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Passive acoustic monitoring (PAM) enables the study of marine mammals and

anthropogenic sources without active sound transmission, offering a non-intrusive means

to observe underwater environments. Yet, in practical deployments, PAM systems must

operate under resource constraints—sparse hydrophone geometries, limited power, and

noisy, non-cooperative sources—requiring robust signal processing methods to extract

spatial information.

This dissertation presents two distinct contributions to passive source localiza-

tion. The first addresses the challenge of localizing and tracking odontocetes using their

echolocation clicks, which are impulsive, broadband signals (Chs. 1 and 2). Through
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simulation and at-sea experiments with sparse volumetric arrays, we demonstrate that time-

difference-of-arrival (TDOA) methods outperform beamforming approaches—including

frequency-difference beamforming—in terms of accuracy and robustness. Building on this

finding, we develop a particle filter-based multi-target tracking framework that localizes

multiple animals in 3-D from the TDOA measurements while accounting for multiple

targets, false alarms, and intermittent detections. The method is validated using acoustic

recordings of echolocation click signals of from goose-beaked whale (Ziphius cavirostris),

yielding automated movement tracks of deep-diving whales.

The second contribution focuses on passive range estimation of large commercial

ships in shallow water, where acoustic propagate as modes. Using single-hydrophone

recordings, we apply waveguide invariant (WI) theory to analyze striation patterns as a

result of modal interference in the low frequency band. A statistical model is developed to

characterize the received tonal and broadband acoustic signature of ship noise, enabling

maximum likelihood-based range estimation. Applied to real data from the Seabed

Characterization Experiment 2017 (SBCEX17), this method yields accurate range estimates

out to 45 km. Building on this result, Ch. 4 examines the validity and limits of the WI

approach when only a small number of modes propagate in a low frequency band. Through

simulation and observational analysis, we show that range estimation remains effective

when interference is dominated by a single mode pair. This finding highlights the practical

viability of long-range passive ranging in environments based on WI.

Collectively, these results advance the use of PAM in both ecological and operational

contexts by enabling precise source localization in scenarios where sensor density, acoustic

conditions, or signal structure pose major challenges. The techniques developed here

contribute to scalable monitoring of marine mammals and improved acoustic situational

awareness.
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Introduction

This dissertation develops and validates methods for passive acoustic source local-

ization in two distinct applications: multi-target tracking (MTT) of odontocetes (toothed

whales) using volumetric hydrophone arrays (Chs. 1 and 2), with an emphasis on processing

their echolocation click signals, and passive ranging of ships in shallow-water environments

using a single hydrophone, where low-frequency ship noise exhibits modal interference (Chs.

3 and 4). The proposed methods are validated and demonstrated using real acoustic data

collected at sea. Each chapter builds upon theoretical and empirical tools to contribute to

the broader goal of robust PAM in operational and ecological applications.

In Chapter 1, we examine direction-of-arrival (DOA) estimation strategies based

on time-difference-of-arrival (TDOA) and beamforming for impulsive, broadband signals

such as odontocete echolocation clicks. Through empirical evaluation using simulated and

real data collected at sea, we demonstrate that TDOA methods outperform beamforming

approaches—including frequency-difference beamforming (FDBF) and incoherent conven-

tional beamforming (CBF). This validates the robustness of TDOA-based localization

for impulsive, broadband signals in high-frequency PAM applications, particularly for

echolocation clicks recorded on sparse volumetric arrays.

Chapter 2 presents a scalable MTT framework for localizing odontocetes using

echolocation clicks. The algorithm addresses the challenges of high-dimensional state

spaces, clutter, and missed detections by using particle filtering to track 3D positions

and velocities of multiple whales simultaneously. We demonstrate automated tracking of

goose-beaked whales (Ziphius cavirostrises) from real data collected with high-frequency
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acoustic recording packages (HARPs), showing the method’s effectiveness for studying

elusive deep-diving species.

Chapters 3 and 4 focus on shallow water environments, where acoustic propagation

is governed by complex interactions with the seabed and sea surface. In such environments,

the ocean acts as an acoustic waveguide supporting discrete modal propagation. Interfer-

ence between modes produces spatial striation patterns in range-frequency space, which

can be interpreted using waveguide invariant (WI) theory. We introduce a statistical model

for ship noise in shallow water that captures both tonal and broadband acoustic signatures

in a low frequency band. Using this model, we develop a passive ranging algorithm

capable of estimating ship distances up to 45 km using a single acoustic receiver. The

method is validated on real-world data from three ships during the Seabed Characterization

Experiment 2017 (SBCEX17), demonstrating accurate long-range performance.

Chapter 4 investigates the practical limits of applying waveguide invariant (WI)

theory for passive acoustic ranging in shallow water when only a small number of modes

propagate, i.e., when a low-frequency band is considered for long-range range estimation.

Using data from the SBCEX17 experiment, the study analyzes striation patterns formed

by modal interference in the 42–49 Hz range. To interpret these patterns, the signals are

processed to isolate contributions from individual mode pairs. Both numerical simulations

and field data show that when interference is dominated by a single mode pair—particularly

mode pair 1–2—and the corresponding mode-pairwise WI remains approximately constant

over the considered frequency band, the resulting striation slope can be accurately described

by a scalar WI value. These results identify the conditions under which WI-based ranging

remains robust at long distances (greater than 15 km), while also highlighting the challenges

that arise at close ranges near the closest point of approach, where multiple interfering

modes and frequency-dependent effects complicate estimation.

Collectively, this dissertation makes the following contributions: (1) empirical

validation that TDOA-based localization outperforms beamforming approaches for direc-
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tional estimation of impulsive signals on sparse volumetric arrays; (2) development of

an automated, high-dimensional multi-target tracking algorithm for odontocetes using

volumetric arrays; (3) a statistical model of shallow-water ship noise that integrates modal

interference structure and spectral variability; (4) a passive ranging algorithm based on

that model, validated on multiple ships to distances exceeding 45 km; and (5) identification

of the conditions under which the WI-based ranging remains accurate at long distances.

These advances support more accurate, scalable, and environmentally aware PAM analyses,

contributing to both marine ecological studies and broader maritime monitoring.
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Chapter 1

Detection and Directional Process-
ing of Odontocete Echolocation
Clicks Using Beamforming and
TDOA Methods

1.1 Introduction

Passive acoustic monitoring (PAM) is a nonintrusive and efficient approach for

studying and monitoring acoustically active animals, especially species that are challenging

to observe visually. PAM enables detection, localization, and tracking of those animals

and is therefore well-suited for studying their abundance [3, 4], behavior [5, 6, 7], and

response to anthropogenic activities [8, 9]. With continuously increasing human activities

in the ocean [10, 11, 12, 13], consistent monitoring and assessment of the population,

behavior, phenology, and physiology of marine animals are necessary to make informed

conservation plans and management policies [14]. Of particular monitoring interest are

cetaceans (whales) since they are apex predators and environment sentinels [15]. Their

density and geographic location can help understand complex environmental changes, e.g.,

caused by anthropogenic disturbances.

Cetaceans are known to produce various types of sounds for communication, naviga-

tion, and foraging [16]. They are divided into two suborders: Odontoceti (toothed whales
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or odontocetes) and Mysticeti (baleen whales or mysticetes). Odontocetes predominantly

use high-frequency whistles or burst pulses to communicate [17], while mysticetes produce

low-frequency tonal calls, which when used in a pattern is considered song [18]. To

locate prey and relevant features of the environment, odontocetes also frequently emit

echolocation clicks [16], which are intense and directional short pulses, underwater. Since

the echolocation clicks are impulsive and broadband in frequency [19], they are promising

signals for researchers to process to localize and track the echolocating odontocetes with

PAM.

Various PAM technologies suitable for studying whales have been developed. Promis-

ing sensing approaches for PAM include towed arrays [20], fiber optic cables [21], mobile

hydrophone recorders [22, 23], and bottom-mounted hydrophone arrays [5, 24]. Emerging

accessible and inexpensive PAM technologies are expected to provide acoustic datasets that

are orders of magnitude larger than datasets provided by conventional technologies [25].

Thus, establishing effective algorithmic solutions for data processing, data management,

data analysis, and performance evaluation is crucial.

To effectively utilize these sensing technologies for monitoring odontocetes, signal

processing methods must address several challenges posed by the properties of echolocation

clicks and the deployment constraints of hydrophone arrays. These challenges include the

impulsive and broadband nature of the signals, high background noise levels, sparse and

irregular array geometries, and the need for automated detection and localization across

large volumes of acoustic data. This chapter evaluates and compares signal processing

techniques—specifically beamforming- and time-difference-of-arrival (TDOA)-based meth-

ods—for detecting and estimating the direction of arrival (DOA) of odontocete echolocation

clicks using sparse volumetric hydrophone arrays.

We focus on data collected from a four-element volumetric array, where the element

spacing is significantly larger than the wavelengths of the signals of interest. A schematic

to describe the general scenario is presented in Fig. 1.1, whose mathematical notations
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Figure 1.1. Schematic of the passive acoustic localization setup using a volumetric
hydrophone array. The array consists of four hydrophones located at positions q(1) through
q(4) forming a small 3-D aperture as indicated in the dashed box. The ‘X’ indicates the
centroid of the array, which is also the reference position, i.e., the origin. East-North-Up
(ENU) coordinate frame is used. An impulsive acoustic signal, e.g., an echolocation click,
is emitted from a source (odontocete) at position p. The unit direction-of-arrival (DOA)
vector u is parameterized by elevation θ and azimuth ψ in the spherical coordinate system.
This geometric configuration is used for estimating directional information for downstream
localization and tracking.

will be introduced in Ch. 1.2 In particular, the analysis focuses on acoustic recordings of

echolocation clicks produced by goose-beaked whales (Ziphius cavirostris). In this sparse-

array scenario, we demonstrate that TDOA-based processing outperforms beamforming,

yielding more precise DOA estimates and higher detection rates for impulsive, high-

bandwidth echolocation clicks. Additionally, we introduce a TDOA-processing method

that includes a noise-filtering step to suppress instrument noise, and we show that this

enhancement further improves detection performance in both real and simulated datasets.

1.1.1 State-of-the-art

A well-established method for estimating the direction of arrival (DOA) of acoustic

signals using an array is conventional beamforming (CBF), also known as delay-and-sum

beamforming [26]. CBF estimates the direction of a sound source by time-shifting the

signals received at each sensor so that those arriving from a specific direction align in time

and add constructively, while signals from other directions remain misaligned. However,
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for the dataset considered in this study, the volumetric hydrophone array is relatively

sparse, with an element spacing of approximately 1 m. Since a secondary spectral peak

of goose-beaked whale echolocation clicks, corresponding to the expected lowest excited

frequency band, occurs near 17 kHz [27], equivalent to a wavelength of less than 0.1 m in

water, spatial aliasing is expected. Spatial aliasing leads to multiple potential directions for

which the same signals aligns, resulting in ambiguous or false DOA estimates. Although

summing beamformer output incoherently across frequencies can help reduce aliasing,

we find it does not reliably suppress these artifacts. Additionally, beamforming can be

computationally demanding, limiting its practicality for real-time or large-scale processing.

Frequency-difference beamforming (FDBF) [28, 29, 30, 31] provides an alternative

that is better suited for sparse arrays. By beamforming at the frequency difference between

high-frequency spectral components, FDBF synthesizes a much lower effective frequency,

thereby reducing sensitivity to spatial aliasing. This method has been successfully applied

in a variety of acoustic domains, including blind deconvolution [28], underwater DOA

estimation [32, 33], earthquake rupture imaging [34], and ultrasound tomography [35].

Motivated by these applications, we evaluate the use of FDBF for processing odontocete

echolocation clicks recorded by a four-sensor volumetric hydrophone array.

A complementary approach for processing impulsive signals such as clicks is based on

TDOA estimation [16]. This method typically cross-correlates time series from hydrophone

pairs to detect signal arrivals, and then identifies peaks in the resulting cross-correlation

functions to extract TDOA measurements. While standard cross-correlation [36] performs

well under high signal-to-noise ratio (SNR) conditions, the generalized cross-correlation

(GCC) [37] introduces frequency-dependent weighting (filtering) that suppresses noise and

improves detection robustness in noisier environments.
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1.1.2 Contribution

The primary goal of this chapter is to evaluate and compare signal processing

methods for detecting and estimating the DOA of odontocete echolocation clicks using

sparse volumetric hydrophone arrays. We evaluate beamforming- and TDOA-based

methods to process acoustic recordings of echolocation click signals of goose-beaked whale

made at sea using a four-element volumetric array.

To improve robustness under low SNR conditions and strong instrument noise, we

introduce a new TDOA estimation method based on a generalized cross-correlation that

whitens the instrument noise (GCC-WIN). This method enhances the detectability of

echolocation clicks while suppressing interference of the instrumental self-noise. We also

assess how DOA estimates obtained from TDOAs can lose information—especially when

only a subset of sensor pairs yield usable data for downstream processing, e.g., tracking

whales in 3-D from the extracted directional estimates.

The key contributions of this chapter are summarized as follows:

• FDBF is applied to echolocation clicks of odontocete, demonstrating that it mitigates

spatial aliasing on sparse arrays when CBF is applied instead.

• A custom generalized cross-correlation, referred to as GCC-WIN, is proposed for

TDOA detection and estimations. This method whitens instrument noise based

on precomputed noise power spectral density (PSD) templates, improving click

detections in the TDOA domain under low SNR.

• A comparative analysis is conducted between beamforming- and TDOA-based meth-

ods for DOA estimation, showing the superior performance of TDOA methods in

noisy environments.

• A study is presented showing that converting TDOAs into DOAs leads to information

loss, particularly in a low SNR scenarios. This motivates the use of TDOAs directly in
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3-D tracking algorithms for increased detection rates and improved track continuity.

The chapter is structured as follows: Ch. 1.2 introduces the signal model and array

geometry. Chs. 1.3 and 1.4 reviews the principles of beamforming and TDOA estimations.

Ch. 1.7 describes the dataset and preprocessing, and Ch. 1.6 discusses some implementation

aspects. Finally, Ch. 1.8 presents the evaluation results, and Ch. 1.9 concludes with a

discussion of implications for 3-D tracking in the context of sparse hydrophone arrays.

1.2 Signal Model

Echolocation clicks from odontocetes are high-frequency, impulsive signals with

durations on the order of hundreds of microseconds. An example time series containing a

goose-beaked whale click, as recorded across four hydrophone sensors with arrival time

differences due to array geometry and the position of the whale with respect to the array, is

shown in Fig. 1.2(a). Given the known sensor geometry, sound speed, and observed arrival

delays, the direction of the click can be inferred via beamforming or TDOA estimation.

For directional processing of the click signals, we model incoming signals as plane

waves from far-field sources; the detected whales are typically hundreds of meters away. A

spherical coordinate system is used, where the elevation angle θ = 0◦ corresponds to the

zenith (positive z-axis) and θ = 180◦ to the nadir (negative z-axis). The azimuth angle

ψ is defined such that ψ = 0◦ points East and increases counterclockwise, with North at

ψ = 90◦ and West at ψ = 180◦.

1.2.1 Time Domain Signal Model

Assume that the acoustic source (whale) at discrete time step n is located at

pn = rn
[
sin(θn) cos(ψn) sin(θn) sin(ψn) cos(θn)

]T
= rnun, (1.1)
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where rn, θn, and ψn denote the range, elevation, and azimuth relative to the center of the

array (used as the reference point), and un is the unit DOA vector. The relevant geometries

and introduced notations are summarized in Fig. 1.1. Assuming far-field propagation,

the signal arrives as a plane wave along the direction −un. The array consists of Nh

hydrophone sensors, where the position of sensor h = 1, . . . , Nh is denoted q(h) ∈ R3.

The received echolocation click signals at a pair of sensors h1 and h2 can be modeled

in discrete time step n as

x(h1)n = wn + z(h1)n ,

x(h2)n = wn + τ + z(h2)n , (1.2)

where wn ∈ R is the true acoustic signal (click), z
(s)
n is additive noise at sensor s, and τ is

the TDOA between the sensors h1 and h2, expressed in samples. The TDOA τ would not

be an integer in practice, but we assume the sampling frequency Fs is sufficiently high to

model the delay without significant discretization error. The signal is segmented into short

snapshots N samples. These snapshots are processed either in the time domain (e.g., for

TDOA estimation using cross-correlation) or transformed to the frequency domain (e.g.,

for generalized cross-correlation and beamforming). We assume at most one echolocation

click occurs in each snapshot and that the direct-path signal dominates over multipath

arrivals.

1.2.2 Frequency Domain Signal Model

For certain processing techniques such as beamforming, it is more convenient to

analyze signals in the frequency domain using the short-time Fourier transform (STFT).

For snapshot k and frequency bin l (with frequency fl and corresponding angular frequency

ωl = 2πfl), the signal is modeled as

Xk,l = Vk,lWk,l +Zk,l, (1.3)
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where Xk,l =
[
X

(1)
k,l , . . . , X

(Nh)
k,l

]T ∈ CNh is the observed signal vector, Zk,l =[
Z

(1)
k,l , . . . , Z

(Nh)
k,l ]T ∈ CNh is the additive noise vector, Wk,l ∈ C is the source signal,

and Vk,l ∈ CNh is the array manifold vector defined as

Vk,l =
[
ej

ωl
c
uT
k q

(1)

, . . . , ej
ωl
c
uT
k q

(Nh)
]T
. (1.4)

During a snapshot, the source is assumed to be stationary such that uk and thus Vk,l are

constant over the considered N samples. The TDOA (in samples) between sensors h1 and

h2 can be expressed as

τ =
Fs
c
uT
n (q

(h1) − q(h2)), (1.5)

where c is the sound speed in water and Fs is the sampling frequency.

1.3 Beamforming

In this section, we review CBF, i.e., delay-and-sum method, and the challenge

of spatial aliasing that arises with sparse arrays, followed by a discussion of FDBF as

a mitigation strategy. Beamforming is applied independently to each snapshot because

the echolocation click duration is too short, which precludes covariance-based methods

such as the multiple signal classification (MUSIC) [38, 39] algorithm. Instead, we use

CBF, where array outputs are coherently combined across sensors and then incoherently

averaged across frequency bins to estimate source direction.

1.3.1 Conventional Beamforming

For a given look direction defined by elevation θ and azimuth ψ, we define the unit

direction vector b(θ, ψ) = [sin(θ) cos(ψ), sin(θ) sin(ψ), cos(θ)]T, and the corresponding

steering vector at frequency bin l is given by

al(θ, ψ) =
[
e−j

ωl
c
b(θ,ψ)Tq(1)

, . . . , e−j
ωl
c
b(θ,ψ)Tq(Nh)

]T
. (1.6)
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Figure 1.2. (a) A snapshot of time-domain signals recorded across the four hydrophones,
capturing an echolocation click from a goose-beaked whale (Ziphius cavirostris). Each
colored-trace corresponds to a different sensor. The time-differences-of-arrival (TDOA),
i.e., the phase coherence, across sensors enable DOA estimation. (b) Normalized output
of conventional beamforming (CBF, delay-and-sum), obtained by incoherently averaging
beamformer power across selected frequency bins. The cross indicates the estimated DOA.
Multiple peaks due to spatial aliasing are evident. (c) Normalized output of frequency-
difference beamforming (FDBF) applied to the same data. FDBF suppresses spatial
aliasing by operating at a lower synthetic frequency and requires computing a single
sensing matrix, resulting in substantially faster processing (approximately 46× faster than
CBF in this case).

At each snapshot k and frequency bin l, the CBF output is computed as

Yk,l(θ, ψ) = |al(θ, ψ)TXk,l|2. (1.7)

To leverage the broadband nature of the signal, the outputs across L frequency bins are

incoherently averaged, i.e.,

Ȳ FDBF
k (θ, ψ) =

1

L

L∑
l=1

Yk,l(θ, ψ). (1.8)

For each snapshot, FDBF was applied and the DOA was estimated by locating the

beamformer peak:

θ̂CBF
k , ψ̂CBF

k = argmax
θ∈Θ,ψ∈Ψ

Ȳ CBF
k,∆l (θ, ϕ). (1.9)

In our implementation, elevation and azimuth search grids were defined as Θ =
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{0◦, 1◦, . . . , 179◦} and Φ = {0◦, 1◦, . . . , 359◦}.

CBF becomes problematic when applied to sparse arrays at high frequencies, such as

those encountered in odontocete echolocation clicks. In particular, when the sensor spacing

exceeds half the wavelength of the signal, spatial aliasing causes multiple ambiguous peaks

in the beamformer output, as shown in Fig. 1.2 (b). In this figure, the CBF output at

multiple frequency bins have been incoherently averaged. The presence of strong aliased

sidelobes can lead to incorrect estimates, as demonstrated later in Ch. 1.8. While there is

no ground truth DOA of the whale available, the FDBF and TDOA based methods agreed

closely, while the CBF result deviated by approximately 10◦ in the azimuth. In our dataset,

the inter-sensor spacing is approximately 1 m, while the wavelengths corresponding to

secondary spectral peaks of beaked whale clicks (e.g., at 17 kHz) are below 0.1 m. This

mismatch leads to aliasing artifacts that complicate DOA estimation.

1.3.2 Frequency Difference Beamforming

Unlike CBF, which directly forms beams across frequency bins, FDBF instead

processes pairs of frequency components to operate at a synthetic, much lower frequency.

FDBF [29] offers a solution to CBF’s spatial aliasing challenge when processing arrays with

larger aperture by synthesizing a lower effective frequency through phase manipulation of

signal components at two nearby frequency bins. Since the synthetic frequency is much

lower than the original component frequencies, FDBF operates below the spatial Nyquist

limit of the array.

Consider the array measurements Xk,l ∈ CNh and Xk,l+∆l ∈ CNh at frequency bins

l and l +∆l respectively. Here, ∆l is the difference frequency. The autoproduct for FDBF

at snapshot k is defined and denoted as [29]

Xk,(l,∆l) = X∗
l ◦Xl+∆l, (1.10)
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where where ◦ denotes the Hadamard (element-wise) product and ∗ is the complex conjugate.

The autoproduct effectively mimics a signal at the synthetic frequency ω∆l = ωl+∆l − ωl,

which is typically much lower than either component frequency.

Let a∆l(θ, ψ)
T ∈ CNh denote the steering vector constructed for this synthetic

difference frequency, analogous to Eq. (1.6) but evaluated at ∆l. The FDBF output for

the frequency pair (l, l +∆l) is computed as

Yk,(l,∆l)(θ, ψ) = |a∆l(θ, ψ)
TXk,(l,∆l)|2. (1.11)

To obtain a broadband estimate, we fix ∆l and define Q as the set of frequency indices

l such that both ωl and ωl+∆l lie within the excited frequency band of the source. The

averaged FDBF output over all valid frequency pairs is then given by

Ȳ FDBF
k,∆l (θ, ψ) =

1

|Q|
∑
l∈Q

Yk,(l,∆l)(θ, ψ), (1.12)

where |Q| is the cardinality of Q, i.e., the number of valid frequency pairs used. For each

snapshot, FDBF was applied and the direction of arrival was estimated by locating the

beamformer peak of Ȳ FDBF
k,∆l (θ, ψ), i.e.,

θ̂FDBF
k , ψ̂FDBF

k = argmax
θ∈Θ,ψ∈Ψ

Ȳ FDBF
k,∆l (θ, ϕ). (1.13)

The same search grid as that used for CBF, i.e., Θ = {0◦, 1◦, . . . , 179◦} and Φ =

{0◦, 1◦, . . . , 359◦} is used.

FDBF offers a means to suppress spatial aliasing by performing beamforming

at a lower synthetic frequency. This enables DOA estimation even when the original

signal components lie well above the spatial Nyquist limit of the array, as long as a

sufficiently small ∆l is available. An example FDBF output is shown in Fig. 1.2(c),
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where spatial aliasing is effectively suppressed and sidelobes are not apparent. However,

FDBF is susceptible to reduced angular resolution due to its operation at lower synthetic

frequencies.

1.4 Time Difference of Arrival

In contrast to beamforming-based approaches, TDOA-based methods rely on

measuring relative arrival times between sensors and offer an alternative strategy for DOA

estimation, particularly well-suited for impulsive signals like echolocation clicks.

1.4.1 Cross-correlation

TDOA measurements can be extracted using cross-correlation between signals

recorded on a spatially separated hydrophone pair (h1, h2). For a k
th snapshot of length

N samples, the unbiased sample cross-correlation as a function of integer lag d ∈ {−N +

1, . . . , N − 1} is defined as

ϕ
(h1,h2)
k,d =

1

N − |d|

N−|d|−1∑
n=0

x(h1)n , x
(h2)
n+d, (1.14)

where x
(h1)
n denotes the time-series signal received at sensor h1, as introduced in Eq. (1.2).

Signals are zero-padded outside the observation window, and the normalization factor

ensures that the correlation estimate remains unbiased, particularly near the edges of the

window.

To constrain the estimation to physically plausible delays, the search for valid

lags is restricted to a finite interval determined by the maximum possible propagation

delay Nmax in samples, based on the sensor separation and assumed sound speed. The

TDOA estimate is then given by the lag d that maximizes the cross-correlation within this

15



admissible range:

τ̂XCORR
k = argmax

d∈{−Nmax,...,Nmax}
ϕ
(h1,h2)
k,d . (1.15)

1.4.2 Generalized Cross-correlation

While standard cross-correlation performs well when signals are recorded at high

SNR, its performance degrades in noisy environments. To improve robustness in such

conditions, generalized cross-correlation (GCC) methods introduce frequency-domain

weighting functions that emphasize frequency components dominated by signal energy

while de-emphasizing noisy or uninformative bands. By applying appropriate weighting,

GCC enhances the sharpness and reliability of the cross-correlation peak, improving the

accuracy of TDOA estimation under low SNR.

Given the frequency domain signal for sensor pair h1 and h2 as X
(h1)
k,l and X

(h2)
k,l in

the kth snapshot, where l = 0, . . . , N − 1 is the discrete frequency, the GCC as a function

of discrete time delay d is

ϕ̂
(h1,h2)
k,d =

1

N

N−1∑
k=0

Γk,lΦ
(h1,h2)
k,l ej2πdl/N , (1.16)

where Φ
(h1,h2)
k,l = X

(h1)
k,l

(
X

(h2)
k,l

)∗
is the cross power spectral desnsity (CPSD) estimate of

the received signals, and Γk,l is the frequency weighting of the GCC. Then, the TDOA

estimate is found at the location that maximizes the GCC as

τ̂GCC
k = argmax

d∈{−Nmax,...,Nmax}
ϕ̂
(h1,h2)
k,d (1.17)

Frequency weighting is performed according to specific optimization criteria. In

applications where the noise PSD is unknown, popular choices of frequency weighting

factors result in the smoothed coherence transform (SCOT) [40] and phase transform

(PHAT) [37]. The SCOT normalizes the PSDs of the individual signals to unit magnitude,
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i.e., ΓSCOT
k,l = 1/(R

(h1)
k,l R

(h2)
k,l )1/2, where R

(h1)
k,l denotes the PSD estimate of x

(h1)
n at snapshot k.

Alternatively, the PHAT normalizes the CPSD to unit magnitude, i.e., ΓPHAT
k,l = 1/|Φ(h1,h2)

k,l |.

