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ABSTRACT

Expressions for the angular distribution of the (a,d) reaction ére derived,
Explicit coupling schemes for even-even, even-odd, and odd-odd target nuclei

in the Jj-j 1imit are used to define the nuclear structure factors-.



== UCRL-9505

THE TWO-NUCLEON STRIPPING REACTION
Norman K. Glendenning
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Berkeley, California
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- 1. INTRODUCTION

A considerable body of experimental data is accumulating on two-
particle stripping reactions [(a,d), (Hes,p), etc.,]. The simplest way of
treating such reactions from the theoretical point of view is to regard the
incident particle as two structureless particles, one of which is stripped
as a unit. The angular distribution could be calculated in complete analogy
with the (d,p) reaction., Such a treatment wou&d be appropriate if one believed
that the residual state formed was a cluster state with the parentage of the
target nucleus plus.the»stripped nuclide, If, however, the residual nucleus
is better described within the framework of the conventional shell model, then
the stripped pair is captured into single-particle states of the residual nuc-
leus and do not retain their correlation.

The two-nucleon stripping reaction differs in several respects from
the (d,p) reaction. .In .the latter, the angular distribution is characterized
by the single -orbital angular momentum of the state into which the neutron is
stripped.. The typgvof level formed is a single-particle excitation of the
final nucleus. However, in the two-nucleon stripping reactions, the :angular.dis-
tribution is characterized by the total Qrbital angular momentuméh,:ﬂ&n tﬁp
and in j-Jj coupling the wave function of the residual state in general has
several L components, Moreover,:the‘types of levels that can be excited include

levels. of two-nucleon excitations,- Thus,.in principle, these reactions should
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provide a means of investigating ievels of a more complicated nature than is
provided by the (d,p) reaction. The;two-nuCleon stripping reaction was first
considered by.El Nadi,l and we shall take advantage of some of his work.
There are several added refiheménts, however, that make the model more realistic,2
More recently the same problem was treated by Newns.3 However, in that work
the nuclear structure factors were left in a general - undefined form, Here
we consider. explicit coupling schemes fbr even-even, even-odd, and odd-odd
target nucleil in the j-j coupling limit.

The principal assumptions used to calculate the angular distribution
are: (a) - the center-of-mass motion of incident and outgoing particles is
described by plane waves; (b) the target nucleus forms the core of the:
residual nucleus and is not excited by the reaction; and (c) +the neutron
and. proton are captured into spin-orbit states in the nucleus,

In the next section, expressions for the angular distributions are
derived for the (o,d) reaction. Selection rules are discussed. In a paper
following this one, Cerny, Harvey, .and Pehl have applied the theory to a
number: of their. experimental re'sults'.J+

II. CALCULATION

A, ZEven-Even Target Nucleus

We.derive in this sec¢tion the. angular distribution for the (a,d) re-
action on an even-even target nucleus, The target hucleus has Ji =-0, How-.'
ever,,for,comparisonvwithrprevious.work we do not explicitlyusét.Ji = 0, The
neutron and proton-are captured into spin-orbit states jp = lp + 1/2 and
‘jn ;:zn + 1/2, which are coupled to‘Ji to form the spin of the residual nucleus
Jf. The wave function of the final:inucleus is writteiq< Wy
By ae2)= & COTT5 19) 2,02, Lo

where in an obvious=notation,'ggsm.denotes the following angular momentum
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couplings:

B, £, )=, 14, (U 1) 15 ; JM)

For the internal wave function of the & particle we use

o (o) =< X (myn’) XO(/J[J)GX/?[} -
. where X © is the singlet spin function. This wave function is antlsymﬁ;tric
~upon interchange of two identical nucleons. When a matrix element of a sym- .
metric operator is taken, if the wave function on the right (or left) has the
correct symmetry under‘interchange of identical nucleons, it is not necessary
to antisymmetrize the left (or right) side. Therefore we do not explicitly
antiSymmétrize the final state, ‘We note now that we can rewrite the product

Of);m;%fu;ijl;n(z (/),ﬁ) Z 5‘ 25+ (SSo;M-Mo )

Szo M=-3 ‘
X X m:p') X
Let the nucleons in the outgoing deuteron be n' and p'. Since they
are in a @riplet state, only the triplet part of X () contributes to the
reactions.‘ |
We shall use the following notation:

R =1/2 ( (r, +x ) = center of mass (c.m,) of captured pair,

— 1 1] — 3
A§d =1/2 &fn T ) = c,m, of outgoing deuteron,
B = R Zm = deuteron c.m, relative to c¢.m, of the residual
Lo Taa M R
nucleus,
‘Ea = alpha-pa?ticlg wave number,
k. = deuteron wave number,
e :

The matrix element for the reaction leading to the magnetic substates

indicated is

M(ML%M,L)/Q oC/o/r J/?A dA X/A*/ﬂfp’)
xex/a[a MQ@JHD (4%2) V.&p M%’")Q//)eXP[/é (R + /2,;)/_] (5)
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where p is the 2 component of the outgoing. deuteron spin. We‘call ‘ o
' ﬁ4-¥ 95 M, }C/ - p/ ‘
A oy
L ) .

the effective interaction between the target and thé incident o particle respon-

(6)

sible for the reaction. It is assumed to depend only on the radial coordinates
of thie two captured nucleons. ' Introducing Egs. (1), (3); and (4) into (5),

we -£find

T C///o,/w n)C LTI M M)
/ v, A, AdLd exp[-tbypi] g Mh,h;») Vers

x X, (mp) é’X/’[ -2 @] éX/?[ (FHE Ml

To carry out the 1ntegratlon on the spin functlons we transform Eq. (2) to an

Sﬁ Qfmwf) ZS- L ST éfwélP)/Zg)L //{/)5 f/‘?

where a o, are the transformation coefficients (ct. Racah)5 from IS to j-J

coupling,

QLSJ/%»);lp) ((/ ’p)L (/z/;)S J'/@ /)/MCZP%)/P)J)

The integration is on the spin projects triplet states only, and we can write
1 o CU10s pomp o YCAT T Tp 5 My MMtz ) S a,,-
x—C(Z-/ T M=y M) (20,0, L5 1144.) -

The symbol F stands for

Flotp Lym) = = C(fﬂfi ’777””’)

/7,‘ W/)

Vd ﬂ(rpa(i@ ex?fzt ﬂd] qﬁ”}n,h”"h)%fpmﬁ/])
X Vet£ exﬁ[}i_ Jjex/ﬂL_zL /,@+ A4)/J (11)
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where the. single-particle wave functions are of the form

d@gm@f)“; Kelr) 1_(»7/53%) . ()
This quantity is common to all the coupling schemes in the type of treatment
envisioned here. 'The particular coupling scheme affects only the geometrical

factors by which F is multiplied. We now evaluate F. First transform to a

new coordinate system,

.r =R —'R‘, (13)

and introduce the linear momentum transfer vectors

m/{zfd R/ Q:fw—(ﬂ//&/ﬁx (14)

The physical meaning of these vectors is that K is the mbmentum transferred
to the outgoing deuteron, while g is the momentum carried into the nucleus by

the stripped pair. Then

Fllitplim) = 2 C(/M/)L ?an)
)(\/c/mk,h u;;;x(y{,/g A {.X/vz}g“/@_i ,,,/,.(J:j |
X qéfjm»(}:h) $2¥M /[) @37’[7 £ Z'J 7 | (15)

ThlS 1ntegral would be trivial if we were to assume that the o particle

is a point cluster of nucleons. Then y — o, and we would find, for a surface

interaction, -

Fln Zp L M) o< J/w /2_ +/)(2£/rfl> C(/ jpl— 000)
X/L/Q’%) _4 o . (19)
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We shall, however, evaluate F for the finite-size partiéle;“’First'
5 . = 3 . 2 s .
expand exp (1 Q - R ) exp (1}% ~Lp/ ) exp (1‘3 l@/22 as t@g product of
two multipole expansions with § defining thé Z axis. The @ particle radial
M

function.can be rewritten in terms of coordinates r, r ., r ' (where
R n’ smnp’ amp

afnp unlxp : 1— 5
exp |-y LJ] = exp[-2y" (2r%+ /,4-//D + r%/,)]

