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Abstract

We  develop  a  model  based  on  concentrated  solution  theory  for

predicting the cycling characteristics of a lithium-polymer-lithium symmetric

cell  containing  an  electrolyte  with  known  transport  properties.  The

electrolytes used in this study are mixtures of polyethylene oxide (PEO) and

lithium bis(trifluoromethanesulfonyl) imide (LiTFSI) salt, prepared over a wide

range  of  salt  concentrations.  The  transport  properties  of  PEO/LiTFSI

previously reported in the literature are used as inputs for our model. We

calculate salt  concentration and potential  profiles, which develop in these

electrolytes  under  a  constant  dc  polarization,  as  a  function  of  current

density,  electrolyte  thickness,  and  salt  concentration.  These  profiles  are

nonlinear at steady-state due to the strong concentration dependence of the

transport  properties  of  this  electrolyte.  The  effect  of  this  nonlinearity  on

limiting current is demonstrated. Cycling characteristics of a series of lithium

symmetric cells were measured to test the validity of our model,  without

resorting to any adjustable parameters. The time-dependence and steady-

state value of  the potential  measured during cycling experiments were in

excellent agreement with model predictions.
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Introduction

Next-generation  lithium  batteries  with  high  energy  densities  are

desired for applications such as electric vehicles and personal electronics.

The implementation of these batteries hinges upon the development of novel

electrolyte materials with both stability against the lithium metal anode and

excellent transport properties. The efficacy of newly-developed electrolytes

is  usually  established  in  symmetric  lithium-electrolyte-lithium  cells.  In  a

typical experiment, the cell is polarized in one direction using a constant dc

current  for  a  predetermined  amount  of  time,  and  then  the  polarization

direction is switched. Numerous researchers have reported cycling data from

such experiments using potential versus time plots, with an emphasis on the

total  number  of  cycles  that  could  be  sustained  before  failure.1–6 Little

attention has been paid to the time-dependence of the cycling profile and

the  steady-state  potential  attained  at  a  given  current  density.  While  the

necessary equations for predicting the cycling behavior of symmetric cells

are well established in the concentrated solution theory of Newman,7,8 we are

not aware of any comparisons of these predictions with experimental data.

Most of the comparisons between the Newman approach and experimental

data focus on cells with porous electrodes and require adjustable parameters

or simplifying assumptions.9–13

Polymer electrolytes have been identified as promising candidates for

lithium  metal  batteries.14–17 They  are  also  convenient  model  systems  for

measurement  of  transport  coefficients.  Ion  transport  in  electrolytes  is
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governed by three transport coefficients: conductivity,  σ, the salt diffusion

coefficient, D, and the transference number, t+.7 In addition, modeling these

systems requires knowledge of the thermodynamic factor, (1+dln±/dlnm),

which quantifies the change in the mean molal activity coefficient of the salt,

±, with the molality, m, of the solution. We note in passing that measuring

these four parameters in conventional liquid electrolytes is complicated due

to  convection;18–20 convection  is  suppressed  in  polymers  due  to  high

viscosity. 

Figure  1 shows  the  cycling  profiles  of  lithium  symmetric  cells

containing  polymer  electrolytes  that  differ  in  salt  concentration.  Our

electrolytes  are  comprised  of  mixtures  of  polyethylene  oxide  (PEO)  and

lithium bis(trifluoromethanesulfonyl) imide (LiTFSI) salt. We use rav to denote

the average salt concentration of the electrolyte, where rav is defined as the

molar ratio of lithium ions to ether oxygens in the system:  rav = [Li+]/[O].

Although both cells in Figure 1 were cycled at the same current density of iss

=  ±  0.02  mA/cm2,  the  cell  containing  an  electrolyte  with  a  lower  salt

concentration (rav  = 0.02)  reaches a much lower potential  at  steady-state

compared to the cell with the higher concentration electrolyte (rav  = 0.14).

The  concentration-dependence  of  σ,  D,  t+,  and  (1+dln±/dlnm)  of  this

PEO/LiTFSI electrolyte have been previously reported.21,22 At  rav  = 0.02, the

ionic conductivity is σ = 7.5 × 10-4 S/cm, while at rav = 0.14 it is σ = 9.9 × 10-

4 S/cm. If conductivity were the only relevant transport parameter, then the

steady-state potential would be lower for the rav  = 0.02 cell.  Figure 1 shows

4

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

77

78

79

80

81

82



that this is clearly not the case. The theoretical work presented in this paper

resolves this issue. 

Our  objective  is  to  compare  cycling  data  of  the  type  presented  in

Figure 1 with theoretical predictions based on concentrated solution theory.

Our  theory  enables  calculation  of  both  potential  gradients  and  salt

concentration  profiles in an electrolyte at steady-state with no adjustable

parameters. It also addresses the time-dependence and steady-state value

of potential as a function of applied current. 

Figure  1.  Cycling profiles showing measured potential,  Φmeasured,  as a function of
time for lithium-polymer-lithium symmetric cells with PEO/LiTFSI electrolytes at two
different salt concentrations. The cells were cycled at a constant current density of
iss = ±0.02 mA/cm2, and the thicknesses of the electrolytes were approximately 500
µm.  
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Theory

We use  concentrated  solution  theory7 to  model  a cell  containing  a

binary  electrolyte  wherein  the  cation  is  produced  at  the  anode  and

consumed at the cathode in response to an applied potential, and both the

anion and solvent do not participate in the redox reactions. The current is

applied in the  x-direction across a symmetric cell containing a salt  ¿¿ with

electrodes of pure metal M. The applied current creates gradients in the salt

concentration  and  the  potential  across  the  electrolyte.  The  reference

electrode used to measure the potential at any position in the electrolyte

follows the reaction

−Mz+¿+M
( s)

⇌ne−¿.¿
¿ (0)

The anode is located at  x  = 0 and the cathode at  x  =  L,  where  L is the

thickness of the electrolyte. We take the potential at the cathode to be zero,

and surface overpotentials are taken to be zero at both electrodes.  