In addition, we adopt GCC by utilizing the time-varying but periodic PSD estimates

G
(h1)
k,l and G

(h2)
k,l of the respective noise z

(h1)
n and z

(h1)
n , which are observed to be mainly

dominated by the instrument noise. The noise PSDs can be measured or precomputed and

is thus considered known. The optimal frequency weighting for whitening the instrument

noise is given by

ΓWIN
k,l = 1/(G

(h1)
k,l G

(h2)
k,l )1/2. (1.18)

The resulting GCC-WIN can be interpreted as (i) applying the noise whitening filters

1/(G
(h1)
k,l )1/2 and 1/(G

(h2)
k,l )1/2 to the signals x

(h1)
n and x

(h2)
n , respectively, and (ii) performing

a conventional cross-correlation. In Ch. 1.5, we describe the dataset and noise sources.

Further details on the implementation of GCC-WIN is provided in Ch. 1.6.2.

1.4.3 DOA Computation from TDOA Measurements

TDOA measurements between pairs of hydrophones can be used to compute the

DOA of a click signal. For each hydrophone pair (h1, h2), the corresponding TDOA

defines a hyperboloid of potential source locations. Under the far-field assumption, each

hyperboloid can be well approximated by a conical surface aligned along a direction vector.

This means that each TDOA measurement constrains the DOA to lie on a cone whose

axis depends on the relative sensor geometry.

For an array of Nh hydrophones, there are Ns =
(
Nh

2

)
unique sensor pairs, and thus

Ns such conical constraints. In the far-field limit, the DOA vector ν = [νx, νy, νz]
T ∈ R3

(in Euclidean coordinate system) is assumed constant across sensor pairs and satisfies the

following linearized system derived from the propagation delays:

q(h1,h2)Tν = c · τ (h1,h2), (1.19)
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where q(h1,h2) = q(h1) − q(h2) ∈ R3 is the relative position vector between sensors h1 and

h2, τ
(h1,h2) ∈ R is the measured TDOA between the two sensors (in seconds), and c is the

sound speed in water.

Stacking all pairwise equations yields the overdetermined system:

Aν = b, (1.20)

where A ∈ RNs×3 has rows q(h1,h2)T, and b =∈ RNs contains the scaled TDOA values. Let

the index s = 1, . . . , Ns correspond to the sth unique sensor pair, such that bs = c ·τs, where

τs is the measured TDOA for the sth pair. The mapping from sensor pairs (h1, h2) to index

s follows a lexicographical ordering of all combinations, i.e., (1, 2), (1, 3), . . . , (Ns − 1, Ns).

The DOA vector ν can then be estimated via least squares:

ν̂ = (ATA)−1ATb. (1.21)

To ensure ν̂ is a unit vector, we normalize it, i.e., û = ν̂/∥ν̂∥.

Given the spherical coordinate system used in this thesis, the elevation and azimuth

angles are then computed from the unit DOA vector û = [ûx, ûy, ûz]
T as:

ϕ = 180◦ − cos−1(ûz), (1.22)

ψ = tan−1(ûy/ûx), (1.23)

where ϕ ∈ [0◦, 180◦) is the elevation angle and ψ ∈ [0◦, 360◦) is the azimuth angle. In

practice, the atan2d function in MATLAB is used to compute the azimuth, with values

below 0◦ adjusted by adding 360◦.
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1.5 Dataset

Both Chs. 1 and 2 use acoustic signals measured on two high frequency acoustic

recording packages (HARPs) [41], each of which is equipped with four hydrophones.

The sampling frequency is 100 kHz, and the resultant TDOA resolution is 10 µs. The

hydrophones on the HARP are 1 m apart and arranged in a tetrahedral shape (see Fig. 2

in [5] for the actual array schematic) to form a small-aperture array. The hydrophones on

each HARP share the same clock and are thus time-synchronized. They were deployed off

the coast of California (32° 39’ 31.4”N, 119° 28’ 37.6” W) at a depth of ∼1330 m, and the

arrays were approximately 1 km apart. There was also a separate single-sensor HARP in

the vicinity, but its data were not considered for this study. The arrays located east and

west are referred to as HARP EE and HARP EW, respectively, and they recorded from

March 15th, 2018 to July 18th, 2018 (UTC). In this chapter, the results from processing

the data recorded by HARP EE on June 11th and July 1st in 2018 are presented.

In the considered scenario, the water depth is far below the thermocline, with

minimal change in the sound velocity as a function of depth. Hence, an acoustic wave

propagation with spherical spreading in an isovelocity medium is assumed. The sound

velocity is estimated to be 1490 m s-1. There was no interference from other marine animals

in the frequency band of the used datasets, and hence, a classification step was not required.

Upon manual inspection, the echolocation clicks followed the characteristics of those from

the goose-beaked whales described in [19].

1.5.1 Noise Sources and Pre-processing

Three noise sources are identified (see Fig. 1.3): a pulse signal from the co-present

acoustic Doppler current profiler (ADCP), an instrument noise on HARP highly correlated

among hydrophone measurements, and ambient noise. Note that the instrument noise

is harmonic and occupies a wide band of frequency, thereby giving rise to multiple high

19



Echolocation Click

ADCP

Time (s)

Fr
eq

ue
nc

y
(k

H
z)

Po
w

er
(d

B
)

0.25 0.50 0.75 1.00 1.25 1.50
0

10

20

30

40

50

10

20

30

40

50

60

Figure 1.3. An example spectrogram of acoustic data from a single hydrophone with
echolocation clicks and noise. The identified noise sources are the acoustic Doppler current
profiler (ADCP), the instrument noise from the data storage system, and the undersea
environment. The echolocation clicks are broadband signals whose center frequency is
approximately 36 kHz. The ADCP signal is also a broadband signal with a center frequency
near 25 kHz. The instrument noise is a harmonic narrowband signal that is repeated every
31 s. Its template spectrogram is displayed in Fig. 1.4.

amplitude peaks at wrong time delay locations when these signals are beamformed or

cross-correlated. This would pose challenges for any further processing using the directional

estimates, e.g., tracking whales in 3-D space. The ambient noise is dominant below 2 kHz,

while the instrument noise is the major source of noise above 2 kHz. The echolocation

clicks of a goose-beaked whale are known to have a peak frequency at 40.2 kHz, a center

frequency at 35.9 kHz and a −10 dB bandwidth of 10.9 kHz [19]. Hence, the signals above

15 kHz are considered for this study.

The signal is first pre-filtered with a high pass filter based on a Parks-McClellan

optimal FIR filter design [42] which is applied with a zero-phase shifting digital filter [43].

The stopband frequency and passband frequency are 13 kHz and 15 kHz, respectively.

Then, the ADCP signal is identified and removed. A nearby ADCP generated a short
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dominant pulse recurring approximately every 54 s, which completely flooded the acoustic

measurements. Its center frequency is at 75 kHz, but since the Nyquist frequency of

the instrument is 50 kHz, it is aliased and present at 25 kHz. The ADCP signal was

too powerful that it was not fully suppressed by the anti-aliasing filter onboard. It is

nonetheless readily identified and nulled based on its high energy and center frequency

characteristics.

For techniques that require directional processing using frequency domain signals

(CBF, FDBF, GCC-PHAT and GCC-WIN), the time series data have been converted into

STFTs and spectrograms. They were computed using the snapshot length of 512 samples

(corresponding to 5.12 ms), 50% overlap and Hamming window. This configuration yields

an FFT bin width of 195.3 Hz.

1.6 Implementation Aspects

1.6.1 Beamforming

For both CBF and FDBF, we included most FFT bins from 15 kHz to 50 kHz,

excluding those that were empirically observed to degrade beamformer performance. The

echolocation clicks signals of the goose-beaked whales are known to have nulls [19]. Based

on the array geometry and an assumed sound speed of 1490 m s-1, the highest frequency

at which spatial aliasing is not expected was calculated to be approximately 725.6 Hz.

Accordingly, a difference of three frequency bins (781.3 Hz), i.e., ∆l = 3 was selected for

FDBF processing.

1.6.2 TDOA: GCC-WIN

To perform the GCC-WIN, a model of the noise in the form of a PSD is required.

With the considered HARP instrument, the PSD of the noise is time-varying but periodic

with a period of approximately 31 s. The spectrogram of the noise model is referred
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Figure 1.4. An example spectrogram of the instrument noise that repeats periodically,
recorded by a hydrophone on a HARP EE on July 1st, 2018. Each column of the
spectrogram serves as an estimated noise power spectral density (PSD) for the proposed
generalized cross-correlation that whitens the instrument noise (GCC-WIN). For each
hydrophone, an individual spectrogram is extracted.

to as the noise PSD template (an example in Fig. 1.4). The noise PSD template is

estimated for each hydrophone individually from 20-min long signals before the appearance

of echolocation clicks in the data. This segment is chosen manually by inspecting the

Long-Term Spectral Averaging (LTSA) from the MATLAB-based program Triton [41].

The 20-min long acoustic recording is further divided into shorter segments that are 31.65-s

long. The spectrograms computed from each segment are then averaged to estimate the

noise PSD template for each hydrophone. Separate noise PSD templates are estimated for

different days of data since the noise statistics vary throughout the deployment. The main

source of instrument noise is believed to be the mechanical noise of the hard disks from

the data storage system.

Before performing GCC-WIN, a critical step is to align the noise PSD template

with the instrument noise of the signals of interest. This alignment step is based on the
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averaged noise template in the time domain that is also computed for each hydrophone

individually from the 20-min long signals used for estimating the noise PSD template. First,

any pulse-like components, e.g., echolocation clicks or ADCP signals, that could interfere

with the alignment process are removed. Then, the signal is cross-correlated with the noise

template in the time domain to identify the locations of the peaks. These locations are

the time steps at which the noise PSD template is aligned with the noise in the signal of

interest. The peaks of the cross-correlation are expected to repeat approximately 31 s,

which is equal to the period of the noise PSD. Once the noise template and the signals are

aligned, the GCC-WIN technique is performed as described in Ch. 1.4.2 with the noise

PSD template used as the frequency weights provided in Eq. 1.18.

1.7 Methods

This section presents the methodological framework used to evaluate the detection

and localization performance of beamforming-based and TDOA-based methods for odon-

tocete echolocation clicks. Our objective is to assess how each method performs under

varying SNRs, both on real and simulated data, using common criteria for detection and

DOA estimation.

1.7.1 Overview of Methods Compared

We evaluate five signal processing methods for detecting and estimating the DOA of

odontocete echolocation clicks. These methods fall into two categories: beamforming-based

and TDOA-based.

• CBF (Conventional Beamforming): A delay-and-sum approach applied across

frequency bins and averaged to form a broadband DOA estimate.

• FDBF (Frequency-Difference Beamforming): A technique that suppresses

spatial aliasing by beamforming at synthetic lower frequencies generated from closely
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spaced frequency bin pairs.

• XCORR (Cross-Correlation): A time-domain method that estimates TDOA by

cross-correlating time series between sensor pairs.

• GCC-PHAT: A generalized cross-correlation method that applies phase-based

weighting to improve TDOA estimation under noisy conditions.

• GCC-WIN (Whitened Instrumental Noise): A proposed variant of GCC that

whitens the cross-power spectrum using precomputed PSD templates to suppress

narrowband instrumental noise.

These methods produce either a beamformer power surface (CBF, FDBF) or a set

of TDOA estimates (XCORR, GCC-PHAT, GCC-WIN), from which DOAs are inferred.

The following subsections describe how detections are thresholded and how performance is

evaluated.

1.7.2 Detection Thresholding

All methods rely on thresholding to determine whether a given snapshot contains

an echolocation click. For each method, the peak amplitude—either from the beamformer

output or from the cross-correlation function—is extracted for all K snapshots, denoted

as I = {I1, . . . , IK}. In the case of DOA estimation based on TDOA measurements, the

amplitudes of the TDOA peaks across all sensor pairs are summed for each snapshot to

form a single Ik for the k
th snapshot. Thresholds are determined using the median absolute

deviation (MAD), defined as

MAD = median(|I − Ĩ|), I ∈ I (1.24)

where Ĩ is the median of I. A detection is declared if the peak amplitude Ik exceeds

Ĩ + α×MAD, with values for α being empirically selected based on visual inspection of
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detections.

The MAD is employed to set detection thresholds due to its robustness to outliers

and skewed distributions, which is essential in this study given the impulsive nature of

echolocation clicks. Echolocation clicks often produce peak amplitudes that are several

times higher than the background, leading to heavy-tailed distributions in I. This

significantly inflate the standard deviation, often making it noticeably larger than the

mean and rendering mean- or variance-based thresholds less reliable. In contrast, the

MAD provides a more stable estimate of scale under such conditions, ensuring that the

thresholding process remains sensitive to true signal peaks while being less affected by

extreme outliers or non-Gaussian instrument self-noise.

1.7.3 DOA Estimation Methods Comparison

Using the five methods described in Ch. 1.7.1, DOA estimates are computed from

real acoustic recordings collected by HARP EE from 19:10-19:30 on July 1st, 2018, where

two goose-beaked whales were observed simultaneously.

For beamforming-based approaches (CBF and FDBF), DOA corresponds to the

azimuth-elevation angle pair that maximizes the beamformer output. Since it was compu-

tationally untractable to compute the CBF output for every snapshots of the STFT for

a 20-min long recording (approximately 470,000 snapshots, 64800 look angle pairs and

45 frequency bins), we first make detections using FDBF and use the same snapshots

that yielded detection in FDBF to compute the CBF to investigate the effect of spatial

aliasing. Although there could have been DOA detections made by CBF that were not

possible with FDBF or TDOA-based approaches, it was sufficient to demonstrate that

spatial aliasing would lead to incorrect estimates.

For TDOA-based methods (XCORR, GCC-PHAT, GCC-WIN), the estimated

TDOAs are used to reconstruct the unit DOA vector using a least-squares solver described

in Ch. 1.4.3. Each method is applied independently to the same dataset to compare
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detection rates and localization consistency. For DOA comparison, the detection threshold

was set where the MAD scaling factor is α = 10 for FDBF, α = 5 for XCORR and

GCC-WIN, and α = 3 for GCC-PHAT.

1.7.4 TDOA Detection Rate: Low SNR Case Study

To study detection performance under low-SNR conditions, we analyze a real

encounter recorded by HARP EE from 10:53-11:13 on June 11th, 2018, during which a

short track of goose-beaked whale click signals were identified. Here, we focus on using

the acoustic recording from the hydrophone sensors 3 and 4. These clicks are weak

and embedded in noise, making them ideal for comparing the detection performance of

GCC-WIN and XCORR. Both methods are applied with identical thresholding criteria

for α = 5 and α = 2, and the resulting detections are compared qualitatively in terms of

detection continuity.

1.7.5 TDOA Detection Rate: Simulation Study

To isolate and quantify detection performance across a range of SNRs among

the TDOA estimation methods (GCC-WIN, XCORR and GCC-PHAT), we conduct a

simulation study in which artificial click signals are injected into a segment of real data

that is free from naturally occurring echolocation clicks. A synthetic linear chirp signal is

used to mimic an odontocete’s clicks. The simulated chirp is 1 ms in duration, sweeping

from 20–40 kHz, and is injected every 256 samples over a 3-min window (18:35–18:38,

July 1st, 2018). The time delay for each sensor is adjusted to yield different but constant

TDOA values across each pair of hydrophones.

To avoid false detections from real data, snapshots that coincidentally produce

a TDOA matching the simulated delay is excluded before injecting the artificial click

signals. The resulting dataset contains approximately 60,500 snapshots per sensor pair.

Simulated click amplitudes are scaled across five SNR levels (1 to 5 in steps of 1), using
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Figure 1.5. Example of a simulated odontocete echolocation click signal embedded
in real background noise. (a) Time-domain waveforms across four hydrophone sensors,
showing consistent impulsive structure with slight arrival time differences; (b) correspond-
ing spectrogram of one sensor, highlighting the broadband nature of the click and its
temporal localization. This simulated signal serves as a controlled input for evaluating
the performance of TDOA estimation methods (XCORR, GCC-PHAT and GCC-WIN)
presented in this chapter.

sensor-wise background noise power estimated from the real data. While the ambient noise

is non-stationary, the use of identical noise realizations for both methods ensures a fair

comparison.

1.7.6 Information Loss from TDOA-to-DOA Conversion

In practice, converting TDOAs to DOAs introduces potential information loss,

particularly when some TDOA estimates are unreliable or missing due to low SNR; thus,

even in the presence of some valid TDOA estimates no accurate DOA estimate can be

computed. This motivates the question of whether TDOAs should be used directly for 3-D

tracking rather than first converting them to DOAs. To investigate this, we analyze again

the sequence of clicks in the recordings made from 10:53-11:13 on June 11th, 2018, where

certain sensor pairs exhibit degraded TDOA estimates. We visualize both the raw TDOA

measurements and the resulting DOAs to assess the effect of missing or noisy TDOAs on

27



angular consistency, and to highlight scenarios where using raw TDOAs would provide

greater robustness.

1.8 Results

1.8.1 DOA Estimates

Fig. 1.6 presents elevation angle estimates from five DOA estimation methods,

applied to the July 1st, 2018 dataset. Only signals exceeding their respective detection

thresholds were included. Although some false positives are evident due to noise and

threshold settings, two clear and contiguous tracks corresponding to goose-beaked whale

echolocation clicks are observed across all methods except for that of CBF.

Among the TDOA-based approaches, both XCORR and GCC-WIN (Fig. 1.6 (c)

and (e)) yielded high detection rates with coherent tracks, indicating precise localization.

Although XCORR appears to exhibit tighter elevation angle clustering than GCC-WIN,

this is primarily because GCC-WIN detects a larger number of weaker clicks under low SNR

conditions. These low-SNR detections inherently yield less precise DOA estimates, resulting

in a wider spread in elevation, yet they contribute to a more complete reconstruction of

the click sequence over time. This is corroborated by the simulation study comparing these

two methods in Ch. 1.8.3. GCC-PHAT also produced sharp tracks, but with noticeable

gaps—clicks missed at higher thresholds were only recoverable at lower thresholds, which

introduced more false positives.

The FDBF results followed the general trend of the TDOA-based results, but with

a wider spread in elevation estimates. This imprecision becomes particularly problematic

when two whales are in close proximity, e.g., at the beginning and end of the time

considered dataset. The CBF results, based on clicks first detected using FDBF to reduce

computational cost, show spatial aliasing artifacts. Detections appeared in discontinuous

segments across the elevation axis.
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Figure 1.6. Elevation angle estimates obtained using five different DOA estimation
methods applied to the same recordings of goose-beaked whales’ echolocation clicks on July
1st, 2018. (a) Conventional beamforming (CBF); (b) Frequency-difference beamforming
(FDBF); (c) Cross-correlation-based TDOA estimation (XCORR); (d) Generalized cross-
correlation (GCC) with phase transform (PHAT); (e) GCC for whitening the instrument
noise (GCC-WIN). While all methods reveal two main whale click tracks over time, the
TDOA-based approaches (c) and (e) yield more continuous and precise DOA estimates.
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1.8.2 TDOA Detection Rate Analysis

Given the superior performance of TDOA-based methods for impulsive, high-

bandwidth signals like echolocation clicks, we further compared the impact of instrument

noise filtering by analyzing detections from XCORR and GCC-WIN on a low SNR dataset

(hydrophone sensors 3 and 4; June 11th, 2018).

Fig. 1.7 shows the results using a moderate threshold of α = 5. The proposed GCC-

WIN method revealed two temporally coherent and discernible TDOA tracks, while XCORR

detected only a short segment of these tracks. Manual inspection of the time-domain

waveforms confirmed that GCC-WIN detections corresponded to actual echolocation clicks,

whereas many XCORR detections appeared spurious or misaligned.

At a lower threshold (α = 2), Fig. 1.8 illustrates the limitations of standard

cross-correlation. The XCORR method yielded dense clusters of detections, dominated

by coherent instrument noise that masked the true signal structure. In contrast, GCC-

WIN continued to suppress irrelevant peaks, isolating a more continuous and physically

plausible track. This highlights the improved noise resilience of GCC-WIN and its ability

to maintain detection quality under relaxed thresholding—an essential property for robust

DOA estimation and tracking in practical field conditions.

1.8.3 Simulation Study

To further quantify the benefit of GCC-WIN, a simulation study was performed by

injecting synthetic chirp signals, representing echolocation clicks, into noise-only segments

of real data. The chirp swept 20–40 kHz over 1 ms and was inserted at known delays

for each sensor pair. Detection rates and root-mean-squar error (RMSE) were compared

across a range of SNRs. Note that the SNR is not in the units of decibel.

As shown in Fig. 1.9, GCC-WIN consistently outperformed XCORR and GCC-

PHAT, especially at low SNR. Notably, GCC-WIN detected approximately twice as many
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Figure 1.7. Comparison of TDOA estimates between hydrophone sensors 3 and 4 using
two methods: traditional cross-correlation (XCORR, red circles) and the proposed GCC-
WIN (black dots), after applying a 5-median absolute deviation (5×MAD) threshold.
XCORR yields frequent spurious peaks and clusters at implausible values (the consistent
detections at -0.3 ms are due to the coherent instrument noise). On the other hand,
GCC-WIN produces two distinct, temporally consistent detection sequences (highlighted
in blue rectangles, each corresponding to a different whale track). This demonstrates the
increased robustness of GCC-WIN to noise and its improved ability to suppress irrelevant
peaks in the cross-correlation function.
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Figure 1.8. TDOA estimates between sensors 3 and 4 using (a) standard cross-correlation
(XCORR) and (b) the proposed generalized cross-correlation method (GCC-WIN), after
applying a 2-median absolute deviation (2MAD) threshold, lower than the threshold used
in Fig. 1.7. The XCORR method yields dense clusters of spurious detections due to
coherent instrument self-noise, masking the true temporal structure of the click arrivals.
In contrast, GCC-WIN detects more clicks that form more continuous TDOA tracks,
highlighting its improved noise resilience and suitability for downstream DOA and/or
tracking applications. The two whale tracks identified by GCC-WIN are pointed out
within the blue rectangles.

clicks as XCORR when SNR < 2, and it also converges to zero RMSE at SNR = 3,

confirming its robustness in challenging conditions. The relatively poor performance of

GCC-PHAT further underscores the importance of tailoring frequency-domain weighting

to the specific noise characteristics; applying generic weighting without accounting for

dominant noise sources can degrade TDOA estimation performance.

1.8.4 Information Loss in TDOA-to-DOA Conversion

To assess whether converting TDOA to DOA results in information loss, we analyzed

a low SNR scenario using GCC-WIN with a α = 2 threshold. Fig. 1.10 displays TDOA

detections across all sensor pairs. Two coherent track segments—highlighted by red circles

(sensors 2 and 3) and blue squares (sensors 3 and 4)—are clearly visible in some sensor

pairs but absent or diffuse in others, indicating uneven detectability across the array.
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Figure 1.9. (a) Average detection rate of echolocation clicks with correct TDOA estimates
for three methods (GCC-WIN, XCORR and GCC-PHAT) as a function of signal-to-noise
ratio (SNR), based on simulated clicks injected into real noise (see Fig. 1.5). (b) Root-mean-
square error (RMSE) of the corresponding TDOA estimates using the same simulation
data. The proposed GCC-WIN method (black solid line) outperforms conventional cross-
correlation (XCORR, red dashed line) and GCC-PHAT (blue dotted line), particularly at
low SNR. These results demonstrate GCC-WIN’s robustness in detecting impulsive signals
under realistic noise conditions and its improved accuracy for downstream localization.

When these TDOA detections are combined to estimate DOA (Fig. 1.11), the

resulting elevation and azimuth angles (black dots) exhibit a wide spread, despite the

presence of high-quality TDOA segments. Although the red and blue overlaid points

(from reference TDOA tracks) remain tightly clustered, the overall dispersion highlights

how noisy or spurious TDOA inputs from other sensor pairs can corrupt the final DOA

estimate.

This illustrates a key limitation of converting TDOA measurements to DOA in low

SNR conditions: a small number of noisy or spurious TDOAs can distort the resulting

direction estimates. In Fig. 1.11, the dispersion of black DOA points contrasts with

the more coherent reference tracks (red and blue), suggesting that the true directional

structure is obscured. Such degradation in DOA quality poses a significant challenge for

downstream localization and tracking processing, as tracking algorithms rely on temporally

and spatially consistent direction estimates.
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Figure 1.10. Detected TDOA values (black dots) for all hydrophone pairs using the
GCC-WIN method. Red circles and blue squares are overlaid to indicate detections from
two reference pairs—sensors 2 and 3 (d) and sensors 3 and 4 (f), respectively—that exhibit
temporally coherent TDOA tracks. For each reference track, the corresponding time indices
and detections are marked on all other sensor pairs (a–f) to examine whether similarly
coherent TDOA detections are present. The dispersion of these highlighted points across
non-reference sensor pairs shows that, under this low SNR scenario, false positives or
inconsistent delays are common. Incorporating such noisy detections into DOA estimation
(see Fig. 1.11) can lead to significant directional errors.
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Figure 1.11. (a) Elevation and (b) azimuth angle estimates obtained by combining
TDOA measurements from all sensor pairs using the GCC-WIN method in Fig. 1.10.
Black dots represent DOA estimates for all detections. Red circles and blue squares are
overlaid to mark the DOA results corresponding to the coherent TDOA tracks previously
identified in sensor pair 2 & 3 and 3 & 4, respectively (see Fig. 1.10 (d) and (f)). The
spread and inconsistency of these overlaid tracks illustrate how noisy TDOA inputs can
distort directional estimates, even when some TDOA sensor pairs contain high-quality
detections.

1.9 Conclusions

This chapter evaluated signal processing methods for detecting and estimating

the direction of odontocete echolocation clicks recorded on sparse volumetric hydrophone

arrays. We demonstrated that FDBF can be applied to impulsive, broadband echolocation

clicks, and that it effectively mitigates the spatial aliasing issues inherent in conventional

beamforming. However, due to its operation at low synthetic frequencies, FDBF suffers

from poor angular resolution and higher measurement noise, which limits its utility for

precise localization, especially in multi-source scenarios.

In contrast, methods based on TDOA yielded superior detection rates and directional

estimates. Among these, the proposed GCC-WIN method, which applies a whitening filter

derived from periodic instrument noise PSD templates, improved detection robustness

under low SNR conditions. It consistently outperformed standard cross-correlation and
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generalized cross-correlation with phase transform in both simulated and real datasets.

Nevertheless, due to imperfect noise suppression, GCC-WIN remains susceptible to residual

noise artifacts; hence, for high SNR signals, standard time-domain cross-correlation remains

preferable due to its simplicity and precision.

We also showed that converting TDOA measurements into DOA estimates via

least-squares fitting introduces notable information loss—particularly in cases where only a

subset of hydrophone pairs yield reliable detections. This limitation is critical when dealing

with sparse arrays and intermittent signals, as it can lead to spatially diffuse or erroneous

DOA estimates even when some sensor pairs provide high-quality measurements. These

findings motivate the direct use of raw TDOA measurements for downstream localization

and tracking tasks, such as the multi-target tracking framework discussed in the next

chapter, where maintaining temporal and spatial coherence across sensor pairs is essential

for accurate track reconstruction.

