UC Irvine
UC Irvine Previously Published Works

Title

The Modification of Bottom Boundary Layer Turbulence and Mixing by Internal
Waves Shoaling on a Barrier Reef

Permalink
https://escholarship.org/uc/item/8w67{81w
Journal

Journal of Physical Oceanography, 41(11)

ISSN
0022-3670

Authors

Davis, Kristen A
Monismith, Stephen G

Publication Date
2011-11-01

DOI
10.1175/2011jpo4344.1

Copyright Information

This work is made available under the terms of a Creative Commons Attribution
License, availalbe at https://creativecommons.org/licenses/by/4.0/

Peer reviewed

eScholarship.org Powered by the California Diqgital Library

University of California


https://escholarship.org/uc/item/8w67j81w
https://creativecommons.org/licenses/by/4.0/
https://escholarship.org
http://www.cdlib.org/

NOVEMBER 2011

DAVIS AND MONISMITH

2223

The Modification of Bottom Boundary Layer Turbulence and Mixing
by Internal Waves Shoaling on a Barrier Reef
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Environmental Fluid Mechanics Laboratory, Stanford University, Stanford, California, and Physical Oceanography,
Woods Hole Oceanographic Institution, Woods Hole, Massachusetts

STEPHEN G. MONISMITH

Environmental Fluid Mechanics Laboratory, Stanford University, Stanford, California

(Manuscript received 21 August 2009, in final form 12 March 2011)

ABSTRACT

Results are presented from an observational study of stratified, turbulent flow in the bottom boundary layer
on the outer southeast Florida shelf. Measurements of momentum and heat fluxes were made using an array
of acoustic Doppler velocimeters and fast-response temperature sensors in the bottom 3 m over a rough reef
slope. Direct estimates of flux Richardson number R confirm previous laboratory, numerical, and observa-
tional work, which find mixing efficiency not to be a constant but rather to vary with Fr,, Re;, and Ri,. These
results depart from previous observations in that the highest levels of mixing efficiency occur for Fr, < 1,
suggesting that efficient mixing can also happen in regions of buoyancy-controlled turbulence. Generally, the
authors find that turbulence in the reef bottom boundary layer is highly variable in time and modified by near-
bed flow, shear, and stratification driven by shoaling internal waves.

1. Introduction

Coastal seas play an important role in mixing the oceans
(Munk and Wunsch 1998). Much of what we know about
turbulent mixing on the continental shelf is derived from
microstructure profiler measurements (Lueck et al. 2002).
Microstructure observations have provided crucial in-
sight into the science of ocean turbulence, but they also
reveal the inhomogeneous and unsteady nature of the
velocity and density fields in the coastal ocean and thus
the difficulty of characterizing small-scale turbulent mix-
ing in the ocean with spatially and temporally discrete
measurements (Ivey et al. 2008; Moum and Rippeth 2008).
Observations of turbulence from moored instrumenta-
tion on the continental shelf are less common because of
the difficulty of collecting high-frequency data in re-
mote locations, but examples include measurements of
velocity and sound speed in the New England shelf bot-
tom boundary layer using a bottom-mounted tripod by
Shaw et al. (2001), bottom boundary layer measurements
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over the Oregon shelf by Perlin et al. (2005a), and tur-
bulence measurements over a sandy coastal bed using
submersible particle image velocimetry (PIV) systems by
Doron et al. (2001) and Smith et al. (2002).

Turbulence dynamics can be represented by the tur-
bulent kinetic energy (TKE) equation,
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where ¢ is time; x; = [x, y, z] represents the three-
dimensional spatial coordinate axes, with z positive up-
ward; u; = [u, v, w] is the velocity vector; p is density; p is
pressure; g is gravitational acceleration; v is kinematic
viscosity; e, = (1/2)[(aui/8xj) + (au/./axi)] is the strain rate
tensor; and ¢ is the rate of turbulent kinetic energy
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dissipation. The velocity and density fields are decom-
posed into three parts,

w=U+u,+ u;
p=pytptp, (2)

a time-averaged value (capital letter or subscript 0), a
periodic component (tilde), and a fluctuating or turbu-
lent component (prime). Overbars represent Reynolds
averaging. The first and second terms on the left-hand
side of Eq. (1) represent the rate of change of TKE and
the advection of TKE, respectively. The third and fourth
terms represent the spatial transport of turbulence by
pressure and turbulence fluctuations, respectively, and
the fifth term is viscous transport. The sixth term on the
left-hand side is the shear production of turbulence P.
The last two terms on the left-hand side represent wave—
turbulence interactions and only appear in a triple de-
composition of the TKE equation, as done in Reynolds
and Hussain (1972), where 7; = (uju}) — Tu}' and () rep-
resent wave-phase averaging. On the right-hand side of
Eq. (1), the first term represents turbulent buoyancy flux
B and the last represents viscous dissipation.

In a steady, horizontally homogenous boundary layer
flow, it is often assumed that the advection, transport,
and buoyancy terms of Eq. (1) are negligible compared
to the production and dissipation terms and thus there is
alocal equilibrium between P and ¢. Further, it is thought
that, near the bed, the velocity distribution follows the
law of the wall and is a function of a characteristic
roughness length z, and the friction velocity u, = /7,/p,
where 7 is shear stress at the bed. Field measurements
of currents in well-mixed bottom boundary layers over
relatively homogenous beds have observed logarithmic
velocity profiles that support the law of the wall (Gross
and Nowell 1983, 1985), but more often observations of
boundary layer flow reveal more complex structures
with multiple relevant length scales associated with
inhomogeneous bed roughness and form drag (Chriss
and Caldwell 1982; Gross 1999; Sanford and Lien 1999)
and stratification (Perlin et al. 2005b; Trowbridge et al.
1999).

Here, we present observations of turbulence from
moored instruments in the turbulent bottom boundary
layer (TBBL) on Conch Reef, located at the edge of the
southeast Florida shelf, from July and August 2005.
During the summer months, the outer southeast Florida
shelf experiences an energetic internal-wave field, where
shoaling internal waves often appear in a bore-like form
on the shallow reef crest (Leichter et al. 2003, 1996). As
we will show below, these events can drive strong flows
near the bed and transport dense water upslope resulting
in dynamic stratified-shear flows. Unlike microstructure
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profiles, which provide only a “‘snapshot” of turbulent
conditions on the shelf and are often not deployed in
regions very near the bed, this dataset represents an ex-
tensive time series of high-frequency velocity and tem-
perature measurements collected to examine the nature
of near-bed turbulence in the highly dynamic coastal
ocean. These measurements allow us to look at the
evolution of the TBBL in a stratified-shear environment
and comprise one of the most extensive sets of mea-
surements looking at internal-wave forcing on reefs.

