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ABSTRACT

Coulomb collisions with background plasma can cause emittance growth in plasma accelerators. This paper extends the theory to consider
collisions with not only motionless plasma ions but also plasma electrons with relativistic motion, based on the Frankel cross section. The
theory is verified by particle-in-cell simulations with a Monte Carlo collision module. It is shown that the electron contribution has the same
amount as that of ions in linear acceleration regime and may not be negligible in nonlinear regime depending on the plasma electron density
and its relativistic bulk velocity.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0102919

I. INTRODUCTION

Preserving beam quality is a key requirement for future plasma-
based accelerators. In particular, for prospective plasma-based col-
liders,1 preservation of the beam emittance is of great importance,
since this quantity eventually determines the beam size and luminosity
at the interaction point. This of course holds true both for the electron
and positron accelerated beams, in the case of an electron-positron
collider. In practice, however, several physical effects can degrade the
emittance during acceleration,2 including the decoherence of a mis-
matched beam,3,4 misaligned beam,3,5 non-linear focusing fields,6–8

and the beam-hosing instability.9–14 Additionally, Coulomb scattering
of the beam particles by the background plasma ions and plasma elec-
trons can also lead to emittance degradation. This is especially true for
positron beams, since many proposed plasma-based acceleration
schemes require the positron beam to be placed in an area of the wake-
field where the plasma electron density is high.15–18

The theoretical study of emittance growth due to Coulomb colli-
sions in plasma-based accelerators was first introduced by Montague
and Schnell in 1985.19 Later, the theory was applied to the blow-out
beam-driven regime20 and the quasi-linear laser-driven regime,1 includ-
ing in near-hollow plasma channels.21 In 2020, Zhao et al. extended the
theory from a monoenergetic matched beam to a mismatched beam

with energy spread and showed that the emittance growth due to
Coulomb collisions can be correctly captured in particle-in-cell simula-
tions, with a proper Monte Carlo binary collision module.22

The above-mentioned studies only consider collisions with back-
ground plasma ions, because collisions with plasma electrons were
thought to be negligible. In this paper, we further extend the theory to
include collisions with plasma electrons and show that the emittance
growth caused by it can be as important as collisions with plasma ions,
under some circumstances. We also show that, unlike collisions with
motionless ions, collisions with plasma electrons require the electron
motion in the wakefield to be taken into account for the theoretical
description to be accurate.

The paper is organized as follows. In Sec. II, we derive the contribu-
tion of plasma electrons to the emittance growth. In Sec. III, we compare
this formula to numerical simulations both in the linear and nonlinear
wakefield regimes. Finally, the paper is summarized in Sec. IV.

II. THEORY

We consider an ultra-relativistic beam (consisting either of posi-
trons or electrons) propagating through a background of plasma elec-
trons. In this configuration, the increase in divergence for the beam
particles, due to Coulomb scattering, is given by a known formula22,23
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(which itself results from the application of the relativistic Frankel
cross section24 in the center-of-mass frame of the collision),

dhh0x2i
dt
¼ 4pner2e ccp

0
e

cbceðce þ cbÞme

c0bc
0
em

2
e c

2

p02b
þ 1

 !2

lnKe: (1)

In the above formula, the subscript b denotes the beam quantities and
the subscript e denotes the plasma electron quantities, the brackets
h� � �i indicate an average over scattering events, p is the relativistic
momentum, me is the electron rest mass, c is the Lorentz factor, ne is
the number density, re is the classical electron radius, c is the speed of
light, and lnKe is the Coulomb logarithm associated with collisions
between beam particles and plasma electrons. Primed quantities are
taken in the center-of-mass frame of the collision, unprimed quantities
are taken in the laboratory frame, and cc is the Lorentz factor associ-
ated with the center-of-mass frame.

To obtain the corresponding divergence rate in the laboratory
frame, we perform a Lorentz transformation under some additional
hypotheses. Namely, we neglect transverse motion of the plasma elec-
trons (which is usually valid close to the center of the beam), and
assume that the longitudinal motion is mildly relativistic (ce � cb),
and that the incident beam particles have low divergence. Under these
conditions, we obtain (see the Appendix for a derivation)

dhhx2i
dt
¼

pnecr2e ð1� be;zÞ
ðcb þ ceÞ2

2þ
ceð1þ be;zÞ

cb

 !2

lnKe; (2)

where be;z � ve;z=c is the normalized, longitudinal velocity of plasma
electrons in the laboratory frame.