Steady-State Model

 The relationship between the anion flux, N-, and the current density, i,

is given by 

N
−¿=−

DcT c v−¿

RT c0 v

d µe

dx
+i t−¿

z−¿F ,¿
¿ ¿¿ (0)

where  D is the diffusion coefficient of the salt based on a thermodynamic

driving force,  µe is the chemical potential of the electrolyte,  t- is the anion

transference  number  (t- =  1  -  t+),  and  F is  Faraday’s  constant.  The

concentration terms are c0, c, and cT, where c0 is the solvent concentration, c
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is the salt concentration, and cT is the total solution concentration (cT = c0 +

c).  

At steady-state, the net flux of the anion is zero at all values of  x. In

this  case,  eq.  2  reduces  to  the  following  expression  in  terms  of  iss,  the

steady-state current.

d μe

dx
=iss

t−¿

z−¿ F

RT c0v

DcT cv−¿¿
¿

¿
(0)

The chemical potential of the electrolyte is defined in terms of the molality of

the solution,

μe=μe
0
+vRT ln(mγ±)+RT ln¿¿ (0)

where µe
0 is the chemical potential of the reference state and γ± is the mean

molal activity coefficient of the electrolyte. Combining eq. 3 and 4, we get

d μe

dx
=

vRT
m (1+

d ln γ±

d lnm )dm
dx

=iss
t−¿

z−¿ F

RT c0v
DcT cv−¿ .¿

¿

¿
(0)

The salt diffusion coefficient D measured in a restricted diffusion experiment

is based on the relaxation of a concentration gradient and is related to D by

D=D
cT

c0
(1+

d lnγ±

d ln m ) . (0)

In this work, we prefer to describe salt concentration in terms of r, the

molar ratio of lithium ions to ether oxygens in the system. Given that  r  =

mM0,  where  M0 is  the molar  mass of  the solvent,  it  is  straightforward  to
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convert  from  m to  r in  these  equations.  Combining  eq.  5  and  6  and

performing this conversion, we get

dr
dx

=
i ss

Fz
−¿v−¿ r

t−¿( r )

D(r )c(r )
.¿¿

¿ (0)

Collecting the r-dependent terms and integrating over them gives an implicit

expression for the concentration profile, r(x), for a given r(x=0) and issL.  

∫
r (x=0 )

r (x )
D (r ) c(r)
r t−¿(r )

dr=
issL

Fz
−¿ v−¿( x

L ) .¿
¿
¿ (0)

In an experiment one controls the average concentration of the electrolyte,

rav, which is obtained by integrating  r(x) from  x  = 0 to  x  = L.  The spatial

dependence  of  the  molar  salt  concentration,  c(x),  can  then  be  readily

obtained from r(x) as long as the concentration-dependence of the density of

the electrolytes is known.

The potential gradient d/dx in the cell can be determined for a given

current density using the relationship 

i=−σ dΦ
dx

−
σ
F

¿ (0)

where  σ is  the  conductivity  of  the  electrolyte  and  t+ is  the  cation

transference number. Since the electrolyte is electrically neutral, e depends

only  on  local  concentration,  and  is  independent  of  .    Charge  balance

implies that z+ = n. Eq. 9 applies to both steady-state wherein both terms on

the right contribute and the initial state wherein the second term on the right

is zero because the solution is initially uniform in concentration. At the initial
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state, d/dx will be constant. Thus, the initial current density, i0, at t = 0 is

related to the initial potential,  by

i0=σ
Φ0

L
. (0)

The relationship between the current density and potential at steady-state is

given by combining eq. 3, 6, and 9,

iSS=−σ
d ΦSS

dx
−i ssNe, (0)

where Ne is given by23

Ne=
v

¿¿¿
(0)

The parameter Ne can be measured by a steady-state current experiment

and is  related to  the  quantity  iss/i0,  often  referred  to  as  the  steady-state

current transference number, t+,SS.

t+ ,SS=
iss

i0
=

1
1+Ne

. (0)

Eq. 11 can be integrated to obtain the spatial dependence of potential,     

ΦSS ( x )=−Fz−¿v
−¿ ∫

r ( x=L)

r ( x)
D ( r ) c (r )

r t
+ ,SS ( r ) σ ( r ) t

−¿ (r )

dr .¿¿
¿ (0)

where  dr/dx determined above is  used.  Thus,  prediction  of  ss across  an

electrolyte  using  eq.  14  requires  knowledge  of  the  concentration-

dependence  of  three  independent  transport  properties,  σ,  D,  and  t-,  in

addition to t+,ss and c. 

Transient Model

For unsteady-state problems, it  is customary to start with eq. 12.14

from  reference  7 which  describes  the  mass  transport  of  the  salt  in  the
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electrolyte  based  on  concentrated  solution  theory.  This  relationship,

simplified to one-dimensional transport along the x-direction in the absence

of convection, is given by

∂c
∂t

=
∂

∂ x [D(1−
d lnc0

d lnc ) ∂c
∂ x ]− i ss

z+¿ v
+¿ F¿ ¿¿

(0)

with boundary conditions

−D dc
dx|

x=0

=1−
t+¿

F
i ss ¿ (0)

−D dc
dx|

x=L

=−1−
t +¿

F
iss .¿ (0)

Equation  15  can  be  solved  numerically  to  obtain  transient  concentration

profiles, c(x,t), across an electrolyte.

