < 1, we have

|(C7J)[<g(T)’ ]{Z(T)); Al” S T*Q‘(CTO’JTOH + Dgermin{a,l}Tgmin{O,lfa} 10g61(a)(%>7

(3.4.2)
where 61(a) = 1 when o = 1 and 0 otherwise, and (C™,J™) := (C,J)[(g,k); Ar,]-

3. Assume furthermore that (g, k) also satisfies the a_-parity (or Regge—Teitelbaum) con-
dition,

< Dor—st2— (3.4.3)

1935 (@)l 1,y + 10: (950, @D o1 ) + N5 (@) 314,
forallr € 22N B, . If a_+a > 2, then CAPM and JAPM (i = 1,2,3) are well-defined

for (g,k). Moreover, for v > Ry such that Dor—® < 1, we have

DG KDY A = r PP Y Tl R A = RIS Do

where CAPM and JAPM are evaluated for (g, k).

Part (1) is trivial, Part (2) is proved using Lemma 3.2.6 and proceeding as in Step 3 in
Section 3.3, and Part (3) follows from the observation that the contribution of (A=, 7") in
Lemma 3.2.6 for C, J vanishes due to parity considerations. We omit the details as they are
straightforward.

We also state the following quantitative facts concerning (exterior) Kerr initial data sets.



CHAPTER 3. GLUING OF ASYMPTOTICALLY FLAT INITIAL DATA 66

Lemma 3.4.2. Let £ := {Q € R : |[E(Q)| > |P(Q)|}. For each Q € &, there exists an
exterior region of an initial data set for one of the Kerr spacetimes, denoted by (gK‘M kK”T)
such that

)

Q"M (g5 k6] = @, (3.4.4)

[0 (g5 — )] + |93|"“|0 WEST < Cp(n,y) M|z, (3.4.5)

2" [0 g5 ] + |2 "M kG| < Cp(n, y)M|2] 7, (3.4.6)
|20 O pgs | + |z O™ Op pkG T < Cp(n, )|z, (3.4.7)
210" 9w pgg | + |20 O ko < Cp(n, V) (IMIT(C, )|+ 1]z, (3.4.8)
|l2["|0™ O, 3967+ |z o ")(9 Jk§ET| < Cp(n,v)|z| 2, (3.4.9)

for |z| > Cr(v)(IM| + IM|7Y(C, J)|), where M = sgnE\/E? — |P|? and v = %

An elegant construction of such a family has been given in [CDO03| (via application of
isometries of the background Minkowski metric to Kerr initial data sets), although the bounds
(3.4.7)—(3.4.9) are not explicitly established there. We sketch the proof of Lemma 3.4.2 in
Appendix A.

Proof of Theorem 3.1.6. Assume, without loss of generality, that % < a < 1. Let (g,k) =
(g7 k")), where r > 0 will be fixed at the end. By Lemma 3.4.1.(1)~(2),

m

(98 = 8, B greesres 2y < Dor™®,
(B, P)[(g), k1) Ay] = r Y (BAPM PAPM) (g, k)] + O(D2r720),  (3.4.10)
(C, D[(gi0), k); Ad| S Dor™2r2~* + Dr=2e,

where 7y = Dé (so that Dyrg® = 1). Define ¢ = Dyr~® and Q = Bj,.»(Q) with Q =
Q[(gm), k:z(:; ); A1] so that (3.1.9) and (3.1.10) trivially hold. We shall construct a Q-admissible

family from Lemma 3.4.2 by rescaling and reparametrizing (). Observe that, by (3.4.5)—
(3.4.6) and Lemma 3.4.1.(1)—(3),

Kerr(r Kerr(r
(5" = 0,k ”mmmuA<CMM@w

(E,P)[(g5" " k5 A1) = 771 (B, P)(Q) + O, (IM(Q)[r2), (3.4.11)
(C, (g Kew(r);kgm(r));f‘ll]:r 2(C,I(Q) + O,(IM(Q)Pr™?),

[E(Q)]
M(Q)]”

where v = | as long as

P> CLIM@Q)] + IMQ)(C. D)), (3.4.12)
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Similarly, by (3.4.5)—(3.4.9) and Lemma 3.4.1.(1)—(3),
Q[(ggerr(r)’ kgerr(r)); Al] . Q[(ggerr(r) k:Kerr(r))’ Al] (3413)
= (" Y(E,P)(Q - Q)7 *C,I)(Q - Q")) (3.4.14)
+ O (Mo |(r (B, P)(Q — @), 77*(C,I)(Q — Q))])

for Ymax > max{y(Q),v(Q")}, Muax > max{|M(Q)|,|M(Q’)|} and r satisfying (3.4.12) with

respect to @, Q.
Consider

&7 ={Q € £ : {E(Q) < E*"[(gin, kin)] < 2E(Q),
(@) < 29 [(gins kin)], 1(C, (@) < CDFr*7,

where 4APM — ((EAPM)2 _ |pADM|2)—3 EADM and (' is larger than the implicit constant
in the last bound in (3.4.10). Since a > 3, there exists Ry > Ry such that (3.4.12) is
satisfied for all r > R; and Q € Sl(r). In particular, by (3.4.13), the map T : 51(” — R0,
Q — Ql(go Kerr(r ,kgew(r)); Ay] is one-to-one and bi-Lipschitz if 7 > R;. Moreover, in view of

(3.4.10) and (3.4.11), as well as the inverse function theorem, we may ensure that 7 (El(r))

contains @ = B Mﬁ(@) if r is sufficiently large. Hence, inverting T and composing with

(gcg< err(r), kg (")) we produce a Q-admissible family on A;. Finally, taking r even larger if
necessary, we obtain € < ¢, and Cp([s],7)e < €., so Theorem 3.1.3 can be applied. ]

3.5 Obstruction-free gluing

In this section, we prove the obstruction-free gluing theorems stated in Section 3.1.

Outline of the proof

Our proof consists of the following steps.

Construction of a single localized bump

At the heart of our proof is the following construction. Given 6 € (0,%), w € S% b > 0,
t >0, ¢ e R3and ¢ € R? such that By(¢) C Cy(w) N Ag, we construct a smooth solution

(Greg kroe) to (3.1.1) on R? that
(i) equals (,0) outside Cp(w) N {|z| > 8}, and

(ii) attains the following (averaged) charges AQ € RV in an outer annulus (say, A;):
(B, Pi, Ci, J)[(gre: kree): Ars] = (VO (Ol 4 (O (08 E0) + -+

1

where () = (1—|{|*)"2 and we omitted terms that are smaller than ¢* provided that
b 1.
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Intuitively, (gioe, ki0e) may be thought of as bump (or particle) with the mass, velocity and
position 2, £ and &, respectively, with characteristic scale b.

A key difficulty in this construction is the fact that any smooth solution («, 3) on R? to
the linearization of (3.1.1) around (4, 0) has zero charges (measured on any A,) due to the
conservation laws, Lemma 3.2.6. Hence, (ii) must arise from the properties of the nonlinearity
of (3.1.1). Another difficulty lies in ensuring the support property (i) while achieving (ii).

With these difficulties in mind, let us first consider the zero velocity (or time-symmetric)
case { = 0. Let &;; be a smooth symmetric 2-tensor that satisfies & = O(t), supp & C By(0)
and

81(5@] - 51']' tI‘§ (%é) == O,

which is stronger than (&,0) solving the linearized constraint equation (i.e., 9°9’(q;; —
dijtrs &) = 0). Suppose that (g¢00,ki00) is a solution to (3.1.1) such that (g:00,kio0) =
(6 + &,0) + O(t*). A key nonlinear computation, which is similar to that of Bartnik in
[Bar86], shows that the charges of (g¢00,kt0,0) are determined by an explicit expression in
& up to leading order:

(E, Py, Ci, Ji)[(91.0,01 k,00)5 Ary (§0)] = <%6/Z(5k5fje — Oyl )? dx,0,070> 4+

j7k7£

where supp & C B,,(&). By normalizing &, we may ensure that E[(g;0.0, kt.00); 4] = 2.

To construct such a solution (g0, kt.0,0) with a good support property, we use the conic
solution operator S, from Chapter 2 (see Section 3.2) to set up a Picard iteration argument.
By selecting the convolution kernel of S. to be supported in Cy(w), we may ensure that
supp (90,05 kt,0,0) € Uzesuppa(Co(w) + ). Applying the spatial translation x — = — ¢ (with
b and £ as above), we obtain (g ¢, ki0,¢) With properties (i) and (ii).

To handle the case ¢ # 0, the idea is to utilize Lorentz boosts, which now requires thinking
about objects defined on spacetime (as opposed to spacelike hypersurface). For solutions to
the linearization of (3.1.2) around m, an elegant proof of the transformation properties of
the charges under Lorentz boosts can be given using the Hamiltonian (3.2.16) associated
with (continuous) isometries of i introduced by Chrusciel [Chr85]. One way to extend this
property to our nonlinear setting is to first consider the Cauchy development of (g ¢, kro¢)
with respect to (3.1.2) using the Choquet-Bruhat theorem [Fou52], then controlling the
nonlinear error terms in the proof of the transformation property (cf. [CD03, Appendix E]
in the case of the ADM charges). The upside is that this procedure produces a boosted pair
(§t7g’§,gt7g7§> attaining the desired charges (ii). The downside, however, is that the support
property (i) is difficult to keep, particularly for |¢| close to 1.

To avoid this issue, we instead consider the Cauchy development a of (&, 0) with respect
to the linearized Einstein vacuum equation (around m), obtain the boosted pair (cu e, Bioe)
solving the linearized constraint equation (around (4,0)), then upgrade it using the conic
solution operator S, to a solution (Gtes kree) to (3.1.1) with the desired support property
(). Next, we apply the above Lorentz boost argument in reverse for the Cauchy development
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of (gree, kioe) with respect to (3.1.2). The key observation is that the resulting un-boosted
(also un-translated by &) pair still obeys (4100, k1.00) = (0 + &, 0) + O(?), which is sufficient
for the charge computations to go through.

Multi-bump configurations with prescribed charges

The next step of the proof is to put together multiple bumps obtained in §3.5 — which may be
arranged to have pairwise disjoint supports — to construct a smooth solution ( gZ“Qmp L kqump )
to (3.1.1) on R? that attains the (averaged) charges AQ € R'® as measured in the annulus

Ay for any AQ = (AE, ..., AJ3) satisfying

AE > |AP|, \/ﬁ < 2I', AE < €, |AC| + |AJ| < 1, AR,
with €, up, sufficiently small depending on I'. Importantly, this range is larger than (3.1.15)—
(3.1.18) (€, pto Will be chosen small compared to e, ).

There are many possible ways to achieve this goal. Our configuration consists of six
bumps — see Figure 3.1. Two of these bumps are placed symmetrically (relative to 0) on the
23 axis and carry most of E and all of P while contributing zero C and J. The remaining
four are placed roughly symmetrically (relative to 0) on the 2! and x? axes, are almost time-
symmetric (i.e., small |¢|) and attain the desired values of C and J while contributing zero
P. We remark that the P, C and J of the latter quadruple is well-approximated by the total
linear momentum, center of mass and angular momentum of the system of 4 point particles
in Newtonian mechanics in the same configuration.

Extension procedures and proof of Theorem 3.1.7

Extending (gout, kout) tO 216 (which is straightforward; see Lemma 3.5.9) and applying The-
orem 3.1.3 (gluing up to linear obstructions), the proof of Theorem 3.1.7 is reduced to
constructing an admissible family of extensions (gag,kag) (in the outward direction) of

Q[(gAQa kAQ]v A16) ~ Q[(gzna kzn]v Al) + AQ ~ Q[(gouta kout]; A32)

up to errors of order O(cAE) with ¢ = ¢(I") small. To achieve this goal, we first extend
(gin — 0, ki) outward to (i, — 0, ki) using Carlotto—Schoen-type techniques (but based on

conic- and Bogovskii-type solution operators as in Chapter 2), which can be arranged to

have disjoint supports from (gZ“Qmp = ki‘g‘p T); see Figure 3.1. We then simply superpose

(Gin — 6, ki) on (gZ“Qmp T ki“Qmp ™) to produce the desired pair (gag, kag)-

Theorem 3.1.7 = Theorem 3.1.10

This is a simple rescaling argument (cf. Section 3.4).
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Figure 3.1: Six-bump configuration. The two darker balls represent the two bumps carrying
most of E and all of P, while the four lighter balls represent the four bumps that give C
and J. The six-bump solution is supported inside the union of the six cones and away from
the inner dashed ball. The extension (g;, — 9, ki) of (gin — 9, ki) will be designed to have
disjoint support from the six-bump solution. The gluing annulus A4 sits outside of all the
bumps.

Remark 3.5.1 (Comparison with [CR22]). Apart from the apparent differences — such as null
vs. spacelike gluing, spherical vs. annular data and the use of a Lorentz boost to optimize
the range of AP — perhaps the biggest difference between our approach and [CR22] is the
absence of extra oscillations in the bumps, which correspond to, in the context of [CR22], the
“nonlinear corrections” for “gluing” the charges. Roughly speaking, instead of separation
in frequencies as in [CR22|, we rely on separation in physical space to preclude dangerous
interactions. Our use of conic solution operators (also Bogovskii operators for extension
procedures) to ensure that the multi-bump configuration and (g, — ¢, Em) have disjoint
supports is an instance of this idea. Placing the gluing annulus A outside the support of
the leading order part (au e, Bree) of all bumps is another (at a more technical level, note
the improved bounds (3.5.31), (3.5.32) in this region).

In the rest of this section, we carry out the proof of Theorems 3.1.7 and 3.1.10 outlined
above.



CHAPTER 3. GLUING OF ASYMPTOTICALLY FLAT INITIAL DATA 71

Construction of a single localized bump

The main goal of this subsection is to prove the following.

Proposition 3.5.2. Fiz any —1 < 0 < —%, 0 €(0,%) and w € S*. For any s > %, b>0
and T' > 1, there exists 59 = €,0(b,T') > 0 such that the following holds. Givent > 0, { € R?
and & € R3 obeying

t<ao 1<a(0)=(1-|(F)2 <T, Bi§) C Colw) N 4,
there exists a solution (g e, ko) € C(R?) to (3.1.1) satisfying
supp(geee — 0, keee) C Co(w) N {]z] > 8}, (3.5.1)
and, forn=0,1,

1(t0r; D, 0e) ™ (9106 — 0, Kree)|

HE S x s Ssar t, ( )
(01, 00, 0) "™ [El(gree, kie); Al — (0] = Opr (%), (3.5.3)

(t0s, 00, 0¢) ™ [Pil(gree, kree); Ars] — 7(O24] = Opr(t?), (3.5.4)

(t0h, 0, 0) "™ [Cil(gree, kree); Ase) — V(O] = O(bt*) + Opr(t?), (3.5.5)

(t0r, 00, 06)™ [Ji[(gre, krne); Arel — Y(OF€ i) = ObE*) + Opr(t?). (3.5.6)

Moreover, the following improved bound holds in {|z| > 16} (forn =10,1):

(401,00, 06) ™ (grsc — 6. kree)

2
H S (e >16)) SebT L (3.5.7)

We remark that By(§) contains the support of the seed bump, or more precisely the O(t)
part of (giee, ktre); the reason behind the improvement (3.5.7) is that {|z| > 16} is disjoint
from By (§).

To establish Proposition 3.5.2, we need some preliminary lemmas.

Lemma 3.5.3 (Charge computation for special initial data). Given 1o € 2N, & € R3,
t,bo, A >0 and T € (=0, 8y) for some & > 0, let (g,k) = (g(7), k(1)) € C* x C'(Bay, (&)
be a solution to (3.1.1) satisfying, forn =10,1,

107 (935 — 65 — gy Kij)l| o2 x 01 (Bayg (€0)) < AL,
where ¢&y; = &(1);; obeys the special condition
O'(Gij — Sijtrs &) = 0, (3.5.8)
as well as the size and support properties (forn =0,1 andn’ =0,1,2)

, 3
|07 (bo0,) ™) | < AbZt, supp & C By, (0). (3.5.9)
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Provided that By, (0) C B, (&), we have, for n = 0,1,

7 | E[(g,k); Are (&0)] — 16/2 O Ctje — afajk = O3 (t%),
g,k
a‘?Pi[(ga k)? ATO (50)] = OA,bo (t3>7
07 Ci(g, k); Ary(0)] = O(A%Dot?) + O (%),

07 Jil(g, k); Arg(€0)] = Oy ().

Proof. For simplicity, we drop the 7-dependence; we leave the similar proof of the C*-
dependence on 7 to the reader. Define (h,7) := ((¢9 — 6) — dtrs(g — 0),k — dtrsk) and
(hl,m) = (& — (5tr5 &,0). Using the notation in (3.2.8), the charges are given by (where
Xro (1) = [ o (') dr’ as in (3.2.14))

(g) (9, k); Ary(&0)] = 1 /Xro( — &0)0;0;h" ( ) de = ;/Xm(x—&))M(h,w) (xlk) A

/M (hy,m) ( ) dz + Oap, (%) = —%/R[6+&] <xk) dz + Oz, (1),
(5) kAo /me ) dx—/zxm (e =N ) () s
/ZNJ (hy,m) ( )dx+oAbO( ) = Osel8)

where we used the fact that 8,0;h7 = 0, m = 0 and supp(hy, m1) € By, (&).
The above already implies the desired assertions for P, and J,. For E and Cy, recall the
general formulae

. 1
Rlg] = (g7)" (3krk ;s + err Tfefﬁk% Ffj = 5(971)]%(@'9% + 0;9i0 — 00Gij)-
Let (g1)i; = i + 6y ; and write (g7')¥ = 6% + @, where we observe that &V = —d&;; +

O 4, (t?). We will abbreviate terms that are linear in & by lin — note that they will all vanish
since (&, 0) is chosen to solve the linearized constraint equation. We have

1, iia ~ . . . L i . . .
5(91 1) Jakake(aioéje + 3;'041'@ - afaij) + 5(91 1)” (91 I)M@k(aiajé + ajOéz‘é - 3@%‘]‘)

1 o 1 i ) i
—5(951)1333‘04“31'0%@ — 5o 99y ) 0,00 + (g7 ) (Tl — Tily)

1, - . . 1 . . | RN L jina e
= 58;9(04”(2@0% — aga/”‘)) + §aZ38k(28iajk — 8kaij) - 5&*(&“@’&%() — 504”@8]»0%
1 1

Z (&'5%{)2 + Z_l(

R[Ql] =

1
+1850°4kk(28¢&ig — OpCuii) — Oie — Oplir,)? + lin + O 44, (£%).
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To simplify the nonlinear terms, we use the special condition (3.5.8), which implies
82004” = 8]‘ tr5 Ooé, 3183&” =A tl"(s Q.

Recall also that lin = DsR[&] =0, g1 = 6 + & and & = —ay; + Oap, (¢?). Thus

1 1 1 1 1 1 1
R[) + a] = (1 —5t57~ 5) (9;trs &)* + (—5 -1t 5) (Orciij)? + O(&, 8&) + O ap, (%)
1 1
= Z—l(aj trs &)2 — Z(akOoéij)2 + 0(&, 0&) + O, (t3)
1
= _§<ak&i€ — Opir)? + O(&, 0&) + O 44, (£%).

Plugging in this formula into the above formulae for E and Cj, and using the fact that
|z| < by in supp & C By, (0), the desired assertions for E and Cj, follow. O

To state the next lemma, consider a Lorentzian metric g € C?(2), where  C R,
Given (A, €) € SOT(1,3) x RT3 let y* = A“M,x“'qtf”. Then, with respect to the coordinates
(¥°,...,y?), define

(o~ 1\0u
(08) _ o e _ _—(87) P
gij = 8ij _ ) kij - 9 _(gfl)OO (augm azgj,u 8ng) {yO:O}mQ' (3510)

Motivated by Lemma 3.2.7, we introduce the notation

(Po, Pi, Jio, i) (9, k); Are (€0)] = (B, Py, Ciy €3.30) (9, k)3 Ary (€0)]. (3.5.11)

Lemma 3.5.4 (Effect of boost and translation). Given t, A > 0 and 7 € (—dy, o) for some
§o >0, let g = g(1) € C*() be a solution to (3.1.2) satisfying, for n = 0,1,

107 (8w — My — )2 () < At?,
where o, = o(T),, obeys
D,Gla] =0, ||0;alc2) < At.

1. For any C'-curve (A(7),€(7)) € SOT(1,3) x R with |0, (A, €)] < A, we have, for
n=20,1,
107 (955" = 815 = @9, 9 = BED) ) ey = Oa(8),

¥
where
(A8) (A8 _
i = O s aaz—&a —Q-ai
CY” J {4°=0} /81] 2 ( (2% 70 J 0) {yo=0}

with respect to y* = A x¥ + €".



CHAPTER 3. GLUING OF ASYMPTOTICALLY FLAT INITIAL DATA 74

2. Let (g,k) = (g0 kD). Assume that, for each o € [0,1], there ewists hypersurface
U, C Q such that OU, = {2° = 0,|x| = (1 +0o)ro} U{y’ =0, |yl = (1 + o)r}, U, N
supp a = (), and Vol(U,) < A, with the volume induced from the auziliary Riemannian
metric (dz°)? + - (dz®)%. Then for n =0,1,

a7 [P#{(Q(A,ﬁ)’ k(Aﬁ))? Al - A#u’]p#/[(g’ k); Aro]] = OA(t4)v

677} [Juu[(g(A’g)a k(Aﬁ)); AT] - <AuM,AuV,JM’V’ + guAuyl]P)V’ - EVA/LH/]P)P/> [(gv k)v Aro]] = OA(t4)'

Proof. For simplicity, we drop the 7-dependence; we leave the similar proof of the C*-
dependence on 7 to the reader. Statement (1) is a simple consequence of extracting the
terms of linear order in (3.5.10) around 7. For Statement (2), observe first that g = O4(#?)
on U, since U, Nsuppa = @, and hence D, G[g] = O4(t*) on U,. Applying (3.2.18) to
U = U,, we obtain

/ X U[g] — / +XUlg] = 04 (1Y),
{y0=0,|y|=(1+0)r} {29=0,|z|=(1+0)ro}

for any Killing vector field X with respect to n. In view of (3.2.22), we obtain
Pulg: {y° =0, lyl = (L +0)r} = A/ Pulgi {a° =0, 2] = (L +o)ro}] + Oalth).

Using Lemma 3.2.7 and smoothly averaging in o, we obtain the desired assertion for P,,.
The case of J,, is similar. O

Lemma 3.5.5. Consider an open subset Q@ C R such that Xy := {2° = 0} N Q is a
Cauchy hypersurface in 2. Consider a symmetric covariant two-tensor field ¥ ,p satisfying
V.3 = 0 and a 1-form Jg defined on §2, as well as a pair of symmetric covariant two-
tensor fields (aj, Bij), a function n and a 1-form N; defined on ¥y. The following initial
value problem posed on €2

D,Gladas = Fop, ViH[a]as = I3,
(eij; Qoaij)|s, = (Qij, 2855 + OiN; + O;N;),  awls, =n,  ojlz, = N

15 equivalent to the following reduced problem posed on €2:

Daaﬁ = _Q(Faﬁ - %naﬂ tr"l F) + va']ﬁ + V/BJOH
(eij, Ooexij)|s, = (ij, 2Bi5 + OilN;j + O;N;),  @wolz, =1, ojls, = N
(ViH[aas — Jp)lsy =0, (DyGladao — Fao)ls, = 0.

We remark that V*H[a|,s = 0 is the linearized wave coordinate condition, and that
(V*H|aas — J5)|5, induces initial conditions for dyavpgls,. The reduced problem, being an
inhomogeneous initial value problem for the classical wave equation, is well-posed (in, say,
H® x H1({z° = 7} N ©)) by our hypothesis on €.
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Proof. This is a well-known computation essentially dating back to [Fou52]. From (3.2.15),
it follows that

Daalg = —Z(Fag — %’l’]a/j tl"n F) + VaJﬂ + VﬁJa
1

< DyGlalag = Fas + 5 (Va(V'Hlalys = J5) + Vs(VH[a]yo — Ja) = 1.5V’ (V' H[a],5 — J5)) -
From this equivalence, the derivation of the reduced problem from the first problem is im-
mediate. To show that the solution a to the reduced problem solves the first problem,

it suffices to show that V*H[at|os = Js. Observe that the second equation combined with

VD, Glal.p = 0 (linearized Bianchi) and V*F .5 = 0 implies O(V*H|[at],5—J 3) = 0. More-

over, the same equation combined with (D, G[aa0 — Fao)ls, = 0 implies 0y(V*H[a]ns —

Js)ls, = 0. Since (V'H[at]as — J5)|x, = 0 as well, it follows from uniqueness of the initial

value problem for the classical wave equation that V*H|a,z = J 5. O

Proof of Proposition 5.5.2. Step 1. Choice of &. We begin by choosing &;; € C°(R?),
to which we shall apply Lemma 3.5.3 in the end (in particular, for our motivation behind

the choices by = %F_Zb and (3.5.12), see Steps 2 and 5 below, respectively). Fix a function
X € C°(By) such that

1
o / 10(0?, + 03,)x|*dz = 1. (3.5.12)
Following 2.4, we set
5 (0%x6.0 — O Xbr) — 0 Xbr 0
a=t —0%Xbr (9% X6, — 9% Xbr) 0
0 0 —%(8%1 + 832)Xb,1“

where ypr(z) = (AT720)2 (202 12) so that 102 x50 1|72 = 103, x]172. From the definition,
it is straightforward to verify that 9'qy; = 9; trs & and (3.5.9) hold with by = %F*Qb.
Step 2. Construction of a and (a; ¢, Bi.r¢). We use Lemma 3.5.5 to define o € C°(R'*3)
to be the unique solution to the problem

D,Glalas =0, V*Hla].s =0,

. 3.5.13
(Ofij, aOaij>’{z0:O} = (aija 0); aOO‘{azO:O} =0, a0j|{x0:0} =0, ( )

where Oygo| {20—0}, Qoo | {z0=0} are induced by V*H|ex|o3 = 0. Recall also from Lemma 3.5.5
that, in fact, Doy, = 0 and supp(oy,,, 0oy, )|o—0y € {2° =0, |z| < %F*Qb} for each p,v.
Hence, by finite speed of propagation,

supp o C Qg = {|z| < |2°] + 10?0} (3.5.14)

Using the parameters ¢ and &, define A, € SOT(1,3) (Lorentz boost by velocity ¢) and
E c R1+3 by

(Ax)” = (0" = £ Pex),  (Agx) = y(O(=C2" + (P)’) + (Pra), € =0, &=¢,
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where v(¢) = (1— [¢>)~2 (Lorentz contraction factor), and P;, P : R3 — R3 are orthogonal
projections to (£) and (£)*, respectively. Define

yu = (Ag)“l,:c” + £u7

which constitute another set of canonical coordinates. With respect to the coordinates
(v°, ..., 9?), we define (qu ¢, Broge) on {y° =0} as (cf. (3.2.19))

(aeee)is = sl oy (Bree)is = 5 (Oocei; — iotjo — Do) | (0_y- (3.5.15)

Note that this pair solves the linearized constraint equation, in the sense that (hy e, T ) =
(Qupe —0trs ppe, Qupe — 0trs Broe), as in (3.2.1), solves P(he e, moe) = 0. We claim that

(0%, Or, O )" (tt 0.6, Broe) | o scrrs—1 w3y + |V (20, Or, O )" opl| rs-1(msy Snspr t,  (3.5.16)
supp(aree, Bree) € By(§). (3.5.17)

The H® x H*! bound (3.5.16) follows from the standard energy estimate applied to
O(t0%, Op, O¢)™ e, = 0 in the region between the two planes {z° = 0} and {y* = 0}. To
verify (3.5.17), observe first that, since |z°| < |¢||z| on {y" = 0}, we have

{v’ =0rn{lzl > 5 =) 7070} C {lz] > 2" + 3070} = RTP\ Q.

Note also that, on {° = 0}, the coordinates (y',y?, y>) see length contraction by v~ in the
direction of ¢ relative to (z!, x%, 23), i.e.,

(yj - gj)|{y0:0} = 771<sz)j + (Pﬂlx)j‘{yozo}' <3518)

In particular, || > |y — &|. Putting these facts together, and using (1 — [¢|)~! < ~* < T?,
we have

{y' =0, ly—¢l =0t S{y’ =0, [2] 20} S {y" =0, |a[ > (1 — [¢) 7' T} SR\ Q.

In view of (3.5.14), @ = 0 in an open neighborhood of {y° = 0, |y — &| > b}, which implies
the desired support statement.

Step 3. Construction of (gi ¢, kire). We work on the hyperplane {y° = 0} using the
coordinates (y', 4% v%). By (3.5.16), (3.5.17) and hypothesis, note that

supp(hese, Teoe) € Colw) N As,  ||(t0¢, Op, O ) (hape, Trpe)|

Hg’é ><H§71"SJrl = OS,bT(t)?

where the weights do not play any role in the second assertion by the support property.
Let S. = (S, T.) be the conic solution operators in Lemma 3.2.4 adapted to Cy(w). By
the computation in Section 3.2, in order to construct a solution to (3.1.1) of the form

(Grue, kroe) = (0 4+ qupe + @, Proe + B), it suffices to solve

(h,7) = §CN<ht,Z,§ + E, Teee + ),
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where (%, ) = (& — dtrs &,5 — O trs B) By standard Picard iteration, there is a unique

solution (h,7) € (H® x HE MM 0(Cy(w)) as long as ¢ is sufficiently small depending on

s,b, I, such that N
|0k, Or, Oe)" (h, 7))

2
Hli,élei—l,6+l 571’57[)71" t .

By (3.2.2), assertions (3.5.1) and (3.5.2) immediately follow. Moreover, since (gt se—9, ki oe) =

(a, B) outside of supp(ay e, Bree), (3.5.7) follows as well.

Step 4. Construction of g and identification with a up to O(#?). In preparation for
computation of the charges for (gis¢, ki o) on {y° = 0}, we consider its Cauchy development
g. More precisely, we solve the vacuum Einstein equation G(g) = 0 in the domain © =
{(W v 2, 9%) € R - 90 < 64, |y + 2y°| < 256} under the wave coordinate gauge
condition Ugy* = 0 with the following initial data:

gOO‘{y():O} = -1+ aoo’{yOZO}: g0j|{y0=o} = Oéoj\{yozo}, (3.5.19)

as well as g;;|{y0-0y, 008ij|{yo=0} O08ojl{yo=0} and Gogoo|{yo=0y determined (in order) from the
initial data set (giee, kiee) using (3.5.10) and Ogy# = 0. Assuming that ¢ < e, with €,
sufficiently small depending on b, ', we may ensure the existence of g in {2 by the standard
local well-posedness theory [Rin09, Ch. 14-15] (see also [Fou52]). Observe also that 0€2 is
spacelike with respect to 17, and hence with respect to g provided that ¢ is sufficiently small.
By (3.5.16), boundedness, persistence of regularity, Cauchy stability and Sobolev embedding,
we have

(0, O, O¢)" (&8 — M) Cs(Q) Snsbr T (3.5.20)

To conclude this step, it remains to identify g with o up to terms of order 2. Observe, from
(3.5.15) and our choice of initial data for g, that & = g — n — a solves

DWG[a]aﬂ - O(t2>7 vaH[a]aﬂ = O(t2)’
(@i, Ooij) | o=y = O(t%), (@00, Q)| 1y0=0y = 0,  (Jo00, Dolto;)|(yo—0y = O(t?),

where g = O(t?) is a shorthand for ||(¢;, d;, 9¢)"9]
(and Sobolev embedding) that

||(tat7 af? aE)n(g -n-—- a)‘

os(@) Snspr t2. It follows from Lemma 3.5.5

() Snysbl t2. (3.5.21)

Step 5. Computation of charges. Thanks to (3.5.21), we may now use Lemma 3.5.4
to compute the charges of (gys¢, kige), which equals (g1¢#) kA¢8) in the notation of
Lemma 3.5.4, in terms of those of (g, k), which is the induced data on {z° = 0}. Moreover,
in view of (3.5.10) with (A, &) = (7,0), (3.5.13) and (3.5.21), we may appeal to Lemma 3.5.3
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with & as in Step 1 to compute the charges of (g, k). By (3.5.12), we have

1 . . 1 . .
_6 / Z(@kaﬂ - 8gozjk)2 dz = g/ [Z(aj(l/k’gf - 2(6] tl"5 (1)2] dz
J,k, ¢

Ikt J

1 1
= t2/ [Z|86%2Xb,1“|2 + 1—6|6(831 — agQ)Xb,FF} de
£2 S 2
- _6/|8(811 + 0p)x|" dw =t

Since {2° = 0,16 < [z[ < 32} and {y° = 0,16 < |y| < 32} are contained in 2 yet
disjoint from €24, for each o we may find a hypersurface U, such that 9U, = {z0=0, |z| =
16(1+0)}U{y’ =0, 16(1 + o)}, U, Nsupp & = ) while Vol(U,) = O(1). By Lemma 3.5.3,
we have

(Po, Pi, J)[(g, k) Ase] = (7,0, O(T2bt%)) + Oy p(t%),

and similarly after applying of (t0;, 9y, O¢). Applying Lemma 3.5.4, (3.5.11) and ||Ag||ga—grs S
v < T, we immediately arrive at (3.5.3)-(3.5.4) for the charges of (gir¢, kiee) on {y° = 0}.
Moreover, (3.5.5)-(3.5.6) follow as well by estimating (Ag),* (A),” O 2bt?) = O(bt?). O

Multi-bump configurations with prescribed charges
Our first goal is to establish the following.

Proposition 3.5.6 (Almost time-symmetric four-bump configuration). Fiz —1 < § < —3

and 0 € (0,7), and define Cé4) = Cy(e1) U Cy(—ey) U Cyle) U Cy(—ey). For s > 3, there
exists €,1 = €,1(8) > 0 such that the following holds. Consider

U={Q eR":0<E <2, |C|+]|P|+|J| <2¢,E}.
For any Q € U, there exists (ggump, k:gump) € C=(R?) such that
supp(gg“mp J, /{:b”mp) CCy A {lz[ > 8} and Ql(g, bump k;g“mp);Alﬁ] =Q.