2. Field site description

Conch Reef (24°57.0'N, 80°27.3'W; Fig. 1) is located
within the Florida Keys National Marine Sanctuary on
the edge of the southeast Florida shelf. The benthic
community includes scleractinian corals, sponges, hy-
drozoans, and macroalgae encrusting a carbonate plat-
form. The axis of the Florida Current, with core velocities
up to and sometimes exceeding 2.0 m s~ ' to the north-
east, typically lies 5-10 km offshore of the shelf and
strongly influences currents on Conch Reef (Davis et al.
2008). Barotropic tidal currents in the Straits of Florida
are mixed semidiurnal and relatively small in amplitude
(3-5 cm s ') (Kielmann and Duing 1974). The interac-
tion of the barotropic tidal currents with the topography
of the straits produces an energetic internal tidal field
(Parr 1937; Schmitz and Richardson 1968). A series of
studies by Leichter et al. (2003, 2005, 1996, 1998) and work
by Davis et al. (2008) have documented the presence of
internal waves shoaling on Florida Keys Reef Tract.
These observations revealed highly nonlinear waves as-
sociated with the semidiurnal tide and diurnal-period
instabilities in the Florida Current, which often take the
form of bottom-propagating bores on the reef.

3. Measurements

The measurements described in this paper were col-
lected near Aquarius, an underwater laboratory located
at 19-m depth on Conch Reef. We used Aquarius as a
platform to deploy and monitor an instrument array that
continuously collected high-frequency turbulent momen-
tum and heat flux data in a vertical profile in the TBBL.
From 13 to 20 July and from 17 to 21 August 2005 ap-
proximately 200 h of boundary layer turbulence mea-
surements were made over a gradually sloping (~2%)
forereef in 15 m of water (Fig. 1).

Velocity measurements were collected using a set of
four Nortek acoustic Doppler velocimeters (ADVs)
mounted on a sawhorse frame located at 0.25, 0.60, 1.5,
and 3.0 m above the bed (denoted as ADV 1,2, 3, and 4,
respectively; see Fig. 2a). ADVs 1 and 2 were oriented
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FIG. 1. Map of the Straits of Florida region, indicating the location of Conch Reef on the
southeast Florida shelf. Contours are in meters. Inset map is an enlargement of the study site
with contoured bathymetry and the location of bottom boundary layer measurements. Con-
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tours on the inset map are in 2-m intervals.

downward looking, and ADVs 3 and 4 were oriented
facing upward. Precision Measurement Engineering, Inc.
(PME) fast-response thermistor sensors (FP07) were
laterally positioned approximately 1 cm from the sam-
pling volume of ADVs 24 (Fig. 2b). The ADVs and
thermistors were sampled at 32 Hz and operated over
the entire experiment except for times when the data
collection was halted for data backup resulting in data
gaps of approximately 5 min with the exception of a 15-h
data gap on 19 July due to a power failure. The fast-
response thermistor paired with ADV 3 flooded early in
the July experiment, and the thermistor paired with
ADYV 2 was not operational during the August experi-
ment. Temperature sensors embedded within the ADV
end cap were used to estimate buoyancy frequency and
turbulent parameters in the bottom boundary layer. A
discussion of measurement uncertainties is included in
the appendix.

Velocity profiles were collected with an upward-
looking 1200-kHz ADCP with 0.25-m bins from 1 to
13 m above the bed (mab). The ADCP was located
approximately 30 m south of the sawhorse frame (in a
similar cross-shelf position). Velocities from the ADVs
and the ADCP were rotated into local alongshelf (v; 45°),
across-shelf (u; 135°), and vertical components (w).

Time series measurements of temperature on the reef
slope were obtained using vertical arrays of Seabird
Electronics SBE-39 temperature sensors located 0, 4, 8,
and 12 mab, deployed on a taut line approximately 15 m
south of the sawhorse frame, and sampled at 1-min
intervals. Additionally, a vertical array of CTDs was
moored approximately 500 m southeast (offshore) of
the sawhorse frame in 32-m water depth. Data from
three CTDs located approximately near the top, middle,
and bottom of the water column were used to derive
a relationship between temperature and salinity for
water masses on the reef, allowing for the estimation
of density from temperature sensors at the 15-m moor-
ing and from temperature recorded by the ADVs (see
appendix). Wave statistics were measured with a Sea-
bird Electronics SBE-26 wave and tide gauge mounted
2 mab on the sawhorse frame. All times refer to local
time, eastern daylight time [EDT = coordinated uni-
versal time (UTC) — 4 h].

Small-scale surveys of physical bed roughness were
conducted by divers along six transects near the sawhorse
frame using a modification of a roughness measurement
scheme outlined by McCormick (1994). Roughness height
on the reef ranged from 11 to 35 cm with an average of
20 cm.
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FIG. 2. Experimental setup on Conch Reef, July—August 2005. (a) Sawhorse frame with four Nortek vector
ADVs, three PME fast-response thermistors, and an SBE-26plus tide and wave gauge. (b) Close-up image of one
ADV-thermistor coupling.

4. Analyses

ADYV and fast-response thermistor data were pro-
cessed into 10-min intervals, and several quality control
tests were applied before the calculation of turbulence
statistics. First, to check that the orientation of the ADV
instrument coordinate system was close to the true co-
ordinate system over the sloping bed, we required that
the ensemble-averaged vertical velocity was less than
1 ecm s~ . Second, a nonparametric reverse arrangements
test was applied to time-averaged and fluctuating ve-
locity and temperature data to ensure the statistical
stationarity of these quantities within each ensemble
(Bendat and Piersol 2000, section 4.5.2). Third, segments
of the ADV data ranging from 2 to 60 s in length were
contaminated by reef fish swimming between the trans-
ducers. This phenomenon was observed on several oc-
casions by divers and can be identified in the velocity data
when large-magnitude, high-frequency fluctuations co-
incide with extremely high backscatter intensity. Con-
taminated ADV data segments were replaced with white
noise scaled by the ensemble velocity variance, which has
a flat spectral signature. Ensembles with more than 10%
of the data contaminated by “fish noise” were not in-
cluded in the analysis.

