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T h r e e C o n s t r u c t i v e A l g o r i t h m s 

F o r  N e t w o r k L e a r n i n g 

Stephe n I .  Gallan t 

College of Computer Science 

Northeaster n Universit y 

A B S T R A C T:  Machin e learnin g method s fo r  connectionis t  model s usuall y 

operat e b y attachin g weight s t o a  prespecifie d networ k s o tha t  a  certai n 

functionalit y i s achieved .  Thi s i s th e classica l  credi t  assignmen t  problem . 

Thi s pape r  explore s a  constructiv e approac h t o connectionis t  learnin g 

wher e bot h a  networ k an d weight s mus t  b e generated .  I t  i s  argue d tha t  thi s 

i s a n easie r  proble m t o solv e an d i s sufficien t  fo r  m a n y application s sinc e 

networ k topolog y i s usuall y no t  a s importan t  a s functionality . 

Thre e algorithm s ar e presente d fo r  constructin g network s fro m trainin g 

examples .  A s cell s ar e adde d an d iteration s ar e made ,  eac h metho d pro -

duce s a  networ k havin g optima l  expecte d behavio r  (i.e .  i t  correctl y classifie s 

th e m a x i m u m numbe r  o f  trainin g example s possible )  wit h arbitraril y  hig h 

probabilit y  p  <  1 . 

Learnin g spee d fo r  thes e algorithm s i s currentl y bein g investigated . 

K e y w o r d s :  Learning ,  Connectionis t  Models ,  Pocke t  Algorith m 

Acknowledgment: This research W8is partially supported by a grant 

fro m th e Northeaster n Universit y Researc h an d Scholarshi p Developmen t 

Fund .  Thank s t o Mar k Frydenberg ,  Mitc h W a n d ,  Bo b Futrell e an d Ke n 

Baflawsk i  fo r  helpfu l  comments . 

I .  Introductio n 

A conmio n singl e cel l  connectionis t 

model  i s th e linea r  discriminan t  [Fishe r 

1936 ,  D u d a &  Har t  1973 ]  o r  perceptro n 

Rosenblat t  1961] .  A  linea r  discriminan t 

consist s o f  a  se t  o f  numerica l  weight s Wf . 

A n inpu t  vecto r  V  wit h component s o r 

"features "  <  Vi,...,V n >  i s classifie d int o 

on e o f  tw o categorie s (Tru e o r  False )  ac -

cordin g t o whethe r  th e weighte d sim i  o f  it s 

component s i s greate r  tha n som e thresh -

ol d W q (se e Figure s 1 ,  2) .  Linea r  dis -

criminant s an d perceptron s hav e bee n ex -

tensivel y studie d an d critique d [Minsk y & 

Paper t  1969] . 

Linear discriminants are quite pop-

ula r  fo r  practica l  application s suc h a s 

machin e vision ,  patter n recognition ,  an d 
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Outpu t  =  - I 

v ,  =  - i V2 =  0 V-,  =  - 1 

- I  }  I f  ^  V  w  {  <  w Outpu t  = 

Eigur g ) :  Linea r  Piscr iminan t 

Outpu t  o f  to p cel l  i s  - I  sinc e 

(-l)(-3 )  +  (0X4 )  +  (+IK-2 )  <  2 

Q 
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Eigure 2: Lingar Discriminant NetwcrK 

classification problems. There are well 

know n method s fo r  determinin g good ,  bu t 

sub-optimal ,  linea r  discriminan t  weights . 

Recentl y w e hav e develope d a  ne w meth -

od,  th e Pocke t  Algorithm ,  whic h give s op -

tima l  weight s wit h arbitraril y  hig h proba -

bilit y  an d appear s t o decreas e misclassifi -

cation s b y roughl y one-fift h ove r  standar d 

method s Th e Pocke t Gallan t  1985 b 

Algorith m i s als o importan t  becaus e i t 

serve s a s th e basi s fo r  th e networ k grow -

in g algorithm s t o b e discussed . 

While an individual discriminant has 

severa l  appealin g features ,  i t  ca n onl y rep -

resen t  a  smal l  subse t  o f  boolea n function s 

calle d separabl e function s (se e [Gallan t 

1985b)) .  Howeve r  a  networ k o f  linea r  dis -

criminant s (Figur e 2 )  ca n represen t  an y 

boolea n functio n o n n  boolea n variables . 