Moreover, the map Q — (g™ — 4, k:g“mp) is C' in the Hf)"; X Hﬁfl’éﬂ topology, and

9qQ
1090 = 6,k )l oo o101 S VE, (3.5.22)
1
bum bum
H8Q< P k p)HHE76><H-E_1’6+1 SS ﬁ (3523)
Moreover, in {|z| > 16}, we have the improved bounds

bum bum
||( D _ k p)| Hg’éxH§71‘5+l({|a:|>16}) 55 E, (3524)

bum bum
106 (90 k"™ M gz prz=1:541 ey Ss 1 (3.5.25)



CHAPTER 3. GLUING OF ASYMPTOTICALLY FLAT INITIAL DATA 79

Proof. We would like to consider a superposition of 4 bumps with disjoint supports and use
the inverse function theorem around E > 0,C = P = J = 0. For By(§) C Cy(e;) N As,

Bb(n) g Cg(eg) N Ag, let

supp(geee — 9, kioe) € Coler),  supp(Gemy — 9, ktmy) € Cole2)

be the single bumps constructed in Proposition 3.5.2. We define

(G700 g0 (T), K o g+ (1)) 1= (Grer g+ (=), =kt g —e- (1)) € CF(Cy(—e1)),
(G ey ()5 K e e (%)) := (Gt = (=), =k e, (=) € CF(Cy(—e2))

be the dual bumps defined by inversion symmetry. Since the solutions have disjoint supports,
we define the superposition of 4 bumps

(g =6, kW) = (91,06 — 0, ke.e) + (Gramm— 0 Ktann) + (G go en — 0, 5 g ) F (G o e — 0o Ko e )
(3.5.26)
which solves (3.1.1). Now we get a family with 25 parameters and we are interested in the
charges
Q: (8, 4,0,6,6 m.m" n,n") = Qllg™, KY); Ay, (3.5.27)
We need to choose 10 of them with a uniform non-degenerate Jacobian. Intuitively, we will
choose t for the energy, ¢ for the central charge, ¢ for the momentum and three parameters
among (¢*,m) for the angular momentum.
We note at ¢ = 0 we have k; ;¢ = 0 and thus

P[(gt0.6: kro6); Are] = J[(gro.e, kroe); Aie] = 0.
Moreover, by the inversion symmetry, for ¢ +&* =0, n + n* = 0, we have
Cl(g™, k™); Ay = 0.

Now we fix £*,n,n*, m* and compute the Jacobian of the family (¢,&, ¢, ¢*, m) — Q with
13 parameters at the point f =¢*=m=m*=0and {+ & =n+n*"=0:

toE O.E OE OpE 0,E 82 0 0 0 0 O ()
to,C 85C 2,C 0,C 0,,C - 0 t? 0 0 0 n O(bt2)+0b<t3)
top 0P P 0pP 0,P| [0 0O 2 t? t? O(t°)
t0,J 09I 0 0pT 0,d 0 0 2% 2 ¢ 2/, O(bt?) + Oy(t?)
(3.5.28)

If we subtract the ¢ columns from the ¢* columns, and then half the £* column and add to
the ¢ column, and finally subtract the ¢ column from the m column, we would get

8t 0 0 0 0 Oy (t%)
0 0 0 0 N O(bt?) + Oy (t?)
0 0 ¢ 0 0 Op(t?)

0 0 0 £27¢ 2™y O(bt?) + Oy(t%)
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Let £ = (12,0,0) so that &* = (—12,0,0), and n = (0,12,0), then the 3 x 6 minor in the
bottom-right corner of the first matrix is

‘ | 0 0 0 0 0 12
e/ ¢ e )=t {0 0 12 0 0 0
0 —12 0 —12 0 0

d(E,C,P,J)

We can then select the variables £3, ¢35, ms so that is non-degenerate once

a<t7 57 gv 637 637 m3)
we choose t < 1 and b < 1.

Now we fix a sufficiently small b > 0 and use the inverse function theorem to conclude
the proposition. We denote © = (&, ¢, 05,05, m3) and fix & = (—12,0,0), n = (0,12,0),
n* = (0,-12,0), 1 = my = my = 0 and m* = 0, and apply the inverse function theorem
over the region

U, :={(1 - 6571)6% <E<(1+ 6271)6%, IC|+ |P|+ |J] < 1055,16%}-

By (3.5.28), for €; sufficiently small, the map (7,0) — €;2Q(e;7, ©) is a diffeomorphism
with uniformly non-degenerate Jacobian near the point

E=1, C=P=6T=0, e <1,b<1.

More precisely, there is a uniform (i.e. independent of ¢;) neighbourhood V near 7 = 1/2,0 =
0 such that
(1,0) = °Q(e17,0) 1 V — €U,

is a diffeomorphism with uniformly bounded inverse in C!. Let @ — (7,0) be the inverse
map so that

Q— (1,0) = 2Q(a7,0) =Q, Qe U,

Then we have

Q[(% k)(GlT,@)é; Ale] = 6%@, @ € 61_22/{61.

Taking Q = E%Qv, we conclude the construction of a reparametrized family of (ggum” , k:g“mp )

such that Q[(ggump , kgump ); Ag) = @ for any Q € U,,. It also follows from the construction

that Q — (gg“mp -0, kg”mp) is smooth in the Hg’é X H§_1’5+1 topology. Note that by varying
€1, we can cover U with

uc |J U,

0<e1<10¢p,1

By the uniqueness of the inverse function theorem, the e-family {go : @ € U.,} glues
together to a smooth family gg“mp for @ e U.
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Moreover, by Proposition 3.5.2, we have for n = 0,1 (recall t = ;7 ~ €;),

120, 96)™ (9™ — 6, kg™

HE s~ hott — Oo(t) = O<\/E)7
as well as the following chain of estimates:

]

E12”8 ( bump kbump)’ H§’5><H§*1’5+1
Se ||3(T@( bump k:g“mp)|
-1
=0(H) =0OWE ).

We are left to check the uniform C'-dependence on @ in {|z| > 16}. By (3.5.7), forn =0, 1,

5,0 s—1,0+1
H " xHy

s,6 s—1,6+1
Hy" X Hy

1(ty, B) ™ (gi™ — 6, k™)

HS,SXHi71,6+1({‘x|>16}) - O(t2) - O(E)

Thus

||a ( bump kgump)

—2 b b
) = U 195(90™" k™ Mgz xarz—541 (g1ap16)

bum bum
S & 10090 kg™ M gz rz=1541 (rag 16y = O(D-

SO HET M ({Ja)>16)) T

To extend the range of allowed P, we adjoin to the four-bump configuration two more
bumps that carry most of the total linear momentum.

Proposition 3.5.7 (Six-bump configuration). Fiz —1 < 4§ < —% and 0 € (0,%), and define
C’(gﬁ) = C(g4) U Cy(es) UCy(—es). Given s > 2 and T > 1, there ezist e, = e,(s,T') > 0 and
ty = tp(s, ) such that the following holds. Consider

uF:{QeRw:E>\P|, <2, E<e, |C|+|J|<MbE}.

W=

For each Q) € Ur, there exists (ggumpF kgump;f‘) € C*(R®) such that

supp(gg " = 6,ky""T) € G N {j2] > 8} and  QI(gg""" kg ); Av] = Q.

Moreover,
1(90™ = 8, kg™l oo o191 Ss VE, (3.5.29)
. 1
”a ( bump;’ kgump,FH Hf;"s - 1,641 Ns T (3.5.30)
Moreover, in {|z| > 16}, we have the improved bounds
bump;I bump;I’
||( D; 5 k P )| H§’5><H§71’5+1({|x\>16}) 55 E, (3531)
bump;I" 7 bump;I’
100 (g5 ™", kg™ )HHE"S><H§_1’5+1({|:6\>16}) <s L (3.5.32)
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Proof. We first apply Proposition 3.5.2 to place two boosted bumps in Cy(e3) UCy(—e3) that
carries most of E and all of P, then use Proposition 3.5.6 to correct the remaining charges.
To be more precise, let (gs¢, kiee) be the boosted bump supported in Cy(es) N {|z| > 8}
constructed in Proposition 3.5.2 and define the dual bump by

(9 0s 6+ (0), Ky g g (1)) = (Gr —g= (=), ke g (=) € O (Cy(—e3)).
Since the two bumps have disjoint supports, the superposition
(967 = 0. ki2) = (G = 8, huee) + (970 = 0.k ) (3.5.33)
solves (3.1.1). By inversion symmetry, we have
Cllgre: k7o) Aro) = T(g1 7, ki) Arel = 0.
Moreover, we have
(101, 00, 06) " (B. P)(9 7, ki) Ar] = 29(0F(1,0)) = Opr ().

Using inverse function theorem over the region

Ut = {(E,P) eR*: |P| < E < 102, < 10F}

VE | 12

it is easy to see we have a 4-parameter family (g](i)P, kg)P) for (E,P) € U2 with

(E.P)[(g95p: kop); Ais] = (E,P), (C,I)[(g95p: kop); Ais] = 0. (3.5.34)

Now we want to add the almost time-symmetric four-bump configuration in Proposition 3.5.6
0 (¢, k@):
(99 = 0, k@) = (g2 — 6, k22) + (g™ — 6,k5"™), (3.5.35)

'VE,P

which again solves (3.1.1). The charges are given by
(E,P)[(9® —6,k©); Ajg) = (E+E,P+P), (C,)[(¢® —06,k®); Aig] = (C, J), (3.5.36)
for (E, P) € UEF and Q € U. For (E,P,C,J) € Ur, we take
E=E\/1-(10I)2% E=E—E,P=P,P=0,C=C, J=1J. (3.5.37)

Then it is easy to check (E,ﬁ) € MII?’P and Q = (E,P,C,J) € U for € > 0, 5, > 0 small
enough. The estimates follow from Proposition 3.5.2 and Proposition 3.5.6. O
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Extension procedures

In this subsection, we prove extension lemmas for (gn, kin) and (gout, Kout)-

Lemma 3.5.8. Let (gin, kin) € H® X H*'(A;) be a pair solving (3.1.1). Fiz any —1 <4 <
—3, 0 >0 and wy € S*. Provided that ||(gin — 0, kin)|| o xmo-1(a,) s sufficiently small, there

exists (Gin, kin) solving (3.1.1) on R3\ By such that

(Gins kin) = (Gin, kin) 0 A1, supp(gin — 0, kin) € By U Cy(wy)
1(Gin — 0, kin)|

HE s bt Sss0 1(gin — 6, kin)HstHs—l(Al)-

Proof. Step 1. The first step is to construct a solution operator gout for P (i.e., ﬁgmt =1)
with the mapping property

—

Sout + (HE272)0(Ay U Cp(wp)) — (H® x HEH)0(Ay U Cp(wy)).

We begin by constructing a Bogovskii-type operator Sp for the region (2 := (A2UCH(wp))N
{|z] < 8} such that PSzf = f in Q\ Cyp(wy) for f € C=(). To achieve this, we carry
out an argument similar to the proof of Lemma 3.2.1 above. We begin with covering €2 by
finitely many regions ;,7 = 0,1,---,J star-shaped with respect to small balls B; C €;
such that By C Cy(wp) and the following joins of consecutive balls lie in €:

ch(Bj,Bjt1) ={te+(1—t)y:x € B;,y € Bj;;,t€[0,1]} CcQ, j=0,1,---,J—1

Let §j be the Bogovskii-type operator on §2; defined in Lemma 3.2.2 and x; be a partition
of unity with respect to €2;. First of all, u; = gj(xj f) solves the equation f’uj = x; [ outside
B;. Note §j is also well-defined on the star-shaped region ch(B;, Bj+1), we correct the errors
inductively:

=0, wyi=0, v =SS — Puy +wy) € CF(ch(Bjo1, By)),
wi1 = (Gf = Puj+wy) = Poj oy € C2(Bya), j=1,2--,J.
J

Once we define u := ) (u; + v;), it is easy to see Puv, = 0 and Pu = f outside UB;. For
j=0

x € By, k=1,2,---,J, we note ﬁvj(m):Oforj#k,k—landthus

ﬁu(x) = Z X;f + ﬁuk(x) + ﬁvk(x) + ﬁvk_l(:p)
J#k
= i + Pur(x) + Pu(x) + xif — Pup(e) + wi(w)
J#k
= f(#) + (X1 f — Purgr + wen)(z) = f().
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We conclude that Pu = f outside By C Cy(wy).

Next, let S.. be the conic solution operator adapted to the cone Cy(wy) so that PS, f = f
for f € C°(Cyp(wy)). Let x € C({|z| < 8}) be a cutoff function such that x(z) =1 n
A,. We then define

Soutf = Se(f=PSp(xF)+Sp(xf) : (H>")o(AUCs(wo)) — (HY > H "0 )o(A2UCh(wy)),

which obeys PS,.f = f for any f € C(As U Cyh(wy)) as desired.

Step 2. Let (hi, mi) be the initial data corresponding to (gin, ki) under the transformation
(3.2.1), and we can freely extend (h,, m,) to HS x Hi '({1 < |z| < 4}) (with control on the
norm). We then consider the following fixed point problem:

(0, 7) = Sout(N (hin + . i + 7) = Phin, mi0)).
By the Banach fixed point theorem, there exists a unique solution (h,7) € € (HY x HE™ 44U
Cy(wo)) such that [|(%, 7T)HH35 s S 1 (Rins Tin) |
solution corresponding to (hiy + h, T + 7). Since (h,7) is supported outside A;, we have
(Gins kin) = (Gin, kin) in Ay, [l
Lemma 3.5.9. Let (Gout, kour) € H® x H*Y(Asr) be a pair solving (3.1.1).

]I || (gout - 57 kout)|
Apr such that

HexH1(Ay)- Define (Gin, kin) to be the

Hex Hs—1(Ayp) 18 sufficiently small, there exists (ﬁout,%out) solving (3.1.1) on

(goutu kout) - (gouta kout) in A2R7 || (§Out - 5) %out”

Fiextto1(Ag) s [(Gout = 0, Kout) | mrexars=1(a,5)-

Proof. We may assume R = 1 by rescaling. First we may freely extend (gout, kout) to
H*({|]z| < 4}) (with control on norm). Let S;, be the Bogovskii operator on Bs as in
Lemma 3.2.2 with n € C*({|z| < 1/4}). We consider the following fixed point problem:

(h, ) = Sin (N (hin + Iy Wi + 7) — P(hin, Tin))-

By the Banach fixed point theorem, there exists a unique solution (h, ) € (H*x H*1)o(Ba).
Define (Gout, kout) to be the solution corresponding to (hout+h Tout+ ). By the support of m,

(Gout kout) solves the (3.1.1) on A1 Since Supp(h 7) C By, we have (Gout, kout) (Gout, Kout)
in AQ. ]

Proof of Theorem 3.1.7
Fix -1 < 0 < —1 and 0 € (0,%). Let Ur(AE) = {AQ € Ur : 3AE < E(AQ') <

2 '8
2AE}. Given AQ' € Ur(AE), by Proposition 3.5.7, there exists a six-bump initial data
(gzugfp Q- kzigfp ) supported in C’éG) \ B;. By Lemma 3.5.8, given any w, € S?, there

also exists (i, — 0, k:m) € H§’5 X H§_1’5+1 extending (g, — 9, ki) which is supported in
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B, U Cy(wp). By an appropriate choice of wy, we may ensure that C(S6) and Cy(wp) have
disjoint closures, so that the same holds for C’gj) \ By and Cy(wp) U By. We may thus define

(9aq — 0, kagr) = (Gin — 0, kin) + (gRe " — 8, k™™,
which extends (g, — 9, ki), belongs to H§’6 X H§71’5+1(R3) and solves (3.1.1) by the disjoint
support property. Moreover, by Lemma 3.2.6, we have
Q[(9a¢', kag); As] = Q[(ngflpr k%’f”) Ase] + Q[@m,Em); Asg]
= AQ" + Q[(gin, kin); A1] + Or (1, AE),

while

Q[(9a¢, kag); Aws] — Ql(gaqr, kagr); Ars] = AQ — AQ".
In particular, the map T : Ur(AE) — R'9) AQ" Q[(gAQ/ kaq); Asg) is bi-Lipschitz.

Next, by Lemma 3.5.9, there exists (gout,kout) on A16F extending (gout, kour)- Again by
Lemma 3.2.6,

Q[(gout7 kout) AIG] Q[(gouta kout); A32} + OF (MOAE>
By the preceding identities and the definition of AQ, we have

T(AQ) = Ql(9arcr kag); Ars] = Ql(Gouts kour); Ars] + (AQ' — AQ) + Or(1,AE).

Choosing i, even smaller depending on y;, and I'; we may apply the inverse function theorem
to ensure that the image of the bi-Lipschitz map T'(Ur) covers a ball of radius Or(u,AE)
around Q[(Gout, Eout) Ajg); here, it is important that U in Proposition 3.5.7 is larger than the
subset of R defined by (3.1.10) (3.1.18). By inverting this bi-Lipschitz map and composing
with (gaor, kAQI), we may produce an admissible family on Ajg verifying (3.1.10)—(3.1.12)

with € = Op(uo (AE)2) and K = Op(1); that (our, kou) verifies (3.1.9) is also clear. Choos-
ing €, sufficiently small, we can apply Theorem 3.1.3 and conclude the proof. n

Proof of Theorem 3.1.10

Given the two asymptotically flat solutions, we first rescale them using (3.1.3). Arguing as
in the proof of (3.4.10) in the proof of Theorem 3.1.6, we have

(B, P) (0, k5)): Ar] = r 7 (B, P)[(g0, k)i Arrg] = r (BAPM PAPM)[(g0, k)] + O(r),
(C, (g kS); Ag] = 72(C, D) (g0, kar); Arro] = O(r™2),

for OJ = wn or out, where R;, = 1 and R,,; = 32. Therefore, for sufficient large r > Ry, we
verify the conditions (3.1.15)—(3.1.18). The asymptotic flatness condition (3.1.13) implies
(3.1.19), since

H(gi(n o, kz(; M rs s 14 T (g — 0, kS 12 HexH 1 (Asg) rT < AR
for sufficiently large » > Ry. We can then apply Theorem 3.1.7 to conclude the proof. O
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Appendix A

Proof of Lemma 3.4.2

For simplicity, we omit the superscript X" below. Following [CCI11], we use the Kerr-Schild

coordinates (z°, z!, 2%, 23), with respect to which

2M7r3 ret + az? ra? — ax! x?
(gM,a)uu =Mw + mkuky, k = da° + del + de2 + 7dq;3
(A.0.1)
where r is implicitly defined by r?((z')? + (22)?) + (r? 4+ a?)(2?)? = r(r* + a?).
According to [CD03, Appendix F], there exists a map

E = RxSOT(1,3)xRxSO(3)xR?, Q= (E,P,J,C) — (M(E,P),A(E,P),a(Q), R(Q),£(Q))

such that (gg,kg) = (g](\ﬁf’/\),k](\if’m), where the right-hand side is the initial data set
induced from gy, on the hypersurface {y° = 0}, where y* = A* (R 2* + £") (i.e., rotate,
translate, then boost). In fact,

M =sgnEVE? — [PR, A=A with(=E"'P, a=MYJA'Q), ¢=-M"'CA;'Q)
(A.0.2)
where " = A(Q) is defined by the relations

Pu(Q) = AJPu(Q), Tu(@) =AM A Tu0(Q),

where (Po, Py, Jio, Jjx)(Q) = (E, Py, Cy, ¢3.J:)(Q) (cf. (3.5.11), Lemma 3.5.4 and [CDO3,
Prop. E.1]). Moreover, R is a rotation in the plane spanned by ZjJ(Ang)jaxj and 0,3
that maps the former to the latter. Note also that the Lorentz factor v of A equals (E? —
P2) B,

In what follows, we shall freely make use of the following basic facts:

7 S AR S (@8] =y TPMTHC,T), (a7 = o — €7 Sa f2| T for [2] > 10[¢].
(A.0.3)

Moreover, to simplify the exposition, we now adopt the following conventions: (1) M,a >0

(the general case is similar), (2) all bounds we state in the variables y are to be satisfied
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for |y| > Cr(M + M~(C,J)|) for some Cr = Cg(7), which may vary line by line, and
(3) unless otherwise specified, all implicit constants may depend on n and +.
We begin with
2Mr3
14 q2(23)?

2Mr3
4+ a?(x3)?

2 3
8MgM,a = ;k k aagM,a = 8{1 (

T 20k k, + kuduk,).

)mm+

Notice that [0™k,| < |z|™, so we have |2|"|0™ 0y grra| S |2| 71 Moreover, notice that

I 5 o R
% =~ rapaEp e @ - O

from which it follows that

2Mr? Ma M
@w@( r )‘< 25 2" 0™ daky| S O(lz[ 7).

|z[" S ,
rt 4+ a?(23)? |z]3  |z|?

We conclude that

Ma M

2" (10" u(grra)l S T3 + T
TP af?

Recall y* = A* (RY 2 + €"), as well as (3.5.10). Using the preceding identities, (A.0.1) and
(A.0.3), we have

gt S Myl P

n RA — n n RA —
0 0nghs ™| S 1ol Il [0 Dughiis | < Myl

ly[" |0

We may also compute!

ly|"

3WV%¢R§A)iSNﬂyF? ly[™ (0504

A n
sl s Ml

aRQM gA)‘ S Ma|y| 2

where we used the rotation invariance of the leading term of the Kerr metric for the last
bound. Moreover, for g(Rg A= , the leading term is cancelled and |y|~! improve to |y|=2 in

the above bounds. Finally, by (3.5.10) similar bounds follow for k), RgA and kj(\ﬁf’A)’Jr

From the preceding assertions, (3.4.5)—(3.4.6) immediately follow To establish the re-
maining bounds, observe also that, by (A.0.2) and the definition of R (which is locally
well-defined),

OA aR OR (C,3)| 1
8@3P)“”A4 7Aﬂl ij ~TM Ma’
d(a,§) 1
d(C, ) ST

!The exact choices of the coordinates A and R on SOT(1,3) and SO(3), respectively, are not too
important. For instance, they may be regarded as local coordinates near given A(E,P) and R(Q) obtained
by left-translation of normal coordinates near the identity in SO™(1,3) and SO(3), respectively.
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For (3.4.7), we have

n (R.E,A) (R.E,A) REA
9107082l S | st | 1017100098V + s w10 0l |

n (R,E,AN) (R,&,N) 1) n REA
+ |58z Yl |a< Dugiis™ |+|a< lyM0™0rgy e | + | 5egss 1wl 0 >afg< el
Syl 1+M "Myt + S ‘M|y|‘2+'aM2 aMIyI 2 <yl

and we have a similar bound for k](\if’A). The proof of (3.4.8) is similar. For (3.4.9), we have

lyl"0"™ dc 396" |
n &A REA REA
S a5 M0 dughs ™| + | 5225yl 0™ drghr s ™ | + | |ly1™10™ deghe ™|
SM My~ + (Ma) 'Maly|~ 2+M "Myl 2Slyl 2

and we have a similar bound for kﬁf’“. O
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Chapter 4

Integral Formulas for
Under /Overdetermined Differential
Operators

4.1 Introduction

Underdetermined partial differential operators P resembling the divergence operator appear
naturally in various fields of physics and geometry. Take, for instance, the Gauss law in elec-
tromagnetism, the divergence-free condition for incompressible fluids, the linearized scalar
curvature operator in Riemannian geometry, the constraint equations in general relativity
and gauge theories, and so on. The duals P* of such underdetermined operators, which are
overdetermined, also play a significant role. Examples include the gradient operator (dual
to divergence), the Hessian operator (dual to linearized scalar curvature, up to lower order
terms), the Killing operator (symmetric part of the covariant gradient of a vector field, dual
to divergence of symmetric 2-tensor), the conformal Killing operator (trace-free symmetric
part of the covariant gradient of a vector field, dual to divergence of trace-free symmetric
2-tensor), and many others.

In this chapter, we describe a new versatile method for obtaining solution operators
(i.e., right-inverses up to a finite rank operator) for such underdetermined operators P and,
by duality, representation formulas (i.e., left-inverses up to a finite rank operator) for such
overdetermined operators P*. The method is based on a direct derivation of integral formulas
(i.e., Green’s functions) for these operators based on a property we dub recovery on curves
(see (RC) below). The operators we construct are regularizing of optimal order (i.e., they
gain m derivatives, where m is the order of P) and, more interestingly, their integral kernels
have prescribed support properties. This latter feature means that the support of the solutions
can be prescribed, provided the data satisfy appropriate assumptions.

Furthermore, we demonstrate that our method is applicable (even in variable coefficient
situations) as soon as a simple algebraic condition on the principal symbol p(x,&) of the
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operator P is satisfied:
(FC) p(x,€) is full rank for all z € U and £ € C?\ {0}.

At a glance, (FC) is a (strict) strengthening of the familiar notion of ellipticity, which is the
same condition but only for real covectors & € R?\ {0}. At a deeper level, it is a suitable
variable-coefficient generalization of the condition that the formal cokernel of P on U,

ker P*(U) ={Z € C*(U) : P*Z=01in D'(U)}, (4.1.1)

is finite dimensional (which is implied by (RC); see Theorem 4.1.2). In fact, the three con-
ditions (FC), (RC), and dimker P* < 400 are equivalent if each row of p* is a homogeneous
vector-valued polynomial (see Theorem 4.1.11). For this reason, our new condition is dubbed
the finite-dimensional cokernel condition (FC). All operators mentioned above (and more)
satisfy (FC), as the short proof of Theorem 4.1.14 below shows (see also Appendix B).

Our results provide a fresh approach to solving a wide range of linear and nonlinear
problems with operators that satisfy (FC) (and hence (RC)): we may now design integral
operators tailored to each unique problem. We give the following applications of this strategy:

e Linear problems: general solvability results for operators P satisfying (FC) under
optimal (up to endpoints) assumptions on the regularity and decay properties of the
coefficients; and

e Nonlinear problems: new sharp results concerning the flexibility of general relativistic
initial data sets (on a compact or asymptotically flat background), such as localization,
gluing, extension, and parametrization, with or without the constant mean curvature
(gauge) condition.

As an example, see Section 4.1 below for the precise statement of our sharp solvability result
on bounded Lipschitz domains for P with rough coefficients from [Ise+25b]. For applications
to general relativistic initial data sets, we refer to [MOT25]. We expect this approach to
have numerous additional applications.

We are primarily motivated by the investigation of the flexibility of solutions to un-
derdetermined linear and nonlinear PDEs arising in physics and geometry. Our approach
generalizes classical work on the divergence operator by Bogovskii [Bog79] (which may be
more familiar in fluid dynamics than general relativity) and clarifies explicit integral solution
formulas found in recent studies of Yang-Mills initial data sets [OT19], convex integration
in fluid dynamics [IO16], and asymptotically flat general relativistic initial data sets [MT22;
MOT23]| (see also Chapter 2 and Chapter 3).

By duality, the flexibility of underdetermined PDEs corresponds to the rigidity of solu-
tions to overdetermined PDEs. In this way, our work also connects to classical investigations
of rigidity, notably Reshetnyak’s integral representations for solutions of certain overdeter-
mined linear differential operators (e.g., the Killing and conformal Killing operators) arising
in geometric rigidity problems [Res83]; see Remark 4.1.13 for more discussion. Our method
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also provides a unified proof of Poincaré- or Friedrich-type (or rigidity) inequalities, includ-
ing Korn’s inequality [Kor09; KO89], for various overdetermined operators on a broad class
of backgrounds, thereby bringing together previously disparate proofs (see Remark 4.1.17).

Summary of the main results
Explicit integral formulas for the divergence operator

Before we describe our results, we first exhibit known explicit integral formulas for solving
the prescribed divergence equation divu = f on R, which are the main inspiration for our
work.

In [Bog79], Bogovskii wrote down a remarkable explicit integral formula for a compactly
supported solution to divu = f, where f is a given scalar function with compact support
and integral zero. Concretely, it takes the form

/ (W) dy, Ky (z,y) = @ vy (/|oo m(rp= +y)r' dr) for x # y,

|£L’ - y| z—y|
(4.1.2)
where 7, € C°(R?) with [p.71(y)dy = 1. This integral formula turns out to satisfy the
following properties:

1. (Green’s function) We have div u(z) — (Jga f(y) dy) mi(z) for all f € C(R?);
2. (Prescribed support) suppu € Uyesupp f, y: esuppn: (line segment from y to y1);

3. (Optimal regularization) K, (z,y) is a locally integrable function such that 0,, K, (x, )
is a Calderén-Zygmund integral kernel (and hence f +— 0;ju is bounded on L* for any
1 <p<+00).

In view of (2), u is indeed compactly supported if f is, and we may manipulate its support
property by varying ;. The presence of an extra term involving [ fdy in (1) is natural in
view of the following necessary condition for the existence of a compactly supported solution
u (via the divergence theorem): [ fdy = [divudy = limp_ faB uw-vdS = 0. More
abstractly, it is a manifestation of the fact that the formal cokemel of div (which is the
pre-annihilator of the image of compactly supported distributions under div), or simply the
space of C*(R?) functions with zero gradient, consists of constant functions.

In [OT19], another explicit integral formula for a solution to divu = f was written down,
where f is a given scalar function with compact support (but not necessarily integral zero):

u() = Rdwx,y)f(y)d% (Ryey) = D) sty (413

where gf € C*°(S"") with [, , f(w) dS(w) = 1. The following properties hold:
1. (Green’s function) We have divu(x) = f(z) for all f € C=(R%);
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2. (Prescribed support) supp u € Uyesupp f,wesuppyp(ray from y in the direction w);

3. (Optimal regularization) Ky(z,y) is a locally integrable function such that 0, Ky(x, y)
is a Calderén-Zygmund integral kernel.

By (2), u is supported in the union of cones over suppy C S4-1: for this reason, we call
the operator f +— w in (4.1.3) a conic solution operator. In this case, u directly solves
divu = f since it is allowed to have a non-compact support. Indeed, by [ fdy = [divudy =
liminfr e [, oy UV dS, it necessarily has a non-compact support if [ fdy # 0. Abstractly,
this is a manifestation of the fact that the cokernel of div in C2°(R?) (which is the pre-
annihilator of the image of distributions under div), or simply the space of C°(R?) functions
with zero gradient, is trivial.

Thanks to their simplicity and flexibility, these explicit integral formulas have proven
useful in many applications: Bogovskii’s operator has been extensively used in fluid dynamics
(see §4.1 for further discussions), and [OT19] used the conic operator to manipulate initial
data sets for the Yang—Mills equation. See also Chapter 2 and Chapter 3, in which these
ideas were applied to the study of initial data sets in general relativity.

The results of this chapter generalize such integral formulas to a large class of underdeter-
mined differential operators (and simultaneously, their adjoints to overdetermined differential
operators) arising from geometry and physics. In the remainder of this subsection, we ex-
plain each component of our approach in more detail. For a systematic derivation of (4.1.2)
and (4.1.3) from our viewpoint, as well as a justification of the properties stated above, we
refer the reader already to Section 4.3 below.

Integral solution and representation formulas from (RC)

Let P be an 79 X so-matrix-valued differential operator on an open subset U C R? where
o < 80. For simplicity, assume for now that P has C>(U) coefficients (for the case of rough
coefficients, see Theorem 4.1.15). We first introduce (in a simplified form) the recovery on
curves condition for P, which plays a basic role in this chapter. For a curve x : [0, 1] — R,

it says (roughly speaking):

(RC) Given any ¢ € C°(U), there exists a linear way to continuously recover ¢(x(0)) from
(the jet of) P*¢ on x and (the jet of) ¢ at x(1).

Note that (RC) obviously holds on any curve for the divergence operator Pu = d;u’, in the
sense that P*¢ = —dyp (gradient operator) and thus ¢(x(0)) = fol(—dgp)(k(t)) dt + o(x(1)).
For the precise version of this condition, see Sections 4.5 and 4.5 below.

Simply speaking, our first set of results says that (RC) is all we need to construct in-
tegral formulas analogous to (4.1.2) and (4.1.3) solving Pu = f. More specifically, but
still informally, (RC) implies the existence of a solution operator (i.e., right-inverse) for P
that is regularizing of optimal order such that, for every y, its integral kernel K(z,y) is
supported (in the z-variable) in a union of curves emanating from y that can be prescribed
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in the sense we will explain below. By duality, (RC) also implies the existence of integral
representation formulas (i.e., left-inverse) for P* with analogous properties, which in turn
imply Poincaré-type inequalities that control u in terms of P*u under suitable additional
conditions.

We now formulate the results more precisely. We employ the fractional Sobolev spaces
WeP(U) and W*P(U) on domains, which are precisely defined in Section 4.2. Here, we
simply point out that when s is a nonnegative integer and 1 < p < 400, WP(U) agrees
with the usual definition (see, e.g., [Eval0]) and W*P(U) = WZP(U), the closure of C>(U)
in W#P(U). For any open subset U C R? s € R, and p € (1,00), the following duality
relations hold (for details, see Lemma 4.2.1):

/

WP (U) = (WP (U))7, W (U) = (W (U))",

where the isomorphisms (denoted by =) are induced by the unique pairing W= (U) x
Wsr(U) = R, (f,g) — (f,g) that coincides with Jy Re(fg)dz for (f,g) € C**(U) x C(U).

For each K € {1,...,s0}, we write mg for the order of the operator ¢ — (P*¢)g
Furthermore, consider a family of curves x(y,v1,s) (s € [0,1]), where y and y; denote the
two endpoints at s = 0 and s = 1, respectively. We assume that x(y, y1, $) is admissible in the
sense that it behaves like (or coincides with) straight line segments x(y, y1, ) = y+s(y1 — y)
when y and y; are close (in fact, the precise conditions for admissibility consist of (x-1)—(x-2)
in Section 4.5, and (x-3) in Section 4.6).

Theorem 4.1.1 (Conic-type solution operators, representation formulas, and Poincaré-type
inequalities,[Ise+25a]). Let U be an open subset of RY. Let P satisfy (RC) for an admissible
family of curves x = x(y, y1,5) for all y in a neighborhood of U and y, € U, for some open
subset Uy of RY (see Section /.5 for the precise formulation). Assume, moreover, that the
curves are nontrapped in U (i.e., the curve eventually exits U ) in the sense that

Uunu, =0.
Then the following holds.