In  order  to  obtain  transient  potential  profiles,  Φ(x,t), across  an

electrolyte, we use the relationship between  iss and  Φ given by a modified

Ohm’s law that includes the overpotential due to concentration gradients in

the electrolyte.

i ss=−σ d Φ
dx

−
2σRT

F (1+
d lnf ±

d lnc )¿ (0)

Equation  18  is  solved  numerically  with  Butler-Volmer  kinetics  used  to

account for the charge-transfer reaction at the electrode boundaries. 

i ss|x=0=ie [exp(
αa F

RT
(Φ1−Φ(x=0)))−exp ⁡(

−αcF

RT
(Φ1−Φ(x=0)))] (0)
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i ss|x=L= ie[exp(
−αa F

RT
Φ(x=L))−exp ⁡(

αcF

RT
Φ(x=L))] (0)

Here,  ie is the exchange current density, and  αa and  αc are the anodic and

cathodic transfer coefficients, respectively. The electrode potential at x = 0

is Φ1. The parameters used in our unsteady-state model are: αa = αc = 0.5,

and i0  = 0.5 mA/cm2, based on previous work on a closely related system.24

Under these conditions, the difference between the electrode potential and

that in the electrolyte at x = L are negligible.

At steady-state dc/dt = 0, and eq. 15 simplifies to

D (1−
d lnc0

d lnc )dc
dx

=iss
t +¿

z+¿v+¿F +K .¿¿
¿ (0)

The constant K is determined using the condition dc/dx = 0 when t+ = 1. This

gives

D (1−
d lnc0

d lnc )dc
dx

=
−i ss

z+¿ v+¿F¿ ¿¿
(0)

Collecting the concentration-dependent terms and integrating gives

∫
c( x=0)

c( x)
D (c)

t−¿(c)(1−
d lnc0

d ln c )
dc=

−issL

z
+¿ v+¿F( x

L ).¿
¿
¿

(0)

Eq. 23 is formally equivalent to eq. 8 due to the interrelations between c, r,

and c0. 
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Methods

Experiment – Cell Preparation and Cycling

All  sample  preparation  was  performed  inside  an  argon  glovebox

(MBraun) in order to maintain water and oxygen levels below 1 and 5 ppm,

respectively.  Electrolytes  were  prepared  by  mixing  PEO  purchased  from

PolymerSource  (5  kg/mol  with  a  polydispersity  of  1.08)  with  LiTFSI  salt

purchased from Novolyte. The polymers were dried at 90°C under vacuum in

the  glovebox  antechamber  for  24  h.  The  salt  was  dried  at  120°C  under

vacuum in the glovebox antechamber for 3 days. Electrolytes were prepared

by dissolving dry polymer and LiTFSI salt into tetrahydrofuran (THF) at 55°C

until  completely  dissolved.  The  THF  was  evaporated,  leaving  behind  a

polymer/salt mixture. After 12 hours of drying on the hot plate at 55°C, the

electrolytes  were  transferred  to  the  glovebox  antechamber  to  dry  under

vacuum at  90°C  for  24  h  to  remove  any  excess  THF.  The  average  salt

concentration in the electrolyte is described as rav, the molar ratio of lithium

ions  to  ether  oxygens  on  the  polymer:  rav  =  [Li+]/[O].  Electrolytes  were

prepared in a wide range of salt concentrations of 0.01 ≤ rav ≤ 0.30. 

Lithium  symmetric  cells  were  assembled  by  pressing  the  polymer

electrolyte  into  a  silicone  spacer  with  a  diameter  of  3.175  mm  and  a

thickness of 508 µm. The electrolyte was then sandwiched between two 150

µm thick lithium foils (MTI Corporation) backed with nickel foil. A stainless-

steel shim was placed on either side of the sample to prevent the sample

from deforming, which could lead to a change in electrolyte thickness or a
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cell short. Nickel tabs were secured to the stainless-steel shims to serve as

electrical  contacts.  The  assembly  was  vacuum  sealed  in  a  laminated

aluminum pouch material (Showa-Denko) before removal from the glovebox.

All  samples  were  annealed  at  90°C  for  4  hours  prior  to  electrochemical

characterization.

Cycling  was performed using a  Biologic  VMP3 potentiostat,  and the

cells were maintained at 90°C using a home-built heating stage. Cells were

polarized at a low current density of  iss  = 0.02 mA/cm2
, and the potential,

Φmeasured, was recorded as a function of time for five charge/discharge cycles.

Each cycle consisted of a 4 h charge, 45 min rest, 4 h discharge, and 45 min

rest.  Examples  of  cycling  data  (Φmeasured vs.  t)  obtained  from  lithium

symmetric cells with electrolytes of different salt concentrations are shown in

Figure 1. Between each cycle, ac impedance spectroscopy was performed to

track  the  cell  impedance  as  a  function  of  time.  For  each  of  these

measurements, complex impedance was acquired for a frequency range of 1

MHz to 100 mHz at an amplitude of 80 mV. The data were analyzed in the

form of a Nyquist plot and fit to an equivalent electrical circuit suitable for a

symmetric  cell  with  nonblocking  electrodes  to  obtain  Ri,  the  interfacial

resistance of the cell, as described in previous publications.21,25 The value of

Ri taken immediately subsequent to a given charge/discharge measurement

is  used  to  correct  Φmeasured for  the  potential  drop  across  the  interface

according to eq. 26.  
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Cells  prepared  with  an  electrolyte  concentration  of  rav  = 0.18  were

cycled at higher current densities following the initial five cycles at iss = 0.02

mA/cm2. In this case, one full charge/discharge cycle was performed at each

of the following current densities: iss = 0.05, 0.09, 0.12, 0.15, 0.20, and 0.25

mA/cm2. 

