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Foreword

The occurrence of incidents on freeways causes disruption to the flow of traffic
through the neighborhood of the incident for a period that lasts longer than the incident
itself does. The practical measures that traffic managers can implement to mitigate this
disruption include diversion of traffic as it approaches the incident. Evaluation of the
likely effects on traffic flow of an incident and the benefits of implementing a diversion
calls for modelling that respects the spatio-temporal nature of the formation and
dissipation of congestion. In this report, the kinematic wave model of traffic is applied
to investigate these issues. Expressions are derived in closed form for an number of
guantities of interest, including the maximum extend of the congested region, the time
at which that occurs, relevant times for an intervention, and the effects of that on the
size of the congested region. Special forms of these expressions are established for the
case of the linear speed-density relationship, and calculations, are performed to illustrate
the application of the resulting analysis to examples of incidents both with and without
intervention.
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CHAPTER 1
INTRODUCTION

An incident that occurs on a freeway which reduces capacity to below the rate at which traffic
is arriving will cause queueing and disruption to the flow of traffic. This will have
consequences for both individuals travelling on the freeway and for management of the road
system, both in terms of delay and safety. From the point of view of incident management,
estimates of the furthest upstream extent of the queue, the time at which this occurs and the
duration of queueing at the location of the incident are of considerable importance. A
possible response to the occurrence of incidents of thiskind is to intervene by diverting some
traffic from the freeway at an interchange upstream of the incident: this will reduce the rate
at which the traffic queue grows on the freeway and hence will reduce the furthest upstream
extent of the queue and also hasten the clearance of the queue.

Important issues that arise in management of this kind include the relevant timing and extent
of any diversion, and its effect on size and timing of the main features of the incident. Thus,
for example, a manager might wish to know the last time at which adiversion of acertain
size could influence either the maximum upstream extent of the queue or the time at which
the queue clears. Of similar interest is knowledge of an appropriate time at which to cancel
adiversion. Severa aternative diversions might be possible, affecting differing amounts of
traffic: choice between them can be informed by estimates of their respective effects.

Evaluation of the behaviour of traffic at incidents such as this calls for modelling of the
gpatial dynamics of traffic. In the present paper, the hydrodynamic approach of traffic flow
modelling is applied to freeway incidents and interventions. The approach that is pursued is
based on that of Lighthill and Whitham (1955) as developed by, for example, Haberman
(1977). The reason for pursuing this approach is that it offers the advantage of spatial
dynamics of congestion in atraffic model that is relatively easy to analyse. Michalopoulos
and Pisharody (1981) have applied this approach to the estimation of delays on signal-
controlled arterial roads, and provided multiple formulae to be evaluated in combination to
estimate delays and queue sizes. A point that is worthy of note is, however, that this
approach is not the most direct available for the estimation of delays, either incurred by all
traffic affected by the incident or by individua vehicles. As Daganzo (1983) observed, if
delay isthe quantity of primeinterest, then relatively simple alternative methods of estimation
are available based on accounting for cumulative arrivals and departures. The analysis
presented here focuses on the spatio-temporal aspects of congestion caused by an incident and
the way in which this can be aleviated by a traffic management intervention.

In this report some general analysis of incidents is developed first. The effects on the
formation and decay of queues of intervening by diverting some traffic from a point upstream
of the incident are then investigated.  Special forms of the results of this anaysis are
established for Greenshields' s (1934) linear speed-density relatignship: these are in closed
form and can be applied directly to estimate several quantities oOf interest in the management
of incidents. Finaly, two related numerical examples are investigated to illustrate the use of
these formulae.



CHAPTER 2

TRAFFIC FLOW MODELLING

In this paper, we develop Lighthill’s and Whitham's (1955) fluid model of traffic in which
vehicles are not represented individualy, but rather traffic is treated as a continuous,
compressiblemedium.  We assume that the speed of traffic at each point is determined
completely by the traffic density there, so that the dynamic behaviour of traffic can be
characterised completely by instantaneous knowledge of the spatial density distribution.
Models of this kind treat traffic primarily as a bulk medium, placing emphasis on gross rather
than individual behaviour. However, the traffic speed iswell defined at each point and
instant as afield so that vehicular trgjectories can be recovered as the solutions to differential
eguations.

We assume that the functional relationship between space-mean speed and density is
deterministic, continuous and decreasing in density. We use the notation:

k spatial density of traffic (vehicles/mile),
v space-mean speed (miles per hour),
q traffic flow rate (vehicles/hour)

Then we assume the existence of a functional relationship between speed and density of the
form

v =v(K) . M

An immediate consequence of thisis (Wardrop, 1952) that the flow at each point is the
product of the space-mean speed and the density there, and hence is determined entirely by
the density as

qk) =k v(k) . (2)

We denote the free-flow speed by

vo = v(0) (3)

and the assumption of decreasing speeds with increasing density can be stated as:

ov
— <0 .
% C))



Furthermore, we assume that Mg,) the number of values of k for which gtk) = qp.is
exactly

2 ©sq,<a) ] ®

Ng) =11 @,=9)
0 @,>9)

where q, is the maximum flow, or capacity of the road. Then for (0 < q, <q,) let k(g,)
be the greater of the two solutions, and let k'(g,) be the lesser. According to (5), k*(.) and
k() are single-valued functionson [0, q,) : k* corresponds to congested traffic and k
to freely flowing traffic. These conditions give that k(0) = 0 and we suppose for some
value k = k; that q(k;) = 0 : thisiscaled the jam density. We confine our attention to
densities k in the range (0 < k < k).