1. Cokernel in W‘SJ"(U). For any 1 < p < 400 and s € R, define the cokernel in
W= (U) to be:

kergy .y P* = {Z € W (U) : P*Z =0 in D'(U)}, (4.1.4)

where U is an open subset of R? such that U C U and the coefficients of P* are
extended in a smooth way to U (since Z € W' (U), this definition is independent of
these choices). Under the assumptions of this theorem, we have

kerg_.qry P* = {0}.
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2. Integral solution formula. There exists a locally integrable integral kernel K :
U x U — C**7 with the support property

supp K (y) C | x(y,1,[0,1])  for everyy € U,
y1€U1

such that the integral operator S f(x) = [, K(x,y)f(y) dy for f € C*(U;C*) satisfies
PSf=f forall feCrU;C™),

Moreover, for any 1 < p < 4+o00 and s € R, S extends to a bounded operator from
We2(U; C™) to WsTMP(U) x -+ x W0 ().

3. Integral representation formula & Friedrich-type inequality. Dually, we have
=8P p forall p € C(U;C™).

Foranyl < p < 400 and s € R, §* extends to a bounded operator from W’s’ml’p/(U) X
oo x WsTmso ' (U) to W% (U; C™). Moreover, the following Friedrich-type inequal-
ity holds:

HSOHW*S»P’(U;CT()) < ||P*s0||wfsfm1,p’(U)xn-xW*s*msovp’(U) for all o € WP (U;C™).

Theorem 4.1.2 (Bogovskii-type solution operators, representation formulas, and Poincaré-type
inequalities,[Ise+25a]). Let U be a connected bounded open subset of RY. Let P satisfy (RC)
for an admissible family of curves x = x(y,y1,s) (see Section /.5 for the precise formula-
tion). Assume that U is X-star-shaped with respect to Uy, where Uy is an open subset of U
such that Uy C U, in the sense that

U xun01)cT (4.1.5)

yeU,y1€U1
Then the following holds.

1. Cokernel in WP (U). For any 1 < p < 4+oc0 and s € R, define the cokernel in
W= (U) to be:

kery, oy P*i={2Z € WP (U) : P*Z =0 in D'(U)}. (4.1.6)
We have the invariance property
kery, .y g7y P* = ker P,
and the finite-dimensional property

dimker P*(U) < +o0. (4.1.7)
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where ker P* is the formal cokernel of P defined in (4.1.1). Moreover, for any open
subset V- C U, the restriction of ker P* to V', i.e.,

ker P*|y == {Z|y : Z € ker P*}
has the same dimension as ker P*.

2. Integral solution formula under orthogonality conditions. Consider a family
wa(z) € CX(U;C0) (A € {1,...,dimker P*}) satisfying (wa,Z2) = 68" for some
basis {Z*'} of ker P*. Then there exists a locally integrable integral kernel K:UxU —
C#oxro ith the support property

supp K(-,9) € | x(v,1,[0,1]) ST for every y € U,

y1€U1

(where the last mclusion follows simply from (4.1.5)) such that the integral operator
= [, K y)dy for f € C*(U;C*) satisfies

PSf=f— > wa(Z™, ) for all f € C(U;C).

Ae{l,...,dimker P*}

Moreover, for any 1 < p < +o00 and s € R, S extends to a bounded operator from
WSP(U C") to W5+m1(U) X o X Ws+m90(U)

3. Integral representation formula & Poincaré-type inequality under orthogo-
nality conditions. Dually, we have

0 =8P+ Z Z2(wa, ) for all p € C=(U;C™).

Ae{l,...dimker P*}

Furthermore, for any 1 < p < 400 and s € R, S* defines a bounded operator from
W=s=mp(U) x -« x Ws=ms0 ' (U) to WP (U; C™), and the following Poincaré-type
inequality holds:

HQO - Z ZA<wA7 §0> ||W—S’P'(U;(CT0) 5 ||7D*§0HWfsfmlyp’(U)X‘..XW—S—msoJ"(U)
A

for all o € W=*¥ (U;C™).

In Section 4.3 below, we give a more detailed description of the structure of the integral
kernels K (x,y) and K(z,y), and summarize the proofs of Theorems 4.1.1 and 4.1.2.

Remark 4.1.3 (On the regularity of U). The reader may find it amusing that neither the-
orem requires any regularity assumptions on the boundary of U. For Theorem 4.1.1, the
nontrapping assumption is crucial. For Theorem 4.1.2, the x-star-shaped assumption in fact
embodies some notion of regularity of QU. For instance, if x is the straight line segment
x(y,y1,8) =y + s(y1 — y), then this assumption implies the uniform cone condition for U,
which in turn implies that OU is Lipschitz [Grill, Section 1.2]. See also Theorem 4.1.15 for
a result that applies to Lipschitz domains rather than those with (4.1.5).
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Tools for verifying (RC): Graded augmented system and (FC)

Our second set of results provides tools for verifying (RC) for a variety of under/overdetermined
partial differential operators.

Our basic device is the notion of a (graded) augmented system, which generalizes a basic
procedure for verifying (RC) for the divergence operator on R?; see Section 4.3 and Re-
mark 4.3.6 below. It is also a generalization of the procedure used by Retshenyak [Res83]
to construct integral representation formulas for some overdetermined linear operators (see
Remark 4.1.13). Its precise formulation requires us to introduce some conventions and def-
initions. In what follows, we adopt the following index notation (which is consistent with
Section 4.2):

e J € {1,...,19} (and its variants such as J’, etc.): index for components of ¢ =
(QOJ)JZI ..... 0
e K € {1,...,s0} (and its variants such as K’, etc.): index for components of P*¢ =

e A € A (and its variants such as A’ etc.): index for components of the augmented
variables (®a)aca (to be defined below).

As usual, we adopt the convention of summing up repeated upper and lower indices, unless
otherwise stated. We also make the provision that a multi-index v in 07 is considered
a lower index (hence, 707 =} c70").

Definition 4.1.4 (Graded augmented system). Let P be an ¢ x sp-matrix-valued differential
operator on an open subset U C R? with my denoting the order of (P*p)k for each
K € {1,...,5}. Given m}j € Zs, for each K € {1,...,s0} and an C"-valued function

,,,,,

following properties:

(®-1) (Pa) is an augmentation of (¢;). The index set A contains {1,...,7¢}; moreover,
(I)]:@] for J € {1,...,7”0} QA

(®-2) (¢s) — (®a) is a differential operator. There exist functions c[®](*”) on U, where
a is a multi-index and J € {1,...,rg}, such that

DA (y) = c[@a]“(y)0%0s(y),
forall A€ Aandy € U.

(®-3) @ and P*p solve a first-order PDE (augmented PDE system). There exist
matrix-valued 1-forms (B;),A" and (C;) A(%K)
K e {1,...,s0}, such that

0i®a(y) = (B)a™ (v)Par(y) + (Cz’)A(%K)(y)@”(P*go)K(y), (4.1.8)

on U, where v is a multi-index and
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for all A € A, i€ {l,...,d} and y € U. Furthermore,
(C)A™™ =0 if |y] > m.

(®-4) Graded structure. Define the degree da of @5 by
da = —max{|a| : c[®a]>7) # 0 for some J}.
In particular, ¢; has degree 0, i.e., dy =0 for J € {1,...,7r9}. We assume that:

e Graded structure for the augmented system.

(Bi)AY =0 if da > dar + 1,
(Ci)A(%K) =0 if dA > —Mg — |’)/| + 1.

We write Ny := max{|da|}aca + 1 for the maximal degree' that occurs in (4.1.8).
We call a collection (A, (®a)aca, (Bi)a®, (Ci)A(%K)) satisfying (®-1)—(P-4) a (graded)
augmented system for P.

Remark 4.1.5 (Graded structure). The degree da is (minus) the number of derivatives falling
on ¢ in ®,. The graded structure for B; is the natural requirement that, in the equation
for one derivative of @5 = c[®A](*7)9%p;, we do not see derivatives of ¢ that are two orders
higher. The graded structure for C; is an analogous requirement, where we assign degree
—mg — 7] to (P p)k

Given a graded augmented system (P )acu, (P-3) implies that each ® 4 satisfies an ODE
on each curve x(y, y1, ) of the following form:

% (@a o) =% (B)yY 0x) (Ba 03) + % (G, 0x) (7 (P')x o). (4.L9)

where x(y,y1,s) = 0sx(y,y1,s). In particular, by Duhamel’s principle (or variation of con-
stants), we may express ¢ at y = x(y, y1,0) as follows:

o) = = [ AW (€07 0%) (0P )i o) (.5 s

+0)TLA(0, 1) @A (1),

(4.1.10)

where )T, (s, ) is the fundamental matrix for & —x’(B,ox). This formula immediately
implies (RC); it also gives a representation of any element Z € ker P* (i.e., P*Z = 0) in
terms of the values of &, at a point. In fact, we have the following result.

'Here, +1 accounts for the derivative d; on the LHS of (4.1.8).
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Proposition 4.1.6. Assume that P possesses a graded augmented system (Pa)aca, and
that B; and C; and their derivatives are uniformly bounded on U. Then P satisfies (RC) for
any admissible family of curves x; more precisely, Theorems 4.1.1 and 4.1.2 are applicable.
Moreover, for every Z € ker P* and y; € U, we have

Z;(z) = o) IT A0, 1) P4 (1), (4.1.11)
In particular, dimker P* < #.A.

For the precise formulation and proof, see Section 4.6, in particular, Proposition 4.6.6
and Remark 4.6.5.

In view of the bound dim P* < #WA, it is of interest to ask when equality holds. The
following result answers this question under reasonable assumptions:

Proposition 4.1.7. Let U be a simply connected open subset of R?. Assume that P possesses
a graded augmented system (Pa)aca, and that B; and C; and their derivatives are uniformly
bounded on U. Then dimker P* = #A if and only if the following condition (called the zero
curvature condition) holds for allx € U, i,j =1,...,d, and A, A" € A:

(0:(B)A™ = ;B + (B By — (B)AY (B ) (1) =0, (41.12)

For a proof, see Section 4.6, where we give a geometric interpretation of (4.1.12) in terms
the curvature of a connection on a vector bundle, a viewpoint that is of interest on its own.
This motivates the following:

Definition 4.1.8 (Completely integrable augmented systems). We say that an augmented
system is complete integrable if the zero curvature condition (4.1.12) is satisfied for all x € U,
i,j=1,...,d,and A, A’ € A.

For examples of completely integrable augmented systems, we refer to Appendix B, as
well as Reshetnyak [Res83; Res94] (see also Remark 4.1.13).

Complete integrability, or more precisely #.4 = dim ker P*, leads to a simplification of the
derivation of integral solution and representation formulas; see Remark 4.3.3, Remark 4.3.4,
and Theorem 4.5.15 below. However, it is not necessary for the validity of Theorems 4.1.1 and
4.1.2. In fact, to handle a larger class of operators P, it turns out to be useful to consider
the other extreme case, namely, graded augmented systems with the maximal number of
augmented variables with a given maximal degree Nj.

Definition 4.1.9 (Maximal graded augmented system). Given an integer Ny > maxy mg,
a graded augmented system with augmented variables (Pa)aca = (0%¢©.1)(a,7):1<I<r0, |a|<No—1
consisting of all partial derivatives of ¢ up to order Ng — 1 (ie., A = {(a,J) : 1 < J <
o, |a| < No — 1}) is called a mazimal graded augmented system.
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A useful property of a maximal graded augmented system is that it is stable under lower
order perturbations, i.e., the same variables constitute a graded augmented system for P as
long as ((P —P)*¢)k is of order less than mg. Observe that such a stability property is not
evident for (RC), nor for completely integrable augmented systems.

We are now ready to formulate an algebraic sufficient condition for (RC) in terms of
the principal symbol p*(z, &) of P*, which greatly facilitates the applicability of our theory
(see, for instance, Theorem 4.1.14 below). To formulate this result, we begin with a suitable
definition of the principal symbol of the matrix-valued operator P*:

Definition 4.1.10. Let U be an open subset of R?, and let P be an ry x so-matrix-valued
differential operator on U. Suppose that P and its adjoint P* can be written out in the
form?

(Pu)’(z) =D e[PI“" (@)deu(z),  (P'o)x(@) =D [P ()0 ¢(x).
We define the principal parts of P and P*, respectively, to be
(Port)” (@) = Y [PV e(@)02u (x),  (Poam@)x(@) = D> [P ()00 (),
a:|lal=mg lo]=mx

where we recall that my is the order of the operator ¢ — (P*¢)k. Accordingly, we define
the principal symbols p(z, &) and p*(x,&) of P and P*, respectively, to be

P = >0 PIp@)iver, 0@ = D0 P )il
alal=mg a:la|l=mg
In terms of this definition, we formulate the following algebraic condition:

(FC) For all z € U and ¢ € C4\ {0}, p*(z,&) is injective (or equivalently, p*(z,&) is full
rank, or p(z,§) is surjective, or p(x,§) is full rank).

Observe that (FC) is stronger than over/underdetermined ellipticity, which would be the
same condition but only for £ € R?\ {0}. Our key result is:

Theorem 4.1.11 ([Ise+25a]). Let U be a connected open subset of R, and let P be an
ro X So-matriz-valued differential operator on U with smooth coefficients.

1. Condition (F'C) implies the existence of a mazximal graded augmented system (Pa)aca-
Hence, (FC) implies (RC) for any admissible family of curves, and Theorems J.1.1-

4.1.2 apply.

2. If p* is independent of x (i.e., Ppun has constant coefficients), then the following are
equivalent:

2Note that ¢[P*] " (z) = (=1)l*lc[P]
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a) p* satisfies (FC),

b) any ro X so-matriz-valued differential operator P on U with principal symbol p*
satisfies (RC) for any admissible family of curves, and

c) the formal cokernel of Ppyn (i-e., ker Pl ={Z € C*(U) : P

prin prin
s finite dimensional.

Z =0 inD'(U)})

In light of Theorem 4.1.11.(2), we refer to (FC) as the finite-dimensional cokernel con-
dition. In order for (FC) to hold, we necessarily have o < so.

A key ingredient in our proof of Theorem 4.1.11 is a basic result in algebraic geometry
— namely, Hilbert’s Nullstellensatz (Proposition 4.7.1) — which we use to construct a max-
imal graded augmented system with a sufficiently high maximal degree N, for an operator
satisfying the algebraic condition (FC). We refer to Section 4.7 for a proof of Theorem 4.1.11.

Remark 4.1.12 (Further generalization). Our setup assumes that each component of (¢5)jeq1,.
(or equivalently, (f”)seq1,..r}) has the same degree (see, in particular, (9-4)); accordingly,
we look at (P*p)k for each K € {1,...,79} to define the order mg. This setup is sufficient
for our applications in Theorem 4.1.14 and Appendix B. Nevertheless, we note that it is
possible to develop the theory under the assumption that ¢; have different degrees (i.e., d;
are not all equal). In this case, one needs to introduce my’ € Zs in place of my and alter
Definition 4.1.10 and (®-4). We will not pursue this more generalized setup in more detail.

Remark 4.1.13 (Comparison with Reshetnyak’s approach). The ideas presented in this part
owes much to the work of Reshetnyak [Res83; Res94]. In our terminology, Reshetnyak
introduced completely integrable graded augmented systems for certain overdetermined op-
erators P* (including the Killing and conformal Killing operators on Euclidean space), and
utilized them to derive integral representation formulas involving P* based on line segments
x(y,y1,8) =y + s(y1 — y). Of this procedure, Retshenyak [Res94, p. 27] remarks: “The
general scheme of constructing such representations is apparently beyond formalisation.”

Among others, the most important departure of our approach from that of Reshetnyak
is the relaxation of Reshetnyak’s completely integrable system to Definition 4.1.4, and then
furthermore considering maximal systems with a possibly large Ny. This idea plays a cru-
cial role in our proof of Theorem 4.1.11, which in turn is key to the wide applicability of
our method. Indeed, while the question of which P* admits completely integrable graded
augmented systems seems difficult to answer in general, our result implies that, at least for
homogeneous constant-coefficient P* (which includes all examples considered in [Res83]),
the existence of a maximal graded augmented system is equivalent to the algebraic condition
(FC).

Applications I: examples of P

With the help of (FC), one may easily check that our method applies to a variety of oper-
ators that arise naturally from physics and geometry, as well as their lower-order variable-
coefficient perturbations (which include their covariant versions on Riemannian manifolds;

T}
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see Appendix B). For the next theorem, we adopt the following conventions: on an open
subset U of R we use g;; to refer to a metric (i.e., positive definite symmetric 2-tensor);
(g7')/* its inverse; ¢ a real-valued function; u/ a vector field; w; a one-form, h'* and w/*
symmetric 2-tensors; and hi* and 7/ symmetric 2-tensors that are trace-free (with respect
to g).

Theorem 4.1.14 ([Ise+25a]). Matriz-valued differential operators P on U with smooth co-
efficients that have the following principal parts satisfy (FC):

1. Divergence & (adjoint) gradient operator, d > 1.
Pprint = 00w’ or equivalently Pl ¢ = —0;¢,
in which case (p*); = —i&;.

2. Double divergence (or linearized scalar curvature) & (adjoint) Hessian op-
erator, d > 1.

Pprintt = 8»8khjk or equivalently — Pp .0 = 0;0kp,
in which case (p*);, = —&;&k-

3. Trace-free double divergence & (adjoint) trace-free Hessian operator, d > 2.

~ ~. 1
Pprinh = ajgkh]k or equwalently P;rin(‘p = a]akgp - ;lg]k(x) (gil)em(l.)aeamgpa

in which case (p*)jk = —&;& + égjk(:v)(g_l)em(x)&ém.
4. Symmetric divergence & (adjoint) Killing operator, d > 1.
) 1
(Pprinh); = o:h7*  or equivalently (Prin@) ik = —§(€9jwk + Opw)),
in which case (p*) ;.- = —5(&;0} + &r0%).

5. Symmetric trace-free divergence & (adjoint) conformal Killing operator,
d> 3.

~ ~. 1 1
(Pprinh); = oh?*  or equivalently (Phuinw)jk = —5(ajWk+8ij>+agjk(g_1)€magwm7

in which case (p"‘)],c = —%(5](54 + fk(Se) dgjk(x)(g_l)fm(x)ﬁm.
6. Linearized Einstein vacuum constraint & (adjoint) Killing Initial Data op-

erator, d > 1.

prin

) .y 1
Pporin(h, ) = (8j8khjk, Ok ) or equivalently P (o, w) = (—3j3k90, —5(3j/wk/ + 3k/wj/)>

in which case p* is 2 X 2-block-diagonal with the principal symbols of the Hessian and
Killing operators as blocks.
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7. Linearized Einstein vacuum constraint operator with constant mean curva-
ture, d > 3. '
Porin(h, 7) = (0,0,07", 977",
in which case p* is 2 X 2-block-diagonal with the principal symbols of the Hessian and
conformal Killing operators as blocks.

The proof of this theorem, which we immediately provide, consists of short algebraic
computations.

Proof. For (1), it is clear that, for each £ € C?\ {0}, (p*);(£)p = & = 0 implies ¢ = 0;
similarly for (2).

To prove (3), fix € U and assume (by passing to the normal coordinates) that g (z)g;x(z) =
6§ 5. For each € € C?\ {0}, we need to show that if ¢ € R satisfies

(P")jr(x, )p = (—fjfk + é§g§m5£m5jk> =0 forall jke{l,... d},

then ¢ = 0. In view of (2), it suffices to show that &&,,0""¢ = > ,&2¢ = 0. For each j, we
have

§Y Go=Eo+ > L& =¢ <—(P*)jj($7§)¢ + % 25390) + 3 & (=)@, 9)e)
‘ ¢

0] 0]
1 2
= Egj ; 2
which implies >,&7p =0 as long as d > 1. .
For (4), we need to show that if w € T*M (identified with RY) and £ € C?\ {0} satisfies

(") (E)we = —= (Ejwn + &uw;) =0 for all j,k € {1,...,d},

i
2
then w, = 0 for all £ € {1,...,d}. Note that the previous condition implies ;wy = —&xwy,
and in particular, {;w; = 0 for any j,k € {1,...,d}. Thus, for any j,k € {1,...,d}, we have

Gwp = —&&w; = &éjw; =0,

which implies wp = 0 as desired.

The proof of (5) requires a bit more computation compared to the previous cases. Fix
x € U and assume (by passing to the normal coordinates) that g™ (z)g;r(x) = 6. Fix
¢ € C*\ {0}, and assume that w € T M (identified with an element in R?) satisfies

(p*)j,f(x, §)wg = —§(£jwk + fkw]') + 35£m£mw€(5jk =0 for all 7, ke {1, . ,d}
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We need to show that wy, = 0 for all £. In view of (4), it suffices to show that w = ﬁéﬁmgmwg =
Cllzé &we = 0. The above condition implies

Ejwp = —&pwj +2wdy,  for any 5.k e {1,...,d}.

and in particular, {;w; = w for any j € {1,...,d}. We first compute &w (for any J €

(1,....d}):
1 1 1 1 2
§jw = Efjfjwj +3 Z §e(§jwe) = 8£jw 1y Z §ewjs

L:A+] C:l#£]
which shows that {;w = — 25 >, & w;. Multiplying by &;, we arrive at

1
Gw = 71 Z Gw.

L:0+#]

On the one hand, by summing up in j, we conclude that >_,&fw = 0. On the other hand,
using Y., Gw = —§fw, we arrive at fw = & w, which implies &w = 0 for any
je{l,...,d}, since d > 2. Thus w = 0.

Finally, (6) follows from combining (2) and (4); similarly, (7) follows from (2) and (5). O

By Theorem 4.1.11, a maximal graded augmented system exists for each example, (RC)
thus holds, and Theorems 4.1.1 and 4.1.2 are applicable. Alternatively, in Appendix B, each
example is revisited with a more geometric viewpoint, and we provide a special graded aug-
mented system that is (i) stable under the addition of lower order terms, and (ii) completely
integrable on backgrounds with constant sectional curvature. Using this augmented system,
we also compute explicitly the Bogovskii and conic integral kernels on the flat space, which
also recovers the known results from [I016; MT22; MOT23; Res83].

While the results in Appendix B are of independent interest — which is why we have
worked them out — we point out the contrast between the simplicity of the proof of Theo-
rem 4.1.14 versus the case-by-case ingenuity required in the direct derivation of the special
graded augmented systems in Appendix B.

Applications II: sharp solvability results (from [Ise+25b])

Next, we discuss an application of our method to the study of differential operators satisfying
(FC) under optimal (up to endpoints) assumptions on the coefficients. Our overall approach
is to:

1. first use our method to design appropriate integral formulas for P that have constant
coefficients, are homogeneous (i.e., P = Ppyp in the sense of Definition 4.1.10); and

2. handle the general case via local perturbation (or freezing-coefficients) techniques.
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We restrict our attention to L2-based Sobolev spaces, but extensions to other function spaces
that behave well under singular integral operators (e.g., Holder or LP-based Sobolev spaces
with 1 < p < +00) should be possible. The main result in the bounded domain case in
[Ise+25b] is as follows (we refer again to Section 4.2 for our notation and conventions con-
cerning function spaces, and to (4.1.4) and (4.1.6) for the precise definitions of kerg_, ;; P*
and ker g -5y P*, respectively):

Theorem 4.1.15 (Solvability on a bounded Lipschitz domain,[Ise425b]). Fiz an exponent
spo such that spgy > % and spo > %maxK mg. Let U be a bounded open subset of R? with a
Lipschitz boundary, i.e., OU is compact and can be covered by finite balls, in each of which
OU can be written as the graph of a Lipschitz function after suitably relabeling and rotating
the coordinate azes. Let P be a differential operator on U satisfying (FC) and, for some
sp > spy, assume that

C[P](Q’J)K(x) € Her~(mx=loD(1r) for all |o] < mg.
Then the following statements hold:

1. (Cokernel in H=*(U)) For every s satisfying —sp < s < sp — maxg mpg, we have the
finite-dimensional property

dim kerg—s ) P* < +00,
and the invariance property
kery—s) P* = kergsp ) P,
Moreover, for any open subset V- C U, the restriction of kergsp @ P* to 'V, i.e.,
ker gsp () P*|v == {Z|v : Z € kergsp @) P*}
has the same dimension as kerysp ) P*.

2. (Solution operators € representation formulas associated with cokernel in H—*(U))
Given sy > —sp, consider a family wa(x) € H*(U) (A € {1,...,dimkergsp @) P*})
satisfying (wa, ZA) = 64" for some basis {Z*'} of kergsp ) P*. Then there exists an

operator S : C2°(U;C™) — D'(U; C*) independent of sp such that, for s satisfying
—sp < s<sp— Maxme, s < s1, (4.1.13)
we have S : H¥(U) — H™(U) x --- x H**™0(U) and

PSf=f— Y. wa(Z™f) forallfeH),

Ae{l,...dimker P*}
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and by duality,

e g*P*SO * Z ZA<U)A7 ©) forall p € H*(U).
Ae{l,...,dimker P*}

In particular, the following Poincaré-type inequality holds:

lp — ZZA<U}A,S@>”H*S(U) S HP*(:OHH—S—"H(U)><~~-><H’S’m50 w) Jorallye H™*(U).
A

3. (Cokernel in ﬁ_s(U)) For every s satisfying —sp < s < sp — maxg mg, we have

4. (Solution operators € representation formulas associated with cokernel in H=*(U))
There exists an operator® S : C=(U;C™) — D'(U;C*) independent of sp such that,
for s satisfying

—sp <5< sp— Max mp, (4.1.14)

we have S : H¥(U) — H*™™(U) x - -+ x H* ™0 (U) and
PSf=f forall feHU),

and by duality, B
o =8"Pp forallpe H*U).

In particular, the following Friedrich-type inequality holds:
ol g-wy S NPl g=s—mi yx.xi—s—mso @y Jor all o € H*(U).

Remark 4.1.16 (Comparison with elliptic operators). Theorem 4.1.15 — especially Parts (1)
and (2) — is analogous to the standard solvability result for the Dirichlet boundary value
problem (BVP) for an elliptic equation P = f on a bounded domain (see, e.g., [Eval0,
Chapter 6]). However, some interesting differences stand out:

1. Given f € C*(U), the solution Sf in Part (2) vanishes to all possible orders at the
boundary, while the solution to the elliptic BVP necessarily only vanishes to order one
unless it is trivial.

3Unlike in Theorem 4.1.1, we are able to define S for f € H*(U) (not H*(U)) via the existence of a
Sobolev extension operator under the Lipschitz boundary regularity assumption. This feature is useful for,
say, setting up a Picard iteration scheme to solve nonlinear problems; see [Ise+25b; MOT25].
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2. As opposed to S : H¥(U; C) — H"™(U) x --- x Ht™=0(U) in Part (2), it is well-
known that boundary elliptic regularity, or more precisely an estimate of the form
lullws+mo@y S || fllwsp@) (Where m is the order of P) fails in general on Lipschitz

domains, the simplest case being P = —A and U C R? has a corner; see [Grill,
Chapters 4 and 5.

Another basic but important distinction is that operators considered in Theorem 4.1.15
are not Fredholm in most cases of interest, as the kernel of P may be infinite dimensional
(take, for instance, the divergence operator). Our approach therefore does not rely on the
Fredholm alternative theorem as in the usual proof of elliptic solvability results (see, e.g.,
[Eval0, Chapter 6]).

Remark 4.1.17 (Applications to Poincaré- and Friedrich-type estimates). Simply combining
Theorem 4.1.14 with the Poincaré- and Friedrich-type inequalities in Theorem 4.1.15.(2)
and (4), respectively, recovers and generalizes (to the rough-coefficients, Lipschitz domain
setting) various standard inequalities in analysis, such as the standard Poincaré and Friedrich
inequalities (for P* equal to the gradient), Korn’s first and second inequalities (for P* equal
to the symmetric gradient) [Kor09; KO89], Korn’s inequalities for the trace-free symmetric
gradient [Dai06], etc.

Remark 4.1.18. A natural question one might ask is what happens on domains with boundary
less regular than Lipschitz. In the case of the divergence operator, Acosta—Duran—Muschietti
[ADMOG6] showed that the existence of a Bogovskii-type operator that is bounded from L?
to WP for all 1 < p < oo is equivalent to U being a John domain. For more discussion
on this literature, see §4.1. It would be interesting to generalize this to general differential
operators satisfying (FC).

In fact, in [Ise+25b], we also establish an analog of Theorem 4.1.15 in the case of un-
bounded Lipschitz domains using weighted Sobolev spaces, under the additional assumptions
that (i) P asymptotes (in a suitable way) to a homogeneous constant-coefficient operator at
infinity, and (ii) U is non-degenerate (in a suitable way) towards infinity. In this case, the
cokernel varies according to the weight in the function space. We refer the interested reader
to that paper for more details.

Related works
Bogovskii-type operators in fluid dynamics

We use the term Bogovskii-type operator to refer to the type of operator that yields com-
pactly supported solutions to the underdetermined PDE in question. The original Bogovskii
operator (4.1.2) has become a basic tool in fluid dynamics [Galll], where the divergence
free constraint plays a fundamental role in the study of incompressible fluids. The way the
operator is often used is to construct divergence free vector fields by starting with a vector
field that v that is approximately divergence-free and then correcting v to obtain a truly
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divergence free vector field V' = v + u by solving divu = —divv. Applying the Bogovskii
operator to solve this equation does not disturb the compact support property. A recent
and profound example where the Bogovskii operator is used in this way is the recent break-
through paper [ABC22], which constructs nonunique solutions of the Leray-Hopf class to the
forced Navier Stokes equations on R3. To give just a few other examples, see [BM90; BS87;
Gal91; GS89; Twa89; Shu92; Tan91].

In [IO16], the authors construct a Bogovskii-type operator for the equation div R =
F, where R is a symmetric 2 tensor field and F' is a compactly supported vector field
that is orthogonal to the Killing vector fields of Fuclidean space, which are spanned by
translations and rotations. This operator is key to the construction of nonunique and energy
non-conserving continuous weak solutions to 3D incompressible Euler defined on Euclidean
space. The same operator turned out surprisingly to be crucial for the construction in [Ise24]
of weak (periodic) solutions to 3D Euler of class [ ., C 1/3=¢ that, fail to conserve energy. This
latter result is the best result towards the endpoint case of the famous Onsager conjecture.
We expect that the general class of Bogovskii-type operators obtained in this chapter will
continue to be useful for related and future applications.

Underdetermined problems in general relativity

Due to the divergence structure of the Einstein constraint equation (on a spacelike Cauchy
hypersurface), divergence equations have applications in general relativity, especially in ini-
tial data construction. Corvino [Cor00] in his pioneering work proved rigidity estimates for
the dual linearized scalar curvature operator on a compact region via variational methods
and applied them to prove a gluing result for the prescribed scalar curvature problem, which
corresponds to time-symmetric initial data sets. Corvino—Schoen [CS06] generalized this glu-
ing technique to the full Einstein constraint equation, and constructed a large class of initial
data sets which coincide with Kerr initial data outside a large ball. Chrusciel-Delay[CDO03]
extended the aforementioned gluing results by establishing mapping properties of linearized
constraint operator on a large class of weighted Sobolev spaces, and Delay [Del12] used a
similar method to study underdetermined elliptic operators and proved various gluing results
for those operators. Carlotto—Schoen [CS16a] were the first to construct initial data with
conic support by developing a gluing scheme using variational techniques. Hintz [Hin23b;
Hin24a; Hin24b], with a geometric microlocal approach, generalized Corvino—Schoen-type
gluing by considering generic initial data sets outside of a compact region.

In [MT22] and [MOT23] (see also Chapter 2 and Chapter 3), the authors constructed
conic- and Bogovskii-type solution operators, respectively, for the linearized Einstein vacuum
constraint operator around flat initial data. Moreover, these operators were applied to
simplify the proofs of existing gluing results and obtain new results, such as the existence
of nontrivial initial data sets localized to degenerate cones [MT22] (see also Chapter 2),
and obstruction-free gluing with a sharp positivity condition [MOT23] (see also Chapter 3),
improving upon the seminal work of Czimek—Rodnianski [CR22]. The ideas introduced in
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[MT22; MOT23] (see also Chapter 2 and Chapter 3) served as a precursor for the present
chapter.

We also mention a recent work of Chrusciel-Cogo—Niitzi [CCN24], in which a Bogovskii-
type solution operator for the linearized constant scalar curvature operator was constructed
for the hyperbolic metric near infinity.

Overdetermined problems in geometry

The study of rigidity problems in geometry and elasticity has a long and rich history. By
linearization, such problems often lead to overdetermined differential operators P*, many of
which turn out to satisfy (FC). We refer the interested reader to [Res94; DM05; CDM24] (in
geometry), [FJMO02] (in elasticity) and references therein. Among these works, Reshetnyak’s
approach to the derivation of integral representation formulas has been a major influence on
this chapter, as highlighted above (see, e.g., Remark 4.1.13).

Divergence operator on rough domains

There is a substantial body of work on divergence operators and Poincaré-type inequali-
ties on rough domains. In the aforementioned work [ADMO6], Acosta-Duran-Muschietti
constructed an explicit solution operator for the divergence equation on John domains us-
ing singular integral techniques. Duran—-Garcia [DGO8][DG10] proved existence of bounded
right inverse of the divergence operators on planar simply-connected Holder-a domains and
domains with an external cusp, using singular integrals and A,-weights. Duran-Muschietti-
Russ—Tchamitchian [Dur+10] gave a general sufficient condition on invertibility of divergence
operators on weighted LP spaces on an arbitrary domain via Calderon-Zygmund type argu-
ments. An interesting question would be to generalize these investigations to the setting of
differential operators satisfying (FC).

Other related problems

There is a strong resemblance between our construction of the rough integral kernel (see
Section 4.3) and a well-known proof of Poincaré’s lemma on star-shaped domains via the
construction of a chain homotopy to the De Rham chain complex over the base point (see,
for instance, [Spi65, Theorem 4.11]). Indeed, Bogovskii-type chain homotopy for the De
Rham complexes has been found by Takahashi [Tak92]; since the last map in the De Rham
complex is the divergence operator, this chain homotopy generalizes the original Bogovskii
operator. We also note the recent work of Niitzi [Niit24] on the construction of a Bogovskii-
type chain homotopy for an elliptic complex whose last homomorphism corresponds to the
symmetric trace-free divergence operator. In this case, the chain homotopy specializes to a
Bogovskii-type solution operator for the symmetric trace-free divergence operator.

