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Anomalous rotation of the inner core
and the toroidal magnetic field

Jonathan Aurnou, Daniel Brito,! and Peter Olson

Department of Earth and Planetary Sciences, Johns Hopkins University
Baltimore, Maryland

Abstract. We use numerical calculations of magnetic induction by axisymmetric
motions in a spherical shell of conducting fluid to investigate the relationship
between the Earth’s toroidal magnetic field and the time-dependent anomalous
rotation of the solid inner core. We compute the induced toroidal magnetic
field and inner core rotation maintained by the interaction of time-independent,
axisymmetric outer core fluid flow with models of the poloidal magnetic field. Three
possible models of the azimuthal flow in the outer core are investigated: two thermal
wind flows inside the tangent cylinder (predicted by some numerical models of the
geodynamo) and a columnar flow outside the inner core tangent cylinder inferred
from the geomagnetic westward drift. Results indicate that electromagnetic torques
tightly couple the inner core rotation to the fluid motion. Electromagnetic spin-up
of the inner core occurs through damped torsional oscillations with periodicity near
4 years depending on the strength of the poloidal magnetic field. In steady state
the thermal winds inside the tangent cylinder generate a peak toroidal field of 25
mT accompanying a prograde inner core rotation rate of 1°/yr. In contrast, the
columnar westward drift model generates toroidal field with peak intensity near 4
mT and a small, retrograde anomalous inner core rotation of —0.013° /yr. The weak
retrograde motion of the inner core produced by electromagnetic coupling to the
westward drift cannot explain the seismically inferred prograde anomalous rotation.

1. Introduction

The first suggestion of anomalous inner core rotation
was made by Gubbins [1981] who argued that the inner
core is unlikely to rotate at precisely the same angular
velocity as the mantle, owing to the low viscosity of the
fluid outer core and electromagnetic torques associated
with the geodynamo acting on the electrically conduct-
ing inner core. Gubbins demonstrated that electromag-
netic torques couple the rotation rate of the inner core
to the outer core fluid motion and, when perturbed,
the inner core will spin-up into rotational equilibrium
via damped torsional oscillations with periods near 6
years, the precise value depending on the intensity of the
poloidal field near the inner core boundary (ICB). How-
ever, the full significance of Gubbins’ work was not ap-
preciated until Glatzmaier and Roberts [1995a, b] pro-
duced a three-dimensional convectively driven numeri-
cal model of the geodynamo which featured a persistent
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superrotation of the inner core of roughly 2°/yr. Sev-
eral seismic studies have identified prograde superrota-
tion of the inner core relative to the mantle. Song and
Richards [1996] obtained a 1.1° /yr prograde (eastward)
rotation of the inner core relative to the mantle, and Su
et al. [1996] obtained a 3°/yr prograde rotation rate.
Creager [1997] has also inferred a prograde anomalous
rotation, although much slower, about 0.25°/yr.

In addition to observational questions such as the
precise magnitude of the present-day anomalous inner
core rotation rate and whether it represents a persis-
tent or a transient effect, there are also geodynamical
questions concerning the origin of the inner core super-
rotation and its connection with the dynamo mecha-
nism. Specifically, the superrotation rates inferred by
Song and Richards [1996] and Su et al. [1996] imply
much larger angular velocities of the outer core fluid
than were previously thought, which has important im-
plications for the process of toroidal field generation.

Prior to the detection of anomalous inner core rota-
tion, the main evidence for azimuthal flow in the outer
core fluid came from the westward drift of the geomag-
netic field. Westward drift deduced from the pattern of
geomagnetic secular variation indicates retrograde mo-
tion of the fluid below the core-mantle boundary (CMB)
at an average rate of approximately —0.2°/yr [Blozham
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et al., 1989]. The correlation between changes in west-
ward drift and the decade-scale fluctuations in the ro-
tation rate of the mantle implies that the momentum of
the fluid involved in the westward drift is quite large and
has led to the idea that the pattern of westward drift
results from differential rotation of coaxial cylinders of
fluid [Jault et al., 1988], as illustrated in Figure 1c. It
has long been recognized that the shear between differ-
entially rotating fluid cylinders is an efficient mechanism
for toroidal field generation through the so-called w ef-
fect [Elsasser, 1946], and in many geodynamo models
this is the primary source of toroidal field [Hollerbach,
1996].

However, recent numerical modeling of the structure
of convection in the outer core [Olson and Glatzmaier,
1995; Glatzmaier and Roberts, 1995a, b] has identified
another source of toroidal field, high-velocity thermal
wind shear flows located inside the inner core tangent
cylinder, as illustrated in Figures la and 1b. Thermal
winds are equally effective at generating toroidal field
as the flow associated with westward drift and further-
more, they offer an explanation for prograde inner core
rotation [Aurnou et al., 1996; Glatzmaier and Roberts,
1996]. Electromagnetic torques act to couple the mo-
tion of the inner core to the prograde motion of the sur-
rounding fluid, and the inner core rotates with the fluid
adjacent to the inner core boundary, but at a slightly
reduced rate.

In addition to electromagnetic coupling, two other
mechanisms have been proposed to explain the anoma-
lous rotation: tidal spin-down of the mantle relative to
the inner core [Su et al., 1996] and long-period inner
core oscillation in response to torques exerted by the
gravitational field of the mantle [Buffett, 1996]. Both
of these alternative mechanisms are likely to affect in-
ner core rotation to some degree. However, the elec-
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tromagnetic coupling mechanism predicted by Gubbins
[1981] original analysis (and substantiated by the recent
dynamo calculations of Glatzmaier and Roberts [1996]
and Kuang and Blozham [1997]) provides amply strong
torques to drive the anomalous rotation of the inner
core.

In this paper we use numerical models of toroidal
magnetic field generation by an imposed axisymmetric
core flow to compute the anomalous inner core rotation
resulting from electromagnetic torques. In our previous
paper [Aurnou et al., 1996] we presented a simplified
analytical model of inner core superrotation based on
electromagnetic coupling between the inner core and a
“thermal wind” shear flow located inside the tangent
cylinder of the inner core that reproduces the essential
physics found in the Glatzmaier and Roberts [1995a, b,
1996] dynamo calculations. Here we extend that model
to an axisymmetric spherical geometry with time de-
pendence, and we investigate the anomalous inner core
rotation produced by a second thermal wind model and
an azimuthal flow inferred from the geomagnetic west-
ward drift.

2. Description of the Models

The Earth’s core is modeled with a solid inner core
and a liquid outer core, both having a uniform electrical
conductivity. The solid mantle is treated as electrically
insulating, and its rotation rate is assumed to be con-
stant. A steady axisymmetric dipolar magnetic field is
imposed throughout the core, and a steady azimuthal
flow is imposed in the liquid outer core. Figure 1 il-
lustrates the three core flow models that are used to
calculate the toroidal magnetic field and the anomalous
inner core rotation. We do not consider the action of the
so-called “magnetic wind” acting back on the motion of

<)

Figure 1. Sketches of the three models of azimuthal fluid flow in the outer core. (a) Prograde

thermal wind inside the inner core tangent cylinder (model 1).