After  the  cycling  experiments  were  completed,  the  cells  were

disassembled in  the glovebox,  and the  final  electrolyte  thickness,  L,  was

measured  using  a  micrometer.  These values  are  used  in  our  analysis  to

normalize the potential of each cell according to thickness. 
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Transient Model – Comsol Parameters

The  transient  model,  based  on  a  macro-homogeneous  model  by

Newman and coworkers,10,26,27 is used to calculate the time-dependence of

the  potential  across  a  lithium-PEO/LiTFSI-lithium symmetric  cell  during  dc

polarization. The governing equations for this model (eq. 15-20), are solved

numerically using Comsol 5.3.  The exchange current density,  ie, is taken to

be 0.5 mA/cm2, and the anodic and cathodic transfer coefficients, αa and αc,

are  both  taken  to  be  0.5,  based  on  a  previous  report  using  similar

materials.24

To solve these equations, it is necessary to fit each transport property

and the thermodynamic factor as continuous functions of salt concentration.

The thermodynamic factor used in these equations is (1+dlnf±/dlnc), which

quantifies the change in the mean molar activity of  the salt,  f±,  with the

molarity, c, of the solution; this parameter is different from (1+dln±/dlnm),

which is based on the molality of the solution.  The polynomial expression

used for fitting and the results thus obtained are given in Table 1. 

Table 1. Fitting parameters used for each transport and thermodynamic 
property used in the Comsol modeling. All parameters, P, are given as 
functions of concentration, c, in mol/L. Units for conductivity are S/cm and 
diffusion are cm2/s. Most parameters were broken up into two concentration 
ranges to obtain the most accurate fits. 

P (c )=K0+K1c+K 2c
2
+K 3c

3
+K4c4

+K5c5

P(c) range K0 K1 K2 K3 K4 K5

σ

c ≤
2.58
c >
2.58

2.53 ×10-4

-7.26 ×10-

2

-1.48 ×10-

3

7.13 ×10-2

7.73 ×10-3

-2.24 ×10-

2

-5.69 ×10-

3

2.29 ×10-3

1.16 ×10-3

-
-
-
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D

c ≤
2.38
c >
2.38

6.92 ×10-8

-7.87 ×10-

5

-1.04 ×10-

7

1.21×10-4

3.51 ×10-7

-7.31 ×10-

5

-2.50 ×10-

7

2.19 ×10-5

4.93 ×10-8

-3.24 ×10-

6

-
1.90 ×10-7

t+

c ≤
2.58
c >
2.58

-8.95 ×10-

2

-68.2

0.768
59.9

-0.258
-17.2

-3.08 ×10-

2

1.63

-
-

-
-

(1+
d lnf ±

d lnc )
c ≤
2.58
c >
2.58

3.34 ×10-3

-352
0.857
295

2.23
-78.8

-0.785
6.85

-
-

-
-

(1−
d lnc0

d lnc ) all c 0.964 -0.108 -2.94 ×10-2 - - -

Results and Discussion

In order to model concentration or potential profiles in an electrolyte,

measurements  of  transport  properties  (conductivity,  σ, salt  diffusion

coefficient,  D,  cation  transference  number,  t+)  and  the  thermodynamic

factor,  (1+dln±/dlnm), must  be  obtained  over  a  wide  range  of  salt

concentrations.7 Table  2   shows  the  transport  properties  of  an  electrolyte  

composed of 5 kg/mol PEO mixed with LiTFSI salt. These measurements have

been thoroughly discussed in recent reports from our group.21,22 Here, salt

concentration is defined in two ways:  r is the molar ratio of lithium ions to

ether  oxygens  in  the  system,  r  = [Li+]/[O],  and  c is  the  molarity  of  the

solution. We have added the steady-state transference number, t+,ss, defined

by eq. 13 in Table 2 as it convenient for the calculations given below. 

Table 2. Transport properties of a 5 kg/mol PEO/LiTFSI electrolyte at 90 ºC.

r
c

(mol/
cm3)

D
(cm2/s)

σ
(S/cm)

t+
(1+dlnγ±/

dlnm)
t+,ss

0.01
2.47 ×10-

4
[6.0 ± 0.8]

×10-8
[2.7 ± 0.6]

×10-4
0.07 ±
0.02 0.43

0.18 ±
0.009

0.02
4.73 ×10-

4
[7.8 ± 0.7]

×10-8
[7.5 ± 0.4]

×10-4
0.23 ±
0.03 0.69

0.16 ±
0.015

0.04
8.71 ×10-

4
[1.0 ± 0.1]

×10-7
[1.8 ± 0.5]

×10-3
0.40 ±
0.13 1.70

0.11 ±
0.019
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0.06 1.20 ×10-

3
[1.3 ± 0.4]

×10-7
[2.0 ± 0.2]

×10-3
0.33 ±
0.11

2.23 0.11 ±
0.005

0.08 1.59 ×10-

3
[1.1 ± 0.1]

×10-7
[2.2 ± 0.8]