Note that, in the above formula, the average corresponds to con-
sidering many independent instances of a single electron experiencing
a random scattering event. Under the assumption that each electron in
the beam experiences independent scattering events, the above average
is equivalent to averaging over the particles in the beam. Therefore, in
the rest of this paper, the notation h� � �i corresponds to an average
over beam particles.

To obtain the total rate of emittance growth, we consider the
additional contribution from the plasma ions22

dhhx2i
dt
¼ 4pnicr2e

c2b
Z2 lnKi; (3)

where ni is the density of the plasma ions, Z is their charge number,
and lnKi is the Coulomb logarithm associated with collisions between
beam particles and plasma ions. We then follow a similar derivation as
in Ref. 22 to obtain the growth of emittance from the increase in diver-
gence. Finally, we further assume that the beam remains adiabatically
matched, so that hh2xi ¼ k2bhx2i where kb ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jf =ðmec1Þ

p
=c is the

betatron wavevector, and jf ¼ @f =@x denotes the gradient of the
transverse focusing force f ¼ eðEx þ cByÞ in the wakefield. Under
these assumptions, we obtain the full formula for the growth of emit-
tance due to Coulomb scattering:

dex
dz
¼ 2pn0r2e

cbkb
Z lnKiþ

neð1� be;zÞ
n0ð1þ ce=cbÞ2

1þ
ceð1þ be;zÞ

2cb

 !2

lnKe

2
4

3
5;
(4)

where n0 ¼ Zni. Note that the first term is the contribution from colli-
sions with plasma ions, and the second term is the contribution from
collisions with plasma electrons.

A few remarks can be made on Eq. (4). First, the 1=kb depen-
dency is a reminder that strong focusing (i.e., a large kb) is required to
reduce the emittance growth due to collisions.1 Second, Eq. (4) indi-
cates that the contribution to the emittance growth from the plasma
electrons and plasma ions are of the same order of magnitude. In par-
ticular, in the limit of an ultra-relativistic beam, i.e., ce � cb, Eq. (4)
reduces to

dex
dz
¼ 2pn0r2e

cbkb
Z lnKi þ

ne
n0
ð1� be;zÞ lnKe

� �
: (5)

In the linear regime, ne=n0 ¼ 1þ dn=n0, and be;z ¼ dn=n0 with
jdn=n0j � 1. Hence, ðne=n0Þð1� be;zÞ ¼ ð1þ dn=n0Þð1� dn=n0Þ
� 1, and thus, in the case Z¼ 1 and lnKi � lnKe, the contributions
from the ions and electrons are approximately equal. Fundamentally,
this is because the Frankel cross section24 assumes instantaneous inter-
action between the colliding particles, i.e., the particles do not have
time to move while interacting, and therefore, the mass of the target
species (plasma electron or plasma ions) is irrelevant in the scattering
cross section.

Finally, as mentioned in previous work,24 we note that it is diffi-
cult to precisely estimate the Coulomb logarithms, and that different
prescriptions exist in the literature. In the case of collisions with
plasma ions, we use lnKi ¼ ln ðkD=RÞ, where kD is the Debye length
and R ¼ 1:4A1=3 fm is the effective Coulombic radius of the
nucleus.22 For the parameters considered in this paper (hydrogen
plasma with a density n0 ¼ 1017 cm�3 and a temperature of 10 eV),
this gives lnKi ¼ 17:8. In the case of collisions with plasma electrons,
we use the prescription of Frankel24 with bmax ¼ kD as the maximum
impact parameter. In the limit of cb � ce, this prescription simplifies

to lnKe ¼ ln ðkD=re �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cbceð1� be;zÞ=2

q
Þ. Although this quantity

depends on cb and ce, this dependency is weak because of the loga-
rithm and square root. For instance, for the same plasma parameters
as above and with ce � 1, we have lnKe ¼ 19:4 for cb ¼ 200 and
lnKe ¼ 21:2 for ce ¼ 8000. For simplicity, in this paper, we choose a
fixed value lnKe ¼ 20, both in the theory and simulations.