(b) A second thermal wind

flow model, called the X wind (model 2), has strong prograde flow inside the tangent cylinder
surrounding the inner core and an equally strong retrograde flow at the core-mantle boundary
(CMB). (c) The flow in model 3 consists of retrograde differential fluid motion on concentric

cylinders outside the tangent cylinder.
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the outer core fluid, although the magnetic wind repre-
sents an additional source of azimuthal motion in the
fluid (R. Hollerbach, personal communication, 1997).

The rotation rate of the inner core is allowed to vary
through the action of applied torques. We use free slip
boundary conditions at the inner core boundary, and
we ignore the effects of topography on the ICB, so the
inner core rotation rate is affected only by electromag-
netic torques. The outer core flow interacts with an
imposed poloidal magnetic field, inducing toroidal field
which diffuses throughout the core and produces elec-
tromagnetic torques on the inner core.

Flow model 1, illustrated in Figure la, consists of
a thermal wind shear flow located inside the tangent
cylinder similar to the flow used in our analytical model.
Flow model 2, shown in Figure 1b, consists of a thermal
wind flow model with the pattern of shear kinematically
similar to the thermal wind found in the dynamo calcu-
lations of Glatzmaier and Roberts [1996]. Flow model
3, shown in Figure 1c, consists of differential rotation
of concentric cylinders of fluid in the region outside the
tangent cylinder. The distribution of differential rota-
tion is obtained from the pattern of zonal fluid velocities
derived from secular variation of the geomagnetic field
[Jault et al., 1988], and this motion is kinematically
similar to the Kuang and Blozham [1997] dynamo.

3. Governing Equations

The induction equation for the magnetic field is

9B =V A (uAB)+17V’B
ot
where B = (B,, By, Bg) is the magnetic induction in
spherical (r,0, ¢) coordinates, u is the fluid velocity,
is the magnetic diffusivity, and ¢ is time.
Anomalous rotation of the inner core about the polar
2 direction is governed by the following angular momen-

tum balance:
Id(AQIC) _
dt

where I is the polar moment of inertia of the inner core,
AQjc is the anomalous angular velocity of the inner

(1)

T 2)
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core, and T is the 2 component of torque acting on the
inner core. In our model, we consider only the electro-
magnetic torque on the inner core. This torque can be
written as a surface integral over the ICB [Rochester,

1962]:
r:l/
10

where p is the magnetic permeability (see Table 1).
The axisymmetric magnetic field is decomposed into
poloidal and toroidal parts (labeled P and T, respec-
tively):
4)

Both parts can be expressed in terms of scalar variables,
Ay and Br [Moffatt, 1978]. The poloidal part is

BBy rsinf dS (3)

B=Bp+Br

Bp=VAgAs (5)

with components

1 9, 190
(81150 = ( g 2 6n0AD) ~ 1 52 45)) - (©

and the toroidal part is

Br = ¢Br (7)

Substituting (5), (6) and (7) into (1), the induction
equation for the toroidal field subject to an axisymmet-
ric, azimuthal flow u = ¢uy is

(3 (v?-lz))BTzBr%Jr-B—"%
S

ot or r 00 (8)

where s = rsinf is the cylindrical radial coordinate.
The boundary condition for axisymmetry requires

9)

which forces the toroidal field to vanish along the ro-
tation axis. Assuming the mantle to be an electrical
insulator requires the condition

Br=0 at 6=0,7

Br=0 at r = R¢ (10

where R¢ is the radius of the core (see Table 1).

Table 1. Parameter Values Used in Numerical Simulations of Anomalous Inner Core Rotation

Symbol Parameter Value
AQrw maximum rate of thermal wind 1°-3°/yr
AQxw maximum rate of X wind 1°-3°/yr
Rc core radius 3.48 x 10° m
R;p inner core radius 122 x 10° m
I inner core moment of inertia 5.87 x 10%* kg m?
I magnetic permeability 47 x 1077 H/m
n core magnetic diffusivity 2.65 m?/s
B, typical magnetic field on CMB 0.37 mT

CMB, core-mantle boundary.
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At the ICB the tangential electric field must be con-
tinuous, leading to the following condition:
ICB+ B A

0Br _AvBp, (11)

o lijcp-

where Awv is the jump in velocity across the ICB and
B,,, is the magnitude of the poloidal magnetic field that
is perpendicular to the boundary. In our calculations,
we directly integrate the induction equation across the
ICB. This technique approximates the velocity disconti-
nuity resulting from a free slip boundary condition with
a sharp velocity gradient at the ICB, Av/Ar, where Ar
is the radial numerical grid spacing. This representa-
tion introduces an error into our solutions that is of the
order Ar/Rc, which is less than 1% in all the calcula-
tions presented.

4. Poloidal Magnetic Field Models

Two imposed poloidal magnetic field models are used
inside the core: a fundamental mode, current-carrying
dipole field and a uniform 2-directed magnetic field.
These two poloidal fields have the same potential field
solution at the CMB but strongly differ inside the core.
The current-carrying dipole is the slowest freely decay-
ing field inside the core. The uniform Z magnetic field
results from an externally imposed dipole field diffusing
into the core. The uniform field, though somewhat less
physically plausible, is identical to the magnetic field
used in our analytical model [Aurnou et al., 1996] and
allows us to compare numerical and analytical results.

4.1. Current-Carrying Dipole Magnetic Field

The current-carrying dipole field is generated from a
poloidal potential A4 in (5) of the form
.
Ay = (mRc)B, J1(=—) sinf (12)
Re
This corresponds to the first fundamental mode of a
freely decaying axial dipole field with a radial depen-

dence given by the Bessel function [Abramowitz and
Stegun, 1964):

(13)

This magnetic vector potential produces a magnetic
field with intensity B, on the north pole of the CMB.

4.2. Uniform Poloidal Field

The azimuthal component of the magnetic vector po-
tential for a uniform field is

Ay = % rsind = B, s (14)

2

which produces a uniform magnetic field vector B, 2
throughout the core.
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5. Fluid Flow Models

The imposed axisymmetric flow fields consist of az-
imuthal fluid flows

Uy = Sw (15)

where the angular velocity w can vary as a function of
distance from the equatorial plane z and radius s in
cylindrical coordinates. The inner core motion consists
of solid body rotation. Consequently, inside the inner
core r < Ry we set

w = AQ Ic (16)
where AQj¢ is determined from (2) and Ry is the inner
core radius (see Table 1).