×10-3
0.43 ±
0.17

3.33 0.10 ±
0.012

0.10 1.87 ×10-

3
[8.4 ± 1.1]

×10-8
[1.3 ± 0.2]

×10-3
0.20 ±
0.05

2.82 0.09 ±
0.013

0.12 2.11 ×10-

3
[7.0 ± 1.7]

×10-8
[1.1 ± 0.0]

×10-3
0.08 ±
0.02

2.78 0.08 ±
0.008

0.14 2.38 ×10-

3
[5.8 ± 0.9]

×10-8
[9.9 ± 2.3]

×10-4
-0.08 ±

0.02
2.66 0.07 ±

0.005

0.16 2.58 ×10-

3
[9.4 ± 0.8]

×10-8
[1.3 ± 0.4]

×10-3
-0.38 ±

0.13
2.27 0.06 ±

0.001

0.18 2.76 ×10-

3
[9.0 ± 1.0]

×10-8
[1.6 ± 0.6]

×10-3
0.10 ±
0.04

3.74 0.07 ±
0.011

0.21 3.05 ×10-

3
[6.5 ± 1.5]

×10-8
[1.2 ± 0.4]

×10-3
0.41 ±
0.16

6.32 0.10 ±
0.006

0.24 3.36 ×10-

3
[6.3 ± 1.0]

×10-8
[6.4 ± 2.4]

×10-4
0.33 ±
0.13

6.00 0.16 ±
0.010

0.27 3.49 ×10-

3
[5.9 ± 1.3]

×10-8
[4.0 ± 1.0]

×10-4
0.18 ±
0.06

5.24 0.18 ±
0.022

0.30 3.78 ×10-

3
[4.2 ± 0.6]

×10-8
[1.5 ± 0.2]

×10-4
-0.02 ±

0.00
4.49 0.26 ±

0.020

To calculate concentration gradients in any system using eq. 8, the

transport properties of the electrolyte must be fit as a continuous function of

salt concentration. Based on the data in Table 2, we calculate the parameter

(D c)/(r t-)  for  our  PEO/LiTFSI  electrolytes,  shown in  Figure 2.   The anion

transference number,  t-, is equal to 1 -  t+.  The solid curve shows a least-

squares fit to the equation 

Dc
r t−¿=ar5

+br 4
+cr3

+d r2
+er+f ,¿

(0)

with fitting parameters
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where  D is  in cm2/s  and  c is in mol/cm3.  Alternatively, one could fit each

parameter (D, t-, c) individually as a function of r. It is important to note that

our data are limited to the range 0.01 < r < 0.3. Thus, our model can only be

used  to  study  symmetric  cell  data  wherein  the  entire  salt  concentration

profile in the cell falls within these bounds.  

Figure  2.  Fit  of  the  transport  coefficient  term,  (D c)/(r t-),  with  LiTFSI  salt
concentration. The solid curve shows the least-squares polynomial fit given by eq.
24. 

The  concentration  profile  in  a  symmetric  cell  under  steady-state

operation  is  governed  by  the  initial  salt  concentration  of  the  electrolyte

which we call  rav, the steady-state current density,  iss, and the thickness of

the electrolyte,  L. Before the cell is polarized, the salt concentration at all

locations is rav. At steady-state, the salt concentration profile is governed by

eq.  8;  solution  to  this  equation  gives  the  position-dependent  salt

concentration, r(x). It is convenient to determine the concentration profile as

a function of  x/L.  Calculating the concentration profile for a given value of
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the product issL requires a three-step iterative process: (1) Choose a value for

r at the point x/L = 0. (2) Calculate r as a function of x/L from 0 ≤ x/L ≤ 1

using eq. 8. (3) Integrate  r(x/L) from 0 to 1 to determine the average salt

concentration,  rav, of the electrolyte. The process is repeated, adjusting the

value of r at x/L = 0, until the desired rav is reached.

 Figure 3 shows salt concentration profiles for PEO/LiTFSI electrolytes

with different salt concentrations: rav = 0.08, 0.10, 0.12, and 0.14. Each panel

corresponds to a different value of issL.  Figure 3 could represent three cells

with the same thickness at different current densities (L = 500 µm and (a) iss

= 0.8  mA/cm2,  (b)  iss  = 0.2  mA/cm2,  and  (c)  iss  = 0.02  mA/cm2)  or  with

different thicknesses at the same current density (iss = 1 mA/cm2 and (a) L =

400  µm (b)  L  = 100  µm and (c)  L  = 10  µm). At the lowest value of  issL  =

0.001 mA/cm (Figure  3a),  the concentration  profiles  are  linear.  Nonlinear

concentration profiles are evident when issL is increased 0.01 mA/cm (Figure

3b).  Further  increase  in  issL to  0.04  mA/cm  results  in  highly  nonlinear

concentration  profiles (Figure  3c).  For  the    r  av  = 0.08 electrolyte shown in

Figure 3c,   r  (  x  )     approaches zero at   x  /  L   = 1. The minimum value of   r  (  x  /  L  =1) is  

zero;  this  condition  is  defined  as  the  limiting  current  density  of  an

electrolyte. The nonlinear concentration profiles in Figure 3b and c are due to

the concentration-dependence of t+ and D. If  t+ and D were independent of

salt concentration and c were proportional to r, all profiles in Figure 3 would

be linear.  Interestingly, the concentration profile at a given current density

does not depend on conductivity (see eq. 8); the values of the conductivity
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only affect the cell potential required to achieve a given current density (see

eq. 14). 