Fourth, the sawhorse frame was positioned with the
top horizontal beam oriented in the alongshelf direction
to minimize leg wakes from surface-wave-driven flow.
Despite precautions, velocity data from ADV 2 were
contaminated by frame interference during periods of

downcoast flow (toward the southwest) and were not
included in the final analysis. Finally, an important con-
sideration in the calculation of turbulent statistics is the
presence of stratification and wave-induced perturbations
that can contaminate the estimation of momentum and
density fluxes and dissipation. We considered the effect of
surface waves in dissipation estimates using a kinematic
model for the effect of surface waves on the turbulent
spectrum and in momentum and buoyancy flux estimates
using a method of differencing the signals between adja-
cent sensors, neither of which explicitly accounts for wave—
turbulence interactions [last two terms on the left-hand
side of Eq. (1)]. Detailed procedures for the calculation of
these turbulent statistics, including an analysis of the
quality of estimates in the presence of stratification and
surface-wave forcing and uncertainty are included in the
appendix.

The state of turbulence in a stratified-shear flow can
be characterized by average properties of local shear
82 = (aUlaz)* + (aV/z)* and stratification N2 = —(g/p)
(9p/z) in the gradient Richardson number Ri, = N*/S%.
Itis generally thought that, if Ri, everywhere in the flow
is greater than the critical value of 0.25, the flow is stable
against small-amplitude fluctuations (Miles 1961) and
turbulent mixing is restricted (Rohr et al. 1988). If the
value of Ri, < 0.25 somewhere in the flow, instabilities
can grow, yielding a region of active turbulence. Below,
we discuss Ri, estimates on Conch Reef, calculated from
ADYV velocity and temperature data and will also refer
to the normalized Richardson number,
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FIG. 3. (left) July and (right) August 2005 time series of (a),(b) hour-averaged wind speed to the east and north; 10-min-averaged (c),(d)
across-shelf velocities, (e),(f) alongshelf velocities, and (g),(h) water temperature [note the difference in color axes between (g) and (h)];
(i),(j) logarithm of the normalized gradient Richardson number near the bed; and (k),(1) B,, the ratio of wave orbital velocity to the
ensemble-averaged across-shelf velocity, measured at ADV 4 (3 mab).
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Estimates of Ri, were calculated over the vertical distance
between ADVs from the ensemble-averaged shear and
stratification.

5. Observations
a. Mean flow and wave conditions

Currents on the outer southeast Florida shelf are heavily
influenced by the nearby Florida Current (Davis et al.
2008; Lee 1986). Flow is primarily oriented in the along-
shelf direction, but there is often an offshore current
(+u) associated with a strong flow upcoast (+v), which
can be seen in the August time series (Figs. 3d,f). During
the July study (Figs. 3c,e), currents are more variable
and are punctuated by a large-amplitude oscillation with
a period of strong downcoast flow (to the southwest)
late on 17 July and early on 18 July that is characteristic
of the passage of a Florida Current frontal eddy (Lee
1975). A time series of water temperatures on Conch
Reef (Figs. 3g,h) indicates a general warming trend
throughout the July experiment and high-frequency

Fig(s). 3 live 4/C

pulses of cool water near the bed, which are associated
with shoaling internal waves. In August, the water col-
umn was much warmer and there were very few near-bed
cooling events. Figures 3ij display log;o(Ri,) averaged
over all ADVs, such that values near zero indicate a near-
critical state. Positive peaks in log;o(Ri,) are associated
with periods of near-bed cooling, suggest that, during
these events, turbulence in the bottom 3 m was strongly
affected by stratification.

Hour-averaged wind data for July and August 2005,
obtained from the National Buoy Data Center Coastal-
Marine Automated Network (C-MAN) station on Mo-
lasses Reef (#MLRF1), 10 km from Conch Reef, showed
an average wind speed of 5 m s~ ! directed to the north-
west (Figs. 3a,b). Local wind forcing does not correlate
significantly with currents on the reef, consistent with
previous studies in the upper Florida Keys that have
found local wind forcing to be a small factor in flows on
the outer shelf during summer (Davis et al. 2008; Lee
1986).

At the study site, surface waves propagated onshore
without breaking. Significant wave height Hg;, ranged
from 0.3 to 1.3 m, and the peak period ranged from 4.5
to 5.5 s. Surface-wave orbital velocities, estimated as the
standard deviation of horizontal velocity components
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FIG. 4. Vertical profiles of mean currents, stratification, and turbulent quantities averaged over 242 ensembles in the alongshelf regime:
(a) U,=(U*+ V)2 measured by ADCP (solid line) and logarithmic fit (dotted line) from the lowest bin to 5 mab; (b) buoyancy
frequency; (c) Uy, (solid black line), logarithmic fit (dotted line), and mean shear aU, /97 (solid gray line) measured by ADVs; (d) Reynolds
stresses; and (e) viscous dissipation. Note that the vertical axes of (a) and (b) extend over the entire water column, whereas (c)—(e) are
quantities derived from ADV measurements in the bottom 3 m. The 90% confidence intervals for the quantities in (c)—(e) were in all cases

smaller than the data markers.

within each ensemble o, , where u, = vu? +v2, had av-
erage values of 6 cm s~ ¥ at ADV 1 and 10 cm s~ ' at
ADV 4. A time series of 8 = o, /U, (Figs. 3k,]), the ratio
of wave orbital velocity to Uh, the mean horizontal flow
speed, illustrates the importance of surface-wave-
induced velocity variance in the TBBL, with values
often greater than one.

b. Boundary layer turbulence regimes

Although near-bed turbulence on the reef was highly
variable in time, the boundary layer turbulence observed
on Conch Reef can be grouped into three regimes,
characterized by the direction of flow near the bed: an
alongshelf flow regime where mean velocities near the
bed are aligned with the local isobaths and the near-bed
region is relatively well mixed (this regime is typically
not coincident with periods of shoaling internal waves
on the reef slope); an onshore flow regime, which often
marks the onshore surge of a nonlinear internal wave
and is accompanied by cooling water temperatures and
an increase in stratification near the bed; and an offshore
flow regime, where warming temperatures, intense
stratification, and a jet-like velocity structure near the
bed are the result of the relaxation and downslope flow
of dense water following the onshore surge. To examine
each of the regimes, ensembles were binned according
to the characteristics described above, resulting in 242

“land |U| <
-1

alongshelf ensembles, where V > 5 cm s
2 cm s~ '; 43 onshore ensembles, where |U] < —2 cm s
and |V| < 5 cm s~ !; and 157 offshore ensembles, where
U>2cms "and |V|<5cms .