5.1. Thermal Wind Flow (Model 1)

Our first model of a thermal wind located inside the
inner core tangent cylinder is as follows (see Figure 1a).
Within the tangent cylinder, in the region s < R; and
|2| > Ry, we represent the angular velocity as a function
of the z coordinate in (15) and set

w(z) = AQrw 2* 17
where 2* = (R¢ — |rcosf|)/(Rc — Ry) is the dimen-
sionless depth below the CMB measured parallel to the
rotation axis and AQ7w is the maximum angular ve-
locity of the fluid in the tangent cylinder relative to the
mantle. This motion (equation (17)) consists of solid
body rotation of the fluid in planes perpendicular to
the rotation axis, with angular velocity decreasing with
distance from the ICB.

By prescribing flow only within the tangent cylinder,
a discontinuity in angular velocity at the tangent cylin-
der wall is produced. In reality, the change in angu-
lar velocity occurs continuously in a narrow, free shear
layer, a so-called Stewartson layer at the tangent cylin-
der boundary [Greenspan, 1968; Kleeorin et al., 1997,
Dormy et al., 1998]. We model the Stewartson layer by
multiplying w by a taper function ¥g; defined by

Vst = ! [1 — tanh (M)}

2 So — Ry (18)

where s = rsinf is the cylindrical radius, Ry is the inner
core radius, and .S, is the location of the tangent cylin-
der. In the calculations presented here we have defined
So = 1270 km in (18), which produces a 100 km thick
Stewartson layer centered 50 km outside the radius of
the inner core.

Another region where the thermal wind velocity is
problematic is the corner region of the tangent cylinder,
|2| < Rr, s < Ry, and r > Ry, which tapers down to
a wedge at the equator. To avoid a shear singularity
in the wedge, we hold the angular velocity constant at
AQrw inside this region.
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5.2. X Wind Flow (Model 2)

A second model of a tangent cylinder thermal wind
we consider is an “X wind” flow model, so called because
the velocity vectors trace out an “X” in each hemisphere
(see Figure 1b). Model 2 is kinematically similar to
model 1 except that the angular velocity is now

w = AQXW Z* (19)
where AQxw is the magnitude of the azimuthal veloc-
ity at z = Ry and z* is now

. (Rc + Rp) — 2|rcosf)|

2" = -y (20)

This model has zero angular velocity midway between
R¢ and Ry, whereas flow model 1 locates this zero at
the CMB. Flow model 2 is very similar to the azimuthal
flow field induced by the polar upwellings in the dynamo
model of Glatzmaier and Roberts [1996).

5.3. Flow Derived From Geomagnetic
Westward Drift (Model 3)

Prior to the inference of inner core superrotation, the
westward drift of the surface magnetic field provided the
basic velocity scale for core motions. Thus for compar-
ison we include the case of the toroidal field generated
by the zonal fluid velocities inferred from geomagnetic
secular variation. In this westward drift model the flow
is assumed to be on cylinders aligned with the rota-
tion axis [Jault et al., 1988]. Instead of the shear inside
the tangent cylinder, where w = w(z), the shear in the
westward drift model is a function of cylindrical radius
alone, w = w(s), as shown in Figure lc. »

This westward drift model uses the data of Jault et al.
[1988]. The azimuthal velocities from all epochs have
been stacked into one data set and have been zonally
averaged. The result of this averaging is seen in Figure
10a which shows the angular velocity as a function of
colatitude. The profile by Jault et al. [1988] extends
from 65°N to 65°S latitude and produces zero fluid flow
inside the tangent cylinder. More recent inversions of
the secular variation [Jackson, 1998] yield more com-
plete azimuthal flows, which are nevertheless similar to
Figure 10a.

The different numerical models are summarized in
Table 2. Note that there is no westward drift model
with a uniform 2 magnetic field. This is because the
cylindrical fluid shear in the westward drift low model
will not induce any toroidal magnetic field.

6. Numerical Techniques

Second-order central finite differences and explicit,
first-order time stepping are used to solve (2), (3), (8),
(9), and (10) in their nondimensionalized forms. Pa-
rameter values used in these equations are given in Ta-
ble 1. The computational scheme calculates the electro-
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Table 2. Numerical Models of Time-Independent,
Axisymmetric Outer Core Fluid Flow and Poloidal
Magnetic Field

Fluid Flow Model

Model Poloidal Field Model
la thermal wind current-carrying dipole
1b thermal wind uniform 2 field
2a X wind current-carrying dipole
2b X wind uniform 2 field
3 westward drift current-carrying dipole

magnetic torques on the inner core using (3) with the
magnetic field values of the previous time step. The an-
gular momentum balance (2) is updated with the new
torque value. The time step is completed by solving
the toroidal induction equation (8) with the new value
of inner core angular velocity and subject to the appli-
cation of the toroidal field boundary conditions (9) and
(10).

A numerical grid in 7 and 6 of 120 x 120 has been
used in calculations that reach steady state in roughly
20,000 simulated years. This produces equidistant grid
points with spacings of Ar = 25 km and Af = 1.5° and
a simulated time step of roughly 1 month. Since we do
not solve the equations in the innermost 500 km of the
core, a total of 120 grid points with a 25 km step size
comprise our radial grid. Numnierical experiments were
also run using grids of the order of 40 x 40. The 40 x 40
grids gave qualitatively similar results to the 120 x 120
grids, but the larger grid was found to be needed to
effectively resolve the Stewartson layer.

Modeling of the spin-up process of the inner core has
also been carried out by taking very small time steps,
O(1 day), and running the code for at most 30 sim-
ulated years. These simulations are initialized with ei-
ther imposed poloidal magnetic field configuration, flow
model 1, and no motion of the inner core. In these spin-
up calculations a 395 x 120 numerical grid is used for
the current-carrying dipole field model. For the uniform
field calculations a smaller computational shell grid is
used. The shell is centered around the ICB and has a
width of 0.1R¢, which allows the use of a 50 x 50 grid.
Both of these grids have an equidistant nodal spacing
of Ar = 7 km radially. This grid spacing produces a
simulated time step of 25 hours. Gradients in the 6
direction were small, and fewer points were needed to
achieve adequate 6 resolution.

6.1. Thermal Wind Flow Results

The velocity field ug acts on the imposed poloidal
magnetic field to induce toroidal fields, which in turn
produce electromagnetic torques on the inner core. The
exterior magnetic field at the CMB is constructed by us-
ing the present-day Gauss coefficient for the axial dipole
field, g9 ~ —30,000 nT, from the International Geomag-
netic Reference Field model [I[AGA Division V, Work-



9726

ing Group 8, 1996] and downward continuing to the
CMB, assuming the mantle to be a perfect insulator.
This yields a value of B, = —0.37 mT in (12) and (14).

