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NONLINEAR RESONANCE FOR WFFING 'S DIF.FEREN'l'IAL !XlUA!riOH 

Loren P. Meissner 

University of California 
Berkeley, California 

January, 1965 

ABSTRACT 

Some sufficient conditions are given tor the existence and 

uniqueness of solutions to the problem Py' • Qy - ~ • y • 0 when 

a solution y0 has been·found tor ~ ... 0: i.e., Qy-0 • Q; These 

condi tiona are applied to the Duffing problem, 

~ • ~y(e) + y(e) + ~ • 73(e) • cos e, 

y{"/2) ... o, n,y.(o) ... o, 

in two separate areas: first to prove ,the existence Qf a sequence 

of sol~tions tending to the· solution of the "reduced" problem, 'Y ... 0, 

in spite of the failure of the standard singular perturbation approach, 
I 

and second to. rigorously show th:e nature of :the principal solutions 

near several low-order resonances ('Y near 1), including the divergence 

C?f the solutions into two separate branches in a region af resonance. 
' . 

.. 

Detailed quantitative information is presented concerning solutions 

of the Duffing pr.oblem far various values of ~ and 'Y (particularly in 

the region 0 < fl :i 1 1 0 =!i 'Y ,· 1) and the numerical procedure for obtaining 

th~se results is described. ·Data is g-iven to substantiate the theoretical 

results by. (a) illustrating the behavior af solutions tar SDB.ll values 
' ' 

ot 'Y, and (b) exhibiting the solution and the divergence into branches 

in low-order resonance regions. 
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I 

I undertook a scrutiny a£ ·.those intervals, and succeeded in describing the 

behavior of the solutions along t~e fringes af resonance.~~· These descript1ye 
n 

:results became the point of departure. fo~ the theoretica+ ~nvestigat~ on · 

described here. 

The· most recent studies of the Duffing problem which have been: reported 
t • 

in the literature are those of Struble and his associates (References 1,2). 

Struble wri tea 

·. 
(1.2). 

which is the, s~ as Eq. (~i) when .the following substitutions are made: 

(1.3) 
' 

The work of Struble is dil;'~cted particularly to· the periodic and almQst-

periodic solutions in the*'n~iY.-lineari• case, l~T small. Here, ~n th-e 
1t;­

other hand, we shall conaid~~· the more general nonlinear problem although we 
; ' 

shall be interested in finding out how large I f'l · c~ be before our. hypotheses 

I 
Results in two separate areas ·are reported here; both of these are based 

I I . 
• ! . 

. on the ·general theorem of Chapter II:. We show the existence at a sequence of 

val,ues of "(. tending to zero such that the corre~ponding sequence of solutionS 

tends to the· solution for ":1 = 01 in spite of. the fact' that. 'Y ,; 0 ·is an 
. . 

.aCCUlnulation point for the resonant regions. We also shOW' rigorously the ·. 

nature of the. ,principal s.olutions near the low-order resonances. (-y near _1) · 
. 

including the· divergence of the· .solutions into two separate branches in a· 

region of resonance. 
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II. ·NONLINEAR PROBLEMS CONTAINING A P.ARAME'rER 

· .. ' . 
A. A General Theorem 

Consider ~he p~oblem Py = o, where '1 1.s an. element (to be found) 
. . . 

of a Banach space 3 '. and p is. an oper~tor (in general nonli~e&.r) which . 
ma.ps some ·subset of 11nto :J. Suppose that P has the following form: . 

(2.1) 
I 

P=Q-6•I 

where I is the identity on d, a.nd. 6 is a scalar. Suppose. that a · 

solution '1o has been found for 6 = 0: i.e., Qy0 = 0. 

The following tlteorem: gives some' (sufficient) conditions for the 

existence and unique~e~s of soluti~ to the 'probl~ ·P:, = 0 where 6 is 

. not necessarily zero. In th~. statement of· this. theorem, DP(y0 ) is the 
• • ' 't 

.Frechet derivative (see Appendix I or Liusternik, Reference 3, page 183)' 

of P at Yoi. and we W:rite S(y0 ,r) = {y : IIY .. YoiL ~.1 r). 
I . 

' . ! 
Theorem 1: Given the problem Py = 0, with P·= Q- 6 • I,· let y0 

be the solution for 6 = 0 (i.e. , Qy 0 ~ 0), and · let A b~ t~ eigenvalue 

·or DQ(y
0

) which is closest to 6~ Assume that DQ(y0·)~l exists; and that 
,. 

:tor all ~ e S(y0 ,r) 

· . (2.2) . JIDQ(y
0
)-l ~: D~Q(y)ll ~ A

0 

.· where A
0 

:= 11{2 • ~; assume also that 6 is such that 

.·:·(2.3) A • (1 + ,. 6 I )2 
0 6- A.i 

1 
~-. 4 . 

Then there exist~· one and only one solution of Py ~ 0 in 6( y ~~ r) • 

----':rhe remainder of. this chapter is devoted to a proof of Theorem 1. 
. . . . I . 

·.In the following chapters, this theorem is applied to the study of the 

harMOnic· resonances of the Duffing problem. ( Two separate a.l-eas of 

application are given: :tor re~onance o:t low-order, the theorem is 

used as the basis for estimates of the allowable variation in 6 under . 

I' 
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which the eXistence of connected solutions can ~e asserted; far the 

high-order cases,-·the theorem .. is used to derive the-~~st~ce of a 
,. 

sequence of "non-resonant" solutions tending to. y • ht. 
' . . 0 

B. Proof of Theorem 1 

1. Preliminary Lemmas 

In all of the following .1cinmas, Jis a Ban&cb space and C: is 

~- subset of .1 ;whic.h contains s( y 
0

, r) • 

Lemma 1: Let T ~e an ope~tor which mps t, ;'i.nto 5-. For 

.. all y(l)l yC2 ) ~-s(;y0,r), it is true that 

t' ' . 

·. (2.4) ·. II'J.y(2)- '!Y(l)ll :e sup_ CIIDT(y)l): y e s(;0;r)la~ IIY( 2)- 1(1 )11 • 

. . . 
·- ._Proof_:_ This_l~is based on the "Mean ValUe Theorem for Banach 

··-- ~- ···--:--- .· . . ~ ·-·~ -- :l 
- . ' . 

.. . . -~ 

~~ 
.I 
I 

I 
I 

i 
I 

--I 
. . · .. 

I 
: _: _ _. · .. Space" (see Appendix I or Liusternik, Ref •. 31 page 186 f.·) which 

a~serts that ' ' 

where . .c(y(2) ,y(l)) = (c y(2) ~· (-1 .. c) • y(l) : 0 :ii c ' l). The 
. ~ ./ . . 

.·lea ~o{lows. immediately- s.ince p(y(2) ,y(l) )_ Cf -~(y0,r). 
Lemma 2: If !ID2T(y)ll ~ L/r for .all y e S(y0 ,r),· .and if DT(y0 ) = 01 · ·. •. _·:. · . 

. . . . 

· then 11'1Y(2) ." Ty(l)ll' ~ L • lly(2) - y(l)ll·for'all y(l)l y( 2) :.£ S(y
0
.,r)·. . ',• . 

!.· .. . ' . ' 
. ··. . Proof: . C'ompar;Lng Lemma 1·, we see. that. i~. is. sufficient to shw . . _: -. ' . 

that ' ~ .. 
' 

. .·. ·. 

.,· 

(2.6) 

Applying Lemma 1 to DT, ~~ obtain in particular ~or_ y £ S(t
0
,r) .. ' ,"; 

' ... 

(2.~) . _ ·_IIDT(y)_- DT~y0)11 ~ sup:{ilo2T(y)ll :_·r £ S(y0 ,r))·• llf • yJI :··: 
•' •. , o' '• ' :_ • '. ·, ;'' ·:.·. :··· 

·'-' 

. ,._ . 

. ; . .. .. 
-~ . .' .. : . . . : .. . \ . . . . .... 

. . ~ 
. t..{'_' .• •' -· 

. ·-. 
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~.· 

1,• 
' 

,, 
! 

but by hypothesis, the first factor on the right does not exceed L/r 

and the second does not exceed r. Since DT(y
0

) = o,.,·\~ 2 .is proved. 
~ :;, 

.Lenuna 3:. If T = A o B + c, where A is a linear~ operator, then 
1~ ! 

DT(y) =A o DB(y) + ~C(y).· If Cis linear, thenDC(y) r:: C. If Cis 

a constant operator thenDC(y) = 0. 

Pro()f: All· of these statements follow directly from the definition 

of the Frechet derivative (see Appendix I or Kantorovich, Ref. 4, 

pages 160 ff.). 

Lemma 4: (Fixed Point Theorem): Let T be an operator which maps ~ . . 
i 

into .f.,.with S(y
0
,r) c:: E. If, for all y(l); y(2) e S(y0;~), it fs 

i 
true that ' I 

't ... 

~· L./17(2 ) 

.. . 

(2.8) ll!l7(2) .. Ty(l)ll - y(l)ll 

witl} ·L·< 1, and if 

' 

(2.9) .11Ty0 ... Yoll =!. (1 ;.. L) • r, 

then there is one and only one point yin S(y0 ,r) such that T.1 ~ y. 
Proof: . This theorem dep~nds upon· the "Contracti'on mapping 

principle" applied ~o S(y0~r} (~ee Appendix I or Liusternik, Ref. :3, 

page 27) •. · 
' . 

We shall apply the foregoing lemmas to the· operator T ·which is 

defined as follows: 

(2.10) 

The sequence {y0 , Ty
0

t, T2y0 , ••• , T~0, •• ·.), where T is give.n 'Qy . . 
Eq. (2 .10), is called the "Abbreviated Newton Iteration methcid" 

• I 

(Kantorovich, Ref. 4, pages 180 ff). Since DP(y0 )-1 is a linear 
I· 

, . 
. . 

operator, ;it is 
I - .... • -

clear /that Ty = y implies Py = o •. This scheme differs 

. I 
I 
I 
I 
i 

·. i . 

5 

,. 

,. 1 



I. 

i 
I 
I 
I 

! 

I 

j 

from the ordinary Newton' m~thod in that DP-1 is taken. at y 0 through-

out instead of being redefined for each step at ~o.f, This makes the 
! J 

Abbreviated method somewhat simpler to analyze, a1 tli~ not necessarily 
i 

easier· to compute. / 
. . I . . 

If the conditions of LeDliiB. 4 are satisfied, it is ·i'urther true 
I • 

that the iterative appli~ation of Eq. (2.10) gives a sequence which · 

in fact converges to the. fixed point af T. However 1 the actual con- · 

struction: of solutions is not essential in the argument af this chapter. 

The following lemma applies the Fixed Point Theorem to t~ 

Abbreviated Newton Iteration operator defined by Eq. (2.10). 
. . 

Lennna. 5: Assume that ro.= DP(y0 )-1 .'exi.sts} 'and that for all 

y £ S(y0 ,r) it is true that 
·-:.: ·- .. ·-- ·- •• -··-t"' ~-

(2.11) 
. i 

.. wher~ A · = 1~ ~· Assume also that A • T} 0 :! t, where 

Then there is one and only one solution of P,y = 0 in S(y0 ,r). 

h. 

Proof: · The· :first hypothesis of the. Fixed P~int Theorem :follows 

:from Lemm.aS 2 a~ 3: II!>2T(y)ll = Jlr 0 o f>2P(y:)ll :! A; hence,· taking 

· L/r =A with A =· 1~ r)we. have L = ~. The second hypothesis also holds 

since 

(2.13) 

since (1 - L) = ~. Hence, there is a unique fixed pointy of T in 

S(y0_',r). But r 0 is linear so pY = o. 

. Remark: This Lemma. may be compared with certain theorems in the· 

literature. ( especia.ll.Y Ka.ntorovich, Ref. 4, page I C, 7 ), which give 

6 

. ,. 

,• 

.. i 

I, 
I 

I ~ i 
' \ i! I I' 

I I' 
li 

t: 

1: 

I 

t. 
; 
' I 

I 

I 
I 

j 
i 

"j 

! 

• f 

·' J 
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' ,t,;• 
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I 
i' J 



• 

• 

conditions for the convergence of Newton's method. I have chosen a 
i 

slightly weaker but considerably simpler formula tion}'fhich is. adequate 
i. 

\ 

here. Note especia.l.ly that the first assump~ion inv.~ves an estimate 

of llr0 o n2P(y)ll instead o:f' llr Jl • lln2P(y)ll. In the l;)uffing problem,. it 

is sometimes necessary to take advantage of the inequality 

Lemma 5 is actually a s~le special case at the folloving lemma 

which gives closer existence conditions and wider uniqueness conditions 

when y0 is a good approximation to the solution: i •. e., when 'lo is 

small. 

Lemma 5a: Assume that ·r 0 a DP(y0 )·1·. exis~s,· ~d that for all 
I 

(2.14) llr 0 o t>2P(y)ll a A. 

" Assume also that A • 1')0 :i t, where 1') 0 = llr 
0 

o Py Jl . If 

(2.15) 

then there is one and o.nly one solution at Py a 0 in S(y0 ,r). 

II. .. 

Proof.: ' Take L = Ar i~ Lemma. 2. Sine~ ·k t= AJ} 0 t= 0 1 clearly Ar < l 

by the last hypothesis and so the first c9nditi0n at the Fixed Point 

. Theorem (Lemma 4) is satisfied. 

But the last hypothesis also gives 

(2.16) 12Ar - 11 <.f(l - 4 AJ} 0 ) 

4 A2z2 - 4 .Ar + 1 < 1 ·• 4 Al'lc> 

.~ ~ r <.·. 'lo 

(1- Ar) ··r> "lo 

so that the second condition of Lemma 4 also holds inasmuch as L a A r 

•' 

7 

~ I 
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I 

;. 
i 

. , 

and 1) 0 = IJTy0 .. :r~ll . 
. . 

2. Effect of the Parameter I 

One imp6rtant asSUnij?tion in Theorem 1 is the ~~st~ce of the. 
. ~! 

·inverse of DP(y
0
). Thus, we must see for which values of 8, ·if any, 

. I • • 

t?e oper~tor DP(y0 ) is singular. We nate (by :Lemma 3) tba.t 

·(2.17) 

·Now l;:t X be an eigenvalue of DQ(y
0
), so that for some eigenfunction 

.. _, 

y (which must also satisfy the boundary conditions) · 

·. . . (2.18) . DQ.(y0 ) y = X y 

DP(y0 ) y. ~(X ~ 8) 
\ !} 

• Y'· 
' . 

~' / .. 

. ' 

.·Thus; the eigenv8iues of~DP(y0-·). are~orthe ro:nn-·cx-.. ~r)-foral.l · .__,..Lie-
. . I 

' . ' 

eigenvalues X of DQ.(y
0

), and DP(y0 ) is singular when 8 is eqUal to 

· one.of the eigenvalues of.DQ(y
0

);' 

We use this fact to estimate the norm of· r 0 = DP(y0 )-
1 • We 

. . 
know (see Halmos , Ref. 5, page : 182) that this norm ~oes not exceed· 

the largest eigenvalue Off' 0 , ~hich is the reciprocal. of the ·smallest 
. . 

eigenvalue of· DP(y0 h As in the. statement of Theorem 1, ass~e ·that 8 

ls .close·r·to ~.than to anY other eigenvalue or DQ(y0 ).· Then 
. . . . . . . 

.. , 

.. ·. 

Lemma 6: 'If Y' is an element of .i, and R _is .an . operator on j I 

or on (9 -t 5), then· 

(2.20) ur 0 YH ,; (l. + Is ~ ),. 'I) .. !lllCl(yoJ-l. Yll; 

Uro o'RII :!·(1 +_ Ia ~AI> .• .11~Q.(tor1 ·o Rll. 
,• -: ' ' 1. . . 

. : /· 

. ·. 
I 

. ' 
I 

. . I . -,. . ·, ~ 

. I'' 
! . 
'·-} ·: 

8 

. . ~. ' 
I 

-.~· .. 
.· ~ . 



~ .. ·. 

;. ' 

, . 

.• 

.. 

Proof:. 

(2.21) Uro 111 'llro o DQ(y0 )11 • llf>Q(y0 )•l Yll; -~~ 
. . ~ . 

llr o 0 RJI ' llr 0 ° OQ(yo)ll • lioQ(yo) ·l 0 Bjj. ( ~ . 

Jlr o 0 OQ(yo)JI • llr ~ 0 (OP(y0 ) + & • I)ll 
. i 

I 
but r 0 is a linear operator: I 

(2.22) . 11~0 o OQ(y0 )1i = llr 0 o OP(y0 ) + & ~·· t' Jl 

.= Jl I + & • r 0 11 . 

s l + 1&1/1&- AI·. 

Lemma. 7: If Qy0 = 0·, then 

... :., 

\ . 
I 

I • .. . 

.i. 

I 
\ 

(2.23) ur 0 ,; PY"oll ' (l + 16 ~'AI) . )61 • lloQ(yo)-
1 

Yoll . .·'. 

Proof.: We apply Lenma . 6 to y = Py 0 : 

.r . 

.(2.24) ·1 .llr 0 o PY"oll ~- (1 + j6 ~ xl) · lloQ~y0)~1 o ~oil· 
' . . . 

But Py0 = Qy0 - 6 • Yo and Qy0 _· = 0 so Py0 = -8 ·~ y~: 

. . 

(2.25) · ·uoQ(y
0

)-
1 

o PY"oll = 1&1 • ·UoQ(y~)-1 yJj.,. 

3· CompletiOn· of Theorem 1 
. . I 

1 
. i 

. i 

I 

.. . , 
i 

·I 

We see that the hypothesis of The~rem l_satisfies:the requirements 
, I . . 

• I 

of Lemma ;5' with · 

(2.26) .. :iA = (1 + j6 ~ xJL.· Ao; . 
. i' . . 

... · .. 

..-. , . 

.. 

. ' . \ . j 

. .I 
. i 



'. 

... ,. 
:1'• 

The first of these state.rnents follC7..rs from Lemma: .6 with R = D2Q(y); 
., . 

ho<..rever, it must. be realized that we have used two n~es for 1 the same 
1'. . \ . ; 

. object. According to Lemma 3, the second-order derivative is inde-
r~ . 
;t I 

pendent of o: s · ' 

The second statement is the same as Lemma 7, since ~ 0 = llr0 o Py0 !1.' 
The l~st hypothesis· of Theorem 1 assures u~ ·that A • flo ~ t 

A variant of Theorem 1 is usetul. in case y
0 

is an approximate, 

rather :th~-~ exact solution for a·= o. Assume that IIQ.vJI· eli €.. The 
1 • 

effect of this modification appears only in Lemma: 7·~: There, and in . . . 
the last hypothesis of Theorem l, the factor 

--·-··: --.~--- .. ,-- -- ·-----. ---·· ··- ·-~ --· 

(2.28) 

may be changed to '· 

' . 
' . 

which ist an estimate for IIDQ(y0 )-~ o· Py0 11 '!hen IIQyoll ~ £. 

We_ note'.that the uniqueness ·of the soluti~n (ii it exists) depends_ 

only upon the tipschitz condition: if 

(2.30) 

. 

·I 
! 

for all y £ S(y0 ;r), w1 th A = ljr_, we may take r' slightly srrialler_ than 
. . 

r without violating (2.30) in S(y0 ,r'); then Lemma 2 is satisfied with 

L = Ar' < Ar = 1. The last part of the proof of the Fixed Point Theorem. 

(see Appendix) then shows that there ·is at m9st one solution in S(y0 ,r').·· 
' {- .. . . . . ' 
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3. 

III... THE ODD-HARMONIC SOLUI'IONS OF THE ··: .: 
·, ·:. 

,• .. 

DUFPlNG PROBLEM · . ·. ," 

~ ;~~:. 
A. Operator Form of the Duffing Problem ~-~ 

· For Duffing' s differe~tial equation: 

<--. 