III. SIMULATION
A. Setup and parameters

In order to verify the predictions of Eq. (5) in a realistic laser-
plasma acceleration scenario, we perform particle-in-cell (PIC) simula-
tions of a beam-driven plasma accelerator, using the open-source code
WarpX.25,26 We consider both a linear wakefield regime (Sec. III B) and
a nonlinear wakefield regime (Sec. IIIC), by varying the charge of the
beam driver. Importantly, in either case, we introduce both a witness
electron beam and a witness positron beam in the wakefield (at different
respective phases), in order to highlight potential differences in the typi-
cal growth of emittance experienced by these two types of beam.

In the PIC simulations, the Coulomb collisions between the wit-
ness beam particles and the plasma electrons and ions are captured by a
Monte Carlo module,23 which is based on the Frankel cross section.24

All simulations are carried out in a Lorentz-boosted frame27

(with a Lorentz factor c¼ 10) and use the following setup and parame-
ters. A driver electron beam is initialized with a Gaussian distribution
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with RMS size rx ¼ ry � 6:32 lm, rz � 12:65 lm.We represent the
driver with eight macro-particles per cell and set it to propagate rigidly
at the speed of light through the plasma. The plasma has a 1mm den-
sity upramp, followed by a 0.5 m plateau at n0 ¼ 1017 cm�3. The
plasma electrons and ions are represented with 50 macro-particles per
cell, respectively. The ions have a charge number Z¼ 1 and are set to
be rigid in the simulation. A 3D cubic simulation domain is used with
128� 128� 256 cells in x, y, and z directions and reflective boundary
conditions in the transverse dimensions. The physical domain corre-
sponds to a 200� 200� 256lm box in the lab frame. Both electron
and positron witness beams are initialized with Gaussian distributions,
with an ultra-low emittance ex ¼ ey ¼ 20 nm, an initial energy corre-
sponding to cb ¼ 200 and a 0.2lm beam length. Their beam size is
matched to the focusing plasma wakefield experienced at the begin-
ning of the density plateau. Both electron and positron witness beams
are represented by 106 macro-particles and have artificially small total
charge i.e., 1 fC so that beamloading is negligible. (Note that, in the
limit of negligible beamloading, the growth of emittance is in principle
independent of the actual charge of the beam.) The simulations use the
Cole-Karkkainen Maxwell solver with Cowan coefficients28 and the
Boris particle pusher.29 In order to reduce computational cost, the colli-
sion module is run only with 20� larger time step than the Maxwell
solver (i.e., it is only applied at every 20 iterations of the PIC loop).

In order to isolate the growth of emittance due to Coulomb scat-
tering from that due to the other sources (e.g., slight beam mismatch,
coupled with a small energy spread), each simulation was run twice:
once with the collision module turned on and once with this module
turned off. The emittance growth that we plot (e.g., in Figs. 2 and 4) is
the difference between the emittances in this pair of simulations. In
addition, because the Monte Carlo collision module and the Gaussian
beam initialization are stochastic in nature, the pair of simulations is
run several times, while changing the random seed.

B. Linear regime

In order to produce a linear wakefield, we set the charge of the
driver to 10 pC. The electron and positron witness beams are sepa-
rated by half a plasma wavelength, so that they experience symmetric
accelerating and focusing fields, as represented in Fig. 1.

To compare the theoretical growth of emittance with the simula-
tions, Eq. (5) can be integrated numerically. Note that, in this case, the
values of cb, kb, and ne in Eq. (5) are extracted from the simulation.
(These values are also shown on the right panel of Fig. 2 for cb and in
the bottom panel of Fig. 1 for the other quantities.) The resulting emit-
tance growth for the electron and positron witness beams are shown
in Fig. 2 (left and middle panels, respectively).

As can been seen from Fig. 2, there is good agreement between
Eq. (5) (black dashed line) and the emittance growth extracted from
the simulations (solid lines). In this case, the contribution of the
plasma electrons account for half of the emittance growth (as shown
by the green dashed curve).

In addition, it is worth noting here that the growth of emittance is
identical for the electron beam and positron beam, in Fig. 2. This is
because (i) the electron and positron beams experience symmetrical
accelerating and focusing forces, and (ii) they both propagate through a
similar density of plasma electrons. (Given the low amplitude of the
wakefield, the density of plasma electrons seen by each beam is very close
to n0.) This is no longer the case in the nonlinear wakefield regime.