Figure 2 shows the results of a calculation after 25,000
simulated years for an imposed thermal wind of
AQrw = 3°/yr interacting with a fundamental mode
current-carrying dipole field (model 1a). The right side
shows the angular velocity in shaded contours as well as
lines of force of the poloidal field. The left side shows
the shaded contours of the induced toroidal magnetic
field intensity. The angular velocity increases linearly
toward the ICB from zero at the CMB. The fluid ro-
tates on solid-body discs at every level in z*. The Stew-
artson layer truncation bends the angular velocity con-
tours downward for s > Ry so that large cylindrical
fluid shears exist at the tangent cylinder wall and no
further fluid motions exist outside of this shear layer.
The contouring of the inner core is darker than that of
the surrounding fluid in the “corner region” because the
core is lagging behind the fluid.

The induced toroidal field contoured on the left side
of Figure 2 is generated dominantly inside the tangent
cylinder. The maximum toroidal field strength is lo-
cated slightly below midheight and close to the bound-
ary of the tangent cylinder. The effect of the Stewart-
son layer is clearly visible in the contours of the toroidal
field.

Time series of the rotation rate of the inner core, the
maximum toroidal field in the core, and the Joule heat-

-85mT
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ing in the core are plotted in Figure 3 for a 3°/yr ther-
mal wind. The current-carrying dipole model reaches
equilibrium with the inner core in prograde rotation,
lagging the surrounding fluid by 29%, that is,

AQre = 0.7T1AQrw (21)
In this calculation the maximum imposed thermal wind
velocity AQrw is 3°/yr and the seismically observable
inner core rotation rate AQ¢ is 2.13°/yr (Figure 3a).
As shown in Figure 3b, the maximum toroidal magnetic
field generated by a 3°/yr thermal wind is on the order
of 60 mT. The Joule heating in the core is about 600
GW for this flow (Figure 3c).

The calculation shown in Figure 4 is similar to Figure
2 except that a uniform poloidal magnetic field has been
imposed on the thermal wind flow (model 1b). In this
case the inner core again lags behind the surrounding
fluid but by a smaller percentage than for the current-
carrying dipole model. The toroidal field is centered
closer to the CMB and the rotation axis than in the case
shown in Figure 2. No evidence of a tangent cylinder is
discernible in the toroidal field contours in Figure 4.

As shown in Figure 3a and Table 3, the inner core
rotates at AQdyo = 2.56° /yr, which corresponds to inner
core prograde rotation with a lag of 15% behind the
imposed 3°/yr thermal wind velocity:

AQc = 0.85 AQrw (22)

0.0

Angular Velocity

Figure 2. Steady state results of the model with a current-carrying dipolar magnetic field and
the 3°/yr thermal wind flow (model 1a). Contours of angular velocity relative to the mantle of
the outer core fluid flow and the solid inner core are shown on the right side. Dipole field lines
are superimposed on the angular velocity contours. Shaded contours of the induced toroidal field
in milliteslas are shown on the left side. The anomalous inner core rotation (AQrc = 2.13°/yr)
is indicated by the darker shading of the angular velocity contours inside the inner core relative
to the surrounding fluid (AQzw = 3°/yr). The maximum toroidal field is 62 mT.
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Figure 3. Time series plots of (a) the anomalous rota-
tion of the inner core AQ;¢, (b) the maximum induced
toroidal magnetic field Bz, , and (c) the Joule heat-
ing in the core resulting from a 3°/yr thermal wind
acting on a current-carrying dipole and a uniform 2
poloidal magnetic field (model 1a shown in Figure 2 and
model 1b in Figure 4). The calculations were made us-
ing a 120 x 120 grid for 25,000 simulated years. Steady
state is reached after approximately 20,000 years.

JOULE HEATING (GW)

0
0 5000

The toroidal field equilibrates after 20,000 years and has
a maximum value of roughly 20 mT, as shown in Figure
3b. This is a reduction by a factor of almost 3 from
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the toroidal fields found in the current-carrying dipole
numerical solution and a factor of 2 from the analytical
model [Aurnou et al., 1996]. The Joule heating in the
core is correspondingly decreased and is roughly 50 GW,
as shown in Figure 3b.

Figure 5 shows the results of thermal wind model
1 simulations with AQprwy = 1°/yr. The inner core
is again found to superrotate and lags behind the sur-
rounding fluid by 15% in the uniform field model and
by 29% in the current-carrying dipole field model. Re-
lationships (21) and (22) are found to be valid for all
values of the maximum thermal wind velocity.

6.2. X Wind Flow Results

Figure 6 shows the results of a calculation after 25,000
simulated years for an imposed X wind flow of AQxw =
3°/yr interacting with a fundamental mode current-
carrying dipole field (model 2a). The shaded contours
on the right side show how the angular velocity in-
creases linearly from —3°/yr at the CMB to +3°/yr
at z = Ry. The Stewartson layer truncation bends the
angular velocity contours downward for s > Ry and
z < (Rc + Ry)/2 but bends the angular velocity con-
tours upward for s > Ry and z > (R¢ + Ryr)/2. This
changes the net effect of the Stewartson layer truncation
between model 2 and model 1.

In this case, the inner core equilibrates with a pro-
grade rotation rate of 1.87°/yr, which corresponds to
an inner core lag of 37% behind the surrounding fluid

AQrec =0.63 AQxw (23)
The maximum toroidal field induced in this model is
almost 80 mT (see the shaded contours on the left side
of Figure 6), and the Joule dissipation is nearly 900
GW. The toroidal field maximum is located inside the
tangent cylinder just below midheight. The Stewartson
layer is visible in the shaded contours of the toroidal
field on the left side of Figure 6, although it has less
effect on the toroidal field than in the case shown in
Figure 2.

Figure 7 shows the results of a calculation after 25,000
simulated years for an imposed X wind flow of AQxw =
3°/yr interacting with the uniform 2 magnetic field
(model 2b). The inner core anomalous rotation is
2.12°/yr prograde, which corresponds to an inner core
lag of 29% behind the surrounding fluid, so that

AQrc = 0.71 AQxw (24)

The maximum toroidal magnetic field induced in this
model is about 35 mT and is located close to midheight
inside the tangent cylinder and closer to the rotation
axis than the toroidal field of model 2a. Thus the loca-
tion of the toroidal field maxima are similar in models
1 and 2. The Joule dissipation is just under 200 GW in
this case.