Overall, this chapter underscores the importance of choosing processing methods

that align with the nature of the signal (impulsive, broadband) and the limitations of

the sensor geometry (sparse, volumetric). TDOA-based methods, particularly when

enhanced with noise-adaptive preprocessing, offer a practical and robust foundation for

the automated detection and tracking of echolocating odontocetes in passive acoustic

monitoring systems.
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Chapter 2

Bayesian Tracking of Odontocetes in
3-D from Their Echolocation Clicks

2.1 Introduction

Accurate 3-D localization and tracking of echolocating odontocetes enable re-

searchers to reconstruct underwater movement paths, estimate dive profiles, and examine

behavioral patterns such as foraging, group coordination, and responses to anthropogenic

noise [44, 6, 7, 45]. This is particularly important for deep-diving species like goose-beaked

whales (Ziphius cavirostris), whose elusive behaviors are poorly understood through visual

or surface-based monitoring alone. Therefore, developing robust methods for automated

3-D tracking from passive acoustic measurements is essential for advancing behavioral and

ecological studies of odontocetes.

Ch. 1 introduced and compared PAM data processing methods that extract di-

rectional measurements—e.g., direction-of-arrival (DOA) and time-difference-of-arrival

(TDOA)—of echolocating odontocetes from volumetric hydrophone arrays. It was shown

that using a generalized cross-correlation (GCC) method that whitens instrument noise

(GCC-WIN) yields higher detection rates and improved robustness against false positives

in the presence of self-noise from the instruments. These directional measurements can

be used to localize echolocating odontocetes in 3-D when appropriately combined across

sensor pairs.
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Figure 2.1. An example of acoustic source localization in 3-D from TDOA measurements.
The cross is the location of the acoustic source. Each pair of dots and triangles represents a
hydrophone pair that produces a TDOA measurement. Each TDOA measurement gives rise
to a hyperboloid. The line resulting from the intersection of the two hyperboloids describes
potential source locations. To obtain a unique source location, further hydrophone pairs
are needed.

If the TDOA measurements are extracted from four hydrophone pairs and the

positions of the hydrophones are known, the 3-D location of a single whale can, in principle,

be computed by solving a nonlinear optimization problem [16]. In 3-D space, each TDOA

measurement gives rise to a hyperboloid (Fig. 2.1). With more than two receivers, multiple

TDOA measurements can be extracted, and all hyperboloids ideally intersect in a single

point at the source location.

Multiple hydrophones typically form rigid volumetric arrays to facilitate deployment

as well as data recording, storage, and processing. For geometric reasons, such arrays

primarily provide bearing information for whales in the far field (see Ch. 1.4.3). Therefore,

two or more arrays are often deployed for 3-D acoustic source localization. For example,

in [5] and [46], a sequence of 3-D locations of echolocating beaked whales was estimated
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from recordings of two high-frequency acoustic recording packages (HARPs) that host

tetrahedron-shaped hydrophone arrays. For each snapshot of the acoustic signal, potential

DOAs relative to each HARP were computed from the TDOA measurements [16]. Each

whale was localized in 3-D using the least squares method based on manually selected

DOAs likely generated by that whale. The sequence of each whale’s 3-D locations formed

a track. Ch. 1, the analysis showed that in low signal-to-noise ratio (SNR) scenarios,

degraded TDOA measurements can lead to inaccurate DOA estimates when using least

squares. This motivates the development of a process that directly localizes whales in 3-D

from the TDOA measurements.

In practice, the process of identifying and associating TDOA measurements corre-

sponding to the same whale is complicated by noise, missed detections, and the presence of

multiple simultaneously vocalizing individuals. Consequently, this task typically requires

human operators to manually inspect acoustic data, determine the presence of whales, and

select reliable measurements [47, 48, 5]. As a result, annotating and combining directional

measurements remains labor-intensive and prone to human error.

These challenges necessitate a fully automated solution that can perform data

association, manage uncertainty, and track multiple individuals over time. To this end, we

turn to multi-target tracking (MTT) methods—Bayesian algorithms developed to infer

the number and states of dynamic targets from sequences of noisy measurements provided

by one or multiple sensors. In this chapter, a novel data processing chain is proposed that

automatically detects and tracks odontocetes in 3-D from their echolocation clicks. The

capabilities of the method are demonstrated through the tracking of goose-beaked whales

near the coast of California.

2.1.1 Automated 3-D Tracking of Whales: Prior Work

Multi-target tracking (MTT) methods are sequential Bayesian estimation techniques

that automatically infer the number and states of multiple targets from sequences of
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measurements provided by one or multiple sensors, i.e., without the involvement of human

operators. In the context of whale tracking, the states of interest can be the 3-D locations

of the whales, the TDOA of whales for a particular hydrophone pair [20], or the frequency

of narrow-band whale whistles in the spectrogram [49]. The MTT methods can succeed in

tracking scenarios with false positive detections, missed detections, and data association

uncertainty between measurements and targets. Traditional MTT methods such as the

joint probabilistic data association filter [50] and multiple hypothesis tracker (MHT)

[51], model measurements and target states as random vectors. Newer methods like the

probabilistic hypothesis density (PHD) filter [52] and multi-Bernoulli filter [53, 54], are

derived in the formalism of random finite set [53]. Recently, a graph-based MTT method

that is highly scalable in the number of targets, measurements, and sensors has been

proposed [55]. This approach uses particle-based computations to perform operations

that can not be evaluated in closed form due to nonlinearities in the system model [56].

Graph-based MTT methods for localization and tracking from TDOA measurements in

2-D have been introduced in [57] and [58].

Some MTT methods have been successfully employed for whale tracking. In [59],

the MHT is applied to tracking beaked whales in 3-D. Here, potential 3-D locations of

beaked whales are preprocessed from TDOA measurements, which are associated across

hydrophone pairs based on click characteristics [60]. The preprocessed 3-D locations are

used as measurements for an MHT that determines the number of beaked whale tracks,

performs data association of 3-D locations with tracks, and runs a Kalman filter for each

track. The suboptimum computing of 3-D locations is necessary because the MHT is

limited to linear measurement models or mildly nonlinear measurement models. Further

inherent challenges of the MHT are its computational complexity and memory requirements

[61]. In addition, a Gaussian mixture PHD (GM-PHD) filter [62] for the tracking of whales

in the TDOA domain is introduced in [20]. Both echolocation clicks and whistles of false

killer whales are exploited to compute TDOA measurements for MTT. The data were

41



acquired during line-transect surveys with towed hydrophone arrays. The introduced

method extends the original GM-PHD filter by updating the existing and new whale tracks

separately and by incorporating amplitude information to support the initialization of new

whale tracks and to better reject false positive detections. However, the GM-PHD filter

also relies on linear measurement models or mildly nonlinear measurement models and is

therefore limited to tracking in the TDOA domain. Finally, [63] compares the graph-based

MTT and the GM-PHD filter for tracking multiple singing humpback whales in azimuth

using acoustic vector sensor data, demonstrating their respective performance on real

recordings off Maui.

Various methods for the localization and tracking of whales from their acoustic

signals have been developed. A common approach for the 3-D localization of whales is a

grid-search [64, 65, 5, 66, 48], wherein an ambiguity surface is generated on a 3-D grid of

potential whale locations by comparing the expected modeled TDOA measurements with

the actual measurements. In [65] and [66], multiple whales are localized by determining

local maxima of the ambiguity surface using the Simplex [67] or the Metropolis-Hastings

[68] algorithm. The method in [65] iteratively finds whale locations in 3-D by selecting the

maximum peak that corresponds to the best match of the TDOA measurements, removing

the TDOA measurements corresponding to this maximum peak, and selecting the maximum

peak that corresponds to the best match of the remaining TDOA measurements. In [66],

Kalman filtering is used to estimate whale tracks. In the case of simultaneously present

whales, multiple Kalman filters run in parallel, and the Hungarian algorithm [69] is used

for associating local maxima of the ambiguity surface to Kalman filters. Alternative

approaches perform 3-D localization of whales by first estimating the DOAs of acoustic

signals from hydrophone arrays [22, 46, 70]. The method in [22] subsequently tracks

individual whales using nonsequential estimation based on Gibbs sampling [71].

Common challenges of TDOA-based localizing and tracking are finding the correct

combination of measurements across hydrophone pairs that correspond to the same
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acoustic source and initializing whale tracks accordingly. Typically, there are multiple

TDOA measurements per hydrophone pair due to the presence of noise, echoes, and

simultaneous vocalization of multiple whales. This challenge is often referred to as a

multisensor data association [56, 72]. To address this, existing techniques either employ

human operators to select and combine measurements manually [5], rely on the local

maxima corresponding to incorrectly matched TDOA measurements being significantly

lower than those corresponding to true whale locations [65], compute potential whale

locations in a brute-force manner, i.e., based on all possible combinations of TDOA

measurements [66], or weigh grid points based on the number of TDOA measurements that

are consistent with the corresponding potential whale location [60]. All existing methods

for TDOA-based localizing and tracking of whales in 3-D either rely on human operators

or heuristics to combine TDOA measurements and to initialize whale tracks.

2.1.2 Contributions, Chapter Organization, and Notation

The fundamental problem addressed in this chapter is establishing an algorithmic

solution for the tracking of echolocating odontocetes in 3-D. The goal is to develop a

data processing method that fully automatically determines the number of odontocetes

in the environment and estimates their 3-D tracks from acoustic measurements. The

proposed method will make it possible to (i) study deep-diving echolocating odontocetes

more objectively and efficiently compared to approaches that rely on human operators and

to (ii) reveal key insights on behaviors of odontocetes underwater that otherwise would

remain unexplored.

The proposed data processing chain extracts TDOA measurements of echolocation

clicks from the raw acoustic signals using a GCC. Introduced Ch. 1, a variant of the

GCC referred to as whitening instrument noise (GCC-WIN) algorithm is utilized. This

technique aims to suppress the instrument noise that interferes with the echolocation clicks.

The peaks of the TDOAs above a certain amplitude threshold are used to estimate the
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parameters of interest, i.e., locations and velocities of the odontocete in time. Odontocetes

are first tracked in the TDOA domain using an MTT method based on the framework of

factor graphs and the sum-product algorithm (SPA) [73]. A second MTT stage estimates

odontocete tracks in 3-D by consistently combining (“fusing”) estimated TDOAs of all

hydrophone pairs provided by the first stage. The increased detection rate of the GCC-

WIN algorithm results in a lower probability of missing an echolocation click and, in

turn, improved tracking performance. The first tracking stage aims to reject false positive

TDOA measurements and at resolving longer gaps of missing TDOAs. This first MTT

stage significantly improves the performance of estimating odontocete tracks in 3-D as

performed by the second MTT stage.

Tracking whales in 3-D from TDOA measurements is further complicated because

the underlying measurement model is nonlinear, and the state space is high-dimensional. To

address this challenge, a SPA that embeds particle flow [74] is utilized. Here, the particles

are actively migrated towards high likelihood regions, making it possible to obtain good

target detection and tracking performance in high dimensions [75]. Contrary to existing

methods for detecting and tracking whales in 3-D, the proposed signal processing chain

systematically reduces the instrument noise and uses a statistical model for multisensor

data association and initializing whale tracks. This is expected to improve detection and

tracking performance, especially in scenarios with low SNR and a significant number of

false positive measurements.

This chapter establishes a data processing chain that automatically detects and

tracks odontocetes from acoustic measurements of their echolocation clicks. The key

contributions of this chapter are summarized as follows.

• Two stages of graph-based MTT are established. The two MTT stages reject false

positives, perform data association, determine the number of odontocetes, and

estimate odontocete tracks in 3-D.
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• The capabilities of the proposed data processing chain are demonstrated. For

performance evaluation, recordings of echolocation clicks from two goose-beaked

whales are considered.

Notation: Random variables are displayed in sans serif and upright fonts; their

realizations in serif, italic fonts. Vectors and matrices are denoted by bold lowercase and

uppercase letters, respectively. For example, a random variable and its realization are

denoted by x and x, respectively, and a random vector and its realization by x and x,

respectively. x0:k is short for [x0, . . . , xk]T. Furthermore, ∥x∥ and xT denote the Euclidean

norm and the transpose of vector x, respectively; ∝ indicates equality up to a normalization

factor; f(x) denotes the probability density function (PDF) of random vector x (this

is a short notation for fx(x)); f(x|y) denotes the conditional PDF of random vector x

conditioned on random vector y (this is a short notation for fx|y(x|y)); |S| denotes the

cardinality of set S; In denotes the n× n identity matrix. The operator ∗ denotes the

complex conjugate, and j =
√
−1 is the imaginary unit.

2.2 Multi-target Tracking

A key challenge of MTT from sequences of measurements provided by one or

multiple sensors is that the origin of measurements is typically unknown, i.e., it is not

clear which target originated which TDOA measurement. This problem is referred to as

measurement-origin-uncertainty (MOU). Moreover, since the number of targets is also

unknown, it has to be estimated directly from the data.

2.2.1 MTT With Perfect Measurement-to-target Associations

Assuming that the origin of each measurement is perfectly known, i.e., measurement-

to-target associations are either provided by a perfect human operator or a data association

algorithm, the MTT problem can be split up into multiple parallel single target tracking
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problems. Here, a sequential Bayesian estimation or Bayes filter [76, 77] is typically

employed to estimate the state of each target individually and recursively. Define the

target state and its associated measurements for all Ns sensors and at a discrete time step

k, as random vectors xk and zk = [zTk,1, . . . , z
T
k,Ns

]T, respectively. The target state typically

consists of the target’s position and motion-related parameters.

The objective is to estimate the target state, xk, from the available measurements

up to time k, z1:k. Given the conditional PDF of the state given the measurements,

f(xk|z1:k), the minimum mean-squared error (MMSE) estimate of the state of a single

target, xk, can be found as [78]

x̂MMSE
k =

∫
xkf(xk|z1:k)dxk. (2.1)

To obtain f(xk|z1:k), one could näıvely marginalize the available joint PDF

f(x0:k|z1:k). This approach, however, suffers from the curse of dimensionality since

the dimension of x0:k grows with each time step, and, as a result, the computational

complexity of näıve marginalization increases exponentially and becomes intractable. The

Bayes filter exploits that a first-order Markov process can describe the statistical model

of single target tracking to reduce computations. At each time k, a prediction and Ns

update steps are performed, and the resulting sequential processing schemes yields a

computational complexity that is linear with time k [76, 77]. MTT methods are sequential

Bayesian estimation methods that also consider MOU and the unknown number of states

to be estimated.

2.2.2 MTT With MOU and Known Number of Targets

Consider an MTT problem with multiple sensors where the number of targets

is known, but measurements are subject to MOU. In addition, there are false positives,

i.e., measurements that have not been generated by any target, and missed detections,
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i.e., present targets may not generate a measurement. It is assumed that there are

i ∈ {1, . . . , Nt} targets. At time k, the state of the ith target is denoted as x(i)k . For

future reference, the notation xk =
[
x(1)k , . . . , x(Nt)

k

]T
is introduced. Each target state

evolves independently according to the Markovian state transition PDF, i.e., f(xk|xk−1) =∏Nt

i=1 f(x
(i)
k |x

(i)
k−1).

Each sensor s ∈ {1, . . . , Ns} produces mk,s TDOA measurements zk,s =[
z(1)k,s, . . . , z

(mk,s)

k,s

]T
. It is assumed that each measurement either originates from the target

or is a false positive and that a target generates at most one measurement at each sensor.

Measurement generation of target i at sensor s is modeled by a Bernoulli experiment char-

acterized by the probability of detection p
(s)
d (x

(i)
k ). If the target with state x

(i)
k generates a

measurement z(m)
k,s , the measurement is distributed according to f(z

(m)
k,s |x

(i)
k ). The number

of false positives at each time step is Poisson distributed with a mean µ
(s)
fp . False positives

are independent of the measurements that have originated from the targets. They are also

independent and identically distributed (iid) according to the PDF f
(s)
fp (z

(m)
k,s ).

At time k and sensor s, the unknown association between measurements and targets

is modeled by the latent random vector ak,s =
[
a
(1)
k,s, . . . , a

(Nt)
k,s

]T
that is composed of random

variables, a
(i)
k,s, defined as [50]

a
(i)
k,s =



m ∈ {1, ...,mk,s} at time k and sensor s, target i

generates measurement m

0 otherwise.

(2.2)

For future reference, the joint vectors ak =
[
ak,1, . . . , ak,Ns

]T
and zk =

[
zk,1, . . . , zk,Ns

]T
are introduced.

The restriction that there can be at most one measurement associated with a target
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at every time step can be checked by the following indicator function

ψ(ak,s) =



0 ∃i, i′ ∈ {1, . . . , Nt} such that

i ̸= i′ and a
(i)
k,s = a

(i′)
k,s ̸= 0

1 otherwise.

(2.3)

The marginal posterior PDF, f(x
(i)
k |z1:k), used for state estimation in Eq. 2.1 could

be found by marginalization, i.e., f(x
(i)
k |z1:k) =

∫ ∑
a1:k

f(x0:k,a1:k|z1:k) dx
(i)
∼k where x

(i)
∼k

is equal to x0:k with state x
(i)
k removed. However, the computational complexity of this

näıve marginalization would again be infeasible due to the reasons discussed above. To

reduce computational complexity, one can again exploit the fact that the posterior PDF

f(x0:k,a1:k|z1:k) follows a first-order Markov process, i.e.,

f(x0:k,a1:k|z1:k)

∝ f(x0)
k∏

k′=1

f(xk′ |xk′−1)f(zk′ ,ak′ |xk′)

= f(x0)
k∏

k′=1

f(xk′ |xk′−1)
Ns∏
s=1

f(zk′,s,ak′,s|xk′). (2.4)

Here, f(xk|xk−1) is the state-transition PDFs discussed above, f(x0) is an arbitrary prior at

time k=0, and f(zk,s,ak,s|xk) is the conditional PDF that models the MOU measurement

generation process. The last line of Eq. 2.4 uses the fact that the measurement generation

given the target states is independent across the sensors. Note that f(zk,s,ak,s|xk) is a

function of p
(s)
d (x

(i)
k ), µ

(s)
fp , f

(s)
fp (z

(m)
k,s ), and f(z

(m)
k,s |x

(i)
k ) (see [50] for details). Based on the

factorization of the statistical model in Eq. 2.4, e.g., a sequential Bayesian estimation

approach referred to as probabilistic data association filter [50] can be developed.
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2.2.3 MTT With MOU and Unknown Number of Targets

In real-world scenarios, such as the whale tracking problem, the number of targets

is time-varying and unknown. To account for this, potential target (PT) states can be

introduced [55]. Consider PTs with indexes j ∈ {1, . . . , jk}, where jk is the number of PTs

at time k. A binary variable, r
(j)
k ∈ {0, 1}, indicates the existence of the PT j, where r

(j)
k = 1

if and only if PT j exists. The augmented state of PT j is given by y(j)k = [x(j)Tk r
(j)
k ]T

where x(j)k consists of the target’s position and further motion-related parameters. There

are two types of PTs:

• New PTs represent targets that, for the first time, have generated a measurement.

Their states are denoted by y(j)k,s = [x(j)Tk,s r
(j)
k,s]

T. At time k and sensor s, a new PT is

introduced for each measurement m ∈ {1, . . . ,mk,s}.

• Legacy PTs represent targets that already have generated at least one measurement

at a previous time step k′ < k or previous sensor s′ < s. Their states are denoted by

y(j)
k,s

= [x(j)Tk,s r
(j)
k,s]

T.

The vectors that consist of all legacy and new PT states are denoted by y
k
and yk,

respectively, and the vector that consists of all PT state at time k is represented as

yk = [y
k
yk]

T.

At each time k, the number of targets that for the first time have generated a

measurement at sensors s are Poisson distributed with mean µ
(s)
n . The states of these newly

detected targets are iid with the PDF f
(s)
n (x

(j)
k ). Newly detected targets are statistically

independent of existing targets. A PT j that existed at time k− 1 continues to exist at

time k with survival probability psu(x
(j)
k ). All PTs at time k− 1 become legacy PTs at

time k.

To reduce computational complexity, one can again exploit structure in the fac-

torization of the posterior PDF f(y0:k,a1:k|z1:k). In particular, using common Markov
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assumptions [55], f(y0:k,a1:k|z1:k) factorizes according to

f(y0:k,a1:k|z1:k) ∝ f(z1:k,a1:k,y0:k)

= f(y0)
k∏

k′=1

f(zk′ ,ak′ ,yk′|yk′−1). (2.5)

Upon explicitly distinguishing between the legacy and new PTs and by exploiting the

chain rule for PDFs, the conditional PDF of current measurements, current association

variables, and current states given the previous states can be expanded as

f(zk,ak,yk|yk−1)

= f(zk,ak,yk,yk|yk−1)

= f(y
k
|yk−1)f(zk,ak,yk|yk,yk−1). (2.6)

Now, one can use the fact that given the legacy PT states at time k, (i) the new PT states

at time k are conditionally independent of the previous PT states at time k − 1 and that

(ii) the measurements, association variables, and new PTs are statistically independent

across the Ns sensors, i.e.,

f(zk,ak,yk|yk−1)

= f(y
k
|yk−1)f

(
zk,ak,yk|yk

)
.

= f(y
k
|yk−1)

Ns∏
s=1

f
(
zk,s,ak,s,yk,s|yk,s−1

)
, (2.7)

where y
k,0

= y
k
and y

k,s
=
[
yT
k,0
,yT

k,1, . . . ,y
T
k,s−1

]T
.

In addition, targets move in time independently, and therefore, the state-transition
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PDF of the legacy PTs reads

f(y
k
|yk−1) =

jk−1∏
j=1

f(y(j)

k
|y(j)
k−1). (2.8)

The state-transition model f(y(j)
k
|y(j)
k−1) is a function of the survival probability psu(x

(j)
k ).

By plugging Eq. 2.8 into Eq. 2.7 and, in turn, Eq. 2.7 into Eq. 2.5, and by making

use of the functional form of f
(
zk,s,ak,s,yk,s|yk,s−1

)
(see [55] for details), the joint posterior

PDF of y1:k and a1:k given an observed z1:k becomes

f(y1:k,a1:k|z1:k)

∝
k∏

k′=1

( jk′−1∏
j′=1

f(y(j′)
k′
|y(j′)
k′−1

)
) Ns∏
s=1

ψ(ak′,s)

×
( jk′,s∏
j=1

q(x
(j)
k′,s, r

(j)
k′,s, a

(j)
k′,s; zk′,s)

)

×
mk′,s∏
m=1

v(x
(m)
k′,s , r

(m)
k′,s , a

m
k′,s). (2.9)

Here, the factors q(x
(j)
k,s, r

(j)
k,s, a

(j)
k,s; zk,s) and v(x

(m)
k,s , r

(m)
k,s , a

m
k,s) are functions of p

(s)
d (x

(j)
k ), µ

(s)
fp ,

f
(s)
fp (z

(m)
k,s ), and f(z

(m)
k,s |x

(j)
k ) (see [55] for details).

For target detection and estimation, the marginal PDFs f(x
(j)
k , r

(j)
k |z1:k) =

f(y
(j)
k |z1:k) are required. In particular, target detection is performed by introduc-

ing a threshold pth that is compared with the existence probability p
(
r
(j)
k = 1

∣∣z1:k

)
,

i.e., PT j ∈ {1, . . . , jk} is declared to exist if p
(
r
(j)
k = 1

∣∣z1:k

)
> pth. Note that

p
(
r
(j)
k = 1

∣∣z1:k

)
=
∫
f
(
x
(j)
k , r

(j)
k = 1

∣∣z1:k

)
dx

(j)
k . For PTs declared to exist, state estimation

is performed by computing the minimum-mean-squared error estimate [78] as

x̂
(j)
k ≜

∫
x
(j)
k f
(
x
(j)
k

∣∣r(j)k = 1, z1:k

)
dx

(j)
k , (2.10)
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where

f
(
x
(j)
k

∣∣r(j)k = 1, z1:k

)
=
f
(
x
(j)
k , r

(j)
k = 1

∣∣z1:k

)
p
(
r
(j)
k = 1

∣∣z1:k

) . (2.11)

For direct computation of f(yk|z1:k), one could again näıvely marginalize the available

joint PDF f(y1:k,a1:k|z1:k). This marginalization can be performed efficiently by the

framework of factor graphs and the SPA. The complete system model and the SPA for

MTT can be found in [55].

The nonlinear measurement model and high-dimensional state space impose further

challenges to tracking in 3-D from TDOA measurements, and therefore, a SPA that embeds

particle flow is employed. To perform the SPA effectively, particles are migrated towards

regions of high likelihood based on the solution of a partial differential equation. This

makes it possible to obtain good target detection, and tracking performance in 3-D [75].

2.3 The Proposed Data Processing Chain

The proposed data processing chain performs two main tasks: (i) signal processing

and (ii) parameter estimation (Fig. 2.2). In the signal processing module, pre-filters are

first applied to the raw acoustic signal. Then, the GCC-WIN technique introduced in

Ch. 1.4.2 is performed to extract time delay peaks with the GCC-WIN amplitudes above

a threshold.

The parameter estimation module estimates the locations and velocities of the

echolocating odontocetes. The odontocetes are first tracked in the TDOA domain and

then in 3-D. In both cases, the tracking algorithm based on the SPA described in Ch. 2.2.3

is applied. In the TDOA domain, both the motion and the measurement models are

linear. Tracking first in the TDOA domain makes it possible to reduce the number of false

positives significantly. A low number of false positives is essential for successful tracking

in 3-D. Finally, the output of the TDOA tracker is used as input for odontocete tracking

in 3-D.
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Figure 2.2. The block diagram of the proposed data processing chain for detecting and
tracking odontocetes in 3-D from their echolocation clicks. The TDOAs of echolocation
clicks are extracted in the signal processing module. The 3-D odontocete tracks are
computed in the parameters estimation module. The parameter estimation module
performs sequential Bayesian estimation for MTT in two stages.

2.3.1 Echolocation Click Detection and TDOA Estimates

The echolocation clicks are detected via performing GCC-WIN across pairs of

hydrophones and considering TDOA peaks whose amplitudes are above a threshold. To

enhance the probability of detection, TDOA measurements can be either (i) computed

based on a sequence of click trains [65, 59, 44] or (ii) obtained by extracting TDOAs of

individual echolocation clicks and combining them into a single measurement. In the

presence of highly-correlated noise, the former approach is unsuitable; hence, the latter

approach is considered.

To combine the detected TDOAs of individual click signals into a single measure-

ment, it is assumed that the odontocete is stationary over a time interval in samples, Tm.

Let Tg be the interval between each snapshot at which the GCC-WIN is performed, and

we choose Tm that is longer than Tg, i.e., Tm > Tg. The accumulation duration Tm will

be the duration of the time between the discrete time step k of the considered tracking

algorithms. The peaks of multiple observation intervals of length Tg are then accumulated
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over a time interval of duration Tm. The resulting set of TDOAs z
(m)
k,s , m ∈ {1, . . . ,mk,s},

where mk,s is the number of measurements at time step k and sensor s, is considered

as TDOA measurements of echolocation clicks generated by odontocetes. The TDOA

measurements of all sensors are used as input for MTT.