The problem of determining weights 

fo r  a  predetermine d networ k o f  cell s i s 

much harde r  tha n fo r  a  singl e cell .  Thi s 

i s th e classica l  credi t  assignmen t  prob -

le m identifie d b y Minsk y [1961] .  Recen t 

progres s o n thi s proble m ha s bee n m a d e 

by Bart o [1981 ,  1985] ,  C .  Anderso n [198 2 

Pear l  [1985a ,  1985 b 

to n f1984 a 

Sutto n [1984] ,  Hin -

198 5 and Rumelhar t  et .  al . 

Of  these ,  Rumelhart' s  Bac k Propagatio n 

Algorith m appear s mos t  promisin g wit h 

respec t  t o speed . 

n. The Constructive Approach 

Rathe r  tha n assumin g a  fixed  net -

wor k an d tryin g t o determin e appropri -

at e weight s fo r  it ,  on e o f  ou r  approache s 

has bee n t o determin e bot h networ k an d 

weight s i n orde r  t o achiev e th e desire d 

functionality .  Ther e ar e severa l  motiva -

tion s fo r  thi s constructiv e approach . 

First ,  th e constructiv e algorithm s t o 

be studie d alway s produc e (i n theory )  net -

work s an d weight s whic h correctl y classif y 

a m a x i m u m numbe r  o f  trainin g examples . 

(I f  ther e i s n o pai r  o f  contradictor y exam -

ples ,  al l  example s wil l  b e correctl y clas -

sified. )  Th e constructiv e proble m seem s 

easie r  t o solv e tha n th e fixed  proble m be -

caus e th e necessit y o f  realizin g a  solutio n 

i n a  fixed  networ k i s a n additiona l  con -

strain t  o n th e problem .  Thxi s th e require -

ment  o f  definin g a  networ k i s no t  a n adde d 

burden ,  i t  i s  a n extr a degre e o f  freedom . 

653 



Gallant :  Thre e Constructiv e Algorithm s 

Second ,  fo r  mos t  application s th e to -

polog y o f  th e fina l  networ k i s no t  vitall y 

importajit .  Usuall y i t  i s  mor e importan t 

t o hav e a  networ k an d weight s implement -

in g som e desire d functionzdit y tha n i t  i s 

t o hav e conformit y wit h som e prespecifie d 

structure .  Fo r  ou r  wor k wit h connection -

is t  exper t  system s [Gallan t  1985a] ,  func -

tionalit y i s m u c h mor e importan t  tha n 

networ k topology . 

Anothe r  reaso n t o examin e construc -

tiv e approache s i s spee d o f  learning .  Th e 

Boltzman n learnin g algorith m [Hinto n 

1984a ]  ha s largel y bee n abandone d be -

caus e o f  it s  slownes s (althoug h wor k wit h 

th e Boltzmaji n mode l  continue s t o b e 

fruitfu l  [Touretzk y &  Hinto n 1985 ,  Cot -

trel l  1985]) .  Rumelhart' s  Bac k Propaga -

tio n Algorith m appear s mor e promisin g 

wit h respec t  t o speed .  Nevertheles s th e 

prospec t  o f  a  fas t  learnin g metho d les s 

susceptibl e t o convergenc e problem s give s 

stron g impetu s fo r  explorin g constructiv e 

networ k algorithms . 

T h e abov e argument s motivat e th e 

developmen t  o f  constructiv e algorithm s 

an d comparison s wit h Bac k Propagatio n 

wher e appropriate . 

III. Algorithms for Generating 

We igh t s fo r  a  Singl e Discriminan t 

Generatin g weight s fo r  a  singl e linea r 

discriminan t  s o tha t  a  m a x i m u m numbe r 

of  trainin g example s ar e correctl y clas -

sifie d i s a  classica l  proble m reviewe d i n 

[Gallan t  1985 b 

th e situation : 

To quickl y summariz e 

1.  Perceptro B learnin g [RoBcnbUt t  1961 ,  Miask y 

<fe Paper t  1969 ]  work s fo r  separabl e problems , 

but  fail s  fo r  nonseparabl e problems . 

2.  Othe r  standar d method s solv e simila r  bu t  dif -

feren t  problems .  Usuall y the y produc e sub -

optima l  weight s fo r  non-separabl e problem s 

and frequentl y give s sub-optima l  weight s fo r 

separabl e problem s a s wel l  [Dud a &  Har t 

1973 ,  Kalec a 1980] . 