The results in Figures 3 and 5 and Table 3 indicate
that the maximum induced toroidal field is a linear func-
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deg/yr

-220mT

Toroidal Field Angular Velocity

Figure 4. Steady state results of the model with a uniform 2 poloidal magnetic field and the
3°/yr thermal wind flow (model 1b). Contours of angular velocity relative to the mantle of the
outer core fluid flow and the solid inner core are shown on the right side. Uniform 2 field lines
are superimposed on the angular velocity contours. Shaded contours of the induced toroidal field
in milliteslas are shown on the left side. The anomalous inner core rotation (AQc = 2.55°/yr)
is indicated by the darker shading of the angular velocity contours inside the inner core relative
to the surrounding fluid (AQrw = 3°/yr). The maximum toroidal field is 17 mT.

tion of the thermal wind velocity. In Figure 8 the max- 28.4A0;c Model 1a

imum toroidal field Bry . is plotted versus AQ;¢, the 6.7A0;c Model 1b

seismically observable inner core rotation rate produced Brmax = 4 41.8AQ;c Model 2a (25)
by the thermal wind models. These relations are lin- 16.4AQ;c Model 2b

ear because both variables linearly vary with AQrw 179 AQrc  Analytical model

in model 1 or with AQxw in model 2. We find the

following relationships between the maximum induced The maximum induced toroidal field depends strongly
toroidal field intensity and the anomalous rotation rate on the flow field and the structure of the poloidal field
of the inner core: inside the core.

Table 3. Results of Numerical Simulations of Anomalous Inner Core Rotation and Toroidal
Field Generation

Model AQma,x, o/yI‘ AQIC, o/yI‘ BTmaxv mT PJ, GW
la 3.0 2.13 60.8 571.1
la 1.0 0.71 20.3 63.5
1b 3.0 2.56 ' 17.3 53.2
1b 1.0 0.85 5.8 6.0
2a 3.0 1.87 78.3 899.4
2a 1.0 0.62 26.1 101.6
2b 3.0 2.12 34.6 194.3
2b 1.0 0.71 11.5 26.6
3 -0.13 -0.013 3.2 4.7

AQmax is the maximum imposed angular flow velocity in a simulation, AQ;c is the resultant steady
state anomalous inner core rotation rate, Bry,y is the maximum induced toroidal field value at steady
state, and Py is the steady state Joule dissipation.
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Figure 5. Time series plots of (a) the anomalous rota-
tion of the inner core AQj¢, (b) the maximum induced
toroidal magnetic field Bry, .5, and (c) the Joule heat-
ing in the core resulting from a 1°/yr thermal wind act-
ing on a current-carrying dipole and a uniform poloidal
magnetic field. The calculations were made using a 120
x 120 grid for 25,000 simulated years. Steady state is
reached after approximately 20,000 years.

6.3. Results for Westward Drift Flow

Figure 9 shows the results of the westward drift calcu-
lations (model 3) after 25,000 years of simulated time.
As in Figures 2, 4, 6, and 7, the right side shows shaded
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contours of angular velocity as a function of position
in the core and line contours of the imposed poloidal
magnetic field. The left side shows the induced toroidal
magnetic field.

Qualitative and quantitative differences are apparent
in comparing Figure 9 with the thermal wind calcula-
tions shown in Figures 2, 4, 6, and 7. The inner core
is almost at rest with respect to the mantle, having a
westward (retrograde) rotation rate of —0.013°/yr as
shown in Figure 10b. The toroidal field is concentrated
outside of the tangent cylinder and attains a maximum
value of roughly 5 mT (Figure 10c), typical of toroidal
field amplitudes in the dynamo model of Kuang and
Blozham [1997]. Figure 10d shows the Joule heat pro-
duction in the core equilibrating to a value just under
5 GW in this simulation.

Jackson [1998] inferred the flow velocities inside the
tangent cylinder to be between w = —0.09°/yr and
+0.22° /yr. Adding a tangent cylinder flow of this mag-
nitude will not affect the results of the westward drift
model.

Figure 11 shows two magnetic field lines inside the
Earth’s core at steady state. The thin, inner field line
is produced by a thermal wind simulation (model la
with AQrw=3°/yr), whereas the thick, outer field line
is generated in a simulation of the westward drift flow
(model 3). In both simulations the current-carrying
dipole field model has been imposed. The westward
drift field line enters the core at (r = R¢, 0 = 7/3, ¢ ~
m/2) and exits the core at (r = R¢, 6 = 27/3, ¢ ~
7/2). The thermal wind field line enters the core at
(r = Re, 0 = 7/6, ¢ = 0) and exits at (r = R¢, 0 =
57/6, ¢ = 0). The two field lines are located in differ-
ent parts of the core such that each line passes close to
the region of maximum toroidal field induction in that
particular flow simulation.

Initially, the field lines were purely poloidal, but at
the time shown, after 28,000 simulated years, the equi-
librated magnetic fields have been wound up by the
shearing fluid motions in the outer core, resulting in
both poloidal and toroidal magnetic field components.
The thin, inner field line produced in a thermal wind
simulation has been wound into a dominantly toroidal
magnetic field that lies mostly within the tangent cylin-
der. This field line penetrates the inner core near the
equator. The thick, outer field line produced by the
westward drift model is situated well outside the tan-
gent cylinder. Though still dominantly toroidal, the
magnetic field produced by the westward drift is much
weaker than that of the thermal wind.

7. Spin-Up of the Inner Core

Gubbins [1981] calculated the period of rotational os-
cillation of the inner core subject to electromagnetic
torques and found that in the presence of a uniform 0.5
mT poloidal field, oscillations of the inner core have a
period of approximately 6 years and a decay time of
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Figure 6. Steady state results of the model with a current-carrying dipolar magnetic field and
the 3°/yr X wind flow (model 2a). Contours of angular velocity relative to the mantle of the
outer core fluid flow and the solid inner core are shown on the right side. Dipole field lines are
superimposed on the angular velocity contours. Shaded contours of the induced toroidal field in
milliteslas are shown on the left side. The anomalous inner core rotation (AQyc = 1.87°/yr) is
indicated by the darker shading of the angular velocity contours inside the inner core relative to
the surrounding fluid (AQxw = 3°/yr). The maximum toroidal field value is 78 mT.

-36mT
Angular Velocity

Toroidal Field

Figure 7. Steady state results of the model with a uniform % poloidal magnetic field and the
3°/yr X wind flow (model 2b). Contours of angular velocity relative to the mantle of the outer
core fluid flow and the solid inner core are shown on the right side. Uniform 2 field lines are
superimposed on the angular velocity contours. Shaded contours of the induced toroidal field in
milliteslas are shown on the left side. The anomalous inner core rotation (AQ;¢c = 2.13°/yr) is
indicated by the darker shading of the angular velocity contours inside the inner core relative to
the surrounding fluid (AQrw = 3°/yr). The maximum toroidal field is 35 mT.
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Figure 8. Maximum toroidal magnetic field Bry,,,
versus steady state anomalous inner core rotation rate
AQre for five different models. Bryax Vvaries linearly
as a function of the strength of AQj¢ in the numerical
models la, 1b, 2a, and 2b as well as in the analytical
model of Aurnou et al. [1996].

approximately 11 years. Gubbins also found the length
scale of the ICB magnetic boundary layers to be 15
km. Gubbins neglected the viscous torque on the inner
core because he estimated it be 3-4 orders of magnitude

-5mT
Toroidal Fieid
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less than the inner core electromagnetic torque, which
agrees with the recent numerical calculations of Dormy
et al. [1998].