An approach akin to ours for De Rham complex may be of utility in the study of (non-
linear) pullback equation for differential forms, which is the generalization of the well-known
theorems of Darboux (see, for instance, [Can01, Chapter 8]) and Dacorogna—Moser [DM90]
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on finding a diffeomorphism that pulls back a given differential form to another given differ-
ential form (symplectic in the case of Darboux, and volume in the case of Dacorogna—Moser).
We refer to the monograph of Csato—Dacorogna—Kneuss [CDK12] for more on this topic.

Structure of the Chapter

the chapter is structured as follows.

In Section 4.2, we collect the notation, conventions and preliminary facts from analysis
and geometry used in this chapter.

In Section 4.3, we summarize the ideas behind our construction of solution operators
and representation formulas via (RC), and demonstrate our approach in the simple
special case of the divergence operator with a lower order term, i.e., Pu = d;u’ + Bju’
(which already leads to results that are, to the best of our knowledge, new). This
discussion will serve as a motivation for the remainder of the chapter concerning the
general case.

In Section 4.4, we prove a proposition that will allow us to show that the integral kernel
produced by our method defines a singular integral operator with good boundedness
properties.

In Section 4.5, we give a precise formulation of (RC) and describe how it leads to our
construction of solution operators and representation formulas with prescribed support
properties, thereby proving (precise versions of) Theorems 4.1.1 and 4.1.2.

In Section 4.6, we study graded augmented systems and establish Propositions 4.1.6
and 4.1.7.

In Section 4.7, we prove Theorem 4.1.11.

Finally, in Appendix B, we write down special graded augmented systems for operators
(2)—(7) in Theorem 4.1.14 in the geometric context, which turn out to be completely
integrable on constant sectional curvature backgrounds. On such backgrounds, we
explicitly compute the fundamental matrix I AAI (y,y1,s) on geodesic segments. Spe-
cializing further to the flat background, we also explicitly compute the Bogovskii and
conic integral kernels.
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4.2 Preliminaries

Notation and conventions for the operator P

Some important objects used throughout this chapter are as follows. Let U be an open
subset of R?, and let W be an open subset of R? x R? whose Rg—projection contains U, i.e.,

U C {y € R*: Jy, such that (y,y) € W}.

We denote by x = x(y,y1,s) a family of curves defined for (y,y;) € W and s € [0, 1] with
0sx(y,y1,8) # 0 for every s € [0, 1], such that x(y,y1,0) = y and x(y,y1,1) = y1.

Let P be an rg X sg (possibly complex-)matrix-valued differential operator on U. Unless
otherwise specified, we follow the following conventions:

o u=(ul)

,,,,,
77777

function.

e We employ the natural L?-inner products on (U, dx), which are
(o) = Re [ Gude, (o f)=Re [ 7,07 do
U U

e P* denotes the adjoint of P with respect to the above L2-inner products on (U, dz).
e Finally, we will often omit writing out the identity matrix in equations, e.g., do(z—vy) =

do(x — ) Lrgsry in (4.5.4).

Notation and conventions for geometry and analysis

Throughout the chapter, we adopt the following conventions.

e We write A < B if there exists a positive constant C' > 0 (that may differ from
expression to expression) such that A < CB, and A~ Bif A < Band B < A. We
specify the dependencies of C' by a subscript, e.g., A <, B.

o We write (z) = (1 + |z|?)2.

e We adopt the Einstein summation convention, i.e., repeated upper and indices are
summed.

e o, 3,7,... usually denote multi-indices, i.e., elements of Z‘éo (Z> is the set of nonneg-
ative integers). As usual, 0% = 0" --- 03¢, and |a| = a1 + -+ - + aq.

e We write X € U for a compact subset X of some topological space U.
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e We also use the following notation for geometric objects:
— Bpg(x): Ball of radius R centered at z in R
— Cgq: Given Q C S%1 the cone over 2 is defined as Cq = {x € R? : € Q)

— dS(w): the (d — 1)-dimensional surface measure on S4~1 C R? (set of unit direc-
tions)

e Fix m.; € C°(R?) that is nonnegative, equals 1 on B;(0), and vanishes outside By (0).
Given N € 2%, define moy(€) == mo1(N71E) and my(€) = moon(€) —men(€). These
functions form a smooth partition of unity subordinate to dyadic annuli in R?, i.e.,
Me1 + Y negzzo My = 1 on R and suppmy C {N < [{] < 4N}.

e We use the following convention for the Fourier and inverse Fourier transforms on R%:

Fifle) = [ S ay. 7R = [ PO S

Given m : R? — C, the Fourier multiplier operator with symbol m is defined as

m(D)f = F~ [m(§)F[f)()]
for every Schwartz function f on R

e To discuss the boundedness properties of the solution operators below, it will be conve-
nient to also use the language of pseudodifferential operators. Given a : R? x R — C,
the right-quantized pseudodifferential operator associated with the symbol a (or simply
the right-quantization of a) is defined as

wp.0f = [ [atcn e o,

for every Schwartz function f on R? Note that a Fourier multiplier is a particular
instance of a (right-quantized) pseudodifferential operator with a(§,y) = m(§). The
integral kernel K (z,y) of a(D,x) is related to the symbol a(,y) by

/K(z +y,9)e % dz = a(€, y). (4.2.1)

Preliminaries on Sobolev spaces

The classical references on this subject are Lions—-Magenes [LM72a; LM72b; LM73], Grisvard
[Grill], and Triebel [Tril0]. Our definitions and notation, however, follow closely those of
McLean [McL00]; see also [CHM17].
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Given s € Z>( (nonnegative integers) and p € (1,00), we define

I fllwesr = (32 10°I5,)7,  where f € D/(RY),

alal<s

and write WP for the space of all distributions f on R? with || f||ws» < +00. For s > 0, W*?
is defined by (complex) interpolation (see [Tri10, §2.4.2]*)), and W% := (W*?)* where
1% =1- %. It turns out that C>°(RY) is a dense subspace of W*? [Tril0, §2.3.2] (in fact,

C>(R?) C W*P is dense even for s < 0 once W*? is identified with a space of distributions
as below). Hence, by the duality pairing

WP x W =R, (f,g) = (f,9)

we may identify f € W~ with a distribution on R? (extended from g € C®(R%) to
g € W*P uniquely via continuity). Moreover, W*? is reflexive, which implies that the above
pairing induces the isomorphism W=*?" = (W*P)* holds for all s € R [Tri10, §2.6.1].

Given an open subset U of R?, s € R and p € (1, 00), we introduce the following spaces:

o W#*P(U), which consists of distributions on U which arise by restricting elements of
W#P to U, i.e.,

WeP(U) = {f € D'(U) : f = f|u for some f € W*?} (4.2.2)
equipped with the norm

[ fllwsr@y = _ inf  |[fllwsr.
FeWsr:fly=f

° W“’(U), which is the closure of C2°(U) viewed as a subspace of W*?_ i.e.,
Wer(U) = C(0) ™" (4.2.3)

Note the fundamental distinction that W*P(U7) C D/(R?) (i.e., distributions on R%), while
Wwer(U) C D'(U) (i.e., distributions on U). Elements in Ws’p(U) may be identified with
clements in W*?(U), by the natural maps W*?(U) — W*? — W*?(U). In particular, for ¢ €
W#r(U), we have lllwsr@) < ¢llFen - Note, however, that the map Wer(U) — W*P(U)

may not be one-to-one; indeed, for s < 0, note that W? (U) may contain distributions (on
R?) supported in AU, while such objects do not even correspond to non-trivial elements in

D'(U), and thus in W*P(U).

n [Tril0], WP (U), W*2(U), and WP (U) are denoted H3(U), fI]‘;(U), and ﬁ;(U), respectively. Note
also that Hj = F} ,.
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Intuitively, for s > 0, Wep (U) consists of elements that vanish to all possible orders on
OU, while those in W*P(U) are allowed to be nontrivial near OU. However, when s < 0, one
must be careful of the distinctions discussed in the preceding paragraph. For more on these
points, see Remarks 4.2.3 and 4.2.4 below.

Given a closed subset ' C RY we introduce the closed subspace WiP of WP that
consists of elements that are supported in F, i.e.,

Wit = {f € W*P(R?) : supp f C F}. (4.2.4)

Clearly, we have Wep (U) C WJ’ ; equality holds under additional assumptions on OU (see
Remark 4.2.3). Given an open subset U of R, note that we have the Banach space isomor-
phism

WP (U) = W Wk ;. (4.2.5)

where the isomorphism is given by the quotient of the restriction map WP — W#P(U),
f +— flu by its kernel (which is precisely WRd\U) Using W=*? = (W#*P)*, it is also clear
that we have the identity

W

iy = (W), (4.2.6)

where for a subspace Y of a Banach space X, Y+ := {f € X*: ({,g) = O0forallg € Y}
(space of annihilators). The following duality statement, which generalizes (W*?)* = W =57,
is now obvious:

Lemma 4.2.1 (Duality). For any open subset U C R4, s € R and p € (1,00), the bilinear
map

W (U) x WHP(U) = R, (f,9) = (f,9).
which coincides with the usual pairing (f,g) for f € W==¥(U) C D'(U) and g € C*(U), is
well-defined, continuous, and induces the Banach space isomorphisms
(WSP(U))* = WP (U), (WP (U))* = WP(U). (4.2.7)

Proof. The first isomorphism follows from the natural identification Y* = X*/YL for any
closed subspace Y of a Banach space X. The second statement then follows from the fact
that W*P?(U) is a reflexive Banach space, being a closed subspace of the Banach space W*?,
which is reflexive. O

__ The Rellich-Kondrachov theorem holds for both scales of Sobolev spaces W*?(U) and
We2(U):

Lemma 4.2.2 (Rellich-Kondrachov). For any bounded open subset U C R?, s € R, p €
(1,00), and 6 > 0, the natural embeddings

WP(U) — W*02(U),  WP(U) — W5 (U)

are compact.
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Proof. For Ws’p(U ), this result is a quick consequence of Rellich-Kondrachov for Wg’p
(see, e.g., McLean [McL00, Theorem 3.27]). For W*P(U), the result follows by duality
(Lemma 4.2.1). O

When p = 2 (and s € R), we write H*(U) = W*2(U) and H*(U) = W*2(U), etc.

Remark 4.2.3 (Consequences of regularity of OU). So far, we have not used any regularity
assumptions on OU. Under some regularity assumptions on dU, the spaces introduced above
may be given alternative characterizations as follows.

1. If 9U is C°, then W¥ = W*P(U).

2. If OU is Lipschitz, s = 1,2,..., and p € (1,00), we have the equivalence

1
Wl 2o (30 10°FI0r )

alal<s

For p = 2, the proofs of these assertions can be found in McLean [McL00, Chapter 3]; the
case p # 2 can also be handled in a similar way. See also [Tri10, §4.3.2, §4.2.4] for the case
OU is smooth.

Remark 4.2.4 (The space WiP(U)). Closely related to W*?(U) is the space WP(U), which
is the closure of C°(U) with respect to ||-|lwsr@) (as opposed to ||-||ws» as in the case of
Wer (U)). An alternative characterization for Wi*(U) is in terms of vanishing boundary
trace [Tril0, §4.7.1]: for p € (1,00), and s = m + a + % with m € Zso and a € [0,1), we
have

WeP(U) = {f e WP(U) : flov = Zflov = -+ = 2 flov = 0}.

There are subtle differences between the two spaces WP (U) and Wi*(U). For simplicity,
assume that OU is smooth and bounded. Then for any p € (1,00), we have (see, e.g., [Tri10,
§4.3.2))

—~ 1 1
WP(U) CWFP(U)  with equality if — — 1 < s < o0, s+ — € Z,
p p

where WW*? (U) is realized as a (non-closed) subspace of W#*P(U) under the map Wer (U) —
Wer — Wer(U).

The inclusion W*P(U) C WP(U) may not be strict. Indeed, for U = (0,00) C R, for
any m € Zso and f € C®((—1,1)) with f(0) = f/(0) = --- = fm=1Y(0) = 0 but f™(0) #£0
(where the condition is f(0) # 0 if m = 0), we have f|y € HS”*Q(U) \ H™2(U). We also
note that the inclusion fails in general if s < % — 1. Indeed, for U = (0,00) C R and s < %,
8o € H*(U), while & is not even a nontrivial element of D'(U).

We note that Wi*(U) is heavily used in the classical treatments of Lions—Magenes
[LM72a] and Grisvard [Grill]. In this chapter, we prefer to use W*P(U) as it behaves

better under standard operations such as duality (see (4.2.7)) and interpolation (see [Tril0,
§4.3.2, Theorem 2]).
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4.3 A preview of the recovery on curves method

The goal of this expository section is to provide a summary and a basic example for our
derivation of integral formulas (i.e., solution operators and representation formulas) from
(RC), which is carried out in Section 4.5 in the general case. In Section 4.3, we summarize
the proof of Theorems 4.1.1 and 4.1.2, and in Section 4.3, we work out the basic example of
the divergence operator Pu = d;u? + Bju? (for u : U — R?) with possibly variable coefficients
B : U — R? according to our general method developed in Sections 4.4 and 4.5 below. As
a byproduct, we provide a self-contained derivation of the Bogovskii and conic operators,
(4.1.2) and (4.1.3), respectively.

Summary of the derivation of the integral formulas

Here, we summarize the proof of Theorems 4.1.1 and 4.1.2, which concern L the derivation

of integral solution operators and representation formulas for P (with C°°(U) coefficients)
satisfying (RC). The precise results and arguments are in Section 4.5 below.

Step 1: Constructing a rough integral kernel supported on curves. Consider curves x(y, y1, $) €
R? with s € [0, 1], where y and y; are the two end points (i.e., x(y, y1,0) = y and x(y, y1, 1) =
y1). Recall that the (RC) condition posits that we are able to linearly recover the value of a
function ¢ at y in terms of its jet at y; and the jet of P*¢ along x(y, 41, ). By duality, (RC)
on the curve x(y, y1, ) amounts to the existence of distributions K, (-,y) and by, (-,y) on R?
with the following properties:

1. (Green’s function) We have
PKyl(I7 y) = 50(I - y) - byl (ZL‘, y) in U,
where P acts in the z-variable; and

2. (Prescribed support) K, (-,y) is supported on the image of the curve x(y, y1, [0, 1]),
and by, (-, y) is supported in {y; }.

See Step 1 in Section 4.3 for a concrete example, and Proposition 4.5.1 for a precise
formulation. One case where this observation is immediately useful is when y; lies outside
of the open set U where we wish to solve Pu = f. Then PK,, (z,y) = do(z — y) in U, so
the integral operator S,, f(z) = [ K, (z,y)f(y)dy (for f € C>(U)) is already a solution
operator (i.e., right-inverse) for P!

Remark 4.3.1. For the construction in the case y; € U, note that the following weaker version

of the recovery on curves condition is sufficient:

(wRC) Given any ¢ € C'°(U) that vanishes in a neighborhood of x(1), there exists a linear
way to continuously recover ¢(x(0)) from (the jet of) P*p on x.
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It is conceptually interesting to observe that the apparently weaker version (wRC), in fact,
essentially implies (RC) by a truncation argument; see Remark 4.5.3. However, we also note
that the stronger version (RC) directly follows from an augmented system; see Section 4.3
below, as well as Sections 4.6 and B.

While we have already succeeded in finding a solution operator with an integral kernel
K, (z,y) having prescribed support properties, it is unfortunately very singular (indeed,
K, (-,y) is merely a distribution). In particular, S, does not obey good boundedness
properties in standard function spaces (e.g., Sobolev spaces), and is unsuitable for many
applications (e.g., nonlinear analysis).

Step 2: Smooth averaging. To remedy the issue of the singularity of K, (-,y), we introduce
a smooth function 7(y, y1) on R? x R? such that [ n(y,v:1)dy; = 1 and define a new smoothly
averaged integral kernel

Ky(r,y) = /Kyl(ﬂf,y)n(y,yl)dyl.

Under suitable assumptions, the smoothly averaged kernel K, (x,y) has the following prop-
erties:

1. (Green’s function) We have
PEy(x,y) = do(x —y) —by(z,y) inU,  where by(z,y) = /byl (@, y)n(y, y1) dys;

2. (Prescribed support) supp K, (-,y) C Uy, esupp n(y,-) Fan x(y,y1,°);

3. (Optimal regularization) K, is a singular integral kernel such that S, f = [ K, (z,y)f(y) dy
defines a pseudodifferential operator of order —m (where m is the order of P).

In particular, we may now summarize the proof of Theorem 4.1.1. Assuming that the ;-
support of 1(y,y1) lies outside of U, i.e.,

U N Uyew suppn(y,-) =0, (4.3.1)
the integral operator S, again defines a solution operator for f € C°(U) in the sense that
PS,f=f forall feCrU),

but this time, has desirable boundedness properties (i.e., regularizing to optimal order) in
standard function spaces. We emphasize that S, f is not compactly supported in U in general
(cf. Step 3 below). By duality, we also obtain the representation formula

S;Pr o=y forall peCFU)

where we emphasize that the compact support assumption on ¢ is necessary (cf. Step 3
below). We call S, a conic-type solution operator.
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Remark 4.3.2. As we will see in Section 4.3 (see also Example 4.5.13), this construction
generalizes the conic solution operator introduced by Oh—Tataru [OT19] for the divergence
operator Pu = d;u/ on RY, which explains its name. The conic solution operator, in turn,
has been generalized to the case of the linearized Einstein constraint equations around the
flat space by the author and Tao [MT22] (see also Chapter 2), who used it to simplify
and improve the nonlinear construction of localized asymptotically flat initial data sets by
Carlotto-Schoen [CS16a] (see also Section B).

Step 3: Solutions with compact support I: completely integrable case. Without the simplify-
ing assumption (4.3.1), S, does not directly define a right-inverse of P. Nevertheless, under
suitable assumptions, b, (x,y) turns out to be smooth and supported (in the z-variable) in
suppn(y, -). Therefore,

PS,f =f—B,f where B,: C>*(U) — C*(U) is smoothing.

Observe that if f € C°(U) then u =S, f € C°(U) (under suitable assumptions on x, n and
using the optimal regularization property). The observation that u does not solve Pu = f
is now not surprising: In order for C2°(U) solution to exist, f must be orthogonal to the
formal cokernel of P (i.e., ker P*, which consists of solutions to P*Z = 0 with Z € C=(U)),
which is often nontrivial; see Section 4.3, as well as Appendix B, for examples. Specifically,
if Pu = f, and u has compact support, then for any cokernel element Z € ker P* one has
[{f.Z)dx = [(Pii, Z)dx = [(ii, P*Z)dx = 0.

Let us first discuss an important special case, namely, when the point distribution b,,
from Step 1 is already of the form

bu(e,y) = > ZMy)ale,m) (4.3.2)

Ae{l,...dimker P*}

.....

supported in {y;}. As we will see in Section 4.3, the divergence operator Pu = 9;u’ falls
into this case [Bog79], and in fact, so do any operators with a completely integrable graded
augmented system by Proposition 4.1.7 (see also Appendix B for many concrete examples).
In this case, choosing n(y, 1) = n(y1) in Step 2 immediately leads to

PS,f=f—B,f, with B,f(z) = > (/ Z%(y) f(y) dy) (Calz,),n(-)).
Ac{l,... dimker P*}
(4.3.3)
In particular, if f is orthogonal to ker P*, then B, f = 0 and thus PS, f = f, i.e., S, is a
solution operator. By duality, we also have the representation formula ¢ = S;P*p + B,

that holds for all ¢ € C*(U) (i.e., without the compact support assumption).

Remark 4.3.3. The construction described so far in the completely integrable case extends
to a general setting the classical Bogovskii operator [Bog79] for Pu = d;u’ on R?, as well
as the integral representation formulas of Reshetnyak [Res83; Res94] for P* the Killing and
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conformal Killing operators, etc. It has been carried out for the linearized Einstein constraint
equations around the flat space in [MOT23] (see also Chapter 3), and it was used to simplify
and advance (nonlinear) initial data gluing results in the asymptotically flat setting.

Step 4: Solutions with compact support II: general case. We now consider Theorem 4.1.2 in
the general case, when b, is not necessarily of the form (4.3.2). Our result is the existence of
a smoothing operator Q : C>°(U) — C°(U) (which preserves the compact support property)
that deforms the integral solution operator S, to a correct solution operator S (i.e., S =
S, — Q) that satisfies

PSf=f— > (f, Z*w,. (4.3.4)
Ae{l,...dimker P*}
Here, {ZA}A€{17.."dimker7)*} is a basis of ker P* and wa € C*(U) are prescribable func-
tions satisfying <ZA/,wA) = 5;‘:/. By duality, we also have the representation formula
o =S8Prp+ D Ac{l.. dimkerP) ZA(wa, @) for any ¢ € C=(U) (i.e., without the compact
support assumption). In particular, if ker P* = {0}, then the last term in (4.3.4)is dropped
and S is a bona fide right-inverse of P; by duality, S* is a left-inverse of P*. We call S a
Bogouvskii-type operator.
A key ingredient for this argument is a Poincaré-type (or rigidity) inequality

el ey S P*¢lla-s—m@) forall p € H*(U) with (wa,¢) =0 (A € {1,...,dimkerP"}).
(4.3.5)

Using a standard contradiction argument, (4.3.5) follows from the weaker inequality

lolla-—swy S NP ella-—s—mw) + |l g-s-s@y for all p € H*(U), (4.3.6)

where § > 0 may be arbitrary. Inequality (4.3.6), in turn, can be proved using the repre-
sentation formula obtained via duality, and also using the optimal regularization property
of §, and the smoothing property of B,. On the other hand, by another duality argument,

(4.3.5) is equivalent to the existence of a (special) solution v € H**™(U) to Pu = f for any
f € H*(U) with f L kerP*. In fact, that the latter statement may then be upgraded to
the existence of the desired linear operator Q, and thus of §; see Step 4 of Section 4.3 for a

simple version of this argument, and §4.5 for our actual proof.

Remark 4.3.4. In the non-completely integrable case, the bound for Q is non-effective in
general (i.e., we know that Q is a smoothing operator but have no quantitative relationship
between its bound and other constants). But it is only because the argument relies on
(4.3.5) whose implicit constant is non-effective due to our use of a contradiction argument.
In specific situations where adequate special solutions are already known, the bound for Q
may be made quantitative.

Remark 4.3.5. On the other hand, we note that the implicit constant in the second Poincaré-
type inequality (4.3.6) can be easily made effective. Hence, our method provides a way to es-
tablish effective Poincaré-type inequalities (akin to (4.3.6)) for a large class of overdetermined
operators P*, including the Killing operator (Section B) and the conformal Killing operator
(Section B) on curved domains. See also §4.1.
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A basic example: the divergence operator with variable
coefficients

To illustrate our method with a simple concrete example, we consider the divergence operator
with variable zeroth-order coefficients:

Pu=(0; + Bj)u! inU, (4.3.7)

where U is an open subset of R? (d > 2), u? is a vector field on U and B; is a 1-form on U
(7 =1,...,d). Its adjoint is given by

(P*¢); = —0jp+ By inU,

where ¢ is a function on U.

Step 1: Constructing integral kernel supported on a curve. We begin by verifying (RC) on
an arbitrary (smooth) curve x : [0, 1] — R?. In view of the formula for P*, we immediately
obtain

Oip(x) = Bi(z)p(x) — (P p)i(x) (4.3.8)
Restricting to the curve x and contracting with x, we obtain the ODE
% (0(x(5))) = 9:x'(5)Dip(x(s)) = 0sx' (B; 0 x)(s)ip(x(8)) — DX ((P* )i 0 X)(5),

whose integration leads to

o(x(0)) = /01 exp (— /Os 0sx’(Bj o x)(s') ds') 0sx’ (P ¢); 0x) (s) ds (439)

+ exp (— /01 9,x’(Bj o x)(s') dS/) p(x(1)),

which verifies (RC) on x.

Remark 4.3.6. In this example, (4.3.8) is a (graded) augmented system for P in the sense of
Definition 4.1.4. The immediate verification of (RC) on every smooth curve segment x(s)
(more precisely, (4.3.9)) via (4.3.8) is a special instance of Proposition 4.1.6.

Accordingly, given a smooth family of curves x(y, 41, s) € R? with endpoints y and vy, if
we define the distributions K, (-,y) and b,, (-,y) by (for ¢ € C=°(U;R?) and ¢ € C=(U))

(Kntn)0) = [ e (— | 0B 030, ds') 0. (5 0%) (3,1, 5) s,
(4.3.10)

(by, (-,y), @) = exp (—/0 9sx? (Bj o x)(y, y1, 8 ds’) ©o(y1), (4.3.11)
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then (4.3.9) is equivalent to the identity (PKy, (-, y),¢) = (do(z —y) — by, (-, ), ) (for ¢ €
C>(U)). Clearly, supp Ky, (-,y) € x(y,v1,[0,1]) and supp by, (-,y) € {y1}. In conclusion,
K, (-,y) and by, (-, y) satisty properties (1) and (2) in Step 1 of Section 4.3.

Step 2: Smooth averaging. To illustrate the effect of smooth averaging, we consider the
following special case (with a slightly modified construction® for simplicity). Take U = R?,
and for every y € R? and w € S? !, consider the family of curves

xX(y,w, s) ==y + sw.

Following (a slight modification of) Step 1, we define K, (-,y) by (for ¢ € C>°(U;R?))

<Kw(7y)7w> = /OOO exXp <_ /OS ijj(y + S/w) dsl) ijj(y + Sw) ds,

which satisfies PK,(-,y) = do(x — y) and supp K,(-,y) C x(y,w, [0,00)). Next, given a
smooth averaging kernel 5 € C2°(S?~!) with [ 9 dS(w) = 1, we define the smoothly averaged
kernel Ky by (for ¢ € C*(U;RY))

Kty = [ [ e (— | B+ s ds') Wy + swpi(w) dsdS(w)

By construction, PKy(-,y) = do(z — y) and supp Ky(+,y) € UuesuppyX(y,w, [0, 00)), which
forms a cone over the angular set suppj with its tip at y. Hence, the operator S; with
integral kernel Ky satisfies PS; = I and has the property

supp f € Cq = suppS,f C Cq

for any cone Cq C R over an angular set ) containing supp 7.
Moreover, using the polar integration formula, we can explicitly compute K. Indeed,

Ky = [ [ e (— | B+ s ds') S Ay + swp(w) s dsdS(w)

= [ (= [ B+ ot - uas) i

In conclusion, (K,)?(z,y) coincides with a locally integrable function on R? x R? with

?i_ |)d¢(|x y‘) for x # y.

(@) do

(g ) = oxp (= [ =By + st - ) s

When B; = 0, this is precisely the conic operator of Oh-Tataru [OT19] for the divergence
operator. Moreover, when B; = 0 and 9 is constant (i.e., 7 = [S?7'|™"), we have S;f =

5In Example 4.5.13 below, the same operator is constructed following the method in Section 4.3 more
faithfully.
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—V(=A)"!f; in particular, Sy coincides with the gradient of a harmonic function outside
of supp f. From this expression, it follows that Sy is a singular integral operator of order —1
for a suitably regular B;.

Step 3: Solutions with compact support I: completely integrable case. For this step, consider
an open subset U of RY, which we assume to be connected. Then ker P* consists of Z €
C*(U) satisfying 0,Z = B;Z in U. 1t is not difficult to see that any nontrivial Z € ker P*
(which is then nonzero everywhere on U by the equation) must satisty 0;logZ = B;. Hence,

feor P — {0} %f B is not exact,
(e*) if Bj = 0;z.

Let us first consider the case B; = 0;z, which corresponds to the complete integrability of
the graded augmented system (4.3.8). We introduce the shorthand Z := e¢*, which generates
ker P*. In this case, the integral inside the exponential in b,, (-, y) in Step 1 may be computed,
and we obtain

(bys (1)) = Z(W)(Z7 ) ().

Let K, (x,y) be the smoothly averaged kernel defined with respect to a smooth function
m = m(y) with [m1(y1)dyr = 1, and let S, be the operator with integral kernel K,,. A
quick computation shows that

Psuf =P ([ Kueadran) = 1) - @ w6 ([ 26 10a).

Moreover, by construction, supp K, (-,4¥) € Uy, esuppmX(Y, ¥1,[0,1]). In particular, if U is
x-star-shaped with respect to suppn; in the sense that

U xwwnl1)cy,

y€U, y1 Esuppm

then S,, has the support property
suppf CU = suppS,, fCU.
To illustrate the optimal regularization property, let us consider the special case

X(Qa?JlaS) =Y + S(yl - y>7

i.e., x(y,y1, ) is the line segment from y to y;. Then, as in Step 2, we can explicitly compute
K, . Indeed,

i = [ [ e (= [ = 0p0iatu+ =)0 ) = 0050+ 5l = ) s

I

Z(y (=) - a1
/Rd Z(z) |z — y|d%(ﬂ?>/| m(y + =) tdr da,

z—y|

[ A - et s
) (
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where we made the change of variables z = y + s(y; — y) and r = s~ |z — y|. In conclusion,
(K, )/ (z,y) coincides with a locally integrable function on R? x R? with

(K, (z,y) = ;Ei;% /|:y| m(rs = 7y| +9)r?tdr for  # y. (4.3.12)

When B; = 0, we have Z = 1 and this is precisely the classical Bogovskii operator [Bog79];
cf. (4.1.2). From this expression, it follows that S,, is a singular integral operator of order
—1 for a suitably regular B; = 0,z (see also the proof of Theorem 4.1.15 in [Ise+25b] for an
alternative construction, which works for a rough B;).

Step 4: Solutions with compact support II. Finally, consider the case when B is not exact,
or equivalently, ker P* = {0}; this corresponds to the non—completely mtegrable case. leen
s € R, we now show® the existence of a right-inverse S : H*(U) — H*"(U) of P that
preserves the compact support property in U. To illustrate the ideas, we focus on the special
case x(y,y1,5) =y + s(y1 —y) and n; = 11(y1) as before. In this case,

PSy f(x) = f(x) - / (@) Z(y, )£ (y) dy.

where

Zr) = e (- | 1 (f;‘_zﬁ,ij(y Foe—y)as )

We begin by approximating 7;(x)Z(y, z) by a finite sum of tensor products (or possibly,
a single tensor product). For instance, we may simply write

PSI(0) = 0) ~ &0f(0) ~ m(e) ( [ 2000500y,

where & f(z) = m(z) [(Z(y,z) — Z(y,0))f(y) dy. From this expression, it is clear that we
may arrange & to have operator norm on, say, L'(U) (which is bounded by

sup, [ |m(x)(Z(y,z) — Z(y,0))| dzx) less than 1 by making supp 7, sufficiently small depend-
ing on ||0Z|| ). Then I — &y : L'(U) — L'(U) is invertible and we have

S, (1 — €)' f(x) = f(x) — m(x) ( [ 201 -5 dy) .

Next, we find a special solution u € ]:fs“(U) with suppu C U to Pu = n;. A key
ingredient is the following Poincaré-type inequality:

ey S 1P ella-sm1@y  forall o € H*(U),

6In fact, our argument in §4.5 is a slight variant of the present argument, where we construct S that is
independent of the order s.
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which follows from (4.3.6) by a standard contradiction argument (see Proposition 4.5.19), the
key point being that, in this case, there does not exist any nontrivial solutions ¢ € H*(U)
to P*¢ = 0 in D'(U). Then from the Poincaré-type inequality, by a duality argument
involving the Hahn—Banach theorem (see Corollary 4.5.20), the existence of a special solution
u e HsH(U) to Pu = ny follows.

With the special solution v € H*™(U) at hand, we may conclude the construction as
follows. Note that

1) = (S =~ QT = &) (). where ©7(e) = u(o) ( [ Zr.0)f ) )
defines a right-inverse of P. Moreover, observe that (I — &)~ f = f+&y(I — &)~ f. Hence,

supp Qf C suppu, supp(l — &)~ f C suppm + supp f,

and the support preserving property of S, (under the assumption that U is x-star-shaped
with respect to suppmny), it follows that S also preserves the compact support property in
U. Finally, since u € H*", it follows that Q maps into H*"(U), and hence S : H*(U) —
H(U).

4.4 Singular integral kernels

In this section, we perform a computation that will show that the general smoothly averaged
integral kernel K, (x,y) as in Step 2 in Section 4.3 (see Section 4.5 below for the precise
construction) define adequate singular integral operators.

Assumptions

Recall the setup in Steps 1 and 2 of Section 4.3. Our aim here is to formulate the precise as-
sumptions on the family of curves x(y, y1, s), rough integral kernels K, (-, y) and smooth av-
eraging kernel 7)(y, y1), which guarantees that the smoothly averaged integral kernel K, (x,y)
defines a singular integral operator (or more precisely, a classical pseudodifferential operator)
of suitable order.

For the purpose of this section, it is more convenient to work with the following spatial
variables

21 =1 — Y, Z(y, 21, 8) = X(y7 21+ Y, S) -y

Assumptions on the family of curves. Let R, > 0, Ny, My € Z>o, A, > 0 be parameters to
be used below. Let U and V be open subsets of R?, and W an open subset of R? x R?, such
that U contains the projection of W to the first R?, i.e.,

{y eR%: (y,2) € W for some z, € R} C U.

We assume that z : W x [0,1] — V, z = z(y, z1, s), which is a smooth family of curves in V
parametrized by (y, z1) € W, satisfies the following properties:
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e We have z(y, z1,0) = 0, z(y, z1,1) = 21. Moreover, z(y, 21, $) obeys

(14 A) Y| < |0s2(y, 21, 8)| < (1+ Ap)|z1|  for every s € (0,1).

e The map z; — z is invertible for each fixed y and s € (0, 1]; we denote the inverse by

921(y,2,5)
5. obeys

z1(y, z,8). We assume that
8Z1(y) <, 8)

< (1 -1
o <(1+A)s™,

where we used the operator norm in R¢.

e For higher derivatives, we have

| Ry 2171050021 (y, 2,8)| < Aus™![2| for [a] < No, 1 < |8l < 1+ || + Mo, [a] > 0 or 5] > 1.

Remark 4.4.1 (Straight line segments). The simplest (yet useful) example of such a family
of curves is the straight line segments,

z(y, 21, 8) = sz1,

which indeed obeys the assumptions with A, = 0 and any R, > 0, Ny, My € Z>.