Accumulating TDOAs, however, can lead to multiple TDOAs corresponding to one

odontocete per time step k due to noise. Hence, a clustering of measurements is necessary

to enforce the assumption that each odontocete generates at most one measurement. The

following clustering procedure led to the best tracking results. First, large clusters are

formed by finding TDOAs that are Nc samples apart. Within each large cluster, TDOAs

are further separated into smaller clusters based on the local minima of the GCC-WIN

amplitudes. The TDOAs within each small cluster are weighted based on their amplitudes

and merged to generate a single TDOA measurement per small cluster.

2.3.2 MTT of Echolocating Odontocetes

In this section, details on how the MTT framework presented in Ch. 2.2.3 is applied

to odontocete tracking are provided. In particular, the statistical models of the two MTT

stages are discussed. The first stage operates in the TDOA domain and is applied to each

hydrophone pair, i.e., a TDOA sensor, in parallel. The second stage operates in a 3-D

Cartesian coordinate system and fuses the results provided by the first stage.

MTT in the TDOA Domain

For the tracking in the TDOA domain, at time step k and sensor s, the state of

odontocetes j is given by d(j)
k,s = [d

(j)
k,s ḋ

(j)
k,s]

T, where d
(j)
k,s is the true TDOA of the echolocation

clicks emitted by the odontocete, and ḋ
(j)
k,s is its rate of change. A nearly constant velocity
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motion model [76] is considered, i.e.,

d(j)
k,s =

1 Tm

0 1


d(j)k−1,s

ḋ
(j)
k−1,s

+ u(j)
k,s (2.12)

where the driving noise u(j)
k,s ∈ R2 is a zero-mean multivariate Gaussian random vector

with covariance matrix

Σu =

T 3
m

3
T 2
m

2

T 2
m

2
Tm

σ2
u (2.13)

and driving noise standard deviation (STD) σu.

The additive-Gaussian measurement model is given as follows. Let the TDOA

measurement z
(m)
k,s be originated from the odontocete with index j at sensor s. The

measurement model then reads

z
(m)
k,s = d

(j)
k,s + v

(m)
k,s . (2.14)

Here, v
(m)
k,s is a zero-mean Gaussian measurement noise with STD σv. The PDF that

characterizes false positives, f
(s)
fp

(
z
(m)
k,s

)
, is uniform on the interval [−T max

s T max
s ], where

T max
s is the maximum time delay that can be measured by sensor s, i.e.,

T max
s = ∥qs1 −qs2∥/c (2.15)

where qs1 ∈ R3 and qs2 ∈ R3 are the positions of the hydrophone pair (s1, s2) that defines

sensor s, and c is the sound velocity.

In the considered linear MTT problem, there is MOU, and the number of odontocetes

is unknown and time-varying. Thus, the SPA-based MTT method described in Ch. 2.2.3 is

employed. The results of this first stage are sets of TDOA estimates d̂
(j)
k,s, j ∈ {1, . . . , jk,s} for
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each time step k and each sensor s. These TDOA estimates are then used as measurements

in the 3-D MTT tracking stage. In what follows, the aforementioned set of TDOA estimates

are denoted as d̂
(m)
k,s , j ∈ {1, . . . ,mk,s} to indicate that they are now used as measurements

in the second MTT stage. For simplicity, it is assumed that the measurements provided

by different TDOA sensors are statistically independent of each other. Note, however,

that dependencies among the measurements provided by TDOA sensors do exist. This is

because a TDOA sensor consists of a pair of hydrophones, and a hydrophone is involved

in multiple TDOA sensors. Thus, the acoustic data of a single hydrophone is used in the

measurements of multiple TDOA sensors.

MTT in 3-D

With the TDOA estimates available across all sensors, odontocetes are tracked in 3-

D. The 3-D tracking method performs multisensor data association and track initialization.

At time k, the state of the odontocete j is denoted as p(j)
k =

[
p
(j)
k,x p

(j)
k,y p

(j)
k,z ṗ

(j)
k,x ṗ

(j)
k,y ṗ

(j)
k,z

]T
,

where p
(j)
k,x, p

(j)
k,y, and p

(j)
k,z are the position of the odontocete in a 3-D Cartesian coordinate

system and ṗ
(j)
k,x, ṗ

(j)
k,y and ṗ

(j)
k,z are the respective velocities.

The motion model follows the nearly constant velocity model [76]

p(j)
k =

I3 TmI3

03 I3

p(j)
k−1 +

 T 2
m

2
I3

TmI3

w(j)
k (2.16)

where w(j)
k ∈ R3 is a zero-mean Gaussian driving noise with covariance I3σ

2
w and driving

noise STD σw.

Suppose that the odontocete j generated the TDOA d̂
(m)
k,s at time k and sensor s.

The corresponding TDOA model is given by

d̂
(m)
k,s =

(
∥p(j)

k − qs1∥ − ∥p(j)
k − qs2∥

)
/c+ b

(m)
k,s (2.17)
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where b
(m)
k,s is zero-mean Gaussian measurement noise with STD σb. The PDF that

characterizes false positives, f
(s)
fp

(
z
(m)
k,s

)
, is again uniform on the interval [−T max

s T max
s ].

Note that the nonlinear measurement model in Eq. 2.17 is underdetermined, i.e.,

the position of the odontocete is 3-D while the TDOA is only 1-D. Therefore, for estimating

the 3-D position, TDOAs provided by multiple sensors have to be fused. In particular, for

a fixed TDOA d̂
(m)
k,s , Eq. 2.17 describes potential odontocete locations on a hyperboloid.

If there were no MOU and no noise, one could estimate the 3-D odontocete location by

computing the intersection of multiple hyperboloids provided by multiple TDOA sensors.

However, due to the presence of MOU and unknown number of odontocetes, reliable

state estimation can only be performed sequentially. In particular, the MTT approach

reviewed in Ch. 2.2.3 is used again. Due to the nonlinear measurement model Eq. 2.17, a

particle-based implementation of this MTT approach is considered. However, since the

conventional particle filter suffers from weight degeneracy due to the curse of dimensionality

[79] and is thus only suitable for low dimensional state spaces, the particle flow variant

recently proposed in [75] is used.

Particle flow techniques are attractive methods that address the weight degeneracy

issues [74]. For each odontocete j and time k, particles are migrated iteratively to the

posterior distribution. Particle motion follows a stochastic process described by an ODE

that expresses a Bayesian update step. The flow equations and the particles after the

flow describe a proposal distribution that can be used for importance sampling [80]. By

embedding particle flow into SPA-based MTT, the weight degeneracy is avoided, and MTT

in 3-D from TDOA measurements can be performed with a reasonable number of particles

and computational complexity [75].
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2.4 Real Data Application

Using the same dataset introduced in Ch. 1.5, four encounters of goose-beaked

whales are processed, and in this chapter, the results from processing the data measured

on June 11th and July 1st in 2018 are presented. The encounter durations on those two

dates are 52 min long and 20 min long, respectively. These encounters were detected using

the long-term spectral average (LTSA) from the MATLAB-based program Triton [41].

Since the hydrophones on each HARP share the same clock, they are time-

synchronized. The two arrays (HARP EE and EW), however, are not synchronized,

and therefore, the TDOA measurements are extracted only from the hydrophone pairs

on the same arrays. Nonetheless, as long as the echolocation clicks are measured on

both HARPs within a time window in which the goose-beaked whale can be considered

stationary, precise synchronization is unnecessary [59, 22].

The tracking capability of the proposed data processing chain is demonstrated

on acoustic datasets containing echolocation clicks from goose-beaked whales. In the

signal processing step, their echolocation clicks are detected, and the corresponding TDOA

measurements are computed using the GCC-WIN algorithm described in Ch. 1.4.2. In the

parameter estimation step, the whales are tracked first in the TDOA domain and then in

the 3-D domain using the implementation of the MTT framework described in Ch. 2.3.2.

The 3-D tracking results are compared to the tracks generated from hand-annotated DOA

measurements following the approach in [46].

2.4.1 Implementation Aspects

Signal Processing Module: TDOA Extraction

The peaks from the GCC-WIN, whose amplitudes are more significant than Atdoa =

0.15, are extracted and saved along with their amplitude information. Note that since a low

amplitude threshold is applied to maximize the detection rate, both the instrument and
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Table 2.1. Hyperparameters used for the tracking of multiple goose-beaked whales in the
TDOA and the 3-D domain.

Hyperparameters TDOA 3-D
Detection probability, pd 0.80 0.80
Survival probability, psu 0.90 0.99

Mean number of false positives, µfp 10 1
Mean number of newly appearing whales 1.0× 10−4 1

Measurement noise STD, σv & σb 1.0× 10−5 3.0× 10−5

Driving noise STD, σu & σw 1.5× 10−7 1.0× 10−2

Number of particles 30, 000 100, 000
Minimum track length 20 5

white noise in the background can give rise to multiple false positive TDOA measurements.

When the GCC-WIN peak amplitude is more than 10, i.e., an echolocation click likely in

the direct line of sight is detected, any pulse-like signals within the next 40 ms are ignored

since they are likely to be multipath signals.

The TDOA measurements are merged and binned with a longer discrete time step

length of Tm=7 s and clustering distance Nc=2 samples, following the method described

in Ch. 2.3.1. Given that inter-click-intervals (ICIs) of goose-beaked whales range between

0.3 to 0.9 s [5], the probability of detection is increased by inspecting over a longer time

window. This also helps the tracker to be robust against the irregular nature of the ICIs

as the goose-beaked whale is diving [5]. Moreover, using a step length of 7 s instead of

a step length of 5.12 ms, which is the step length of performing one GCC-WIN, reduces

the processing time by a factor of approximately 1, 300. Since the average speed of the

goose-beaked whale is 1.2 m s-1, [5], it would have moved approximately 8.4 m within 7 s.

Assuming that the goose-beaked whales are primarily hundreds of meters away from the

arrays, the corresponding TDOA measurements are unlikely to change significantly over

this period.
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Parameter Estimation

Details for obtaining the tracks of the goose-beaked whales are provided. Since

the TDOA is computed between a pair of hydrophones, there are
(
4
2

)
=6 TDOA sensors

per array and Ns=12 sensors total. As described earlier, the TDOA measurements are

accumulated over Tm=7 s. The Cartesian coordinate system follows the east, north and

up (ENU) convention, where the x-, y-, and z-axes are positive along the east, north,

and up directions. The origin is between the two arrays and at the sea surface. The

hyperparameters used for TDOA tracking and 3-D tracking are summarized in Table 2.1.

For TDOA tracking, the distribution of newly appearing whales is chosen to be uniformly

distributed between the minimum and maximum possible TDOA of a hydrophone pair.

For 3-D tracking, the distribution of newly appearing whales is chosen to be uniformly

distributed on the 3-D region of interest.

A final pruning step is used to remove extra and unreasonable tracks. The average

swim speed (Euclidean norm of the estimated velocity) of a goose-beaked whale is 1.2

m s-1 [22], and its horizontal speed could range from 1 to 3 m s-1 [5]. Consequently, if the

median speed of the whale track is more significant than 2 m s-1 or the track length is

shorter than five time steps, the track is discarded. Furthermore, at every time step, if its

estimated speed is faster than 3.5 m s-1, the state at that time step is ignored.

2.4.2 Results

The tracks in the TDOA and 3-D domains using the datasets from two different

dates are presented. The results using the proposed method are compared to the tracking

results from hand-annotated data using the framework proposed in [46]. In [46], the

detected TDOAs are used to compute the azimuth and elevation angles of the goose-

beaked whale relative to each hydrophone. They are tracked manually in the azimuth and

elevation angles domain, whose tracks are fused between two hydrophones to estimate
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Figure 2.3. Example TDOA measurements (dots) and corresponding TDOA tracking
results (solid lines) from one TDOA sensor of HARP EE (top) and one TDOA sensor of
HARP EW (bottom). Two goose-beaked whales are observed at HARP EW, while only
one is observed at HARP EE. As can be seen in Fig. 2.4, both goose-beaked whales are
closer to HARP EW. The considered acoustic data were collected on June 11th, 2018.

their 3-D locations.

Two goose-beaked whales are identified and tracked from the data recorded on June

11th, 2018. While echolocation clicks from only one goose-beaked whale are detected from

the TDOA data of HARP EE, those from two whales are detected from the TDOA data of

HARP EW (Fig. 2.3). Based on the 3-D tracks (Fig. 2.4 and Fig. 2.5), the goose-beaked

whale that first appear in the data is far from HARP EE, resulting in the lack of its

detected echolocation clicks on HARP EE. To verify further, the corresponding TDOA

measurements from the first goose-beaked whale 3-D track are computed using the TDOA

model, and they are in accordance with the tracked TDOA. The manual tracking method

could not generate the track for the first goose-beaked whale because it requires that the

DOAs exist on both arrays simultaneously.
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Figure 2.4. A comparison between a track generated from the hand-annotated data
(dashed line) and estimated tracks provided by the proposed MTT approach (solid lines)
in 3-D. With MTT, an additional track is extracted from the TDOA data of HARP EW,
and the diving behavior of a goose-beaked whale can be explored. The diamond and the
cross indicate each track’s start and end, respectively. The data from June 11th, 2018, are
considered.

In the data collected on July 1st, 2018, two goose-beaked whales are observed again

(Fig. 2.6, Fig. 2.7, and Fig. 2.8). Their diving behaviors are detected at the initial depths

of approximately 450 m. The two tracks start close to each other, but the tracker is

capable of separating them. More echolocation clicks are detected using the GCC-WIN

algorithm. As a result, the proposed method yields longer 3-D tracks (approximately by 5

min) than the tracks from the hand-annotated data. To verify the reliability of the results,

the 3-D tracker is run again with the TDOA data in the reverse time steps. Since it is

easier for the tracking algorithm to identify two goose-beaked whales if they are spatially

distinct in the beginning, the tracks from the reverse order would be more reliable in this

scenario. The reverse order tracking results are indeed similar to the tracking presented

here, verifying the correctness of the proposed tracker.
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Figure 2.5. A comparison between the track generated from the hand-annotated data
(dashed line) and estimated tracks provided by the proposed MTT approach (solid lines).
Each axis of the 3-D domain is shown individually. The data from June 11th, 2018, are
considered.

2.5 Simulation Studies

Intrinsic challenges of tracking marine animals with PAM are the lack of ground

truth tracks and that the manual tracks are imperfect since the data annotation process is

subjective. Therefore, the 3-D tracking performance of different benchmark approaches

from simulations are compared to motivate the proposed 3-D tracking approach.

Four sets of 200 Monte Carlo simulations of odontocete tracks are generated and

tracked using three different approaches. Each set of Monte Carlo simulation has an

increasing number of simultaneously present odontocetes, ranging from 1 to 4. The

odontocetes’ starting positions are placed uniformly on a circle of radius 1000 m on a

xy-plane and at a depth of 1000 m. TDOA measurements are generated based on the

same array geometry described in Ch. 1.5 and from the model described in Eq. 2.17.
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Figure 2.6. Example TDOA measurements (dots) and corresponding TDOA tracking
results (solid lines) from one TDOA sensor of HARP EE (top) and one TDOA sensor of
HARP EW (bottom). One of the goose-beaked whales is not successfully tracked towards
the end by HARP EW because of long gaps of missing TDOA. The considered acoustic
data were collected on July 1st, 2018.

False positives and missed detections are also generated based on the model discussed in

Ch. 2.3.2. The same hyperparameters from Table 2.1 are used to generate the simulated

data. Each simulation consists of 85 discrete time steps long, and the time step has a

duration of 7 s. An odontocete is present for 50 time steps. In simulations with multiple

odontocetes, an odontocete is introduced every ten steps.

Three tracking approaches are simulated: (i) an approach based on nonsequential

tracking [46] (NST), (ii) a single Bernoulli tracker [81] (SBT), and (iii) the proposed MTT

approach described in Ch. 2.3.2. In what follows, the approaches (i), (ii), and (iii) will

be referred to as (NST), (SBT), and (MTT), respectively. (NST) computes odontocete

positions by combining the DOAs of the echolocation clicks of the odontocete computed at

each array but does not filter the results, i.e., odontocete positions are computed at each
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Figure 2.7. A comparison between the tracks generated from the hand-annotated data
(dashed lines) and estimated tracks provided by the proposed MTT approach (solid lines)
in 3-D. Two closely-space goose-beaked whales are simultaneously diving into deeper
waters. The diamond and the cross indicate each track’s start and end, respectively. The
proposed MTT approach can successfully distinguish the two individuals. The data from
July 1st, 2018, are considered.

discrete time step individually. Moreover, both the localization and DOA computations

are performed within the least squares framework. (SBT) is a recursive Bayesian filter that

can detect and track a single target in the presence of missed detections and false positives.

Both (NST) and (SBT) cannot track multiple targets in an automated way, and thus,

(NST) and (SBT) are provided with the correct data association solution and are applied

to each odontocete track individually. (NST) and (SBT) only use the true measurements

corresponding to a single odontocete subject to missed detections. If there is a missed

detection, (NST) performs interpolation to obtain a measurement for each odontocete at

each TDOA sensor. (SBT) relies on the same statistical model and parameters as (MTT).

On the other hand, (MTT) does not know the correct association and thus performs data

association automatically. It is provided with the TDOA measurements generated for all
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Figure 2.8. A comparison between the track generated from the hand-annotated data
(dashed line) and estimated tracks provided by the proposed MTT approach (solid lines).
Each axis of the 3-D domain is shown individually. The data from July 1st, 2018, are
considered.

present odontocetes following the model for missed detections and false positives discussed

in Ch. 2.3.2. It is worth noting that the correct data association solution is only available

if TDOA measurements are synthetically generated. In a real-world scenario, the correct

data association solution is unavailable and can only be approximated by a highly-trained

human operator.

Each track’s root-mean-square error (RMSE) is computed for each approach men-

tioned above (Fig. 2.9). (MTT) and (SBT) sometimes do not detect the odontocete or

have a significant error due to false positives or missed detections. In that case, the RMSE

is set to an error value of 110 m, which is approximately twice the average RMSE related

to (NST). Based on the simulation results, (NST) has the highest RMSE since it does

not perform any filtering. On the other hand, (SBT) yields the lowest RMSE because it

relies on the correct data association solution and makes use of a statistical model for
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Figure 2.9. The average tracking RMSE across 200 Monte Carlo runs versus number of
simultaneously present odontocetes for three different 3-D tracking approaches. The error
bars denote the 75th percentile of the measured RMSE. While the correct data association
solution is available to (NST) and (SBT), it is unknown to the proposed (MTT) method.
In real data processing, the correct association solution is unavailable and can only be
approximated by a human operator.

measurement noise, missed detection, and false positives. (MTT) yields an RMSE between

those from (NST) and (SBT). (MTT) makes use of the same statistical model as (SBT)

but also has to solve the data association problem; hence, it is expected to perform worse

than (SBT). However, since (MTT) performs filtering, it still performs better than (NST).

Furthermore, the RMSE of (MTT) increases with the number of odontocetes because the

presence of multiple odontocetes makes the data association problem more challenging.

Recall that (NST) and (SBT) require manual annotations in real-world problems where

the correct data association solution is unavailable, while (MTT) performs data association

in an automated manner. Thus, (MTT) is well-suited for tracking multiple odontocetes

automatically.
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Figure 2.10. The average RMSE versus time for three different 3-D tracking approaches.
200 Monte Carlo runs of a scenario with four odontocetes are considered. (SBT) and
(MTT) perform sequential processing and thus lead to reduced RMSE values over time.

Sometimes a different number of odontocete tracks are generated by (MTT). Either

a single track is broken into two tracks, or extra tracks are generated from false positives.

The percentage of the number of simulations in which extra numbers of tracks are generated

are 0%, 1%, 11% and 19% for scenarios with one odontocete, two odontocetes, three

odontocetes and four odontocetes, respectively. Additional tracks can indeed be formed

with the real data, but in the final stage, either a human operator or an algorithm would

join broken tracks or prune unlikely tracks.

In Fig. 2.10, the average RMSE over 800 tracks is shown as a function of the time

step for the scenario with four odontocetes. The RMSE of the initialization phase of

(MTT) and (SBT) are high, but after a few steps, they converge to a smaller error value

compared to (NST). The real data tracks are also longer than 50 time steps; therefore, the

total error is expected to be even smaller for longer tracks. The simulation outcome shows
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that the proposed approach can generate trustworthy odontocete tracks.

2.6 Discussion

A data processing chain for automatically detecting and tracking multiple odon-

tocetes from their echolocation clicks is developed. It successfully tracks multiple goose-

beaked whales in 3-D from their echolocation click recordings made on a pair of volumetric

hydrophone arrays. No human operators or heuristics are needed to initialize the tracks and

combine the TDOA measurements corresponding to the individual goose-beaked whales.

The graph-based MTT method efficiently solves the data association problem to fuse the

TDOA measurements among missed detections and false positives and tracks odontocetes

in a computationally tractable manner. In addition, new and more extended tracks of the

goose-beaked whales could be extracted using the GCC-WIN algorithm, which normalizes

the CPSD by the estimated instrument noise PSD to whiten the instrument noise.

A few factors need to be considered when adapting the processing chain for

applications with another set of bioacoustic data of odontocetes. Since the tracks are

distinguished based on spatial information, the data processing chain is species-agnostic.

The pre-processing step needs careful customization, e.g., Tg, frequency filters, etc., so

that the echolocation clicks from species of interest are processed. A manual or automated

classification step would be desirable for scientific purposes. In addition, the GCC-WIN

technique is only recommended if the instrument noise is dominant and can be estimated;

otherwise, other GCC adaptations, such as SCOT and PHAT, are potentially better suited

for the estimation of TDOAs.

The data processing chain could be further extended to yield more accurate and

longer tracks of odontocetes. As seen in the second scenario (Fig. 2.7), closely spaced

tracks can pose a challenge. To mitigate, the future model in the MTT framework could

incorporate statistics of ICIs to distinguish among multiple echolocating odontocetes. It is
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observed that, in the presence of closely spaced tracks, signals from multiple whales are

occasionally merged into one by the clustering method described in Ch. 2.3.1. This results

in the loss of one of the tracks, hindering tracking performance.

Another challenge is that the model based on a constant probability of detection

is not entirely reflective of reality. Even though the probability of detection is affected

by the SNR of the bioacoustic signal, their irregularity, i.e., occurrences of a burst of

echolocation clicks followed by long gaps of silence, needs to be considered. For example,

there is approximately a 2 min long gap of TDOA detections starting at 40 min in the data

related to HARP EW in Fig. 2.3. This gap is likely due to the goose-beaked whale looking

away from the array. With prior information on the echolocation click directionality and

the motion of the odontocetes at each given time, the detector’s performance could be

modeled more accurately. Alternatively, a time-varying detection probability could be

estimated together with the target states [82].

Furthermore, although the used nearly constant velocity motion model of the

odontocetes yielded good tracking results in this work, a tracking algorithm that selects

the most suitable motion model for the odontocete motion during runtime is desirable.

By incorporating interacting multiple models [83], the tracker would not only capture

time-varying behaviors or motions of the odontocetes more accurately but also be more

suitable for tracking different species of odontocetes.

Finally, some species of odontocetes are highly sociable and thus sometimes move

together in close spatial proximity [84, 85]. In such a case, it would be challenging to

track an individual odontocete, but subgroups could be tracked [20]. The question of the

feasibility of the MTT frameworks to follow pods of odontocetes instead of individuals

poses an interesting research problem.
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2.7 Conclusion

Tracking acoustically active marine animals using passive acoustics can provide

better understanding of their behaviors underwater that are difficult to observe otherwise.

However, human operators are often required to annotate the bioacoustic data to associate

the acoustic recordings with the marine animals that generated the signals. With increasing

amount of available underwater bioacoustic recordings and an ultimate goal of real-time

monitoring, tracking processes that involve human operators, who are imperfect, are not

sustainable. Hence, it is crucial to research automated methods that are computationally

tractable and accurate for passive acoustic tracking of marine animals. This will not only

generate tracks that are more objective but also facilitate scientists to study the marine

animals more efficiently.

In this chapter, a data processing chain for the fully automated detection and

tracking of odontocetes in 3-D from echolocation clicks is developed. The detection

rate of the echolocation clicks is improved by utilizing a generalized cross-correlation

algorithm designed to whiten the instrument noise. Multiple odontocetes are detected

and tracked simultaneously by applying two stages of a graph-based tracking method

that efficiently solves the data association problem. Graph-based detection and tracking

are first performed for each hydrophone pair individually in the time-difference-of-arrival

domain and subsequently in the 3-D domain. The ability to track multiple odontocetes

simultaneously without manual data selection by a human operator is demonstrated

based on real acoustic data provided by two volumetric hydrophone arrays. In particular,

tracking results in scenarios with two echolocating goose-beaked whales (Ziphius

cavirostris) are presented. In addition, the simulation results suggest that the presented

processing chain can be used to track a larger number of whales in a scalable manner

and is thus particularly appealing for future passive acoustic monitoring systems. These

results show how the proposed data processing chain can simplify scientists’ steps to study
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the deep-diving echolocating odontocetes.
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Chapter 3

Ranging of a Moving Ship Using a
Single Acoustic Receiver in Shallow
Water

3.1 Introduction

Range information of a moving object is critical for maritime situational awareness.

Passive acoustic ranging is an important task in maritime surveillance [86, 13] or in

unmanned underwater vehicle (UUV) operations [87]. In addition, passive acoustic ranging

can be used for self-localization by small autonomous platforms with limited navigation

capabilities but equipped with a single hydrophone or a small hydrophone array. Such

platforms include drifters [88], gliders [89, 90] and propeller-driven UUVs [91]. While these

systems rely on acoustic signals for localization, estimating the range of a non-cooperative,

broadband acoustic source, such as a transiting commercial ship, using a single hydrophone

in shallow water remains a significant challenge due to multipath propagation and modal

interference.

Among single-hydrophone-based ranging methods, various approaches face distinct

limitations. Matched field processing [92, 93] relies either on detailed a priori environmental

knowledge on seabed properties and sound-speed profiles or the availability of signal replicas.

Modal filtering-based methods [94, 95] are restricted to impulsive or frequency-modulated
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signals, limiting their applicability to broadband ship noise. Cepstrum-based methods

[96, 97] estimate time differences of arrival by extracting propagation path pairs. However,

they are typically effective only for short-range estimations, on the order of a few kilometers.

Deep learning approaches [98] offer data-driven solutions but struggle with generalization

and require extensive training data. In contrast, waveguide-invariant (WI)-based methods

estimate range by processing interference patterns (striations) in spectrograms, enabling

long-range passive tracking without detailed environmental knowledge. The WI, therefore,

provides a powerful framework for passive acoustic ranging using a single receiver [99, 100,

101, 102, 103, 104, 105, 106].

This chapter extends WI-based methods by introducing a statistical framework that

jointly models broadband and tonal ship noise, with the potential of enhancing robustness

against intensity variations and environmental uncertainty.

3.1.1 Waveguide Invariant

In shallow water waveguides, sound propagates as discrete modes [107]. When an

acoustic source moves relative to a receiver, interference between these modes produces

striation patterns in a range-frequency representation of the received acoustic intensity.

In an idealized setting, e.g., uniform source spectrum and negligible background noise,

these striations manifest as interference-induced curves along which the acoustic intensity

may follow local maxima, minima, or intermediate levels. These patterns, shaped by the

waveguide environment, carry information about the acoustic source’s range, which can be

extracted by making use of the WI provided that mode interference is sufficiently strong

and stable under appropriate conditions [108, 109, 110, 111, 112].