We have carried out numerical calculations to deter-
mine the spin-up behavior of the inner core under the
action of electromagnetic torques in our model. These
calculations were begun by fixing the strength of the
poloidal field B, in (12) and (14) and the thermal wind
at AQrw. The inner core rotation rate AQ;c and the
toroidal magnetic field were both initially zero as in all
the other calculations. '

The results of the spin-up calculations are shown in
Figure 12. All the calculations were carried out using
a 3°/yr thermal wind except in Figure 12b. Figure 12a
compares the spin-up processes occurring for the differ-
ent poloidal field models with B, = —0.37 mT in (12)
and (14). The spin-up time for the uniform magnetic
field model is roughly 25 years, while the spin-up of the
current-carrying dipole model is roughly half that value
at close to 12 years. Here we define the spin-up time as
the time taken for the inner core to reach a quasi-steady
rotation rate.

Figure 12b contrasts the spin-up of the inner core sub-
jected to two different thermal wind strengths of 1.1° /yr
and 3°/yr. The spin-up oscillations are in phase and,
thus, AQrw only controls the final angular velocity of
the inner core.

deg/yr
0.04

o

=l

‘”')
ey
m

-0
Angular Velocity

Figure 9. Steady state results of the model with a current-carrying dipolar magnetic field and
the concentric, cylindrical fluid flow model derived from geomagnetic westward drift (model 3).
Contours of angular velocity relative to the mantle of the outer core fluid flow and the solid inner
core are shown on the right side. Current-carrying dipole field lines are superimposed on the
angular velocity contours. Shaded contours of the induced toroidal field in milliteslas are shown
on the left side. The inner core rotation is retrograde in this model, AQ;c = —0.013° /yr, as is
indicated by the darker shading of the angular velocity contours inside the inner core relative to
the neighboring fluid. The fluid inside the tangent cylinder is motionless in this low model. The

maximum toroidal field is 5 mT.
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Figure 10. (a) Angular velocity w(s) used in flow model 3, derived from geomagnetic westward
drift (adapted from Jault et al. [1988]), (b) time series of the anomalous rotation of the inner
core AQ;¢, (c) the maximum induced toroidal field Bryy .y, and (d) the Joule heating produced
by the interaction of this flow field with the current-carrying dipole field model.

Figure 12c demonstrates how the spin-up process
varies as a function of the strength of the uniform 2
poloidal magnetic field. Stronger poloidal fields gener-
ate stronger magnetic torques which increase the oscil-
lation frequency of the inner core. This increase in the
inner core oscillation frequency leads to thinner mag-
netic boundary layers that efficiently diffuse the ICB
magnetic field so that the inner core equilibrates faster
to the angular velocity of the surrounding fluid.

The highest value for the strength of the uniform 2
magnetic field used in Figure 12¢ is B, = —1.07 mT,
which generates maximal inner core torques of the or-
der of 10'® Nm. When B, = —0.37 mT in (12), the
strength of the poloidal magnetic field on the ICB is
also —1.07 mT, as shown in Figure 13. Comparing the
spin-up for the current-carrying dipole field model hav-
ing B, = —0.37 mT in Figure 12a with the spin-up for
the uniform 2 field model having B, = —1.07 mT in
Figure 12c, we see that their spin-up time series are
identical. Thus the strength of the poloidal magnetic
field on the ICB is the dominant controlling mechanism

of the inner core spin-up process.

Because the control of the spin-up process occurs in
the magnetic boundary layer surrounding the ICB, the
numerical domain was restricted in these calculations to
a much smaller spherical shell centered around the ICB.
An estimate for the thickness of an appropriate compu-
tational shell is the thickness of the magnetic boundary

layer
5:112220km
w

based on 7 = 2.65 m?/s from Table 1 and the angular
frequency of the oscillations, w = 27 /T, with oscillation
period T' ~ 20 years. This agrees with the length scale
used by Gubbins [1981]. After some experimentation
we have adopted a shell of thickness 0.1R¢ ~ 350 km,
which extends roughly 10 boundary layer thicknesses on
either side of the ICB. The shell calculations were run
using the uniform poloidal field. The shell grid used is

(26)

- 80 x 50. The current-carrying dipolar field was tested

using the full computational grid at much higher radial
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Figure 11. Geometry of magnetic field lines traversing the core. The thin, inner line is obtained
at steady state from the thermal wind flow (model 1a) with AQrw = 3°/yr. The thick, outer
field line is obtained at steady state from the westward drift flow (model 3).

resolution, 395 x 120, than for the toroidal field equi-
libration calculations discussed in sections 6.1 through
6.3.

Figure 12d shows the results of the shell calculations.
By doubling the 6 resolution to 50 x 100, no change oc-
curs in the spin-up, indicating that the boundary layer
is well resolved in #. Doubling the radial resolution
to 100 x 50 produces a slightly more damped solution,
indicating that the thickness of the magnetic bound-
ary layer is even less than 20 km, and our fine grid is
barely adequate to resolve the boundary layer properly.
This seems to agree with the work of Glatzmaier and
Roberts [1996] where their calculations produce a heav-
ily damped spin-up which equilibrates within roughly 2
years.

8. Discussion
8.1. Physical Mechanism

The combination of poloidal and toroidal magnetic
fields at the ICB results in torques on the inner core
(equation (3)). Differential flows in the outer core in-
duce toroidal fields that diffuse onto the ICB and pro-
duce torques on the inner core. The difference in angu-
lar velocity across the ICB strongly shears any magnetic
field lines that intersect the ICB surface. The toroidal

field generated at this ICB shear layer leads to a sec-
ond set of electromagnetic restoring torques. These sec-
ondary torques couple the inner core to the surrounding
fluid so that the angular velocity of the inner core equi-
librates to a value close to the angular velocity, or some
weighted average of the angular velocity, of the fluid
surrounding the inner core. Thus the two torques bal-
ance in steady state, with the inner core lagging slightly
behind the motion of the surrounding fluid.

8.2. Model Comparisons

8.2.1. Analytical model. The steady state ana-
lytical model of inner core superrotation of Aurnou et
al. [1996] produced a prograde superrotation of the in-
ner core by imposing a prograde thermal wind inside the
tangent cylinder. Their thermal wind flow field is simi-
lar to the one used here (model 1) except that the ana-
lytical model did not have a Stewartson layer at the tan-
gent cylinder boundary. In the analytical model the an-
gular velocity of the inner core was prograde and lagged
the surrounding fluid by approximately 14%. Steady
state toroidal fields of 20-55 mT were produced by inner
core rotation rates AQ¢c of 1.1° to 3°/yr, respectively.
It was also shown that a temperature difference across
the tangent cylinder of ~ 5 x 107* K is required to set
up an inner core superrotation rate of 1.1°/yr.
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Figure 13. Magnetic field strength versus the z axis
coordinate inside the Earth’s core. The magnetic field
strength increases with depth for the current-carrying
dipole model and is constant for the uniform 2 field
model.

