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ABSTRACT OF THE DISSERTATION

Locally Adaptive Statistical Models

With Applications in Quantile Regression and Causal Inference

by

Steven Ye

Doctor of Philosophy in Statistics

University of California, Los Angeles, 2025

Professor Oscar Hernan Madrid Padilla, Chair

Local patterns, such as piecewise constant structures, frequently appear in real-world

data. Many applications demand models capable of capturing these localized variations,

where data may change abruptly or remain constant across different local regions. Statis-

tical models such as fused lasso and nearest-neighbor algorithms are particularly effective

in addressing this localized complexity. The fused lasso encourages sparsity in differences

between adjacent observations over a graph structure, making it well-suited for identifying

and estimating local patterns. Nearest-neighbor algorithms focus on nearby data points,

offering a flexible and locally adaptive framework to capture varying structures within the

data.

This dissertation develops innovative statistical models that integrate fused lasso and

nearest-neighbor algorithms to address research problems in quantile regression and causal

inference, as demonstrated in the following projects. The first project introduces a non-

parametric quantile regression framework using the K-nearest-neighbor fused lasso to pro-

vide robust and locally adaptive estimation of multivariate functions at different quantile

levels. The second project presents a score-based approach for estimating heterogeneous
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treatment effects, combining propensity and prognostic scores with nearest-neighbor match-

ing to stratify and estimate treatment effects over a two-dimensional grid. The third project

proposes graph-based fused lasso models to estimate heterogeneous treatment effects over

graph structures. These projects highlight the versatility and effectiveness of locally adap-

tive models that build on fused lasso and nearest-neighbor algorithms. Validated through

simulation studies and real-world applications, these models offer valuable insight for fields

such as economics, medicine, and social science.
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CHAPTER 1

Introduction

1.1 Background

In real-world scenarios, data often exhibit some underlying local patterns that are of sig-

nificant interest to researchers. Among these patterns, piecewise constant structures are

commonly observed. Such local structures appear in situations where a value remains con-

stant within specific time frames or regions before abruptly changing to a new constant value

at distinct boundaries. For example, stock prices may remain steady during a trading session,

but shift sharply at market open. Mathematically, for one-dimensional data x = (x1, . . . , xn)

and a corresponding response y = f0(x) generated by an underlying function f0, a piecewise

constant structure is characterized by:

f0(xi) = f0(xi+1) or f0(xi) ≈ f0(xi+1) for i = 1, . . . , n− 1.

For multi-dimensional data X = (x1, . . . , xn), such local patterns are typically explained

using a graph structure denoted as G = (V,E), where V = {1, . . . , n} represents the vertex

set and E the edge set. An edge (i, j) ∈ E indicates a connection between observations xi

and xj in the graph. Then, a piecewise constant structure over the graph G enforces:

f0(xi) = f0(xj) or f0(xi) ≈ f0(xj) for (i, j) ∈ E.

The fused lasso, also referred to as zeroth-order trend filtering or total variation denoising

[ROF92, MG97, TSR05, KKB09, WSS16], is a statistical method specifically designed for

problems where the data exhibit piecewise constant or similar locally structured patterns.
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In a standard non-parametric regression setting:

yi = f0(xi) + ϵi,

where ϵi represents the error term, the objective is to estimate θ̂ that approximates the

underlying function f0(xi). The fused lasso estimator, denoted by θ̂FL, is formulated as:

θ̂FL = argmin
θ∈Rn


n∑

i=1

(yi − θi)
2 + λ

∑
(i,j)∈E

|θi − θj|

 .

This formulation penalizes the ℓ1-norm of differences between adjacent observations over

an underlying graph structure, thus enforcing the sparsity in these adjacent differences and

encouraging local constancy in the estimation. The fused lasso has been extensively stud-

ied both computationally and theoretically with a variety of graph structures, including

chain graphs [DK01, Joh13, BS18], tree graphs [PSS18, OG18], grid graphs [HR16, SWT16,

XST17], as well as general graphs [CD09, Hoe10, CP11, TT11].

Nearest-neighbor algorithms [FH51], on the other hand, offer an alternative approach

for localized estimation. These algorithms are manifold adaptive [Kpo11], make them well-

suited for capturing complex, non-linear relationships and are especially effective in high-

dimensional settings where the underlying structure is difficult to specify. In particular,

nearest-neighbor methods are inherently local [Die93], as they focus solely on the locally

adjacent neighborhood of each data point, making them adaptable to the local structure of

the data. In regression analysis, K-nearest-neighbor (K-NN) regression [Das91] is a popular

method that predicts the value of a target variable by averaging the target values of the

nearest data points. Specifically, in a regression problem with a response variable y and

observations X, if we focus on a given data point xi ∈ X, the algorithm identifies its K-

nearest neighbors, denoted by {xK
i } ⊆ X \ {xi}, using a predefined distance metric. The

value of the function at xi is then estimated as:

f̂(xi) =
1

K

∑
j∈{xK

i }

yj.

Beyond regression, nearest-neighbor algorithms are widely used in classification [CH67,

HKK01, GWB03] and matching [Rub73, Stu10, LDH23].
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1.2 Research Objective

This dissertation aims to advance the development of models that integrate fused lasso and

nearest-neighbor algorithms, with a particular emphasis on addressing the presence of local

patterns in data commonly observed in real-world scenarios. Focusing specifically on quantile

regression and causal inference, we seek to develop novel statistical models to highlight both

the effectiveness and potential of the new methodologies that incorporate both statistical

methods.

1.3 Dissertation Outline

The remaining part of the dissertation is organized as follows:

• In Chapter 2, we present a novel adaptive quantile estimator, named as the quantile K-

nearest-neighbor fused lasso. The new estimator is developed within a non-parametric

framework, and it incorporates a fused lasso penalty over a K-nearest-neighbor graph.

We establish the estimator’s consistency under mild assumptions for d-dimensional

data, and prove that it achieves the optimal convergence rate of n−1/d, up to a loga-

rithmic factor. Moreover, we propose two efficient algorithms for its computation and

explore methodologies for model selection. We conduct thorough numerical experi-

ments on simulated and real-world datasets, and we demonstrate the superior perfor-

mance of the proposed estimator compared to existing state-of-the-art methods.

• In Chapter 3, we introduce a new framework for estimating the conditional average

treatment effect (CATE) function by integrating propensity and prognostic scores with

a nearest-neighbor matching algorithm and non-parametric regression trees. Unlike

traditional methods that rely on multivariate feature sets, this approach estimates the

CATE over a two-dimensional grid defined by the two scores, providing a more inter-

pretable analysis. We perform extensive numerical experiments on simulated datasets

to demonstrate the advantages of this method compared to existing models. Further-

3



more, we apply the proposed framework to real-world datasets from clinical and social

sciences and provide novel insights.

• In Chapter 4, we develop innovative estimators for heterogeneous treatment effects

based on fused lasso over graph structures. We introduce efficient algorithms for com-

puting these estimators and prove that they achieve rapid convergence rates under

simple data assumptions. We highlight the superior numerical performance of the pro-

posed methods compared to conventional causal effect estimation methods through

simulation studies. We also apply these methods to a case study in criminology and

present important findings supported by numerical results.

• In Chapter 5, we summarize the key research contributions presented in the preceding

chapters, and we discuss potential future work to build on the projects completed in

this dissertation.
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CHAPTER 2

Non-parametric Quantile Regression via the K-NN

Fused Lasso

2.1 Introduction

Assume that we have n observations, (x1, y1), ..., (xn, yn), of the pair of random variables

(X, Y ). The response variable Y is a real-valued vector and X is a multivariate covariate or

predictor variable in a metric space X with metric dX . A standard goal of non-parametric

regression is to infer, in some way, the underlying relationship between Y and X. The

generative model behind this can be expressed as

yi = f0(xi) + ϵi, for i = 1, ..., n, (2.1)

where f0 is an unknown function that we want to estimate. While usual regression considers

estimation of the conditional mean of the response variable, quantile regression estimates the

conditional median (or other desired quantiles) of the response variable. Specifically, given

a quantile level τ ∈ (0, 1), we can rewrite (2.1) as

yi = θ∗i + ϵi, for i = 1, ..., n, (2.2)

where

θ∗i = F−1
yi|xi

(τ). (2.3)

Here, θ∗ is the vector of τ -quantiles of y, Fyi|xi
represents the cumulative distribution function

of yi given xi, and P(ϵi ≤ 0|xi) = τ .
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The goal of quantile regression is to estimate θ∗ as accurately as possible, and it usually

involves an optimization problem in the form

θ̂ ∈ argmin
θ∈ζ⊂Rn

L(θ), (2.4)

where L(θ) is the loss function is defined by

L(θ) =
n∑

i=1

ρτ (yi − θi), (2.5)

with ρτ (t) = (τ − 1{t ≤ 0})t, the asymmetric absolute deviation function [KB78].

In this chapter, we apply total variation denoising for non-parametric quantile regression

in a multivariate setup and combine it with the K-NN procedure. We leverage insights

gained from recent results for quantile trend filtering [PC22] and K-NN fused lasso [PSC20].

Our proposed estimator, quantile K-NN fused lasso, can adapt to the piecewise linear or

piecewise polynomial structure in the true vector properly.

It takes simply two steps to compute our proposed quantile K-NN fused lasso estimator.

We first construct a K-nearest-neighbor graph corresponding to the given observations. The

second step involves a constrained optimization problem with a lasso-type penalty along the

K-NN graph as follow

θ̂ ∈ argmin
θ∈ζ⊂Rn

L(θ) + λ∥∇Gθ∥1, (2.6)

where λ > 0 is a tuning parameter. The notation ∇G in the penalty term represents the

oriented incidence matrix of the K-NN graph, and we will provide the detailed definition in

Section 2.2.

We study the rate of convergence of the estimator defined in (2.6). Towards that end,

we denote a loss function ∆2
n : Rn → R by

∆2
n(δ) :=

1

n

n∑
i=1

min{|δi|, δ2i }.

The function ∆2
n(·) appeared in [PC22] and is similar to a Huber loss function [see page 471

in Wai18], which offers a compromise between the least-squares cost and the l1-norm cost

function and is thus less sensitive to outliers in data. We show that under mild conditions,
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(2.6) attains a convergence rate of n−1/d for d-dimensional data in terms of ∆2
n, ignoring the

logarithmic factor. The rate is nearly minimax and it matches the mean squared error rates

from [PSC20]. However, unlike [PSC20], our result holds under general errors allowing for

heavy-tailed distributions. Another notable point in our theoretical analysis, different from

previous quantile regression work, is that we only require a bounded variation class of signals

and hence guarantee our result to hold under very general models.

2.1.1 Previous Work

Quantile regression, since introduced by [KB78], has become a commonly used class of meth-

ods in many applications thanks to its flexibility and robustness for modelling conditional

distributions. The study of quantile regression in non-parametric setups can be dated back

to [Utr81], [Cox83] and [Eub88], whose works were mainly developed for median regression

on one-dimensional data. Later, [KNP94] proposed a more general estimator for any desired

quantile τ , quantile smoothing spline, and [HNP98] provided a bivariate version of the es-

timator. Quantile smoothing spline problems are of a l1 penalty structure, which led to a

more general study on l1-norm regularized quantile regression by [LZ08]. Other methods for

non-parametric quantile regression have also been proposed in the literature. [YJ98], [CX08],

and [SWH13] explored local polynomial quantile regression. [BCC19] studied non-parametric

series quantile regression, and [Mei06] introduced quantile random forests. Quantile regres-

sion with rectified linear unit (ReLU) neural networks is another edge-cutting approach that

utilizes some knowledge from the field of deep learning, and the theory is studied in [PTC22].

Our approach exploits the local adaptivity of total variation denoising. [ROF92] first

proposed total variation denoising for the application of image processing, and [TSR05]

studied fused lasso thoroughly. Later, [KKB09] extended the discussion to the so-called

trend filtering on one-dimensional data, and [WSS16] provided a generalization of trend

filtering to the setting of estimation on graphs. These problems can be formulated similarly
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into an optimization problem of the form

θ̂ ∈ argmin
θ∈Rn

1

2

n∑
i=1

(θi − yi)
2 + λ∥Dθ∥1, (2.7)

where λ > 0 is a regularization parameter to be chosen carefully and D is a matrix. For

instance, trend filtering order k (fused lasso k = 0) consists of matrices D that capture the

(k+1)th order total variation of a given signal, see [Tib14]. A substantial amount of literature

focused on theoretical guarantees of these estimators. [MG97] and [Tib14] showed that trend

filtering attains nearly minimax rates in mean squared error (MSE) for estimating functions

of bounded variation. [HR16] showed a sharp oracle rate of total variation denoising along

grid graphs. More recently, [PSC20] incorporated fused lasso with the K-NN procedure and

proved that the K-NN fused lasso also achieves nearly minimax convergence rate. In the

quantile regression literature, [BC11], [Kat11], [FFB14] studied quantile model selection via

l1 regularization, but most of these works required strict linear assumptions. [PC22] pro-

vided proofs for theoretical properties of quantile trend filtering estimator in one dimension.

They showed that under minimal assumptions of the data generation mechanism, quantile

trend filtering estimator attains a minimax rate for one-dimensional piecewise polynomial

regression.

On the computational side, quantile regression is different from l2 based methods because

it requires a non-trivial reformulation of the optimization problem due to non-differentiability

of the loss as (2.5). The most well-known algorithm for computing a quantile estimator is due

to [Koe05] and it uses an interior point (IP) approach. [PGK17] studied high-dimensional

quantile regression problems and obtained estimators by applying the alternating direction

method of multipliers [ADMM; BPC11], majorize-minimize [MM; HL00], and coordinate

descent [CD; WL08] algorithms for variable selection. For computing trend filtering esti-

mates, [HL17] developed a fast algorithm for quantile fused lasso in O(n log n) operations.

Recently, [BGC20] proposed an ADMM based algorithm for computing kth order quantile

trend filtering estimators for one-dimensional data.
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2.1.2 Outline

In Section 2.2, we provide the definition of quantile K-nearest-neighbors fused lasso esti-

mator and the constrained version of the problem. Two algorithms to compute the pro-

posed estimators numerically – alternating directions method of multipliers (ADMM), and

majorize-minimize (MM), are introduced in Section 2.3, and the discussion on how to select

an appropriate penalty parameter in practice is also included. Section 2.4 presents the two

theoretical developments regarding the constrained and penalized estimators. The theorems

demonstrate that under general assumptions, both estimators converge at a rate of n−1/d, up

to a logarithmic factor, for estimating d-dimensional data under the loss function ∆2
n defined

above. Section 2.5 lists the results of numerical experiments on multiple simulated datasets

and two real datasets, California housing data and Chicago crime data. The experiments

show that the proposed estimator outperform state-of-the-art methods on both simulated

and real datasets. Moreover, the comparison on accuracy and computational time among the

algorithms introduced in Section 2.3 provides the audience with some insights on choosing a

suitable algorithm for specific problems. The proofs of theorems in the chapter are provided

in the Appendix.

2.2 Quantile K-NN Fused Lasso

Total variation denoising, as formulated in (2.7), is highly flexible, which can accommo-

date connected graphs of arbitrary structures that capture local data patterns. However, a

common challenge in real-world applications is the absence of a predefined graph structure,

making the construction of an appropriate connected graph a crucial step. When a covariate

X is observed, a natural approach is to construct a K-NN graph based on the covariate. The

K-NN graph effectively preserves local smoothness by ensuring that neighboring data points

remain well-connected through a sufficient number of edges. In this section, we introduce the

method for constructing an estimator that integrates the K-NN graph into non-parametric

quantile regression.
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The first step to construct the quantile K-NN fused lasso estimator is to build a K-NN

graph G. Specifically, given the observations, G has vertex set V = {1, ..., n}, and its edge

set EK contains the pair (i, j), for i ∈ V , j ∈ V , and i ̸= j, if and only if xi is among the

K-nearest neighbors of xj, with respect to the metric dX , or vice versa. After constructing

the K-NN graph, we can formalize an optimization problem for quantile K-NN fused lasso

as

θ̂ = argmin
θ∈Rn

n∑
i=1

ρτ (yi − θi) + λ∥∇Gθ∥1, (2.8)

where λ > 0 is a tuning parameter, and ∇G is an oriented incidence matrix of the K-NN

graph G. Thus, we define ∇G as follows: each row of the matrix corresponds to one edge in

G; for instance, if the p-th edge in G connects the i-th and j-th observations, then

(∇G)p,q =


1 if q = i,

−1 if q = j,

0 otherwise.

In this way, the p-th element in ∇Gθ, (∇Gθ)p = θi − θj. Notice that we choose the ordering

of the nodes and edges in ∇G arbitrarily without loss of generality.

Once θ̂ in (2.8) has been computed, we can predict the value of response corresponding to

a new observation x ∈ X\{x1, ..., xn} by the averaged estimated response of the K-nearest

neighbors of x in {x1, ..., xn}. Mathematically, we write

ŷ =
1

K

n∑
i=1

θ̂i · 1{xi ∈ NK(x)}, (2.9)

where NK(x) is the set of K-nearest neighbors of x in the training data. A similar prediction

rule was used in [PSC20].

A related estimator to the penalized estimator θ̂ defined in (2.8) is the the constrained

estimator θ̂C , of which the corresponding optimization problem can be written as

θ̂C = argmin
θ∈Rn

n∑
i=1

ρτ (yi − θi)

subject to ∥∇Gθ∥1 ≤ C,

(2.10)

for some positive constant C.
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2.2.1 Comparison with the K-NN Fused Lasso Estimator

Before proceeding to study the properties of our proposed method, we provide some compar-

isons with its precursor, the K-NN fused lasso estimator from [PSC20]. The latter is defined

as

θ̃ = argmin
θ∈Rn

n∑
i=1

(yi − θi)
2 + λ∥∇Gθ∥1 (2.11)

where λ > 0 is a tuning parameter.

In contrasting (2.11) with (2.8) we first highlight that from a practical perspective the

latter has some important advantages. Firstly, (2.8) can be used to construct prediction

intervals whereas (2.11) can only provide point estimates for the different locations. We

illustrate the construction of prediction intervals with a real data example in Section 2.5.2.

Secondly, the quantile K-NN fused lasso is by construction expected to be more robust to

heavy tails and outliers than its counterpart the K-NN fused lasso. We verify this in our

experiments section.

On the computational side, the algorithms for solving the optimization problem in (2.11)

cannot be used for finding the estimator in (2.8). Hence, novel algorithms are needed to

efficiently compute our proposed estimator. This is the subject of the next section.

Finally, despite the similarity in the definition of the estimators in (2.11) and (2.8), the

theory from [PSC20] does not directly translate to analyze our estimator defined in (2.8).

Hence, one of the contributions of this chapter is to show that the quantile K-NN fused lasso

inherits local adaptivity properties of the K-NN fused lasso in general settings that allow

for heavy-tailed error distributions.

2.3 Algorithms and Model Selection

To compute the quantile K-NN fused lasso estimator, the first step is to construct the K-NN

graph from the data. The computational complexity of constructing the K-NN graph is of

O(n2), although it is possible to accelerate the procedure to O(nt) for some t ∈ (1, 2) using
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divide and conquer methods [Ben80, CFS09].

The second step of computation is to solve a constrained optimization problem as (2.8).

Here, we introduce three algorithms to solve the problem numerically. Before presenting our

algorithms, we stress that both the problems (2.8) and (2.10) are linear programs, therefore

we can use any linear programming software to obtain an optimal solution. Noticeably, we

can take the advantage of sparsity in the penalty matrix for faster computation. However, a

shortcoming of linear programming is that the algorithm can become very time-consuming

for large sized problems, especially when n is greater than 5000.

2.3.1 Alternating Directions Method of Multipliers (ADMM)

The alternating directions method of multipliers (ADMM) algorithm [BPC11] is a powerful

tool for solving constrained optimization problems.

We first reformulate the optimization problem (2.8) as

minimize
θ∈Rn,z∈Rn

n∑
i=1

ρτ (yi − θi) + λ∥∇Gz∥1

s.t. z = θ,

(2.12)

and the augmented Lagrangian can then be written as

LR(θ, z, u) =
n∑

i=1

ρτ (yi − θi) + λ∥∇Gz∥1 +
R

2
∥θ − z + u∥2,

where R is the penalty parameter that controls step size in the update. Thus we can solve

(2.12) by iteratively updating the primal and dual

θ ← argmin
θ∈Rn

{
n∑

i=1

ρτ (yi − θi) +
R

2
∥θ − z + u∥2

}
, (2.13)

z ← argmin
z∈Rn

{
1

2
∥θ + u− z∥2 + λ

R
∥∇Gz∥1

}
. (2.14)
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The primal problem (2.13) can be solved coordinate-wise in closed form as

θi =


zi − ui +

τ
R

if yi − zi + ui >
τ
R
,

zi − ui +
τ−1
R

if yi − zi + ui <
τ−1
R

,

yi otherwise;

See Appendix A for the steps to derive the solution. The dual problem (2.14) is a generalized

lasso problem that can be solved with the parametric max-flow algorithm from [CD09].

The entire procedure is presented in Algorithm 1. In practice, we can simply choose the

penalty parameter R to be 1
2
. We require the procedure to stop if it reaches the maximum

iteration or the primal residual ∥θ(k)− θ(k−1)∥2 is within a tolerance κ, to which we set 10−2

in our computation. Actually, the ADMM algorithm converges very quickly with only tens

of iterations and hence we find it to be faster than linear programming. Another advantage

of ADMM is that the algorithm is not sensitive to the initialization. In Appendix B, we

present a simulation study to demonstrate the fast convergence of ADMM under different

initializations.

2.3.2 Majorize-Minimize (MM)

We now exploit the majorize-minimize (MM) approach from [HL00] for estimating the con-

ditional median. The main advantage of the MM algorithm versus ADMM is that it is

conceptually simple and it is a descent algorithm.

Recall that for τ = 0.5, quantile regression becomes least absolute deviation, or L1-

regression, and the loss function L(θ) of our problem becomes

L(θ) =
n∑

i=1

|yi − θi|+ λ∥∇Gθ∥1. (2.15)

Next, notice that L(θ) can be majorized at θ(k) by Q(θ | θ(k)) given as

Q(θ | θ(k)) =
n∑

i=1

(yi − θi)
2

|yi − θ
(k)
i |

+ λ
∑

(i,j)∈EK

(θi − θj)
2

|θ(k)i − θ
(k)
j |

+ const., (2.16)
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Algorithm 1: Alternating Directions Method of Multipliers for quantile K-NN

fused lasso
Input: Number of nearest neighbor: K, quantile: τ , penalty parameter: λ,

maximum iteration: Niter, tolerance: κ

Data: X ∈ Rn×d, y ∈ Rn

Output: θ̂ ∈ Rn

1. Compute K-NN graph incidence matrix ∇G from X.

2. Initialize θ(0) = y, z(0) = y, u(0) = 0.

3. For k = 1, 2, ..., until ∥θ(k) − θ(k−1)∥2 ≤ κ or the procedure reaches Niter:

(a) For i = 1, ..., n, update

θ
(k)
i ← argmin

{
ρτ (yi − θi) +

R

2
(θi − z

(k−1)
i + u

(k−1)
i )2

}
.

(b) Update

z(k) ← argmin

{
1

2
∥θ(k) + u(k−1) − z∥2 + λ

R
∥∇Gz∥1

}
.

(c) Update

u(k) ← u(k−1) + θ(k) − z(k).

since it holds that

Q(θ(k) | θ(k)) = L(θ(k)),

Q(θ | θ(k)) ≥ L(θ) for all θ.
(2.17)

To avoid possible occurrences of zero, we add a perturbation ϵ to the denominator each time.

Then, the iterative algorithm optimizes Q(θ | θ(k)) at each iteration. The stopping criterion

for MM algorithm remains the same as for ADMM. Because the optimization problem here

has a closed-form solution, we can compute the solution directly by solving a linear system

(see Step 3c in Algorithm 2). We find the MM algorithm to be faster in running time

than linear programming and ADMM for large-size problems and it produces reasonably

stable solutions as the others; see the experiments and discussion in Section 2.5.1. A major
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drawback of our fast algorithm is that it can only handle median regression at this moment.

We leave for future work studying an extension of an MM-based algorithm for estimating

general quantiles in the future.

Algorithm 2: Majorize-Minimize for quantile K-NN fused lasso, τ = 0.5

Input: Number of nearest neighbor: K, penalty parameter: λ, maximum iteration:

Niter, tolerance: κ

Data: X ∈ Rn×d, y ∈ Rn

Output: θ̂ ∈ Rn

1. Compute K-NN graph incidence matrix ∇G from X.

2. Initialize θ
(0)
i = median(y) for i = 1, ..., n.

3. For k = 1, 2, ..., until ∥θ(k) − θ(k−1)∥2 ≤ κ or the procedure reaches Niter:

(a) Compute weight matrix W ∈ Rn×n:

W = diag(1/[|y − θ(k−1)|+ ϵ]).

(b) Compute weight matrix

W̃ = diag(1/[|θ(k−1)
i − θ

(k−1)
j |+ ϵ]) if (i, j) ∈ EK .

(c) Update

θ(k) ← [W + λ∇⊤
GW̃∇G]

−1Wy.

2.3.3 Model Selection

The choice of the tuning parameter λ in (2.8) is an important practical issue in estimation

because it controls the degree of smoothness in the estimator. The value of λ can be chosen

through K-fold cross-validation. Alternatively, we can select the regularization parameter

based on Bayesian Information Criteria [BIC; Sch78]. The BIC for quantile regression [YM01]
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can be computed as

BIC(τ) =
2

σ

n∑
i=1

ρτ (yi − θ̂i) + ν log n,

where ν denotes the degree of freedom of the estimator and σ > 0 can be empirically chosen

as σ = 1−|1−2τ |
2

. It is also possible to use Schwarz Information Criteria [SIC; KNP94] given

by

SIC(τ) = log

[
1

n

n∑
i=1

ρτ (yi − θ̂i)

]
+

1

2n
ν log n.

However, BIC is more stable than SIC in practice because when λ is small, SIC may become

ill-conditioned as the term inside the logarithm is close to 0.

[TT12] demonstrate that a lasso-type problem has degrees of freedom ν equal to the

expected nullity of the penalty matrix after removing the rows that are indexed by the

boundary set of a dual solution at y. In our case, we define ν as the number of connected

components in the graph ∇G after removing all edges j’s where |(∇Gθ̂)j| is above a threshold

γ, typically very small (e.g., 10−2).

2.4 Theoretical Analysis

Before arriving at our main results, we introduce some notation. For a set A ⊂ A with

(A, dA) a metric space, we write Bϵ(A) = {a : exists a′ ∈ A, with dA ≤ ϵ}. The Euclidean

norm of a vector x ∈ R is denoted by ∥x∥2 = (x2
1+ ...+x2

d)
1/2. The l1 norm of x is denoted by

∥x∥1 = |x1|+...+|xd|. The infinity norm of x is denoted by ∥x∥∞ = maxi |xi|. In the covariate

space X , we consider the Borel sigma algebra, B(X ), induced by the metric dX , and we let µ

be a measure on B(X ). We assume that the covariates in the model (2.1) satisfy xi
ind∼ p(x).

In other word, p is the probability density function associated with the distribution of xi,

with respect to the measure space (X ,B(X ), µ). Let {an} and {bn} ⊂ R be two sequences.

We write an = OP(bn) if for every ϵ > 0 there exists C > 0 such that P(an ≥ Cbn) < ϵ for all

n. We also write poly(x) as a polynomial function of x, but the functions vary from case to

case in the content below. Throughout, we assume the dimension of X to be greater than

1, since the study of the one-dimensional model, quantile trend filtering, can be found in
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[PC22].

We first make some necessary assumptions for analyzing the theoretical guarantees of

both the constrained and penalized estimators.

Assumption 1 (Bounded Variation) We write θ∗i = F−1
yi|xi

(τ) for i = 1, ..., n and require

that V ∗ := ∥∇Gθ
∗∥1/[n1−1/dpoly(log n)] satisfies V ∗ = OP(1). Here Fyi|xi

is the cumulative

distribution function of yi given xi for i = 1, ..., n.

The first assumption simply requires that θ∗, the vector of τ -quantiles of y, has bounded

total variation along the K-NN graph. The scaling n1−1/dpoly(log n) comes from [PSC20],

and we will discuss the details after we present Assumptions 3–5 below.

Assumption 2 There exists a constant L > 0 such that for δ ∈ Rn satisfying ∥δ∥∞ ≤ L we

have that

min
i=1,...,n

fyi|xi
(θ∗i + δi) ≥ f a.s.,

for some f > 0, and where fyi|xi
is the the conditional probability density of yi given xi.

The assumption that the conditional density of the response variable is bounded by below

in a neighborhood is standard in quantile regression analysis. Related conditions appears as

D.1 in [BC11] and Condition 2 in [HS94].

The next three assumptions inherit from the study of K-NN graph in [LRH14] and

[PSC20].

Assumption 3 The density of the covariates, p, satisfies 0 < pmin < p(x) < pmax, for all

x ∈ X , where pmin, pmax > 0 are fixed constants.

We only require the distribution of covariates to be bounded above and below by positive

constants. In [GKK06] and [Mei06], p is assumed to be the probability density function of

the uniform distribution in [0, 1]d.
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Assumption 4 The base measure µ in the metric space X , in which X is defined, satisfies

c1,dr
d ≤ µ{Br(x)} ≤ c2,dr

d, for all x ∈ X ,

for all 0 < r < r0, where r0, c1,d, c2,d are positive constants, and d ∈ N\{0, 1} is the intrinsic

dimension of X .

Although X is not necessarily a Euclidean space, we require in this condition that balls

in X have volume, with respect to some measure µ on the Borel sigma algebra, B(X ), that

behaves similarly to the Lebesgue measure of balls in Rd.

Assumption 5 There exists a homeomorphism h : X → [0, 1]d, such that

LmindX (x, x
′) ≤ ∥h(x)− h(x′)∥2 ≤ LmaxdX (x, x

′),

for all x, x′ ∈ X and for some positive constants Lmin, Lmax, where d ∈ N\{0, 1} is the

intrinsic dimension of X .

The existence of a continuous bijection between X and [0, 1]d ensures that the space has

no holes and is topologically equivalent to [0, 1]d. Furthermore, Assumption 5 requires d > 1.

If d = 1 then one can simply order the covariates and then run the one dimensional quantile

fused lasso studied in [PC22].

On another note, we point that [PSC20] showed, exploiting ideas from [LRH14], that

under Assumptions 3–5, ∥∇Gθ
∗∥1 ≍ n1−1/d for a K-NN graph G up to a polynomial of

log n, with an extra condition on the function f0 ◦ h−1 being piecewise Lipschitz. Hence,

under such conditions Assumption 1 holds. For completeness, the definition of the class of

piecewise Lipschitz functions is provided in Appendix E. It is rather remarkable that [PSC20]

also presents an alternative condition on f0 ◦ h−1 than piecewise Lipschitz to guarantee the

results hold; see Assumption 5 in the same paper.

Now, we are ready to present our first theoretical result on quantile K-NN fused lasso

estimates.
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Theorem 2.4.1 Under Assumptions 1–5, by setting C = V
n1−1/d in (2.10) for a tuning pa-

rameter V , where V ≍ 1 and V ≥ V ∗, we have

∆2
n

(
θ∗ − θ̂C

)
= OP

{
n−1/dpoly(log n)

}
,

for a choice of K satisfying K = poly(log n).

The first theorem shows that quantile K-NN fused lasso attains the optimal rate of n−1/d

under the loss ∆2
n(·) defined in Section 2.1 for estimating signals in a constrained set.

Theorem 2.4.2 Under Assumptions 1–5, there exists a choice of λ for (2.8) satisfying

λ =


Θ {log n} for d = 2,

Θ
{
(log n)1/2

}
for d > 2,

such that

∆2
n

(
θ∗ − θ̂

)
= OP

{
n−1/dpoly(log n)

}
,

for a choice of K satisfying K = poly(log n).

The second theorem states that, under certain choice of the tuning parameter, the penalized

estimator achieves the convergence rate of n−1/d, similar to the constrained estimator, ignor-

ing the logarithmic factor. Notice that there is a one-to-one correspondence between (2.8)

and (2.10), as they are equivalent optimization problems. Let λ > 0 as in the statement of

Theorem 2.4.2. Then there exists a C that depends on y and λ such that (2.8) and (2.10)

have identical solutions. However, the fact that such C depends on y does not imply that

for a deterministic C, such as that in Theorem 2.4.1, one can conclude that if the uncon-

strained estimator attains the rate n−1/d then the constrained estimator attains the same

rate. Nevertheless, the fact that we have Theorems 2.4.1–2.4.2 implies that both estimators

attain the same rate.

We emphasize that if all or some of Assumptions 1, 3–5 do not hold, then we are not able

to characterize the behavior of the K-NN graph. In such case the conclusions of Theorems
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2.4.1–2.4.2 would not necessarily hold. The following remark regards the minimax optimality

of Theorems 2.4.1–2.4.2.