(3.1) · .... · 12 »2y(e) + y(e) + 13 y3(e) = cos e, ·· 
·I 
l 

. .· .~~~ 

with boundary conditions y(" /2) = o; Dy(O) 7 0_, .we· seek harmonic 
.. 

. · solutions; i.e. 1 solutions of the form 

«» «» 
;y(_9 ) ~ l: ~ cos k 9 + l: bk sin k 9 • 

lo=oF k=l · 
(3.2) 

Because af the odd symmetry of Eq. (j.1), the sine coefficients 

bk are all zero and the second boundary condition is· automatically · . · 
. . ' . ! . . . • .: I. . . 

. . satisifed. The first boundary condition further implies that the eve~-
' 

numbered cosine coefficients are. also zero, so that· Eq. (3.2) -·~educes 
. I 

'· 

11 

...... 

... •,,. 
.. ! 

. ·,,. 

.1'' .-' 

.• 

. · to the odd-cosine form 
_..;...;;.;;;.,;;;.;;;~ 

· .. · ...... . i 

i ,; . 
j ~ 

.I 
I 

I . 

The follbwing integrBl equation ~s 
I I 

' . · ·: .. >:-. ·: :.::· .. ·."given boun<i.arY condi dons: 
• ,; 'c ' ' 

! 

. ,.,. . ' . .~ . . 
,, '". '· '., : .;:., 

\. ~ . " . ·,. ~ ·, .. ' . 
. ' 
. ' 

.· 
'· . .~- : :. . 

, ·.I 
·,' ' ... 

·· ...... .: ;' .. 
. . ~ ... . ' 

·'· . 

..... ' ·.• t .• 
. !.··.· 

' ' 
.. ··"" ..• .i' 

: ,·, .· 

· .... 

. (3.4) . - -y2 . y(9) + /r/2 
I 9 d~ 

'(3.5b) 

.--. _. I 
I • 

. . . . · .. i 
.. . \.: ' 

I 
equi val. en~ to Eq. ( 3 .l) ·with the I 

., .. I 

' ..... ; · . 

I 
/' ' ... 

·, ~ ·:· • r ' ' ' ·., 

' 

. .. -·· . 
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(:~.6) Py a -~ • ;( + J ( ;( + ~ • G;r .. COB) o 