1) ALONGSHELF FLOW

During typical alongshelf flow conditions, the vertical
profile of mean horizontal velocity measured by the
ADCP resembles that which might be expected for neutral
boundary layer flow (Fig. 4a, where Uj, is averaged over all
alongshelf ensembles). A logarithmic velocity profile,

U(z) =—'lnz—, 4)

defined by the friction velocity u.. and roughness length
Z0, was fit to the average alongshelf velocity profile from
the lowest bin to 5 mab (14 data points), resulting in u,, =
21*0.1 cms 'and Z, =22 + 2 cm (where confidence
intervals are at the 90% level). Here, k is the von Karman
constant, 0.41.

The near-bed velocity profile (Fig. 4c) displays a de-
parture from the logarithmic shape in the bottommost
meter of the water column, and profiles of Reynolds
stresses (Fig. 4d) peak at ADV 2. This distorted vertical
flow structure could be due to shear created at the top of
the reef “‘canopy’ and in the wakes of individual canopy
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elements (Finnigan 2000), or it could be an effect of the
oscillatory surface-wave-driven flow (Mellor 2002). The
friction velocity estimated from the Reynolds stresses is
1 ecm s~!, roughly half of the magnitude predicted by the
logarithmic profile. This discrepancy may be attributed
to the combined effects of sensor resolution, accelera-
tion effects, and pressure gradients, which can all act to
reduce Reynolds stress estimates away from the bottom
(Gross and Nowell 1985) or to the modification of the
logarithmic region by stratification (Perlin et al. 2005b).
The vertical profile of turbulent dissipation (Fig. 4¢) mir-
rors the Reynolds stress profile and is maximal near the
bed. Dissipation measurements at ADVs 2—4 agree well
with classic bottom boundary layer scaling for dissipa-
tion, & = u3./kz (Grant and Madsen 1986), where u,, is
predicted from the logarithmic profile method (Figs. 5a—).
However, bottom boundary layer scaling overpredicts
the dissipation at ADV 1 (Fig. 5d), which is expected if
the sensor is within the canopy and below the ‘““‘constant
stress’ layer.
To compute the coefficient of drag Cp,
Cp, = ui/Uty, (5)
we used u,, based on the eddy-covariance method from
ADYV stress measurements at 0.6 mab and computed Uy,
by linearly interpolating the ADV ensemble-averaged
speed to a location 1 mab (Sanford and Lien 1999). A
best-fit line was found using least squares regression on
the alongshelf ensembles to minimize the effect of in-
ternal waves, including only ensembles where U;,, >
5cm s~ . The line was constrained to go through the
origin so that u,, = 0 when Uy, = 0. Cp was estimated
to be 0.017 = 0.001, which is much larger than the ca-
nonical value for sand and mud bottoms (0.0025; Gross
and Nowell 1983), but comparable to values of Cp
found using similar methods (0.009-0.015) over coral
substrates in Eilat, Israel, by Reidenbach et al. (2006).

2) ACROSS-SHELF FLOW

Internal waves on Conch Reef, regardless of their orig-
inal form or generation mechanism, are generally non-
linear on the shallow shelf and are characterized by
onshore surges of cool, nutrient-rich water near the bed,
often taking the form of an internal bore (Davis et al. 2008;
Leichter et al. 1996). An internal-wave event measured on
the reef on 15 July 2005 (Fig. 6) is illustrative of turbulent
dynamics in the TBBL over the reef during a period of
internal-wave activity. The temperature record (Fig. 6¢)
reveals a series of near-bed thermal fronts superimposed
on a lower-frequency oscillation representing the sub-
surface intrusion of cool water onto the shelf from the
internal tide. The largest cold-water fronts at 0100 and
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0250 LT were accompanied by pulses of onshore flow
(=U in Fig. 6a) in the bottom 4 m of the water column
and a reduction in the along-shelf flow (Fig. 6b). Sub-
sequently, periods of strong offshore flow (+U in Fig. 6a)
and warming water temperature in the near-bed region
indicate a relaxation of the cold-water mass back down
the reef slope. For visualization purposes, periods of on-
shore and offshore flow near the bed are highlighted in
Figs. 6¢c-h with blue and orange shading, respectively.
Vertical profiles of across-shelf velocity, shear, strati-
fication, and turbulent quantities are averaged over the
onshore and offshore flow regimes during the 15 July
internal-wave event and are shown in Fig. 7.

Fig(s). 6 live 4/C

In addition to transporting cool water masses to the
reef, these shoaling internal waves can significantly
change bottom boundary layer structure, increasing near-
bed flow speed, shear, and turbulent dissipation. Average
flow speed at ADV 1 and 2 during periods of across-shelf
flow (both onshore and offshore flow regimes) was found
to be 41% and 33% higher, respectively, than during
periods of primarily alongshelf near-bed flow, before
and after the internal-wave event. The same was true for
mean shear, calculated between ADV 1 and 2, which
was 36% larger during periods of internal-wave-driven
across-shelf flows. ADV 3 and 4, however, experienced
maximum flow speed and shear in the alongshelf flow
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FIG. 7. (left to right) Vertical profiles of mean currents, stratification, and turbulent quantities averaged over (a)—(f) 11 onshore en-
sembles and (g)—(1) 19 offshore ensembles during the 14-15 Jul 2005 internal-wave event. Here, (a) and (g) are mean across-shelf flow
u (black line) and shear du/dz (gray line) measured by both the ADCP and ADVs, and (b) and (h) are the average buoyancy frequency
estimated from the vertical array of temperature sensors. Also, (c) and (i) are the across-shelf component of Reynolds stress, (d) and ()
are the shear production of turbulence, (¢) and (k) are the buoyancy flux, and (f) and (1) are the viscous dissipation of turbulence measured
in the bottom 3 m by ADVs. The 90% confidence intervals are shown unless they are smaller than the data marker.

regime. Turbulent dissipation in the bottom meter was
also greatest during periods of across-shelf near-bed flow,
with values at ADV 1 40% larger and at ADV 2 28%
larger than values averaged over alongshelf flow en-
sembles during the 15 July event. Strong gradients in
shear, stratification, and turbulent quantities near the bed
(Fig. 7) indicate the presence of stratified-shear layers.
Profiles of Reynolds stress averaged over onshore and
offshore regimes during the 15 July event (Figs. 7c,i)
exhibit a different vertical structure than that observed
in the TBBL during alongshelf flow (Fig. 4d). During
offshore flow, Reynolds stress peaks at ADV 2, similarly
to alongshelf flow, but changes sign at ADV 3 and 4,
indicating an upward flux of momentum from the near-
bed jet of dense water flowing offshore. During onshore

flow, Reynolds stress peaks near the bed and is very weak
above ADV 1, suggesting that the bottom mixed layer is
very thin during the initial onshore surge of dense water
from shoaling internal waves.