Remark 1 Let f ∗(t) = F−1
Y |X=t(0.5) be the median function and let C be the class of piecewise

Lipschitz functions, see Definition 2.7.12 in Appendix E. It was proven in Proposition 2 of

[WNC06] that under the assumption that ϵi
ind∼ N(0, σ2) for some fixed σ, and that xi

ind∼

U([0, 1]d) for i = 1, . . . , n, it holds that

inf
f̂ estimator

sup
f∗∈C, ∥f∗∥∞≤1

E
[∫

[0,1]d
(f ∗(t)− f̂(t))2dt

]
≥ cn−1/d, (2.18)

for some constant c > 0. However, by the constraint ∥f ∗∥∞ ≤ 1, the left hand side of (2.18)

equals, up to a constant, to

inf
f̂ estimator

sup
f∗∈C, ∥f∗∥∞≤1

E
[∫

[0,1]d
min{|f ∗(t)− f̂(t)|, (f ∗(t)− f̂(t))2}dt

]
. (2.19)

Furthermore, a discrete version of

E
[∫

[0,1]d
min{|f ∗(t)− f̂(t)|, (f ∗(t)− f̂(t))2}dt

]
is the quantity ∆2

n(θ̂ − θ∗) if θ̂i = f̂(xi) and θ∗i = f ∗(xi) for i = 1, . . . , n. Therefore, the

rates in Theorems 2.4.1–2.4.2 are nearly minimax in the sense that they match, up to log

factors, the lower bound n−1/d on the quantity (2.19) without requiring sub-Gaussian errors,

and under more general conditions on the covariates than uniform draws. In contrast, under

sub-Gaussian errors, the K-NN fused lasso estimator from [PSC20] attains, up to log factors,

the rate n−1/d in terms of mean squared error.

The second remark is related to the manifold adaptivity of our proposed estimator.

Remark 2 Our proposed method would expect the property of manifold adaptivity, from its

connection with the K-nearest-neighbor approach. This allows our method to adapt to the

intrinsic dimensionality of the data. While we have not conducted a detailed analysis of

this property in our work, it has been rigorously studied in the existing literature on nearest-

neighbor methods. For instance, [Kpo11] provides a thorough theoretical proof that K-NN
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regression adapts to local intrinsic dimension, while [PSC20] explores this property for K-NN

fused lasso under a sub-Gaussian error assumption.

In our approach, we choose the number of nearest neighbors, K, following the conventional

order at a slightly faster rate than log n. The concept of manifold adaptivity highlights the

potential for future research to develop a more data-driven strategy for selecting K, tailored

to the density of the design points. Additionally, another promising research direction is to

extend the theoretical analysis in [PSC20] to more general settings, including applications

within a quantile regression framework, as considered in this work.

2.5 Experiments

In this section, we will examine the performance of quantile K-NN fused lasso (QKNN) on

various simulated and real datasets. The two benchmark estimators we compare against are

K-NN fused lasso [KNN; PSC20] and quantile random forest [QRF; Mei06]. The performance

of an estimator is measured by its mean squared error, defined by

MSE(θ̂) :=
1

n

n∑
i=1

(θ̂i − θ∗i )
2,

where θ∗ is the vector of τ -quantiles of the true signal.

For quantile K-NN fused lasso, we use the ADMM algorithm and select the tuning

parameter λ based on the BIC criteria described in Section 2.3.3; for K-NN fused lasso,

we use the algorithm from [CD09] and the corresponding penalty parameter is chosen to

minimize the average mean squared error over 500 Monte Carlo replicates. For quantile

random forest, we directly use the R package “quantregForest” with defaulted choice of tree

structure and tuning parameters.

Throughout, for both K-NN fused lasso and quantile K-NN fused lasso, we set K to be

5 for sufficient information and efficient computation.
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2.5.1 Simulation Study

We generate 500 data sets from models under each scenario described below with sample

size between 102 and 104 and then report the mean squared errors of the three estimators

with respect to different quantiles. For each scenario the data are generated as

yi = θ∗i + ϵi, and θ∗i = f0(xi), i = 1, ..., n,

where θ∗i comes from some underlying functions f0, and the errors {ϵi}ni=1 are independent

with ϵi ∼ Fi for some distributions Fi, where we select from Gaussian, Cauchy, and t-

distributions.

Scenario 1

We generate xi uniformly from [0, 1]2, and define f0 : [0, 1]
2 → {0, 1} by

f0(x) =


1 if 5

4
xi1 +

3
4
xi2 > 1,

0 otherwise.

Scenario 2

In this case, we generate X ∈ R2 according to the probability density function

p(x) =
1

5
1{[0,1]2\[0.4,0.6]2}(x) +

16

25
1{[0.45,0.55]2}(x)

+
4

25
1{[0.4,0.6]2\[0.45,0.55]2}(x).

The function f0 : [0, 1]2 → R is defined as

f0(x) = 1{∥x− 1
2
(1,1)⊤∥22≤

2
1000

}(x).

Scenario 3

Again, xi are from uniform [0, 1]2. The smooth function f0 : [0, 1]2 → R is defined as

f0(xi) = 0.4x2
i1 + 0.6x2

i2.

Scenario 4

The function f0 : [0, 1]d → R is defined as

f0(x) =


1 if ∥x− 1

4
1d∥2 < ∥x− 3

4
1d∥2,

−1 otherwise,
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and the density p is uniform in [0, 1]d. The errors are chosen as (x⊤β)ϵ, where β = (1
d
, ..., 1

d
)⊤.

Here we simulate with d = 5.

The scenarios above have been chosen to illustrate the local adaptivity of our proposed ap-

proach to discontinuities of the quantile function. Scenario 1 consists of a piecewise constant

median function. Scenario 2 is borrowed from [PSC20] and also has a piecewise constant me-

dian. However, the covariates in Scenario 2 are not uniformly drawn and are actually highly

concentrated in a small region of the domain. Scenario 3 is a smooth function, and Scenario

4 is taken from [PSC20]. In the latter we also have a piecewise constant quantiles, but the

boundaries of the different pieces are not axis aligned, and the errors are heteroscedastic.

Figure 2.1 displays the true function and the estimates from both quantile K-NN fused

lasso and quantile random forest under Scenarios 1, 2 and 3. Clearly, quantile K-NN fused

lasso provides more reasonable estimation in all cases. Quantile random forest estimates are

more noisy and the performance is even poorer under Cauchy errors.

The results presented in Table 2.1 indicate that overall, quantileK-NN fused lasso outper-

forms the competitors in most scenario. As expected, for estimating functions with Gaussian

errors like Scenario 1, regular K-NN fused lasso is the best method. For Scenarios 2 and 3,

when estimating the conditional median of piecewise continuous or continuous functions with

heavy-tail errors (such as Cauchy and t-distributions), quantile K-NN fused lasso achieve

the smallest mean square errors over the other two methods.

We also compare the performance of linear programming the two algorithms discussed

in Section 2.3, with simulated data from Scenario 3. We obtain almost identical estimators

from the three algorithms under the same choice of λ. Regarding computational time,

we record the averaged time consumed over 100 simulations for each algorithm. Figure

2.2 demonstrates that majorize-minimize (MM) is the most efficient one among the three

algorithms, and linear programming (LP) can be very expensive in operational time for

large-size problems.
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Figure 2.1: Comparison among observations and estimates from Scenario 1 with Gaussian

errors (the first row), Scenario 1 with Cauchy errors (the second row), Scenario 2 (the third

row), and Scenario 3 (the fourth row). Left column: the function f0 evaluated at the observed

xi for i = 1, . . . , n, with n = 10000. The horizontal and vertical axis of each panel correspond

to the coordinates of xi. Middle column: the corresponding estimate of f0 obtained via

quantile K-NN fused lasso. Right column: the estimate of f0 obtained via quantile random

forest.
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n Scenario ϵ τ QKNN QRF KNN

100 1 N(0,1) 0.5 0.2364 (0.0628) 0.2242 (0.0467) 0.1507 (0.0365)

1000 1 N(0,1) 0.5 0.1225 (0.0117) 0.1569 (0.0116) 0.0872 (0.0239)

5000 1 N(0,1) 0.5 0.0983 (0.0024) 0.1348 (0.0047) 0.0540 (0.0022)

10000 1 N(0,1) 0.5 0.0370 (0.0019) 0.1279 (0.0028) 0.0292 (0.0010)

100 1 Cauchy(0,1) 0.5 0.1776 (0.0746) 3059.63 (54248) 35.4988 (124.19)

1000 1 Cauchy(0,1) 0.5 0.1440 (0.0817) 26640.10 (179298) 2816.1 (7691.6)

5000 1 Cauchy(0,1) 0.5 0.1326 (0.0740) 34038.86 (196566) 4628.8 (7989.0)

10000 1 Cauchy(0,1) 0.5 0.0962 (0.0642) 57748.95 (200327) 4799.0 (7249.6)

100 2 t3 0.5 0.1838 (0.0467) 0.5591 (0.3569) 0.2374 (0.0595)

1000 2 t3 0.5 0.0780 (0.0135) 0.3935 (0.0875) 0.1428 (0.0536)

5000 2 t3 0.5 0.0364 (0.0050) 0.3479 (0.0477) 0.0622 (0.0165)

10000 2 t3 0.5 0.0265 (0.0024) 0.3311 (0.0457) 0.0542 (0.0097)

100 3 t2 0.5 0.0470 (0.0253) 1.6723 (4.8880) 0.1545 (0.4188)

1000 3 t2 0.5 0.0174 (0.0050) 1.5363 (2.9381) 0.0510 (0.0230)

5000 3 t2 0.5 0.0075 (0.0015) 1.4207 (2.1827) 0.0414 (0.0106)

10000 3 t2 0.5 0.0059 (0.0019) 1.2910 (1.1924) 0.0409 (0.0102)

100 4 t3 0.9 0.7413 (0.2180) 0.6948 (0.5340) *

1000 4 t3 0.9 0.3568 (0.1192) 0.5374 (0.2656) *

5000 4 t3 0.9 0.2889 (0.0683) 0.4420 (0.0422) *

10000 4 t3 0.9 0.2409 (0.0173) 0.4344 (0.0548) *

100 4 t3 0.1 1.1563 (0.3923) 0.8877 (0.6858) *

1000 4 t3 0.1 0.4160 (0.1542) 0.6224 (0.2667) *

5000 4 t3 0.1 0.3074 (0.0503) 0.4897 (0.0644) *

10000 4 t3 0.1 0.2597 (0.0301) 0.4536 (0.0494) *

Table 2.1: Mean squared error 1
n

∑n
i=1(θ̂i−θ∗i )

2, averaging over 500 Monte Carlo simulations

for the different methods, sample sizes, errors, quantiles considered. The numbers in paren-

theses indicate the standard Monte Carlo errors over the replications.
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Figure 2.2: A log-scaled plot of time per simulation of LP, ADMM and MM algorithm against

problem size n (15 values from 102 up to 104). For each algorithm, the time to compute the

estimate for one simulated data is averaged over 100 Monte Carlo simulations.

2.5.2 Real Data

2.5.2.1 California Housing Data

In this section, we conduct an experiment of predicting house value in California based on

median income and average occupancy, similar to the experiment in [PSW16]. The data set,

consisting of 20,640 measurements, was originally used in [PB97], and is publicly available

from the Carnegie Mellon StatLib data repository (http://lib.stat.cmu.edu).

We perform 100 train-test random splits the data, with training sizes 1000, 5000, and

10000. For each split, the data not in the training set is treated as testing data. For median

estimation, we compare averaged mean squared prediction errors of the test sets (after taking

the log of housing price) from quantileK-NN fused lasso and quantile random forest; besides,

we construct 90% and 95% prediction intervals from both methods and report the proportion

of true observations in the test set that fall in the intervals. Both evaluations are averaged

over 100 repetitions for each method. The tuning parameter λ for quantile K-NN fused lasso
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Figure 2.3: Comparison between predictions from two methods for California housing data,

with respect to τ = 0.1, 0.5, 0.9. The plot at the top presents the true testing data value,

and the color scale is the same among all plots.
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is chosen based on the BIC criteria for each training and the parameters for quantile random

forest are selected as default.

From the results in Table 2.2, quantile K-NN fused lasso has better performance than

quantile random forest in all cases. The result agrees with the nature of piecewise continuity

in housing price, that guarantee the advantage of our proposed method over the competitor.

When we illustrate the predicted values on a test set from a experiment with training size

of 10,000 visually in Figure 2.3, we also observe a piecewise continuous structure in quantile

K-NN fused lasso estimates, while estimates from quantile random forest contain more noise,

especially for lower and higher quantiles.

Training Size τ QKNN QRF

1000 0.5 0.1553 (0.0032) 0.1679 (0.0026)

5000 0.5 0.1485 (0.0016) 0.1646 (0.0016)

10000 0.5 0.1479 (0.0017) 0.1623 (0.0019)

Training Size τ QKNN QRF

1000 0.9 0.8405 (0.0141) 0.8315 (0.0086)

5000 0.9 0.8569 (0.0076) 0.8334 (0.0040)

10000 0.9 0.8585 (0.0061) 0.8337 (0.0041)

1000 0.95 0.9163 (0.0127) 0.8887 (0.0084)

5000 0.95 0.9216 (0.0099) 0.8891 (0.0040)

10000 0.95 0.9274 (0.0097) 0.8902 (0.0042)

Table 2.2: Average test set prediction error (across the 100 test sets) on California housing

data. For median, we report the mean squared errors; for other quantiles (τ ∈ {0.9, 0.95}), we

report the averaged proportion of the true data located in the predicted confidence interval.

Standard Monte Carlo errors are recorded in parentheses. The number of nearest neighbors,

K is chosen as 5 for quantile K-NN fused lasso.
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Finally, it is clear from Table 2.2 that both quantile K-NN fused lasso and quantile

random forest have coverage probabilities are noticeably lower than the true nominal level.

Since the results in Table 2.2 correspond to a real data set, training on a subset and predicting

on a different subset of the data, we are not aware of how to improve the coverage for both

of the competing methods.

2.5.2.2 Chicago Crime Data

We apply quantile K-NN fused lasso and quantile random forest to a dataset of publicly-

available crime report counts in Chicago, Illinois in 2015. We preprocess the dataset in the

same way as [TTS18] by merging all observations into a fine-grained 100 × 100 grid based

on latitude and longitude, taking the log of the total counts in each cell, and omitting all

cells with zero count. Data points with zero observed crimes were excluded from the dataset,

as it was unclear whether they reflected an actual absence of crime or a location outside the

jurisdiction of the local police department. The resulting preprocessed data contains a total

number of 3756 data points along the grid. Similar to the experiment on California housing

data, we perform a train-test split with training size 500, 1000, 1500, and 2000, and model

on the median counts according to the position on the X and Y axes of the grid. We then

predict the value on test set and report the averaged square errors over 100 test sets. The

parameters for both methods are selected in the same way as in the previous experiment.

From the results of Table 2.3, we see that quantile K-NN fused lasso still outperforms

quantile random forest in MSE if the training size is at least 1500. We notice that for small

sample size, our method suffers. This is presumably due to the fact that the raw data is

not smooth enough. Yet, Figure 2.4 shows that quantile K-NN fused lasso capture local

patterns more successfully than quantile random forest in most regions.
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Training Size τ QKNN QRF

500 0.5 1.2161 (0.0441) 1.1441 (0.0479)

1000 0.5 1.0151 (0.0374) 0.9836 (0.0417)

1500 0.5 0.9138 (0.0343) 0.8959 (0.0380)

2000 0.5 0.8476 (0.0409) 0.8383 (0.0417)

Table 2.3: Average test set prediction errors (across the 100 test sets) with standard errors

on Chicago Crime data.

Figure 2.4: Left : one test data from Chicago Crime Data, under training size 1500. Middle:

the estimate obtained via quantile K-NN fused lasso. Right : the estimate obtained via

quantile random forest.

2.6 Conclusion

In this chapter we have proposed and studied a method for estimating quantile functions

that are piecewise constant. Such classes of functions naturally arise in real-life data. Esti-

mating signals accurately with such structure is an important but challenging research topic

that arises in many practical contexts. However, there is a lack of existing literature on ro-

bust estimation of piecewise constant or piecewise Lipschitz signals in multivariate settings.

Motivated by this, we have proposed the quantile K-NN fused lasso estimator.

Our numerical experiments on different real-life and simulated examples lay out empirical
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evidence of the superior robustness and local adaptivity of our estimator over other state-

of-the-art methods. We have presented two algorithms to efficiently compute the solutions

to the corresponding optimization problem behind our method. Our theoretical analysis

extends previous work on K-NN fused lasso [PSC20] and quantile trend filtering [PC22].

Specifically, we have shown that the quantile K-NN fused lasso estimator achieves an op-

timal convergence rate of n−1/d for estimating a d-dimensional piecewise Lipschitz quantile

function. This result is guaranteed under mild assumptions on data, and thus our estimator

can be applied to more general models rather than only those with sub-Gaussian errors.

2.7 Appendix

2.7.1 Closed-form Solution to the Primal in ADMM Algorithm

In Section 2.3.1, we introduce an ADMM algorithm to compute quantile K-NN estimates.

The algorithm requires to solve the primal problem (2.13)

θ ← argmin
θ∈Rn

{
n∑

i=1

ρτ (yi − θi) +
R

2
∥θ − z + u∥2

}
.

We can solve the problem coordinate-wisely: for i = 1, ..., n, we find the minimizer

θi ← argmin
θi∈R

{
ρτ (yi − θi) +

R

2
(θi − zi + ui)

2

}
.

By definition,

ρτ (yi − θi) =


τ(yi − θi) if yi − θi > 0,

(τ − 1)(yi − θi) if yi − θi < 0,

0 if yi − θi = 0.

We discuss the three cases separately.

(1) When yi − θi > 0, θi ← argmin
{
τ(yi − θi) +

R
2
(θi − zi + ui)

2
}
. Take the derivative and

set to 0 to obtain θi = zi−ui+τ/R. The condition yi−θi > 0 then becomes yi−zi+ui > τ/R.
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(2) When yi−θi < 0, θi ← argmin
{
(τ − 1)(yi − θi) +

R
2
(θi − zi + ui)

2
}
. Take the derivative

and set to 0 to obtain θi = zi − ui + (τ − 1)/R. The condition yi − θi < 0 then becomes

yi − zi + ui < (τ − 1)/R.

(3) When yi − θi = 0, it is simple to get θi = yi.

To summarize, the closed-form solution to the primal (2.13) is

θi =


zi − ui +

τ
R

if yi − zi + ui >
τ
R
,

zi − ui +
τ−1
R

if yi − zi + ui <
τ−1
R

,

yi otherwise;

for i = 1, ..., n.

2.7.2 Sensitivity of Initialization in the ADMM Algorithm

In this section, we examine how the convergence of Algorithm 1 is sensitive to different ini-

tials. Recall that Algorithm 1 requires an initialization of θ(0), z(0) and u(0). A practical way

to choose these initials is to set θ(0) = z(0) = y, u(0) = 0, where y is the input data, as defined

in Algorithm 1. Here, we try three other initializations to assess the sensitivity to the initials:

(1) The setup in Algorithm 1: θ(0) = z(0) = y, u(0) = 0.

(2) We add perturbations to the first setup: θ(0) = y + v1, z
(0) = y + v2, u

(0) = v3, where

v1, v2, v3
ind∼ N(0, In).

(3) Random initialization: θ(0) = w1, z
(0) = w2, u

(0) = w3, where w1, w2, w3
ind∼ N(0, In).

(4) Random initialization with a large multiplication factor: θ(0) = 50s1, z
(0) = 50s2, u

(0) =

50s3, where s1, s2, s3
ind∼ N(0, In).
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We use the data generation mechanism in Scenario 2 from the main content, and errors

are independently drawn from a t-distribution with 3 degrees of freedom. The regularization

parameter λ is set to be fixed as 0.5. We replicate the simulation 500 times with a sample

size n = 10000. Note that the input data and perturbations are generated independently in

every replication. For each initialization setup, we record the averaged value of the objective

function
∑n

i=1 ρτ (yi − θi) + λ∥∇Gθ∥1 after each iteration and the number of iterations to

converge when we set κ = 0.01 in Step 3 of Algorithm 1.

Figure 2.5: Averaged value of objective function (over 500 replications) after each iteration

step for different initializations.

From Figure 5, we observe that the value of the objective function converges very fast

to the optimal minimum within only tens of iterations, regardless of the random initializa-

tion that is used. If we look at the number of iterations shown in Table 4, the first three

initializations have relatively the same convergence speed. If there exists a large deviation

between the initial value and the true signal like in the last setup, the ADMM algorithm

takes slightly longer time to converge. Overall, the ADMM algorithm is insensitive to ran-
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dom initialization and fast convergence is observed in practice.

Initialization Averaged number of iterations to converge

(1) 11

(2) 11.13

(3) 11

(4) 26.65

Table 2.4: Number of iterations to converge under different initializations, averaging over

500 Monte Carlo simulations.

2.7.3 General Lemmas

The following lemmas hold by conditioning on {xi}ni=1.

Definition 2.7.1 The function ∆2 is defined as

∆2(δ) :=
n∑

i=1

min{|δi|, δ2i },

where δi ∈ Rn. We also write ∆(δ) = {∆2(δ)}1/2.

Definition 2.7.2 A random variable X is said to be 1-sub-Gaussian if it satisfies the mo-

ment condition:

E[etX ] ≤ et
2/2, ∀t ∈ R.

Definition 2.7.3 For a set S ⊂ Rn, the sub-Gaussian width of S is defined as

SGW (S) = E

(
sup
v∈S

n∑
i=1

sivi

)
,

where s1, ..., sn are independent, zero-centered 1-subgaussian random variables.
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The notation of sub-Gaussian width is not used very often in literature compared to a similar

definition of Gaussian width,

GW (S) = E

(
sup
v∈S

n∑
i=1

zivi

)
,

where z1, ..., zn are independent standard normal random variables. In fact, the sub-Gaussian

width shares many common properties with the Gaussian width. In the following lemmas, we

upper bound the sub-Gaussian width by a constant times the Gaussian width using generic

chaining.

Lemma 2.7.4 Let (Yv)v∈T and (Xv)v∈T be two processes indexed by the set T , defined as

Yv = v⊤s, Xv = v⊤z,

where s = (s1, . . . , sn) consists of independent, zero-centered, 1-sub-Gaussian random vari-

ables, and z = (z1, . . . , zn) consists of independent standard normal random variables. Then

we have that

E
(
sup
u,v∈S

|Yu − Yv|
)
≤ L · E

(
sup
v∈S

Xv

)
,

where L > 0 is a universal constant.

Proof. See the proof of Theorem 2.1.5 in [Tal05].

Lemma 2.7.5 For a set S ⊂ Rn, following the definitions above, we have that

SGW (S) ≤ L ·GW (S),

where L > 0 is the constant from Lemma 2.7.4.

Proof. We define two processes Yv = v⊤s and Xv = v⊤z, where s = (s1, . . . , sn) consists of

independent, zero-centered, 1-sub-Gaussian random variables, and z = (z1, . . . , zn) consists

of independent standard normal random variables. By symmetry and independence, we have

that

sup
u,v∈S

|Yu − Yv| = sup
u,v∈S

(Yu − Yv) = sup
u∈S

Yu + sup
v∈S

(−Yv).
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For any fixed v0 ∈ S, we have that

E
(
sup
u,v∈S

|Yu − Yv|
)

= E
(
sup
u∈S

Yu

)
+ E

(
sup
v∈S
−Yv

)
≥ E

(
sup
u∈S

Yu

)
+ E(−Yv0)

≥ E
(
sup
u∈S

Yu

)
= SGW (S).

(2.20)

Thus, by Lemma 2.7.4, we obtain

SGW (S) ≤ E
(
sup
u,v∈S

|Yu − Yv|
)
≤ L · E

(
sup
v∈S

Xv

)
= L ·GW (S),

for some universal constant L > 0. This completes the proof. □

Definition 2.7.6 We define the empirical loss function

M̂(θ) =
n∑

i=1

M̂i(θi),

where

M̂i(θi) = ρτ (yi − θi)− ρτ (yi − θ∗i ).

Setting Mi(θi) = E(ρτ (yi − θi)− ρτ (yi − θ∗i )), the population version of M̂ becomes

M(θ) =
n∑

i=1

Mi(θi).

Now, we consider the M -estimator

θ̂ = argmin
θ∈Rn

M̂(θ)

subject to θ ∈ S,

(2.21)

and θ∗ ∈ argminθ∈Rn M(θ). Throughout, we assume that θ∗ ∈ S ⊂ Rn.

Lemma 2.7.7 With the notation from before,

M(θ̂) ≤ sup
v∈S

{
M(v)− M̂(v)

}
.
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Proof. See the proof of Lemma 10 in [PC22].

Lemma 2.7.8 Suppose that Assumption 2 holds. Then there exists a constant cτ > 0 such

that for all δ ∈ Rn, we have

M(θ + δ) ≥ cτ∆
2(δ).

Proof. See the proof of Lemma 14 in [PC22].

Corollary 2.7.9 Under Assumption 2, if θ∗ ∈ S, we have that

E
{
∆2(θ̂ − θ∗)

}
≤ E

[
sup
v∈S

{
M(v)− M̂(v)

}]
. (2.22)

Next, we proceed to bound the right hand side of (2.22).

Lemma 2.7.10 (Symmetrization) Under Assumption 2, we have that

E
[
sup
v∈S

{
M(v)− M̂(v)

}]
≤ 2E

{
sup
v∈S

n∑
i=1

ξiM̂i(vi)

}
,

where ξ1, ..., ξn are independent Rademacher variables independent of y1, ..., yn.

Proof. See the proof of Lemma 11 in [PC22].

Lemma 2.7.11 (Contraction principle) Under Assumption 2, we have that

E

{
sup
v∈S

n∑
i=1

siM̂i(vi)

}
≤ L ·GW (S − θ∗) = L ·GW (S),

where s1, ..., sn are independent, zero-centered 1-subgaussian random variables independent

of y1, ..., yn, and L is a positive constant.

Proof. Recall that M̂i(vi) = ρτ (yi−vi)−ρτ (yi−θ∗i ). Clearly, these are 1-Lipschitz continuous

functions. Therefore, if we define independent standard normal random variables z1, ..., zn,

we have that

E

{
sup
v∈S

n∑
i=1

siM̂i(vi)

}
≤ L · E

{
sup
v∈S

n∑
i=1

ziM̂i(vi)

}
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= L · E

(
E

{
sup
v∈S

n∑
i=1

ziM̂i(vi)

∣∣∣∣y
})

≤ L · E

(
E

{
sup
v∈S

n∑
i=1

zivi

∣∣∣∣y
})

= L ·

[
E

{
sup
v∈S

n∑
i=1

zi(vi − θ∗)

}
+ E

(
n∑

i=1

ziθ
∗

)]

= L · E

{
sup
v∈S

n∑
i=1

zi(vi − θ∗)

}
,

where the first inequality follows from Lemma 2.7.5, and the second inequality follows from

the Gaussian version of Talagrand’s contraction principle, see corallary 3.17 in [LT13] and

7.2.13 in [Ver18]. □

2.7.4 K-NN Embeddings

This section follows from Section D and E in [PSC20] and it originally appeared in the flow-

based proof of Theoremr 4 in [LRH14]. The main idea is to embed a mesh on a K-NN graph

corresponding to the given observations X = (x1, ..., xn) under Assumptions 3-5 so that we

are able to bound the total variation along the grid graph from below. In this way, we can

further derive an upper bound on the loss of the optimization problem (2.8) and (2.10) with

respect to the loss function defined in Definition 2.7.1.

First, we need to construct a valid grid discussed in Definition 17 of [LRH14] with a minor

modification. With high probability, a valid grid graph G satisfies the following: (i) the grid

width is not too small: each cell of the grid contains at least one of the design points; (ii)

the grid width is not too large: points in the same or neighboring cells of the grid are always

connected in the K-NN graph.

Given N ∈ N, a d-dimensional grid graph Glat ∈ [0, 1]d has vertex set Vlat and edge set

Elat. The grid graph has equal side lengths, and the total number of nodes |Vlat| = Nd.

Without loss of generality, we assume that the nodes of the grid correspond to the points

Plat(N) =

{(
i1
N
− 1

2N
, ...,

id
N
− 1

2N

)
: i1, ..., id ∈ {1, ..., N}

}
. (2.23)
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Moreover, for z, z′ ∈ Plat(N), (z, z′) ∈ Elat(N) if and only if ∥z − z′∥2 = 1
N
.

Now, we define I(N) = h−1{Plat(N)} as the mesh in the covariate space X corresponding

to the grid graph Glat(N) ∈ [0, 1]d through the homeomorphism h from Assumption 5. In

general, I(N) performs as a quantifization in the domain X ; see [ALL14] for more details.

We denote the elements in I(N) by u1, ..., uNd , and define a collection of cells {C(x)} ∈ X

for x ∈ I(N) as

C(x) = h−1

({
z ∈ [0, 1]d : h(x) = argmin

x′∈Plat(N)

∥z − x′∥∞

})
. (2.24)

In order to analyze the behavior of the proposed estimator θ̂ through the grid embedding,

we construct two vectors denoted by θI ∈ Rn and θI ∈ RNd
for any signal θ ∈ Rn.

The first vector, θI ∈ Rn incorporates information about the samples X = (x1, ..., xn)

and the cells {C(x)}. The idea is to force covariates xi fallen in the same cell to take the

same signal value after mapping with the homeomorphism. Formally, we define

(θI)i = θj where j = argmin
l=1,...,n

∥h(PI(xi))− h(xl)∥∞, (2.25)

where PI(x) is the point in I(N) such that x ∈ C(PI(x)) and if there exists multiple points

satisfying the condition, we arbitrarily select one.

The second vector, θI ∈ RNd
records coordinates corresponding to the different nodes

of the mesh (centers of cells), and is associated with θI . We first induce a signal in RNd

corresponding to the elements in I(N) as

Ij = {i = 1, ..., n : PI(xi) = uj}, for j = 1, ..., Nd.

If Ij ̸= ∅, then there exists ij ∈ Ij such that (θI)i = θij for all i ∈ Ij; if Ij is empty, we

require θij = 0. We can thus define

θI =
(
θi1 , ..., θiNd

)
.

Note that in the proof of Lemma 11 in [PSC20], the authors showed that under Assumptions

3-5, with probability approaching 1,

max
x∈I(N)

|C(x)| ≤ poly(log n). (2.26)
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We will use this inequality in our proofs later, but we will not make the polynomial function

of log n explicit.

2.7.5 Definition of Piecewise Lipschitz

To make sure Assumption 1 is valid, we require a piecewise Lipschitz condition on the

regression function f0. In this section, we provide the detailed definition of the class of

piecewise Lipschitz functions, followed from Definition 1 in [PSC20]. All notations follow

the same from the main context, besides an extra notation on the boundary of a set A,

denoted by ∂A.

Definition 2.7.12 Let Ωϵ := [0, 1]d\Bϵ(∂[0, 1]
d). We say that a bounded function g :

[0, 1]d → R is piecewise Lipschitz if there exists a set S ⊂ (0, 1)d that has the following

properties:

• The set S has Lebesgue measure zero.

• For some constants CS , ϵ0 > 0, we have that µ(h−1{Bϵ(S) ∩ ([0, 1]d\Ωϵ)}) ≤ CSϵ for

all 0 < ϵ < ϵ0.

• There exists a positive constant L0 such that if z and z′ belong to the same connected

component of Ωϵ\Bϵ(S), then |g(z)− g(z′)| ≤ L0∥z − z′∥2.

Roughly speaking, a bounded function g is piecewise Lipschitz if there exists a small set S

that partitions [0, 1]d in such a way that g is Lipschitz within each connected component of

the partition. Theorem 2.2.1 in [Zie12] implies that if g is piecewise Lipschitz, then g has

bounded variation on any open set within a connected component.
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2.7.6 Theorem 2.4.1

2.7.6.1 Notations

For a matrix D, we denote its kernel by Ker(D) and its Moore–Penrose inverse by D†. We

also write Π as the projection matrix onto Ker(D), and denote Ker(D)⊥ as the orthogonal

complement to the kernel space of D.

Our goal is to upper bound the expectation of M(·) − M̂(·) in the constrained set S

defined by

S =
{
θ ∈ Rn : ∥∇Gθ∥1 ≤ V n1−1/dpoly(log n)

}
, (2.27)

where V = ∥∇Gθ
∗∥1/[n1−1/dpoly(log n)] and V ≥ V ∗. Through the K-NN embedding, we

can instead bound the expected loss in the embedded set defined by

S̃ =
{
θ ∈ Rn : ∥DθI∥1 ≤ V n1−1/dpoly(log n)

}
, (2.28)

where θI follows the definition in Appendix D.

2.7.6.2 Auxiliary lemmas for Proof of Theorem 2.4.1

Lemma 2.7.13 For v ∈ Rn, if ∥∇Gv∥1 ≤ Ṽ , and ∆2(v − θ∗) ≤ t2, then ∥DvI∥1 ≤ Ṽ , and

∆2(vI − θ∗,I) ≤ t2.