The unigqueness conditions are clearly satisfied if q(k) is aconcave function, and thisis
equivalent to

Ci'd <0 , or
ok? ©)

2& +kiv_<0
ok k2

This means that the wave speed, w(k) , given by

W) = 2
5 (7)
= v(k) + ks,;

Isastrictly decreasing function of k. The wave speed w(k) specifies the rate at which
regions of constant density k propagate and hence describes the way in which traffic
conditions propagate through space. Waves corresponding to densities in the uncongested
range (0 < k < k), wherek, = k*(q,) , have positive speeds, whilst those corresponding to
congested conditions with densitiesin therange  (k, <K <k) have negative ones.

according to (6) and (7), stationary waves correspond to the density at which maximum flow

g = q, occurs. We assume further that the wave speed is a continuous function of density,

so that the equation w(k) = v, has a unique solution k, whenever w; < v, < v, , where

w; = w(k;) .

According to this model, the instantaneous traffic conditions at a point can be specified
completely by the triple (v, k, q) of speed, density and flow. This is a convenience which
is adopted throughout the present paper.



CHAPTER 3
DYNAMIC TRAFFIC MODELLING

We consider along uniform section of road on which the traffic isinitially uniform and is
described by the (v, k, q) triple (v,, k,, q,) , and suppose that an incident occurs at position
x =0, starting at time t = 0 and ending at time t = ¢, . Throughout the duration of the
incident, the flow past the position x = 0 isreducedto q = g, <q, , and that after time
t=1t, , the capacity at position x = O returns to normal. In order to investigate the
consequences of thisincident for traffic flow in the vicinity of its occurrence, we appeal to
adynamic traffic model that indicates how the congestion caused will form, propagate and
dissipate. The regquirementson atraffic model for thisinclude a satisfactory representation
of spatial dynamics, and for that reason the Lighthill and Whitham wave model is adopted
and developed here.

First of al, we develop awave model of the traffic dynamics of thisincident in the absence
of an intervention. We consider the upstream congestion and queueing, and aso the
downstream conditions resulting from flow metering past the position of the incident. We
then consider the effects on these dynamics of reducing the traffic flow arriving from
upstream, for example by posting an advisory diversion notice, broadcasting traffic
information, providing route guidance or closing an or-ramp that will be relevant to some
drivers. Thiswill normally have the effect of reducing the rate at which traffic approaches
the incident from some fixed point upstream of it. The analysis presented in this section is
independent of any particular speed-density relationship.

3.1 Modelling an incident

The main features of this model of an incident and its consequences are illustrated in
Figure 1.

The traffic immediately upstream of the incident is congested because the arrival rate q,
exceeds the capacity q; at the location of the incident. It is therefore characterised by the
triple (v, K,, q¢) , Where

ky = k@), and
vy = viky)

®



FIGURE 1. HYDRODYNAMIC MODEL OF A FREEWAY INCIDENT
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A shock-wave arises upstream of the incident corresponding to the back of the region of
congested traffic. At this shock-wave, there is an abrupt increase in density from arrival
density k = k, to the density of the congested region, k =k, . According to Lighthill and
Whitham, this shock-wave travelsinitialy with speed

qf -qa

% = ky-k,

<0 0<t<t,) . &)

The last timet =t, at which this shock-wave propagates with speed u, is determined by
thetimet = t, a which the incident ends. When the incident ends and the consequent
restriction to traffic flow at x = 0 is removed, waves with density k throughout the range
(k; < k < k) emanate from position x = 0, each at its associated wave speed w(k) : this
dissipative behaviour of falling density isin marked contrast to the stable behaviour of shock-
waves caused by increasing density. The time t = t, is therefore specified by the
intersection of the shock-wave specified by (9) with the wave that travels backwards with
most negative speed: because wave speed decreases with increasing density, this wave is
associated with the greatest density, k = k, . Thus

; =( *y )to (10)

Wy —Uy

where w, = w(k,) is the wave speed associated according to (7) with density k = k, . At
thisinstant, the shock-waveisat position

xp(ty) = ( el ) b - an

Wy~ Uy

After timet =t, , the density immediately in front of this shock-wave is determined by
waves of lesser density emanating from position x = 0 at time t = t, . The density in front
of the shock-wave therefore startsto fall: thetime at whichitisequa tok , k, < k < k)
can be found, following Lighthill and Whitham, to be

. - q,-q;~ (k-k,)w(k) “ (12)
9 ~9q,~ (k-k)wik)




when the position is
x, = w1

. @ wk b
q;~49, - (k-k)w(k)

(13)

The two equations (12) and (13) describe the trajectory of the shock-wave at the back of the
disturbance caused by the incident parametricaly in k , the density immediately downstream
of it.