Observations of buoyancy flux during the July and
August experiments yielded values that were generally
negligible compared to P and ¢; however, during periods
of internal-wave shoaling on the reef, B increased in
magnitude but even still was highly intermittent. A time
series of B measurements during the 15 July internal-
wave event (Fig. 6f) shows both positive and negative
values of buoyancy flux. A downgradient buoyancy flux
(+B) represents the upward transport of dense fluid (or
downward transport of lighter fluid) and is expected in
stable stratification. However, previous field studies in
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lakes (Etemad-Shahidi and Imberger 2001) and in the
ocean thermocline (Moum 1996) observed upgradient
buoyancy fluxes (—B) as frequently as downgradient
fluxes. Here, B, averaged over periods of offshore flow
during the 15 July event, was downgradient and peaked
near the bed at 2 X 10~7 m? s~ (Fig. 7k). Interestingly,
the average of B over onshore flow periods (Fig. 7e) is
dominated by two relatively large negative values (ap-
proximately —1 X 107° m? s %) that occur at ADV 4
during the weaker second and third onshore surges. These
—B events may result from convective mixing or local
restratification associated with buoyancy anomalies pro-
duced by the interaction between the shoaling and re-
treating internal waves (Taylor 1993) or the differential
transport of stratified water masses along a rough slope
(Lorke et al. 2005; Lorke et al. 2008).

The value of Ri, was calculated over the bottom 3 m
of the water column during the 15 July internal-wave
event and is plotted as log;o(Ri,,) in Fig. 6g. During the
periods of alongshelf flow near the bed, Ri, is near
critical and at times less than the critical value, whereas,
during periods of onshore and offshore flow near the
bed, Ri, is above the critical value, indicating that near-
bed stratification during shoaling internal waves can be
strong enough to significantly effect TBBL dynamics.

To test the concept of a local equilibrium in the TKE
balance, Eq. (1), we present scatterplots of e versus P for
instruments at all heights and for data in both alongshelf
and cross-shelf regimes (Fig. 8). Although P and € are
generally within an order of magnitude of each other, on
average, turbulent dissipation exceeds turbulent shear
production, with P ~ 0.7¢. The inclusion of B in the TKE
budget does not significantly improve the balance be-
tween turbulent production and sink terms. Our findings
differ from observations of boundary layer turbulence
over a fringing coral reef in the Gulf of Aqaba by
Reidenbach et al. (2006), who found a local balance
between P and ¢ at locations 0.1, 0.3, and 1 mab.

One possible explanation for elevated levels of dissi-
pation in our measurements is the horizontal advection
of TKE. This explanation seems likely because of the
extreme roughness and irregularity of the reef bedforms.
Under these conditions, our findings of an imbalance
between P, ¢, and B seem reasonable, but it is important
to emphasize that the commonly employed assumption
of a well-mixed boundary layer and the local balance of

«—

F1G. 8. Turbulent dissipation & vs shear production P for (a)
ADV 4 (3 mab), (b) ADV 3 (1.5 mab), (¢) ADV 2 (0.6 mab), and
(d) ADV 1 (0.25 mab). Data markers include confidence interval.
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turbulent production and dissipation do not hold for our
observations of stratified TBBL flow over a rough bed.

6. Discussion
a. Length scales of turbulence

The nature of turbulence in a stratified environment can
be examined by estimating length scales that characterize
the relative importance of forces shaping the turbulent
field. Here, we discuss three characteristic length scales.
First, the Prandtl mixing-length scale,

o \12
lm = (?) > (6)

is an estimate of the size of energy-containing turbulent
eddies derived from Prandtl’s mixing-length hypothesis
(Prandtl 1925). Stable stratification provides an upper
limit to the growth of turbulent eddies and is charac-
terized by the Ozmidov length scale,

- ( % )1/2. @)

The largest eddies transfer energy through the turbulent
cascade to smaller eddies until molecular viscosity v
dissipates the energy at the smallest scales, represented
by the Kolmogorov length scale,

- < 5)1/4. ©

Using these formulations, characteristic length scales
were estimated between ADVs at 0.42, 1.05, and
2.25 mab, such that S and N could be directly calculated,
whereas € and u'w’ were averaged between instruments.
Characteristic length scales at the height of 1.05 mab
are shown in Fig. 6h. Prior to the first onshore surge at
0100 LT, /,,, was on average 0.3 m, similar in magnitude
to another approximation of the Prandtl mixing length,
kz = 0.4 m, and /, was much larger, about 2 m, indi-
cating that during this period buoyant forces did not
substantially affect the size of turbulent eddies in the
TBBL. During the onshore and offshore flow regimes,
I, decreased to approximately 0.5 m, responding to the
increased near-bed stratification driven by the shoaling
internal waves, whereas [, increased slightly and was at
times larger than /,. The convergence of /, and /,,, implies
that the largest scales of turbulence were being con-
strained by buoyant forces. After the internal-wave
event, near-bed stratification decreased and the differ-
ence between /, and /,,, once again increased. Here, [, was
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approximately constant over the time series shown and
averaged 9 X 10™% m.

b. The efficiency of turbulent mixing

The vertical mixing of heat and mass in the ocean is
traditionally estimated using eddy diffusivity formula-
tions such as that proposed by Osborn (1980),

K,=TeN7?, )

where I represents the mixing coefficient. Osborn (1980)
suggested that a critical value of I' = 0.2 can be used to
represent turbulence which persists in a steady-state flow,
among other qualifications.