Now let the "constant operator" COB be defined b;r: cSs ;r a cos. 
~~~ ~~M 

i,t 
In other words 1 cos is an operator which maps any fu(iCtion ;r into the ,.,._,. ,'t-\ 

cosine function. Also, let I be the identity operat~. Now Eq. (3.6) 

becomes: 

P = -~ • I+ J o (I+ ~ • G .. cos). 
-..~.v 

It should be noted that the opera tor P. contains two p8.rameters, 'Y · 

and ~~ which have not yet been specified. For given values of 'Y and ~~ 
' 

P is a (nonlinear) mapping of the space r.,2 [0, n/2] into i tselt. 

It is obvious that the operator P is of the form studied in 

Chapter II, with 6 = ~ - -y0
2 and .. · 

(:~.8) 
2 

Q = -'Yo • I+ J o~(I + ~ • G- cos). , . ., .... 

Ala~, we have the Frechet derivative 

(3.9) DQ(;r0 ) = -'Y 2 • I+ J o (I+ ~ • DG(;r0 )) 
0 . 

and the second-order derivative 

(3.9a} 

B. High-Order Resonance 

We consider first the situation in case-y0 = 0. Then the 

problem Qy' = 0 corresponds to tl?-e "reduced equation" 

l2 

t 
• I 

I' 
• 
' I 
f 

. "I 

lol ,, 
i •. 



j. 

. . ~· 

.... 

.f 

I: 

(3.10) 
.· i 

,' ~ 
;~}. 

t 0 ('rr /2) = o, ny(o) = o. D · 
~·· 'f,t;;; 
' I 

·' A solution of this.problem for f) = 1 is shown in Table ·4.2 (Chapter IV): 
:. 

The standard "sing.ular pertUrbation" theory for equations of this 

type, in particular for problems in which the order of the differential 

equation changes· by 2 for"( = 0, has been elucidated by wa:sow (Ref. '6; . . . 

see also Ces~±1 Ref. 7, pp 195 ff). Except in a certain case which · 

he calls "parametrically irregular", Wasow concludes that the solution 

of the' differential equation converges to y 0 on an. interval containing . . 

'Y = o·. Chec'iting Wasow Is hypotheses as ~ppiied to' t~e· Duffing problem, 

we find that Eq. (3.1) is "parametrically irregular", so that we are 
. . II 

·not .surprised to find, as a result of computation studies,· indication~. 

that there may be arbitrarily small values of "( for which there is no 

solution close to y0 • These are values Of·'Y for lfhich DP(y0 ) is nearly· 

. singular and the theory at the previous chapter cannot be used to assert 

the.existence of solutions. 

ThUs, for the Duffing problem a different approach must_be adopted. 

· In spite of the fact that as"( -+ 0 there are infinitely many regions of 

"resonance", we find tha~ these regions are sewated by ''valleys" which 
. .. 

may be characteriZed, for instanc.e, by the. fact:' that IIDP(y0 )-
1 

o PycJI is 

small. We shall apply Theorem 1 to shaw that a sequence of val.ues of 'Y 

can be chosen from these "valleys", in such a ,way that as "( ~ 0 via the 
I 

chosen sequence, the corresponding sequence ar solutions tends to y0 • 

We introduce the auxiliarY function q'(e) :Which has the property ' 

(compare Eq. (3.9}) that 
i : 

.. 
.. 

.. 
! 
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. ' 

!< 

< · . . 

. ' 

Theorem 2: For the problem at Eq. (3.1) let ~be fixed and let 

y 0 be defined by Eq. (} .10) • AssUIII3 that ~ is· such ~pat the following 
. . ki. . . 

hypotheses ·hold, where ~ "(• 

(}.12) q'(e) = 1+ 3 • ~ • y02(e). 

. . 
(1). There exist r and A = lf2r such that far all i & S(y0 ,r) 

( 11) ~ There exist<; constants e.1 and ~ such the. t for 0 :i 8 :i n/2 

'I . 

(3.14) : ' . 0 < al < q'(e) < ~· 
' l 

' .. ' . I'< 
I < .. 
. l .. 

(111). The constants A, ai 1 ~~ ~ 0 se.tist.y 

where ~ 0 = IIYo / q'll ' 
J 
I 
I 

I 
I ' 

' t! 
I I. 

: il 
: I 

/ .. 

· .... ·Then there is an. infinite sequence of values (')'
1

, ')'
2

, ")'
3

, ••• ) tending 

to zero, and a corresponding se~uence af solutions (yl, 12 1 y}' ••• ) 
• I 

where Yytis the solut_ion ot Eq •. (3.1) for~~ 'Yv 1 such that Yv tends 

to y0 ~ ·Furthermore, Yv is unique in that .there is no _other solution 
. . . . . i 

of Eq. (3.1) in S(y0 ,r) ·for 'Y = 'Yv·· · · · . 

. . 

Proof: We only need to shoW the existence of a sequence ('Yv) such 

that for 8 = ·'Yv 2 ·(v ·= l., 2, ·3 1 ... ,. ) 

(J.l7) 

' .. 

for some a1 and ~ which sati s:fy assumptions ( ii) and ( 111) • The 

remaining hypotheses of' The~rem 2 imply those of Theorem 1,. since 
• • J • • ,· '.· • ; • 

(}.18) 

IIYo /.q'll = llf)Q(yo)·l 0 Yoll, . 
' I ,f . 

• I 
I 
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as may be verified from Eq. (3.9) or by direct ·use of the. definit+on 
i 

of the F:rechet derivative (Appendix 1 or L~usternik, .iRe:f'. 3, page 183) 

as applied to the definition of Q, Eq~ (;(8). ·lq . : . 
l ' l 

I . \ . 
The crucial point in Eq. (3.17) is clearly the choice of 8 such 

I 

that j8- ~~ is not too small. Here A is defined, as in Theorem 11 as· 

the eigenvalue of DQ(y0 ) which is clOsest to 8, so that in Lemma' 6 we 

can use the estim~te of Eq. (2.19h 

We therefore turn to· an investigation of the eigenvalues of DQ(y0 ). 

1. Eigenvalues of the Variational Differential Equation. 

We seek those values of ), for which there exist~ a. nontr.ivial 11; 

solution · y of 

(3.19) 

I 
/ 

I I ' 
D~(y0) .Y = A • y 

I / 

.I I . 

I 
' I 

15 

' ' . \ 
(compare Eq. (2.18)). The same equation may be written, in view of ·· 

I 
Eq's. (3.5; 3.9) since~0 = 0, as follows: 

l : I L . . 

(3.20) _yn/2 dt2 fta (1 + 3 :. · t3 _. y
0
2(t2 )) ~- y(ta) dt2 = 0 • y(e). 

: e 1o . . 
I . I . 

and so the problem is eq-q.ivalent to finding- eigenvalue~;~ of th.e ~"vari-
' . 

. ' 
.. ; ' I 

ational" 'differential equation 
i 

.· j.: 
. l'i 

< 3 • 2_1) · · · ; A n2y( in + < 1 + 3 • t3 • Yo 2 < e ) ) • y( e ) = o, 
I 

y(n /2) = o, ny( o).= o •. 

To this problem we may apply' "Sturm's first_ canp'arison theorem" (Ince~ 
. . 

Ref .. 8, p. 228). As .before, ·let 

(3.22) .. 

I ;_j 



. ' . . 1 . 
;. and ass~e. that 0 < a1 < ·q•(e) < ~ for 0 :i 8 ' n/2. ·Let t ·= 8/A.2 

and let f(t) ~ q'(A.i ~ t) for 0 ;at ~ ".rr/~: • A.~, and ~~nsider the fol-
i<~ . . 

lowing problem:' 

ti2y(t) ~ f(t) • y(t) = o; 

y(O) = lj D.y(O) = 0. 

'':1 ;~ 
~· :~ 
~~: l 

. ' :· 

. . 1 . . 
We see. that y(7r /@.. • A,2)) = 0 if and only if A. _is· an eigenvalue of Eq. (3 .21). 

The Sturm-Lionville theory· (Ince, Ref. 8, page 232) assures us that 

. there are an infinite number of eigenvalues A.J of Eq. (3.2l)iwhich may. 
} . I ! 

be labeled so that there are exactly J zeroes of the solution of Eq. (3.21)· 1 

in the interval 0 ~ 8 ;a 1f /2. · 

. We apply the Comparison Theorem to Eq. (3.23), replacing f(t) in 
1: 

by each of the constants a1 and ~~ and conclude that A.j can be bounded 

·as follows.: ·! 

' ' 

(3.24) al ~ 

(2j-1)2 < A.j_< (2j-1)2 
I 

I 
I 

We apply the same theorem in a different v~ to obtain a lover 
I . 

! 

. bound for (A.j,: .. A.j+l.). Comparlng Eq. (3.23) rl~h the foll~ng probl~: . i 
• • • • • • • • • ' r 

I 

(3.25) ·. '! ' ti2y( t) + ~ • y( t) = o, '. 

y(n I@ • · A. J~ )) .= o , n.r< o > = o, 

we conclud~ that.the next zero of Eq. (3.25) to the r!ight :of .. (7rj~ 

is to the left of the ~ext zero or· Eq. (3.23): 

(.3.26) 

A little algebra appl~ed to Eq. (~.26) g.ives the conclusion 
I 

I , 3/2 ' a,_i j3 
0 

/ 

Aj -. Aj+l. > al 'I 2_ -c: 

·, 
~ i 

I 

i 
I 
I 

. ·J 
' .. 



~ ' . 

•' 

· ... 

The estimates of Eq. ~s (3.24) and (3.26) hold for each j': {j = 1, 

By Eq. (3.24), ~j-+ 0 as j -+oo. For any ~ixed j, we ~'I take 
<;~ ~ .... ) 

so that we may t~e ~ = ~j and 

6 < A.j 

)6 - A.j = i{A.j·. ~j+l) 

and we obtain with the aid Of Eq. 's (3.24) ani (3.27)the following 
! . 

estimate:' · 

17 

2, 3, ... ) . 

(3.30) < 1 + l 6 
· 1 >2 • ,6, < , 1 + j 8. X (2j-1)2 . 

:i 

This is a strict inequality; hence; if j is large enough we may drop the 

first "1" on the right and r~place (2j-1)2 by 4j2 
1 leaving 

(3.31) 

for all sufficiently large j, if 6 is chosen in accordance with Eq •. (3.28). 

We may avoid all smaller values of j and be~n· with 

'· 

.... , 

for sufficiently large j. The smaller values of j satisfy a similar theorem 

in which· assumption (iii) is replaced by the more complicated expression 

obtained from the right-hand side Or Eq. (3.30). 

2. Effect of the Parameter ~ Upon the High-Order Resonances 
J 

The hypotheses of Theorem 2 depe~d only upon ~ and upon y0 • But 

y 
0 

in turn depends only upon (3 1 since ·it is the solution of the algebraic 

'll 
~ 
li 
~~ 
;' 



k·-. 

tnr·\ _ ..... _.; 

I . 

equation 

. (3.33) y(e) +- t3 .• ~(e)= cos e, 

and for any given ·value of e the solution can be fourld;by solving this 

cubic equation. 

For. t3 ~ 0, we can obtain more information a priori. In this case, 

we can clearly find a1 such that 0 < a1 < q•(e) (in fact a1 ~ 1 for ~ > 6) 

and assumption ( ii) can always· be satisfied. The following steps show· 

that in this case we can satisfy assumption ( i) as well by taking 

(3.34) . 

This ~mplies the following: 

I 

(3.35) 

116 ~ (y0 + r)/q'!l < A. 

I 
I 

,. 

I 
I 

J. 

If 13 is near zero, we may take r quite large in E.q. (3.34) and hence A 
. . 

is quite small; also q' stays close to .1 so a.:2 and a1 are nearly equal; 

thus, (~ 4/a13) ~ 1 and 1}
0 

=t IIY
0
ll. AccordJ.ingly, hyp~thesis (~ii·) of 

Theorem 2 'is easi·ly satisfied; In Chapter IV, some 'computations are made 

t~ determine the largest value of f3 for which assumption (iii): holds. 

I . I . . 
· C. Low-Order Resonance 

T'.neorem 1, pesides: forming a basis for the proof of' Theorem 2, 
I 

. i . . . : 
is also useful.in quantitative studies of' the solutions of' th~ Du.f'fing 

/ . :_ 

problem for particular1 values of' the parameters~ 

/ 

i. 
•, ~ 

!i 
• i, 

1: 
I 
I 
! 

.. 



~
' .. , 
. ' ih ';l)r .. 't 

~-·.· 

.• 

... 

I 
I .I 

I:f' we let "'0 be some parameter value (other than 0) for ·which 

the solution ip known, ~nd let Q be defined (by Eq. (j.8)) as :the 
. -£5. I 

~\,1 

·. basic operator which w~ have been considering, . with y··-p ·y0 , then Theorem 1 

asserts (under certaift conditions) the existence o:f' a certain interval 
I . 

o:f' values O:f'"/ for w~ich 9ne and only.one solution exists in a neighbor-

hood of the solution for,-y
0

• It may be possible to extend this interval 

by choosing a new value of "Y 0 :f'or which we ha~e (by Theor~m 1) ·existence· 
. . 

and uniqu~ness of a solution, and obtaining a new interval for this 

new "Y 
0

• Very little can be said a priori about such a procedur.e 1 partly 

b~cause.the operator Q, and, hence, also the eigenvalue~~ depends upon 

-y
0 

in a way which is difficult to predict. The numerical studies which 

are reported in Chapter IV are devoted largely to a quantitative study 
'I . ., 

19 

of this procedure, including the choice of ''starting_ values" .for 'Yo ai?-d ! 

.the corresponding ··"known" solutions. 

:.1 
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IV. NUMERICAL STUDIES OF NONLINEAR RESONANCE 

A. Discretization of the Duffing Proolem 
i.< ,( . . £-Y . . . 

For numerical work, it is necessary to replace~~he Duffing problem 
'j 

·by a· related problem whose· solution can be obtained bY, a finite procedure. 

A fairly common practice is to restrict attention to ~ finite number of 

points in the interval of interest arid to replace all derivatives by_ 

finite-difference approximations. But when periodic solutions are being 

studiet::, it is often advantageous to transform the problem ·by assuming 

a solution in the form of a Fourier series, abd to obtain the finite 

related ( "discretized") problem by truncating. the series. This technique, . ' 

of course, extends to the case in which solutions are assumed to be 

representable in any given series form; the discretization is easier II 
! ~ 

when the basic functions are orthogonal, because the "best" repre- · 

sentation in a given number of terms is ·then obtained by simple' truncation 

of the series. 

It is necessary, when this technique is' used, to determine the 

effect of the transformation upon all parts of the problem ~~ in particular, 
l . . 

upon derivati~es and integrals and. upon nonlinear operations. In many 

cases- including the case·of sine-cosine series representations- dif-

ferentiation and integration have a very simple form consisting of easy 

operations upon the individual coefficients of the series. Some of the 

very simplest no~linear operations can also be performed directly upon 

· the coefficients: for exampie, the coefficients of the series, obtained 

by multiplying two given Fourier series, can be expressed in terms of 

the coefficients of the two given series. 
i 

For more complicated non'-
1 
i 

linear operations,·however, it may be necessary to transform the problem 
I , 

I . 
back into the original ~pace by a Fourier /synthesis transformation, a, 

l 

.... · 

.. 

I 



; . 

then to perform the indicated nonlinear operation G, and finally to 

perform a Fourier analysis at.upon the result. 
,{· 

Thus, ;~the nonlinear 

operation G is replaced by a mapping G* of the 
y "~f~ 

space ~P'f Fourier co-

efficienti.s into itself according to the formula G* ~ 'at o G o cJ. As 

usual, the composition of operators is from right to left. 

We shall now consider in detail the process of transforming the 

Duffing problem from a space of functions defined on the real interval 

[O, ~/2] into a space whose elements consist of sequences of numbers· 

which are t~e coefficients of the series obtained by representing the 

fUnctions of the original space as a Fourier series. As we have seen 

in Eq. (3.3), the boundary conditions in crur ·case 8.11G)I( us to ignare . ' 

all of the sine terms and all of the even-numbered cosine terms. 

1. The Odd-Cosine Hilbert Space 

The following symbols conform to a system of notation developed 
, I 

by Professor R. J. DeVogelaere (Ref. 9). · The clos.ed real interval 

(0, n/2] is called E, and the set of all positive integers is calledro. 
I • 

Equation (3.3) is re~itten as follows:· - · 

l' 

21· 

( 4.1) . YE(e )' = zkaU Yro [k] • cos (2k - 1) e. (8 E ·E) 

! 2 
If Zke:tJ.> (yro [k)) < oo, then the sequence of coefficients· (yro [k] : k E ro) 

is an element of a Hilbert space ~ro' and Eq. (4.1) defines a complete 

synthesis.operation .-r which is a mapping from gro to a function space ,. . 

:J E which contai~s yE and which is a subset of £.2 [0, n/2]. Specifically, 

we define the space dE as the image under 't' of 3 ro.. Thus , each function 

YE E :J E has a representation in the form given by Eq. ( 4.;LL The analysis 

operation -r-1 can ~e written, according to the theory of general Fourier 

expansions (see Rudin, Ref. 10, page 1.~) as follows: 

I 
I 

I 

! 

. I 
I 
~ 

[i 
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I ( 4.2) y~ . (kl = ~ ~ yE(e) • cos (2 k - 1) e • dB. (k £ a>) 

.A 
. a. The Du:ffing Problem in Hilbert space. Usi~;this notation, 

. J '. 

we have in the function space .dr. the special op~rat~~~ JE and G]: as 
·ir; 

in Eq. (3.5): · 

( 4.3) = /7t/2 d~ ~~ YE (tl) dt]) 
e o -._ 

~ YE (e).= (yE (8))3. (e c: E) 

Equation (3.6) becomes 

# • 

' 

and,· using cosE yE· = cos: 
NNN 

I 

ti 
I 

' ( 4.5) '.! 

The Frechet derivative at yE is. also written: 

( 4.6): 

. . 
We now define the corresponding operators in the Hilbert space · 

J. a>' by means of t?e mappings 't and .. -1~ The operator lb.> is defined 

as follows: 

( 4.T) 
:· 

i. 
I 

so that, if YE = ~ Ya> 1 we have 

We also define J<n as the identity·on·J-ID, and J(n:i:: rl oJE o '1" 1 

. ~ 

I 
.I 

I 
I 
I 

.I 

I 
I 
I 

' .,. I 

; . / i 
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·etw = .. -l o ~ o -r, and ~ =. -r-l o S2!E o 1' so that c_o~n> Y(}.)·= ~~.fio 1 
where :::}Bc.u is the sequence ( l, 0, 0 1 .o 1 ••• } • Thus 1 1 ,~. 

"'\' 
.~ ~% 

( 4.9) 
ti::.' 

(IE + ~ • . ~ ~\ ~s E) ] o 1' 

= -~ .• JCn + -ko o ( T. + f'~ • G - cos ) • "'CD (J) ...... "'(!) 

Of particular importance is the form assumed by Jm: 

( 4.10) 

. , JE YE( 9) = jrr/2 · d"'2 j~[5'- ya> (k] • cos (2k - l) • t1J dt1 . · ' e o -.KE:Q) 
{ . 

= ~ Ym [k] ~'Tr/2 .d~ £~'cos (2~ • 1) • t 1 dt1 

= .tkew ( 2k:l)2 • y(l) (k] cos (2k - 1) • a; , (a e E) ,, 
\ 

(k e eo) 

The Frechet· derivative at yt.O has the following form: 

( 4.11) 

b. Discretiza~ion in the Hilbert Space: Let m be a fixed integer 

larger than 1. We define the following ~wo f~nite sets of integers:· 

( 4.12) 

and the sample function HN from N into E: 
/ 

( 4.13) 

• I 

(n e N) 

Let the sampled function space :JN consist of functions YN defined on the 

set of points {HN [ill ; : n< e . N) , .<which .is the· same as the set of points 

' 

I· 

t .. 
l· 
' ., 

. I 
. I { 

! 
! 
l 
I 



.. {01 -rr/2 m1 •• • 1 (m - 1) -rr/2 m)'. Let the finite-dimensional yector 

space 1 K consist of s~quences of the form (YK (~] 1 J~ • • 1 YK (m]) • 
k t 

· Figure 4.1 shows the relations between the ~~1 "infinite" spaces . ~r:~ 

'J E and 5-(J) 1 and the two "finite" spaces 1 N and 1K~. The arrows indicate 

operators:which map 'one of the spaces into 'another. The definitions of 

· these operators are. summarized in Table 4.1. A close inspection af 

this ~ble shows some redundancy; in particular, 'l/1 = -r o ¢K1 '1/J.t = Pic o ~-1 , 

and cJ = p o 'l/J. Also, because 'l/J:t o 'l/1 = IK1 it follO'«S (from the defi~ 

nition ¢ = 'l/1 o at) that 7/Jt o ¢ = at • 