The furthest upstream position of the shock-wave corresponding to the back of the queue is
reached when the shock-wave is stationary:  this occurs when  q(k,) = q, , SO that
k,, = k'(q,) . The position and time, (x,, t,) , Of this event are given by (13) and (12) with
k =k, . After timet = t, , this shock-wave travels forwards and represents the position at
which traffic conditions return to normal after the last effects of the incident have ceased:
for thisreason, it is called the clearing wave.

The congestion clears from the position at which the incident occurred at time t, , where
according to (12) and (13) with x, =0,

t, =[q’—q’) t, - (14)

Traffic immediately downstream of the incident is uncongested, being metered past the point
x =0 atflowrate q =gq,. Itistherefore characterised by the triple (v, k, q,) , where

kf=k'(qf) , and
v, = v(k) .

(15)

The boundary between the traffic immediately downstream of the incident and that further
downstream which is unaffected by the incident forms a shock-wave because of the abrupt
increase in density from k = k, to k =k, . This shock-wave is stable and travelsinitially
with constant speed given by

qa_qf
u=-2-4 >0, (16)
7 k,-k



Behaviour of traffic downstream of the incident can be determined by similar considerations
to those used for upstream conditions. The instantaneous position at timet , x(t) , of the
shock-wave that corresponds to front of the disturbance caused by the incident is given by:

X = Ut (Ostst) a7

where

r,=(wf)to, (18)

and w, = wik) isthewave speed associated with density k = k; .

Attimet =t , the position of the downstream shock-wave is given by

W, u
=[ f f),o (19)

We— Uy,

X¢

and after that time it is given parametricaly in k , here representing the density immediately
upstream of it, by (12) and (13) withk intherange (k; < k < k,) .

Throughout the region in which traffic behaviour is determined by the incident, the
instantaneous point traffic density k(x, t) can be calculated from consideration of waves.
Thusfor the duration of the incident itself, we have

k, (u,t<x<0) }

k(xp) = kj (0<x<uft)
k (otherwise)

a

O<t<t) . (20)

After timet =t, , when the incident ends, the traffic density in the neighbourhood of x = 0,
the location of the incident, is determined by waves that emanate from that position at time
t=t,, whilst that further away is determined for some further period by conditions during
the incident. Thus upstream of the incident,

k(x, t) =k, (t < X < wyt) (t<t<t), (21)
and downstream of the incident

k(x, t) =k (Wt < x < ug) (th<t<t). (22)

8



The traffic density elsewhere in the region between the upstream and downstream shock-
waves caused by the incident can be determined from the linear trajectories of waves. the
position x(k, t) at which the density isk at timet is given by

x(k, 8) = (t - to) w(k) . (23)

3.2 Modelling an intervention

We now consider the effects of diverting an amount q, of traffic from the freeway at a point
X = x, upstream of the location of the incident, starting at timet = t, . The main features
of thismodel of an incident together with an upstream intervention are illustrated in Figure 2.
The traffic conditions immediately downstream of the point at which the intervention is made
are then described by the triple (v, k,, q,) , where

q, = 49,74,
k = k-(qr) , and 24)
v, =vk).

This intervention will cause the formation of a shock-wave. Because g, c q, , this shock-
wave will move downstream at speed u, given by

w = e (25)
¢ k -k

a r

If the incident can be anticipated, then the possibility arises that t, ¢ O . In the case that
t < M< 0

¢ ?

9.

the intervention has an effect at the location of the incident before the incident occurs.  If we
also have that q, < q, , then the diversion is sufficiently effective that it avoids any
congestion and consequent queue formation at the location of the incident. In the remainder
of the analysis presented here, we consider the more usual case where intervention has effect
a the site of the incident after tunet = 0, and typically is made in response to the
occurrence of the incident, sothat t, > 0.



FIGURE 2.
MODEL OF A FREEWAY INCIDENT WITH AN UPSTREAM INTERVENTION

w(k+(qf))
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The intervention will influence the traffic and queueing behaviour in the region of the
incident. Initially this influence will be upstream of the location of the incident, but after
timet =t it will pass downstream of that location.

There are two distinct cases to consider for the interaction of the downstream-travelling
shock-wave caused by the intervention with the upstream-travelling one at the back of the
queue caused by the incident. In the first case, thetimet = t, at which the two shock-waves
coincide is either before the end of the incident or before the effect of its end reaches the
back of the queue caused by it, so that t, <t, , where t, is given by (10). In this case, the
back of the queue grows at a constant rate until the intervention first has an effect onit. In
the second case, t, > t, , SO that the end of the incident has already had some effect on the
shock-wave at the back of the queue. The shock-wave could still be travelling upstream (if
t, <ty ) or could have started travelling downstream. An expression is developed here for
the bounding condition between these two sub-cases, corresponding to the latest time of
intervention that will influence the position and timing of the maximum queue length. A
further expression is developed to indicate the latest time of intervention that will influence
the time at which congestion clears at the location of the incident.