Equation 7 indicates that the concentration gradient, dr/dx, at a given

location,  x/L,  in  the symmetric  cell  is  governed entirely  by the  local  salt

concentration,  r,  regardless  of  the  overall  salt  concentration,  rav,  of  the

electrolyte. Thus, in Figure 3 if one moves horizontally from one curve to the

next at any chosen value of r, the gradients of the concentration profiles are

identical.  At  steady-state,  the  overall  flux  of  cations,  given  by  iss,  is

independent of position (x/L). The migration and diffusion components of the

flux will change with position due to the concentration dependence of t+ and

D. The slope of the concentration profile changes due to this effect. 

  

Figure  3. Concentration  gradients  in  PEO/LiTFSI  electrolytes  predicted  by  the
model at  steady-state. These are calculated using eq. 8 based on the fit of the
transport parameter in Figure 2.
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The  limiting  current  density  is  an  important  characteristic  of  an

electrolyte, as it defines the maximum current that can be drawn from a cell

during operation. Traditionally, equations used to describe this characteristic

are based on the assumption of transport properties that are independent of

salt  concentration.7 We  use  our  model  to  calculate  the  limiting  current

density as a function of salt concentration for PEO/LiTFSI electrolytes. The

limiting  current  density,  ilimit,  is  defined  as  the  value  of  iss when  the

concentration profile exhibits r = 0 at x/L = 1. Our expressions for transport

properties and the thermodynamic factor were derived from data in the salt

concentration range of 0.01 ≤ r ≤ 0.3. In other words, r = 0 lies outside the

parameter window. To overcome this issue, we use our model at a chosen

value of rav to obtain r at x/L = 1 with increasing iss up to the limit of r = 0.01

at x/L = 1. Typical data thus obtained at rav  = 0.08 are shown in Figure 4a.

Extrapolating these data to  r  = 0 gives  the value of  the limiting current

density. Only the product ilimitL appears in the governing equation (eq. 8); we

thus  report  on  this  parameter.  Figure  4b  shows  the  product  ilimitL as  a

function of rav. It is evident that ilimitL exhibits a nonlinear dependence on salt

concentration due to the nonlinear concentration profiles observed in these

electrolytes. 

21

345

346

347

348

349

350

351

352

353

354

355

356

357

358

359

360

361

362

363

364



Figure 4. (a) Model predictions of issL as a function of r at x/L = 1 for an electrolyte
with a salt concentration of rav = 0.08.  Here, the dotted line shows the least-squares
polynomial fit, which is used to extrapolate the data to a value of r = 0 at x/L = 1 to
obtain the limiting current density (here shown as  ilimitL).  (b)  The product  ilimitL for
PEO/LiTFSI predicted by the model as a function of electrolyte salt concentration.
Our predictions are limited to 0.02  ≤  rav  ≤  0.12 due to the limited concentration
range of the fits used in our model. 

To calculate potential gradients in our electrolytes using eq. 14, we fit

the transport parameter (D c)/(r t- σ t+,ss) as a continuous function of salt

concentration,  shown  in  Figure  5.   A  double  exponential  gives  the  most

precise fit for this data, and is given by

Dc
r t−¿ σ t+ , ss

=k0+A1exp ⁡(−τ1r )+A2exp ⁡(−τ2r ) ,¿ (0)

with fitting parameters

where D is in cm2/s, c is in mol/cm3, and σ is in S/cm. 
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Figure  5. Fit  of  transport  coefficient  term  (D c)/(r t- σ t+,SS)  with  LiTFSI  salt
concentration. The solid curve shows the least-squares fit to the double exponential
given in eq. 25.

Figure 6 shows the dependence of potential, Φ, on position calculated

for the electrolytes shown in Figure 3 (rav = 0.08, 0.10, 0.12, and 0.14) at the

same three values of issL. We define Φ = 0 at x/L = 1. At the lowest value of

issL, Φ is a linear function of position (Figure 6a). Nonlinear dependences of Φ

on position are evident at higher values of issL (Figure 6b and c). There is a

close relationship between the nonlinearity in potential seen in Figure 6 and

the nonlinearity  in  concentration  seen in  Figure  3.  In  an experiment,  the

value of cell potential measured experimentally corresponds to Φ at x/L = 0.

It is clear that for a given value of  issL, cells prepared with electrolytes of

different salt concentrations will yield different values of  Φ at steady-state.

Interestingly, the cell potential (Φ at  x/L  = 0) is a stronger function of salt

concentration at  issL  = 0.001 mA/cm when compared to  issL  = 0.04 mA/cm

(compare inset in  Figure 6a with  Figure 6c).  This  is  because of  the large

concentration gradients that are obtained at high values of    i  ssL    (see Figure  

23

381

382
383
384
385
386
387

388

389

390

391

392

393

394

395

396

397

398

399

400



4c). The transport parameters of our electrolytes are strong functions of salt

concentration,  but  when large concentration  gradients  are present  in  the

electrolyte these properties are integrated over a wide concentration window

that is not a sensitive function of    r  av. Next, we examine the validity of our

model  by  comparing  theoretical  predictions  against  experimental

measurements of Φ.  

  

Figure  6.  Potential profiles in PEO/LiTFSI electrolytes predicted by the model at
steady-state. These are calculated using eq. 14 based on the fit of the transport
parameters in Figure 5.