. . The. vector space :1 K is particularly well sui ted for computational · 

work. In this space we have the operator· · · 

( 4.14) 

... 
i 

·= · 'lj!t o PE o 1/1_· 

In particular 1 for the Duffing problem, 

I 
. i 

' I 

where IK is the ( m X m) identit'y matrix; JK is the constant diagonal 

matrix (cf. Eq. ,(,3.18)) 

(4.16) for kl * k2 1 

1 for kl = k2; . (kl, k2 e K) = 
(2 • kl 

and for any.YK1 ~2~ YK = cosK' = (1, 01 0, •• • 1 0). The nonlinear. 

operator Ox is interpreted via the relation 

24 . 

I 
I 

i. 

'· ,, 
J 

. :· ,, 
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. . . 
Table 4.1 Operators .Involved in Discretization 

·0 

Symbol Name .Definition 

-- .. -.... 

·: 't ·Complete Synthesis .YE<e> = 
•, 

zk e m Y.a> [k] • cos (2k - 1) e 
't-1 Complete Analysis YCD [ k] =. ~ f E yE(e) cos (2k - 1)· e dB 

a .. .. 
. . 

Finite Synthesis YN .[n] = ~ E K YK [k] cos (2k - 1) HN [~j 

· Finite Analysis* YK [k] zn E N ·"'N [n] -
I . 

• YN ·[n] • cos (2k - 1) HN [n] 
-

~ Mixed Synthesis 
. .~ .. -
.' . tt 

~~.-:.____~. 
. PK. 

Mixed ~alysis 

Truncation 

yE(e) 

yK(k) 

'YK(k) .. 

= ~ E K YK [~J • cos (2k - 1) e 
_1TJ - 4 E YE(e) • cos ( 2k - .1) e ae 

= y(J)(k) .; ;,;_4--: ___ 

¢K Elongation for k E K; YCD(k) = .0 for k E(CD - K) -- . 

·p . ·. · Restriction YN. [n] =_yE(HN [n]) 

. .ct> ' Interpolation cp YN = Vi o. at YN 

*Note: "'N. [OJ = lfm; "'N [n] = 2fm f'or n * 0 • 
. ~ --

-. 

: . .. . . - .. -.-. ...,..------- - --
,. . 

• --~, ... ..-.. -...._._ u,_ __ _ ~.,_.-~_... _,, •--•-·-<t•<.i4W. ws:.a ., .... ,, •. w.::cw=.;;4liitt=•••· _,,.. .... -~ ,.__ . .,..............._.~ ''"""*P<m:: .••• :»~t .. 

... •• 4 

(8 E .E) 

(k e m) 

(n E N) 

(k E K) 

(8 E E) 

(k E K) 

(k E K) 

,,,­
~-



' . 

' (4.17) . GK = '1/1 t o · GE o '1/J· 

= '1/lt 0. </> 0 ~ 0 p 0 '1/1 

= at o ~ o a 

I 
That is, in

1
order to form~ YK, the "finite synthesis" operator YN =a yK 

. I . . 

is performed~ then GN YN is calculated. at all of the points HN (n] = n 7T /2 m 

( n e N), and finally Gl( YK is obtained by "finite analysis" at from ~- YN• 

The Frechet derivative is given by 

( 4~18) 

Being a linear ·transformation on a finite-dimensional vector space, clearly 

DPK(YK) must have a matrix representation. We have· seen how to represent 

IK and JK, but the representation of DGx:(YK') as a matrix is not obvious. 

In Appendix II, we show that 

( 4.19) DGjc(Yl() (kl, k2] = t g 1 K' (~(kl • k2)] + t g 'K' (~(kl + k2 -· 1)] 
I 

.· 

. i (kl, k2 e K) 
' 

where K1 = (O, 1, 2, 
( 

••• , m), ~(j) =min· (j.jj, 2m- 1-Jl ), (see Appendix II), 

and 

( 4.20) (k e K') 

Here wN (n] is d~fined the ~ame way as in Table 4.1, and 

( 4.21) 

By analogy to at, we may define afl by Eq. (4.20) ani write g'K 1. = artg'w 

2. The Computational Procedure. 

Solutions to the problem PK YK =. 0 are obtained by the ~ (ordinary) 

Newton iteration method", as follows: 



.·, , 

t'. 

i. 
! 

. ~- ' 

. ~. :' 

·.- -> . 

i-

: .( 4.22) YK(v+l) = T YK(v) = ..DPK(Yiv))~l o PK yK(v) + YK(v) 

(v = 0, 1, 2, ••• ) 

' . . ' 

· .. :.>where PK and DPK(YK) are defined by Eq's. (4.l5J 4.18). St~ting, then, 

,, . from YK(o)' ":' '1/Jt YE or yK(O) ·~ at yN' the' foll~ng computational ~teps 
, .. ·--_;:...-: 

. ( 4. 23) . · ·: ( a) · · .... _.·: 

- .-.•-.. ' .. 

'. " 
•• 4. 

·,·, •: 

.·.· .. 
. ~" ~t \ \) • 

. ,' . , ,. f •'. ~ ·. / : ; 
gK :=. at gN = 0x YK i 

.... -- ,, 
'•·:· J, ·,_:--·._ 

•',. 

(c) ; ... ···.I 

, . 

.. ; .. 
'·,-, 

,• ,.·.:· 

· .. · .. 

·., . \ 
; ·•·.'. 

.. :, . 

. .... 
,· 

'•'. 

. (:f') \ . DPK(yK) 

•• 1 .... 

(g) Solve: 

(h) , 
!, 

2 
-Y 

·- __ 2 ·- ~ . 

·' 

k2)]. 

. . 

• YK + .JK .o (yK + 13. • gK - cosK) ; ;.,. 
,· 
' i . ,. ·' ·-. 

.. _. __ 

· .. :_·· . ; ~- :. · .. 

'{' 

t· 
il 
. ~ ~ 

I 
.. I· 

') .·_ 

.i 

. These steps are repeated ~'terativ~ly unt.ilJ'!:~~~ is smaller than some 

pre-assigned tolerance. · · : .. ·. · ' " · I · ' .. - .·.:.- -.) 

I. ,. 

28 . ··II 
l 
! 

1 
I 

•. ; li 
· .. 1 

r! --·.· I 
' 

;: ,. i' 

. ""' 

:,·· 

. ".·-: ,-:·.··.' 
·,.· . . ' ~- _. -: . 

I,·,·,· '"; 

;-; 
_ :·_-._The matrix :f'orme~ at.'step.(f) is ~lso used i~~~igenvalue c~_culations.-.·. 

. -.. . -; ' : : ·::· -~-

:, : ~ 
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.. 
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•'i~%·, .;. '.( .. :::· 

'· :'\ /·:.:: .. ;:· -._.:: ·'· .. B. Numerical Results 

; ..... -.~~ · i '· · •, ., The purpose of this section· is to present det~;l.ed quantitative· 
. . . . :·: i" . :. . ·. . !k'f' 

·• . '.· ; .... ' . ' -· ~ '. : : . : . . . ' / . :~ 'J~ 

:-~: :;:· .,::::.-~ < L>':: · information concerning solu~ions at the Duffing ~ro~lli'em (Eq. 1.1) for 

:.::·· .. :·\~·~~-:·~·;·;·::··~:·,_:>~.various values ot the p~e.meters ~and-y (particul~~ in the region 
. · ..... ' : ~ . 

• • : - • ~ • 4. ~ 

. ~ \ :~.;· ,: i . . .. ::~ .. 0 < ~ ~ 1 1 0 ~ <y < 1) a.s well: a.s to describe the procedure by yhich · 

29- ·.· .. 
-."'. 

;; . . ~ . . ,, \ 

.: .. . . ·. 
: ~ ~ ,· / 't 

...... t'. 

~- .' ~ . .-. ; , ";"'. 

·. \ ·' 

.. . 
'',; ' . .i' •• , ... ~. -~- ::~ : .. ~ '~ . 

.. · ·: •. i. ··,! :·: '• ·.1; the numbers were calculated. Data. is g:1 ven to· substantiate the theoretical· ... 
,:. i·.:;·-.'. ::·~·:--.:>, .. ~ ). ' ,' j , .' , • • • : ~~\ r'"< 
,:·. ·:· '· 1 . ·' ·~ .::':...·.·.:· results of the previous chapters J.J. in particular (a.) to illustrate the . :._ ·;·. I 
.. :· .. ·, ..... ::· .. : :<·-: ... :::·:_...~ ;.~· . . .. :_.··. i:. -::: · I 
::. · .. · . .. · .. ··:·., ·.··.·assertion of Theorem 2, and .. (b)· to danonstmte rigorously the' behavior I 

'',''t. ·.·/ ~~ .·.~ \ ·:~.·.,·:.::':->.:~: ~ ' ' l !. .. • • I ' •.- "• ... 1 

·.· .... ·.,., ,·'·':· .-~ .. .-~· ~··.( at ·the "princip~" branch' of the solution in the neighborhoocl of the· .. · .. ·· 
•}(· .. =>·.:"·.~ ~·:'...:·.·~··:< ;·.·. : ./ ..... ·, 

• 'j •• · .;.:" ... · . • < ~: · ·: · · resonances of .low orde~ ~~ · : ! ··; · . 

.<j·:··.},?/·:i.; :~x-_.::~~: =.·;.:. Theorem 2 assert~/ that under certain conditions on ~ a. sequence of · ·;' ·.: · · 

··.<~::.: :; ·~>t .. :.· .. ; ...... ·. : . ' · ... . 
:r ·· .. ·; .. ;.:;.·,;r. . .'.r .·: values of 'Y exists on which the solution to the Duffing problem tends to· · .... '. 
: :> ::":·:··~ ~: .'; .:., ~'L_. ... :.~:.: : •. ' : ' I ' / ! i ' ' • 

>>. ·.~: .. :;-.·:·· •,?,·. '. ·:: . the solution of the '~reduced" problem for 'Y = 0. In the first part of · ·: 
> , .... ,;_··-:· . . ~.J:. ; ... ~~;:·"· .. ~·::~~., : I . . . . .. 
. :.:.:.:.: ·,.:.· ·i·.-.> \:'.,:\this section, we examine the validity: of the eypotheses of ·Theorem 2 ···: 
•j; .:.>_.,~::;. :' •>..:,;-'\::·:: .. ·._' . • ;' ' . , • I ':, >·:·: :·; 
~~·.·.:-.:;.::·~:: .... ·:·;;:\:.>:·:>:;.for various values of ~~. e.nd then we· show how the quantity A • 11

0 
of .... · ..... 

,··:.:~;,_;··.·; ... ,., .. :"';."··.;.~:). • i • ~ • ' ··'• ••• •• 

· ~: ·::·.:·:· .·~.:{:.": .. ;.:./.:.~:Lemma. 5 (which must be less than 1:- to insure the existence of $ solution) .·> 
... ~ .:. ·.1,\ ~ ... ;: ~- ... '. \~~: ~·, ·=·: !. ~. . . ~.: . . .. :; : . ··.' .... \. 

.. .;'.r· :.' ·. · •. : ,. :.-,. >. ·: · :'"; .. ·-'>; .. , .· .depends upon ·-y and the role 1 in: this dependence, of the . eigenvalues at . · , . '· ~: ... 
. <.-.·>·.: .. :.~;.·::;>;:·::}:··\.Y . ; .. · .. ·: ·: ~·. 
· .. •. : •. :, : f:·:~ ...... ; .. ·the variational differential eq~tion. ~. :·· :. ·:· · 

.:;·.~::\~.:}~·;:-::: In the 'second ~ af th1,~ section, we start from certain non- , ; ,:/· :.• 

.: .... :;·.~~~3/~~l· ;~·iE\::~.<:·:· resonance ~alues of 'Y = 'Y 0 for ·which .we. c~. a.sseirt .. the uniqueness of the .... <:··.· .... :.?i'l 
< :·~·; .·: ·.; ~·:~:>,;.-:;,::solution .in a.. certain nt:!ighborhood of the "reduced" solution. Having ·.:.-~<··. · ~>':· 
>.:'::·<·.:; d+,·~.::/.:;,i;:... . . . . : . .· . :.· .·::- .. ·.·· 
.···<.;::-'··.::;~ >:.·.( . .-<J. fouzd a. .solution for· such a. value 9f 'Yo in .the .designated neighborhood,.;; :1,;<·.; ... :,:: ·. 
:::.·;::;:!::·.-:~:~::::ry_~~:.:::·:-~ . . . .. . . . . . . . ._ .. :····~ ··:._:_} ... ·:. 
•.- ·~:: .: .! ·.:-..-:;::.· •. .. ·.·we find from Theorem 1 a.n interval.:of values of 'Y on which the solution· .. :.:·:·.::· . .) 
-~ \·~ --~ :·. ~~ ~ ~ "} j./· ~-? .~ ~-. ·~:'' . . . . ~ ~· .. . ' ~: .. ).~ ..... 
.':.: .. ~·_; :"':?;-~·;t(·.::<;-~ ... has a. uniqu~ connected branch. · We define a new 'Y 0 in this interval a.~d··~·· :::.::.·: (·:_ ·~ .;· 
,• .. · ·,: .~ .. ·.'· · .... , ... ,. . . . . ....... :··1:.: ... 

:

1

• •• ):.:;·: •• :(.:·.:: .. :.;~·,·\.~:·:oontinue the calculation, extending the unique connected branch until.::< .. J.:j'.. 
-~ :~,·-1:··· ,: ~::··~;~.;;)~~~·~::.~:~;;·;·::. . . . . . . . . .· ; .. : · ... .- .. ~.f.>:·~:~. 
:, :~·.';_:· .'.··. J ;. ·,:;;;we approach a. region of· ~esonance_. · Starting from a. different non- .. -:.: · ': '.'f. · .' 
::~:~ ,,=·.:·_;_·i ... _J·(,::~·:::·~: .. ::_···:t. .= •• .- . •• ::. •. ..·; • - ~- .... : ... ·>~:··.:~r·· ·:;; 
:·,·: .;:'-. < i :. ·.~·>):resonant ·value 9~. 'Yo~ 'we: a.~proac~.- t~e· ·same resonance region from 'the. · .. ·. ··-' 1, . , 

~~: .•~; .. . ~·::·';:·::!·:.'·~_'>::'::···~: ~.·. ·.' ~:· ,_; .··· •' . · ~:i<· .. ·,,t :·; ... ~:_:.·:.-''·~·< ·\ .... L •." '. :-';.>: . -:·:'' , ·, :· -~~-.;:' ·~..r.·· .. ~~ .. 
. . ·, . ·: ~, :·-:···:·.: .. :other ·~ide·· ·The :.results ·or such ~ca.lcul.atione .tor. the. resonances of ... · :. · ·:v · ·. :: 

· .. · ·r .. · .· '·: ; · · · · ·· • :, .. ··"~ l:~.··~::·:r i ..:.;;; · ·, ··: {! :).; ~ ;!1'1~.1 it!: 71l{}:~Jtft&t;:,~t;~ti~·NifD;:.:? ·:·:. ·. ·:. · ·~ ·· · . •·!: ·. '· .· .·•. 
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order 51 11 91 and 11 are reported, and we find in each of' these cases 

that it is possible to extend the separate branches,{ ~orresponding to 

. I 

•;,' 

~ :-" . . 
,,•, ·. 

t.' I 

' . :·' 
.. , 

. ~. ... '~ ... 
·. 

• .1, . · .. . '· .. · 
'.I;.-, . 

, ~ -- . ) .. .. .. . ,, : . ....... . 
.t: ... •' . , . J •• ~ .. ~- •• ,_ :~ 

., . ,. . . ~ . '· . . . ,. ~ ... 

'· .. ·. 

... . . . :.r'1\· 0 • . . 
values of~ which approach the region of' resonance f'tom above and from 

. ~·t 
, . . • ;;_ 1_ . , 

below, until a common value of ~ is .reached f~r whic~ :~ different 

solutions are obtained, 9ne being connected to each branch. 

1. High-Order Resonance 

;· . 

I. 

-~ : ' .. 

i 

'. 
'' 

. '' 
-Here we are dealing with 't?he situation in which a solution is "known" . · 

·, 
for ~ = 0 1 ~d we ~ant· to make certain assertions about the ·amo\Ult by 

0 • 0 

" 

which the solution changes when.~ is changed to a different value • The 0 ,· 

·' . . : 0' ·: first computational ·task, then, is to obtain this "known" solut_ion. .i 
I . 

. _: ;, ~ '· 

1 
I 

I 
I· i .. . _ .. · ···: ... :. <:' :: 

·• ! ~ .: _··; . .-/ 

The "reduced" solution:. 'Y = · 0. Since the maChiner,i·(described a. 
.· 

·. · in Section A, parag~aph 2) for ·solving the Dufi"ing problem in the general· 

• 0 ; • i 

• i 

... ; ·.· :. · case must be available,.we can obtain the solutiOn. .at ·the reduced equation·:· 
-... :·~ ... '" t.-. . ': \-~: __ :-. -~- . ·:·! ~ . ! -~ :· •• • • • ••• • 

. :·· .. · : .. :: .. : ::::'.·::: ·: by simply putting in -y =- :.0. . !UJ ;'a starti.ng ·~u~ 1 _..we use -_the· sofution of' 
. . .l., ~ .. ·-:~:- _· ~ - . __ :~.--~- :.·._:.: ·_.: .'~.-~'_.· .- .. 41_:·."_~~~-: :~~:Y.:. ~. ·:·;:_:·_~· .. : __ · . 

_., ... · ." :. ·.·.·the trivial problem:-.::- . .: '· · ·).:-·:::·.:··· :.- . · ..... ·. ·: ... .... ;_: ,.:; :·: : ·:_. ... ;\~ ; ' ~--. (, -~;~:;:·· .. ::--. _::;~ :··· . .--:. < .. ·: ::· . · .... 
· · >'.: ·:>:· ;_: · :.· ·{ 4 24) · :' ,; :_.·::_• -~ ... :.; v(9 ). =·i·c.' os 9 :': ::;<; ~:.. . . . . .. . .. , 

,• 

.. ., 
. \· 

i 

! 
I 

l 

~ 
j 
i 

.'· ' 
~ 
I 
' , . . . . ·•· • :•'" ' • ~ t1 ,"' ,.,,.' r !-- •. •• • • • 

·_: .. ---~ : .. ~- · .. --'~----- - . -- r- J. • ·:-- :~.i ... -~ -.. :·: ... :·(_,:.'. .. .. t 

. -. . . · -:-; • ' ' .... :: ~-·; ;_ : • •• • ' .. • • :' ::~: •• :. ... 0 '. 

:, :·:·.; :::\ '.i ·<-'·>-;:~.\.-which is. iobtain~ ~r,.,~~ti~ ~- =:: 1.~,·:~: ~)~: .. ~~:- .:~ -~?.~sponding st~ing: 
.-:· ... ~ · :'·';:, . · . _' .·, · ., . .-~ .. _~:, .. ,' -~·:::( ··· i I-.·~: ·.·_::> .. ~':~···-~·,;·.:.·~ .-,, :~. : ,·. : . • ~. _- ··: : ,·· : .. • •• ·. · 
·· ·. -~ . · · · ···vector is· given by:' :· .. ;··:: · · · ·./ ... · · <'· ·~··: .... · ·::·: ·· ··· • ··. · · · .. , .. ...... . -.·:. ··,·.··.· ...... :· ~--·.;~·-~:~.~.-. . . . . . ·, ·:~-·- ~ -~·-.~-;-l; .... ~.' ~ .!'·.~:~;. _,:.-~-.~·::·:·~<_;_/'. ··.·:···' ".· ·;~~·.·~.-.-.--.:~· .. _. . . - .... i ·.! .. · 

- ' '., ·. i : •: ' 0 ~ ' ' 0 , , • I : ' 
1 

' ( : 
0 

' • • ' 7 • •: I 

0 

• •, 
0 -~ • 

..... •• ' • • • 0 0 • :·: \::~.·: " •• • •• :. ·.> .. ~ f.'· '-'-~-~j:(.::··'. . . . ' . 0 • .-.-:._ 

. ·.: .' ·· .. : :~·. :_.·. (4 .• 25) ··· ·· · · · YK (1] . ,1.0 ....... ·, .· .. ,._··:. 
," , • _.' ' ' • :: , , r ., .i • , ,' :• ~;:"_:. , • ·, / . '•' 

. ~--~~---~.!:·· ................ . . .:·· ....... -~.-:-. . •'. 
.::._.:· ;·::.) .: . -' _: ~ •. ·.: ~K · .. · [k] = -~·:o; .. _ ::.~(: _f'o~ _k·:* 1,. .,- k e K. 

, .. 

. . (, .· 

·, .. · •, 

. ' 
~ . '~ · .... · · ..... ··.·:.:.··:-:-~We perform the.iteration:::procedure.of'·-~~.·,:(4.23):•With·'Y·.=.O,,.:·~ ·= 1 until 

· :·~--. : :-'. : .• _/ ./ ·. IITlKJI < _10 .. 14. ·. ~e .f'i;s~ ~:3.~_-c·~mP~n~nts:::~. l~g~~-.:~than'.'J.~-~~-~:;: .. ~-~es~. are.: · .. ·.· 

: . : . : . -,-.... , . . ·. . . . <<:Yi .. i :~;-~ \~:~, <;;-!3;-~·yL; ... ;.,:.p::;·.:?.;:·:::':l .. :}/.-·~ '.;~.;~.:.>··->: >< . < 
• ! ~-

. :.·. 

, ·· . listed· in Table 4.2 .......... ,.,d •. ··.~·--·• .... ·'.···· ........ :.( .. , ............ · .. . 

' ... . ,-
' ' 

. ! 

~ ; . ' . 
• < •• 

.. ·• 

. ,':;. .... 
0 •. 

•,·•, ... ,icl ' ... , . ~· . ... . 
I .. • .. ' I.' 
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TABLE 4.2. SOLUTION OF THE REDUCED EQUATION rtOR BETA=1.0 
~ ... 7~ 

;;;;~, 

K'TH COMPONENT 
\.. " . 

K 2K-l OF Y · 

·-- 1 1 0.72898856416250 
2 3 -0.0561886275097.0 
3 5 0.012144962570,33 
4 7 -0.00344531646982 
5 9 0.00111301116134 
6 11 -0.0003882037.9000 
1 13 0.00014243895049 
8 15 -0.00005418104009 
9 17 0.00002117238511 

.' l 
10 19 -0.00000844848240 

,. 11 21 0.00000342805537 
'12 23 -0.00000141010665 
13 25. 0.00000058667667 i 

14 27 -0.00000024644842 
15 29 0.00000010438430 
16 31 ·. -0.00000004452950 !, 

. 17 33 o.ooooooo1911505 i 

18 35 -0.00000000825084 
19 37 0.00000000357890 
20 39 -0.00000000155920 
21 41 . 0.00000000068199 
22 43 -0.00000000029936 

., 
23 45 0.00000000013183 

. 24 47 -0.00000000005823 
25 49 0.00000000002579 
26 51 -0.00000000001145 
27 53 0.00000000000510 
28 55 -0.00000000000227 
29 57 0.00000000000102 
30 59 -0.00000000000045 

' 31 61 0.00000000000020 
'32 63 -0.00000000000009 
33 ' 65 0.00000000000004 
34 67 -0.00000000000002 

I 

THE REDUCED EQUATION IS OBTAINED BY SETTING GAMMA=O IN DUFFING'S 
DIFFERENTIAL EQUATION •. THE K1 TH COMPONENT OF V, LISTED HERE, IS 
THE. COEFFICIENT OF COSC2K-1) IN THE ODD-COSINE FOURIER EXPANSION 
OF THE SOLUTION •. 

I . 

/ 
I . 
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·' 
,·. ·, .. - b. The effect ot the parameter~. As our first

7

task, we set out ·· · .. · I 
. .. . ., -.. to find values of~ in the range 0 < ~ :! 1 for.vhich ~eorem 2 holds. ~_._:~:- , i 

.. . . ; : :-
j,. 

, ~: '\ ' : Since} fl •• 7(9) ~ 0 1 it is obvious 'tlllit q 1{9)2 uf)all9 £ E = [0,,11/2), •/:,· '.1 

.>.\,_.._.. ·;~" -~ .: :·::: . Therefore, we can estunate 111/q~l :i l;- Hence,_ ass~ion (i)-will b~·-: ·:_-::·:,.-.:_''~- l 

_: .... :,._: ·_·--?:>. ·. _ _.: -_: __ ·:- satisfied it' 6 ~ • · (llyJI + r) :' l/2 • r, or if ·· / : . ' · · ·:.';-_: · i ;_ l 
. ' ~ , ~~ 

} • o ~ ,"• I~·· • • _. ' • • ' 
. •. : .J. ~ ·.· , "" 

_ . : :.'- : .. ~ ·.: ( 4. 26) r 2 + II y oil -• r ~. ~ ' 0. ·, . 

--~-~ : ':;_. -.. ~: :~.:.:~::-:·-~ - -. -_-._:· .. · ; 

. : , : ;·" ~:; ·;!:(; : This condition obviously holds for . r ouffi ciently small; the largest val~ ' : ; · ! 
·. ; . _. .· . ·, · for which it ·is true .is· obtained by replacing the inequali t:r sign by · -. . .. · /, 

~ . '. . . . . . . . .. 
• • ..· • # •••••• • • :-.1. ·. (: ·:·:-: .. _ <;· _· 1 .. >:" equality: '.the resulting quadratic equation has· one positive real root·, ~ :· '': 

,:_.·, _::·:·:: <:: n:-:-;.;·:: - : -- . -_ :- _; ~---, -
' . >. }~':;,~_(4.27) . . . r = l C-IITJI +.f·(IITdl

2 
+ ~))/ · , .. : ? .. ;:· 

·· .. :·_--:=-::.~·,_·:'\":~::_·The values of IIYoll and of· r are shown in the first colimms of Table 4.} 

~·. ; :. {')·:Assumption (11) is satisfied with ~l ~ l, "2 = 1 + .} • J'l • IIYI1 2 ; For 

. . .. ~ ... : ~: 

.. ·.· . ., ~ . '.• .. ; 
:'.. · . 

. :·. __ .·.:::,'·~·;>:·<:·:-: .. Assumption' (iif), we estimate 'lo by 'llo :; ll:roll since 111/q~l :! 1, and 
:-': ~ .. ~~:~. ·-~ ·,··~~ :.;·' .. ~ :.::: ·.. . ; :· . . 

. -. :.· . 
- " . 

. .' .. ~ . :.~ .. . \ .. 
: ·:·; .. . :· .. ·: :·':•·:. -we use the :fact that A =.l/2 r. · The results are given in the remaining 

0 
; : • ',; ~ ~ • •: •' • • .: ~ i ' ' I ~, ' I :'. :."•' I .. \ ',' 