The first case to consider isthat in which the two shock-waves coincide beforetimet =, .
To find the time at which coincidence occurs, we need to solve for t, the equation

X, ut,-t) = ut,

which yieldsthe value

_ ul, -X, (26)

8 _ s
uc ub

corresponding to intersection at position x = x, , where

x = ( % ) (w,t,-x,) . (27)

Ug =~ Uy

In order for this case to arise, we require that t, <t, , and hence that the time t, of
intervention satisfies

A YA T 28)

X,
t¢ s —
U (wb - ub) u,

11



Immediately after the shock-wave caused by the diversion of traffic reaches the back of the
queue caused by the incident, the back of the queue will travel with speedu, whichisgiven
in this case by

4,-9,%4,
u' = "‘#7 . (29)

The start wave, which has density k = k, , will then reach the back of the queue at time
t=t ,when

L AL L

s0 that

tu -t.w,-Xx
t - 88 07t g (30)
u-Wb

The position x = x, of the shock-wave at that time is given by

_ Wy

After time t = t, the position of the shock-wave at the back of the queue is given
parametrically in the density k immediately downstream of it by

[@:-9~ k-E)wR)ty + 4.2, - (k,~k)x, 32)

tk =
q,-9q,-(k-k)wk)

and

X, = @:-gp% * 4.t - (k,-k)x,
T g, - GR)w®

wk) (33)

12



Equating the expression (33) for x, to 0 yieldsw(k) = 0, and using thisin (32) gives
the time t = t, when the clearing wave passes the position at which the incident occurred
as

_ (q,‘Q)to + q¢t¢ - (ka—kr)xc

i 34
@4.-q,) 9

t

[4

where q, is the capacity of the road after the end of the incident, corresponding to the flow
rate when the wave speed is O .

To find the furthest upstream position of the back of the queue, first notice that if
q. 24, - g, then from (29) u, > 0 so that clearing starts immediately the shockwave caused
by the intervention reaches the back of the queue caused by the incident. The maximum
position of the back of the queue is given in this case by x = x, from (27) at timet = t,
from (26). However, if q. < q, - g, , then the maximum position of the back of the queue
occurs a x = x,, , where

Xa = % (K'(q)) (35)
and x,(.) is given by (33), and at timet = t,, , where

t = t(k*(q)) (36)
and 4(.) is given by (32).

If the intervention occurs after the critical time given by (28), then the shock-wave caused
by the diversion will coincide with the one at the back of the queue caused by the incident
after it is first affected by the end of the incident. In this case, the queue is aready
dissipating before the diversion has any effect on it: thetimet, , location x, and density
k, at the point of coincidence satisfy simultaneously the three equations (12) with ¢, =t,,
(13) with x, =x, , and

X, = X, uf, -t,) (37)

After timet =t , the trgjectory of the clearing wave is given parametrically in density  k
by (32) and (33). Thetimet = t. at which the clearing wave passes the position at which
the incident occurred is then given by (34), provided that x, < 0 so that the intervention has
an effect on the queue whileit persists upstream of the position of the incident.

13



Because u,(t) < w, <u, , the intervention will affect the clearing of the queue at some time.
However, if x, > 0, then this occurs after the queue has cleared at the position of the
incident. This leads to the requirement on the time of intervention to ensure that congestion
will be relieved upstream of the incident as

x k-k) (4.4, § (38)
q, 9.-4.)°

In this case, the position and time of the maximum upstream extent of the queueing caused
by the incident can be determined according to which one of three distinct sub-cases applies.
In increasing order of t, these are:

1. The queue increases after time't = t, as given in the simultaneous solution to (12), (13)
and (37). This sub-case occursif the shock-wave caused by the intervention coincides with
that at the back of the queue before the wave of density k*(q,) does. This will occur if

< e g + Tl @) (39)

u,

where z,() and x,() are given by (12) and (13) respectively.

In this sub-case, the position of the maximum queue x = x,, and time of occurrencet =t,
are given by (33) and (32) respectively with k = k’(e) .

2. The queue increases up to time t = t, as given in the simultaneous solution to (12), (13)
and (37), but decreases immediately afterwards. This sub-case occurs if the shock-wave
. caused by the intervention coincides with that at the back of the queue after the wave of
density k*(q,) does but before the wave of density k*(q,) does. This will occur if

Wik + %I:('» s 1, s 4(kg) + %:‘*(q«» (40)

where ¢,() and x,() are given by (12) and (13) respectively with the indicated values of
density.

In this sub-case, the position of the maximum queue x = x,, and time of occurrencet =t,
are given by x_, = x, and t,, =t as the smultaneous solution to (12), (13) and (37).

14



3. The queue starts to decrease before timet = t, as given in the simultaneous solution to
(12), (13) and (37). This sub-case occurs if the shock-wave caused by the intervention
coincides with that at the back of the queue after the wave of density k*(q,) does. Thiswill
occur if

> k@) . M @1

where () and x,() are given by (12) and (13) respectively.

In this sub-case, the position of the maximum queue x = x,, andtirneofoccurrence t = t,
are unaffected by the intervention, and are given by (12) and (13) with k = k*(q,) .