C. Nonlinear regime

To simulate a nonlinear regime, the total charge of the driver
beam is set to 160 pC. The wakefield and the positions of the elec-
tron and positron beams are represented in Fig. 3. In particular, the
positron beam is placed within the narrow region in which the
wakefield is both accelerating and focusing. Note that, as shown in
the bottom panel of Fig. 3, this also corresponds to a region where
the density and velocity of the plasma electrons is high. By contrast,
for the electron beam, the accelerating and focusing region corre-
sponds to a region where the density of plasma electrons is close to
zero.

We note that, in the nonlinear case, it is crucial to use a sufficient
number of macroparticles for the plasma electrons. This is because the
Monte Carlo collision algorithm internally evaluates the local plasma
electron density by binning macro-particles into cells. Thus, there
needs to be enough macroparticles to ensure that the (discrete) count
of macroparticles in a cell is representative of the actual (continuous)
plasma density in the wakefield. Here, as for the linear case, we use 50
macroparticles per cell for the plasma. The electron density repre-
sented in Fig. 3 [and used when integrating Eq. (5)] is also obtained by

FIG. 1. Snapshots of the wakefield in the linear regime. Top: colormap of the nor-
malized accelerating wakefield Ez=E0, where E0 ¼ mecxp=e and xp is the
plasma frequency. The positions of the positron and electron witness beams are
represented by a blue and red dot, respectively. Bottom: on-axis plot of the normal-
ized density ne, electron velocity be;z, accelerating field Ez, and focusing gradient
@f=@x. The positions of the electron and positron witness beams are indicated by
the two vertical black lines.
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binning macro-particles into cells and confirms that, in this case, there
are enough macroparticles for this curve to be smooth.

In addition, one of the assumptions made in the theory is that
the transverse motion of the plasma electrons is neglected. This
assumption is valid in the regime investigated, as indicated by the

curve corresponding to
ffiffiffiffiffiffiffiffiffiffiffi
hb2

e;xi
q

in Fig. 3: overall,
ffiffiffiffiffiffiffiffiffiffiffi
hb2

e;xi
q

remains

very low on axis, in the wakefield.
The theoretical prediction of Eq. (5) (black dashed lines) is com-

pared with the emittance extracted from the simulation (solid lines) in
Fig. 4 and shows good agreement. We note that the emittance growth
is higher for the positron beam than for the electron beam. This is due
to the fact that the positrons experience a lower accelerating field
(which results in a lower cb) and to a higher plasma electron density ne
(which increases the contribution from the plasma electrons to
Coulomb scattering).

The contribution of the plasma ions to the emittance [i.e., the
first term in Eq. (5)] is represented by the red dotted curve in the
left and middle panels of Fig. 4. As can be seen, the contribution of
the plasma ions dominates in the case of the electron beam (left
panel), and this is because the electron beam propagates in a region
of wakefield that is almost void of plasma electrons (see Fig. 3). On
the other hand, the contribution of the plasma ions is small com-
pared to that of the plasma electrons for the positrons beam (middle
panel), since the positron beam is located in an area of high electron
density.

Finally, the middle panel of Fig. 4 shows that it is important
to take into account the relativistic motion of the plasma electrons
when predicting the growth of emittance for the positron beam.
The green dashed curve indeed shows that the simulation data are
incompatible with Eq. (5) when be;z is set to zero, which neglects
this relativistic motion. In this case, the fully relativistic equation
results in a lower growth of emittance mainly because of the factor
ð1� be;zÞ, which multiplies the plasma electron density ne. This
effect is much less pronounced for the electron beam, since it
propagates in a region of the wakefield where be;z is close to 0 (see
Fig. 3).

FIG. 2. Left and middle panels: emittance growth of the electron and positron witness beam due to Coulomb scattering. The black dashed lines show the result of numerically
integrating Eq. (5), while the solid lines show the growth of emittance extracted from the simulation directly (with ex in red and ey in blue). Note that there are 5 blue lines and 5
red lines, which correspond to five separate simulations with different random seeds, giving a measure of the uncertainty associated with the stochastic nature of the Monte
Carlo collision module. For comparison, the green dashed lines show the result of neglecting the plasma electrons in Eq. (5). Right panel: evolution of the Lorentz factors of
the electron and positron witness beams throughout the simulation.