;';:_._.·. ~::.- -~ ~-_:._~((:.··;,~:--: ·.columns of T~ble 4.}. It .is clear that the _value ~· ~ 0.1-is small enough, · · ·_·_,_:·· .. 
.. : ·-~ ··' .. · . ·"·.~-- ·, .·.: ·' ' . : ·. . ~ . . .:· :·· .... : i: ... ·. 
·t ._(_-';:·_>_-·: __ :>·>:'·.but thesei estimates (which 8re undeniably quite conservative) do not . ·.·.-- .. ' . 

• ~ •'·~~~:;~.-:··:·~ ,::: .: _:~ :.·~.: • -~~ • :. ~· , 1 

0 

-·~ ·, '_' ~ • ', ' 

, :· ~-· >· .. ::, :! ,,.· .• : ·,_ :·:· ·. Justify the. value· fj = 0.2.. .·. · · · : ::·.·_" .. .';\ . 

;;·; if .A?iD.; The ~sumptiona /of Theorem 2 are used to proVe a prior\ (that is, , ,;' ;: 

":·;-_.:. ·. ::·;..-· ·.·~·<:_.:-'.from an examination c1t ·the "reduced" problem only) the existence of a 
':~ ·~: /--:,--::/ ;~-.·~:_:\ ~ ·_.' • • . • . i • • •• • •• 

- ·· : :~ ·','.: \:: ~:<;:, . sequence of values of 'Y on which the solution of the Duffing problem 
f.: .... ::t·;: ·\,~ <{: ·~: --:-:·l;·t:· ; ': . . . . . . 

: _>,:. ;_:,·_'~· .: 1 '.~ _:,:;·.:<tends to ·the solution of the "reduced"- problem for y = 0. · On the other 
/:·.:.:_ :!_._· ... ~-~·-~~- :> :~:.:.~· .. . ' ' . 

.. · ,( ... 
. . ~ . · .. : .• 

. :· · · ~< -: :j. :· ·.'·.'::':·--:· hand, whe,!l· we actually calculate the solution w1 th fj. a 1.0,. we find a . 
l I: 1 ~ t o.. , 0 ', 0 ' t , ~ • 

0 
',':.;_ 

: f_ :- ,~_:;_:- · :!.~:: !:: -.::·; . ·. set of values of 'Y for which this convergence appears' to be taking. place.· '~ · · .. 
. ;~ ;',·_.;f;···,··>·} ~-J·.:!~·~: .. :.:. - . . . . . . . ' . . . . 

. -} · >· · :.::--.-::··. _':'·: :·· Of ~aurae,· :we cannot -demonstrate: the existence of ·an infinite ·sequence of· 
~ '. • :' ·.~ • • • • • : ...... : • ~ ••• :- • • • '. ; • • • • - • • 0 ; :·. • • • • • • • • • • • 

.. 
.,. __ 

·. _.·_:.':'::.: ~:; :':_:: .\·-··points. t_ending ·to ~~·.ce~eln.·val.u~; m~elyj;y ~xhibitin8 a 'finite ordered 
1 :. • 4

;_ ,·,~·'··:~~-.~. ' : •• :·. • ,· ,,•: ' ··.' .. : 1 , .~ ... ·.,:-~ •• ::t'·,, :.:·.· · .. · ',: ·.: ... '· ·: ' ~, • ~·· 
-,_ set of_po1nts1 :eacb one b~ing·closer ,tha.n:the_ .. previous"one to: the desired value-.: 

!, ; ,. r -··· :··· ·. ·. ; ....•.•. , ·, i ·i i · · ··• • ;· •. :~ ·.:• . : ·~ :~ ':;-'r~l ~; . .!' {i(l:.n · }'J. ;~~·;:·.ir: ~:::- ·{"·.:;;. .. ·., .·:;~: . · .. · • .· · • • . · ·· .. · ._· · ··.~ 
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Table 4.3. . .... 
Effect at the Parameter I' '· 

II :roll r A A·llo 

. . 
0.02 0.986' 1.6o7 0.311 0.307 
0.05 .f· :o.966· 0.895 0.559 0.546 
0.10 . 0.939 0.557 0.898 0.843 
0.20 .p:896 0.,338 1.479 1.325 
o.4o 0.835 0.201 2.488 2.078 
1.00 0.733 0.100 ,.ooo 3·665 

Here ll:rJI is the norm of the solution ot the reduced · ··· 

·. . .. . ' . · .. :.·· 
., . 

·. 

: '·, . .. 

,, 

·. 

. .. 



~ \ ' 

·Hence (until closer estimates are found), the assertion of the existence 

of the desired infinite sequence for values of .~ as 1a;r.ge as 1.0 must 
. ~ . . 

be regarded as a conjecture. The calcula1-+ons (with ~ = 1.0) for values 
::_ 

· .· ·9f "'I down to about 0. 067 are described in the following paragraphs. ·. · 

c. Matrix form of the eigenvalue problem. We recall (.botnpare 

Eq. (3.21), (3.28)) that the sequence of values of'Y (described in 

Theorem 2) on which the solution of the Duf:f'ing problem tends to the 

"reduced" solution is to be chosen by tald.ng Y, =~ ~~ for values of ~ 

which are halfw~ between the eigenvalues of the variational differential 

equation. 

Comparing Chapter I, Section B1 paragraph 1 with Appendix B,.we 

34 .. 

see that the matrix which we form at step (:f') of the procedure of Eq. ( 4.23) 

is suitable for. the calculation of eigenvB.lues of the variational problem. 

We take as YK the solution whi.ch is listed in Table 4.2 and pe:r~orm 'steps 

( a) to (d) and step (:f) of the pro~edur.e of/ Eq. ( 4. 23) 1 with "'I = 0 • The 

resulting matrix is symmetric (as we see from Eq. (4.19),.si_xl.ce·ll (kl- k2) = 
1-L ( k2 - kl)), and ·so we can find :the eigenvalues by Givens •. method (see 

White, Ref. 11, pp 398 :ff.). 

Table 4.4 lists t . ., the ten :largest eigenvalues, along with the 

corresponding values of ~j • (2 • j - 1)2 ... Further val~es (not listed) 

· indicate that the sequence (~j • (2 • j - 1)2 ) approaches a limit whiCh 
l.. 

is close to 1.76746. Corresponding resonant values of 'Y = A.2 are given' 

. by 'Y • (2 • j - 1) C:C 1.32946. 

d. Convergence conditions for Newton •s Method. We check the conditions 

of Lemma 51 Chapter II, for various values of "'I in order to see whether · ': 
. . 

·we can assert, for some,r1 the existence and uniqueness of a sol~ion o:f 

the Duffing prob~em in /the .neighborhood S(y0 ,r) of the solution y0 of 
· . I I . . . . 

the .:r:educed equation. ! We :choose about 20 values o:f 'Y between each pair 

! .. 

, .. : 
I 
f: 

' I 

·~ 



; . 

... 

. ' 
·1, 

Table 4.4 

Largest Eigenvalues of the Variational Problem 

j 2j-l 
' . . '• 

',•' 

1 1 2.14292 ... 1.46387 2.14292 
2 ·. 3 0.20073' 0.44803 1.80655 
3 .. 5 0.07101 0.26648 1.77529. 
4 .. . 1 0.0361..0 0.19001 . 1.76905 
5 .9 0.02182 0.14772 / 1.7676o. ... 

' 

6 11 0.01461 0.12085 1.76729 
7 13 ·0.01046. 0.10226 1.76726 
8 15 0.00785 o.o8863 1.76729 .... 

.9 17 O.Oo612 0.07820. 1.76732 ·! .. 

.·. '10 19 0.00490 0.06997 1.76735 . . .. 
' 

.·. 
The column headed 2j-l. gives the order of harmonic resonance 

.. 
,• 

·.: .. :?:~rr~sp~~ding to the· ei~envalue l"' j. · The last · co~umn -s~~~ ·: ~< .~ .·· .'.: · '." 
._'. ·:: ... : :.'· .~~a:t ·Aj ~pproaches .e._· constant mUltiple. o~ (2J~l?·2 ... ·. :·· .·:."::: .. ·' .. 

.. :· ···.:;.: .<·.;>···~·: ;' . ;!,. : .\:·;_."'-:< ·.:;· .•... 
-; • ~ • • • 0 • • • • •• '. • • • • • • • • ·, " • ' ' ., 

.. >' •·. ' ... ,' .;. ' ,: :.·.': ;,:;:. :·::-~ .:.1:: · .. ·.:.:: ·.:. ' . .' .• ' ··} •. 

:·. :.:·.-.:::_.·. ··: ~·,>. .. ,,.· .. ·:>:.:.·::: ... :··:··.:).;.;:·:::<· .. .:'r. 
. ~ . ,, ·.' .t.;.. . .. 

I' 
• • •••• !' , ••• 

·;"/:>. '.: .·:. '·· ··' ·:.'I .. '· 

,. 

\': . : . , . 
f • :: .=: ._: \ ~: :: ·• ·• ~' 
... ·, . 

. . . . . 

l'l'_,' 

'~ ' /' . 

" . ' . "' ... . .. 
.• 

j, 

... 

. ' 
; ... 

\.'. 
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I 

· .· , ~.· ...... ·.~· ot eigenvalues: specit.ically, we take 'YJ a 13.2946/J tor J = 11 21 ••• 1 ·199 • . :.·· · 
• \. ,, ••• I --:· • I $ 

1 

-" ' . :. ••. ,: • 

· .. ··:} ::/ :~ -~· ~- ·. · ·The resonances are_ near J = 10, · 301 50., ·: •1 ~~0. Wrl..:may think .ot J/10 ... ·· < .'; ~:.: 
. .,-'· t: :·' as the: "order" 6:6 the resonance,. s~nce it correspon~~/~o. the trequenc~ >· .... :~ :;:·:. · 

~. •. ., • • • • ~· • : • ; • .~~- • • • • • • • • ' c • • ,· ••••• 

t .••• :~ y :; . '· : · ot the resonating harmonic. , ., · ' · _, . :-. ... ·.' :·:_:, 

• ~ I ', :. .. , • '· ·.· ·,: ~ . .:: ~--~-: · Figures 4.2 through 4.6 shOW' the main st~s: in ~is computation. ::· 

.. · ~:: _.·:·~, : · .. : __ :· Noting· (compare ·Eq. (3.9)) ~hat · ·
1 

: · · ·• · ' ·· ··• •.. .. I 
· · . .' ·::.' ") . . ·: i ' ·. · · · · •' I · .. . •. :·. ·• l 

• :- 1. .. • ,\.,: • • I 

... : ' :: · .(4!28) · n2P(i) n y2 (a)~ 6 , •. ~· ." J o: i ce.>·>:r1Ctn·'··-:r2(e). · ·· j ·.. • •· • • I 
... . ; ·, f:' .. . . . . . • • . j 

' ,. . .. : . . . . . . . . . . . .. . •' . ·. . . . ·· .. •'. . l 
• ' ,';. • • . \ ~.J • • '. .: if ~ • ~ :, ·, I' I : • ;; '~ 

.··: ·'- '':.. .:·~- . . ,·,_. ·,: ··. ve· see that · · ' · · ·· . · · :. · .. ·. . ·~· . j 
• ~ '•: ~ ·.; \ • •••• • • :· ·_: "I • : • ~ ; • • • !,~ 

.. :. :. ; ;~ · · • · '~.t . ·' · I 
.:.·.·.::, .. ·:·~:.··:.·. ·:., (4.29)· ··,Jr0 ·:~ n2P(i)ll ~ 6··:1~1 llr

0 
o J II;· 11~1 !· 1 i 

::·t::~:,'~·:~'; > :; . ·.. . . ~: ; 1111 • llr
0 

o J II ·'(117.)1 + r). ': ..... I· ~ 
.' ·. ;·: : ·;:·: ;_; J',. ·.~~· R~ca11ing that r = DP(v )•1 ve see that the norm llr

0
· o · ...11: is large .. . .·.· .· .. ·... .· ·... l. 

- . ' .. ·· . . : l. · .. _.. . . . 0 "0 I "'I I 
·.:>":.·.: .. :·· :;>:.;-,:.::::-;.- :.' ~en .the. smallest ~igenv.alue of j~l o DP(y0 ) is near zero. FigUre. 4~2 ·. · ·. -~.:;'-·.·: ~-1 
·<: .. :>··.:.(\:::·>;·>::··.·,:_shows. the 3 .or 4 smallest ··eigenvalue~ ot J•l o' DP(y0 ) tar the chosen · ·:·:'.'· ... ;:~f:·.····::·· :. : 
i/(t:(·.:::·:: .. _~·: __ ;<:.'~_:::·.: .. :.··.~ _val~s ot 'Y. Figure 4.3 shows the corresponding Jargest eigenvalues .· .. · ... r ~·, :\ ~~;~ 

, I ~. 

· · j: JA ;:;i ;.\ of· (r 0 o 
1
J), • which .;..e the recip~cals of the val""~ shown in Fig. 4. 2 >// : . . ' 

... :.><··~)"<<·;·'~)_.In Fig. 4.4, ~he.norm llr0 :o J11 is shown, whi.ch is o~tained by taking :_· .. :.·::}_:;::·:,:. 

:. ;>l i.A ·; :r.· the ·absolute value of the · eigen~ues cit Fig. 4.3. · The. special. diamond". ·<I . ' /; I 
::~; ::.,:~ _';:::~~·~:.:::'<< ':-smped points in Figs. 4.2 -· 4.~).ndicate the values ·~f 'Y ·for ·which the.··:·-'-:;\·'<;· l 
:~·_.:;./V: .. :::~'·r~/\:;::y .. ;·>.··~o largest ei~envalues ot r 

0 
·o. J are equal in magnitude:.· these are···.. ·:~·.-\!-':.·.·: ... > ·11 

~ ;~ >-~~ ';~ ... :.';: ~~=· .. ·.•:.:. ·. ·. . - . . . ·.1 . '· f 

.. ~ .. -;:/r';·i·~.:~: :.·.:_/:·.:'?/':;.the point~ at ·wh1.ch llr 0 ·o J11 is loca.lly smllest. .~ .. ::·/·. ·,..,: j 

:::·>":;._ .;::::.·; .. ;:.:;_·~~}: >:· · 'Looking no farther than Fig. 4.4, one might conj-ecture the im.;. ·:. ': .: .. ··.·.~: :.:_:. J 

.. ":. ! ·:~ . . . ; ., ; ; . : • . . -. . . , . •· I 

·:.'~·\;:::/:. :,~-'.'.·>::_.\~<.~possibility ot 'finding. a sequence of values of 'Y tending to ze+o (moving . >·< · i ·' ;· ! 
• ;•C i; L:i,:>,·1nde1'1n1tely to tJle lert) on which tJle hypotheses of Lemm 5 are validj ·' '."I 
· . ;; :::!~·:>: .. :;;::·.·; ·· ·: how~_er, :it is 1} 0 vhic~. saves ~e ~· Figure 4.5 shows 1111 011, and ' · · .. : 11/ 

• • I. } • . • • • ' • • • ' ' • '• • • •• ·• • • • • ~I -::-··.:. \'._·:· <:~ .:~ .~g~ 4~6·s~~s t~~,,pr~u~~ _ll~~·fJ1l.~·.:·)I~Jl .. , .. ~~.~~: ~~-~ .. ~r~~ous gr~phs,:.: · ·.:···:,>. jj 
.. < . _,-·:. . : ... ; .·: ; ,. ·, ·., : .· . . . . . . ~ ; ·. :~: ·.. ·> ·: . .'. <, . .·· . . ··: . .· . ...:.' . . ... : .. . . .. .. ·. . .. M 

' . i ·. . : . ·. '• ~ ";. ·,· ... ·: ·, . ' .. ; • . . ; :· .· • ·. ;. . . .' ... ',· .: .• ; . r •. ·: ··: :.: • .'• •, ~.'-; '. - • , • •· .. : ~·~.· 
I ').1' • '! • '.o ' ! .. •[' '•·,/, ,' • • > 0'.; • ~. -, 

•·• •.• • . • •. :·· . ··' •. •• ., • l •. 

.. . '•,, ... ' :_;. . :·; 'I i 
.. :.. .. . . .· .·. ·... ... ~-:·.~· ~' :_: .. ··, ·,~.... . . 
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' . , " . 
. • ~ . : .. multiplied also by the ·value (independent of -y) 6 • 1"1 • (llyJJ + r) 

· .. · . .' . 
. . ' ., . . ~ . ... ··~ . :' ~-: 

·_. :·-.:·. > · ; -:. · as required by Eq. ( 4.:29). Those values o~ 'Y for whicq~ the points in . . _: .. ._,. · ... 

' .\': :>· ; , , ng. 4,6 lie below the hotizontai line at -1; are the ~~· for which all ·· : ::/.: ' 
.. ·::\{.··.- :.~ of the hypotheses ·of· Lemma 5 are satisfied, so that~~~ can gUarantee the ·· ·:··.'_~; :_: ·:·~ 

,·IIi 

. . . t'' ... . •' .. 
/ ~ A , • 

• 0 t I l r-·" • .. :._ .. ... 
-~· .. ', ·: :. ·. : -~ ~ -;. :;- .. 

. .· 

existence of a unique solution in a n~ighborhood of y 0 '. 

The points shown in Fig.· 4.6 are also listed in Table 4. 7 which 

... 
'1,' 

•J •·• • •• 

'. .. ~ ...... ::: ... 
•, 

· , · .· i . . : _·is discussed in the le.st part of this· section • . _: ~ . ·.- ': 
0 •• , ~ ~'. :- • • 

. · .. -.. ·_ -~- .. ~ ·. ·. :-' . { . 
t .. : .. . • #. =-~: . 

-$ • ; ,' ' • -~''I • ',i 

··v •. 
• • • ~. . _: ·,· • _. 1' 

e. Remark. The matrix DGzc{yK) is close· _to a diagonal ·matrix. We ·: 

re~all (Eq~ (4.19)) ~ha.t the (kl, _k2j ~leinent of thi.s matrix is i of the 

. .. ', .. -·. ;'' 
··.,· . •'· 

. ~. ·. . . ~ :: . ... : ._ 

:_·:~-;':·::~~<-<:_:_:· . .,:,.sum of two c~onents .of the vector g'K'" But only·the·:firs:t few of . ·. ~.·,· ·. 

':::. :; :-;~ · ... ·.: ·._' · these components are signU:Iicant, as shown in Table 4.51 arxl the composition·,:_;··:~-:-
·:.r_\-:.:- :··.··-._..--: . ......... . . '-- , . • ·._- ·•.'. 

· .-< ~- ~ · :_.;_..· · . of the ·~trix, shown in .Table 4.6, is such that these few relatively · ··· ·.· ·; · .. 
, /. ~~ .. ·-~---.~·-~~~-- ,' .-. . • ! . ~I • :··, :.: . .-, 

.. { ;~- .-\ : ·. • large components occur only near· the diagonal and in the upper corner. 1; • · ': ·:·_ <-:_~ I 
:<T· !·:·'\. :_:_-:: ~:_,,:.- :A very roUgh approximation 'to this matrix is obtained by ignor.ing ~11 : . ~.:···.:_I··:,_.._--; .. 

1 
·:·(: :::; :,} .: .• ::_'>·.·: components of· the vector ·except the first; then,. the matrix is a diagonal .~-: _·:- :~:: ,::_:. ·I 
':;·~-~· :.-.:. :.:: ~_-,'\~.;: .. :., :~ . .': :.: :·~:·<·--.,~ : 
·:. ··::>~· ·~;:<; :.-·matrlx with all diagonal elements eq~ to 0.901.. ..: ·.: .. .-:<~~ •l 

:-::/.:.:\·:.:(·::_.:./._·.:· . . For"'= o·, DPK(YK) = JK o (IK t -~ • D~(yK)); and our crude approxi-··.:_·_::_~_ .. ~-.\:· 
·-.:r.:-::·-~·-\:.:<'~ _· ·mation ~ give a diagonal mat~ix _whose .1 'th diagonal element equals .-_·::::~<;·_::'_ . 

f \ } , (1. 901)/ (2 · • J' - 1)2 • · Thus, DP~ YK) - "'!" • IK has a zero on the diagonal, :·::: ;; 1 

_·:.~_.;:::·.--.;~~<:>;::~.<--according to our crude approximation,,when ·Y-,.,; (L901)/(2 · • .1 - 1)2 ... _·._'··: __ ;\_;·~-·--~::.;,-~ 

· -~-}:: c·<. ~-- -·>: --_~:: .. ·'_-This approx:tmation may be compared to the actual values ~ =. A.·j Of 1. 767/ . >-~:::·. \f-. I 
:_·::;;_;::,:·~s.::;.;\/,:)':;."(2 · .1 ~ 1~2 . -The discrepancy is, of.cQurse, d,ue to-the not:..insignificant >/·:~-_-:y:_ 
·:-~.·::-.·J:~· ·.···.',·,::·;··values of the off:..diagonal ·elements. :.:': >}~~-,-i}··-~.~-:._ 
,.-.·;~"1."-~::··(~~ ;~~<~· ·,·_, ::\. '~ I .'_',' \ 

:~··~-<.:~.:'-·:·_.,::::;-·_,:.. When -y is near· one of these. critical values, there is e. small value··~·/'·'.-.-~:(/.:.·· • 

::;~-: .:.:}<) t>··:·._:_ in some position on the· diagonal. Our crude approximation leads us. to ·.~ :·>t?:·/(; ... 
>J_-~- /.\·:·:·.:·expect that r

0 
= DPI{(Yl()-1 .will have a. large numb~ in the correspondi~· .. :·::"-~(:~:-?!:~·( ,, 

:<<,:_~·-r ::<::~--~-~position on the. diagonal,·-:·and this'·i~·)nde~d-the--c~se:. ~ .. Thus,·llr,JI is_·):'·:~-;·: .. :_:··,'.··_.:;:··.~ 
-,~~·:'~:·;_.~~.:,.!_., -:>· .. '; . :···_._ . . . .t :. • :; •• •.. ~---·.· •• :: .'. • • - .,' •• -:.··.:_· ·: .~··": ,•::·-:·. 

_.:\ ·::.: _. ', , ... -._ -l~ge • .-However, llr 0 : o Jll_ ·is much smaller~: es~cie.lly ·if the.-'critic~-'- .. : .. : · ... >" ~ ::--
. ~ .: . •!: .. ,· ·-,.. •· .. ~---. • • • < : ·~ .... •• ... ,,.·~~·"\>' .- .: .~ ~ > • • ~ ". :. _. • >· .... .-·· -:· .. _.,.._~~: •. 

·:_:·.:_t!(-_<_. \_, .: .... < :,_:;. :".; ;; ::~.-:~.'- .: <:·.· .. ..-.~- .. : . : .. . ·:· ... :" .:.~·<. / ~. ~-:·.<:.::._ ... · ... >:· . ~- · .. ', .. ·_. ·--~ ._:·;. ': . ·. . . . --~ .t;·.-._:·:~··, .. -.... · .. :.·; . ~~--.> ·_ 
' '~ • I • • I" ,: \0, • ~ •, ,._; • '. I: '• • '":: ' •. • ; • ,. • .._ I 

•. .· ...• , '·;, ' ..• -!,. •. ,· . . '· '· ' /' : ·: .· ' .... · 
' • • • ·: : . 1' • • • • ."'' .-. c. • • ~ •. 
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Table 4. 5 Components of the Vector g 'K 1 · 

k 

't • ' .. <> 1 ., . 
t. 2.' • .. , 

. . · ..• ', 

3 
'4 
5 
6 
rt ., 
8 
9 

10 
11 

·• . 

.· 
• I I ~ 

. '.l 

g'K' [k] 

1.80211 
0.}3603 ·.· 

.. o.bq.7ss . · 
0.01778 

-0.00354 
0.00118 . 

.. o.ooo42 
0.00016 

· ... o.oooo6 
0.00002 

• -0.00001 
o.ooooo 

.· 

Table 4.6 Composition ot the Matrix DGJc{YK) 

' .. 

\ . . 
:."' ~,.' t • 

' . 
; . 

. . 
. ... · 

. . . , 

·' ( 

' f .. 

. "'( · . 

· .... 

. ·.· 

... 

.· 

. . ·. ·================'i .'''·;, .. ~~ . . ~ . =· :·· . .. . . . ~ 

••• .-.; ., • • •• .' ... -:. j 

.-:., ·. · .:· · ·:·. · · ..... ·' · · :~: o' ·1 · · · 1 
': ,• '· ! ', •.' ' \ -~ • \ :' ·,I ~ + ,. ,'o ', 

. ' • ·, ~ • . ,! . . . .. . l +: 2 ·\ ·~ 0 

. ., 
f' '. 

+ 2 .... : : 2 

! ~ . ' ' . . 

+ ,I · . ·' + 4 :· ... 4 + s ··-- ... · · .. ~ . . . .. · · 
+ 4;. · .. 2 + 5 . , .... , + 6 : •••..... ·. . 

. ' 

I' 

. .. \ . .. 
·! ... ' 

j • ...... • · · ·.:.. : ':, ·.· ··(a): . ~: 2 + 3 · : .. ''·: :l 
:,::·· .. ;·;.,;.: :.<:.·:.' .. ·. 3 + 4 :·: :' 2 

}·,. ... ;. .. ·.4 +Is· .. :.:.- : .. , 

+ 2' l 
+ 4 ···.· .0 
+ 5 . ·l 
+ /6 '.; .. 2 

+ 5 'l' + 6· . ·. ·. . . .2 + 7 .. ·. ' . . . • ......... ' . . . . . . : .. 
+ 6 . 0 + 7 ·.· ,' l '+ ·~ . . . . •'. . . . .. :. . · . . :· 
+ 1 · ·1 + 8.'· ;·:;. o + 9 .. .. :.·.·. :: :-:.::-.· .. <· · .< .... · .· · · 

: . .-,/:• '·:-.·~ '· I ••• ••• . . . . .••••• ·~.-: ·,·~~r-.• · 

': . . '. 
.. . ·\. : ···-' J ,·. -. • 

•' :-·:.·.,, ••o' 

I ' ·' • ,' • • , .. ,' •.~· • ,· ' ~ •• ~' ,·· •• • •! 
0 + l 
l + 2 

.l + 2 
0 + 3 
.. l 

.2 + 3 
l 

·.·,.X ,, "" 1'.· . .': 

' ,. .. :. : . ... : ·, ... . ;: .. -.· 
.: .. ,. __ 

..... •. f. 

·. ~.:. ·~. -~'I'.~-··>~· 
' ~-. . .. ,• _.. ' . ' . . ' 

'' ' .. ~ . ... 
.. ·•. ::· .~~ ,;.· .. 

(b) 2. + ~ 
3 2 

3 . . . 
0 
l 
2 

2 
l 
0 
l 

• • • 

-····' 
3 
2·· 

.l 
0 

• •• 

; ~·· ··.· . ..... 
. . ... 

;: 

• •• . . ,·.\.~·-· .•: ... · .. :·· ':.: .· . 

. ;;' ·:: ~ . "· . . . ~ < ' 
In (e.)·, the indices of all components of g 'K' are listed as ::,: :.' .-:· 

~ .• 

. , .. .. 

'. 

. ·.·· .... 

. , 

. ,. •' .. 
. they appear in .the matrix • The effect of ·ignoring.· all . com- ·. ·. · ': .' . ' . . .. ·' . ·:.· . 