The WI, often denoted as β, is a parameter that describes how frequency-dependent

modal interference relates to the source-receiver range. It arises from the functional

relationship between the phase and group speeds of a group of modes [113]. It is typically

defined for frequency bands sufficiently above mode cutoff frequencies, since dispersion

74



properties change rapidly near the cutoff. While β is typically treated as a single, mode-

independent (scalar) value, in certain cases, e.g., when signals with low frequencies are used

and few modes propagate, or when groups of modes with distinct dispersion characteristics

are present, it may be better represented as a distribution derived from pairwise modal

interactions [114, 115]. For a comprehensive discussion on WI theory and practical

considerations, see [107] and [113].

Since the striations are functions of range and frequency, their shape can be used

to infer the source’s range relative to the receiver. The WI establishes a mathematical

relationship between frequency and range, governing the shape of the striations. This

relationship is given by

f

f ′ =

(
r

r′

)β
, (3.1)

where (r′, f ′) and (r, f) are different points along a striation, and β is the WI. Since

striations follow this relationship, a known WI allows for the projection of candidate

striations for different candidate source ranges directly onto a spectrogram. The comparison

of projected striations with observed striations in the spectrogram provides a direct method

for inferring the source range. While a known WI allows projection of candidate striations

for different source ranges onto a spectrogram, this requires mapping time to range using

an assumed range rate; the details of this mapping are provided in Ch. 3.2.1.

An example dataset for range estimation is shown in Fig. 3.1. It is a spectrogram of

real acoustic data recorded during Seabed Characterization Experiment 2017 (SBCEX17)

[1], where a large commercial ship was moving away from the acoustic receiver in a 75

m deep water column (This data will be discussed in more detail in Ch. 3.5). The tonal

(horizontal lines of high intensities) and broadband components of ship-radiated noise are

visible, along with striations formed by modal interference patterns. The red lines represent

projected striations generated using Eq. (3.1) with the correct source ranges reported by

the Automated Identification System (AIS) and the established WI value of β = 1.18.

75



Time

The Ship’s Range to the Receiver (km)

Fr
eq

ue
nc

y
(H

z)

So
un

d
L

ev
el

(d
B

re
:1

µ
Pa

2
/H

z)

17.1 18.3 19.5 20.8 22.0

18:58 19:00 19:02 19:04 19:06
42

43

44

45

46

47

48

49

95

100

105

110

115

Figure 3.1. Spectrogram of data recorded on March 24, 2017 (UTC) during SBCEX17
using a single element of a vertical line array. The large commercial ship MSC KALAMATA
was moving away from the receiver. Slightly diffuse tonal lines and broadband radiated
noise from the ship are visible, along with modal interference patterns. The red lines show
projected striations based on Eq. (3.1) using a waveguide invariant β = 1.18. Striations
refer to interference-induced curves along which the acoustic intensity may follow local
minima, maxima, or intermediate levels.

(Further discussion on the established value of β is provided in Ch. 3.6.1.) The red lines

indicate striations, i.e., interference-induced curves in the spectrogram along which acoustic

intensity remains approximately constant across frequency and time (range), with local

maxima and minima most visually apparent. If incorrect ranges were used for projecting

the line, the lines would no longer follow the intensity pattern in the spectrogram.

This chapter introduces a statistical approach that quantifies how well the observed

intensities along projected striations match modeled intensities provided by our statistical

models of the received ship-radiated noise. Since the curvature of projected striations

depends on the assumed source range, our estimation method selects the candidate range

76



whose projected striations yield the best statistical agreement with the observed data.

3.1.2 Ship Sound Characteristics

The underwater noise radiated by transiting ships contributes significantly to the

ocean ambient sound at low frequencies [116, 117]. It has been shown that, in the vicinity

of the ship, high-intensity noise from 10 Hz to 1 kHz is emitted by the normal operation

of the ship [118]. Considering the relatively low attenuation at lower frequencies [119] and

acoustic propagation in shallow water [120], low-frequency ship noise can be detected at

ranges of tens of kilometers [121].

The sound emitted from modern cargo ships can be considered as the superposition

of the tonal and broadband acoustic signals [119] (see Fig. 3.1). The narrowband tonals

correspond to the line spectrum that result from the periodicity of the machinery, such

as the engine and the shaft [122]. The broadband source signal stems from the propeller

cavitation noise and flow noise around the hull, which are complex hydrodynamic processes

and challenging to model accurately [123, 124]. Depending on the physical properties of

the ships, the mode of operations, the oceanographic conditions, and the aspect ratio, the

sound level characteristics can vary [125]. This chapter models statistically and processes

the received tonal and broadband radiated signature from a moving ship to estimate its

range.

3.1.3 Contribution and Chapter Organization

This chapter introduces a new statistical model and method for estimating the

range of a moving ship in shallow water using its radiated broadband and tonal acoustic

signature, recorded by a single stationary hydrophone. By leveraging the WI, ranging is

performed with minimal environmental knowledge through the analysis of the spectrogram

of the received signal. A key assumption, as in prior work, is that the environment is

range-independent, ensuring that the WI remains constant over range. Additionally, the
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WI of the considered environment and the ship’s range rate, which is needed to convert

the spectrogram’s time-axis into range for each candidate range, are assumed to be known.

The proposed method addresses key limitations of existing WI-based ranging tech-

niques. Deterministic methods [100, 102, 126] that rely on directly extracting the slopes

of the striations are sensitive to noise and require striations that exhibit relatively uniform

intensity. The proposed statistical framework accounts for measurement uncertainties and

variability in intensity along striations, improving robustness. Additionally, existing statis-

tical methods focus on utilizing either the broadband [106] or the tonal [103] components

of the ship noise. By incorporating both, the method increases the amount of usable data,

reducing estimation uncertainty and improving range accuracy. The major contributions

of the presented research are as follows:

• Statistical Models: We develop models for broadband and tonal ship sound in a

range-independent shallow water environment.

• Estimation Method: We introduce a statistical signal processing approach that

utilizes the WI for range estimation from spectrogram data.

• Experimental Validation: We demonstrate the estimation of ranges up to 45 km

with less than ±3% error using real data from SBCEX17.

The chapter is organized as follows: The general strategy for range estimation using

the WI is introduced in Sec.3.2. The proposed statistical signal model for broadband and

tonal noise components is established in Ch. 3.3. Ch. 3.4 describes the proposed method

and algorithm for range estimation using broadband and tonal noise components. Data

and implementation details are outlined in Ch. 3.5 and Ch. 3.6, respectively. Finally,

results are discussed in Ch. 3.7, and Ch. 3.8 concludes the chapter.
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Figure 3.2. Examples of the r-f surface plots with projected striations (red lines) overlaid
using a single reference frequency f ′ = 45.5 Hz and Eq. (3.1), for three candidate source
ranges, which correspond to the final snapshot of the spectrogram. The candidate values
are (a) r = 16 km, (b) r = 23 km, and (c) r = 30 km. All plots are based on the same
spectrogram shown in Fig. 3.1. For each case, only three striations are shown for clarity; in
practice, a denser set of projected striations that span the full frequency band are included
(see Secs. 3.3.5 and 3.6.1 for selection criteria). The constant range rate ṙ = 10.2 m/s and
the WI β = 1.18 are used. The true range is 23 km, and the projected striations are most
well aligned for (b), where the candidate range matches the true value.

3.2 Waveguide Invariant-based Ranging

Our general strategy for estimating the source range is to systematically evaluate

how well the expected striation patterns based on a set of candidate source ranges match

those observed in a spectrogram. Given a known range rate and a candidate source range,

the time axis of the spectrogram is converted to range axis, producing a range-frequency

(r-f) surface plot. The source range to be estimated corresponds to the final snapshot

of the spectrogram. Here, a snapshot refers to a Short-Time Fourier Transform frame,

representing the spectral content of a windowed segment of the time-series signal.

For each candidate range, along with the conversion of the original spectrogram

into a r-f surface, projected striations are generated using Eq. (3.1), allowing for direct

comparison with the observed striation patterns. This is done by fixing a reference

frequency f ′ and iterating over reference range values r′ along the range axis. Each

pair (r′, f ′) defines a striation curve that is constructed by computing the corresponding
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(r, f) values that satisfy Eq. (3.1) across frequencies in the band of interest. Only those

projected striations that span the full frequency band are considered ‘valid’ and retained

for processing. In general, multiple reference frequencies f ′ would be required to achieve

full coverage of the considered r-f surface plot, but a single value is used in this work for

simplicity. (See Fig. 3.2 for examples and Secs. 3.3.5 and 3.6.1 for practical details). The

projected striations are compared to the observed patterns in the spectrogram, and the

candidate range that yields the best overall alignment is selected as the estimated source

range.

In this section, we establish how the r-f surface plot is obtained, define the

parameter space for range estimation, address the parameter ambiguities, and provide a

summary of the proposed method.

3.2.1 Spectrogram to Range-Frequency Surface Plot

We define the range at the last snapshot of the spectrogram as the range to be

estimated. Given a spectrogram with N snapshots and denoting the range at the last

snapshot as rN , the range rn at snapshot n ⩽ N is

rn(rN ; ṙ, t∆) = rN − (N − n) ṙ t∆, (3.2)

where t∆ is the time step between snapshots. For simplicity, we assume a constant range

rate ṙ, though the method can be extended to scenarios where ṙ varies with time, provided

that the time-dependent ṙ is known.

3.2.2 Parameter Space for WI-Based Ranging

To accurately estimate the source range r, well-defined search intervals and prior

knowledge of key governing parameters are essential. In particular, the shape of the

striation pattern in the range-frequency domain is determined by three fundamental
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ṙ
(m

s-1
)

0.8 1 1.2 1.4

6

8

10

12

14

(a)

Range, r (km)

R
an

ge
R

at
e,

ṙ
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Figure 3.3. The joint log-likelihood function ℓ(r, ṙ, β) is evaluated over the parameter
spaces: range r ∈ Sr, range rate ṙ ∈ Sṙ, and WI β ∈ Sβ. It is shown as functions of
(a) β and ṙ, (b) r and ṙ, and (c) r and β. In each plot, the third variable is fixed at its
true value. The likelihood is computed using synthetic intensity spectrogram data from
a Pekeris waveguide (β ≈ 1) with a source moving at ṙ = 10 m/s, with a range of 10
km at the final snapshot. The cross marks the true parameter values. The resulting 2-D
likelihood functions are non-unimodal, implying that accurate estimation of one parameter
requires narrow search intervals for the other two, e.g., to accurately estimate the range r,
the search intervals Sṙ and Sβ must be small.

parameters: the WI β, the range rate ṙ, and the source range (r = rN ). These parameters

arise from the characteristics of the acoustic environment and the motion of the source.

The search intervals for the key parameters with respect to r, ṙ and β are: Sr = [rmin, rmax],

Sṙ = [ṙmin, ṙmax], and Sβ = [βmin, βmax], respectively. For future reference, we also introduce

the joint search interval denoted as S = Sr × Sṙ × Sβ and the joint parameter vector

q = [r, ṙ, β]T ∈ S

To estimate any one of the parameters in q, the other two must be known due to

the coupling of these parameters in Eq. (3.1) and Eq. (3.2). Since striation patterns are

smooth functions of range and frequency, multiple parameter combinations can produce

similar-looking striation patterns, leading to ambiguity in estimation. This makes it

essential to have prior knowledge of at least two parameters in q when estimating the third.

In particular, to perform range estimation, knowledge of ṙ and β is required. Alternatively,

if r and ṙ are known, the WI β can be estimated by evaluating the striation intensities

over a set of candidate β values.

The importance of constraining these parameters is demonstrated in Fig. 3.3, which
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highlights how ambiguity arises when two of the three parameters are unknown. The

likelihood function ℓ(r, ṙ, β), defined in Ch. 3.4, is evaluated across three 2D parameter

subspaces, while the third variable is held constant at its true value. The likelihood

function can be interpreted as a statistical characterization of the match between the

observed and expected striations for different parameter values. Higher likelihood values

indicate stronger agreement between the projected and observed striation patterns.

Non-unimodal behavior of the likelihood functions is evident across all three cases,

meaning that multiple combinations of parameters yield similar likelihood values. This

ambiguity confirms that accurate estimation of one parameter requires the other two to

be well-constrained. The next section discusses how β and ṙ can be estimated to resolve

ambiguity in range estimation.

3.2.3 Estimating the WI and the Range Rate

Approaches for obtaining knowledge on the WI β and the range rate ṙ to perform

range estimation are reviewed in what follows.

WI : In shallow water, the WI β can often assumed to be β = 1 when the dominating

group of modes are surface- and bottom-reflected [113]. Alternatively, the value of β can

be obtained in a calibration step by using ships of opportunity that share their position

and velocity vector via the AIS [127]. Based on the shared position and velocity vector,

the range r = rN and range rate ṙ can be extracted and used for the estimation of β.

Range Rate : For the present study, we adopted a constant range rate based on

AIS-reported ship speed. However, a potential approach for estimating source range rate

is to process acoustic recordings near the closest point of approach (CPA) [128, 101, 104],

if stable tonal components can be identified. Since the Doppler shift is zero at the CPA,

the nominal tone frequencies can be extracted and used to estimate range rate based

on the observed Doppler shifts before and after the CPA [129]. Our dataset includes

CPA recordings, and preliminary inspection revealed a few tonal components between
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300–800 Hz that are persistent and exhibited frequency shifts consistent with expected

Doppler shifts. Although Doppler shift-based range rate estimation by exploiting CPA

was not considered in the present work, this preliminary inspection suggests that it is a

viable direction for future analysis.

3.2.4 Method Overview

The general range estimation framework is summarized in this discussion. The

proposed method estimates the range of a moving ship in shallow water using a statistical

framework that leverages the WI to process the striations in the spectrograms. The input

data is the spectrogram of the recorded acoustic signal, and the method is based on the

following key assumptions:

• The WI β and the range rate ṙ are either estimated or approximated and therefore

treated as known.

• The environment is range-independent, ensuring that β remains constant over the

observed range.

Errors in β or ṙ can introduce bias in the range estimate, as different parameter combina-

tions may yield similar striation patterns, leading to ambiguity (Fig. 3.3).

Computing a range estimate for fixed β and ṙ is discussed next. For each range in

a set of candidate source ranges, r ∈ Sr, the following steps are performed.

1. Spectrogram Processing: Using r and ṙ with Eq. (3.2), the time axis of the

spectrogram is converted into a range axis, producing a hypothetical r-f surface

plot.

2. Striation Projection: For that hypothetical r-f surface plot, the expected intensi-

ties along WI-projected striations using β and Eq. (3.1) are interpolated on a regular

range-frequency grid. The choice of the reference range and frequency for striation

projection is discussed in Ch. 3.6.1.
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3. Likelihood Function Computation: The joint likelihood function, parameterized

by q, is evaluated. The likelihood function quantifies how well the observed intensity

measurements in the striation-frequency domain match the projected striations based

on q within the proposed statistical model.

The most probable range is found by maximizing the joint likelihood function over all

candidate ranges.

Fig. 3.2 shows examples of projected striation patterns overlaid on the same

spectrogram for three different candidate source ranges. These r–f surface plots illustrate

how the alignment between projected striations and the observed intensity patterns varies

with the assumed source range. Among the three candidates, the projection at r = 23 km

exhibits the best alignment (Fig. 3.2 (b)), consistent with the true source range. While

the general striation patterns are visible in the spectrograms, due to the presence of the

high intensity tonal signals and randomness in the broadband component as well as the

background noise, the intensities are not uniform along each striation. These components

are statistically modeled to enable evaluation of match between the projected and observed

striation through the likelihood-framework.

The next section (Ch. 3.3) establishes the statistical model for the measured

intensities, laying the foundation for the proposed likelihood function in Ch. 3.4.

3.3 Signal Model

3.3.1 Model Overview and Notation

This section introduces the statistical model of the received acoustic signal while

a ship passes by an acoustic receiver in a range-independent shallow water environment.

The tonal components of the ship radiated sound are treated as continuous sinusoidal

signals with well-defined frequencies, whereas the broadband component is modeled as a

random process due to its stochastic nature. Only a scenario where a single ship passes
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by the receiver is considered, and it is assumed that ambient noise sources are relatively

distant and incoherent.

The model is provided for the range-frequency domain representation of the acoustic

signal, i.e., the r-f surface plot. The nth snapshot corresponds to the acoustic signal at

range rn for n ∈ N = {1, . . . , N}, where N is the number of snapshots in the r-f surface

plot. A discrete set of K frequency bins, F = {f1, . . . , fK} with f1 < f2 < · · · < fK , is

processed, where the kth frequency bin is fk ∈ F for k ∈ K = {1, . . . , K}.

The radiated acoustic signature of a moving ship is modeled as a superposition of

broadband and tonal signals. The frequency bins are thus divided into two subsets: F b ⊆ F ,

containing only broadband components, and F bt ⊂ F , containing both broadband and

tonal components. The broadband signal spans the entire band F , while F bt consists of J

frequencies of narrowband tonal signals. For future reference, we define the corresponding

index sets: Kb =
{
k
∣∣fk ∈ F b

}
and Kbt =

{
k
∣∣fk ∈ F bt

}
with K = Kb ∪ Kbt.

In this chapter, we will use the following notation. Random variables are displayed

in sans serif, upright fonts, while their realizations are in serif, italic fonts. Vectors and

matrices are denoted by bold lowercase and uppercase letters, respectively. For example,

a random variable and its realization are denoted by x and x; a random vector and its

realization by x and x; and a random matrix and its realization are denoted by X and

X. The probability density function (PDF) and the expectation of random vector x are

denoted as E[x ] and f(x), respectively. Furthermore, N (u;µ, σ2) denotes a real Gaussian

PDF (of random variable u) with mean µ ∈ R and variance σ2 ∈ R, CN (x;µc, σ
2
c ) denotes a

complex Gaussian PDF (of random variable x) with mean µc ∈ C and variance σ2
c ∈ R such

that each real and imaginary part has variance σ2
c/2, χ

2(y; d, λ) denotes the noncentral

chi-squared PDF (of random variable y) with degrees of freedom d and noncentrality

parameter λ, Exp(z; θ) denotes the exponential PDF (of random variable z) with scale

parameter θ.
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3.3.2 Received Signal Model

At range rn and frequency fk ∈ F , the broadband and tonal source signals radiating

from the moving ship are denoted as sbn,k ∈ C and stn,k ∈ C, respectively. The broadband

source signal sbn,k is modeled as CN
(
sbn,k; 0, (σ

b
k )

2
)
, with frequency-dependent [122] variance

(σb
k )

2. Nonrandom tonal source signals radiating from the moving ship are modeled by the

complex amplitude stn,k = mt
k e

jϕn,k, where mt
k = |stn,k| is an unknown, range-independent

source magnitude that varies with frequency and ϕn,k is an unknown phase term.

The received acoustic signal is modeled as

zn,k = gn,k(s
b
n,k + stn,k) + un,k. (3.3)

For a range-frequency index pair (n, k), gn,k ∈ C is the Green’s function, i.e., the channel

transfer function, evaluated at (n, k), and un,k ∈ C is a random additive background noise

following the PDF CN
(
un,k; 0, (σ

u
k )

2
)
. The channel model will be further discussed in

Ch. 3.3.4. The background noise is assumed to be independent and identically distributed

(iid) across n and k, and its variance (σu
k )

2 is deterministic and frequency-dependent.

The model in Eq. (3.3) is simplified and distinguished for two subsets of frequencies

F b and F bt as

zn,k =


pb
n,k + un,k k ∈ Kb

pb
n,k + ptn,k + un,k k ∈ Kbt,

(3.4)

where pb
n,k = gn,ks

b
n,k and p

t
n,k = gn,ks

t
n,k. The received broadband signal, pb

n,k, is random and

follows the PDF CN
(
p b
n,k; 0, (σ

b
k )

2|gn,k|2
)
, while the received tonal signal, ptn,k = gn,ks

t
n,k,

is nonrandom and unknown. Due to range-dependency of gn,k, the statistics of pb
n,k are

also range-dependent.

Across all frequency bins, k ∈ K, the broadband-plus-noise signal pb
n,k + un,k is

distributed according to CN
(
zn,k; 0, σ

2
n,k

)
with variance σ2

n,k. This variance σ2
n,k will be
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referred to as the broadband-plus-noise variance, which can be expressed as

σ2
n,k = (σb

k )
2|gn,k|2 + (σu

k )
2. (3.5)

In addition, it is assumed that σu
k and σb

k vary smoothly with frequency index k. This

implies that σu
k is approximately equal to (σu

k+1 + σu
k−1)/2 and σb

k is approximately equal

to (σb
k+1 + σb

k−1)/2.

3.3.3 Statistical Model of Acoustic Intensity

To perform range estimation, we are interested in the acoustic intensity defined as

xn,k = |zn,k|2. (3.6)

Consequently, for frequency bins with only the broadband component (k ∈ Kb), the

intensity xn,k follows an exponential distribution with scale parameter θn,k = σ2
n,k, i.e.,

xbn,k ∼ Exp
(
xbn,k; θn,k

)
. The intensity xbn,k is statistically independent across n and k, and

its scale parameter θn,k is both range- and frequency-dependent. Based on the functional

form of Exp
(
xbn,k; θn,k

)
, the PDF of xbn,k is

fExp(x
b
n,k; θn,k) =

1

θn,k
exp

(
−
xbn,k
θn,k

)
. (3.7)

For future reference, let X ∈ (R+)N×K be the measurement matrix, i.e., the r-f surface

plot, that consists of elements xn,k, where n ∈ N and k ∈ K.

For frequency bins with broadband and tonal component, k ∈ Kbt, based on the

assumptions above, the received acoustic signal follows a circularly symmetric complex

Gaussian distribution, zn,k = pb
n,k + ptn,k + un,k ∼ CN (zn,k; p

t
n,k, σ

2
n,k), with mean ptn,k and

variance σ2
n,k (cf. Eq. (3.5)). Note that both ptn,k and σ2

n,k are range- and frequency-
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dependent. Let us introduce the normalized intensity defined as

ybtn,k =
xbtn,k
σ2
n,k/2

, (3.8)

where xbtn,k is the intensity at frequency index k ∈ Kbt. The normalized intensity follows

a noncentral-χ2 PDF with two degrees of freedom [130], i.e., d = 2, and noncentrality

parameter λn,k = |ptn,k|2/(σ2
n,k/2), i.e., y

bt
n,k ∼ χ2

(
ybtn,k; 2, λn,k

)
. Note that |ptn,k| = mt

k |gn,k|.

The normalized intensity is assumed statistically independent across n and k. Based on

the functional form of χ2
(
ybtn,k; 2, λn,k

)
, the PDF of ybtn,k can be written as

fχ2(ybt
n,k;λn,k) =

1

2
exp

(
−
ybt
n,k + λn,k

2

)
I0

(√
ybt
n,kλn,k

)
, (3.9)

where I0(·) is a modified Bessel function of the first kind and zeroth order.

To perform range estimation with the given signal model, however, the values of

the introduced statistical parameters must be known. It is assumed that the statistics

of the ambient noise are available from the acoustic measurements when the ship was

not present, i.e., the background noise variance (σu
k )

2 is known apriori at the time of

processing. To compute the normalized intensity measurements ybtn,k, we need to obtain

the broadband-pluse-noise variance σ2
n,k, which will be computed from the measurement

matrix X. To evaluate the PDFs of ybtn,k, we also need to know the noncentrality parameter

λn,k, which will also be computed from the measurement matrix X. The computations of

λn,k and σ2
n,k will be discussed in Ch. 3.4.1.

3.3.4 The Green’s Function (Channel Model)

Without loss of generality, let (n, k) and (n′, k′), with n, n′ ∈ N and k, k′ ∈ K,

denote the range and frequency index pairs that, according to Eq. (3.1), lie on the

same striation. The key assumption used in WI-based ranging is that the magnitude
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of the Green’s function only varies slowly along the striations and that the variation

is independent of the considered striation (see, e.g., [131] and [132]). Based on this

assumption, we introduce the channel model

|gn,k| = γk|gn′,k′ |, (3.10)

where the scaling factor γk ∈ R+ is independent of the considered striation and only

frequency-dependent.

3.3.5 Signal Model in Striation-Frequency Domain

To facilitate statistically principled range estimation, we transform the received

data from the range-frequency domain to the striation-frequency domain, where acoustic

intensities are sampled along projected striation curves defined by Eq. (3.1). The striation-

frequency domain serves as a physics-informed coordinate system in which the statistics

of intensity and normalized intensity measurements along each striation are analytically

tractable for inference.

The transformation is carried out using a candidate parameter vector q = [r, ṙ, β]T.

In the transformed domain, the original range axis of the spectrogram is replaced by a

striation index l ∈ L = {1, . . . , L}, which corresponds to projected striations. Specifically,

for a fixed reference frequency f ′ ∈ F and each reference range r′ along the range axis, a

striation curve is generated by computing range r across frequencies fk ∈ F that satisfy

Eq. (3.1). Only those striations that span the full 42–49 Hz frequency band are retained,

and the striation axis in the transformed domain is defined by these valid projections.

(See Fig. 3.2 for a visual illustration of the projected striations, which define the striation

axis in the transformed domain. Practical details are further provided in Sec.3.6.1.)

We define the intensity vector for a given striation as x l(q) =
[
x l,1(q), . . . , x l,K(q)

]T
,

where x l,k(q) is obtained by interpolating measurements from the r-f surface plot along
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the lth striation. We assume that after this transformation, intensities and normalized

intensities remain statistically independent across k and l, i.e., signal models in Ch. 3.3 also

hold for n replaced by l. Furthermore, Eq. (3.10) can be re-expressed in the transformed

domain as

|g
l,k
| = γk|g l,K |. (3.11)

For future reference, a variable with an underline notation, i.e., x, indicates that the

variable, i.e., x, has been transformed using Eq. (3.1). More details on the transformation

of the intensities from range-frequency domain to striation-frequency domain will be

provided in Ch. 3.6.1.

3.4 The Proposed Range Estimation Method

We aim to estimate the source range r by maximizing a joint likelihood function

that, for a candidate parameter vector q, describes the match between modeled intensities

and measured intensities statistically. This framework also allows for the estimation of WI

β when the range and range rate are known, or range rate ṙ when the range and WI are

known. We therefore define a general likelihood function in terms of a joint parameter

vector q = [r, ṙ, β]T. This formulation allows us to solve for range or WI or constant range

rate within the same estimation framework.