Direct measurements of K, in laboratory experiments
and estimates from numerical simulations imply that
mixing efficiency is not a constant but that it can vary
with stratification (Barrett and Atta 1991; Rehmann and
Koseff 2004); the age of a turbulent patch (Smyth et al.
2001); and buoyancy Reynolds number, Re;, = &/vN?,
which is also known as turbulence intensity (Barry et al.
2001; Shih et al. 2005). Mixing efficiency can also be rep-
resented by the flux Richardson number Ry which was
defined by Ivey and Imberger (1991) as

RoBo 1
f~m 1+ (eB)’

(10)
where m is the net mechanical energy available to sus-
tain turbulent motions and includes all terms on the left-
hand side of Eq. (1). The terms I" and Ry are related as
I' = R/(1 — Ry).

Using measurements of € and B collected in the TBBL
on Conch Reef, we were able to directly estimate Ry. In
this section, we examine the dependence of Ry on pa-
rameters often used to characterize stratified turbulent
flows and test relationships previously found in labora-
tory and numerical work. Values of Ry calculated from
all ensembles at ADV 2 and 4 (the only sampling loca-
tions with a sufficient record of high-frequency tempera-
ture measurements) range from 0 to 0.5 and are represented
by the color axis in Fig. 9 in turbulent Reynolds number—
turbulent Froude number (Re,~Fr,) parameter space.
Here, Re, represents the range of energy-bearing tur-
bulent scales and can be estimated as

I 4/3
Ret=(—e> s (11)
lk
where
pf
= 12
le aploz”’ (12)
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the Ellison length scale, is the overturning scale of tur-
bulence in a density field; p’ is the fluctuating component
of density; and dp/dz is the mean density gradient. The
term Fr, is the ratio of inertial forcing to buoyant forcing
in the energy-bearing scales of turbulence and can be

estimated as
i 2/3
Fr, = (—”) .
l(f

Values of the Ellison length scale calculated from the
density data were fairly noisy and so could not be used.
Instead, we assume a constant relationship between the
Ellison and Prandtl mixing-length scales, [, ~cl , that
follows from a scaling argument outlined in Shih et al.
(2005) and is consistent with their results from direct
numerical simulations (DNS) of sheared stratified tur-
bulence that span a large range of Richardson numbers
(0.04-0.6), where they found ¢ = 2.5 for turbulence in
the energetic regime (e/vN> > 100).

Ivey and Imberger (1991) divide the Re,~Fr, diagram
(Fig. 9) into three regions: in region 1 turbulence is af-
fected by buoyancy (see Itsweire et al. 1993) but may be
isotropic at the smallest scales; region 2 represents the
buoyancy-controlled domain; and in region 3 turbulence
is extinguished due to the combined effects of buoyancy
and friction and only internal-wave motions remain
(Gibson 1980; Luketina and Imberger 1989). The flows
observed in this study span a wide range of turbulent
Reynolds numbers but are generally very energetic (Re, ~
10% to 10°). Here, Fr, ranges from 102 to 10!, placing
the data in regions 1 and 2. Figure 9 illustrates the highly
variable nature of Ry measured in the stratified TBBL
over Conch Reef. Contrary to what might be expected,

(13)
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the highest values of Ry were not measured in a cluster
around Fr, ~ 1 but rather when Fr, < 1. This result differs
from the idea that the most efficient turbulent mixing
occurs when the characteristic scale of stratification is
approximately equal to the size of the energetic over-
turning eddies but rather suggests that efficient mixing
can also occur within region 2, the buoyancy-dominated
regime. In this region of the diagram, [/, > [,, which
cannot hold for isotropic turbulence in equilibrium,
because the largest scales of turbulence would be dam-
ped by buoyant forces. However, observations of the
characteristic scale of energetic turbulent eddies exceed-
ing the Ozmidov scale are not uncommon in our mea-
surements and seem to occur frequently during periods
of internal-wave forcing on the reef (see examples in
Fig. 6h). One explanation for this finding is that the tur-
bulence measured during these periods is not in local
equilibrium but rather includes nonlocal effects such as
the horizontal advection of turbulent energy by internal-
wave-driven flows.

The parameter Re;, has been used extensively in the
parameterization of stratified turbulence and is derived
from the ratio of the Ozmidov scale to the Kolmogorov
scale,

(14)

thus, it represents the range of energetic turbulent scales
in a stratified environment when /; is limiting the size of
turbulent eddies (as in region 2 of Fig. 9). The relation-
ship between Ry and Re, for ensembles where [y = [, is
shown in Fig. 10a, where ensembles have been sorted
according to Re, and bin averaged into groups of 6 points.
Similarly, Ry is shown as a function of Ri,, for all en-
sembles (regions 1 and 2 of Fig. 9), sorted by Ri, and then
bin averaged into groups of 30 data points (Fig. 10b).

In DNS of sheared stratified turbulence, Shih et al.
(2005) found a power-law-type relationship between
mixing efficiency and turbulence intensity (also called
Re,) in the energetic regime (e/vN* > 100) of the form

R, ~1.5(s/vN*) 12, (15)
Our observations of Ry in the Conch Reef TBBL also
suggest a power-law-type dependence on Re,, (Fig. 10a);
however, we find higher mixing efficiencies than have
been found in DNS or laboratory studies. Our obser-
vations suggest that &/vN* may be useful in predicting
mixing efficiency in regions of buoyancy-controlled
turbulence. However, it is not intuitive why R, should
depend on molecular viscosity, and it is possible that an-
other parameter, of the same dimensions (length?/time),
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(b) the gradient Richardson number.

may be more appropriate. The term Re, can also be
written in terms of other dimensionless parameters,

s/vN® ~Re /Ri, ~ Re Fr;.

It is possible that mixing efficiency in a buoyancy-
controlled turbulent environment is better described by
a Reynolds—Richardson number or Reynolds—Froude
number aggregate than by Re,, Fr,, or Ri, alone (Shih
et al. 2005).

Figure 10b shows a clear dependence of Ry on Ri,,
with Rrincreasing with increasing Ri, for Rig <1 and Ry
constant for Ri, > 1. Note that nonzero Ry only implies
efficient mixing and not necessarily high rates of mixing,
As seen in the data synthesis given by Zilitinkevich et al.
(2008), the presence of turbulence and turbulent mixing
at large Ri, has been observed previously, although not
always (e.g., Pardyjak et al. 2002). Indeed, Zilitinkevich
et al. (2008) find that Ry at large Ri,, whereas our data
appear to asymptote to 0.25. Nonetheless, DNS com-
putations of homogeneous stratified-shear flows (e.g.,
Holt 1990) do not show this behavior; instead, turbu-
lence collapses when Ri, > 0.25. Thus, as suggested by
Zilitinkevich et al. (2008), turbulent mixing in strongly
stratified conditions such as we observed must be due to
transport of energy from a region of high TKE, in our
case the very rough reef boundary, to the region of strong
stratification above (i.e., these strongly stratified flows are
not in local equilibrium).