3.  Th e Pocke t  Algorith m [Gallan t  1985c ,  1985b ] 

solve s separabl e problem s i n £nit e tim e an d 

give s weight s fo r  non-separabl e problem s wit h 

an expecte d qualit y tha t  improve s a s th e 

number  o f  iteration s increases .  Th e proba -

bilit y  tha t  th e generate d weight s wil l  b e opti -

mal  approache s 1  a s th e numbe r  o f  iteration s 

grows .  Initia l  compariso n wit h a  standar d 

metho d (Wilks *  method )  gav e a  roug h esti -

mat e o f  a  2 0 % decreas e i n misclassiScation s 

usin g th e Pocke t  Algorithm . 

Th e algorithm s fo r  generatin g singl e 

discriminant s ar e importaji t  i n thei r  ow n 

righ t  du e t o thei r  heav y us e i n applica -

tion s suc h a s machin e visio n an d patter n 

recognition .  The y ar e als o importan t  be -

caus e the y zx e par t  o f  algorithm s tha t 

generat e networks . 

rV. Constructive Algorithms 

Fo r  N e t w o r k Learnin g 

We shal l  briefl y describ e thre e con -

structiv e algorithm s fo r  networ k gener -

ation :  th e Towe r  Construction ,  th e In -

verte d Pyrami d Construction ,  an d th e 

Distribute d Method .  I t  shoul d b e note d 

tha t  ther e ar e a  numbe r  o f  additiona l  vari -

ation s t o thes e method s whic h m a y hav e 

importan t  effect s o n performance . 

1.  T h e T o w e r  Constructio n 

Thi s metho d construct s a  linea r  dis -

criminan t  networ k i n th e for m o f  a  towe r 

(Figur e 3) .  Cell s ar e adde d on e b y on e 

654 



Gallant :  Thre e Constructiv e Algorithm s 

OwtPil t 
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Eigur e 3 :  Towe r  ConslrLictio n 

QutBut 

nputg ; 

Figur e 4 :  Inverte d Pyrami d Constructio n 

Key: 

O C e l l  wll h coefficient s bein g modifie d 
by Pocke t  Algorith m 

Cel l  wit h fixe d coefficient s 

and connecte d t o th e origina l  input s an d 

t o th e previou s cel l  a s i n Algorith m 1 . 

It can be shown that with arbitrar-

il y  hig h probabilit y  p  <  1 ,  th e Towe r 

Constructio n wil l  produc e a  networ k tha t 

correctl y classifie s a  m a x i m u m numbe r 

of  trainin g example s (se e [Gallantl986]) . 

Furthermore ,  th e outpu t  fro m eac h leve l 

wil l  correctl y classif y a  greate r  numbe r  o f 

trainin g example s tha n th e outpu t  fro m 

th e previou s level .  Thi s guarantee s theo -

retica l  convergenc e t o a  networ k wit h op -

tima l  performanc e fo r  th e se t  o f  trainin g 

examples ,  a s contraste d wit h othe r  ap -

proache s (suc h a s gradien t  descen t  meth -

ods )  whic h m a y fai l  t o find  a n optima l  net -

work . 

1.  Construc t  a  goo d (preferabl y optima,l )  se t  o f 

coefScient s fo r  a  singl e linea r  discriminant , 

Di .  I f  al l  (o r  th e msLximu m numbe r  possible ) 

of  th e trainin g example s ar e correctl y classi -

Bed,  w e ar e done .  Otherwis e freez e th e coef -

Scient s  fo r  Dj . 

2. Construct a good (preferably optimal) set of 

coefficient s  fo r  linea r  discriminan t  Dn+ 1 hav -

in g input s from  th e trainin g example s an d 

fro m dbcriminan t  D n (se e Figur e 3) .  I t  ca n 

be show n tha t  Dn+ i  ca n correctl y classif y a 

greate r  numbe r  o f  trainin g example s tha n Dn -

Freez e th e coefficient s fo r  Dn+i -

3. Repeat step 2 a hnite number of times un-

ti l  al l  (o r  th e maximu m numbe r  possible )  o f 

trainin g example s ar e correctl y classihed . 

Algorithm 1: Tower Construction 

Whil e onl y preliminar y test s hav e 

bee n m a d e wit h thi s algorithm ,  on e o f 

the m i s particularl y interesting . 