We evaluate the PDFs of both the intensity measurements xb
l,k(q) at frequencies

fk ∈ F b with only the broadband components and the normalized intensity measurements

ybt
l,k
(q) at frequencies fk ∈ F bt with both broadband and tonal components across all

striations l ∈ L. The joint likelihood function of q given the intensity measurements

xb
l,k(q) at frequencies fk ∈ F b is given by

ℓb(q) =
∏
k∈Kb

∏
l∈L

fExp
(
xb
l,k(q); θ̂ l,k(q)

)
, (3.12)
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and the joint likelihood function of q given the normalized intensity measurements ybt
l,k
(q)

at frequencies fk ∈ F bt is defined as

ℓbt(q) =
∏
k∈Kbt

∏
l∈L

fχ2

(
ybt

l,k
(q); λ̂ l,k(q)

)
. (3.13)

The scaling factor θ̂ l,k and the noncentrality parameter λ̂ l,k are estimated from the

measurements. The functional form of fExp(·) and fχ2(·) are provided in Eqs. (3.7) and

(3.9), respectively. Finally, the joint likelihood function of q given both intensity and

normalized intensity measurements in their respective frequencies is

ℓ(q) = ℓb(q) ℓbt(q). (3.14)

We aim to find the parameter vector q that best aligns the measured intensities

and normalized intensities with their modeled distributions. To estimate q, we seek the

most probable set of parameters that maximize the likelihood. This follows a standard

ML estimation framework, where the optimal estimate is given by

q̂ML = argmax
q∈S

ℓ(q). (3.15)

In practice, the logarithm of the likelihood, i.e., the log-likelihood, is maximized for

numerical stability.

As discussed in Ch. 3.2.2, unambiguous estimation of q = [r, ṙ, β]T is only possible

if the search interval for two of the three parameters is small. To estimate range based on

Eq. (3.15), it is assumed that the range rate ṙ and the WI β in the joint parameter vector

q are known. In practice, we estimate them using separate methods (see Ch. 3.2.3) and

use their estimates β̂ and ˆ̇r in the likelihood function. When performing range estimation,

91



this leads to the practical formulation q = [r, ˆ̇r, β̂]T, and the estimate is given by

r̂ML = argmax
r∈Sr

ℓ(q = [r, ˆ̇r, β̂]T). (3.16)

Similarly, if the range and the range rate are treated as known (estimated as r̂ and ˆ̇r), the

WI is estimated as

β̂ML = argmax
β∈Sβ

ℓ(q = [r̂, ˆ̇r, β]T). (3.17)

Note that likelihood evaluation is performed in the striation-frequency domain

corresponding to a candidate parameter vector q. The key challenge is obtaining the

statistical parameters necessary to evaluate the likelihood function. We outline their

computation in the following sections. Key steps are provided in Algorithm 1. We also

introduce the normalized intensity matrix Y bt of size L × J that is composed of the

measurements ybt
l,k
(q).

A preliminary step involves identifying and separating F b and F bt. Given a

frequency band of interest F , the set of frequencies with tonal components (F bt) consists

of the peak frequencies of the power spectral density (PSD) estimates, and F b = F\F bt.

The measurement matrix is then separated into X b and X bt accordingly. The practical

details on how F , F bt and F b were selected are provided in Secs. 3.5.2 and 3.6.1. In what

follows, to simplify notation, the dependency on q is omitted when clear from the context.

3.4.1 Broadband-Plus-Noise Variance Estimation

The broadband-plus-noise variance σ2
l,k at striation with index l ∈ L and a frequency

with index k ∈ Kb, defined in Eq. (3.5), is required to compute the normalized intensity

measurements which are then used within the likelihood function. This variance is

estimated by determining the scale parameters of the intensity measurements using the
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Algorithm 1: ML Range Estimation

Data: A spectrogram X of size K ×N
Input :Sr, β̂, ˆ̇r, F b, F bt, (σu)2

Output : r̂ML

for r ∈ Sr do

q ← [r, β̂, ˆ̇r ]T;
X ← SampleIntensitiesAlongStriations (X,q);

X b ←GetBroadbandComponents (X,F b);

X bt ←GetBroadbandTonalComponents (X,F bt);

/* Process measurements in F b (Ch. 3.4.1) */

σ̂2 ← EstimateBroadbandVariances (X b, (σu)2);

/* Process measurements in F bt (Ch. 3.4.3) */

Y bt ←ComputeNormalizedIntensity (X bt, σ̂2);

λ̂← Estimateχ2Parameters (Y bt);

/* Compute Log-likelihood */

LL(r)← Loglikelihood (X b, Y bt, σ̂2, λ̂);

r̂ML = argmaxr∈Sr
LL(r);

relationship established in Ch. 3.3, i.e.,

θ l,k = σ2
l,k. (3.18)

We leverage the fact that, under the transformation defined by the correct parameter

vector q, the scale parameters of the exponentially distributed intensities within a striation

(across frequency indices k ∈ Kb) follow a structured relationship dictated by the Green’s

function (Ch. 3.3.4). Within our statistical model, at a reference frequency fk′ ∈ F ,

the scale parameter varies across striations (cf. Eqs. (3.5) and (3.18)). At any other

frequency fk ∈ F\{fk′}, the scale parameter for a given striation is a scaled version of

the corresponding scale parameter at fk′ . The scaling factor is the same for all striations

at a given frequency, as it depends only on the frequency-dependent variations in the

magnitude of the source amplitude and the channel transfer function (cf. Eqs. (3.3), (3.10),

and (3.11)). These scaling factors can be estimated by comparing measured intensities

93



across different frequencies.

In particular, computing the broadband-plus-noise variance σ2
l,k can be mathemat-

ically described as follows. For a given frequency index k ∈ Kb, we define ηk = σb
k /σ

b
k′

(ηk > 0) as the ratio of source broadband signal standard deviations at fk and fk′ , where

k′ ∈ Kb is a fixed reference frequency index chosen arbitrarily. Consequently, the source

signal can be modelled as sbn,k ∼ CN (0, (σb
k′)

2η2k ). Based on Eqs. (3.5) and (3.18),

θ l,k = (σb
k |g l,k|)

2 + (σu
k )

2. (3.19)

Using the definition of ηk and Eq. (3.11), it follows that

θ l,k = (ηkγk)
2(σb

k′ |g l,k′ |)
2 + (σu

k )
2, (3.20)

where k′ is again the reference frequency index. We introduce the received broadband

scaling factor αk = (ηkγk)
2 and the received broadband signal variance v l,k = (σb

k )
2|gn,k|2,

for k ∈ Kbt. Then, the scale parameter θ l,k can be expressed as

θ l,k = αkv l,k′ + (σu
k )

2. (3.21)

3.4.2 Scaling Factor Estimation

To estimate θ l,k, we first compute the estimates α̂k of αk and v̂ l,k′ of v l,k′ . The

received broadband scaling factor αk is estimated as

α̂k =
1
M

∑
l∈L x

b
l,k − (σu

k )
2

1
M

∑
i∈L x

b
i,k′ − (σu

k′)
2
. (3.22)
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The a detailed derivation and justification of this estimator is provided in App. A. Addi-

tionally, the received broadband signal variance v l,k′ is estimated as

v̂ l,k′ =
1

1
K−J

∑
k∈Kb α̂k

(
1

K − J
∑
k∈Kb

xb
l,k − (σu

k )
2

)
. (3.23)

This estimator is also derived in detail in App. A. Finally, based on Eq. (3.21), Eq. (3.22)

and Eq. (A.11), an estimate of θ l,k is given by

θ̂ l,k = α̂kv̂ l,k′ + (σu
k )

2. (3.24)

Recall that the background noise variance (σu
k )

2 is known. Then, based on Eq. (3.18),

an estimate of the broadband-plus-noise variance σ2
l,k is given by

σ̂2
l,k = θ̂ l,k. (3.25)

In what follows, it is assumed that the estimate σ̂2
l,k for k ∈ Kb is perfect (no error), i.e.,

we use the variance estimate σ̂2
l,k as the true variance σ2

l,k.

3.4.3 Broadband and Tonal Components Parameter Estima-
tion

The Normalized Intensity Computation

At striation with index l ∈ L and frequency index k ∈ Kbt, let ybt
l,k

= x2l,k/(σ
2
l,k/2)

be the normalized intensity. We compute the samples of the normalized intensity using

the estimates in Eq. (3.25) at the neighboring frequencies of fk ∈ F bt. By making use of

the assumption that the standard deviation of the broadband component varies smoothly

with frequency index k as discussed in Ch. 3.3, an estimate of σ2
l,k for k ∈ Kbt is obtained

as

σ̂2
l,k =

1

2

(
σ̂2
l,k−∆k + σ̂2

l,k+∆k

)
. (3.26)
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Here, the frequency index offset ∆k is chosen such that k ± ∆k ∈ Kb, and thus, the

estimates in Eq. (3.25) can be utilized. In what follows, it is assumed that the estimate σ̂2
l,k

for k ∈ Kbt is perfect (no error). Thus, the computed normalized intensity values ybt
l,k

=

x2l,k/(σ̂
2
l,k/2) are samples of the PDF χ2

(
ybt
l,k
; 2, λ l,k

)
with the noncentrality parameter

λ l,k = |ptl,k|
2/(σ2

l,k/2) as discussed in Ch. 3.3.

Noncentrality Parameter Estimation

To compute the likelihood function using the samples of normalized intensity,

we need to estimate the noncentrality parameters λ l,k of the normalized intensity. The

numerator of the noncentrality parameter |pt
l,k
|2 = (mt

k |g l,k|)
2 is the intensity of the tonal

source signal modulated by the channel transfer function.

Consistent with the variance estimation approach, under the transformation defined

by the correct parameter vector q, the noncentrality parameter within a striation (across

frequency indices k ∈ Kbt), is determined by the frequency-dependent propagation effects

of the channel and the magnitude of the source amplitude (cf. definition of |pt
l,k
|2 above as

well as Eqs. (3.3), (3.10), and (3.11)). While the noncentrality parameters λ l,k vary across

striations, they are scaled versions of a common striation-dependent parameter at each

frequency, meaning their relative change with frequency is consistent across all striations.

This structure makes it possible to estimate the noncentrality parameters λ l,k, based on

normalized intensity measurements across both frequency and striation indices.

We estimate the noncentrality parameter λ l,k as

λ̂ l,k =

(
1
J

(∑
i∈Kbt ybt

l,i

)
− 2
)(

1
M

(∑
j∈L y

bt
j,k

)
− 2
)

1
JM

(∑
i∈Kbt

∑
j∈L y

bt
i,j

)
− 2

. (3.27)

A detailed derivation of this estimator is provided in App. A.
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Figure 3.4. The tracks of the ships between 18:58 and 19:45 on March 24th, 2017 (UTC),
in the vicinity of the VLA2 overlayed on the bathymetry map during the SBCEX17. The
straight, gray lines indicate the shipping lanes, and the gray contour lines indicate the
bathymetry (water depth) with 5 m intervals.

3.5 Dataset: SBCEX17

To evaluate the performance of the proposed range estimation method, underwater

acoustic data from a single hydrophone were analyzed.

3.5.1 Event Overview

The selected event occurred from 18:58 to 19:45 UTC on March 24, 2017, during

SBCEX17 [1]. During this period, the large commercial ship MSC KALAMATA (MMSI:

477510600) traveled in a straight trajectory at an average reported speed of 19.9 kn (≈

10.2 m/s) along a shipping lane southeast of two vertical line arrays (VLAs) deployed by

the Marine Physical Laboratory. The event began 26 minutes after CPA at 3.1 km relative

to VLA2 (40.442°N, 70.527°W). This time window was selected because the range rate

remained nearly constant, differing from the reported ship speed by less than 0.2 m/s. The

environmental conditions were relatively range-independent, with seafloor depth variations

within 5 m (75–80 m) and an approximately constant sound speed of 1473 m/s, measured
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Figure 3.5. (a) The spectrogram of the processed acoustic signals over the time- and
frequency-window of interest. (b) PSDs of the acoustic recording every 15 minutes after
19:10 on March 24th, 2017 (UTC) during the considered scenario. Both figures are results
from processing the acoustic data recorded by the 8th element of the VLA2 (See Ch. 3.5.2
for details on the computations of the PSDs and the ambient noise.)

near the VLA2. We assumed that the SSPs varied mildly at larger distances at which

the ship’s ranges were estimated. Range estimations were performed every two minutes,

starting at 19:10 (Fig. 3.4). To estimate the range at 19:10, a spectrogram between 18:58

and 19:10 was needed.

3.5.2 Acoustic Data Processing

The eighth element of VLA2 (depth ≈ 33 m above the seafloor) recorded acoustic

data at a sampling rate of 25 kHz, which was down-sampled to 2.5 kHz after applying

a low-pass filter. The spectrogram used for range estimation was computed using 20-

second snapshots, 50% overlap, and a Hamming window (null-null mainlobe width of 0.2

Hz), resulting in FFT bin centers spaced at 0.05 Hz, with 10-second intervals between

snapshots. These parameters were chosen to minimize spectral leakage from the stronger

tonal components of the ship. The spectrogram of the entire event is shown in Fig. 3.5(a),

and a detailed view of the striations on the spectrogram is provided in Fig. 3.1 over the

first 8 minutes.
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Processing was performed in the 42–49 Hz frequency band to ensure a constant

number of propagating modes within the processing time window, i.e., frequencies remained

between two mode cut-off frequencies, preventing discontinuities in striation patterns,

which are visible in the spectrogram of the acoustic data related to times when the ship

is close to the CPA (not shown). The absence of discontinuities in the spectrogram was

confirmed by visual inspection.

To track signal variations over time, PSDs were computed using Welch’s method

[133] at 15-minute intervals beginning at 19:10 (Fig. 3.5(b)). Each PSD estimate used 90

consecutive snapshots (15-minute time windows), following the same processing parameters

as used for the computation of spectrograms.

Comparisons with ambient noise were performed using acoustic data from

11:00–11:30, a period manually identified as having minimal ship activity based on AIS

data. The maximum PSD during the quiet period in the 42–49 Hz band was 82 dB re:

1 µPa2/Hz, while the minimum PSD during the event exceeded 90 dB re: 1 µPa2/Hz,

confirming that MSC KALAMATA’s broadband emissions dominated over background

noise.

3.5.3 Potential Acoustic Interference

AIS data identified two nearby vessels that could have contributed to acoustic

interference (Fig. 3.4). R/V Endeavor, moving at an average speed of 3.4 kn (≈ 1.7 m/s),

was closest to VLA2 at 6.0 km. Given its low speed, its contribution to interference in the

frequency band of interest was assumed to be minor. Another large commercial ship, NYK

DEMETER, was traveling in the opposite shipping lane at 15.5 kn and was 31 km away

from VLA2 at 19:45, i.e., closer than MSC KALAMATA, which was at 46 km. However,

further analysis showed that NYK DEMETER began slowing down around 19:40 and

that its acoustic signature only began to dominate the spectrogram after 20:30, well after

the analysis window used for range estimation. This suggests that NYK DEMETER
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would have needed to be significantly closer and moving faster to noticeably affect the

spectrogram during the estimation period. Thus, despite multiple potential interferers,

MSC KALAMATA’s range was estimated accurately.

3.6 Implementation Aspects and Comparison Meth-

ods

Starting at 19:10, spectrograms are processed every two minutes for range estimation.

Here, the time corresponds to the last snapshot of the spectrogram, i.e., the range r = rN .

The range estimation performance of the proposed method is compared to the representative

versions of the existing methods. Since the vessel is 300 m long, it is expected that a

certain bias is involved in the error calculation. Nonetheless, all methods, including the WI

computation, use the same AIS data. All methods are thus affected the same way by the

potential bias. The code of the proposed method can be found in our Github repository

[134].

3.6.1 Implementation Aspects

The search interval : Every two minutes, the minimum and maximum candidate

range values were set to rmin = 0.6 ·rtrue and rmax = 1.4 ·rtrue, where rtrue is the AIS-derived

range. As a result, the set of candidate ranges Sr was set to a grid between rmin and

rmax with a resolution of 10 m. The range rate was assumed to be constant at 10.2 m/s,

equivalent to the reported ship speed. The proposed method and all comparison methods

used β = 1.18.

WI for the environment : The spectrogram considered for range estimation,

starting at 19:10, was also used to obtain the WI (β = 1.18) for the environment and

the considered frequency band. To estimate the WI, the proposed approach was used to

evaluate the likelihood function for a set of candidate WI values by fixing the range to

reference values computed from information provided by the AIS (Eq. (3.17)). The search
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range of β, i.e., the interval defining Sβ, was set between 0.8 and 1.3, centered around the

canonical shallow-water value of 1.0. A coarse manual comparison of projected striations

at various β values helped refine this range. The value β = 1.18 was assumed constant

during the considered event, i.e., a range-independent environment was assumed during

the considered processing window.

Given that the environment had almost a constant SSP and a flat bottom, the

obtained value of 1.18 is worth further investigation because, typically, in such environments,

one would expect β = 1.0 [113]. Our separate research and analysis in Ch. 4 validated this

value. Given a water depth of 75 m and the considered frequency band centered at 45.5

Hz, the waveguide can only support a few propagating modes. It has been determined

that striations observed at distances between 25–45 km resulted from modal interference

between two dominant modes, whose mode pairwise WI value was close to 1.18 [115]. A

detailed pairwise modal decomposition supporting this value is provided in Ch. 4.

Frequencies for F b and F bt : Every two minutes, tonal center frequencies

were identified as PSD peaks in the processed spectrogram. They were centered around

F bt = {42.65, 44.00, 45.35, 46.75, 48.05} Hz. Slight temporal variations occurred due to

intrinsic frequency modulations present in the tonal signals and spectral discretization

effects.

The broadband frequency set F b was constructed to avoid overlap with tonal

frequencies by selecting bins spaced at least 0.35 Hz away from each tonal. Specifically,

three broadband frequency bins (spaced 0.35 Hz apart) were placed between each pair of

adjacent tonal lines, along with additional bins located 0.35 Hz below the lowest tonal

and 0.35 Hz above the highest tonal, yielding 14 broadband frequencies in total. The

empirical spacing of 0.35 Hz was chosen to minimize spectral leakage while ensuring a

sufficient number of broadband samples for variance estimation. Empirically, using a

denser broadband bin spacing did not lead to meaningful accuracy gains on the considered

dataset.
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Spectrograms for range estimation : At each processing time, the spectrogram

length N is chosen to ensure that L = 30 valid striations, i.e., those that span the entire

42 − 49 Hz band, can be projected using the maximum candidate source range in Sr.

This choice accounts for the fact that striations become flatter, i.e., less steep, at longer

distances, requiring longer temporal windows to span the full frequency band. As a result,

the required spectrogram duration increases with time as the ship moves away. This

trend is evident in Fig. 3.5(a), which shows the full spectrogram for the considered event.

Consequently, spectrogram durations increase with time as the ship moves away, e.g, from

12 minutes when estimating ship range at 19:10 to 22 minutes when estimating ship range

at 19:45.

Striations are projected using the reference ranges r′ = rn for n ∈ N , at a fixed

reference frequency f ′ = 45.5 Hz. The same number of valid striations is used across all

candidate source ranges to ensure that an equal number of intensity measurements are

evaluated for range estimation.

3.6.2 Comparison to Existing Methods

To assess the performance of the proposed statistical method, we compare it against

four existing approaches used for WI-based passive ranging. Each group of methods is

labeled with their acronym, and the proposed method is referred to as method (G).

Slope-based methods (S) Assuming the presence of a broadband signal, a class

of methods [100, 127, 126] employs a two-dimensional discrete Fourier transform to analyze

the range-frequency structure of acoustic striations, extracting the dominant slope as a key

parameter for range estimation. These methods assume that striations are approximately

linear within a short range-frequency window, enabling local slope approximation. The

extracted slope, df/dr = β f/r, directly relates to the source range through the differential

form of the WI equation.

However, these methods are sensitive to intensity variations, especially in the
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presence of tonal components, and require uniform intensity along striations. Additionally,

when β ̸= 1, striation curvature introduces errors, necessitating careful selection of the

window length to maintain accuracy [100]. In our study, we implemented the method

presented in [126].

Tonal-based statistical method (T): Another class of WI-based ranging meth-

ods statistically processes prominent ship noise features [135, 136, 103, 106]. Young et

al.[103] proposed a statistical model and search-based estimation method for tonal signals

radiated by a moving ship in shallow water. While the general estimation framework is

equivalent to the proposed method (G), it assumes that the background noise dominates

over the broadband component of the ship noise, making the intensity statistics in non-tonal

frequency bands effectively range-independent. Thus, the background noise level used for

intensity normalization and noncentrality parameter λ estimation are computed directly

from the off-tonal broadband frequency bins within the spectrogram. Additionally, method

(T) requires estimating the noncentrality parameters λ for each striation via a search over

candidate values, which increases computational cost. In contrast, the proposed method

(G) computes these parameters directly from the data using a closed-form expression (cf.

Eq. (3.27)), resulting in substantial computational savings. In our implementation of (T),

the noncentrality parameter was searched from 0 to 100 in steps of 2.5. Empirically, the

search step size smaller than 2.5 did not provide significant accuracy gain.

Broadband-based statistical method (B): Jang and Meyer [106] developed

a statistical approach that processes the broadband component of received ship noise.

The general estimation framework is equivalent to the proposed method (G), but the

likelihood functions are evaluated using the PDFs of the broadband intensities only, without

incorporating tonal frequencies.

Correlation-based method (C): Jang and Meyer [105] also proposed a deter-

ministic approach that estimates range by analyzing intensity variations of tonal pairs

in the spectrogram. For each pair of tonal frequencies, f1 and f2, the method computes
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their correlation across a set of candidate ranges. Using the WI equation (Eq. (3.1)), the

intensity values at f2 are sampled along the striations that intersect the candidate ranges

at f1. The correlation between the intensity profile at f1 and the sampled values at f2 is

then evaluated, and the candidate range that maximizes this correlation across all tonal

pairs is selected as the estimate. This pairwise computation allows the use of striations

that do not span all frequencies, increasing the available data. Mathematical formulation

of the use of the correlation is provided in App. B.

In this study, methods (C), (T), and (B) use the same striation-frequency domain

representation as method (G), since all methods evaluate acoustic intensities along pro-

jected striations within the same transformed spectrograms (Ch. 3.3.5). Accordingly, the

spectrogram lengths vary with source range for all methods, and identical FFT parameters

and frequency bands are used throughout.

3.7 Results

The five ranging methods from Sec.3.6 were evaluated by comparing their errors

to AIS-derived ranges after 19:10. The range errors (in percent) are shown in Fig. 3.6.

Percentage error is used as a range-normalized metric. In WI-based ranging, uncertainty

in measured intensities along striations introduces range errors that grow approximately

linearly with distance, but percentage errors remain relatively constant, offering a consistent

measure across ranges.

All methods except for the slope-based approach demonstrated robust range esti-

mation up to 45 km, with errors within ±6% (see Fig. 3.6 (b)), highlighting the potential

of WI-based ranging at ranges of tens of kilometers (One anomlous result for (T) near 45

km is excluded.) The root mean square errors (RMSEs) for methods (G), (S), (T), (B),

and (C) were 1.2%, 9.5%, 2.0%, 2.1%, and 1.9%, respectively. Fig. 3.6 (b) summarizes the

statistical performance across methods (G), (T), (B), and (C), which yielded relatively
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Figure 3.6. Range error (in percent) for five WI-based ranging methods: (G) proposed
approach, (S) slope-based method, (T) statistical approach using only tonal signals, (B)
statistical approach using only broadband signals, and (C) correlation-based method (see
Ch. 3.6.2 for details). (a) Range errors over time (range) using AIS data as ground truth.
Estimates are computed every two minutes and smoothed with a centered moving average
(window size 3). (b) Box plot of the range errors for methods (G), (T), (B), and (C), which
yielded low mean errors. In each box, the red line within indicates the median, the box
edges mark the 25th and 75th percentiles, and the red star denotes the mean. Whiskers
extend to the most extreme data points included in the analysis. One anomalous error
near 45 km in method (T) was excluded from the analysis for clarity.

unbiased estimates, with both mean and median errors close to 0%.

The proposed method (G) outperformed all other methods across all considered

statistical metrics, achieving the lowest RMSE (1.2%) and narrowest error spread, indicating

both accuracy and consistency. In contrast, the slope-based method (S) exhibited the

poorest performance, with a mean error of 9.5%, a standard deviation of 5.3%, and a

maximum error of 17.1%, which is not fully shown in Fig. 3.6 (a) due to smoothing. This

underperformance is likely due to intensity variation across frequencies and the method’s

sensitivity to striation curvature. For β > 1, striations are curved, and linear slope-based

methods that match only part of the curve would underestimate the true slope, leading to

range overestimation.

The tonal-based (T), broadband-based (B) and correlation-based (C) methods
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performed comparably. While method (T) leverages high-SNR tonal components, it also

models the broadband energy as range-independent background noise, which is used

both for normalizing the tonal intensity and for estimating the noncentrality parameter.

However, this assumption is violated in our dataset due to modal interference of the

radiated broadband signature of the ship, which introduces range-dependent fluctuations

in broadband intensity, i.e., striation patterns, even outside the tonal bins. Method (B)

explicitly models and exploits these broadband structures, which likely contributed to its

strong performance. Method (C) benefits from using partially valid striations, increasing

usable data and offering a simple, practical alternative.

A runtime analysis was conducted across methods, with runtimes normalized per

minute of data to account for spectrogram lengths ranging from 12 to 22 minutes. The

resulting average runtimes for estimating range from one minute of spectrogram data

were 0.22, 1.87, 0.29, 0.23, and 0.02 seconds for methods (G), (S), (T), (B), and (C),

respectively. All processing was conducted on a laptop with an Apple M1 Pro chip and 32

GB of memory. The correlation-based method (C) was the fastest due to its simplicity. In

contrast, the slope-based method (S) was the slowest, primarily due to its computationally

intensive procedure for evaluating a large number of candidate angles of the striations.

The tonal-based method (T) required slightly more computation than methods (G) and

(B), as it performs an exhaustive search over the noncentrality parameter during likelihood

evaluation.

3.8 Conclusions and Future Work

This chapter proposes a statistical signal processing method for estimating the

range between a stationary single hydrophone and a moving ship in range-independent

shallow water, leveraging the spatial-interference pattern on the spectrogram of the ship’s

radiated signature. This pattern is characterized by the WI. The proposed method was
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validated using real acoustic recordings from a vertical line array element deployed during

SBCEX17, where a large commercial ship transited along a nearby shipping lane. The

proposed approach achieved range estimation errors below ±3% up to 45 km, outperforming

reference methods. Furthermore, range estimation results on two additional commercial

ships (presented in App. C) that transited similar tracks through the experiment region

on different days further support the method’s effectiveness. By integrating the strengths

of statistical methods that process either broadband or tonal components, the proposed

method achieved the lowest estimation error among statistical approaches considered.

While the results demonstrate promising performance, certain assumptions, and

experimental constraints warrant further investigation. The statistical parameters used

for likelihood evaluation, such as the broadband scaling factors, noncentrality parameters,

and ambient background noise statistics, were estimated from the data and assumed to be

perfect during inference. Errors related to these parameter estimates are currently not

captured by our statistical model, which may affect the robustness of our approach. While

the proposed method demonstrated high estimation accuracy on the considered dataset,

further testing and a comparison with reference methods across diverse environmental

conditions, would be valuable to assess general applicability.