Proof. Lemma 4 in [PSC20] obtains the inequality

∥DvI∥1 ≤ ∥∇Gv∥1, ∀v ∈ R.

Hence, the first claim follows.

Next, we observe that for any vector u ∈ Rn,

∆2(uI) =

 Nd∑
j=1

min
{
|uij |, u2

ij

} ≤ ( n∑
i=1

min
{
|ui|, u2

i

})
≤ ∆2(u).

The second claim follows then. □
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Lemma 2.7.13 gives us the fact that

{
v ∈ S : ∆2(v − θ∗) ≤ t2

}
⊆
{
v ∈ S̃ : ∆2(vI − θ∗,I) ≤ t2

}
. (2.29)

Lemma 2.7.14 Under Assumptions 1-5, we have that

E

[
sup

v∈S̃:∆2(vI−θ∗,I)≤t2

n∑
i=1

ξi(vi − θ∗i )

]
≤ poly(log n)E

 sup
v∈S̃:∆2(vI−θ∗,I)≤t2

Nd∑
j=1

ξ̃j(v
I
j − θ∗,Ij )


+2V n1−1/dpoly(log n),

where ξ̃ ∈ RNd
is a mean zero 1-subgaussian vector whose coordinates are independent.

Proof. We notice that

ξ⊤(v − θ∗) = ξ⊤(v − vI) + ξ⊤(vI − θ∗I ) + ξ⊤(θ∗I − θ∗)

≤ 2∥ξ∥∞ (∥∇Gv∥1 + ∥∇Gθ
∗∥1) + ξ⊤(vI − θ∗I ),

where the second inequality holds by Lemma 4 in [PSC20]. Moreover,

ξ⊤(vI − θ∗I ) =
Nd∑
j=1

∑
l∈Ij

ξl(vij − θ∗ij) =

{
max
u∈I
|C(u)|

}1/2

ξ̃⊤(vI − θ∗,I)

where

ξ̃j =

{
max
u∈I
|C(u)|

}−1/2∑
l∈Ij

ξl.

Clearly, the ξ̃1, ..., ξ̃Nd are independent and also zero-centered 1-subgaussian as the original

Rademacher random variables ξ1, ..., ξn. Then, following from (2.26), we have

ξ⊤(vI − θ∗I ) ≤ poly(log n)ξ̃⊤(vI − θ∗,I).

Hence, the desired inequality holds. □

Lemma 2.7.15 Let δ ∈ RNd
with ∆2(δ) ≤ t2. Then

∥Πδ∥∞ ≤
t2

Nd
+

t√
Nd

.
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Proof. Notice that Ker(D) = span(1Nd), then Πδ = δ⊤v · v, where v = 1√
Nd

1Nd . Hence

∥Πδ∥∞ = ∥δ⊤v · v∥∞ ≤ |δ⊤v| · ∥v∥∞ =
|δ⊤v|√
Nd

. (2.30)

Now, we have that

|δ⊤v| ≤
Nd∑
i=1

|δi||vi|

=
Nd∑
i=1

|δi||vi|1{|δi|>1} +
Nd∑
i=1

|δi||vi|1{|δi|≤1}

≤ ∥v∥∞
Nd∑
i=1

|δi|1{|δi|>1} + ∥v∥

 Nd∑
i=1

δ2i 1{|δi|≤1}

1/2

≤ t2√
Nd

+ t, (2.31)

where the first inequality follows from the triangle inequality, the second from Hölder’s and

Cauchy Schwarz inequalities. The claim follows combining (2.30) with (2.31). □

Lemma 2.7.16 Under Assumptions 1-5, for N ≍ n1/d and some positive constant Cd, we

have that

GW
({

δ : δ ∈ S̃,∆2(δ) ≤ t2
})
≤ Cd

(
t2√
n
+ t+ V n1−1/dpoly(log n)

)
.

Proof. Recall that the projection on Ker(D)⊥, D†D = I − Π, which yields

ξ̃⊤δ = ξ̃⊤Πδ + ξ̃⊤D†Dδ.

Then we have

E

[
sup

δ∈S̃:∆2(δ)≤t2
ξ̃⊤δ

]
≤ E

[
sup

δ∈S̃:∆2(δ)≤t2
ξ̃⊤Πδ

]
+ E

[
sup

δ∈S̃:∆2(δ)≤t2
ξ̃⊤D†Dδ

]
=: T1 + T2.

(2.32)

We first bound T1. Notice that Π is idempotent, i.e., Π2 = Π, thus

ξ̃⊤Πδ = ξ̃⊤ΠΠδ
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≤ ∥ξ̃⊤Π∥1∥Πδ∥∞

=

∣∣∣∣ Nd∑
j=1

ξ̃j

∣∣∣∣ · ∥Πδ∥∞
=

∣∣∣∣ Nd∑
j=1

ξ̃j
Nd/2

∣∣∣∣ ·Nd/2∥Πδ∥∞ (2.33)

where the inequality follow from Hölder’s inequality, and v = 1√
Nd

1Nd . Then, from Lemma

2.7.15,

T1 ≤ E

∣∣∣∣ Nd∑
j=1

ξ̃j
Nd/2

∣∣∣∣
( t2√

Nd
+ t

)
≤ Cd

(
t2√
n
+ t

)
(2.34)

for some positive constant Cd.

Next, we bound T2. Notice that, by Hölder’s inequality and the definition of S̃ in (2.28),

it follows that

T2 ≤ E

[
sup

δ∈S̃:∆2(δ)≤t2
∥ξ̃⊤D†∥∞∥Dδ∥1

]
≤ V n1−1/dpoly(log n)E

[
∥ξ̃⊤D†∥∞

]
,

(2.35)

and thus we only need to bound E
[
∥ξ̃⊤D†∥∞

]
. From Section 3 in [HR16], we write D† =

[s1, ..., sm], and maxj=1,...,m ∥sj∥2 is bounded above by bounded by (log n)1/2 for d = 2 or by

a constant for d > 2. Then,

E
[
∥ξ̃⊤D†∥∞

]
= E

[
max

j=1,...,m
|s⊤j ξ̃|

]
= E

[
max

j=1,...,m
|s̃⊤j ξ̃|

]
max

j=1,...,m
∥sj∥2,

(2.36)

where

s̃j =
sj

maxj=1,...,m ∥sj∥2
.

Moreover, s̃⊤j ξ̃ is also zero-centered sub-Gaussian but with parameter at most 1. Combining

(2.35) with (2.36), we obtain that

T2 ≤ CdV n1−1/dpoly(log n),
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for some positive constant Cd. The conclusion follows then since standard normal random

variables are 1-subgaussian. □

Theorem 2.7.17 Suppose that

L ·GW
(
{δ ∈ S̃ : ∆2(δI) ≤ η2}

)
≤ κ(η),

for a function κ : R→ R. Then for all η > 0, we have that

P
(
∆2(δ̂) > η2

)
≤ Lpoly(log n)κ(η)

cτη2
+

V n1−1/dpoly(log n)

cτη2
,

where L is the constant from Lemma 2.7.4 and cτ is the constant from Lemma 2.7.8. Fur-

thermore, if {rn} is a sequence such that

lim
t→∞

sup
n

[
Lpoly(log n)κ(trnn

1/2)

t2r2nn
+

V n1−1/dpoly(log n)

t2r2nn

]
→ 0,

then
1

n
∆2(θ̂ − θ∗) = OP(r

2
n).

Proof. Let δ̂ = θ̂ − θ∗ and suppose that

1

n
δ̂2 >

η2

n
. (2.37)

Next, let q2 = ∆2(δ̂). Then define g : [0, 1]→ R as g(t) = ∆2(tδ̂). Clearly, g is a continuous

function with g(0) = 0 and g(1) = q2. Therefore, there exists tδ̂ such that g(tδ̂) = η2. Hence,

letting δ̃ = tδ̂ we observe that by the basic inequality M̂(θ∗ + δ̃) ≤ 0, δ ∈ S by convexity of

S, and ∆2(δ̃) = η2 by construction. This implies, along with Lemma 2.7.8, that

sup
v∈S:∆2(v−θ∗)≤η2

M(v)− M̂(v) ≥M(θ∗ + δ̃)− M̂(θ∗ + δ̃) ≥M(θ∗ + δ̃) ≥ cτη
2.

Therefore, we have that

P
{
∆2(δ̂) > η2

}
≤ P

{
sup

v∈S:∆2(v−θ∗)≤η2
M(v)− M̂(v) ≥ cτη

2

}

≤ 1

cτη2
E

{
sup

v∈S:∆2(v−θ∗)≤η2
M(v)− M̂(v)

}
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≤ 1

cτη2
E

{
sup

v∈S̃:∆2(v−θ∗)≤η2
M(v)− M̂(v)

}

≤ Lpoly(log n)

cτη2
GW

(
{δ ∈ S̃ : ∆2(δI) ≤ η2}

)
+

V n1−1/dpoly(log n)

cτη2

≤ Lpoly(log n)κ(η)

cτη2
+

V n1−1/dpoly(log n)

cτη2
,

where the second inequality follows from Markov’s inequality, the third inequality from

(2.29), the fourth inequality by combining Corollary 2.7.9, Lemmas 2.7.10, 2.7.11 and 2.7.14,

and the last from Lemma 2.7.16. This completes the proof. □

2.7.6.3 Proof of Theorem 2.4.1

Proof. The claim follows immediately from Lemmas 2.7.14 and 2.7.16 and Theorem 2.7.17

by setting

rn ≍ n−1/2dpoly(log n).

□

2.7.7 Theorem 2.4.2

2.7.7.1 Auxiliary lemmas for Proof of Theorem 2.4.2

Throughout, we assume that Assumptions 1-5 hold, and all notations follow the same as in

the proof of Theorem 1.

Lemma 2.7.18 Let ϵ ∈ (0, 1), then there exists a choice

λ =


Θ {log n} for d = 2,

Θ
{
(log n)1/2

}
for d > 2,

such that for a constant C0 > 0, we have that, with probability at least 1− ϵ/4,

κ(θ̂ − θ∗) ∈ A,
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with

A :=

{
δ : ∥∇Gδ∥1 ≤ C0

(
∥∇Gθ

∗∥1 +
R1

R2

[
∆2(δ)

n1/2
+∆(δ)

])}
for all κ ∈ [0, 1], where

R1 = Cd log
{n
ϵ

}1/2

,

R2 =


Cd(log n)

1/2
[
log
{

ckn
ϵ

}]1/2
for d = 2,

Cd

[
log
{

ckn
ϵ

}]1/2
for d > 2,

and C0, Cd are positive constants.

Proof. Pick κ ∈ [0, 1] fixed, and let δ̃ = κ(θ̂ − θ∗). Then by the optimality of θ̂ and the

convexity of (2.8), we have that

n∑
i=1

ρτ (yi − θ̃i) + λ∥∇Gθ̃∥1 ≤
n∑

i=1

ρτ (yi − θ∗i ) + λ∥∇Gθ
∗∥1,

where θ̃ = θ∗ + δ̃. Then as in the proof of Lemma 3 from [BC11],

0 ≤ λ
[
∥∇Gθ

∗∥1 − ∥∇Gθ̃∥1
]
+ (θ̃ − θ∗)⊤a∗, (2.38)

where a∗i = τ − 1{yi ≤ θ∗i } for i = 1, ..., n.

Next, we bound the second term of the right hand of (2.38). From Lemma 2.7.14, we

know it is sufficient to bound

ã⊤(θ̃I − θ∗,I),

where

ãj =

{
max
u∈I
|C(u)|

}−1/2∑
l∈Ij

a∗l .

Now,

ã⊤(θ̃I − θ∗,I) = ã⊤Π(θ̃I − θ∗,I) + ã⊤D†D(θ̃I − θ∗,I)

=: A1 + A2

(2.39)

From Lemmas 2.7.13, 2.7.15 and (2.33), we obtain

A1 ≤ ∥ã∥∞

(
∆2(θ̃I − θ∗,I)

n1/2
+∆(θ̃I − θ∗,I)

)
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≤ ∥ã∥∞

(
∆2(θ̃ − θ∗)

n1/2
+∆(θ̃ − θ∗)

)
(2.40)

To bound A2, we use the result of Lemma 2.7.13 to obtain

A2 ≤ ∥(D†)⊤ã∥∞
[
∥Dθ̃I∥1 + ∥Dθ∗,I∥1

]
≤ ∥(D†)⊤ã∥∞

[
∥∇Gθ̃∥1 + ∥∇Gθ

∗∥1
] (2.41)

Since a∗ is bounded and is thus sub-Gaussian, ã is also sub-Gaussian. As in the proof of

Theorem 2 from [HR16], we have that the following two inequalities hold simultaneously on

an event of probability at least 1− 2ϵ,

∥ã∥∞ ≤ R1 := Cd log
{n
ϵ

}1/2

, ∥(D†)⊤ã∥∞ ≤ R2 :=


Cd(log n)

1/2
[
log
{

ckn
ϵ

}]1/2
for d = 2,

Cd

[
log
{

ckn
ϵ

}]1/2
for d > 2,

for some constant ck.

Then, with probability at least 1− 2ϵ, By choosing λ = 2R2, we obtain

κ(θ̂ − θ∗) ∈ A :=

{
δ : ∥∇Gδ∥1 ≤ C0

(
∥∇Gθ

∗∥1 +
R1

R2

[
∆2(δ)

n1/2
+∆(δ)

])}
,

for some positive constant C0. □

2.7.7.2 Proof of Theorem 2.4.2

Proof. Let ϵ ∈ (0, 1). By Lemma 2.7.18 we can suppose that the following event

Ω =
{
κ(θ̂ − θ∗) ∈ A, ∀κ ∈ [0, 1]

}
(2.42)

happen with probability at least 1− ϵ/2 with A as in Lemma 2.7.18. Then,

P
{
∆2(δ̂) > η2

}
≤ P

[{
∆2(δ̂) > η2

}
∩ Ω

]
+

ϵ

2
.

Now suppose that the event {
∆2(δ̂) > η2

}
∩ Ω
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holds. As in the proof of Theorem 2.7.17, there exists δ̃ = tδ̂ δ̂ with tδ̂ ∈ [0, 1] such that

δ̃ ∈ A, ∆2(δ̃) = η2. Hence, by the basic inequality,

M̂(θ∗ + δ̃) + λ
[
∥∇G(θ

∗ + δ̃)∥1 − ∥∇Gθ
∗∥1
]
≤ 0.

Then,

sup
δ∈A,∆2(δ)≤η2

[
M(θ∗ + δ)− M̂(θ∗ + δ) + λ

{
∥∇Gθ

∗∥1 − ∥∇G(θ
∗ + δ̃)∥1

}]
≥M(θ∗ + δ)

≥ cτη
2,

where the second inequality follows from Lemma 2.7.8. Therefore,

P
[{

∆2(δ̂) > η2
}
∩ Ω

]
≤ P

({
sup

δ∈A,∆2(δ)≤η2

[
M(θ∗ + δ)− M̂(θ∗ + δ)

+ λ
{
∥∇Gθ

∗∥1 − ∥∇G(θ
∗ + δ)∥1

}]
≥ cτη

2

}
∩ Ω

)

≤ 1

cτη2
E

(
1Ω sup

δ∈A,∆2(δ)≤η2

[
M(θ∗ + δ)− M̂(θ∗ + δ)

+ λ
{
∥∇Gθ

∗∥1 − ∥∇G(θ
∗ + δ)∥1

}])

≤ 1

cτη2
E

(
1Ω sup

δ∈A,∆2(δ)≤η2

[
M(θ∗ + δ)− M̂(θ∗ + δ)

])

+
λ

cτη2
E

(
1Ω sup

δ∈A,∆2(δ)≤η2
[∥∇Gθ

∗∥1 − ∥∇G(θ
∗ + δ)∥1]

)

≤ 1

cτη2
E

(
1Ω sup

δ∈A,∆2(δ)≤η2

[
M(θ∗ + δ)− M̂(θ∗ + δ)

])

+
λ

cτη2
E

(
1Ω sup

δ∈A,∆2(δ)≤η2
∥∇Gδ∥1

)
,

(2.43)

where the second inequality follows from Markov’s inequality, and the last from the triangle

inequality.

Next, define

H(η) = {δ ∈ A : ∆(δ) ≤ η}.
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Hence, if δ ∈ H(η) and Ω holds, then

∥∇Gδ∥1 ≤ C0

(
∥∇Gθ

∗∥1 +
R1

R2

[
∆2(δ)

n1/2
+∆(δ)

])
(2.44)

where the inequality follow from the definition of H(η) and Lemma 2.7.18.

We now define

L(η) =
{
δ : ∥∇Gδ∥1 ≤ C0

{
∥∇Gθ

∗∥1 +
R1

R2

[
∆2(δ)

n1/2
+∆(δ)

]}
,∆(δ) ≤ η

}
,

L̃(η) =
{
δ : ∥DδI∥1 ≤ C0

{
∥∇Gθ

∗∥1 +
R1

R2

[
∆2(δ)

n1/2
+∆(δ)

]}
,∆(δI) ≤ η

}
.

Then

P
[{

∆2(δ̂) > η2
}
∩ Ω

]
≤ 1

cτη2
E

(
sup

δ∈L(η)

[
M(θ∗ + δ)− M̂(θ∗ + δ)

])
+

λ

cτη2
sup

δ∈L(η)
∥∇Gδ∥1

≤ 2poly(log n)

cτη2
E

 sup
δ∈L̃(η)

Nd∑
i=1

ξ̃iδ
I
i

+
2C0

[
V ∗n1−1/dpoly(log n) + R1

R2

(
η2

n1/2 + η
)]

cτη2

+
λ

cτη2
sup

δ∈L(η)
∥∇Gδ∥1

≤ 2Lpoly(log n)

cτη2
Cd

[
η2

n1/2
+ η + C0V

∗n1−1/dpoly(log n) + C0
R1

R2

(
η2

n1/2
+ η

)]
+

2C0

cτη2

[
V ∗n1−1/dpoly(log n) +

R1

R2

(
η2

n1/2
+ η

)]
+

λ

cτη2
C0

[
V ∗n1−1/dpoly(log n) +

R1

R2

(
η2

n1/2
+ η

)]
,

(2.45)

where the second inequality follows with the same argument from Lemmas 2.7.10, 2.7.11,

and 2.7.14, and the last inequality follows from Lemma 2.7.16.

Hence given our choice of λ, by choosing

η = cγn
1
2
(1−1/d)poly(log n)

for some cγ > 1, we conclude that

P
[{

∆2(δ̂) > η2
}
∩ Ω

]
≤ ϵ,

provided that cγ is large enough. □
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CHAPTER 3

2D Score Based Estimation of Heterogeneous

Treatment Effects

3.1 Introduction

The questions that motivate many scientific studies in disciplines such as economics, epi-

demiology, medicine, and political science, are not associational but causal in nature. In

the study of causal inference, many researchers are interested in inferring average treatment

effects, which provide a good sense of whether treatment is likely to deliver more benefit than

the control among a whole community. However, the same treatment may affect different

individuals very differently. Therefore, a substantial amount of works focus on analyzing

heterogeneity in treatment effects, of which the term refers to variation in the effects of

treatment across individuals. This variation may provide theoretical insights, revealing how

the effect of interventions depends on participants’ characteristics or how varying features

of a treatment alters the effect of an intervention.

We follow the potential outcome framework for causal inference [Spl23, Rub74], where

each unit is assigned into either the treatment or the control group. Each unit has an observed

outcome variable with a set of covariates. In randomized experiments and observational

studies, it is desirable to replicate a sample as closely as possible by obtaining subjects

from the treatment and control groups with similar covariate distributions when estimating

causal effects. However, it is almost impossible to match observations exactly the same in

both treatment and control groups in observational studies. To address this problem, it is

usually preferred to define prespecified subgroups under certain conditions and estimate the
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treatment effects varying among subgroups. Accordingly, the conditional average treatment

effect (CATE; [Hah98]) function is designed to capture heterogeneity of a treatment effect

across subpopulations. The function is often conditioned on some component(s) of the

covariates or a single statistic, like propensity score [RR83] and prognostic score [Han08].

Propensity scores are the probabilities of receiving the treatment of interest; prognostic scores

model the potential outcome under a control group assignment. To understand treatment

effect heterogeneity in terms of propensity and prognostic scores, we assume that equal or

similar treatment effects are observed along some intervals of the two scores.

We target at constructing an estimator for treatment effects that conditions on only two

quantities, propensity and prognostic scores, and we assume a piecewise constant structure in

treatment effects. We take a step further from score-based matching algorithms and propose

a data-driven approach that integrates the joint use of propensity and prognostic scores

in a matching algorithm and a partition over the entire population via a non-parametric

regression tree. In the first step, we estimate propensity scores and prognostic scores for

each observed unit in the data. Secondly, we perform a K-nearest-neighbor matching of

units of the treatment and control groups based on the two estimated scores and forth

construct a proxy of individual treatment effects for all units. The last step involves growing

a binary tree regressed on the two estimated scores.

The complementary nature of propensity and prognostic score methods supports that

conditioning on both the propensity and prognostic scores has the potential to reduce bias

and improve the precision of treatment effect estimates, and it is affirmed in the simulation

studies by [LS14] and [ACP18]. We also demonstrate such advantage for our proposed

estimator across almost all scenarios examined in the simulation experiments.

Besides high precision in estimation, our proposed estimator demonstrates its superiority

over state-of-arts methods with a few attractive properties as follows:

• The estimator is computationally efficient. Propensity and prognostic scores can be

easily estimated through simple regression techniques. Our matching algorithm based
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on the two scores largely reduces dimensionality compared to full matching on the

complete covariates. Moreover, growing a single regression tree saves much time over

other tree-based estimation methods, such as BART [HMC20] and random forests

[WA18, ATW19].

• Many previous works in subgroup analysis, such as [APE00] and [ACW18], set strati-

fication on the sample with a fixed number of subgroups before estimating treatment

effects. These approaches require a pre-determination on the number of subgroups

contained in the data, and they inevitably introduce arbitrariness into the causal in-

ference. In comparison, our proposed method simultaneously identifies the underlying

subgroups in observations through binary split according to propensity and prognostic

scores and provides a consequential estimation of treatment effects on each subgroups.

• Although random forests based methods [WA18, ATW19] achieve great performance

in minimizing bias in estimating treatment effects, these ensemble methods are often

referred to as “black boxes”. It is hard to capture the underlying reason why the collec-

tive decision with the high number of operations involved is made in their estimation

process, especially in the case when there are many features considered in the model.

On the contrary, our proposed method provides a straightforward and low-dimensional

summary of treatment effects simply based on two scores that are relatively easy to

estimate. As a result, given the covariates of an observation, one can easily deduce

the positiveness and magnitude of its treatment effect according to its probability of

treatment receipt and potential outcome following the structure of the regression tree

without carrying out feature selection process.

• Instead of relying on a single feature or a subset of features, identifying subgroups

with the joint distribution of all features will be of particular interest to policymakers

seeking to target policies on those most likely to benefit. Therefore, many existing re-

searches focus on subgroup stratification based on a single index that combines baseline

characteristics. For instance, [ACW18] utilizes potential outcomes without treatment
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(prognostic scores) for endogenous stratification, and [KH07] stratifies experimental

subjects based on their predicted probability of certain risks (propensity scores). Our

method can be considered as a natural extension of the two previous works, which al-

lows researchers and policy makers to merge a large number of baseline characteristics

into simply two indices and identify the subgroup who are most in need of help in a

population.

We review relevant literature on matching algorithms and estimation of heterogeneous treat-

ment effects in Section 3.2. In Section 3.3, we provide the theoretical framework and prelim-

inaries for the causal inference model. We propose our method for estimation and prediction

in Section 3.4. Section 3.5 lists the results of numerical experiments on multiple simulated

data sets and two real-world data sets, following with the comparison with state-of-the-

art methods in existing literature and the discussion on policy implications under different

realistic scenarios.

3.2 Relevant Literature

Statistical analysis of causality can be dated back to [Spl23]. Causal inference can be viewed

as an identification problem [Kee15], for which statisticians are dedicated to learn the true

causality behind the data. In reality, however, we do not have enough information to deter-

mine the true value due to a limited number of observations for analysis. This problem is also

summarized as a “missing data” problem [DL18], which stems from the fundamental prob-

lem of causal inference [Hol86], that is, for each unit at most one of the potential outcomes

is observed. Importantly, the causal effect identification problem, especially for estimating

treatment effects, can only be resolved through assumptions. Several key theoretical frame-

works have been proposed over the past decades. The potential outcome framework by

[Rub74], often referred to as the Rubin Causal Model (RCM; [Hol86]), is a common model

of causality in statistics at the moment. [Daw00] develops a decision theoretic approach

to causality that rejects counterfactuals. [Pea95, Pea09] advocate for a model of causality
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based on non-parametric structural equations and path diagrams.

Matching

To tackle the “missing data” problem when estimating treatment effects in randomized

experiments in practice, matching serves as a very powerful tool. The main goal of matching

is to find matched groups with similar or balanced observed covariate distributions [Stu10].

The exact K-nearest-neighbor matching [Rub74] is one of the most common, and easiest to

implement and understand methods; and ratio matching [Smi97, RT00, MR01a], which finds

multiple good matches for each treated individual, performs well when there is a large number

of control individuals. [Ros89, GR93, Zub12, ZK17] developed various optimal matching

algorithms to minimize the total sum of distances between treated units and matched controls

in a global sense. [AI06] studied the consistency of covariate matching estimators under large

sample assumptions. Instead of greedy matching on the entire covariates, propensity score

matching (PSM) by [RT96] is an alternative algorithm that does not guarantee optimal

balance among covariates and reduces dimension sufficiently. [Imb04] improved propensity

score matching with regression adjustment. The additional matching on prognostic factors

in propensity score matching was first considered by [RT00]. Later, [LS14] demonstrated the

superiority of the joint use of propensity and prognostic scores in matching over single-score

based matching in low-dimensional settings through extensive simulation studies. [ACP18]

extended the method to fit to high-dimensional settings and derived asymptotic results for

the so-called doubly robust matching estimators. The sequential works by [AGB20] and

[AB22] pioneered in visualizing the relationship between propensity and prognostic scores as

auxiliary in the estimation of treatment effects.

Subclassification

To understand heterogeneity of treatment effects in the data, subclassification, first used in

[Coc68], is another important research problem. The key idea is to form subgroups over
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the entire population based on characteristics that are either immutable or observed before

randomization. [RR83, RR85], and [LD04] examined how creating a fixed number of sub-

classes according to propensity scores removes the bias in the estimated treatment effects,

and [YIC16] developed a similar methodology in settings with more than two treatment

levels. Full matching [Ros91, Han04, SG08] is a more sophisticated form of subclassifica-

tion that selects the number of subclasses automatically by creating a series of matched

sets. [SM15] presented three measures derived using the theory of order statistics to claim

heterogeneity of treatment effect across subgroups. [STW09] pioneered in exploiting stan-

dard regression tree methods [BFS84] in subgroup treatment effect analysis. Further, [AI16]

derived a recursive partition of the population according to treatment effect heterogeneity.

[Hil11] was the first work to advocate for the use of Bayesian additive regression tree models

(BART; [CGM10]) for estimating heterogeneous treatment effects, followed by a significant

number of research papers focusing on the seminal methodology, including [GK12], [HS13]

and [HMC20]. [ACW18] introduced endogenous stratification to estimate subgroup effects

for a fixed number of subgroups based on certain quantiles of the prognostic score. More

recently, [PCR21] combined the fused lasso estimator with score matching methods to lead

to a data-adaptive subgroup effects estimator.

Machine Learning for Causal Inference

For the goal of analyzing treatment effect heterogeneity, supervised machine learning meth-

ods play an important role. One of the more common ways for accurate estimation with

experimental and observational data is to apply regression [IR15] or tree-based methods

[IS11]. From a Bayesian perspective, [HLP14] provided a principled way of adding priors

to regression models, and [TGC16] developed Bayesian non-parametric approaches for both

linear regression and tree models. The recent breakthrough work by [WA18] proposed the

causal forest estimator arising from random forests from [Bre01]. More recently, [ATW19]

took a step forward and enhanced the previous estimator based on generalized random

forests. [IR13] adapted an estimator from the Support Vector Machine (SVM) classifier with
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hinge loss [Wah02]. [BLZ16] studied treatment effect estimators with lasso regularization

[Tib96] when the number of covariates is large, and [KVW18] applied group lasso for simulta-

neous covariate selection and robust estimation of causal effects. In the meantime, a series of

papers including [QM11], [KSB19] and [SLO19], focused on developing meta-learners for het-

erogeneous treatment effects that can take advantage of various machine learning algorithms

and data structures.

Applied Work

On the application side, the estimation of heterogeneous treatment effects is particularly an

intriguing topic in causal inference with broad applications in scientific research. [GK11]

estimated heterogeneous treatment effects in randomized experiments in the context of po-

litical science. [DW02] explored the use of propensity score matching for nonexperimental

causal studies with application in economics. [DHK16] investigated heterogeneous treatment

effects to provide the evidence base for precision medicine and patient-centred care. [ZLL17]

proposed the Survival Causal Tree (SCT) method to discover patient subgroups with hetero-

geneous treatment effects from censored observational data. [RPR20] examined three classes

of approaches to identify heterogeneity of treatment effect within a randomized clinical trial,

and [TTT17] rendered a subgroup treatment estimate for drug trials.

3.3 Preliminaries

Before we introduce our method, we need to provide some mathematical background for

treatment effect estimation. We follow Rubin’s framework on causal inference [Rub74],

and assume a superpopulation or distribution P from which a realization of n independent

random variables is given as the training data. That is, we are given {(Yi(0), Yi(1), Xi, Zi)}ni=1

independent copies of (Y (1), Y (0), X, Z), where Xi ∈ Rd is a d-dimensional covariate or

feature vector, Zi ∈ {0, 1} is the treatment-assignment indicator, Yi(0) ∈ R is the potential

outcome of unit i when i is assigned to the control group, and Yi(1) is the potential outcome
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when i is assigned to the treatment group.

One important and commonly used measure of causality in a binary treatment model is

the average treatment effect (ATE; [Imb04]), that is, the mean outcome difference between

the treatment and control groups. Formally, we write the ATE as

ATE := E[Y (1)− Y (0)].

With the n units in the study, we further define the individual treatment effect (ITE) of unit

i denoted by Di as

Di := Yi(1)− Yi(0).

Then, an unbiased estimate of the ATE is the sample average treatment effect

Ȳ (1)− Ȳ (0) =
1

n

n∑
i=1

Di.

However, we cannot observe Di for any unit because a unit is either in the treatment group

or in the control group, but not in both.

To analyze heterogeneous treatment effects, it is natural to divide the data into subgroups

(e.g., by gender, or by race), and investigate if the average treatment effects are different

across subgroups. Therefore, instead of estimating the ATE or the ITE directly, statisticians

seek to estimate the conditional average treatment effect (CATE), defined by

τ(x) := E[Y (1)− Y (0) | X = x]. (3.1)

The CATE can be viewed as an ATE in a subpopulation defined by {X = x}, i.e. the ATE

conditioned on membership in the subgroup.

We also recall the propensity score [RR83], denoted by e(X), and defined as

e(X) = P(Z = 1 | X).

Thus, e(X) is the the probability of receiving treatment for a unit with covariate X. In

addition, we consider prognostic scores, denoted by p(X), for potential outcomes. The

prognostic score is first defined by [Han08] as any quantity p(X) that satisfies

Y (0) ⊥⊥ X | p(X),
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and in this chapter, we use the conventional definition as the predicted outcome under the

control condition [AGB20]:

p(X) = E[Y (0) | X].

We are interested in constructing a 2d summary of treatment effects based on propensity

and prognostic scores. Instead of conditioning on the entire covariates or a subset of it in

the CATE function, we express our estimand, named as scored-based subgroup CATE, by

conditioning on the two scores:

τ(x) := E[Y (1)− Y (0) | e = e(x), p = p(x)]. (3.2)

For interpretability, we assume that treatment effects are piecewise constant over a 2d grid of

propensity and prognostic scores. Specifically, there exists a partition of intervals {Ie1 , ..., Ies}

of [0, 1] and another partition of intervals {Ip1 , ..., I
p
t } of R such that for any i ∈ {1, ..., s} and

j ∈ {1, ..., t}, we have

τ(x) ≡ Ci,j for x s.t. e(x) ∈ Iei , p(x) ∈ Ipj ,

where Ci,j ∈ R is a constant.

Moreover, our estimation of treatment effects relies on the following assumptions:

Assumption 6 Throughout the chapter, we maintain the Stable Unit Treatment Value As-

sumption (SUTVA; [IR15]), which consists of two components: no interference and no hidden

variations of treatment. Mathematically, for unit i = 1, ..., n with outcome Yi and treatment

indicator Zi, it holds that

Yi(Z1, Z2, ..., Zn) = Yi(Zi).