3.3 Removal of the intervention

When the intervention is removed and diversion of traffic ceases, at timet =t; , say, waves
with densities k throughout the range [k'(q,), k,] will emanate from the point X =x, . The
density downstream of that point will then increase continuously fromk = k'(g) tok =k, .

The first effects of this will reach the position x = 0O after the clearing wave has passed
there provided that

x
t >t + = “42)

wheret, is given by (34) and w, = w(k'(q,)) is the wave speed associated with density k
(q) . Theeffectsof theintervention at the position of the incident will cease completely at
timet = t, when the last of these waves (which has density k = k, ) passes the position of
the incident. Thistime is given by

X
(=t - 43)
a

where w, = w(k,) is the wave speed associated with density k =k, .

15



CHAPTER 4
LINEAR MODELLING

4.1 Introduction

A wide range of choices are available for the relationship (1) between speed and density:
depending upon which is adopted, different forms of equations (2)-(43) will arise. The choice
of relationship can be motivated by empirical considerations or by analytic convenience.
Here, the latter consideration is overriding, so we adopt Greenshields's (1934) linear
relationship between speed and density:  this leads to closed-form expressions for the
quantities of interest.

In this case (1) and (2) take the specific forms

i
v(k) = ,1—-), 44)
t5

and

o® = v, [k ; ."_2.) . 45)
K

According to this model, the capacity of the road is related to the jam density k; and free-
flow speed v, by

Wk (46)

The second partial derivative of flow with respect to density is given by

ig - 2% 47)
ak* K

16



so (6) is satisfied and the various consequent uniqueness properties obtain in this case. In
view of the particularly simple forms of these relationships, the functions k+(qg) and k‘(q) can
be expressed in closed form as

4
k(@) = %(l + |1 - V.qu;) k, (48)
and
S | R Y (49)
k(@ 22(L "ok/) kj

The wave speed associated with density k is given in this linear case by

W) = (1 - %‘) v, (50)
/]
and in particular
W; = -V,. (51)

The genera expression for the speed of a shock-wave can be expressed conveniently for
Greenshields's linear speed-density relationship as

ue, k) = % & -k -k >k, . (52)
J

17



4.2 Linear modelling of an incident

We consider first the development according to Greenshields' s model of the traffic congestion
caused by an incident in the absence of any intervention. We can apply the particular
formulae for linear models given in section 4.1 in the general formulae of section 3.1
describing the dynamics of traffic in the vicinity of the incident Thetrafficimmediately

downstream of the incident is characterised by the tipple (v, k., q,) Where the particular forms
of (15) are

and

These can be expressed more compactly as

1
k; = -5(1 -S)k (53)

and

_ 1
v =21+ S)v, (54)

where the dimensionless quantity S is defined as

s, = J 1-34 (55)
Vok,

18



The downstream boundary of the region that is influenced by the incident movesinitially with
speed u; given by (16). The specific form of thisin the linear caseis

U= 260t Y (56)
where

s = |1- 44, (57

a vokj

Similarly, the traffic immediately upstream of the incident is characterised by the tipple
(v,, k,, @) where the particular forms of (8) are

1
k, = 5(1 + S,)k, (58)
and

v, = S (1-S)v (9

N =

The upstream boundary of the region that isinfluenced by the incident moves initially with
speed u, given by (9) which has specific form

%=%@-@%. (60)

19



The start wave, initiated by the end to the incident at time t, and position x = 0, travels
with speed w, which, according to (7), (21) and (23) have specific forms

v, = ( 1. 2k*(q)] e

1
k (61)
= —S, Vg -
The start wave reaches the back of the queue at timet =t, , when
Uty - Wy (8 1)
so that
28
= ¢ . (62)
f 5.+5) %
The position of the back of the queue at that timeis
S,-S
= [2a""r
x, = (S,+S,) Spvolo - (63)

After timet =t, , the trgectory of the back of the queue is given according to (12) and (13)
parametricaly in k by

2 2\, 2
[ ).

4(k-k,) 4
%, = "i(k;;;ck)_(:jz-sf) Yol (k,<ksk,) .
From the former of these, we have
ek, - 2 %ﬁe (65)
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Using thisin the latter gives

x0) = [S.t-1) - ISF-52)e-t)t0] ¥ (21 (66)

and similarly

o) = [Sﬂ(t—tO) * (Sf2 's:)(t"‘o)to] Yo (e2t) . (67)

The density of traffic in the region between these shock-wavesis given, in thislinear case,
by

k
k(x,0) = E’- (1 - vo(tx-to)) (rs0) sxsx D) | (£26) - (68)

The furthest position upstream that the back of the queue reaches is found from (64) with
k = k+(g) to be

-
m 4s

Volo (69)

at time

2 2
¢ = [l . Sf - Sa] to (70)

Finally, the queue clears the position x = 0 at which the incident occurred at time

=@

a

which is consistent with the general form (14). After this time, the traffic conditions
upstream of that position are no longer affected by the incident.
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4.3 Linear modelling of an intervention

According to (52), the shock-wave caused by the intervention will move at speed

u.:

2 -k (@) -k (4,4))
7

so that in view of (49),

1
Uy = 5(S¢+S¢) Yo , (72)
where
5, - Jl | 44,9 73)
vokj

We now consider in turn each of the two distinct cases for the intersection of this shock-wave
with the queue caused by the incident. The first of these corresponds to intersection when
the queueis still growing at constant speed in a manner that is unaffected by the end of the
incident. The second corresponds to intersection when clearing of the incident has started to
affect the back of the queue, although it could still be growing upstream. An explicit form
Is derived for the boundary conditions between these cases, as is a condition for the
intervention having no effect on the queue length before clearance at the position of the
incident

Suppose that the shock wave caused by the intervention reaches the back of the queue caused
by the incident at time t=t, . If the intervention is made sufficiently early, this will occur
before the growth of the back of the queue is affected by the end of the incident. In this
case, we can identify the time and location of the intersection by solving

X, tufty -t) = upt, .
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Using (60) and (72) and rearranging gives the timet = t, of the intersection as
(S‘l +S‘)t‘ -2x,/v,
t =
¢ (5 +5p

and its position x = x, as

s,-s, 1
- — t -
x, (S‘+sf) [Z(Sd +8 JVot, ~ X,

In order for the intervention to have an effect on the position of the back of the queue before
clearing does, we require that it take place sufficiently early that

Hence we require that t, satisfies

t 2x, 2(5,+5) 8 1

< . (76)
¢ 2 S, 5) v + (5,+S)(5,+S)

After the shock-wave caused by the diversion of traffic reaches the back of the queue, it will
move initially with speed given according to (29), (57) and (73) by

4y = 5 (SeS) %o (77)

The time ¢ = ¢, at which the start wave caused by the end of the incident reaches the back
of the queue is given by (30), (50) and (74) as

‘ 2
L2 s, 2 (78)

TS Y SSP T St v '

at which time the position will be

-8 s, (s?-5? 28,.(S.-8
xr = sf (Se f]voto - f(‘—;)vot‘ f(—¢2¢)x‘ . (15)
S50 T SSE e S
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After timet =t , the instantaneous speed of the back of the queue is given from (30), (31)
and (50) by

=1 X (80)
u,(t) 2( S, + vo(t-to)) vy -

This can be integrated, using the initial condition x = x, at timet =t , to give the trajectory

£ = Sl -1) - JERD 1| + %, J ti’:‘tgo (t21) (81)

Equating this expression for x,(t) to 0 and solving for t , we find that the clearing wave
passes the position of the incident, x =0, at timet = t_ given by

2 2
o e s) (S, 2 S 82)
© 8 S)0 sy,

To find the furthest upstream position of the back of the queue, first notice that if
q. > q, - g, then from (57), (73) and (77) u, > 0 so that clearing starts immediately. The
maximum position of the back of the queue is then given by x = x, from (75) at timet =t,
from (74). However, if q, < q, - q; ,» then the maximum position of the back of the queue
occurs at position X = x,, , where (from (35), (36) and (61))

-1 2 2
% = g (157 -280)vet. - 25,-5)%) (83)
and at time ¢ =¢, , where
1 2 2 Xe
= —|(1 - -2(5.-S\— 4
ty = 0o * 4s3( +87 282, - 25, ,)v° (84)
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If the intervention occurs after the critical tune given by (76), then the shock-wave caused
by the diversion will reach the back of the queue caused by the incident after the first effects
of the end of the incident do. In this case, the queue is already dissipating before the
diversion has any effect on it. Then from (37) and (7), the timet, at which the diversion
shock-wave and the back of the queue intersect satisfies

%+ 2856t = [S.e-1) - 75T w)8] o

The solution of thisis given by

(s, zo[ B S)2x (S Shvlet)] 85)

’ lJ (57 ~Se)oto

where <, =/t -1, so that

g o @)

This occurs at position x = x, , where
X, =X, uft,-t) @87

After that time, the instantaneous speed of the clearing wave is given as y(t) in (80) and
the position by x,,(t) in (81). Asin the case of interaction with a growing queue, the time
t = t, a which the clearing wave passes the position of the incident, x = 0, is given by (82).

The condition (38) for the intervention to have an effect on congestion at the position of the
Incident can be expressed in this linear case as the requirement on the timet = t, of the
interventionthat

2x S\
e ) (88)
“< o (3

a
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The position and time of the maximum upstream extent of the queueing caused by the
incident can be determined according to which one of the three distinct sub-cases described
in section 3.2 applies. In increasing order of t, these are:

1. The queue continues to grow upstream after the effect of the intervention reaches it. This
case occurs if

. (57 -8) (, . _25 2z, (89)
(S +SP\ SatS,

1+

In this sub-case the maximum upstream position of the queue is found from (83) to be

%, = 2L (18} -252)vot, - 2(5. 597 (90)

m
[ 3

The time at which this occursis found from (84) to be

1

t,=t+
4s?