7. Conclusions

Turbulence in the bottom boundary layer over Conch
Reef is highly variable in time and is modified by near-
bed flow, shear, and stratification driven by shoaling
internal waves. In the absence of internal-wave activity

on the outer shelf, the near-bed region is relatively well
mixed and flow is typically oriented alongshelf. In the
alongshelf flow regime, currents from 1 to 5 mab are well
described by a logarithmic velocity profile (Fig. 4a).
However, the near-bed velocity profile (Fig. 4c) displays a
departure from the logarithmic shape in the bottommost
meter of the water column, and profiles of Reynolds
stresses (Fig. 4d) peak at ADV 2.

We present evidence that internal waves shoaling on
the shelf can induce significant increases in stratification,
flow speed, shear, and ¢ in the TBBL (Figs. 6, 7). Direct
estimates of Ry confirm previous laboratory, numerical,
and observational work, which find mixing efficiency not
to be a constant but rather to vary with the Fr,, Re;,, and
Ri,. Our measurements of Ry do, however, depart from
previous observations in that the highest levels of mixing
efficiency occur for Fr, < 1, suggesting that efficient mixing
can also happen in regions of buoyancy-controlled tur-
bulence (Figs. 9, 10).

Measuring turbulence in natural environments is often
difficult. However, estimating momentum and buoyancy
fluxes in an environment characterized by a range of
physical roughness (reef formations), unsteady forcing,
and stratification (from breaking internal waves) in the
presence of surface waves is particularly challenging.
We present factors that can contribute to uncertainty
and potential bias in these measurements in section 4
and the appendix. Of these factors, the most concerning
is the possible contamination of our turbulence mea-
surements by surface waves, which we have tried to ac-
count for, and by nonlinear internal waves, which cannot
be separated from the turbulence measurements. Fur-
thermore, we have not accounted for possible wave—
turbulence interactions in our calculations. We note that
the balance (or imbalance) of production and dissipa-
tion we observed appears to be independent of the
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strength of wave forcing. Moreover, current models of
wave—current interaction that neglect wave effects on
turbulence above the wave boundary layer (e.g., Grant
and Madsen 1979) appear to successfully describe the
structure of the turbulent boundary layer. Nonetheless,
arguably the effect of wave-turbulence interactions on
mixing in the bottom boundary layer remains an open
question.

Results from this study suggest that, for reef com-
munities exposed to continental slope and shelf pro-
cesses, internal waves may play an important role in
flow-dependent ecological processes through the modi-
fication of TBBL flow conditions. Additionally, it may
be important to include the effects of internal waves
to accurately parameterize turbulence in hydrodynamic
and biogeochemical models that are being used to make
predictions about the severity of rising threats to coral
reefs such as high SSTs and ocean acidification.
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APPENDIX

Calculation of Turbulence Parameters
and Uncertainty

This appendix details procedures for estimating tur-
bulent dissipation, momentum fluxes, and density fluxes,
including turbulence-wave decomposition strategies
and estimates of uncertainty.

a. Turbulent dissipation

TKE dissipation ¢ was estimated for each ensemble
by fitting the high-frequency portion of the observed
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two-sided vertical velocity spectrum (above the wave
peak) to a model of the one-dimensional wavenumber
spectrum of velocity fluctuations,

9 (4 —cos’0) o5, s
Sn(R) = zs 2 e,

(A1)
where 6 represents the angle between the velocity fluc-
tuations and the direction of mean flow (0 = 7/2 for the
transverse component of flow), a = 1.5 is the empirically
derived Kolmogorov constant, and k represents wave-
number (Shaw et al. 2001). Each 10-min segment was
detrended, a Hamming window was applied, and power
spectra were averaged over 64 segments of equal length
with 50% overlap, resulting in 166 degrees of freedom
(dof). The noise floor, calculated as the average of the
power spectrum above 10 Hz in each ensemble, was sub-
tracted from the power spectral density.

To accurately estimate € from the a single velocity
component, the turbulence must be locally isotropic
(Gargett et al. 1984), a reasonable assumption given that
our measurements fall within the energetic turbulent
regime (s/vN* > 107 see Fig. 9), and the inertial sub-
range region of the spectrum must exist, indicating ad-
equate separation between production and dissipation.
Example power spectra for u, w, and p are shown for all
instrument heights and for three Richardson number
regimes: subcritical, Ri, < 0.25; critical, 0.25 < Ri, < 1;
and strongly stratified, Ri, > 1 (Figs. A1-A3). Exam-
ple spectra in all Richardson number regimes exhibit a
broad inertial subrange, ranging 1-2 decades in width,
with a peak in spectral power at the central surface-wave
frequency, corresponding to a wave period of approxi-
mately 5.5 s. For the entire dataset, it was found that the
inertial subrange spanned at least a decade when u,, >
0.2 cm s~ ! and the turbulence Reynolds number R; was
greater than 1500. These two constraints were used to
identify ensembles where ¢ could be adequately esti-
mated using the spectral fitting technique. To account
for the effect of surface waves, we employed the Lumley
and Terray (1983) model for the effect of a random wave
field on the turbulent spectrum and followed the method
outlined in the appendix of Feddersen et al. (2007).
Additionally, to limit the effect of unsteady advection of
turbulence by waves, we restricted the dissipation esti-
mates (as well as momentum and density flux estimates)
to ensembles where 8 < 1 to ensure that wave orbital
velocities did not exceed the mean current. Uncertainty
in ¢ is dependent on the ““goodness of fit” of the inertial
subrange to the model spectrum (Gross and Nowell
1985). Error in this fit was propagated to the estimate of
dissipation, resulting in an average error of +27% & for
each estimate.
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FIG. Al. (left) Spectra and cospectra for the case of subcritical gradient Richardson number (Riy < 0.25).