Thus, the SUTVA requires that the potential outcomes of one unit should be unaffected by

the particular assignment of treatments to the other units. Furthermore, for each unit, there

are no different forms or versions of each treatment level, which lead to different potential

outcomes.
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Assumption 7 The assumption of probabilistic assignment holds. This requires the assign-

ment mechanism to imply a non-zero probability for each treatment value, for every unit.

For the given covariates X and treatment-assignment indicator Z, we must have

0 < P(Z = 1 | X) < 1,

almost surely.

This condition, regarding the joint distribution of treatments and covariates, is also known as

overlap in some literature (see Assumption 2.2 in [Imb04] and [DDF21]), and it is necessary

for estimating treatment effects everywhere in the defined covariate space. Note that P(Zi =

1 | Xi) is the propensity score. In other words, Assumption 7 requires that the propensity

score, for all values of the treatment and all combinations of values of the confounders, be

strictly between 0 and 1.

Assumption 8 We make the assumption that

(Y (0), Y (1)) ⊥⊥ Z | e(X), p(X)

holds.

This assumption is an implication of the usual unconfoundedness assumption:

(Y (0), Y (1)) ⊥⊥ Z | X (3.3)

Combining Assumption 7 and that in Equation (3.3), the conditions are typically referred as

strong ignorability defined in [RR83]. Strong ignorability states which outcomes are observed

or missing is independent of the missing data conditional on the observed data. It allows

statisticians to address the challenge that the “ground truth” for the causal effect is not

observed for any individual unit. We rewrite the conventional assumption by replacing the

vector of covariates x with the joint of propensity score e(x) and p(x) to accord with our

estimation target.
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Provided that Assumptions 6-8 hold, it follows that

E[Y (z) | e = e(x), p = p(x)] = E[Y | e = e(x), p = p(x), Z = z],

and thus our estimand (3.2) is equivalent to

τ(x) = E[Y | e = e(x), p = p(x), Z = 1]− E[Y | e = e(x), p = p(x), Z = 0]. (3.4)

Thus, in this chapter we focus on estimating (3.4), which is equivalent to (3.2) if the

assumptions above hold, but might be different if Assumption 8 is violated.

3.4 Methodology

We now formally introduce our proposal of a three-step method for estimating heterogeneous

treatment effects and the estimation rule for a given new observation. We assume a sample of

size n with covariate X, treatment indicator Z, and outcome variable Y , where the notations

inherit from the previous section. Generally, we consider a low-dimensional set-up, where

the sample size n is larger than the covariate dimension d. An extension of our proposed

method to the high-dimensional case is discussed in this section as well.

Step 1

We first estimate propensity and prognostic scores for all observations in the sample. For

propensity score, we apply a logistic regression on the entire covariate X and the treatment

indicator Z by solving the optimization problem

α̂ = argmin
α∈Rd

−
n∑

i=1

[
Zi log σ(X

⊤
i α) + (1− Zi) log(1− σ(X⊤

i α))
]
, (3.5)

where σ(x) = 1
1+exp(−x)

is the logistic function. With the coefficient vector α̂, we compute

the estimated propensity scores ê by

êi = σ
(
X⊤

i α̂
)
.

61



For prognostic score, we restrict to the controlled group, and regress the outcome variable

Y on the covariate X through ordinary least squares: we solve

θ̂ = argmin
θ∈Rd

∑
i:Zi=0

(Yi −X⊤
i θ)

2, (3.6)

and we estimate prognostic scores as

p̂i = X⊤
i θ̂.

Step 2

Next, we perform a nearest-neighbor matching based on the two estimated scores from

the previous step. We adapt the notation from [AI06], and use the Mahalanobis distance

norm as the distance metric in the matching algorithm. Mahalanobis distance matching,

first proposed by [Han06], has been widely used in matching algorithms for causal inference

[LS14, AGB20]. It has been found to perform well when the dimension of covariates are

relatively low [Stu10], and thus it is more suitable than using standard Euclidean distance

in our case when we have only propensity scores and prognostic scores as covariates.

Formally, for the units i and j with estimated propensity scores êi, êj and propensity

scores p̂i, p̂j, we define the score-based Mahalanobis distance between i and j by

d(i, j) =

êi

p̂i

−
êj

p̂j

⊤

Σ−1

êi

p̂i

−
êj

p̂j

 ,

where Σ denotes the variance-covariance matrix of (ê, p̂)⊤.

Let jk(i) be the index j ∈ {1, 2, ..., n} that solves Zj = 1− Zi and∑
l:Zl=1−Zi

1 {d(l, i) ≤ d(j, i)} = k,

where 1{·} is the indicator function. This is the index of the unit that is the kth closest

to unit i in terms of the distance between two scores, among the units with the treatment

opposite to that of unit i. We can now construct the K-nearest-neighbor set for unit i by
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the set of indices for the first K matches for unit i,

JK(i) = {j1(i), ..., jK(i)}.

We then compute

Ỹi = (2Zi − 1)

Yi −
1

K

∑
j∈JK(i)

Yj

 . (3.7)

Intuitively, the construction of Ỹ gives a proxy of the individual treatment effect (ITE) on

each unit. We find K matches for each unit in the opposite treatment group based on the

similarity of their propensity and prognostics scores, and the mean of the K matches is used

to estimate the unobserved potential outcome for each unit.

Step 3

The last step involves denoising of the point estimates of the individual treatment effects

Ỹ obtained from Step 2. The goal is to partition all units into subgroups such that the

estimated treatment effects would be constant over some 2d intervals of propensity and

prognostic scores (see the left of Figure 3.1).

Figure 3.1: Left: a hypothetical partition over the 2d space of propensity and prognostic

scores with the true values of piecewise constant treatment effects; Right: a sample

regression tree T constructed in Step 3.
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To perform such stratification, we grow a regression tree on Ỹ , denoted by T , and the

regressors are the estimated propensity scores ê and the estimated prognostic scores p̂ from

Step 1. We follow the very general rule of binary recursive partitioning to build the tree

T : allocate the data into the first two branches, using every possible binary split on every

covariate; select the split that minimizes Gini impurity, continue the optimal splits over

each branch along the covariate’s values until the minimum node size is reached. To avoid

overfitting, we set the minimum node size as 20 in our model. Choosing other criteria such

as information gain instead of Gini impurity is another option for splitting criteria. A 10-fold

cross validation is also performed at meantime to prune the large tree T for deciding the

value of cost complexity. Cost complexity is the minimum improvement in the model needed

at each node. The pruning rule follows that if one split does not improve the overall error of

the model by the chosen cost complexity, then that split is decreed to be not worth pursuing

(see more details in Section 9.2 of [HTF01]).

The final tree T (see the right plot of Figure 3.1) contains a few terminal nodes, and these

are the predicted treatment effects for all units in the data. The values exactly represent a

piecewise constant stratification over the 2d space of propensity and prognostic scores.

Estimation on a new unit

After we obtain the regression tree model T in Step 3, we can now estimate the value of the

individual treatment effect corresponding to a new unit with covariate xnew.

We first compute the estimated propensity and prognostic scores for the new observation

by

ênew = σ(x⊤
newα̂), p̂new = x⊤

newθ̂,

where α̂ and θ̂ are the solutions to Equations (3.5) and (3.6) respectively. Then with the

estimated propensity score ênew and prognostic score p̂new, we can get an estimate of the

treatment effect for this unit following the binary predictive rules in the tree T .
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High-Dimensional Estimator

In a high-dimensional setting where the covariate dimension d is much larger than the sample

size n, we can estimate the propensity and prognostic scores by adding a lasso (l1-based)

penalty [Tib96] instead. This strategy was first proposed and named as “doubly robust

matching estimators” (DRME) by [ACP18]. The corresponding optimization problems for

the two scores can be written as

α̂ = argmin
α∈Rd

−
n∑

i=1

[
Yi log σ(X

⊤
i α) + (1− Yi) log(1− σ(X⊤

i α))
]
+ λ1

d∑
j=1

|αj|,

θ̂ = argmin
θ∈Rd

∑
i:Zi=0

(Yi −X⊤
i θ)

2 + λ2

d∑
j=1

|θj|.

The selection of the tuning parameter λ1, λ2 can be determined by any information criteria

(AIC, BIC, and etc.). In practice, we use 10-fold cross-validation (CV) to select the value of

λ. Then we perform the K-nearest-neighbor matching based on propensity and prognostic

scores to get the estimates of individual treatment effects using Equation (3.7).

We extend the above estimator with our proposal of applying a regression tree on the

estimated propensity and prognostic scores. The procedure for estimation of subgroup het-

erogeneous treatment effects and estimation on a new unit remains the same as Step 3 for

low-dimensional set-ups.

Remark 3 The choice of the number of nearest neighbors is a challenging problem. Updating

distance metrics for every observation is computationally expensive, and choosing a value

that is too small leads to a higher influence of noise on estimation. With regards to the

application of nearest neighbor matching in causal inference, [AI06] derived large sample

properties of matching estimators of average treatment effects with a fixed number of nearest

neighbors, but the authors did not provide any details on how to select the exact number of

neighbors. Conventional settings on the number of nearest neighbors in current literature is

to set K = 1 (one-to-one matching; [Stu10, AS16]). However, [MR01b] suggested that in

observational studies, substantially greater bias reduction is possible through matching with

a variable number of controls rather than exact pair matching.
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In Appendix 3.7.1, we conduct a simulation study following one of the generative models

from Section 3.5 to show how sensitive estimation accuracy is to the number of nearest

neighbors selected and setting K to a large number other than 1 is more ‘sensible’ to reduce

estimation bias. Although it is usually difficult to select a perfect value of K in practice,

simply setting K ≈ log(n) as suggested by [BCQ97] leads to reasonable results for a data

sample of size n. Throughout all our experiments in the next section, setting K to the

integer closest to the value log(n) provides estimates with high accuracy and does not require

too much computational cost.

Computational Complexity

Our method is composed of three steps as introduced before. We first need to implement

a logistic regression for estimating propensity score for a sample with size n and ambient

dimension d. To solve a logistic regression optimization problem involves using the proximal

Newton method, and its computational complexity is of # of iterations · O(nd) [YHL12].

In general, the algorithm converges after a small number of iterations, and we can safely

assume it is of a constant order. As a result, the overall time complexity of solving a logistic

regression is O(nd). The estimation of prognostic scores also requires a computational cost

of O(nd), and for high-dimensional settings, the cost of solving the solution via coordinate

descent remains at O(nd) [FHT10] . The complexity of aK-nearest-neighbor matching based

on the two estimated scores in the second step is of O(Kn) [Lux07], and the selection of

K ≈ log(n) leads to a complexity of O(n log n). In the third step, we grow a regression tree

based on two estimated scores, and it requires a computational complexity of O(n log n).

The overall computational complexity of our method depends on the comparison between

the order of d and log(n). Our method attains a computational complexity of O(nd) if the

order of d is greater than that of log(n). Otherwise, the complexity becomes O(n log n).
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3.5 Experiments

In this section, we will examine the performance of our proposed estimator (PP) in a variety

of simulated and real data sets. The baseline estimators we compete against are leave-

one-out endogenous stratification (ST; [ACW18]), causal forest (CF; [WA18]), single-score

matching including propensity-score matching (PSM) and prognostic-score matching. Note

that in the original research by [ACW18], the authors restricted their attention to randomized

experiments, because this is the setting where endogenous stratification is typically used.

However, they mentioned the possibility of applying the method on observational studies.

We take this into consideration, and make their method as one of our competitors.

We implement our methods in R, using the packages “MatchIt” for K-nearest-neighbor

Mahalanobis distance matching and “caret” for growing a non-parametric regression tree

with cross validation over complexity parameter. Throughout, we set the number of nearest

neighbors, K, to be the closest integer to log(n), where n is the sample size. For causal forest,

we directly use the R package “grf” developed by [ATW19], following with an automatic

cross-validation to select values of hyper-parameters [AW19] and a K-fold cross-fitting under

a conventional setting of K = 10 recommended by [NW21]. Software that replicate all the

simulations is available on the authors’ Github page.

We evaluate the performance of each method according to two aspects, accuracy and

uncertainty quantification. The results for single-score matching algorithms are not reported

in this chapter because of very poor performance throughout all scenarios.

3.5.1 Simulated Data

We first examine on the following simulated data sets under six different data generation

mechanisms. We get insights from the simulation study in [LS14] for the models considered

in Scenarios 1-3. The propensity score and outcome (prognosis) models in Scenarios 1 and 3

are characterized by additivity and linearity (main effects only), but with different piecewise

constant structures in the true treatment effects over a 2d grid of the two scores. We add
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non-additivity and non-linear terms to both propensity and prognosis models in Scenarios

2. In other words, both propensity and prognostic scores are expected to be misspecified

in these two models if we apply generalized linear models directly in estimation. Scenario

4 comes from [ACW18], with a constant treatment effect over all observations. Scenario 5

is modified from [WA18] (see Equation 27 there), in which the propensity model follows a

continuous distribution instead of a linear structure. In addition, the true treatment effect

is not a function of propensity and prognostic scores. In Scenario 6, we break the mold

assumption of nicely delineated subgroups in treatment effects over 2d space of the two

scores, and use a smooth function instead. A high-dimensional setting (d >> n) is examined

in Scenario 7, where the generative model inherits from Scenario 1. We also include a table

summarizing all simulation scenarios in Appendix 3.7.2 to help the audience interpret the

result of the simulation study more readily.

We first introduce some notations used in the experiments: the sample size n, the ambient

dimension d, as well as the following functions:

true treatment effect: τ ∗(X) = E
[
Y (1)− Y (0)

∣∣X] ,
treatment propensity: e(x) = P(Z = 1|X = x),

treatment logit: logit(e(x)) = log

(
e(x)

1− e(x)

)
.

Throughout all the models we consider, we maintain the unconfoundedness assumption dis-

cussed in Section 3.3, generate the covariate X following a certain distribution, and entail

homoscedastic Gaussian noise ϵ.

We evaluate the accuracy of an estimator τ(X) by the mean-squared error for estimating

τ ∗(X) at a random example X, with m = n/10, defined by

MSE(τ̂(X)) :=
1

m

m∑
i=1

[τ̂i(X)− τ ∗i (X)]2 .

We record the averaged MSE over 1000 Monte Carlo trials for each scenario. For each Monte

Carlo trial, we use train-test split to evaluate model performance. In detail, we first obtain n

training sample and train models on this set. We then generate a separate testing sample un-

der the same data generation mechanism with sample size n/10. We make predictions on the
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test data using the trained models and compute the MSEs from different models accordingly.

In terms of uncertainty quantification, we measure the coverage probability of τ(X) with

a target coverage rate of 0.95. For endogenous stratification and our proposed method, we

use non-parametric bootstrap with replacement to construct the empirical quantiles for each

unit. The details on the implementation of non-parametric bootstrap methods are presented

in Appendix 3.7.3. For causal forest, we construct 95% confidence intervals by estimating

the standard errors of estimation using the “grf” package. We do not include the results

for Scenario 7, a high-dimensional setting, because the asymptotic normality guarantees of

non-parametric bootstrap and random forests are not valid in high dimensions [WA18, KP18].

Scenario 1. With d ∈ {2, 10, 50}, n ∈ {1000, 5000}, for i = 1, ..., n, we generate the data

as follows:

Yi = p(Xi) + Zi · τ ∗i + ϵi,

τ ∗i = 1{e(Xi)<0.6,p(Xi)<0},

logit(e(Xi)) = X⊤
i β

e,

p(Xi) = X⊤
i β

p,

Xi
i.i.d.∼ U [0, 1]d,

ϵi
i.i.d.∼ N (0, 1),

where βe and βp are randomly generated from U [−1, 1]d in each iteration.

Scenario 2. We now add some interaction and non-linear terms to the propensity and

prognostic models in Scenario 1, while keeping the set-ups of the covariate X, the response

Y , the true treatment effect τ ∗ and the error term ϵ unchanged. We set d = 10 and n = 5000

in this case.

logit(e(Xi)) = X⊤
i β

e + 0.5Xi1Xi3 + 0.7Xi2Xi4 + 0.5Xi3Xi5

+ 0.7Xi4Xi6 + 0.5Xi5Xi7 + 0.5Xi1Xi6
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+ 0.7Xi2Xi3 + 0.5Xi3Xi4 + 0.5Xi4Xi5

+ 0.5Xi5Xi6 +X2
i2 +X2

i4 −X2
i7

p(Xi) = X⊤
i β

p + 0.5Xi1Xi3 + 0.7Xi2Xi4 + 0.5Xi3Xi8,

+ 0.7Xi4Xi9 + 0.5Xi8Xi10 + 0.5Xi1Xi9

+ 0.7Xi2Xi3 + 0.5Xi3Xi4 + 0.5Xi4Xi8

+ 0.5Xi8Xi9 +X2
i3 +X2

i4 −X2
i10.

Again for each simulation, βe and βp are randomly generated from U [−1, 1]d.

Scenario 3. In this case, we define the true treatment effect with a more complicated

piecewise constant structure over the 2d grid, under the same model used in Scenario 1, with

d = 10 and n = 5000:

τ ∗i =


0 if e(Xi) ≤ 0.6, p(Xi) ≤ 0,

1 if e(Xi) ≤ 0.6, p(Xi) > 0 or e(Xi) > 0.6, p(Xi) ≤ 0,

2 if e(Xi) > 0.6, p(Xi) > 0.

Scenario 4. Setting d = 10 and n = 5000, the data is generated as:

Yi = 1 + β⊤Xi + ϵi,

Xi
i.i.d.∼ N (0, Id×d),

ϵi
i.i.d.∼ N (0, 100− d),

where β = (1, ..., 1)⊤ ∈ Rd. Moreover, the treatment indicators for the simulations are such

that
∑

i Zi = ⌈n/2⌉. By construction, the vector of treatment effects satisfies τ ∗ = 0.

Scenario 5. The data satisfies

τ ∗i = (Xi1 +Xi2 + ...+Xi10)/10,

Yi = 2X⊤
i e1 − 1 + Zi · τ ∗i + ϵi,
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Zi ∼ Binom(1, e(Xi)),

Xi
i.i.d.∼ U [0, 1]d,

e(Xi) =
1

4
[1 + β2,4(X

⊤
i e1)],

ϵi
i.i.d.∼ N (0, 1),

where e1 = (1, 0, ..., 0)⊤. We compare the results of different methods under the setting:

d = 10, n = 5000.

Scenario 6. For this scenario, we examine the performance when the treatment effect takes

on a smooth interval of propensity and prognostic scores. We use the same model in Scenario

1 for generating the two scores with d = 10 and n = 5000, and we inherit and modify the

generative function (28) from [WA18] for treatment effects as follows:

τ ∗i = ζ(e(Xi)) · ζ(p(Xi)), ζ(x) = 1 +
1

1 + e−20(x−1/3)
.

Scenario 7. In the last case, we study the performance of different estimators on a high-

dimensional data. The data model follows

Xi
i.i.d.∼ U [0, 1]d,

Yi = p(Xi) + Zi · τ ∗i + ϵi,

τ ∗i = 1{e(Xi)<0.6,p(Xi)<0},

logit(e(Xi)) = 0.4Xi1 + 0.9Xi2 − 0.4Xi3 − 0.7Xi4 − 0.3Xi5 + 0.6Xi6,

p(Xi) = 0.9Xi1 − 0.9Xi2 + 0.2Xi3 − 0.2Xi4 + 0.9Xi5 − 0.9Xi6,

ϵi
i.i.d.∼ N (0, 1).

We select n = 3000 and d = 5000 for analysis.

The boxplots that depict the distribution of MSEs obtained under all scenarios are pre-

sented in Figure 3.2. We can see that for Scenario 1, our proposed estimator achieves better
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accuracy when the sample size n is large, and it is the best among the three estimators in

these cases. The good performance of our method is consistent when we assume a more

complex partition on the defined 2d grid as in Scenario 3. In addition, variation in accu-

racy, measured by the difference between the upper quartiles and the lower quartiles (also

referred as the interquartile ranges) in each boxplot becomes smaller, accompanied with the

increase in n. The reason for the enhanced performance when applying our method on a

large-size data is due to the nature of nearest neighbor algorithm, which benefits more in

learning the boundaries of clusters accurately with a larger sample size. Moreover, causal

random forest suffers more in accuracy especially as d gets larger [WA18], while our method

does not impact significantly because it focuses on a lower-dimensional space of the two

scores instead of the overall covariate space. In Scenario 2, we introduce non-additivity and

non-linear terms into the data model. Although linear assumptions are violated for both

propensity and prognostic models, our method performs better compared to the other two

methods regarding accuracy and variability. For a potential outcome model with randomized

assignment of treatment and constant treatment effects, as in Scenario 4, our method has

the best accuracy among all candidates, even though large noise is added to the true signal.

In Scenario 5, our estimator performs slightly worse than causal forests in accuracy since

the true treatment function is not directly dependent on propensity and prognostic scores,

but it still outperforms endogenous stratification. However, for the previous two cases, our

method shows larger variation in accuracy than the others. One of the reasons for this phe-

nomenon is due to the misspecification in estimating the true scores and the large variance

in constructing tree models. When the assumption of a sharp stratification of treatment

effects in the 2d space of the two scores is invalid, as in Scenario 6, our method maintains

its superiority over the benchmarks. With subgroups identified over the 2d interval of the

scores, the mean squared errors are reduced through our estimator comparably better than

the other methods. In a high-dimensional setting such as Scenario 7, we consider modified

methods with lasso-regularized regressions for both our methodology and endogenous strat-

ification, and our method remains its high performance as in the low-dimensional set-ups
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since the piecewise constant structure in treatment effects in the setting does not change.

We now take a careful look at the visualization comparison between the true treatment

effect and the predictions obtained from our method for Scenarios 1, 2, 3, 6 and 7. We confine

both the true signal and the predictive model in a 2d grid scaled on the true propensity and

prognostic scores, as shown in Figure 3.3. It is not surprising that our proposed estimators

provide a descent recovery of the piecewise constant partition in the true treatment effects

over the 2d grid as in Scenarios 1, 2, 3, and 7, with only a small difference in the magnitude

of treatment effects. In the setting when treatment effects are smoothly distributed across

the grid of the two scores as in Scenario 6, our estimation does not exactly capture the

soft boundary of the shape, but still provides us with a simplified delineation that help us

understand general heterogeneity in treatment effects over the 2d space.

With regard to uncertainty quantification, we examine coverage rates with a target confi-

dence level of 0.95 for each method under different scenarios, and the corresponding results,

along with the within iteration standard error estimates, are recorded in Table 3.1. It is

quite clear that our proposed method achieves nominal coverage over the other two meth-

ods in almost all scenarios. It is worth to notice that although our estimator achieves a

better coverage rate than the benchmarks, it suffers from large variation due to the nature

of nearest-neighbor matching, especially in the case with small sample size. In general, our

method that incorporates both propensity and prognostic scores in identifying subgroups

and estimating treatment effects show its advantage in reducing bias, but the resulting large

variance is worrisome and it remains space for future study to solve this issue.

We also compare the computational cost of our proposed scored-based method and causal

forest, with simulated data from Scenario 1. Endogenous stratification is not considered in

this comparison because the method exerts an arbitrary subclassification into a predeter-

mined number of subgroups and it does not involve a cross-validation process. We record

the averaged time consumed to obtain the estimate over 1000 simulations for both methods.

Figure 4 demonstrates that our proposed method (PP) is comparably time-efficient over its

competitor, and causal forest (CF) can be very expensive in operational time for large-size
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Figure 3.2: Comparison of mean squared errors over 1000 Monte Carlo simulations under

different generative models for our proposed method (PP), endogenous stratification (ST)

and causal forest (CF).
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Figure 3.3: One instance comparison between the true treatment effects and the estimates

from the score-based method for Scenarios 1, 2, 3, 6 and 7 (from the top to the bottom).

Plots on the left column depict the true treatment effect on the 2d grid of propensity and

prognostic scores, and the right plots demonstrate the estimated treatment effects from our

proposed method over the same grid.
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Table 3.1: Reported coverage rates with a target confidence level of 0.95 and within

iteration standard error estimates (in parentheses).

Scenario n d PP ST CF

1 1000 2 0.996 (0.177) 0.748 (0.158) 0.969 (0.128)

5000 10 0.987 (0.116) 0.731 (0.062) 0.736 (0.061)

2 1000 10 0.994 (0.230) 0.753 (0.152) 0.797 (0.157)

5000 10 0.956 (0.141) 0.619 (0.064) 0.829 (0.224)

3 1000 10 0.989 (0.382) 0.420 (0.163) 0.769 (0.297)

5000 10 0.949 (0.164) 0.307 (0.075) 0.750 (0.252)

4 1000 10 1.000 (28.621) 0.933 (16.578) 0.993 (18.067)

5000 10 1.000 (6.693) 0.998(6.049) 0.973 (5.957)

5 1000 10 1.000 (0.524) 0.950 (0.353) 0.978 (0.429)

5000 10 0.845 (0.336) 0.622 (0.287) 0.716 (0.321)

6 1000 10 0.995 (0.472) 0.495 (0.161) 0.865 (0.474)

5000 10 0.999 (0.179) 0.578 (0.089) 0.821 (0.259)

problems.

These results highlight the promise of our method for accurate estimation of subgroups

in heterogeneous treatment effects, all while emphasizing avenues for further work. An

immediate challenge is to control the bias in estimation of propensity and prognostic scores.

Using more powerful models instead of simple linear regression in estimation is a good way to

reduce bias by enabling the trees to focus more closely on the coordinates with the greatest

signal. The study of splitting rules for trees designed to estimate causal effects is still in its

infancy and improvements may be possible.
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Figure 3.4: A plot of time per simulation in seconds for our proposed method (PP) and

causal forest (CF) against problem size n (50 values from 1000 up to 10000). For each

method, the time to compute the estimate for one simulated data is averaged over 1000

Monte Carlo simulations.

3.5.2 Real Data Analysis

To illustrate the behavior of our estimator, we apply our method on the two real-world data

sets, one from a clinical study and the other from a complex social survey. Propensity score

based methods are frequently used for confounding adjustment in observational studies,

where baseline characteristics can affect the outcome of policy interventions. Therefore,

the results from our method are expected to provide meaningful implications for these real

data sets. However, one potential limitation of our proposed tree-based approach is that

it imposes arbitrary dichotomization with sharp thresholds and thus may obscure potential

continuous gradient over the space. For real data analysis in general, our method provides a

reasonable simplification that is easy to interpret for the audience and gives some framework

for thinking about when such a simplification would be appropriate.
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3.5.2.1 Right Heart Catheterization Analysis

While randomized control trials (RCT) are widely encouraged as the ideal methodology

for causal inference in clinical and medical research, the lack of randomized data due to

high costs and potential high risks leads to the studies based on observational data. In

this section, we are interested in examining the association between the use of right heart

catheterization (RHC) during the first 24 hours of care in the intensive care unit (ICU) and

the short-term survival conditions of the patients. Right Heart Catheterization (RHC) is a

procedure for directly measuring how well the heart is pumping blood to the lungs. RHC

is often applied to critically ill patients for directing immediate and subsequent treatment.

However, RHC imposes a small risk of causing serious complications when administering the

procedure. Therefore, the use of RHC is controversial among practitioners, and scientists

want to statistically validate the causal effects of RHC treatments. The causal study using

observational data can be dated back to [CSD96], where the authors implemented propensity

score matching and concluded that RHC treatment lead to lower survival than not performing

the treatment. Later, [HI01] proposed a more efficient propensity-score based method and the

recent study by [LV21] using a modified propensity score model suggested RHC significantly

affected mortality rate in a short-term period.

A dataset for analysis was first used in [CSD96], and it is suitable for the purpose of

applying our method because of its its extremely well-balanced distribution of confounders

across levels of the treatment [SMR21]. The treatment variable Z in the data indicates

whether or not a patient received a RHC within 24 hours of admission. The binary outcome

Y is defined based on whether a patient died at any time up to 180 days since admission.

The original data consisted of 5735 participants with 73 covariates. We preprocess the full

data in the way suggested in [HI01] and [LV21], by removing all observations that contain

null values in covariates, dropping the singular covariate in the reduced data, and encoding

categorical variables into dummy variables. The resulted data contains 2707 observations

and 72 covariates, with 1103 in the treated group (Z = 1) and 1604 in the control group

(Z = 0). Among the 72 observed covariates, there are 21 continuous, 25 binary, and 26
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dummy variables transformed from the original 6 categorical variables.

Figure 3.5: Prediction model for Right Heart Catheterization (RHC) data. Left: a tree

diagram of predictions on each split based on the two scores, with 95 % confidence intervals

provided on the bottom. Right: a 2d plot of prediction stratification on the intervals of

propensity and prognostic scores, with a color scale on magnitude of treatment effects.

The result of the prediction model from our proposed method is reported in Figure

3.5 below. We observe that the sign of estimated treatment effects varies depending on

the value of the propensity score and prognostic score. This particular pattern implies that

RHC procedures indeed offer both benefits and risks in affecting patients’ short-term survival

conditions. Specifically, we are interested in the occurrence of large positive treatment effects

(increase in chance of death) from the estimation. An estimated treatment effect of 0.17

(with a 95% confidence interval between -0.25 and 1.00) is observed on the group of patients

with propensity scores less than 0.64 and prognostic scores less than 0.74, and this group

accounts for 56% of the entire sample. For the rest of the sample, we observe relatively small

treatment effects in magnitude. Under the scenario of RHC data, a smaller propensity score

means that the patient is less likely to receive RHC procedures after admitting to the ICU,

and it is related to the availability of RHC procedures at the hospital to which the patient

is admitted. A smaller prognostic score tells that the patient has lower underlying chance

of death. One possible explanation for this significant positive treatment on this certain
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group is that drastic change in treatment procedures that were applied to patients who do

not actually need the aggressive style of care largely undermine patients’ health conditions

after admission and increase the mortality rate. In summary, our findings generally agree

with the results and explanations in [CSD96] and they offer some insights for practitioners

to decide whether they should apply RHC procedures to patients.

3.5.2.2 National Medical Expenditure Survey

For the next experiment, we analyze a complex social survey data. In many complex surveys,

data are not usually well-balanced due to potential biased sampling procedure. To incor-

porate score-based methods with complex survey data requires an appropriate estimation

on propensity and prognostic scores. [DSS14] suggested that combining a propensity score

method and survey weighting is necessary to achieve unbiased treatment effect estimates that

are generalizable to the original survey target population. [AJC18] conducted numerical ex-

periments and showed that greater balance in measured baseline covariates and decreased

bias is observed when natural retained weights are used in propensity score matching. There-

fore, we include sampling weight as an baseline covariate when estimating propensity and

prognostic scores in our analysis.

In this study, we aim to answer the research question: how smoking habit affects medical

expenditure over lifetime, and we use the same data set as in [JDG03], which is originally ex-

tracted from the 1987 National Medical Expenditure Survey (NMES). The NMES included

detailed information about frequency and duration of smoking with a large nationally rep-

resentative data base of nearly 30,000 adults, and that 1987 medical costs are verified by

multiple interviews and additional data from clinicians and hospitals. A large amount of lit-

erature focus on applying various statistical methods to analyze the causal effects of smoking

on medical expenditures using the NMES data. In the original study by [JDG03], the au-

thors first estimated the effects of smoking on certain diseases and then examined how much

those diseases increased medical costs. In contrast, [Rub01], [ID04] and [ZDI20] proposed

to directly estimate the effects of smoking on medical expenditures using propensity-score
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based matching and subclassification. [HMC20] applied Bayesian regression tree models to

assess heterogeneous treatment effects.

For our analysis, we explore the effects of extensive exposure to cigarettes on medical

expenditures, and we use pack-year as a measurement of cigarette measurement, the same

as in [ID04] and [HMC20]. Pack-year is a clinical quantification of cigarette smoking used

to measure a person’s exposure to tobacco, defined by

pack-year =
number of cigarettes per day

20
× number of years smoked.

Following that, we determine the treatment indicator Z by the question whether the obser-

vation has a heavy lifetime smoking habit, which we define to be greater than 17 pack-years,

the equivalent of 17 years of pack-a-day smoking.

The subject-level covariates X in our analysis include age at the times of the survey

(between 19 and 94), age when the individual started smoking, gender (male, female), race

(white, black, other), marriage status (married, widowed, divorced, separated, never mar-

ried), education level (college graduate, some college, high school graduate, other), census

region (Northeast, Midwest, South, West), poverty status (poor, near poor, low income,

middle income, high income), seat belt usage (rarely, sometimes, always/almost always),

and sample weight. We select the natural logarithm of annual medical expenditures as the

outcome variable Y to maintain the assumption of heteroscedasticity in random errors. We

preprocess the raw data set by omitting any observations with missing values in the covari-

ates and excluding those who had zero medical expenditure. The resulting restricted data set

contains 7903 individuals, with 4014 in the treated group (Z = 1) and 3889 in the controlled

group (Z = 0).