Areas for further investigation include extending the approach to range-dependent

environments, where bathymetric and/or sound speed variations may affect the modal

propagation and, consequently, the striation structure. Incorporating range-dependent

WI formulations would enhance the applicability in a larger variety of ocean settings

[109, 137, 138]. In addition, the method was evaluated in the relatively low-frequency

band of 42–49 Hz, where a WI of 1.18 was observed. At higher frequencies, the

approximation of β = 1 may be more applicable [113]. Applying and validating the

method in higher frequency bands could help assess its broader utility. Finally, while

the constant range rate was assumed based on AIS data, developing methods to

estimate the range rate directly from the acoustic signal would remove the current
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need to obtain this information from an additional sensor. Although previous work

has proposed range-rate estimation based on phase differences across ranges, e.g., [102],

our application of this method on ship-radiated noise did not yield reliable estimation

results. Alternatively, a CPA-based range rate estimation approach—tracking multi-

ple tones to extract Doppler shift information [55, 139]—could be explored in future studies.
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Chapter 4

Mode-pairwise Waveguide Invariant
Analysis in the New England Mud
Patch

4.1 Introduction

This chapter investigates the mode-pairwise structure of the waveguide invariant

(WI) in a shallow-water environment, focusing on how modal interference patterns evolve

with frequency and range, and how these patterns are shaped by seabed properties and

modal attenuation. A scalar WI value of β = 1.18 was previously estimated in Ch. 3 for the

42–49 Hz band using spectrograms recorded during a ship (MSC KALAMATA) passage in

the Seabed Characterization Experiment 2017 (SBCEX17) [1]. This value significantly

exceeds the canonical shallow-water approximation of β ≈ 1, typically assumed in many

realistic shallow water environments [113].

The findings in this chapter highlight that WI-based passive range estimation at

low frequencies requires care: the effective WI cannot be assumed to be unity and may

vary with frequency (especially near the mode cutoffs), propagation range (due to modal

attenuation), and environmental factors such as sediment layering and sound speed profile

below the seafloor. When only a few modes propagate, the interference pattern—and thus

the WI—can differ across mode pairs. In such cases, β is better described as a distribution
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rather than a fixed scalar [114, 140]. Nonetheless, in our dataset, modal attenuation

beyond 16 km leaves only the first two modes active, justifying the use of a scalar WI at

long range in the range estimation performed in Ch. 3.

To validate this interpretation, we conduct a combined simulation and data-driven

analysis. First, we perform simulations using the normal mode program KRAKEN [141]

with geoacoustic parameters derived from the SC2 site [2], located approximately 200

m from the vertical line array (VLA2) used in this study. The general study area (New

England Mud Patch) is known for its interbedded mud and sand layers, and is well-studied

in a significant number of geoacoustic inversions [142, 2, 143, 144]. Although the precise

sediment properties at long ranges, over which a commercial ship’s range was estimated

in Ch. 3, from the receiver are not known in detail, the SC2 model provides a realistic

baseline for exploring the dispersion characteristics of the modes and how changes in

environmental factors, such as mud thickness and sound speed, affect the WI estimation.

The simulations reveal that only three modes propagate in the 42–49 Hz band, with the

third mode attenuating significantly by 16–20 km. This motivates a mode-pairwise WI

framework, where WI is estimated for each dominant mode pair to better capture the

evolving interference structure.

We then apply this framework to acoustic recordings from a ship passage by MSC

KALAMATA, which traveled from 3.2 km to 45.8 km from VLA2 over a 73 min interval

(see Fig. 4.1. The real data are used in two ways: (1) to assess whether the simulated modal

interference patterns and transitions match observed spectrograms (Ch. 4.3); and (2) to

estimate mode-pairwise WI values from the recorded striations and determine whether the

previously reported β = 1.18 reflects dominant modal interactions at long range (Ch. 4.4).

4.1.1 Contributions and Chapter Organization

This chapter makes the following contributions:

• A mode-pairwise framework [140] for estimating the WI β for each pair of observed
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Figure 4.1. The tracks of the ships between 18:32 and 19:45 on March 24th, 2017 (UTC),
in the vicinity of the vertical line array (VLA2) overlayed on the bathymetry map during
the Seabed Characterization Experiment 2017 (SBCEX17) [1]. The site SC2 at which the
geoacoustic properties are estimated in [2] and used in this chapter is located only 200 m
away from VLA2 location. The straight, gray lines indicate the shipping lanes. Notice that
the considered event in this text starts near the closest point of approach (CPA) instead
of at 18:58 for the range estimation in Ch. 3.

modes is applied to real shallow-water acoustic data recording during SBCEX17.

• The observed β = 1.18 is primarily caused by the interference between the first two

modes, with the third modes fading at long range.

• The sensitivity of WI values to environmental variability is examined by simulating

changes in mud layer thickness, sound speed, and density based on the geoacoustic

model at the site SC2 .

• The modal interference pattern and WI estimates are confirmed to be robust at long

range and supports the use of a scalar WI for passive acoustic range estimation in

the 42–49 Hz band beyond 16 km.

The chapter is organized as follows: Section 4.2 reviews modal interference theory

and the concept of the WI. Ch. 4.3 presents simulation results using SC2 site-based

geoacoustic models to characterize the propagating modes and their corresponding mode-

pairwise WI sensitivity to environmental conditions and range. Ch. 4.4 studies the evolution
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of propagating modes as a function of range and estimate the corresponding pairwise WI

using the real acoustic data collected at SBCEX17.

4.2 Background

The WI β has been introduced as a parameter that encapsulates modal dispersion

in a given waveguide and characterizes the resulting interference pattern (striations) in

the range-frequency (r-f) surface plot in Ch. 3 [107]. In this section, we first review the

modal interference, and then, we provide a more detailed explanation of the WI in two

different contexts: (i) when a group of modes are propagating (at high frequencies) and

(ii) when there is few modes propagating (at low frequencies).

4.2.1 Modal Interference and Striation Formation

In shallow-water waveguides, sound propagates as a superposition of discrete

normal modes [107]. The number of propagating modes depends on frequency and the

environmental conditions. Each mode is associated with a horizontal wavenumber kn(f)

(for the nth mode and at frequency f), which governs its phase evolution as it propagates

in range.

For a range-independent environment, where a source at range r emitting an

acoustic signal with power spectral density P (f) at frequency f , the received acoustic

intensity follows [107]

I(r, f) ∝ P (f)

r

∑
n̸=m

BmBn cos
(
∆kmn(f)r

)
, (4.1)

where ∆kmn(f) = km(f) − kn(f) represents the difference in horizontal wavenumbers

between modes m and n, and the terms Bm and Bn represent depth- and mode-dependent

amplitude coefficients that scale the contribution of each mode in the received intensity.

The cosine term inside the summation oscillates with spatial frequency ∆kmn(f), resulting
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in constructive and destructive interference as a function of range and frequency. Terms

omitted in Eq. (4.1) contribute to a non-oscillatory background intensity that do not affect

the interference patterns. These interference patterns form striations in the r-f surface

plot, where the local slope of the striations depends on the modal dispersion properties.

4.2.2 Waveguide Invariant

The WI β is a parameter that characterizes how modal interference patterns evolve

with range and frequency. It is formulated as a group-wise parameter [145], capturing the

shared dispersion trends of a set of propagating modes. At high frequencies, typically on

the order of hundreds of Hertz depending on the water depth, a group of adjacent modes

may propagate well above their cutoff frequencies. In this regime, both their phase and

group velocities vary only mildly with frequency. As a result, their interference patterns

can be described collectively as a group, rather than as the sum of individual mode-pair

contributions. This leads to the WI, defined as [107]

β ≡ r

f

δf

δr
(4.2)

= −d(1/v)

d(1/u)
,

where v and u are phase and group speeds of the modes in the considered group of modes.

This mode-independent formulation allows the use of a single effective WI β in passive

acoustic ranging [100, 103]. By taking the integral of the differential form in Eq. (4.2)

using separation of variable, we obtain

f

f ′ =

(
r

r′

)β

,

equivalent to Eq. (3.1) in Ch. 3. This equation enables projection of striation on the r-f

surface plot.
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The value of β varies depending on the properties of the waveguide and the

considered modes, but certain approximations hold under practical considerations. In an

ideal waveguide with both pressure-release surface and bottom, the analytical expression

of the WI is β = cos2(ψ), where ψ is the grazing angle of the mode. For a small ψ

(approximately ψ ⩽ 20°), β ≈ 1 which is a reasonable approximation for long-range

propagation [107]. In realistic shallow water environments, such as a Pekeris waveguide

with a penetrable half-space bottom or a non-uniform sound speed profile (SSP), β ≈ 1

remains a valid approximation if the dominant propagating modes are surface- and bottom-

reflected [113]. These modes share similar dispersion characteristics with those in an ideal

waveguide, making β = 1 a commonly used assumption in source ranging applications in

shallow water environments [128, 100, 104].

4.2.3 Mode-pairwise Waveguide Invariant

On the other hand, when multiple groups of modes with distinct dispersion charac-

teristics or only a few modes propagate, the WI may be better described as a distribution.

Rouseff and Spindel [114] showed that in a waveguide whose dominant propagating modes

have weak or negligible energy near the ocean surface—such as in cases where modes are

trapped beneath a thermocline—β is better modeled as a distribution rather than a single,

constant value. To theoretically support their argument, they extended the WI concept

to pairs of modes. Specifically, consider a pair of modes m and n; the pair’s local WI is

defined as [114]

βmn ≡ −
v−1
m − v−1

n

u−1
m − u−1

n

, (4.3)

where v and u are the phase and group velocities of the corresponding modes indicated

by the subscript. Variability in βmn values for different mode pairs was demonstrated

with simulated data in [115], particularly at low frequencies where only a few modes

propagate. If dispersion characteristics for the considered pair of modes are similar over a

narrow frequency band, then βmn is approximated as a constant [115], and the functional
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relationship for striations remains the same as in Eq. (3.1) where β is replaced by βmn.

However, since the interference pattern is mode-pair specific, it may not be observable

at certain depths where the mode function has a null, resulting in little to no modal

contribution at those depths.

The assumption that β is a scalar—a single value independent of mode numbers as

defined in Eq. (4.2)—holds only if the WI values for mode pairs (βmn) with significant

energy contributions to the acoustic field are approximately equal. A trivial case is when

only one propagating mode pair propagates, which is the case with the acoustic data

used for range estimation at long ranges in Ch. 3. To demonstrate that it is the case, we

analyze both simulation data and the acoustic data from Ch. 3 using this perspective of

mode-pairwise WI.

4.3 Simulation and Validation Against Observed

Modal Interference Patterns

4.3.1 Method

In this section, we investigate the relationship between geoacoustic structure and

modal interference. To demonstrate that only a few modes propagate in the considered

environment and frequency band, we simulate acoustic propagation using the normal

mode program KRAKEN with geoacoustic parameters derived from site SC2, located

near the receiver (VLA2). These properties were estimated through inversion in Ref.

[2]. The corresponding simplified seabed model is summarized in Tab. 4.1. For the

simulations, some thin inter-mud layers with slightly different properties were interpolated

and combined into continuous layers with linearly varying sound speed as well as weighted

averaged densities and attenuation values. Comparison between the original and simplified

models showed no appreciable difference in the resulting modal structures or simulated

acoustic fields, justifying the use of the simplified model.
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Table 4.1. The established parameter space for the simplified geoacoustic model at SC2
[2]. The columns represent the layer thickness h, the sound speed at the top ct and the
bottom cb of the layer, the density ρ, and the attenuation α.

Layer Label h (m) ct (m/s) cb (m/s) ρ (kg/m3) α (dB/m-kHz)
1 Mud1 4.0 1466 1488 1.78 0.040
2 Mud2 6.8 1488 1499 1.84 0.040
3 Mud-Sand 0.9 1499 1701 2.04 0.120
4 Sand 1.1 1735 1735 2.16 0.420
5 Deep 1.6 1882 1882 2.29 0.100
6 Basement ∞ 1969 – 2.35 0.890

In the presented study, we use the geoacoustic parameters in Tab. 4.1, along with

a water depth of 75 m at VLA2 and a source depth of 9 m (the ship’s draft was reported

as 14 m). The average water SSP measurements in the vicinity of VLA2 was used as the

water SSP whose value was almost isovelocity around 1470 m/s. Since these parameters

represent conditions near the VLA2, discrepancies would exist in the actual environment

at longer ranges. A noticeable difference is that the measured mud thickness along the

commercial ship MSC KALAMATA track is approximately 7 m by projecting the position

over the map provided in [143]. Nonetheless, assuming mild variations, our simulation

provides useful insights into validating the observed interference pattern.

Our simulations serve three primary purposes:

1. Qualitative validation: Simulated spectrograms are compared with the measured

spectrograms in two range intervals (3.5–10 km and 16–24 km), to confirm that

modal interference patterns and transitions are consistent with observations.

2. Modal characterization: The modal properties—including group speed, phase

speed, attenuation, and mode-pairwise WI values—are analyzed to interpret the

physical basis of the observed striations. Three propagating modes are observed in

the 42-49 Hz band near the CPA.

3. Sensitivity analysis: We evaluate how changes in mud layer thickness, sound
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speed, and density affect the WI values for the mode pair of the first two modes,

especially at long ranges where the third mode is attenuated and only the first two

modes remain dominant.

4.3.2 Results

To assess how well simulations reflect observed acoustic propagation, we compare

modeled modal interference patterns with real data from a ship passage event near the

VLA2 (see Fig. 4.1). The spectrograms generated from real data are grouped into close-

range (3.5–10 km) and far-range (16–24 km) intervals and evaluated alongside simulated

r-f surface plots for the SC2 site. Here, the range refers to the range between the conisdered

ship (MSC KALAMATA) and the VLA2.

Close-range Comparison (3.5–10 km)

In the close range, direct comparison of simulated and measured spectrograms

(Fig. 4.2(a) and (b)) reveals moderate agreement in modal features but also key discrep-

ancies. The real spectrograms are partially obscured by the ship’s tonal and broadband

noise signatures as well as background ambient noise, complicating visual interpretation.

Nevertheless, a consistent transition in the striation pattern emerges near 41–42 Hz. The

cut-off frequency was computed approximately as 36.2 Hz, and thus, the we will refer to

the 41-42 Hz as the transition frequency range. Simulations based on SC2 geoacoustic

parameters predict that mode 3 is present below 41 Hz at close ranges (< 5 km) but rapidly

attenuates with increasing range. Although the real data are noisy, the modal transition is

observable and suggests that environmental conditions near VLA2 are better approximated

by a transition frequency range around 41–42 Hz. Minor bathymetric variations (from 80

m to 77 m over the 3.5–10 km track) may partially explain the offset between simulation

and observation, as shallower depths tend to increase the same mode’s cutoff frequency

[107].
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Figure 4.2. Comparison of simulated and measured spectrograms in the 38–50 Hz
frequency band, shown as functions of source–receiver (ship-VLA2) range. (a) and (b)
correspond to the close-range interval (3.5–10 km), while (c) and (d) correspond to the
far-range interval (16–24 km). (a) and (c) are the simulated spectrograms based on the
SC2 geoacoustic model using normal mode program KRAKEN. (b) and (d) are real data
recorded by an element of VLA2 during the MSC KALAMATA ship passage on Mar 24th,
2017. At close range ((a) and (b)), three interfering modes produce complex striation
patterns. At far range ((c) and (d)), the third modes attenuates, and the striations become
dominated by interference between the first two modes. The simulation captures the
qualitative transition in modal interference structure.
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Figure 4.3. Modal properties computed from the SC2 geoacoustic model in the 35–55 Hz
frequency range. (a) Phase speeds (vp, dashed blue lines) and group speeds (vg, solid black
lines) for the first three modes. The supbscript of the phase and group speed notations
indicate the corresponding modes. The group velocity curves increase with frequency,
while phase velocities decrease slightly, illustrating frequency-dependent dispersion. (b)
Modal attenuation as a function of range for 42 Hz (solid lines) and 49 Hz (dashed
lines). Higher-order modes attenuate more rapidly than lower-order modes, with mode 3
attenuating by more than 30 dB beyond 16 km. This behavior supports the dominance of
the mode pair 1–2 interference at long ranges in the observed data.

Far-Range Comparison (16–24 km)

At longer ranges (Fig. 4.2 (c) and (d)), both measured and simulated spectrograms

show that the third mode is significantly attenuated. The striation patterns are dominated

by interference between the first two modes, resulting in simpler interference structures.

This suggests that, beyond 16 km, the acoustic field can be effectively described by a

single mode-pair interaction (mode 1 and 2), supporting the use of a scalar WI for range

estimation.

This inference is further supported by modal attenuation estimates in Fig. 4.3

(b), which show that mode 3 suffers > 30 dB attenuation by 16 km at both 42 and 49

Hz, effectively removing it from the interference pattern. These attenuation values are
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environments at site SC2. The mode pair 1-2 shows weak frequency dependence relative
to the pairs 2-3 and 1-3.

computed from modal attenuation coefficients αn in 1/m using KRAKEN:

Attenuationn(r, f) = exp(2αn(f)r), (4.4)

where n refers to the nth mode, r is the range and f is the frequency. The factor of 2

accounts for intensity being proportional to the square of pressure. Despite the potential

environmental mismatch at farther ranges, the dominance of the first two modes justifies

simplifying the WI as a single scalar value used in range estimation.

WI Variability Near Cut-Off Frequencies

Fig. 4.4 shows frequency-dependent WI values βmn for various mode pairs. Near

the cutoff frequency and the transition frequency band (38-45 Hz), the WI values of the

mode pairs involving the third mode (1-3 and 2-3) become more variable than mode pair

1-2. This variability challenges the use of a single scalar WI to describe the full band at

close ranges. The WI for mode pair 1-2 remains relatively stable across both sites and

frequency bands, however, reinforcing its suitability for long-range range estimation.
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Figure 4.5. Sensitivity of the mode-pairwise WI β12 for mode pair 1-2 to changes in mud
properties for the SC2 at 42 Hz (solid lines) and 49 Hz (dashed lines). The properties that
are changed are (a) mud layer thickness (scaled relative to nominal values), (b) uniform
shift in sound speed profile, (c) uniform shift in mud density. The sensitivity to sound
speed is notably stronger than to either thickness or density variations.

Thus, while the assumption of a constant WI is technically violated near cutoff

frequencies and at close ranges, it remains a useful approximation when higher modes are

attenuated. Notably, despite this assumption, the range estimation method applied in

earlier chapters at long ranges performed robustly, indicating that the dominant modal

interference (from modes 1 and 2) governed the observed striations.

WI Sensitivity to Mud Properties

The acoustic environment in the study area exhibits spatially varying sediment

characteristics. To evaluate how such variations impact the WI, we conduct simulations

examining the sensitivity of the mode-pairwise WI value β12—associated with the dominant

mode pair 1–2 at long ranges—to perturbations in the mud layer’s properties. Specifically,

we investigate the effects of (i) total mud thickness, (ii) sound speed profile (SSP), and

(iii) density. These properties are varied individually while keeping the other two fixed at

their nominal values specified in Tab. 4.1.

The mud is modeled as composed of two layers, and when varying thickness, all

sublayers’ thicknesses within the mud layer are scaled proportionally. Sound speed and

density perturbations are implemented by applying global additive shifts to the respective
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values of the layer properties.

In addition to their influence on the mode-pairwise WI values, changes in mud

properties could also affect mode cut-off behavior. However, although detailed results are

omitted here, simulations show that at site SC2, there was no noticeable impact of the

third mode’s cutoff frequency on the interference pattern in the 42-49 Hz band.

Fig. 4.5 summarizes the simulation results. Among the three tested parameters,

sound speed has the strongest influence on β12. In SC2 environments, varying the sound

speed profile by ±50 m s-1 leads to shifts in β12 of up to 0.10, indicating a moderate

sensitivity to velocity perturbations. In contrast, changes in mud thickness and density

produce relatively minor effects. The WI β12 remains within ±0.01 of the baseline value,

even for ±50% thickness changes and ±0.1 kg/m3 density shifts.

This analysis suggests that, for this location, accurate knowledge of the sediment

sound speed is more critical for modeling mode-pair interference than precise estimates of

mud thickness or density. However, it also confirms that β12 is relatively robust to small-

to-moderate environmental uncertainties, which supports the viability of using WI-based

ranging methods under imperfect geoacoustic knowledge.

4.4 Mode-pairwise WI Analysis

4.4.1 Method

To validate the WI estimation of the real data, we employ an additional approach

based on relative dispersion curves (RDCs) [115]. RDCs provide a means to visualize

the contributions of dominant mode pairs by analyzing how modal interference patterns

evolve over range and frequency (Ch. 4.2.1). This approach is particularly useful in

environments where only a few modes are actively propagating, as suggested by the

normal mode simulation study discussed in Ch. 4.3. The below descriptions of the method

for estimating the mode-pairwise WI closely follows the approach developed in [140].
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Extracting Modal Contributions using RDCs

We first normalize the intensity data by multiplying each snapshot by its corre-

sponding range to compensate for geometric spreading effects, as seen in Eq. (4.1). Then,

To identify the modal contributions to the interference pattern, we perform a discrete

Fourier transform (DFT) along the range axis at each frequency in the spectrogram (see

Fig. 4.6). The resulting plot is referred to as the RDC surface plot. This transformation

shifts the representation from range to the horizontal wavenumber k domain, where peaks

correspond to dominant modal interactions. Since mode pairs exhibit interference at

characteristic wavenumber differences (cf. Eq. (4.1)), the x-axis of the resulting RDC

surface plot is labeled as the wavenumber difference ∆k in Fig. 4.6. The summary of the

operation is as follows:

Ĩ(∆k, f) = DFTr[r · I(r, f)], (4.5)

where DFTr[·] denotes the DFT operation along the range-axis and I(r, f) represents the

received acoustic intensity function at the corresponding range-frequency coordinates.

Each energy peak in the ∆k domain corresponds to the contribution of a specific mode

pair interference, and the RDC represents the trend of these energy peaks across frequency.

Estimating Mode-Pairwise WI (βmn)

To compute βmn in Eq. (4.3) per mode pair m-n, we inspect the RDCs in the

logarithmic domain of the variables ∆k and f , where the slope of each RDC satisfy the

relationship [115]

log (∆kmn(f)) =
−1
βmn
· log (f) + log (γmn), (4.6)
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where γmn is a mode-dependent constant. This equation reveals that the slope of the RDC

in the log-log domain is directly related to the WI of the mode pair βmn.

To estimate βmn, we apply the Radon transform [146] to the RDCs in the log-log

domain of ∆k and f . The Radon transform integrates function values along straight lines

at different angles, effectively identifying the dominant slope corresponding to each mode

pair’s WI. In this context, the angle of integration lines relative to the coordinate axes

corresponds to the slope of the RDCs. The line that maximizes the Radon transform

output is used to determine the WI. The best-aligned line with the observed RDC yields

the highest integration response, and its angle is used to compute the slope (i.e., −1/βmn)

in Eq. (4.6)). This process ensures that the dominant WI value per mode pair is extracted

systematically.

Fig. 4.7 illustrate the processing of the r-f surface plot to obtain the mode-pairwise

WI with real acoustic data. The example uses a spectrogram from 18:32-19:07 when the

ship was near the CPA and thus three propagating modes were observed. The RDC

surface plot and its linearization in the log-log domain are shown in Fig. 4.7 (a) and (b),

respectively. The Radon transform of the linearized RDC surface plot and the Radon

transform corresponding to each mode pair to estimate the mode-pairwise WI are shown

in Fig. 4.7 (c) and (d), respectively.

This approach offers a detailed characterization of the WI compared to assuming a

single constant value. Specifically, it reveals how individual mode pairs shape the observed

interference structure and contribute to WI variability, particularly in environments and

frequency bands where only a few modes propagate.

4.4.2 Spectrogram Processing and WI Estimation Implementa-
tion

For WI analysis, spectrograms were computed from the acoustic recordings using

different temporal windows depending on the application. To analyze modal evolution,
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three 15-min long spectrogram segments, during the transit of MSC KALAMATA, were

selected: 18:32–18:47 (3.2-10.5 km), 18:55–19:10 (15.3-24.4 km), and 19:30–19:45 (36.7-45.8

km) on Mar 24th, 2017 (UTC). The first segment corresponds to the period immediately

following CPA and is expected to show the least modal attenuation. The second aligns

with the beginning of the range estimation interval used in Ch. 3, and the third captures

the end of the event, when the ship was farthest from VLA2. To achieve higher temporal

(and hence spatial) resolution, each spectrogram was computed using a 5-second Hamming

window with 50 % overlap. These were then transformed into rf surface plot using

AIS-derived source positions, enabling direct visualization of striation patterns over range

and space.

For mode-pairwise WI estimation, two longer spectrograms were used. The first

spans 35 minutes from 18:32 to 19:07, a time window selected to capture the full presence

of the third acoustic mode before its attenuation. The second spans 18:58 to 19:45, during

which the third mode was no longer reliably observable. Both spectrograms assume

stationary modal properties during their respective intervals and were computed using

20-second snapshot (50 % overlap and Hamming windowed) to balance temporal and

spectral resolutions.

The lengths of these spectrograms (35 min and 47 min) were selected to reduce

uncertainty in estimating the slopes of each RDC due to discretization effects in the log-

wavenumber domain. Specifically, discretization imposes a lower bound on slope accuracy,

stemming from the finite pixel resolution. We assess the maximum slope deviation by

considering a worst-case scenario in which the log-wavenumber values at the lowest and

highest frequencies are each offset by half a pixel. The observed noise in the acoustic data

and potential range-dependence of modal properties are expected to introduce additional

variability, compounding the total slope estimation error beyond this discretization limit.

A key implementation detail is the use of frequency-wise normalization in the r-f

surface plots. By ensuring that each frequency band has equal total energy, this normaliza-
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Figure 4.6. Relative dispersion curve (RDC) surface plots derived from acoustic recordings
during the ship’s transit relative to VLA 2 at three different times, showing prominent
vertical lines corresponding to the RDCs of mode pairs 1-2, 2-3, and 1-3 (from left to right
within the RDC surface plot). The processed are spectrograms for the range intervals
(a) 3.2-10.5 km, (b) 14.6–24.4 km, and (c) 32.3-45.6 km and for the time between (a)
18:32-18:47, (b) 18:55-19:10 and (c) 19:30-19:45. (a) correspond to the RDCs near the CPA,
and while three RDC curves are observed, mode pairs 2-3 and 1-3 are more pronounced
than mode pair 1-2. (b) is the time at which the range estimation is first performed in
Ch. 3, and mode pair 1-2 is dominant over mode pairs 2-3 and 1-3. (c) At the end of
the considered event, the mode pairs 2-3 and 1-3 have completely faded and there is only
mode pair 1-2.

tion mitigates bias introduced by persistent tonal components that could otherwise distort

the interference striations and, consequently, the slope estimation used for WI analysis.

4.4.3 Results

RDC Analysis

The RDCs extracted from the acoustic data over time provide insight into the

relative modal contributions during the ship’s transit. Fig. 4.6 (a) shows the presence of

three distinct vertical high intensity curves, each corresponds to a mode pair RDC, during

the time window near the CPA. The ordering of the mode pairs as 1-2, 2-3, and 1-3, based

on increasing ∆k, follows the order found in simulations.

As the ship moves farther from VLA2, the third mode (associated with mode

pairs 1-3 and 2-3) exhibits decreasing energy. In Fig. 4.6 (b), corresponding to mid-range

propagation (14.6–24.4 km), mode pair 1-2 dominates, while the others fade. This trend
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continues in Fig. 4.6 (c), where only mode pair 1-2 remains observable beyond 32 km.