[(1+s,2-2s3)t, - 2(5,-5) > o1
Yo

2. The queue increases up to the time at which the effect of the intervention reachesiit but
decrease but decreases immediately afterwards. This case occurs if

§2-52 25, 2x,
o [l ' E.s':+su)Z (1 i sa+s¢)]t° i (Se*Sa)vo

and (92)

2 2!
., 5-s) [1 .28, ]} v 2

4S: Sa + S¢ (Sc * Sa) Yo
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In this sub-case the maximum upstream position of the queue occurs when the shock-wave
from the intervention reaches the back of the congested region. The location of this event
isgivenin (79) as

2 2! -
X =8 [-_’gﬁ}]voto Sp8e-Sd), . - 25 (55, (93)
N . (] - \
= TS, +S; (S, +S,} (S.+S,)

The time at which thisoccursis givenin (76) as

(25, fes) s %, 94)
"ES) T SeSE T SerS) v

3. The back of the queue starts to travel forwards before the effect of the intervention reaches
it due to the effects of the end of the incident. This case occurs if

2 2
. (57 -52) (1 .28, )l - (S_Zx__ (95)

o7 42 Sa+S, *Sa)%

e

In this sub-case the maximum upstream position of the queue is unaffected by the intervention
so its location and timing is the same as in the absence of the upstream intervention. Thus
the location is given in (69) as

2 2
Lo Ba-8) (69)
- 45, °°
The time at which this occursis givenin (70) as
s? - 82
tm=[l+ f Z]to (70)
4S5,
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4.4 Removal of theintervention

When the intervention is removed and diversion of traffic ceases at timet =t, , the density
downstream of the point of intervention x = x, will increase continuously from k = k'(q,)
to k =k, . Thefirst effects of thiswill reach the position x = 0 after the clearing wave has
passed there provided that the condition (42) is satisfied. In the linear case, this can be stated
as

€

2 2 _¢? -
[ (fz) BT e I O (%6)
S, 2, S oy

The effects of the intervention at the position of the incident will Cease completely at time
t =t, givenin the linear case by

x‘
t =t - s (97)



CHAPTER 5
EXAMPLE CALCULATIONS

In order to illustrate the use of these formulag, they are applied to two simple example
incidents. The flows and durations of the two incidents are identical: they differ in that in
the first case one lane of a three-lane freeway is blocked whilst in the second case two lanes
are blocked. In each case, we consider the effect of intervening by diverting some traffic
from a point upstream of the incident. Different interventions are considered in each of the

two examples.

Consider afreeway on which Greenshields' s speed-density model is appropriate and for which
Vo = 65 mileg/h,
g, = 5400 vehicles/h, so that

k; = 332 vehicles/mile.
Example 1

The arriving traffic is supposed to have a uniform flow of q, = 4500 vehicles/hour . An
incident occurs that reduces the capacity at position x = 0 to q, = 3600 vehicles’hour for
15 minutes .

First of al, we find from (49) that k, = 98.3 vehicles/mile . Proceeding according to (53) -
(55) of Section 4.2, we find the downstream conditionsto be

k, = 70.2 vehicles/mile,
v, = 5 1.3 miles’hour, and
u, = 32.0 miles’hour.
From these values, we have
S.= 041, and
S¢= 058.
Similarly, according to (58) - (60) for the upstream conditions,
k, = 262.1 vehiclegmile,
v, = 13.7 miles/hour, and

u, = -5.5 mileghour.
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According to (69) and (70), the furthest upstream that the back of the queue reachesis
X, = -1.66 miles
at time

t, = 18 minutes 45 s after the start of the incident.

Note that the time of maximum queue occurs after the incident has been cleared. Thisis
because the clearing process does not affect behaviour at the tail of the queue until the wave
of density k = k*(q,) reachesit. Finally, from (71), the congested traffic clears the position
of the incident at time

t. = 30 minutes
o that the effects of the incident last twice aslong as the incident itself.

Suppose now that a diversion is implemented at position x, = -2 miles, and that the diverted
flow is q, = 1000 vehicles’hour. This gives

.= 0.59.
From (72), we find that the speed of the shock-wave caused by the intervention is given by
u, = 33.38 miles/hour .

We can determine the bounding conditions between the several cases of interaction between

the shock-wave cased by the intervention with that at the back of the queue by calculating

the critical values of the time of intervention from (76) and (92). In this example,

4. - 9. < q; SO the back of the congested region will move downstream after the effect of the
intervention reaches it, whenever that may be: accordingly, sub-case 1 of case 2 cannot
occur. From (76), the latest time at which the intervention can be implemented in order to

have an effect on the back of the congested region before the end of the incident does is
t = 16 minutes 51 s, which is about 2 minutes after the incident itself has ended.

According to(92), if theintervention isimplemented after timet = 18 minutes 7 s, then the
maximum upstream position of the back of the congested region is unaffected by the
intervention. In order for the intervention to have any effect before the queue clears the
location of the incident, we require from (88) that t, < 26 minutes 19 s.

Suppose that the intervention occurs a atime t, = 20 minutes , which is before that
determined by (88). The interaction between the shock wave caused by the intervention and
the queue caused by the incident occurs after the queue starts to clear, but before it has
cleared the location of the incident. According to (85), (86) and (87), the interaction occurs
at time and position

t. = 20 minutes 49 s, and
x, =-1.56 miles.
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Because in this case (65) givest, = 18 minutes45 s, t, > t,, so the back of the congested

area is aready moving forward at the time of the interaction, so the maximum upstream

position of the back of the queue and its time of occurrence are unaffected by the

intervention,

According to (82), the effects of the incident clear the location at which it occurred at time
t. = 26 minutes4l s,

which is about 3 minutes 19 s earlier than would occur in the absence of an intervention.