The prediction model obtained from our method, as shown in Figure 3.6, is simple and

easy to interpret. We derive a positive treatment effect across the entire sample, and the

effect becomes significant when the predicted potential outcome is relatively low (less than

5.7). These results indicate that more reliance on smoking will deteriorate one’s health con-

dition, especially for those who currently do not have a large amount of medical expenditure.
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Figure 3.6: Prediction model for National Medical Expenditure Survey (NMES) data. Left:

a tree diagram of predictions on each split based on the two scores, with 95 % confidence

intervals provided on the bottom. Right: a 2d plot of prediction stratification on the

intervals of propensity and prognostic scores, with a color scale on magnitude of treatment

effects.

Moreover, we observe a significant positive treatment effect of 1.4 (with a 95% confidence

interval between 0.56 and 2.79), in other word, a certain and substantial increase in medical

expenditure for the subgroup with propensity score less than 0.17. It is intuitive to assume

that a smaller possibility of engaging in excessive tobacco exposure is associated with health-

ier living styles. This phenomenon is another evidence that individuals who are more likely

to stay healthy may suffer more from excessive exposure to tobacco products. In all, these

results support policymakers and social activists who advocate for nationwide smoking ban.

3.6 Discussions

Our method is different from existing methods on estimating heterogeneous treatment effects

in a way that we incorporate both matching algorithms and non-parametric regression trees

in estimation, and the final estimate can be regarded as a 2d summary on treatment effects.

Moreover, our method exercises a simultaneous stratification across the entire population
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into subgroups with the same treatment effects. Subgroup treatment effect analysis is an

important but challenging research topic in observational studies, and our method can be

served as an efficient tool to reach a reasonable partition.

Our numerical experiments on various simulated and real-life data lay out empirical ev-

idence of the superiority of our estimator over state-of-the-art methods in accuracy and

our proposal provides insightful interpretation on heterogeneity in treatment effects across

different subgroups. We also discovered that our method is powerful in investigating sub-

populations with significant treatment effects. Identifying representative subpopulations

that receive extreme results after treatment is a paramount task in many practical contexts.

Through empirical experiments on two real-world data sets from observational studies, our

method demonstrates its ability in identifying these significant effects.

Although our method shows its outstanding performance in estimating treatments ef-

fects under the piecewise constant structure assumption, it remains meaningful and requires

further study to develop more accurate recovery of such structure. For example, a potential

shortcoming of using conventional regression trees for subclassification is that the binary

partition over the true signals is not necessarily unique. Using some variants of CART, like

optimal trees [BD17] and dyadic regression trees [Don97], would be more appropriate for

estimation under additional assumptions. Another particular concern with tree-based meth-

ods is the curse of dimensionality. Applying other non-parametric regression techniques,

such as K-nearest-neighbor fused lasso [PSC20] and locally estimated scatterplot smooth-

ing (LOESS), may offer a compromised solution to deal with this issue and learn a more

smoothed structure in treatment effects other than a rectangular partition on 2d data. It

is also worth improving the estimation of propensity and prognostic scores using similar

non-parametric based methods if a piecewise constant assumption hold for the two scores as

well.

Moreover, we acknowledge that fitting propensity score and prognostic scores normally

would demand more than main terms linear and logistic regressions as used in the current

method to have hope of eliminating bias in estimating the two scores. The key takeaway
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of our proposal is not to estimate the two scores more accurately, but to provide a lower-

dimensional summary on heterogeneous treatment effects. If more foreknowledge on the

structure of the underlying functions of the two scores can be incorporated, we can certainly

select a more ideal algorithm or machine learning model for estimation. To compromise

the lack of such information under a usual scenario, a SuperLearner ensemble estimator,

proposed by [LPH07], may offer a more promising solution for estimating the two scores by

taking a weighted average of multiple prediction models. Yet, an important challenge for

future work is to design rules that can automatically choose the best model to fit the data.

Another question to consider is the source of heterogeneity in causal effects. Our proposal

that utilizes two scores can be seen as a reasonable starting point to analyze heterogeneity

from a low-dimensional perspective, but it cannot comprehensively capture the sources of

such effects. For instance, it is seemingly possible to exist a covariate that leads to substantial

heterogeneous treatment effects on the response but does not itself have a large effect on

propensity or prognostic scores. There is no particular guiding theories about this issue in

current literature, and thus it remains huge space for further investigation.

3.7 Appendix

3.7.1 Study on the Choice of the Number of Nearest Neighbors

In this section, we examine how the number of nearest neighbors in the matching algorithm

affects the estimation accuracy. Recall in Step 2 of our proposed method, we implement

a K-nearest-neighbor algorithm based on the two estimated scores for a sample of size n.

The computational complexity of this K-NN algorithm is of O(Kn). Although a larger K

produce a promisingly higher estimation accuracy, more computational costs become the

corresponding side-effect. Moreover, the issue of “underfitting” - the increase of bias occurs

when we make such selection. It is because a selection of too large K defeats the underlying

principle behind nearest neighbor algorithms - that neighbours that are nearer share similar

densities. Therefore, a smart choice ofK is essential to balance the trade-off among accuracy,
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computational expense, and generability.

We follow the same generative model in Scenario 1 from Section 3.5 and compute the

averaged mean squared error over 1000 Monte Carlo simulations forK = 1, ..., 50 with a fixed

sample size n = 5000. The results in Figure 3.6 show that the averaged MSE continuously

decreases as the number of nearest neighbors K selected in the matching algorithm grows.

However, the speed of improvement in accuracy gradually slows down when K exceeds 10,

which is close to log(5000). This suggests that an empirical choice of K ≈ log(n) is sufficient

to produce a reasonable estimate on the target parameter and this choice is more ’sensible’

than the conventional setting of K = 1.

Figure 3.7: The plot of averaged MSE against the number of nearest neighbors.

3.7.2 A Summary Table of Simulation Studies

In this appendix, we include a table to provide a text summary of all simulation models

considered in Section 5.1. We add some notes to help the audience understand similarities,

differences, and sources of these data generative models.
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Scenario Propensity Model Prognostic Model Treatment Effect

Model

Note

1 linearity in covariates linearity in covariates a sharp delineation

over the 2d grid of

propensity and prog-

nostic scores with 2

subgroups

2 linear model with addi-

tional interactions and

non-linear terms

linear model with addi-

tional interactions and

non-linear terms

a sharp delineation

over the 2d grid of

propensity and prog-

nostic scores with 2

subgroups

the same treatment

effect model as in Sce-

nario 1; both propen-

sity and prognostic

scores are misspecified

with linear model

3 linearity in covariates linearity in covariates a sharp delineation

over the 2d grid of

propensity and prog-

nostic scores with 4

subgroups

the same propensity

and prognostic models

as in Scenario 1; more

subgroups in treatment

effects

4 random with a fixed

number of treated

units

linearity in covariates

with an intercept

constant zero the same setting from

[ACW18]

5 a smooth function of

single covariate

proportional to single

covariate

a function of the co-

variates

modified from Equa-

tion 27 of [WA18]

6 linearity in covariates linearity in covariates a smooth function of

the two scores

modified from Equa-

tion 28 of [WA18]

7 linearity in a few co-

variates with sparsity

in others

linearity in a few co-

variates with sparsity

in others

a sharp delineation

over the 2d grid of

propensity and prog-

nostic scores with 2

subgroups

a high-dimensional set-

ting corresponding to

Scenario 1
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3.7.3 Non-parametric Bootstrap in Simulation Studies

In Section 3.5, we use non-parametric bootstrap to construct confidence intervals for endoge-

nous stratification and our proposed method. We use these bootstrap samples to compute

coverage rates with respect to a target level of 95% as a measurement of uncertainty. The

bootstrap method, introduced by [Efr79], is a simple but powerful tool to obtain a robust

non-parametric estimate of the confidence intervals through sampling from the empirical

distribution function of the observed data. It is worth noting that causal forests or general-

ized random forests can compute confidence intervals quickly without requiring a bootstrap

approach on which our method relies.

In this appendix, we introduce the details on how we implement non-parametric bootstrap

for the purpose of computing coverage rates in the simulation experiments. For each scenario

in Section 3.5, we start with generating a sample following the defined data generation model

with a sample size n. Next, we create 1000 random samples with replacement from this single

set of data, also with the sample size n. We then apply both methods on these simulation

repetitions, and obtain a series of estimations on each unit in the original set. Following

these estimations, we calculate the corresponding 2.5% and 97.5% quantiles for all units in

the original sample. Coverage rates of a 95% prediction level are thus the frequencies of the

original units falling inside the intervals between the two quantiles computed in the previous

step.
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CHAPTER 4

Causal Effect Estimation via Fused Lasso over Graph

4.1 Introduction

Causal inference finds broad applications across diverse disciplines including economics [Var16,

AI17], epidemiology [HHC88, HR20], medical science [Van15, OE16], and political science

[Bla13, MW14], with growing focus on its pivotal role in criminal analysis for enhancing

community safety and security [Ber87, CFM15]. By scrutinizing criminal activity patterns

[MR09] and identifying hot spots [BB08], causal inference helps inform precise law enforce-

ment strategies. Integrating causal inference methods enriches the quantification of causality,

transcending mere correlations and revealing the root causes of crime. This deeper compre-

hension of crime dynamics empowers policymakers to implement effective, evidence-based

interventions tailored to specific contexts.

One critical aspect of criminal analysis is that crime is inherently localized in nature

[And11, BML22]. Crime exhibits varying rates across different regions, but it tends to

concentrate in specific neighborhoods or areas. Effective intervention strategies necessitate

a localized understanding of crime dynamics, enabling policymakers to optimize efforts and

reduce crime more efficiently. This focus has aroused interest in estimating heterogeneous

treatment effects [PBF22], where leveraging graph structures allows for a local perspective

by assuming that interactive causality exists over adjacent nodes on a graph [WCA23].

However, there remains a research gap in applying more generalized graph structures to

causal inference, particularly for estimating heterogeneous treatment effects.

To address this lack in current literature, this chapter proposes novel methodologies
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for learning heterogeneous treatment effects from graph structures that capture localized

patterns in treatment effects. Our proposed methodologies incorporate fused lasso, a locally

adaptive function model [ROF92, MG97, TSR05, KKB09, Tib14, WSS16, PSS18]. This

chapter highlights three major advantages of our proposed methodologies:

• Our methods show local adaptability by leveraging adjacency patterns derived from

a graph structure. The methods are built on the simple assumption that treatment

effects may vary across units, but they share a piecewise constant structure over the

graph. This flexibility allows our methods to be applied to any general graphs, not

limited to commonly used graphs such as chain graphs and grid graphs. Thereby,

our approaches are more locally adaptive to capture nuanced relationships between

observations.

• Our methods are characterized by their simplicity and efficiency in computation. The

algorithms for computing our proposed estimators are based on the l1-penalized opti-

mization framework, which can be easily solved using existing algorithms. This makes

our algorithms not only straightforward to implement but also highly practical for

researchers and practitioners in related fields.

• We rigorously study the theoretical robustness of our methods, showing that, under

mild assumptions on data, the estimators we propose achieve fast convergence rates

for estimating treatment effects. The rate for the model when a graph is provided

is consistent for estimation over general graph structures, and the rate for the model

when a graph is not provided aligns with those of well-established statistical models

when we construct and integrate a K-nearest-neighbor graph in the estimation process.

4.1.1 Related Literature

The application of causal inference in criminal analysis dates back to the study by [Ber87],

which evaluated the impact of criminal justice programs. More recently, [MWE12] conducted
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a comprehensive analysis of drug courts, employing causal inference methods to assess their

effectiveness in reducing recidivism. Similarly, [AFS15] used randomized controlled trials to

estimate the causal effect of police body-worn cameras on use of force incidents and citizen

complaints. In the realm of hot spots policing, [BTP19] conducted a thorough review of

intervention effects on crime reduction, applying meta-analysis methods to quantify their

efficacy.

Estimating heterogeneous treatment effects is crucial for understanding causal effects

in various applications, where advanced machine learning methods play an important role

in achieving accurate estimations. For instance, [WA18] and [ATW19] introduced random

forests for treatment effect estimation, while [PQJ18] applied boosting methods in high-

dimensional data, and [SJS17] used neural networks for individual treatment effect estima-

tion. Recent research, including [KSB19] and [SLO19], has focused on developing meta-

learner frameworks, exploring diverse machine learning algorithms and data structures. For

flexible and high-performance estimation, [FWW11] investigated doubly robust estimation

methods for observational data, [OR21] reviewed empirical Bayes approaches, and [CCD18]

pioneered double machine learning for estimating treatment effects and structural parame-

ters. In recent innovations, [YCP23] proposed a two-dimensional score-based approach for

heterogeneous treatment effect estimation. [MZL22] and [MZL23] developed methods in-

tegrating lasso and support vector machines for optimal group-structured treatment effect

estimation.

Recent literature has explored the use of diverse graph structures in causal effect estima-

tion. For example, [OSL20] employed chain graph models to infer treatment effects on social

networks, [PBF22] utilized bipartite graphs based on geographic locations for randomization

tests of causal effects, and [LW22] studied treatment effect estimation under network inter-

ference using random graph asymptotics. Another realm that intersects the estimation of

treatment effects with graph-based models is the recent development of network community

detection for causal inference. For instance, [FMW22] introduced a Bayesian generalized

propensity score method for estimating causal effects under network interference. Addi-
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tionally, [GD23] addressed regression-based analysis and design-based properties in causal

inference for network experiments.

4.1.2 Outline

The remainder of the chapter is organized as follows. Section 4.2 introduces the statistical

frameworks for estimating heterogeneous treatment effects via fused lasso over graph and

compares the proposed models with related research in the current literature. In Section

4.3, we propose new estimators and the corresponding algorithms for computing numerical

estimates. The theoretical properties of the proposed estimators are then studied in Sec-

tion 4.4. Section 4.5 presents the results of numerical experiments conducted on multiple

simulated datasets, and in Section 4.6, we present the analysis of a case study on U.S. trans-

portation network crime data. In Section 4.7, we summarize our contributions and discuss

some limitations and potential future directions for the proposed methodologies.

4.2 Preliminaries

4.2.1 Notation

Before presenting our main proposals, we introduce some notation that will be used consis-

tently throughout this chapter. The Euclidean norm, denoted as ∥x∥2, for a vector x ∈ Rd, is

defined as ∥x∥2 =
√

x2
1 + . . .+ x2

d. The l1 norm of x is represented as ∥x∥1 = |x1|+ . . .+ |xd|,

while the infinity norm is denoted by ∥x∥∞ = maxi |xi|. Within the covariate space X ,

we consider the Borel sigma algebra, B(X ), induced by the metric dX . We also introduce

the measure µ defined on B(X ). In this chapter, we assume that the covariates X have a

dimension greater than one and follow an independent distribution, i.e., Xi
ind∼ p(x). Here,

p represents the probability density function associated with the distribution of Xi within

the measure space (X ,B(X ), µ). Moreover, we employ the notation an = OP(bn) to denote

that, for any ϵ > 0, there exists a constant C > 0 such that P(an ≥ Cbn) < ϵ for all n. Sim-
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ilarly, we use the notation an = ΘP(bn) to indicate that both an = OP(bn) and bn = OP(an),

meaning that an and bn are of the same order in probability. For a matrix A, we denote its

Moore–Penrose inverse by A†. For two matrices A and B of the same dimension m× n, we

denote the Hadamard product as A◦B, with its elements calculated as (A◦B)ij = (A)ij(B)ij.

We also write poly(x) for a polynomial function of x, but the functions vary from case to

case in the content below.

4.2.2 The Basic Model Conditioned on a Graph

We formalize our problem in terms of the potential outcomes framework proposed by [Spl23,

Rub74]. Suppose that we have n independent and identically distributed measurements

(Yi, Zi) for i = 1, . . . , n, where Yi ∈ R is the observed outcome, and Zi ∈ {0, 1} is the

treatment assignment. We posit the existence of potential outcomes {Yi(0), Yi(1)} corre-

sponding to the outcome we would have observed given the treatment assignment Zi = 0 or

1, respectively, such that Yi = Yi(Zi). We can write:

Yi = Yi(1) · 1{Zi=1} + Yi(0) · 1{Zi=0}, (4.1)

where Yi(0), Yi(1) ∈ R are random variables.

At the same time, we assume that there exists a graph, denoted as G, which encapsulates

some local structures in the observed data. The graph G is characterized by a vertex set

V = {1, . . . , n} corresponding to the observed data and an edge set E connecting data pairs

(i, j) if an intrinsic relationship between i and j is assumed. For instance, in scenarios where

data (Yi, Zi) for i = 1, . . . , n represent geographic locations on a map, the graph G may take

a simple grid graph structure, linking neighboring data points on the map. In scenarios such

as time-series or longitudinal data, where each (Yi, Zi) corresponds to a time point ti, an

edge of the graph G could connect the data pair (i, j) if there is temporal proximity between

ti and tj. Another example is using a more general graph G to represent social networks,

where edges join data points if there is interaction between individuals.
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We seek to estimate the treatment effect function conditioned on the graph G

τ ∗i := E [Yi(1)− Yi(0) | G] . (4.2)

The basic assumption of our model is that the true treatment effects τ ∗i can vary across units,

but the graph G contains information about the local smoothness of the treatment effects.

Specifically, we assume that treatment effects are piecewise constant along the graph. If data

units i and j are connected as an edge of G, i.e., (i, j) ∈ E, then

τ ∗i ≈ τ ∗j or τ ∗i = τ ∗j

for most edge pairs (i, j) ∈ E.

In order to identify the treatment effect function, we assume that the treatment assign-

ment is randomized if we control for the graph G.

Assumption 9 For i = 1, . . . , n,

Yi(0), Yi(1) ⊥⊥ Zi | G.

The above assumption is modified from the unconfoundedness assumption in [RR83],

which requires conditioning on a covariate set instead.

If we write the conditional response surfaces as µi(Zi) := E[Yi | G,Zi], and define ϵi(Zi) :=

Yi(Zi) − [µi(0) + Ziτ
∗
i ], with the shorthand ϵi := ϵi(Zi), the following lemma leads to the

statistical model of interest.

Lemma 4.2.1 Under Assumption 9, E[ϵi | G,Zi] = 0 for i = 1, . . . , n, and

Yi −m∗
i = (Zi − e∗i )τ

∗
i + ϵi, (4.3)

where m∗
i = E[Yi | G] is the conditional mean outcome or the main effect, and e∗i = P(Zi =

1 | G) is the propensity score.

Proof. See Appendix 4.8.4.
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The decomposition (4.3) was originated from [Rob88] in order to estimate parametric

components in partially linear models, and recent literature in causal inference, including

[ATW19, AW19, NW21], rely on it for statistical inference on treatment effects.

Assumption 10 For i = 1, . . . , n, the propensity score is defined by e∗i := P(Zi = 1 | G),

and there exist constants emin, emax > 0 such that

0 < emin < min
i=1,...,n

e∗i ≤ max
i=1,...,n

e∗i < emax < 1

almost surely.

Assumption 10 guarantees that there is a substantial degree of overlap between the popu-

lations receiving the treatment and the control [DDF21]. In other words, the assumption

states that there exists a range of values, bounded by constants emin and emax, within which

the propensity scores e∗i fall for all individuals in the sample.

Assumption 11 Let ϵi(Zi) defined as above for i = 1, ..., n. Then we assume that the

vector (ϵ1(Z1), ..., ϵn(Zn))
⊤ has independent coordinates that are mean zero sub-Gaussian

with parameter σ > 0.

Assumption 11 requires that the errors are independent and sub-Gaussian distributed with

mean zero. See more details on the definition of sub-Gaussian random variables in Appendix

4.8.3. This characterizes the behavior of the error terms in the model, ensuring that extreme

values or outliers in the error terms are limited, making the behavior of the model more

stable. This condition is standard in non-parametric statistical model analysis. Also note

that in Assumption 11, we only assume that ϵi(Zi) and ϵj(Zj) are independent for any units

i ̸= j, but for the same unit i, ϵi(1) and ϵi(0) are not necessarily independent.

We propose to estimate heterogeneous treatment effects using fused lasso over a graph,

with a computation method inspired by the quasi-oracle estimator from [NW21]. Assume

that we obtain an estimator m̂ for the true main effect m∗ = (m∗
1, . . . ,m

∗
n)

⊤ and an estimator
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ê for the true propensity score e∗ = (e∗1, . . . , e
∗
n)

⊤. Then, our estimator for the treatment

effect under the model setup (4.3) is defined as follows:

τ̂ := argmin
τ∈Rn

{
1

2

n∑
i=1

(Yi − m̂i − (Zi − êi)τi)
2 + λτ∥Dτ∥1

}
, (4.4)

where λτ > 0 is a tuning parameter, and D denotes the oriented incidence matrix of the

graph G. The matrix D has a row for each edge and a column for each vertex of G. If the

p-th edge in G connects the i-th and j-th observations, then

(D)p,q =


1 if q = i,

−1 if q = j,

0 otherwise.

The existence of the estimators m̂ and ê addresses the difficulty that in practice we

never know the true main effect m∗ and usually do not know the true propensity score e∗

either. We will introduce how to obtain such estimators for our proposed model in Section

4.1. The term ∥Dτ∥1, the total variation of τ along the graph G, can be interpreted as a

regularizer on the model complexity of the treatment effect function. This regularization is

commonly applied in penalized regression like generalized lasso and its variations, and it can

be explicitly expressed as

∥Dτ ∗∥1 :=
∑

(i,j)∈E

|τ ∗i − τ ∗j |.

4.2.3 A Model with Linear Representation on Covariates

In practical applications, researchers are often interested not only in understanding treatment

effect heterogeneity but also in quantifying the individual contribution of each covariate to

the outcome. To address this, we consider the setting where data (Xi, Yi, Zi) is available,

where X = (X1, ..., Xn) is a covariate of dimension d, and (Yi, Zi) follow the same definitions

as in the previous model.

A classical approach to modeling treatment effect heterogeneity involves linear regression

with treatment-covariate interactions [Cox84, GC07, CHI08], which assumes the following

95



model:

Yi = X⊤
i β

∗ + ZiX
⊤
i γ

∗ + ui, (4.5)

where the main effect m∗
i is assumed to follow a linear relationship with the covariates

m∗
i = X⊤

i β
∗, with β∗ ∈ Rd representing a vector of coefficients associated with the covariates.

The treatment effect τ ∗i is then decomposed into a systematic component, X⊤
i γ

∗, which

captures treatment effect variation explained by the observed covariates, and an idiosyncratic

component, ui, which represents variation unexplained by the covariates [DFM19].

Now, instead of assuming a linear representation of the covariates on treatment effects,

we adhere to the assumption inherited from our first model that the true treatment effect

vector τ ∗ is piecewise constant along the graph G. At the same time, we rewrite Assumption

9 as follows:

Assumption 12 For i = 1, . . . , n,

Yi(0), Yi(1) ⊥⊥ Zi | Xi, G.

We also make an assumption regarding confounding factors in data.

Assumption 13 Let Γ be a set of confounding variables such that for i = 1, . . . , n,

Xi ̸⊥⊥ Yi | Γ, and Zi ⊥⊥ Γ | Xi, G.

Then the following condition holds:

(Yi | Xi, Zi, G,Γ)
d
= (Yi | Xi, Zi, G).

The assumption guarantees that, despite the presence of confounding factors between the

observed covariates and outcomes, these confounding factors remain independent of the

potential outcomes if conditioned on the underlying graph structure G. This means that

the graph structure can fully explain the relationships between the observed variables, and

therefore, confounding effects can be disregarded in the analysis.
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Remark 4 In Section 4.6, our analysis may not account for all hidden factors that could

influence the outcome. For example, factors such as educational level may influence where

individuals live, which in turn may have a hidden impact on the outcome. However, under

the assumption that the chosen graph structure captures all relevant local patterns, we assume

that these hidden factors can be ignored, as they do not introduce additional confounding in

our analysis.

With Assumptions 12 and 13, we reformulate the model (4.5) as:

Yi = X⊤
i β

∗ + Ziτ
∗
i + ϵi, (4.6)

where

τ ∗i := E[Yi(1)− Yi(0) | Xi, G],

and the random error term ϵi is short for ϵi(Zi). We assume that Assumption 11 holds under

this model setup, and thereby ϵi satisfies E[ϵi | Xi, Zi, G] = 0.

We propose our second estimator, named by causal covariate graph fused lasso, as the

solution to the following optimization problem:

β̂, τ̂ := argmin
β∈Rd, τ∈Rn

{1
2

n∑
i=1

(Yi −X⊤
i β − Ziτi)

2 + λτ∥Dτ∥1
}
, (4.7)

where λτ is a positive tuning parameter. This proposed estimator adopts a formulation

similar to the semi-parametric regression estimator in [Rob88]. The treatment effect τ can

be considered as an explanatory variable, entering the equation as a linear term, alongside

a corresponding penalization with respect to the graph G. The method to find the solution

to the optimization problem (4.7) will be introduced in Section 4.2.

The main benefit of this estimator lies in its capacity to provide not only estimates of

treatment effects but also coefficients. These coefficients offer an additional channel that

enables researchers to simultaneously understand the impact of individual features within

the covariates. Another advantage of this estimator is that we avoid explicit estimation of

the propensity score, typically a challenging task to estimate accurately in practice.
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4.2.4 K-Nearest-Neighbor Graph

Given the assumption that the true treatment effect vector τ ∗ exhibits local structure along

the graph G, an ideal graph for estimation should be connected and satisfy ∥Dτ ∗∥1 ≪ n,

where the number of edges follows |E| = OP(n). This condition implies that the total

variation of τ ∗ along the graph is small, indicating sparsity in the edge set. In other words,

the graph should avoid unnecessary edges that do not provide meaningful information about

local patterns in the data, ensuring that the underlying structure is captured effectively while

minimizing overfitting and redundancy. Chain graphs [OSL20], bipartite graphs [PBF22],

and directed acyclic graphs [LPZ24] provide examples of the integration of connected graphs

into causal estimation. However, as discussed in Chapter 2, predefined graph structures

are often unavailable in practice. In such cases, when an observed covariate is present,

a K-nearest-neighbor graph constructed from the covariate serves as a natural choice for

preserving local data patterns. Therefore, in the following analysis and experiments, we

focus on utilizing K-NN graphs in scenarios where no predefined graph structure is available.

The K-NN graph G is constructed as follows: given the d-dimensional covariate X cor-

responding to the data (Y, Z), the edge set EK of G contains the pair (i, j), where i ∈ V ,

j ∈ V , and i ̸= j, if and only if Xi is among the K-nearest neighbors of Xj, with respect

to the metric dX , or vice versa. Throughout, we assume that the ambient dimension d is

a fixed constant with d ≥ 2. Accordingly, we denote ∇G as the oriented incidence matrix

of the K-NN graph G, following the same definition as the incidence matrix D of a general

graph. Then by integrating the K-NN graph introduced above, the K-NN graph version of

causal covariate graph fused lasso estimator (4.7) can be rewritten by replacing the oriented

incidence matrix D of a general graph G by that of the K-NN graph, ∇G in the optimization

problem.
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4.2.5 Comparison with Related Work

Conventional methods in causal inference, such as tree-based methods [AI16, ATW19, HMC20,

CKS23], meta-learners [IR13, LL16, KSB19, NW21], and doubly robust methods [ZZL15,

CCD18], typically assume that treatment effects can be estimated by conditioning on a co-

variate X from observed data (Y, Z). These approaches primarily aim at estimating the

conditional average treatment effect (CATE),

τ ∗i (X) := E [Yi(1)− Yi(0) | X] ,

which is conditioned on the covariate X.

In contrast, our proposed method, causal graph fused lasso, allows for direct inference

on heterogeneous treatment effects using graph structures, without requiring an observed

covariate. The model (4.3) is formulated under Assumptions 9 and 10, conditioned on the

graph G, rather than on a covariate X. The target estimand (4.3) is also conditioned on the

graph itself, and the corresponding estimation from the optimization problem (4.4) lever-

ages the inherent structure of the graph solely. This approach not only offers a departure

from traditional covariate-based methods but also underscores the capability of graph-based

methodologies to capture local relationships and dependencies that may not be fully cap-

tured by traditional covariate-centric models. This flexibility makes our method particularly

suitable for scenarios where direct observation of covariates is limited or where graph-based

data representations naturally reflect underlying causal mechanisms.

In the context of l1 penalized optimization for estimating heterogeneous treatment ef-

fects, [IR13] stood out as a pioneer by introducing l1 constraints to model treatment effect

heterogeneity. Their seminal work formulated the estimator as:

(β̂, γ̂) := argmin
(β,γ)

{ n∑
i=1

zi · |1− Y ∗
i · (µ+ β⊤Wi + γ⊤Vi)|2+ + λW

LW∑
i=1

|βj|+ λV

LV∑
j=1

|γj|
}
. (4.8)

Here, the penalized lasso constraints are applied to treatment effect heterogeneity variables,

enhancing the optimization problem’s robustness.
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Another contribution utilizing a lasso penalty for estimating heterogeneous treatment

effects is found in [PCR21]. They proposed a two-step procedure where samples are initially

ordered based on propensity or prognostic scores, followed by applying the fused lasso to

obtain piecewise constant treatment effects respecting the predefined ordering of the score.

The proposed model setups (4.3) and (4.6) in this chapter align with the framework

introduced by [Rob04]. Extending the same framework, [NW21] introduced a comprehen-

sive quasi-oracle framework for specifying heterogeneous treatment effect estimators through

empirical loss minimization:

τ̂ := argmin
τ∈Rn

{ 1
n

n∑
i=1

(Yi −m∗(Xi)− (Zi − êi)τi)
2 + Λn(τ)

}
. (4.9)

where m∗ and e∗ are considered as a priori functions and Λn(τ) acts as a regularizer on the

complexity of the treatment effect function.

Compared to existing literature, the two methods introduced in this chapter represent

a pioneering effort in integrating graph structures with l1-penalized estimation of hetero-

geneous treatment effects. We build upon the framework (4.9) proposed by [NW21] by

incorporating a fused lasso over graph regularization into our methods. By penalizing the

total variation of the estimator over the graph, our proposed estimators enhance local adap-

tivity through the flexibility of accommodating diverse graph structures. Such integration

represents a significant advancement in uncovering local patterns inherent in graph data

commonly observed in real-world applications.

4.3 Methodology and Computation

4.3.1 Causal Graph Fused Lasso

Our first estimator, named causal graph fused lasso, solves the optimization problem (4.4).

Our estimation involves a multi-step process by sequentially estimating the main effect, the

propensity score, and eventually the estimand, the treatment effect conditioned on the graph,

through the fused lasso over a graph G.
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Step 1. The first step is to estimate the main effect vector m∗ = (m∗
1, ...,m

∗
n)

⊤, where

m∗
i = E[Yi|G]. We solve a fused lasso over graph with a tuning parameter λm > 0 along the

observed outcome Y to obtain m̂:

m̂ := argmin
m∈Rn

{1
2

n∑
i=1

(Yi −mi)
2 + λm∥Dm∥1

}
. (4.10)

Note that this optimization problem shares the same form as a generalized lasso problem

that can be solved with the parametric max-flow algorithm from [CD09].

Step 2.

Case 1. If the true propensity score e∗ is known, we set ê = e∗.

Case 2. If the true propensity score e∗ is unknown, we need to provide an estimate ê, which

we obtain via the fused lasso over graph against the treatment indicator Z:

êi =


ẽi if ẽi ∈ [emin, emax],

emin if ẽi < emin,

emax if ẽi > emax,

(4.11)

where

ẽ := argmin
e∈Rn

{1
2

n∑
i=1

(Zi − ei)
2 + λe∥De∥1

}
, (4.12)

and λe is a positive tuning parameter.

The objective of setting constraints on the estimated propensity score is to ensure that

our estimators adhere to the overlap condition outlined in Assumption 10. Following the

practical guideline of the 0.1 rule-of-thumb mentioned in [CHI09], we can empirically set two

bounds for the estimated propensity score, denoted as {emin, emax}, with suggested values of

{0.1, 0.9}. This empirical choice of bounds aims to provide sufficient variation in the esti-

mated propensity score while preventing extreme values that could compromise the overlap

condition.
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Step 3. Estimate treatment effect τ̂ via fused lasso over graph:

τ̂ := argmin
τ∈Rn

{1
2

n∑
i=1

(Yi − m̂i − (Zi − êi)τi)
2 + λτ∥Dτ∥1

}
, (4.13)

with the tuning parameter λτ > 0.