Interestingly, the dominant mode pair shifts over time. In Figure 4.6(a), mode pair 1-2 is

relatively weak, while mode pairs 2-3 and 1-3 dominate. However, the contribution from

the third mode diminishes over time, leading to increased prominence of mode pair 1-2 in

the later part of the event. This temporal variability complicates range estimation near

CPA, where multiple mode pairs interfere.

These observations confirm that only a small number of modes are excited and

propagate effectively in the 42–49 Hz frequency band during the event. Notably, modal

attenuation limits the contribution of the third mode at longer ranges. Moreover, as

we observed in the simulations (Fig. 4.4), there is only a relatively mild change in the

mode-pairwise WI value (β12) for the mode pair 1-2 as a function of frequency. The

interference patterns used for range estimation in Ch. 3 are thus primarily governed by

the mode pair 1–2, which justifies the use of a single WI value in that analysis. At closer

ranges, higher-mode contributions are present, but their limited persistence at far ranges

allows a scalar WI to sufficiently capture the dominant striation behavior.

Estimated WI

We estimate the WI values for each mode pair using data from two intervals:

18:32–19:07 (when all three modes are present) and 18:58–19:45 (when the third mode has

largely attenuated). Slope-based estimation in the linearized RDC surface plot of the data

from 18:32-19:07 in the log-log domain yields WI values of approximately 1.09, 1.31, and

1.18 for mode pairs 1-2, 2-3, and 1-3, respectively.
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Figure 4.7. (a) Normalized relative dispersion curve (RDC) surface plot computed from
the spectrogram (18:32–19:07, March 24th, 2017) during the transit of MSC KALAMATA.
The three vertical bands of high intensity (the third being relatively faint) correspond to
the interference patterns of three dominant mode pairs. (b) The same RDC surface plot,
transformed into the log–log domain of wavenumber difference and frequency, where the
slope of each feature is inversely related to the mode-pairwise WI. (c) Radon transform
applied to (b), with angle on the x-axis corresponding to slope. The red dashed boxes
denote horizontal strips centered at each mode pair. (d) Radon transform response as
a function of hypothesized WI values, computed from each box in (c). Peak locations
indicate the estimated WI for each mode pair: β12 = 1.09, β23 = 1.31, and β13 = 1.18
(from top to bottom in (c), respectively).
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Figure 4.8. (a) The RDC surface plot depicting the slope of the RDC corresponding to
the mode pair 1-2 in the log-log domain of wavenumber difference and frequency. It is
obtained from acoustic recordings between 18:58 and 19:45. The slope is directly related
to the WI of the mode pair 1-2. (b) Radon transform output as a function of hypothetical
mode-pairwise WI values (β12), showing the maximum response at β = 1.12, indicating
the dominant mode pair’s WI value.

To ensure consistency with the range estimation analysis presented in Ch. 3, we

estimate a single scalar WI value from the spectrogram spanning 18:58 to 19:45, during

which mode pair 1-2 remains the dominant contributor. As previously shown in Fig. 4.6

(b), the third mode gradually fades starting around 18:55, making this interval appropriate

for extracting a stable mode-pairwise WI associated with the mode pair 1–2 interference.

Processing the normalized Radon transform, we obtain a peak at β = 1.12, as illustrated

in Fig. 4.8 (b), corresponding to the best-fit slope of the RDCs in the log–log domain. The

underlying RDC used in this estimation is shown in Fig. 4.8 (a), where only the striation

corresponding to mode pair 1-2 is extracted.

In contrast, the WI value of 1.18 was used for range estimation in Ch. 3, estimated

from a shorter spectrogram (18:58–19:10) with the statistical approach. For the value

of 1.12 obtained via mode-pairwise framework using the 47-min long spectrogram, the

uncertainty in β12 arising from discretization in the log(∆k) axis is approximately ±0.15.
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Therefore, the estimated value of 1.18 falls within the uncertainty range. Furthermore, this

uncertainty reflects only the limits imposed by transform resolution; additional sources of

error such as ambient noise, imperfect mode separation, and temporal variability are not

accounted for in this bound.

In addition, the earlier 35-min long spectrogram (18:32–19:07) yielded β12 = 1.03

for the mode pair 1-2, which also falls within the expected error range. However, the

discrepancy between this earlier value (1.03) and the later estimate (1.12) may also reflect

changes in the environment, such as mild bathymetric variations or differences in mud

layer properties.

Overall, our results confirm that modal interference in the 42–49 Hz band is

primarily governed by the 1–2 mode pair at longer distances, justifying the use of a

single scalar WI for passive ranging applications in this environment. It is also validated

that the WI value can be higher than unity in this scenario. However, closer to CPA,

where higher-mode contributions are non-negligible, a full mode-pairwise analysis may be

necessary to account for temporal and spatial variability in striation structure. As a result,

the WI-based ranging may have to consider modelling the WI β as a distribution instead

of a single scalar value.

Limitations and Sources of Uncertainty

Several factors may have contributed to the observed discrepancies in WI estimation,

particularly during the later stages of the transit. The resolution of the wavenumber-axis

was not high enough, as the RDCs spanned at most three wavenumber pixels. This affects

the precision of slope estimates, particularly for weaker mode pairs.

Both the WI estimation method proposed in Ch. 3 and the pairwise mode analysis

involve interpolation steps that may introduce bias [115]. The proposed method in Ch. 3

required interpolating intensities when transforming the data into striation-frequency

domain, while the pairwise mode analysis involved interpolating I(∆k, f) into the log-log
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domain, where data smearing occurred. Despite these limitations, the pairwise mode

analysis confirms that modal interference in this environment was primarily governed by

three mode pairs up to 19:10, after which only one dominant mode pair remained.

To verify that the mode-pairwise WI estimation method and its implementation

are valid, the simulated data based on the geoacoustic properties of site SC2 (3.5 to 10.0

km) are also processed. The mode-based WI values were computed as 1.03, 1.06, and

1.02 for β12, β23 and β13 respectively. The estimated values are close to the theoretically

calculated values using Eq. (4.3) as shown in Fig. 4.4 (a), although there are some visible

variabilities. [140] acknowledged that this method of computing the mode-pairwise WI

based on the slopes of the linearized RDCs would yield a mean of the values across all

frequencies, so the observed results are agreeable in that sense.

4.5 Conclusions

This chapter presented a detailed analysis of the modal interference patterns

observed in the low-frequency band (42–49 Hz) during a commercial ship passage in the

New England Mud Patch, a shallow-water environment characterized by layered sediment

structures. Numerical simulations revealed that three acoustic modes propagate near the

ship’s CPA, motivating a mode-pairwise framework to interpret the observed interference

patterns.

By combining normal-mode simulations with real acoustic data, it was shown that

long-range interference in this frequency band is primarily governed by the 1–2 mode

pair. From processing the real data, the WI associated with this pair was estimated as

β12 = 1.12 using the mode-pairwise framework, and as β = 1.18 using the statistical

method introduced in Ch. 3. While these values differ slightly, the results consistently

indicate that when only a few modes are present, the effective WI can exceed the canonical

shallow-water value of unity.
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The simulation study also highlighted important considerations for WI-based

ranging at low frequencies. Sensitivity analysis showed that geoacoustic parameters,

particularly the sediment sound speed, can affect WI values. Additionally, variability in

the WI near the CPA, where multiple mode pairs contribute, suggests that modeling WI

as a distribution rather than a fixed scalar may improve estimation accuracy in complex

environments.

Despite these challenges, the analysis demonstrated that at far ranges (beyond 16

km), only the lowest two modes persist, and their interference can be effectively described

using a single WI value. This supports the validity of using a scalar WI for long-range

passive acoustic ranging, as applied in Ch.3.

In practical terms, the canonical assumption of β ≈ 1 remains suitable for

high-frequency applications and relatively short ranges [100, 113]. However, ranging at

longer distances using low frequencies excited by commercial ships requires attention to

modal content and environmental structure. When conditions support propagation of only

a single dominant mode pair, as in the far-range segment of this study, WI-based ranging

can still be performed reliably using a simplified scalar model—even at low frequencies.
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Appendix A

Theoretical Justification and Deriva-
tion of the Statistical Parameter Es-
timators

This appendix provides a detailed probabilistic justification and derivation of the

estimators required to compute the proposed likelihood function in Ch. 3.4. The signal

models are considered in the striation-frequency domain representation of the acoustic

intensities. Striations and frequencies are indexed by l ∈ L and k ∈ K, respectively. The

total number of frequency bins is K = |K|. The subset of frequencies containing only

broadband components of ship-radiated noise is denoted by Kb, while the subset containing

both tonal and broadband components denote by Kbt. There are J bins in Kbt.

For k ∈ Kb, the intensity follows an exponential distribution, i.e.,

xbl,k ∼ Exp(xb
l,k; θl,k = σ2

l,k)

where θl,k is the scaling factor. In the main manuscript, the scaling factor was shown to

have the same value as the broadband-plus-noise variance σ2
l,k. For k ∈ Kbt, the normalized

intensity follows a noncentral-χ2 distribution, i.e.,

ybt
l,k
∼ χ2(ybt

l,k
; d = 2, λl,k)
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where d = 2 is the degrees of freedom, and λl,k is the noncentrality parameter. We

assume that intensities are statistically independent across striations and frequencies. For

additional notation and signal model details, see Ch. 3.3 of the main manuscript.

To obtain the maximum likelihood estimate (ML) of the ship’s range, we estimate

the scaling factor θl,k and the noncentrality parameter λl,k using Kolmogorov’s Strong Law

of Large Numbers (SLLN).

A.1 Background

To estimate the statistical parameters governing the probability density functions

(PDFs) of the intensities and normalized intensities, we employ the Strong Law of Large

Numbers (SLLN) and Kolmogorov’s criterion [147]. Specifically, Kolmogorov’s SLLN

states that if {Xn} is a sequence of mutually independent random variables with common

distribution and finite mean E[Xn] = µ, then the sample mean converges almost surely to

µ, i.e.,

1

N

N∑
n=1

Xn
a.s.−−→ µ as n→∞. (A.1)

Kolmogorov’s criterion extends this result to sequences of mutually independent but not

necessarily identically distributed random variables. If Xn has finite mean E[Xn] = µn

and variance σ2
n = Var(Xn), and if the sequence satisfies

∞∑
n=1

σ2
n

n2
<∞

then the SLLN holds in the extended form, i.e.,

1

N

N∑
n=1

Xn
a.s.−−→ 1

N

N∑
n=1

µn as N →∞. (A.2)

In the application considered in this paper, we can assume that the variance of

the intensities, xbl,k, is bounded across both striations and frequencies. This assumption is
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supported by (i) the behavior of the channel transfer function, whose magnitude decays

with range due to modal attenuation and spreading losses in a shallow water waveguide

[107], and (ii) the finite energy of the ship’s radiated noise and the presence of a constant

(finite) background noise variance.

A.2 Broadband-plus-noise Variance Estimation

To compute the normalized intensities, we estimate the broadband-plus-noise

variance σ2
l,k. As shown in the main manuscript, the broadband-plus-noise variance σ2

l,k is

equal to the scaling factor θl,k. Based on Eq. (3.19) in the main manuscript, we can write

θl,k = (σb
k |gl,k|)

2 + (σu
k )

2.

Note that the background noise (σu
k )

2 is assumed known. For a given frequency index

k ∈ Kb, we defined ηk = σb
k /σ

b
k′ (ηk > 0) as the ratio of broadband signal standard

deviations at fk and a reference frequency fk′ , where k
′ ∈ Kb is arbitrarily chosen. Based

on the frequency-dependent Green’s function relation |g
l,k
| = γk |gl,k′| as presented in

Eq. (3.11) of the main manuscript, we obtain

θl,k = (ηkγk)
2(σb

k′ |gl,k′|)
2 + (σu

k )
2. (A.3)

We define the received broadband scale parameter αk = (ηkγk)
2 and the received broadband

signal variance vl,k = (σb
k )

2|g
l,k
|2. By using these definitions of αk and vl,k in Eq. (A.3), as

well as flipping the terms on the right-hand side, we obtain

θl,k = (σu
k )

2 + αkvl,k′ . (A.4)

Next, we compute an estimate of θl,k, by separately computing estimates of αk and vl,k.
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A.2.1 Broadband Scale Parameter αk

Since E[xbl,k] = θl,k, applying the SLLN with Kolmogorov’s criterion in Eq. (A.2),

the sample mean satisfies

1

L

∑
l∈L

xb
l,k

a.s.−−→ 1

L

∑
l∈L

θl,k. (A.5)

Let us average the scaling factor θl,k across striations (cf. Eq. (3.21)), i.e.,

1

L

∑
l∈L

θl,k = (σu
k )

2 + αk
1

L

∑
l∈L

vl,k′ . (A.6)

For a sufficiently large number of striations, we can make use of Eq. (A.5) such that, after

rearranging Eq. (A.6) for αk, we obtain

αk =
1
L

∑
l∈L x

b
l,k − (σu

k )
2

1
L

∑
l∈L vl,k′

.

Since αk′ = 1 at the reference frequency fk′ , for the frequency index k = k′, the average in

Eq. (A.6) reads

1

L

∑
l∈L

vl,k′ =
1

L

∑
l∈L

xb
l,k′ − (σu

k′)
2.

By substituting the denominator of Eq. (A.7) with the relationship in Eq. (A.7), an

estimate of the broadband scale parameter is obtained as

α̂k =
1
L

∑
l∈L x

b
l,k − (σu

k )
2

1
L

∑
l∈L x

b
l,k′ − (σu

k′)
2
. (A.7)

A.2.2 Received Broadband Signal Variance vl,k

The broadband signal variance is estimated using a similar approach. Assuming

independence across frequency bins and bounded variance, the sample mean at striation
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index l ∈ L converges, i.e.,

1

K − J
∑
k∈Kb

xb
l,k

a.s.−−→ 1

K − J
∑
k∈Kb

θl,k. (A.8)

Next, we average the scaling factor θl,k across frequencies (cf. Eq. (3.21)), i.e.,

1

K − J
∑
k∈Kb

θl,k = (σu
k )

2 + v l,k′
1

K − J
∑
k∈Kb

αk. (A.9)

For a sufficiently large number of measurements across frequencies, we can use Eq. (A.8)

in Eq. (A.9), i.e.,
1

K − J
∑
k∈Kb

xb
l,k = (σu

k )
2 + v l,k′

1

K − J
∑
k∈Kb

αk.

After solving this expression for v l,k′ , we obtain

v l,k′ =
1∑

k∈Kb αk

( ∑
k∈Kb

xb
l,k − (σu

k )
2

)
. (A.10)

By substituting the broadband scale parameter αk in Eq. (A.10) with its estimate α̂k in

Eq. (A.7), an estimate of the received broadband-plus-noise variance is finally calculated

as

v̂ l,k′ =
1∑

k∈Kb α̂k

(∑
k∈Kb

xb
l,k − (σu

k )
2

)
. (A.11)

A.2.3 Broadband-plus-noise Variance σ2l,k

Based on Eqs. (3.21), (A.7) and (A.11), an estimate of θ l,k is obtained as

θ̂ l,k = α̂kv̂ l,k′ + (σu
k )

2.

Finally, the estimate of the broadband-plus-noise variance σ2
l,k, is given by σ̂2

l,k = θ̂ l,k, with

θ̂ l,k as presented in Eq. (3.18) of the main manuscript. In our practical implementation,
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we set σ̂2
l,k = 0 in case σ̂2

l,k is negative. We also apply a moving average filter to σ2
l,k across

striations at each frequency. This helps to reduce the variance of the estimated parameters,

leading to an improved overall performance.

A.3 Noncentrality Parameter Estimation

We estimate the noncentrality parameter λl,k for the normalized intensity ybt
l,k

at

striation l ∈ L and frequency index k ∈ Kbt. The expectation of ybt
l,k

is denoted by

µbt
l,k

= E[ybt
l,k
] and expressed as

µbt

l,k
= d+ λl,k (A.12)

where d = 2 is the degrees of freedom [130]. Following the model in Ch. 3.4.3, we

assume that λ l,k can be expressed as a product of a striation-dependent parameter and a

frequency-dependent scaling factor,

λl,k = λlρk (A.13)

where ρk > 0 is a frequency-dependent scale factor, and λl is the striation-wise noncentrality

parameter.

For clarity in the derivation below, we use i and j instead of l and k when summing

over striations and frequencies, respectively. This helps distinguish the indices being

summed over from the particular index of interest, denoted as (l, k).

Assuming that the normalized intensities satisfy Kolmogorov’s criterion, the sample

mean across striations at fixed frequency index k converges to the corresponding expected

mean, i.e.,

1

L

∑
i∈L

ybt

i,k

a.s.−−→ 1

L

∑
i∈L

µbt
i,k. (A.14)

Similarly, at a fixed striation index l, the sample mean across frequencies converges to the
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expected average, i.e.,

1

J

∑
j∈Kbt

ybt

l,j

a.s.−−→ 1

J

∑
j∈Kbt

µbt
l,j. (A.15)

Furthermore, by using Eq. (A.13) in Eq. (A.12), and by averaging µbt
l,k

over striations at

fixed frequency k leads to

1

L

∑
i∈L

µbt

i,k
= 2 + ρk

1

L

∑
i∈L

λi (A.16)

while averaging µbt over frequencies at fixed striation l results in

1

J

∑
j∈Kbt

µbt

l,j
= 2 + λl

1

J

∑
j∈Kbt

ρj. (A.17)

For a sufficiently large number of measurements across striations and across frequencies,

we can apply Eqs. (A.14) and (A.15) to Eqs. (A.16) and (A.17), respectively. In this way,

we obtain

1

L

∑
i∈L

ybt

i,k
= 2 + ρk

1

L

∑
i∈L

λi

and

1

J

∑
j∈Kbt

ybt

l,j
= 2 + λl

1

J

∑
j∈Kbt

ρj.

Similarly, the full average of the normalized intensities across all striations and frequencies

is given by

1

JL

∑
j∈Kbt

∑
i∈L

ybt

i,j
= d+

1

JL

∑
j∈Kbt

∑
i∈L

λiρj

= 2 +
1

JL

∑
i∈L

λi
∑
j∈Kbt

ρj. (A.18)
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By rearranging Eqs. (A.16) and (A.17), we obtain

ρk =

1
L

∑
i∈L y

bt
i,k
− 2

1
L

∑
i∈L λi

(A.19)

λl =

1
J

∑
j∈Kbt ybt

l,j
− 2

1
J

∑
j∈Kbt ρj

. (A.20)

Substituting Eqs. (A.19) and (A.20) into Eq. (A.18) yields

λ l,k =

(
1
J

(∑
j∈Kbt ybt

l,j

)
− 2
)(

1
L

(∑
i∈L y

bt
i,k

)
− 2
)

1
JL

(∑
i∈L λi

)(∑
j∈Kbt ρj

) .

(A.21)

Note that the denominator of the above equation is still a function of unknown variables

ρj and λi. To address this, we first rearrange Eq. (A.18) as follows

1

JL

∑
i∈L

λi
∑
j∈Kbt

ρj =
1

JL

∑
j∈Kbt

∑
i∈L

ybt

i,j
− 2. (A.22)

Next, we replace the denominator of Eq. (A.21), by the right hand side of Eq. (A.22). In

this way, we obtain the following estimate of the noncentrality parameter

λ̂ l,k =

(
1
J

(∑
j∈Kbt ybt

l,j

)
− 2
)(

1
L

(∑
i∈L y

bt
i,k

)
− 2
)

1
JL

∑
j∈Kbt

∑
i∈L y

bt
i,j
− 2

also is presented in Eq. (3.27) in Ch. 3.4.2.

At low SNR, the subtraction by two may be negative, and the denominator may

be numerically unstable. Thus, when its value is negative or unrealistically large, the

noncentrality parameter is set to zero, i.e., λ̂ l,k = 0. In addition, a moving average is

applied to the noncentrality parameter along the striation axis at each frequency.
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Appendix B

Correlation-based Ranging of a Ship
in Shallow Water Using a Single
Acoustic Receiver

This appendix presents the mathematical formulation of the correlation-based

method (C) for estimating the range of a moving ship using a single acoustic receiver in

shallow water discussed in Ch. 3.6.2. Unlike statistical approaches that rely on likelihood

functions, this method uses deterministic correlation between pairs of tonal frequency

components to estimate the source range.

Following the methodology introduced in [105], we utilize a transformation that

maps the intensity measurements into the striation-frequency domain (See Ch. 3.3.5).

The key idea is that the loci of intensity maxima and minima become aligned when the

transformation is applied using the correct parameter vector q = [r, ṙ, β]T, where r is the

candidate range, ṙ is the range rate, and β is the WI. We assume that ṙ = ˆ̇r and β = β̂

have been estimated a priori (See Ch. 3.2.3).

Let xbt
l,k represent the intensity measurement at striation indexed by l at frequency

bin k ∈ Kbt. Furthermore, let D denote the set of all valid pairs of frequency indices

(i, j) with i ̸= j. For each pair, the correlation between the corresponding striation

vectors—transformed using q—is expected to be maximized. The objective function for

range estimation using the measured intensity matrix X bt is then given by the normalized
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dot product:

hC(X
bt|q) =

∑
(i,j)∈D

1

Ψi,j(q)

∑
l∈Li,j

(xbt
l,i(q)− x̄bt

i (q)) (xbt
l,j(q)− x̄bt

j (q)), (B.1)

where Li,j(q) denotes the set of striation indices l for which both frequency components i

and j contain valid measurements after transformation with q, and x̄bt
i (q) is the sample

mean of vector xbt
i (q) over the set L at frequency index i ∈ Kbt. The normalization term

Ψi,j(q) is given by:

Ψi,j(q) =

 ∑
l∈Li,j(q)

(xbt
l,i(q)− x̄bt

i (q))2
∑
l∈Li,j

(xbt
l,j(q)− x̄bt

j (q))2

1/2

. (B.2)

The final range estimate is obtained by maximizing the objective function hC over

the search space or range Sr:

r̂C = argmax
r∈Sr

hC(X
bt|q = [r, ˆ̇r, β̂]T). (B.3)

Similarly, if the range and the range rate are treated as known (estimated as r̂ and ˆ̇r), the

WI is estimated as

β̂C = argmax
β∈Sβ

hC(X
bt|q = [r̂, ˆ̇r, β]T). (B.4)

This approach allows for range estimation using incomplete striations, i.e., it

does not require that all tonal frequencies exhibit valid striations simultaneously. While

this flexibility increases the robustness of the method to missing data, it also results in

a combinatorial increase in computational load with the number of tonal frequencies

considered, since all pairwise combinations are evaluated. Further application of this

method to real acoustic data from the SWellEx-96 experiment [148], as well as its potential

application for UUV self-localization, is detailed in [105].
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Appendix C

Other Ship Ranging Results

To demonstrate the broader applicability of the proposed waveguide-invariant (WI)-

based ranging method, this appendix presents range estimation results for two additional

ships traversing the same shipping lane as MSC KALAMATA. These serve to validate that

the previously estimated WI value of β = 1.18 remains effective for other vessels operating

in the same environment. In both cases, far-field conditions (ranges beyond 20 km) are

considered, and the results confirm that the method consistently achieves absolute range

estimation errors below 10%—even beyond 45 km—despite differences in vessel type and

slight deviations in course. The same signal processing procedure described in Ch. 3 is

applied, with adaptations for each scenario as needed.

C.1 Scenario 2: ZIM NEW YORK

This scenario examines the eastbound transit of the commercial container ship

ZIM NEW YORK (MMSI: 477634700), which occurred between 11:25 and 12:05 UTC on

March 28th, 2018. The vessel traveled at a reported speed of 18.3 kn (9.4 m/s). Figure C.1

shows the track of ZIM NEW YORK alongside that of MSC KALAMATA, plotted relative

to the VLA2 array. The average range rate was computed as 9.4 m/s; however, the vessel

made a slight northerly course correction midway through its trajectory, resulting in an

estimated change of 0.3 m/s in effective range rate.
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Figure C.1. Vessel tracks of ZIM NEW YORK (solid red) moving east (right) and
MSC KALAMATA (dashed blue) relative to the VLA2 location (red triangle). Both ships
transited east along the same shipping lane, with ZIM NEW YORK exhibiting a slight
northward course change mid-transit. The gray contour lines indicate the bathymetry
(water depth) with 2.5 m intervals.

The spectrogram of ZIM NEW YORK, shown in Fig. C.2 (a), reveals tonal features

and modal interference patterns, albeit more diffuse compared to MSC KALAMATA. The

42–49 Hz band used previously showed weak interference patterns for this ship, so the

32–39 Hz band was used instead. Clear striations are visible at ranges beyond 30 km

(closer-range data were not available for this event).

Using the same WI value of β = 1.18 and a nominal range rate of 9.4 m/s, the

estimated range errors as a function of distance are shown in Fig. C.2 (b). Despite overall

consistency, a slight bias in range estimates is observed, likely due to a mismatch between

the assumed and actual WI values, compounded by the initial 1 km offset between

the ships’ tracks. Additionally, the mid-course change in heading introduced growing

discrepancies in the range rate, contributing to the increase in error at longer ranges.

Nonetheless, absolute errors remained under 10% even at distances exceeding 45 km.
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Figure C.2. (a) Spectrogram of acoustic data recorded during ZIM NEW YORK’s
passage, showing striated interference patterns between 32–39 Hz beyond 30 km. (b)
Range estimation error as a function of distance using WI = 1.18 and range rate = 9.4
m/s. A slight increase in error beyond 45 km reflects bias due to the ship’s course change
and initial track offset.

C.2 Scenario 3: TEAM CORRIDO

This scenario evaluates the eastbound transit of the oil tanker TEAM CORRIDO

(MMSI: 636014623) from 05:00 to 06:15 UTC on March 25th, 2018. The vessel maintained

a consistent course and speed of 14.6 kn (7.5 m/s), with an estimated average range rate

of 7.4 m/s. The corresponding track is shown in Fig. C.3, again plotted relative to MSC

KALAMATA and the VLA2 location.

Unlike commercial container ships, TEAM CORRIDO did not produce distinct

tonal features. Instead, its acoustic signature was characterized by diffuse energy, i.e., no

strong tonals, as seen in Fig. C.4 (a). Due to the lack of prominent tonals, a broadband-

based estimation method was employed instead, treating all frequency components as

random broadband noise, following the approach in [106].

Range estimation was conducted over a segment spanning from 20 km to nearly

55 km, during which the track of MSC KALAMATA and that of TEAM CORRIDO

remained within 500 m of each other. The results, shown in Fig. C.4(b), reveal low bias
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Figure C.3. Vessel tracks of TEAM CORRIDO (solid red) moving east (right) and
MSC KALAMATA (dashed blue) relative to the VLA2 location (red triangle). TEAM
CORRIDO maintained a consistent heading along the same shipping lane during its
eastbound transit. The gray contour lines indicate the bathymetry (water depth) with 2.5
m intervals.

and strong agreement with ground truth, aided by the ship’s steady heading and velocity.

The absolute range estimation error remained below 4% throughout.
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Figure C.4. (a) Spectrogram of acoustic data recorded during TEAM CORRIDO’s
passage, showing diffuse broadband energy between 42–49 Hz. No strong tonal features
are evident. (b) Range estimation error using a broadband method with WI = 1.18 and
constant range rate of 7.4 m/s. The error remains below 4% across the entire 20–55 km
range.
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