8.2.2. Toroidal magnetic fields. The westward
drift flow (model 3) produces an equilibrium toroidal
field with a different spatial structure from the ther-
mal wind flows (models 1 and 2). All the flow mod-
els produce large-scale, large-amplitude toroidal fields,
but the seat of the toroidal field produced by the ther-
mal wind models is inside the tangent cylinder, while
the westward drift model produces a toroidal field cen-
tered well outside the tangent cylinder (compare Fig-
ures 2, 4, 6, 7, 9, and 11). In the westward drift flow
model the sign of the induced toroidal field is the same
as that produced by a “hot” tangent cylinder thermal
wind with the toroidal magnetic field directed to the
east in the northern hemisphere and directed to the
west in the southern hemisphere, as illustrated in Fig-
ure 9. The electromagnetic torque produced by this
magnetic field configuration drives the inner core into
retrograde motion. Because the fluid within the tan-
gent cylinder is completely motionless in this model, the
inner core comes into torque equilibrium with a very
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small westward angular velocity of -0.013°/yr (Figure
10b). This difference between the values of the inner
core rotation rate predicted by the thermal wind mod-
els, AQ;c ~ +2°/yr, and the westward drift model,
AQrc ~ —0.01°/yr, may allow for observational tests
of the two flow models.

While the comparisons between the westward drift
model and the thermal wind models are fairly straight-
forward, as seen in Figure 11, the differences between
the thermal wind models 1a and 1b are more subtle,
and understanding these differences can shed light on
the processes occurring in the electromagnetic torque
problem. The induced toroidal field in model 1a differs
from model 1b because the Stewartson layer acts as a
source of toroidal field only in model 1a. The horizon-
tal fluid shears in the Stewartson layer couple with the
horizontal components of the magnetic field in model 1a
to produce strong toroidal fields inside the Stewartson
layer. In model 1b the tiniform 2 magnetic field vec-
tor is completely insensitive to these horizontal shears.
Thus the Stewartson layer increases the strength of the
toroidal field in model 1a and acts to push the location
of the maximum toroidal field values out in s toward the
tangent cylinder wall. The toroidal field production in
the Stewartson layer also allows one to trace the outline
of the tangent cylinder in the toroidal field contours of
model 1a (see Figure 2). No detectable signs of the tan-
gent cylinder are visible in the toroidal field generated
by model 1b (see Figure 4).

The difference in the induced toroidal fields between
models 1la and 1b also occurs because the strength of
the poloidal field is spatially variable in model 1a while
remaining fixed in model 1b. Figure 13 compares the
strength of the poloidal field between model 1a and
model 1b as a function of height z in the core. The
strength of the current-carrying dipole field triples in
value from the CMB to the ICB, which leads to stronger
induced toroidal fields occurring deeper within the core
in model la as compared to model 1b.

The gradient in 2 of the imposéd thermal wind is
twice as strong in model 2 as in model 1. Thus the re-
sults in Table 3 show that model 2 produces greater lag
of the inner core behind the surrounding fluid, stronger
induced toroidal fields, and higher Joule heating in com-
parison to model 1. A second difference between the
thermal wind models is that in model 2a the intersec-
tion of the retrograde region of the X wind flow with the
Stewartson layer will create toroidal field of the oppo-
site sense as found in the rest of that hemisphere. Thus
the symmetric X shape of the thermal wind in model
2a leads to a toroidal field that is less concentrated near
the edge of the tangent cylinder (see Figures 2 and 6).

In the uniform 2 magnetic field models the 2 shear of
the tangent cylinder fluid is twice as strong in model 2b
as the shear imposed in model 1b. Since this shear is
the only source of toroidal field generation in the fluid
outer core for these two models, the lag of the inner core
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as well as By, in model 2b are twice that of model
1b.

The toroidal field generated in the uniform 2 field
model 1b is about one third the toroidal field found in
the analytical solution. This is due to the treatment
of diffusion in the different models. In the analytical
model diffusion occurs solely from the cylindrical vol-
ume of the tangent cylinder. The diffusion is only a
function of radius s with a zero field boundary condi-
tion on the rotation axis and a zero radial flux condition
on the tangent cylinder boundary. This is much more
restrictive than the numerical problem where diffusion
is allowed to occur throughout the sphere with a zero
toroidal field condition on the rotation axis and at the
CMB.

The steady state toroidal field does not go to zero on
the ICB in any of the numerical models even though the
net electromagnetic torque on the inner core does van-
ish at equilibrium. The steady state ICB toroidal fields,
which are of the order of 1072B7y, .. , are antisymmet-
ric across the equator. If a purely positive ICB toroidal
field existed in the northern hemisphere and a purely
negative ICB toroidal field existed in the southern hemi-
sphere then a retrograde electromagnetic torque would
necessarily result (see equation (3)). However, there is
also a change in the sign of the ICB toroidal field within
each hemisphere in Figures 2, 4, 6, and 7 such that 'y,
the northern hemisphere net axial torque

2w
Ty = / / "B B,sin?0dodé  (27)
0 0 14
and I'g, the southern hemisphere net axial torque

27
I's = / / —B By sin6 dfd¢ (28)
/2 M

are separately equal to zero: I'y = I's = 0. This result
is also found in the dynamo simulations of Glatzmaier
and Roberts [1995a, b, 1996].

8.2.3. Inner core rotation. The anomalous ro-
tation rate of the inner core, AQ;q, is seen to decrease
whenever the effects of the Stewartson layer or depth-
dependent poloidal field strength act to induce larger
toroidal fields By 5x in the bulk of the core. The in-
crease in toroidal field strength requires AQc to de-
crease so that the lag between the inner core and the
surrounding fluid increases. This increase in lag gen-
erates a stronger opposing toroidal field on the ICB
needed to establish a torque balance.

The westward drift flow model produces a steady
state inner core rotation rate that is retrograde. Before
reaching this steady state, Figure 10b shows that the
inner core rotates eastward in the prograde direction.
This initial prograde rotation of the inner core occurs
because the magnetic field that first diffuses onto the
ICB is induced by the reversed shear in the flow mod-
eled at high latitudes in Figure 10a. After about 3500
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years the magnetic field induced by the main shear in
the westward drift model, located between 30° and 150°
colatitude in 10a, diffuses onto the ICB and reverses the
direction of the inner core rotation anomaly from pro-
grade to retrograde.