The optimization problem (4.13) is a penalized optimization problem, which can be easily

solved via the alternating directions method of multipliers (ADMM) algorithm [BPC11]. We

first reformulate the equation (4.13) as:

minimize
τ∈Rn,w∈Rn

1

2

n∑
i=1

(Yi − m̂i − (Zi − êi)τi)
2 + λτ∥Dw∥1

s.t. w = τ,

(4.14)

and the corresponding augmented Lagrangian can then be written as:

LR(τ, w, u) =
1

2

n∑
i=1

(Yi − m̂i − (Zi − êi)τi)
2 + λτ∥Dw∥1 +

R

2
∥τ − w + u∥22,

where R > 0 is the penalty parameter that controls the step size in the update and is con-

ventionally set to 0.5. Thus, we can solve this optimization problem by iteratively updating

the primal:

τ ← argmin
τ∈Rn

{
1

2

n∑
i=1

(Yi − m̂i − (Zi − êi)τi)
2 +

R

2
∥τ − w + u∥22

}
, (4.15)

and the dual:

w ← argmin
w∈Rn

{
1

2
∥τ + u− w∥22 +

λτ

R
∥Dw∥1

}
. (4.16)

The primal problem (4.15) can be solved in closed form using a coordinate-wise approach

by differentiating with respect to τi:

∂

∂τi
= (Zi − êi)

2τi − (Yi − m̂i)(Zi − êi) +Rτi −R(wi − ui) = 0,

⇒ τi =
R(zi − ui) + (Zi − êi)(Yi − m̂i)

(Zi − êi)2 +R
, (4.17)

for i = 1, ..., n, and the dual problem (4.16) can be solved with the parametric max-flow

algorithm similar to solving the optimization problem (4.10).
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We provide the entire computing procedure for the first proposed estimator in Algorithm

3. Note that the causal graph fused lasso estimator is non-parametric to some extent since

the estimator does not assume a specific functional form of the covariates. Local structure on

data is learned exclusively through the representation of a graph. Therefore, this estimator

can learn complex and potentially nonlinear relationships in treatment effect heterogeneity.

4.3.2 Causal Covariate Graph Fused Lasso

To compute the causal covariate graph fused lasso estimator, we need to find the solution to

the optimization problem (4.7). We observe that this objective function can be considered

bi-convex in β and τ , similar to the loss function (9) in [LPZ24], where we can separate the

optimization problem into two separate convex blocks for β and τ . Hence, we can address

the above problem via a block coordinate descent algorithm. The convergence of coordinate

descent algorithms to a stationary point in bi-convex non-differentiable problems has been

well-established in Theorem 4.1 of [Tse01], where the stationary point is defined by a point

where all directional sub-gradients are non-negative.

Suppose that we already have a putative β̂, we only need to solve the optimization

problem

τ̂ := argmin
τ∈Rn

{1
2

n∑
i=1

(Yi −X⊤
i β̂ − Ziτi)

2 + λτ∥Dτ∥1
}

(4.18)

to obtain τ̂ . This problem is again a weighted penalized optimization problem same as

(4.13), therefore we can apply a similar ADMM algorithm as in Algorithm 1. The details of

the computation are provided in Appendix 4.8.1.

We can then go ahead and plug in the estimated τ̂ into the original optimization expres-

sion to update β̂ as the solution:

β̂ := argmin
β∈Rd

{1
2

n∑
i=1

(Yi −X⊤
i β − Ziτ̂i)

2}, (4.19)

where we remove the penalty term from (4.7) since we are no longer optimizing for τ̂ . The
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Algorithm 3: Compute causal graph fused lasso estimators

Input: penalty parameters: λm > 0, λe > 0 and λτ > 0, maximum iteration: Niter,

tolerance: κ

Data: Y ∈ Rn, Z ∈ Rn, oriented incidence matrix D, optional e ∈ Rn

Output: τ̂ ∈ Rn

1. Compute

m̂← argmin
{1
2

n∑
i=1

(Yi −mi)
2 + λm∥Dm∥1

}
.

2. If e∗ is given, set ê = e∗. If e∗ is not given, for i = 1, ..., n, compute

êi =


ẽi if ẽi ∈ [0.1, 0.9],

0.1 if ẽi < 0.1,

0.9 if ẽi > 0.9,

where

ẽ← argmin
{1
2

n∑
i=1

(Zi − ei)
2 + λe∥De∥1

}
.

3. Initialize τ (0) = Y − m̂, w(0) = Y − m̂, u(0) = 0.

4. For k = 1, 2, ..., until ∥τ (k) − τ (k−1)∥2 ≤ κ or the procedure reaches Niter:

(a) For i = 1, ..., n, update

τ
(k)
i ← R(w

(k−1)
i − u

(k−1)
i ) + (Zi − êi)(Yi − m̂i)

(Zi − êi)2 +R
.

(b) Update

w(k) ← argmin

{
1

2
∥τ (k) + u(k−1) − w∥22 +

λτ

R
∥Dw∥1

}
.

(c) Update

u(k) ← u(k−1) + τ (k) − w(k).

closed-form solution to this linear regression problem is simply:

β̂ = (X⊤X)−1X⊤[Y − Z⊤τ̂ ],
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if we assume X⊤X is invertible.

One remaining problem is that we need to set up an initial β(0) for optimizing τ̂ . A prac-

tical approach [ACW18] is as follows: we randomly select a subset of indices S ∈ {1, ..., n}

from the control group (for example, 50% of the available data in the control group). Then,

we denote XS ⊂ X as a subset of the covariate X, and YS as the sub-vector of the response

variable Y , both corresponding to the indices in the set S. Next, we perform ordinary least

squares (OLS) regression on YS against XS. In the case when X⊤
S XS is invertible, with an

initialization τ (0) = 0, we have that

β̂(0) = (X⊤
S XS)

−1X⊤
S YS,

as the solution to (4.19) in the first iteration of the block coordinate descent algorithm.

We now present the entire procedure for computing causal covariate graph fused lasso

estimator in Algorithm 4.

Algorithm 4: Compute causal covariate graph fused lasso estimators

Input: penalty parameter: λτ > 0, maximum iteration: Niter, tolerance: κ

Data: Y ∈ Rn, Z ∈ Rn, oriented incidence matrix D

Output: β̂ ∈ Rd, τ̂ ∈ Rn

1. Set τ̂ (0) = 0, and randomly select a subset S from the control group and perform

ordinary least squares to initialize β̂(0) as

β̂(0) ← (X⊤
S XS)

−1X⊤
S YS.

2. For k = 1, 2, ..., until ∥τ (k) − τ (k−1)∥2 ≤ κ or the procedure reaches Niter:

(a) Update

τ̂ (k) ← argmin
{1
2

n∑
i=1

(Yi −X⊤
i β̂

(k−1) − Ziτi)
2 + λτ∥Dτ∥1

}
.

(b) Update

β̂(k) ← (X⊤X)−1X⊤[Y − Z⊤τ̂ (k)].
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4.3.3 Model Selection

The selection of tuning parameters, including λm in (4.10), λe in (4.12), and λτ in (4.4) and

(4.7), constitutes an essential practical consideration in estimation as their value controls the

smoothness of the corresponding estimators. Optimal values for the tuning parameters can

be determined through cross-validation. Alternatively, we can employ Bayesian Information

Criteria [BIC; Sch78] for regularization parameter selection.

In the context of a regularized regression problem with a given tuning parameter λ

[WLT07], the BIC for the obtained estimator θ̂λ can be computed as:

BIC(λ) =
1

n

∑
(yi − θ̂λ)

2 + log(n) · dfL(λ),

where dfL represents the degree of freedom of the estimator for a given tuning parameter λ.

During tuning parameter selection, we calculate the BIC for each λ from a set of candidates

and choose the one that minimizes the statistic.

Following the approach of [TT12], we can estimate the degrees of freedom dfL by the

number of connected components in the graph G after removing all edges j where |(Dθ̂)j|

exceeds a threshold γ, typically very small (e.g., 10−2).

4.4 Theoretical Analysis

4.4.1 Analysis on Causal Graph Fused Lasso Estimator

We first study the theoretical properties of the causal graph fused lasso estimator from the

formulation (4.4).

Theorem 4.4.1 Suppose that Assumptions 9-11 hold and ∥τ ∗∥∞ = OP(1). If the estimated

propensity score ê satisfies that êi ∈ [emin, emax] for all i = 1, ..., n, and

1

n
∥ê− e∗∥22 = OP(re∗),

1

n
∥m̂−m∗∥22 = OP(rm∗),
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then for λτ ≍ ∥Dτ ∗∥−1/3
1 n1/3, the estimated treatment effect τ̂ from (2.3) satisfies

1

n
∥τ̂ − τ ∗∥22 = OP

(
1

n
+
∥Dτ ∗∥2/31

n2/3
+ re∗ + rm∗

)
.

Theorem 4.4.1 establishes the consistency of the estimator τ̂ defined in (4.4) for estimating

the heterogeneous treatment effects τ ∗. It is worth noting that the upper bound on the mean

squared error of τ̂ is determined by ∥Dτ ∗∥1, the total variation of τ ∗ across the graph G.

If both re∗ and rm∗ converge faster than ∥Dτ ∗∥2/31 n−2/3, we obtain a convergence rate of

∥Dτ ∗∥2/31 n−2/3 for the proposed estimator from (4.4), which is applicable to any connected

graph structure. This rate aligns with the rate of t2/3n−2/3 for the graph fused lasso estimator

in [PSS18], where the authors assume that the underlying signal belongs to a bounded

variation class, defined with respect to the graph, with a total variation of t.

Corollary 4.4.2 represents a direct extension of Theorem 4.4.1, which corresponds to our

first estimator, causal graph fused lasso.

Corollary 4.4.2 Given that the notation and assumptions from Theorem 4.4.1 are inher-

ited. If e∗ is known and m̂ is estimated as in (4.10) with λm ≍ ∥Dm∗∥−1/3n1/3, then the

estimated τ̂ from (4.4) satisfies

1

n
∥τ̂ − τ ∗∥22 = OP

(
1

n
+
∥Dτ ∗∥2/31 + ∥Dm∗∥2/31

n2/3

)
.

If instead, e∗ is unknown and we construct ê as in (4.11) and (4.12) with λe ≍ ∥De∗∥−1/3n1/3,

then
1

n
∥τ̂ − τ ∗∥22 = OP

(
1

n
+
∥Dτ ∗∥2/31 + ∥Dm∗∥2/31 + ∥De∗∥2/31

n2/3

)
.

This corollary establishes the upper bound on the mean squared error of our proposed

estimator τ̂ from (4.4) as a function of the total variations over the graph G, ∥Dτ ∗∥1,

∥Dm∗∥1, and ∥De∗∥1, when we derive both the estimates m̂ and ê using fused lasso over

graph. Again, this rate aligns with the rate in [PSS18], and it remains valid for arbitrary

connected graphs, regardless of the structure of the graph G.
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It is worth emphasizing that under appropriate boundedness conditions, particularly

assuming that the total variations ∥Dτ ∗∥1, ∥Dm∗∥1, and ∥De∗∥1 are bounded by some t > 0

over the graph G, our proposed estimator achieves an upper bound on the mean squared

error of order t2/3n−2/3.

4.4.2 Causal Covariate Fused Lasso Estimator with K-NN Graph

In this section, we analyze the theoretical properties of the K-nearest-neighbor version of

the causal covariate fused lasso estimator, in particular focusing on the convergence rates

of the estimated treatment effects τ̂ . Previous works by [LRH14, PSC20, YP21] have laid

down theoretical foundations for non-parametric estimators involving theK-NN graph, upon

which we build our theoretical analysis.

Given that the estimation process relies on a K-NN graph, additional assumptions on the

data are necessary to establish the results. The following assumption regards the distribution

of the covariate X.

Assumption 14 The random vectors X1, ..., Xn are independent copies of X which has

support [a, b] ⊂ Rd for some fixed points a, b ∈ Rd. In addition, the probability density

function of X, pX , is bounded. This amounts to

0 < pmin ≤ inf
x∈[a,b]

p(x) ≤ pmax,

for some positive constants pmin, pmax.

We highlight that Assumption 14 aligns with the standard practice in non-parametric

regression, as detailed in [PSC20]. It offers a broader scope than the assumption of uniform

covariate distribution in [0, 1]d, as seen in non-parametric regression models introduced in

[GKK06], as well as in the context of heterogeneous treatment effects described in [WA18].

In addition to Assumption 14, the following two conditions, inherited from [LRH14], are

essential when we confine our analysis to a K-NN graph instead of a general graph for our

proposed estimator.
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Assumption 15 The base measure µ in the metric space X , in which X is defined, satisfies

c1,dr
d ≤ µ{Br(x)} ≤ c2,dr

d, for all x ∈ X ,

for all 0 < r < r0, where r0, c1,d, c2,d are positive constants, and d ∈ N\{0, 1} is the intrinsic

dimension of X .

While X may not necessarily be a Euclidean space, we require in this condition that balls

in X possess volume with respect to denoted as µ on the Borel sigma algebra, B(X ). This

measure exhibits behavior similar to the Lebesgue measure of balls within Rd. See details

in Definition 2 in [LRH14].

Assumption 16 There exists a homeomorphism h : X → [0, 1]d, such that

LmindX (x, x
′) ≤ ∥h(x)− h(x′)∥2 ≤ LmaxdX (x, x

′),

for all x, x′ ∈ X and for some positive constants Lmin, Lmax, where d ∈ N\{0, 1} is the

intrinsic dimension of X .

The existence of a continuous bijection between X and [0, 1]d in Assumption 16 ensures

a space without holes and topological equivalence to [0, 1]d, requiring d > 1, as generally

assumed throughout this chapter.

Assumption 17 The total variation of τ ∗ over the K-nearest-neighbor graph G satisfies the

condition that ∥∇Gτ
∗∥1 = OP(n

1−1/dpoly(log n)).

Under Assumptions 14–16, we can assert that the bounded total variation condition in

Assumption 17 holds, with an additional condition on the true function of τ ∗ being piecewise

Lipschitz. The class of piecewise Lipschitz functions is defined in previous papers by [PSC20]

and [YP21], and we provide the corresponding details in Appendix 4.8.7. Notably, [PSC20]

also introduces an alternative condition different from piecewise Lipschitz, to ensure the

validity of their results; refer to Assumption 5 in the same paper.
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Theorem 4.4.3 Suppose that Assumptions 10-17 hold. We also assume that max(∥Xβ∗∥∞,

∥τ ∗∥∞) = OP(1), maxi∈{1,...,n},j∈{1,...,d} |Xij| = CX for some positive constant CX , and Zi ⊥⊥ ϵi

for i = 1, ..., n. Consider the first iteration of the block coordinate descent algorithm in

Algorithm 2 for solving the K-NN version of the optimization problem (4.7), subject to the

constraint ∥β∥∞ ≤ M for some positive constant M . The number of nearest neighbors K

is chosen as K = log1+r n for some r > 0. If the initialized β̂(0) is obtained such that

∥β̂(0) − β∗∥22 = OP(n
−α) for α ≥ 1

d
, then for an appropriate choice of the tuning parameter

λτ as in (4.49), the estimated treatment effect τ̂ (1) from the first iteration of Algorithm 2

satisfies
1

n
∥τ̂ (1) − τ ∗∥22 = OP

(
n−1/dpoly(log n)

)
.

Theorem 4.4.3 asserts that under mild assumptions on the data generation mechanism of the

d-dimensional data and computation through the proposed algorithm, causal K-NN graph

fused lasso estimator achieves a convergence rate of n−1/d within the first iteration of a block

coordinate descent algorithm, up to a logarithmic factor. Importantly, this rate aligns with

the convergence rate of non-parametric K-NN estimators, as demonstrated in [PSC20] and

[YP21].

Remark 5 As stated in [LPZ24], there are technical difficulties in establishing the consis-

tency of the estimated τ̂ after the first iteration due to the dependence between τ̂ and β̂ across

iterations. Therefore, in Theorem 4.4.3, we demonstrate that, provided an appropriate initial

estimate β̂(0) that meets the assumptions specified in the claim, Algorithm 4 can produce a

consistent estimator for the treatment effect after one iteration.

In Algorithm 4, we initialize β̂(0) using ordinary least squares on YS against XS over a

subset S of the control group:

β(0) = (X⊤
S XS)

−1X⊤
S YS.

This approach typically results in ∥β̂(0) − β∗∥22 = OP(n
−α) with α ≥ 1

d
when d ≥ 2 [Sha91],

thereby the assumption in the theorem is satisfied with such initialization in general. Con-

sequently, within the first iteration of the block coordinate descent algorithm introduced in
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Section 4.3, we establish the main claim in Theorem 4.4.3. While this result implies a con-

vergence rate of order n−1/d for the treatment estimator τ̂ (1) within the first iteration, the

initialization of β̂(0) remains arbitrary. Hence, we perform multiple iterations for updating

both β̂ and τ̂ in our algorithm to help convergence in practice.

4.5 Simulation Experiments

In preparation for the simulation experiments, we establish several key notations, including

the sample size denoted as n, the ambient dimension represented as d, as well as the following

essential functions at a random sample x:

true main effect: m∗(x) = E[Y |X = x],

true treatment propensity: e∗(x) = P(Z = 1|X = x),

true treatment effect: τ ∗(x) = E
[
Y (1)− Y (0)

∣∣X = x
]
.

Throughout all data scenarios, we generate a covariate matrix X = (X1, . . . , Xn) with

random samples Xi ∼ [0, 1]d for i = 1, . . . , n, and formulate the main effect m∗(X) =

(m∗(X1), . . . ,m
∗(Xn)), the propensity score e∗(X) = (e∗(X1), . . . , e

∗(Xn)), and the treat-

ment effect τ ∗(X) = (τ ∗(X1), . . . , τ
∗(Xn)) under some defined functions for each Monte

Carlo trial. Then the treatment indicator Z is generated as

Zi ∼ Binom(1, e∗(Xi)).

The observed outcome Y is defined as a function of m∗, e∗, Z, and τ ∗, and we apply different

methods to estimate τ ∗ with τ̂ . For each trail, we evaluate the accuracy of an estimator

τ̂(X) by its mean-squared error (MSE) for estimating τ ∗(X) at a sample covariate data X,

defined by

MSE(τ̂(X)) :=
1

n

n∑
i=1

[τ̂(Xi)− τ ∗(Xi)]
2 .

We repeat the process for 500 Monte Carlo trials, and record the averaged MSE over these

trials for each estimator.
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For our proposed estimators, causal graph fused lasso (GFL-1) and causal covariate fused

lasso (GFL-2), if a graph is provided in the data generation mechanism, we compute the esti-

mates directly by integrating the oriented incidence matrix of the graph. In scenarios where

a graph is not available, we construct a K-nearest-neighbor graph with K = 5 using the ob-

served covariate X, and then compute the estimates with this constructed K-NN graph. We

benchmark the performance of our proposed estimators against established competitors, in-

cluding R-learner [NW21], S-learner [IR13], T-learner [AI16], X-learner [KSB19], and causal

forests [CF; ATW19]. To explore the application of community detection methods in esti-

mating treatment effects, we augment the covariate set of causal forests with graph statistics

(CF-G) commonly used in community detection, including closeness centrality [NG04], clus-

tering coefficient [WS98], and average neighbor degree [BBP04] of the same K-NN graph

built from our methods. We analyze whether incorporating these graph patterns enhances

the performance of causal forests.

For meta-learners, we employ functions from the R package “rlearner” developed by

[NW21]. For causal forests, we directly use the R package “grf” [ATW19], following with an

automatic cross-validation to select values of hyper-parameters [AW19] and a K-fold cross-

fitting under a conventional setting of K = 10 recommended by [NW21].

Scenario 1: Random trials with grid graph

We construct a covariate X ∈ R2, with Xi,j = ( i
N
, j
N
) for i, j = 1, ..., N where N > 0 is

a predefined constant. Additionally, we assume a 2D grid graph over [0, 1]2, with lattice

defined on the data points of X and vertices connected adjacent points in X. The main

effect and the true treatment effect are then defined as follows:

m∗(Xi,j) =


1 if i

4N
+ 3j

4N
< 0.5,

0 otherwise.

τ ∗(Xi,j) =


1 if i

N
< 0.6 and j

N
< 0.6,

0 otherwise.
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We set e∗(Xi,j) = 0.5 for all i, j = 1, ..., N and with ϵi,j
i.i.d.∼ N (0, 1), let the outcome Y be

Yi,j = m∗(Xi,j) + (Zi,j − e∗(Xi,j))τ
∗(Xi,j) + ϵi,j.

We record the performance of an estimator at N = 30, 50, 100.

Scenario 2: Random trials with unknown graph

With d = 5, we set the propensity score e∗(X) as 0.5 across all observations, and for i =

1, ..., n, we generate the data following the model:

m∗(Xi) = sin(πXi,1Xi,2) + 2(Xi,3 − 0.5)2 +Xi,4 + 0.5Xi,5,

τ ∗(Xi) =


0.5 if min(Xi,1, Xi,2, ..., Xi,5) ≥ 1

4
,

−0.5 if max(Xi,1, Xi,2, ..., Xi,5) <
1
4
,

0 otherwise,

Yi = m∗(Xi) + (Zi − e∗(Xi))τ
∗(Xi) + ϵi,

with ϵi
i.i.d.∼ N (0, 0.752).

Scenario 3: Multi-dimensional covariate with unknown graph and unknown

propensity score

Assuming the treatment effect τ ∗(X) being constant 1 across all observations, we generate

the data under the following model for i = 1, ..., n:

m∗(Xi) =


2 if X⊤

i β > [d/2]− 1,

−2 otherwise,

e∗(Xi) =


0.75 if (X2

i )
⊤β > ⌊d1/2⌋ − 1,

0.25 otherwise,

Yi = m∗(Xi) + (Zi − e∗(Xi))τ
∗(Xi) + ϵi,
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where β ∼ Unif(0, 1)d and ϵi
i.i.d.∼ N (0, 0.52). We examine the performance of estimators with

the ambient dimension d = 10.

Scenario 4: Data based on graph statistics

We generate a covariate X of dimension d = 10 and construct a corresponding K-nearest-

neighbor graph G based on the covariate X with K = 5. Then, we construct the data as

follows:

m∗(Xi) =


1 if CC(Xi) > 0.1 and CL(Xi) > 0.1,

−2 otherwise,

e∗(Xi) =


0.75 if navg(Xi) > 12,

0.5 if 10 < navg(Xi) ≤ 12,

0.25 otherwise,

τ ∗(Xi) =


1.5 if CC(Xi) > 0.15 and navg(Xi) > 10,

0.5 if CC(Xi) < 0.15 and navgXi) < 10,

1 otherwise,

Yi = m∗(Xi) + (Zi − e∗(Xi))τ
∗(Xi) + ϵi,

where CC(Xi) denotes the closeness centrality of the node in the graph G that corresponds

to the data Xi, CL(Xi) denotes the clustering coefficient of that node, and navg(Xi) denotes

the average degree of all connected neighbors of the same node. We set the error term

ϵi ∼
i.i.d.∼ N (0, 0.52).

Scenario 5: Data with the model on covariates

With d = 10, we generate the data under the following mechanism:

e∗(Xi) =


0.8 if ∥Xi − 1

2
1d∥22 ≤ 4

100
,

0.2 otherwise,
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τ ∗(Xi) =



2 if ∥Xi − q1∥2 < min{∥Xi − q2∥2, ∥Xi − q3∥2, ∥Xi − q4∥2},

1 if ∥Xi − q2∥2 < min{∥Xi − q1∥2, ∥Xi − q3∥2, ∥Xi − q4∥2},

0 if ∥Xi − q3∥2 < min{∥Xi − q1∥2, ∥Xi − q2∥2, ∥Xi − q4∥2},

−1 otherwise,

where q1 =
(

1
4
1⊤⌊d/2⌋,

1
2
1⊤d−⌊d/2⌋

)⊤
, q2 =

(
1
2
1⊤⌊d/2⌋,

1
4
1⊤d−⌊d/2⌋

)⊤
, q3 =

(
3
4
1⊤⌊d/2⌋,

1
2
1⊤d−⌊d/2⌋

)⊤
, and

q4 =
(

1
2
1⊤⌊d/2⌋,

3
4
1⊤d−⌊d/2⌋

)⊤
, and

Yi = X⊤
i β

∗ + Ziτ
∗(Xi) + ϵi,

with β∗ = (0.1, 0.7, 0.2, 0.4, 0.6,−0.3,−0.5,−0.9, 0.8,−1)⊤ and ϵi
i.i.d.∼ N (0, 0.52).

In Scenario 1, we conduct random trials on a 2D grid, defining the true main effect based

on a threshold condition. Scenario 2 involves random trials with multi-dimensional covari-

ates, capturing non-linear relationships in true main effects, and also features a piecewise

constant true treatment effect. Scenario 3 generates data with constant treatment effects,

where the main effect and the propensity score are structured by conditional assignment

based on covariates rather than graph. In Scenario 4, we generate data based on local

structures in graph statistics such as closeness centrality, clustering coefficient and average

neighbor degree. Throughout these scenarios, we assume the data model for the observed

outcome follows our first model detailed in Section 4.2. Scenario 5 incorporates the second

model from Section 4.2, featuring a linear representation of covariates in the main effect and

a treatment effect determined by a piecewise constant structure. In Scenarios 1 and 4, we

consider the graph as predefined. For Scenarios 2, 3, and 5, where no graph is provided, we

construct a K-nearest-neighbor graph, setting K = 5, and use this graph in the estimation

process of our proposed methods.

Table 4.1 summarizes the average mean squared errors from 500 Monte Carlo simulations

across different data scenarios outlined earlier. Our first approach, causal graph fused lasso,

consistently outperforms competing benchmarks in the majority of cases across Scenarios 1,

115



Table 4.1: Averaged mean squared errors of estimated treatment effects with standard errors

in parenthesis over 500 Monte Carlo simulations

Scenario n d GFL-1 GFL-2 R- S- T- X- CF CF-G

1 900 2 0.1169 0.1194 0.1163 0.1170 0.1169 0.1165 0.1086 0.1410

(0.0357) (0.0343) (0.0122) (0.0120) (0.0129) (0.0119) (0.0158) (0.0155)

1 2500 2 0.0492 0.1150 0.1083 0.1085 0.1083 0.1082 0.0497 0.0655

(0.0147) (0.0186) (0.0037) (0.0039) (0.0038) (0.0038) (0.0096) (0.0112)

1 10000 2 0.0114 0.1046 0.1059 0.1060 0.1059 0.1059 0.0165 0.0179

(0.0042) (0.0099) (0.0010) (0.0011) (0.0011) (0.0011) (0.0031) (0.0036)

2 1000 5 0.0478 0.0489 0.1439 0.1431 0.1429 0.1430 0.1570 0.1607

(0.0039) (0.0044) (0.0117) (0.0102) (0.0103) (0.0102) (0.0081) (0.0080)

2 5000 5 0.0461 0.0467 0.1312 0.1313 0.1313 0.1312 0.0987 0.1157

(0.0010) (0.0010) (0.0028) (0.0029) (0.0029) (0.0029) (0.0069) (0.0056)

2 10000 5 0.0459 0.0461 0.1297 0.1298 0.1298 0.1298 0.0607 0.0842

(0.0006) (0.0007) (0.0018) (0.0018) (0.0018) (0.0018) (0.0067) (0.0065)

3 1000 10 0.0023 0.0336 0.1359 0.3806 0.4062 0.3740 0.6524 0.7065

(0.0036) (0.0334) (0.1099) (0.2504) (0.2593) (0.2499) (0.5474) (0.5918)

3 5000 10 0.0007 0.0417 0.1170 0.3281 0.3361 0.3287 0.3223 0.3558

(0.0012) (0.0534) (0.0860) (0.2142) (0.2184) (0.2156) (0.2880) (0.3177)

3 10000 10 0.0004 0.0556 0.1191 0.3358 0.3434 0.3375 0.2427 0.2469

(0.0006) (0.0770) (0.0805) (0.2065) (0.2110) (0.2086) (0.2116) (0.2355)

4 1000 10 0.0566 0.0693 0.0672 0.0663 0.0731 0.0673 0.0623 0.0422

(0.0101) (0.0150) (0.0201) (0.0181) (0.0212) (0.0187) (0.0149) (0.0042)

4 5000 10 0.0561 0.0633 0.0621 0.0619 0.0636 0.0621 0.0628 0.0163

(0.0052) (0.0072) (0.0088) (0.0086) (0.0087) (0.0084) (0.0084) (0.0049)

4 10000 10 0.1031 0.1078 0.1072 0.1076 0.1085 0.1074 0.1047 0.0150

(0.0040) (0.0049) (0.0061) (0.0062) (0.0063) (0.0060) (0.0062) (0.0026)

5 1000 10 0.7203 0.4743 0.6258 0.6280 0.6227 0.6239 1.1050 1.1169

(0.0495) (0.0328) (0.0250) (0.0260) (0.0248) (0.0249) (0.0289) (0.0295)

5 5000 10 0.5642 0.3676 0.6119 0.6137 0.6127 0.6126 0.9151 0.9396

(0.0208) (0.0150) (0.0101) (0.0104) (0.0102) (0.0103) (0.0139) (0.0146)

5 10000 10 0.5120 0.3330 0.6095 0.6112 0.6108 0.6107 0.8422 0.8710

(0.0137) (0.0111) (0.0070) (0.0072) (0.0070) (0.0071) (0.0100) (0.0107)

2, and 3. Particularly noteworthy is its effectiveness in Scenario 2, where treatment effects

exhibit piecewise constancy over graph structures, highlighting its capability in leveraging

local treatment effect patterns encoded in the graph. Even in scenarios where data does
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not explicitly incorporate graph structures, such as Scenario 3, causal graph fused lasso

demonstrates competitive performance compared to its peers. However, in Scenario 4, our

method shows relatively weaker performance compared to causal forests enhanced with graph

statistics, aligning with expectations given the data generation mechanism favoring that

approach. Nevertheless, our method consistently outperforms competitors such as meta-

learners and causal forests using only covariates.

To further illustrate the effectiveness of our first approach, we present a plot of the true

treatment effect alongside the corresponding estimate from the causal graph fused lasso under

Scenario 1, using a sample size of 10,000, in Figure 4.1. This visualization demonstrates the

accuracy of the method in estimating diverse treatment effects captured by a graph. However,

it is important to note that in scenarios with smaller sample sizes, benchmark competitors

such as causal forests show better performance than our proposal, and the performance of

our proposal improves as the sample size increases. This suggests that our first proposed

method offers advantages in larger sample scenarios.

Figure 4.1: A comparison of a single instance between the true treatment effect (left) and

the estimated treatment effect obtained from causal graph fused lasso (right) from Scenario

1. The color bar indicates the values of treatment effects.

If we examine the performance of our second estimator, causal covariate graph fused

lasso, from Table 4.1, it becomes apparent that this approach generally underperforms
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when compared to the first proposal across most cases. The only exception occurs in Sce-

nario 5, where the main effect is defined by a linear representation, consistent with the

underlying statistical model of our second method. Therefore, the superior performance

of our second proposal is anticipated in this data scenario. It is important to acknowl-

edge that the motivation behind proposing causal covariate graph fused lasso method is to

provide an alternative for researchers interested in understanding the impact of key fea-

tures on the outcome, particularly in social science contexts. Despite its limitations, this

model remains valuable. In examining Scenario 5, we assess the proximity of our esti-

mates on covariate coefficients to the true values. Averaging the covariate coefficients over

500 Monte Carlo simulations with a sample size of 10,000, we obtain an averaged β̂ =

(0.0978, 0.6942, 0.1926, 0.4010, 0.5984,−0.3043,−0.4987,−0.9048,−0.7950,−1.0050)⊤. This

result closely approximates the true values β∗ = (0.1, 0.7, 0.2, 0.4, 0.6,−0.3,−0.5,−0.9,−0.8,

− 1)⊤ in the model.

4.6 Application: U.S. Transportation Network Crime Data

4.6.1 Background and Data

Transportation network companies (TNCs), like Uber and Lyft, have become an integral part

of modern life in recent years. The convenience and time-saving aspects of these ride-hailing

applications revolutionize the way people travel and make them popular among a significant

portion of our daily life. Additionally, TNCs have created numerous job opportunities,

allowing many individuals to earn a living through flexible work schedules. In the United

States, specifically, the use of ride-hailing services has surged, with a survey by [Cen19]

revealing that 36 percent of U.S. adults have used services like Uber or Lyft. Meanwhile,

recent estimates suggest there are about 1.5 million to 2 million Uber and Lyft drivers in

the United States, including both active and part-time drivers.

However, alongside the undeniable convenience offered by TNC services, there has been

an unfortunate increase in crimes related to ride-sharing activities. Incidents of violence,
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such as rape, assault, child molestation, and theft, as well as accidents resulting in injuries

or hit-and-run incidents, have been frequently reported involving TNC drivers. To mitigate

these negative consequences, the legislature in the United States has taken several measures.

One of the most significant steps has been the introduction of driver background check laws

(BCLs). For example, in New York City, Uber and Lyft drivers are required to obtain a

license from the NYC Taxi and Limousine Commission (TLC) [TC23]. This ensures that

ride-share drivers in NYC are subject to the same regulations as taxi and limousine drivers.

To obtain a TLC license, drivers must undergo thorough background and driving history

checks. The goal of these measures is to identify and exclude individuals with a history of

criminal offenses from participating in ride-sharing services. By implementing these laws,

the legislature aims to enhance passenger safety and minimize the risks associated with TNC

services.

Previous analyses on different components of background check laws have shown evidence

of their effectiveness in reducing crimes. For instance, [SP12] discovered significant effects

indicating that checks for mental illness, restraining orders, or fugitive status resulted in a

reduction in crimes like homicides. However, there are researchers who question the efficacy

of these policies in crime reduction. They argue that these laws may not have the antici-

pated impact or could even lead to negative effects, such as an increase in the number of

property crimes. In a recent study by [RCL24], concerns were raised about the unintended

social welfare risks such as an increase in going back to shadier business for alternative in-

come opportunities associated with excluding marginalized individuals from gig employment

opportunities like jobs created from TNC services.