FIG. 3. Snapshots of the wakefield in the nonlinear regime. Top: colormap of the
normalized accelerating wakefield Ez=E0, where E0 ¼ mecxp=e and xp is the
plasma frequency. The positions of the positron and electron witness beams are
represented by a blue and red dot, respectively. Bottom: on-axis plot of the normal-
ized density ne, longitudinal electron velocity be;z, accelerating field Ez, focusing

gradient @f=@x, and the RMS transverse velocity
ffiffiffiffiffiffiffiffiffiffiffi
hb2

e;xi
q

. The positions of the

electron and positron witness beams are indicated by the two vertical black lines.
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IV. CONCLUSION

This paper generalizes the theory of beam emittance growth due to
Coulomb collisions with background plasma electrons in plasma-based
accelerators. The generalized theoretical formula is verified with particle-
in-cell simulations incorporating a Monte Carlo collision module. The
theory and the simulation results indicate that the emittance growth due
to the plasma electrons can be of the same order of magnitude as that due
to the plasma ions. In addition, these results show that the relativistic
motion of the electrons need to be taken into account in order to accu-
rately calculate the growth of emittance. This is particularly true for posi-
tron beams, since they often need to be placed in a region of the wakefield
where both the density and velocity of the plasma electrons are high.
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APPENDIX: DERIVATION OF EMITTANCE GROWTH
DUE TO COLLISIONS WITH PLASMA ELECTRONS

In this section, we show how to convert Eq. (1), into Eq. (2), so
that it only involves quantities that are taken in the laboratory
frame. We consider a collision between a beam particle (either a
positron or an electron) with momentum pb ¼ cbmevb (with
cb � 1) and an electron of the background plasma with momen-
tum pe ¼ cemeve. We assume that the plasma electron is mildly rel-
ativistic (in particular ce � cb) and moves purely along the
direction of beam propagation z. We also assume that the
beam particle is ultra-relativistic (cb � 1) and has a small angle in
x (pb;x � cbmechx; pb;z � cbmec).

The Lorentz transformation between the center-of-mass
frame23 and laboratory is determined by the center-of-mass velocity

vc ¼
pb þ pe

meðcb þ ceÞ
: (A1)

Given that pb and pe have either a zero or negligible component
along x, we make the approximation that vc is purely along z.
Because ce � cb, we also consider that vcz is close to c (i.e., the cor-
responding Lorentz factor satisfies cc � 1), given that the incident
beam particle is ultra-relativistic.

In this case, the Lorentz transformation of the four-
momentum of the beam particle gives

c0b ¼ cc cb �
vczpb;z
mec2

� �
� cc cb � 1� 1

2c2c

� �
cb

� �
� cb

2cc
; (A2)

FIG. 4. Left and middle panels: emittance growth of the electron and positron witness beam due to Coulomb scattering. The black dashed lines show the result of numerically
integrating Eq. (5), while the solid lines show the growth of emittance extracted from the simulation directly (with ex in red and ey in blue). Note that there are 5 blue lines and 5
red lines, which correspond to five separate simulations with different random seeds, giving a measure of the uncertainty associated with the stochastic nature of the Monte
Carlo collision module. The green dashed lines show the result of integrating Eq. (5) with be;z ¼ 0. The red dashed lines show the result of neglecting the plasma electrons in
Eq. (5). Right panel: evolution of the Lorentz factors of the electron and positron witness beams throughout the simulation.
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p0b;x ¼ pb;x ¼ cbmechx; (A3)

p0b;z ¼ cc cbpb;z � vczcbme½ 	 �
cbmec
2cc

: (A4)

From the above equations, we can extract the relationship between
the incidence angle in the center-of-mass frame and laboratory
frame, which is to be used in the right-hand side of Eq. (1)

h0x �
p0b;x
p0b;z
� 2cchx: (A5)

Similarly, the Lorentz transformation of the four-momentum of the
plasma particle gives

c0e � ccce ð1� be;zÞ þ
1
2c2c

� �
; (A6)

p0e;z � cccemec �ð1� be;zÞ þ
1
2c2c

� �
: (A7)

We can now express cc as a function of the other quantities, by
using the fact that, in the center-of-mass frame, p0b;z þ p0e;z ¼ 0,
along with Eqs. (A4) and (A7), we have

c2c �
ðcb þ ceÞ

2ceð1� be;zÞ
: (A8)

By using Eqs. (A2), (A4), (A5), (A6), and (A8) in Eq. (1), Eq.
(2) can be obtained.
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