We use  the  calculations  described  above  to  interpret  experimental

data from lithium symmetric cells with PEO/LiTFSI electrolytes. The cells were

cycled at increasing values of  iss, and the measured potential,  Φmeasured, was

recorded as a function of time. Typical time-dependent potential curves thus

24

401

402

403

404

405

406

407

408
409
410
411

412

413

414

415

416



obtained are shown in  Figure 7a. These data correspond to an electrolyte

with rav = 0.18 cycled at current densities ranging from iss = 0.02 to iss = 0.25

mA/cm2. At each current density, the potential increases with time due to the

formation of concentration gradients in the electrolyte, and then plateaus as

the cell  reaches steady-state. The measured potential,  Φmeasured, cannot be

directly compared to Φ predicted by the model, as it has contributions from

the lithium-polymer interfaces that are not included in the model. To correct

for this, we subtract the potential drop due to interfacial impedance, 

Φ(t )=Φmeasured (t )−Ri iss A, (0)

where  Ri is the interfacial resistance obtained from ac impedance and  A is

the area of the cell. The time-dependent potential curves were obtained after

the  interfacial  impedance had reached a  steady value;  thus,  the  product

RiissA is  taken  to  be  constant  at  all  values  of  t.  For  the  case  of  the

experimental data, we normalize Φ by the measured thicknesses of the cells,

which are in the vicinity of 500 µm. In our comparisons below, all measured

potentials  are  presented  after  correcting  for  interfacial  impedance  and

normalizing by thickness (Φ/L). Figure 7b shows the data from Figure 7a with

this correction applied. 

The relevant metric for direct comparison between the experimental

data in Figure 7b and the model based on eq. 14 is the potential obtained at

steady-state, Φss/L. In  Figure 7c we show this comparison for an electrolyte

with rav  = 0.18. The model results were obtained for an electrolyte with L =

500  µm  at  increasing  values  of  iss.  The  experimental  measurements
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correspond  to  the  same  values  of  iss shown  in  Figure  7b;  each  point

represents  an  average  of  three  samples,  and  the  error  bars  show  the

standard  deviation.  The  data  in  Figure  7c  are  in  good  agreement  with

theoretical  predictions  at  low  values  of  iss,  but  deviations  are  evident  at

higher  values  of  iss.  The  explanation  for  this  may  be  related  to  the

mechanism  of  cell  failure  witnessed  in  the  experimental  measurements.

Upon cycling at increasing iss, all three cells failed at iss ≤ 0.25 mA/cm2, which

is  below  the  limiting  current  density  predicted  by  the  model.  If  the

experimental samples had reached the limiting current denisty, one might

expect the voltage profile to exhibit a spike indicating depletion of the salt at

the  electrode.  Instead,  we  observe  that  cell  failure  is  indicated  by  an

unstable voltage that eventually drops to zero (iss = 0.25 mA/cm2 in Figure 7a

and b), pointing to a short circuit in the cell.  Given the low modulus of 5

kg/mol PEO at 90ºC, we believe this can be attributed to the formation of

lithium dendrites  as  the cell  reaches high  current  densities,  leading  to  a

deviation of  Φss/L from the model at high iss and eventually resulting in cell

failure. This experimental constraint prevents us from studying our cells at

high current densities. We thus limit the rest of our discussion comparing

model and experiment to iss  = 0.02 mA/cm2, where we expect dendrites are

not affecting our results. At this current density, cell  potential is a strong

function  of  rav as  shown  in  the  inset  Figure  6a  (issL  =  0.001  mA/cm

corresponds to iss = 0.02 mA/cm2, as L = 500 µm).
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Figure  7. (a) Time-dependent voltage profiles measured in  rav=0.18 at different
steady-state current densities (iss=0.02 mA/cm2 to iss=0.25 mA/cm2). This cell failed
at iss=0.25 mA/cm2. (b) Same data as (a) with the interfacial impedance correction
(eq. 26) and thickness normalization.  (c)  Comparison between predicted potential
from model (dashed curve) and experimentally measured potential (markers) for
rav=0.18 at different current densities. The experimental measurements are carried
out until cell failure, which is below the limiting current density predicted by the
model. 
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In Figure 8 we compare Φss/L over a wide range of salt concentrations,

0.01 ≤ rav ≤ 0.3, at a current density of iss = 0.02 mA/cm2. The model results

correspond to a system where  issL  = 0.001 mA/cm; the concentration and

potential profiles shown in Figure 3c and Figure 6c are thus applicable to the

data  shown  in  Figure  8.  In  spite  of  the  fact  that  the  concentration  and

potential profiles are approximately linear, Φss/L is a complex function of salt

concentration exhibiting two local minima at rav = 0.05 and rav = 0.23 (model

predictions  in  Figure  8).  The  optimal  salt  concentration  for  battery

applications would correspond to the case where Φss/L is minimized; thus the

local minima in Figure 8 are of practical significance. Local maxima in Φss/L

are  observed  at  rav  =  0.01,  rav  =  0.15,  and  rav  =  0.3.  These  maxima

correspond to salt concentrations where  D is small and  t+ is close zero or

negative  (see  Table  1).  At  these  concentrations,  steep  concentration

gradients  result  in  larger  values  of Φss/L.  The agreement  between model

predictions and experiments in Figure 8 is noteworthy. 
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Figure  8.  Comparison  of  predicted  potential  from  model  (dashed  curve)  and
experimentally measured potential (markers) in PEO/LiTFSI electrolytes at  iss=0.02
mA/cm2.