• \ I ,o ' ·~ • -~ •, • 

'·. 
· ponents beyond the third· i& shown in (b) • ' ... 

,·. 

·:, 

.. :·- .; ~ .. 

•,. :· i ._: . 

. ,. 

./ 
·i· 
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diagonal. element is not too near the top, since J multiples the j~ 

diagonal element by lf(2J .- 1)2 • In this case, we c~ot estimate 
,• ·~ 

' 
!lr o o Jil _at all well by llr Jl • II J11 since II J!l = 1. \A 

This difficulty of making close estLmates is, of course, one of 

the annoyances of numerical analysis.. We see it in one of its simpler 

forms whenever we are multiplying two qbjects without being able to 

prove in 'advance that they are nearly orthogonal. We will encounter 

another. example in the next section, when we try to estimate 

sup (Jir 0 ° J Yll : y E S(yo, r)) by computing ur 0 0 J!l • (IJyJI +' r), 

since we find it very difficult to take advantage at the fact that y 

has a small "tail" which further reduces the effect at the large element 

2~ Low-Order Resonance 
\t 
I. 

We would like to define the "principal branch" o:f' the solution, 

as "' varies, in a natural wa:y •. A~cordingly, we begin by calculating 

ihe size of the neighborhood· about the "reduced" solution within which 

the actual solution is unique. If' there are any values of'"' such that 

a solutiQn can be shown to exist in this neighborhood, then that solution 

(which is unique) for such a value of~ will be called.the principal 

solution, If we can then show the existence of a connected branch o:f' i. 

·.the solution as ~ varies, that branch will be called a "principai branch'~. 
I . 
I 

a. Starting values. We ;recall the remark made at the end of ~" 
' . ' 

Chapter II, that 'the uniquenes~ at a solution (whose existence is known 
' . ( 

or can be otherwise assumed) depends only upon the Lipschitz condition. 
. ' 
I I 

. Specifically, if r0 =!>P(y
0
)-l exists,· .and·i~· for all. y E S(y

0
, r) it. is 

I .· . I . . . 
I I . . , . 

true that l . . ·.I .. •· 
I . 
llr o o n2P(y)!l :i A, : . 

( 4.30 )· 
I; 
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. . . 
_;where A< ljr (compare Lemma 5 of Chapter n), then we conclude that 

lln2T(y)li = llr 0 o D2P(y)ll :i A and we Dl8¥ take L • A • r < l in Lemma 2. ·· 
ii. 

-~j 

Here T is defined as in Eq. (2.10): 

As in Chapter n, .we conclude tbat T satisfies a Lipschitz condition 

~th L < 11 so that T has at most one fixed point and therefore P bas 

at most one root in S(y0 , r). · 

We now wish to apply' this result using as y
0 

~he solution <?f the 

reduced problem ('Y = 0 )'. As in the high-order resonance case 1 we shall 
' ' 

·use the estimate (compare Eq.· (4.29)). ' 

' "' llr 0 ° Jir •. CIIYJI + r), 

' ' 

.. 

. J 

· where llr 0 o Jil .is the reciprocal of the sma.lle~t eigenvalue of (r 0 · ~ J) -l = .. 
·. J""1 o DP(y

0
), and is pictured in Fig. 4.4 for~ 7' 1 •. We can satisfy · 

.. . 

Eq. (4.;0) if we·can find a value of r such that 

(4.;;) ·. 
' ( 

·We choose' k <'l.(say. k2 = 0.98) i:un solve far ·.r ·in the following equation: · .· . 
. ; . . : 

' . ( 4.;4) ' .. 6 • X • . ( y + ~)~ ; · 
: '·. 

' . 

. • 

F(r) = r2 + ~ • y • r 
. ···.· . 

······we see that Eqs. (4.;4) and (4.,3) are satisfied when ·F(r) = 0. It is 

clear (since x, y, and~ are non-negative) that F(r) has a zero between 

0 and k.f.-.:rr;-;. This value of r is listed in Table' 4. 71 for the ~ame 199 , . · 

values of 'Y discussed earlier ~ this section:· i.~. 1 'Y J = )J.2946/ J for 

J .= 11 .21 •• • , 199, and with ~ 1:1 1. ' 

! 
·I 
I 
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TABLE, 4.7. EXISTENCE Of PRINCIPAL SOLUTION (PAGE 1 OF 5) .. 
(,!~~-

J GAMMA(J) Y-Y(O) RCO) \ R A*ETACO) ..• 

1 13.29460 o. 73693 p 4.99398 3.7a6ot 0.36169 
2 6.64730 0.75435 p 2.28662 1.86667 0.37433 
3 4.43153 0.78476 p 1.369<)6 1.20744 0.40193 
4 3.32365 0.83060 p 0.90005 0.85732 0.45521 
5 2.65892 0.89615 0.60792 0.62421 0.55783 
6 .2.21577 0.98978 0.40379 0.44143 0.77548 
7 1.89<)23 1.13276 0.24826 0.27403 1.38654 
8 1·.66182 1.47410 0.12096 0.05251 11.16711 

9 1.47718 0.81152 0.00888 0.21229 3.32832 
10 1.32946 0.66136 0.07746 0.20051 2.60326 
11 1.20860 0.54596 0.13176 0.1<)311 2.05584 
12 1.10788 0.45656 0.16<)40 .0.18875 1.64335 
13 .·1.02266' 0.38684 0.1969<) 0.18653 1.33?00 ./ 14 0.94961 0.33219 0.21800 . 0.18577 1.09636 

·15 0.88631 0.28928 0.23444 0.18599 0.91757 
16 0.83091 0.25571 0.24764 0.18686 0.78173 
17 0.78204 0.22978 p 0.25842 0.18822 0.67884 
18 0.73859 0.21035 p 0.26733 0.18993 0.60198 
19 0.69972 0.19675 p. 0.27481 0.18131 o. 57281 
20 0.66473 0.18863 p 0.28120 0.15851 0.60307 
21 0.63308 0.18605 p 0.28665 0.13771 ' 0.65893 
22 0.60430 0.18937 p 0.24993 0.11881 0.74993 
23 0.57803 0.19<)45 p 0.21119 0.10176 0.89139 
24 0.55394 0.21774 0.17489 0.08649 1.10855 
25 0.53178 0.24664 0.14066 0.07303 1.44224 
26 0.51133 0.29001 0.10821 0.06129 1.96339! 
27 0.49239 0.35417 0.07725 0.05086 2.FH627' 
28 0.47481' '0.45140 0.04754 0.04010 4.46917' 
29 0.45843 0.63106 0.01886 0.02069 12.20294' 

29 0.45843 0.93195 0.01887 0.02485 17.53804: 
30 0.44315 0.36578 0.00880 0.03248 5.13713 
31 0.42886 0.27804 0.03298 0.04110 3.025<)7 
32 0.41546 0.22246 0.05372 0.04838 2.03234 
33 0.40287 0.16446 0.07176 0.05488 1.47440 
34 0.39102 0.15725 0.08761 0.06085 1.12781 
35 0.37985, 0.13706 0.10165 0.06637 0.89833 
36 0.36929 0.12177 0.11419 0.07149 0.73934 
37 0.35931 0.11009 p 0.12546 0.07.625 0.62590 
38 0.34986 0.10125 p 0.13565 0.08064 0.54374 
39 0.34089 0.09479 p 0.14490 0.08470 0.48440 
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TABLE 4.7. EXISTENCE OF PRINCIPAL SOLUTION (PAGE 2 OF 5) 
-•· 

"'' j ~ .. 

J GAMMA(J}. Y-Y(O) R(O) ' R A*ETA(O) 

40 o. 33236 0.09054 p 0.15334 . o. 08506 . 0.45874 
41 0.32426 0.08852 p 0.15788 0.07461 0.50298 
42 0.31654 0.08899 p 0.13807 0.06467 0.57422 
43 0.30918 0.09253 p 0.11890 0.05527 0.68A03 

. ·44 0.30215 0.10020 p 0.10032 0.04646 0.87358 
45 0.29544 0.11390 0.08226 0.03830 1.187'33 
46 0.28901 0.13706 0.06468 0.03097 1.74329 
47 0.28286 0.17623 0.04753 0.02471 2.77458 
48 0.27697 0.24373 0.03078 0.01963 4.78308 
49 0.27132 0.36735 0.01436 0.01414 10.00623 

50 0.26589 0.26561 0.00176 0.01348 7.94256 
51 0.26068 0.17717 0.01681 0.01982 3.57109 
52 0.25567 0.13272 0.03045 0.02530 2.09095 
53 0.25084 0.10631 0.04290 0.03049 1.39127 
54 0.24620 0.08906 0.05431 0.03544 1.00456 
55 0.24172 0.07706 O.b6482 0.04017 0.76A90 
56 0.23740 0.06832 p 0.07452 0.04466 0.61499 
57 0.23324 0.06179 p 0.08352 0.04891 0.50935 
58 0.22922 0.05686 p 0.09189 0.05293 0.43441 
59 0.22533 0.05319 p 0.09970 0.05673 0.38030 
60 0.22158 0.05062 p 0.10699 0.05922 '. 0. 311-716 
61 0.21794 0.04909 p 0.10893 0.05217 0.37837 
62 0.21443 0.04874 p 0.09588 0.04536 0.427S4 
63 0.21103 0.04983 p 0.08309 0.03879 0.50675 
64 0.20773 0.05293 p 0.07055 0.03246 0.63742 
65 0.20453 0.05916 0.05825 0.02641 O.R6776 
66 0.20143 0.07076 0.04616 0.02071 1.31211 
67 0.19843 0.09281 0.03427 0.01552 2.27711 
68 0.19551 0.13814 0.02256 0.01124 4.64716 
69 0.19268 0.23987 0.01103 Oo00820 11.05415 

10 0.18992 0.20343 0.00035 0.00650 12.02436 
71 0.18725 0.11492 0.01124 0.01142 3.85163 
72 0.18465 0.08065 0.02137 0.01584 1.95165 
73 0.18212 0.06286 0.03082 0.02014 1.20019 

'74 0.17966' 0.05215 0.03968 0.02431 0.82814 
75 0.17726, 0.04506 p 0.04799 0.02831 0.61677 
76 0.17493 0.04007 p 0.05582 0.03215 0.48480 
11 0.17266 0.03640 p 0.06320 0.03582 o. 39680 
78 --- o. 17044 0.03365 p 0.07017 0.03933 0.33530 
79 0.16829 0~03158 p 0.07676 

I 
0.04268 0.29100 

-. 

1' 
•· 
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TABLE 4.7. EXISTENCE OF PRINCIPAL SOLUTION (PAGE 3 OF 5) 

' .. , 
' ·~ 

J GAMMA(J) Y-Y(O) R(O) R A*ETACO) 

80 0.16618 0.03008 p 0.08301 ' 0.04564 0.25995 
81 0.16413 0.02909 p 0.08325 0.04036 0.28231 
82 0.16213 0.02867 p 0.07349 0.03521 0.31667 
83 0.16018 0. 02 893 p 0.06387 0.03019 0.37021' 
84 0.15827 0.03017 p 0.05440 0.02529 0.45760 
85 0.15641 0.03295 p 0.04504 0.02054 0.61152 
86 0.15459 0.03853 0.03582 0.01594 0.91505 
87 0.15281 0.04995 0.02670 0.01157 1.62461 
88 0.15107 0.07661 0.01769 0.00762 3.76404 
89 0.14938 0.15550 0.00879 0.00482 12.04866 

90 0.14772 0.15655 0.00003 0.00347 16.97923 
91 0.14609 0.07307 0.00855 0.00747 3.67476 
92 0.14451 0.04867 0.01661 0.01120 1.63730 
93 0.14295 0.03740 0.02423 0.01485 0.95234 
94 0.14143 0.03103 ? 0.03146 0.01839 0.64043 
95 0.13994 0 .. 02697 ? 0.03834 0.02181 0.47126 
96 0.13849 0.02418 ?· 0.04488 0.02511 0.36846 
97 0.13706 0.02216 ? 0.05111 0.02828 0.30090 
98 0.13566 0.02065 ? 0.05706 0.03133 0.25395 
99 0.13429 0.01951. p 0.06275 0.03427 0.22005 

100 0.13295 0.01865 ·P 0.06818 0.03710 0.19501 
101 0.13163 0.01806 .? 0.06739 0.03296 0.21137 
102 0.13034 0.01773 ? 0.05958 0.02884 0.23596 
103 0.12907 0.01774 ? 0.05186 0.02479 0.27304 
104 0.12783 0.01821 p 0.04424 0.02083 0.33184 
105 0.12662 0.01944 ? 0.03669 0.01695 0.43102 
106 0.12542 0.02208 ? 0.02922 0.01316 0.63017 
107 0.12425 0.02777 0.02183 0.00947 1.09564 
108 0.12310 0.04205 0.01450 0.00596 2.62412 
109 0.12197 0.09505 0.00724 0.00306 11.51495 

110 0.12086 . 0.11779 0.00004 0.00203 21.60094 
111 0.11977 0.04532 0.00697 0.00540. 3.12018 
112 0.11870 0.02926 0.01365 0.00862 1.26703 
113 0.11765 0.02249 0.02004 0.01176 0.71631 
114 0.11662 0.01884 p 0.02615 0.01482 0.47836 
115 0.11561~ 0.01659 ' p 0.03201 0.01777 0.35?.44 
116 0.11461 0.01507 p 0.03763 0.02063 0.27671 
117 0.11363 0.01398 p 0.04302 0.02340 0.22706 
118 0.11267 o. 01316 p 0.04820 0.02608 0.19246 
119 0.11172 0.01254 ? 0.05319 0.02867 0.16728 
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TABLE 4.7. EXISTENCE OF PRINCIPAL SOLUTIQ~ 
• ~J ' 

(PAGE 4 ·oF 5) 
I' ,~· 

" 
J GAMMA(J) Y-Y(O) R(O) '• R A*ETA(O) 

120 0.11079 0.01206 p 0.05799 '0.03118 0.14843 
121 0.10987 0.01171 p 0.05660 0.02785 0.16071 
122 0.10897 0.01150 p 0.05010 0.02442 0.17C}04 
123 0.10809 0.01144 p 0.04366 0.02105 0.2056C} 
124 0.10721 0.01160 p 0.03727 0.01774 0.24645 
125 0.10636 0.01212 p 0.03094 0.01447 0.31425 
126 0.10551 0.01334 p 0.02467 0.01127 0.44234 
12 7 0.10468 0.01612 p 0.01844 0.00812 0.73859 
128 o. '10386 0.02346 0.01226 0.00506 1.71863 
129 0.10306 0.05438 0.00613 0.00224 8.94238 

130 0.10227 0.08529 0.00005 0.00130 24.17850 
131 0.10149 0.02766 o.oo5qo 0.00422 2.4?.779 
132 0.10072 0.01771 0.01162 0.00703 0.93616 
133 0.09996 0.01381 p 0.01711 0.00977 0.52716 
134 0.09921 0.01180 p 0.02241 0.01243 0.35502 
135 0.09848 0.01059 p 0.02751 0.01502 0.26447 
136 0.09775 0.00978 p 0.03243 0.01754 0.20988 
137 o •. o9704 0.00920 p 0.03719 0.01998 0.17383 
138 0.09634 0.00876 p 0.04178 0.02236 0.14844 
139 0.09564 0.00843 p 0.04621 0.02467 0.12974 
140 0.09496 0.00816 p 0.05050 0.02691 0.11553 
141 0.09429 0.00796 p 0.04880 0.02410 0.12534 
142 0.09362 0.00782 p 0.04322 0.02118 0.13963 
143 0.09297 0.00775 p 0.03769 0.01829 0.15966 

0.09232 0.00779 p 0.03220 0. 01.544 0.18923 
. I 

144 
145 0.09169 0.00800 p 0.02675 0.01264 0.23649 
146 0.09106 0.00854 p 0.02133 0.00987 0.32209 
14 7 0.09044 0.00986 p 0.01596 0.00714 0.51212 
148 0.08983 0.01354 0.01062 0.00446 1.12244 
149 0.08923 0.03015 0.00531 0.00188 5.9057.1 

150 0.08863 0.05925 0 •. 00004 0.00091 23.89183 
151 0.08804 o.o'1684 0.00513 0.00347 1.79162 
152 0.08746 0.01094 0.01012 0.00595 0.68135 
153 0.08689 0.00879 p 0.01495 0.00837 0.39007 
154 0.08633 0.00771 p 0.01961 0.01073 0.26794 
155 0.08577. 0.00708 p 0.02414 0.01302 0.20311 
156 0.08522 0.00666 p 0.02851 0.01526 0.16347 
157 0.08468 0.00636 p 0.03276 0.01745 0.13689 
158 0.08414 0.00612 p 0.03688 0.01958 O.o11789· 
159 0.08361 0.00594 p 0.04087 0.02165 0.10368· 

.. 
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TABLE 4.7. EXISTENCE OF PRINCIPAL SOLUTION (PAGE 5 OF 5) 
' ti•i 

·~./ '.· ... 

J GAMMA(J) Y-Y(O) R( 0). R A*ETACOl 

.160 0.08309 0.00579 p 0.04475 0.02368 0.09270 
161 0.08258 0.00568 p 0.04289 0.02124 0.10092 
162 0.08207 0.00559 p 0.03800 0.01869 0.11252 
163 0.08156 0.00553 p 0.03316 0.01616 0.12834 
164 0.08106 0.00552 p 0.02834 0.01367 0.15094 
165 0.08057 0.00559 p -0.02355. 0.01121 0.18571 
166 0.08009 0.00581 p 0.01879 0.00878 0.24576 
167 0.07961 0.00641 p 0.01406 0.00638 0.37190 
168 0.07913 0.00820 p 0.00936 0.00401 0.75504 
169 0.07867 0.01681 0.00468 0.00169 3.66571 

170 0.07820 0.03979 0.00003 0.00068 21.36454 
171 0.07775 0.01037 0.00454 0.00295 1 .. 29280 
172 ·o.o7729 0.00701 p 0.00897 0.00517 0.50163 
173 0.07685 0.00587 p 0.01327 0.00733 0.29666 
174 0.07641 0.00531 p 0.01744 0.00944 0.20921 
175 0.07597 0.00499 p 0.02150 0.01150 0.16168 
176 0.07554 0.00478 p 0.02544 0.01352 0.13196 
177 0•07511 0.00462 p 0.02928 0.01549 0.11164 
178 0.07469 0.00449 p 0.03301 0.01741 0.09687 
179 0.07427 0.00439 ·p 0.03665 0.01930 0.08566 
180 0.07386 0.00431 p 0.04018 0.02114, 0.07688 
181 0.07345 0.00424 p 0.03826 0.01898 0.08398 
182 0.07305 0.00418 P, 0.03391 0.01672 0.09376 
183 0.07265 0.00414 .p 0.02960 0.01448 0.10681 
184 0.07225 0.00411 p 0.02530 0.01227 0.12502 
185 0.07186 0.00412 p 0.02104 0.01008 0.157.15 
186 0.07148, 0.00420 p 0.01679 0.00791 0.19701 
187 0.07109 0.00446 p 0.01257 0.00577 0.28564 
188 0.07072 0.00529 p 0.00837 0.00365 0.53445 
189 0.07034 0 .. 00964 0.00419 0.00155 2.27937 

190 0.06997 0.02612. 0.00003 0.00054 17.82197 
191 0.06961 0.00656 0.00407 0.00258 .o. 93633 
192 0.06924 0.00473 p 0.00805 0.00457 0.38193 
193 o. 06888 . 0.00415 p 0.01193 0.00652 0.23530 
194 0.06853 . 0.00387 p 0.01571 0.00843 0.17037 
195 0.06818, 0.00371 p 0.01939 0.01030 0.13393 
196 0.06783 0.00360 p 0.02297 0.01213 0.11056 
197 0.06749 0.00352 .p 0.02647 0.01393 0.09428 
198 . o. 06714 0.00345 p 0.02988 0.01568 0.08226 .. 
199 0.06681 0.00339 p / 0.03321 0 .. 01741 0.07303 '·· 

I 
I 

I 

..... .. 
. .,. 

r 
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• J Table 4.7 also lists, for each Df these val~s of~, the distance 
. J 

.. ·,. ·: ·· . .. lit - y0 11, where y
1 
is a solution of the Duffing proble~ ·far the give~ 

. . . • ~\~: t . .' 

."; .. ·: .;; ~ .value of "/ 1 and y0 is the "reduced" solution for 'Y =1 ~· For those values 
. ··(f I' '>.,r./} 

~ , ~·. :·;. ~ ·. ·.' · .· of 'Y such that lit - yJI :ii r, y is the "principal" sol~tion. . · 1 
. . i •. ~· . . - . ' . : . / 

· · ~· .. ·. ; \ .: ::; 

1 

The last two columns in Table 4. 7 li~t two at he~ quanti t~ es. · One 

::· . ' ·. _.· 

. ··~ . 

. ; ·. . . . I 

;· .· .. •: . .... _.. of these is the radius of the ·neighborhood' about the actual solution .·::. ·: .·. ;: . .;; 
~ ' ' . ; .' .. : ·. . 

: .· .,.: . :··.: . ··.. . . 
' ... · .·:, :. within which existence arid uniqueness can be asserted according to :'. . , 

:·<·.::::·~ ; .. >~ .... :·.Lemma 5· The ass.umption t~at A·. ·~.o :ii t is ob~iously satisfied s~e· . :: · J :. ·.,'. · 

. ~ '. . ··;. . . 

' . . ' . 

::·~·.···'-<·Tlo = 0 •. The radius is found~exactly as in Eq. (4.33) except that on .. :: .... · 

.:·:···. , .. · : .. ·the right~hand sid~ A =·1/2 r; hence, F(r) is re-defined. as ~ollows: 
. . .. . . . 

. ' . ' .. · ,._ •.. ~ '; .. ·.:· ' 

.; 

~ .. : . . : ': • .... :····~ < .: ( 4.36) 
; 

r/• r 

. ·.·.'' 

.. · •. . · .. ! 
.. ·.· ~- . . . , 

<.· ~;· · ··:·:· ·. · ·· -.. ·.·Now F(r) 
• -~ ••• ; •• .: l. :: • •• • •. ' :. ', .•• :~ 

'::·..,:~- :-:· ·; ;'>;>:··.·:.:?olumn of Table 4.7 is the .value at A • 1} 0 for the reduced ~ol~ion.· 

'. ' .. :• .. ' '-..~ 
. tl 

has a zero between 0 and k/ .J 12 x. The quantity in the last \; ' . ~ . .. -;, __ 

. ~ . : : ... ~ ... 

. ~·::' ·. . .... 
: ·: ··.:: ....... ·.. ' . ' . . . 

· ·. \ · ·.·,·'··· -' .... · .. ,: .. ·Whenever tl1is quantity is less than t we 'know that a "principal" solUtion :. :· ·. ,. 
. ' . 

• . . .. : ~ . .. . .'';.. ·, •. · ·•• ! .. : . 

, · · .. : .. ·: ·, · :·. exists. 
·' ·· .. : / , : . ; . -.,.. '.. . . 

,, . . . . . . ·:. · . : -::·: ·:·precisely·. 

As we noticed earlier 1 we are unable to estimate this quantity 

In fact,. we find a "principal." solution in ·cases wher·e the 

'' . •.. I 

.... I· I 

,··.: ... :: . ·.~ :. . . . : I 
.·. .. . .· . 

. ·: .. :.:<>,:·.~-:· ... .:.· .. ··estimate~·valu~ of A •/11
0

.·1s as large as 0.89. · ... 
·;. ·. :;;"'· -~ ... < :_. ~ .. -·.- .. . ! .· ; .. 

•.·.·. ';,, 

1 

.\"< :: ',' b. Extimdi"& a pr:ncipal: branch toward. a resonance. Now we wish , >' . , I 
:.i. ·~;: ) \. · .... '. to apply. Theorem 1 1 usi~ as -yo, a value for which a principal solution ... · .. ~:; .. · :· 

1 

. 

. ~>:' ~.· ·.:·.·.;. ;.· .:~/.·: ;. (i.e.~ a Ufique solution in a neighborhocd ·of the 
11

reduced" solution) .·:.,·.\ ·. 

;_,.::·::·::.- · ... ··._:'·:· .. :·:·can be found. We nO'W ·use y
0 

to designate th~ solution corresponding to 'Yo. t. :;; 
:.-:.:/ ....... '.~} ::,;·. · ... > :· . . ': t ' ' -· .: •. ·~~ .' :. <· .. : ::,::.; .::·: · .: .... instead of j the "reduced" solution (as before when ·-y 

0 
= 0 was assumed)~· We . · · '· .. : .. 

~ : ,.·~.~-·: ;.:\: ~ ..... .'; < ~., .. ·;: ,. : I ' . '' ' 

.. '( .... ::·~:':~,:·,~::·.::<form the matrixDQ(y0 ) as described in Eqs. (3.56 and (.3.57), and steps ·:.·:·:;-· 
'f •• ~.: •. i··· ·: ' . . . ';· :- ~ : ' ' 0 • : • ' • • • • ,, 1. ' •• • .... 

".-: :.·.·:· ;_. ··:~· . : .::· ':. (a) to (f) of Eq. (3.61) with.~·= -y
0

• 'Let A be the smallest (in magrrl:tude) · · 