Our research aims to investigate the impact of enforcing background check laws on gig

workers for transportation network companies (TNCs) on the number of property crimes.

The definition of property crimes includes the following categories: robbery, burglary, larceny-

theft, and motor vehicle theft. We seek to verify the unintended consequences of implement-

ing background check laws on TNC-related gig workers, hypothesizing an increase in local

property crimes after enforcing such legislation. Our study focuses on a dataset collected in
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recent years, spanning from 2015 to 2018. The dataset consists of monthly crime counts at

different local levels across the United States, publicly accessible through the Federal Bureau

of Investigation (FBI) website (https://cde.ucr.cjis.gov/). The dataset also includes

information on Uber and Lyft’s service availability in the regions. Additionally, demographic

and macroeconomic factors including total population, unemployment rate, poverty rate, av-

erage annual GDP growth rate, proportion of elderly (65+) residents, gender distribution,

and racial demographics (white and Asian populations) are included. The detailed data

source and descriptions for each variable are presented in Appendix 4.8.2.

To address our research question, our analysis targets analyzing the crime rate, which is

calculated as the number of reported crimes per 100,000 individuals within a population as

follows.

Crime Rate =
Crime Count

Total Population
× 100, 000.

The crime rate serves as the response variable, with macroeconomic factors listed above

as the explanatory variables in our analysis. Meanwhile, geographic coordinates, including

longitude and latitude, are obtained for each data point.

4.6.2 Nationwide County Level Analysis

We start our analysis by examining the causal effect of introducing gig worker background

check laws on property crime rates at the county level across the United States. We exclude

certain counties, primarily in Florida, due to the absence of data on the number of crimes.

Consequently, our cleaned dataset comprises records from 3015 counties across the United

States. The county-level analysis spans from 2015 to 2018, encompassing the initial state-

level implementation of background check laws on TNCs in 2015 and the final implementation

in 2017 across the United States. Crime counts up to 2018 are aggregated for crime rate

analysis. Given the varied timing of law implementation across regions, we employ a cohort-

based causal identification approach with staggered treatment adoption. This methodology,

as applied in [AAH21], [CS21], and [SA21], aims to mitigate comparison issues by avoiding
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the use of early adopters as the control group. In our study, we estimate treatment effects for

all counties annually, while considering only those estimates as the final results for counties

assigned the treatment within the respective year. Specifically, in 2015, we aggregate monthly

property crime counts for the 12 months following December 2015, calculating the crime rate

for each county. Counties receiving treatment during 2015 are denoted with a treatment

indicator of 1, while others are marked as 0. Then treatment effects are computed for all

counties, with only those counties with treatment indicator equal to 1 being recorded in the

final result. In 2016, counties previously treated are excluded, and a similar methodology

is applied to estimate treatment effects for counties treated in that year. In the final year,

2017, we include all remaining counties from the 2016 analysis and estimate treatment effects

collectively alongside the aggregated crime rates up to 2018.

We then proceed to implement both of our proposed methods with the preprocessed data.

We first construct a K-nearest neighbor graph with K = 5 based on the observed covariates

and use the corresponding oriented incidence matrix to estimate heterogeneous treatment

effects for both methods. Since propensity scores are unknown at each location in this case,

we estimate the propensity scores via graph fused lasso in our first method. The benchmark

competitor chosen for this analysis is causal forests, with the same tuning setup as in the

simulation experiments.

We begin by comparing the estimated treatment effects derived from three models con-

sidered. In Figure 4.2, we present estimations from two of our proposed models alongside

the estimation from causal forest. These plots reveal a consistent overall pattern regarding

the causal effects of implementing background check laws on TNCs across the United States.

We observe positive treatment effects for the majority of the counties in the United States,

indicating that these regions suffer from an increase in property crimes after background

check enforcement. In contrast, negative treatment effects, equivalent to a decrease in prop-

erty crimes, are observed mainly in California and New England Regions, which are heavily

populated regions. Such effects are also observed in metropolitan regions across different

states in the United States. These findings reveal the nuanced impact of background check
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Figure 4.2: Estimated treatment effects of implementing background check laws on TNCs in

reducing property crimes across the United States. The horizontal axis represents longitude,

and the vertical axis represents latitude. Top: estimates from causal graph fused lasso;

Middle: estimates from causal covairate graph fused lasso; Bottom: estimates from causal

forests. The color scale displays the unit change in the number of property crimes per 100,000

population.
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laws on property crime rates in different regions. While some regions may witness immediate

reductions in overall crime rates following such measures, others may face challenges or un-

intended consequences, including an upsurge in property crimes. Importantly, the positive

treatment effects found in our analysis corroborate our hypothesis regarding the unintended

negative consequences of implementing background check laws on TNC-related gig workers,

and echo concerns raised in studies such as [RCL24], highlighting the need for policymakers

to thoroughly evaluate potential social risks when enacting background check laws.

From Figure 4.2, we observe a difference between the two illustrations derived from our

proposed methods, which stems from differences in model setups. The causal covariate graph

fused lasso assumes a linear representation in the main effect, which may not align perfectly

with the real data, potentially leading to some misspecification. Despite this, another notable

observation from Figure 4.2 is that both estimations from our proposed methods demonstrate

a greater local adaptivity to capture nuanced patterns in regions compared to the estima-

tion from causal forests. This enhanced adaptability highlights the strength of our methods

in capturing detailed variations in treatment effects. Such difference stems from the as-

sumptions inherent in our proposed methods, which presume a piecewise constant pattern in

treatment effects along a graph structure. By employing aK-NN graph in our estimation, we

typically ensure that treatment effects in neighboring counties are similar or identical. This

approach may prove beneficial for policymakers seeking to implement consistent treatments

across specific regions, rather than adopting more varied measures in individual regions.

4.6.3 Oklahoma Legislation Impact Analysis

In the second part of our analysis, we shift our focus to a specific state, Oklahoma, to

investigate whether legislation that eases restrictions on background check laws has an impact

on the incidence of property crimes. The Oklahoma Transportation Network Company

Services Act, outlined in 47 O.S. Sections 1010-1030, designates the Oklahoma Corporation

Commission as the regulatory authority for Transportation Network Companies (TNCs)

operating within the state. This legislation came into effect on July 1, 2015, with Section 1019
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mandating that TNC companies conduct a criminal background check for each applicant.

However, a consequential legislative action followed: Oklahoma’s State Question 780 (SQ

780, enacted on July 1, 2017). State Question 780 reclassified certain drug possessions from

felonies to misdemeanors, so this law provided some relief on background checks for gig

workers, potentially enabling more of them to participate in TNC services.

Now, our objective is to investigate the causal impact of legislation regarding background

checks on gig workers on the incidence of property crimes from a more localized perspec-

tive, using neighborhood-level data from Oklahoma. Specifically, we focus on zip code-level

data, extracting 323 data points representing different neighborhoods in Oklahoma from the

nationwide analysis. We use the same set of features as in the previous analysis, and we

preprocess the data similarly. We utilize a treatment reversal design to evaluate the causal

effects of implementing 47 O.S. and SQ 780 separately. We select treatment indicator time

points based on the dates when each law became effective. For each time point, we compute

the annual property crime rate by aggregating the total number of property crimes occur-

ring within a 12-month period following the respective time point and then calculating the

corresponding crime rate. After data preparation, we apply both of our proposed methods

using a K-NN graph with K = 7 to estimate treatment effects.

The visualization of estimation results is presented in Figure 4.3. Following the imple-

mentation of 47 O.S. in July 2015, mandating background checks for gig drivers, our analysis

reveals predominantly positive treatment effects across most neighborhoods in Oklahoma, as

displayed in the left column of the figure. However, subsequent to the enactment of SQ 780

two years later, which relaxed the definition of misdemeanors, thereby permitting previously

disqualified residents to engage more in gig work, we observe a notable shift in the estimated

treatment effects. Specifically, there is a uniform decrease in the value of treatment effects

throughout the state after the implementation of SQ 780, as displayed in all three methods

applied. Our methods exhibit a greater capacity for highlighting such differences compared

to causal forests, demonstrating their superiority in local adaptivity.

Such observations suggest that implementing very strict background check laws for gig
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Figure 4.3: Estimated heterogeneous treatment effects of introducing background check laws

on Transportation Network Companies (TNC) in Oklahoma. The left column is the esti-

mated treatment effects after the implementation of 47 O.S., and the right column represents

the effects after SQ 780 being enforced. Top: estimates from causal graph fused lasso; Mid-

dle: estimates from causal covariate graph fused lasso; Bottom: estimates from causal forests.

The color scale displays the unit change in the number of property crimes per 100,000 pop-

ulation.
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workers in certain regions may lead to unintended negative effects on local crime reduction,

particularly arousing concerns about an increase in property crimes. However, with a re-

laxation in background check regulations, such negative impacts appear to be mitigated,

indicating that promoting employment opportunities for gig workers could potentially pre-

vent involvement in criminal activities such as robbery and theft for a living. These findings

again support our initial hypothesis that restricting individuals from engaging in gig work

through background check laws correlates with an increase in property crimes, and conversely,

enabling greater participation in this sector appears to yield the opposite effect.

4.6.4 Summary

In summary, our research provides valuable insights for policymakers aiming to address

crime reduction by implementing background check regulations for gig workers in trans-

portation network services. We discover that while metropolitan areas could potentially

benefit from a corresponding decrease in property crimes, the majority of regions across the

United States might experience a rise in property crimes following the enforcement of back-

ground checks. Through a detailed examination of Oklahoma State’s data, we identify that

easing background check requirements to allow broader participation in TNC services could

help mitigate the unintended negative effects of these laws. These findings show the complex

dynamics involved in the impact of exclusion-based solutions, such as mandatory background

checks, on crime reduction efforts. Policymakers should recognize the evident necessity for

further assessment of the unintended social welfare consequences associated with excluding

marginalized individuals from opportunities in the gig economy within different regions.

4.7 Conclusion and Discussion

In this chapter, we present two novel methodologies for estimating heterogeneous treat-

ment effects using the fused lasso over graph. The first method explores treatment effect

heterogeneity through local patterns captured directly from the graph structure, bypassing
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traditional covariate-based approaches. The second method addresses the practical need to

assess the impact of individual covariate features while estimating treatment effects con-

currently. Our methodologies are well-suited for analyzing data characterized by piecewise

constant local structures, commonly observed in real-world datasets. This adaptability is

particularly advantageous in causal inference, enabling policymakers to devise targeted in-

terventions based on identified local patterns across geographic or macroeconomic features.

Empirical validation through numerical experiments on simulated data has highlighted

the robustness of our estimators, showing superior performance over other popular meth-

ods in specific data scenarios. In theoretical analysis on our proposed estimators, we have

demonstrated a fast convergence rate of order n−2/3 when using a general graph for estimat-

ing heterogeneous treatment effects and n−1/d when utilizing a K-nearest-neighbor graph

under a multivariate setup. Moreover, our case study on transportation network crime data

provides valuable insights for policymakers to reveal how background check laws on TNC

gig workers influence changes in property crime rates across different regions and arouse

attention on unintended negative consequences of the exclusion-based solution.

While our proposed methodologies demonstrate great performance in estimating hetero-

geneous treatment effects with a known data structure graph, a worthwhile avenue for future

research lies in exploring and extending methods that are flexible and adaptive in detecting

local patterns when a graph is not available. The development of such methodologies is

important to understand treatment effect heterogeneity in diverse data settings.
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4.8 Appendix

4.8.1 The ADMM Algorithm for Solving (4.18)

We reformulate the equation (4.18) as:

minimize
τ∈Rn,w∈Rn

1

2

n∑
i=1

(Yi −X⊤
i β̂ − Ziτi)

2 + λτ∥Dw∥1

s.t. w = τ,

and we write the corresponding augmented Lagrangian as

LR(τ, w, u) =
1

2

n∑
i=1

(Yi −X⊤
i β̂ − Ziτi)

2 + λτ∥Dw∥1 +
R

2
∥τ − w + u∥22

for R > 0 with a default setting R = 0.5. We then solve this problem by iteratively updating

the primal:

τ ← argmin
τ∈Rn

{
1

2

n∑
i=1

(Yi −X⊤
i β̂ − Ziτi)

2 +
R

2
∥τ − w + u∥22

}
,

and the dual:

w ← argmin
w∈Rn

{
1

2
∥τ + u− w∥22 +

λτ

R
∥Dw∥1

}
.

We solve the primal problem coordinate-wise, following a similar approach as in (4.17), to

obtain

τi =
R(wi − ui) + (Zi − êi)(Yi − m̂i)

(Zi − êi)2 +R
,

for i = 1, ..., n, and we solve the dual problem by the parametric max-flow algorithm [CD09].

4.8.2 TNC Crime Data Source and Descriptions

The data utilized in the analysis of TNC-related crime in Section 4.6 was sourced from var-

ious authoritative databases, each contributing specific metrics relevant to our study. The

total population was retrieved from the US Census Bureau’s data tables. The unemployment

rate data came from the US Bureau of Labor Statistics. Poverty rates and other demographic

details such as the proportion of elderly residents, male and female populations, and racial
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composition (white and Asian residents) were also sourced from the US Census Bureau. Ad-

ditionally, the annual real GDP growth rates were sourced from the US Bureau of Economic

Analysis. For detailed information on the data sources, please see the provided table below.

Variable name Description Source Note

total pop total population https://data.census.gov/table US Census Bureau

unemployment r unemployment rate https://www.bls.gov/lau/#tables US Bureau of Labor Statistics

poverty poverty percentage https://www.census.gov/data/datasets US Census Bureau

gdp annual real GDP growth rate https://www.bea.gov/taxonomy/term/971 US Bureau of Economic Analysis

p age 65over proportion of elderly (65+) residents https://data.census.gov/table US Census Bureau

p male proportion of male residents https://data.census.gov/table US Census Bureau

p white proportion of white residents https://data.census.gov/table US Census Bureau

p asian proportion of Asian residents https://data.census.gov/table US Census Bureau

4.8.3 Sub-Gaussian Random Variables

In this section, we provide the detailed definition of sub-Gaussian random variables. A

random variable X is said to be sub-Gaussian if its tail probabilities satisfied the following

bound: there exists a positive parameter σ > 0 such that for all t > 0,

P(|X| ≥ t) ≤ 2 exp

(
− t2

2σ2

)
.

4.8.4 Proof of Lemma 4.2.1

Proof. Recall the definition of the conditional response surfaces µi(Zi) = E[Yi | G,Zi], then

consider the conditional expectation:

E[ϵi | G,Zi] = E[Yi(Zi)− [µi(0) + Ziτ
∗
i ] | G,Zi]

= E[Yi(Zi) | G,Zi]− E[µi(0) + Ziτ
∗
i | G,Zi]

= E[Yi | G,Zi]− µi(0)− Ziτ
∗
i

= µi(Zi)− µi(0)− Ziτ
∗
i

= 0,

where the last equality holds because µi(Zi) = µi(0) + Ziτ
∗
i by definition.
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Now, following the definition m∗
i = E[Yi | G], we use the response surface decomposition

Yi = µi(0) + Ziτ
∗
i + ϵi and take expectations conditional on G to get

m∗
i = E[µi(0) + Ziτ

∗
i + ϵi | G]

= µi(0) + E[Ziτ
∗
i | G] + E[ϵi | G].

Since E[ϵi | G,Zi] = 0, it follows that E[ϵi | G] = 0, leading to

m∗
i = µi(0) + e∗i τ

∗
i .

Then we can rewrite the treatment function τ ∗i in (4.2) in terms of m∗
i , which leads to the

decomposition

Yi −m∗
i = (Zi − e∗i )τ

∗
i + ϵi.

. □

4.8.5 Theorem 4.4.1 and Corollary 4.4.2

4.8.5.1 Proof of Theorem 4.4.1

Proof. From the optimality in the definition of τ̂ in (4.4), we have that

1

2

n∑
i=1

(Yi − m̂i − (Zi − êi)τ̂i)
2 + λτ∥Dτ̂∥1 ≤

1

2

n∑
i=1

(Yi − m̂i − (Zi − êi)τ
∗
i )

2 + λτ∥Dτ ∗∥1,

and so

1

2

n∑
i=1

(Zi − êi)
2(τ ∗i − τ̂i)

2 ≤
n∑

i=1

(Yi − m̂i − (Zi − êi)τ
∗
i )(Zi − êi)(τ̂i − τ ∗i ) + λτ∥Dτ ∗∥1 − λτ∥Dτ̂∥1

= T1 + T2,

(4.20)

where we define

T1 :=
n∑

i=1

ϵi(Zi − êi)(τ̂i − τ ∗i ) + λτ∥Dτ ∗∥1 − λτ∥Dτ̂∥1,
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and

T2 :=
n∑

i=1

(Zi − êi)(m
∗
i − m̂i − (e∗i − êi)τ

∗
i )(τ̂i − τ ∗i ).

Note that there exists a constant cτ > 0 such that

T2 ≤ ∥(Z − ê) ◦ (m∗ − m̂− (e∗ − ê) ◦ τ ∗)∥2∥τ̂ − τ ∗∥2

≤ ∥(Z − ê) ◦ (m∗ − m̂)∥2∥τ̂ − τ ∗∥2 + ∥(Z − ê) ◦ ((e∗ − ê) ◦ τ ∗)∥2∥τ̂ − τ ∗∥2

≤ ∥m∗ − m̂∥2∥τ̂ − τ ∗∥2 + cτ∥e∗ − ê∥2∥τ̂ − τ ∗∥2,

where the first inequality follows from Cauchy-Schwarz inequality, the second from the tri-

angle inequality, and the last from the facts |Zi− êi| ≤ 1 for i = 1, ..., n, and ∥τ ∗∥∞ = OP(1).

Then by assumption, there exists some constant C > 0 and a sufficiently small ε > 0

such that

P (Ω1 ∩ Ω2) ≥ 1− ε,

where

Ω1 :=

{
1

n
∥m̂−m∗∥22 ≤ Crm∗

}
, Ω2 :=

{
1

n
c2τ∥ê− e∗∥22 ≤ Cre∗

}
.

Hence, the following inequality holds:

T2 ≤
√
Cn [
√
re∗ +

√
rm∗ ] · ∥τ̂ − τ ∗∥2. (4.21)

Furthermore, if we let the constant Ce =
1

min{emin,1−emax}2 , we have that

1

2

n∑
i=1

(τ̂i − τ ∗i )
2 ≤ Ce

2

n∑
i=1

(Zi − e∗i )
2(τ̂i − τ ∗i )

2. (4.22)

If we assume
1

4
∥τ̂ − τ ∗∥2 > Ce

√
Cn [
√
re∗ +

√
rm∗ ] ,

then under the events Ω1 and Ω2,

CeT2 ≤
1

4
∥τ̂ − τ ∗∥22. (4.23)

From (4.20), (4.21), (4.22) and (4.23), we obtain that

1

2
∥τ̂ − τ ∗∥22 ≤ CeT1 +

1

4
∥τ̂ − τ ∗∥22,
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and thereby

∥τ̂ − τ ∗∥22 ≤ 4CeT1.

Note that the factor Zi − êi does not alter the scaling behavior of T1, therefore T1 = Θ(T ′
1)

if we define

T ′
1 :=

n∑
i=1

ϵi(τ̂i − τ ∗i ) + λτ∥Dτ ∗∥1 − λτ∥Dτ̂∥1.

Then from the proof of Theorem 3 in [PSS18], we reach at the following result:

1

n
∥τ̂ − τ ∗∥22 = OP

(
1

n
+
∥Dτ ∗∥2/31

n2/3

)
.

On the other hand, if we assume

1

4
∥τ̂ − τ ∗∥2 ≤ Ce

√
Cn [
√
re∗ +

√
rm∗ ] ,

then the inequality (a+ b)2 ≤ 2(a2 + b2) implies

∥τ̂ − τ ∗∥22 ≤ 32C2
eCn [re∗ + rm∗ ] ,

and then the claim follows by combining the above two cases. □

4.8.6 Proof of Corollary 4.4.2

Proof. Following the same reasoning as in the proof of Theorem 4.4.1, with all assumptions

in the claim being held, we have that

1

n
∥m̂−m∗∥22 = OP

(
1

n
+
∥Dm∗∥2/31

n2/3

)
,

if m̂ is estimated from the optimization problem (2.10), and

1

n
∥ê− e∗∥22 = OP

(
1

n
+
∥De∗∥2/31

n2/3

)
,

if ê is estimated from (4.12). Hence, the claim holds by combining the results above and

Theorem 4.4.1. □
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4.8.7 Definition of Piecewise Lipschitz

To assure that Assumption 17 is valid, we require a piecewise Lipschitz condition on the

true function τ ∗. In this section, we provide the detailed definition of the class of piecewise

Lipschitz functions, followed from Definition 1 in [PSC20]. All notations follow the same

from the main context, besides an extra notation on the boundary of a set A, denoted by

∂A.

Definition 4.8.1 Let Ωϵ := [0, 1]d\Bϵ(∂[0, 1]
d). We say that a bounded function g : [0, 1]d →

R is piecewise Lipschitz if there exists a set S ⊂ (0, 1)d that has the following properties:

• The set S has Lebesgue measure zero.

• For some constants CS , ϵ0 > 0, we have that µ(h−1{Bϵ(S) ∩ ([0, 1]d\Ωϵ)}) ≤ CSϵ for

all 0 < ϵ < ϵ0.

• There exists a positive constant L0 such that if z and z′ belong to the same connected

component of Ωϵ\Bϵ(S), then |g(z)− g(z′)| ≤ L0∥z − z′∥2.

Roughly speaking, a bounded function g is piecewise Lipschitz if there exists a small set S

that partitions [0, 1]d in such a way that g is Lipschitz within each connected component of

the partition. Theorem 2.2.1 in [Zie12] implies that if g is piecewise Lipschitz, then g has

bounded variation on any open set within a connected component.

4.8.8 Theorem 4.4.3

4.8.8.1 Auxiliary Lemmas

Lemma 4.8.2 Let dmin and dmax denote the minimum and maximum degrees, respectively,

of a K-nearest neighbor graph G constructed on n nodes. Define the event

Ω = {c1K ≤ dmin ≤ dmax ≤ c2K}
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for some positive constants c1, c2 > 0. Then, as n → ∞, the probability of this event

approaches 1:

P(Ω)→ 1 as n→∞.

Proof. See the proof of Part 2 of Proposition 30 in [LRH14].

Lemma 4.8.3 Suppose that Assumptions 10 and 14-16 hold, and inherit all definitions from

Lemma 4.8.2. For each data point Xi in the set {X1, . . . , Xn}, define CK(Xi) as the subset

of its K-nearest neighbors that belong to the treated group:

CK(Xi) = {j : (i, j) ∈ EK , Zj = 1}.

Let

CK,min = min
i=1,...,n

|CK(Xi)|,

then

P
(
CK,min ≤

1

2
c1Kemin

)
≤ n exp

(
−c21Ke2min

2c2

)
+ P(Ωc).

Proof. Let a > 0 satisfy the condition

a ≤ 1

2
c1Kemin. (4.24)

Then, the following inequalities hold:

P(CK,min ≤ a) ≤ P(CK,min ≤ a | Ω) + P(Ωc)

≤ n max
i=1,...,n

P({CK,min ≤ a} ∩ Ω) + P(Ωc)

≤ n max
i=1,...,n

⌊c2K⌋∑
l=⌈c1K⌉

∑
i1,...,il

⊂{1,...,n}\i

P
(
CK,min ≤ a | Xi1 , . . . , Xil ∈ EK(Xi),

Xj ̸∈ EK(Xi) ∀j ̸∈ {i1, . . . , il}
)
· P(Xi1 , . . . , Xil ∈ EK(Xi),

Xj ̸∈ EK(Xi) ∀j ̸∈ {i1, . . . , il}) + P(Ωc), (4.25)

where the first inequality follows from the law of total probability, and the second from the

union bound.
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Next, let l be such that c1K ≤ l ≤ c2K. Conditioning on the event

Ei,i1,...,il := {Xi1 , . . . , Xil ∈ EK(Xi) and Xj ̸∈ EK(Xi) for all j ̸∈ {i1, . . . , il}} ,

we obtain

|CK(Xi)| =
∑

j∈{i1,...,il}

Zj.

Since

E

 ∑
j∈{i1,...,il}

Zj | Ei,i1,...,il

 ≥ lemin ≥ c1Kemin,

applying Hoeffding’s inequality with the choice of a from (4.24), we get

P(|CK(Xi)| ≤ a | Ei,i1,...,il) ≤ P
(
|CK(Xi)| ≤ E(|CK(Xi)| | Ei,i1,...,il)−

1

2
c1Kemin | Ei,i1,...,il

)
≤ exp

(
−2(c1Kemin/2)

2

l

)
≤ exp

(
−c21Ke2min

2c2

)
.

Combining this result with (4.25), we obtain

P
(
CK,min ≤

1

2
c1Kemin

)
≤ n max

i=1,...,n

⌊c2K⌋∑
l=⌈c1K⌉

∑
i1,...,il

⊂{1,...,n}\i

exp

(
−c21Ke2min

2c2

)
· P(Ei,i1,...,il) + P(Ωc)

≤ n exp

(
−c21Ke2min

2c2

)
P(Ω) + P(Ωc)

≤ n exp

(
−c21Ke2min

2c2

)
+ P(Ωc). □

Lemmas 4.8.2 and 4.8.3 together imply that if the number of nearest neighbors, K, is

chosen such that K/ log n→∞, then for a randomly selected covariate, the probability that

the minimum number of treated neighbors across all data points falls below a threshold of

order K approaches zero as the sample size n grows to infinity. Consequently, we conclude

that, with high probability, the number of treated neighbors for any given observation scales

proportionally to K.
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Lemma 4.8.4 Suppose that Assumptions 10-17 hold. We also assume that max(∥Xβ∗∥∞,

∥τ ∗∥∞) = OP(1), maxi∈{1,...,n},j∈{1,...,d} |Xij| = CX for some positive constant CX , and Zi ⊥⊥ ϵi

for i = 1, ..., n. Consider the first iteration in Algorithm 4 with the K-NN graph G. If an

initialized β̂(0) satisfies the condition ∥β̂(0)∥∞ ≤ M for some positive constant M , then the

estimated treatment effect τ̂ (1) obeys ∥τ̂ (1)∥∞ = OP(poly(log n)).

Proof. Notice that given the initialized β̂(0), τ̂ (1) is the solution to the following optimization

problem

τ̂ (1) = argmin
τ∈Rn

1

2

n∑
i=1

(Yi −X⊤
i β̂

(0) − Ziτi)
2 + λτ∥∇Gτ∥1. (4.26)

The model setup (4.6) implies that

∥Y ∥∞ ≤ ∥Xβ∗∥∞ + ∥τ ∗∥∞ + ∥ϵ∥∞

= OP(log
1/2(n)),

where ∥ϵ∥∞ = OP(log
1/2(n)) follows from Gaussian maximal inequality. Then from the

triangle inequality, the following claim holds:

∥Y −Xβ̂(0)∥∞ ≤ ∥Y ∥∞ + max
1≤i≤n

d∑
j=1

|Xij| · ∥β̂(0)∥∞

≤ ∥Y ∥∞ + d ·max
i,j
|Xij| · ∥β̂(0)∥∞

≤ ∥Y ∥∞ + d · CX ·M

= OP(poly(log n)).

Suppose that

max
i=1,...,n

|Yi −X⊤
i β̂

(0)| ≤ c1 · poly(log n)

for some constant c1 > 0 with high probability.

Let τ̃
(1)
i be the projection of τ̂

(1)
i onto [−c1 · poly(log n), c1 · poly(log n)]. Using the

properties of the projection in real line, we have that the following two inequalities hold at

the same time:

1

2

n∑
i=1

(Yi −Xiβ̂
(0) − Ziτ̃

(1)
i )2 ≤ 1

2

n∑
i=1

(Yi −Xiβ̂
(0) − Ziτ̂

(1)
i )2, (4.27)
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∑
{i,j}∈E

|τ̃ (1)i − τ̃
(1)
j | ≤

∑
{i,j}∈E

|τ̂ (1)i − τ̂
(1)
j |. (4.28)

Thereby,

1

2

n∑
i=1

(Yi −Xiβ̂
(0) − Ziτ̃

(1)
i )2 + λτ∥∇Gτ̃

(1)∥1 ≤
1

2

n∑
i=1

(Yi −Xiβ̂
(0) − Ziτ̂

(1)
i )2 + λτ∥∇Gτ̂

(1)∥1.

If τ̃ (1) does not violate the optimality of τ̂ (1) in (4.26), then both (4.27) and (4.28) must

hold with equality. Since the objective function in (4.27) is strictly convex and thus it has a

unique minimizer, it follows that τ̂ (1) = τ̃ (1). Then we reach at the result in the claim since

τ̂
(1)
i ∈ [−c1 · poly(log n), c1 · poly(log n)] for i = 1, ..., n. □

Lemma 4.8.5 With the notation and assumptions inherited from Lemma 4.8.4, let ϵ =

(ϵ1, ..., ϵn)
⊤ ∈ Rn be a vector of mean-zero sub-Gaussian random variables with parameter

σ. For the K-NN graph G, where K is chosen such that K/ log n→∞, there exist positive

constants C3 depending on d and C4 depending on d, pmax, and Lmin such that the following

holds:

sup
∆∈Rn:∥∆◦Z∥22≤η2,∥∇G∆∥1≤4∥∇Gτ∗∥1

n∑
i=1

∆iϵi ≤ C3σK log1/4(n)η + C4σK log(n)∥∇Gτ
∗∥1,

with probability at least

1− 2√
log n

− n

C6K
exp

(
−C5

3

K

log n

)
− n exp(−K/3),

where η is chosen such that

η2 = Cd

{
K2 log3(n) +K log

7
2 (n) +K2 log

1
2 (n)∥∇Gτ

∗∥1
}
, (4.29)

with a sufficiently large positive constant Cd depending only on d, C5 > 0 is a constant

depending on d, and C6 > 0 is a constant depending on d, pmin and Lmax. Here, pmax, pmin,

Lmax, and Lmin are from Assumptions 14 and 16.

Proof. See the proofs of Lemma 11 in [PSC20] and Lemma 18 in [PMW23].
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Lemma 4.8.6 With the notation and assumptions inherited from Lemma 4.8.4 and 4.8.5,

we define

T := {τ ∈ Rn : τ = tτ̂ + (1− t)τ ∗, t ∈ [0, 1]} .

For a sufficiently small ε > 0 and an appropriate choice of λτ satisfying λτ = η2

4
∥∇Gτ

∗∥−1
1 ,

we have that

P(E) ≤ ε

4
+ P

(
C2

Xdn∥β̂(0) − β∗∥22 ≥
η2

2

)
,

where the event E is defined by

E :=

{
sup

τ∈T:∥(τ−τ∗)◦Z∥22≤η2
∥∇Gτ∥1 ≥ 5∥∇Gτ

∗∥1

}
,

and η2 is chosen as (4.29) in Lemma 4.8.5.

Proof. By the convexity of the constraint (4.7) and the minimizer property, for any τ ∈ T,

we have that

1

2

n∑
i=1

Z2
i (τi − τ ∗i )

2 ≤
n∑

i=1

Zi(Yi −X⊤
i β̂

(0) − Ziτ
∗
i )(τi − τ ∗i ) + λτ∥∇Gτ

∗∥1 − λτ∥∇Gτ∥1

=
n∑

i=1

Zi(τi − τ ∗i )ϵi +
n∑

i=1

Zi(X
⊤
i β

∗ −X⊤
i β̂

(0))(τi − τ ∗i ) + λτ∥∇Gτ
∗∥1 − λτ∥∇Gτ∥1.

(4.30)

Observe that

n∑
i=1

Zi(X
⊤
i β

∗ −X⊤
i β̂

(0))(τi − τ ∗i ) ≤ max
i=1,...,n

|X⊤
i β

∗ −X⊤
i β̂

(0)| · ∥(τ − τ ∗) ◦ Z∥1

≤ max
i=1,...,n

∥X⊤
i ∥2 · ∥β̂(0) − β∗∥2 · ∥(τ − τ ∗) ◦ Z∥1

≤ CX

√
d∥β̂(0) − β∗∥2 ·

√
n∥(τ − τ ∗) ◦ Z∥2, (4.31)

where the first inequality follows from Hölder’s inequality, the second inequality from the

Cauchy–Schwarz inequality. Then followed by the inequality 2ab ≤ a2 + b2, we get

n∑
i=1

Zi(X
⊤
i β

∗ −X⊤
i β̂

(0))(τi − τ ∗i ) ≤
1

2
C2

Xdn∥β̂(0) − β∗∥22 +
1

2

n∑
i=1

Z2
i (τi − τ ∗i )

2. (4.32)
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Therefore, from the two displays (4.30) and (4.32) above, we have the following inequality:

∥∇Gτ∥1 ≤
1

λτ

n∑
i=1

Zi(τi − τ ∗i )ϵi +
C2

Xdn∥β̂(0) − β∗∥22
2λτ

+ ∥∇Gτ
∗∥1.