, = 2 = » '
= exp[_—z), (217 0 A =2 @Swh,))j (1)

where W is the angle between L and- r .. We use the expan51on
)( IY\+/ 4)/ ‘/mrp> (COS(_;) ) s (18)
where

hﬁ'/L

(%) - vrfyz_ (L—ifi>

o0 ™
_/? ”f‘l ' (P/2)
/2 m%_o 7»/ [’ (%+M+’>/L) - )

Hence for F we have

oo > C(AQPL nhmFM) Z V{zA +/)(¢)94

R YnF -

gt 2 (/m/ymy/) 0)(4, mP/ )
PRy s
RO RID (@)D b Q1) -
) T s Ve eip 2 T4 ]
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The r integration can be done under the already stated assumption that Verr

depends only on T and rp:

fc// exp[ 2/\/}”~4/&/ /] é/ﬁ\) /’[

Thus the angular distribution is multiplied by the factor exp [- K /8Y ],v

(21)

which damps the cross section at larger angleé. “The large£ the_a radius.
' (Y"l incréasing),'the féwer high-moméntum‘componenté are contained in the
d particle; hence the more strongly the c}oss section iS»dampedAfor'large
momentum transfer (large angle).

The angle integrals (z'm'rYg Iﬂm) can be done in fhe ﬁsual way

(cf Rose). 6 The sum on magﬂetlc guantum numbers then becomés
Z /\ C/’/ /kz- )rhf//)M) C/f), n/),,)M\, Vﬁ’[))

72

XC ((p}”A/OJ Vhpy\/\ O> MO “’") /(’L\,;//)(A)\ A1)

x W G dw,q,z,,)bﬂ)(( A,/)L()uu) (22)
Hence we find

/:T{}ZAIQ/>£;.;/A7¢) = £5A4()v V/(/7,Ah (?L),o ;)

xeA/()[ 3//01_ CQ) (23)

where '*Xp (/ (¢)» - t)

E(M L3 Q) > () T RAA DR

/»5 "

A C/G h%,DOO)C (@pﬂ)m ooo)[{ e Ls ooo>

v« (e, ()r)/\h\/p Lh) 1\\ o n .

(Note that the product of - the three C coefficients implies (- ) = (-)ﬂn * 4p.)
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and . : S 5 2 T 3’ B
T = Gw) [ ey 5 P L) Ry, ()

}P\q
I Qv /l)/ (@Yr/L)U "WVP) ‘/ |
@(/’[ 2) (f +r">] _]:M/L LY P> : (25)

Insertlng the result of Eq. (23) into Eq. (10), we have

/(?Aw)(sz,) exP[ 0y - ] C Ho) —/«>
X C(JJ 5 M, /""M-F) Z a/./J C (é /J— ) /“)’/LV)
{thPL &> | - . (26)

The angular distribution is

e Z /jﬂ/ _/2/4/)(2[/9+/>2J’

d-——Q _ "?JL:"" M\:M_F/\, | .

K5 ) e ‘ "y S
—g)/ ] % 204! CL_G 645/4}4@ L"Q“){‘ _ (21
C (e @) = at_l (7 (?n 7}7) R S (28)

In practice it is convenient and reasonable to assume a surface

interaction for the stripping _proc'ess. Then the integral Eq. (25) becomes

@‘\F ., oc st I;\.;%[ﬂ;‘kjg;; (& ?a/v-)j)r (027@/2.) .

If, instead of a finite-size q particle we had. assumed a point cluster,

then accordihg to Eq. (16) we would drop the dampings factor and replace
Bl.2pL50) —> Clbdplsoo0) J (QRoD

»  (30)
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and obtain ‘QI.;-H
.Qéi x ZQ&HJ;XZIP+ QJZ+[
oA

A
X Z qul / uj%)/)d/ lpl; OUO}/ (62)3)./

(31)

The selection rules on L are

Pt A A A

Lo 4 s L
/) "= _(»““) , o (32)

are the parities of the initial and final nucleus, while the

|

]

~
(o)

7.

where n, and =
i f

selection rules on J are

(33)

B. 0dd-odd Target Nucleus

We adopt the following model for (a,d) reactions from an odd-odd target

nucleus. The target consists of a core of spin JC = O which remains unchanged

by the reaction. The odd neutron and proton are in spin-orbit states jp and jn

and are coupled to form the spin of the térgét Ji:

Jo =% dn tdp =81 - o (34)

The final nucleué is assumed to have one pair of like nucleons coupled
to zero angular momentum, while the other pair is coupled to the final spin

J This suffices to describe the low-lying states and makes development

Py
easier. Whether it is the proton pair that is coupled to zero, or the neutron

pair (or_a sqperposit;op) will of course depend on the particular situation.
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Thus the final nucleus is characterized by

-y
Tt = de dpage =

. . oYvY
' —_— + ZZ '\]
: (35)
For jp = jp’, then Jf = even only are allowed. Since the one scheme

can be obtained from the other upon interchanging the indices n <—> p, we
consider explieitly the left-hand one.
Dencte the wave function for the core bygi)(A-2); Then the target

nucleus wave function is written

L W= ) £

,  (36)
M. B o . ,
where"CDJl denotes the following angular momentum coupling:
1 :
Qé /w /PJ ‘IM >
(37)
The re51dual nucleus wave function is written
M, _ / é;/%é
g /4'/2) /A_Z) {,L/?”),(n) /4,.19),«/’ )
“ . (38)

Before we write down the matrix element, it is convenient to recouple the
~nucleons in the wave function for the residual nucleons, so that the pair
n'p' are coupled together, as they arelin-thevtargeti(Eq. (36)). The re-

coupling is done by techniques due to Racah (cf. Edmonds).7 First we note
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the identity

&) g ' 7(,(/'9) o /)

/L/ (%) 4. (5')] O, [ZP/(VP)QP( ’)_7 fo> (39)

We now use the recoupling coefficients to rewrite this

70(*’% rl) @—M’[ﬂ’p ) = Z /(2[-//)[219—/)@2&7‘/)

P dp T
/n 70 }/[7)7(/)/,;( )]I [#.(x. )2, (1 ’)]IJ;/@>

OJ‘J (40)

7

The bracket { } denotes a 9-j symbol' and reduces to a Racah coefficient

because of the O:

/ ' 47 7 ‘T
! 7' :Z-/ 3 7N P
p o e WW/’I%P%QJ

P ?J’ I - -
o Vo 4 (2 Z41)

(k1)

Using the above wave functions and the notation of the preceding
section, we find after several steps that the matrix element for the transi-

tion can be written

777_[/”’9%: /{1) o Z (/[szj(;?I’%/)/é;Jw)
WE 15 Tafs i) CO% ittt )C (1105 )
XA g )I ClLIT : M ~p, My 1)
x/—[ﬂﬁ LM) - (v2)

where F was defined in the preééding gection.’ The angular distribution can
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readily be obtained:

Js expf ;\’L] (2Je+1)(24, +l>(” _i')

2]5 92“41
s ¢ [0-0) /'BM 0! L-Q)'f -
A= o101 L [
| (13)
Lt
c (0= 2 (eI M (7 e Ih 4 )f’/z‘/»/ﬁ
I | ()

where B has the same structure as before.

The selection rules on L are
y, o A . : - ' _
,ngZ 7& ,M/,g :MZ: o ML]&: 7‘.,.,1/;[‘ 7L/’w—/~ o Z f%/> . ,,\,,
./

: il L
M=) =67

Because of the sum on I over the valueé allowed by the selection rules

vww

implied by the Racah coefficient, there can be more than the maximum of two

allowed L's of the preceding section.

C. Even-0dd Target Nucleus

Consider,las'an'ekample,'an o&d-proton nuclé&s with an even-even core
JC = 0. Let the proton occupy the spin orbit state Jp , 50 that the spin of

the target is Js =\jp'. The waye functlon is wrltten

5? /4)*- &-Z@M'D.QE%;W‘/“?’D “~ . e
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In the residual nucleus the odd proton and the stripped proton couple to

spin J, which is coupled to the spin jn of the stripped neutron to form Jf.