The Parity function is a classical 

non-separabl e functio n whic h wil l  retur n 

tru e (+1 )  i f  a n od d numbe r  o f  it s  input s 

ar e +1 .  Otherwis e th e functio n return s 

fals e (-1) .  Fo r  2  input s th e Parit y func -

tio n i s th e sam e a s exclusive-OR .  I t  i s wel l 

know n tha t  a  networ k o f  2  cell s i s neces -

sar y an d sufficien t  t o represen t  exclusive -

O R (se e fo r  exampl e [Hinto n 1984a]) .  W e 

applie d th e Towe r  Constructio n t o th e 

Parit y proble m fo r  n = 3 wit h th e expec -

tatio n tha t  a  3  leve l  networ k woul d b e 
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QuLQUi 

/ • 
Inimts i 

Figur e 5 :  Towe r  Constructio n fo r  computin o parit y 

fijnctio n wit h thre e input? , 

Outpu t  i s -» 1 i f  a n od d numbe r  o f  Input s ar e +1 . 
Outpu t  i s - 1 i f  a n eve n numbe r  o f  input s ar e +1 . 
Note tha t  al l  input s en d output s ar e *  I  an d - 1 
(rathe r  the n •  1  an d 0) . 

Exampl e show s a n outpu t  o f  - 1 whe n tw o input s 
ar e *\ .  Th e outpu t  fro m th e lowe r  cel l  i s  als o 
- 1 fo r  thi s example . 

required to represent this function. To 

ou r  surprise ,  th e T o w e r  Constructio n pro -

duce d a  2  leve l  network !  Th e networ k i s 

give n i n Figur e 5 .  F ro m thi s constructio n 

i t  becam e clea r  tha t  a  towe r  coul d com -

put e th e Parit y functio n o n n  input s b y 

an 

•( n +  l)/ 2 

leve l  tower . 

2. The Inverted Pyramid Construc-

tio n 

The Inverted Pyramid Construction 

(Figur e 4 )  i s simila r  t o th e Towe r  Con -

struction ,  excep t  eac h ne w discriminan t 

see s output s fro m al l  previou s levels ,  no t 

jus t  th e immediatel y precedin g level .  O n e 

woul d expec t  tha t  fewe r  level s woul d b e 

neede d an d thi s woul d spee d u p networ k 

generation .  Howeve r  learnin g spee d m a y 

be adversel y affected ,  sinc e eac h leve l 

must  solv e a  proble m i n a  spac e o f  highe r 

dimension s tha n i s th e cas e wit h th e 

Tower  Construction .  Thi s i s currentl y un -

der  investigation . 

3.  T h e Distribute d M e t h o d 

Th e Distribute d Metho d i s a  con -

structiv e approac h whic h m a y als o b e 

viewe d a s a  fixed  networ k approach .  Th e 

basi c ide a o f  th e Distribute d Metho d i s 

illustrate d i n Figur e 6 .  A  laye r  o f  man y 

discriminant s wit h fixed,  rando m coeffi -

cient s i s specified ,  afte r  whic h learnin g 

take s plac e fo r  th e singl e cel l  o n top .  I f 

enoug h cell s hav e bee n adde d the n an y 

functio n wil l  becom e separabl e [Minsk y i c 

Paper t  1969] ,  bu t  familie s o f  som e func -

tion s m a y requir e a n exponentia l  numbe r 

of  adde d cell s fo r  a  perfec t  representa -

tion .  O n th e othe r  han d ou r  initia l  test -

in g ha s indicate d tha t  n  trainin g exam -

ple s ca n usuall y b e correctl y classifie d b y 

a rando m laye r  wit h | n t o 2 n adde d cells . 

Th e adde d cell s produc e a  distribute d rep -

resentatio n fo r  an y inpu t  [Hinto n 1984b , 

Touretzk y &  Hinto n 1985 ,  Bloo m 197 0 

sinc e th e patter n o f  cell s i n th e adde d laye r 

i s mor e importan t  tha n an y singl e cell . 