Assumptions on the smooth averaging kernel. Let R., > 0 and A, > 0 be parameters to be
used below. We assume that 1 : R? x R? — R satisfies the following properties:

e suppn C W.
o« N(y, 1) = 0if || > R.,.
e We have

R 21 P10508m(y, 20)] < AyRLE for fal < No, |8] < o] + My,

Remark 4.4.2. In practice, we will take 1 of the form n(y,21) = x1(y)x2(z1)n(y, 21 + y),
where 7 is a smooth averaging kernel satisfying (7-1)—(7-4) below and 1, x» are additional
smooth functions inserted to make R, and ., constant.

Assumption on the rough integral kernel. Let m > 0 and Ag > 0 be parameters to be used
below. Instead of K, (-,y), we work with a rough integral kernel K,, (-,y) of the following
form: for every (y,z1) € W, K., (-,y) € D'(R?) with

1
<MWWF/WWM%MHWMM8M%mmWWL
0
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for some multi-index v (which could be 0) and S” : W x [0,1] — C. Each component
of the rough integral kernel K, (-,y) in Section 4.3 will be a linear combination of such
distributions; see Section 4.5.

We assume that the function S satisfies the following bound: for every (y, z1) € suppn
and s € [0, 1],

| Rl 21 |P10208 S7(y, 21, 8)| < Aglz|™Ts™ PN for [af < N, 8] < || + M.

Yy -z

Remark 4.4.3 (Discussion of the parameters A,, A,, As, R,, and R,,). Note that A,, A,
and Ag are dimensionless, whereas R, and R, have the dimension of length. The parameter
A, quantifies how for z is from being the straight line segments z; A, and Ag quantify the
sizes of 1 and S. The length parameter R, is the y-characteristic scale of z, n, and S, i.e.,
these objects vary slowly as y varies within scale R,. Finally, n(y, -) is supported in Bg, (0)
and is bounded by O(R_%); this is consistent with the unit mean property (1)-1) below. The
power of R, in the assumption for S” is consistent with Example 4.4.4 below.

With the above objects, we define the averaged integral kernel K, (-,y) by the following
relation for every ¢ € C>°(R?) and y € R%:

1
(Kq(+y), @) = // S (y, z1, s)M(y, 21) (V@) (y + z(y, 21, s))dsdz,  for every p € C°(U)
’ (4.4.1)
Informally, K,,(-,y) = [ K., (-,y)n(y, z1) dz;. Note that, thanks to suppn € W, the right-
hand side is well-defined for any y € R?, although it is trivial unless y lies in U.
The above setup generalizes (modulo some technical modifications) the conic and Bogov-
skii integral kernels for Pu = d;u/ + Bju? (see Section 4.3) constructed using straight line
segments, as the following example shows.

Example 4.4.4 (Conic- and Bogovskii integral kernels). Let U = V = R? and W = R? x R¢.
Define, for v =0,

1
Z(yv 21,8) :Z(ya 21,3) = S5z, So(ya 2178) = exp (/ 8sz(y,zl,3/) B(y—FZ(y, Zlasl))dsl) 35z(y, 2178)'

As discussed in Remark 4.4.1, the assumptions for z are satisfied for any Ny, My € Z>o with
A, = 0 and an arbitrarily large R,, Ny and M,. With any choice of 1 satisfying the above
requirements, the assumption for S is satisfied on W for any Ny, My € Zs with m = 1, an
arbitrarily large R,, and

As SnoMoB) 1

where”

1
1Bl = sup > / 10°B(y + s(y1 — v))|Jyn — |15l ds.
0

(y,y1—y)EW a:|a|<No+My

"The norm || B||| coincides with 1Bl o+ 1101 (e, wy (With x =y + z), which will be properly introduced
in Section 4.6 below. B
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The conic and Bogovskii kernels correspond to the following choices of  (and a parameter

R, > 0):
1. conic case. N(y,z1) = V(|2 )(E) with [g,o,9#dS =1, [(r)r*tdr = 1, suppe C

|21
(3Rn, Ry) and [0°¢] So Ry 4=1el for arbitrarily large R,. Then the above assump-
tions are satisfied for any Ny, My € Z>o with R,,(y) = R, (independent of y) and

Ay SNoMowg 1 (independent of Ry).

2. Bogovskii case. M(y,z1) = x(y)m(z1 +y) with [ = 1, suppm € Bg,(0), and
10%m| S R{(Ha', and an auxiliary cutoff function x € C¢°(R?). Let Ry = Supyequpp [¥/-
Then the assumptions for 1 are satisfied for any Ny, My € Z>o with R,, =1+ R, + R,

d
and Ay Sno Mo (%:1) ; observe that such constants exist thanks to the presence of

Indeed, in the first case, note that the conic kernel agrees with K (z + vy, y) for |z| < %Rq,
and hence globally in the limit R, — +o00. In the second case, the Bogovskii kernel agrees
with Ky (2 + y,y) for every y € R? such that x(y) = 1 (hence, in practice, we will choose x
to be equal to 1 on the domain U under consideration).

Singular integral kernel and symbol bounds

The main result of this section is as follows.

Proposition 4.4.5 (Singular integral kernel bounds). Suppose that the assumptions for z,
N, and S” in Section 4./ hold, and let K, be defined as in (4.4.1). If No > 0 and My > 0,
then K, (z,y) € L} (R? x RY). Moreover, for all y € R and z € R?\ {0}, we have the

representation

det %

5| ds (4.4.2)

Ky(z + ) = 82 / (1)1 (y, 21y, 2, 8), $)N(y, 2 (g, 2, 5))

In fact, we have
R |2 7105 00Kn (2 + 9, y)| < Aapaylz| " (4.4.3)

where
Awpiy < Crapin As Ay (14 A, BTN for 10| < Ny, |af + (8] < My. (4.4.4)

Moreover,
Supp Kn( + y7 y) g B(1+AZ)R21 (O) (445>

Let S, be the linear operator with integral kernel K,:

S/ (2) = / Ky (2, 9)f(y)dy  for f € C(RA. (4.4.6)
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A convenient way to establish the mapping properties of S, is to show that it is a pseudod-
ifferential operator of order m with a classical (or Kohn—Nirenberg) symbol.

Proposition 4.4.6 (Symbol bounds). Suppose that the assumptions for z, n, and S7 in
Section 4 4 hold, and let K, be defined as in (4.4.1). If My > max{Ny, m + 1}, the symbol
an(&,y) = [Ky(y+ 2, y)e _Zgzdz obeys the bound

o (7 m — | B
050804 (E,9)| < Cimasn AsAg(1+ Ag) 0B Rlal (14 A)R.,) 7 + )™
(4.4.7)
for |a] < Ny and |o| + |5 < My —m — 1.

Corollary 4.4.7. Suppose that the assumptions for z, n, and S in Section 4.4 hold, and
let Ky, and Sy, be defined as in (4.4.1) and (4.4.6), respectively. Then there exists a constant
Cma > 0 such that, for every 1 < p < oo and |s| < min{Ny, My} — ¢pma, we have S,
WeP(RY) — Wetme(R9),

This immediately follows from Proposition 4.4.6 and standard boundedness results for
pseudodifferential operators (see, e.g., [Ste93]), since S, is the left-quantization of the classical
symbol a, of order —m.

Remark 4.4.8. Alternatively, one may attempt to directly verify that 00K, (x, y) with |a| =
are Calderén—Zygmund kernels. In this case, it is an interesting question to ask what are the
minimal regularity assumptions for z and S for this property to hold. In Acosta—Duran—
Muschietti [ADMOG6], it was shown that for the divergence operator on a John domain, there
exists a Bogovskii-type integral kernels K, such that 0,; K, is a Calderén—Zygmund kernel
for every j (and in fact, it characterizes John domains).

We now prove Propositions 4.4.5 and 4.4.6 in a sequence of lemmas. We begin with the
formula (4.4.2).

Lemma 4.4.9. Under the hypotheses of Proposition J./.5, we have (for every ¢ € C>*(R?))
0z,
det —

<Kﬂ(ay)7(p>://0 Sv(yazl(ya278)7S)n(yvzl(yvz75)) Oz

Proof. This is a simple change-of-variables computation. By the definition of K, we have

(07¢)(y + 2)dsdz.

(K1), ) = / / Sy, 21, 5Ny, 2)(@9)(y + 2(y, 21, 5))ds dz

321
det —
¢ 0z

// S"(y,2z1(y, 2, 9), sy, z1(y, 2,9)) () (y + 2) dsdz. O

Lemma 4.4.9 already shows (interpreted in the sense of distributions)

det ? ds.

Ko+ 900) = (<1707 [ 870m 0 225). 0,2 5) [det

The following lemma then completes the proof of Proposition 4.4.5:
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Lemma 4.4.10. Under the hypotheses of Proposition 4.4.5, define
} ds

The integral on the RHS is well-defined for every y € R and z € R\ {0}, and we have

0z,
det E

1
Loy = [ 0502 [(—1)'7'sv<y, 21 (5 2 5), 85 214, %, 5))
0

Lap (2 +y,y)| < Ag g R, 1¥l|z|7dtmHhI=17]
where Aq g satisfies (4.4.4). Moreover, supp Lo g (- + y,y) € Baya,)r., (0).

Proof. We begin by estimating each factor in the definition of I, g. By the hypothesis on z,
we have

‘RL“'W"a;af’ S L+ A )Mol (4.4.8)

for |a| < Ny and |5'] < |y| + My. For the other factors, we claim that

R2#000m(y, 21(y, 2,9))| S A(1+ 4,202 Rt (4.4.9)

[RI21910507'S7 (9, 21y, 2, 5), )| S As(1 + Ap Pl 2 Em bl =L (4.4.10)

as long as |a| < Ny and |a| + |B'] < My + |7].
To establish (4.4.9) and (4.4.10), we need to study compositions of the form F'(y, z;(y, z, s))
(for an appropriate function F'). First, using the hypothesis on dyz, observe that

(14 A) 72| < slzily, 2, 8)| < (14 A,)lz). (4.4.11)
Consider a C! function F' = F(y, z;). For My + |y| > 1, we have

|(()ZF(y,Z1<y,Z S S ’ 821F Y, zl)|21 =21(y,2,8) ‘ |a Zl(yvz S)|
< (1 + A ) ‘<|Z1|821F)<y’ Zl>|21121(y,z78)| :

Similarly, for Ny > 1 and My + |y| > 1, we have

|ayF(y, Zl(ya Zs S))| < |(ayF>(ya Z1)|21:Z1(97575)| + ‘(ale)(yu Zl>|Z1ZZ1(y,Z,8)| |8yzl(y, Z, 5)|
< |(ayF>(ya Z1)|21:Z1(97575)| + A (1+ Ap) ‘(|leaZ1F)(y’ Zl)|Z1ZZ1(y,Z,8)| .

Now, using the hypotheses on n, and S7, (4.4.9) and (4.4.10) in the case |a|+ || = 1 follows.
The general higher order case follows by a routine induction argument.
Putting together (4.4.8), (4.4.9), and (4.4.10), we arrive at

1
s S (4 AR [y (297 s
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To estimate the integral on RHS, we make the change of variables s = |Z|, so that

r

[e.e]

1
/o Sidillsuppzln(y,z1)(zl(ya275))015 = |Z|d/| rdillsuppzln(wl)(zl(y’Z"ri'))dr‘ (4.4.12)

2

By (4.4.11), it follows that (1 + A,)~'r < |z(y, 2, |—i‘)| Recalling also that suppn(y,-) C
Bg. (0), we have

||

18Uppz1 n(y,Z1)(Z1<y7 Z, T)) < 1[0,(1+AZ)R21}(T)-
Thus,

[ L (2, ) dr < (14 AR, (4.4.13)

2|

and it vanishes for z in a neighborhood of {z € R¢: |z| > (1 + A,)R.,}. This completes the
proof. O

Finally, the symbol bounds (Proposition 4.4.6) follows from Proposition 4.4.5 and the
following lemma, which is of independent interest.

Lemma 4.4.11. Assume that K(z,y) € L}, (R? x R?) satisfies

loc

000K (2 + y, y)| < AR 1|2~ 1P1L for |a] < N, |B] < M,
suppK C {(z,y) e R xR?: |z — y| < R.},

for some M,N € Z>o, m >0, A>0, R,,R, > 0. Then for |a| < N and |f] <M —m — 1,
a(&,y) = fK(Z —i-y,y)e_iﬁ'z dz satisfies

0502(€,v)| < Cun s AR, (RT 4 Jg) (44.14)

Proof. Let mpg(z) denote a smooth partition of unity subordinate to dyadic annuli Ag =
{z € R?: R < |z| < 4R} as in Section 4.2. We split K(z +y,y) = > peoz Kr(z +y,y), where

Kr(z+y,y) = mr(2)K(z +y,y).

We note that this sum is finite thanks to the support property of K. Clearly, the following
holds for each R:

|8§8§K3(y +z,y)| Ss AR;'alR_der_w' for |o| < N, |B] < M. (4.4.15)

Correspondingly, a(£, y) may be split into

a(é,y) = Z ar(§,y) = Z /KR(Z—l—y,y)eig'z dz.

Re2Z Re2Z

We now estimate 8;8?/a3 = 8;8?/ [ Kr(y + z,y)e’**dz for each R € 2%. Observe that:
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i) Using the identity ;. e %% = —izle~%* and (4.4.15),
&

<g AR;Ia\Rer\ﬁ’I.

50 /KR(Z +y,y)etdz

(ii) Using the identity e®* = (i§;)~10.;¢?, integration by parts and (4.4.15),

<g AR;\alRmflﬂ’\ |§|flﬂ’|‘

950, /KR(Z +y,y)e dz

(iii) For R > R,,
/KR(Z +y,y)et*dz = 0.
For (i) and (ii), we need |o| < N and |5'| < M.

We now sum up the above bounds in R to estimate a. By (i) and (iii), we immediately
obtain

|8;8§/a| <g AR;'Q‘R;“W'
On the other hand, by optimizing (i) and (ii) (which requires M > |5’| + m), we obtain
050¢ al S AR, g7,
Combining the two bounds, (4.4.14) follows. O

Finally, Proposition 4.4.6 follows from Proposition 4.4.5 and Lemma 4.4.11 with appro-
priate choices of A, N, M, the same R,, and R, = (1 + A,)R,,, where we are being loose
with the power of (1 + A,) in (4.4.7).

4.5 From (RC) to integral formulas

In this section, we carry out in detail the construction outlined in Section 4.3. In particular,
the conditions needed for our construction, including the key recovery on curves condition,
are precisely formulated here; see Section 4.5 (simple qualitative version), Sections 4.5-
4.5 (detailed quantitative version), and Section 4.5 (additional quantitative assumptions for
obtaining solutions with compact support) below.

Construction of a rough integral kernel supported on curves

Our aim in this subsection is to formulate qualitative conditions (including recovery on
curves) that lead to the construction of a rough integral kernel K, (z,y) with properties
outlined in Step 1 of Section 4.3.
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Recovery on curves and duality argument, qualitative versions

Let W be an open subset of R x R%, and let x : W x [0, 1] — R be a smooth family of curves

with x(y,y1,0) = y and x(y,y1,1) = y;. We state the precise (but qualitative) formulation
of (RC):

(RCY) Recovery on Curves (with endpoint). For each (y,y;) € W and multi-index

v, and there exists an ry X sp-matrix-valued continuous function s +— S J(%K)(y, Y1, S)
(s € [0,1]) and an rq x ro-matrix-valued distribution (b,,)? ;(-,4) € D'(U) such that the
following holds. For every (C-valued) ¢ € C°(U) (without the vanishing condition
near y; ), we have

vs(y) :/0 >89y, 1, ) (0P ) (x(y, 11, 5)) ds + ((by)” S (), ), (45.1)

where S, K — ¢ except for finitely many multi-indices 7, and
supp(by, )", (-,y) € {n}. (4.5.2)

As outlined in Step 1 of Section 4.3, (RC") leads to (in fact, is equivalent to) the existence
of a (distributional) Green’s function for P supported on the curve x(y, y1, [0, 1]).

Proposition 4.5.1 (Duality argument). Let U, W, x = x(y, y1, s), P, SJ(%K) (y,v1,5), and
(b)), (-, y) satisfy (RCY). For each (y,y1) € W, define the sox ro-matriz-valued distribution
Ky, (y) (on RY) by

Ky o), ) = (K™ 5 y) tre) = / >80y, g1, )00k (x(y, y1, 5)) ds. (4.5.3)

Then we have, for each (y,y1) € W with both y € U and y; € U,
PK,, (z,y) = 0o(x — y) — by, (x,y), (4.5.4)
in the sense of distributions on U (where P acts on the x-variable). Moreover, we have
supp Ky, (,y) € x(y, 1, [0, 1]). (4.5.5)

Proof. The claim (4.5.5) concerning the support of K, (-,y) is clear from (4.5.3); hence it
only remains to verify (4.5.4). Indeed, note that (4.5.4) is equivalent to

<Ky (-,y),'P*g0> = @(y) - <by1('7y)790> for all p € CEO(U)y

which in turn is equivalent to (4.5.1). O
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Example 4.5.2. For Pu = (0; + B;)u/, x = x (straight line segments), we have (4.3.9),
which leads to K, and b, given by (4.3.10) and (4.3.11), respectively.

Remark 4.5.3 (Recovery on curves without endpoint). In view of the support property of
by, (,y) in (4.5.2), (RC") implies the following weaker version:

(wRC) Recovery on Curves (without endpoint). For each (y,y;) € W and multi-index

v, there exists an ry X sp-matrix-valued continuous function s +— S J(%K)(y,yl,s)
(s € [0,1]) such that the following holds. For every (C™-valued) ¢ € C*(U) with
© vanishing in a neighborhood of y;, we have

/ ZS (4,91, 9) (0L (P @) (x(y, 91, 5)) ds, (4.5.6)

(7,K)

where S, = 0 except for finitely many multi-indices 7.

Amusingly, the reverse implication also holds under a mild additional assumption. Specifi-
cally, assume that (wRC) and the following holds:

(R-y1) Regularity at y; (or endpoint regularity). For each vy and (y,y;) € W, S (y Y1, S)
is (mg + |y| — 1)-times continuously differentiable in s at s = 1.

Then, for each (y,y1) € W, there exists an 7o X ro-matrix-valued distribution by, (-, y) € D'(U)
such that (4.5.2) holds and, for every ¢ € C2°(U) (without the vanishing condition near ),
(4.5.1) holds. In fact, by, (-,y) is given by

(0" ) =ty [ 328,72 Bl po ) ds, - (45)

833( ;Y1 . — .
where v(y, 1) i= (AL h(w) = o1 ( (wly ) - (91— 2))), and xoals) Bs @ smooth

nonnegative and nondecreasing function that equals 1 for s > 1 and 0 for s < % We omit
the details, as this fact will not be used in the remainder of the chapter.

Quantitative formulation of (RC)

We now give quantitative version of the assumptions on the basic objects needed for carrying
out our method outlined in Section 4.3.

Conditions on x, quantitative version

Let Ly, Ly, > 0, My, M, € Z>o and Ax, A} > 0 be parameters to be used below (note
that Ly, Al, and M, are only used in (x-3)). In accordance with our multi-index notation,

0y + 0,,)* = 17219y + 0,)% and (9, + 0a)* =TI} (0, + 0us) .
Fix an open set W C RY x RY . We will consider a family of curves x : W x [0,1] — R?
satisfying (possibly a subset of) the following properties:
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(x-1) The map x(y,y;, s) is continuous and obeys

X(yvyla O) =Y, X(ya Y1, 1) = Y1,
(1+ A0 yr — vl < |0sx(y,y1,8)| < (1 + Ax)|ys —y|  for every s € (0,1).

For higher derivatives, we have

‘LL"‘Hyl — y[‘m(@y +8y1)°‘85185x(y,y1,5)’ < Axlyn — vyl for |a]+|B] < My, |al > 0or |5] > 1.

(x-2) The map y; — x is invertible for each fixed y and s € (0, 1]; we denote the inverse by

yvi(y,x,s). We assume that W obeys

< (14 Ay)s™,

ayl (ya xZ, S)
ox

where we used the operator norm in R?. For higher derivatives, we have
| Lz =y (8, + 0,) 1 (y, w,8)| < Axs M —y| - for |al+[8] < My, |a] > 0 or [8] > 1.
(x-3) The map x(y,y1, s) obeys

L L0, + 0,)%08 0.x(y, 1. 5)| < ALLy  for |B] > 0, |a] + || < ML,

for every (y,y1,s) € W x (0,1].

Hypotheses (x-1) and (x-2) are motivated by the assumptions on z in Section 4.4; for
(x-3), see Remark 4.5.5.

Remark 4.5.4 ((x-1)—(x-3) for straight line segments and other x). As in Remark 4.4.1,
a basic example of x is the straight line segments, x(y,y1,s) = y + (y1 — y)s, for which
(x-1)—~(x-3) hold with Ay =1 and any L,, L, > 0.

Other interesting examples of x satisfying (x-1)—(x-3) can be obtained by keeping x(y, v1, $)
close to straight line segments for small s (e.g., s < ﬁ for some 0 < § < 1), but let-
ting it curve for large s. The solution operator in [MT22] (see also Chapter 2) adapted to

degenerate cones may be constructed using such an x.

Remark 4.5.5 (On the hypothesis (x-3)). Note that (x-3) improves upon (x-1) for |y; — y| <
L. Observe also that, since (9, +8y1)a85lx(y,y1, 0) = 0 for || > 0 (indeed, x(y,y1,0) = y),
it follows from (x-3) that

L@, + 8,)°00 x(y, 1, )| < sAKLy  for o]+ 18] < ML, (458)

for every (y,y1,s) € W x (0, 1].

At a technical level, we remark that (x-3) is not needed in the proof of Theorem 4.5.11,
our core analytic result. Its only use is to derive (b,,-2) below from a graded augmented
system; see Proposition 4.6.6.(2).
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Recovery on curves condition, quantitative version

In addition to (RC"), we assume that the following assumptions on S J(%K) hold for some
m}( € Zzo (K < {1, Ce ,So}), MS € Zzo and AS > 0:

RC-q) Recovery on curves, quantitative. (RC") holds for S %) With the followin
q y q J g
bounds:

LL°“'|?/1 _ y|‘5|(8y + 3;,1)&3515(](%}()(%3/1,8) < Aglys — y‘mK+lv|SmK+|v|—1 for |a|+|3| < Mg

for all (y,y1,s) € W x (0, 1], where mg is the order of the operator (P*¢)x. Moreover,
SJ(A”K) =0 if |y| > m).

We also make (possibly a subset of) the following quantitative assumptions on b,, for some
Mg, M, M,Z € ZZO and Ag, Az, A/Z > 0:

(by,-1) Structure of b,,, quantitative. For every (y,y;) € W, there exists a distribution
by, (+,y) of the form

(byl)JlJ(x7 y) = Z (Z%)4(y, yl)(9A>J, (z, 1) (4.5.9)
AcA

for some finite index set A (independent of y,1;), which satisfies the relation (4.5.1)
for every (y,v1) € W with y € U. Moreover, each Z* obeys

LIy — w1 P10, + 0,,)*08 Z™(y,y)| < Az for |a] + |B] < My,

and each ga takes the form (for J' =1,... 7o)

(ga)” (z,3n) =Y elgal ™’ (y1) 000 ( — 1),

o

a,J’)

where the coefficients c[ga]®/") are zero except if || < maxg(mg +m/;) —1 and obey

|8510[9A](Q’J,)| <A, for |B| < M,

(b,,-2) Local regularity of ZA. (b,-1) holds with Z# obeying the following additional
bounds:

LY (0, + 0,,) 05 2Ny, )l < A for [a] + 18] < Mj

Some remarks concerning these quantitative assumptions are in order.

Remark 4.5.6 (On the hypotheses (RC-q) and (b,,-1)). Although these assumptions look
complicated, we will see in Section 4.6 that (RC-q) and (b,,-1) may be derived directly
on any curves x satisfying (x-1)—(x-2) from the existence of a graded augmented system
(with appropriate bounds); see Proposition 4.6.6.(1). Furthermore, this direct derivation
will provide us with more concrete expressions for Z4 and ga, as well as a bound for #A.
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Remark 4.5.7 (On the hypothesis (b,,-2)). Hypothesis (b,,-2) improves upon the bounds for
Z% in (b,,-1) when |y; —y| < L. Given a graded augmented system, (b,,-2) on x follows
from an additional local (i.e., for y; close to y) regularity assumption (x-3) for the curves x.

At a technical level, we note that (b,,-2) is not used in the proof of Theorem 4.5.11, our
core analytic result. It is only used in Section 4.5 below.

Remark 4.5.8 (Recovery on curves condition without endpoint, quantitative version). We
note that (b,,-1) can be derived from (RC-q) and a quantitative version of the endpoint
regularity condition. Like Remark 4.5.3, the following statement only plays a conceptual
role and will not be used elsewhere in the chapter.

For simplicity, take x to be the straight line segments x(y,y1,$) =y + (y1 — y)s (so that

(x-1)—(x%-2) hold), and let U and SJ(%K)(y,yl, s) satisfy (RC-q). Assume also that

U x(y,y1,[0,1]) C U.

yeU, (y,y1)EW

Assume also that P takes the form Za/:|a,‘<m(0p)(a/’J)K(x)8a' and obeys, for some M’ > Zs
and A, > 0, -

102(cp) ™D | < A for |B] < mi + M,
and that, for some Ay > 0,

1 — 91?18, + 0,,)20% 8°S, ) (y, 1, 1)| < Ay for |al + 8] < M, 1 <0< mg + |7l

Yyi—s

Then (4.5.1) holds with b, (-, y) given by (4.5.7). Moreover, this b,, (-, y) satisfies (b,,-1) with
A= {(a,J) : |a] < maxg(mg +my)—1,J =1,...,10} (where each « is a multi-index),
clg(a,n)?7) = 6768 and

Az <Ay, Ayg=1, Mz=DM;=M —Cpm,.
The proof proceeds by noting that b,, defined by (4.5.7) in fact takes the form
(byl)JlJ<x7y) = Z (Z(Q’Jl)><](y7yl)aa50($ - 3/1);
ala|<m+4mi—1

where

(20 5y 1) = ((by)” s, m), S @ = ) )

= Cers @B 9x(y, p, 1)°
Z ( 1) + (a—o/)!a/!ﬁ! |as§(y7y171>|2|5‘

a/7ﬁ7’y:
la’+B|<m-+|v],
a'<a, [B|>1, |y|<ma

x| (SJ(%K/)(y,yl,S)C[alp*]x/(a%"m(z(y,yl, sN(x(y,y1,8) — yl)a’a')

s=1

Again, we omit the details of the proof, as we will not use this in the remainder of the
chapter.
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Conditions on the smooth averaging weight 7, quantitative version

Given M, M,’7 € Z>o, Ay > 0, and L, > 0, we will consider a smooth function n : W — R
satisfying the following properties:

(n-1) [ n(y,y1)dys = 1 for all .
(n-2) suppn € W and suppn(y,-) € Br, (y).
(n-3) We have

1L yy — y|P1(0, + 0,,)*02 n(y, y1)| < AL, " for |a| + |8 < M,
(n-4) We have
LI L (8, + 8,,)°08 n(y, y)| < A Lyt for |a] + 8] < ML,

Remark 4.5.9 (On the hypotheses (7-1)—(7-3)). Hypotheses (1-1)—(1-3) are motivated by the
assumptions on 1 in Section 4.4. Note that (7-2) precludes the choice of smooth averaging
weight that occurs in the conic operator in Section 4.3. However, it can be easily worked
around; see Examples 4.4.4 and 4.5.13.

Remark 4.5.10 (On the hypothesis (7-4)). Note that (7-4) improves upon the bounds for n
in (1-3) when |y; — y| < L,. At a technical level, we note that (1-4) is not used in the proof
of Theorem 4.5.11, our core analytic result. It is only used in Section 4.5 below.

Smooth averaging

We now carry out the construction of a smoothly averaged integral kernel K, outlined in
Step 2 of Section 4.3, which is at the heart of our approach.

Construction of smoothly averaged kernels

The smoothly averaged kernel is defined by the equation

J )" ety do = [ / 2 5 00 5, ) s

(4.5.10)
which may be (somewhat informally) also written as K, (z,y) = [ Ky, (z,y)n(y,y1) dy:. Note
that, in view of suppn C W, the right-hand side of (4.5.10) is well-defined for every y € R?
and p € C®(R?), although it is trivial unless y € {y € R?: Jy; € R4 s.t. (y,y1) € W}.

Theorem 4.5.11 (Smoothly averaged integral kernels). Let x : W x [0, 1] — R? and 77 W —

R satisfy (x-1)-(x-2) and (n-1)-(n-3), respectively, and assume that P and S (y )
satisfy (RC-q). Assume also that, either
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1. U N Uyep supp,, n(y,y1) = 0; or
2. P, S, gy, 5) and (by,)” (- y) satisfy (b,,-1).
Then the integral kernel K, = (K,)* ; defined by (4.5.10) satisfies
PKH("y) :60('_y)_bn('ay) on U,
where (b,)” ;(x,y) = 0 in Case (1), and in Case (2), (b,)” ;(x,y) is a distribution on R% xR
defined by
)7 ste) = 3 [ (2400010 (98) (o) oy

= S0 (clgal @2y, )y, 7) )

which moreover satisfies
Lyt = 912D, + 0.)* 07 (0)” s (2, 9)] < Cpamcrmy AgAzAy  for all x 2y,
supp, (b,)” ;(z,y) C supp,, n(y,y1),  for ally € RY,

where |a| + 8] < min{ My, Mz, Mg, My} — Crype -
In both cases, the integral kernel K,(z,y) is a locally integrable function on R? x R?
satisfying

|(Kn)KJ(xa y)| < me,m’KASAn(l + AX)Q(d+mK/)|x - y|_d+mK Jor all x # y,

supp(K,) € J x(wou [0 1),

y1:(y,y1)€Esuppn
supp(K,)* ;(z,-) C{y € R?: 3y € R? s.t. (y,41) € suppn, = € x(y, y1,[0,1])},

and the symbol (a,)* (&, y) = [(K,))",(y + z,y)e % dz obeys
1050 ()™ (€, 9)] < Cye g 0845 An(1 4 Ay O H IS mactmic) L el(14 Ay) Ly) ™t [¢]) 1P

where y € R, |a| + | 8| < min{ My, Mg, M, } — Clnge sl -

Proof. The expressions for K, and b,, as well as the estimates for b,(z,y), follow from
the defining relation (4.5.1) and hypothesis (b,,-1). To obtain the claimed properties of

K, and a,, we apply Proposition 4.4.5 with W = {(y,21) € R x R? : (y,y + 2z;) € W},

Z(y,Zl,S) = X(y7zl +y7 S) - Y, kW(yazlvs) = SJ(%K)(yazl +y7 8)7 and T](y,Zl) = 77(9721 +y)

Indeed, observe that (x-1)-(x-2), (RC-q) and (7-1)—(7-3) imply that the assumptions in
Section 4.4 are all satisfied (with appropriate parameters). ]
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Generalization of the conic operator and proof of Theorem 4.1.1

From Theorem 4.5.11 we immediately obtain the following result, which generalizes the
construction of conic solution operators.

Theorem 4.5.12 (Full solution operator and Friedrich-type inequality, non-compact sup-
port). Assume that Case (1) of the hypothesis of Theorem 4.5.11 holds, i.e.,

Un U supp,, 1(y, y1) = 0. (4.5.11)

yelU
Then the following statements hold.

1. Full solution operator. For every 1 < p < oo and |s| < min{My, Mg, M, } —
Comy.m,» the operator (S,)%; with integral kernel (K,)* ; defines a bounded operator

WP (U) — Wetmer(U) with

PS,f=f foralfeWU).

2. Representation formula and Poincaré-type inequality. For every 1 < p < oo
and |s| < min{ My, Mg, My} — Cq e m;,., we have the representation formula

v = (S),K(P Q) forallp € WP (U),

where P*¢ is defined in the sense of D'(RY), so that (P*p)k € W‘S_mK’p’(U). More-
over, we have the Friedrich-type inequality

lellw—er @y S D NP Okl oy Jor all o € WP(U).
K

3. Cokernel in W=, For any open subset V such that V. C U, if Z € W=7 (V) with
P*Z =0 in D'(U), then Z = 0; in short,

ker’W"_s’p/(V) 7)* = {O}

Here, ||(SU)KJ||W5,p(U)_>Ws+mK,p(U), ||(S,’;)JK||W_s_mK,p/(U)_>W,5,p,(U) and the implicit constant
in (2) are all bounded by Cq e i, spAsAn(1 + Ay )Cldrmictmrts)

Note carefully that even for f € C2°(U) vanishing near OU, the theorem does not ensure
that S, f vanishes near OU; correspondingly, the representation formula require ¢ € We# (U),
leading to a Friedrich-type inequality for P*. In order to ensure that S, f vanishes near OU
(correspondingly, to prove a representation formula and Poincaré-type inequality for ¢ in
W#P(U)), we need to take into account the cokernel of P in W*P(U) into account, as we will
in Section 4.5 below.
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Proof. Part (1) is an immediate consequence of Theorem 4.5.11, Case (1). Indeed, the
bounds for the symbol a, in Theorem 4.5.11 implies that

”(Sn)KJHWS’PHWS*vaP < Cd,mK,m’K,SvaSAn(l + AX)C(d+mK+mKI+S)

by the standard theory of pseudodifferential operators [Ste93]. Restricting to inputs f €
W#P(U), and composing with the surjection W*tm«:P — JWstmiP({J), the same bound for

H (SW)KJ||WS7P_>WS+TYLK,[](U) fOllOWS.
To prove Part (2), note that we have, by duality (4.2.7),

H (S;)JK HW—S—vaP’(U)_)m/fs,p’(U) = H (SW)KJHWSJ’%WS““K’P § Cd,mK,m’K,s,pASAn(1+Ax)c(d+MK+mKl+s)-

Moreover, PK,(-,y) = éo(- — y) for y € U is equivalent to

o =S, Py for all p € CZ(U),

which extends to all ¢ € W‘S’p/(U ) by approximation. The Friedrich-type inequality for
ngHW_S,p/(U) now follows.