•. ; • • t • ' • -~ .• ,'. ' • • 

>:·>r··>·<. ··_:.:.::.::.· .. eigenvalue of this matrix. We shall restrict our attention to values 
.. :: . . ,• ... ~ ' : .. '.:. ' . ,. . . 

· ; · · · of 8 between· 0 and A1 ··so ·tba. t A is the. eigenvalue closest. to 8: thus,. we 

.·~ ···, ':: .. · ;~consider the ......... 
.·. ·. ·· ... •' .'. '< : ' . 

\ . .; .. •' 
-., !' • , of ' 

' " ... .· .·, 
' .. ' . : :. ~- . 

·.r . ,•' • : , .· 
. . ···-1· ... 

.. '. : . . : ·:- :!" ... 

:J. ;,. 

·. / :. 



(Recallthat 8 = )2-·- -y0
2

: compare Eq. (3.8)). When.8 is between 0 

and ~~ we find that 8/(8 .. A.) is negative, .so that ·":t 

( 8) (' 8) ()..·):;;~ 1 + Ia - A. I = 1 
- 5 - x: = .x .- a· • 

Thus, the main condition of Theorem 1 is the following: 

where Ao = l/2 r. ·The value of r is calculated (as described in the 

preceding paragraph) as ·"the radius of the neighborhoOi ·about the actual 

solution Within which existence and uniquenes_s can be asserted" 1 and is 

listed in the. penUltimate column of Table 4.7. The vector z = DQ(y0 )•1 y0 

is· calculated by solving the linear system: DQ(y0 ) z = Yo• 

The next step is to find the largest value of 8 such. that Theor~ 1 . . ' . ' 
' 

,is satisfied for all ~·such that 0 :ri :8. ~ 8. This value of 8 is a root 

of the following equation: 
..... 

. (4.;.9) llzll = t 

2 .• s • 

where we let s = 2 (~2 ·• II zll • Ao) • sgn (8), and we note that s has 

the same.sign as 8 sin~e Ao is. non-negative. Expanding the right-hand 

side 1 we have 

( 4. 4o) 2 ' s , a = "A.-
2 - 2 8 A. + a2 

a2 .. 2. (A. + s) 8 + A. 2 = o 

The di_scriminant of this qua.dra.:tic equation is (~2 ·+ 2 • ~· • S + s2 .. ~2) 
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·• !I: 
... •j 

. . :.· ,-:}' ... ·. 
' . " .. 

9r-(2. A s + s2"). This is alw~s positive, since we have assumed­

that 6 has the same sign as A, so that the sign· of a i·st. tlie same as . .. 
' I " ~ .t, . 

that of A• Therefare 1 there are two re~. roOts: 

, I ~' ' \ }I ~ . ( 4.4:1,) 6 = (A.+ s) ±.f(2 • A s. + 's2 )' • . .... • l. 

I 
j 

. ( ~ . 
. ' 

I •, -' ' . . . . . 
We must choose the negative sign at the radical in order· to have 6 . ... .· 

... \ . ~ 
' . . .. between 0 and A• The values_ of X, along with the V~\,\es of 8 obtained 

· :: .. froni Eq. ( 4.41), ~e listed ·1.n Table 4.8. 
,• ··. 

We conclude that there is one and only one solution of the Duffing 

.... ., '•'. 
·problem for all values of 6 up to this maximum, and we easily see that· 

:; . 

.. · . 
,· •, 

'0 • ' 

: . 
• .. f.•' 

'J 

i .! ·:.' ·.··: 

" ;. ' 

• • '• •. '.v ' 

. ._, . .· ' ·;i .. 
'. . ~· 

. _ ... 
. ' . ~' : .. : :. . 

. ... 
,• '. 

. : 
I ;;' 

.. 
:_-~_·/ __ -.<---·., 

r .. , ·,: as 'Y varies (with~ = -'Y
0
2 + 6 for ·these values of·~) the solution varies:._. ·- ·. ,_. 

·. 
· · ·. _.: ·· ·.· ·.· ~ .. ·. · • continuously and for each value of 'Y isolated ·within some"neighborhood. 
"•,;- ;.· ' . . :. . . . '- . 

·. :; . , ·. -~--: :: ·.·:·/ · .·· We say that a "connected branch" of the-solution exists ·on ·the interv~l 1 

• ' •• f •• ' • • :.-. • •• •• • • •• • • ~ I 

: ·._ · ·,~- .: ·: ,.: '.' :· ·_ . between 'Y 0 and any. value of 'Y. s~ch that .,. - 'Y 0 
2 is less than the maXimum .... ·· . : :~: ·:::. j 

;' .. ;) .:~;.i· ,·:<>value of 6 given by Eq. (4.41). ' I : ... _. .. ·:: <~~-- , 
; ',., f; ,' i: )<' . We. cari re-sety 0 to some value ne&r tdle end of this interval, and : ; ... s.:/,' ' 
.. ·:::-<--.. :'::-:·;·:.::-_-.-make ~other'step._ Designating·n~ byy0 the solution (which_has been , ·.:·,:.':· .. :·.',·._:'_: 

. . ·. ~ .;: . . ·. . . . ;.. . : . . . . i :, t~ ~. 

··: ·: ·:~ · .. :.· :'.'/ shown to e?'ist) for the new value ,of "'( 0 , we again·. form the matrix DQ(y0 ) .. _· ... ··.-·; . .' .: :, :. ; 

;_·:·.,·~<.:.::: . • ! • • ...... ·. ··::~·-~.I 
. , . ,.': : ·. :-··· .... and ·find its· smallest eigenvalue, 'Which we call A• We also re-evaluate .· ..... ' ·· ·,. · 

. :'.:_;·>;_:.:·_. ··~ ... ·.· ;· :_-: Ao and z, and solve a's befor-e in Eqs ... ( 4.39) t~ ( 4.41) to obtain ~ new · .-::·:~:_..:/(::\·.:·· . 
. '. ~-. ,_· :-' . . •. . . ·, ·._ -:.. . ' . ·, . . . . 

-" • ,' • • .. '}.~ ~ :: I' ' '• 

· : .·· ·>· · ;: ~:·;:::· value of 6, and thus we extend the connected branch over the new interval ... · .-·:-.:·::_:·' ·· . -~.;·~~- ·. ';- ... ' .:.:, ...... :.·· \--~~- . 

. :: ~;· .;:J:;j: wey. . F::. :~: : :r::::eh:s::b::e a::"~::c::;:::: ::::: '. . < ::,r 

.· :: ·i(. ~- :·. ·:; ;'r=;. . . . . . . ·,. ~ .. ;:·;·:: ,:-. 
·: .. :~: ~·:.': ·~·<:> .. =. ·.- -_r· out for starting values on each side of each of. the resonances of order . :: > . , . · ... .-.. 
(· \.: ·;·_·~: -~- _~r .. ·: ___ -: · .. _. . 

_._·_;:,_;::.·. '~.:_;··:.,·;· 5 1 11 9, and 11. It was .found in each· case that the connected branches ·<:::=.·~:··:_ .. :_:>· ... : 
•• • J~~ \:l . .:. -:~·:; _-.:~_... ' 
. ;·\. :;: '>---~·.-=- · can. be continued from both sides until a common value of 'Y is reached. 

·-.. ~. t·(:: ·<---~-~: .. ~- ;_: .. . . . .' . . . _· .. ' '. ' ' 
; . '•.•' _:::: . 0.·:. ... 

. . ' . ~ 
' . .. . .. · .. . . ·. : ~ 

.. · ·~ .. ~>. ; 
: ':.: ·. · For this common value, ~o different solutions are obtained, one on a ., 

. _;_ i . . . . . ~ . 1 • ~ -~~ I • . . . -. .. · ..• 

. ,.· ,. I , .. 

. . ,-:: ... : '·: . __ branch· connected to a s~Brt;ing value' on ·one' side of·the_ resonance and .the;-~ -· ·- _'<. 
I .. 

. ' ·.· ~ ~ . _I:.. 

. ' 
· .. .. 

. ~-

t . '• 
.... ' 

~ . , 

' •• '•. r I · .. 

' .. · .. •, 

.. 
' . 

' .. ' . 
.. '. 

• • I 

'· 
. :. ' ! . 
·.· 

.. ~. . ·... . ' 

' ' ' . 
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TABL·E 4.8. EXTENSION OF PRINCIPAL BRANCH (PAGE 1 OF 5) 
f 

" f ... 
I .. 

,. 
ORDER GAMMA EI.GENVALUE {NTERVAL 

'' ., 
13.29460 -l,~6637E · ·o.1o -1.7575F. 02 02 

0.20 6.64730 -4.3185E 01 -3.6898E 01 
. ' j 

0.30 4.43153 -l.8632E 01 -1.3844E 01 ' 
'0.40 3.32365 -1.0024.E 01 -6.2184E 00 
o.so 2.65892 -6.0083E 00 -2.9463E 00 ''' 

: 0.60 2.21577 -3.7582E 00 -1.3331E 00 ' 

· ·o.1o ·1.89923 . -2 .2412E 00 -4.7446E-Ol 
o.8o 1.66182 -S.0091E-Ol -1.6566E-02 

0.90 1.47718 -1.7029E 00 ~2 .2498E-01 . 
1.oo 1.32946 -t.3577E 00 -1.9599E-01 

• 'l 
1•10 . 1.20860 -1.0997E 00 -1.7593E-Ol 

l' 1.20 1.10788 -9.0147E-Ol . -l.6113E-Ol I . 
1 •. 30 1.02266 -7.4581E-Ot· I -1.4937E-01 i ./ 
1.40 0.94.961 -6.2131E-Ol -1.3919E-Ol ; 

' 1.50 0.88631 -5.20'30E-01 -1.2969E-Ol 
1.60 0 •. 83091 -4.3722E-01 -1.2032E-01 I 

1.70 0.78204 -3.6816E-Ol -1.1074E-01 11 . ' 
1.80 0.73859 -3.1024E-Ol -l.0070E-Ol 

I 
I •. . ,• 

1.90 0.69972 -2·.6126E-Ol -8.7575E-02 .· 
2.00 0.66473 . -2.1C}68E•Ol -7.1341E-02 
'2.10 0 •. 63308 -1.8418E-Ol . -5.6187E-02 
2.20 0.60430 -1.5375E-Ol -4.2357E-07.' 
2.30 0.57803 -1.2787E-01 -3.0352E-02 
2.40 0.55394 -l.0607E-Ol -2.0588E-02 
2.50 0.53178 -8.7732E-02 -1.3199E-02 
2.60 0.51133 ~7.2604E~02 -8.0075E-03 ; . 
2;.70 0 •. 49239 -6.0026E-02 -4.5603E-03 

I 2.80 . 0.47481 -4.8020E-02 -2.2632E...;03 
2.90 I 0.45843 -2.6355E-02 -4.5823E-04 

2.90· 0.45843 3.8379E-02 5.3142E-04 
3.00 0.44315 4.2125E-02 l.6092E-03 
3.10 0.42886 5.0130E-02 2.9506E-03 
3.20 0.41546 5.7141E-02 4.5428E-03 
3.30 0.40287 6.3662E-02 6.3351E-03 
3.40 0.39102 6.9828E-02 8.2650E-03 

. 3.44 . 0.38647 -7.1210E-02 .... 9.0286E-03 
3.50 0•37985 -6.6648E-02 -9.9319E-03 
3.60 0.36929 -5.9494E-02 -1.1158.E-02 
3.70 0.35931 -5.2869E-02 -1.1958E-02 
3.80 0.34986 -4.6736E-02 -1.2279E-02 
3.90 0.34089 -4.10~7E-02 -1. 2100.e~o·2 
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TABLE 4.8. EXTENSION OF .PRINCIPAL BRANCt;l 
eJ.;_ 

(PAGE 2 OF 5) 
'. 
'· ·r· 

~ ORDER GAMMA. EIGENVALUE l~NTERVAL 
i· 

4.00 0.33236 -3.5801E-02 -l~1207E-02 
4.10 o. 32426 -3.0940E-02 -9.2887E-03 
4.20 0.31654 -2.6452E-02 -7. 2914E-03. 
4.30 0.30918 -2.2324E-02 -5~3639E-03 

4.40 0.30215 -1.8555E-02 -3.6574E-03 
4.50 0 •. 29544 -1.5163E-02 .-2.2829E-03 

. 4.60 0.28901 -1.2197E-02 : -1.2903E-03 
4.70 0.28286 -9.7465E-03 -6.6095E-04 
4.80 0.27697 -7.8655E-03 -3.1139E-04 
4.90 0.27132 -5.9329E-03 -1.1251E-04 
4.94 0.26912 -4.0158E-03 -3.97.13E-05 

: . 4.94 0.26912 3.6442E-03 3.856BE-05 
5.00 0.26589 5.4288E-03 1.2965E-04 
5.10 0.26068 7.7034E-03 3. 8ll9E-04 
5.20 0.25567 9.7516E-03 7.6262E-04 
5.30 o. 25.084 1.1742E-02 1.2714E-03 
5.40 0.24620 1.3680E-02 1.8858E-03 il 

' 5.50 0.24172. l.5557E-02 2.5741E-03 
5.60 0.23740 le7361E-02 3.3004E-03 
5.6~ 0.23572 1.8062E-02 3.5930E-03 

'"~,/ 5.70 0.23324 -1.7037E-02 -3.R645E-03 
5.80 0-.22922 -1.5268E-02 -4.1618E-03 
5.90 0.22533 -1.3585E-02 -4.2601E-03 
6.00 0.22158 -1.1984E-02 -4.1197 E-03 
6.10 0.21794 -1.0462E-02 -3.5153E-03 
6.20 0.21443 -9.0167E-03 -2.8410E-03 
6.30 0.21103 -7.6454E-03 -2.1484E-03 

( 6.40 0.20773 -6.3486E-03 -1. 4966E-03 
·6.50 0.20453 -5.1300E-03 ·-9.3838E-04 
6.60 0.20143 -4.0014E-03 -5.1140E-04 
6.70 0.19843 -2.9936E-03 . -2.3146E-04 
6.80 0.19551 -2.1830E-03 -8.5411E-05 
6.90 0.19266 -1.6457E-03 -2 .. 7392E-05 
6.96 0.19101 -1.0133E-03 -6.2911E-06 

6.96 0.19101 7.3733E-04 4.3069E-06 
'1.00 0.18992 1.2648E-03 1.9662E-05 

7.10 0.18725 2.1730E-03 9.9186E-05. 
.~ 7.20 0 .. 18465 3.0158E-03 2.5199E-04 

7.30 0.18212 3.8501E-03 4.8078E-04 
''l'i~. 

7.40 0.17966 4.6689E-03 7.7334E-04 
; 7.50 0.17726 5.4662E-03 1.1118E-03 

'· 
7.60 0.17493 6.2389E-03 1.4774E-03 
1.10 0.17266 6.9859E-03 1.8511E-03 
7.74 0.17176 -7.2715E-03 -1. 9977E-03 
7.80 0.17044 -6.8314E-03 -2.0935E-03 
7.90 0.16829 -6.1193E-03 -2.1680 E-03 
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I 

" 
TABLE 4.8•' EXTENSION OF PRINCIPAl BRANCti 

: .~) 
(PAGE 3 OF 5 ) 

• •]<. 
: ;·, 

~t, -· '!, ORDER GAMMA EIGENVALUE I.NTERVAL 

8.00 0.16618 -5.4333E-03 -2.1327E-03 
8.10 0.16413 -4.7725E-03 -l.8535E-03 
8.20 0.16213 -4.1362E-03 -1.5320E-03 
8.30 0.16018 -3.5236E-03 -1.1902E-03 ... 

8.40 0.15827 -2.9345E-03 -8.5487E-04 
8.50 0 •. 15641 -2.3692E-03 -5o5281E-04 
8.60 0.15459 -l.8298E-03 -3.0718E-04 
8.70 0.15281 -1.3227E-03 -1.3485E-04 
8.80 0.15107 -8.7071E-04 -4.0800E-05 
8.90 0.14938 -5.6096E-04 -8.4743E-06. 
8.98 0.14805 .. z.o524E-o4 -4.3823E-07 

8.98 0.14805 2.7013E-04 1.4928E-06 
9 .. 00 0.14772 3.9741E-04 4.3396E-06 
9.10 0.14609 8.4576E-04 4•0169E-05 
9.20 0.14451 1.2728E-03 1.2474E-04 
9.30 0.14295 1.·6961E-03 2.5942E-04 
9.40 0.14143 2.1113E-03 4.3431E-04 
9.50 0.13994 2.5163E-03 6.3698E-04 
9.60 0.13849 2.9104E-03 8.5576E-04 
9.70 0.13706 3. 2934E-.03 l.0800E-03 
9.80 0.13566 .:.3.6327E-03 ·-1.2930E-03 
9.90 0.13429 .-3.2681E-03 -1.3346E-03 

10 .. 00 .0.13295 -2.9142E-03 -1.3138E-03 
10.10 0.13163 -2.5709E-03 -l.1554E-03 

·10.20 ;0. 130 34 -2.2376E-03 -9.7087E-04 
10.30 /0.12907 -1.9141E-03 -7.7174E-04 
10.40 ! 0.12783 -1.6002E-03 -5.7129E-04 

( 10.50 / 0.12662 -1.2959E-03 -3.8368E-04 
10.60 0.12542 -1.0013E-03 -2.2268E-04 
10.70 0.12425 -7.1780E-04 -1.0132E-04 
10.80 0.12310 -4.5038E-04 -2.9197E-05 
10.90 0.12197 -2.3269E-04 -3.6525E-06 
10.98 0.12108 .-1.4312E-04 -4.2652E-07 

10.98 0.12108 7.1532E-05 1.7666E-07 
.11.00 0.12086 1.5342E-04 1.3095E-06 
11.10 0.11977 4.0674E-04 2.2479E-05 
11.20 0.11870 6.5160E-04 8.0031E-05 
11.30 0.11765 8.9333E-04 l.7287E-04 .-
11.40 0.11662 1.1302E-03 2.9176E-04 
11.50 0.11561 1.3618E-03 4.2727E-04 
11.60 0.11461 1.5876E-03 5.7176E-04 \ 

11.70 0.11363 1. 8080E-03 · 1 .• 1893E-04 ., 
11.80 0.11267 2.0230E-03 8.6295E-04 i 

I 

11.84 0.11.229 -2.0722E-03 -9.0885E-04 
11.90 0.11172 -1 .. 9465E-03 -9.1484E~04 

I 
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,. TABLE 4.8. EXTENSION OF .PRINCIPAL BRANCH (PAGE 4 OF 5 ) 
' l ~~ I 

' '\q ! . 

·~ ORDER GAMMA' EIGENVALUE INTERVAL 

12.00 0.11079 -1.7411E-03 -8.9378E-04 
12.10 0.10987 -1.5407E-03 -7.9204E-04. 
12.20 0.10897 -1.3453E-03 -6.7366E-04. 
12.30 0.10809 -1.1547E-03 -5.4556E-04 
12.40 0.10721 -9.6868E-04 . -4.1471E-04 
12.50 0.10636 -7.8729E-04 -2.8880E-04 
12.60 0.10551 -6.1045E-04 -1.7592E-04 
12.70 0.10468 -4.3836E-04 -8.5036E-05 
12.80 0.10386 -2.8101E-04 -2.5871E-05 
12.90 0.10306 -1.2078E-04 -2.4180E-06. 

13.00 0.10227 7.0035E-05 5.3195E-07 
13.10 0.10149 2.2647E-04 1.5787E-05 
13.20 0.10072 3.7877E-04 6.-0215E-05 
13.30 0.09996 5.2866E-04 1.3014E-04 
13.40 0.09921 6.7560E-04 2.1686E-04 
13.50 0.09848 8.1951E-04 3.1331E-04 
13.60 0.09775 9.6034E-04 4.1443E-04 ' 'I 
13.70 0.09704 1.0982E-03 5.1652E-04 
13.80 0.09634 1.2331E-03 6.1627E-04 
13.86 0.09592 . -1.3039E-03 -6.7050E-04 

·~· 13.90 0.09564 -1.2513E-03 -6.6869E-04 
14.00 O~o09496 -1.1218E-03 -6.4679E-04 
14.10 0.09429 -9.9507E-04 · -5.7554E-04 

I 
14.20 0.09362 -8.7099E-04 -4.9394E-04 

I 
; 14.30 0 .. 09297 -7.4951E-04 -4.0603E-04 
14.40 0.09232 -6 •. 3057E-04 -3.1561E-04 
14.50 0.09169 -5.1412E-04 -2. 2694E-04 · 

.1 { 14.60 0.09106 -4.0011E-04 -1.4470E-04 
14.70: 0.09044 -2.8855E-04 -7.4667E-05 
14.80 0.08983 -1.7966E-04 -2.4643E-05 
14.90 0.08923 -7.5614E-05 -2.2578E-06 

15.00 0.08863 3.6688E-05 2.8109E-07 
15.10 0.08804 1.3958E-04 1.2850E-05 ., 

15.20 0.08746 2.4015E-04 4.9665E-05 
15.30 0.08689 3.3906E-04 ·1.0482E-04 
15.40 0.08633 4 .. 3617E-04 1.7055E-04 

. 15.50 0.08577 5.3145E-04 2.4172E-04 
' 14- ·' 15.60 0.08522 6.2493E-04 3.1514E-04 

,, 15.70 0 .. 08468 7.1665E-04 3 .. 8860E-04 . 
"~-. 15.80 0.08414 8.0665E-04 4.6024E-04 

·; 
•:.; 15.88 0.08372 -8.6888E-04 -5.1121E-04 j :' 

15.90 0.08361 -8.5133E-04 -5.0877E-04 .•. 
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TABLE 4 .. 8. EXTENSION OF PRINCIPAL BRANCti (PAGE 5 OF 5) 
~ ~f:.: 

" .... 
ORDER GAMMA EIGENVALUE lNTERVAL 

t 1M; 
16.00 0.08309 -7.6456E-04 -4 •. 8703E-04 

~ 

.-
16 •. 10 0.08258 -6.7940E-04 -4.3437E-04 
16.20 0.08207 -5.9581E-04 -3.7531E-04 
16.30 0.08156 -5.1378E-04 -3.1225E-04 
16.40 Oe08106 -4.3320E-04 -2.4724E-04 
16.50 0.08057 -3.5412E-04 -1.8267E-04 
16.60 0.08009 -2.7648E-04 -1.2127E-04 
16.70 0.07961 -2.0025E-04 -6.6571E-05 
16.60 0.07913 -l.2620E-04 -2.425RE-05 
16.90 0.07867 -5.2670E-05 -2.4837E-06_ 

. 17.00 0.07820 2.1351E-05 1.8247E-07 
17.10 0.07775 9.2390E-05 1.1434E-05 
17.20 0.07729 1.6205E-04 4.3038E-05 
17.30 0.07685 2.3059E-04 8.7490E-05 
17.40 0.07641 2.9797E-04 1.3834E-04 
17.50 0.07597 3.6422E-04 1.9208E-04 
17.60 I 0.07554 4.2936E-04 2.4675E-04 !l 
17.70 o. 07511 ·4.9354E-04 3.0110E-04 
17.80 0.07469 5.5635E-04 3.5391E-04 ,.• 

17.88 0.07435 6.0599E-04 3.9446E-04 
17.90 0.07427 -6.0512E-04 -3.9743E-04 
18.00 0.07386 -5.4418E-04 -3.7677E-04-
18.10 0.07345 -4.8425E-04 -3. 3646E.-04 
18.20 . 0.07305 -4.2531E-04 -2.9224E-04 ' 
18.30 . 0 .. 07265 .-3.6735E-04 -2.4550E-0'• I 

I 

18.40 0.07225 -3.1062E-04 -1.9751E-04 i 

18.50 . 0.07186 -2.5419E-04 -1.4917E-04 
l 18.60 0.07148 -l.9896E-04 -1.0249E-04' 

18.70 0.07109 -1.44 70E-04 -5.9456E-05 
18.80 0.07072 -9.1227E-05 -2.3781E-05 
18.90 0.07034 -3.8802E-05 -2.8770E-06 

19.00 0.0699.7 l.3413E-05 1.3712E-07 
19.10 0.06961 6.4420E-05 ·1.0695E-05 
19.20 0.06924 1.1455E-04 3.8168E-05 
19.30 0.06888 1.6395E-04 7.4308E-05 
19.40 . 0.06853 2.1257E-04 1.1415E-04 i 
19.50 0 .. 06818 2.6047E-04 1.5540E-04' 
19.60 0.06783 1 3.0766E-04 1.9690E-04 
19.70 o. 06749 3.5410E-04 · 2.3787E-04 
19.80 0.06714 3.9985E-04 2 .. 7775E-04 
19.90 0.06681 4.4491E-04 3.1591E-04 ,, 

., 
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other one connected to a starting value on the other side. Thus, ve have 

a rigorously defined "principal solution" for· values ot "' as small as 
I \k.i 

F ," 

about 0.11. · ~·-. ,. 

In Table 4.8 ve show,· tor several values of "/ 1 ·the smallest eigen-
. . 

value· 'A, and the magnitude . of & • For"/= 0.26911, 0.19101, o.i4804, . . . . 

and 0.12107 two solutions are given, one 'of which is on each of the 

two branches. 
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V. APPENDIX 

!. t~l 

A. Calculus of Operators in Banach Space :'c·: 

A Banach space is a complete normed linear spacT. The set of 

all linear mappings of a Banach space d 1 into a Bana~h space .12 

is in tu:n;l a Banach space, and is designated b;y ( :11 ~ d-2). · 
I i 

1. The Frechet Derivative. 

This paragraph is .based on .Liusternik (Ref. 3) and Kantorovich 

. (Ref. 4). : Let P be an operator (in general nonlinear) which maps .11 

into j 2 • · If 1 for a given element ;y £ .J 1 1 there is a linear operation 

H £ (d-l ~ ~2 ) such ithat 
i ! '. 

. I . 

(5.1) !IP(;y + h)/_ P(;y) .. H(h)ll ~ llhll • € Cllhil) 

where € (llhll) ._. 0 as llh!l-. 0 1 then P is said to be Frechet-differentiei.ble 

' * ~ 
at ;y, and His called the Frechet derivative.of P .at ;y. We write: 

(5.2) H = DP(y). 

Thus 1 DP( ;y) is an element of the space ( .1-. 1 --. J2) . On the ather hand, 
l . . 

D P is a (possibly- nonlinear) mapping from d 1 into ( 3 1 ._. 12 ) • If 
. ' 

DP is Fr.echet-differentiable at· z, we call D(DP) ( z) the second-order 

Frechet derivative of P at z and write: 

( 5·3) D (D P) ( z) = D2 P( z) • 

· The statements made in Lemma 31 Chapter II are verified b;y 

substituting the prop9sed . DP(;y) for H in the defining equation, 

Eq. (5.1) · 

·In particUlar, the real numbers (sui tabl;y normed) form a Banach 

* H(h) is called the Frechet differential of P at Y'· Note: 
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. space, and a differentiable function of one real variable is Frechet-

differentiable. We verify from Eq. (5.1) tha:t if p 1$.i;'differentiable 
~~~ . 