The prograde rotation rate of the inner core, AQs¢, is
0.85AQ7w in the case of a uniform field and 0.86 AQrw
in the analytical model. The close match between the
anomalous rotation rate for the analytical model and
the uniform field model 1b is coincidental. The approx-
imations made in the analytical model happen to pro-
duce almost the same inner core rotation as found for
the uniform field model while generating a very different
toroidal field in amplitude and spatial structure.

It should be reiterated that our simulations use kine-
matic models of the fluid flow in the outer core. In a
fully dynamical simulation the electromagnetic torques
act to change the flow field itself. For example, the
electromagnetic torques that affect only the inner core
rotation in model 3 would likely also spin-up the fluid
within the tangent cylinder in a dynamical simulation.

8.3. Joule Heat Production

The Joule heat production as a function of time is
plotted in Figures 3c, 5c¢, and 10d. Steady state Joule
heating rates are given for all the models in Table 3.
The Joule heating Py varies as the square of the maxi-
mum induced toroidal field value, according to the fol-
lowing formulas:

0. 149(BTma,x) Model 1a
0. 148(BTmax) Model 1b

Py =< 0.142(Bryp,y)? Model 2a (29)
0. 148(BTmax) Model 2b
0.340(Bryax)° Model 3

where Py = [core #(V % B)?dV is the total Joule heat
production in the models shown in Figures and 3c, 5c,
and 10d. By, is the maximum induced toroidal field
in Figures 3b, 5b, and 10c. The proportionality coeffi-
cients in (29) are the slopes of linear regressions of the
time series of the joule dissipation Py versus the square

Table 4. Results of Numerical Simulations of Model 1la with AQrw

Variations in Thickness of the Stewartson Layer
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of the maximum induced toroidal field (Bry,ay)? for
each of the models shown. All the linear regressions
gave correlations coefficients 0.999 < R? < 1. The pro-
portionality coefficient in (29) for the westward drift
model is more than twice that of the thermal wind mod-
els. This is due to the difference in the spatial structure
of the induced fields produced by the two flow mod-
els: the normalized moment of the magnetic energy is
greater in the case of the westward drift flow because the
field is produced outside the tangent cylinder at greater
s values. The fact that the coefficients for the four ther-
mal wind models differ by less than 5% demonstrates
the close correlation between their gross field structures.

The Joule heat production in the core is related to
the total heat flux at the CMB as

P; =ePoMB (30)
where Pop is the total outward heat flux evaluated
at the CMB and ¢ is an efficiency factor [Backus, 1975;
Hewitt et al., 1975; Lister and Buffett, 1995]. Lister and
Buffett [1995] have estimated Poyg =3 TW and € =
0.2, so that a typical estimate of the Joule dissipation
in the core is roughly 600 GW.

The interaction of the current-carrying dipole field
model with the 3°/yr thermal wind flow model pro-
duces nearly 600 GW and the 3°/yr X wind flow model
produces 900 GW of Ohmic dissipation, close to and
over the thermodynamic limit estimated by Lister and
Buffet [1995]. Considering that we do not take into ac-
count Joule heat production at small length scales as is
likely to occur in the core [Brito et al., 1996, energy
considerations suggest an upper bound close to 3°/yr
for the strength of thermal wind flows inside the tan-
gent cylinder.

8.4. Stewartson Layer

The results of models with differing thickness of the
Stewartson layer are given in Table 4. The flow model
used in these simulations is the thermal wind model la
with a maximum angular velocity of AQrw = 3°/yr.

= 3°/yr Subject to

Layer Thickness, km AQqc, °[yr Brmax, mT P;, GW Py /(Brpax)?, GW/mT?
50 2.150 58.82 519 0.145
100 2.129 60.46 565 0.149
150 2.108 62.17 613 0.154
200 2.087 64.05 663 0.157
250 2.068 66.01 714 0.159

Layer thickness is the thickness of the Stewartson layer truncation in kilometers. AQ;¢ is the steady
state anomalous rotation rate of the inner core, By, is the maximum induced toroidal field at steady
state, and Py is the Joule dissipation in the core. The last column of data is the slope determined from
a hnea.r regression analysis of the time series of P as a function of (BTmax)
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The anomalous inner core rotation rate, AQ;c in
Table 4, decreases linearly with increasing Stewartson
layer thickness while Bry,, linearly increases with the
thickness of the layer. Thus, in flow model 1a, the Stew-
artson layer acts as a source of toroidal magnetic field
which increases in source strength with layer thickness.

In the last column of Table 4 we show slope from
the linear regression of the time series of the joule dis-
sipation Py versus the square of the maximum induced
toroidal field (Bryp, 5 )? for each of the Stewartson layer
models. As in section 8.3, all the linear regressions
gave correlations coefficients 0.999 < R?2 < 1. The ra-
tio Py/(Bryax)? increases with the Stewartson layer
thickness because the moment of the magnetic energy
increases in the core with increasing Stewartson layer
thickness.

9. Conclusions

The combination of toroidal and poloidal magnetic
fields exerts electromagnetic torques on the solid inner
core, resulting in its anomalous spin. Our calculations
indicate a close relationship between the anomalous ro-
tation of the inner core and the generation of toroidal
magnetic field by the w effect. The toroidal magnetic
field is induced from the poloidal magnetic field by the
azimuthal motions of the outer core fluid. In equilib-
rium, two opposing electromagnetic torques couple the
inner core to the fluid motion such that the anomalous
angular velocity of the inner core is proportional to the
average angular velocity of the adjacent fluid.

Azimuthal motion consisting of cylindrical flow on
geostrophic contours inferred from the geomagnetic west-
ward drift induces toroidal magnetic field concentrated
outside the tangent cylinder of the inner core and results
in a small retrograde inner core rotation anomaly. This
behavior is not compatible with the seismic interpre-
tations of a prograde inner core rotation anomaly. In
contrast, thermal wind azimuthal flow resulting from
a positive temperature anomaly within the inner core
tangent cylinder can easily account for the seismically
inferred inner core rotation anomaly. This mecha-
nism connects the toroidal field, which is concentrated
along a Stewartson shear layer located at the inner
core tangent cylinder, to the anomalous inner core ro-
tation rate. For the current-carrying dipole field and
the X wind flow model with AQ;c = 3°/yr (Su et
al., [1996]), Bryax =~ 125 mT; for AQse = 1.1°/yr
(Song and Richards, [1996]), Bryay =~ 47 mT; for
AQro = 0.25°/yr (Creager, [1997]), Bryay =~ 10 mT.
Time-dependent calculations demonstrate that if the
electromagnetic torque equilibrium is disturbed, the in-
ner core rotation adjusts via damped oscillations having
a periodicity of about 4 years and a spin-up time close
to 12 years, in accord with both the analytical model of
Gubbins [1981] and the Glatzmaier and Roberts [1996]
numerical dynamo model.
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