For Z € W*P(U) with P*Z = 0 in D/(U), Part (2) only implies that Z corresponds to
a zero element in W*P(U), which still leaves the possibility that Z # 0 as an element of
Ws’p(U) (i.e., it may happen that supp Z C OU; see the discussion in Section 4.2). However,
since we assume in addition that Z € WP (V) for an open subset V with V C U, Z = 0 in
W#P(U) is sufficient to conclude that Z = 0 in Wer (V), which proves Part (3). O

Example 4.5.13. For Pu = (9; + B;)u/, x = x (straight line segments), and a suitable
choice of 1, Theorem 4.5.12 specializes to the conic integral kernel Kﬂ(x, y) in Section 4.3,

Step 2. Indeed, given 3 € C>=(S41) with fﬁdS = 1, take n(y,11) = ¥y — y)(E=4),

ly1—yl
where 1) is as in Example 4.4.4. Then (7-1)-(n-3) are clearly satisfied (with L, = R,, which

can be taken to be arbitrarily large), and K, (x,y) = Ky(z,y) for [z —y| < 1R,

We are now ready to give a precise formulation and proof of Theorem 4.1.1.

Precise formulation and proof of Theorem 4.1.1. To make Theorem 4.1.1 precise, we replace
“(RC)” and “an admissibility family of curves x” in the statement of the theorem by (RC-q)
and (x-1)—(x-2), respectively, on an open subset U that contains U.

Then Parts (2) and (3), except for the Friedrich-type inequality, follow from Theo-
rem 4.5.12 by simply choosing n(y, y1) = m1(y1) with n; € C°(U7) satisfying [ 1 (y1) dy; = 1.
To prove the Friedrich-type inequality, we apply Theorem 4.1.1.(2) with U replaced by U
(the larger open subset that contains U on which the hypotheses hold), and observe that
1ell57-r ) S Il @y While [[(P @)k lgp-s-mucr @) < 1(P* )l -s-mic o 1y Similarly,
for Part (1), i.e., the triviality of kerﬁ;,s’p/w) P*, we apply Theorem 4.1.1.(3) with U and V'
replaced by U (the larger open subset that contains U on which the hypotheses hold) and
U, respectively. O
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Solutions with compact support

Finally, we carry out the procedure outlined in Step 3 of Section 4.3 for constructing an
operator that produces solutions u to Pu = f with suppu compact (provided, of course,
that f has compact support).

Local regularity conditions for Z4 and 7, and a simplifying assumption

Given an extra parameter L, > 0 (with the dimension of length) and My, M; € Zs,, we
assume (b,,-2) holds for Z4(y,y;). Furthermore, for simplicity, we will make the following
smoothness assumption:

(C*) Smoothness assumption. U, W, x, P, SJ(%K) and (b,, )7, satisfy (x-1)-(x-3), (1-
1)~(n-4), (RC-q), (by,-1)-(b,,-2) for arbitrary My, My, M, Mg, Mz, My, M, (where the
constants Ay, A A, As, Az, Ay and Ay may depend on My, My, My, Mg, Mz, My, M,).

This simplifying assumption allows us not to worry about the number of derivatives in the
ensuing discussion. Without (C*), the proofs below may be modified in a straightforward
manner to cover the appropriate finite regularity case.

(Z4) sea, ker P* and generalization of the Bogovskii operator

We define the formal kernel of P* (or equivalently, formal cokernel of P) on U to be
ker P* :={Z € C=(U): P*Z=01in U}.

Lemma 4.5.14. Assume that U, W, x, P, S, and b, satisfy (C> ).

1. For every Z € ker P* and y,y, € U such that x(y,y1,[0,1]) C U, we have

In particular, we have
dim ker P* < #A.

2. If dimker P* = # A, then for every basis {Z*}aca of ker P* and y,y1 € U such that
x(y,y1,[0,1]) C U, we have the decomposition

(by)” 5 (2, y) = D (Z2) 5 (1) (Ca)” (2, 1)

AcA
Here, (a and ga in (b,,-1) are related by the identity

((9a)” Co91), (Z2) ) (Can) (2, 91) = (9a)” (. 90)-

8We point out that there is no need for any assumptions on 7 for this lemma.
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Proof. Part (1) follows by testing Z(z) € C*(U) against (4.5.4), which is possible thanks
to (4.5.5) and x(y, v1, [0,1]) € U. The claim dim ker P* < #.A then follows. If dimker P* =
#A, then given a basis {ZA}ac of ker P*, Part (1) implies that

> 2%y, ) (gar (), Z2) = Z2(y)

for every A € A. It follows that the square matrix (gas(-,71), Z*) is full rank, and therefore
is invertible. 0

From Theorem 4.5.11 and Lemma 4.5.14, we already obtain the following construction
of the solution operator in an important special case, namely, when dimker P* = #A.
Motivated by Proposition 4.1.7 and Definition 4.1.8, we call this the completely integrable
case. This procedure generalizes the construction of the Bogovskii operator for the divergence
operator on R

Theorem 4.5.15 (Full solution operator and Poincaré-type inequality, completely integrable
case). Assume that U, W, x, n, P, S and by, satisfy (C™). Assume furthermore that

n=n(y1),
and that U is x-star-shaped with respect to suppn, i.e.,
U x(y,51,[0,1]) € U.
yeU, y1€suppn
If the formal cokernel of P has the maximal dimension, i.e.,
dim ker P* = #A,
then the following holds.

1. Full solution operator. The operator S, in Theorem 4.5.11 defines a bounded oper-

ator (S, : Ws’p(U) — W”m’(’p(U) for every 1 < p < oo and s € R. Moreover, we
have

PS,f == (GIalZA f)  for all f € W*P(U),

AcA

where (G,)a is a smooth function with supp((,)a C suppn characterized by

((Cn)as @) = (Cale, ), p(x)n(yr))  for all p € CZ(U),

with (o and Z® as in Lemma 4.5.1/. We also have the following support property:

supp S, f C U x(y, 1,[0,1]) € U.

yEsupp f, y1Esuppn
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2. Representation formula and Poincaré-type inequality. For 1 < p < oo and
s € R, we have the representation formula

01 = (S POk + Y ((G)a.©)Z>  for all o € W7 (U),
AcA

where P* is defined in the sense of D'(U), so that (P*o)x € W2 (U). More-
over, we have the Poincaré-type inequality

o= {(G)arp)Zh

AcA

< Z (P @)k lyyr—s=mc (1) for all ¢ € W= (U).
w2 (U) K

3. Cokernel in W= (U). IfZ € W’S’p/(U) with P*Z = 0 in D'(U), then Z € ker P*;
i short,
ke P* = ker P*.
Here, H(Sn)KJ||Ws,p(U)%WS+mK,p(U), H(S:;)JKHW*S*WK’P/(U)HW*SW'(U) and the implicit constant
in (2) are all bounded by Cq e m) spAsAn(1 + Ay )Cldtmetmu+s) ith Ag, A,, Ax corre-
sponding to My, My, Ms > 5+ Cgmycm -

In particular, in Part (1), PS,f = fif f € Ws’p(U) is orthogonal to ker P*, and in
Part (2), we have (o[-0 1y S 2k (P*0)kllyy—s—micr 1y i 0 € W=*#(U) is orthogonal
to ((¢y)a)aea

Proof. Part (1) is an immediate consequence of Lemma 4.5.14 and Theorem 4.5.11, Case (2).
We remark that the operator bounds on (S,)*; are obtained as sketched in the proof of
Theorem 4.5.12, but we have the additional mapping property C>®(R%) — C>°(R?) in view
of the support property of K, (-,y); by completion, we obtain Ws’p(U) — W”mK’p(U). We
also remark that the smoothness of ¢, follows from the algebraic formulas in Lemma 4.5.14
and the structure of ga in (b,,-1).

To prove Part (2), the key observation is that S;P*¢ is well-defined for any ¢ € W= (U)
thanks to the obvious mapping property (P*@)x € W=*"™%* and the duality property
(4.2.7). The desired identity and inequality are now immediate consequences of Part (1).

Finally, Part (3) is an immediate consequence of Part (2): indeed, if Z € W= (U) with
P*Z = 0, then by Part (2), we have Z =", ,((¢))a, Z)ZA € ker P*. O

Example 4.5.16. For Pu = (9; + B;)u/, x = x (straight line segments), and 7(y,v:1) =
m(y1), S, in Theorem 4.5.15 specializes to the Bogovskii solution operator S,, (z,y) in Sec-
tion 4.3, Step 3 (completely integrable case), with #A4 =1, Z = €*, and ¢, = Z 'n;.
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Soft arguments for the general case and proof of Theorem 4.1.2

We introduce the following assumption (in addition to the objects that have been already
introduced), which is a slight generalization of one of the hypotheses of Theorem 4.5.15:

(Ux) U is x-star-shaped with respect to suppn. We have

U X(y? Y1, [07 1]) g U

(y,y1)E€suppn

In view of Theorem 4.5.11, this assumption ensures that the integral kernel K, (-,y) is
supported in U for y € U.

We begin with a more detailed study of the properties of B, under our assumptions (in
particular, (b,,-2)).

Lemma 4.5.17. Assume that U, W, x, n, P, S and b, satisfy (C*). Assume furthermore
that (Ux) is satisfied for U, x and n.

1. B, is smoothing. The integral kernel (b,)” ;(z,y) for B, is smooth and satisfies
L1 (0, + 00)°02(b0)” 5 (2,9)] < Cpamperny, AgAz Ay,
supp, (by)” ;(2,y) C supp,, n(y, 1), for ally € U,
where Ay, Az, A, correspond to My, Mz, My, My, My > |a| + |B] + Camim, -

2. Approximation of B, by finite rank operators. Assume, in addition, that U is a
bounded open subset of R%. For every ey > 0 and an open set Wy such that

suppb, C Wy C Wy CU x U,

there exists a linear operator (50)€0~wz’th a smooth integral kernel Vey : U x U —
Croxro, as well as an index set A and smooth functions ©)(g)z : U — C™ and

(@) ZA . 7 = C™ such that, for all f € C=(U),
PS)f == @éf = > “lo)x(“4 1)
Aclo) 4

Moreover, it can be arranged so that kernel Ve, satisfies

SUP/ |“eg(z,y)] dy+SUP/ |“eg(x,y)| dz < e, (4.5.12)
U yeU JU

zelU
’aﬁ?ag((w)eo('x’y)” S Od,eo,U,suppbnAgAZAn,
supp (EO)eo(x,y) C Wo:



CHAPTER 4. INTEGRAL FORMULAS FOR UNDER/OVERDETERMINED
DIFFERENTIAL OPERATORS 144

the functions ) (go)z, (EO)Z()& satisfy

}ag((eo)(gﬂ)g)(xﬂ < Cd,EO,U@uppbnAgAna 65((60)2(‘?)@) < CdﬁnyUﬁuPpbnAZ’

supp [ Y “(g0)a ()23 (y) | € W
Aclo) A

andﬁ((e‘))j) is bounded by Cy ey Usuppb, - Here, Ay, Az, A, correspond to Mg, Mz, My, M7, M, >
|CY| + |B| + Od,mK-l—m’K

Proof. Recall from Theorem 4.5.11 that

B \a|aa( ]<a:J’>(x)(ZA)J(y,fc)n(y,r))~

AcA «

Part (1) immediately follows from this expression, (b,,-1), (by,-2), (17-3) and (7-4) (which are
a part of (C™)). Part (2) is, of course, a direct consequence of Part (1). In what follows, we
describe a construction of (€©)&;, (0)(gg)z and (60)ZA

To ease the notation, we suppress the superscript () in what follows. Let (Xzq (%) Xye (¥))ceg,
be a finite partition of unity on supp b, but vanishing outside of Wy which will be fixed at
the end of the construction (see also Remark 4.5.18 below). We have

(b,) = > > S0 e (clgal @) (225 (g, 20y, 2)Xes ()06 (4) )

GeGo AcA «

Defining A= A x Gg and

(eo) = > 312 (clgal @ (@) 22 (5, 2) [y, 2) = 0(ya, )] Xeo ()06 (4) )

AcA @

3 Y (el ( [9a] @) (2) [Z2(y, ) — Z2(y, 76)] N(YG, T)Xag (fv)xye(y)) :
AcA ©

(90)” 3(2) = 2 (=1)102 (elgal " (@)n(ye, 2)xee (@) )

«

Z8(y) = 72y, 26) Yo (v),

where A = (A, G), we obtain the desired decomposition and support properties. Moreover,
in view of the presence of the differences in each sum in the definition of eg(z,y), as well

s (by,-2) and (n-4), (4.5.12) holds if we ensure that the supports of each X, and X,
sufficiently small depending on €y, d, L, L,, Az and A,; at this point, we fix the choice of
these functions. The remaining bounds then follow from (b,,-1), (b,,-2), (1-3), and (7-4). O
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Remark 4.5.18. The finite partition of unity (X.q(Z)Xye(¥))ceg, used in the proof always
exists since U is bounded (hence supp b, is compact). The precise quantitative bounds on
the functions x,, and Xy, which determines the constant Cg e, vsupps,, would depend on
the regularity assumptions on U (alternatively, on suppn or supp b,)).

Combining Lemma 4.5.17.(1) with a standard contradiction argument, we obtain the
following Poincaré-type inequality for P* with optimal orthogonality conditions (i.e., formu-
lated with respect to ker P*), but with a non-effective constant.

Proposition 4.5.19 (Optimal Poincaré-type inequality with a non-effective constant). Let
U be a connected bounded open subset of R, and assume that there exist W, x, n, P, S and
by, satisfying (C™). Assume furthermore that (Ux) is satisfied for U, x, and 7.

1. Cokernel in W*S’p/(U). For any 1 < pg,p1 < 0o and sg, s1 € R, we have

kerw_soﬂpéw) P = kerw_slﬁp/lw) P

Both are finite-dimensional and, in fact, coincide with ker P*.

2. Poincaré-type inequality. For 1 < p < oo and s € R, consider a family wa(z) €
wer(U) (A ={1,... ,dimkery ., ¢y P*}) satisfying (wa, ZA'Y = 68" for some basis
{ZA) of kery, .. 7y P*. Then there exists C'> 0 such that

lelw-ssr @y < C Y NP Q) cllyyscmwr iy for all o € W (U) with (wa, ) =0,
K

where A =1,...,dim kerW,S,p/(U) P*.

By non-effective, we mean that there is no quantitative relationship between the constant
C' and the parameters of our construction (e.g., Ay, Ag etc.). This feature is due to the use
of a compactness argument in the proof below.

Proof. We begin by observing that, as in the proof of Theorem 4.5.15, we have the mapping
properties (S,)%; : W*P(U) — W*t«»(U), and thus (S;) ;" : Ws=ms# (U) — W= (U).
Thus, for every ¢ € W=#(U), we have

o =8,Pp+ By,

where B, is a smoothing operator according to Lemma 4.5.17. As a consequence, for any
0>0,1<p<ooandseER,

||B7]90||W*57P’(U) ,S(S,s,p ||¢||W757§,1}’(U) .
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From this estimate, it immediately follows that for Z € kerw,s,pr(U) P*, we have Z = BB;Z, and
thus the cokernels in different Sobolev spaces are the same; this implies Part (1). Moreover,
combined with Theorem 4.5.11, we obtain the elliptic estimate

HSDHW*SJ”(U) Sspd Z ||(77*90)K\|W757mK,p/(U) + ||90HW*S*57P'(U)> (4.5.13)
K

for every p € W= (U).
We are ready to start the proof of Part (2). Suppose that the conclusion does not hold;
then there exists a sequence ™ € W= (U) such that

6wy =1 NP )il < o (wasp™) =0 for A=1,...., dimkery o, P

By Rellich-Kondrachov (Lemma 4.2.2), there exists ¢ € W~ (U) such that, after passing
to a subsequence,

go(") — pin W_s”’/(U), go(") — @ in W_s_é’p/(U).

By the weak W~*(U)-convergence, we have P*p = 0 (ie., ¢ € kery, sy P*) and
(wa, ) = 0 for all A = L,...,dimkery, .,y P*. By the properties of wa, we have
¢ = 0. But, by the strong W* %P(U)-convergence and (4.5.13), we have ¢ # 0, which
is a contradiction. O

By a standard duality argument, Proposition 4.5.19 may be turned into an existence
statement for the equation Pu = f.

Corollary 4.5.20. Let U be a connected bounded open subset of RY, and assume that there
exist W, x, n, P, S and by, satisfying (C*). Assume furthermore that (Ux) is satisfied for U,

77777

with v € H""™x(U) such that Pu = f and ||u’]| ey < Cllf sy, where C is the

constant in Proposition 4.5.19 with p = 2.

Proof. By H*tmx(U) = (H=="™x(U))* from (4.2.7), it suffices to construct bounded linear
functionals u® on H=*"™x(U) such that (u”, (P*¢)k) = (f7, ) for all p; € H*(U). We
will use the preceding proposition and the Hahn—-Banach theorem.

Let (ZA); and (wa)” be as in Proposition 4.5.19, and let ¢ ; € H~*(U). Since (f7, (Z*);) =
0 for all A =1,...,dimker P*, we have

[P onl = [ 0s =D (ZR) A {(wa)” 00r))

A
<Ccy I
JK

05— Y (Z%)((wa)” o)

A

Hs(U)

<> If
J

Hs(U) H (P*SD)KHH—S—MK(U)a

H==(U)
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where C' is the constant in Proposition 4.5.19 with p = 2. It follows that the linear
functional (uf, (P*p)k) = (f’, ;) is well-defined and bounded on the vector subspace
M =P*(H*U;C"))of H* ™ x...x H* ™0 (U). By the Hahn-Banach theorem, it may
be extended to an element (with an abuse of notation) v € (H™" x --- x H™* "0 (U))* =
Htm oo Hotmso (U) with ||uf] iy < Clflgs oy, as desired. O

Finally, we upgrade Corollary 4.5.20 to the existence of a linear operator Q that completes
S, to a full solution operator, which is moreover smoothing and has a prescribed support
property, but with non-effective bounds on the operator norms.

Theorem 4.5.21 (Full solution operator and representation formula). Let U be a bounded
open subset of RY, and assume that W, x, n, P, S and b,, satisfy (C>). Assume fur-
thermore that (Ux) is satisfied for U, x, and n. Consider a family wa(x) € C>(U)
(A ={1,...,dimker P*}) satisfying (wa,Z™) = 62" for some basis {Z*'} of ker P*. Con-
sider also an open subset V' of U satisfying, for all A € {1,... dimker P*} andy € U,

suppwa CV, supp,n(y,z) C V.

Then there exists a linear operator Q such that

PGS —Qf=f— S wa(ZAf) Jorall f € CEU),

Ae{l,...,dimker P*}

where the integral kernel q(x,y) of Q has uniformly bounded derivatives of all order and, for
every y € U,

supp,, q(.’L’, y) g V U U X(yla Y1, [07 1])
y' €V, (y',y1)€Esuppn

By duality, we also have the representation formula

Ae{l,...,dim ker P*}

As a consequence, for any 1 < p < oo and s € R, the full solution operator S, — Q extends
to a bounded operator W*P(U) — W*+mip x ... |Wstms02(U). Hence, the representation
formula holds for all ¢ € W= (U), for any 1 < p < oo and s € R. The operator norm of
Q (and thus that of S, — Q) produced in our proof below is non-effective, but only through
the application of Corollary 4.5.20.

Proof. Let €y, €1 > 0 be small parameters to be fixed later. Our starting point is Lemma 4.5.17.(2),
which provides us with an approximation of B, by a finite rank operator Yz (go) 5 (Z8", )

up to an error operator & obeying, in particular, (4.5.12) with ¢y on the right-hand side (to
ease the notation, we omit the superscript (©)). Let us project each (go)z to *(ker P*) using
wa; i.e., we introduce

9z = (90)a — >_(Z* (90) a)wa,
A
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where, here and throughout the proof, the index A is summed over {1,...,dimker P*}.
Then we arrive at

PSyf=f—&f =D wal®(f) = 9xlZ3. 1), (4.5.14)
A AcA
where (A (f) is a linear functional for each A (it may be computed explicitly, but it does not

matter) and gz L ker P* for each Ac A
For each such gz, we now look for uz € C°(V') that solves the approximate equation

'Pug =gx +€x, (4.5.15)

with suppuz,suppeiz € V and an error bound (in terms of €;) for e;. For this purpose, we
first fix an open subset V; such that

|J suppgz CVicViCV,

AcA
and apply Corollary 4.5.20 to find a solution vz in, say, HMm™ % ox ﬁ[”’”SO(Vl) to
Puz = gxz. We fix ¢ € C°(B1(0)) such that [¢; =1 and define

UK = Qﬂel x UK’

where v is viewed as an element of H'*™ x ... x H'*ms0(R?) that is supported in V; (recall
the definition of H*(V;) as a subspace of H*) and 1. (-) := e %)y (e7*(-)). Then (4.5.15) holds
with
€A = _(911 — ey * g@) - W)ﬂ*?,P]UA'

We now verify that such uz and ez have desirable properties. First, as long as ¢ <
dist(V3, 0V'), we have

supp uz,suppez C V. (4.5.16)
Moreover, rewriting [1)¢, *, Plvg = 1, ¥ Pvg —Pvx +P(vz — 1, *vx ) and using the property
of convolution, we obtain

lexllz: S 1l9x — Ve * gxllez+Pvg — e, * Pogllre+llvg — e * vgllmmixxmmso S €1llgzllm,
(4.5.17)

Hstmix...x HST™so s [s

where the implicit constants depend on that in Corollary 4.5.20 with so = 1 and ||P|
with s = 0, 1. Finally, we clearly have, for every N > 0,

gl prenem o evemeg < Oner ™ozl llezgllmen < Cllgzllaey + Cner™llgz o
(4.5.18)
We are now ready to conclude the proof. Introducing the operators

Qlf = Z UA<Z(I)17f>7 glf = Z €K<ZDA7f>7

AcA AcA
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we arrive at

PSy—Q)f=Ff—(Ea+&E)f - > wal®(f).

Ae{l,...,dimker P*}
We define the operator Q by
S, —09=(85,-9)I—-&)7", where & =& + &

To finish the proof, it remains to verify the desired properties of Q (including that it is well-
defined). First, by Lemma 4.5.17.(2) and (4.5.18), we see that the integral kernels e(x,y)
and ¢;(x,y) of £ and Qy, respectively, have uniformly bounded derivatives of all order and
suppe(-,y), suppqi(-,y) € V for all y € U. Next, in view of Lemma 4.5.17.(2) (especially
(4.5.12)) and (4.5.17), we may choose €y and €; small enough so that ||£]| 22wy < 1. As
a consequence, I — £ is invertible on L*(U). Moreover, in view of the identities

=& ' =T+E+E+-=1+EQ-86)7", [U=-& '] =1+&[1-&)7",

it follows that the integral kernel K(z,y) of (I — &)™! — I also has uniformly bounded
derivatives of all order and supp K (-,y) C V for all y € U. Now writing

Q=—(8,-) (=& =1)+Qy,

the desired properties of the integral kernel ¢(z,y) of Q follow from those for S,, Q; and
(I-&1'—-1 ]

Example 4.5.22. For Pu = (9; + B;)u/, x = x (straight line segments), and 7(y,v:1) =
11 (y1), Theorem 4.5.21 is the precise version of the result outlined in Step 4 (non-completely
integrable case).

Remark 4.5.23 (Comparison with Theorem 4.5.15). Other than the non-effective nature of
the operator bounds, another difference between Theorems 4.5.15 and 4.5.21 is the latter’s
ability to prescribe the dual family wa to ker P*. This feature allow us to have more freedom
in prescribing the support properties of the solution operator.

We are ready to give a precise formulation and proof of Theorem 4.1.2.

Precise formulation and proof of Theorem 4.1.2. Theorem 4.1.2.(2) and (3) — with the ad-
missibility of x and (RC) replaced by (x-1)-(x-2) and (RC-q) on U — follows from Theo-
rem 4.5.21 by simply choosing 1(y, y1) = m1(y1) with 1, € C°(Uy) that satisfies [ n1(y1) dys =
1. The full solution operator S is precisely S, + Q. For the properties of kery, ., ) P,
we apply Proposition 4.5.19 (for the invariance and finite-dimensional properties), and
Lemma 4.5.14.(1) for paths that connect y; € V and y € U for the invariance of the di-

mension under restrictions. O
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4.6 From graded augmented system to (RC)

In Section 4.5, we identified some abstract conditions needed to construct the operator S,
with prescribed support properties. In this section, we formulate and prove a precise version
of Proposition 4.1.6 (see Proposition 4.6.6 below), i.e., that these conditions follow from the
existence of a graded augmented system with adequate quantitative bounds. We also provide
a proof of Proposition 4.1.7.

This section is structured as follows. In Section 4.6, we record the precise formulas for
the objects S, and (b,,)”', arising in (RC") in terms of a graded augmented system. To
prove Proposition 4.1.6, it remains to establish the quantitative bounds in (RC-q), (b,,-1)
and (b,,-2). In Section 4.6, we formulate and prove an abstract ODE lemma for this purpose.
Then in Section 4.6, we prove the main result of this section (Proposition 4.6.6). Finally, in
Section 4.6, we give a geometric interpretation of cokernel elements as parallel vectors with
respect to a suitable connection on a vector bundle constructed from the augmented system,
and prove Proposition 4.1.7 as a simple byproduct.

Structure of S(y,v:1,t) and b,, for a given augmented system

Let P be an ry x sp-matrix-valued differential operator on an open subset U C R?, with
myg denoting the order of (P*p)x for each K € {1,...,s0}. Given my € Zs( for each

77777

be (graded) augmented variables as in Definition 4.1.4 (see also the discussion above this
definition for our conventions for indices). The aim of this short subsection is to record the
formulas for S(y,y1,t) and b,, in (RC") in terms of the augmented system.

Let (B;),4" and (Ci)A(%K) be the coefficients of the system of first-order PDEs in (®-3).
Let %vu)II,4"(s,t) be the fundamental matrix solving the ODE

O [(Xy’yl)HAA/(s, t)] = X;7y1 ((Bz’)AAH © Xy7y1> (Y, y1,8) (xy’yl)HA”Al(Sa t),
o L (8, 8) = 0f
or equivalently,
t
Cevwn)TT A (5, 1) = 62 — / X ( (Bi)a™" o xy,yl) (y, 31, 8') Do) I, A (5, 8) ds’. (4.6.1)

Recall that, by Duhamel’s principle, (®-1) and ($-3), we have

1
paly) = _/ (xy’yl)HJA(O’ S)X;»yl <(Ci)A(%K) © Xy#Jl) (0P p)k o Xy,y1) (y,y1,s)ds
0
+ 0TI 2(0,1) P4 (11)-
(4.1.10)

From this expression, we immediately obtain expressions for S J(% Y,y1,s) and by, (z,y)
in (RCY), as well as K, (z,y) in (4.5.3). We record them in the following proposition.

K)<
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77777

(Bi)AA'(y) and (Ci)A(7 K)( ). Then (RCY) is satisfied with the followmg objects:

SJ(%K)(Z/Jh,t) = — )T A(0, )% Xy 1 ((Ci)A(%K) © Xy,y1) (v, 91, 1), (4.6.2)
(b)) s, y) =Y (Z%) 5y, y1)(9a)” (2, 31), (4.6.3)
AcA

(Z2)1(y, y1) = oI 2(0,1),
<(9A)J('7y1)7 @J) = q)A(yl) (i.@., C[gA](a’J) (yl) — C[(I)A](Q’J)(Zh)),

In particular, by, clearly satisfies (4.5.2). Moreover, defining the kernel (K,,)% ;(z,y) by

(K" (2, 0), Uk o Z/S” (0,0, 9)00 05 (x(y, 1, 5)) s
we have (4.5.4), i.e., PK,, (x,y) = do(x — y) — by, (x,y).

Abstract ODE estimates

Let A be a finite index set of size N, which we label {1,..., N} without loss of generality.
Consider the following N x N system of ODEs for ¢ € [0, 7] for some 7" > 0:

—wA ZBAA’ Joar(t) + ga(t), (4.6.6)

where A; A" € {1,...,N}. Asin (d-4), we associate to each index A € {1,..., N} a degree
da € 7, and without loss of generality, we assume that

max da = 0. (4.6.7)

We assume that B obeys the following vanishing condition:
BoA(s)=0 ifda >da +1. (4.6.8)

Remark 4.6.2. In our applications, we take B,*'(s) = x* ((B;) o™ 0x) (y,1,5) for a fixed
(y,y1) € W. Hence, (4.6.8) follows from the properties of degree introduced in Defini-
tion 4.1.4.

The solution to (4.6.6) with the final data 1A (t) = 0 is given by

‘;/t A ™ (¢, 5)gas(s) ds, (4.6.9)
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where I1,2'(s,t) is the fundamental solution solving,

%n(s B = B(s)II(s,t), (t.t) =1,

or equivalently,

T2 (s,1) = 6,4 — / D BAM (4N (1) ds'. (4.6.10)
S A

Eventually, the kernel S, (y,y1, s) in (wRC) will be constructed out of I1,4'(0, s) for s € [0, T]
(see Proposition 4.6.1 and Remark 4.6.2). Our goal in this subsection is to estimate the size
of TI(t, s) in terms of the coefficients B in (4.6.6).

For this purpose, we first formulate and prove a result for an abstract ODE (or more

precisely, an integral equation; see (4.6.11)). We introduce the following scale of norms for
b:[0,7] - R and m € Z<y:

150l = 1Bl o fm =0,
T

I, = / b(s)]s™™ " ds ifm < 0.
0

We introduce

1Bl = > ||Ba*]

— B A, o
Y B o,

A A dpa=dy/+1 A A dpa=dy/+1

IS NI o e

A,A/:dASdA/ A A da<dp/

18I =3 || Ba*]

AA/

and define

= 1Bl + 1Bl

da—dpr—
The main result of this subsection is the following.

Proposition 4.6.3 (Abstract ODE estimates). Consider any T > 0 and degrees da (A €
{1,...,N}) and an N x N matriz-valued function B on [0,T] satisfying (4.6.7), (4.6.8) and
1Bl < +oo. Let WA =W, A (s,t) (A, A’ € {1,...,N}) satisfy the equation

\IJAA/(s,t):/ GAN (s, 1) ds' + ZBAA” YW, A (S 1) ds (4.6.11)

S AN

for0 < s <t<T, where

t
/ (s')atdar |G A (s, 1)| ds' < Ag (4.6.12)



CHAPTER 4. INTEGRAL FORMULAS FOR UNDER/OVERDETERMINED
DIFFERENTIAL OPERATORS 153

for some Ag > 0. Then for all0 < s <t <T, we have
sTdapda |, A (s, 1) < C A if da <0, (4.6.13)

t
/ ()71 W A (s )| ds’ < C Ay if da <0, (4.6.14)

where we have the following bound for the constant C' in (4.6.13)—(4.6.14):
€' < Cotamusn i) (2 + [ Bl ) V0418 180

Proof. In this proof, we suppress the dependence of constants on N and maxa(—da). Ex-
ceptions to this rule are the constants denoted by Cy, which depend only on N but not on
maxa (—da). Moreover, some constants that are independent of N and maxa(—da) (i.e.,
absolute) will be pointed out in the argument.

Step 1. We first work under an additional assumption
By < (4.6.15)

where € < 1 will be specified at the end of the step. Let t € (0,7 be fixed, and consider
s € (0,t). Define

t
Ap™(s,1) = | sup (S')_dAtdA’I‘PAA/(SCt)I+/ (") At [, M (s 1) ds |

s'€[s,t]

A(s,t) = Z AN (s,1).

A A

By the assumptions on B, it easily follows that W(s,t) is continuous for s € (0,¢], and that
A(s,t) < +oo for s € (0,t]. The goal of this step is to prove that, under (4.6.15), we have,
for all s € (0,1),

A(s,8) S (14 (1Bl oey) ™ Ao.

Let us use (4.6.11) to estimate W(s,t). We begin by estimating the contribution of G:

¢
s datdar / G2 (s, 1)| ds’ < Ay if da <0, (4.6.16)

t t
/ (8//)7dA*1tdA/ / ’GAA/(SI,t)l ds’ ds” < (—dA) AO if dA < 0. (4.6.17)

Indeed, recalling that da,das < 0 by (4.6.7), bound (4.6.16) follows simply from (4.6.12) and

the obvious inequality s=9 < (/)79 for s’ € [s,t]. To prove (4.6.17), note that its LHS is
bounded (via Fubini) by

[

t
/ (s") At ’GAA/(Sly t)|ds’ < Ao,

(—da)

/ 1
(s”)’dA’1 ds” tdA/\GA_A (s',t)]ds" <
( dA)
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where we used da < 0 in the first inequality.
Next, we claim that

! / 4 //A/ i < —_ "
s_dAtdA’/ |B,A" W, A (s’,t)lds’<{’”B”|<oo)AA (s,t) if da <0, da =dar+1,

— Bl 1)Als, ) if da <0, da < dar,
(4.6.18)
t t _1 A’ 1 = "
/ () A / B WA () s s’ < T Do far (0 = =
s s mmBm(l)A(S,t) if dA < O, dA S dA//.
(4.6.19)

Indeed, for (4.6.18) in the case da = da» + 1, we have
t 1" ! t ! /
st [ BN U A ()] d < 1Bl [ ()N (0] S < 1Bl Ane (5,
and in the case da < dar, we have
t " / t 1"
sinetn [ BN UL A (] < [ () BN 1A (s, ) S < Bl Als. )

Similarly, for (4.6.19) in the case da = da» + 1, we have (by Fubini and —da > 0)

t t t t
/(8//)—dA—1tdA// |BAA//\I/A,/A/(S/,t)|dS, ds” < |HB|||(<>O)/ (S//)—dA—l/ tdA/|\I/A,,A/(S/,t)|ds/ds/l
1

t
< ——|IB / §)~dapdar |, A (S )] ds' ds”
< (_dA)\H ll o) S( ) (W™ (8, 1))

and in the case da < dar, we have (again by Fubini and —da > 0)

t t t t
/(8//>—dA—1tdA// |BAA”\I/A,,AI(8,,t>|dS/dS” S / (S//)—dA—I/ (S/)dA//|BAA”|A(8’t) dsldsll

1"

1
< ——|IB|||1 A(s, t).