at a, then 

Dp(a) = Dp(a) 

:. 
~'- ~ 
~; ~ 

where Dp(a) denotes the ordinary derivative of p at a. 

2. The Mean Value Theorem for Banach Snace. 

This par~raph is based on Kantorovich (Ref. 41 p. ;1.61). The 

Mean Valu'e Theorem for Banach space states that 

·IIP(y + h). - P(y)il ia llh!J • sup. (IIDP(y)il: y c: C(y, y + h)) 1 

where C(y, y+ h) denotes the set (y + c h: 0 ~a~ 1) .. To ·prove this 

theorem, we let x = P(y +h) - P(y). As a corollary of the Hahn-Banach. 

theorem, it can be shown (see Liusternik1 Ref. ;, page 98) that there 

exists a linear functional T defined onJ such that IITll =·1 and 

Tx = li~J. We select such a functional.T and define 
... 

F( c) = T( P( y + c •: h) ) • 

We f'ind that DF( c) = h • T o DP(y + c h). Also it is clear that 

(5.7) Tx = T( P( y + h) - P( y) ) ;,.. F( 1) • F( ()) • 

· Applying the 9rdinary Mean Value Theo:r:em· to F, wich is a continuous 

f'unction of' a real variable if P is Frechet -differentiable, we have: 

( 5.8) F( 1) - F( 0) = DF( c) = D F( c ) = h • .' T · o D P( y + c • h) 

= h • T o DP(y) 

yhere y is some element of C(y, y +h)~ But: 
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' 
(;.9) I!P(y + h) • P(y)!l = llx!l = Tx = h • T o DP(r) 

·~ 

'•.1 

~:~~· 

3. A Fixed-Point Theorem 

This paragraph has been compiled from various sources including 

Liusternik (Ref. 3) and DeVogelaere (Ref. 9) • 
... __ 

L'et 3- be a 'complete metric space, with metric denoted by p(x, y). . . 

Let & b'e a subset of .1, and T a mapping of&· into 3-. Given y0 e !, 
. . :v. :v-1 ~ write y 0 = T y 0 if T y 0 E G. · 

·If there exists r such that S(y0 , r) c G,· and.if T satisfies 

Lipschitz;' condition with K < l on S(y0 ~ r), and if p(y~1 .. Ty0 ) ::!· (l .. K) 

then there is one and only one·fixed pointy~ ofT in S(y0 , r), and 
\ 

lim {yv : v -+~) = Y~· 

Proof; One nice proof of this theorem begins with the following 

lemma.: 

·.' Lemma: If Yv e S(y0 r) for all v :=: q, an~ if p < q, then p(yp, Yq).::! 

·' 

Proof: 

~ ·K:v p(y ) • ' 01 y~ • 

·p(yp, Yq)" ~ p(yp, Yp+1) .+ • • • + P(Yq-1' Yq) 

:· q-l q-1 
·; .:~=P p(yv, Yv+ 1) .a·Z.,=P Kv P(Yo, Y1) 

I 
I 
I 

The proof of the Fixed Point Theorem is now easy: 

' I 
' ., 



(1). ·For all v, ~ e S(y0 , r). Using induction on v, we see by 

(2). 

hence, Yv e S(y0 , r) for v = q. 

For sufficiently large p, and q> p, we find tha~ p(yp, Yq) 

can be made arbi trariiy small si nee Kp -+ 0. Thus 1 we have a 

Cauchy sequence which in a comnlete metric space has a limit. 

We may. call this limit yllO. 

. ( 3) • · · The limit point yllO is a fixed point of . T 1 since 
'·' 

which is arbitrarily small for sufficiently ·large v. 
. ; 

( 4) • .The fixed point /is unique: suppose that yllO = T yllO and 
I 

. - I 
· YGO = 1T Yoo; then , I 

' . 

,' ( 1 - K) • p ( yllO I yllO )' :i p . 
I : 

I 

But (1 •. K ) > 0 and p(yllO,' yllO) ii; 0 so p(yllO, yllO) = 0. 

'.• 

i 
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B. Matrix Representation of DG(y) in the Space dK• 

·-This informati'on is bas~d on Professor DeVogel~~re 's lect\II"es 
'-~ . ~ 

(Ref.. 9). 
! . 

·~ 
i 

We. abbreviate the notation by writing G instead of GK and G 

instead of~~ also y = YK andy= YN, etc. (compare Eqs. (4.i7, 4.21)). 

. Thus, we begin with 

( 5.11) g - .G'Y. 
g = G y 

where G' = at o G o a. Since y = a y, it :f'ollCMs that g = at o G y = at g. 

We recall the de:f'initio~s of a and at from' Table 4.1,· and see that 

. . 
.Y (n] = Zky [k] • cos ((2 • k -1) • H [n]), :

1 
(n e. N) 

'· 

g [k] =Zn w (n] ·• g [n] • cos ((2 • k ... 1) • H [n]) (ke..K) 

' 
: . 

To further shorten the notation, we write 

([k, n] = cos ((2 k - 1) • • 'H [n] (k e. K, n e. N) 
·I 

\ , • .I 

and re-write Eq.; (5.12): · 1 

I 

(5.14) Y [n] = ~k y [k] . c [k, . nl, (n e. N) 
·; 

' I 

I 
g [k] = zn w [n) • g [n]. ·/C [k, nJ. (k e. K) 

\ 

Now we assert that the operator DG(y) can be represented by the 

matrix G' defined by 

' 
G' [k1, k2J = og [k1J/oy lk2J. 

I 
(kl, k2 e. K) 

To see this, we must show (compare Eq~ ( 5.1) ) that 

/ 
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·' I. Looking at the individual ele.'llents on the left, we l+~ve 
. . ~-~ 

(5.17) (G(y +'1))) (kl] - (G(y)) (kl]- ~k2 G1 [kl, k2] • 1} (1<2]. 

Here(G(y)) [kl] is a function of all of the variables (y [k2] : k2 e K) 

and we see that if we substitute Eq. ('5.15) into Eq. (5.17) we obtain 

an expression of the familiar form 

r 

(5.18) F(yl +/ 111, • • •) - F(yl, ... ') 
. . 

so that the condition expressed by Eq. (5~16) is. clearly valid. 
'. 

Now:from Eq. (5.14) we see that 
\ . J 

! ,, 
. (5.19) o'Y (n] 1 oy [kl = c [k, n.J 

•I 

J ' og [kl I a'S [nl =<w [nl ·• c [k, nl '(k e K, n· e N) 

Now 1 by the Chain Rule we have: 

( 5·20) 
0g [klJ _ ~ (og [kl]_\ • (og [nJ ) • toy [n) \ 
oy [k2] -. n dg [n] ") ' dy [nl '' ~.dy [k2.J) 

\ (
og ·[n]~ ' ' 

= Zn (w :[n) • c [kl, n]) • .?FJ (n]f•: (c [k2, n]}. · 

(kli k2 e K) 

Let us write g' [n] = og [n] I oy [n];.then 

( 5-21) og [tl~ I oy [k2]= L:n w [n] • g I [n] • c [kl, n] • c [k2, nl. 

(kl, k2 e K). 

Returni~ to Eq. (5.13), we see 

( 5.22) · C (ki.r 'nJ C [k2, n] = cos ( (2 kl - 1) • H [n]) • 

cos ((2 • k2- 1) • H [n]), 

j 

. ·, 

(kl, k2 e K, n e N) 
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which, by means of the identity 

cos a • cos b = i cos (a + b) + 1. co1f~;;(a - b), 2 . -~ 

may be reduced to the following form: 

·'· 
( 5·~4) " C [kl., n] •· C [k2, n] = i cos (2 • (kl. - k2) • H [n]) 

+ i cos (2 •· (kl. + k2 - 1) • H [n])! 

(kl, k2 e K; n ·e· N) 

·If we let 

; 

(5.25) . ' CE (k, n) =cos (2• k • H (n]) (n E N)' 

then Eq. ( 5.21) becomes 

. (5.26) 
i\ 

og (ki)/ oy (k2] = i~n w (n] • g1 (n) • (CE (kl- k2, n) · . 
i 

+ ·cE [kl + k2 · .. 1, n]), 

=i~n w [n] g1 [n) CE_[kl ~ k2; n] 

' 

+ l~n w (nJ •.g 1 [n) CE [kl + k2- 1, n].. 

(kl, k2 E K; n E N) 

We now define an even-cosine analysis operation as.follows: 

where K 1 ·= (0 1 l, 2, ••• , m). The only remaining difffculty: is that if· 

kl and k2 are elements of K = (1,· 2, ••• , m) 'then (kl • k2) and 

(kl + k2 - 1) do not always lie within K'~ It would, of course, be 

· possible to define g 1 [k] by Eq. ( 5·27) far all k on the larger set 

K 11 = (-2m, •• .",_ 01 ..... , 2m). It turns out, however, that the desired 

result can be accomplished even if k is restricted to the smaller set, 

. I 

' 
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and the amount of computation is thereby considerably reduced. To 

this end., we introduce a mapping ).I. from K" to K' w~~ has the 
n 

property that " 

CE [)..l.(k)., n) = CE [k, n) 

for all k between -2m and 2m. Let 

(5.29) ( k e: K 11) 

It may be verified that ).I. has.the property required by Eq. (5.28) and· 

that )..l.(k) e: K' when k e: K 11• We may thus write 

. (5-30) og [klJ 1 ay [k2J = t s' [)..l.(kl·- k2)J + f s' [)..l.(kl ... k2 - 1}J • 

(kl, k2 e: K) · 

Thus, the assertion of Eq. (4.19) as to the form of DG(y) is verified • 
. I 

We note that this matrix is symmetric, since )..l.(kl - k2) = )..l.(k2 .. kl). 
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