According to (96), the earliest time that the intervention can be removed without affecting the
clearing time t. is

t. =23 minutes 34 s,

and in that case, according to (97), the last effects of the intervention will clear the location
of the incident at time

t, =28 minutes5s.

Example 2
The circumstances of this example are identical to those of example 1 except that g, = 1800
vehicles/hour , corresponding to the closure of 2 lanes. Proceeding as before but using this
value gives the downstream conditions

k; = 30.5 vehicles/mile,

v, = 59.0 miles’hour, and

u, = 39.8 mileshour.

The upstream conditions are

k, = 301.8 vehicles/mile,

v, = 5.96miles/hour,
u, = -13.3 miles’hour, and
S;= 0.82.
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The furthest upstream that the back of the queue reachesis
Xy = -2.49 miles
attime
t, = 26 minutes 15 s after the start of the incident.
In this case the congested traffic clears the position of the incident at time
t. = 1 hour
so that in this case the effects of the incident last four times as long as the incident itself.

Suppose now that an intervention occurs at position x, = -5 miles, and that as before, the
diverted flow is g, = 1000 vehicleshour. In this case,

S;=0.82,and
u, = -0.22 miles/minute,

so that the back of the queue would reach the point of intervention at time
t=13 minutes34s.

In this example, suppose that the intervention occurs at timet, = 5 minutes which is before
the end of the incident. Then the shock wave caused by the intervention will interact with
that at the back of the queue caused by the incident before clearing starts.  From (74) and
(75), the time and position of thisinteraction will be

t, =10 minutes6 s, at

X, = -2.23 miles.

The effects of clearing will reach the back of the queue at time and position given by (78)
and (79) as

t. = 18 minutes 42 s , at
x, = -3.27 miles.

In this case, the queue continues to grow after the intervention starts to effect it, so the
position of the maximum queue X = x, and time of occurrencet = t,, are given by (84)
and (85):

t, =20 minutes 14 s, at
X, = -3.36 miles.
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According to (82), the effects of the incident clear the location at which it occurred at time
t. = 35 minutes 53 s,

which is about 24 minutes 6 s earlier than would occur in the absence of an intervention.

According to (96), the earliest time that the intervention can be removed without affecting the

clearing time ¢ ist, = 28 minutes 5 s after the start of the incident and in that case the last

effects of the intervention will clear the location of the incident at time

t, =39 minutes 26 s .
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CHAPTER 6

CONCLUSIONS

The analysis presented in this report has shown how the wave model of traffic flow can be
used to represent the formation, propagation and decal of congestion caused by an incident
that reduces the capacity of aroad system Because it is a kinematic model, the description
is spatio-temporal, so that the effect of the incident on traffic flow at different locations can
be estimated. The effect of introducing a diversion of traffic upstream of the incident can
also be represented in this model. In this report, consideration has been given to estimating
critical times before which the intervention should be made in order to reduce the maximum
extent of the congestion or to reduce the duration of congestion at the site of the incident.

Similarly, attention is paid to the earliest time at which the intervention can be cancelled
without extending the duration of the congestion at the location of the incident: thiswill
always be before the congestion clears. Because the intervention is normally made some
distance upstream of the incident, a spatio-temporal model is required for analysis of this
kind.

Explicit equations can be derived for several of the quantities of interest without reference to
any specific speed-density relationship.  If Greenshields's linear speed-density model is
adopted, then closed-form relationships can be derived for each of the quantities of interest
in the analysis of incidents and interventions: this approach has been pursued in the present

report

Some example calculations are presented in this report They show that interventions of a
size that could reasonably be made can have a substantial effect on the congestion caused by
an incident. Even if the intervention is implemented after the cause of the incident has been
removed, it can hasten the clearance of congestion at the site of the incident.

34



REFERENCES

DAGANZO, C.F. (1983) Derivation of delays based on input-output analysis. Transportation
Research, 17A(5), 341-2, 18A(2), 179.

GREENSHIELDS, B.D. (1934) A study of traffic capacity. Proceedings of the Highway
Research Board, x448-77.

HABERMAN, R. (1977) Mathematical models. mechanical vibrations, populations dynamics
and traffic flow. Englewood Cliffs; Prentice-Hall.

LIGHTHILL, M.J. and WHITHAM, G.B. (1955) On kinematic waves 1. A theory of flow
on long crowded roads. Proceedings of the Roval Society, 229A, 317-45.

MICHALOPOULOS, P.G. and PISHARODY, V.B. (1981) Derivation of delays based upon
improved macroscopic traffic models. Transportation Research, 15B(5), 299-317.

WARDROP, J.G. (1952) Some theoretical aspects of road traffic research. Proceedings of
the Institution of Civil Engineers, 11(l), 325-78.

35