Using (4.6.11), (4.6.17)—(4.6.19), we arrive at the inequality

Aa¥(5,0) S Ao+ 1Bl oy AGs, )+ D 1Bl oy Aar™ (s:)-

A//:dA//:dAfl

The term with || B, will eventually be absorbed into the left-hand side using (4.6.15),
but the term with [||B |||(Oo) needs care, since we are not assuming smallness. Nevertheless,
there is a reductive (or nilpotent) structure for this term. More precisely, it is not present
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when da = mina~ dar, and for da > mina~ dar, it only involves A A,,A/ with dar = da — 1.
Therefore, iterating this bound (no more than N times), we arrive at

As, 1) < Cr(1+ 1Bl o)™ (Ao + [ Blll ) Als, 1)-

Taking € = Oy (1 + |||B\H(OO))_N for a sufficiently small absolute constant ¢ > 0, we may
absorb the contribution of [|B])A(s,t) into the LHS and obtain the desired estimate for
A(s,t).

Step 2. Next, we consider the general case when || B, is finite but possibly large. Let us
split [0,t] = [tm, tm—1] U --- U [t1,t0] with ¢,, = 0 and ¢, = t so that

ml[ti,ti_l]Bm(l) <€ foreachi=1,...,m, (4.6.20)

where € is as in Step 1. Since |||, consists of L'-type norms, such a splitting with m <
Cne Bl exists. For t; < s <t;_y, define

Agy(s,tia) =Y [ sup  (s) 7T, A (8 ) — TN (i, )]
AA’ S/G[s,tifﬂ

ti—1
+/ (s~ taedar (W A (S 1) — W A (S 1) ds' |

For t; < s < t;_1, we claim that

s WA (5, 1)] < Ay (sitica) + Y Agn(tir, ti—s) (4.6.21)
i <i—1
t
/ <S/)_dA_1tdA, |\I]AA,<S/, t)| dS, 5 A(l) (S, ti_l) + Z ('L — 7;/ + 1)14(1/) (ti’7 ti’—l); (4622)
s i'<i—1

where we take the sum to be vacuous if i = 1, and the latter bound is only for A, A’ such
that da < 0. Indeed, estimate (4.6.21) follows easily by writing W ,4'(s,t) as a telescopic
sum

WA (5,8) = Ua™N (5,8) = WA (timr )+ ) (p™ (b t) = TpY (B, 1), (4.6.23)
i'<i—1

For the proof of (4.6.22), let us assume that s = ¢; for simplicity; the general case is a minor
modification of this case. We split the integration domain into [t;, t;_1]U---U[t1, t] and also
the integrand using a telescopic sum akin to (4.6.23) as follows:

/:<s>dA a9, (o 1) 0
<Z/

’<7, i/ i”Si’—l

Tl <‘\IJAA/(S,7t) WA (o O+ Y (WA (tars ) = Wp™ (1 8)]

) ds’.
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Estimating the contribution of W(s',t) — W(ty_1,t) on [ty,ty_1] by Auy(ty,ty—1), and the
rest using (4.6.21) and the obvious integral

/til_1< /) d 1 ! 1 d
s)ATids = ———t, 7
tr (_dA) o

the desired estimate (4.6.22) follows.
For s € [ti11,t;), we rewrite (4.6.11) as

t;
U A (5,8) — WA (8, 8) = / GAA (s, t)ds’ + / D B ()N (1) ds

A//

/ S BN () (WA (5, 1) — U p A (1 1) dS

Al/

t
:/ Lty (8) (GAA/(SI7t) + ZBAA//(SI)‘I’A//AI(tiat)> ds’

A/l

/ S g () BaN () (@A (51, 8) = WA (1, 1)) s

s AN

Using the last identity, we may trivially extend W ,A'(s,t) — W, A (¢;,¢) to all s € (0,¢). Then,
in view of ||| 1,608 H(Oo) < [ Blll (o) and (4.6.20), the argument in Step 1 is applicable to

WA (5,1) — W, A (t;,1). We claim that for every A, A’, we have

t
/ (S/)_dAtdA/1[ti+17ti}(51)|GAAl(5/at)’ ds’ < Ay,

t
[ 1) B A (100145 S s B Y At

A/l /<,L

The first bound is an immediate consequence of the hypothesis for G. To establish the second
bound, note that

t ti
[ (BN (U ] A5 < [N B (] (17108 A (0]

S H‘l[ti+1,ti]BH| ZA(i’)(ti/,tiz_l),

i <i

where we used (4.6.21). We remark that the integral can be bounded easily by dividing into
cases da = da» + 1 and da < dar. Now, applying Step 1, we derive

Ay (5,13) S (1 1Bl o)™ (Ao + [T BIl Y Ayt 1) )

i <i
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where the last term inside the parentheses does not exist for ¢ = 0. By a simple induction
argument on i € {1,...,m — 1} (observe also that |||1,,, Bl < 1Bl () + €), we obtain

3" Aw(titio) S @+ 1Bl o)) ¥ ™ A

i<m

Combined with (4.6.21)—(4.6.22), the desired estimates (4.6.13)—(4.6.14) follow. O

The following result for the fundamental matrix II is an immediate corollary of Proposi-
tion 4.6.3:

Corollary 4.6.4. Consider degrees da (A € {1,...,N}) and an N x N matriz-valued
function B on [0,T] satisfying (4.6.7), (4.6.8) and ||B|| < 4+o0. Let TI,A" =TI, (s,t) be
given by (4.6.10) for 0 < s <t <T. Then, for 0 < s <t <T, we have
s~ A (5,1) = 04%| < On(L+ 1Bl o)™ exn(CnlIBllo)IIBII - if da <0,
(4.6.24)

t
/ (s) "M LA (5, 1) — 04 | A < On(L+ (1Bl o)™ exp(CnlIBIla)IIBI - if da < 0.
(4.6.25)

This corollary will be sufficient to verify (wRC) for many divergence-type equations
Appendix B. However, to establish the higher derivative bounds in (RC-q), we will directly
apply Proposition 4.6.3 to a suitably differentiated ODE system.

From augmented system to quantitative (RC)

We now show that graded augmented system in the sense of ($-1)—(P-4) leads to the quan-
titative version of (RC), namely, (RC-q), (b,,-1) and (b,,-2).

Let x : W x [0,1] — R? satisfy assumptions (x-1), (x-2), and (x-3) in Sections 4.5.
Given M € Z>( and § > 0, we introduce the following norm adapted to (x, W) (G is for the
underlying Geometry):

Ibll¢ars ey = sup / (0°b) (x(y, y1, 8)) ||y =y ds, 5 >0,
(y,91) GW

bl e = sup Z sup [|(07b) (x(y, y1, 5))llys — y|** 15"+ 1].
(Wy)EW 12y 0S8l

When 6 = 0, we will only use the L>*-based norm; hence we introduce the shorthand

||b||GMv0(x,W) = ||b||ci;gv0(x,w) = Sup Z Sup [|(3ab)(x(y,y17s))||y1 - y||a‘3‘a|] :
Wy EW (g 0S8<1
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Given L, > 0, we also consider the following inhomogeneous norms:

1
Ibllomswir, = sup > / |(0°b) (x(y, 1. 5))| max{Ly, [y: — y|}**1s" 1 ds, &> 0,
0

(yy1)EW a:lal<M

Iblgars owiny = sup > sup [[(07b)(x(y, y, ) max{Ls, [y — y}*Is"] .
WA)EW 12y 0S5<1

As before, we write ||bllgyopow.r,) = [Bllgaro i w.r,)-

Remark 4.6.5. Observe that all these norms are easily bounded by (appropriate) standard
Ck-norms. Indeed, for an open set V C R? with x(W x [0,1]) C V, we have (for any § > 0
and M € Zzo)
1l ars iy 10l ars oy Sar sup |y = y" M [[bllcar ),
(yvyl)ew
1Bl @6 e w, L) HbHGof\gﬁ(x,W;Lb) Su sup max{Ly, [y — y\}5+M|\bHcM(V)-

(y,y1)eW

We are now ready to formulate the main result of this subsection. For B = ((B;),4")
and C; = ((Ci)A(%K)) as in (®-3) and (P-4), we define

/
||B”GM(x,W) = Z ”(Bi)AA ||G’]M’dA’+l_dA(x7W)’
i,A,A’

!/
HBHGM()QW;LI:) = Z H(Bi)AA ‘|GM’dA’+17dA(X7W;Lb)7
i, AA/

K
||C|!G'gg(x,vv): Z ||(Cz‘)A(7 )||Gg,dK—|w\+1—dA(x,W)'
i, A Ky

In view of Remark 4.6.5, the following statement holds: If B = ((B;),*") and C; =
((Ci)A(%K)) as in (®-3) and (®-4) belong to CM (V) for some bounded open set V C R? with
x(W x [0,1]) €V, then

Bl ey Bllan ewzyys |Cll g emrys < CUIBles vy + |Cllomvy),s (4.6.26)
where C' depends on Ly, diam V', d, #.A, so, maxa |da|, maxy |dk|, m), and M.

Proposition 4.6.6 (From graded augmented system to (RC-q), (b,,-1), and (b,,-2)). Given
an C™-valued function ¢ on Uy, consider augmented variables (Pa)aca satisfying (P-1),
(©-2), (©-3), and (P-4) (with No = maxaca |da|+1). Let x: W x [0,1] — U satisfy (x-1)
and (x-2). Then the following holds.

1. If, for some M, M, € Z>, sufficiently large, we have

IBll e e wy + 1CH gar ey < +o0, EUPJ Hc[q’A](a’J)HcMg(U) < +0o0,
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then (RC-q) and (b,,-1) hold with Mg, Mz < min{My, M} — Cy and

As < C <d7 Axa MX7M7 ”BHGM(X,W)7 HCHG%(X,W)> )

Az <C <d7 AX7 MX? M7 HB”G’M(X,W)) sup |y - yl’N()ilv

(y,y1)EW

Ay < sup ||C[CDA](Q’J)||CMQ(U)-
Ao,

2. Assume in addition that (x-3) holds for some 0 < M, < Mx. If, for some M' > 0 and
L, >0,
HBHGM(X,W;L,,) < 00,

then (b,,-2) holds with the same Ly, M}, < min{M,, M'} — C; and

AZ < C (d7 AX7 M}’(’ Mlu ||B||G’M(X,W;Lb)) sup maX{Lbu |y - y1|}NO_1'

(y,31)EW

Proof. In view of Proposition 4.6.1, we may express S and Z in terms of the coefficients B;
and C; in (4.1.8); we review this process as follows. From (4.1.8), we obtain the following
ODE system along each curve x(y, yi,t):

L (@aox) = x (B

!/

o x> (Par0x) + X' ((Ci)A(%K) o x) (O7"(P )k ox). (4.1.9)

In what follows, we use the shorthand IL, A (y, y1; s, 1) == ®vw)II,A"(s,t) for the fundamen-
tal matrix. By (4.6.1), it solves

¢
ILA (y,y1; 5, ) = 04 — / B(y, y1, S I\ (y,y1: 8, ) ds (4.6.27)
where B(y,y,s') =X ( (Bi)AA” o x) (y,y1,5").
We now make the following claims:
(i) Under the hypothesis of part (1), we have
Ly — 91710, + 0,)*Op T (y, y1: 8,01 S Jyr — |4 (4.6.28)

for |a| + |B] < min{ My, M} — Cy4, where the implicit constant depends on d, Ay, My,
M, and [|B| ¢ i -

(ii) Under the hypothesis of part (2), we have
LY @y + 0,) 05 T s 5,1)| S LM% for jyy —y| < Ly (4.6.29)

and for |a| 4 |B] < min{M], M'} — Cy, where the implicit constant depends on d, Ay,
M>/<7 Mlu and ||B||GM/(X,W;L1,)'
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Assuming these claims, let us first complete the proof. Applying Proposition 4.6.1 to the
present case, we may express S J(%K) and ZA (A € A) as follows:

S, 70y, yr, 1) = —TLA(y, 410, ) % ((Ci)A(%K) ° X) (Y, y1,1),

(Z™)(y,y1) = TLA(y, 11;0,1),
clgal™ (y1) = c[@a]“" ().

In view of these expressions, as well as (x-1) (to estimate x' = 9,x%), the assertions in part
(1) concerning Ag, Az, Mg, and My follow from the above claims. The assertion concerning
A, is obvious from the last identity. Finally, under the hypothesis of part (2), which is
stronger than that of part (1), we may combine (4.6.28) and (4.6.29) to verify (b,,-2) with
the above bounds on M7 and Ay.

It remains to verify the claims. For (i), we set up an induction on My € Zso with the
following induction hypothesis for 0 < |a| + |8] < M:

Ly — ]9, + 0,00 T, (g, s 5.0 < Clyy — yl'a~a+1sdat=n (4.6.30)

t
/ (")~ Iatetar | Loy — o 10,40, )08 TIA Y (y, y1; 8', )| ds’ < Clys—y|™a 9+ dy < 0.
’ (4.6.31)

where

cC=C (d,@,ﬁ;Ax:anA]\/L HBHGM(X,W)) :

To carry out the induction, we introduce the renormalized parameter ¢ = |y; — y|t and
write

Iy, y1; 5, 1) = IL(y, yi; [ys — y| '3, [y — y| ')

Then we have

t
H(y) Y1, 57 E) =1- / B(yu Y1, S,)H(yu Y1, glv 2?) dgl’ (4632)

where B(y, y1,3) = |y1 —y|" By, v, |y1 —y|~*5). Thanks to the renormalization, we obtain
lyy —y|™' in B, which offsets the factor |y; —y| in (x-1) for x = 9yx. Indeed, a direct
computation using (x-1) and the definition of ||-||gars(x ) shows

H|Ll,a||y —wn|?l((8, + 9y)0) BY (y,yn, || S 1+ 1Bl ,w (4.6.33)

for |a| + [8] < min{My, M} — Cy, where the implicit constant depends on d, a, 8, Ax.
We carefully note that the variable change t — t on the left-hand side is done after taking
(0, +0,,)°05).

The base case My = 0 follows from Proposition 4.6.3 applied to the rescaled ODE system
(4.6.32).
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Now we assume (4.6.30) (4.6.31) holds for all |a| + |8| < M — 1, we would like to show
(4.6.30) (4.6.31) for |a| + |B] = Mm. We differentiate (4.6.27):

LIy — 1|10, + 9,,)*0) TI(y, yu; 5, t)

a (0% /6 ¢ o a8’ NN
—tfl-nl” X (8)(5) [ @t 0O B @, 0,07 0 i1
a:al+a,/76:6l+ﬁl, S

t t
[ G as — [ Lhly = il Bl (0, + 8,0 Ty, i )4

where

(6] ’ ’ " 1
G(S’ t) - LLOd’y o yl"ﬂl Z ( ) (5) (ay+8y1)a 8513(:1/7 Y1, 3)(ay+ay1)a 851 H(y> Y15 S,

/ !
— ! 1 — A 1! ! ! a /8
a=a'+a ,B=p'+p" |a/|+|8'|>0

At this point, we pass to the renormalized variable = |y — 3|t (and similarly use §, §). By
our induction hypothesis and (4.6.33),

t . , 5
/ (8")datiar G A (3, 1) dF < C.

Thus, applying Proposition 4.6.3, we prove the induction hypothesis (4.6.30) (4.6.31) for
la| + |8] = Mn as long as My < min{My, M'} — C,. Then from the case A = J of (4.6.30),
we obtain (4.6.28).

Estimate (4.6.29) is proved in the same way where |y; — y| is replaced by L,. More
precisely, under the restriction |y; — y| < Ly, we use (x-3) instead of (x-1) and renormalized
parameter is defined as t = Lyt. We omit the details. O]

Connection and holonomy

The graded augmented system as in Definition 4.1.4 gives a connection on the trivial bundle
U x C#A;
D;®pda’ = (@@A — (Bi)AA’(x)q)A/(x)) da’.

A parallel section ® 4 of this connection gives an element in ker P*. Given a point y € U,
let x(t) : [0,1] — U be a closed curve with x(0) = y. The parallel transport along this curve
induces a linear map on the fiber over y, ay : C#*¥4 — C#A, called a holonomy map based at
y. If D;®a =0 for all i for some & on U, then one must have ax®a(y) = Pa(y). On the
other hand, if there is a point y € U at which ¢pa € C#A is invariant under all holonomy
maps oy based at y, then the section ®5 defined by solving ODEs along (arbitrary) paths
with @ (y) = ¢a (for all A € A) is well-defined and parallel, i.e., ®o € ker P*. Therefore
we conclude the following.
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Proposition 4.6.7. Let U be a connected subset of R, and P an ro x so-matriz valued

differential operator with C*°(U) coefficients. Let (Pa)aca be graded augmented variables as
in Definition J.1.4, with C>®(U) coefficients B;, C; in (P-3). Then the cokernel ker P* may
be identified with the space of vectors ¢a at a point y invariant under all holonomy maps o

associated with D; == 0; — B; based at y.

The infinitesimal behavior of the holonomy is controlled by the curvature of the connec-
tion:

’ /

/ i - 1 / " " / i .
Ry dr'Ada? = =2 ((B))A™ = 0(B)a™ + (B)a™ (By)a? — (Bj)a™ (B)u ™) da'Ada?

The Ambrose-Singer theorem [AS53] states that the Lie algebra of the holonomy group is

.....

some 4,7 and y € U (which is the generic case), then ker P* = {0}. On the other hand,
Proposition 4.1.7 now admits a simple proof:

Proof of Proposition 4.1.7. Note that (4.1.12) is nothing but the condition that RijAA/ =0
vanishes in U. If dim ker P* = #.A4, then the holonomy group must be trivial, which implies
that the curvature vanishes. Conversely, if the curvature vanishes identically and U is simply
connected, then the holonomy group is trivial, and dimkerP* = #.A (this also follows
directly from the Frobenius theorem, as in [Res94, §3.1]). O

4.7 (FC) implies (RC)

In this section, we give a precise formulation and proof of Theorem 4.1.11. A basic ingredient
is Hilbert’s Nullstellensatz (see, e.g., [AM69, p. 85]), which gives a correspondence between
the set of common zeros of a family of polynomials and the ideal they generate. We recall
its statement below:

Proposition 4.7.1 (Hilbert’s Nullstellensatz). Suppose fi(x1, -+ ,zq), -, fn(x1, -+ ,24) €
Clxy, - -+, zq] are polynomials with the set of common zeros

Z ={(z1, - ,zd)ECd:fj(zl,~-- ,2¢) =0,j=1,2,--- N}

Then for any polynomial h(xy.--- ,x4) € Clay, -+ , x4, if h vanishes on Z, then there exist
M >0 and polynomials g;(z1,- - ,xq4) € Clxy, -+ ,z4], j=1,2,--- , N such that

h(.fL'l,"' 7$d)M = Zg](mlv 7xd)fj(xl>“' ,.Td).
J

Our main result — which is the precise version of Theorem 4.1.11.(1) — is the following.

Theorem 4.7.2. Let U be an open subset of R?. Suppose that P has smooth coefficients.
Assume that the so X ro-matriz-valued principal symbol p*(x, &) of P* (where so > rq) satisfies
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(FO) p*(x,€) is injective for all z € U and & € C*\ {0}.

Then there exist augmented variables (Pa)aca on U satisfying (©-1)-(P-4) with index set
A={((a,]): 1< J <, |a| < Ng—1} (which is maximal in the sense of Definition 4.1.9),
degree d.5y = —|a|, and coefficients B;, C; € C>(U), which have the following properties:

1. We have (Ci)(a’J)(%K) =0 unless mg + || = |a| + 1.

2. If P has constant coefficients, then B;, C; are constant. In addition, if P is also
homogeneous in the sense that P = Ppin (see Definition 4.1.10), then

o J! 1 ifJ:J/,Oé/:Oé+ei
(Bi)(a,J)( = { (4.7.1)

0  otherwise.

3. In general, on any compact set X € U, we have

(o ) 1, ey = diar .y + 1,
1Bi) oz llexco) Siewtlony § 3 NelP1 ™ Nl grtiai-mucran—aass iy sy < diar,ary + 1,
a,J,K
(4.7.2)
and
K * J
1€ o™ Norx) Stelioey 2 1P Nox ), (4.7.3)
lo|=m
* . * a,J
where ||c[p*]llcrx) = 3 jajmmp 1P loncx.

Proof. Step 1: For any xy € U, there exist Ny > 0 and polynomial valued ry X sy matrices
ga (&) for |a| = Ny such that

galv"o = ga(€>p*<‘r07§)v ’Oz| = NO’ (474)

Moreover, (p*)g”(€) is homogeneous of degree my and (g,) ;% () is homogeneous of degree
NO — Mg.

The claim follows from applying Hilbert’s Nullstellensatz (Proposition 4.7.1) to det(;(£))
where M; (&) goes through all the 79 X r¢ minors of p*(zo, ). By assumption, the common
zeros of det(M;(€)) in C? is contained in {0}. Since & vanishes at 0, there exist Ny, -+, Ny
and polynomials 47 (€) such that

2= hj(€) det(M;(€)).
¢

We notice that det(M;(€))I,, can be written as the product of its adjugate matrix adj(M;(€))
and itself:

det(M;(&))Ir, = adj(M;(&))M;(E).



CHAPTER 4. INTEGRAL FORMULAS FOR UNDER/OVERDETERMINED
DIFFERENTIAL OPERATORS 164

Moreover, M;(§) is the product of a constant 0 — 1 matrix and p*(xo,§). Therefore we
conclude that there are polynomial-valued ry x sy matrices g*(¢) so that

& Iy = G ()P (20, €)-

Taking Ng > Ny + - -+ N4, we conclude (4.7.4). We may assume (g, ) ;% () is homogeneous
of degree Ny — my since terms of other degrees do not contribute.
Step 2: There exist {-polynomial-valued 7y X s¢ matrices g,(z,§) for |a| = Ny such that

£y = gol,§)p"(2,6),  |a| = Np. (4.7.5)

The matrix g,(z, &) depends smoothly on the coefficients of p*(z, £) and some smooth cutoff
functions. Moreover, (p*);”(£) is homogeneous of degree mg and (g,) ;% (€) is homogeneous
of degree Ny —

When P has constant coefficients, then it suffices to take g, (z, &) = go(§) (from Step 1);
hence, it suffices to only consider the case when P does not have constant coefficients. After
a partition of unity, it suffices to prove the claim in a small neighborhood of a given point
9. By Step 1, we have

galro - ga(x07§)p*(x07§)7 |a| = NO' (476)
Thus
£y = ga (w0, §)P" (2, 8) + gal®0, §) (" (20, &) — P*(2,€))-

Since each entry of g, (zo,&)(p* (20, &) — p*(x,€)) is a homogeneous polynomial of degree Ny
in £, we apply (4.7.6) again:

ga]ro = (3:07 '1: f + ZEB an (l‘Oag)

where €§(r) are 7y X o matrices depending smoothly on coefficients of p*(x, &) such that
€(x,&) — 0 as & — xo. This can be done repeatedly and we get

€1,y = gal@o, E)p" (. €) +Z )95 (w0, )p* (. €) +Z ) gy (0, E)p* (2, €) +

(ga 0, & +Z )gs(o, §) +Z )g+(20, §) +> p(z,€).

For z in a small neighborhood of x¢, the Neumann series converges and we conclude (4.7.5).
Step 3. We claim that taking &5 = 9%¢; to be the jet of ¢; up to order Ny — 1 indexed by
A = (o, J) in the set A= {(a,J) : 1 < J < g, |a] < Ny — 1} gives an augmented system
satisfying (@-1)-(®-4). First, (¢-1) and (-2) are obvious from the definition. For (®-3), we
take the trivial relation 9;0%p;(y) = 0 p;(y) to be the equation if |a| < Ny — 1, i.e.,

rogr 1 ifJ=J CK/:Of+e‘ K
B, (o) _ ' Y and (G K — 0 for |a| < Ny — 1.
( )(ouJ) {O otherwise, ( )(Q’J) o ’
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It remains to check that, for |a| = Ny — 1, there exist (Bi)(a7j)(a/"],)(y) and (Ci)(aJ)(%K)(y)
such that
00%ps(4) = Bi) ) WO 05 () + (C)o ) WP (PR ). (ATT)
This follows from (4.7.5) and putting (P}, —P*)y into the first term on the right-hand side.
Indeed, C; is determined by rewriting (4.7.5) in the form
giga(ITO)JJ/ = (Ci)(a,J)(%K)(y){y(p*>KJl(yvé) for |Oé| = NO - 17 (478)

(i-e., (Gare;) ~(y, &) = (Ci)(a’J)(%K) (y)§7) and B; is determined by

Bi)ian " W) 05 (1) = (Ci) o™ W) (Prpind — TP") " 01(y)  for |a] = Ny — 1.

(4.7.9)
It remains to check (P-4). We define the degree of 0%¢; to be d(4,) = —|a|. The condition
(®-4) for terms with degree d(a,7) > —No+1 is obvious. It suffices to check (B;),, J)(O/’J/) and

(Ci)(aJ)(%K)(y) which corresponds to di, gy = =Ny + 1 in (P-4). Since dor,yy > —No + 1,
the condition for B is automatic. Moreover, mg + |y| < No, 80 da,5) < —mg — |y] + 1 and
the condition for C follows.

It remains to verify (1), (2), and (3). The first statement follows from (4.7.8). For (2) and
(3), the only nontrivial case to consider is |a] = Ny — 1. When P has constant coefficients,
(4.7.5) holds with a polynomial g, (). It follows that each coefficient (C;), J)(%K) in (4.7.8) is
constant. The claim about B; (both when P is homogeneous or not) then follows from (4.7.9).
In general, estimate (4.7.3) holds because g,(x,§) depends smoothly on the coefficients

c[P*] K(a"]) for |a] = mg. Estimate (4.7.2) follows from inspecting the lower order terms in
(4.7.7). O

We may now give a precise formulation and proof of Theorem 4.1.11.(2) as well.

Proposition 4.7.3. Let U be an connected open subset of R, and P an ry X so-matriz-valued
operator on U such that Ppin has constant coefficients. Then the following are equivalent:

1. p*(§) satisfies (F'C).
2. There exists a mazimal graded augmented system {Pa}taca for P on U.

3. Porin satisfies (RC-q) for x(y,vy1,s) =y + s(y1 —y) on any conver open subset U’ of
U.

4. dimker P, (U) < +o0.

prin

Moreover, if any (thus all) of the above conditions holds, then P satisfies (RC-q) on any
x(y,y1, 8) satisfying (x-1), (x-2), and (x-3).
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Proof. The implication (1) = (2) is exactly Theorem 4.7.2. Moreover, (2) = (3), as well
as the last assertion, follows from Proposition 4.6.6 and Definition 4.1.9, and (3) = (4) is
a consequence of Lemma 4.5.14 applied on the convex open subset U’ with x = x, and the
obvious observation that ker P*(U) is a subspace of ker P*(U’) (by restriction). It remains to
prove (4) = (1), or equivalently, its contrapositive. Indeed, if p* does not satisfy (FC), then

77777

> for every A € C. Thus ker P*

Z)\gfl‘ . . . . .
means that e"**p € ker Py, rin 18 Infinite dimensional. O
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Appendix B

Examples of P from geometry and
physics

In Section 4.3 (see also Examples 4.5.13, 4.5.16, and 4.5.22), we have demonstrated how
our method in Section 4.5 applies to the operator Pu = (9; + B;)u’. In this appendix, we
write down graded augmented systems that are completely integrable on a constant sectional
curvature background. For each example, we also give explicit computations of (i) the
rough integral kernel K, (z,y), as well as the corresponding point distribution by, (z,y), on a
geodesic segment in a constant sectional curvature background; and (ii) the integral kernels
for the conic and Bogovskii-type operators on R¢.

Preliminaries

Before reading any of the following subsections, we advise the reader to go over the prelimi-
naries below.

Notation and conventions for this appendix

In this appendix, it is conceptually (and algebraically) advantageous to work with the nota-
tion and conventions of differential geometry. We work on a d-dimensional smooth manifold
M equipped with a Riemannian metric g. We denote by V and dV the corresponding Levi-
Civita connection and the Riemannian volume form, respectively. Given tensor fields g and
¥ on (an open subset of) M of types (r,s) and (s, ), respectively, the duality pairing with
respect to dV is defined as

(9,9) = /g pav, (B.0.1)

where ¢ - 1 is the natural pointwise contraction of an (7, s)-tensor field g = gjl'"jrklmks and
an (s,r)-tensor field ¢ = Vi, kal'“ks. We also use the standard convention of lowering and
raising indices using g;; and g = (g~!)”. We write |-|g for the induced norm on tensors,

and tl‘g h = gwhl]
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In this appendix, unlike the main body of the chapter, the formal adjoint P* of a
differential operator P acting on tensor fields on (an open subset of) M is defined
with respect to dV. This convention leads to simpler formulas. Since dV = y/det gdz in
local coordinates, the two different definitions are related by the formula

1
Vdetg

In particular, observe that the principal symbols are identical.

Preve = Pree(y/det gp) (B.0.2)

Preliminaries for explicit computations in the constant curvature case

In Sections B, B, B, we obtain explicit covariant formulas for the rough integral kernel
K, (x,y), as well as the corresponding point distribution by, (z,y), on a geodesic segment in
a constant sectional curvature background (i.e., space form). These furnish a starting point
for the construction of various smoothly averaged integral kernels, such as the conic and
Bogovskii-type operators on R? (cf. Examples 4.5.13 and 4.5.16).

Under the convention Rijkgug = (V,;V,; — V,;V,)u* for the Riemann curvature tensor,
recall that the Riemann, Ricci, and scalar curvature tensors on a Riemannian manifold
(M, g) with constant sectional curvature k are given by

Rijie = k(8ik8jr — 8iegjr), Ric=(d—1)rg, R=d(d— 1)k,

where our convention is R, *,u’ = (V;V; — V;V;)u".

We also introduce the generalized sine function that is defined for xk € R as

t k=0,
Sk(t) = % Kk <0,

sin(y/kt)

o Kk > 0.

The generalized cosine function is defined as

1 k=0,
cx(t) = s.(t) = < cosh(yv/—kt) K <O,
cos(v/kt) k> 0.

Fix a point y € M, and consider the polar coordinate system (r,w) (where w = (w!,...w? 1)
is a parametrization of S¥71) centered at y (i.e., 7 is the geodesic distance from y). The metric
can be written as

g = dr? + 5.(r)%gga1.

Using ordinary capital latin letters A, B, . .. to denote the angular variables w” (so 4, B, ... €
{1,...,d —1}), the Christoffel symbols take the form

s (r
o =rh = st s () (gsir)am Do = ®0TA

Sx(7)
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where all the other components vanish. The normalized angular forms and vector fields are
defined as do? = s, (r)dw? and 04 = 5, (t)710,4.

When performing explicit computations in the constant curvature case, it is convenient
to work with (r, s)-tensor-valued distributions on an open subset U of (M, g), which have
the advantage of being covariant. They are defined to be continuous linear functionals
on the space of smooth and compactly supported (s, r)-tensor-valued densities of the form
Q/le.,_jrkl"'kst. A smooth (r,s)-tensor field gjl"'j’"klmks is identified with an (7, s)-tensor-

valued distribution via the pairing 1 Mok Qs (g,1h) as in (B.0.1).

jl"'jr
Double divergence operator (or linearized scalar curvature

operator)

We consider

) 1 ) ) .
Ph = V,;V;h/* — (Ricjk — ﬁjok) h/*  where h’* = b (B.0.3)

for d > 1. The operator P is obtained by making a simple change of variables to the
linearization of the scalar curvature operator. In fact, the linearized scalar curvature operator
is directly given by

DR(g)g = —V'V,trg g + V/VFg;, — Ric* gy,
where trg g = g/*g;.. We introduce'
hi* = gt — giftr, g.

Then since trg h = (1 — d) trg g, this change of variables is invertible and we have

N A 1.

g]’g = h'* — 1 1gjk trg h.
Under this change of variables, we have

. ; . 1 ;
DR(g)g = Vijh]k — (RICjk — ﬁjok) h]k

where the RHS is equal to P(h) defined above.
We first compute the formal adjoint operator P* (with respect to dV'). For a smooth
compactly supported symmetric 2-tensor h on U and ¢ € C°(U), we have

/ P(h)pdr = / (vjv,ghﬂc — <Ricjk - Ljokhﬂf» pdx

) 1
= / hjk <Vij — (RiCjk — ng]k>) SOdm
U _

"'We carefully note that g7¥, according to our conventions in Section B, is the metric dual of gk, not the
first order variation of (g71')7%. These two objects differ by a sign.
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So the formal adjoint is

) 1
(P*gp)jk = Vjakcp - (Rlek - ﬁjok) @Y. (B04)
Its principal symbol is

(p")jk(§) = =&k, (B.0.5)
which clearly satisfies (FC) for all d > 1.

Covariant graded augmented system and ker P*

Given a function ¢, define

Then
Vip = w;,

| ) * (B.0.7)
Viwj = Rlcjk - —Rg]k »+ (7) SO)U

d—1

As we will see in Section B, this system of covariant first-order PDEs (B.0.7) is useful for
performing explicit computations on space forms.

We note that (B.0.7) immediately leads to graded augmented variables in the sense
of Definition 4.1.4. Indeed, if we specialize (B.0.7) to the Euclidean space in rectangular
coordinates (so that P = Py, and P* = P &), then we see that @, = ¢, Oy, = w;
define augmented variables for Py, that satisfy (&-1)—(P-4), where A = {p, w1, ..., wq} (in
particular, #A = d + 1), d, = 0, d,,;, = —1, my; = 2, and mj; = 0 for all i, 5 € {1,...,d}.
These augmented variables also satisfy (®-1)—(®-4) for any lower order perturbations of
Porin (viewed as an operator on an open subset of R?, the Euclidean space in rectangular
coordinates).