We return to the time-dependent cycling curves shown in Figure 1. The

complete data sets for  rav  = 0.02 and rav  = 0.14 are shown in  Figure 9. The

solid yellow and blue curves in Figure 9 show averaged potential versus time

data from  rav  = 0.02 and  rav  = 0.14, respectively, and the shaded regions

signify  the  range  of  potentials  obtained  from  three  separate  cells.  The

dashed  curves  in  Figure  9 are  transient  model  predictions  obtained  by

numerically  integrating  eq.  15  –  20  using  Comsol  5.3.  We note  that  the

transient model predictions are based on the same transport coefficients and

thermodynamic  factors  (Table  2)  as  the  steady-state  model  predictions

shown in Figures 3, 4, and 6-8. It is evident from   Figure 9   that the theoretical  

predictions  are  in  good  agreement  with  the  time-dependent  potential

measurements made in lithium-polymer-lithium cells. Our model requires no

adjustable parameters or simplifying assumptions. The agreement shown in

Figure 9   justifies use of the model to explore current densities that could not  

be accessed experimentally due to dendrite growth. 
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Figure 9. Time-dependent potential curves for cells with rav  = 0.02 and rav  = 0.14
polarized at iss = 0.02 mA/cm2 from experiment (solid lines) and our transient model
(dashed  lines).  The  experimental  data  is  an  average  from  multiple  lithium
symmetric cells (dark solid curves), and the error is given by the standard deviation
(light shaded area).
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Conclusions

Using concentrated solution theory, we derive a set of equations that

can be used to model salt concentration and potential profiles in symmetric

lithium-polymer-lithium  cells.  Our  theory,  which  accounts  for  the  salt

concentration  dependence of  the  electrolyte  transport  properties  and the

thermodynamic factor, requires no adjustable parameters. First, we present

a  steady-state  model,  used  to  predict  salt  concentration  and  potential

profiles in the electrolyte under the application of a steady dc current. Then

we  present  a  transient  model,  used  to  predict  the  time-dependence  of

potential in a symmetric cell during cycling. 

Polymer  electrolytes  are  convenient  model  systems  to  study  ion

transport  due  to  the  absence  of  convection.  The  transport  properties  of

mixtures  of  polyethylene  oxide  (PEO)  and  lithium

bis(trifluoromethanesulfonyl)  imide  (LiTFSI)  salt  have  been  previously

reported over a wide range of salt concentrations, 0.01 ≤ r ≤ 0.3, where r =

[Li+]/[O].21,22 We  use  these  data  as  inputs  for  our  model  to  predict

concentration  profiles,  r(x),  and  potential  profiles,  Φ(x)  in  PEO/LiTFSI

electrolytes  with  varying  current  density,  iss,  thickness,  L,  and  average

electrolyte salt concentration,  rav.  Both  r(x)  and  Φ(x)  exhibit nonlinearities

due  to  the  strong  concentration  dependence  of  the  transport  and

thermodynamic properties of the electrolyte; the steepest gradients occur at

values of r where both the diffusion coefficient and the transference number

exhibit  minima.  These  calculations  enable  determination  of  the  limiting
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current density.  Using our model,  we calculate the steady-state potential,

Φss, across the symmetric cell as a function of rav and iss. These calculations

are compared with experimental  data without  resorting to any adjustable

parameters. At low iss, we find excellent agreement between the values of Φss

predicted  by  the  theory  and  those  obtained  experimentally  in

lithium-PEO/LiTFSI-lithium cells. Comparisons at higher  iss are prohibited by

the propensity of lithium dendrites to form in the experimental cells.  The

time-dependence  of  Φ obtained  during  cell  cycling  is  consistent  with

predictions  of  the transient  model,  requiring  no adjustable  parameters or

simplifying assumptions. 
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List of Symbols

PEO

LiTFSI

c

c0

cT

D

D

F

f±

i

i0 

ie

ilimit

iss

L

M0

m

Ne

N-

n

R

Ri

r

rav

T

Th

t

t+

t+,ss

polyethylene oxide

lithium bis(trifluoromethanesulfonyl) imide

salt concentration (mol/cm3)

solvent concentration (mol/cm3)

total solution concentration (mol/cm3)

salt diffusion coefficient (cm2/s)

diffusion coefficient of the salt based on a thermodynamic driving

force (cm2/s)

Faraday’s constant (96485 C/mol)

mean molar activity of the salt

current density (mA/cm2)

initial current density (mA/cm2)

exchange current density (mA/cm2)

limiting current density (mA/cm2)

steady-state current density (mA/cm2)

thickness of the electrolyte (µm)

molar mass of the solvent (g/mol)

molality (mol/kg)

dimensionless number defined by Equation 12

anion flux (mol/cm2 s)

number of electrons

gas constant (J/mol K)

interfacial resistance (Ω cm2)

moles of Li+ per mole of ethylene oxide, [Li+]/[O], local salt 

concentration

moles of Li+ per mole of ethylene oxide, [Li+]/[O], average salt 

concentration

temperature (K)

thermodynamic factor, equal to 1+dln±/dlnm

33

547



t-

v

v+, v-

x

z+, z-

αa, αc

±

µe

µe
0

σ

Φ

Φ0

Φ1

Φ2

Φmeasured

Φss

time (h)

cation transference number

transference number obtained using stead-state current method

anion transference number 

total number of ions into which the salt dissociates

the number of cations and anions into which the salt dissociates

position (µm)

charge number of cation and anion

anodic and cathodic transfer coefficients

mean molal activity coefficient of the salt

chemical potential of the electrolyte (J/mol)

chemical potential of the reference state (J/mol)

ionic conductivity (S/cm)

potential (mV)

initial potential (mV)

potential of the electrode at electrode boundary (mV)

potential of the electrolyte at electrode boundary (mV)

measured cell potential (mV)

steady-state potential (mV)
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