A n importan t  poin t  her e i s tha t  ran -

d o m linea r  discriminant s mak e u p th e 

adde d laye r  rathe r  tha n rando m boolea n 

functions .  Thi s i s intende d t o promot e ro -

bustnes s o f  th e resultin g system ,  sinc e a n 

inpu t  V  an d a  clos e trainin g exampl e V * 

shoul d bot h produc e simila r  pattern s i n 

th e adde d layer .  Thi s i n tur n woul d mak e 

i t  likel y tha t  th e to p cel l  woul d giv e iden -

tica l  output s fo r  V  an d V* .  Howeve r  i f 

rando m function s ha d bee n use d fo r  th e 

adde d layer ,  V  an d V *  woul d produc e to -
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tall y  uncorrelate d output s regardles s o f 

thei r  similarit y (unles s V  an d V *  wer e 

identical) .  Th e pric e t o b e pai d fo r  thi s 

attemp t  a t  robustnes s i s tha t  th e adde d 

laye r  wil l  requir e mor e cell s t o achiev e sep -

arabilit y  tha n i f  strictl y rando m booleeo i 

function s ha d bee n employed . 

A major advantage of the Distributed 

Metho d i s tha t  th e sam e adde d laye r  ca n 

he use d equall y wel l  b y differen t  to p cell s 

fo r  computin g totall y differen t  functions . 

Once w e inves t  i n a n adde d layer ,  i t  i s 

availabl e fo r  ever y futur e task .  Suc h a n 

architectur e i s wel l  suite d fo r  cell s whic h 

ar e independen t  an d asynchronou s an d i t 

require s fewe r  coefficient s t o b e leaxne d 

tha n mos t  othe r  models .  Thi s structur e 

i s a n ol d bu t  appealin g ide a motivate d b y 

neura l  system s an d th e difficult y o f  pass -

in g larg e amount s o f  informatio n geneti -

cally .  Sinc e w e no w hav e a t  leas t  on e rea -

sonabl e algorith m whic h work s wit h non -

separabl e dat a (th e Pocke t  Algorithm ) 

and th e abilit y  t o enhanc e functionalit y 

by employin g th e Towe r  o r  Inverte d Pyra -

mi d Construction s abov e th e adde d laye r 

of  fixe d rando m cells ,  thi s ide a i s wort h 

explorin g again . 

Space limitations preclude a more 

thoroug h examinatio n o f  th e Distribute d 

Metho d here .  Th e reade r  i s referre d t o 

Gallan t  1986 1 fo r  additiona l  details . 

V .  Discussio n a n d S u m m a r y 

We hav e presente d thre e constructiv e 

algorithm s fo r  generatin g connectionis t 

network s fro m trainin g examples .  Th e 

Tower  an d Inverte d Pyrami d Construc -

tion s giv e optima l  performance ,  afte r  a  fi-

nit e numbe r  o f  level s hav e bee n adde d an d 

afte r  sufficien t  iterations ,  wit h arbitraril y 

hig h probability .  Eac h leve l  perform s bet -

te r  tha n th e previoii s  leve l  i n term s o f  cor -

rec t  classifications . 

Th e Distribute d Metho d als o give s op -

tima l  performanc e fo r  a  se t  o f  trainin g ex -

ample s wit h arbitraril y  hig h probability , 

provide d ther e ar e sufficien t  cell s i n th e 

adde d layer . 

Al l  thre e method s ar e robus t  i n th e 

sens e tha t  a n exampl e whic h i s sufficientl y 

simila r  t o a  trainin g exampl e wil l  b e clas -

sifie d th e sam e a s tha t  trainin g example , 

du e t o th e genera l  behavio r  o f  linea r  dis -

criminants . 

Th e performanc e o f  thes e algorithm s 

i s jus t  beginnin g t o b e investigated .  How -

eve r  th e Towe r  Constructio n ha s bee n in -

corporate d int o th e networ k generatio n 

phas e fo r  th e M A C I E syste m fo r  gener -

atin g exper t  system s [Gallan t  1985a ]  an d 

has demonstrate d reasonabl e spee d an d 

performanc e fo r  severa l  problems .  Mor e 

testin g an d practica l  experienc e i s neede d 

t o full y  evaluat e thes e algorithms . 
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Q u t D u t 

O 

^ ^ - ^ 2 ^  ^ ^ 2 ^  ^ ^ ^ 2 ^ 

A d d e d laye r  o f  fixed , 

r a n d o m discriminant s 

I n p u t s 

K e y : 
O 

Cel l  wit h coefficient s bein g modifie d 

by Pocke t  Algorith m 

Cell with fixed coefficients 

F i g u r e 6 :  D i s t r i b u t e d M e t h o d 
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