Therefore, for any τ ∈ T,

∥∇Gτ −∇Gτ
∗∥1 ≤

Tϵ(τ − τ ∗)

λτ

+
C2

Xdn∥β̂(0) − β∗∥22
2λτ

+ 2∥∇Gτ
∗∥1, (4.33)

where

Tϵ(τ − τ ∗) :=
n∑

i=1

Zi(τi − τ ∗i )ϵi.

Let τ ∈ T be such that ∥(τ − τ ∗) ◦ Z∥22 ≤ η2. In addition, suppose that

∥∇Gτ∥1 ≥ 5∥∇Gτ
∗∥1.

By the triangle inequality,

∥∇Gτ −∇Gτ
∗∥1 ≥ ∥∇Gτ∥1 − ∥∇Gτ

∗∥1 = 4∥∇Gτ
∗∥1.

Define τ̄ = tτ + (1− t)τ ∗, where

t =
4∥∇Gτ

∗∥1
∥∇Gτ −∇Gτ ∗∥1

∈ [0, 1].

Then it holds that

∥∇Gτ̄ −∇Gτ
∗∥1 = t∥∇Gτ −∇Gτ

∗∥1 = 4∥∇Gτ
∗∥1. (4.34)

The displays (4.33) and (4.34) imply that

2∥∇Gτ
∗∥1 ≤

Tϵ(τ̄ − τ ∗)

λτ

+
C2

Xdn∥β̂(0) − β∗∥22
2λτ

. (4.35)

By selecting the tuning parameter λτ satisfying

λτ =
η2

4
∥∇Gτ

∗∥−1
1 , (4.36)

the inequality (4.35) leads to

η2

2
≤ Tϵ(τ̄ − τ ∗) +

1

2
C2

Xdn∥β̂(0) − β∗∥22. (4.37)
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The property of τ̄ in (4.37), along with the definition of the event E , indicates that

E ⊂

{
sup

τ̄∈T:∥(τ̄−τ∗)◦Z∥22≤η2,∥∇Gτ̄−∇Gτ∗∥1≤4∥∇Gτ∗∥1
Tϵ(τ̄ − τ ∗) +

1

2
C2

Xdn∥β̂(0) − β∗∥22 ≥
η2

2

}

⊂

{
sup

∆∈Rn:∥∆◦Z∥22≤η2,∥∇G∆∥1≤4∥∇Gτ∗∥1
Tϵ(∆) +

1

2
C2

Xdn∥β̂(0) − β∗∥22 ≥
η2

2

}
,

where we denote ∆ := τ̄ − τ ∗. Therefore, by a union bound,

P(E) ≤ P

({
sup

∆∈Rn:∥∆◦Z∥22≤η2,∥∇G∆∥1≤4∥∇Gτ∗∥1
Tϵ(∆) +

1

2
C2

Xdn∥β̂(0) − β∗∥22 ≥
η2

2

})

≤ P

(
sup

∆∈Rn:∥∆◦Z∥22≤η2,∥∇G∆∥1≤4∥∇Gτ∗∥1
Tϵ(∆) ≥ η2

4

)
+ P

(
C2

Xdn∥β̂(0) − β∗∥22 ≥
η2

2

)
.

(4.38)

Denote ϵ̃i = Ziϵi for i = 1, ..., n. Note that ϵ̃ is also mean zero sub-Gaussian with

parameter σ, following from the assumption Zi ⊥⊥ ϵi in Lemma 4.8.4 and the fact Zi ∈ {0, 1}.

Then using Vn = 4∥∇Gτ
∗∥1 and following from Lemma 4.8.5, we have that for some positive

constants C3 depending on d and C4 depending on d, pmax and Lmin,

sup
∆∈Rn:∥∆◦Z∥22≤η2,∥∇G∆∥1≤Vn

n∑
i=1

∆iϵ̃i ≤ C3σK log1/4(n)η + C4σK log(n)∥∇Gτ
∗∥1,

with probability at least

1− 2√
log n

− n

C6K
exp

(
−C5

3

K

log n

)
− n exp(−K/3),

where C5 > 0 is a constant depending on d and C6 > 0 is a constant depending on d, pmin

and Lmax. With the choice of η2 as in (4.29), it holds that

P

(
sup

∆∈Rn:∥∆◦Z∥22≤η2,∥∇G∆∥1≤4∥∇Gτ∗∥1
Tϵ(∆) ≥ η2

4

)
≤ ε

4
. (4.39)

Joining the inequalities (4.38) and (4.39) yields that

P(E) ≤ P

(
sup

∆∈Rn:∥∆◦Z∥22≤η2,∥∇G∆∥1≤4∥∇Gτ∗∥1
Tϵ(∆) ≥ η2

4

)
+ P

(
C2

Xdn∥β̂(0) − β∗∥22 ≥
η2

2

)
≤ ε

4
+ P

(
C2

Xdn∥β̂(0) − β∗∥22 ≥
η2

2

)
. □
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Lemma 4.8.7 Under the same notation and assumptions as in Lemmas 4.8.4-4.8.6, and

additionally assuming that the initialized β̂(0) satisfies the condition ∥β̂(0) − β∗∥22 = OP(n
−α)

for α ≥ 1
d
, then with η2 chosen as in (4.29) of Lemma 4.8.5 and ε defined in Lemma 4.8.6,

we have that

P
(
∥(τ̂ (1) − τ ∗) ◦ Z∥22 > η2

)
≤ ε.

Proof. Note that η2 is chosen to be on the order of OP(n
1−1/dpoly(log n)). Since d is assumed

to be fixed, by selecting CX sufficiently large we obtain that

P
(
C2

Xdn∥β̂(0) − β∗∥22 ≥
η2

2

)
≤ ε

4
, (4.40)

following the assumption on the convergence rate of ∥β̂(0) − β∗∥22 in the claim. We can then

combine this with the result of Lemma 4.8.6 to establish

P (E) ≤ ε

2
, (4.41)

where we denote the event E as

E := sup
τ∈T:∥(τ−τ∗)◦Z∥22≤η2

∥∇Gτ∥1 ≥ 5∥∇Gτ
∗∥1.

Now, we consider the event Ec. Notice that if ∥(τ̂ (1) − τ ∗) ◦ Z∥22 > η2, there exists τ̌ =

tτ̂ (1) + (1− t)τ ∗ ∈ T with t = η
∥(τ̂ (1)−τ∗)◦Z∥2

such that

∥(τ̌ − τ ∗) ◦ Z∥22 = η2. (4.42)

Note that (4.31) also implies that

n∑
i=1

Zi(X
⊤
i β

∗ −X⊤
i β̂

(0))(τi − τ ∗i ) ≤ 2C2
Xdn∥β̂(0) − β∗∥22 +

1

8

n∑
i=1

Z2
i (τi − τ ∗i )

2. (4.43)

Then from (4.30), (4.42) and (4.43), we obtain

n∑
i=1

Zi(τ̌i − τ ∗i )ϵi + 2C2
Xdn∥β̂(0) − β∗∥22 + λτ∥∇Gτ

∗∥1 − λτ∥∇Gτ̌∥1 ≥
3

8
η2.

Along with the choice of λτ satisfying (4.36) and the fact that −λτ∥∇Gτ̌∥1 ≤ 0, we have

that
n∑

i=1

Zi(τ̌i − τ ∗i )ϵi + 2C2
Xdn∥β̂(0) − β∗∥22 ≥

η2

8
. (4.44)
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Therefore,{
∥(τ̂ (1) − τ ∗) ◦ Z∥22 > η2

}
∩ Ec

⊂

{
∃τ̌ ∈ T, ∥(τ̌ − τ ∗) ◦ Z∥22 = η2,

n∑
i=1

Zi(τ̌i − τ ∗i )ϵi + 2C2
Xdn∥β̂(0) − β∗∥22 ≥

η2

8

}
∩ Ec

⊂

{
sup

∥∆◦Z∥22≤η2,∥∇G∆∥1≤6∥∇Gτ∗∥1
Tϵ(∆) + 2C2

Xdn∥β̂(0) − β∗∥22 ≥
η2

8

}
,

where the first containment is directly followed by (4.44), the second follows from the triangle

inequality. In consequence,

P
({
∥(τ̂ (1) − τ ∗) ◦ Z∥22 > η2

}
∩ Ec

)
≤ P

(
sup

∥∆◦Z∥22≤η2,∥∇G∆∥1≤6∥∇Gτ∗∥1
Tϵ(∆) + 2C2

Xdn∥β̂(0) − β∗∥22 ≥
η2

8

)

≤ P

(
sup

∥∆◦Z∥22≤η2,∥∇G∆∥1≤6∥∇Gτ∗∥1
Tϵ(∆) ≥ η2

16

)
+ P

(
C2

Xdn∥β̂(0) − β∗∥22 ≥
η2

32

)
.

By the same argument that leads to (4.39) and (4.40), it holds that

P

(
sup

∥∆◦Z∥22≤η2,∥∇G∆∥1≤6∥∇Gτ∗∥1
Tϵ(∆) ≥ η2

16

)
≤ ε

4
,

and

P
(
C2

Xdn∥β̂(0) − β∗∥22 ≥
η2

32

)
≤ ε

4
.

Hence

P
({
∥(τ̂ (1) − τ ∗) ◦ Z∥22 > η2

}
∩ Ec

)
≤ ε

2
. (4.45)

Combining (4.41) and (4.45), we get

P
(
∥(τ̂ (1) − τ ∗) ◦ Z∥22 > η2

)
≤ P

({
∥(τ̂ (1) − τ ∗) ◦ Z∥22 > η2

}
∩ Ec

)
+ P(E) ≤ ε,

thus concluding the claim. □

Lemma 4.8.8 Under the same notation and assumptions as in Lemmas 4.8.4-4.8.7, the

estimated treatment effect τ̂ (1) from (4.26) satisfies

∥∇Gτ̂
(1)∥1 = OP(n

1−1/dpoly(log n)).
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Proof. From (4.41), we obtain that the following holds with probability at least 1− ε
2
for a

sufficiently small ε > 0,

sup
τ∈T:∥(τ−τ∗)◦Z∥22≤η2

∥∇Gτ∥1 ≤ 5∥∇Gτ
∗∥1.

Also by Assumption 17, ∥∇Gτ
∗∥1 = OP(n

1−1/dpoly(log n)). Therefore, for τ ∈ T satisfying

∥(τ − τ ∗) ◦ Z∥22 ≤ η2, we have that

∥∇Gτ∥1 = OP
(
n1−1/dpoly(log n)

)
.

By Lemma 4.8.7, we have that with probability at least 1−ε, the estimated treatment effect

τ̂ (1) from (4.26) satisfies

∥(τ̂ (1) − τ ∗) ◦ Z∥22 ≤ η2,

thus completing the proof. □

4.8.8.2 Proof of Theorem 4.4.3

Proof. By the optimality of τ̂ (1) in (4.26), we have that

1

2

n∑
i=1

(Yi −X⊤
i β̂

(0) − Ziτ̂
(1)
i )2 + λτ∥∇Gτ̂

(1)∥1 ≤
1

2

n∑
i=1

(Yi −X⊤
i β̂

(0) − Ziτ
∗
i )

2 + λτ∥∇Gτ
∗∥1.

Then,

1

2n

n∑
i=1

Z2
i (τ̂

(1)
i − τ ∗i )

2 ≤ 1

n

{
n∑

i=1

Zi(Yi −X⊤
i β̂

(0) − Ziτ
∗
i )(τ̂

(1)
i − τ ∗i ) + λτ∥∇Gτ

∗∥1 − λτ∥∇Gτ̂
(1)∥1

}
= T1 + T2,

(4.46)

where

T1 :=
1

n

{
n∑

i=1

ϵi · Zi(τ̂
(1)
i − τ ∗i ) + λτ∥∇Gτ

∗∥1 − λτ∥∇Gτ̂
(1)∥1

}
,

and

T2 :=
1

n

n∑
i=1

Zi(X
⊤
i β

∗ −X⊤
i β̂

(0))(τ̂
(1)
i − τ ∗i ).
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In order to bound T1, we write In = ∇†
G∇G+PR, where PR = In−∇†

G∇G is the projection

onto the span of 1n, the all-ones vector of Rn. Then by Hölder’s inequality,

T1 =
1

n

{
[ϵ ◦ Z]⊤PR(τ̂

(1) − τ ∗) + [ϵ ◦ Z]⊤∇†
G∇G(τ̂

(1) − τ ∗) + λτ (∥∇Gτ
∗∥1 − ∥∇Gτ̂

(1)∥1)
}

≤ 1

n
[ϵ ◦ Z]⊤PR(τ̂

(1) − τ ∗) +
1

n

{
∥(ϵ ◦ Z)⊤∇†

G∥∞∥∇G(τ̂
(1) − τ ∗)∥1 + λτ (∥∇Gτ

∗∥1 − ∥∇Gτ̂
(1)∥1)

}
.

Since Zi ⊥⊥ ϵi for i = 1, ..., n by the assumption in the claim, and Zi ∈ {0, 1}, if we denote

ϵ̃ = ϵ ◦ Z, we have that ϵ̃ is also mean zero sub-Gaussian with parameter σ. Hence,

1

n

n∑
i=1

ϵ̃i = OP(n
−1/2). (4.47)

Also, note that PR is idempotent, i.e., P 2
R = PR, which leads to

1

n
[ϵ ◦ Z]⊤PR(τ̂

(1) − τ ∗) =
1

n
ϵ̃⊤PRPR(τ̂

(1) − τ ∗)

=

(
1

n

n∑
i=1

ϵ̃i

)
·

(
1

n

n∑
i=1

(τ̂
(1)
i − τ ∗i )

)

≤

(
1

n

n∑
i=1

ϵ̃i

)
· ∥τ̂ (1) − τ ∗∥∞

= OP(n
−1/2poly(log n)), (4.48)

where the last step follows from (4.47) and Lemma 4.8.4.

By the maximal inequality for Gaussian random variables as in the proof of Theorem 2

in [HR16], it yields the following inequality on an event of probability 1− 2δ,

∥(ϵ ◦ Z)⊤∇†
G∥∞ = ∥(∇†

G)
⊤ϵ̃∥∞ ≤ Cϵ log

1/2(n)

√
log
{ckn

δ

}
for a small δ > 0 and some positive constants Cϵ and ck.

With the choice of K = log1+r n in the claim and η2 as defined in (4.29), we set the

tuning parameter λτ as

λτ = max

{
Cϵ log

1/2(n)

√
log
(ckn

δ

)
, Cdrn∥∇Gτ

∗∥−1
1

}
, (4.49)

where rn = log5+2r(n) + n1−1/d log5/2+2r(n). Then we have that

1

n

{
∥(ϵ ◦ Z)⊤∇†

G∥∞∥∇G(τ̂
(1) − τ ∗)∥1 + λτ (∥∇Gτ

∗∥1 − ∥∇Gτ̂
(1)∥1)

}
≤ λτ

n

[
∥∇G(τ̂

(1) − τ ∗)∥1
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+ ∥∇Gτ
∗∥1 − ∥∇Gτ̂

(1)∥1
]

≤ 2λτ

n
∥∇Gτ

∗∥1

= OP(n
−1/dpoly(log n)),

(4.50)

with the first inequality following from the choice of λτ in (4.49), the second following from

the triangle inequality, and the last step from Assumption 17. From (4.48) and (4.50), since

the ambient dimension d is assumed to be fixed with d ≥ 2, we obtain

T1 = OP(n
−1/dpoly(log n)). (4.51)

Next we bound T2. Following the same reasoning as in the proof of Lemma 4.8.6, we have

that

T2 =
1

n

n∑
i=1

Zi(X
⊤
i β

∗ −X⊤
i β̂

(0))(τ̂
(1)
i − τ ∗i )

≤ 1

n
max

i=1,...,n
|X⊤

i β
∗ −X⊤

i β̂
(0)| · ∥(τ̂ (1) − τ ∗) ◦ Z∥1

≤ 1

n
max

i=1,...,n
∥X⊤

i ∥2 · ∥β̂(0) − β∗∥2 · ∥(τ̂ (1) − τ ∗) ◦ Z∥1

≤ CX

√
d∥β̂(0) − β∗∥2 ·

1√
n
∥(τ̂ (1) − τ ∗) ◦ Z∥2

≤ C2
Xd∥β̂(0) − β∗∥22 +

1

4n

n∑
i=1

Z2
i (τ̂

(1)
i − τ ∗i )

2, (4.52)

where the first inequality follows from Hölder’s inequality, the second from the Cauchy–Schwarz

inequality, the third from the basic norm inequality, and the final inequality uses the inequal-

ity (a+ b)2 ≤ 2(a2 + b2).

Therefore, from (4.46), (4.51), and (4.52), we have that

1

n
∥(τ̂ (1) − τ ∗) ◦ Z∥22 = OP

(
n−1/dpoly(log n)

)
. (4.53)

Note that
1

n
∥τ̂ (1) − τ ∗∥22 =

1

n

∑
Zi=1

Z2
i (τ̂

(1)
i − τ ∗i )

2 +
1

n

∑
Zi=0

(τ̂
(1)
i − τ ∗i )

2. (4.54)
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From Lemma 4.8.3 and by our choice of K = log1+r n in the claim, for each data i, with

high probability, we can find at least one corresponding data ji such that (i, ji) ∈ EK and

Zji = 1. Then for such data pair (i, ji), we have that

(τ̂
(1)
i − τ ∗i )

2 ≤ 2(τ̂
(1)
ji
− τ ∗i )

2 + 2(τ̂
(1)
i − τ̂

(1)
ji

)2

≤ 4(τ̂
(1)
ji
− τ ∗ji)

2 + 4(τ ∗i − τ ∗ji)
2 + 2(τ̂

(1)
i − τ̂

(1)
ji

)2,

and thus

1

n

∑
Zi=0

(τ̂
(1)
i − τ ∗i )

2 ≤ 4

n

∑
Zi=0,Zji

=1,(i,ji)∈EK

Z2
ji
(τ̂

(1)
ji
− τ ∗ji)

2

+
4

n

∑
Zi=0,Zji

=1,(i,ji)∈EK

(τ ∗i − τ ∗ji)
2

+
2

n

∑
Zi=0,Zji

=1,(i,ji)∈EK

(τ̂
(1)
i − τ̂

(1)
ji

)2.

(4.55)

Since∑
(i,ji)∈EK

(τ ∗i − τ ∗ji)
2 ≤ max

(i,ji)∈EK

|τ ∗i − τ ∗ji | ·
∑

(i,ji)∈EK

|τ ∗i − τ ∗ji | = max
(i,ji)∈EK

|τ ∗i − τ ∗ji | · ∥∇Gτ
∗∥1,

then from Assumption 17 and the assumption ∥τ ∗∥∞ = OP(1) , we have that∑
(i,ji)∈EK

(τ ∗i − τ ∗ji)
2 = OP

(
n1−1/dpoly(log n)

)
. (4.56)

Similarly, we obtain∑
(i,ji)∈EK

(τ̂
(1)
i −τ̂

(1)
ji

)2 ≤ max
(i,ji)∈EK

|τ̂ (1)i −τ̂
(1)
ji
|·
∑

(i,ji)∈EK

|τ̂ (1)i −τ̂
(1)
ji
| = max

(i,ji)∈EK

|τ̂ (1)i −τ̂
(1)
ji
|·∥∇Gτ̂

(1)∥1,

and by the results of Lemmas 4.8.4 and 4.8.8, it yields∑
(i,ji)∈EK

(τ̂
(1)
i − τ̂

(1)
ji

)2 = OP
(
n1−1/dpoly(log n)

)
. (4.57)

The displays (4.55), (4.56) and (4.57) lead to

1

n

∑
Zi=0

(τ̂
(1)
i − τ ∗i )

2 = OP
(
n−1/dpoly(log n)

)
. (4.58)

Combining (4.53), (4.54) and (4.58), we arrive at the claim in the theorem. □
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CHAPTER 5

Conclusion

5.1 Research Summary

This dissertation has made contributions to the statistical research area of locally adaptive

estimation, introducing novel methodologies using the ideas of fused lasso and nearest neigh-

bor algorithms. The work has focused extensively on two key areas of application: quantile

regression and causal inference, offering innovative approaches to address complex data chal-

lenges in these fields. Below, we succinctly summarize the key contributions of three pivotal

chapters:

Non-parametric Quantile Regression via the K-NN Fused Lasso

In this chapter, we introduce a novel adaptive quantile estimator within a non-parametric

framework, which incorporates the fused lasso penalty over a K-nearest neighbors graph.

This estimator is designed to adapt to the underlying structure of the data. Under mild as-

sumptions on the data generation process for d-dimensional data, we prove that the proposed

estimator achieves the optimal convergence rate of n−1/d, up to a logarithmic factor. We

further present efficient algorithms for computing the estimator and explore methodologies

for model selection. Through a series of numerical experiments on both simulated and real

datasets, we demonstrate the clear advantages of our estimator over existing state-of-the-art

methods.
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2D Score Based Estimation of Heterogeneous Treatment Effects

In this chapter, we propose a score-based framework to estimate the conditional average

treatment effect (CATE) function. The framework integrates two components: (i) leverage

the joint use of propensity and prognostic scores in a matching algorithm to obtain a proxy of

the heterogeneous treatment effects for each observation, (ii) utilize non-parametric regres-

sion trees to construct an estimator for the CATE function conditioning on the two scores.

The method naturally stratifies treatment effects into subgroups over a 2d grid whose axis

is propensity and prognostic scores. We conduct benchmark experiments on multiple simu-

lated data and demonstrate clear advantages of the proposed estimator over state-of-the-art

methods. We also evaluate empirical performance in real-life settings, using two observa-

tional data from a clinical trial and a complex social survey, and interpret policy implications

following the numerical results.

Causal Effect Estimation via Fused Lasso over Graph

In this chapter, we present new methods for estimating heterogeneous treatment effects

within connected graphs. Our approaches leverage fused lasso over graph, a framework

that adapts locally to patterns over graph structures. These methods are not only straight-

forward but also computationally efficient, and the corresponding estimators achieve rapid

convergence rates under mild data assumptions. Through a number of simulation studies,

we demonstrate the superior numerical performance of our proposed methods compared to

conventional causal effect estimation methods. We then apply our methods to analyze the

impact of enforcing background checks on gig workers for transportation network companies

(TNCs) on property crime rates. Our findings provide valuable policy insights supported by

empirical evidence.
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5.2 Discussion on Comparison with Parametric Models

This dissertation primarily focuses on developing new statistical methods that can adapt

to underlying local patterns in data. While parametric methods, such as linear models

[HTF01, MPV12, IR15], often perform well in terms of estimation accuracy across a wide

range of scenarios, they are less effective in recovering intricate local data patterns that are

not fully explained by a set of covariates.

In contrast, the methods proposed in this dissertation offer more flexible, data-driven

approaches for capturing intrinsic local data patterns without sacrificing estimation accu-

racy. For instance, in Chapter 2 and Chapter 4, we introduce novel models that leverage

graph structures to address challenges in quantile regression and causal inference, respec-

tively. Graph structures serve as a robust alternative to covariate sets, in capturing complex,

localized patterns in data. In Chapter 3, we propose a score-based framework that generates

a low-dimensional summary of treatment effect heterogeneity. This framework offers advan-

tages over parametric methods in providing a simplest representation of local patterns in

treatment effects, which would otherwise be challenging to characterize using a multivariate

feature set.

5.3 Future Work

A promising extension of the work presented in this dissertation is the analysis of hetero-

geneous quantile treatment effects (HQTE). The heterogeneous quantile treatment effect

(HQTE) function is defined as the difference between the quantiles of the conditional distri-

butions of treatment and control group. It provides information on the treatment effect at

every quantile level. Unlike heterogeneous treatment effects estimated on the mean, HQTE

provides a more nuanced view by examining the treatment effects at different points in the

distribution. Such an analysis has wide applications in fields including biomedical science

[BLW11] and political science [XGO22].
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Existing studies, including [Fir07, HKZ19, CLM24], have examined quantile treatment

effects (QTE) under different model setups. Recent work by [GW23] introduced a high-

dimensional estimator for HQTE using an l1-penalized regression adjustment combined with

a quantile-specific bias correction scheme based on rank scores. However, there is a notable

gap in the literature on locally adaptive HQTE estimation methods that can be flexibly

adjusted to the underlying structure of the data.

Building on the work presented in this dissertation, future research will focus on devel-

oping data-adaptive estimators for HQTE. Specifically, we aim to extend the models of the

quantile K-NN fused lasso estimator proposed in Chapter 2 and the causal graph fused lasso

estimator in Chapter 4 into HQTE estimation. Proposing valid HQTE estimators that ef-

fectively leverage local adaptivity and analyzing the theoretical properties of the estimators,

including their consistency and robustness, are critical directions. In addition, the practi-

cal efficacy of these methods should be evaluated through extensive simulation studies and

applications to real-world datasets.
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regression.” Journal of Statistical Planning and Inference, 143(7):1109–1129,

2013.

[SWT16] Veeranjaneyulu Sadhanala, Yu-Xiang Wang, and Ryan J. Tibshirani. “Total vari-

ation classes beyond 1d: minimax rates, and the limitations of linear smoothers.”

171



In Advances in Neural Information Processing Systems 30, pp. 3513–3521. Curran

Associates, Inc., 2016.

[Tal05] Michel Talagrand. The Generic Chaining. Springer, 2005.

[TC23] New York City Taxi and Limousine Commission. Chapter 59 for hire service,

2023.

[TGC16] Matt Taddy, Matt Gardner, Liyun Chen, and David Draper. “A nonparametric

Bayesian analysis of heterogeneous treatment effects in digital experimentation.”

Journal of Business & Economic Statistics, 34(4):661–672, 2016.

[Tib96] Robert Tibshirani. “Regression shrinkage and selection via the lasso.” Journal

of the Royal Statistical Society Series B: Statistical Methodology, 58(1):267–288,

1996.

[Tib14] Ryan J. Tibshirani. “Adaptive piecewise polynomial estimation via trend filter-

ing.” The Annals of Statistics, 42(1):285–323, 2014.

[Tse01] Paul Tseng. “Convergence of a block coordinate descent method for nondif-

ferentiable minimization.” Journal of Optimization Theory and Applications,

109(3):475–494, 2001.

[TSR05] Robert Tibshirani, Michael Saunders, Saharon Rosset, Ji Zhu, and Keith Knight.

“Sparsity and smoothness via the fused lasso.” Journal of the Royal Statistical

Society Series B: Statistical Methodology, 67(1):91–108, 2005.

[TT11] Ryan J. Tibshirani and Jonathan Taylor. “The solution path of the generalized

lasso.” The Annals of Statistics, 39(3):1335–1371, 2011.

[TT12] Ryan J. Tibshirani and Jonathan Taylor. “Degrees of freedom in lasso problems.”

The Annals of Statistics, 40(2):1198–1232, 2012.

172



[TTS18] Wesley Tansey, Jesse Thomason, and James Scott. “Maximum-variance total

variation denoising for interpretable spatial smoothing.” In Proceedings of the

32nd AAAI Conference on Artificial Intelligence, 2018.

[TTT17] Julien Tanniou, Ingeborg van der Tweel, Steven Teerenstra, and Kit C. B. Roes.

“Estimates of subgroup treatment effects in overall nonsignificant trials: to what

extent should we believe in them?” Pharmaceutical Statistics, 16(4):280–295,

2017.

[Utr81] Florencio I. Utreras. “On computing robust splines and applications.” SIAM

Journal on Scientific and Statistical Computing, 2(2):153–163, 1981.

[Van15] Tyler J. VanderWeele. Explanation in causal inference: methods for mediation

and interaction. Oxford University Press, 2015.

[Var16] Hal R. Varian. “Causal inference in economics and marketing.” Proceedings of

the National Academy of Sciences, 113(27):7310–7315, 2016.

[Ver18] Roman Vershynin. High-Dimensional Probability: An Introduction with Applica-

tions in Data Science. Cambridge University Press, 2018.

[WA18] Stefan Wager and Susan Athey. “Estimation and inference of heterogeneous treat-

ment effects using random forests.” Journal of the American Statistical Associa-

tion, 113(523):1228–1242, 2018.

[Wah02] Grace Wahba. “Soft and hard classification by reproducing kernel Hilbert space

methods.” Proceedings of the National Academy of Sciences, 99(26):16524–16530,

2002.

[Wai18] Martin J. Wainwright. High-dimensional statistics: A non-asymptotic viewpoint,

volume 48. Cambridge University Press, 2018.

[WCA23] Richard A. Watson, Hengrui Cai, Xinming An, Samuel Mclean, and Rui Song.

“On heterogeneous treatment effects in heterogeneous causal graphs.” In Proceed-

173



ings of the 40th International Conference on Machine Learning, pp. 36714–36747,

2023.

[WL08] Tong Tong Wu and Kenneth Lange. “Coordinate descent algorithms for lasso

penalized regression.” The Annals of Applied Statistics, 2(1):224–244, 2008.

[WLT07] Hansheng Wang, Runze Li, and Chih-Ling Tsai. “Tuning parameter selectors for

the smoothly clipped absolute deviation method.” Biometrika, 94(3):553–568,

2007.

[WNC06] Rebecca Willett, Robert Nowak, and Rui M. Castro. “Faster rates in regression

via active learning.” In Advances in Neural Information Processing Systems 18,

pp. 179–186. MIT Press, 2006.

[WS98] Duncan J. Watts and Steven H. Strogatz. “Collective dynamics of ‘small-world’

networks.” Nature, 393:440–442, 1998.

[WSS16] Yu-Xiang Wang, James Sharpnack, Alex Smola, and Ryan J. Tibshirani. “Trend

filtering on graphs.” Journal of Machine Learning Research, 17(105):1–41, 2016.

[XGO22] Ruofan Xu, Jiti Gao, Tatsushi Oka, and Yoon-Jae Whang. “Estimation of hetero-

geneous treatment effects using quantile regression with interactive fixed effects.”,

2022.

[XST17] Veeranjaneyulu Sadhanala andYu Xiang Wang, James Sharpnack, and Ryan J

Tibshirani. “Higher-order total variation classes on grids: minimax theory and

trend filtering methods.” In Advances in Neural Information Processing Systems

31, pp. 5802–5812. Curran Associates, Inc., 2017.

[YCP23] Siwei Ye, Yanzhen Chen, and Oscar Hernan Madrid Padilla. “2D score based esti-

mation of heterogeneous treatment effects.” Journal of Causal Inference, 11(1):1–

26, 2023.

174



[YHL12] Guo-Xun Yuan, Chia-Hua Ho, and Chih-Jen Lin. “An improved GLMNET for l1-

regularized logistic regression.” Journal of Machine Learning Research, 13:1999–

2030, 2012.

[YIC16] Shu Yang, Guido W. Imbens, Zhanglin Cui, Douglas E. Faries, and Zbigniew

Kadziola. “Propensity score matching and subclassification in observational stud-

ies with multi-level treatments.” Biometrics, 72(4):1055–1065, 2016.

[YJ98] Keming Yu and M. C. Jones. “Local linear quantile regression.” Journal of the

American Statistical Association, 93(441):228–237, 1998.

[YM01] Keming Yu and Rana A. Moyeed. “Bayesian quantile regression.” Statistics &

Probability Letters, 54(4):437–447, 2001.

[YP21] Siwei Ye and Oscar Hernan Madrid Padilla. “Non-parametric quantile regression

via the K-NN fused lasso.” Journal of Machine Learning Research, 22(111):1–38,

2021.

[ZDI20] Shandong Zhao, David A. van Dyk, and Kosuke Imai. “Propensity score-based

methods for causal inference in observational studies with non-binary treatments.”

Statistical Methods in Medical Research, 29(3):709–727, 2020.

[Zie12] William P. Ziemer. Weakly differentiable functions: Sobolev spaces and functions

of bounded variation, volume 120. Springer Science & Business Media, 2012.

[ZK17] Jose R. Zubizarreta and Luke Keele. “Optimal multilevel matching in clustered

observational studies: a case study of the effectiveness of private schools under

a large-scale voucher system.” Journal of the American Statistical Association,

112(518):547–560, 2017.

[ZLL17] Weijia Zhang, Thuc Duy Le, Lin Liu, Zhi-Hua Zhou, and Jiuyong Li. “Mining

heterogeneous causal effects for personalized cancer treatment.” Bioinformatics,

33(15):2372–2378, 2017.

175



[Zub12] Jose R. Zubizarreta. “Using mixed integer programming for matching in an obser-

vational study of kidney failure after surgery.” Journal of the American Statistical

Association, 107(500):1360–1371, 2012.

[ZZL15] Ying-Qi Zhao, Donglin Zeng, Eric B. Laber, Rui Song, Ming Yuan, and

Michael Rene Kosorok. “Doubly robust learning for estimating individualized

treatment with censored data.” Biometrika, 102(1):151–168, 2015.

176