In view of (B.0.7), we see that dimker P* < #A = d + 1. This bound is optimal, and
the maximal dimension is reached (i.e., the augmented system is completely integrable) on
space forms:

e For R? P*p = 9,0,p and ker P* = span {1,z!,... 2%}

e For the sphere S P*¢ = V,;0kp + gjrp. If we embed the sphere into R by
{(z°)2 + - + (29)? = 1} C R% then ker P* is spanned by the restrictions on S¢
of the ambient coordinates z°, 2!, --- , 2%, which are linearly independent. Indeed, for
each u € {0,1,...,d}, that P*z* = 0 can be seen by a direct computation using the
fact that the second fundamental form II(X,Y) of the embedding S — R¥*! which

proceeds as follows:

(P*2")(X,Y) = X (V") — (VxY)lz# + g(X,V)at = (II(X,Y) + g(X,Y))z" = 0,
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where V is the covariant derivative in the ambient coordinates, X,Y € TS% and
(VxY)l'is the tangential part of VxY. The expressions X (Yz#) and (VxY)l are
computed using any extension of Y as a smooth vector field; as is well-known, the
identity holds independently of this choice. The linear independence claim is clear.
Since dim P* < d + 1, {z° 2',..., 2%} indeed also spans P*.

e For the hyperbolic space HY, P*p = V;0rp — gjrp. We embed the hyperbolic space
into the Minkowski space R with metric —(da?)?+ (da!)?+- - -+ (dz?)? by {—(2°)2+
(#1)?+- - -+ (2%)? = —1}. Then ker P* is again spanned by the restrictions to H? of the
ambient coordinates z°, 2!, -, % This statement can be verified in a similar manner
to the case of S. In particular, for u € {0,1,...,d} and any X,Y € TH?, we have

(P*a")(X,Y) = X(Ya") — (VxY)la! — g(X, V)2t = (II(X,Y) — g(X,Y))z" = 0,

where we used that the second fundamental form I1(X,Y) of the embedding H¢ — R4
equals g.

Explicit computations in the constant curvature case

Let x be the constant sectional curvature of (M, g). Fix y,y; € M and a geodesic segment
x from y to y;. We may write x(t) = (¢,wp) in polar coordinates at y for some wy € S 1.
From (B.0.7) and the formulas in Section B, we have

arSD = Wy, 87"*"7' = —Kp+ (P*SD)TT

So

The solution is given by

d(y1,y) o ‘
¢(x(0)) = /0 $x(8)X'% (P p)ijox(s) ds+pox(d(y1, y))cx(d(y1, y)) =% (950)ox(d(y1, y))sx(d(y1,y))-

d(y1,y) o
<Ky ('7 y)? 1/}> - /0 Sﬁ(s)j{zxﬁwij o X(S) dS7
(by, (), 0) = o(yn)en(d(yr,y)) — % (g, y1, dy1, 1)) (050) (1) sk (A1, ),

which are tensor-valued distributions in the sense of Section B.
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Explicit formulas on flat spaces

For the readers’ convenience, we record the explicit formulas for the Bogovskii-type and conic
solution operators on R%. We average over straight line segments x(y, y1,5) =y + s(y1 — )
for the Bogovski-type solution operator and over straight rays x(y,w,s) = y + sw for the
conic solution operator.

1. Let n € C*(R?) with [,,n = 1. The Bogovskii-type solution operator for Ph =
V,;Vihi* where h” = h’* on R? with flat metric is given by

. o0 2 2t
K7 (2 +y,y) = </| U(TMﬂLZ/) Td_ld?“) W

by(z,y) = (d+ )n(x) + ( — y)'dm(x).
2. Let of € C>°(S* ') with [, 9 = 1. The conic solution operator for Ph = V;V;h/*

where h” = h/! on R? with flat metric is given by

. ZiZj z
Kii(z+y,y) = (—) .
i EEANE

with

Trace-free double divergence operator

We consider . . ‘
Ph =V,;V,h/*  where h’* = h* and trgh =0, (B.0.8)

for d > 2. We will soon show that the adjoint operator P* is the traceless part of the Hessian
of a scalar function. Geometrically, a function in the kernel of P* has level sets that locally
give rise to a warped product decomposition of the manifold on which they are defined?.
Also, both P and P* arise naturally in the study of the 2D Euler equations in vorticity form
and the surface quasi-geostrophic equation. For example, on R? the kernel of the adjoint P*
is spanned by 1, z,y and 22 +y*. Each of these functions can be integrated against a solution
to 2D Euler or SQG to define the mean, impulse and angular momentum of a solution, all
of which are conserved by the corresponding evolution. The operator P itself then arises
naturally in the construction of weak solutions to these equations [IM21; 11.24].

We now compute the formal adjoint operator P* (with respect to dV'). For a smooth
compactly supported trace-free symmetric 2-tensor h on U and ¢ € C>°(U), we have

/P(h)gpdx—/vjvkhjkgodx
U U

. 1
= / hi* (vjvk — awv%) @dz.
U

2See for instance https://www.math.ucla.edu/~petersen/233.1.10s/BLWformulas.pdf.
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So the formal adjoint is
1
(P*0)jk = Vi0kp — =8V Orp. (B.0.9)
d

Its principal symbol is
1
(P)jr(2,€) = —&i&k + ~Ekmg"™ (2)gjk (w)- (B.0.10)

Covariant graded augmented system and ker P*

Given a function ¢, define

1
w; =00, w= C—vaw. (B.0.11)
Then
VZC,D = W;,
Viw; = (PISD)ij + wgyj, (B.0.12)
W= —— NP )., — icdw.
Viw T 1V (P*0)ie T 1RlcZ w;.
All of these identities are obvious except for the last one, which follows from:
1 1 4 1 . 1 1.
Viw = Eveviwﬁ — C—iR,L ]ij = EVZ(P Sp)zf + avlw - ERICZ-jwj.

We note that (B.0.12) immediately leads to graded augmented variables in the sense of
Definition 4.1.4. Indeed, if we specialize (B.0.12) to the Euclidean space in rectangular co-
ordinates (so that P = Py, and P* = P ), then we see that O, = ¢, &y, = wj, Oy = w
define augmented variables for P, that satisfy (¢-1)—(P-4), where A = {p, wy, ..., wq, w}
(in particular, #A4 = d +2), d, = 0, do,, = —1, dy = —2, m;; = 2, and mj; = 1 for all
i,7 € {1,...,d}. These augmented variables also satisfy (®-1)—(®-4) for any lower order
perturbations of Py, (viewed as an operator on an open subset of R?, the Euclidean space
in rectangular coordinates).

In view of (B.0.12), we see that dimker P* < #A = d 4 2. The maximal dimension is

reached (i.e., the augmented system is completely integrable) on space forms:
e For RY, P*p = 0,0k — %0;sAp and ker P* = span {1,2',..., 2% |z|*}.

e For the sphere S, P*p = V,;0pp — 2g;1Agp. If we embed the sphere into R*! by
{(@°)? + -+ + (29?2 = 1} C R? as in §B, then ker P* is spanned by the ambient
coordinates x°,z',--- , 2% and constant 1, which are linearly independent. This is
because our computation in §B shows that V,;0pa* = —gjrat.

e For the hyperbolic space HY, P*¢ = V;0kp — égjkAggp. We embed the hyperbolic
space into the Minkowski space RV with metric —(dz?)? + (dz')? + - -- + (dz?)? by
{—(2°)2 + (2)? + -+ + (29)? = —1} as in §B. Then ker P* is again spanned by the
ambient coordinates z°, z',--- 2% and constant 1, which are linearly independent.
This is because our computation in §B shows that V 0,z = gjpzt.
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We remark that one can also give a derivation of the kernel of P* that is independent of §B
as follows. Motivated by the fact that functions in the kernel of P* induce warped product
decompositions, we first look for a solution that is radial in geodesic normal coordinates.
Integrating the system of ODE’s in §B below gives a two-dimensional space of solutions
spanned by constants and ¢,(r) = [ s,(r)dr, where x is the constant sectional curvature
of the manifold. To find d other linearly independent solutions, the next idea is to consider
infinitesimal translations of the base point for the polar coordinates. Namely, we consider
the functions Lx ¢, where L denotes the Lie derivative with respect to a Killing vector field
K. Because Lie derivatives with respect to Killing vector fields commute with contraction
with the metric and with covariant derivatives (see, e.g., [CK93, Lemma 7.1.3]), we find that
L ¢, also has vanishing traceless Hessian. Choosing a set of Killing vector fields whose
flow maps translate the base point in d linearly independent directions gives the desired d
remaining linearly independent solutions.

e On RY ¢y(r) = r?/2 and this operation is the observation that z* = &»%.
e On S% ¢(r) = 2° and this operation is the observation that z' = (z'9y — 2°0;)°.

e On H? ¢_;(r) = 2° and this operation is the observation that z* = (20 + 2°9;)2°.

Explicit computations in the constant curvature case

Let x be the constant sectional curvature of (M, g). Fix y,y; € M and a geodesic segment
x from y to y;. We may write x(t) = (¢,wp) in polar coordinates at y for some wy € S 1.
From (B.0.12) and the formulas in Section B, we have

d d d

Cox(t) = (D), (D) = (Po)tw, Sux(t) = TV (P )

The solution is given by

©(x(0)) = @ o x(d(y1,y)) — sx(d(y1,y))(wr 0 x)(d(y1,y)) — £~ (cald(y1,y)) — 1)(w 0 x)(d(11,y))
d(y1.,y) o d(y1,y) o
+ /0 $(8)X%! (P* )5 0 x(5)ds + ﬁ /0 (cu(s) = DX'VI(P*)y; 0 x(s)ds
Thus
d(y1,y) o d(y1,y) o
(o)) = [ s ox(as + g [ eds) = DR oxteas
(by, (), 0y =0(y1) — sw(d(y1, y))% (y, 31, d(y1, ) (050) (1) — (dr) ™ (ca(d(yr, ) — 1)(Ap)(11).
Explicit formulas on flat spaces

For the readers’ convenience, we record the explicit formulas for the Bogovskii-type and conic
solution operators on R?. We average over straight line segments x(y, y1,5) =y + s(y1 — )
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for the Bogovski-type solution operator and over straight half-lines x(y,w, s) = y + sw for
the conic solution operator.
To state our results, we introduce

(T*f) (fw + fﬂ) - (tr f)é ij-

1. Let n € C*(R?) with [,,n = 1. The Bogovskii-type solution operator for Ph =
V,;Vih/* where h"/ = h’" and trgh = 0 on R? with flat metric is given by

K7 (z+y,y) =T" ((/:77 (ré + y) rjoldr> %) |
caamn T (U (o) o) )

by(,y) = n(@) + 0;((x — y)'n(x)) + 3 A(!Ji —yl*n(@)).

2. Let 1f € C>(S% 1) with fgd,lﬁ = 1. The conic solution operator for Ph = V,;V,;h/*
where h" = h/' and trg h = 0 on R? with flat metric is given by

it =7 (o)) a7 (0 (e (1))

Symmetric divergence operator (or adjoint Killing operator)

with

We consider the symmetric divergence operator
Ph = V;h/* where h'* = h*/ (B.0.13)

for d > 1.
We first compute the formal adjoint operator P* (with respect to dV'). For a smooth
compactly supported symmetric 2-tensor h and 1-form w on U, we have

. ) 21
/ (Ph)fw, dV = / (V05w dV = — / h*V,w, dV = — / hfkﬁ(vjwkawj) dv.
U U U U

The formal L2-adjoint is
1

Observe that P*w = 0 is precisely the condition that the vector field wy is a Killing vector
field of (M, g); for this reason, we will call P* the Killing operator. Its principal symbol is

(r*);(€) = —%(ﬁjéi + &i6Y). (B.0.15)
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Covariant graded augmented system and ker P*

Given a 1-form wj, define
N = s(dw) i = 3(Vwy, — Viw;). (B.0.16)
Then
Viw; =m0, — (P'w)j,
7=y i Ji ) * (B.0.17)
Vi'r]jk = _Rjki wy + Vk(P W)ij - VJ(P w)m

We postpone the proof of (B.0.17) and discuss its consequences first.

We note that (B.0.17) immediately leads to graded augmented variables in the sense
of Definition 4.1.4. Indeed, if we specialize (B.0.17) to the Euclidean space in rectan-
gular coordinates (so that P = Py, and P* = Pir), then we see that @, = wjy,
®,, = myj, define augmented variables for Py, that satisfy (®-1)-(®-4), where A =
{wi, Wi, Mg, -+ Mg1ya) (In particular, #A = d + @ = @), Ay, = 0, dy, = —1,
mi; = 1, and mj; = 1 for all 4,5 € {1,...,d}. These augmented variables also satisfy (®-1)-
(®-4) for any lower order perturbations of Py, (viewed as an operator on an open subset of
R?, the Euclidean space in rectangular coordinates).

As is well-known, P* has a finite dimensional kernel with dimker P* < #A4 = @.
The maximal dimension is reached (i.e., the augmented system is completely integrable) on

space forms:
e For R¢, ker P* consists of the metric duals of the Killing vector fields, which are
span ({es}y-1. aU{rkes — vjex hi<icr<a) -
Geometrically, these correspond to translation and rotation vector fields on R
e For the sphere S¢, ker P* consists of the metric duals of
ker P* = span ({zxe; — zsex bo<s<r<d) -

Geometrically, these correspond to the rotation vector fields on the ambient Euclidean
space Rt1.

e For the hyperbolic space H?, ker P* consists of the metric duals of
ker P* = span ({xoeJ + :BJeo}nggd U {$K9J - xJeK}1§J<K§d) .

Geometrically, these correspond to the Lorentz boost and rotation vector fields on the
ambient Minkowski space R,
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Finally, we give a proof of (B.0.17), which is a covariant generalization of [Res83]. Indeed,
the first identity is obvious. To prove the second identity, we begin by computing V,;(P*w)
and cycling the indices 1, 7, k:

—2Vz(77*w)]k = Vzv]wk + Vinwj,
—2Vj(73*w)ki = Vijwi + V]V,wk = Vkvjw, + Vlv]wk — R]k i

—2vk(P*W)¢j = V,Niwj + Vkvjwi = vz‘vkwj + Vkvjwi - Rki jWe

Wy + RZJ kng,

Then we subtract the second equation from the third equation. We obtain
Ving, = 3Ry, — Ry — Ry we + Vi(Prw)iy — Vi(P*w)k
R]k W+ Vk(P ) Vj (P*W)k“

where we used the first Bianchi identity for the last equality.

Explicit computations in the constant curvature case

Let k be the constant sectional curvature of (M, g). Fix y,y; € M and a geodesic segment
x from y to y;. We may write x(t) = (¢,wp) in polar coordinates at y for some wy € S 1.
From (B.0.17) and the formulas in Section B, we have

d .

&wr(x(t)) = _(P W)prs

d

Lo sx(1)) = T2y 1y = (PP
d

a"?rA(X(t)) = FfAan — kwa + Va(P'w)p — V, (P*W),a.

For the first equation we can solve directly:
d(y1,y)
() =wrlg) + [ (P (x(s)) ds.
t
The equation for w4 can be reduced:
d2
— (5, () Twa(x()) = —ksc(t) rwa + 5.(1) VAP W) — 25,.(1) V(P w)pa.

Therefore,
(y1,9)
se(t) Twa(x(t)) = /t Se(t — 5)5.(8) MV, (P*w)pa — VA(P W), (x(5))ds

d(y1,y)
—|—/t Cr(t — 8)8.(5) " H(P*w),ads
+wa(yr)es(t — d(yi,y))/sa(d(y1,y) + Mya(yr)ss(t — d(y1, y))/sx(d(y1, v))-
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Thus
dlyry) d(y1,y) y 4
(K (), ) = / 5y (x(s)) ds | dr + / ()50, 1(x(5))ds |
d(y1,y) o
T s R (T 5= V) x(s)) ds |
0

(we recall that dw? = s.(r) dw? is the normalized angular 1-form and Yz = Se(r) 1
since Oz4 = s;'0,,4) and

(by, (1), 0) = or(yn) dr+ (@g(w)cm(d(yl, y)) — %Xj(d(yl, )(Vi0z = Ve ()se(d(y, y))) dw?.

Explicit formulas on flat spaces

For the readers’ convenience, we record the explicit formulas for the Bogovskii-type and conic
solution operators on R%. We average over straight line segments x(y, y1,5) =y + s(y1 — )
for the Bogovski-type solution operator and over straight half-lines x(y,w, s) = y + sw for
the conic solution operator.

1. Let n € C°(R%) with [,,n = 1. The Bogovskii-type solution operator for Ph = V;h*
where h” = h/% on R? with flat metric is given by

y 1/ (™ 5] + 2 5i
(K){ (2 4 99) =5 (/ y (Ti + y) rd! dr) ST '“’:’dz :
|

2| |Z‘

1 > z i1 2™ (28], 4 2 8%)
—|—20zm (</|Z 77(7’ Z’—I—y)r dr) PE
oo 1 j
— Ok <(/ n (Ti + y) rd=t dr) %)
2 2] 2]

d+1

o)) = @8] + S — ) Om(@)8] — L (x — yP o).

with

2. Let g € C*(S*!) with [y, , 7 = 1. The conic solution operator for Ph = V;h/* where
h” = h/* on RY with flat metric is given by

ij _ 1 A k < Zom k k _ R

2] 2|

(

z

E

)
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Trace-free symmetric divergence operator (or adjoint conformal
Killing operator)

We consider the trace-free symmetric divergence operator
Ph = V,;h'* where h’* = h* and trgh = 0, (B.0.18)

for d > 3.
We first compute the formal adjoint P* (with respect to dV'). For a smooth compactly
supported trace-free symmetric 2-tensor h and 1-form w on U, we have

/ (Ph)*w, dV = / (V;hi*)w, dV = — / h*V w;, dV
U U U

21 1
= —/ h]k [5 (ngk + ka]) — Evéwggjk} dv.
U

The formal L2-adjoint is

1
d
Observe that P*w = 0 is precisely the condition that the vector field wy is a conformal
Killing vector field of (M, g) (i.e., the infinitesimal generator of a one-parameter family of

conformal isometries); for this reason, we will call P* the conformal Killing operator. Its
principal symbol is

1
(Prw)j = =5 (Vjwr + Viw;) + Viwgjn. (B.0.19)

(p*) 0 (2,€) = —%(&51‘2 + &e65) + égmgjk(:c)(gl)fm(x) (B.0.20)

Covariant graded augmented system and ker P*

Given a 1-form wj, define

1
M = 3(dw)n = 5(Viwr = Viwy), 0= V0w, ¢

Note that 3 (V,wi + Viw;) = —(P*w);x + wgji. Then

— 0. (B.0.21)

[ Viw; = n;; +wgij — (P'w)ij,
Ving = —Rj‘we + €8k — €815 + V(P w)ij — V(P w),
viw = Cia

1 1
ViGj=—7—5V (Rl% - ngij) Wm (B.0.22)

- |:R,1CZ' N;jm + Ric;"m;,, + 2 (RICU — m}ggzj) w}

1o,
L +mC(P w)w
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where

1
C(P*w)ij = —V'Vi(P*w)y — VIV (P*w)y + VV(P*w)y; + ﬁvam(P*w)mgij
1

+Ric," (P*w)¢ + Ric," (P*w)y — T lRicﬁm(P*w)gmgij.

We postpone the proof of (B.0.22) and discuss its consequences first. We note that (B.0.22)
immediately leads to graded augmented variables in the sense of Definition 4.1.4. Indeed, if
we specialize (B.0.22) to the Euclidean space in rectangular coordinates (so that P = Ppyin
and P* = P4 ) then we see that Py, =wj, Oy =Ny, Py = w and D¢, = ¢; define aug-

prin

mented variables for Py, that satisfy (&-1)—(-4), where A = {w1, ..., wa, Mg - -+ Mig—1)a> W5 C1s - -

(in particular, #A = d + @ +1+d= W), dw; =0, dy, = dy = —1, d¢, = =2,
m;; =1, and mj; = 2 for all 4,7 € {1,...,d}. These augmented variables also satisfy (®-1)-
(®-4) for any lower order perturbations of Py, (viewed as an operator on an open subset of
R?, the Euclidean space in rectangular coordinates).

The operator P* has a finite dimensional kernel with dimker P* < #A = %.
This bound is optimal, and the maximal dimension is reached (i.e., the augmented system

is completely integrable) on space forms:

e For R, ker P* consists of the metric duals of the conformal Killing vector fields, which
are

(B.0.23)
e For S? the stereographic projection
, J N2 —1 29k
1—af > () +1 > () +1
gives ds? = 4<(dy?j§&;}§§yd)2), so the conformal Killing vector fields are given by (B.0.23)

in the coordinate 3.

e For HY, in the upper half space model, the metric on H? is (dzo)ng(dw;%Qj"'Hdmd)z, which

is confromal to the Euclidean metric, so the conformal Killing vector fields are also
given by (B.0.23).

Finally, we give a proof of (B.0.22), which is a covariant generalization of [Res83]. The
first identity is obvious, whereas the second identity follows from Section B. The third identity
is again a restatement of the definition of ¢,. It remains to establish the last identity.

To simplify the computation, we introduce the notation

1

Aijk@ = —V?j (P*w>kg = d

(V?jk""f + V?jfwk) V?jvmwmgkb

N | —

'7Cd}
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where V2 V;V; and V3

ijk T

VZV]Vk Indeed,

1 1
Aijie = 5 (Vigwr + Vir) = SV wngn
1 1 m
= 5 (Vigwr + Viaws) = ViV Wi
_Evi<Rjk: W) — §<Rz‘j Vmwi + R, Vew,,) — ivj(RM )

so after contracting ¢ and k£ using the inverse metric, we have

ko
A% =

1
—-V'R,™ i — 5(—Rj’“/“vkwm +R,}" "V wy, — Ric,"Viw,y)

1 1
—l——V ;Ric,"w,, + _RiCEmijm

d
AV Wy + WV%V’%%

1
—l-é(vaicjz — V(Ric,” + V;Ric," )wm + R ké Niem + §(Ricijgwm + Ric,"V,w,,).
where, for the last equality, we used the second Bianchi identity to write
~V"R,;", = V"R,," + VR, = V™Ric;, — V,Ric,™.
Thus

1 —2
AF g+ AR = FA(Vjwe+ Vw;) + Tvﬁkawk

—l—VmRicjzwm + Ricjmvgwm + Ric,"V w,.

Contracting also j and ¢ using the inverse metric, we have

d—1 1
AR, = TAkak + 5 V" Rwm + Ric"™V jw,y,.

Since

1
(AV, wy, + AViw;) — =AV"w,,. g,

Aé@jk = d

1
2
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we have

1
2(d— 1)

1 m 1 : Im
EAV W8k + d—_ 1RIC Véwmgjk

1
2(d— 1)

A, g = Afejk + V" Rw . gjk +

1
¢
Aot 1
1 )
V" Rw,, gk + —Rlcem(ngm + Viwo)8jk-

1
= §A (V]wk + kaj) + Q(d — 1)

Therefore,

1 m
Akjké + Akﬁkj - Akkjé Ty 1Ak kem 8t
= TV?gvkwk +V Rlcjgwm — mv megjg

+Ric;"Viwn, + Ric,"Vw,, — Ric"™(Vywom + Vnwi)gje-

2(d—1)
Note also that
Ric,""Vw, + Ric,"V, w,, = Ric,"n,,, + Ric,""n;,, + 2Ric;w

—Ric;"(P*w)em — Ric," (P*w)jm,

1 1

1
2@ o (Vawm & Vmwy) = =gy Rw + o i (Pw),
We arrive at
Vi = v%v’fwk
= L V™ Ric; L V"Rg | w
T2 o1 Bit)Wm
1 Cm . 1
) Ric,"n,,, + Ric,"n;,, +2 | Ric;, — ngjg w
1
e
where
1
ng = Akjké + Akzkj - Akkjé - ﬁAkmkmgjf
+Ric;" (P*w)em + Ric,™ (P*w) jim — Rickm(P*w)kmgjg,

d—1

which completes the proof.
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Explicit computations in the constant curvature case

Let k be the constant sectional curvature of (M, g). Fix y,y; € M and a geodesic segment
x from y to y;. We may write x(t) = (¢,wp) in polar coordinates at y for some wy € S 1.
From (B.0.22) and the formulas in Section B, we have

d

EwT(x(t)) =w— (P'wW)r,
d
@) =6,
o .
S x(0) = —rw 4+ o= C(P'w),,
and d
EwA( x(t)) = T2 \wp + M4 — (P*w),a,
d

dtn’r’A( ( )) FT’AT’TB Rwa — CA + VA(P*U‘J)TT - VT<P*"‘))TA’
1 *
ECA(X(t)) TP+ mC(P w)ra.

From the first three equations we get
w(x(t)) = wy)ex(t — d(yh y)) + € (yr)su(t — d(y1,y))

——/ T st = $)C(Pw) e (x(5)) ds
and

0, (<(0)) = ey (an) — w0y )suldln, ) + €, () (1 = e, )

d(y1,y) d(y1,y)
+ /0 (’P*w)w(x(s))ds—ﬁ /0 (1 = cu())C(P @)y (x(5)) d.

From the last three equations, we get

(1, y)
55(1) 71 Ca(x(t)) = su(d(y1,9)) " Calyr) — —/ TIC(Prw)ra(x(s)) ds

and

d2

5 (56(0) " wa(x(t)) = —rse(t) " wra + 5u(0) (= Ca + Va(P W)y = 2V, (P w)ra).
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Therefore

d(y1,y)
se(t) Twa(x(t)) = /t Se(t — 58)5.(8) (Vo (P*w)pa — VA(P*w),, ) (x(s)) ds

+

d(y1,y)
/ cr(t — 8)8.(s) H(P*w),ads
t

1 d(y1,y) . .
+ / (1= cult — 5))54(5) " C(Pw),a(x(s)) ds
— k(1 = ot — d(y1,v))sk(d(y1,9) " Calyn)

+ wa(y)ee(t — d(yr, v)se(dyr, ¥) ™" 4+ 0a(y1)se(t — d(yr,y))se(d(y1, y)) "

Therefore,

dlyry) d(y1,y) o
(K (), ) = ( | st — = | <1—cﬁ<s>>>'<’>'<ﬂ<cw>m-<x<s>>ds) ar

+

d(y1,y) y 1 d(y1,y) gy N
| atowsixtanas+ =g [ 00— e en) stx(a)as |

d(y1,y) o
+ (/0 5. (8)x'%)(V 71(P*w)ij — Vi(P*w)jg)(x(s))ds> dw?
and

1
(o C.9).0) = (w0 0) = wlon )l ) + €)1 = (o))
~A

+ (= N1 = cld(yr, ) () + w3 (y1)en(d(yr, y) — 1, 5(01) sk (d(yr,y))) A

Explicit formulas on flat spaces

For the readers’ convenience, we record the explicit formulas for the Bogovskii-type and conic
solution operators on R%. We average over straight line segments x(y, y1,5) =y + s(y1 — )
for the Bogovski-type solution operator and over straight half-lines x(y,w, s) = y + sw for
the conic solution operator.

To state our results, we introduce

1 1 1
(Cf)i = —y@fej - 3531]”;‘@ + 36313]%’ + ﬁ@'aj trf, (T°f)y = é(flj + f5i) — E(tr f)di;.

1. Let n € C°(R%) with [,,n = 1. The Bogovskii-type solution operator for Ph = V;h/*



APPENDIX B. EXAMPLES OF P FROM GEOMETRY AND PHYSICS 185

where h" = h/" and trg h = 0 on R? with flat metric is given by

(K (z +y,) =T (/ n<y+r| |> ; |d5J dr)
1 b 2
+ T*C* (/ ( 4= ) d— 5] dT)
2<d 2) FRANRRNF B
. % > -~ d—lzz Zk
<d—2>” </| ”(“ﬁz\)r 2] dr)

o0

) ) il
— (T, — T6IV) ( / 7 (y + 7"|27|) rd—llzzfd dr)
|2

1

(i) =n(2)8] + 5002w~ 9))8, ~ S0kn(a)z — 9P) + 0 nfa) i — )

= 5@kl =)+ GO — ) (2 = 9)e)

with

2. Let g € C*(S*!) with [g,, 7 = 1. The conic solution operator for Ph = V;h/* where
h/ = h?" and trg h = 0 on R? with flat metric is given by

(Ky)i (= + ) =T (6W7/7(m))+ 2i— 2>T*C*((k| |‘2||>7/7(ﬂ)>
~rameTav) (5o (7))

Linearized Einstein constraint equation

We consider the linearized Einstein constraint equation, first by itself and second under the
constant mean curvature condition.
Linearized Einstein constraint operator

The vacuum Finstein constraint equation on (M, g) is a nonlinear underdetermined system
of PDEs for g and a symmetric 2-tensor k of the form

R, + (trg k)? — [k|> = 0,
& <. xk)” = [kl (B.0.24)
Vlkij — 8j tl"g k=0.
The linearization of the operator on the left-hand side (B.0.24) takes the form
DR(g)g + 2(trg k)k"g;; — 2k &V giryris + 2(trg k)g ki — 28" g7 Ky ks (B.0.25)
. . . iy .0 ., . . .0.
A (k” — 8ij trg k> —T ii’g” kgj -T i’jg“ kig — (%-(kzzgig)
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As in Section B, the following change of variables simplify the principal terms (recall foot-
note 1 in Section B for our convention for g):

h =g —gtr, g, =« = k¥ — g trg k. (B.0.26)
In terms of (h, ), we may rewrite (B.0.25) as
P(h,7) = (V,V,;h7 + (CV)ym + (RD) 0", Vi 4 V,((CP)7 | 0™) + (RP),0*) |

for some tensor fields CM, C? RM, R determined by (g, k), which are all zero if (g, k) =
(6,0). The adjoint P* is then given by

Pp,w) = (P*(%w)[l}ij,P*(SO»w)mij)
1
= <Vz‘8j§0 + (R(l))ijﬁp + (R(2))kijwk - (C(Q))Mijvkwg, —§(V,-wj + ijz> + (C(l))ijgo> .

As is well-known, the kernel of P* consist of Killing Initial Data sets (KIDs) [CDO3].
The principal symbol of P* is given by

rieo= (g o)

where p} ., (%, &) is given by (B.0.5) and pf,,, (x, &) is given by (B.0.15). By the computations
in Sections B and B, we can write down an augmented system with the augmented variables

1 1
Q= 0, MNi; = §(dw)zj = §(Viwj — V,w;).

Since the augmented system is stable under lower order perturbations, the same ODE system
also works here with extra lower order terms.
Proceeding as in Sections B and B, we obtain the following system:
Vip = oy,

Vo = (ﬁ(l))ij‘ﬂ + (R(Q))kijwk + (é(l))kewu + 7)[*1](90’ w)ij + (6(4))%]‘73[*2](% W)kt

Viw; = 1;; + (CP)ij0 — Py (o, w)ij,

Ving, = R)ire + (RW) jpwe + (CH) e + VP (o, w)ij — Vi Piy (0, W)k

(B.0.27)

As before, (B.0.27) immediately leads to graded augmented variables in the sense of Def-
inition 4.1.4. Indeed, if we specialize (B.0.27) to the Euclidean space in rectangular coor-
dinates (so that P = P, and P* = P;f;;), then we see that @, = ¢, o, = oy, Py, =
wi, and P, = m,; define augmented variables for Py, that satisfy (o-1)-(P-4), where

A={p,ai,...,0q,wi,...,wa, M-, Mg_1)q} (in particular, #A =1+d +d + —d(d;” =

w;dﬂ)), dy = dw, = 0, do; = dyp,, = =1, mp; = 2, and mh]ij = 0, mp; = 1, and
mjy;; = 1. These augmented variables also satisfy (©-1)-(®-4) for any lower order pertur-
bations of Py, (viewed as an operator on an open subset of R? the Euclidean space in

rectangular coordinates).
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Linearized Einstein constraint operator under constant mean curvature gauge

The method of this chapter is also applicable to the linearized Einstein vacuum constraint
equation under constant mean curvature gauge trg k = c.
Introduce the new variables

h" =g — g"tr, g, T =kY — c_lgij trgk, p=trgk.

The Linearized Einstein constraint operator under constant mean curvature gauge can be
written as

P(h, 7, p) = (V,V;h7 + (CV),;77 + (RW),;h7 + CPp,
d—1_.
J
d V p? p) )
for some tensor fields CV, C® C® RM® R? determined by (g, k).

We may use the last component p to eliminate p in the equations and only consider (by
an abuse of notation)

Vi + (RP) 0 + v,((CP)Y, h*) —

P(h,#) = (V;V;h7 + (C), 7Y + (RM);h7, V,aY + (RP)! h* + v;((C?)Y, hM)).
The adjoint is given by
P*((,O, w) = (7)* (S07 w)[l}ija P*(SO7 w)[2}z]>

1
= <V183Q0 + (R(1)>”QO -+ (R(Z))k”wk — (0(2))Mijvka, —E(Viwj + ijz) +

1
EVZngij + (C(I))ijSO) .

As before, the principal symbol of P* is given by

. _ (Piain(,§) 0 )
p(z,§) = ( 0 Pisain(25€)

where pji ., (z,€) is given by (B.0.5) and p}, ., (z,€) is given by (B.0.20).
Let a; = Vi, 15 = %(ijj — V,w;), w = évﬂw,{ and ¢; = d;w, we have

vz@ = O,
Viey = (R0 + R jwr + (COM, i (my + weee — (P (0, @) iee) + (P (0, 0)) i
~(2)

~

viwj = Tlij + wgzy (C )ng (P ( ))[Q]ij’

Vine = (R®) 0 + (RW)we + (COpa + i — €y + Vi(Prw)gis — Vi (P w) s
Viw = Cj7

Vi€ = (A(1)>z’j90 + (R(5))kijak + (A(Q))k‘ Wi+ (R(G))Mij"?ke + (R(7))ijw

v

~ sl g S 1 D
H(CO)S (P (0 @)ee + (RO (P (0, w))pappe + == C(P W)z

(B.0.28)
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As before, (B.0.28) gives graded augmented variables in the sense of Definition 4.1. 4 Indeed
if we spemahze (B.0.28) to the Euclidean space in rectangular coordinates (so that P = Pprm
and P* = Pr ), then we see that ¢, = ¢, 0, = i, Oy, = wi, &y, = 1n;;, ¢, = w, and

prin

®¢, = ¢; define augmented variables for 73prin that satisfy (®-1)—(P-4), where
A= {90,(11,' Qg W1, ,Wa, Mg, 7n(d—1)d7w7C17' o aCd}

and #A = L+d+d+ 250 4 14d = D We have d, = dy, = 0, do, = dy, = dyy = —1,
de, = =2, mpy; = 2, and mh]ij =0, mpy; = 1, and m{z]ij = 2. When k = 0, the equations
decouple to the linearized scalar curvature equation and symmetric divergence equation in
the maximal gauge, studied in Section B and Section B, respectively.
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