Example velocity spectra and density spectra for (a) ADV 4, (¢) ADV 3, (e) ADV 2,and (g) ADV 1, for an ensemble
at 1350 LT 18 Jul 2005, where 8 = 0.9 at ADV 4. (right) Observed cospectra compared to the Kaimal et al. (1972)
model. The variance-preserving cospectra were normalized by the covariance estimate and grouped into bins by
wavenumber then averaged over all ensembles where Ri, < 0.25 and 8 < 1 (721 ensembles), for (b) ADV4, (d) ADV 3,
(f) ADV 2, and (h) ADV 1 as a function of normalized wavenumber. The median value for each bin is shown as

a circle, and vertical error bars show two standard errors on the distributions.

b. Momentum and density fluxes

To remove wave contamination from the momentum
and density flux estimates, we employed a method orig-
inally developed by Trowbridge (1998), modified by
Shaw and Trowbridge (2001), and further improved by
Feddersen and Williams (2007, hereafter FW07), which
uses the velocity signals between two adjacent sensors
spaced at a distance such that the wave-induced veloc-
ities are coherent, whereas turbulent fluctuations are
uncorrelated. The FWO07 method applies an adaptive
filtering technique to account for wave velocity magni-
tude and phase shifts between sensors in both horizontal
and vertical velocities. After the filtering is applied, the
wave-induced velocities are assumed to be equal in each
signal and can be cancelled by differencing, leaving only
the turbulent component of the velocity. Momentum
(u'w" and v'w’) and density fluxes (p'w’) were then
calculated as the direct covariance of the turbulent
component of the velocity and density signals and then

averaged over each 10-min ensemble. The pairing of
ADVs for implementation of the FW07 method is de-
tailed in Table Al. The ratio of vertical separation of
instruments to the height above the bed Az/z ranges from
1 to4 and is in all cases less than the recommended value
by Shaw and Trowbridge (2001), Az/z > 5. To ensure that
turbulence was uncorrelated between the paired sensors,
we required that the covariance of velocity components
at the same instrument was at least an order of magnitude
larger than the covariance between paired instruments
(i.e., Uiy Wiy > ”(/1)W(/z).)' .
To address the quality of the momentum and density
flux estimates in the presence of surface-wave forcing
and stratification, we compared the momentum and
buoyancy cospectra before and after FW07 wave filter-
ing to the Kaimal et al. (1972) semiempirical form of the
cospectrum. Figures A1-A3 show the observed variance-
preserving cospectra normalized by the covariance esti-
mate of the flux, then averaged over all ensembles where
B <1, for the three Richardson number regimes defined
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FIG. A2. Asin Fig. A1, but for a critical gradient Richardson number (0.25 < Ri, < 1) at 1355 LT 17 Jul 2005. (right)
Averaged over all ensembles where 0.25 < Ri, < 1 and B8 < 1 (264 ensembles).

above and plotted against the wavenumber k, normal-
ized by the “‘rolloff”” wavenumber, ko ~ 27/1,,,. The raw
cospectra for all instruments and all Ri, regimes exhibit
a peak in energy at normalized wavenumbers corre-
sponding to surface gravity waves. The FW07-filtered
cospectra fall closer to the Kaimal et al. (1972) model
spectrum. To ensure that our flux estimates are reason-
able, we imposed a constraint that the correlation be-
tween the wave-filtered cospectra and the Kaimal et al.
(1972) curve was greater than 0.7.

Uncertainty in the Reynolds stress estimates is rather
large because of the presence of intermittent events in
the data. The autocorrelation time scale for the velocity
covariance was approximately 3 s, resulting in 200 dof
per ensemble and a 90% confidence interval of approxi-
mately £35% u'w’. The autocorrelation time scale for
the density flux was approximately 2 s, giving 300
dof per ensemble and a 90% confidence interval of
+57% p'w’. Although the FWO07 technique adequately
removed the effects of surface waves in the momentum
and density flux estimates for most ensembles, it is not
entirely apparent how much the internal-wave bias af-
fects the flux values observed. Differencing wave-removal
techniques do not eliminate internal-wave bias because

the near-bottom structure of internal waves is highly
nonlinear (Shaw and Trowbridge 2001). Turbulent pro-
duction is calculated as the product of ensemble-averaged
shear and momentum flux, which were found generally to
be aligned in the same direction (within 10°).

¢. Uncertainty in estimates of density and
parameters derived from density

The uncertainty in p and all parameters derived from
p (N, Rig, and Re,) are subject to error from two sources:
instrument accuracy and the calculation of density using
an empirical relationship between temperature and sa-
linity. Three instruments are used to measure tempera-
ture on the reef in this study (manufacturer’s specified
accuracy in parentheses): Seabird SBE-39 temperature
loggers (%=0.002°C), Nortek vectors (+£0.1°C), and PME
fast-response FPO7 temperature sensors (+0.01°C). Den-
sity on the reef was estimated from third-order poly-
nomial fit between temperature and salinity established
from three CTDs located approximately 500 m offshore.
CTD measurements showed that density varied primarily
with temperature and the root-mean-square error for
density calculated from the derived relationship was
found to be 0.036 kg m >. Random error associated
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FIG. A3. Asin Fig. Al, but for the case of strong stratification (Ri, > 1) at 2325 LT 16 Jul 2005. (right) Averaged over
all ensembles where Ri, > 1 and 8 < 1 (252 ensembles).

with this estimation, when averaged over a 10-min en-
semble, reduces to 0, 1g-min = =0.002 kg m3, propagat-
ing to N, on10-min = +£0.002 Hz. To estimate N between
ADYV temperature sensors, we must also consider the
bias error in these sensors. The bias error was estimated
by comparing the ADV temperature sensors to the more
accurate FP07s during a “‘calibration” period when the
water column was well mixed (temperatures over the
entire water column were within 0.01°C according to
nearby SBE-39 and FP07 sensors). The average bias
was found to be 0.08°C. The ADV temperature sensor
is stable, so we used the bias calculated during the cali-
bration period for each instrument to correct the ADV
temperature measurements over the entire time series,

TABLE Al. ADV instrument pairings: Velocities from instru-
ment in first column are filtered with velocities from instrument in
second column.

ADV (mab) Paired with ADV (mab) Azlz
ADV 1 (0.25) ADV 2 (0.6) 1.4
ADV 2 (0.6) ADV 4 (3.0) 4.0
ADV 3 (1.5) ADV 4 (3.0) 1.0
ADV 4 (3.0) ADV 3 (1.5) 2.0

reducing the bias to within the accuracy of the FP07
(£0.01°C). Propagating the bias error to quantities de-
rived from the ADV temperature measurements results
in the following uncertainties: N = *=0.006 Hz; Ri, =
+12 X 107% 1, = +0.001 m; Fr, = +0.01; and Re, =
+12 x 1074
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