Jeide TJ T+ Y = Jr

(47)
If jp = jp' only J = even are allowed.
The wave function for the final nucleus is written
L ) = &) o4 W 405 Jp e 2

It is again convenient to recouple the particles so that the stripped pair of
nucleons stands together. To do this we use the recoupling coefficients and

obtain

//7[) j/./)«f %” /‘//{> 5\ _\//?J%/)@Jw)

JI

W (77 1 T Ty o) | Gdo) 7oA >

- (b9)
We proceed in ‘'much the same manner as before and obtain flnally
AT o ot ) atpi) PRI oy /.
g2 < (> )Zz_ pii) %’*’ e
S y
C @ - O) — /ﬂjf ) 4_ (7t7 '//)W/J-/p 7)1 7/) (T‘L,J/(fn %3)

Discussion of the selectlon rules follows exactly as in the precedlng seétion.
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- III. SELECTION RULES

The selection fules-on the angular momentum I which characterizes the
angular distribution for two-nucleon stripping reactions can be stated quite

generally as

£+ zp L
“iﬂf—(') =(“) 2 A£=jn+,§@;
SO Tt LS, SeSvsy i (52)

In addition, if the level that is formed is described in terms of the spin-

orbit quantum numbers, then

;%+jp=£fi' (53)

Here T and ne are the parities of the initial and final nucleus, and zn and

?p are the orbital‘angqlar'momentum quéntum numbers of‘the states into which
the neutron and proton are captured.

The parity-selection rule on L is nbt an obvious one, because with the
two angular momenta ﬂn and Zp one can form ail states of total angular momen-
tum lzn - gpl to ﬂn + 4p" However, in the stripping reaction, only those
components of a state that obey the stated parity sglection,rulevcan be
excited. The reason fdf this is the following. Out of the plane wave des-
cribing the incident d particle, only that part céntributes to the excitation

of a level with given L =A£n +~£p which has the two nucleons in the total

AAAr

orbital angular momentum state L. Now we may resolvevL into the center-of-

mass angular momentum A and.relative angular momentum A. Therefore the parity

A+ N

of the state describihg the. pair is (-) and has anguiar momentum

L = A+ MN. However, in- the incident nuclide the nucleons are . in their lowest

A e, A

state, i.e., in s states. Hence A = 0 and the connection of L with the parity

is now clear.
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The total‘spin S obeys‘the following selection rules for the various

two-nucleon stripping>reaétions listed:

(a,d)

(He3,p) —> S8 = 0,1,

(th)

> S

it
)
-

> S=O,- (5)4')

The first of these selection rules has been explained in section II-A. As

3 3

for the (He”,p) reaction, we note that since the He” has a spatially'symmetric

wave function, the two identical particles must be in a spin antisymmetric

state (i.e., S = 0). Therefore the.spin‘function for He3 is Xg (p,p') Xl/gl(ﬂ>
and  the. . proton and neutron that are captured clearly are part of the time
3.

in a singlet state znd part of the time in a triplet state in the He”. These
selection rules are rigorous as long as there is no mechanism for flipping

the'spinZOf one of the captured nucleons alone.

Iv. SUMMARY

We have derived expressions for the angular distribution of the (a,d)
reaction in thg plane-wave Born approximation. It is assumed that the
a'particle is étripped of a neutron and proton at the nuclear surface, since
if the s%ripping Qcéurred in_the interior, the outgoing deuteron would likely
be‘absorbed. Coupling schemes apbropriate to thg even-even, oddfo@d, and
even-odd target nuclei have been used ‘in the extreme j-j limit. In'all‘cases,
the angular dlstrlbutlon 1s éf the form

i o el ‘——~'5‘" Lo Bl

L oy — 7L+|
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The quentity B is given by Egs. (24) and (29) for a finite-size a particle.

In practice, however, B can be approximated by a much simpler expression:

B, (&) < C (¢, 0s L; 000),;)[@}'\72) . (56)

This is exactly the form B would take for a point « particie. The damping
factor in Eq. (55), which would be absent for a point ¢ particle, should be
retained, however, since we regard Eq. (56) as an approximation not as
vreplacemenp)of our assumption on the ¢ structure.

~ The coefficients C . in Eq. .(55) have been explicitly calculated in
_the Jj-J limit for the three different coupling schemes used to describe
even-even, odd-odd, and even-odd targets, and are given in Eqs. (28), (Li),
and (51). Departure from these coupling schemes would be reflected in changes
in CLvanq>notvin B. Thus for the extreme L-S5 scheme only one L would be
allowed, and since we have not considered the possibility .of spin flip, only

triplet states could be excited.
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